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Dynamic Concern for Misspecification®
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July 2025

Abstract

We consider an agent who posits a set of probabilistic models for the payoff-relevant outcomes.
The agent has a prior over this set but fears the actual model is omitted and hedges against
this possibility. The concern for misspecification is endogenous: If a model explains the previous
observations well, the concern attenuates. We show that different static preferences under un-
certainty (subjective expected utility, maxmin, robust control) arise in the long run, depending
on how quickly the agent becomes unsatisfied with unexplained evidence and whether they are
misspecified. The misspecification concern’s endogeneity naturally induces behavior cycles, and
we characterize the limit action frequency. This model is consistent with the evidence on monetary
policy cycles and choices in the face of complex tax schedules. Finally, we axiomatize in terms of
observable choices this decision criterion and how quickly the agent adjusts their misspecification

concern.
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1 Introduction

Bayesian rationality requires that an agent uncertain about the data-generating process postulates
multiple probabilistic descriptions of the environment and uses Bayes rule to adjust their relative
weights. However, even rational agents may fear that they are misspecified and that none of these
descriptions is correct. This concern is remarkably natural in complex and high-dimensional settings,
where uncertainty needs to be simplified to obtain well-behaved optimization and learning procedures.

For example, none of the model economies considered by a central bank perfectly describes the
underlying data-generating process for output and inflation. Similarly, the consumer response models
that a firm uses to set prices and qualities are unlikely to include one that considers all relevant
decision factors. Moreover, the diffusion of machine learning algorithms that are not explicitly described
naturally creates new reasons for misspecification. Indeed, consumers increasingly rely on automated
recommendations. Although they may have some conjecture on how the alternative’s features translate
into a score or a “match quality” with their profile, they certainly do not consider the specific algorithm
used by these recommendation systems. Misspecification is even more relevant when dealing with
entirely novel issues, such as those faced by a regulatory body that tries to mitigate the impact of
climate change using theoretical models that take into account human impacts never experienced in
history.

All these situations share the use of structured models expressed in terms of interpretable parame-
ters, such as the slope of the Phillips curve, demand elasticities, or the descent rate of raindrops. The
best among these parametrized models can be generally learned, but the agent may be concerned with
misspecification, i.e., with all these models being too simple to be correct.

Misspecification has been analyzed from two distinct perspectives. On the one hand, several papers
have studied the long-run implications of subjective expected utility (SEU) maximizers learning with
misspecified beliefs (see, e.g., Esponda and Pouzo, 2016, Fudenberg et al., 2021, and the references
therein). These works assume that the agents have no concern about being misspecified. Here, we
show that the absence of such concern is normatively unappealing, as it can induce long-run average
payoffs lower than a safe guarantee. It also seems descriptively unrealistic, as the widely documented
ambiguity-averse behavior may be seen as a way to hedge against the incorrect specification of the
model. On the other hand, the robust control literature in macroeconomics pioneered by Hansen
and Sargent (2001) considers agents who fear model misspecification. In particular, the first axioms-
based decision criterion that accounts for model misspecification was proposed in Cerreia-Vioglio et al.
(2024).1

Tt has as a particular case the robust control model of Hansen and Sargent (2001) axiomatized by Strzalecki (2011).
Since in Strzalecki (2011) the reference probability is subjective, it can also be interpreted as an axiomatization of robust



This work reconciles these approaches and shows how popular decision criteria such as maxmin
expected utility, robust control preferences, and subjective expected utility arise as the limit behavior
of an agent concerned about misspecification and learning about the actual data-generating process
(DGP). We consider an agent who repeatedly chooses among actions whose payoffs have an unknown
distribution. This choice is taken by evaluating each action with respect to an average of robust control
assessments, where each assessment takes a different structured model as the benchmark. We introduce
endogeneity in the misspecification concern: the better the structured models explain the past, the less
concerned the agent is.

There are two critical determinants for the long-run dynamics: whether the agent is correctly
specified and how demanding they are in evaluating their models’ performance. First, we consider
the case of a correctly specified agent and show that their behavior converges to a self-confirming
equilibrium. A self-confirming equilibrium means that they play an SEU best reply to a belief supported
over the data-generating processes that are observationally equivalent to the true one given the chosen
action.

Instead, to characterize the limit behavior under misspecification, a taxonomy of how demanding
the agent is turns out to be crucial. We first establish a normative benchmark: a “statistically sophis-
ticated” behavior that performs a likelihood ratio evaluation of the agent’s subjective model. More
precisely, we show that the achievement of two desirable properties uniquely characterizes such behav-
ior: global safety (i.e., guaranteeing the minmax payoff even when misspecified) and consistency under
correct specification (i.e., no regret when correctly specified).?

We allow departures from this normative benchmark to obtain descriptive predictions on the effect
of an endogenous misspecification concern. We consider agents that are too demanding in evaluating
the structured models’ performance (this case includes believers in the Law of Small Numbers, Tversky
and Kahneman, 1971, that treat failures in explaining early realizations as a statistician treats long-run
failures). Similarly, we allow the opposite case in which the agent is too lenient in evaluating their
structured models and attributes too much unexplained evidence to sampling variability.

We then characterize the long-run behavior of these different types of misspecified agents. The
actions of the lenient type converge to a Berk-Nash equilibrium, i.e., to an SEU best reply to beliefs
supported on the structured models closest to the actual data-generating process. Instead, overemphasis
on the structured models’ failures in explaining the data by the demanding type induces convergence
to a maxmin best reply to the DGPs that are absolutely continuous with respect to the true one.

In contrast, a statistically sophisticated type maintains a nonextreme concern for misspecification.

prior analysis, see Hansen and Sargent (2022a).
“Moreover, we observe that SEU maximization and the original robust control of Hansen and Sargent (2001) fail to
jointly satisfy these requirements.



If their behavior converges, it converges to a robust control best reply to the structured models closest to
the actual data-generating process. Moreover, the misspecification concern is endogenously determined
by how well the best structured models fit the evidence generated by the limit action.

Therefore, our learning results provide several novel predictions about the relation between un-
certainty attitudes and other individual traits.® First, the extent of long-run uncertainty aversion
positively correlates with the agent being initially misspecified and their belief in the Law of Small
Numbers. Second, these correlations are causal: repeated failures to explain the data (misspecifica-
tion) and demanding evaluation of these failures induce the agent to shift to cautious behavior. Third,
even with constant misspecification and understanding of probability rules, the limited uncertainty at-
titudes are stochastic. Initial realizations leading to a limit action with consequences poorly explained
by the agent’s structured models induce a long-run uncertainty aversion higher than realizations leading
to a limit action with well-explained consequences.

I then investigate the impact of an endogenous misspecification concern in a class of problems
where a complex, nonlinear function describing the average returns from a costly action is simplified
to a linear one. I show that if the actual average returns are concave, an endogenous misspecification
concern acts against the bias introduced by the simplified model. This result covers incorrect beliefs in
price taking (Sobel, 1984) and simplification of complex tax schedules (Esponda and Pouzo, 2016). For
the latter application, I rationalize the labor supply in the face of complex tax schedules documented
in Rees-Jones and Taubinsky (2020). In particular, they show that around 40% of the agents have
beliefs corresponding to a heuristic that simplifies the tax schedule to a linear one but that 20% fewer
agents act according to this heuristic. This is predicted by an endogenous concern for misspecification,
as agents with an incorrect structured model are less prone to base their decisions on the conclusions
they reach within the model.

In general, the behavior of a statistically sophisticated type is not guaranteed to converge. Indeed,
it is possible that their behavior cycles between phases of different misspecification concerns. Still,
we characterize the limit action frequency and concern for misspecification. We apply this result to
revisit the cyclical behavior of monetary policies documented in Sargent (1999) and Sargent (2008).
Intuitively, the cycles have the following structure. The agent spends some time playing an action whose
consequences are well explained by one of their structured models (a conservative monetary policy in
the application). Playing this action lowers the concern for misspecification and eventually leads to a
more misspecification-vulnerable action (a more aggressive monetary policy). Failures to explain the
distribution of outcomes observed under this action lead to a return to the more misspecification robust

action.

3The empirical study of the correlation between behavioral biases is an active area of recent development. See, e.g., Dean
and Ortoleva (2019), Snowberg and Yariv (2021), and the references therein.



We also obtain two results that provide a testable foundation for the model employed in the learning
part of the paper: An axiomatization of the static average robust control criterion and testable axioms
for when the agent is of the lenient, statistically sophisticated, or demanding type. Two primary axioms
pin down the static decision criterion. The first is a weaker form of the Sure-Thing Principle imposed
only on bets on the data-generating process (e.g., bets on the urn composition) and bets conditional
on the data-generating process (e.g., bets on the ball color conditional on having been told the urn
composition). The second requires that conditional on being told the best-fitting model, the agent is
equally concerned about misspecification, regardless of which one it is.

For the dynamic representation, a dynamic consistency axiom on the acts that bet on the data-
generating process is shown to guarantee Bayesian updating over models. More interestingly, the
preference adjustment of a statistically sophisticated type is pinned down by a novel Asymptotic Fre-
quentism axiom, requiring arbitrarily similar preferences conditional to sufficiently long histories with
sufficiently similar outcome frequencies.

The rest of the paper is structured as follows. Section 2 introduces the average robust control
decision criterion and how preferences are adjusted. Section 3 studies what attitudes toward model
failures induce good payoff performance and provides a learning foundation for different uncertainty
averse preferences. Section 4 characterizes the limit frequency of time spent using the different actions
when the behavior does not converge and applies the result to a central banking problem. Section 5
provides the axiomatization to the static decision criterion and how preferences are updated. Section

6 discusses the related literature and possible extensions. All proofs are collected in the Appendix.

2 Decision Criterion

2.1 Static Decision Criterion

We describe the criterion used in the repeated decision problem and defer its axiomatization to Section
5. We consider an agent who chooses from a finite number of actions a € A and let Y be a compact
metric space representing the set of possible outcomes. The agent has a continuous utility index
u: AXY — R over the action-outcome pairs that captures their preference when the uncertainty is
resolved. However, the realized outcome is stochastic and endogenous as each action a € A induces an

objective probability measure p; € A(Y') over outcomes.*

4For every subset C' of a metric space, we denote as A (C) the Borel probability measures on C, endowed with the
topology of weak convergence of measures.



Subjective Beliefs The agent correctly believes that the map from actions to probability distribu-
tions over outcomes is fixed and depends only on their current action. Still, they do not know p* =
(P})4ca and deal with this uncertainty in a quasi-Bayesian way. The agent postulates a set Q@ € A (Y)A

of structured models, i.e., action-dependent probability measures over outcomes g = (¢,) The agent

acA-
has a prior belief u € A (Q) with support @ that describes the relative likelihood assigned to these
models.?

The interpretation of these structured models is that they are the simplified models that the DM
uses to make predictions and infer from what they observe. In our applications, the agent may be a
central bank that considers a Keynesian Samuelson-Solow model where the monetary policy affects the
unemployment rate or a new classical Lucas-Sargent model without a systematic effect of inflation on
unemployment. Alternatively they may be a taxpayer deciding how much to work using a simplified
and reduced version of the complex tax code they face. More generally, structured models differ from
arbitrary probability distributions over states by being formulated in terms of parameters that relate
actions and outcomes with a concrete economic interpretation. Often, this makes them expressionable
as a finite dimensional set of models, but the regularity conditions we assume do not, in general, impose

finite dimensionality.®

Assumption 1. For every a € A: (i) For all ¢ € Q, G,: = gg‘j exists, is continuous, and is p’-a.s.

bounded away from 0, uniformly in @, (ii) For p’-almost every y € Y the map ¢ — g, (y) is continuous.

Condition (i) allows us to compute the relevant expectations while allowing for both discrete and
continuous outcome spaces and guarantees that no subjective model of the agent is ruled out in finite
time.” Continuity of the map from models to outcome distributions is a standard requirement for
parametric models.

A myopic Bayesian agent with complete trust in their models evaluates action a according to its

5This formulation follows the recent literature on misspecified learning in assuming that both the true data-generating
process and the subjective models the agent considers are i.i.d. conditionally on the agent’s behavior. This makes the
true extent of misspecification time-invariant and “measurable”. It is important to notice that this time invariance is
often relaxed in the literature on dynamic decisions with robust control preferences that follows Hansen and Sargent
(2001).

5The terminology of structured models first appeared in Hansen and Sargent (2022b), where, in their words, they chose
to “call models “structured” because they are parsimoniously parameterized based on a priori considerations.”

"Condition (i) also plays a technical role in guaranteeing the existence of the equilibrium concepts we consider. It is known
it can be relaxed; see Anderson et al. (2024), but this relaxation comes at the cost of requiring nonstandard analysis
techniques (where nonstandard means using infinitesimal numbers), something beyond this paper’s scope. Moreover,
it allows us to use the techniques developed for establishing convergence with random measures (see, e.g., Kallenberg,
1973). Again, that literature can deal with weaker but less explicit conditions.



subjective expected utility (see, e.g., Cerreia-Vioglio et al., 2013b):

(/E%wmwﬂmu@.
Q

That is, they compute a two-stage expectation of the utility function: they evaluate the utility of the
action given the candidate model ¢, E,, [u (a,y)], and then they average over the models with weights
given by their subjective belief p.

However, we are interested in agents concerned with the possibility that none of the structured
models is the exact description of the data-generating process but only a valid approximation, i.e., that
are concerned that there is no ¢ € ) with ¢ = p*. Therefore, in the spirit of the robustness criterion
advocated by Hansen and Sargent (2001), they penalize actions that perform poorly under alternative
distributions that are close in relative entropy R (:||-) to some of the structured models.®

With this, an agent evaluates each action a € A according to the average robust control criterion:

ngqu&JuMwﬂ+§R@mma)mu@ (1)
where A > 0 is a parameter that trades off between decision robustness and performance under the
structured models.”

The original robust control preference introduced by Hansen and Sargent (2001) is the case in
which p is a Dirac measure (that in macroeconomics applications is often assumed to satisfy rational
expectations, i.e., to be degenerate on the actual data-generating process). As described in Hansen
et al. (2006), this case corresponds to when “[...] a maximizing player (‘the decision maker’) chooses a
best response to a malevolent player (‘nature’) who can alter the stochastic process within prescribed
limits. The minimizing player’s malevolence is the maximizing player’s tool for analyzing the fragility
of alternative decision rules.” Equation (1) follows Hansen and Sargent (2007) and Cerreia-Vioglio et al.
(2024) in extending this interpretation to a situation in which the agent is still uncertain about the
best-approximating structured model (i.e., p is nondegenerate), allowing the malevolent nature to alter
each of the candidate structured models.

The representation adopts the distinction between two levels of uncertainty. At the first level,
given a structured model ¢, the uncertainty about the exact specification of the model is captured
by minimizing the expected utility for probabilities that are not too far away from ¢. At a higher

level, the agent is also uncertain about the identity of the best structured model and posits a prior

8For every p,q € A (Y), p > q means that ¢ is absolutely continuous with respect to p. Recall that for every p,p’ € A (Y),
R(pllp') = [, log (%)dp if p’ > p and R (p||p’) = oo otherwise.
9Lemma 2 justifies the use of a min rather than an inf in equation (1) and throughout the paper.



probability p over them. While the higher level of uncertainty is already present under subjective
expected utility, the lower level captures the agent’s concern for misspecification. Observe that by
considering a simple average of robust control, rather than a concave transformation ¢ of those values,
we focus on a decision maker who is concerned about misspecification but it is ambiguity neutral (see
also the detailed discussion in Cerreia-Vioglio et al. (2024) and Hansen and Sargent (2022a)).°

2.2 Preference Evolution

The average robust control criterion of equation (1) describes how the agent chooses for a given belief
and level of misspecification concern. However, the behavior responds to the received information.
Formally, time is discrete, and a history is a finite vector of past actions and outcomes. In particular,
the set of histories of length ¢t € N is #; = (A x V)", and the set of all histories is H = J;°, H;. We
will denote with a;, y;, and h; the random variables corresponding to the action, outcome, and history
at time ¢, and we use the non-bold version for their realizations.

On the one hand, we stick to the classical treatment of beliefs about the possible data-generating
processes. We let the belief be updated through standard Bayesian updating. That is, for every Borel

measurable subset C' of (), we denote by

Jo Tt Ga. (y-)dpa(q)
fQ [T o, (y-)dpu(a)

u(C| (d',y")) = (Bayes Rule)

the subjective belief the agent obtains using Bayes rule after history (a!,y") € H;.!!
On the other hand, we introduce an endogenous and time-evolving concern for misspecification, i.e.,

we let A\ depend on the realized history through a function A : H —R,.

Log-Likelihood Ratio In particular, we want to capture the idea that the concern for misspecifica-
tion is a function of how well the structured models explain the current history. In statistics, a common

measure of fit of a set of distributions ) against a set of unstructured alternatives N (@) C A (Y)A

10See Battigalli et al. (2019) for a thorough analysis of ambiguity aversion in the same repeated problem setting of this
paper. The combined study of ambiguity aversion and concern for misspecification is left for future work.

1By Assumption 1 (i), the posterior is well-defined except on a set of histories with 0 objective probability. We allow
for arbitrary belief revisions after those histories.



the log-likelihood ratio:!?

+ ~
max —1Ga. (Yr
LLR((d',y"),Q) = —log <@ 1= Go. (47) vt € N,V(d, o) € H,.
maXPEN(Q) HT:1 paT (yT>

Here we want to take a conservative approach and not impose structure over the set of alternative
unstructured distributions N (@) used to evaluate the model’s fit. If Y is finite and all outcomes have
positive probability under the structured models, then there is a natural way to do so, i.e., to consider as
the set of alternatives unstructured distributions the entire (action-indexed) simplex A (Y)A. However,
considering a completely unrestricted set of distributions with a continuum of outcomes leads to an
utterly uninformative test of the model, as the (discrete) empirical distribution is an infinitely better fit
to itself than any continuous distribution, i.e., the log-likelihood ratio always returns +oo. To maintain
informativeness, N (()) must then include only distributions that are mutually absolutely continuous
with respect to the ones in ). In particular, all our results are invariant to the N (@) choice as long as

the following assumption is satisfied.

Assumption 2. (i) p* € N (Q) 2 Q. (ii) For every a € A, the family of densities {p, : p € N (Q)} is

a compact set of continuous functions.

We require that the unstructured set is a relaxation sufficiently large to include the actual distri-
bution and a continuity condition that rules out a () that only contains continuous distributions and
an N(Q) that includes discrete distributions.

With this, an important role will be played by the rule

LLR(h
A(hy) = LLR(hGQ) -y N, Vh, € H, (2)

ct

where ¢ > 0. Observe that under this rule, the concern for misspecification is proportional to the
average log-likelihood ratio. This average log-likelihood ratio is often used in statistics to measure the

extent of model misspecification.!® Therefore, we informally refer to an agent who uses such a rule as a

12The Neyman-Pearson Lemma establishes the performance of the log-likelihood ratio test under correct specification. At
the same time, Foutz and Srivastava (1977) and Vuong (1989) contain the classical results about the informativeness
of the LLR under misspecification. Schwartzstein and Sunderam (2021) is a recent paper that models agents in a
persuasion problem who perform model selection using this statistic. Lemma 2 justifies the use of max in the definition
of the LLR under Assumption 2.

13This use of the average LLR complements the classical role of the total LLR in deciding whether to reject or accept
a model. In particular, Wilks Theorem (see, e.g., Theorem 10.3.3 in Casella and Berger, 2021) shows that under
correct specification, the likelihood ratio test statistic converges to a x2 distribution. However, it says nothing about
the distribution of the LLR if the model is misspecified. See Hausman (1978) and the subsequent literature for a
complementary approach to the measurement of model misspecification when the statistician can compute a consistent
quasi-maximum-likelihood estimator.



“statistically sophisticated type”. Of course, the estimation goal of a statistician can be very different
from that of an agent involved in a repeated decision problem under uncertainty. Proposition 1 below
confirms that this rule is also a rationality benchmark in repeated decision problems, as it uniquely
identifies the behavior that induces no regret when the agent is correctly specified and is always maxmin

safe.

3 Long-run Payoffs and Actions

In this section, we study the long-run consequences of using the decision criterion above. Our primary
interest is in what attitudes towards unexplained evidence, i.e., what A, induce good payoff performance
across environments and what are the limit actions and preferences under uncertainty that arise given
a specific attitude.

Let BR* (v) denote the set of average robust control best replies to belief v when the concern for

misspecification is ), i.e.,'

R (pa|¢a)

BR* (v) = argmax min (]Epa [u(a,y)] + )

acA Q Pa EA(Y)

) dv (q) VAeR,VreA(Q).

Also, let
BR% (v) = argmax/ E,, [u(a,y)] dv (q) Vv e A(Q)
Q

a€A

denote the actions that maximize the subjective expected utility

BRM" (C) = argmax inf E,, [u(a,y)]

acA PEC

denote the actions preferred by a maxmin agent a la Gilboa and Schmeidler (1989) with models C' C
A(Y)A

A (pure) policy is a measurable II : H — A that specifies an action for every history. The ob-
jective action-contingent probability distribution and a policy II induce a probability measure Py on
(A x V). Our interest is in policies derived from maximizing the value in equation (1) for some rule

A determining how the concern for misspecification is adjusted.

Definition 1. Policy I is A-optimal if for all hy € H, I (hy) € BRA (1 (+|hy)) .

4 Throughout the paper, we use the convention 0 - co = 0.
15We spell out the Py derivation in Appendix A.1.1.



3.1 Normative Benchmark

We have mentioned that using the rule in equation (2) has the good statistical property of keeping
A asymptotically informative about the fit of the model. Now, we provide a normative justification for
considering it the relevant benchmark of rationality, showing that it satisfies the desirable properties
of safety and consistency (cf. Fudenberg and Levine, 1995; Hart and Mas-Colell, 2000) across decision

problems.

Definition 2. Let € > 0. A is e-safe for the decision problem (u, A,Y) if for every A-optimal policy IT
and DGP p* € A (Y)*

. Zf—l u(ai,yi) .
= > — -a.s.
h{ggf ; 2 max miny (a,y) —e  Pp-as (3)
This is a very mild condition that only requires the agent to obtain an average payoff at least € close
to what they can guarantee against every possible outcome. However, when paired with misspecifica-
tion, e-safety has a significant bite: a Bayesian SEU agent fails it in many decision problems. Indeed,
such failures have been the basis of many critiques of the predictions of learning under misspecification

with Bayesian SEU agents.

Example 1 (Unsafe SEU). Suppose A = {Bet Heads, Bet Tails, Out} andY = {Heads, Tails}. The
utility is 0 if Out, 1 if the action matches the outcome, and —1 if there is a mismatch. Each agent’s
model is an action-independent probability of Heads. So identify Q@ = {0.9,0.4}, and let p}; (Heads) = 0.6
for all a € A, and 1 (0.9) = % = 1 (0.4). The actions of a Bayesian SEU mazximizer converge to Bet

Tails with an average performance of —0.2 versus a safe payoff of 0 under action Out.

This is the simplest possible example, but safety also fails in the more economically motivated
case of overconfidence, the key aspect being that good statistical fit does not necessarily induces good

decisions.
Definition 3. Let ¢ > 0. A is e-consistent under correct specification for the decision problem (u, A,Y")

if there exists § > 0 such that for every A-optimal policy IT and DGP p* € A (Y)

. " .. Z?_l u(a;,y;)
= > - — -a.s.
min r(rlleaj(R (Pillga) <0 = h{ggf . > rgleachpa [u(a,y)]—e  Pp-as

e-consistency under correct specification requires that sufficiently low levels of misspecification (i.e.,
the existence of a model ¢ with distance less than § from the true data-generating process) cannot induce

considerable ex-post regret (i.e., a limit average payoff more than ¢ lower than the expected payoff of

10



the objectively optimal action). Intuitively, we want the agent to approximately identify the actual
model if the misspecification is minor, and then start best replying to it in the long run. Therefore,
in classical statistics terms, it can be interpreted as requiring that, in the long run, the probability of
Type I error goes to 0. Compte and Postlewaite (2019) advocated, on welfare maximization grounds,

selecting a concern for misspecification such that this property is satisfied.'6

Proposition 1. 1. For every e > 0 and decision problem where (i) {q*} = argmin .o R (p}||¢.) and
(i)

lim ¢ =¢q, = lim ¢} = ¢, Va,a' € A,V (q"),en € QN (4)
n—oo

n—oo

there exists ¢ > 0 such that if

A(ht) :M vVt € N,Vh; € H;,
ct

then A is both e-safe and e-consistent under correct specification.

