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MANAGEMENT SCTENCE IMPLICATIONS OF ADAPTIVE CONTROL METHODS

Gordon €. Rausser and Dov Pekelman

1. Introductiogn

The term 'adaptive' is often used to indicate the ntilization of recent
information in the decision making process. There are, however, various levels
of information whic? can be gmgloyeé for different purposes in
process. In particu;ar, ;here are two general cgtegories%of édap?ivity which can
belid%ngifiga. To illustrate tbesg t%o aa§§géfiesi cpﬁéiéég éome‘m;aSéréé iﬁf&?m$£%on
whichﬁée3cri§éshthé state of the system, be éi_fhe monthiy sgléé’of a p?qduct or
the output of a set of machines. Thisvinformatiﬁn;can‘bg u$eé_§or making>subseéuenﬁ
advertising, pricing or maintenance decisions, without any mn&ific%tion of tﬁe madel
describing the system. Alternatively the information can be utilized first to
wodify the model and its parameters and them as a basis for computing the desired
decision. The common use of the term adaptive in managerial applications refers to
the f?r&z approach. In this paper, the adaptive process will be view&&'é% the
context Qf the second, more comprehensive approach. ﬁot only is available information
utilized for adapting the model, its parameters and the control decisions, but the
quality of the information itself is contreolled as well.

From the pragmatic gtandpoint, the adaptive ccptx&l’framaworkl recognizes that
as a system progresses through time more data become available with which to update
or revise estimates of the ;nflggnce of alternative control variable settings on
various performance measures. In general, revisions of system representations
should not be reggré&d as separate from the derivaticn of an optimal policy.

Different decisions may reveal more or less information about the actual system
via different sets of the resulting data obtained. On the benefits side, such
information can result in an "improved representatica' of system structure resulting

in superior future control. The incurred cost of such information emanates, in part,




from choosing a current decision which is less than optimal from the pure control
point of view_z In a concrete context, as Dreze {1972, p. 15] has suggested,
"a mnna@@lis% may wish to depart from the price whicﬁ maximizes expected profit,
simpl§ to learn more about ﬁis:éemaﬁd;functiﬁu.“

ihué: ééﬁiﬁhl adépti?e controls fequiré a simultameous solution to a
combin:é;i, centrol #Iid sequential 'daéﬁ:i:,g:ijaf experiments problem and thus are dual
iﬁunaﬁgﬁé.?'Tﬁiéﬁéaég<féa£;£;%6ffgﬁéﬁ£&ééﬁive control framework Wés.firéﬁ"r&éagéiéé&
ﬁy.FeldE&%& €1965j.v;éarly examiﬁ%tions of ﬁﬁé duéanOQtfai téahﬁ%qua a&ﬁancaé'by 
Feldbaun are availsble im Swordsr [1966], Aoki [1967 ], Méfer [ 1965] and Maier, =
Peschen, and Dressler [ ]. From this work, the an3£6m§ of the dual control
approach may be characterized by three principle elements, viz., direct control,
learning, and design of experiments.

ﬁégiectiﬁg the relationship between current information and future measure—
;fmenté, thé cémtr@l elemenﬁ)éégés inte aceount the direct effect of decisioms on
ﬁhe criferion function. The learning element is motivated by the existence of a
set of sufficieﬁt statistics &%ich are conditiomal on information related tg the
current state. of the system and on the more recent estimate of the probability
distribution fﬁmgt&an fof'tha unknowns of the decision problem. With respect
to thé latter, as we proceed into the future, additional s&mplé information becomes
available. The use of these sample é&ditians allows learning to take §1acé
regaréing uﬁknown parémeters, unknown states, and the iike.} :?iﬁéily, since the
generation of such sample information has a direct bearing on Ffuture estimatés
of the probability distribution functions, which in turn influence the performance
of alternative decisions, an experimental dimension is involved in current adaptive

control actions.
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infortunately, it has not as yet been passi?}g:t; express thé aégpt%ﬁg‘cr_
dual Qﬂgprols_solutions in analytica})ﬁerg:”_Althqggh numerous aunthors present the
relevant recursive esquations (see for example Feldbaum [1965] and Aokl [195?}}, these
equations do not yield explieit solurions. TFor this reasom, from ;he methods sgandm
of analytical approximstrions and numerical feasible adaptive gﬁﬁtrol rules.

A significant issue in the above applications aloéérwithVOthgr potegtial
in&éed Benefiéiﬁrom anfa&é§§ivg approggﬁ Wh%gﬁ_iﬁducesfle§?§i3g¥3ﬁ§gt its'paramaters,,
There seem to hgfﬁﬁree genéﬁgl‘gases where the importédnce éﬁﬁa&apti?eMccntrgi is \
apparent. The first is when 34 new systen is”intfaé#;éﬁ and ité paraméte:s are
general}y unknown, Examples will be the demagd equation fer aunew 9r;duct; emp;oyee
réactions to a new incgg?ive sahagg; ﬁhg 0u;put~mgi@tgnanc§ relations in new machines;
or the production function of a new technologv. The second case is where the ;ystem
ig é%ﬁablishgd, but the parameters tendytq vary over tima, In ordgr to ensure an
éé%épiéble coutrol perforfiance ;hese‘parameéét§VSﬁ§uld'bé manigﬁre& agd actively lgarnad.

The third pategory, technically viewed as a subset of the first two, ;g
where improvement of the model representing the system is s@ughtw in paxticuia?, if
two candidate models are competing, and the control is determined on the basis of a
composite medal formed by a cqn&ex combination of the two, the weighting schege c%ﬁ

be modified continuously as a result of learning. If the two mwodels are nested, the
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disarimination betweenethe éwo may bé’im@roﬁed by adaptive control énd hﬁnn; the
§etf0rm$ﬁﬁé:5fjtﬁé syéﬁeﬁkméyubé»éﬁégﬁééal:-

In this ﬁé%ér we sﬁtuctnré Sur examimation by Fivst formilating the general
aéé@tivé sﬁéé%%é;ic control problem and defining the associated information
elemant;, Stochastic control policies are then classified with regard to their
informati&n uéage.: Tﬁisjclassificatimn, although not exhaustive, provides a frame-
work which allows ﬁgfi;us adaé%i%e ééﬁtrdl approximations to be genérated. 'In

order to motivate the need for these approximations we Formulate a simple two

“périod problem to illustrate the inherent analytical difficulties im its solutiom.

T‘nm %}fﬁ%iém is also ut;.iizeé;m ‘demonstrate ché;*éj‘;s;ﬁincﬁjfﬁgi between patbive
1&@%ﬁniﬁgu%§& aétive ié;fnéﬁg.x Sahé&és baBé&uoﬁﬂa-paégivéif£éﬁéwakfa&$it only
accidental laarning”éﬁﬁ thus do not invelve an aXpeii%eﬁtal dimension. All the
active schemes conform to what Raiffa and Schlaifer [1961] have referrad to as
V“érepesterior énalysis." Such schemes ifvolve an expéﬁiman&éi dimension which
probes the ayﬁgém in anticiéation of the valié of information to be derived from
Euture cbser#atimn$= Following &égéripgi@as;oﬁﬂbgaﬁithé passive and acéi&é?iéatni%g
ségemes, avaii%bla resﬁzté’ég the éérfofﬁancé«ef fﬁése schéﬁés are reported. |

Since the first eompunatio&ally feasfﬁle algorithms for general addptive
tantréi,problemsiare of very reecent vinﬁége,‘thé'ééﬁirical apgiicatienéiéﬁ these
schemes to real world péé%iams are rather meager. The fevw applications which are
available areAré@oféeé in Section 7. ?innéiy, a coneludiag section offérs a
nu%ber of yrobiems which would benefit substantially from the perspective prsviﬁéﬁ
by the aéﬂ@tivg control approach and presents an overview of issues

[

faced in the further development of adaptive control methods.
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?. General Model Speeification

The general adaprive stochastie control problem may be defined as follows.
The state of the system-at time k, x(k) evelves according to:
(1) x(etl) = £k, x(k), p(k), utk), v()], k=o,... N1
where p(k) is a vector of parameters, uf{k) is the vector controls applied at
time k and v(k) is the process noise.
At time k, prior to applying the eontrol, the state of the system x(k}
may be observed. However, as a result of the measurement noise w{(k), only
partial observation y{k) can be achisved, where
(2) 3> = hlk, x(k), wk)I, k=1,2,...,N. |
The variahlas_§{k}g.gﬁk),*E(k), vk}, ¥k}, wik) are vectors with the following
dimensions; (n x 1), (rx 1), (mx 1), x 1), (s x 1) respectively. The

statistics of the random elenments

N-1

@ =), )i},

N-1
(ACOF
and the functional form f(.)}, h{(.) are assumed known.

The objective function is represented by the wminimization of rhe expected

cost

bt

4y J = B {c{u, X, N-1

LY
where the expectation is taken over all the underlying random variables, C

is g real-valued functien, and Uk and Xk, k=0,...,N are defined as:

(5) UC= fa)} o
X k

o= x@)

0




Aceordingly, the wminimizavion of the expected cost is performed with respect
to the sequence of controls UN—1 applied during. the H-stage control process.

The set of observations frowm timg k=1l ro time j, after the geguence Uj"l
has been applied is denocted by
® v=iyeori,  1gxeicw .

The adaptive control problem, as a special case of the general stochastic
control problem, treats the case where the vector of parameters p{k) evolves
according to
M) ptl) = gli,p00), 8()
where g(.) and the stgtistics of p{0) are known. This formulatien admits
the gpecial case of constant, but unknown parameters. Claailyéwgfk} can bhe
regarded as a state and augmented to x(k) so that the new state vector is
8) x'(k) = [z}, pik)]

The various informational elements contained in the above system may be
captured by a few addirional defimitions. TIn particular, the information about
the dynamics of the measurement system between time 0 and time j may be denoted as:
© o =k,
i.e. ng denotes the knowledge on ths structure of the observation program up

to time j. Along with this definirion, the following jolnt demsity distributions

will prove useful in characterizing alternative adaptive contrel schemes

. - 5 M- ;
(10) LK. = dP{E(O):E(O}? {V(i)} ?=é , {g(i)f i-"'“é ] {’W{i)} E@O }’ k=1,...,N-1.
[« I . R . E“"‘l rox b N‘—l
Lo = dPlx(0),p(0), {v(i)} i=0 {8(i)} 1=0 1,

. : : : . o . . ;
Note that this representation implies that L~ does not contain any information

on the measurement statistics.
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To illustrate the adaptive control framework consider a machine maintenance
in mainténafice of the machine output are unkhown and may possibily vary over
time. Let x{k) be theé machine output in pericd k which is gendrated in
accordance with
(i1 x(kt1) = olkd={k) + B()ulk) + (), k=0,..., N
and where the contrcl wufk) is the dollar amount invested in maintenance,
u(k} and B{(k) are u%ﬁ;’nb’wn coefficients expressing the deterioration raté in
output and efféctiveness of investment id miintenance respectively) and €, is
a random varizble ﬁiﬁ%'known)statiatiés.' “ﬁéfﬁ%jectiQéiis'fo findiﬁﬁa%ééé&ﬁcéf
5of iavestment»{Q{O),u{lf,‘n.,ufﬂni) } which wiiivméxiéizé'the éé@écted digcéuﬁLed
prdfigtaver a given horizen, i.e.,

(12) max E {C(Nx()6MN) + ‘iﬁé [C(k) =) -u() JE @) T
where C{k) expressed the profit per unit output and ¢(k) is the discounting factor,
In order to have a well formulated problem the evolution of the paramerers
a(k) and 8(k) should be specified. The assumption of coastant b;t unknown
pargmeters canhpa expressed as:
(13)  aQeH) =aflk) k=1, ..., N
B(ktl) = B(k) k=1, . .., N;
where initial values c(0) and B{o) have known prior distributions. Sigilarly,

a representation of random parameters may be modeled as:.

(14 o (k+ly

y

alk) + 8, (k)

It

Betl) = B(K) + 6, (k)

whera ﬁ;(k), ezik) are random variables whose statistics may ke known or
unknown, but typiecally whose prier distribetions are known. Of course, by
augmenting the ceogfficlents alk), B(k) to the state of the system, %{k}), the
problen assumes the fofm of a generml stechastic control formulation.

3. Classes of Stochastic Control Problems

The wvarious classes of stochastic corntrol problems can be defined by the
amount of information vtilized to determine the contrel for each period. These

classes are not exhausrive and are advanced only to provide some overall
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stfucture. It is particularly dmportant to mote the difference between the feedback
policy aud the closed loop policy. For both poligi&gfavai;abieuinfﬂﬁmggiag isg
utilized to determine current decisions, however, only in the cage of the latter
policy does the controller anticipate future informarion and take it into aceount
in his current ceontrol calculatiouns.
3.1 The open loop policy

During the horizon {Q;...ﬁﬁﬁgi,np information is ava@lg?lg to the centroller,
i.e, all Qecisians are made Qg,;hg‘basis of the information available at time 0.

Therefore the control rule has the form

(15 2@ = ulk, 078,10

) 1s. k=0,...,8-1.
3.2 The Open Loop Feedback Policy

At each period k; as the dﬂﬁaibECﬂmes"évailable, the controller observes this
information but in his determination of the control he assumes that no future
observations Wi%% be avai%gbla to him. In other words, the controller for each
period k is presumes to have no knowledge about future observations. Hence, the
control rule in this case has the form:
e @) = ulk, 0578, ¥ wk %), ke0,... N1,

3.3 TheM -measurement feedback policy

‘For this policy, in addition to the cufrent data, the subsequent M-measurements
with their statistics are available to the controller. 1i.e., the control decision is
based on the current measurement and M additional anticipated measurements. Here we have:

k-1 kM st
>

(17) u(k) = ulk, U T, m o, L), k=0,...,N-1.

