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ABSTRACT OF THE THESIS 
 

Thermal metrology development and thermal conductance limits of low-dimensional 
nanostructures 

 
By 

 
Majed S. Madani 

 
Master of Science in Chemical and Biochemical Engineering 

University of California, Irvine, 2017 
Professor Jaeho Lee, Chair 

 
With the advancement of synthetic nanostructures, more attention has been directed toward 
probing low-dimensional transport phenomena. Recently, multiple techniques have been 
established for thermal transport measurements at the nanoscale domain. Sensitivity analysis 
however remains an experimental challenge for both high and low conductance materials. 
Achieving precise thermometry remains an obstacle due to influence of thermal contact resistance 
particularly at cryogenic temperatures where boundary scattering is more dominant. The 
contribution of radiation heat exchange is also a concern which is more critical at higher 
temperatures exceeding 800 K. Here we report the limitations of thermal conductance 
measurements in silicon nanowires and other common nanostructures by evaluating the thermal 
conductance limit according to the geometrical characteristics and temperature. This study will 
illustrate experimental results of thermal conductivity measurements using a suspended micro-
device with built-in resistive thermometers and report the measurement limitations 
computationally for probing thermal transport in 1-D and 2-D nanostructures.
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Chapter 1 Introduction  
 
Heat transfer problems at the macroscale are based on solving conservation and constitutive 
equations. The formulation of Fourier’s law of heat conduction in 1822 [1] established the 
foundation of studying heat conduction at the macroscale level. Fourier’s law can be expressed 
as 
 

𝑞 = −𝑘𝛻𝑇      (1) 

where 𝑞 is the local heat flux, 𝑘 is the temperature dependent thermal conductivity of the material, 
and ∇𝑇 is the temperature gradient. In nanostructures, such as nanowires, nanotubes, and thin 
films, Fourier law is not applicable because the length scale associated with the energy carriers is 
comparable to or larger than the characteristic length of the nanostructure [2]. With the emergence 
of nanoscale heat transfer during the past two decades, more attention has been directed toward 
finding applicable methods to probe thermal properties of nanostructures. [3] Significant progress 
has been made towards understanding thermal transport processes of low dimensional 
nanostructures, including silicon [4,7,9,10], carbon based materials, [11], and multiple two-
dimensional materials [10]. The growing interest in synthetic nanostructures for numerous 
applications has led researchers to develop measurement techniques probing thermal properties in 
one-dimensional (1D) and two-dimensional (2D) nanostructures [3,5] 
With the ongoing development of measurement techniques of thermal conductance of 
nanostructures, addressing experimental limitations such as boundary resistance and influence of 
radiation are inevitable. Thus, to have an accurate estimation of reported thermal conductance, it 
is essential to quantify the lower and upper limits of conductance for each corresponding material.  
 
 
Modeling thermal transport in nanostructures 
 
In contrast to bulk thermal conduction, analyzing thermal conduction in nanostructure requires 
more rigorous thermal conductivity modeling. In this work, we model thermal conductivity based 
on Boltzmann Transport Equation (BTE) [13-18]. We show the derivation of BTE to model 
thermal conductivity of silicon nanostructure. BTE considers phonons as particles with energy and 
momentum. BTE model uses the distribution function 𝑓	(𝑥, 𝑝, 𝑡), where 𝑥, 𝑝, 𝑡 represent geometric 
space, momentum space, and time, respectively. The distribution function is used to describe the 
conservations of the number of particles. Equation (1) shows the general form of the BTE.  