2. There exist € > 0 and a decision problem that satisfies (i) and (ii) for which there is no e-safe

and e-consistent under correct specification A with either'”

A(h) =0 (M) v(ht>teN € XtenHy,
o LLR (b, Q)
o(A(h)) = - V (h)yen € XtenHa.

The safety and consistency conditions we require are weak but are enough to single out the sta-
tistically sophisticated type. When the concern for misspecification is adjusted according to equation
(2), the combination of Bayesian updating over models and dynamically adjusted concern for mis-
specification is consistent with Savage’s distinction between small and large worlds (see pages 82-91
in Savage, 1954). Indeed, Savage advocates reducing the large-world uncertainty to small worlds (for
us, the structured models ()) where Bayesian updating has appealing properties, but being aware that

this description is incomplete and that the agent should evaluate the fit of that simplification (for us,

160bserve that, in the language of Fudenberg and Levine (1995), this consistency is not “universal” as it is only required
to hold against the DGPs in the support. That is, it captures the idea of a DM willing to incur some long-run payoff
loss to use a simpler model. But they want that if the simple model is correct, this loss does not arise.

"Recall that given two sequences (z,,) (77,)en of Teal numbers, x,, = o (z;,) means that lim,, ;”—,: = 0. Here we

neN >
use the convention that % = 0, making the definition of 0 more permissive. Since o will always appear as a requirement
for a sequence in the hypothesis of our statements, such convention makes our results stronger and able to cover a

larger range of cases.

11



using a test that can measure the failures of this description). In terms of performance, this procedure
results in a behavior that is safe and consistent under correct specification.!®

At the same time, some less normatively appealing but descriptively relevant phenomena are cap-
tured by other rules. On the one hand, a rule such that lim;_, . % =00, eg, Al = %\/}?’Q),
overly penalizes minor imperfections of the model, expecting that the frequency quickly converges to its
theoretical value, as in the fallacy called the Law of Small Numbers. On the other hand, an agent for
which lim; % = 0 applies an excessively lenient adjustment to the likelihood ratio statistic
and attributes too much of the unexplained evidence to sampling variability. In this regard, Proposition
1 tells us that there are decision problems where any way to adjust the concern for misspecification that
is globally more demanding or lenient than the average LLR violates either e-safety or e-consistency
under correct specification. Moreover, standard SEU maximization is not safe, while always using a
maxmin best reply to @ induces a behavior that is not consistent under correct specification.”

Safety and consistency for the LLR-based rule are established under the conditions of (point)
identification, i.e., that there is a unique best model ¢* regardless of the action, and a minimal continuity
requirement between the conjectured consequences of different actions. The former requirement is the
substantial assumption. It is satisfied whenever the distribution of y is not directly affected by the
agent action.?? It is more general than this, allowing for situations in which the action controls, at
a cost, the precision of the DGP, i.e., where y = ¢ + ¢, and the law of § does not depend on a,
and genuinely endogenous environment as our application to monetary policy. However, it rules out
(subjective) bandit problems, as in that case, the best-fitting models under one action predict different
behavior under a different action. This is natural and illustrated in Example 6 in the Appendix, as
we should not expect the consistency of an impatient agent in a bandit problem. In the extension of
this paper to patient agents, we confirm the consistency of the LLR-based rule in bandit settings for

sufficiently patient agents.

8Observe that Proposition 1 does not guarantee a universal constant ¢ across decision problems. That’s completely in
line with one of three key principles of robust statistical analysis: Context. In the words of Watson and Holmes (2016):
“Principle la: Context: The impact of model misspecification (approximation) is contextual, and hence should be dealt
with in a decision-theoretic framework ... it seems to us inappropriate to separate the issue of model misspecification
from the consequences, context and rationale of the modelling exercise.”

19This observation about the inconsistency of a misspecified single agent complements the results of Fudenberg and Kreps
(1993) and Fudenberg and Levine (1995) about the inconsistency of a correctly specified SEU player in games.

2ONotice that even in this case, the decision and inference problem does not become trivial, as the agent still tries to
learn the exogenous DGP to best fit it with their action.
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3.2 Positive Long-run Predictions

We are interested in the actions that can arise as the long-run behavior of agents with an evolving
concern for misspecification. The main results of this section show that we can describe this limit
behavior through fixed point conditions involving the agent’s action, belief, and concern for misspecifi-
cation. To this end, let @ (a) = argmin .o R (p;|[ga) be the structured models that best fit the actual

data-generating process when action a is played.

Definition 4. Action a* is a:

1. Self-confirming equilibrium (SCE) if there exists v € A (Q)) with

suppr C {q € Q : gu» = p’.} and a* € BR** (v).

2. Berk-Nash equilibrium if there exists v € A (Q) with

suppr C @ (a*) and a* € BR" (v).

3. Maxmin equilibrium if

a* € BRMe ({p €A (Y)A cdg e Q,Va € A, g, > pa}> .

4. c-robust equilibrium if there exists v € A (Q) with

Qar) /.

suppr C Q (a*), a* € BR*(v), and \ = Iq%icrglR (pr.

Self-confirming equilibrium (Battigalli, 1987 and Fudenberg and Levine, 1993) describes a stable

situation where the agent’s action best replies to a belief that is on-path confirmed, in the sense of being

concentrated over models that perfectly match the distribution of outcomes induced by the equilibrium
action.

Berk-Nash equilibrium (Esponda and Pouzo, 2016) relaxes the confirmed beliefs condition of SCE

by only requiring that the supporting beliefs are concentrated on the models that provide the best fit

to the outcome distribution induced by the equilibrium action. Importantly, this fit is not required to
be perfect.

In a maxmin equilibrium, the agent evaluates each action under the worst-case scenario that is
minimally consistent with their structured models of the environment (i.e., those scenarios that do not

assign positive probability to events impossible under every structured model).
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c-robust equilibrium is similar to Berk-Nash in requiring best reply to a belief concentrated on the
best-fitting structured models. However, the best reply is the average robust control, with misspecifi-
cation concern that decreases in how well the models fit the true DGP at the equilibrium.

We are interested in what actions have a positive probability of becoming the agent’s long-run

behavior. The following definition captures this requirement.

Definition 5. Action a is a A-limit action if there is a A-optimal policy II such that
Pr [sup{t: a; # a} < 00| > 0.

Our first limit result is a consistency check: Concern for misspecification is irrelevant if the agent

is correctly specified about the consequences induced by the limit action.

Proposition 2. If a* is a A-limit action with p}. € {qu~},c and for every history sequence (hy), o €
XtenHy

lim
t—o0

LL
—l%@ﬁazoz:>pnAm9:o

then a* is a self-confirming equilibrium.

Instead, how quickly the agent becomes unsatisfied with their model plays a key role when misspec-
ified.

Theorem 1. Let a* be a A-limit action with py. ¢ {qa},cq-

1. If
LLR (hy,
A (ht) = 0 (#) V(ht)tEN c XtENHt; (5)
then a* is a Berk-Nash equilibrium.
2. If
LLR (hy,
oA () = PRy e et 6)
then a* is a maxmin equilibrium.
3. If
LLR (h
AMQ:——%fﬁa Vt € N,Vh, € H,,

then a* is a c-robust equilibrium.
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The theorem characterizes the possible limit actions of all types of agents. At one extreme, the
concept of Berk-Nash equilibrium, introduced for subjective expected utility maximizers, is still suffi-
cient to describe the long-run behavior of lenient types. At the other extreme, the repeated failures in
explaining the observed data lead demanding agents to a highly pessimistic behavior and consider the
worst-case scenario among all the DGPs that are minimally consistent with the structured models.

Finally, if the behavior of the statistically sophisticated type converges, the limit action best replies
to beliefs that are supported on the relative entropy minimizers. Here the misspecification concern is

determined by the relative entropy between the actual DGP and the best-fitting structured model.

3.3 Equilibrium Illustrations

In this section, we revisit some of the main biases that have been justified due to misspecified learning.
First, we give a result on the positive impact of an endogenous misspecification concern under misspec-
ified linear models. This result is applied to misperceptions of the tax schedule and the competition
environment. We then show that some biases can be enhanced, and that is, in particular, the case for

correlation neglect.

3.3.1 Misspecified Linear Models

We study environments with a perceived-linear-reward convex-cost structure. The utility is u (a,y) =
K.,a — C(a), for all a € A C R,, where C is a convex cost function. Here, the misspecification
comes from the fact that the agent believes in a simple linear model with coefficient K, = 0 + €3,
while in reality, K, = F (a) + €14, where F' can be a complicated function, resulting in nonlinear
returns from increasing the action. The stochastic terms €;, ~ N (0,0%),62, ~ N (0,03) measure

respectively actual and conjectured uncertain aspects of the returns to action, and the (£14,€2,4)
21

acA
are independent

Proposition 3. Suppose that F is a strictly decreasing function. Then, in every Berk-Nash equilibrium

a, the action is higher than the optimal one. In every c-equilibrium a', the bias is reduced, i.e., a’ < a.

The intuition behind this result is the following. The agent simplifies the (stochastic) return function

to a linear form, neglecting the diminishing returns from action. The estimated constant return is the

2lFormally, € normally distributed implies that Y is not compact, in contrast with the primary analysis of the paper.
Still, the conclusions below are unaffected by considering € with a symmetrically truncated normal distribution that
allows remaining in our main framework. The more natural case is the one where 03 > o?, with the interpretation
that the agent acknowledges the simplification of their model by allowing a larger volatility. However, our result holds
true for every combination of parameters, and a positive discrepancy between the conjectured and observed behavior
(and therefore a possibly strict reduction of the bias in Proposition 3) realizes whenever o3 # o3.
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average return up to the equilibrium action that is lower than the marginal return. Thus, by equating
this perceived marginal return to the marginal cost of effort, the agent ends up playing an excessively
higher action. The reason why the endogenous misspecification concern reduces the bias is that, in
the face of unexplained evidence, the agent wants to reduce their exposure to a stochastic process they
realize they do not understand fully. Since by playing a lower action, the uncertainty in the returns
gets multiplied by a smaller coefficient, this reduction of exposure is achieved by decreasing the action.

The assumption of decreasing returns is rather abstract. However, we next show how natural forms
of misspecification studied in the literature fall in this class and explain how Proposition 3 translates
in those settings. The first example shows how the endogenous misspecification concern moderates

the Berk-Nash equilibrium’s prediction that a more complicated tax schedule induces a higher labor

supply.

Example 2 (Bias Reduction under Misperceived Taxation, Esponda and Pouzo, 2016). An agent
chooses a target gross income a € A at cost C(a). The agent pays taxes at an average tax rate
7(a)+ €14, where T : R — R is strictly increasing as a consequence of a progressive tax schedule. Here,
y =t = (7(a) + €14)a, and the payoff is u(a,y) = a —t — C(a). The agent believes in a random
coefficient model, t = (0 + €2,4) a, in which the marginal and average tax rates are equal. See Liebman
and Zeckhauser (2004) and Rees-Jones and Taubinsky (2020) for the empirical evidence supporting this
“schmeduling” bias.

Here, Q (a) = {qT(“)}, i.e., the best-fitting marginal tazation is equal to the (lower) average tazation.
Therefore, in any Berk-Nash equilibrium, the agent ends up exerting a higher effort than the optimal.
Moreover, the more complex (i.e., convexr) the tax code is, the more significant the gap between the
average and marginal rate and the higher the excess effort of the agent. By Proposition 3, in every
c-robust equilibrium, this bias is reduced, as concerned agent reduce the exposure to the unknown tax
schedule.

Therefore, c-robust equilibrium provides a natural force that reduces the counterintuitive prediction
that complicated nonlinear taxation codes induce more effort: failures to rationalize the received tax

bill reduce effort.?2 Moreover, the more complicated the tax code is, i.e., the more nonlinear T is, the

2270 see this concretely, consider the following specific values, A = {1,2}, 7(1) = 1/4, 7(2) = 1/2, C(1) = 0, C(2) = 2/5,
c = 10,07 = 1,03 = 2. In this case, the expected utility of action 1 and 2 are respectively 3/4 = (1 — 1/4)1 — 0 and
3/5=(1-1/2)2—2/5, so low effort is the optimal action. However, high effort is a Berk-Nash equilibrium because
while playing 2 the incorrect model of the agent leads them to estimate a performance of 1/2 = (1 —1/2)1 — 0 for
the low effort action (and being correct on the average performance of action 2). The relative entropy between the
true and best-fitting distribution is In(y/(2)) + 1/4 — 1/2 ~ 0.1, see equation (19). Therefore, the induced concern
for misspecification while playing ¢ = 2 is approximately 0.1/¢ = 1. Thus, action 2 is not a c-robust equilibrium.
To see this, recall the CARA utility/Gaussian distribution and apply Proposition 1.4.2 in Dupuis and Ellis (2011) to
obtain that the average robust control evaluations for low and high effort at the belief induced by 2 are respectively
—05=1/2— (1%2)/2 and —1.4 = 3/4 — (1 x 4)/2.
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larger the correction size. This set of predictions is consistent with Rees-Jones and Taubinsky (2020),
where it is shown that around 40% of the agents have beliefs (elicited in an incentive-compatible way)
corresponding with the schmeduling heuristic but that there are 20% fewer agents who act according to

the heuristic.?

The second example shows how an endogenous concern for misspecification helps firms to better
choose the quantity to produce even if their models fail to capture how prices respond to increased

production.

Example 3 (Belief in Price Taking, Sobel, 1984). A firm chooses a quantity to produce a € A at cost
C(a). The average price the firm is able to charge is P = P(a) + 1,4, where P : R — R is a strictly
decreasing (inverse) demand function. Here, y = P, and the payoff is u(a,y) = aP — C(a). The
firm believes they are price taker and that the average price they can charge does not depend on their
production, i.e., P =0+ €9,.

Here, Q(a) = {qp(a)}, i.e., the firm estimates that the price they could charge for the a + 1-th
quantity equals the (higher) average price charged for the first a units. Therefore, by Proposition 3, in
any B-NFE, the firm ends up producing more than the optimum, and in every c-robust equilibrium, this
bias is reduced.?* When the firm is not perfectly able to explain the equilibrium data, they maintain a
positive level of concern for misspecification, and their reduce their exposure to the uncertainty in the

price they will be able to charge by lowering the produced quantity.

3.3.2 Bias Increase under Correlation Neglect, Esponda, 2008

The next example shows that an endogenous concern for misspecification can enhance some biases. In
particular, this is the case for Correlation Neglect, a bias that is indeed widely documented (see Enke

and Zimmermann, 2019 and the references therein).

Example 4. A buyer with valuation v € V (with |V| > 1) and a seller submit a (bid) price a € A,
and an ask price s € S C R, respectively. They play a double auction with price at the buyer’s bid, so

the seller sets their ask s equal to their value, and a sale occurs if the buyer’s bid a is at least s. Here,

231n this discussion we followed Rees-Jones and Taubinsky (2020) preferred interpretation in terms of an heterogeneous
population. They observe that their data are also compatible with all the agents having beliefs induced by the
schmeduling heuristic but under-responding to this biased estimation of the marginal tax rate. This explanation is
consistent with a c-robust equilibrium and inconsistent with a Berk-Nash equilibrium, too.

24With the discrete set of actions of this paper, the production can be strictly higher than the optimum even if the price
charged to each consumer is the same. With a continuum of actions, a strict inefficiency can only arise if the firm
can charge different prices to different consumers, i.e., can make a consumer-specific discount to serve an additional
unit. Notice that the formulation of the example above captures both these cases; which one is relevant depends on
the shape of P(a) that is nevertheless always decreasing.
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y = (v, s), and the payoff for the buyer is

( ) v—a a>Ss
u(a,v,8) =
T 0 otherwise.

The buyer mistakenly believes that the ask price and valuation are independent: @@ = A (V) x A(S).

FEasy computations show that for every a* € A,

Qa")={q€eQ:VacAVs €S q(s)=p,(s),q(v) =p;(v)}.

Suppose that s = v — e for some 0-mean, symmetric random variable that is independent of v. Then,
in the Berk-Nash equilibrium, the agent makes a bid a* lower than the optimal one, not realizing
that higher successful bids are, on average, associated with higher-quality goods.?> In this case, the
extreme consequences of this bias are reinforced in a c-robust equilibrium. If, for some primitives, a
complete unraveling of the market where the buyer bids 0 is obtained in a Berk-Nash equilibrium, it is

obtained in a c-robust equilibrium. The correlation between valuations and prices results in a positive

mingeg R (pi||gax) > 0 and makes the agent less confident in their model. Since offering 0 gives a
certain payoff, it is less sensitive to the misspecification concern, and, therefore, this positive concern

makes market participation less desirable.

4 Cycles

Part 3 of Theorem 1 provides a necessary condition for the limit actions of the statistically sophisticated
type. However, as momentarily illustrated by the monetary policy application of Section 4.1, there is
no guarantee that such an action exists. In these cases, we know by Theorem 1 that the agent behavior
cannot stabilize. We now propose a generalization of c-robust equilibrium, show that it always exists,
and prove that it characterizes a weaker form of behavior convergence. Formally, for every a € A (A),
let

Q (o) = argmingeq Y a(a) R (9 14.)

acA
be the set of models with the lowest average relative entropy from the actual data-generating process,

where the average is computed using a.

Definition 6. A mixed action o € A (A) is a mized c-robust equilibrium if there exists v € A (Q)

258ee Appendix A.3 for the computations supporting the claims of this examples.
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with

suppr C Q (a*), a" € A (BR)‘ (1/)) , and \ = {qréiél a* (a) R (plllqa) /c.
a€A

A mixed robust equilibrium allows multiple actions to be played but requires that the beliefs and
the concern for misspecification are determined by the probability assigned to each action. Intuitively,
suppose actions for which the models in () do not satisfactorily explain the consequences are played

more often. In that case, the mixed action o* must best reply to an higher misspecification concern.
Proposition 4. For every ¢ > 0 there exists a mized c-robust equilibrium.

Existence is established by proving that the conditions characterizing a mixed c-robust (single-
agent) equilibrium are equivalent to the ones of a Nash equilibrium in a game among the agent and
two adversarial Nature players. The result is then obtained by showing that this game satisfies the
conditions that guarantee existence in Reny (1999).

Theorem 1 assumes convergence and characterizes the possible limit actions. However, there are
natural environments where the action process almost surely does not converge. In that case, it is
important to study a weaker form of behavior stabilization, i.e., the convergence of the empirical
action frequency, which allows for persistent changes in actions. Let oy (h:) € A (A) be the empirical

action frequency in history h;, defined as

Zi:l I{a} (ar)

a; (h) (a) = ;

Ya € A,\V/t S N,\V/ht c Ht.

Definition 7. A mixed action o € A (A) is a A-limit frequency if there is a A-optimal policy II such
that for every ¢ > 0

Pp |limsup ||ay (hy) — al|e > €| > 0.

t—o00

The definition of limit frequency requires that for every neighborhood of «, there is a strictly positive
probability that the empirical frequency eventually lies in the ball.?® The following result shows that
mixed robust equilibrium is the relevant equilibrium concept to capture the long-run stabilization of

the average time spent playing each action.

26Clearly, this admits as a special case where the empirical frequency converges to a. However, it is weaker than that
(thus making Theorem 2 stronger) because it also declares limit frequencies all the members of a closed uncountable
set C C A(A) such that the probability that the empirical frequency converges to some member of C is k and the
probability that it converges to any closed strict subset of C is strictly less than k. That is an uncountable set whose
members have a positive probability of being the limit of the empirical frequencies without any single of them having
a strictly positive probability of being the limit of the empirical frequency.
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Theorem 2. If
LLR (h, Q)

ct

and o* is a A-limit frequency, then o is a mized c-robust equilibrium.

A (ht) - \V/t S N,\V/ht S Ht

To interpret Theorem 2, consider the case where o* is supported over two actions a,a’ such that
@ explains very well the consequences of a, —i.e., mingq R (p}||¢a) is low— but it explains poorly
the consequences of @’ —i.e., mingeg R (p}/||g.) is high. Suppose also that @ is a best reply to a high
misspecification concern, while a’ is a best reply to a low misspecification concern. Then, the agent
oscillates between periods with great concern for misspecification, when they play a, and phases in
which the excellent data fit leads them to experiment with action a'.

Whenever cycles are involved, a natural concern is whether the agent can predict them and whether
they have the incentive to break them.?” This is not the case in this model for two orders of reasons.
First, the oscillations in behavior are stochastic, and the agent cannot predict and anticipate the changes
perfectly. Second and more important, although the agent behavior does not converge, whenever @) («)
is a singleton, the agent’s preferences converge.?® They are approaching indifference between all the
actions with positive frequency. This asymptotic indifference dramatically reduces the incentives to try

to detect and break the probabilistic cycles.

4.1 Application: Monetary Policy Cycles

Here, we consider a monetary policy model taken from Sargent (1999), Cogley and Sargent (2005),
and Sargent (2008) and, in particular, its adaptation in Battigalli et al. (2022).2° A central bank is
trying to control a two-dimensional consequence, Y C R2, where the vy component is unemployment
and the y, component is inflation. The policy is aggressive a = 1 or conservative a = 0.3° The central
bank beliefs are supported over models parametrized by the vector § € © C R, with the following

specification:

yr = 0o+ 01,yx + 0140 + Oscy
Yr = a-+ 0z,

2TFor example, this is what happens in fictitious play.

28 A singleton Q(«) is a mild requirement satisfied in many cases. See Fudenberg et al. (2021) for a discussion.

298piegler (2020) also considers the effect of a misspecified model in the context of Phillips curve estimation, with the
main difference being that the misspecification is on the side of the market rather than the central bank.

39Two actions are assumed for simplicity, but a finite A is needed to apply our results.
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where ey and e, are independent, zero-mean random shocks normalized to have the same support
[—1,1]. Here 6y > 0 is the natural unemployment level, §;, < 0 is the impact of the actual inflation
on unemployment, and #;, > 0 is the impact of the planned inflation on unemployment, a reduced
form of the fact that the market participants (partially) incorporate the central bank actions in their
inflation expectations. In particular, if 6, + 6, = 0, this is a Lucas-Sargent model with no (structural)
exploitable employment-inflation trade-off. If 6, 4+ 61, is negative, this is a Samuelson-Solow model
with a structural exploitable employment-inflation trade-off.

The central bank’s model is misspecified in that it misses the fact that an aggressive monetary

policy, beyond raising its baseline level, also increases the inflation variability:

yu = 05+ 01,yx + 01,0+ 05e0
Yo = a+05f,(cx)

where 65 > 0, 03 > 0, fy is the identity function, while f; : [-1,1] — [—1, 1] is a continuous, strictly
increasing, and odd function with f; (1) = 1 that is strictly concave on [0, 1], i.e., that amplifies the
inflation-specific shocks.?!

The central bank is endowed with standard quadratic preferences:

U(CL, (yUa yﬂ’)) = _y?] - y72r

Assumption 3. i) (0}, + 07, +05)° +1 < (65)°. ii) essinfy: u (1,y) < essinfy: u (0,y). iii) 6" € © and
for all 6 € @, (91a,02,93) = ( Ta, ;,0;) and 6y > 07917r < 0,90 + 61 + 61, > 0.