3.4 The cleosed locop policy

In this policy the curreatr informatien as well as zll future anticipated
information and their corresponding steristics are taken into accoust, dl.e. it is
known that the loop will be elesed threough all the plaasning horizonms. For this
policy the rule will have the form:
(18) a) = ulk, v°8, ¥%, v MY oo, Ll nel

Note that for a determinisztic system all four classes are identical.
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3.5% leustraﬁionméfialﬁérmatiyeApeliciéﬂ

Fuither insggﬁf into the above policies may”be’géined by exdmining a
stochastic problem which is not adaptive in'ité"paramétars, viz. an inventory
system:whére the control decision ié the amount to order, and the obsérvation is
the demand fééiizaticﬁ,(er inventory on hand). For an N-period problem the
open loop policy will consist of N decisions, e%e‘Eor each of the ¥ periods.
These orderiﬁg decisions will be made at fimé”zere, on the basis of the iaventory
level at that time and the 'demat.td diétributions for allﬁ future pe:fia;és. No
further»ebSeyéations on future demand realization will be made. In the feedback
of the réalized demand of the period. However, it will be assumed that no futtire
demand chservations will be avéilébie,‘i.&.‘CGIIECtiVE orders in futuré periods
will not be possible. Note that whét constitutes a feedback policy for the
horizon {0, N1 is actually the set of a firstwperiostolutioﬁs of an open loop
policy with horizons (O,N], [i,N],...[N,N]. This polidy will differ from what is
commonly coined as "rollimg herizoa" problem, i.e. when the length of the horizon
remains constant and the set of first-period solutions is generated for the horizons
{o,§],[1, ¥+1],...,[n,2x],

To illustrate the M-measurement policy consider Eﬁe case where during the
N-pariod problem observations of demand realizations will be available only
for the first M periods. Then the ordering decisiom at time k=0 will bé bazsed
on the knowledge that corrective ordering can be made during the comingM periocds.
In period k=1 there will be enly M-l corrective orders in the future and thereforze
the policy will be an M-l measurement pollcy and in general for peried k, k <M,
we have an M~k measurement policy until k=M where the policy will become a feedback
or zero-measyrenent policy. The closed loop policy is the more staandard inventory
policy where observations of demand realization are available for all suhsequent
periods. For an N-period planning horizon the closed-leoop policy is an N-measurement
policy.

In general, the optimal policy for a stochastic control problem will be
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closed loop. However, due to apalytical difficualties in deriving the closed :

of information available to the contrpller.

The common formulation of the aﬁaﬁtiv& control problem has some inherent

nonlinearities since the unknown parameters are usually the coefficlents of the
state and control variables. Therefore, the adaptive control problem typically
comstitutes a nonlinear stochastic control problem and requires an approximate solution.

In the following section

4. Approximate Solucions

To properly classify various schemes, it is important to first distinguish
between approximations performed on the original system and those performed in the
process of deriving the optimal rule. Most approximations resulting from the first
approach will fall in the category which we:defing as pagg%ve;y %daptive schemes
"@gilg thaviézyer type ap@@axiﬁatiang ﬁiil(gengraiiy‘bevécg%ﬁalyﬁ§§§gtiva, In
order Lo motiv;te theqn&ed for approximation we sgolve z sim%le ﬁWO”?&inﬁ problem
and ahggvpge analytical éiifigul;y in éerivi%g thg)up@iﬁgiigﬁlutggn, We utilize this
example to illustrate as wgll thg nature of passively %ﬁaptive‘versus actively
adaptive solutions. *

4.1 Example . _ L
Considér the two-period problem:

s G R ’-2’“-':- - ool Z
a9 I = min E kii(yk + 12w

subject to
{203 3& = oy + €y s k=1,2

where €, % N{0,q) for k=1,2, cov ¢_e, = 0; and ¢ is the upknown parameter

k 12

with the prior distribution at time k=0 given as
21 o v Hia g ).
(21} H(a o, o)

The first decision will be u, which when lwmposed will result in x Afrer

1 1’
the realization of the random variable X the distribution of the pavameter
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variance of o , denoted as s and oy, are:
I _ _
i . {22) al N ﬁﬂq + go‘uin
a 23 %‘
1l ¢ q
23
(23) o °.q
2
GGUE + g

Clearly thevseleéﬁiﬁn of u 1

1

., and the resulting x
In particular, if Iul}”gg large, the ﬁpdaﬁéﬁ*Variéﬂﬁéfo:ﬁgwill bewsmailq Eenée

will effect tﬁésé estimatesl
a lgygénéﬁﬁtrol;Vaihe ﬁgy aséist~%q;iaaxﬂiﬁg abc&t_ao;  Jp:arééf ﬁazéééérminﬁ
théi5ﬁtimum.éé1ue Qf,uzw the vai&éb§f uSQiginesé~o£_a&di£iéﬁal'iﬁiprma%igﬂ on

¢ must be captured. This value, in the conéaxt %% a“giveﬁ coﬁtrol preoblem, allows
the trade off between current coutrol and learnming for future éontrol £G<B€ egtimated.
If the estimate of @, can be improved, a better decision U, can eb%iﬂusly be géﬁa;

We c¢all this argument the active learning part of the decision since deliberate

learning in ferms of improved estimation is exercised.

N is coitrel, i.e. the

The @ther“domiﬂaﬂt éonsidefaﬁ%bé‘ia“detﬁrmining 5
impact on the objective function for the current pericd. In this particular
example, the only imteraction between the two pericds is through the legrming
argument. The underlyling system is inherently static since the state Xk+l is
independen§7éf xkéw Thérefgre, we will be éble to isolate theﬁgﬁatic téfms corresyéﬁding

to current control and the dynamic one which corresponds to learninog.

Let ug tura now to the solution of the problem. Using dynamic programming =

we have:
&
(24,1} J3 = Q
{24.2) J* = mi E{ + 2 .
. , —min E ﬁmz 1/2 v, ix&fl} + 53 i /
e}
2 N
- - * 2 . * -
r o = ol £ e i o -
(24.3) Jl m:n E {\,l + 1/2 uy ’QO,O} + Jz(al}}

1 .
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Substituting for Xq and applyiog the expectation operator we obtain:

* ’ 2
= mint R o

{25) 32 m%g{ainﬁ 1/2 u, 1
which yilelds )
4 * -
(26) u, o,
and
27) Jx_ = - 1/2 a 2

- yi 1
wiare @ = E{afxl, uy o, oi.e., oy is the aposteriori mean of the parameter
3fter the decision ui is taken and the realizatiom X is cobtained. Substituting
{22) 1nto 27) fer J we have

, * + o 2 .

{23‘}_ J,= = 1/2(‘3‘ o1 “‘1"‘1_ }
. 4 7 o
.. Uy 5 +”§ .

which is a random variable due to Xy- The cost of learning 1s negative aad is

represented by the expecte% minimum cost
Ak > »
(29}

2 Io B o
E{Jz} = =102 (a" + ~ywmw~—;
t 00+q
i
This résult indicates that learming is beneficial (negative cost) to future
control..

-

' *
Shifting one stage backward and substituting (28) for JZ(‘) into (24.3)

we hawve
- # s aqdgux, 2
(30) 1 minz:{zaul+e+1/zu)-—1/2(—“*?%&}@,0 }
1 LI ¢
uy Go + g
and after taking expectations . hzw“ 2
) : * 9o ¥ 3 )
(31) I = min fleu +1/2 62y - 12 (el+—0 1y
1 u o1 1 o 2 o
1 u, o+

where the first term of (30} refers directly te control while the second ternm refers
directly to learning. The optimum value of the v must achieve some halance between

present control {the first term) and learning for future comtrol (the second term).
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Unfortunately the ﬁinimization of the two "dual" cost terms in (31)

is not 2 simple analytical task. As shown in Figure 1, the current control
. * :

Cl(u), and future learning, Echu)’ components of the dual cost suggests

that {where @, is assumed to be positive): (i) if gq is small, the optimal

u, is approximately -~ 3 (i1} if q is moderate, the optimal‘ui lies to the

l s

left of ~0 3 and (iiij%if q is very lérge, the uy is approximately - For
case (i), the small value of ¢ implies unplanned (or accidental) learming is
sufficient te reéucé.ahe ypéat&ﬁ variance (23) while for case (iii) a large
Valueimf Gy suggastigg hig&*ﬁdﬁéaiﬁﬂiénsity, implies planned learniﬁg<§923
not pay off and thus. there 1is no need to loekfhgy;&ﬁ a one~stage op?%ﬁizatiea
prebiem. éﬁfy if g is éf modefate size does planned learning pré;; beneficial..
Note that a similar co?qlusion dén pg drawn for differéﬁé values of Uor

- Although the syséé; (ZO)Iié séétic, dyg&mié interactions are introduced
by the reesgtimation of o after the realization ul, xl, i.e. the effect of ul
and x. on o, and the:gfare onkthe)@ecisien in the second stage. The decision

1 1 ]
vy in the first stage and hence the realization xl may iﬁgrove the estimation
of o and consaquently the second period decision u, along with the resulting
* %
payoff 32. Hence, when thetée&isian'ul is made the wvalue 32 is taken into

account. This is represented by the second term in expression (31).

In this particu}ar'example, the effects of learning and contrcl
can be clearly separated. This is possible because of the static nature
of system i.e. current control effect directly current state, but not future
states. How&vag, even with szuch a(ﬁimple formulation; ;he three pericd proslem
cannot be seolved analytically. Solving the three period prébiém is
equivalent to proceed one additional step backward in the above analysis.
This is analvtically infeasible since we cannot find a closed form solution
for ul toe substitute in the value function. Therefore some approximations

are reguired to cobtain a sclution.




Flgure 1.Current Control Versus Future Learning
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When the dseision is concerned with parumetcr qyst&m learnlng 45 well as
w1th the centrﬁl we w1l1 call it actlve 1aarv1nﬁ. If the actzv& l;arnlng of

a . ;k: P ‘ i ) *
o is dgnored, i.e., 1f we allmlnata the second term in the J expression, the

problem will be completely st:zaatif;g and the optimal strategy i$ simply:

T (32(%} ll* = = Y
- - 0
. £
(32.2) Uy &7 %4

The learﬂiqg element will still exist,)since o Will be reestimated, howaver
it will be completely passive, i.e., the amount Qg learning:about o will not
be deliberately directed by any previous decision. gg;ie?sigpgrgxémation
a&praachés»iﬁvolve the @é?tiai or complete neglect of”aative léérning. In
this ex&&ple, an obﬁidu@kaggggxiggggga is gene;a;ed hy,a&ﬁing a($im?lifying

#

assumption to the original system. Sgeciﬁicaliy, the mean estimate of ql is

presumed to be the true value of « This assumption causes the removal

1
of the learning term in (31). As noted later, this simplifying assumption

leads to the heuristic certainty equivalent specification.

An examyie of an approximation performed durlng the derlvatlcn of the rule,

rather than on the ba$1¢ sysrem, would be an expansxon up to a second order of
the active learning teram in 3 around some nominal values, If we select the
nominal value in this_qage to be uy = o-a o, we will obiain after the expansion

to the second order the following:

o 5 8q, azQ 5
= mi B +
(33 Iy min {(:ze},zi + 1/2 u, " Qg {u wa} ; 1/2 (u aﬂ) }
21 l ml
* R
whera Qo is the active learning term in Jl evaluated at the nominal
tfajectory ulQ = - . Differsntiating and sabéfituiiﬁg we have:
| 2 2 o2 o o
(34) 3% = min {o u + 1/2 ) - 1/2 (@ ° + 2—5)
’ i u o1 1 o o o 4
"“"l q
o o
Z 3 2 2
o Uz'q 3&0 Goq i Go 4 2
__o© 'o (ul + ao} + 172 1 5 3 1 (ul + ao} H

(a G+G) <&o “ +a

and hence a closed form expression for uy exigts, and multiple-period

problems can then be sclved recursively. Note that the active learning

part is approxinmated but will still appear ia the control rule.
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To recépiﬁulate, twﬁ 3p§rex£m§t&(§@rmé wé:e intrﬁéuﬁé&, ane oﬁft&g cgigixai
)sfstem by ignprimg.théﬁnﬁé%taiatycn;the parameﬁer and the Gt§£r on ghe §ptimal
rule after the expe&#atious werévtaken. We noted that the f%rst approximation
generates a ccnt?éinuie with'passive leafniﬁg while the second form-praserves
the element of active learning. For many of the common adaptive control
approximations this general observation holds. That is, when the approximation
is om the original system, the conotrol rule is often passive while if the

approximation is pérforméd in the derivation of the rule soma of the active

learning "élements aré preserved.
: -

Ao,

5. Passive adavtive Schemes
We describe here four basic schémss, the certainty equivalence, the
opén ‘loop feedback, the sequential decision amd *he linear quadratic gaussian

scheme. All these schemes involve some modification of the original system.

5.1, Certainty Equivalence (C.E.). In this scheme it is assumed that

the certainty egquivalence property holds i.e. that the mean value 6f zll random
variables in the'syéggm‘ié their true wvalue. For every period k, the current
estimate of the mean Véluezéf the rendom variables is used ro réﬁiace the
random variables and the problem 1s solved as a deterministic problem, If

”iﬁe control rule for a co@ﬁiet&iy deterministic préblém sz

vasy e = & p), 1)

then the C.E. control rule is:

ey a0 = 1100 00,x00)

where gjk}, x (k) are the recent estimates of the parameter and the state neans.
y 2 ; TR

In terms of the informacion used, the C.E. control rule has the form:

S k-1 _k Lk
37y uST) =gl k, UT L, Y, M)

The rule ig a feedback rule, since the parameters and the states are reestimated

every pericd, However, no account Is taken for futurs measurements and thus

future uncertainty.
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Under certain conditions, (see Simon [1954 aand Theil {1957 1) the C.E.

property holds.” In this cese the C.E. evontrol rule is the optimal one, and

1

there is notking to be gainad by utilizing information on future measurenents

er

éﬁd'uﬁgéfiaiﬁfyf” ﬁséiésély raelated property is tﬁé‘éepékétiﬁn préperty, This
proparty holds if the information about the parameters and thé:Staééé

utiiized in the oprimal control rule can be cavtiared by theér nean valus, i.e.,
G8) ) = &, PO, 20).