 
23
24 5674489:;<

= 23
24
+ 𝑣 ∙ 𝛻@𝑓 +

A
B
∙ 𝛻C   ( 2 ) 

 
where  23

24 5674489:;<
 represent the time rate of change of the number of particles due to scattering, 

23
24

 represents the total time rate of change of number of particles, 𝑣 ∙ ∇@ represent particle diffusion 
in geometric space to phonon group velocity (𝑣), and A

B
∙ ∇C𝑓 represents the acceleration in 

momentum space to external forces. With no external forces and assuming steady-state, the first 
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and third terms of the right-hand side of Eq (2) can be dropped.  23
24 5674489:;<

 can be replaced by 

the departure of the distribution function from equilibrium divided by the relaxation time. 
Therefore, the equation simplifies to  

 
𝑣 ∙ 𝛻@𝑓 = − 3D3EF

G
     ( 3 ) 

 
following Bose-Einstein statistical distribution, the number of phonons for a given frequency, 𝜔 
and at an equilibrium temperature 𝑇,  𝑓8I is expressed as  
 

𝑓8I =
J

8@C ℏL
MNO

DJ
     ( 4 ) 

We also assume a small deviation from equilibrium which simplifies the left hand of equation (3)  
 

𝛻@𝑓 ≈ 𝛻@𝑓8I =
23EF
2Q

𝛻@𝑇    ( 5 ) 

 
This gives us a reduced equation of BTE in the form of 

 
𝑓 = 𝑓8I − 𝑣𝜏 ∙ 	

23EF
2Q

𝛻@𝑇    ( 6 ) 

 
The heat flux can be expressed as the product of group velocity and energy density integrated over 
all phonon frequencies 
 

𝑞@ = 𝑣@	ℏ𝜔𝐷C𝑓	𝑑𝜔     ( 7 ) 

 
 

from BTE expression, the heat flux equation becomes 
 

𝑞 = − J
U
𝑣<V𝜏ℏ𝜔

23EF
2Q

𝐷C𝑑𝜔
2Q
2@

   ( 8 ) 

 
The J

U
 term is associated with isotropic case in which the group velocity is the same in the x, y and 

z directions, or 𝑣@V =
WXY

U
 

 
According to Fourier Law for heat conduction, the thermal conductivity is expressed as 

 
𝑘 = J

U
𝑣<V𝜏ℏ𝜔

23EF
2Q

𝐷C𝑑𝜔    ( 9 ) 
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Phonon heat capacity is obtained by differentiating internal energy with respect to temperature. 
From the heat capacity equation, we obtain to simple kinetic theory model for thermal conductivity 
as shown in equation (12) 

𝐶 = 𝐷Cℏ𝜔 = 23EF
2Q

= 𝐷C𝑘[
ℏL
M\O

Y
8@C	( ℏLM\O

)

(8@C ℏL
M\O

DJ)Y
   ( 10 ) 

 
𝐶 = 2]

2Q
= ℏ𝜔 23EF

2Q
𝐷C	𝑑𝜔C^_79.     ( 11 ) 

 
A simple kinetic theory model for thermal conductivity can be expressed as  

 
𝑘 = J

U
𝐶𝑣<𝛬      ( 12 ) 

 
where Λ is the phonon mean free path and is equal to 40. 9 nm for silicon. 𝑣< is the phonon group 
velocity and is approximately 6400 m/s. [18] 

 
 

Relaxation time approximation 
 

Computing thermal conductivity at the nanoscale domain requires information about heat capacity, 
group velocity, and relaxation time. It has been shown that the thermal conductivity is expected to 
reduce due to increased boundary scattering and phonon dispersion modification [19,20]. 
Relaxation time accounts for size effect in low-dimensional materials by estimating phonon 
scattering events. This phenomenon can be modeled by Matthiessen’s rule. For crystalline 
materials, the phonon relaxation time can be modeled as 

 
𝜏DJ = 𝜏cDJ + 𝜏[DJ + 𝜏dDJ    ( 13 ) 

 
where 𝜏cDJ is the relaxation time accounting for Umklapp (phonon-phonon) scattering, 𝜏[DJ is the 
relaxation time accounting for boundary scattering, and 𝜏dDJ is the relaxation time accounting for 
defects scattering. The relaxation time due to Umklapp scattering can be expressed as 
 

𝜏c = 𝐴𝑇𝜔V 𝑒𝑥𝑝 −[
Q

    ( 14 ) 

where A=1.4 x 10-19 s/K and B=152 K are fitting parameters [21]. At high temperatures, the 
Umklapp scattering mean free path term begins to scale inversely with temperature, which 
corresponds to increasing population of phonons and increasing phonon-phonon scattering events. 
The relaxation time due to boundary scattering can be expressed as  
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𝜏[ =
g
VWX

