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ABSTRACT OF THE DISSERTATION

Geometric Integrators for Stiff Systems, Lie Groups
and Control Systems

by

Xuefeng Shen

Doctor of Philosophy in Mathematics with a Specialization in Computational Science

University of California San Diego, 2019

Professor Melvin Leok, Chair

The main idea of a geometric integrator is to adopt a geometric viewpoint of the problem
and to construct integrators that preserve the geometric properties of the continuous dynamical
system. For classical mechanics, both the Lagrangian and the Hamiltonian formulations can be
described using the language of geometry. Due to the rich conservation properties of mechanics,
it is natural to study the construction of numerical integrators that preserve some geometric
properties, such as the symplectic structure, energy, and momentum maps. Such geometric
structure-preserving numerical integrators exhibit nice properties compared to traditional nu-

merical methods. This is especially true in galaxy simulations and molecular dynamics, where

Xiii



long time simulations are required to answer the corresponding scientific questions. Variational
integrators have attracted interest in the geometric integration community as it discretizes Hamil-
ton’s principle, as opposed to the corresponding differential equation, to obtain a numerical
integrator that is automatically symplectic, and which exhibits a discrete Noether’s theorem.
Besides classical mechanics, such an approach has also been applied to other fields, such as
optimal control [31, 40], partial differential equations [44], stochastic differential equations [9],
and so on.

In this thesis, we consider generalizations of geometric integrators that are adapted to
three special settings. One is the case of stiff systems of the form, ¢ = Ag+ f(g), where the
coefficient matrix A has a large spectral radius that is responsible for the stiffness of the system,
while the nonlinear term f(g) is relatively smooth. Traditionally, exponential integrators have
been used to address the issue of stiffness. In Chapter 2, we consider a special semilinear
problem with A = JD, f(q) = JVV(q), where JT = —J,DT = D, and JD = DJ. Then, the
system is described by ¢ = J(Dg+ VV(q)), which naturally arises from the discretization of
Hamiltonian partial differential equations. It is a constant Poisson system with Poisson structure
Ji ja% ® 8ixj’ and Hamiltonian H(g) = %qTDq +V(g). Two types of exponential integrators are
constructed, one preserves the Poisson structure, and the other preserves energy. Numerical
experiments for semilinear Possion systems obtained by semi-discretizing Hamiltonian PDEs are
presented. These geometric exponential integrators exhibit better long time stability properties as
compared to non-geometric integrators, and are computationally more efficient than traditional
symplectic integrators and energy-preserving methods based on the discrete gradient method.

The other generalization is to Lie groups. When configuration manifold is a Lie group,
we would like to utilize the group structure rather than simply regard it as embedded submanifold.
This is particularly useful when codimension of the embedding is large. For the rigid body
problem, the configuration space is R x SO(3), which is a Lie group. Lee et al. [35] were
the first to directly use the Lie group structure of the rotation group to construct a Lie group

variational integrator. In contrast, most prior approaches used the unit quaternion representation
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of the rotation group and applied symplectic integrators for constrained systems with the unit
length constraint. In Chapter 3, we adopt the approach used in constructing Lie group variational
integrators for rigid body dynamics on the rotation group and applied it to the unit quaternion
representation. A Lie group variational integrator in the unit quaternion representation is derived,
and it can be shown that our method is related to the RATTLE method applied to the rotation
representation by the projection from unit quaternions to rotation matrices. The numerical results
for our Lie group quaternion variational integrator are presented. The integrators constructed
in Chapter 3 are only second-order, and in Chapter 4, variational integrators of arbitrarily high-
order on special orthogonal group SO(n) are constructed by using the polar decomposition.
It avoids the second-order derivative of the exponential map that arises in the traditional Lie
group variational integrator method. Also, a reduced Lie—Poisson integrator is constructed. The
resulting algorithms can naturally be implemented using fixed-point iteration. Numerical results
are given for the case of SO(3).