Here the functional form éf’us(.} Ay differ from the deterministic rule u £.%.
The C.E. proﬁéxty.haﬁetwoﬁbésie characteristics. First theifgnétienal form

of the ceﬁf%%i rﬁie)iébe;uivalgnﬁ tdé%h%lﬁé%é%miﬁiétic qﬁ;;uéééigéaéhétthe
‘randéﬁ’vaﬁiéhiés caﬂrbe'ré%iébeﬁ by“their:ﬁean values. The séﬁa?gﬁgbﬁ

PrOperty ﬁés&énly the second chabacteristic and therefore the C.E. pfm9ért§
implies the separation property but not vice versa. Discussion of the

general conditions under which these propertiés hold can be found in Wonhan [ 1968)
and Bar—Shalom and Tse | 1. The word separation is used in indicate the
complete independence betwsen the procedures used for estimation of the mean
"walue and those used fqzﬁﬁhélﬁﬁntrél calculation. ’

The C.E. property which was first formulated by Simon [1956 ] and Theil [1957]

was shown te held for linear systems with quadratic ijéﬁtive functions.

In most adaytive c@nﬁgol systems the C.E. property does not hold a5 a result

of the ﬁ%ﬁlinearity introauéed b% the product of the parameters and states.

The use of the C.E. assumption as an approximation has slso been called

forced separation (Ku and Athans [1973) and heuristic certainty equivaience (Morman[l97¢
- 5.2 Open Loopz?eégééa%. This approach was suggested by Qréyfué {19657 angd

studied by Acki [1967] , Bar~Shalom and Sivan [1969], Curry [1969], Ku and Adams [1973],

and Tse and Athang [19727, The approach 1s also called open loop cptimal

feedback. Ar time & whan the contrel o is calculated, it Iz assumed that no
measurement will be obtained in the furure. The stochastic eiements of the
parameters 2z wall as those of the stateg are tzken intfo account. The use of

information in this scheme is identical to our previous definition of the




In the process of the derivation ¢f the optimal rule for these schemes,

e facgl;ﬁg’diffigult task of determining the expectation of the product of the

parameﬁefsrand'the states along with the parameters and the controls. Tss

and Athans{197é], for example,avoid the problem by assuming that the parameter

multiplying the state is nonrandom, while Ku and Athans {1973] assume

that the expeqtg@ ngﬁggt of the parameter and the state is equal to the product

qf_;hg expeﬁgatiggt §o§§ of these assum§géggs va§093%y repre;§g§ misspe;;fications.
Eg;_a_timaﬁéggying pagamg?eﬁyggabigm wich:qgadratié ahjag%i?g func;iun,

a lingaﬁ;gysfem and Gapssi&n nﬁisg){we éﬁgcte it 1iqgar quﬁ@xa#@c Gaussigq _

LQG) this- approach will yield a linear rule of the.follcwing f@rm:

CI39) ull) = - CERIX(K) + y(k)

wvhere G(k) is the adaptive gain matrix and (k) is the adaptive correction

term. These two quantities are a function of the estimasted and predicred

mean and covariances of the parameters. It is interesting to note that for

a linear-quadratic system where the aar;aintyuequivalence assumption bholds the

optimal rule has the same form, but G{k}, vk} are functions ouly of the mean

values of the parameters.

oL 5.3 Sequential Stochastic Tontrol. BRausser and Freebairn {1974a),

,,,,,,, N

Yoshida and Nakamure [19731s Zellmer [1971] Chow {1975] and Prescort [1971]
have investigated this approach. The derivation of the control rule is baged

on the assumption that observations will indesd be available in the futura.

However, .they will not be used te adapt the distribution of the parametars.

Chow | 19751 has referred to this approach as contrel without learning. In
the case of a linear systenm and quadratic objective functicon the optimal rulie
here is linear in the mean value of the state as in the open loop feedback.
In essence, all of this work treats the unknown paramers as independent, iden-

tiacally distributed random variables in each period.
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5.@ Linearvﬁuadratic 5é§ésiaﬁ éﬁprﬁkiﬁétiéﬁégik%ﬁisx§éﬁéﬁe foli§§;’£ha
same arguments as presented in Arkans (1971). If the'ﬁgsgéﬁ‘isvnéﬁii%éé% and/or
the obiective function ﬁoﬁéhﬁdratic, an expansion around some nominzl value
may be performed as féliowﬁ;:‘Let‘{Eé(kﬁ}:&e the ndﬁihal‘centfbi séquanééi
{Xé(k)};thé nominal neise input, EP rhe nominal parameter valuas and {i?(k)}
the. resulting nominal trajectery. -The nominal values can be generated by
imposing on the original prabiem the eertalntv equivalence assumption.

”éérforming a first ordar pertur%a_lon oﬁ thé non—linear syﬁtam |
o xR = £ 500, 20, w0, VG
GO z0eD) = bx, 209, g(&), um ()
ﬁrounﬁ the ﬂDTiﬂal‘VaiﬂtS we antazn the fellowlnga

C42) Sx(cHl) = A£()]

/ TRy o |
! y 3%(.) + 3£ () | + 3£L.) )
ax(k)|o sk + %%ék)i oai u (k) {oéﬁﬁk) 3y (k) i &y (k)
(43)  &y(k) = k() sh() b, _h(.) 3h(.) |
e N TR myors ol PR A SO Bty os ol PRRL ALY B i v gl

where }0 indicates that the derivetives are evaluated at the nominal values,
(9 - ’ : ‘

and at the mean value of w(k), and

2k - x7(k)

fi

(44.2) 82 (k) - p%(k)

hry S = u() - 8700

If the nominal wvalues ars regarded as desirsd or target trajectoriss, the
objective functicn may be formulated such that any deviaticn Froo these
trajectories will be penalized, In particular we minimize the following
quadratic objective fupctiom?

(45) E TEx'(ESx(N) + = (00D xlk) + sut (R ulk),

The Selection of the matrices F, ¢, and R are discussed in Athans

The golution to the above system assuzing rthe lapub noise iLs ne




. ~20~ ” : __
' TRT N * -
laed S (k) = =6, (k) Lx(k) - Gy (k). P ()

fgﬁﬁﬁ?eégiff}?5§2§§})?r?_g?i“ métxiﬂéaa,and,ﬁxék}, QQ(K) are gonditional

?stimategif?: 5§{¥}g?§§’§? based on the realizations,

7)) 18y(1), ..., 85000 and {5%00),. .., 6% (s-1)1.
- Ait?ﬁugh this scheme is zala;imaly easy Lo implement, its performance will
éeteriqrate if the uncertainty in the parameters -or in the input noise is
high.

3.5 Averagimg Across ﬁet@rministic Concrol Rul&&. This scham& Was developed

by ﬂeshp&nd& ﬁpadhyay and Laulotls (19?3) a&& axtende& An Epaéhyay -and

,Lan¢otls (E%?é} R a@aalders a. llnear syshem’W1ﬁh quadratic perf@rmance‘and

. Gaussian neise, where the ‘parameters of the syst&m may not be kHOWn, Let @

be the vettor of unknown parameters, and assume for EXPOSltlonal purpcses that
8 can take discrete values géii i = 1..., n with probabilities Pe(ﬁi) i=l,...n.

For a particular value gi the control problem becomes the standard linear quadratic

gaussian problem with known parameters. 1Lt, therefore, haé the limear solution:
u(éi,k) = K(2,, B x (k/K) |
where"K{ﬁi;k}fis the gain matriz fo¥ pé?iaé k basad on. the particular values
of the parameters gi, and ;(k,ik) is the state vector estimate based on all
-observations up to period k.

The optimal contrel law for the adantive control proniem is Gﬁtaigﬂd by
w81ght1ng each particular contrel law n(e +k) by th@ appropriate probability
Pgﬂgi) R i.e.

W = T ue] k) B, ACRETCH k}&{RKR)P RIS - ¢
i i

"The learning element is introduced by adjuﬂtimg the distributian P.(.) after

each observation by a Bayesian rule. The matrix K{ﬁi,K} for all i,k can be

computed off~line, and X{;{/k) be' estimated by kalman filter. In addition to
the advantage of simplicity, this approach provides an interesting interpretation,
In particular, this framework expressss the systenm by competing models each

represented by the particular value of 8, and its probability Pﬁ(ei} of being
A o

the 'true' model.
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6. Actively Adaptive Schemes

F0;1§;£ugiioqs inzwhich the n@&dzfor.ngrning is explicit}y recog—
qize@, knowledge caa be accumulated in an active or dual contra; fag@ion. A
number of schemes'havg_hgem gdvanced in the literature for approximating ac—
tively adaptive cgnproi pr0blems§u Most of these schemgs provide a copsistent
approach to the entire piamgﬁag ha?izen and thus are approximations to the
Qggﬁmgl_closgd léap solgtiQQT Whéﬁ thege schémég aféééﬁﬁliﬁﬁj@ﬁlﬁ'ﬁgqa sub--
se%i;f p&£§§§$'wigpig'thﬁ glannin%HhQri:gn, they gpgré%imét&k;hé gjm?asuremant
feé&back,3qiu§igg;6‘éach of theSg_schamES vierg&§ %atura &y;ﬁﬁiiizing in:'
various fashions what is currently known about the information to be obtained
Yater.

The key distinguishing {eazmre of the alternative schemes is how
they deal with the dependence of future information on present controls. For
the general probles, {"1:)~{ 4 ), the information state along with the optimal-
cost-go assééiated_with each infb%mation %tata mUSh bg_characﬁerized. The in-
formation state denoted by ¥

k)
sity, p(x{k}f?ﬁ,_Ukﬂl). The general expression for how future observations

is directly influenced by the conditional den-

will be made and utilized may be represented by the optimal-cost-go,
ﬁ* | ’
k+ 1

{4) which is separable acress k, a stochastic dynamic programming solution ex-

{

?k + 17 k + 1}, Given these definitions along with a criterian\fuaetian

*
presses how Ak{?k, k} can be compured (in principle) recursively by



* . *.
(483 ﬁk{?k, k} = min ELCIx(K), ulk), k] + &
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iy stk k41

where ¥ ufk)} mhhitors rhe evolution of the information state. Three
>

e+ 1%
of the)ﬁrinhipie difficulties which arise in attempting to deal with {8.35)
are: (i) the information in éitﬁex infinite diﬁeﬁsiaﬁéiwér)finite but grows
with time; (ii) ‘the optimal-cost-go associated with the infcrﬁétion:stéte is
generally not an explicit function; and (iii) storage of the control value

associated with each information state dt time k, K = 0,..., N.- 1 i5 indeed

following schemes to déal with these difficulties and thus all the schemes
iﬁvolveVSUQE‘simpiificéfidﬁvof tﬁe'expétiméntal or active leafnigg dimensicn
of dual control,

6.1 ~ Adaptive covariance control. An acrively adaptive scheme which admits

perhaps the simplest computational framework has been developed by MacRae
{1972, 1975}, ‘This procedure has’begﬁ.féﬁerfea‘t@ as 1inéar experimén{atiﬁﬁ

by MacRae and as the adaptive covariance solution Eyugausser and Freebairn

[1973]. Essenziall?, it alters the original dual COﬁtralhatgucture ﬁf the
problem so that equations défiﬁinﬁ the approximate solution ﬁay”be derived
while maintaining the intéracxiéh hetween estiﬁaﬁienwanﬁ contr&i;v ﬁef%ﬁver,
the equations defiﬁing:the'apprcziﬁate selntidﬁ'rea&ily admic terms assoclated
with such economic concepts as the price of {nformation and the value of esti-
wation. /|

In the development of this scheme, {i) the system (1} assumes

the linear form,

= + 4+ Cw + g
(49) X Ax Buk ka



i.e., D = {A@ g, cl, ' = | ui} w%}; (ii} no measurement errors {the

. ]
LS L

are completely accessible for all k periods), i.e.,

state vectors x,
Yy =yl the criterion functioa has the quadratic form
" -k
= | i + i - 1 - 3
(50 J=E {kii (1468} {ng X, Ehk UL kaka ukﬂk uk]}

where X 1s the terminal horizon and ¢ is the discount rate. Note that the
parameters contained in the matriz D are presumed temporally invariant,
normally distributéd, and uncorrelated withjs. The prior mean of D is
assumed to be avéila%le, Do,waérié tha ﬁariénc&*aﬁvaﬁiance watrix of D, ?Q.?
The distn§%§ﬁcg;, gk, are assameé intertemporally independent and normall
distributed with zero sexpectation and (known) stationary variance-covariance
matrix 2.

For the abm?e gspecification, the posterior or conditional distri-
bution of D, given observations through period k, will be meltivariate normal

{Zellner [19711). Thus, revisions in conditional estimates of T and D cac be

determined recursively by

S R S | ,
(51) rtarl o vot @ 22
and
_t
(52) o) =T B, Y+ @t @ 2 x )
W T N lR g B y) + @ ¥ %k

where L denotes the stacking operator and is the Kronecker product
For this formulation, the relevant information state is complately

characterized by (51) and (5Z}.