      ( 15 ) 

where 𝐿 is the characteristic length of the nanostructure, and 𝑣< is the group velocity.  Finally, the 
relaxation time due to defect scattering takes the form of 
 

𝜏d = 𝐷𝜔i      ( 16 ) 

 
where D= 1.32 x 10-45 s3 which is mainly dependent on the isotope concentration for nearly pure 
silicon. [21] 

Chapter 2 Microfabricated device and sample preparation   
 
Conventional techniques used for measuring bulk thermal conductivity cannot be used for 1D 
nanostructures due to the small size of the sample which requires fabricating microscale devices. 
In this section, we will introduce one measurement technique pioneered by Li shi et al. 
 
The microdevice is a suspended structure consisting of two adjacent 25 µm x 35 µm low stress 
SiNx membranes with five 400 µm long, 2 µm wide and 0.3 µm thick SiNx beams.  
A platinum resistive thermometer (PRT), which also serves as a heater is designed on each 
membrane. The platinum coil is 30 nm thick and 800 nm wide and is connected to a 300 µm x 300 
µm Pt bonding pads on the substrate via the Pt leads on the SiNx beams that hold the suspended 
membranes. Another 1.5 µm wide Pt electrode is designed on each membrane which is used to 
provide electrical contact to the suspended sample across the gap [5]. 
 
Silicon nanowire synthesis and preparation 
 
In this work, Silicon nanowires was fabricated by metal-assisted chemical etching. The procedure 
starts with depositing metal by electroless deposition or galvanic exchange. The following step is 
the etching process where it is achieved in a solution of HF. In this method, we use silver nitrate. 
When silver is used, silver ions in the proximity of the silicon surface captures electrons from the 
valance band of silicon. Meanwhile holes are generated in the silicon valance band when the silver 
ion Is reduced to silver nuclei. Deposition of the silver nuclei facilitates the formation of silicon 
dioxide underneath the silver nanoparticle. Silicon dioxide is etched away by hydroflouric acid 
This leads the nanoparticles to sink into the silicon surface forming silicon nanowires as shown 
in Figure 1 The reactions taking place on the surface of Silicon are as follows [22]. 
 

𝐴𝑔k + 𝑒D → 𝐴𝑔m(0) 
 

𝑆𝑖 𝑠 + 2𝐻V𝑂 → 𝑆𝑖𝑂V + 4𝐻k + 4𝑒D 
 

𝑆𝑖𝑂V 𝑠 + 6𝐻𝐹 → 𝐻V𝑆𝑖𝐹x + 2𝐻V𝑂 
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Figure 1 Procedure of Si nanowire synthesis [23,24] 

 
 

A downside of metal-assisted chemical etching method is a roughened surface nanowires. 
However, this can be advantageous when used for thermoelectric applications due to increased 
phonon scattering which leads to reduced thermal conductivity as shown in previous studies [9] 
 
Silicon nanowire synthesis procedure 
 
Silicon nanowire synthesis in this experiment was conducted on p-type (100) silicon wafer with. 
The wafers were cut into small pieces (2 cm x 2 cm) and placed inside a glass beaker. With the 
addition of acetone, the cut wafers were sonicated for 5 minutes. The wafers are then rinsed with 
acetone, IPA and Millipore water and sonicated. The wafers were then dried with compressed air 
and the backside of the wafers were coated with nail polish and left to dry for 10 minutes. In 
separate polyethylene beakers 0.754g AgNO3 was mixed with 225 mL Millipore water and 39 mL 
of HF. The AgNO3/HF solution was then transferred to the beaker containing the wafers and the 
reaction mixture is left for 2 – 4 hours for nanowires to develop. The solution mixture was then 
decanted along with the silver dendrite cloud. The wafers were then rinsed with Millipore water 
and IPA following by drying with compressed air. To get rid of silver, the top can be rinsed away 
with water. Silver in the array was removed by immersing the wafers in nitric acid for 30 minutes. 
Finally, the wafers were rinsed with Millipore water and IPA then dried with compressed air. 
 