Condition (i) requires that some trade-off is present. Observe that the exploitable trade-off may
be so small that the reduced inflation variability under a conservative policy makes the latter optimal.
Condition (ii) requires that the additional inflation induced by the aggressive policy is enough to have
the worst tail payoffs. Condition (iii) allows us to focus on the cycles induced by the oscillation in the
concern for misspecification. Without that, one would get the same insights with additional oscillations

of beliefs that push even more towards cycles, a channel pointed out by Nyarko (1991) in a monopoly

31 An alternative, more parametric specification would have

yu = 05+ 07,yr+ 0.0+ 050
Yr = (1 + afmsm) a+ 0,
where £, is an independent error and o2, > 0. If we let the support of ey and ¢, be unbounded, nothing in the

analysis below would be affected by a shift to this alternative specification. However, that change would bring us
outside the compact Y setting study in the rest of the paper, so we opted for preserving the consistency.
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pricing setting.3?
Corollary 1. There is ¢ > 0 such that for all c < ¢

1. There 1s no c-robust equilibrium.
2. There exists a mixed c-robust equilibrium.

3. The mazimal and minimal equilibria are such that o* (0) is increasing in 07, + 607,.

Playing the conservative policy is the best reply to a high misspecification concern and #* but
induces a low concern as its consequences are well explained. In contrast, the aggressive policy best
replies to a low misspecification concern and 6 but induces a severe concern. Therefore, the behavior
cannot stabilize consistently with the cyclical behavior of monetary policies documented in Sargent
(1999), Clarida et al. (2000), and Sargent (2008). We also have some natural comparative statics in
the extremal robust equilibria, as a larger exploitable trade-off between inflation and unemployment
induces more time spent using an aggressive monetary policy.?3

In this application, we purposefully chose one of the most straightforward macroeconomic frame-
works to isolate and illustrate the effect of an endogenous concern for misspecification. However,
incorporating an endogenous concern for misspecification in more elaborate models is a valuable en-
terprise. For example, the fact that evidence impacts the trust in the model may be used to explain
the observed pattern of the initial underreaction to information when only beliefs within a model are
adjusted and medium-run overreaction when the belief adjustment compounds with a change in model

trust (see Angeletos et al., 2021 and the references therein for a discussion of this pattern).

5 Representation

We next move to characterize the average robust control model in terms of observable choices in an
Anscombe-Aumann framework. In line with the literature on decision theory under uncertainty, our
goal is to associate the decision criterion in equation (1) with axioms on a binary preference relation
over acts.

Before jumping into the details of the axiomatization, we provide a high-level description of the

steps involved and the intuitive meaning of the axioms we link to the representation. In terms of

32Jehiel and Weber (2024) points out how a different simplification of the environment, the endogenous clustering of the
opponent’s strategies, can generate behavior cycles.

331t is well-known that non-extremal equilibria are less well-behaved in terms of comparative statics. See Diamond (1982)
for a very early example. A supermodularity condition between the concern for misspecification and the conservative
policy payoff guarantees equilibrium uniqueness.
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observability requirements, we allow the analyst to elicit preferences for bets on the data-generating
process, e.g., the urn composition, and on the actual realization, e.g., the color of the drawn ball.3*
The analysis then has two nested levels: 1) An axiomatization of the static decision criterion, 2) An
axiomatization of the changes in the preference parameters, and in particular, the speed of adjustment
of the concern for misspecification.

The static decision criterion belongs to the variational class of Maccheroni et al. (2006a). More
importantly, within this class, it is identified by a relaxed Sure-Thing Principle: the agent satisfies it
for bets that involve the identity of the model (e.g., bets on the urn composition) and for bets on events
conditional on the model (e.g., bets on the color after having revealed the urn composition). However,
failures of the Sure-Thing principle can happen for acts that involve the realization of the outcome
without conditioning on the model (e.g., bets on the color without knowing the urn composition, which
are the ones involved in the classical Ellsberg’s paradox). The final conceptual axiom involved in the
representation of equation (1) is a notion of uniform conditional misspecification concern. It requires
that conditional on being told the identity of their best-fitting model, the agent is equally concerned
about it not being exact regardless of which one it is.

We consider a collection of binary relations indexed by the observed history to characterize the
agent’s dynamic preferences. Three other axioms identify the qualitative changes of the preference
parameters u, A, . Constant Preference Invariance guarantees that the taste u for uncertain alternatives
is stable over time. Dynamic Consistency over Models guarantees that the probability distribution over
models is updated in a Bayesian fashion. Finally, we axiomatize the asymptotic speed of adjustment
of the misspecification concern. To do so, we need a quantitative notion of how similar two preference
relations are. I use an event E and two deterministic and strictly ranked outcomes, x and y, as
measuring rods. Loosely speaking, two relations are (x, y, F, ) similar if their certain equivalents for the
binary act that pays x if F realizes and y otherwise are € close. With this, an Asymptotic Frequentism
axiom singles out the statistically sophisticated type: for every (x,y, E, ), the conditional preferences
after sufficiently long sequences of outcomes sharing the same empirical frequency must be (z,y, E, ¢)-
similar. Conversely, a lenient type asymptotically becomes similar to those SEU preferences that are
less misspecification concerned than the initial preference. The demanding type must approach the
preferences of a maxmin agent, thus confirming in a decision-theoretic setting the insights of Theorem
1.

34This is standard when dealing with multiple sources of uncertainty. See for example Klibanoff et al. (2005) and Gul
and Pesendorfer (2014), and Cerreia-Vioglio et al. (2013a) for a general framework and results. We discuss how to
relax this requirement in Section 6.5.
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5.1 Notation and Preliminaries

The agent evaluates simple acts, i.e., measurable and finite ranged maps from a state space S into
the set of simple probability measures X = A(Z) over a set of prizes Z, where S is endowed with a
o-algebra of events . The set of those acts is denoted as F. Given any x € X, x € F is the act that
delivers x in every state, and in this way, we identify X as the subset of constant acts in F. If f, g € F,
and F € X, we denote as gE f the simple act that yields g (s) if s € E and f (s) if s ¢ E. Since X is
convex, for every f,g € F, and v € (0,1), we denote as vf + (1 — ) g € F the simple act that pays
vf(s)+ (1 —7)g(s) forall s € S. Denote as A(S) the space of probability distributions endowed with
the topology of setwise convergence (with respect to the measurable sets in ¥).

We model the agent’s preference with a binary relation ~~ on F. As usual, = and ~ denote the
asymmetric and symmetric parts of =~. An event E is null if fEh ~ gFEh for every f,g,h € F. An
event is nonnull if it is not null. For every E € X, the conditional preference relation =g is defined by
f e gif fEh 7 gER for some h € F.

A key concept to understand the concern for misspecification evolution is a notion of being more

misspecification concerned from Ghirardato and Marinacci (2002).

Definition 8. Given two preferences 7Z; and 7Z» on F, we say that 2Z; is more concerned with mis-

specification than 77 if, for each f € F and each x € X, f 71 x implies f 775 x.

5.2 Decision Criterion

When formalized in terms of a binary relation, the average robust control decision criterion reads as

follows.

Definition 9. A tuple (u, Q, u, ) is an average robust control representation of the preference relation
= if u : X — R is a nonconstant affine function, QCA (S) is a nonempty set, u € A (Q), A > 0, and
for all f,g € F

f?vg(:)E#[min (/Su(f)derwn > E, Lmin ([Su(g)dwwn. (1)

PEA(S) €A(S)

The average robust control representation is the counterpart of (1) when expressed over acts. An
apparent difference is that u here takes outcomes as input only instead of pairs of actions and conse-
quences. However, this discrepancy is inconsequential, as in Section 2, we can define a larger space
of consequences Y = A x Y that includes both actions and outcomes and transforming each model
p e A(Y)" into an element of p € A (Y)A such that p, (a/,y) = 0 if ' # a and p, (a,y) = p, (y) for

all y € Y. Still, this embedding of actions into outcomes muddles the interpretation of the learning
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results significantly. Therefore we opted to maintain the distinction explicit at the cost of some visual

discrepancy between equations (1) and (7).%

5.3 Static Axioms

Our first axiomatic step is a static one. We characterize in terms of behavioral axioms an agent that
evaluates according to equation (7) the acts whose consequences are obtained in the same period and

before any new information is received.

Axiom 1 (Variational Axiom). Weak Order.

Weak Certainty Independence. If f,g € F, z,2’ € X, v € (0,1), and vf + (1 =)z =
Y9+ (1 —=7)z, thenyf+(1—v)a" Zyg+(1—7)a"

Continuity. If f,g,h € F the sets {y € [0,1] : vf + (1 —~)g 5 h} and
{vel0,1]:hzvf+(1—7)g} are closed.

Monotonicity. If f,g € F, and f(s) 7 g(s) for all s € S, then f 7 g.

Uncertainty Aversion. If f,g € F, v € (0,1), and f ~ g, then g+~v(f —9g) = f.

Nondegeneracy. f > g for some f,g € F.

Weak Monotone Continuity. If f,ge F, x € X, (E,),on € X" with f =g, By D B>, D ... and
Mpen By = 0, then there exists ng € N such that zE,,f = g.

Maccheroni et al. (2006a) shows that Axiom 1 characterizes the class of variational preferences.
Weak Order, Continuity, and Nondegeneracy are standard technical requirements. Weak Monotone
Continuity guarantees that the probabilistic scenarios considered by the agent are countably additive.
Weak Certainty Independence allows the agent to perceive some advantage in hedging, but this cannot
come from mixing with different constants using the same weights. Monotonicity requires that the
preference over acts is minimally consistent with the preference over the outcomes they induce. Uncer-
tainty Aversion leads to aversion for the acts that perform well for a postulated model but poorly for

its perturbations.

5.3.1 Structured Preferences

We are considering agents who face two levels of uncertainty: the uncertainty on the best structured

model for the data-generating process and whether each structured model is an exact description of the

35Gee Fishburn (1970) Chapter 12.1 for a more detailed discussion of the equivalence of a formulation with exogenously
given states and one where states are maps from actions into consequences, and Hansen et al. (2025) for a modern
treatment that highlights the weak conditions needed to move freely between acts and actions in a misspecification
context.

25



DGP. A representation is structured if it allows separating these two layers. In particular, to achieve
this separation, we consider a state space S that admits the decomposition S = Q x A () for some

finite €2 endowed with its Borel sigma-algebra.

Definition 10. An average robust control representation (u, @, i, \) is structured if @ is finite and
there exists (pq)qu such that for every ¢ € Q, and w € Q, p, € A () and ¢ ({w,pq}) = p, (w).

The interpretation of a structured representation is that the state space can be factored in two
components, the realization of the single period consequence w € € and a component p € A () that
pins down the distribution over states each period. An event E is structured if E = €2 x B for some
B € B(A(R)). The sigma-algebra generated by the structured events is denoted as ¥,.3¢

We say that an event E C S satisfies the sure-thing principle if, for all f,g,h,h' € F we have
that fER = gEh implies fER' 7 gER'. We denote by ¥, the set of events that satisfy the sure-thing

principle.

Axiom 2 (Structured Savage). (i) There is a finite set E C S such that S\ E is null. (ii) P2.
Ys C Xy (ii) P4. If E,E' € X5 and x,y,w,z € X are such that x >y and w > z, then

2By = oFE'y = wEz = wE'z.

Structured Savage requires that (i) the agent posits a finite number of models and (ii) guarantees that
when evaluating acts that only depend on the identity of the structured model, the agent satisfies the
Sure-Thing Principle.?” It also (iii) guarantees that when an agent faces alternatives whose outcomes
depend only on whether the DGP belongs to two sets of models, their choices consistently reveal the

one deemed more likely.

Axiom 3 (Intramodel Sure-Thing Principle). For every f,g,h,h € F,
fWh iz, gWh = fWh =, gWh' VW CQVpe A(Q).

Structured Savage’s P2 and the Intramodel STP imply that bets between models and preference
over acts within a model satisfy the STP. However, they admit violations of the STP for acts whose
payoff depends on both the model’s identity and the outcome realization within the model, as the ones

of the original Ellsberg’s paradox.

36With a slight abuse of notation for every B € B(A (2)) and W C Q we denote as —p and = the binary relations
Zaxp and Zwxa) and we write fBg and fWg for f (2 x B)g and f (W x A(2))g.

37The extension to infinitely many models does not provide additional conceptual difficulties but makes the conditioning
involved in the dynamic axioms much more cumbersome. Gul and Pesendorfer (2014) introduces the idea of sources
of uncertainty for which the decision maker can quantify uncertainty and connects it with the Sure-Thing Principle.
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The case we study is when the relative likelihood of the structured models is only captured by the
belief p. In particular, the agent is equally concerned about how much each model departs from the

actual data-generating process.

Axiom 4 (Uniform Misspecification Concern). For every p, p' € A(Q) and f,g € F such that
p{w: flw,p)=y})=p ({w:gw,p)=y}) VyeX
and Q2 x {p}, Q@ x {p'} are nonnull we have
[Zpr<=gZyx Vr e X.

This axiom requires that if acts f and ¢ induce identical outcome distributions under p and g/,
they are compared with a safe alternative in the same way conditional on the best-fitting model being

revealed to be p or p'.

Definition 11. The state space is adequate if: (i) there exist k € (0,1) and (W) rq) € (QQ)A(Q)

such that for all p € A () with Q x {p} nonnull, p(W,) = k, (ii) for every w,w’ € 2, and p € A ()
such that {w} x {p} and {w'} x {p} are nonnull, p (w) = p ().

All the agent’s structured models have an event with the same probability and are uniform over a
model-specific set of outcomes. It is well-known that equal probability requirements are essential for

probabilistic sophistication with respect to a finite measure over states to have a bite (see, e.g., Chew
and Sagi, 2006).

Axiom 5 (Uncertainty Neutrality Over Models). Let z,y,w,z € X, p € A (), and v € (0,1). Then
ye+ (=) yl,w ~ y,z if and only if vyw ~ [(1 =)z +yy], 2.

Uncertainty Neutrality over Models guarantees that at the level of bets over models, the agent is
“risk-neutral”, as changing the performance under p by (x — y)~y has an impact that does not depend
on the level of utility under that model. It is immediate from the proof of Theorem 3 that if dropped,
it leads to a more general representation with a nonlinear utility index U over the performance of each

robust control model.

Theorem 3. Suppose that S is adequate, there at least three disjoint nonnull events in X, and every

nonnull £ € ¥, contains at least three disjoint nonnull events. The following are equivalent:

1. = admits a structured average robust control representation (u,Q, i, \);
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2. 7 satisfies Variational Axiom, Structured Savage, Uniform Misspecification Concern, Intramodel

Sure-Thing Principle, and Uncertainty Neutrality over Models.

Moreover, in this case, every two structured average robust control representations share the same

The theorem characterizes the representation (u, @, i, A) with probabilistic uncertainty about the
model (Structured Savage), probabilistic sophistication given a model (Intramodel Sure-Thing Princi-

ple), and incomplete trust in any model (Uncertainty Aversion).

Corollary 2. Suppose that 7 admits a structured average robust control representation (u, @, i, \).

Then -, is more misspecification concerned than the subjective utility preference with utility index u
and belief fQ qdp (q).

5.4 Dynamic Axioms

We next provide axioms that characterize the dynamic adjustment of preferences in the face of infor-
mation. In particular, we look at joint axioms on a collection of history-dependent binary relations
(ijh) ney ndexed by the realized history. Recall that the relevant set of length ¢ € N histories for

structured preferences is Q.

Axiom 6 (Constant Preference Invariance). For every z,2’ € X and h € H,
e e r

This axiom captures the fact that we are not considering the problem of an agent discovering
their taste. The preferences over state-independent alternatives are fixed and do not react to new

information.

Axiom 7 (Dynamic Consistency over Models). Let f,g € F be X,-measurable, t € N, w' € Q' and
Z,z€ X be such that Z 72 f(s) sz and 275 g (s) 77 z for all s € S. Let

Wwwm)zwm@IIp@ﬁz+(1—%wwllp@w)z V(w,p) € S,Vh € {f, g}

=1 =1

where Yy, ) satisfies h(w, p) ~ 2V + (1 — 7h(va)) 2. Then, we have

frege= o m g

~Y
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The second dynamic axiom requires Bayesian rationality when considering acts whose consequences
only depend on the structured model. Formally, it requires that when comparing acts that only bet on
the identity of the model, at a given history, we can reduce the comparison to acts evaluated ex-ante.
To do so, the payoff conditional to each model must be scaled proportionally to the amount of evidence
that has been generated in favor of that model.®

To single out the quantitative speed at which the concern for misspecification is adjusted, we need

a quantitative measure of similarity. For every z,y € X with z = y and E € ¥ let 7% be defined by
zE zE
ve P+ <1_7t y)nyEy.

That is, 'yﬁEy is the weight to alternative x in the certain equivalent to act xEy. It captures both the
conﬁdenceNin event E and the attitudes towards uncertainty. It is easy to see that under the Variational
Axiom 'y;Ey always exists and is unique.

For every z,y € X, E € ¥, ¢ € (0,1), and 77 and 77 that satisfy the Variational Axiom, we say

By zEy
—

that = is (x,y, F,e)-similar to 7/ if |v2™Y — 27| < e. That is, the certain equivalent of the binary

~

act xFy is € close under preferences 2~ and 7.

Axiom 8 (Asymptotic Frequentism). For every p € A(S), z,y € X withx =%y, ¢ >0, and E € ¥
there is T € N and ¢’ > 0 such that if min{t,t'} > 7 and hy, hy have outcome frequencies that are &’

close to p then = is (v,y, E,¢)-similar to = .

The axiom requires that for every binary act zFEy, a sufficiently long sequence of outcomes with

similar empirical frequency stabilizes the certain equivalent.

Proposition 5. Suppose that: (i) For every h € H, =" satisfies the axioms of Theorem 3 and (ii)

(") hen

Frequentism. Then for every h € H, =" admits an average robust control representation (u, Q, p (-|h) , Ap)

satisfies Constant Preference Invariance, Dynamic Consistency over Models, and Asymptotic

and for every sequence (hy),oy with outcome frequency converging to some p & {pq 1q € Q},

(LLR (tht, Q)) (8)

lim )\ht/
t—o0

38This axiom can lead to fruitful implications beyond our average robust control decision criterion, as it implies Bayesian
updating for each decision criterion that performs an average of model-specific evaluations (that could, for example,
take the form of other divergence preferences or rank-dependent utility evaluations). In this way, it would complement
the elegant theory of subjective learning developed in Dillenberger et al. (2014), which does not require that the analyst
observes the same information as the agent.
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exists. Moreover, if for some ¢ € Q, x ="y, and E C Q with py (E) >0

(b _

lim inf
t—o00 PYiht

the limit is finite, and if

. z( EX g
lim sup 'yiglt {oab)v <p,(E)u(q),

t—o00

it 18 strictly positive.

The proof has three main steps. First, we show that Constant Preference Invariance and Dynamic
Consistency over Models imply that the preference for constant acts is time-invariant and that the belief
over structured models is updated according to Bayesian updating. Second, we show that the likelihood

ratio statistic of the models @ is growing linearly in ¢,, along the sequence of histories (hy, ) so that

neNy
the denominator in equation (8) converges.?® Because the outcome frequency does not correspond to a
model in @), this limit is not 0. With this, the proof amounts to showing that the revealed concern for
misspecification also converges. The third step rules out the existence of different finite limit points for
(Atn)nen by contradiction. If these points exist, then for every pair of strictly ranked outcomes = >~ y,
we construct an event E for which the DM does not satisfy the Sure-Thing Principle such that the
preference with the high concern for misspecification has a strictly lower certain equivalent than the

one with the low concern.

Axiom 9 (Asymptotic Concern). Let f € F, x € X, and p, p € A (Q) be such that Q x {p} is = -null,
Q x {p} is = -nonnull, and p>> p. If p({w € Q: 2= f(w,p)}) >0, then there evists T € N such that

for all t > 7 and all hy with outcome frequency p, x i)’;f f.

Asymptotic Concern requires that long-run failures in explaining the data (i.e., an empirical fre-
quency p that is not among the agent’s structured models) increase the concern so that every certain

outcome is preferable to an act with worse payoffs under a relevant model p.

Proposition 6. Suppose that: (i) For every h € H, =" satisfies the azioms of Theorem 3 and (ii)
(ih) ney Satisfies Constant Preference Invariance, Dynamic Consistency over Models, and Asymptotic
Concern. Then for every h € H, =" admits an average robust control representation (u, Q, ju (-|h) , Ap)

and for every sequence (hy,), oy with a constant outcome frequency that is not in {pq 1q € Q} we have

o LLR (0, Q)

t—o0 )\htn tn

=0.

39Given the finiteness of ), we can focus on the case in which the alternative set of models N (Q) = A (Q), discussed

. t
in Section 2, i.e., LLR (ht,Q) = —log (r:;ixqiigﬁl pqs(:))). The extension to general sets of alternative models is
pE =1 kd

straightforward.
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This result shows that Asymptotic Concern characterizes agents who apply an excessively demand-
ing time discount to the log-likelihood ratio statistic (see equation (2)). Indeed, the elicited ratio
between the LLR and the concern for misspecification revealed by the choices grows sublinearly over

time, the condition that defines demanding agents.

Axiom 10 (Asymptotic Leniency). Let z,y € X, E € ¥, p € A(Q) and e > 0, be such that x = y. For

every Bayesian SEU preferences (th) such that =° is less misspecification averse than =°, there

heH
exists T € N such that for every t > 7 and h; with outcome frequency p, =" is (x,y, E,¢)-similar to

=he.

Asymptotic Leniency requires that if the empirical distribution converges to some p € A (), the
preferences of the agents approximate, i.e., are eventually (x,y, F, £)-similar to the updated preferences

of an SEU whose model contingent preferences were initially less misspecification averse than the agent.

Proposition 7. Suppose that: (i) For every h € H, =" satisfies the axioms of Theorem 3 and (ii)
(?;h) ey Satisfies Constant Preference Invariance, Dynamic Consistency over Models, and Asymptotic
Leniency. Then for every h € H, =" admits an average robust control representation (u, Q, ji (-|h) , Ap)

and for every sequence (hy, ), cy with constant outcome frequency not in {pq 1q € Q}

LL

t—o0 tn)\htn

This proposition shows that convergence to subjective expected utility maximization (in the form

of Asymptotic Leniency) characterizes excessively lenient model evaluations.

6 Discussion

6.1 Related Literature

A few papers allow the agents to realize that they are misspecified. In particular, in He and Libgober
(2024), Ba (2024), Fudenberg and Lanzani (2023), Gagnon-Bartsch et al. (2023), and Cho and Libgober
(2023) misspecification can be eliminated by “light bulb realizations” evolutionary pressure, or the use
of a machine-learning-inspired algorithm. The key difference with our approach is that in these papers,
as well in the earlier Cho and Kasa (2015) and Giacomini et al. (2020), where agents switch between
models on the basis of a specification test, the agents act as if they have complete trust in the set
of models currently entertained and are never concerned about being misspecified. Still, there is a

tight connection between the robust control decision criterion and a maxmin decision criterion where
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the set of models expands as the penalization term in the robust control increases (see Hansen and
Sargent, 2011 for a textbook treatment, and Theorem 6.6.1 in particular). In light of this, compared
to the previous set of papers, our work can additionally be interpreted as providing the first smooth
framework for expanding (or restricting) the set of considered models as a function of the evidence.
Although not dealing with misspecification, Epstein and Schneider (2007) also studies a learning
problem with nonSEU preferences and where the likelihood ratio between different DGPs plays an
important role. In the myopic case, and under the notation of our paper, they consider a maxmin

decision criterion

min min / Eyo [u (a, y)] dp (6])
(C]

neCy qeL

where O is a set of parameters, C; C A (©), and L C A(Y)®. Here, the set of possible beliefs over the

parameters is recursively given by

JoITiz @ (vi dV(H) 1
max,eCo,(p1,....,pt) €L f@ i= 1pz (yz) dlu (9)

C, = {V(-|ht,q1, o q) Vi e{l, ... t},q € L,v € Cy,

where 3 € (0,1) and
Js 1ie 1qz (yi)dv(0)
f@ 1= 1q'L yi dl/(e)

for every measurable B. That is, they look at maxmin preferences with a set of posteriors that only

V(B|ht7q17 "‘JQt)

contains the updates from the combination of priors v € Cy and likelihoods (i, ..., ¢;) € L' that did not
perform excessively worse than the best rationalizing one. Crucially, by always considering models that
are only supported on O, Epstein and Schneider (2007) cannot capture the concern for misspecification
that is the core motivation for this paper, but it rather captures a gradually increasing confidence in
having understood which of the priors over © are the most accurate.’® This different focus is apparent,
inter alia, from the fact that no specification of Epstein and Schneider (2007) satisfies the properties
of safety and consistency under correct specification.