The simplification introduced by MacRae [1972, 1975] involves re-
placing Unknown future observations by expected observations in the above
conditional mean {51 ) and ca@ﬁrianté‘updata {;52 3 aéuatidﬁé. In other

words, ( 51 ) and ( 32 ) are approximated by:

-1
-1 _ -1 (o at
(53) =T te @ Elee)}
and
(54) VL{Dk)x#,rk;rkél 5{ﬁk;£}1% Bl (a ~é§,gk??'l

These nodified ﬁ?déﬁiug equations eliminate much of the randomness resulting
from the éepanﬁencelof the covariance matrice and tﬁévéonﬁitional means on
uncertain states and unconircllable sxogencus variables. Moreover, the
modified equations imply that the aﬁ?raximate“ﬁpdéééﬁ'means'are all equal to
each other and to the pricr mean, i.e., 5(5;) = L(ﬁ%ll) for ali k. To obtain

this equivalence, substitute

EGelx, ) =Dy 12, = EO, _;2,)

(55) = Lz Dy )
EFCER
intag, i.e.,
nrYy — -1 ';t "i ﬂ ' ""
(56) L) = rk[r g b Op g+ B (0 2z, zk)L(Dk_l)}]
=T {?“l + ot G Elz = V10T, )
k' k-1 Kk k-1
=l o, ) =13 ).
Xk k-1 T k-1
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ﬁence, for the ap§r0x1mate updatlug equatmews (53) and (5&} 1ead to replacing
the aondltlonal dlstrlbutioﬂb of B by uncondltlﬁnal éistrlbutxans of lndQQEQ"

peut random variables, D with means all egqual to the prior mean and with

k N

variances and covariances glven by {(53). Hence, the mﬂ&ification introduced

by %acRae 1eads tc an apprex1mate 1nfarmat10n»state whlch depénds upen the

evolutlon of the covariaace matrix {33} and the canstant prlor mean vector L(“;)
glven actual observarlaﬂg on tﬁe state vectar of tbe prEV1ous perlod

the adaptlv% Govafiaaae'mgéifieatien lEads to an‘essa%txally agﬁﬂéloop feedback

rule wﬁzch is. derlva@ frcm the max1mlzatlon of (SG) Subjeﬁt to the stechastzc

aanstralﬂts 1n (49) and the deterministic updating constraints {53). The V

inclusion of the deterministic constraints also requires the introduction of

an associated matrix of Lagrangean multipliers, Vk’ whtich define the prices of

additicenal information. The resulting augmented criterion fumction is:

R

. e -k -1 -1 -1 o
(57 A=E@EI 4+ I Q1+ 8)F v e - @ R Elz 2 )]
: 1 k Pt T T 0T @ Elaay
N x - . -1
SEI+ T G+ v T® =) @@ 20}
k=1 -

® .
-k -1 -1
; + {0 -
5 0+ v B e -,
where the star product, (} ., is a special form of partitioned matrix
multi@liaationqs The maximization of (57) may be carrisd out in two steps.
First, for given values GE,VI,{,., Vg%

conditions that solutions for the vectors u

dynamic programping is used to derive

17 YUy and the matrices

T oyeaa, I, must satisfy subject to the system of stochastic constraiats (49). Since

1’ N



-0

the values of F antalned in thisg maaﬁér (for given ¥ } w111 not, in general,
satisfy the u@datlﬂg equation {33 }, the s;cond step is to selert values for
matrices Vk such that the updating covariance constraint is satisfied. At
the conclusion of both steps, the maximizaggan of A will be e%uivalaﬁ; to the
eenﬁtréined minimizat;onkof E(j). "

| For period g, the above solution Prcceéure;r&sults in the following

expressiont

= Max [E{P al s - B g «wwt 0 wew ¥
ﬁ (uk, %5 k-l) Max [E{?2 4 xk‘+ 2 hk L Gk L Hk u

Yk

o -1 . -1
+Vk (1 2) 27 I 2) - -V @ T+

(58)

a+ &t Ay Gl

Substituting { 49 ) for %, ; expanding in terms of A, B, and C; and partially

k

differentiating { 58 ) with respect to u,_ and setting the result equal to zero

K
we obtain the following stragegy rule for Uy in terms of EIRE Fk—l’ and ?k:
_ 1
(59 U =R Gy B8
g
whara K
= = ' BB ~1 BB
J - L. E - ¢
(60) g B Bes (Dl -a ® v," + oy,
-1 BA
g, . =t - .( Y
£61) F, = B's_ A+ 8, ® E"k 1 &) v,
- = ’ BG- -1 ., BC
s ¥ 4 — 3 7
(62) £, = [E's, C+ 5 r; - @ v

- B rk"‘h-ka

Fmtiian
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ané;Kk and Rk are definad as

A B L | g -1 Lt
(63) T Tt AT K,
-1
64 = -
(64} S, =0+ A+ 87K 4,
T%eVmatrices FBB; fBA,

: L I =
with rN &y and Sﬁ Gg.
&C

I''7, etc., are partiticoned submatrices of T and the vector k; and the matrix Kk enter

the "maximum expected gain 4, (--) obtained from employing the u, controls.

k
f&}onngithué 60 3 through (,62”}; ;he optimal vaiﬁevfox Tk~1rin

o : v 1 raioe ; crrhaitd - 4 L0 3or

tréi?ﬁfzs of Mypr X g fk, 3:'31& vkmi is .Qbh_amed, by subsf:{):ﬁma:mg: (49“ 3 Mtc;:

(3@; 3, a@giying the expectation operator, simplifving and partially differ-

10

entiating with respect to Fk 1" The result is :

‘ = ~1 PT (5% 2 Y8 R % T
(65) Vo = @+ 8Ty 41 L[BC 2,08, (1 (& 217, - %,

with Vﬁ =0, i.e., VN must be zero for a finite minimum of A to exist. Sub-
| * i1

stituting this result aleag with ( 59 ) into ( 57 )} and simplifying, we have

: T _— : —_
(66 MG Tae) = 20 %y ~ K xR 0 FQ
where
- -1 - CA -1 s CA
| - H ' - - & !
(67) Ry = A+ £ N R - (s C s, & oy - @ Ve
1
5 ' P LU | A -
(68) R, =As A+s, - ® v -y N R
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= 1 - ' __‘ ¥ = F . . CC - _
(69) Q = fLN f o +2rl & ow -8 Q- w (s +s @ 1”7
: 3 N W
Q vy - @strs @ Ty - o vy k
-1 - -1
Wy, -V ® Pyt E@+eTe,

i=1

W . : :
where ?k denotes the covariance matrix.

Togcénpiéﬁe'the solution to (57 ), the secoud step involves seleecting

matrices ? ‘8o that values’ “For the I, and strategy’ ‘pules for nk obtaznad in the

first step will satiafy the covar 1anca,gpdate équaﬁ;&ns‘j Sines V mﬂst be
zéfe, Ty will b@,detezﬁiné3 by’£héjaauariante update constraint for thg,last
period. The values of V ,..., V_, will be determined implicitly by the co-

variance constraints for periods 1 through N~1; hence, both Vl,..., v%—l and

r, are determined by equation { 53 ). This result along with ( 593, (¢ 49 Y,
€ 533, and ( 65 ) requires the solution of a two-point boundary value problem
ivvolving u, %, T, and ¥. Eguation ( égt) characterizes the strategy for the

policy wvariasble u, as a function of the state variable, 13 given T, . and

k k- k-1
?k» The path of x is given by ( 49 ) and the matrices T and V are functions
of the paths of both x and u. The matrix T is determined by (53) and V is
given by the backward difference equation ( 65 ). The net result of the two-
point boundary value problem is the determ?paﬁion of matrices Fk and Vk and the
strategy rules for U 5ubject to { 49° ), ( 33 ), and { 65 ) given initizl condi-
tions x and F and the termlﬁal Cﬁndltléﬁ VN G.

The solution to the above two-point boundary value problem can be
obtained using standard numerical methods. TIn addition, the solution readily
admits some useful economic interpretations and comparisecns to other decision

strategies. First, the updated certalnty equivalence rules are obtained when

the covariance ?k is zero for every period. For these rules, the price of
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additional informaticn is zero {Vk = {1} since nothing further can he learned.

For the stochastic updating rules, ik:is ot zerc and thus neither is_Vk.

Mevertheless, even though there is some wvalue to imereasing the informatien
. level for these rules, the settipgs on the stoghastic control variables do not
Lo cinfluence the'leVELQ:quféﬂaﬂé;béﬁﬁé’mhg,PriQeﬂof_iEfOYWQﬁioﬂin‘PlaYS;Hﬂ role

“in the determination of these dediSion rules. .

- An the ‘adaptive covariance approximation the relevant :stock of

informaﬁaemhxsy?k + Hence, additions to this stock refer to more efficient

estimates of the coefficient matrices A, B, and C. To determine the value of
such additional information, we differentiate ﬁk(‘) with respect to the

covariance matrix or stock of information, T This is simply the price of

K

iuformaticn»VkV¥ep§ﬁSﬁQ§£§ by eguation ( 55}, Solving this equatieon re-

cursively for V,, = 0 (since mo actions ars anticipated beyond ¥) we obtain

N

N
0 v = h

(kD) - .,
a+9 TLIECG g 5y T g0 4.
Yis the present discounted value of

i
e o ; - L . “L12
the streéam of Future rental on information.

“Thus, as MacRae [1975, p. 901] notes; V




Finally, the term Q—l @ ‘?k may be dnterpreted as the wvalue of
estimating, i.e., the benefits derived from changing variables of the model for pur-
poses of improving the estinmdtes (MacRae [1972, p. 443]). As indicated hy
the first set of equations, the value matrix V never avpears alope; it is
always multiplied byiﬁwl, a matrix which ﬁay be interpreted as the amount of
information vltimately available for the system { 49 ). The latter matrix,

- if ‘very "small™ inay indicate that‘{iggﬁﬁis too. noisy for operational use in

either predicting the path of f&ﬁﬁ&ﬁ‘x;§%~imﬁéévﬁng;estimates of the unknown

coefficients. If the vélueiof-estimatiﬁg;>Qﬁ¥>g"v,iisl“higﬁ“ then the
1 .

positive guadratic term z' (O

function { 58 ) may offset the effects of choosipg current policies which

'E§?V§ z in the augmented expected value

are non—-optimal from & direct gontrel peint of view. On the other hand, if
this value is "low'", either due to "small" V or a noisy dynamic system ( 49),
less benefits will &emrﬁgziﬂ:dﬁviacing from a pure control sélution for the
p&rpﬁéé of improving the estimateévsystem { 49 ).

6.2 Apoproximate numerical differentiation controls. This actively adaptive

scheme has been developed by Chow [1975] for the case of a quadratic but non-
additive eriteria fumetieon, a linear system { 49 ) and active learning with
regard to the unknown parameters. For this specification, a complex nonlinear

stochastic control problem is obtained which Chow's method approximates by

applying a2 second order Tavler series expansion in perfectly measured statas

of the relevant value function. This expansion is taken about some tentative
path for the states over the complete planning horizon using numeriecal differen-
tiation. Chow suggests selecting the initial tentative nominal path on the
basis of either the certainiy equivalent fegdback controls or the sequential
stochastic feedback controls. Of course, after solving for the optimal control

equations by the approximatesecond order schemes, 2 new nominal path of the
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staﬁeé.can he generated. ?his’new path ééﬁ,be utilized as a:second tentative

paéﬁ”fof coéé;tiég a new ;;iution, Né'éan ceﬁégﬁue totiteééte in}tﬁis fashion

until conver;eﬁce'of)thé gptimai.coﬂtrals for the first peiiéé are &gﬁain&d.
The specific nonadditive critergon function employed bchﬁ@w {14975}

is gf-the form:

N N
(71y - F= 2 53 G 44444 + Z 5 A LR RN S S T SUEt
1 K% k=1 sék e Fe T T R A

where G, = G“

. 'k’ gk; and d are known censtants. ?ﬁ&*éﬂﬁiééi§n°§féﬁﬁe cross
¥

products of Xy and xs for k#s introduces the ndnadditivity. From this ex-

pression, the conditional expectation of J, given all the datd up to ¥ ~ 1

can be chardcterized. The reshlt,'Minuy Egﬂl J, is approximated by guadratic

: M3y ] inimized wi
function in Xh 1 xﬂ g2 ﬁf Then Fﬁ 2(h1n ug EN~1 J} is minimized with

and so on until we reach:

TES;?E%CE E‘O. X N-17 i : M
(72) min Eﬂ (++«{min E 3{m1n E -2 (mxn E ﬂ}}}"’ N
a1 Uyn-2 “n-1 . Yx

Af each:stép, a secon&—o%ger Taylo;:expansion about a ﬁeﬁin&l path

Ebl’ Xb?f"" ﬁbgml is taken éﬁd”the %eievént firsélahd second darivatives with
respect Lo xl’ k so ey XN 1 are obiained n;mericaiiy;ig, Due toathééé approximations,
the 1nformat10n state for this scheme is ap§roximate by only ‘the first two moments
.of the pesterier groba%ility.distributions on the states. However, this approach
treats the unknown parameters of linear state transformation equations more
directly than the adaptive covariance schame. Henee; iEVcomes closer to dealing

with the actual joint control, estimation problem and thus the experimental

coaponent of adaprive control than the uacgae Approach.
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A principal limitation of the Chow procedure is the exogenous nature
of tpe nominal/?a#h. T%ere ;;)cieafly pouaéﬁuranca tgatnthe 5elec;ed control
settings will conform tﬁ globally optiﬁal co#trels. Héwever;nthis scheme can
be easily implemented particularlyaif targétéwappeariﬁg.in a quadratic criterion
f#nction a%e prespecifiéd, i.e.;’the deci;ian problém iﬁ essence a tracking
problem.