Silicon nanowire characterization 
 
Grown silicon nanowires are characterized using FEI QuantaTM 3D FEG Duel Beam (SEM/FIB). 
the length of the nanowires were measured by imaging the cross-sectional view of the silicon 
chip as shown in Figure 2. The nanowires formed are mostly bundled.  
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Figure 2 (a) cross-sectional view of Si chip the grown Si nanowires. The length of the grown wires 
is in the range of 21 µm. (b) cross-sectional view of Si chip showing grown nanowires in bundles. 

 
Nanowire transfer procedure  

 
The following step is to transfer an individual nanowire from the prepared silicon chip onto the 
microfabricated device. First, silicon nanowires chip is cut into a piece and added to a vial 
containing ethanol solution. The vial is then immersed in a sonication bath. This process leads to 
a solution in which nanowires are dispersed. Then, a drop cast of the nanowire solution over a 
TEM grid to have the nanowires scattered over the TEM surface to ease the manipulation process. 
A manipulator inside the SEM chamber is used to carry the nanowire and bond it onto the 
microfabricated device. Figure 3 shows the manipulation process. The nanowire is carried by the 
manipulator where it is mechanically and thermally anchored on the Pt electrode using electron 
beam induced deposition (EBID) of Pt inside the SEM chamber. Figure 4 shows the final stage 
where the nanowire is bridged between the heating and sensing membrane.  
 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 3 silicon nanowire manipulation inside the SEM chamber. The images are shown using 
Focused ion beam for illustration purposes (a) the nanowire is picked up from the end carry a 
nanowire on a TEM grid. Pt is deposited using Electron Beam Induced Deposition (EBID) to make 
a contact and attach the nanowire to the manipulator (b) placement of a nanowire to bridge the two 
membranes. The manipulator is pulled out mechanically to detach the nanowire after bonding one 
side to the membrane and another bond is made after detachment from the manipulator 

a b 

a b 

Manipulator 
Manipulator 

 nanowire 
 nanowire 
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Figure 4 SEM image of the bridged nanowire between the membrane after Pt deposition. 

After a successful transfer of a nanowire sample onto the suspended microdevice and making 
thermal contact, the device is mounted on a pin package and wire bonded to make an electrical 
contact between the pin package and the Pt pads on the microdevice. The pin package is then 
placed inside the cryostat chamber with vacuum level in the order of 10-6 Torr. The temperature 
of the chamber is controlled by Lakeshore 332 Temperature Controller. The cooling is controlled 
by SHI Cryogenics Group's Zephyr™ compressor (Model HC-4A1). The setup consists of a 
cryostat holding the pin package containing the microdevice and a temperature sensor positioned 
below the pin package. Lake Shore Cryogenic wires are used for electrical connections between 
the pin package and the electric connected to the equipment. The wires provide insulation with to 
ensure that no short circuit occur. 
 

Chapter 3 Heat transfer analysis of the micro-device 
 
The two suspended membranes are denoted as the heating and sensing membrane. The mechanism 
of thermal conductance measurement is shown in Figure 5. A DC current (𝐼dy) coupled with a 
small AC current (𝑖76) passes through the platinum resistive thermometer (PRT) coil of the heating 
membrane. The AC current is used to measure the resistance of the heating PRT. Since 𝑖76 is much 
smaller than 𝐼dy , joule heating triggered by 𝑖76 is negligible. Therefore, a joule heat 𝑄{ = 𝐼V𝑅{ is 
generated due to flow of DC current in the heating PRT, where 𝑅{ is the resistance of the PRT. A 
lock-in amplifier (SR810 Stanford Research Systems) is used to measure the first harmonic 
component (𝑣76) of the voltage drop across the two inner probes of the PRT. Part of the heat 
generated, a joule heat 2𝑄g = 2𝐼V𝑅g is dissipated in the two Pt beams that supply the DC current 
to the heating PRT yielding a parabolic temperature distribution along the two beams. A certain 
amount of heat, 𝑄V,  is conducted through the nanowire sample from the heating to the sensing 
membrane, which cause a temperature rise 𝑇5 in the sensing membrane. The remaining heat is 
conducted through the other five beams that support the sensing membrane. The rest of the heat, 
𝑄J = 2𝑄g − 𝑄V, is conducted through the five beams in the heating membrane. [5] 
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Figure 5 A schematic showing the mechanism of thermal conductance measurement of one-
dimensional nanostructure 