The papers also have a completely different set of results, as Epstein and Schneider (2007) only
deals with the question of beliefs stabilization. Importantly, they are more general in not restricting
the agent to be myopic and more specific in assuming that the DGP is exogenous and unaffected by
the action chosen by the agent.

Farther afield, Ortoleva (2012) and Hill (2022) respectively propose and axiomatize a model where a

decision maker can reject their model in favor of a backup one when faced with events with sufficiently

40But note that Epstein and Schneider (2007) can also capture a different form of misspecification concern than the one
studied in this paper: the concern of being correctly specified about the single period marginals, but misspecified in
assuming independence.
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low probability and where the agent retains only those models on which they have more confidence,
connecting decision theory with the literature on conditional probability systems. Strzalecki (2024)
shows how the underinference version of Grether’s updating rule can be derived as a response to a
concern for misspecification in the likelihood function. Dillenberger and Rozen (2015) proposes a model
where risk attitudes are influenced by the performance of the decision maker’s past action and shows
how it induces higher volatility and path dependence in a dynamic asset pricing model. Karni and
Vierg (2013) proposes and axiomatizes a model where the agent becomes progressively aware of more
states and acts. However, their decision maker trusts their probability over states completely when
making decisions. Banerjee et al. (2020) studies a Wald problem where the agent trades off between
robustness and the subjective expected utility performance of the experiment. Differently from us, the
concern of their agents does not evolve, and the agent makes a single decision. Epstein and Ji (2022)
characterizes optimal stopping with a concern for robustness captured by maxmin preferences, showing
that the robustness concern generally induces earlier stopping.

There is fast-growing literature on learning under misspecification with subjective expected utility
preferences. Arrow and Green (1973) gives the first general framework for this problem, and Nyarko
(1991) points out that the combination of misspecification and endogenous data can lead to cycles.
This literature has been revived by the more recent Esponda and Pouzo (2016); see Bohren and Hauser
(2021), Esponda et al. (2021a), Fudenberg et al. (2021), Fudenberg et al. (2024), and Frick et al. (2023)
for analyses of more closely related settings.

The identification of an agent who is disappointed with minor discrepancies between the empirical
and the theoretical distributions as a believer in the Law of Small Numbers follows the formalization
of this bias proposed by Rabin (2002). The normative role of the likelihood ratio that makes it
proportional to the relative entropy (cf. Proposition 1 and Theorem 1) is somewhat reminiscent of the
normative role of (absolute) entropy as a measure of informativeness found by Cabrales et al. (2013).

Hansen and Sargent (2007) considers a time-varying penalization parameter as a way to maintain
dynamic consistency in the robust control model. Maenhout (2004) also uses a time-varying penaliza-
tion parameter in a portfolio selection problem to keep the recursive discounted preferences homothetic
at any history. In both cases, the parameter evolution does not capture the fit of the models to the
observed data. Anderson et al. (2003) and Barillas et al. (2009) pioneer a literature that calibrates
the (time-invariant) concern for misspecification from the acceptable error probability in the likelihood
ratio test between the unperturbed model and the worst-case model (that does not depend on the
action there). See Hansen and Sargent (2011) for a textbook treatment. Compte and Postlewaite
(2019) suggests choosing the robustness parameter to maximize the objective average utility of the

subjectively optimal action given the parameter. Inter alia, the result of this procedure always delivers
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consistency under correct specification.

In the evolutionary game theory literature studying preferences formation, the closest papers are
Dekel et al. (2007) and Robatto and Szentes (2017). In the former, players may be “misspecified” in
the sense of having a vN-M utility different from the one determining reproductive fit. In the latter,
the evolutionary pressure determines the risk attitudes of the players.

On the axiomatic side, the static decision criterion considered here is due to Cerreia-Vioglio et al.
(2024).4* The explicit use of a state space where every state describes both the single-period outcome
realization and the probability distribution over outcomes follows the approach introduced in Cerreia-
Vioglio et al. (2013a) as a two-stage “statistical” interpretation and axiomatization of some of the
decision criteria under ambiguity, in particular the smooth ambiguity one. For this criterion, this
approach has been recently extended by Denti and Pomatto (2022). They allow for a fully revealed-
preference elicitation of the relevant probability distributions, viewed as subjective statistical models.
See also Dean and Ortoleva (2017) for a less related decision criterion where the agent has a prior
over multiple data-generating processes and evaluates each of them with rank-dependent utility and
Gilboa et al. (2020) for a different quasi-Bayesian criterion that combines Bayesian updating with

case-reasoning rather than misspecification considerations.

6.2 Experimental Evidence

We are unaware of experiments that explicitly test the positive relation between misspecification and
the belief in the Law of Small Numbers with uncertainty aversion. However, the findings in Esponda
et al. (2022) suggest that a mechanism similar to the one outlined in this paper is actually at play.
The paper studies the repeated behavior of two groups of agents, one with an agnostic (full support)
belief about the possible data-generating process faced and one that is misspecified because of base
rate neglect. The long-run average play of the misspecified agents is in between the best reply to the
misspecified model and the uniform distribution over outcomes. Notably, this behavior is not the best
reply to the observed empirical frequency, which suggests that, as in our model, even in the long run
(200 repetitions in the experiment above), the agents do not altogether drop their models; they rely
less on them to make their choices. Instead, the correctly specified agents come significantly closer to
converging to making choices that are optimal only under the actual data-generating process, i.e., to
behave as a subjective expected utility maximizer with a belief concentrated on the true DGP. More
indirectly De Filippis et al. (2022) shows that there is an overreaction of beliefs to consistent signal than

to inconsistent signal, suggesting that agents who find a model consistently validated may rely more

41Given the Donsker—Varadhan variational formula, our decision criterion can also be seen as the average of CARA
certain equivalents, an object studied and characterized from a statistical perspective in Mu et al. (2024).
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on it to make decisions. Another important avenue is to try to bridge the decision criterion proposed
here and in Cerreia-Vioglio et al. (2024) with the distinction between uncertainty about and within the

experimental design advocated in Shmaya and Yariv (2016).

6.3 Model Dependent Concern

Throughout the paper, a single number, A, summarizes the agent’s concern for misspecification. An
alternative is to have a collection (A (ht)) ¢, of misspecification concerns, each of them adapted to the
fit of the specific g to the observed data, i.e., with A, (h;) = w. In the axiomatic foundation, we
explicitly note that having a homogeneous A is a consequence of the axiom “Uniform Misspecification
Concern”

Still, it seems more realistic that confidence in a model acts at the level of its defining assumption,
not at the level of a particular estimate. To be concrete, we interpret the concern for misspecification
as a concern for the linearity hypothesis on the tax schedule or for omitting a potentially relevant
variable (e.g., monetary policy in another country) from the economy description employed by the
central bank. Not as a collection ()‘:v)xe[o,u of concerns for “z% being the exact tax rate”. Coherently,
we interpret fit with the data at the level of the assumption of linearity and irrelevance of the foreign
monetary policy, thus using a unique LLR(a’,y’,Q) rather than (LLR (a',y" {q})),cq- Moreover,
having A, (h:) = w we would induce a “double counting of evidence”. Indeed, if ¢ explains the
data h; better than ¢/, i.e., % < 1 this will already impact the future evaluations by making
% > 5 ((;)). Having also /(\:/((};:t)) = LLLLg((::{{;}})) < 1 would duplicate the penalization already present
in Bayesian updating. In this regard, our approach maintains a separation between the confidence 1

)
in the overall specification and the relative belief in two specific data-generating processes 5 ((5,)) within

the specification.

M . That is a consequence

Nevertheless, the results of the paper hold even letting A, (h;) =
of the double-counting issue highlighted above. For example, consider Theorem 2. The proof of
the theorem shows that if the empirical action distribution converges to a distribution over action
a € A(A), beliefs will concentrate around @ («). But asymptotically, all the models in @ («) are an
equally good fit to the true data-generating process in terms of LLR (hy, q), i.e., lim; o LLR (hy, {q}) =
limy oo LLR (h, Q) for all ¢ € @ (o). Evidence will force all the models that are still relevant in the long
run to have the same )\, even if, in principle, they were allowed to be data-generating process-specific.
Of course, this does not mean that the two criteria are equivalent in the short run.

A similar consideration applies to a reasonable alternative rule for adjusting the misspecification
concern, the use of the posterior Bayes factor (Aitkin, 1991) as a measure of misspecification concern.

This would require to put a prior v € A (N (Q)) also on the alternative set of models and have the
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Jo TTb—1 dar (yr)dulglhe)
IN(Q) HZ:1 Par (yr)dv(qlht)

of histories (hy),oy, we would have lim; o (A” (h;) — A (hy)) = 0, and with this all the results of the

paper extend.

concern for misspecification \? (h;) = —log ( ) However, along every sequence

6.4 Forward-looking Agents

One key generalization to our model would be to allow for forward-looking agents. As for many
nonSEU decision criteria, the main complication is that the most immediate extension of the criterion
to forward-looking agents would induce dynamic inconsistencies under some information structures (see
Example 5). One approach would be to directly impose a recursive formulation for the preferences,
as in Maccheroni et al. (2006b) and Klibanoff et al. (2009). Since the decision criterion belongs to
the variational class, we know from the first reference that a recursive formulation can be obtained,
and Cerreia-Vioglio et al. (2024) indeed characterize its recursive formulation in the high patience
limit. A complementary approach does not impose recursivity and allows for dynamic inconsistency.
However, analyzing an uncommitted, forward-looking, and sophisticated agent playing an intra-personal
equilibrium with their future selves would require combining the insights of this paper with the approach
developed in Battigalli et al. (2019). Analogously, to extend the axiomatic exercise to sophisticated
agents, the techniques of this paper should be combined with the consistent planning approach of
Siniscalchi (2011). See also Cerreia-Vioglio et al. (2024) for weaker notions of dynamic consistency

compatible with an evolving concern for misspecification.

6.5 Endogenous Structured Models

The more natural extension for the decision-theoretic part of the paper involves using axioms that
do not explicitly allow the agent to bet on the identity of the structured model. Allowing such bets
is relatively standard when dealing with two levels of uncertainty for which the agent has different
attitudes (Klibanoff et al., 2005 being the most prominent example). However, Denti and Pomatto
(2022) proposed an identifiability condition that avoids the need for explicit bets on the structured
models. Identifiability requires a way to partition S that singles out the probabilistic model. In
particular, each probabilistic model assigns probability one to its corresponding partition element.
When considering a structured environment, we required that this identification is spelled out in the
description of the states, with the second component being the distribution p. Although in light of the
results of Denti and Pomatto (2022), the axiomatization of this static criterion without this restriction
does not generate conceptual complications, the dynamic characterization becomes significantly more

involved. In particular, the challenge is created by the conditioning with respect to the endogenously
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identified model. This substantial extension is left for future work.

6.6 Relaxing Assumption 2

Assumption 2 has been mostly motivated by the case that received the most attention in the literature
of misspecified learning: Y finite and p} with full support for all @ € A. In that case, the completely
agnostic N (Q) : = A (Y)* satisfies Assumption 2. Instead, in the case of an infinite Y, Assumption
2 (ii) generally requires that the decision maker imposes some restrictions on the unstructured models,
ie., N(Q) # A(Y)" while Assumption 2 (i) requires the restriction to be sufficiently permissive to
include p*. This creates a tension that is especially undesirable for the normative Proposition 1. Does
the LLR-based adjustment of the concern for misspecification perform well only because the agent is
assumed to be able to guess a correctly specified set of unstructured alternatives? The answer turns
out to be negative, as Proposition 1 continues to hold under this alternative assumption better suited

for the case of an infinite Y.

Assumption 4 (2°). N (Q) is closed and for every a € A: (i) mingeq R (p}||g.) # 0 implies

min R (p;||r.) € [0, min R (p;||qa)),
i (pallra) € [ miy (Pallga))

(i) For all r € N (Q), 7, exists, is continuous, and is p-a.s. bounded away from 0, uniformly in N (Q),

(iii) For pi-almost every y € Y the map r +— 7, (y) is continuous.

The key observation is that the key ancillary results that uses Assumption 2, Lemma 7, generalizes

in the following way under Assumption 4.

Lemma 1. Let a* € A(A) and (as, yt),en € (A X Y)Y be such that there exist K such that

maxq sup —Indg,, (), sup —In7y, () p < K.
4€Q,teN reN(Q),teN

For everyt € N, set hy = (a*,y"), and let g (hy) andr (hy) be two arbitrary elements of argmax ¢, 1., da. (vr)
and argmax ¢ y(q) [1._, Pa. (yr), respectively. If

tlg& (at (he). (pZt)aEsupPa*> - <Oz*, (p:)aesuppa*>
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then

¢ Ta(he) (y) ¢
lim LLR (h,Q) lim > aea 2r1 lay (ar) [y log (qa(ht)(z)> dp' (y)
t—o00 t oo t

= min o (a) R (p!llg,) — min o (a) R (pXllry) .
i o) Rl = min, 320 (@ RO

A Appendix

A.1 Learning Results
A.1.1 Preliminaries

By Assumption 1, there exists K € R, such that for all a € A
—In (ja S K VQ € Q

holds p}-a.s. To see this, observe that the assumption directly implies that there exists K € R, such
that for all a € A and ¢ € Q,
—In Qa < K/Qa pZ'a-S- (9)

Suppose by contradiction that there exists a measurable C' C supp p, such that sup,o —Inga(y) > K
for all y € C. Take y* € C and ¢’ € Q such that —In g, (y*) > K. By the continuity of ¢, there exists
e > 0 such that —In g, (y) > K/2 for every y € B.(y*). But since y* € C C suppp’, pi(B:(y*)) > 0, a
contradiction with equation (9).
Throughout Appendix A.1, the symbol K will denote such a strictly positive real number. For
an arbitrary Borel measurable subset C' of a metric space, we endow the space OV with the Borel o-
algebra, B (C’N), corresponding to the product topology on CN. For (ki,....k;) € C*, t € N, we denote
by k! = (ky, ..., k;) both the finite sequence in C* and the elementary cylinder in OV that it identifies.
For every policy IT € A*, the density of the objective probability distribution over infinite histories is
defined over a finite number of periods I C N with ¢; = max [ as
1 if 3(ar,9,), € (Ax YY)
B ((aT’yT)TEI) _ Gyt T HA(dT,QT) NV e{0,..,t;—1}
and (a-,9r) = (ar,y-) V7 € 1,

0 otherwise,
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and

P ((0r)rer ) = |

c

Py ((ar,-).c;) d (Hp;;) vC e B(YT).

rel
Since the corresponding set of finite-dimensional probability measures is consistent, there is a unique
probability measure over infinite sequences of action-outcome pairs with these marginals, defined
through the Kolmogorov extension theorem (see Theorem V.5.1 in Parthasarathy, 2005 for the version
for standard separable Borel spaces used here).

For every ¢t € N and history h; = (a',y') € H let p™* € A (Y)A be the action contingent (finite
support) probability measure over outcomes corresponding to the empirical frequency: for all a € A
such that S _ Iya (a,) > 0,

t
H a : Ty IT
pZt (O) — 2721 {t( ,y).yGC} (a y ) \V/C c B(Y)
2 r—1 Iay (ar)

and pl = §; for some arbitrary fixed § € Y if 30 I14) (a,) = 0. For every two histories hy, h, € H
we write h; = h, if there is n € N and (a;,y;);_, such that hy = (h,, (a;,y;);_,). For all b € A let II°
the policy that prescribes b at every period. Define the set ()°(a) as the models at most € away from

a relative entropy minimizer given action a, Q°(a) = {q¢ € Q: 3¢’ € Q(a) N B: (¢)}.

A.1.2 Results

Our first lemma justifies the repeated use of min and max rather than inf and sup in the definitions of

the average robust criterion and LLR.

Lemma 2. 1. Foreverya € A, A€ Ry, and q € Q, | # argmin,, .y (Epa [u (a,y)] + w>.

2. For everyt € N, hy € H;, ) # argmax,c v(q) Hizl Pa. (Yr)-

Proof. 1) Fixa € A, A € Ry, and ¢ € (. Since u is continuous and Y is compact, u (a,-) is
bounded, E,, [u(a,y)] > mingey u(a,y) € R for all p, € A(Y), and p, — E,, [u(a,y)] is continuous.
Since Y is a compact metric space, by, e.g., Royden and Fitzpatrick (1988), it is a Polish space and so
Pa — R (pal|ga) is lower semicontinuous by Lemma 1.4.3 in Dupuis and Ellis (2011). Therefore, the set

FE: = {pa c A (Y) : Epa [u (a,y)] + %R(paHQa) S Eqa [u (a7y)]}

is closed, and as R (qa||¢.) = 0 we clearly have

. 1 ) 1
arging, ca ) By, [0 (0, 9)) + 3 7 (pullaa) = axgmin,, ¢ By, [0 (0, )] + 1R (pallae).
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Since Y is a compact metric space, by Theorem 15.11 in Aliprantis and Border (2013) and Proposition
11.15 in Royden and Fitzpatrick (1988) so are A(Y) and E endowed with the topology of weak

convergence of measures. Since

1
Do Epa [u (a, y)] + XR (pqua>

is real-valued (with values in [mingey u (a,y) ,E,, [u (a,y)]]) and lower semicontinuous on the compact
E, it admits a minimizer by the generalized Weierstrass’ theorem (see, e.g., Theorem 2.43 in Aliprantis
and Border, 2013).

2) Let t € N, hy € H;. The map

{p:peN@Q)} — R

ﬁ = HiZI ﬁaT (y7'>

is continuous. Then, the maximum is attained since {p : p € N(Q)} is compact by Assumption 2 (ii).
[

The next lemma provides a useful rewriting of the LLR as a weighted average of the empirical
log-likelihood ratio when playing the different actions, with weights proportional to how frequently
each action has been used in the past.

The next lemma shows that a robust control evaluation with respect to a structured model ¢ € Q)
converges to a subjective expected utility evaluation as A tends to 0, generalizing previous results in
the decision-theoretic literature, where the function evaluated was a finite range one, to continuous

utility functions.

Lemma 3. For every a € A, ¢ € Q, and (gn, A\n),en € (@ X ]R++)N with limy, o0 (¢n, A\n) = (¢,0) we

have
R (pal|gan)

lim min : (Epa [u(a,y)] + )

n—00 pa e A(Y

) =Eululan),

Proof. Fix a € A and define 4 = maxyecy u (a,y) — mingey u (a,y). For every n € N,

min (Epa [u (a,y)] +M) € {mmu(a,y),Eqm [u (a,y)]} c [minu(a, ) maxu (ay) |

Pa€A(Y) An yey yey

so possibly restricting to a subsequence, we can assume that the limit in the LHS of the statement is

well defined. The statement is then proved by showing that any such subsequence converges to the
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RHS. In particular, we show that we cannot have

. . R (pallgan)
i iy (B, ()] + S0 ) < ) (1)
This is sufficient as lim, o Eq, , [u(a,y)] = Eqy, [u(a,y)] and (E,, , [u(a, y)])neN is a sequence pointwise
larger than the sequence whose limit is taken on the LHS. If equation (11) held, there would be an

£ € R++ Wlth

lim min (Epa [u(a,y)] + %}ann)) =E, [u(a,y)] —e. (12)

n—00 pa€A(Y)

n . . R(pa a,n
For every n € N, let py € A(Y) be an arbitrary element of argmin, oy, <]Epa [u(a,y)] + %).

Since Y is a compact metric space, by Theorem 15.11 in Aliprantis and Border (2013) so is A (Y'), and
therefore, we can assume (by restricting to a subsequence) that p” converges to some p, € A (Y'). By

equation (12) and the fact that lim, . p! = pa, we have

Es. [u(a,y)] < Eqy, [ula,y)] —e.
Therefore,

u 3 3
/0 1 — Pa <{y €Y u(a,y) —I;’éi)r/lu(a,ﬂ) < :c}) dor + ZsIEﬁ“ [u(a,y)] +Zl€—r;éi§gu(a,y)

yey geY

< E, [u(a,y)] — minu(a,j) = /O 1 - q, ({y €Y :u(a,y) —minu(a,j) < :17}) dz. (13)

Claim 1. There ezist M € R and L € Ry, such that

3

ﬁa({er:u(a,y)SM—L})—qa({er:U(a,y)SM})2%.

(14)

Proof of the Claim. Suppose that for every M € R and L € R, equation (14) does not hold. Then
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for every L € R,

1 — pa ({yGY:u(a,y)—minu(a,y) §:L'}) dx
0 gey
u+L
= / 1—ﬁa<{y€Y:u(a,y)—minu(a,gj)—i—Lgx})d:c—L
0 yey

a+L
> / 1—qa<{y€Y:u(a,y)—minu(a,g)Sx})—idx—L

2u

= /0 1—q, ({yéY:u(a,y)—g&i}r)u(a,g) gx}) dx—a/Q—L%—L.

Since L can be chosen to be arbitrarily small, we have

/1—}5a({yEY:u(a,y)—minu(a,y)Sx})dx

0 gey

2/ 1—qa({yEY:u(a,y)—minu(a,y)Sx})dx—i,
0 gey 9

a contradiction with equation (13). O

The claim, in turn, implies that there exists N € N such that for all n > N

pZ({er:u(a,y)SM—é}) . ({yEY:u(a,y)SM—g}) > =

But then

1
paIenAH(lY) Pa [u (CL, y>] + A, R (pa| |Qa,n>

1 n
= Ep[u(a,y)] + )\—R (P l1ga,n)

minu (a, y) + <p3 ({yEY:u(a,y) < M—g})bg i ({y ey ulay) J\]@— %D)) .

<
yeyY da,n ({y €Y :u (a7y> < - %}

+<p3({yeyzu(a7y)>M_§})1Og pr({yeY uay) > M- L ))/An

Qo {y €Y 1 ulay) >M—%})

v

where the inequality follows from Theorem 1.24 in Liese and Vajda (1987). But, the last term diverges
to +00 as n goes to infinity, a contradiction with min,, cay Ep, [u (a, y)]+%‘f“’") < maxyey u(a,y) <
00. |
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Lemma 4. 1. For every a € A, the function G : A (Q) x Ry — R defined by

R (pal¢a)

G(v,\): = min ) (Epa [u(a,y)] + 3

Q Pa €AY

) dv(q) YweA(Q),YNeR,,

and
G(0): = /Q E, [u(wy)]dr(q) VveAQ

is continuous. Moreover, the set of functions {G(v,-)},ea() is equicontinuous at 0.

2. The correspondence BRY (1) : Ry x A(Q) = A where
BR (v) : = BR%" (v) Y e A(Q)

18 upper hemicontinuous.

Proof. (1) Fix a € A. For every ¢ € Q, let F'(¢,0) := E,, [u(a,y)] and observe that for each A € R,
by Proposition 1.4.2 in Dupuis and Ellis (2011) we have

(pal !qa)) _ —log (Jy exp(“hu(a,y)) daa (y))

F(q,A\): = min (Epa u(ay)]+ 2 3 A

paEA(Y)

Since Y is compact and u is continuous, for all A € R, and ¢ € ), the RHS belongs to

[Iyrg;lu (a,) , maxu (a, y)} -

For every A € R, exp (—Au (a,-)) is a continuous and bounded function that is bounded away from 0.
Recall that weak and vague convergence for probability measures are equivalent when the state space

is compact, and that Y is indeed compact. Therefore,

- /Y exp (M (a,y)) daa (y)

is continuous by definition of the weak convergence of measures, and F' is continuous by Lemma 3 (at
A = 0) and Theorem 15.7.3 in Kallenberg (1973) (at A # 0, where the theorem can be invoked since
the set of functions {y — exp (—S\u (a, y)) }?\e[/\/2,2>\] is equicontinuous).