. a:;}iszfg ‘pecently, Chmg [1976] has advanced gm‘f;}:h:er; approximate solution
procedure for the case-in thchfﬁﬁ;\sésteéfre?reseﬁt;:;aﬁ ié‘g@gliﬁeara That
is, tbeqéfiterion fungﬁibn remains quadxaﬂic,,tha.g$§§ﬁeter§’are;ugﬁnéwn, but
the system reprasentatiqﬁ is npgnlinear. In the dé;elﬁpment «f this procedure,
Chow [1976] assumes a solution exists and advances a simple first-order Taylor

series expansion of the system representation to obtaip a linear approximation.

For the multiperiod solution, six basic steps are involved in the
application of this approximate scheme. First, on the basis of some initial
¢ontrol settings, solve for the initial se§ of state valués.far thﬁ coﬁplefa
planning horizon by the Gauss-—Seidel method. BSecond, for each period of planning
horizon lipearize the nonlinear model about the values generated in the first
step. '-f—."m’.x:*ai,E cam@ute chg~raievant expectations by using numerical integratien,
Monte Carlo m%theds {(by averaging over repeated random érawings from the distri-
butions uﬁdexlying the unknown pafameters}, or some other approximate procedure.
Egurtﬁ, employ ?ha expectations generated from the third stéé'to ge&azaﬁa the
relevant recursive matrices appearing in the criteria functimn,after subgti~
ﬁﬁéing éhe constraints. Fiftﬁ, utilize ﬁhexfgéults of[steps one through five
to generate the optimal approximate contrels for all perieds of the planning
horizon. Finally, the above sequence of steps is based upon initial states
which are emploved in the generation of the Einaar approximation. These initial

estimates may deviate substantially from the true ones and thus some improvement
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may be achieved through tecomputing these values by applving the controls ob-
‘tained in step five. Utilizing these solutions to generafe néw estimates of
the initial states, steps cne thrdugh five can be repeated once again. We

can continue in this fashion, of course, until some measure of convergence is

achieved.
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 =6;3 )Adaptive “Gi;ged;iégp” ﬁoﬁt?éi;_ﬁrﬁﬁ}" Thei%ést wiéely pub~—
licized aégiQERy ada§£iva scheﬁa is h?$e§ e% ﬁ#e)wérk of Barnéhalom, Tge, and
Medier {1973}, Bar-Shalom and Tse {19?5]; Bar—Shalom an@”Tse [1975], and Tss
ané Bér—Shalom {i§73§. In essense, the wide;éease'éuél control procedure ad-
vanced by these authors decomposes the complete adaptive contrel proklem into
three components {a) current control, (b) iutu;afdeterminisﬁic controls, and
(c) azigtgre:pertﬁfbaﬁian gontﬁéii Thée gerturbatiﬁ§ ér'expeﬁiééﬂtal control
ﬁepgonent iéxy@ftianed Into a caqtio%*énd g?qbigg.&g;m. Thelcaution_tétm ta-
flécts the effects of uﬁéerﬁéiﬁﬁy at time kﬁagé‘sabsequeﬁt process noise on the
criterion funetion. The probing term summarizes the effect of uncertainties
whan subsequent decisions are made.

If current decisions through experimentation can reduce future updated
parameter’s govariances, they also reduce the cost appearing in the objective
function. A weighting matrix is included ip this terﬁfwhitﬁ.yielés an app%axi—
mate estimate of the value of future information for the problem under considera-
tiorn. The sum of the caution and probing terms provide a basis for evaluating
the future benefit of learning .and when compared with the other components a
mechanism is established for allocating between this benefit and the cost of
current control settings.

To provide some flavor for this schewe, consider the gerneral model

specification advanced in Sectien 2. Problems arisiag from information states
5
which are either infinite dimensional or finite but grow with time are dealt

with by utilizing only the first two moments of the state estimates. In other

words, the actual information state is approximsted by

{(73) = {2k, x|},

Y



i.e., the updatéd ¢ondirional mean and covariance of x These updated esti-

o
pates can be computad by any one of a nunber of approximaré methods inéluding
the extended Kalman filter (Sorenson [19656]}, Jazwinski [1970]1), the adaptive
filerer {Jazwinski [1970}, Tse, et al. {1973]),"5ecqud order filters (Tse et al
{1973]), or the optimum filter (Bucy a§ﬁ4§8ﬂn¢)[19291) Alspach and Sorenscn
[19701). | o | |

The optlmﬁl future beneflts ar costs- towgo are stated in terms of
the %hGQe apprqg;matelinformatiOH 5#&@93; Spec;flcally, ig;ﬁklng Bellman's

f1961} principle of optimality, we obfain the following charactarlzatloq for

tha closed-loop-optimal expected cost~to~go at time k

&
2 A L f o
(74) A G = pinE {Cx(K), vy, k] + Ak+1 (kﬂwka}
uk .
*
In general, it is not posuible to obtain an explicit sxpression for ﬁk+l£*)

which preserves the desired éies&d«looﬁ?feétute and thuS"édéQuately reflects

1%

the "value" of future observations. Hence, the TMB approach transfers what is

in essence a nonlinear joint control estimatiocn problewt fér ﬁ { J to an approxi-~

ktl

matre linear-quadratic problem. This transference is made by noting that asso-

ciated with eaech control setting u, there is a future (fietiticus) nominal

k
control sequenca u 04 23 = k + 1,..., Y - 1. The choice of the nominal is gquite
flexible and deg&ndent upon the ciabs cf problem under consléaratxon. Th@re is,

of course, a different nominal associated with each u, and the sole purpese of

k
& 4 = * > »

the nominal is to cohtain an approximate value of ﬁk+l(«) associated with the

information state at the next stage. These nominzl controls are then enploved

to generate a nominal state sequence {Koj’ i=k+1, ..., N~ 1] about which

a second order perturbaticon analysis is carried out. In this fashion an
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approximate otpimal cost-to-go 13 obtained that explicitly reflects the future

leaxn;ng‘and control performance that canm result from altermative settings of

u -
The approximation to A%L .{*) follows from

. ‘+3‘ .
75) CQeHL) = C_(kHD) + 6C_ (kH) )
where
s L - N1 - - ORI )
76y ¢ @Gery= r Clx ., u ., 31, )

RN

i.e., the cost along the nominal; and &Co(k+l} is derived as the variation of

-

tha cost abour the nomipal and thus is stated in terms of the deviation of

actual states and controls from their respective pominals. The corrvesponding

;* .15
result kk+1<') is:
. * ‘ ’ ’ ] ‘
17) Mgy (yy) = min EL.. min E[eCerD) |¥g ... [y, )
%R V-1
. -
= Ao(k+1} + éﬂﬁ(k+1),
where
(78) A (k¥l) = C (k1) ;
*
- 1 Y m : q . Fur e Y 1.
{?9} A;\O(gcé-l}) ‘ngm <E{...§§1"&n | E[fﬂo(k*‘l);‘!‘ﬁ__i} jkﬁ*lJ >
e =] Yw-1) -
and
(80) Su, =u, ~u , .
3 i o}

* r
Manipulating éﬁo(k+1) and operating with terms up to seccnd order, TBY are
* Co
able to illustrate the closad-loop property of ﬁﬁg, i.e., its relationships

with future uncertainties, along with its existence and uniqueness.



%
Substituting this result along with A (k+1) into the expression for ! Rk(?k) and

dropping all terms which do not depend on ﬁk;’tﬁéy obtainz -

CL . y
(81) A = A0 + AL + 0

On the basis of thiSArEPIQS@ﬁﬁatiOH their a?pxﬁximate ”ﬁluéedmiaap” adaptive
contrcl solution is obtained. The first term, AD(k) 1ﬂcorporated determinis—
tic current effects ;long‘w1fh futare (determlnlstlc) costs along the nomlnal,
1. a., C (k+l} Tﬁé naﬁt twg terms 1ncorparate varlous eiemeﬁts of Aé (k+1).
The term A {k) reflects the effect of uncertalnty at time kéané subsequent
process noises which should be minimized. Thus, this term may be referred

to as the caﬁé&én component. The term A?{k} summarizes future uncertainty
effects associated with decisions over the peried k+l, ..., N~-1l. 1If contrcl
settings can reduce future updated covariances which compose this term, then
experimentation ot Qrabing‘éﬁSt be given Seriaﬁslacnsideratiéﬁ.“Thié term

is referred to as the probing component and it must be balanced with the de-
terministic and caution components of ghe criterion function. This balance
wili ﬁeKachiev&d in the minimizatrion of A (L) by properly assessing the
tradecff between present and future actions in aacardanse with ‘the informa-

tion avallable at the time the correspanéihg decisons are made.

T,

16 . : R
is performed using a search groce&ure. The basic steps of thls search

first select a value or values of u , then evaluate explicit functional Ye-

k’

lationships between . and the Ffuture couvarlance matrices, and finally use

the resulting functional values to select the next values of uy to examine.

This scheme proceeds until satisfacrtory convergence is obtained.
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In addition .to tﬁﬁ'segrch method, the approximate cost-to-go must
be computed and this requires the derivation of (1) the nominal path; (2) a
second order Taylor series expansion about this nominal path; (3} a solution
Qf the gerturbation probl&m fcr the approximate atpimal cost~te~gc; (4) a
partxal solutlon fnr a set of dlffefenc& equatlcns ta provlde a clear sepa-

uration of the stochastlc cerm& fxam,tﬁe nan*stochastlc terms appearlqg in

;the apprexmmate cost tougo‘ {5} & determznmsta; approxlmatlﬂn £Qr tha cagtw

te&gn“ {6) prOJectlans of the cGVarwance m&tricesl and (7> an,ﬁydatlag pro-
17

cess for the covariance matrix. The camplete algorithm bagins at period

k with estimates of the relevant updated mean vector and cevariances. A

search is then begun to find the optimal control u, to be imposed in peried

Tk
k. fo;:each choice of Uy the optimal cost—to-go fuuction is evaluated and
ghi§kprcpess %s canﬁinued until_gatisféetorg conversion is obtained. Clear~
ly this adaptive scheme is computationally expensive, and fcr some systems
this eoggutatiogal expense is prchibitivé.

Eigally, although both the TBM apprvach and the Chow or %ﬁmerical
dif?erentia{i&n cﬁnt%ol schegpes are Clﬁﬁéd loop ;pproxiﬁatiﬁ;;, fhgy differ
in a number Q§ ;mportant respects. First, the TBM procedure treats the un-
kpown parameters by augmﬂntigggﬁﬁam to the state vecteor while éhé Chow ap-
proximation does not. Sagﬁﬂd, the TBH gggroach makes the-COmgutatiﬁn of
the norwal path endogenvusly, i.e., the nominal trajectory for the entire

lanning horizon is a funetion of the current contrels. In contrast, the
P 33

Chow procedure treats the compuation of the nmeminal path exogenously.
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Third, the Chow approach approximates the entire otpimal expected cost-to-go

using numerical derivatives, Wwhile the procedure adwanced by TBM applies the
second order expansion prior to taking the expectations. ' The isztter. approach
allows the derivation of an explieit representation £or the perturbation

costs.
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k]

6.4, M-Measurement Feedback Controls. A pumber of variations of

the above two schemes ¢an and have been developed. One of the most important
is concerned with the notion of M-measurement feedback control. This approach,
developed by Curxry [1969], has been analyzed by Rausser and Freebaizn [1973],
Early and Early [1972], and Tse and Bar-Shalom [1973]. As previously noted, it
represaﬁfs an intérmaﬁiatehapgrﬂaeh te the gbave adaptive schemes by assuming
tha.%:n each -3?.&315;3;;@@, ew iﬁi;f-&r%ﬂati@ﬁ about t‘h’é sy'st ens wili hecoma’ avallable only
at: some M future stages of the controlling horizon. ‘

Assume that the relevant stages are the M successive periods in the
immediate future, i.e., k¥ + 1, ...,k + M, The M-measurement feedback contrels
(ui, k=1, ... H) are then these policy declisions which utilize all past and
present information as well as the knowledge that over the next M periods new
informaticon (observations) will become available. More formslly, these controls
require ;he specification of an infééer (Ik} which;is the smaller of M and the

remaining perieds in the planning horizon, i.e.,

(82) I, = min M, N~k -1}, k=1, ..., N.

In other words, this integer is equal to M if the assumed number of future obser-
vations taken into account is less than the agctual number of future observations
which will become available during the controlliang process.

Given I it is pessible to specify the M-measurement feedback contrels

k3
M
as generalization of any other passive or active scheme. For exanmple, ui reduces
" : ) M -
the sequential stochastic controls (Section 5.3 | for M = 0 if uk zlong with
M

Upigr ot ﬁ§+1 are determined by
t
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K+

{83y o Or 1o ¥, ) = Max T IR c, Gy, oug, D)
- T P e
K
Ay (e v KT T g .
59" Wt (e Yo | TR A D I B
2 S .M
where ?k (uk, srus ak+1 ), gné W, (xk, “ens Xk+I . For the U

aontrels ;esult ng from (83}, two 11m1t1ﬁg forms are 1mmed1ate. First, if
M=0, t&e availabllity of future information is neglected and thus Hg‘ls
eQamvalent tﬁ the sequentlal stachastlc‘aentro}s. Secand 1f E N - k -l
the avallabllity of fﬁture 1nfcrzat1an GV%I all remalniag perlads of the
plannxng horlzan xsataken into accﬂuat and thus uk is équlvalent te the
adaptive or dual control seolution for period k., In addlti@n, note that if
the seconé tern on the rlght hand 51de of {83) ig appropr1ately modified,
the uk controls for M = § could reduce to any of the previous control schenes.,
As with most other adaptlve schemes, the dependence of future
éﬁﬁéfiannes oﬁ.cﬁéfént~tontr;1 isygénliééér aud quite cﬁ%ﬁliﬂéted fméitﬁe
Mmmeasureméﬂt feedgaék control procedure, Even for the case mf M=1 thls
précedure invélvas a“sééréh in an hud;men31ona1 space where h iz a &1men510n
of the control vector. Unless the contrnl gpace is bounded this search
Wili resuiﬁ in a lccal mimimuﬁ with respect to uk Thms, as with the other
ada@tive-schemes &1s;ussed so far, numerlcal proceéures are requmred

6 S Two-Step ﬁdaptlve Contr@l An apprcach mmtlvateé by th%

notion of Mémea%urement feedback cantrsl hqs beﬁn advanced by Sarrls and
At%ans {19?3? which they characterize as the two~3tep optmma} adaptlve
control. The optimizarion for this saheﬁe pertaing tro only two more periods
and Imposes the assumption that the unknown parameters are constant and
equal to the predicted magnitudes of these parameters. On the basis of this

assumption a control law is derived which is a highly nonlinear function of



—42-

the state variables. The interesting feature of this scheme is that it

takes Into accouﬁt,fﬁfﬁre adaptation of the conditienal means but not the
variaﬁees and covariances associsted with estimates of the unknown paramsters.
This dual control scheme has the advantage of not invoiving the solution to
any iterative éﬁstam of equatidﬁs that are encountéred with most of the

other methods.