 
The five beams supporting each membrane are identically designed. The total thermal conductance 
of the five beams can be expressed as 

𝐺~ = 5 �\�
g

      ( 17 ) 

 
where 𝑘~ is the thermal conductivity, 𝐴 is the cross-sectional area, and 𝐿 is the length of each 
beam. Based on thermal resistance analysis in Figure 5, we can obtain the following equation 
 

𝑄V = 𝐺5 𝑇{ − 𝑇5 = 𝐺~(𝑇5 − 𝑇m)   ( 18 ) 

 
Similarly, for the heating membrane we can obtain the following expression 
 

𝑄J = 𝐺~ 𝑇{ − 𝑇m      ( 19 ) 

 
The heat conduction to the environment from the two beams supplying the heating current can be 
expressed as 𝑄{,V = 2 �\	∆Q�

�
+ ��

V
; while the heat conduction to the environment from the 

remaining three beams of the heating membrane can be expressed as 𝑄{,U = 3 �\	∆Q�
�

. The heat 
conduction to the environment from the five beams connected to the sensing membrane can be 
expressed as 𝑄5,� = 𝐺~	∆𝑇5. Therefore, considering conservation of energy 𝑄{,V + 𝑄{,U + 𝑄5,� =
𝑄{ + 2𝑄g, we obtain expressions for the thermal conductance of the beams and the sample as 
follows: 
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𝐺~ =
����

∆Q�k∆Q�
= ��k��

∆Q�k∆Q�
    ( 20 ) 

 
 

𝐺5 = 𝐺~
∆Q�

∆Q�D∆Q�
     ( 21 ) 

 
where 𝐺5 is the thermal conductance of the nanowire sample and consists of two components, 
namely, the intrinsic thermal conductance 𝐺; and the contact thermal conductance 𝐺6 according 
to the equation 𝐺5 = 𝐺;DJ + 𝐺6DJ DJ 
 
To obtain an expression for the temperature rise of both the heating and sensing PRT, their 
resistance and their temperature coefficient of resistance (TCR) are measured, where 𝑇𝐶𝑅 = J

�
��
�Q

. 
The TCR of both the heating and sensing PRT is extracted by measuring the resistances of the 
PRT as a function of temperature. We obtain ��

�Q
 from the local fit of the 𝑅 − 𝑇 curve. The 

differential resistance ∆𝑅{, is obtained by measuring the 𝐼 − 𝑉 of the heating PRT while ramping 
up the DC current. This gives the change in resistance of the PRT as joule heat is supplied. 
Similarly, the differential resistance of the sensing membrane is measured by measuring the 𝐼 − 𝑉 
of the sensing PRT. Hence, it can be shown that the temperature rise in both membranes can be 
expressed as follows 
 

∆𝑇{ =
∆��

��×Qy�
      ( 22 ) 

 
∆𝑇5 =

∆��
��×Qy�

      ( 23 ) 

Chapter 4 Experimental Results 
 
In this work, we have obtained thermal conductivity measurement results of the synthesized Si 
nanowires. The samples prepared were mainly bundled nanowires. Thus, the magnitude of the 
expected results is questionable due to inconsistency in diameter along the nanowire length and 
due to surface to surface contact between the nanowires. This chapter will show experimental 
measurements for three different samples with varying length and diameter. Figure 6a shows an 
illustration of current – voltage plot. The slope represents the initial resistance of the PRT without 
joule heating. Figure 6b shows the resistance as a function of temperature. The local slope is used 
to calculate the TCR for both membranes. Following the procedure detailed in Chapter 3, we 
measured the thermal conductivity of Si nanowires with diameters of 420 nm, 130 nm and 120 
nm. The set of data is shown in Figure 7. 
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Figure 6 (a) 𝐼 − 𝑉 plot for resistance measurements. (b) temperature dependent resistance 
measurement. The resistance is measured at variable temperatures where a local polynomial slope 
is taken to calculate the TCR of the resistive thermometer. 