The last generalization is to control systems. We studied the problem of uncertainty
propagation and measurement update for systems that are partially unobservable. We construct a
method that satisfies the chain property that the unobservable subspace remains perpendicular
to the measurement dh during propagation. We characterize the unobservable subspace in
terms of the group-invariance of the control system, and obtain a reduced control system on the
observable variables. By decomposing the system explicitly into unobservable and observable
parts (xy,X0p), the chain property can be naturally satisfied. Also, we propose a reduced Bayesian
framework, where the update from the measurement is only applied to the observable variables
xo. In Chapter 5, we consider a planar robot model, which has one odometry sensor and one
camera. Odometry is used for propagation and the camera is used for measurement. In this
model, the two-dimensional position as well as the orientation are all unobservable. We applied
our technique to this model and performed numerical simulations. We tested this on straight
line, circle, and general trajectories and found that the reduced Kalman filter that we proposed

outperforms the classical Kalman filter and modifications that were proposed in the literature. In

XV



particular, it estimates the angle quite well, and as a result, yields a better estimate of the position

as well.
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Chapter 1

Introduction and Background

1.1 Geometric setting for classical mechanics
1.1.1 Lagrangian mechanics and Hamiltonian mechanics
There are three equivalent descriptions of classical mechanics:

1. Newton’s second law of motion,

F = ma;
2. Lagrangian mechanics,
oL JdL
- — i — | =0; (1.1)
dqg dt \dq
3. Hamiltonian mechanics,
. OJdH
q= a—(q,p),
b (1.2)
. BH( ) '
pP= 9q q,p)-

It turns out that the notion of a manifold is a natural setting for describing the configuration
spaces for Lagrangian mechanics and Hamiltonian mechanics, especially in the case of problems
with constraints. Consider a planar pendulum, its trajectory is constrained to lie on a circle, which
is a one-dimensional manifold; Two balls connected by a light stick of length [ are constrained
to be a fixed distance apart, so their positions are not independent. Thus, the configuration

space is {x1,x; € R?| |x; —x5| = I}, which is a five-dimensional submanifold of R®. For the



rigid body problem, the configuration of the rigid body is uniquely determined by a translation
and rotation, thus the configuration space is the Euclidean group SE(3) = R? x SO(3), which
a six-dimensional manifold, and in particular, a Lie group. Using the language of manifolds,
generalized coordinates becomes coordinate charts on a manifold, and generalized velocities
becomes tangent vectors, while generalized momenta can be represented by cotangent vectors.
The intrinsic viewpoint of dynamics on a manifold allows us to focus on the global space and
global properties of flow maps, independent of the choice of coordinates, which is essential in
deriving symplectic integrators for nonlinear configuration spaces.

In the geometric setting, a Lagrangian mechanical system is denoted by (T'Q, L), where
Q is the configuration manifold, 7 Q is the tangent bundle, which is usually called the state space,
and L : TQ — R is the Lagrangian of the system. In physics, the Lagrangian L is given by the
difference of the kinetic energy 7 and the potential energy V, i.e., L =T — V. The mechanics on

(TQ,L) is described by the principle of least action (or Hamilton’s principle), which states that

1

6 | Lig(r),q(r))dr =0,

To

for variations with fixed endpoints ¢(ty) = qo,¢(t1) = ¢1. Given a local coordinate chart, Hamil-
ton’s principle yield the Euler—Lagrange equations (1.1). This variational principle serves as the
basis for constructing variational integrators.

In contrast, a Hamiltonian mechanical system is denoted by (7*Q, H), where T*(Q is the
cotangent bundle, which is usually called the phase space, and H : T*Q — R is the Hamiltonian
of the system. In the case of quadratic kinetic energies, the Hamiltonian H is the sum of the
kinetic energy and the potential energy, i.e., H = T + V. The cotangent bundle 7*Q possesses a

canonical symplectic structure @, which is given by

w =Y dq' Ndp;, (1.3)
i



in local coordinates (ql,...,q”, P1,---pn) on T*Q. Given a symplectic structure o, and a

Hamiltonian H, there is an associated Hamiltonian vector field Xz on T*(Q, that is defined by,
iXH ow=dH.

The Hamiltonian vector field Xy defines a well-posed first-order differential equation on 7*(Q,
and yields a flow map ¢, : T*Q — T*Q. Given a Darboux coordinate chart, where the symplectic
structure has the form given in (1.3), then the Hamiltonian vector field Xy gives Hamilton’s
equations (1.2). The flow map ¢, of the Hamiltonian vector field Xy has a very special geometric

property, that is, it preserves the symplectic structure @, which can be elegantly verified by

applying Cartan’s magic formula,

£XH(D = iXH (dCO) +d(iXH0.)),
= ix, (0) +d’H,

=0.

Any one-step integrator applied to Xy with timestep 4 can be regarded as an approximation of
the flow map ¢j,. It is desirable to construct integrators that preserve the symplectic structure,
and such methods are called symplectic integrators.