6.6 First Order Schemes. Due to the camplaxlty of the above

schemas espec1ally the TBM Scheme, some interest has emerged i furtbex

e

simplifxcatlons of these schemes fcr 1arge models. In partlcular,
ﬁarmﬁn {1976] has 1ntrnduceé a fiEStwordgr ﬁﬁhﬁm84Whlﬂh involves cerrala
Sim@llflcatlﬁns of the TEM scheme:,r sz& the ?Eﬁﬁapproach the flrst oréer
scheme dacnmposes the problem into a curreﬁt cOmtral future daterminlstlc
control, and future perturbation control components. However, in contrast
to the TBM approach the first-order schane neglectsnaii second-ordar terms
involving the interaction between random parameters and states in the
derxvatlen of the future parturbatlan component. In essence, this 31mply
means that the basic dlffezenae betweeﬁ the firgtmaréer scheme and the TBM
procedure is that the former contains no covariances ef the states and
unkitown pafamﬁtara. “

) Two versions of the first—order scheme have been investigated by
Norman [1§76]. The first augments the original staie vector éith tﬁe
unknﬁmn parameters while the segond doas not. The second version has some
rather ;bviéés aévaﬁtages, particharl% in the comﬁﬁéation of the relevant
Ricatti ﬁatrices whichlare cubic in the ﬁué%er of states. Hence, the

nonaugmented first-order scheme incurs smaller computational which indeed

may be significant for larger models.

6.7 Other Actively Adsptive Schemes. Other actively adaptive

schemes have also been examined in the literature, For example, Horman

[1976]1 has examined another modified varsion of the TMB approach. This
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Bﬁziﬁe umkadﬁﬁfpéigﬁétarsi Thé reastm f?r‘%ﬁis‘siméiificéfién'is-iﬁat“fer

many problems augmentation of the state vectors by the unknown parameters

éan prove to bé a costly procedure and’ fail to result in improved perfo¥mance.
Host of the remaining schemes availdble in the literature generally

apply fé apecialized st&ﬁttntes. For example, Acki [1967], Saridis and

Lobbia [1972], and Wieslander and Wittenmark [1971] have advanced an adaptive

control law béééﬁ chﬁ'a S%ep4£?—séé§ minimization of

BRI J{gkﬁ =¥ {ckﬂ (;%1} + cm%)zy LAl

ﬂwhare the tost iuﬁctlanal Ck(Ek’-' 3. may b& deccmpese& into Ck+l (§%+1}

énd §+1(5k}’ In other . words3 their resalts are based on a criterxan

functlen which is sepsrable across tha states and ccntrols.u For this one

step problem the availability of future information is irrelevant in the

computation of . Inythis sense the ﬁetﬁéd is gimilar to the open loop

fegdback;mefhﬁé. This apprceach has heéﬁ augmented by Alster and Belanger [1974]

ta:aé@igrduél control. In garticﬁlér)ﬁheytguaraﬁtee some level of léﬁfning

by winimizing (84) subject to the constraint

~1
(85) EAr By [T 0 ) 2y

where is the updated covariance of the states based on imformation

Fra1/k01
up to time k+l., Of course, a difficult problem is faced in appropriately

specifying Yia]

Murphy [1968] and Gorman and Zahovsky [1968] have alse investigated
a specialized structure of the adaptive contrel problem, viz. yhere only
the parameters associated with the controls are unknown. Moreover, a number
of other methods, often appearing vnder the heading of self-organizing control,

are aveilable. TFor these merhods, the control scheme is treated as a fixed
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structurgl form with some adjustable parameters. In gemeral, the parzmeters
war%,a@justedtadapti#eiyibyvene of ;ﬁ@sa%tgyuat%%e‘ptﬁcg&uxgg. The first
and is often referred to as pargm&ﬁgr~aﬂaytive smhgggs'gﬁariﬁisxgndﬁs§ein f1968 1,
-Sgridis and Dao [1972], and Tsypkin [19731). The second procedure adjusts
the parameters such that thg,cgpgrol settings will improve some "subgoal™
adaptive schemes (3ariﬁisx§gﬁ G};bargilﬁ?ﬂ}, Sariﬁis_{l§71}@ and Tsypkin [19731).
For the first prncedura,an attampt is maﬁélte estimate the zrue @arameﬁars of
the system whiia for th& saaand procadure it 15 the eontrol law's fea&baﬁk
@aragg&eﬁs,tggt must be es@iﬁaged* )
o uGtﬁE; a&aétiv& scﬁéﬁas utilixe saégﬁ&Qoxder péxtu%ﬁéxioﬁ éﬁéiysig
‘iéd have been referred to in the llterature as tragectorymshaplng (Denham (19641,
Maler {19651, and Van der Stoep{l%ﬁS}} Much of thls literature is a simple
mudificatiﬂn of the linear qna@tatic Gaugsian approach. However, in;t@ad of
empioylng the deterministic tragaﬂLory, another trajectory whlch mxnimizes
the cost criterion chtalned by utillZlﬁg secmndwﬁrder analyszs ig selected
as the reference trajectory. This approach shares similar advantagas and
disadvantages with the linear quadratic Gaussian method discussed in
section 5.4.
S$till another approximate é&bsptimal adaptive eontrol schemes
have besn é&vanaed in the literature, nFﬂx example, Deéshpande, Upadhyay and
Lainiotls [1972] have extended the work of Stein and Savidis [1969] and
Saridis and Dao [1972] by providing a computariémally simpler scheme.
Specifically, for a guzdratic eriterin function and a linear representation
of the system, these authors specify a method for computing the a posteriori
probabilities which incorporate some elements of learning. It is assumed
that the unknown parameters have a discrete probability distribution which

is adapted with each new observation. For each particular selection from
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this discrétéugfobébility distribution there cdrréspéﬁds a uﬁique 6ptimai
control, These authors suggest weighting the controls by the appropriate
probability values and computing & weighted measure of the approximate
optimﬁilﬂonféoi.
finélly; aﬁ@therwapﬁfoach which i§<§ér%§cu1érly useful when the
underlying proba%ilify distributibnﬁxére nﬁﬁ—Gaﬁssian or nopunimodal has
bean developad bv Alspach [19?2} Foiicwing some garlier &ofk he utilizes
the Gausszan sughapﬁrox1mat10n to the requlra& a poqteri&rl de1s1t1es
generated by adantlva control approaah, %ﬁsﬁééu?bh'Ehéséhaéﬁiﬁéiﬁéfiﬁns
:;suboptzmal aﬁagtzve asmtrols can. ha ‘computed, Hﬁfcftﬁﬁafély, the procedure
is not féasi%&e in real tima ér even fowllne if;%igfnéﬁﬁer of féfms in
theeg'gosteriori densities by théiééQSQiaﬁ sum method and the curse of
dimensionality. For these reasons, Alspach suggests employing a version
of the M~measurement feedﬁack ceatréi apﬁroaah* Iﬁ particular, Alspaﬁﬁ’s
approach would be utilized for stages one through M to approximate the
ﬁhgqsteriorij&g§SiFies and for the remaining stages of the pi&ﬂﬁiﬂg horizon
{(namely, W+l th&nugh N), some other simplénscheme‘séth as certainty equi-—
valence can be‘ﬁtilized. One of the advantages of the procedure 'is that
instead of operating with estimates’éf means or coéériéﬂéeé,’én apptoximation

o e 19
is made o the entire g posterieri deﬁsity funﬁt;an.
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6.8 Comparatlve Performance of_ﬁﬁaétive éﬁntrml‘ﬁghameﬁ* A large
number of comparisons of some of the alternate suboptimal schémes éra |
availgble but almost all_of these comparisqgg are based on rath?r questionagble
Monte Carlo simulation designs. This includes the work ai garwﬁhalom and
Tse [1976], Chow {1975], MacRae [1975], Norman {19761, P;éééctt_g}Q?}},
-Sagy;s»gad‘Athaﬁ§:{19?3], agd Zellner {l??l}. ﬁ&nergl;y this y@rﬁ
egﬁmings only %heyﬁﬂse of a sagigr-statg and gantrp; uéria@le,»a guadratic
criterion function, a }ingar_p;anthﬁ%@r@sgﬁéﬁ;ian, aﬁ& géw if ané'af these)
studies emple§ any of the'ﬁaefﬁl:xesults from the statisfical literaturs
on sedquential experimental designs. Moreover, due to the computatiomal
camplexity and resalt@gg COSES ofhthe va;ious methods, the numberVéf Monte
Carlp simulations carried ocut are generally meager. Furthermore, the data
base used for comparisons among vg:igu@ autho:sygangrally‘ﬁiﬁfer and tﬁus
réa;istic comparisons of allythe aiternative suboptimal édapté§é~5chemgs are
generally non-existent. Nevertheless, some comparative performance results
are available which are worth briefly summarizing here.

Most of the rgsg%gs:gﬁtaigeé thus far conform to g priori expecta-
tions, For exanmple, Prascott [1971] compares three alternative schemes:
two passive adaptive schemes and the dual control scheme. The first passive
scheme is a certainty equivalence approach while the second is a myopic de-
cision rule which minimizes the criterion function only for the current period
and thus completely neglects the future. He finds that the certaintv equiva-
lence approach is a reasonable procedure when uncertainty in the unkonown par-
ameter is small; specifically when the ratio of the prior’s mean teo its staa-

dard deviation is at least & in zbsolute wvalue. When the ratio of the prior's
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maan to its standard deviarion is smaller than 2, however, experimentation
becomes a relevant comsideration; i.e.; it pays to select a decision. larger
in absolute value than the one which minimizes current expected loss in order
to obtain additional informaticn about the unknown parameter. Another result
is that the more periods remaining in the planning horizon, the more impor-
tant is expervisentation.

MacRas [1972,1975] compares three aLserﬁa;%vg,schegg§, viz. certain-
ty éQuivaiéncajftﬁezsaQaﬁntialvStaeﬁastic, ﬁg& thé;édégmi#g<cqﬁafignggtccnr
trols. For -a"dyﬁémic-ﬁi,c@eﬁs e, eurz;enjt states depend upon lag stfa,tes:':.} in
which the ﬁaramezeﬁs of the system repgeéenta&ioﬁ,aaé@aiaﬁaé with the lég
states are known,; it is possible for the adaptive covariance scheme to gen-
eate a more conservative eurrent policy than the seguential stochastic rule.
This result for the adaptive covariance scheme simply reflects the possibility
that the best policy may well be-to do a very litele at first to avoid the
-relaxively*large cost of ancertainéyuaﬁ§}5ubseqﬁéﬁzly ccmﬁeﬁsate later when
the effect of the policy is known with mere precision. As MacRae [1572, p.
903] points out; . "this paradoxical response to the introduction of learning
possibilities can occur only. in dymamic models and appears wore likely with
lenger planning horizens."” This result is modified, however, if the parame—
ter summarizing the relationship between lag and current states In the systen
repriésentation is unknown. In this event, paraneters associated with current
controls and with lag states can be correlated and thus no general implica-
tions can be drawn sbaut the relative magnitudes of the policy variables for
the three types of schemes examined by MacRae. For this specification, al-

though larger variaances imply larger wngertalnty lovelving the model paranmaters,
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larger covariances imply mere informarion. In .addition, there is no particu-
lar reagon to presume that either the wariances: er covariances (both of which
appesr in the sequential-stochastic and adaptive covariance rules) will
doeminate,

Several Monte Carle simulations carried out by Tse .and Bar-~Shalom
and their colleagues at Bystems Control have evaluated the comparative per-
fgrmance_pf‘zhe TBM method with the certainty equivalence rule, TFor most
‘cases edamined by i’t:hes’e‘:» éﬁﬁ:ﬁfﬁéf&:, ‘the TBY method :ga#e—;’mél:a;st,anti;af}; Jdmprovement
‘cvigx‘itﬁ‘e certainty equivalence Tule. In .ncﬁﬁtxf}aSt, Chow [1875, 1976, pp. 267~
?%}’teports a cmégafigan'among ca%ﬁ%iﬁty equivalence, sequential stoéﬁasﬁiﬁ
and the Chow active adaptive scheme for both a single equation and a two-
equation system representation. He finds that the various rules. do not lead
to numerical values of the controls which differ to zany substantizl dagree.

An explanation of these apparent cenflicting results is that the model repres-
entation eﬁ@iéyed in:Ehéfﬁﬁﬁﬁvecﬁﬁéxisons}are mﬂfe precisely estimated than

those examined by Tse, Bar-Shalem, and others. In particular, for the form-
er model representations, (1) the standard errors of the estimated coefficients
are snall relative to the prior estimates of the unknown parameters and (it}
the sample period utilized to obtain priocr estimates of the unknown paramsters
is long compared with the planning horizon.