 
Figure 7 Thermal conductivity results obtained for three different samples. The green, blue and 
red correspond to silicon nanowires of diameters 420 nm, 130 nm, and 120 nm, respectively. The 
dashed lines are based on BTE model. 

0

20

40

60

80

100

120

140

160

0 100 200 300 400

Th
er
m
al
	C
on

du
ct
iv
ity

	[W
m

-1
K-

1 ]

Temperature	[K]

AH-20170325	- 420	nm 

AH-20170123	- 130	nm 

AH-20170129	- 120	nm 

BTE	- 420	nm 

BTE	- 130	nm 

BTE	- 120	nm 

y	=	2.3241x	- 0.001
R²	=	1

0

2

4

6

8

10

12

14

0 1 2 3 4 5

Vo
lta

ge
	[m

V]

Current		[uA]

y	=	-0.0027x2 +	4.2104x	+	1321.3
R²	=	0.99997

2000

2050

2100

2150

2200

2250

2300

2350

180 200 220 240 260 280 300

Re
sis
ta
nc
e	
[o
hm

s]

Temperature

a b 

10.5 µm 

4.2 µm  

11.5 µm 



	 11	

The results obtained for the thickest nanowire (420 nm) is not a reliable estimate since the diameter 
is very large, thus, we are dealing with a large characteristic length that is approaching the bulk. 
Also, thorough TCR measurements and further modifications must be taken into account for future 
measurements. Further analysis on contact resistance must also be investigated. To have a better 
approximation for contact resistance; length-dependent resistance measurements must be 
considered for future experiments. This will provide more accurate estimation of the intrinsic 
thermal conductivity of SiNWs. Additional measurement will be carried out for a new batch of 
synthesized Si nanowires. 
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Chapter 5 Analysis of Measurement Limits 
 
Multiple experimental and computational studies have been conducted to quantify the thermal 
conductivity of 1D and 2D materials where it explored various high conductance and low 
conductance materials. On the high end spectrum of thermal conductivity, carbon based materials 
dominates the ladder due to their high group velocity in addition to shortage of processes that 
promote phonon scattering. [6]. Other high conductance materials were also investigated. Lindsay 
et al. reported thermal conductivity values for cubic III-V Boron based crystals such as Baron 
Arsenide ranging from 2000 W/mK which are comparable to carbon based materials such as 
diamond and graphite. [25]. Single-layer graphene values reported ranged from 2000 W/mK to 
5500 W/mK at room temperature and down to 600 W/mK at 680 K. [12]. On the lower end of the 
spectrum, To evaluate the accuracy of the reported extreme high and low conductance results, 
quantifying measurement limits becomes inevitable due to the increase in contribution of radiation 
and contact resistance at the higher and lower bound limits of conductance. Previously, Cahill 
reviewed the limits of thermal conductivity at the extremes and the thermal conductance of 
multiple interfaces [6]. With the ongoing investigation of thermal properties of high and low 
conductance materials, the question that arise is, what are the measurement limits of conductance 
that can be attained experimentally in which the interference contact conductance and radiation 
heat exchange becomes considerably insignificant? To answer this question, we calculated the 
thermal conductance computationally to estimate the limits based on sample geometrical 
characteristic over a wide temperature range. We based our analysis on select high and low 
conductance materials. 
In this study, we performed computational estimations for thermal conductance in the temperature 
range of 5 K up to 1000 K to quantify the conductance limits with respect to geometrical 
characteristics of common nanostructures. Figure 8 shows an illustration of the conductance limits 
for Si nanowire. The upper limit is bounded by conductance due to radiation heat exchange 
between the sample and the environment. The lower limit is bounded by the interfacial contact 
conductance. The thermal conductance due to radiative heat exchange for nanowires can be 
estimated as 