Let (Vn, An)peny € A (Q) X R4 be a convergent sequence with limit (v, A). Suppose first that A > 0.
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Then

y
oo g A\

dv (q)

log (Jyy exp (“Awu(a,9)) dda (9)) | @ :/ log ( [y exp (—Au (a,y)) dga (y))

by Theorem 15.7.3 in Kallenberg (1973) and the joint continuity of F' established above. Next, suppose
that A = 0. Then lim, o [, log(Eqa[exﬂ(f:‘"“(a’y))])dun (@) = JoEq, [u(a,y)]dv(q) again by Theorem

15.7.3 in Kallenberg (1973) and the joint continuity of F' established above.

Next, suppose that {G(v, ) },ea() is not equicontinuous at 0. Then, there exists € and (v, )nen such

that |G(vp, 1/n) — G(vy,0)| > € for all n € N. Since @ is compact, v, can be taken to be convergent
to some /. But from the first part of the statement, we would have lim, . G(v,,1/n) = G(¢/,0) =
lim,, 00 G(V1,0), a contradiction. This proves (i).

(2) Follows by (1) and Theorem 17.31 in Aliprantis and Border (2013). |

Lemma 5. For every a € A, if (¢n,P}),en € (@ X A (Y)Y is such that lim,_e (4n P2 nen = (45 Pa)
and suppplt C {y €Y 1sup,cq—Inda (y) < K} then

tim — [ log (Gun (1)) dol () = — / log (7, (4)) dpa ()

Proof. Recall that weak and vague convergence for probability measures are equivalent when the
state space is compact, and that Y is indeed compact. Therefore, by Assumption 1 the assumptions of

Theorem 15.7.3 in Kallenberg (1973) are satisfied for the sequence of integrand functions and probability

measures (10g (Ga,n) » P5) pen- ]

The following lemma shows that under every policy, almost surely the infinite sequence of obser-
vations does not contain a realization that provides an arbitrarily large evidence against a structured

model.

Lemma 6. For every Il € A%,

Py ({(ai,yi)ieN c(Ax V)V :VteN,VgeQ, —Ing, (y) < K}) _ 1.

Proof. By the definition of Radon-Nykodim derivative and equation (10), for every ¢ € N,

Py ({(ai,yi)ieN € (Ax Y)N c3dg € Q,—Ing,, (y) > K}) =0.
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Since Py is a measure, it is countably subadditive and so

Pr ({ (@ p)ien € (AX V)i VE €NV € Q,~Ind () < K })
= 1P ({(aspdien € (Ax V)" 13 €N g € Q ~ I, () > K

—

)

> 1—Z]P’H<{ (a;,y;) ZGNG(AXY)N g € Q, —Inq,, (y:) }

proving the statement. [

The following lemma shows that, on every history where the empirical action process stabilizes on
a*, and the empirical outcome distribution contingent on the actions played infinitely often converges
to the true distribution, the limit LLR can be rewritten as the minimum of an o* weighted average of

the relative entropy from the true DGP.

Lemma 7. Let o € A(A), (tn)nen be a subsequence of N, and (as, y¢),cny € (A X Y)Y be such that
SUPyeq ey — M Ga, (y) < K. For every n € N, set hy, = (a',y"), and let q(hy,) and r (hy,) be two
arbitrary elements of argmax Hi”zl Ga, (yr) and argmax,c g Htleﬁ%(yT), respectively. If

lim (O{tn (htn) ( Ztn)aesuppa*> = (Q*7 (p:)a€suppa*>

n—oo

then

tn htn
LLR (b, @) _ | Yaea S0 Ty (ar) Jy Tog (2538 ) dpl (y)

i —— === = lim tn =min » o (a) R (pylla) -
acA
Proof. By assumption of the lemma, for all n € N,
t ~
- o () W)\
Tiay (ar) / log (— dpa" (y) /tn
22 T e () (0) )
tn
(ZZH{Q} (ar) ( [ 108 (b, @) it 0) [ g () () e o >)> .
a€A 1=1 Y Y

By Assumption 2 (i),

Zzﬂ{a} Qr /—10g(fa (he,) () dpl (y) /t, <0 V¥n €N,

acA =1
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By Assumption 2 (ii) and, e.g., Dunford and Schwartz (1988), 11.1.8, there exists K’ € R, such that
foralla e Aand y €Y,
—log (7a (he,) (y)) = —K". (15)

Therefore, for all n € N

Sl (0 ) [ =10 i () () e () 1, € [0

acA =1
I now show that every convergent subsequence converges to 0. Indeed, take any such subsequence of
periods (,,)ien and, possibly restricting to a further subsequence, suppose 7, (htni) converges to some

To € {Pa : p € N(Q)} for every a € suppa® (this can be done by Assumption 2 (ii)). Then

0 < Za / —log (74 (v)) dp;, (y) < Z af lllrgéonf/y —log (fa (htni) (y)) detm (v)
acA acA

tn,

= timinl 353 o () =18 (5 () (60) 9 0 1

acA =1

where the first inequality follows from Gibbs inequality and the second since by equation (15) and the
Arzela-Ascoli theorem (see, e.g., Dunford and Schwartz, 1988, IV.6.7, which in turn can be used given
Assumption 2 (ii)) I can apply Lemma 3.2 in Serfozo (1982). Therefore,

tn,

i 33T (ar) [ =log (o () (1)) dpi™ () /. = 0

acA =1

Since this holds for every converging subsequence, it holds for the original sequence. So

e Fulh) O
T 3 <a7>/ylog<% (hn><y>)dp )/t

acA =1
tn
= —lim > Ly (ar) / log (G (r,) () dp” () /1.
acA =1 Y
tn
= — I i Lo (ar) [ log (4a () dpt (y) /t,.
n%%;;uWAMMDPU/

Therefore the result follows from Lemma 5 and Theorem 17.31 in Aliprantis and Border (2013). W
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Lemma 8. For every a € A,

R (pal|ga) .
lim sup min u(a,y) dp, + —= min  u(a,y) .
k—o00 qegpaEA( )/Y ( y) P (y> k Y€EUge@suppga ( y)

Proof. By Assumption 1 (i) we have that § € suppgq, implies that § € suppq, for every ¢,¢ € Q.
Otherwise, ¢, (BE/Q (gj)) = 0. But then, since § € suppq, = suppp;, and so p; (Ba/Q (g))) > 0, we would

obtain a contradiction with p} ~ ¢/,. Let g € argming e, suppg, % (a,y). f maxyey u(a,y) =u(a,y) the

statement is trivially true, so suppose that max,cy v (a,y) > u(a,9). Fix £ € (O, ey u(;’y)ﬂ(a’g))

Since u (a, -) is continuous, there exists € such that
y € B () = ula,y) <u(a,g)+e

Then, for all ¢ € @

sy < min [t dpas T2 - biog ([ enp (- (00 0))

Pa EA(Y) Y

S 10g< exp (—k (u(a,9) + ) infgeq da (B (7)) )
+(

_E 1-— lnfqu Ga ( ( ))) €x (_k maXyecy 4 (aa y))

where the equality follows from Proposition 1.4.2 in Dupuis and Ellis (2011). Moreover, the last

term converges to u (a, ) + & as k goes to infinity by a simple application of I’Hopital’s rule. Since

E g TueY u(g’y)_“(a’g) was arbitrarily chosen, and the last term does not depend on ¢ this proves the

desired uniformity of the convergence. [ |

Proof of Proposition 1. We start with the preliminary observation that by Lemma 6,

sup —1Inga, (y) < K,
qeQ,teN
Ppo+-almost surely. This will allow us to invoke Lemma 7 repeatedly.
Let (u,A,Y) be a decision problem where (i) and (ii) are satisfied and ¢ € R, .. We start by
showing that there exists ¢ € R, such that

LLR (h, Q)

A (ht) - ct

Vvt € N,Vh, € H,, (16)

is e-safe and e-consistent under correct specification. This is done by first deriving a ¢ € R, such that

e-safety is satisfied, and then showing that there exists a ¢ that delivers e-consistency under correct
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specification. Safety is trivially satisfied by every policy if max,c4 mingey v (a,y) = mingea yey u (a,y),
so in that case pick an arbitrary ¢ € R;,. Suppose instead that we have max,e4 mingey u (a,y) >
Minge 4 yey u (a,y). Let P C A (Y)* be the set of p* that satisfy Assumption 1, (i) and (i) jointly with
Q, and define

A" : = {a’ € A:maxminu(a,y) > Ey, [u (d',y)] + %} Vp* € P.

a€A yey

Claim 2. There exists * > 0 such that for every Il € A" and p* € P,

P {lim inf; o M — MaXge 4 Mingey u (a,y) — e < O} 0
I =0.
N {limsup,_,,, o (hy) (a') < ", Va' € A(p")}

That is, almost surely the payoff is at most e-lower than the safe guarantee if the actions whose
objective expected performance is lower than the guarantee are played sufficiently rarely (i.e., each of
them has a frequency lower than ¢*).

Proof of the Claim. Consider the stochastic process defined by
Xi=u (Il (hi1),y:) — Epr [u(Il(h;),y)] VteN

pl‘[(ht_l)

with the sequence of sigma-algebras (F;),. generated by the stochastic process of histories (hy),.y.
The stochastic process is not i.i.d., as previous utility realizations affect current period choices. Never-
theless it is a martingale difference sequence, as u is continuous in y on the compact Y, so E [|X;]] <
2maxXseayey [u(a,y)| < oo and E [X;|F;—1] = 0 by equation (10). A fortiori, (X;),y is a mixingale
difference sequence, and by the strong law of large numbers for mixingale sequences (see Theorem 2.7

in Hall and Heyde, 2014 for the version that applies here), we have

lim —Z?zl X

n—00 n

=0 Pr-a.s.
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so that

¢ v PX +Eye [u(ay, -
lim inf 2iz ¥ (21, Y) = lim inf vi, [0 (2, )
t—00 t t—00 P t
€
> _ * : *
> (1 timswpa () (4 ) (maxminn (o) - 5 )+ lmsupa (h) (AG7), min (o)
> GGAZ hItILigp a; (hy) (a) max g/réllr/lu (a,y) — = —l— ae; )h?if;lp a; (hy) (a )aerlgnyréyu (a,y)
>

( —|A| max hmsupat (hy) (a )) maxminu (a,y) — c

a€A(p*) t—o0 acA yey 2

(141 max i supa () (@) min ua,n)

a€A(P*) t—oo a€AyeY

and therefore the claim follows from setting

3

2 (maXaGA miner u ((_la y) - minaeA,er u (a7 3/)) |A|

*

Claim 3. There exists A € Ro.. such that if X > X\ then for every p* € P, d' € A(p*), ve A(Q), we
have a' ¢ BR* (v).

That is, if the agent is sufficiently misspecification concerned, they do not play actions that can
perform worse than the safe guarantee.
Proof of the Claim. Observe that if ' € A(p*), then by Assumption 1 (i) for all ¢ € @, there is

Yy € supp ¢ with u (a’,y) < maxzea mingey u (@,y) — 5. But then the claim follows from Lemma 8. []

Claim 4. There exists J € (0,1) such that for every p* € P, ' € A(p*), p € A(Q), and X € Ry,
p{a€Q Rllay) > TN <J = o ¢ BR* (). ()

That is, if the beliefs are sufficiently concentrated on the parameters that are close to the true DGP,
and under the true DGP a' performs worse than the safe guarantee, a’ cannot be chosen regardless of
the level of misspecification concern.

Proof of the Claim. Observe that given Claim 3, the statement immediately holds for A > A for any
J € (0,1). Suppose by contradiction that equation (17) does not hold. This means that there exist a
convergent (p, fi,, ), ey € P x A (Q) x [0,A] and o’ € A with p,, ({qg € Q: R (p} llgwr) > £}) < 1,
a € A(p:), and @’ € BR™ (u,). By the lower semicontinuity of R and the fact that R (pu||gs) = 0
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if and only if py = qu, (see, e.g., Lemma 1.4.3 in Dupuis and Ellis (2011)), as well as Lemma 4 this
in turn implies that there exists ¢ € @ with o’ € A(q) and Ey, [u (d',y)] > maxze4 mingey u (a,y), a
contradiction. 0

Let ¢ = JI/’\ , and take an arbitrary p* € P. If for all &’ € A (p*) we have limsup,_,._ a; (hy) (a/) < ¢*,
Pp-a.s., e-safety follows by Claim 2. Suppose by contradiction that there is an action o’ € A (p*) with
limsup,_, . os (hy) (a) > ¢* on a set E with Py positive probability. By Claim 4, it must be the case
that mingeq R (p||0a) = R (P llaz) = J.

Restrict without loss of generality on a subsequence (A (hy,)), o such that lim, . (A (hy,)), oy =
liminf; . A (hy) and a4, (hy,) converges to some a. But then, we have that for Pr; almost every infinite

sequence of histories in £

o - LLR (hs,,Q
htrgéng (hy) = nh_)nolo (A (h,))en = 7}1_{& o = mm EGA a(a) R(pyllaa) /e
- ) mingeo R (p/||lg) - ¢*J <
> R (9|14 > o q€qQ a > > 9\
> QEGAOé(a)ggg (Pallga) /e = ¢ . >z

where the third equality follows by Lemma 7, whose assumptions are, in turn, satisfied by Theorem
11.4.1 in Dudley (2018).2

42 A few subtleties about our use of Theorem 11.4.1 in Dudley (2018) in the proof of Theorem 1 are needed. That’s
Varadarajan Theorem about the convergence of the empirical measure to the theoretical measure in a separable metric

space, and it is used here to guarantee that, Pr-a.s., lim, . p?‘" = p; for all a € suppa. As explained in Dudley
(2018), the proof of that theorem has two components. The first part shows that it is enough to check the Pr-a.s.
convergence of Ephtn [f ()] to By [f (y)] for f : Y — R coming from a countable set of bounded and Lipschitz functions.

That is a property of the weak convergence of measures and of the separability of the space Y, which has nothing to
do with the nature of the measure pgt" and p} involved, and so it applies without changes here. The second step then
invokes the SLLN to guarantee that fixed any bounded and Lipschitz f, ]Ephtn [f (y)] converges to E,: [f (y)] if p,};t" is

an empirical measure and p} is the true law. That step needs instead a minor adaptation because, for us, the empirical
measure is the one conditional on the periods in which action a is played, and therefore the SLLN for i.i.d. random
variables invoked by Theorem 11.4.1 in Dudley (2018) cannot be directly applied. Still, the desired convergence is
obtained by considering the martingale process

xao _§ XE+HTe) =By [f (Ver1)] a1 =a
i+l X¢ otherwise

that Pr-a.s., converge to a finite limit (as f is continuous so each X¢ is guaranteed to be integrable). With this, define

xo t
;- :{ ST 2=t la (@) >
0

otherwise.

Then Pp-a.s., Y{ converge to 0 on the histories in which lim,, Zi:l [{4y (a;) = oo proving that on those histories
lim, o Y = ]Epf;*n [f ()] = Ep- [f (y)] = 0. Since a € supplim, o oy, (hy,) implies lim; S [0y (ar) = o0,
the desired convergence is obtained.
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Then by Claim 3, we have that for all ' € A (p*)

limsup oy (hy) (') =0  Pp-as.
t—o0
a contradiction.
Since @) is compact, for every € € (0,1) we can pick § > 0 such that for all p* € P, and a € A,
mingeq R (p}]|¢.) < ¢ implies that for ¢ € Q“(a), by Lemma 3,
Rleluc))

B )] - i (B o () + 1)) < 2

Va' € A,V € 0,26].
PEA(Y)

But then A is e-consistent with this 6 by Lemma 7 and Berk (1966), page 54.

I show that there is a decision problem (u, A,Y") such that if the concern for misspecification of the
agent is such that A (h;) = o <w) ,Pr-a.s. or o(A (hy)) = M,Pn—a.s. then the decision
rule cannot be both g-safe and -consistent. Suppose that A = {1,—1,0} and Y = {—1,1}. The
utility function is u (a,y) = ay. Each model ¢ considered by the agent is described by ¢, (1) for some
arbitrary a € A. Let Q = {0.9,0.4}, 1(0.9) = 3 = 1 (0.4), and N (Q) = [0,1], i.e., the unstructured
models include all the action-independent data-generating processes.

I first show that if A (hy) = o <w>, Pp-a.s. then the decision rule is not g-safe. Let p (1) =
0.6, and observe that maxge4 mingey u (a,y) = mingey u (0,y) = 0. However, by the Strong Law of
Large Numbers it follows that Pr-almost surely lim;_, (Zizl Iy (yT)) /t = 0.6. Therefore, by Lemma

7 we have that

LLR(h
lim LLE (B0 Q) R(0.6](0.4)  Pp-as.
t—o0 t
and so
lim A(h;) =0  Pp-as.
t—o0
Moreover, for the constant function ¢ () = % for all e € R, the prior is ¢-positive on @) in the sense

of Fudenberg et al. (2023), and by their Lemma 1, p(0.4/h;) — 1, Py-a.s. But then by the upper
hemicontinuity of BR") (-) established in Lemma 4

¢
lim inf 2z U (30, Y1) = —0.2 < 0 = maxminu(a,y) Pp-a.s.
t—o00 t acA yey

proving the desired result.

Finally, I show that if the concern for misspecification of the agent is such that o(A(h;)) =

LLR(h¢,Q)

; ,Prr-a.s. then the decision rule is not %—consistent. Let IT be a A-optimal policy.
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Let 6 € (0,5).p; (1) =0.9+46 for all a € A, and A be such that {0} = BR* () for all A > X and

120
p € A(Q). Such a A exists by Lemma 8. By Lemma 7 lim; o, LLR (h, Q) /t > R (0.9 + §[|0.9) /2, P,
almost surely so that A (h;) is diverging to +oo and the result follows. [ |

Proof of Proposition 2. Suppose that a* is a A-limit action. Thus, since for every policy II € A%

Py [sup{t: ay # a’} < 00] <Y Y~ Py [a” € BRM™) (u(|h,)), V7 > t|h] Pl
t=0 h{cH,

there are a A-optimal policy I € A", t € Ny, and (a,y') € H, with Pg[(a’,y")] > 0 such that with
positive probability IT prescribes a* after (a',4') in every future period. Define v = u(:|(a’, ")), and
notice that by Assumption 1 (i) supp v = supp pu = (). As the evolution of beliefs and misspecification
concern under 11, i.e., the policy that plays a* in every period, is the same as under II for every

history where the agent continues to play a*, we have that
Po[Vr > t,a" = 1(h,)|(a", )] > 0 = Pper[vr > 0,a* € BRM@9)0) (4 (h,))] > 0.

We now show that if a* is not a self-confirming equilibrium, the latter equals zero, which establishes
that a* cannot be a A-limit action. By the strong law of large numbers (see, e.g., Theorem 8.3.5 in
Dudley, 2018),

}Lr&p?[ =p., Prax-a.s.

Therefore, since by Lemma 6, max,eq teny — I Ga, (¥:) < K, Pres-almost surely, by Lemma 7 we have

LLR((at,yt),hT,Q) A((at,yt),h-,—)
- -

, Prox almost surely. With this, as by Assumption 1

=0=1 T—00

lim,

(ii), the assumptions of Berk (1966), page 54, are satisfied, for every ¢ € R, we have

lim v(B. {¢€Q: g =pi}) |h,) =1, Pras-a.s.

T—00

and the desired conclusion follows from Lemma 4. [ |

Proof of Theorem 1. We start with the preliminary observation that by Lemma 6,

sup —Inga, (y:) < K,
qeQ,teN

Prox-almost surely. This will allow us to invoke Lemma 7 in all the various cases.

1) Suppose by contradiction that a* is a A-limit action but is not a Berk-Nash equilibrium. Thus,
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since for every policy II € A%

Pr [sup{t: a; # a”} < oo] < i Pr [a* € BRM™ (u(-hy)) Y7 2 t]h] Pulh),

there are a A-optimal policy IT € A%, t € Ny, and (a',y') € H, with Pg[(a’,y")] > 0 such that with
positive probability IT prescribes a* after (a',4') in every future period. Define v = u(-|(a’, ")), and
notice that by Assumption 1 (i) supp v = supp u = (). As the evolution of beliefs and misspecification
concern under 11, i.e., the policy that plays a* in every period, is the same as under II for every

history where the agent continues to play a*, we have that

Po[Vr > t,a* = [(h,)|(a', )] > 0 = Ppe-[vr > 0,a* € BRM@)0) (1, (n,))] > 0.

We now show that the latter equals zero, which establishes that a* cannot be a A-limit action.

Since Y is a compact metric space, it is separable (see, e.g., Proposition 9.24 in Royden and
Fitzpatrick, 1988). Thus, by Theorem 11.4.1 in Dudley (2018), lim, p?j =p’,, Pras-a.s. Then, by
Lemma 7 and equation (5) we have lim, ., A ((a’,¢"),h,) = 0, Pya-a.s. By Assumption 1 (ii), the
assumptions of Berk (1966), page 54, are satisfied, and we have that for every e € Ry, v (Q° (a*) |h,) —
1, Ppa+-a.s. Therefore, since @ is compact, (A ((a’,y"),h;),v (-|h;)), oy admits Ppe almost surely a
subsequence convergent to (0,2*) for some v* € A (Q (a*)). With this, the result follows from Lemma
4.

2) Suppose by contradiction that a* ¢ BRMe ({p €A (Y)A :dg e Q,Va € A, q, > pa}> and that

a* is a A-limit action. Thus, since for every policy II € A%

Py [sup{t: ay # a’} < 0] <Y Y~ Py [a” € BRM™) (u(|h,)), V7 > t|h] Prh],
t=0 hicH,

there are a A-optimal policy I1 € A™ ¢t € Ny, and (a,y') € H, with Pg[(a’,y")] > 0 such that with
positive probability IT prescribes a* after (a',4") in every future period. Define v = pu(:|(a*, ")), and
notice that by Assumption 1 (i) supp v = supp pu = (). As the evolution of beliefs and misspecification
concern under 1%, i.e., the policy that plays a* in every period, is the same as under II for every

history where the agent continues to play a*, we have that
Pﬁ[a* = ﬁ(hT)>VT > tl(at7yt>] >0 = Ppos [a* € BRA((at7yt)7hT) (7/ (‘hr>) T > O] > 0.

We now show that the latter equals zero, which establishes that a* cannot be a A-limit action.
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By Theorem 11.4.1 in Dudley (2018),

Then, by Lemma 7, and equation (6), we have

lim A ((a",y"),h,) = o0 Pre-a.s.

T—00

By Assumption 1 (i) for all ¢,¢' € Q and a € A we have ¢, ~ ¢,. So we obtain
A A,
{pGA(Y) .HqEQ,VaeA,qa>>pa}:{pEA(Y) .quQ,VaeA,qa>>pa}.

Therefore, by Lemma 8 for all a € A we have that Pp.- almost surely

. . R (pallga) -
lim sup min u(a,y)dp, + ——————— = min  u(a,y).
T—00 qup Pa€A(Y) /Y (a:y)dp A((al,yt),h;)  yeUseqsuppaa (a:y)

But since by Assumption 1 (i) for all 7 € N, p(+|h;) C @, Prer almost surely, we have

R a a .
lim E,(jn,) L min /Yu(a,y) dp, + i (Pallga) min ~ u(a,y) Ppre-a.s.

700 a€A(Y) ((a% y"), ) | veUseqmuppaa

With this, the result follows from the finiteness of the action space.

3) It follows from the more general Theorem 2. [

Lemma 9. For every c € Ry the function o +— mingeq Y, 4 @ (@) R (p}||qa) /c is continuous and the

correspondence Q () : A (A) — 29 is upper hemicontinuous.

Proof. We first show that the function

AA)xQ —R

(18)
(@, q) = D aea (@) R (pillga) /c

is continuous. Fix an @ € A and let (¢,),cn € Q" be a sequence that converges to ¢ € Q. By

Assumption 1 (ii), G,.n(y) is converging to ¢, (y) for p: almost every y. Then

[ (05 ) i)

and observe that the integrand on the right-hand side is dominated by a constant by Assumption 1 (i).

|R(p2||Qa,n) - R(pZHC]a) | -

54



Therefore, by the dominated convergence theorem |R (p!||ga.n) — R (pk||¢a) | converges to 0. Since A is
finite and the function in equation (18) is linear in «, we have obtained the desired continuity. With
this, the statement follows from Theorem 17.31 in Aliprantis and Border (2013). |

Proof of Proposition 3. Observe that

2 2
o9 o1+ (F(a) —1(a)) 1

willd) = m(2)+ L (19)

and so @ (a {qF (@) } showing that there exists at most one Berk-Nash equilibrium. The condition

for not sw1tch1ng from an action a to an action @’ with a > o’ in a Berk-Nash equilibrium in which the

belief is concentrated on 6 is
(a—a)0=E,, [a(0+e24)] —Ec, , [a"(0+e24)] >C(a) - C(d).