Mo¥e recent results involving a comparison of the TBM method, the
Chow actively adaptive scheme, the adaptive covariance scheme, and such pas-
sively adaptive schemes as open loop Feedback and certainty equivaleace have
been reported by Bar-Shalom and Tse [1976]. For the same dynamic model ex-
amined by MacRae [1972] they found that the more sophisticated actively adap-

tive schemes did not always perform better than the open loop feedback or even



the certgintv é@uivﬂiﬁﬂce rulﬁ, Simi}ar small differences ammmg the perform—
ance ﬁf th& v&ri@us 31gor1thms ware found hy Sarrls and Athans {19?3}, in par-

ticulax tﬁeyndld net ébtaln a dlstlnct ﬁrderlﬁgwamcﬁg the certa;nfy equlvaleﬂL
Two other compara*lva perfermance stuﬁles(gy Korman (1976} have
addressed thP trade;@ff het%&@n com?utatiaﬁal acmple31ty and perrormance~
Utlllzlng the same. madal as %acﬁaa I19?5} ané Ear Shalom and Tse {1976}, he
compares augmaﬁted,aﬁé nenwa&gmﬁntﬁa Varlatlens of th& flrst and seconﬁ order
)yerturbatlcn eontroi schemes along Wlth haurlstlc carta&ntyéequlvaievca and
o@gﬁ 100p feedback. His resglts clearly 1ndlcate thaﬁ the parformaﬂte of the
alternative schemes is problem—-specific and for}scme Eagés parameter aestimation
erroy canrlaad to poorer performance for the first—oéé;r gcheme than the open
loop feedback rule. Finally, when co&éutational cost is explicitly counsidered,
Horman finds some sgg;}ficatiens for ﬁhich the opep'loop feedback as well as

the certainty equivalence appear to be the most desirable schemes.




~50~

_Yf Applicatiens
Thefe nave been a lérga ﬁﬂmher of paésively adaptiva a@ﬁlf%atians in
manaaement snlence, aspeclal y in the c@ﬁ*ext Gf the Qpenmlcep fee&baﬂk
control appraach (e g+ Ying [1967}). @ne of the prlnalpal areas cf these
applicatlons is operations managemﬂnt There are lltaraily myrlaés ef

passively adaptlve schemes employed in automateé plannlng and control systems.

huﬁf&r szoﬂk levais. ?hesa aaé other aassi?ely adaptlve appllcationéwéré
far tao nﬂmereus tﬁ %urvey here, iﬁétead.we shall cencentrate on applicatxau
of actively adaptive ceutrﬁl $chemas.

Siace the empirical a@pliaatiﬁns of active computationally feasible
algorithms for che ga;érai a&aptiwe control éyﬁtemv%e%a a@méﬁiuct&d nnlﬁ in
the 1ést few vears, few schemes E%ve aépéaxed in the litezatux&,aifhey
1nc1ude ?ekelman and Tse {1975 1,. Eirtle [3966, 19??}, Chong- and ﬂhang [19?5],

Bar~Shalom and Stengel [1976}, Rausser and Fre&balru (19741, Freebalrn
and Raesser [1974], Rausser and Hochman [1977], Kendrick and Majors [1974},
Able [1975], Chow [1973], and Upadhyay [1975]. In what follews, the basic
structure of each of these applicatioms will be briefly outlined.

7.1 Advertising - Pekelman and Tse [19751, Lirtle {1966, 1977]. 1In

Pekelman and Tse [1975] the problem ismta determine the optimal advertisimg
expenditures which will achieve the appropriate amount of learning {(experi~
mentation} about the parameters as well as the control in terms of discounted
profitc., A salas-advertising relaticnship represents the plant eguation. The
selected specification, based upon regional data, states current sales in

terms of lagzed sales and the ratio of firm advertising to total indust
£g 24 ry
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aévertiéiﬁg. éi%en soma adéitionél ?eiatiénshigsﬂf;r igﬁuséry sales and
ccmpeéitivg adver;ising along with the éémaorai evoluti;n of the sales;
adveztgaing parameter, the adaptive caﬁtral rule is éerlvad using a éllght
modlflcatlon of the TBM method.

Various simulations demonstrate the superiority of éga %daptive scheme
when the saiés;aﬁveféiSing péramatar is changing over time. Analysis of the
s;ies~adver£ising system ﬁﬁfers the rationaie fbr tﬁe sgé;ifie form of the
1earn1ng policy: in particular, the SIgnlflcance af improv1ng‘the egtimation
af dlfferent parameters over time. )

Scena£los when the adagﬁlve $cheme xs nﬁt ﬁatarially better ars alse
investzgated. For example, when the noise%is high either in the advertising-
sales equation or in the competiti;e ad%ertising equation, all the schenes,
including the open-icop scheme, perform equally bad., In saénarioé where the
prior estimation is poor, but the errors in the mean value of the wvarious
paraneters may compensate for each other, the dual control scheme ig not
necesséfilyxgupexiar to the certainty quivalenﬂa;

Little's [1966, 1977] formulation appeared first in a scalar form
in lgééi-and was later extended to tﬁe multivariaté cé§a. His contrel
problem, ignoring estimation, is static, and its unique characﬁeri&ﬁic is
the ferm of the experimental design. ’ The utiltization of information
is equivalent to wm=1l me;surement coﬁtral; Fér a linear criterion fgnction,
and a qm&dratac state eqnétlun relatxng éaies to nromﬁtzén (with random effects),
81muiétlcn experlmants are advanced to cémpare various contrcl rules,<viz.,
truly optimal; caﬁétant promotion, gptimal adaptive, aééptiva withxhalf of
the optimal size expeviment, and a simplilied adaptive rule. The results show
that the performances of a1l sdaptive schemes ave approximately the same
while thev are considerably superior te the constant promotion rules. The

P

relative performance of the adaptive rule is shown to be stable when k is changing.
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In thtlﬁ 5 multlvariate eX£EﬂSLan thare are ¥ aantxa&s, aﬁé the

ex?ermmantal ﬁe31gn is a 2 famtorlal prohlem. The graflt fuactlon, after

snbst1tut10n of tha mtate equatlan, becomes the 5um,af a 1inﬁar and qLadratlc

forms in the contrcl varzablgﬁ, and again only the caaffxcleat of the linear

21
term is assumed nknown .

? 2 Pr1c1ng’ ﬁhcng ané Cheng {1??5}, 3axm5halom and Stengel {19?6} in

this wcrk a linear demand equatlon is postulateé Wath unknown paramaters.

Expected yreflt is maxlmlzed subject ta a linear demand equatlon. Far Chcna

and Chaﬁg E;,?ﬁ}, the problem is essantlally statlc siace Curraat demandldoes

not dapen& upan lagge& demand. ?ﬁe only Connectlﬂﬂ.ﬁetﬂ&@ﬂ>éiffef&mt perlods
'iS ﬁue to the effect ef @reSQnt éeclslon varxables on tﬁa acﬂuraﬁy of sub-
hs&q#ent estlmates. Maxe&ver ﬁhe mﬂﬁﬂpollst env1sageé by this kraméwork is
a35umed to have linear rlsk constant maxglaal east, finite plannlng horizon

and instantaneocus preduction capabllltles.

Chsng and Cheng show that if the only unknewa.garaﬂeter is the slape

for thxs sy901al case, the multlperlod pature of the prablém has 1mpartant
effemts on the pTlClng pﬂllty of the méﬂ0p011?to- In partzaular; a&ditxonal
daza cgllected by the m@ﬁ0p011$t can always be employe& te up&ate hms
infarmaticn on the deman& rélatlﬁnsth.) To approxlmate the rﬁsult&ng active
1earﬁgﬁé framewﬁrk these authors use the scheme éeveiaped by TB% They
subseqnently compare the results of thls aggr&xmﬁate c@ﬁtrol rule w1th.a
certalnty equmvaleuce $ﬁhame and f1nd via & number of slmulatlon expériments
that active 1e3rnia¢ ﬁlearly improves the performanae of the mmnopolist.
BarwShaicm anﬁ Stengel approach the problem ffom a sl;ghtly dlfferent
direction. They dévise a scheme which expands the value function, after
expectation and minimization, arcund the expected values of the unknown

parzmeters. They demonstrate that perfect knowledge of the parameters is
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hbf'r@quireé to-obtain the ootimal decisiun, T%is result is due to an
"indifferent region” in which the parameter estimates can lie without
“afféeting the performance index. This result ig demonstrated both within

the context of a Bayesian and a non—-Bayesian framework.

7.3 Trade, Pricing and Inventory Reserves (Rausser and Freebairn [1%74a,

1974b}2 Freebairn and Rausser. {1974], Rausser and Bochman [1977]. In Rausser
and Freebairn [1974al, goveromental control of §¥§. bheef impogas are examined
in thé context of ‘consumer welfare, beef bpggd@gg_prgﬁgger,wglfargwﬁcow—calf
opéf;toﬁs};“énd-bateleffg&&é%jngﬁa;gﬁ,,The we%ghts assqc@gg&d with these
welfare meagjaﬁsés in (criterion function) were quantitatively estimated using a
revealed perference approach and the notlon of poliey leverage points (Rausser
and Fregbairn {197451). Since the welfare measures depend upon meat product
p¥ices, demand, supply, production, and cattls iuveatqry levels which in turn
depend- upon beef import levels, the contrel variable, an econometric model of
the U.5. livestock sector was cemshructed (Freebgirp_gnd Rausser [19741]).

The sﬁééifimféﬁmponénta of this wodel include (1) consumer meat demand,

{ii) margin and producer meat prices, (iii) cattle producer supply and inventory
behavior, (iv) pork producer supply and inventory behavior, and (v) poultry
producer supply and inventory behavior. Prior estimates of the unknown
parageters appearing in the: resulting twenty-nine equation model were updated

by applying the extended Kalman filter to obtain the relevant probability

distributions at the begimning of each period of Fhekplapning horizon.

In the above setting, a number of schemes were compared, including
certainty equivalence, sesuential stochasric, adaptive covariance, and
m~meazurement feedback (m=2} control schemes. In general, the latter two
schemes led to more {(less) extreme settings of the control lsvels in the

first {last) few periods of a given planning horizon that the sequential
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sééchaétié éé%ﬁfélﬁﬁu Fuftkﬁf%ﬂfé;*{ha:&ﬁa?tive“taﬁaﬁiﬁﬁae,anﬁvmﬁ@easarament
feedback approximations génerally resulted in (i) .coutrol settings which
eﬁéee&e&'iﬁ(géme cages by éubstantial amounts solutions obtained for.the
certainty equivalénf"ap@réxiﬁéﬁi@ﬁS“and (ii)y ewpected gains which exceeded

all other contrél éfr%tagieé;“IEhése*tésul@srgugggst,;hat the beef trade
public decision m&ﬁéﬁa“ﬁﬁo%ié&fﬁn&;it'be@&fi&i&li?@ ineur the cost of-learning
by sibstiruting Knowledge scciiilatton v eurvent perdods for expected gains

at some later date. To'assist public decision makers din this regard, the

study Found ‘that among the control sthiemes-éxaminedy the n-measurement

feedback cortrol scheme led to the best'peifofménce;

A éimiiaf:aﬁﬁfoéch may be found in Freebairn and Rausser [1974}, where
the decigion maker is the Australian government. The govermment's objective
is to obtain a desired stock of wheat which will provide a reserve to satisfy
export demand {(trade) and deomestic demand. The framework imvolves the
mgximizatian of consumer and producer welfare subject ta,staﬁeveqilgigﬁs<far
ééa 1%Ve1 of iEVentofy'én& the production of #heat,'whﬁteVﬁha?é%icé,ﬁéid fice)
producers is a contrel variable set by the govermment. Since data allowed
rather precise estimation of the plant equations (production response and
demand) appearing in this model, only certainty equivalence and sequential
é£a§ha§iic édn&tai'stfétégiaé ware investigated. = The performance of the
laéter‘stratégy far exteeded the performance resulting from applying the
certaiﬁty)éqnﬁéélénﬁe&éoﬁtrﬁié.

In the context of commodity marketding boards, Rausser and Hochman [1977]
extend the earlier work on pricing discussed in sectlen 7.2. In these studies
the control warisbles include output prices, production quotas distributed
among various producers, and for some applicatiocms the amounts produced and

sold., In contrast to the esarlisr work on pricing, nonlinear risk is allowed
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and the~§ossi§£i£ty of inventory accumuléﬁi§£ is ax@iicitgy aﬁmittégf
Cetté&ﬁtyVéq&ivaieéae; séﬁueﬁfiﬁi stécﬁagti;, éda@tive ;ovariance, gnd T~
measurement fﬁad&&ck‘cﬁntrolé‘are compared iﬂ these empirical apglicétions
with the’ m-measurement fa@dbaak control scbame ‘generally grnvldlng the
best results; in some instances signzflcantly improved performance over the
remaining schemes.

7.4 'EacrOecénomics; itﬁeaﬁriﬁk én& Majors [19741], Able {19?5},

Hpaéhyay {19?5], Chow {1975]} In Ken&rlck and %ajors, the b331c macroeconomic

mﬂ&&l dieve
is examined. It is assumed that one Of the parameters 1s unkmawn.' Threa
wschémes are comparad viz, an cpen 1@&@, clasad laoop aSSﬁming the parameter

is known, and an approximated close loep correspending to the linear quadratic
Gaussian scheme presented in section S5.4. The structural equations of the
linear econometric model used by Pindyck [1273] have also been examined by
Upadhyay [1975] employing the scheme developed by Deshpande, Upadhyay and

Laniotis [1%72].