𝐺97� = 4𝜀𝜎𝑇U𝑃𝐿    ( 24 ) 

 
where 𝜀 is the emissivity of the nanowire, 𝜎 is the Stefan-Boltzmann constant, P is the perimeter 
of the nanowire and is proportional to 2𝜋𝑟. To assume a worst case scenario in terms of 
measurement limitations we set the emissivity 𝜀=1. [26] 
 
Thermal conductivity measurement results can be underestimated when neglecting the thermal 
contact resistance of the interface. Thermal contact conductance has been investigated to quantify 
the upper limit of thermal conductance which tells us the limitations of sample measurements in 
terms of sample geometries that can be obtained without having a substantial contribution from 
contacts. In this study, thermal contact conductance of Pt-Si in the range of 5 K up to 1000 K has 
been analyzed computationally. Diffuse-Mismatch Model (DMM) has been used for our contact 
resistance analysis. Boundary resistance is measured according to 

𝑅~,JDV 𝑇 = J
JV

WY,�
�Y

�

W�,�
�Yk WY,�

�Y
��

𝑣J,::

DJ
𝐶J(𝑇)DJ  ( 25 ) 
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Where 𝑅~,JDV is the boundary resistance at the interface of material 1 and 2,𝑣J,:,	𝑣V,: are the mode-
dependent sound velocity for material 1 and 2, respectively. 𝐶J is the heat capacity of material 1 
[27] 
 

 
Figure 8 Logarithmic scale of conductance model of Si nanowire as a function of temperature 
based on BTE. This model illustrates temperature and length dependence for three different 
diameters. The diameters are represented by blue, red and green for 150 nm, 70 nm, and 20 nm, 
respectively. The shaded area represents the range of conductance by varying the length at constant 
diameter. The dashed lines represent the thermal conductance due to radiative heat exchange 
between the nanowire and the surrounding with varying length corresponding to different 
nanowire diameters. Contact conductance (black line) is modeled based on DMM. 

 

Si Nanowires 
 
Thermal transport in Si nanowires have been explored over a wide range by various researchers 
[4,7,9,10]. Thermal conductivity of smooth-surface Si nanowires have been studied by Li et al. [7] 
in which they demonstrated a size dependent thermal conductivity for nanowires in the range of 
22 and 115 nm over a temperature range of 20-320 K. Later rough nanowires have had more 
attention due to their surface roughness effect which reduced the thermal conductivity substantially 
as illustrated by previous studies [9]. The thermal conductivity was shown to be as low as ~ 1.6 
W/m K which is close to the amorphous limit of 1 W/m K for Si [28]. To quantify the upper 
conductance limit for low conductance Si nanowires, we have investigated the limits 
computationally utilizing BTE model to quantify the conductance upper limit for Si nanowires by 
investigating geometrical dependence over a wide temperature range. As shown in Figure 9, the 
thermal conductance of silicon nanowire 150 nm in diameter and 10 µm in length is three order of 
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magnitude higher than the corresponding	𝐺97� at room temperature. This limit gap is further 
reduced to less than one order of magnitude at temperatures approaching 1000 K range. This tells 
us that for Si nanowires 150 nm in diameter and 10 µm in length, we can safely neglect the 
contribution of heat loss from the circumference of the sample unless the temperature exceeds ~ 
950 K. As the diameter is reduced the contribution of radiation becomes substantially higher. for 
a 20 nm in diameter and 10 µm in length silicon nanowire the thermal conductance is within the 
same order of magnitude as 𝐺97� at 965 K which is approximately ≈	0.128 nW/K.  
 

 
Figure 9 Log scale temperature dependent conductance model for a 150 nm Si nanowire based on 
BTE model. The lower limit of the conductance is bounded by conductance due to radiative heat 
exchange indicated by the dashed lines, each representing nanowire length (2 µm to 10 µm). The 
upper conductance limit is bounded by Pt-Si thermal contact conductance (black line). 