Lagrangian mechanics and Hamiltonian mechanics are connected by the Legendre trans-

form,

(TQ.L) =—= (T*Q.H). (14)



where FL and FH are defined as

d
(FL(q,4),6q) = 7 L(g,g+184),
t=0
d
(FH(q,p),0p) = = H(q,p+18p).
=0

In local coordinates, FL(q,q) = (g, ‘3—2) and FH(q,p) = (g, ‘3)—1;) The Lagrangian L and Hamil-

tonian H are connected by

H(q,p) = p-4—L(4:9)|(y p)=FL(g.4) -

L(q,4) = p-4—H(q.P)|(g.9)=FH(q4.p) -

When L is hyperregular, i.e., FL is a global diffeomorphism between TQ and T*Q, then La-
grangian mechanics (7Q,L) and Hamiltonian mechanics (T*Q,H) are equivalent, and the
Euler—Lagrange equations (1.1) and Hamilton’s equations (1.2) are related by the Legendre
transforms. We can transfer everything from phase space 7*Q to state space T Q, the pullback of

the Hamiltonian H to 7'Q yields the energy function,
dL
E LB Ty
L(q7Q) 8q q (an>7
which is preserved by Euler—Lagrange flow. The pullback of the canonical symplectic structure

o to TQ yields

0’L . . 9L
;j‘.‘aq’aqf d¢idq’

dq' Ndg,

which is also preserved by the flow of the Euler—Lagrange equation.



1.1.2 First integrals and Noether’s theorem

In classical mechanics, consider for example, the N-body problem of N point masses

moving under mutual gravitational interaction, has a Hamiltonian that is given by

p"|2+Zqo~-<|q-—q-\) (1.5)
i ij\14i Jjl)s .

iic

N
H(q1,92---GN.P1,P2---PN) = Y
i=1

where @ represents the gravitational potential. There are many interesting physical quantities
that are conserved by flow, including the energy, linear momentum, and angular momentum.
Studying the conserved quantities or first integrals of the system is very important as the constrain
the dynamics of the system. For any function F, G defined on 7*Q, we define the Poisson bracket
as follows,

{F,G} = o(Xr,Xg).

This is a bilinear map {-,-} : C*(T*Q) x C*(T*Q) — C=(T*Q) that satisfies the following

properties,
1. Leibnizrule {FG,H}=F{G,H}+{F,H}G;
2. Antisymmetry {F,G} =—{G,F};
3. Jacobiidentity {{F,G},H}+{{G,H},F}+{{H,F},G}=0.

Later, we will see that this defines a Poisson structure on 7*Q. By the definition of the Hamilto-
nian vector field,

{F,H} = O)(XF,XH) = <dF,XH> :XH(F),

from which we obtain the following equation describing the evolution of a scalar function F

evaluated along a trajectory of the Hamiltonian vector field Xy,

dF
—-=1{FH}. (1.6)



This implies that a physical quantity is a first integral if and only if its Poisson bracket with the
Hamiltonian H vanishes. By combining this with the Jacobi identity property, we can prove

Poisson’s theorem, which states that,
Theorem 1. If F, G are first integrals, then their Poisson bracket {F,G} is also a first integral.

Another way to identify first integrals is by Noether’s theorem, which relates symmetries
to conservation laws. For the N-body problem (1.5), the system is invariant under translations,
which leads to the conservation of linear momentum. Similarly, the system is invariant under
rotations, which leads to the conservation of angular momentum. More precisely, Noether’s

theorem states that,
Theorem 2. Given a Lie group G that acts on the configuration space Q, there is a momentum

map J : T*Q — g*, which is given by

(o), &) = (So(q), 0tg)-

If the Hamiltonian H is invariant under the cotangent lift of the action of G on Q, then

£x,7 =0.

In the N-body problem, (1.5) is invariant under the translation and rotation groups, thus

the linear momentum and angular momentum are preserved.

1.1.3 Euler-Poincaré reduction and Lie-Poisson reduction

When the configuration space is a Lie group G, the state space 7'G and phase space T*G
are diffeomorphic to G x g and G X g*, respectively, by left-trivialization. First, this is because
left-trivialized velocity and momentum arise naturally in problems such as rigid body dynamics;

second, this provides a global product structure for the state and phase spaces that simplifies



the representation and calculations. For the left-trivialized Lagrangian L : G x g — R, applying

Hamilton’s principle yields the left-trivialized Euler—Lagrange equation,

0L d [dL . (OLY _
50 () 5 (5g) -0 o

If the Lagrangian L is G-invariant, i.e., L(g,&) = L(e, & ), then we can define a reduced Lagrangian

1(§) =L(e, &), and (1.7) reduces to

d (dl el
i (3) =+ (32) Y

which evolves on the Lie algebra g. This kind of symmetry reduction is called Euler—Poincaré
reduction, and (1.8) is the Euler—Poincaré equation. Equation (1.8) together with the obvious

reconstruction equation ¢ = g&, describe the dynamics of the left-invariant Lagrangian system

£ (2)-w()
dr \ 9& ACIFA (1.9)

g=g&.