By Proposition 1.4.2 in Dupuis and Ellis (2011), the condition for not switching from an action a

to an action a’ with a > @’ in a c-robust equilibrium in which the belief is concentrated on @ is

o (_R (pallel) )]
C

* || 0 /
exp (_R (paHQa) A €24 >

R (p;l|d8)

(a—a') 0+ log E.,

C
to e logE.,

R (p;lla?)

Cc

= Wﬁqg)bg E.,, [exp (—W) + mlogﬂiega exp < (pZHch) a52,a>]
mbg E., ., |exp (—W) + m logE, , |exp <—R (pZHqE) a’%a’)]
= Wﬂqﬁ) logE,, |exp (——R (pZ|C|q2) a9> exp (—R (pi';lliz) af%)]
+m log Eew exp (——R (PZHqu) a’@) exp (—R (pZH(JE) a/&’a/)]
S (_R ) o 0+ >)]
R( C|| 7) logE., , exp (—R (Pillg2) Z’ (6 + 52,a’)>]

v

C(a) = C(a').
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By the usual CARA-Gaussian formula, a > o’ implies that the LHS is lower in the second case, and

we obtain the desired conclusion. [ |

Proof of Proposition 4. Consider the following three-player game. The action sets are A; = A (A),
Ay = A(Q), A3 = Ry with arbitrary elements denoted as a, v, A. The utility functions are

U (a,v,\) = { 2laca (@ fczminpaw >(E [u (a,y)]+M> dv(q) A#£0

aeAO‘an ga | y)] dv (q) A =0,
Us (o)) = /Z @) R (9} lg0) dv (q)
U3<C¥,V,)\) = _<)\_1;11£6121 Oé(CL)R(pZan)/C) :
acA

Observe that for the purpose of finding the equilibria of this game, it is without loss of generality
to limit the actions of player 3 to [O, 5\] with

T maXaeA(4) Milgeg ZaeA a(a) R (p;]lqa)
c

_ maXaeA(A) mianQ ZaeA a fy log Qa )) dPZ (y) < 00
c Y

where the inequality holds by Assumption 1 (i). Therefore, since the compactness of @) implies that
also A (Q) is compact by Theorem 15.11 in Aliprantis and Border (2013) all the three action sets are
compact. Moreover, they are clearly convex.

The utility function U; is jointly continuous in its second and third argument by Lemma 4. More-
over, U, is trivially continuous in its first and third argument and U; is continuous in its first and
second argument by Lemma 9. Therefore the game is better-reply secure (see Reny, 1999, page 1033).
Moreover, U; and U; are respectively linear in A; and A, while Us is concave in As.

Therefore, by Theorem 3.1 and Footnote 8 in Reny (1999) this game admits a pure-strategy equi-
librium (o, v*, \*). But observe that

)

Cc

2
min o (a) R (pkl]qa
Ae argmaXeg, — (A Hémza R (pallga) /c ) = \' = MacQ Z‘IGA (@) B (#3]4a)
q

o € argmax,eaa) Ur (@, N) = a” € A (BR’\* v) .,
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and

V' € argmax, e () — /Za R(pillg.) dv (¢) = v" € A(Q (7).
aEA
Therefore, o* is a mixed c-robust equilibrium sustained by v* and \*. [ |

Proof of Theorem 2. We start with the preliminary observation that by Lemma 6,

sup —Inga, (y1) < K,
qeQ,teN

Pr-almost surely. This will allow us to invoke Lemma 7.
Let T ={a—ad :a,a/ € A(A)} and for all ¢ € R} and o/ € A(A), recall that M, (/) is defined

as

M5<a'>={ueA [ @ RGila) v (o) <+ min a'(a)R(p:an)}.

By Esponda et al., 2021a, Part la of the proof of Theorem 2,*3 M, (-) is upper hemicontinuous. We
define F': Ry x A(A) = T by

Fle,a)={¢: 3é,a € B (@), A € B: (mingeq Ypeq & (a) R (pillga) /c) v € A (M. (a)),
7 . L€ A(BR(v)) — «

and y, = F(0,a) + «
Claim 5. F' and x, are upper hemicontinuous and compact-valued.

Proof of the Claim. We show that F' has a closed graph to conclude that it is upper hemicontinuous
and compact-valued. Since T is compact, this is enough by, e.g., Proposition E.3 in Ok (2011). Let

(Lnagna an)neN € (T X R+ X A (A)>N

be such that ¢, € F' (€, ) for all n € N and convergent to (¢, €, ). Since A is finite, it is without loss
of generality (possibly truncating some initial elements of the sequence) to take ¢, (a) > —a,, (a) for all
n € N and for all a for which ¢ (a) > —a (a). Then for all @ such that ¢ () > —« (a), there is a sequence
(6, i, V2 )\“) (A (A)? x A(Q) x 0, 2K/C])N such that 3a,, a, € B, (ay), v2 € M., (&), A\ €

n’’'n

dimensionality of Y and Q. It is readily checked that since they are stlll assumed to be compact, this does not create
any issues in the proof of their Theorem 2.
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B. (mingeg Yy 4 G (@) R (p}]|ga) /¢), and a € BR™ (v2). Since A(Q) and [0,2K/c] and A (A) are
compact (by Theorem 15.11 in Aliprantis and Border, 2013) by restricting to a subsequence we can take
(ozn, Oy V2 )\Z) e 0 be convergent to some (éz, a, v, )\d) e A(A)? x A(Q) x [0,2K/c]. Since My ()

is upper hemicontinuous v* € M, (&). Since by Lemmas 9 and 4 « + mingeg > o4 @ (a) R (p}]|ga) /¢

is continuous and BR() (+) is upper hemicontinuous,

X e min 3 é(a) R (p|a.) /e
€Q acA

and

deBR”(v&)Q{BRW):ﬁeMa(Bg(a))A {e(r;gnZan pa||qa>/).aeBg<a>}}

showing that (¢, e, a) belongs to the graph of the correspondence. 0
Observe that (ay),.y satisfies the following differential inclusion: for all a € A, t € N, h; € H;, and
ht+1 € Ht-l—l such that ht+1 - ht

a1 (i) (a) € {Qt(ht)( )+ Hil (Tgary (@) — au(fs)(a)) = d' € BR" (1 ('|ht))} '

Set 79 = 0 and 74 = Zl 15 1 for all t € N. The continuous-time interpolation of oy is the function
w:Ry — A(A)

+ [ FEt vVt € N,VI € |0,
w(Tt + l) — Qy Ti41—Tt [ t+1} (20)
aq t:O,\V/ZE [0,1]

We use the theory of stochastic approximation for differential inclusions (Benaim et al., 2005 and

Esponda et al., 2021a) to show that (20) can be approximated by a solution to
Qy € Xo, — Q- (21)

A solution over [0, 7], T" € Ry, to the differential inclusion (21) with initial point & € A(A) is
an absolutely continuous mapping o : [0,7] — A(A) such that o, = & and (21) is satisfied for
almost every t. Let SI be the set of the solutions to (21) over [0,7], T € R, ,, with initial conditions
& € A(A). A solution to (21) exists by Claim 5 and Theorem 2.1.4 in Aubin and Cellina (2012), i.e
ST is nonempty for every T € Ry and & € A(A). Let ST = Uaea(4)SE.
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Observe that w is Lipschitz continuous of order 1 as for all (h;),cy € XtenHs,

v (Pepr) = ai (h) lloo _ L/(E+1)
Tip1 — Tt T 1/(t+1)

hig1 = hy  VtEN = —1 WeN. (22)

Therefore w is absolutely continuous, as for all n € N and (lz,l~l>n g Yo w () —w <l~l> [loo <
S |li — I;]. Moreover, a; is uniformly bounded because it takes Vahllz?s in A(A).

By Claim 5, x, satisfies Hypothesis 1.1 in Benaim et al. (2005). Moreover, by Theorem 1 in Esponda
et al. (2021a) and Lemma 7 we have that Pr-almost surely, we eventually have pu (-|h;) € M. (ay (hy))

and

A(h) € B. (Iql'éiél Z a; (hy) (a) R (py/|¢a) /C>

for alle € R? . Thus, there is a sequence (& (hy)),. € RY, converging to 0 with aq (hy1) —oy (he) €
F (& (he), o (hy)).
Fix T' € N and define the flow operator G : C' (R, A (4)) x R -C (R, A (A)) as

G'(f)(s) = f(s+1) VfeC(R,A(A),Vs € RVt €R.

Claim 6. Every limit point of the restrictions of (G' (w)),cy on [0,T] is in ST.

This argument borrows extensively from the proofs Theorem 4.2 in Benaim et al. (2005) and The-
orem 2 in Esponda et al. (2021a). However they cannot be directly applied, because the interpolated
process w we consider is not a perturbed solution in the sense of Benaim et al. (2005). Indeed, it may
not be possible to find an « that jointly justifies a; as a best reply to beliefs in @) («) and the concern
for misspecification mingeq Y. @ (a) R (p;||ga) /¢, as perturbations of the empirical frequency oy,
in different directions may be needed for the concern and the belief. Nevertheless, the core of their
arguments can be adapted by leveraging the upper hemicontinuity of F' established above.

Proof of the Claim. Since w is uniformly continuous by equation (22), the family (G* (w)),y is equicon-
tinuous, and thus it is relatively compact in the topology of uniform convergence over compact sets by
the Arzela-Ascoli theorem (see Willard, 2012 Theorem 43.15 for the version with a noncompact do-
main). The topology of uniform convergence over compact sets is metrizable since A (A) is metrizable
and R is open (see Theorem 1.14b in Simon, 2020), and so there exists a limit point z = lim,, G* (w).
Define

m(t) = max{k € N: 7, <t}
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and for all s € R, v (s) = w' (1) = Qn(s)11 — Qm(s) € F (Em(s), Um(s)), and vy, (s) = v (t, + ) s0

(1)~ 2(0) = lim (G (w) (T) — G () (0))
T
= htin (w(T+t,) —w(ty)) = nangO i vy, (8) ds.
Since (v),cy is uniformly bounded, it is bounded in L? ([O,T] ,RA,Leb). By the Banach-Alaoglu
theorem (see Theorem 6.21 in Aliprantis and Border, 2013), (by restricting to a subsequence) we can
take (v,),cy to be a weakly-convergent subsequence with limit v* € L? ([0,7],R*, Leb). By Mazur’s
lemma (see Corollary V.3.14 in Dunford and Schwartz (1988)), there exist a function N : N — N and
a sequence of positive weights (p,, (n), ..., PN(n) (n))neN with Zi]i(:) p; (n) =1 for all n € N such that if

we define
N(n)

Up = Z Pi (n> Ui

then 9, converges with respect to the L? ([0, T], R4, Leb) norm, and thus almost surely, to v*.
Let 7 € [0,T] be such that lim,,_, 9, (1) = v* (7). For every t € [0, 7] and n € N, define

Tn (t) = ém(tn"l‘t) + ||w (tn + t) - am(hﬁ-t)“oo

and
wy (t) =w (t, +1).

Observe that by definition of w, (&),.y, and z,

lim v, (t) =0 and lim w, (t) = 2 (t).
n—yoo n—yoo
But then, by the upper hemicontinuity of F', for every € € R, , there exists N, such that for n > N,
F (v, (t),w,(t)) € B.(F(0,2(t))), where the latter set is closed and convex. But since v, (t) €
B. (F(0,z(t))), for all n > N also v, (t) € B- (F' (0,2 (t))). Therefore, v* € F'(0,z(7)). Since the fact
that v, is weakly convergent to v* implies by definition that lim,, fOT vy, (s)ds = fOT v* (s)ds we have
that z € ST. O
Therefore, by (ii) = (i) of Theorem 4.1 in Benaim et al. (2005) (see Esponda et al., 2021b for the

slightly corrected version used here)

lim inf sup ||w(t+s)—a,]| =0 Ppg-as. forall T e N. (23)

t—00 aeST g<s<T
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If a* € A(A) is not a mixed c-robust equilibrium, there is a € A with o*(a) > 0 and d, ¢ -
Since X has a closed graph and maps into the compact A(A), there exists D € Ry, such that for
all o' € Bp(a*), o/(a) — maxaey,, &(a) > a*(a)/2. Therefore, for every initial condition & € Bp(a*)
and every solution of (21), a(a) decreases at rate at least a*(a)/4 until it leaves Bp(a*). So for every
initial condition & € Bp(a*) and every solution, the differential inclusion leaves Bp(a*) before time
T%: =4(D + a*(a)) /a*(a).

With this, we can prove that (a; (hy)),.y does not eventually lie in a ball of D /2 radius around o*
on any sample path on which the convergence of equation (23) happens. Since the set of such sample
paths has probability 1 under policy II, this fact concludes the proof. Suppose by contradiction that
on one of such paths (ay (ht)),cy converges to a*. Therefore, we can choose T € N such that on that
sample path o, (h;) € Bpja(a*) for all t > T and

inf  sup |[w(T + s) —a,|| < D/4. (24)

aeST* 0<s<T™

Take any o € ST with supy <= w(T +5) —a,|| < D/2. Since w (T) € Bpa(a*), a € SI” for some

initial condition & € Bp(a*). But then by definition of 7* the differential inclusion leaves Bp(a*) by
time T* + 7', and by (24), (ay (hy)),en does not stay in Bpjs(a*), a contradiction. [

Proof of Corollary 1. We first show that for a sufficiently low ¢ there is no c-robust equilibrium.
Observe that

S a(a) R (le) =3 ala) / / log & (v, ) A% (4 ly) dp, ()

acA acA

where the conditional expectation of log ¢’ exists and is unique by Assumption 1 (i) and Theorem
10.1.1 in Dudley (2018). By Assumption 3 (iii) for all a € A we have that

0% € Ny, csuppp; Ieneiél / log G (yu, yx) dp}; (yuly=)
and for every § € © \ {#*} there is a set B € B(R) with p! ({y € Y : y, € B}) > 0 such that

/ log @z (Y, yx) dp;, (yuly=) > min / log @, (yur, y=) dp; (yulyr)
for all y, € B. Therefore for every a € A (A), we obtain
Q (C() — {q(9379fr:9fa793’9§)} . (25)
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Moreover, since §* perfectly predicts the consequences under policy 0, we have

. *| .0\ __
min R (pg|lgy) = 0.
By Assumption 3 (i) and Lemma 3 in Battigalli et al. (2022), BR%** (A (Q (0))) = {1}, and therefore
0 is not a c-robust equilibrium for any ¢ € R, ;. Since f; is strictly concave on R, by equation (25)
it follows that mingee R (pi||¢}) = R (pi|l¢!") > 0. By Assumption 3 (ii) and Lemma 8 there exists a
sufficiently small ¢ such that for all ¢ < ¢,

mingeo R(pllaf)

BR™ = (0p-) = {0}

proving that there is no c-robust equilibrium if ¢ < ¢. That a mixed c-robust equilibrium exists follows
from Proposition 4.4
In particular, the maximal (resp. the minimal) equilibrium is defined as the o such that >, , a (a) R (p%||¢) )
is equal to the maximal (resp. minimal) misspecification concern A such that 1 € BR(d¢+) (resp.
0 € BR*(dg-)). Since, by Assumption 3 (iii), a larger 6;_+ 0}, makes action 0 more favorable, the

comparative statics follows. [ |

A.2 Representation
A.2.1 Preliminaries

Let By (X) denote the set of all real-valued ¥-measurable simple functions endowed with the supnorm.
The subset of functions in By () that take values in C' C R is denoted as By (3, C). A functional
I : ® — R defined on a nonempty subset ® of By (X) is a niveloid if for every ¢, € &, I (p)—1(¢) <
sup (¢ — ). It is translation invariant if I (ap + (1 — ) kls) = I (ap) + (1 —a) k for all a € [0, 1],
¢ € ®, and k € R such that ap + (1 — a) ks and ayp are in ®. A niveloid is normalized if I (klg) =k
for all k& € R such that kg € ®. A function ¢ : A(S) — R, is grounded if ¢7'(0) # (). An event is

strongly nonnull if for every x,z’ € X with x = 2/, we have x > 2/ Ex.

A.2.2 Results

Our first lemma shows that the average robust control representation falls in the variational class.

44To formally invoke Proposition 4, that requires absolute continuity with respect to the true data-generating process
for all 6 € O, restrict the parameter space to {6#*}. Given equation (25) every mixed c-robust equilibrium with the
reduced parameter space remains a mixed c-robust equilibrium with the original ©.
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Lemma 10. Suppose that there exist a nonconstant affine function u : X — R, a nonempty and finite
QCA(S), pe A(Q), and (N\y)qeq € Rg such that for all f,g € F

: R (pllg) : R (pllg)
~—g<—=E E ———= | >E E —. 2
fzyg i Lemﬁ(%) p[u (f)] + N | 2B | i B [u(g)] + N (26)
Then 77, satisfies Weak Order, Weak Certainty Independence, Continuity, Monotonicity, Uncertainty

Aversion, Nondegeneracy, Weak Monotone Continuity, and admits the representation

f 7 g<= min /ﬁ(f)dp+é(p)2 min /ﬁ(g)dp—l—é(p) (27)
peEA(S) Jg peEA(S) Jg
for some nonconstant affine u : X — R and a grounded, convex, and lower semicontinuous function

¢: A(S) — [0,00]. Moreover, we can choose i = u and ¢ is such that ¢~ (0) = E, [q].

Proof. We first observe that without loss of generality we can take u to be such that 0 € intu (X) in
the representation of equation (26). Indeed, since u is nonconstant and affine, there exists x € X with
u(z) € intu (X). Define v/ (y) = u (y) — u(z) for all y € X. Then, we have

rro = B 0]+ U] s g i 8+ L]

peA(s) P A EA(S) Ay

: R (pllq) : R (pllq)

<= m / — 2 > m / - 7
B LeAl(%) By [w (F)) + A = By peAl(I}S‘) B, [ (9)] + g

and 0 € intu' (X).
Fix ¢ € Q. The functional I, : By (X, u (X)) — R defined as

1

¢(p): = min /Sso(S)derAq

By (S, u (X
Jnin R (pllq) Vo € By (3, u (X))

is easily seen to be monotone, translation invariant, and concave by Theorem 11.13 in Aliprantis and

Border (2013) and the concavity of the minimum. Since @ is finite,
Ho) i = [ Le)dul)  VeeBy(Eu(x)
Q

is well-defined and I is monotone, concave, and represents =% Let ¢ € By (3, u (X)), k € u (X), and
v € (0,1). Since u is affine, X is convex, and 0 € intwu (X), we have vp + (1 — )k € By (X, u (X)),

45Here, represents is slightly abused to mean that f = g if and only if I(u(f)) > I(u(g)).
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v € By (X, u (X)), and

f(w+(1—7)k)Z/qu(er(l—v)k)du(Q)Z/qu(w)Jr(l—v)kdu(q)Zf(w)Jr(l—v)k-

But then, notice that

/Q ( e /s“<f Jdp+ %qmpuq)) du(q) = /Q I, (u(f)) dpe(q) = I (u ()

PEA(S)
where I is monotone and translation invariant. Therefore, by Lemma 25 in Maccheroni et al. (2006a),
I is a concave niveloid, and it is clearly normalized. With this, by Lemma 28 and Footnote 15 in Mac-
cheroni et al. (2006a) 77 satisfies Weak Order, Weak Certainty Independence, Continuity, Monotonicity,
Uncertainty Aversion, and Nondegeneracy.
Fix f,g € F, v € X, and (E;),oy € YN with By 2 Ey D ..., Ni>1 E; = 0, and f = g. Then, for all
q € Q, lim;_,, q(E;) =0 for all i € N and by Proposition 1.4.2 in Dupuis and Ellis (2011)

— e a(la(u@ls+u(Nls\n;)) — _/S\E' exp (—=Aqu (f (s))) dg (s) — /E exp (—Aqu (z)) dg (s) .

But then
lim —exp (=Ag (1, (u () Ip, +u(f)Is\g,))) = / —e I g (s)

1—00 S

that is

(u(f))-

lin T, (u () T, + 0 () Tog,) = —28 (Jsoxp (“Au(f (s))da(s) _

i—00 >‘q d

Since the statement holds for every ¢ in the finite Q and I (u (g)) < I (u(f)) = fQ I, (u(f))dp (q) there
exists i € N such that f(u (2)Ig, +u(f)Is\g,) > I (u(g)) proving that = satisfies Weak Monotone
Continuity. Thus, by Theorem 3 and Lemma 30 in Maccheroni et al. (2006a) it admits the representa-
tion in equation (27).

By the first part of the lemma we have
u(z) >u(d) <= 271 < a(z) > a(a)

and therefore by the uniqueness up to a positive affine transformation of u guaranteed by Corollary 5
in Maccheroni et al. (2006a) and the fact that every two affine functions that represent 77 on X are

positive affine transformations of each other (see, e.g., Theorem 5.11 in Kreps, 1988), we can choose
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u = 4. Finally, by (ii) <= (iii) of Lemma 32 in Maccheroni et al. (2006a) for every ¢ € @, and
ke€u(X), 0, (k) ={q}. Let k € intu (X) # () and observe that since Q is finite,

lim I (k + ap) — I (k) — lim E, [I; (k+ap)] —E, [1, (k)] _limE, I, (k + ap) — 1, (k)
al0 (6% al0 o al0 o

_ g |y el ta9) — L (R) | _ '

= E, E% . =E, {/S cpdq_ .

Now, applying (iii) <= (ii) of Lemma 32 in Maccheroni et al. (2006a), we obtain that the unique ¢
identified by the choice of @ has ¢! (0) = {E, [¢]} . |

Lemma 11. If E € X is strongly nonnull and 7 satisfies Weak Order, Weak Certainty Indepen-
dence, Continuity, Monotonicity, Uncertainty Aversion, and Weak Monotone Continuity, then g
satisfies Weak Order, Weak Certainty Independence, Continuity, Monotonicity, Uncertainty Aversion,

Nondegeneracy, and Weak Monotone Continuity.

Proof. Let f,g,h € F. By Completeness of 7 at least one between fEh =~ gEh and gEh = fEh
holds. Therefore, by definition of =g at least one between f =~ g and g Zg f holds.

Let f, f', f" € F, with f =g fand f' —g f”. By definition of >~ g, there exist h', h” € F such that
fER = f'EN and f'ER" = f'ER". Since E € ¥4, we have fER” = f'ER”. By Transitivity of -,
fER" = f"ER", and so by definition of =g, f =g f”.

Let f,g € F, z,2’ € X, and v € (0,1), be such that vf + (1 —~v)z Zg vg + (1 —~)z. Since
E € ¥y, we have (vf+ (1 —~)z)Ex = (vg+ (1 —~)z) Ex. By Weak Certainty Independence of
Zowe get (Vf+(1—7)a)E(yz+(1—-v)2) Z (vg+ 1 —v)a") E(yz+ (1 —7)a’). But then by
definition of =g, we have vf + (1 —v) 2’ ZZg vg + (1 — v) 2/, proving that g satisfies Weak Certainty
Independence.

Let f,g,h,h € F. Since E € X, we have that

{(velo1]:vf+A—=y)gzehy = {ve[0,1]:(vf+(1—7)g) EN Z hEN'}
= {y€[0,1]:vfEN + (1 —~)gEN = hEL'}

and

{vel0,1]:hzeyf+(1 =gt = {ye€l0,1]:hEN Z (vf+(1—7)g) EN}
= {y€[0,1): hEN = vfEN + (1 — ) gEL'}
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where the sets on the bottom lines are closed by Continuity of 2=, proving that - g satisfies Continuity.