 
To model the temperature dependent contact conductance, the thermal boundary conductance, 𝐺~ 
is obtained from the DMM approximation. The contact conductance can be extracted from the 
boundary resistance modeled data by defining the appropriate contact area.  We estimate the 
contact area to be	𝐴6 = 2𝜋𝑟𝐿6 where r is the radius of the sample. The contact length (the length 
over which the contact metal covers a sample) is approximately	𝐿6 ≈ 2	𝜇𝑚. The estimated contact 
conductance of a 150 nm diameter Si nanowire is ~ 𝐺6=2.5 x 106 nW/K at room temperature. 
Figure 9 shows the contact conductance in nW/K for a 150 nm diameter Si nanowire. This tells us 
the lower limit of conductance.  
 
Si Thin Film 
 
Previous studies on thermal transport in Si thin film both Computational [29], and experimental 
[30, 31] have been explored for size effect and temperature dependence. Goodson et al 
demonstrated a thermal conductivity reduction through size effect on Single-crystal silicon layers 
between 0.4 µm and 1.6 µm based on boundary scattering analysis [30]. Lie et al measured room 
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temperature thermal conductivity of 20 nm thick Si thin film of ~22 W/ mK, which is an order of 
magnitude smaller than the bulk value. Later, computational analysis explored the in-plane thermal 
conductivity in Si thin films over a large temperature range have been investigated as demonstrated 
by Huang et al. In this paper, similar analysis has been performed on Si thin film quantifying the 
conductance limits. Figure 10 shows a log scale temperature dependent conductance model. The 
conductance is modeled based on Callaway-BTE for Si thin film of thicknesses 10 nm up to 1 µm. 
We infer from the results that radiation contribution for thin films with thickness 100 nm and above 
is safely negligible even at extreme high temperatures. The concern is when the thickness reaches 
10 nm or lower and the temperature range exceeds 965 K. this is based on a 30 µm long Si thin 
film.  

 
Figure 10 Logarithmic scale temperature dependent conductance model for Si thin film. The 
model is based on Callaway- BTE. The thin film thickness ranged from 10 nm to 1 µm for length 
from 5 µm up to 30 µm. 

 
Carbon Nanotubes 
 
Thermal conductivity of single-wall carbon nanotubes (CNT) has been investigated previously 
[11]. Pop, E. et al studied single-wall carbon nanotubes above room temperatures. They reported 
extracted values of thermal conductance for SWCNT at approximately G ≈ 2.4 nW/K and k ≈ 3500 
W/mK at room temperature for L ≈ 2.6 µm and d ≈ 1.7 nm [11]. In our analysis, we quantified the 
lower limit of thermal conductance. To compute the thermal conductance of SW CNT, we based 
our analysis by employing the analytical approximation of thermal conductivity introduced 
previously [11]. The model captures the temperature dependent thermal conductivity of carbon 
nanotubes while taking into account contributions from Matthiessen’s rule. Figure 11 shows that 
at temperatures below 10 K the contact conductance is only one order of magnitude higher than 
the sample conductance for a 2 µm carbon nanotube. The estimation is based on a 2 nm diameter 
sample. Due to the fact that the DMM underestimates the boundary resistance due to contribution 
of processing impurities [26], the contact conductance of the Pt-C interface overestimates the 
limits. Therefore, we expect to have a noticeably higher contributions of contact resistance to the 
measurements of carbon nanotubes within this temperature range.  
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Figure 11 Analytical temperature dependent conductance of single-walled carbon nanotubes 
(SWCNT) in the range of 5 K to 800 K for 2 nm constant diameter and at different lengths. Thermal 
conductance was calculated based on the analytical model for thermal conductivity for SWCNT. 
Pt-C contact conductance data are extracted from the boundary resistance modeled based on heat 
capacity dependence – DMM 

 

Conclusion  
 
In this work, we have demonstrated experimental thermal conductivity measurement of Si 
nanowires synthesized through metal-assisted chemical etching. Our results indicate that further 
experiments shall be conducted for multiple nanowire devices in the future. In this work, we also 
studied the thermal conductance measurement limits based on the analysis of radiation heat 
exchange and boundary resistance to quantify the limits in which the contribution of radiation and 
contact conductance are negligible relative to the measured conductance. The computations were 
done studying common nanostructures, including Si nanowires, Si thin film, and single-wall 
carbon nanotubes. can set a guideline for a limit of diameter and length in which the contribution 
of conductance due to radiation and contact resistance  
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