Able [1975] examines the performance of three contrel rules which differ
in their treatment of learning. The system consists of two equations; the
controls are fiscal and maneﬁaxy policy and the objective function is a guadratic
welfare function, The three investigated policies are certainty equivalence,
the sequential stochastic rule which recognizes the uncertainty in the para-
meters hut ignores the possibility of learning (ssction 5.3), and the active

scheme of Chow {section 6.23., His vesults imply that for the linear system
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tﬁé épégéai firstvéériad paiiﬂy is iﬂ%&n&i;ivg to the uncertalnty in the
pérameters and the spaclflc aontrol Iﬁl&a

Chow [1916] has presentad an 111u5traL1ve applan&tien of his nonlinear,
active scheme to the Klelnwﬁoldb@rget méaroacanamﬂtrlc model. A principal
interest in this illustrative application vas the computational efficiency of
the scheme for a large, (23 structural equations) nonlinear model. For a ten
period plaz;ni}lg horizon, five target vari)ab;g:s,, and four control wariables,
only 32.7 snganﬁs was z‘:eqnl’fe& on an Iﬂ“éd: 363—91 COmMpULETr. | :E.h.i:s resu,lt

suggests that is not cnmgut:am.nnally prq‘nﬁ:u:;lve to incarporata uncertainty

by-e$éeﬁtlaliy evaluating ﬂ&mérical~dﬁrivativgsy
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8. Gonciﬁding Remarks and ées@arch Issuas
The various adaptive control schemes presented ahove have been com-

pared in terms of their utilization of iaformaticn and ‘the nature of tie
3Pf£d§imafiéns tﬁéy iﬁpoéé‘ "As we HWave sesh existing siﬁﬁlatieﬁ“é%peti&u
ments do mot offer any general conclusiochs about the relative perfor-
maﬁceiaf these schemes. Moreéver, the receatly developed approximation
scﬁeﬁas are not based on arguments which ifply improved performance, but
insteadzihéY‘aré motivated by numerical considerations. Unfortunately,
go_ééﬁééﬁ%ﬁéi*f%gmeﬁﬁik has been advanced on which to base an evaluation
) Zanﬁ ‘comparisen of the va-r’iéu’ﬁgrétrh@gzéé”.’ Gutrfefﬂftlﬁ the g:e;i;:ag”_tio-é of a.
particular adaptive control ma?hod £mr-a particular &#pli@at@on;ggg_cg$y~
be determined onm a trial and error basis.

A conceptual framework is required which provides a clear exposi-
tion of the interaction between leatning and control in a. stochastic,
dynamlc setting. Our principal interest.in the development of such a
frémewank’ﬁhoglﬁ’béftc’abﬁaim {i},m@asuges”ﬁf the learning eapability
for vdriocus adaptive schémeg and their relationship with performance;
{11} felatioaships of the sﬁruc;ué%i ﬁrq@erti%s of the optimal ﬂqp?rol
scheme with the system stricture, observation program, and performince
eriterion; (iii) a clear indicatioi of how information flows through the
system are influenced by the coantrol scheme and how both are related to
overall systen performance; (iv) formal measures of the. trade-off
betwe&n:cam@ﬁtatiaﬁéi'ccﬁpleﬁity of the varicus schemes and gh@ir_parm
formanece; and (v} tight bounds on the performance of alternagive
$chemés, An initial attempt with regard o (i), {ii), and (iii) has
been advanced by Tse {19761, In this work, the learning capabilities of
various control laws are formaslized in terms of Shannon's informatiéﬁ

measure. Furthermore, Faden and Rausser [ 197467 advance 2z framework which

can be employed te formally investdigate {iv) and ({v)}.



To be sure, for .the number of applicatioas of adaptive control to
increase, the development of numar;gaily simpler schegesawith hﬁgh qaéa:<
bility of learminmg is critical. Most of the existing schemes wﬁicﬁ are )
operaticnal invelve some form of numerical search. The search at times

SO may be: lengthy, dua mainly to the non-comvexity of the valuye function
and the existence of multiple local extrems, e.8., Fekelman and ?sa -
§1§?5T.§%ﬁdé;’theﬁihﬁrcéﬁétion of multiple ceﬁtgals_upulﬁ require for
most active gchemes a myltidimensicnal search whlch may be namerigaliy
yrchlbltlve.- V

In addition to £he numerical issue,lghe development of new
approaches should '‘also consider aspects commen to both maﬁagement sci-
ence‘aﬁd”ééénemic problems. The first and foremost element missing in
the existing approaches is-ﬁhe.c;;;éilizywafbandiing inequality con-
straiats on the comtrols as well asathelgtates. Although COHSCIalntS on
state’@éfiéhlEs, in geﬁarai, can be assured to hold only in prﬁbabillty

their inc@fperatien would enable us to solve the common resource aliﬂcam

tion prcbiém in an adagtiveriarm where the coefficients of the return

ously learned. Another’element is concerned with whether or not the
system cr plant répreséntation:is im structural form (current states

dep&ndiﬂg“ﬁpdﬁ‘bthar*bﬂrz@wt&state variables} or reduced form. A1l the

-

form but unfortunateély many models in namagement science and econemics
are wore naturally stated in their structural form. Furthermore, wheo

these structural forms are highly nonlinear it is not possible to
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d&mive%amﬁnxregp@ndiﬁg, unigquea redused form.

‘ Another issue of importance is model discrizmination... A common
crivicism of adaptive contrel is that although significant. parameter.
.Pn;ertainty<may dndicate the potential wvalue of an adaptive contrel
‘é;ﬁeme, it may also indigaté)ﬁhﬁt the model is misspecified. . Cleariy,
identification of the mcdelgstzagtur% is essential for any quantitative-.

a?pllcaﬁicn but in tha a&aptlve control framewoxk the experlmentatlan -

1may be dixected taw&rd tha dlscrlmlnatlen batwaen camﬁet;ng.models &S

well as learﬁmng of thelr parametar~ ~)Swae wark haa been. aacampllshed

in this area (Saridls and Ste:m {1968 . -Sa:s;df:;s_;and ,pao*g:-_;g:?’{;g;:;” Athans and
Wilner [1973]) but much remaaas}za be done, .In particular, when éiffgr—
ent model representatiocns appear equally possible the appropriate adap—
tive control framework should be couched in terms of a simultanecus
hypothesis testing and control problem. This 1is an especially diffi-
cu@ggp%ghlam ?han a'singleVméﬁgl mustfbejgelagged from z.oliss Qf_non~
nestéd.models and where a gsﬂyexrcoﬁbinatian»of models is not allowed.

’ A related issus. is the impact of mq&al miﬁﬁ@&gificationiwgqgfi
cm%t;ed variﬁb&e,-functionai ioém,»gn the contrél and pzediﬁtimnmferfﬁr—
mance of ﬁhe various schemes. ﬂﬁﬂ;ﬁﬁa economettigﬁ'liagraamxe.the rees-—
timation of paramsters is qually-justifﬁéd'(eveu for constant ‘pargae-. -
ters) by its ability te capture some of the model misspecification, and
hence reduce the predicticn errer. However, it is not clear that con-
trol performance is also eshancaed by this procedure. Here again, much

in way of additional conceptual work on adaptive control schemes would

appear to be necessary.
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In the applications sphere, a nucber of management science problems
readily lend themselves two the adaptive control. framework. Thess
include, as previously noted, new product development; effectiveness of
new employee incentive schemes; output-mzintenance relations for new
:ﬁ#&hinﬁs; the preoduction of new tachnglogy;van% systems where the para-—
meters rend to vary over time. " Other potentially rewarding applications
of adaptiv&~ben£rnl include interfalia L) the,saleatian,af pxivate or
prﬂcéss z&g&ats 1tsélf (11} pramﬁtlﬂn.psllmy hhere A pérlaélc decx31aq
is ‘made on éﬁferz“’ &xse@nﬂts,*frea sawples, and the like; (ifi) peri-
odic market ‘sample surveys to determine likely consumer résponses to
product. specifications; {ivg public regulatory mandgement where perdicdic
monlitoring decisions must be made to determine .compliance and private
sector response to TrTegulatory contrels {Rausser and Bowitt {[19751); and
(v} periodic agricultural -and natural resource management decisions -con—
cerned with the effect of dlternative dpoput cembinations and lawmd allo-
aétians~gnnuncart&in plant growth. The aéapﬁiVa control framework
indeed appears promising but much additicnal ezmdence should,be gol- |

P R B L

lected before its true value as & vesgeanch foolf for manag@ment science is

asecer tained; elearly the jury ie still out.
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FOOTNOTES

1.  The first, appearance of a formal definition of Tadaptive control system' may

‘be traced ;ﬁfTsein_ﬂﬁﬁ@ in 195%. But as late as 1865 the,té;mria&aptiyg
control system' %n the engingering literature wes used to deseribe systems ?igﬁ
contrellable parameters {(Donalson and Kisch QBE&)..{Ehé output of thg{
controlled system in the framework advanced by these authors is compared to
some desired output and the paramerers of the system ar@_madifieé)such that

the system output approaches the desired output (see Landau [1974). As we
shall see, this framework misses some important features of the adaptive

cantrqi framework currently accepted in the literature.

2. The adaptive control approacﬁ corresponds to Bellman's [19611, pp.
193-2§G]:éé:well as Feldbaum's [196%), ppi”%&—BE} third elass of control
systems, This class is charaecterized by some unknown quantities about which
uncertainty changes by learning as the process evolves. It Includes ths

active accumulation of information.

3. Formal procedures for utilizing sample additions to update probability
distributions specifications include Baysilan methods (Zellner {19787, least
squares revision methods (Albert and Sictler [1964, Hsliman tvpe filters e.g.

Kalman [1980) as well as other methods.
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In fact, the optimum u, Is determined by the ration q/c and o .
?;%rthemam, tha I&Sul!]‘.' that both large and small q impivy that®
u, is approximately -~a_ is easily seen by examining the optimal
dicision rule associated with (28). Tt is:

63 u3 - 02 u {o u2;+.q)
o o 2]
¢+ u+ . =
o 2 2
(u 60 + q)

Feg both g - = and q + o, the third term approaches zero, and hence
u, = - .
o

1

Under certain well-knowm conditions, stated first by Simon [1936] and Theil
[1957], the C.B, solution is optimal. Under these conditions, nothing can

be gained b?‘uﬁiiiz&@g'iﬁfarmapion on- future measurements and uncertainty.

For the remaining ﬁériods of the planning horizon [N-(k + m)], one of the
paséive adéptive schemes can be emploved to approximate the dual control
solutiori. Nevertheless, as with adtive schemes that are applied to the
entire plamming horizon, the m-measurement active schéme approximation is

quite complicated due to nonlinear dependenciss of future variances and

‘wovariances on curtent controls, For illustrations of these nonlineatrities

and various numerical solution procedures, see Curry [1965], Rausser and
Freebairn [1974al, Early and Early [1972], Tse, et al. [1973] and Tse and

Bar—-Shalom [1973].

This covardiance matrix is gpecified for the elements of D arranged by rows.

#i

L a_, B., where a,, is the
. iF ij ij
i,3 .

ijth element of an m by n matrix A, anﬁ‘Bij is the ijth submatrix of an

mp by nup matrix B. Note that C has dimension p by 4.

This multiplication is defined by C = A % B

It is assumed that the given matrices ?k are such that ﬁk,is negative

definite so thar the first order condirion (59) defines a maximum,



10.  The positive definiteness and symaetry of matrices I, follows from the

k
CQV@?iane vpdate equation (53). This property becomes important in the

second step of the maximization process.

11. By proceeding to period k-1 it is a simple matter to demonstrate that ﬁk—l

has the same form as &k and thus, by induction, the strategy implied by (59)

and (65} is optimal for the modified structure.

12, This intefpretatisn follows immediately since (65) satisfies the result
from capital theory that the discount rate equals the own rate of return plus

price appreciation. That is,

) -1 -1
ST =N IEC @ 24p) Sy 0O 2] W0+ g = %0 Vi

The first term is the own rate of return. The rental on information is
the marginal ra&uctlon in shnrturun loss that would take plaue if egtra information
were made avqllable for one pediods this reatal is T {E{I{g}zk+1)8k+l(1i:igk%1 }

the negative derivative with respect to I’ of the uncertainty term

Eflz,, & }g&—lr J Ty I

k

13. For the details of this scheme, see Chow [1973, pp. 254-2611.

14. Note that for this approximation, the dimension of the information state

remains coastant in time.

- %
13, Note that Ak+1(.) is ohtained by the closed-loop minimizarvion of C(k+l).

16. For a thorough exposition of this approach, see Kendrick and Kang [1976].




17.

18,

19.

20.

21,

Cin aﬁ%%hé%'?%markats,a{k} = Q“{k) -

Projection of the covariante matrices must hée done as many times as there
are search steps in each time period while updating the covariances is done

only once each time period.

For further details on this approach see fhe applications section 7.4.

Prescott | ] has also examined the dontrol épgféécﬁﬁin the context of a

very simple model involving one unknown paramétér, a single control and

state. His adaptive controls were derived numerically with thé aid of
dynamic grﬁgraméiﬁg. In other wsré§? he provides no new method of solution:

his results wers computed by enumeration of all'pbssibilitiés. This approach

is of course computationally infeasible for the multivariate case.

: . . . Tl n
The experimentation is executed as follows. In g-markets the control

£

A - . é G . K
is ulk} = u (k) + = vhere u (k) is the certainty equivalence control and

2
Iy
2 z -

An implemeptation of a slightly modified versies of Lirtle's medel is fap@ftaé
by Rich [E978 and an extension of the univariate case where error of measurement

is introduced is presented by Fitzroy [1967].
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