Let f,g,h € F and f(s) Zg g(s) for all s € S. For every s € S, since F is strongly nonnull,
we cannot have g (s) > f(s), as otherwise we would have g (s) = f(s) Fg(s), a contradiction with
f(s) Zr g(s). Then, fEh 7, gEh by Monotonicity of 7Z. Therefore, by definition of =g, f ZZg g and
so 7~ g satisfies Monotonicity.

Let f,g,h € F,v€ (0,1) and f ~g g. Since E € ¥, fEh ~ gEh and by Uncertainty Aversion,
(vf+ (1 —=~)g) Eh = vfEh + (1 —~)gEh = fFEh. By definition of =g, this implies that vf +
(1 —7v)g zr f and so g satisfies Uncertainty Aversion.

Since F' is nonnull, there exist f, g,h € F such that fEh > gEh. But then, since £ € ¥, there is
no h' € F with gEh' = fER . Therefore, by definition of 7 g, f =g ¢g and g satisfies Nondegeneracy.

Let f,g,h € F, z € X, (E;),cy € &Y with Ey D Ey D ... and NMy>1E, = 0, and f =g g. Since
E € ¥y, fEh = gEh. Moreover, (E;), . where Ef = E; N E is such that Ef 2 E; O ... and
Np>1E, € Np>1E, = 0. Then (zE!f) Eh = xE. (fEh) for all i € N and by Weak Monotone Continuity
and the fact that fER = gFEh there exists ny € N such that (IE;LOf) Eh > gFEh. But notice that
(xEn, f) Eh = (xEjmf) Eh = gEh and therefore zE,, f >=g g, as E € Xg. [ |

Lemma 12. Let Q x {p} € Xy be strongly nonnull and contain at least three disjoint nonnull events,
and suppose = satisfies Weak Order, Weak Certainty Independence, Continuity, Monotonicity, Un-
certainty Aversion, Nondegeneracy, Weak Monotone Continuity, the Intramodel Sure-Thing Principle,

and Structured Savage. For every f,qg € F, we have

. R (qllp,) . R(qllp,)
= 0= m Pe) L)
fZo9 qul(%) Eqlu, (f)] + A, = qul(%) Eq[u, (9)] + X, (28)

where u, is a nonconstant affine function, A, € Ry, and p, € A(S). Moreover, u, can be chosen to be

the same for all such p and suppp, C Q x {p}.

Proof. By Lemma 11 7, satisfies Weak Order, Weak Certainty Independence, Continuity, Mono-
tonicity, Uncertainty Aversion, Nondegeneracy, and Weak Monotone Continuity. We now show that
for every f,g,h,h € F and E € X, we have

fEh =, gEh = fEh =, gEh.

Observe that by definition of 2Z,, fEh 7, gEh implies that there exists h € F such that (fER) ph =
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(gEh) ph. But then, there exists b’ € F such that

FE) ph 2z (gEh) ph

F{(or) (00) € BN 2 3 (o) () € EY )

fAlw. ) (), (w,p) € EY ) ph 25 (g{(w, ) : p' € A (), (w, p) € E}h) ph
fAw,p): (Q),(w,p) € E}R) %, (g{(w,p)) : p' € A(Q), (w,p) € E} 1)
fAw, )i p € A(Q),(w.p) € E}YR) Z, (9{(w.p) : /' € A(Q), (w,p) € E} D)
flw,p) 0 € AQ), (w,p) € EYh) ph' Z (g{(w, p)) : 0" € A(Q),(w,p) € E} ) ph
fAwp): (w,p) € EYR) ph' Z (g {(w,p) : (w,p) € E}h) pl’

fER) ph' = (9ER) ph' = fEh =, gEh

R EE

where the third, fifth, and eighth implications follow from the definition of -

follows from the Intramodel Sure-Thing Principle, and the other implications only rewrite the acts

the fourth implication

~pP)

involved.

Next, observe that if £ C Q x {p} is nonnull, then there exist f,g,h € F with (fEh) ph = fEh >~
gEh = (gEh) ph. By Structured Savage P2, this implies that fEh >, gEh, so that £ is nonnull for the
preference 7,. With this, the first part follows from Theorem 1 in Strzalecki (2011). For the second
part, notice that by Theorem 3 and Lemma 30 in Maccheroni et al. (2006a), 77 admits a variational

representation:

rro= min ([unasew) = nin ([u@awco) (29

peEA(S) pEA(S)
for some nonconstant affine u : X — R and a lower semicontinuous and grounded function ¢ : A (S) —
[0, 00].
Next, notice that 7= and 7, coincide on X. Indeed, let z > 2’. Since 2 x {p} is strongly nonnull
x > o'pr and given that 2 x {p} € Xy it follows that x >, 2’. Conversely, let x 2 2, then by equation
(29) u (z) > w(2'). Since c is grounded, there exists ¢* € A(S) with ¢ (¢*) = 0. But then

u ()

v

u(2)g" (2 x {p}) + (1 —q (2 x{p})) u(x)
> min (u(2)qg(Qx{p})+ (1 —=q(Qx{p}))u(x)+c(q))

qeA(S)

that is, z (2 x {p})xz Z 2/ (2 x {p})z, and = 7, 2’. Therefore, by the uniqueness up to a positive

affine transformation of u guaranteed by Corollary 5 in Maccheroni et al. (2006a) and the fact that

every two affine functions that represent 77 on X are positive affine transformations of each other (see,
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e.g., Theorem 5.11 in Kreps, 1988), we can choose u = u,. Suppose by way of contradiction that there
exists £ € ¥ such that EN(Q x {p}) =0 and p, (E) > 0. Let z,y € X with = > y. Then,

wle) > u)py (B) 40 (0) (1 =9, () = min [ w(yEr)dg + - Raln,)

and so by equation (28), x >, yEx. But since z = 2 (Q x {p}) z, x = (yEx) (2 x {p}) z and Q x {p} €
Y& this would imply x > x, a contradiction to the Weak Order of . [ |
Lemma 13. Suppose that the assumptions of Theorem 3 hold. Let - be such that for all f,g € F

R R
f2g=E,| min E,[u(f)]+ W] >E, Lg&%) E, [u(g)] + —(fq””

where u : X — R is a nonconstant affine function, QCA (S) is a finite and nonempty set such that
q ({w,pq}) = p, (W) Vg € Q,Yw € Q, (30)
for some p, € A(Q), p€ A(Q), and ()\q)qu € ]Rg. Then:

1. For every Q) x B € ¥, and f,h € F

/Q min /SU(foBh) dp + R wlla) du (q)

PEA(S) Ag

-/ i By (D] + D g )+ [ min. B, [u ()] + 21D g ().
{ Q

qEQ:pqEB} PEA(S) )‘q \{qu:pqu} pEA(S) P )\q

2. For every Q x B € ¥, ifu({qEQ:pqEB}) =0, then Q x B is null.
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Proof. 1) Let Q x B € ¥, and f,h € F. We have

/ min /u(fngh)derwdu(Q)
Q s

pEA(S) q

_ [{ min /Su(fngh)derR(pHQ)du(Q)

qGQ:pqu} PEA(S) )\q
) R
+/ min /u(foBh) dp + @du (¢)
Q S

\{qEQ:quB} PEA(S) q

= /{ min /Su(meh)der%HQ)du(q)

qEQIPqEB} PEA(S):¢>p q

. R (pllg)
_|_/Q min /Su(foBm dp+ ———du(q)

\{quipqu} p€A(S):q>>P )\q

:/{ min B, [u(f)] + D g, o

4€Qip,eB} pEA(S):¢>p Ag
+ min  E,[u(h) + ——=d
A ey Bl ]+ 2
: R (plla) . R (plla)
= min B, fu (/)] + 0 D) + [ min B, fu ()] + 0%y (g)
/{quzpqEB} PEA(S) b )\q Q\{qEQ:pqu} pEA(S) P )‘q
where the third equality follows from the fact that by equation (30) ¢ > p and p, € B imply suppp C
suppg C 2 X B (and conversely ¢ > p and p, ¢ B imply suppp C suppg C S\ (2 x B)).
2) It follows from 1), since in this case for every f,g,h € F

foBh i ngBh

. R (plla) : R (plla)
— min E, [u(h —|——d,uq2/ min E, [u(h)] + ————=du(q
/{qe@pq@} iy Bl + =3 Lau@ 2 [ o B ]+ 22 Bt
and the RHS is always trivially satisfied as an equality. [ |
Lemma 14. Suppose that the assumptions of Theorem 3 hold and for all f,g € F
. R (pllq) . R (pllq)
> M > MR/
fZ9g—E, pénAl(%) Ep [u ()] + Y > E, pg&%) Ep[u(g)] + Y

where u : X — R is a nonconstant affine function, QCA (S) is finite, nonempty, with
q({w,p,}) =p, (W)  VYgeQ VweQ,
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for some p, € A(Q), p € A(Q), and (Ag) ¢ € RY. Then = satisfies Uniform Misspecification Concern
if and only if there exists \* with A\, = \* for all ¢ € suppp.

Proof. (If) Let p,p' € A(Q), f,g € F, and z € X be such that Q x {p} and Q x {p'} are nonnull,

pHw: f(w,p)=y}) =p {w:gw,p)=y}) VyeX, (31)

and f Zaxqp . Since Q x {p} and Q x {p'} are nonnull, by part 2 of Lemma 13 there exist ¢,q" €
Q with u({q}) > 0, u({d'}) > 0, p, = p, and p, = p’. Let ¢(c) = —exp(—A'c) for all ¢ €
u(X) and £ € A(X) be the finite support probability measure such that for all y € X, {(y) =
q ({(w pq)  f (w,p,) = y}) then [, ¢ (u(f))dg = [ ¢ (u(y))dE (y). Moreover, equation (31) implies
Joo( dq = [ ¢ (u(y))dg (v). Therefore by Lemma 13 both f Zax{,  and g Zax{y} T mean
that f " (y))dé (y) > gb( (x)) proving that 77 satisfies Uniform Misspecification Concern.

(Only 1f) Suppose by way of contradiction that there exist ¢,¢' C @ and k € Ry, with u ({¢}) >0

n({q'}) >0, and
Ag >k > Ay (32)

By Lemma 13, Q x {p,} and Q x {p,} are nonnull. Therefore, since the state space is adequate there
exist W, € A(Q), Wy, € A(Q) and ¢ € (0,1) with p, (W,) = p, (W) = ¢. Moreover, ¢ (W, x {p,}) =
c=4¢ (Wq/ X {pq,}) and q (Wq/ X {pq,}) =0=¢ (Wq X {pq}). Pick z,y € X with 2z > y. We have
that

pg ({w 2 (Wy x {p,}) U (W x {pg})) y (w,p,) = 2})
py ({w ez (Wy x {p,}) U (Wy x {pg})) y (w,py) = 2})

for all x € X. By the convexity of X and Lemma 13 there exists 2 € X withz >~ 2 > y and
z ((Wq X {pq}) U (Wq/ X {pq,}))y ~py T But by equation (32) and Lemma 13 we have & >,
z ((Wq X {pq}) U (Wq/ X {pq,})) y, a violation of Uniform Misspecification Concern. [ |

Proof of Theorem 3. (Only if) That 7 satisfies Weak Order, Weak Certainty Independence, Con-
tinuity, Monotonicity, Uncertainty Aversion, Nondegeneracy, and Weak Monotone Continuity follows
from Lemma 10.

Let p e A(Q), W C Q, f,g,h,h € F, and fWh z, gWh. If Q x {p} is null then we trivially
have fWh' =7, gWh'. Therefore, suppose 2 x {p} is nonnull. By Lemma 13, and since ¢ + p, is
injective, there exists ¢ € A (S) with p; = p, u({q}) > 0, and minyea(s) [gu (fWh)dp + R (p||7) >
minyea(s) [gu (9Wh)dp+ ;R (p||g). By Proposition 1.4.2 in Dupuis and Ellis (2011) this is equivalent
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to [o ¢ (u(fWh))dg > [;¢ (u(gWh))dg with ¢ (-) = —exp (=X (-)). This is also equivalent to

u dq u(h))dq u dq uw(h))dg
[ewomas [ owonarz [ oweyda [ owimag

or foA(Q) ¢ (u(f))dg > foA(Q) ¢ (u(g))dg. But then, by reversing all the steps with A’ in place of h
we get fWh' 2, gWh' and therefore 7 satisfies Intramodel Sure-Thing Principle.

Moreover, = satisfies Uniform Misspecification Concern by Lemma 14. That there is a finite set
B C A () such that Q x (A (Q) \ B) is null immediately follows from the representation and part 2
of Lemma 13. Let Q x B € ¥, and f,g,h,h' € F. If Q x B is null, we clearly have that 2 x B € ¥.
Suppose ) x B is nonnull, then

fQxBh = ¢g(QxB)h
(pllg) = (pllg)
: R(pllq . R(pllq
/{qurpqu} PénAl(%) Ep [u <f)] " )‘q e <Q) - /{qu:pqu} pénAl(%) Ep [U (9)] N /\q e (q)
<~
f@Q@xBYh = g(QxB)W

where the two equivalences follow by Lemma 13. This proves that {2 x B € ¥ . Since B was chosen
to be an arbitrary measurable subset of A (), X, C X, and Structured Savage P2 holds.

That = satisfies Structured Savage P4 and Uncertainty Neutrality over Models immediately follows
from Lemma 13 and the representation.

(If) By Structured Savage’s P2, 3, C 3. Suppose F € ¥ is nonnull, and let z,2" € X with
x > x'. Then there exist f, g, h € F such that fEh = gFEh. Since f and g are simple acts, they assume
finitely many values, and by Weak Order, there exist z,x € X with

z 7 f(s), 9(s) Zz, Vs € E.

Since F € ¥, C Xy, fEZ = gEZ. By the Monotonicity and Weak Order parts of the Variational
Axiom, 20r = TET = fET = gET = xEZ. Therefore, by Structured Savage P4, x = 2'0z > 2'Ex.
Since E € ¥, and x, 2’ € X were arbitrarily chosen, each nonnull £ € ¥, is also strongly nonnull.
Next, fix a finite B C A (), such that for each p € B, Q x {p} is nonnull, and such that S\ {2 x B}
is null. Such a set exists by the Structured Savage axiom, and the cardinality of B is at least 3 by

assumption of the theorem. For every p € B, by the previous part of the proof 2 x {p} is strongly
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nonnull and so by Lemma 12 we have

1
. . .
fZpg = pénAl(nS)/SU(f) dp+—ApR(pllqp> (33)

for some g, € A (S) with support contained in 2 x {p} and a nonconstant affine .
Claim 7. We have g, = p X 6,.

Proof of the Claim. Since the space is adequate, there exists v, € (0, 1) such that p(w) € {0,v,}. In

particular, by applying Uniform Misspecification Concern with p = p, we obtain that ¢, (w, p) = v, if

and only if p (w) = v,, and the desired conclusion follows. O
Let

Q=1{q, € A(S) : p€ B} (34)
Identify each act f € F with the real-valued function f: Q — @ (X) with

R 1
= mi 6 (f)dp+ —R Vp e B
Fla = min [a(Dap+ ROl %
where ), is given by equation (33).
We now show that

~

f=9g= f~g VfgeF.

We partition S in {{Q X p}oep S\ {02 % B}} and establish the claim by induction on the number of

cells of the partition on which f and g are not identical. Let f and g be such that f = § and they differ
on one element of the partition, say £. Then f = fFEg ~ g by definition of ~p and Structured Savage
P2, so f ~ g. For the inductive step, suppose that whenever f and g are such that f = ¢ and they
differ at most on n € N elements of the partition, we have f ~ ¢g. Let f and g be such that f = ¢ and
they differ on n + 1 € N elements of the partition. Let E be an element of the partition on which they
differ. Then, fFEg and g differ on one element of the partition, and fFEg and f differ on n elements of
the partition. Therefore, by the inductive hypothesis, we have g ~ fEg ~ f.

Moreover, it is immediate to see that (X)Q C {f fe .7-"}. Therefore, with a slight abuse of

notation we let 2~ denote also the binary relation on @ (X )Q defined by f = ¢ if and only if f = g.

Claim 8. For every v,v',w,z € 4 (X), p€ B, and v € (0,1)

vw Z (Yo + (1=7)v), 2z <= (1—=7)v+),w 2 v,z

Proof of the Claim. If v = v’ the equivalence is obvious. Suppose without loss of generality that v > v.
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1. Let vyw 2 (yv + (1 — ) v') , 2. By Monotonicity, Structured Savage, and since 2 x {p} is strongly
nonnull, this implies that w > z. Then, by Continuity, Structured Savage, and the fact that Q x {p}
is strongly nonnull there exists « € [0, 1] with

vp (aw+ (1 —a)z) ~ (yo+ (1 —=7)0), 2.

By Uncertainty Neutrality over Models, this implies that ((1 — ) v+ '), (aw + (1 — a) 2) ~ v,z. By
Monotonicity, this implies that ((1 — ) v +7v"),w Z v,z

2. Let ((1 = y) v +'),w Z v,z. By Monotonicity, Structured Savage, and since $2x {p} is strongly
nonnull, this implies that w > z. Then, by Continuity, Structured Savage, and the fact that 2 x {p} is
strongly nonnull there exists a € [0, 1] with ((1 —v)v +7v'), (aw + (1 — @) z) ~ vj,2. By Uncertainty
Neutrality over Models, this implies that v, (cw + (1 — a) z) ~ (yv + (1 —v)v'), z. By Monotonicity,
this implies that vyw 22 (yv + (1 —7)v), 2. O

By the previous claim, Continuity, Structured Savage, and Theorem VII.3.5 in Wakker (2013)%

there exists 1 € A (Q) such that for all 1, ¢’ € @ (X)%

Py = D> b(@ple) =D W (@ pl).
q€Q q€Q

Moreover, by Observation VII.3.5 in Wakker (2013), u is uniquely identified.
But then, by definition of -, we obtain that for all f,g € F

R R
fZ9=E, Lg&%) Ep [u(f)] + %} >E, |:p£nAi(I}9) E,[u(g)] + (];qu)

Moreover, by Lemma 14 Uniform Misspecification Concern implies that A\ = A, for all p € B, proving
the result. [ |

46Formally, one needs to apply Theorem VIL.3.5 in Wakker (2013) twice. The first application gives

Y = Y U, (0(g) =D Uy (¢ (g)
qeQ qeQ

for some concave and increasing functions (U, : @ (X) — R)q cg- The second application is to the preference 77~ defined
over (@ (X))? by ¢ =~ ¢ if and only if ¢’ = ¢ for all ¥, 9’ € (4 (X))?. It gives that for all ¥,¢ € @ (X)%

bR = T = Y Uy (W) =) Uy () = > Uy (W(g) = > Uy (¢ (9)
q€Q qeQ q€Q qeQ

for some decreasing and concave functions (U; 2 (X) — R)qe o But since —U, () is an increasing and convex

function, then by Observation VII.3.5 in Wakker (2013) 1 - ¢ if and only if > qc0 UF (¥ (q) > > qc0 UL (¢ (q)) for

some increasing and linear functions (U qL (X)) = R)qe o’ and the result follows by the Riesz Representation theorem.
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Proof of Corollary 2. It immediately follows from Lemma 10 and Proposition 8 in Maccheroni et al.
(2006a). [ |

Proposition 8. Suppose: (i) For every h € H, =" satisfies the axioms of Theorem 3 and (ii) (ih)heﬂ
satisfies Constant Preference Invariance and Dynamic Consistency over Models. Then for every h € H,

" admits an average robust control representation (u,Q, p (-|h), \n) where

g ({w,p,}) =p,(w)  VgeQVweQ.

Proof. That each =" admits an average robust control representation (uy,, Qp, fi5,, \r,) Where ¢ ({w, pq}) =
p, (W) for all ¢ € Qp, and w € Q for some p, € A(Q) follows from (the proof of) Theorem 3. That
uy, = u for some constant affine v follows from Constant Preference Invariance.

We now prove that Dynamic Consistency over Models implies i (-|h¢) = py, for all hy = (wi)le € H;
such that []'_, pg (wi) > 0 for some ¢ € Q. By definition, we have y,,, = p for the empty history. Let
f and g be measurable with respect to ¥;. Then we can suppress the dependence on w in f (w, p) and
g (w,p) and we have that f =" ¢ if and only if f" =9 g

But by construction, the latter is equivalent to

t

T1(ea) Hpq (wi) (u(2) —u(z))

=1

E, >E,

=1

t
o) LL 2o (@0) (0(2) = (z))] .
Dividing both sides by the strictly positive ex-ante probability of history h;, we obtain

B [715(p) Tt 4 ) (0 2) = 2] B [y, Tty () (0 (2) — w(2)]
fA(A(S)) H§=1 pq (wi) du(q) - fA(A(S)) H§:1 pq (wi) dpe (q) '

But then, by the formula for Bayesian updating, this is equivalent to

/A(A(S)) V1) (u(2) —u(z))du(qlh) > /A(A(S)) Yo(r) (u(2) — u(2)) du (qlh)

that is fA (M) u (f (pg))dp (qlhe) fA ( (pg))du (glhe). Stated differently, =" admits an
SEU representation of the acts measurable Wlth respect to X, with Bernoulli utility « and probability
measure £ (-|h;). Since for the histories h; = (w;)'_, € H; where []._, py (wi) = 0 for all ¢ € Q Bayesian

updating does not impose any restriction, the result follows. [ |

Proof of Proposition 5. By Proposition 8, =" admits an average robust control representation

(u, @, p(-|h), \p) for every h € H. Observe that since the outcome frequency is converging along the
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LLR(h,Q

sequence (h¢),cp, im0 ; ) =1 /c for some ¢ € R, .. Suppose by way of contradiction that

Ahy

l: =liminf A" = liminf M < lim SUP TR — limsup cA,, =: L.

n—0o00 t—oo LLR(h,Q) t—o0 =L t—00
t t

Let ¢ € @ be such that © x {pq} is nonnull and so that ¢ € mingeq R (p||g). Since € x {pq}
contains at least three nonnull events, by Lemma 13, there is £ C W and r € (0,1) with p, (E) = r.
Let z,z € X, v*,v, € (0,1), and \*, \, € (ﬁ, %) be such that = =? z, \* > \,,

—p(q)log (rexp (=A™ (u(2))) + (1 — 1) exp (=A" (u(x)))) B 1 (q) (s
f (mingeg R (pllg)) A* " (1 p1 (mingeq R(PHCI))) =)
= u(Yr+(1-7")2)),

—p1(q) log (rexp (=A (u(2))) + (1 —r)exp (A (u(z)))) B 1 (q) (s
p (mingeg R (pllq)) A " (1 f (mingeq R(P||€I))> =)
= u(vx+(1-7,)2),

*

where the existence of such 7,,7* is guaranteed by u being affine. Moreover, it is easy to see that

7, > 7*. Consider a subsequence (t,),,cy such that

lim e\ = .
n—oo

Moreover, let M € N be such that for all n > M

Ao+ L

M < 2

2

Similarly, let (7);cy such that

lim e\ = L.

n—o0
Moreover, let M € N be such that for all 7 > M

N+ L

Mt > e
2

With this, by Proposition 8 and Proposition 1.4.2 in Dupuis and Ellis (2011) we have that for all

n>Mand 7> M
x(EX3p-¢ )z x(EX3p-¢ )z %
Pyig‘tn {PQ}) >, and 7>€ltﬁ {pq}) <A
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But this in turn implies that " is never (z,y, (E x {pq}) , (7, —~*))-similar to Zhe,, for
min {n,n} > maX{M,M} ,

a contradiction. This shows that either A,, converges or it diverges to plus infinity. The last part of the
statement immediately by taking E' in the first part of the proof to be equal to the one whose existence

is asserted in the statement, and by the construction of v, and v* above. |

Proof of Proposition 6. By Proposition 8 we know that each =" admits an average robust control
representation (u, @, u (-|h), An). Without loss of generality suppose that u ({¢}|0) > 0 for all ¢ € Q.
Let (A, ),en € XnenQ™ be a sequence of histories with empirical frequency p ¢ {pq 1q € Q} Observe

that since the outcome frequency is constant along the sequence (hs,),cn; %ﬂt”’@ = ¢ for some
c € R, and for all n € N. Suppose by way of contradiction that
LLR (hy,,
L: = limsup LLE(h, @) _ (35)
n—00 )\htn 2fn

o € (QQ)Q such that p, (W) = k for
all ¢ € Q. Define F = Ugcq (Wq X {pq}). Let x,y € X with z >0 y and choose also z € X such that
" 2"y and

Since the state space is adequate there exist k£ € (0,1) and (W)

—exp (—27u(2)) = —kexp (—27u(@)) = (1= k) exp (—27u ()

where the existence of such z is guaranteed by u being affine and X being convex. Let f € F be defined

as f = xFy. But then equation (35) implies that for infinitely many n € N
f >—;“” z

a contradiction with Asymptotic Concern for every p € {pq 1q € Q}. [ |

Proof of Proposition 7. By Proposition 8 we know that each =" admits an average robust control

representation (u, @, (-|h), \y) where

q ({w,pq}) = p, (W) Vg € Q,Vw € Q,

for some p, € A (£2). Without loss of generality suppose that u ({g} |#) > 0 for all ¢ € Q. Consider a

sequence of histories (hy, ), oy With outcome frequency constant and not in { Pg:qE Q}. Observe that

LLR(ht,,Q)

neN> i = ¢ for some c € R,

since the outcome frequency is constant along the sequence (hy,)

76



and for all n € N. Suppose by way of contradiction that

L: = liminf —LLR (P, Q)

n—00 )‘htn tn

eR. (36)

As the state space is adequate there exist k € (0,1) and (W) ., € (2Q)Q such that for every ¢ € @,
py (Wy) = k. Let #,z € X and 7 € (0,1) be such that z = z and

—In (k; exp (%) +(1—k)exp (—2 m_aiu{(f,)z,})) _ el (27;:1; %,_L? =),

where the existence of such « is guaranteed by u being affine, and v < k. Define ' = U, (Wq X {pq}).

Consider a subsequence (n,,),, .y such that

Moreover, let M be such that for all m > M

1

P . S—
/e> 2max {1, L}

With this, by Proposition 8 if we let > be the subjective utility preference with utility index u and
belief fQ pdu (q), we have that for all m > M

TzEz zEz o
Yt <~ and Viltng = k.

By Corollary 2, this contradicts Asymptotic Leniency as then 2Z"nm and >"nm are not (z,y, F,k — )-
similar for m > M. [ |

A.2.3 Extensions

Proof of Lemma 1. By assumption of the lemma, for all ¢ € N, we have

S 0 [ 1o (200 g

acA 1—1 Y Ga (ht) (y)

= (Ziﬂ{a} (ar) ( /Y log (Fa (he) (y)) dpy* (y) — /

acA =1 Y

10g (qa (Re) (y)) dp}y! (y)>> /t.

7



So

. t Fa (he) W) 5 pe
tlggz Z]I{a} (ar) /ylog (m) dpa* (y) /t

acA =1

= lim > > Iy (ar) /Y log (7 (he) (y)) dplyt (y) /1t

t—o00
a€A =1

i Y I (o) / log (da () (4)) dpl* (y) /t

t—o00
acA =1

= lim min Z Z Iiay (ar / log (ra (he) (y)) dpl (y) /t

t—o00 N
reN@) GAT 1

— l 1 ]I a T 1 ~a d he t
;gomQZZ {}<a>/y 08 (G () dpl* (4) /

Observe that by Assumption 4 Lemma 5 holds with @ replaced by N (Q)). Therefore the result follows
from Lemma 5 and Theorem 17.31 in Aliprantis and Border (2013). n

A.3 Computations supporting Example 4

The condition for not switching from action 0 to an action a with a > 0 in a Berk-Nash equilibrium is
Pl (s < a) (Ep: (v) —a) <0.

By Proposition 1.4.2 in Dupuis and Ellis (2011), the condition for not switching from action 0 to an

action a with @ > 0 in a c-robust equilibrium is

pqua Og/ / P ( p“Hq“) [0 — a] T4 (s)) dp? (s) dp? (v) < 0.

Since E,: (Jv]) < oo, by Jensen inequality (see 10.2.6 in Dudley, 2018 for the version that applies here)

the LHS is lower in the second case, and we obtain the desired conclusion.

A.3.1 Additional Examples

Example 5. To provide a simple illustration of dynamic inconsistency, we consider the two-period
truncated problem. An urn contains black (b) or green (g) balls. At each period, the DM is asked to
bet 1 dollar on the color of the ball drawn from the urn or to opt out (o) and observe the drawn ball

with a certain payoff of 0.6. That is, u(a,y) = Iy, (a) if a € {b,g} and u(o,y) = 0.6. Suppose that at
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period 0, the level of concern for misspecification is A (hg) = 0 and that the agent considers two models,
q,q, that assign respectively probability 0.7 and 0.3 to drawing a black ball, independently of the agent
action. The prior i assigns equal probability to these two models.

To illustrate the possibility of dynamic inconsistencies of a forward-looking agent, we introduce a
discount factor equal to 6 = 0.9 and suppose that A ((0,b)) = 2. In this case, at time 0, the decision
maker would like to commit to the following plan: opt out in the first period and then, in the second
period, bet on the color of the ball drawn in the first period. However, the increase in concern for
misspecification created by the observation of the black drawn makes this plan not feasible: at history

(0,b), the agent will opt out again.

Example 6. Suppose that A ={0,1}, Y = {-1,0,1}, u(a,y) = ay — 0.111} (a) and Q = {q,q'} with
Go=q =0andl—q (-1)=q (1) =09=1-¢ (1) =q;(—1). In reality, p* = q. Therefore,
the agent is correctly specified and the objectively optimal action is 1. However, take a uniform prior
o Regardless of the misspecification concern, the agent will always play action O because it delivers a
higher value under belief i, and any concern for misspecification X. Since, by playing 0, they will observe
outcome O for sure, they will not update their belief and remain stuck on a, thus failing consistency
under correct specification. This is consistent with Proposition 1 as Q (0) = {q,q'} here, failing point
identification.

This phenomenon has nothing to do with the normative appeal of the way in which the concern
for misspecification is adjusted because we should not expect even correctly specified but impatient SEU
agents to be consistent. The insight of Theorem 1 extend in the following way. When an agent employs
the LLR rule for misspecification concern, we have that as we let the patience of the DM grow to 1, the

loss with respect to the objectively optimal action goes to 0.

References

Aitkin, Murray (1991). “Posterior bayes factors”. Journal of the Royal Statistical Society Series B:
Statistical Methodology 53, pp. 111-128.

Aliprantis, Charambolos and Kim Border (2013). Infinite Dimensional Analysis: A Hitchhiker’s Guide.
Springer-Verlag.

Anderson, Evan W, Lars Peter Hansen, and Thomas J Sargent (2003). “A quartet of semigroups
for model specification, robustness, prices of risk, and model detection”. Journal of the European

Economic Association 1, pp. 68-123.

79



Anderson, Robert M, Haosui Duanmu, Aniruddha Ghosh, and M Ali Khan (2024). “On existence of
Berk-Nash equilibria in misspecified Markov decision processes with infinite spaces”. Journal of
Economic Theory 217, p. 105813.

Angeletos, George-Marios, Zhen Huo, and Karthik A Sastry (2021). “Imperfect macroeconomic expec-
tations: Evidence and theory”. NBER Macroeconomics Annual 35, pp. 1-86.

Arrow, KJ and JR Green (1973). “Notes on Expectations Equilibria in Bayesian Settings”. Working
Paper No. 33, Stanford University.

Aubin, J-P and Arrigo Cellina (2012). Differential inclusions: set-valued maps and viability theory.
Vol. 264. Springer Science & Business Media.

Ba, Cuimin (2024). “Robust Model Misspecification and Paradigm Shifts”. arXiv preprint arXiv:2106.12727.

Banerjee, Abhijit V, Sylvain Chassang, Sergio Montero, and Erik Snowberg (2020). “A theory of ex-
perimenters: Robustness, randomization, and balance”. American FEconomic Review 110, pp. 1206—
30.

Barillas, Francisco, Lars Peter Hansen, and Thomas J Sargent (2009). “Doubts or variability?” Journal
of Economic Theory 144, pp. 2388-2418.

Battigalli, Pierpaolo (1987). “Comportamento razionale ed equilibrio nei giochi e nelle situazioni so-
ciali”. Unpublished undergraduate dissertation, Bocconi University, Milano.

Battigalli, Pierpaolo, Simone Cerreia-Vioglio, Fabio Maccheroni, Massimo Marinacci, and Thomas Sar-
gent (2022). “A framework for the analysis of self-confirming policies”. Theory and Decision, pp. 1—
58.

Battigalli, Pierpaolo, Alejandro Francetich, Giacomo Lanzani, and Massimo Marinacci (2019). “Learn-
ing and self-confirming long-run biases”. Journal of Economic Theory 183, pp. 740-785.

Benaim, Michel, Josef Hofbauer, and Sylvain Sorin (2005). “Stochastic approximations and differential
inclusions”. SIAM Journal on Control and Optimization 44, pp. 328-348.

Berk, Robert H (1966). “Limiting behavior of posterior distributions when the model is incorrect”. The
Annals of Mathematical Statistics, pp. 51-58.

Bohren, J Aislinn and Daniel N Hauser (2021). “Learning with heterogeneous misspecified models:
Characterization and robustness”. Fconometrica 89, pp. 3025-3077.

Cabrales, Antonio, Olivier Gossner, and Roberto Serrano (2013). “Entropy and the value of information
for investors”. American Economic Review 103, pp. 360-77.

Casella, George and Roger L Berger (2021). Statistical inference. Cengage Learning.

Cerreia-Vioglio, Simone, Roberto Corrao, and Giacomo Lanzani (2024). “(Un-)Common Preferences,

Ambiguity, and Coordination”. mimeo.

30



Cerreia-Vioglio, Simone, Lars Peter Hansen, Fabio Maccheroni, and Massimo Marinacci (2024). “Mak-
ing decisions under model misspecification”.

Cerreia-Vioglio, Simone, Giacomo Lanzani, and Roberto Corrao (2024). “Nonlinear Fixed Points and
Stationarity: Economic Applications”. Proceedings of the 25th ACM Conference on Economics and
Computation, pp. 400-400.

Cerreia-Vioglio, Simone, Fabio Maccheroni, Massimo Marinacci, and Luigi Montrucchio (2013a). “Am-
biguity and robust statistics”. Journal of Economic Theory 148, pp. 974-1049.

— (2013b). “Classical subjective expected utility”. Proceedings of the National Academy of Sciences
110, pp. 6754-6759.

Chew, Hong Soo and Jacob S Sagi (2006). “Event exchangeability: Probabilistic sophistication without
continuity or monotonicity”. Econometrica 74, pp. 771-786.

Cho, In-Koo and Kenneth Kasa (2015). “Learning and model validation”. The Review of Economic
Studies 82, pp. 45-82.

Cho, In-Koo and Jonathan Libgober (2023). “Learning Underspecified Models”. arXiv preprint arXiv:2207.10140

Clarida, Richard, Jordi Gali, and Mark Gertler (2000). “Monetary policy rules and macroeconomic
stability: evidence and some theory”. The Quarterly journal of economics 115, pp. 147-180.

Cogley, Timothy and Thomas J Sargent (2005). “The conquest of US inflation: Learning and robustness
to model uncertainty”. Review of Economic dynamics 8, pp. 528-563.

Compte, Olivier and Andrew Postlewaite (2019). Ignorance and uncertainty. Cambridge University
Press.

De Filippis, Roberta, Antonio Guarino, Philippe Jehiel, and Toru Kitagawa (2022). “Non-Bayesian
updating in a social learning experiment”. Journal of Economic Theory 199, p. 105188.

Dean, Mark and Pietro Ortoleva (2017). “Allais, Ellsberg, and preferences for hedging”. Theoretical
Economics 12, pp. 377-424.

— (2019). “The empirical relationship between nonstandard economic behaviors”. Proceedings of the
National Academy of Sciences 116, pp. 16262-16267.

Dekel, Eddie, Jeffrey C Ely, and Okan Yilankaya (2007). “Evolution of preferences”. The Review of
Economic Studies T4, pp. 685-704.

Denti, Tommaso and Luciano Pomatto (2022). “Model and predictive uncertainty: A foundation for
smooth ambiguity preferences”. Fconometrica 90, pp. 551-584.

Diamond, Peter A (1982). “Aggregate demand management in search equilibrium”. Journal of political
Economy 90, pp. 881-894.

Dillenberger, David, Juan Sebastidn Lleras, Philipp Sadowski, and Norio Takeoka (2014). “A theory of
subjective learning”. Journal of Economic Theory 153, pp. 287-312.

81



Dillenberger, David and Kareen Rozen (2015). “History-dependent risk attitude”. Journal of Economic
Theory 157, pp. 445-477.

Dudley, Richard M (2018). Real Analysis and Probability. Chapman and Hall/CRC.

Dunford, Nelson and Jacob T Schwartz (1988). Linear operators, part 1: general theory. Vol. 10. John
Wiley & Sons.

Dupuis, Paul and Richard S Ellis (2011). A weak convergence approach to the theory of large deviations.
Vol. 902. John Wiley & Sons.

Enke, Benjamin and Florian Zimmermann (2019). “Correlation neglect in belief formation”. The Review
of Economic Studies 86, pp. 313-332.

Epstein, Larry G and Shaolin Ji (2022). “Optimal learning under robustness and time-consistency”.
Operations Research 70, pp. 1317-1329.

Epstein, Larry G and Martin Schneider (2007). “Learning under ambiguity”. The Review of Economic
Studies 74, pp. 1275-1303.

Esponda, Ignacio (2008). “Behavioral equilibrium in economies with adverse selection”. American Eco-
nomic Review 98, pp. 1269-91.

Esponda, Ignacio and Demian Pouzo (2016). “Berk—Nash equilibrium: A Framework for Modeling
Agents with Misspecified Models”. Econometrica 84, pp. 1093-1130.

Esponda, Ignacio, Demian Pouzo, and Yuichi Yamamoto (2021a). “Asymptotic behavior of Bayesian
learners with misspecified models”. Journal of Economic Theory 195, p. 105260.

— (2021b). “Corrigendum: Asymptotic behavior of Bayesian learners with misspecified models”. Jour-
nal of Economic Theory 195, p. 105260.

Esponda, Ignacio, Emanuel Vespa, and Sevgi Yuksel (2022). Mental models and learning: The case of
base-rate neglect. Tech. rep.

Fishburn, Peter C (1970). Utility theory for decision making. Wiley.

Foutz, Robert V and RC Srivastava (1977). “The performance of the likelihood ratio test when the
model is incorrect”. The annals of Statistics, pp. 1183-1194.

Frick, Mira, Ryota Iijima, and Yuhta Ishii (2023). “Belief Convergence under Misspecified Learning: A
Martingale Approach”. Review of the Economic Studies 90, pp. 781-814.

Fudenberg, Drew and David M Kreps (1993). “Learning mixed equilibria”. Games and economic be-
havior 5, pp. 320-367.

Fudenberg, Drew and Giacomo Lanzani (2023). “Which misspecifications persist?” Theoretical Eco-
nomics 18, pp. 1271-1315.

Fudenberg, Drew, Giacomo Lanzani, and Philipp Strack (2021). “Limit points of endogenous misspec-
ified learning”. FEconometrica 89, pp. 1065-1098.

82



Fudenberg, Drew, Giacomo Lanzani, and Philipp Strack (2023). “Pathwise Concentration Bounds for
Misspecified Bayesian Beliefs”. Theoretical Economics 18, pp. 1585-1622.

— (2024). “Selective Memory Equilibrium”. Journal of Political Economy, Forthcoming.

Fudenberg, Drew and David K Levine (1993). “Self-confirming equilibrium”. Econometrica, pp. 523—
545.

— (1995). “Consistency and cautious fictitious play”. Journal of Economic Dynamics and Control 19,
pp. 1065-1089.

Gagnon-Bartsch, Tristan, Matthew Rabin, and Joshua Schwartzstein (2023). “Channeled Attention
and Stable Errors”.

Ghirardato, Paolo and Massimo Marinacci (2002). “Ambiguity made precise: A comparative founda-
tion”. Journal of Economic Theory 102, pp. 251-289.

Giacomini, Raffaella, Vasiliki Skreta, and Javier Turen (2020). “Heterogeneity, inattention, and bayesian
updates”. American Economic Journal: Macroeconomics 12, pp. 282-309.

Gilboa, Itzhak, Stefania Minardi, and Larry Samuelson (2020). “Theories and cases in decisions under
uncertainty”. Games and Economic Behavior 123, pp. 22-40.

Gilboa, Itzhak and David Schmeidler (1989). “Maxmin expected utility with non-unique prior”. Journal
of Mathematical Economics 18, pp. 141-153.

Gul, Faruk and Wolfgang Pesendorfer (2014). “Expected uncertain utility theory”. Econometrica 82,
pp- 1-39.

Hall, Peter and Christopher C Heyde (2014). Martingale limit theory and its application. Academic
press.

Hansen, Lars Peter, Fabio Maccheroni, Massimo Marinacci, and Tom Sargent (2025). “Distributional
Ambiguity and Misspecification”.

Hansen, Lars Peter and Thomas J Sargent (2001). “Robust control and model uncertainty”. American
Economic Review 91, pp. 60-66.

— (2007). “Recursive robust estimation and control without commitment”. Journal of Economic The-
ory 136, pp. 1-27.

— (2011). “Robustness”. Robustness. Princeton university press.

— (2022a). “Risk, Ambiguity, and Misspecification: Decision Theory, Robust Control, and Statistics”.

— (2022b). Structured Ambiguity and Model Misspecification.

Hansen, Lars Peter, Thomas J Sargent, Gauhar Turmuhambetova, and Noah Williams (2006). “Robust
control and model misspecification”. Journal of Economic Theory 128, pp. 45-90.

Hart, Sergiu and Andreu Mas-Colell (2000). “A simple adaptive procedure leading to correlated equi-
librium”. Econometrica 68, pp. 1127-1150.

83



Hausman, Jerry A (1978). “Specification tests in econometrics”. Econometrica: Journal of the econo-
metric society, pp. 1251-1271.

He, Kevin and Jonathan Libgober (2024). “Misspecified Learning and Evolutionary Stability”.

Hill, Brian (2022). “Updating confidence in beliefs”. Journal of Economic Theory 199, p. 105200.

Jehiel, Philippe and Giacomo Weber (2024). “Endogenous Clustering and Analogy-Based Expectation
Equilibrium”.

Kallenberg, Olav (1973). “Random measures”. Random Measures. De Gruyter.

Karni, Edi and Marie-Louise Vierg (2013). ““Reverse Bayesianism”: A choice-based theory of growing
awareness”. American Economic Review 103, pp. 2790-2810.

Klibanoff, Peter, Massimo Marinacci, and Sujoy Mukerji (2005). “A smooth model of decision making
under ambiguity”. Econometrica 73, pp. 1849-1892.

— (2009). “Recursive smooth ambiguity preferences”. Journal of Economic Theory 144, pp. 930-976.

Kreps, David (1988). Notes On The Theory Of Choice. Westview Press.

Liebman, Jeffrey B and Richard J Zeckhauser (2004). “Schmeduling”.

Liese, Friedrich and Igor Vajda (1987). Convex statistical distances. Vol. 95. Teubner.

Maccheroni, Fabio, Massimo Marinacci, and Aldo Rustichini (2006a). “Ambiguity aversion, robustness,
and the variational representation of preferences”. Econometrica T4, pp. 1447-1498.

— (2006b). “Dynamic variational preferences”. Journal of Economic Theory 128, pp. 4-44.

Maenhout, Pascal J (2004). “Robust portfolio rules and asset pricing”. Review of financial studies 17,
pp- 951-983.

Mu, Xiaosheng, Luciano Pomatto, Philipp Strack, and Omer Tamuz (2024). “Monotone additive statis-
tics”. Econometrica, forthcoming.

Nyarko, Yaw (1991). “Learning in Mis-specified Models and the Possibility of Cycles”. Journal of
Economic Theory 55, pp. 416-427.

Ok, Efe A (2011). “Real analysis with economic applications”. Real Analysis with Economic Applica-
tions. Princeton University Press.

Ortoleva, Pietro (2012). “Modeling the change of paradigm: Non-Bayesian reactions to unexpected
news”. American Economic Review 102, pp. 2410-36.

Parthasarathy, Kalyanapuram R (2005). Probability Measures on Metric Spaces. American Mathemat-
ical Soc.

Rabin, Matthew (2002). “Inference by believers in the law of small numbers”. The Quarterly Journal
of Economics 117, pp. 775-816.

Rees-Jones, Alex and Dmitry Taubinsky (2020). “Measuring “schmeduling
Studies 87, pp. 2399-2438.

779

. The Review of Economic

84



Reny, Philip J (1999). “On the existence of pure and mixed strategy Nash equilibria in discontinuous
games”. Econometrica 67, pp. 1029-1056.

Robatto, Roberto and Balazs Szentes (2017). “On the biological foundation of risk preferences”. Journal
of Economic Theory 172, pp. 410-422.

Royden, Halsey Lawrence and Patrick Fitzpatrick (1988). Real analysis. Vol. 32. Macmillan New York.

Sargent, Thomas J (1999). “The conquest of American inflation”. The Conquest of American Inflation.
Princeton University Press.

— (2008). “Evolution and intelligent design”. American Economic Review 98, pp. 5-37.

Savage, Leonard J (1954). The foundations of statistics. Courier Corporation.

Schwartzstein, Joshua and Adi Sunderam (2021). “Using models to persuade”. American Economic
Review 111, pp. 276-323.

Serfozo, Richard (1982). “Convergence of Lebesgue integrals with varying measures”. Sankhya: The
Indian Journal of Statistics, Series A, pp. 380—402.

Shmaya, Eran and Leeat Yariv (2016). “Experiments on decisions under uncertainty: A theoretical
framework”. American Economic Review 106, pp. 1775-1801.

Simon, Jacques (2020). Continuous Functions. John Wiley & Sons.

Siniscalchi, Marciano (2011). “Dynamic choice under ambiguity”. Theoretical Economics 6, pp. 379—
421.

Snowberg, FErik and Leeat Yariv (2021). “Testing the waters: Behavior across participant pools”. Amer-
ican Economic Review 111, pp. 687-719.

Sobel, Joel (1984). “Non-linear prices and price-taking behavior”. Journal of Economic Behavior €
Organization 5, pp. 387-396.

Spiegler, Ran (2020). “Can agents with causal misperceptions be systematically fooled?” Journal of
the FEuropean Economic Association 18, pp. 583-617.

Strzalecki, Tomasz (2011). “Axiomatic foundations of multiplier preferences”. Econometrica 79, pp. 47—
73.

— (2024). “Variational Bayes and non-Bayesian Updating”. arXiv preprint arXiv:2405.08796.

Tversky, Amos and Daniel Kahneman (1971). “Belief in the law of small numbers.” Psychological
bulletin 76, p. 105.

Vuong, Quang H (1989). “Likelihood ratio tests for model selection and non-nested hypotheses”. Econo-
metrica, pp. 307-333.

Wakker, Peter P (2013). Additive representations of preferences: A new foundation of decision analysis.

Vol. 4. Springer Science & Business Media.

85



Watson, James and Chris Holmes (2016). “Approximate Models and Robust Decisions”. Statistical
Science 31, pp. 465—489.
Willard, Stephen (2012). General topology. Courier Corporation.

86



	Introduction
	Decision Criterion
	Static Decision Criterion
	Preference Evolution

	Long-run Payoffs and Actions
	Normative Benchmark
	Positive Long-run Predictions
	Equilibrium Illustrations
	Misspecified Linear Models
	Bias Increase under Correlation Neglect, esponda2008behavioral


	Cycles
	Application: Monetary Policy Cycles

	Representation
	Notation and Preliminaries
	Decision Criterion
	Static Axioms
	Structured Preferences

	Dynamic Axioms

	Discussion
	Related Literature
	Experimental Evidence
	Model Dependent Concern
	Forward-looking Agents
	Endogenous Structured Models
	Relaxing Assumption 2

	Appendix
	Learning Results
	Preliminaries
	Results

	Representation
	Preliminaries
	Results
	Extensions

	Computations supporting Example 4 
	Additional Examples