(TG,I):

The Legendre transform (1.4) can be specialized to the left-trivialized case,

(Gxg,L) —_— (Gxg*H),
FH
where FL and FH are expressed in terms of the usual partial derivatives on g and g*, and the

following relations hold,

g—g@,g) —u, §—ﬁ<g,u> ¢, %(g,é) _ —aa—’;<g,u>. (1.10)



By (1.10), the Euler—Poincaré equations become

du

— =ad’ 1.11

dt a % (“)7 ( )
which describes the evolution on the dual of the Lie algebra g* for the left-invariant Hamiltonian
system (T*G,h), where h(u) = H(e, it). This kind of symmetry reduction is called Lie-Poisson

reduction, and (1.11) is called the Lie—Poisson equation. And the reconstruction equation

becomes g = gg—ﬁ. Together, they describe the dynamics of the left-invariant Hamiltonian system
(T*G,h):
b —adyy ()
' oh (1.12)
8§=8 @

1.1.4 Hamiltonian mechanics on symplectic manifolds and Poisson
manifolds
Hamiltonian mechanics can be generalized from the cotangent bundle 7*Q to any sym-
plectic manifold. By definition, a symplectic manifold is a smooth manifold M equipped with a
nonsingular, closed two-form . Together with a Hamiltonian H, the triple (M, @, H) describe a
general Hamiltonian system on a symplectic manifold. Similar to canonical case, we can define

a Hamiltonian vector field Xy by requiring that

iXHCL) =dH,

and show that the flow of Xy preserves the symplectic structure @. We can also define a Poisson
bracket {-,-} : C*(M) x C*(M) — C(M) that describes the evolution of a scalar function along

a trajectory of the Hamiltonian vector field (1.6), and obtain Poisson’s theorem. Examples



include the Lotka—Volterra model [53],

where H (u,v) = u —logu + v — 2logy; the generalized harmonic oscillator,

p 0 —(1+p?+4°)?
= VH(p,q),
q (1+p*+¢*)? 0

where H(p,q) = p*/2 — cos(q); and the Ablowitz—Ladik model [1],

D 0 D
= VH(p.q),
q -D 0
which comes from a finite-difference approximation of the nonlinear Schrédinger equation, where
D =diag(~Up,...,Up), Uy =1+ p} +4q7, H(p,q) = X} _,(p1p1+1 + quq111)- The problem of
constructing a numerical integrator for noncanonical Hamiltonian system that preserves the
noncanonical symplectic structure @ is still an open problem. The noncanonical case is more
complicated because the canonical symplectic structure is constant with respect to canonical
coordinates on 7*(Q, whereas on a general symplectic manifold, the symplectic structure is
typically nonconstant.
Poisson manifolds are a generalization of symplectic manifolds. A Poisson manifold
(M, {-,-}) is a smooth manifold M equipped with a Poisson bracket {-,-} : C*(M) x C*(M) —
C*(M) which is bilinear, antisymmetric, and satisfies the Leibniz rule and Jacobi identity. The

Poisson bracket is equivalent to the existence of a Poisson structure, which a (2,0)-tensor



T=Ji % ® %, whose coefficients satisfy

J(x)+J(x) =0,

dJi Sk oJ* dJki

. (1.13)
li lj
ox! 8xljl+8lej_O'

For any Hamiltonian H on M, we can define the corresponding Hamiltonian vector field Xy =

7(dH), which has the local coordinate representation,
x=J(x)VH(x).

Similar to the case of (M, ®,H), the flow map preserves the Hamiltonian H and the Poisson
structure 7. The simplest Poisson structure is constant, i.e. J(x) =J, then we get a constant
Poisson system

x=JVH(x).

A more complicated Poisson structure is linear, defined by 7 = (Cf‘jxk) % & %, where Clkj are
the structure constants from a Lie algebra. It is easy to verify that the linear coefficients Cf‘jxk
satisfy (1.13) due to the properties of structure constants, and therefore define a Poisson structure.
This linear Poisson system also has a nice geometric representation, defined on the dual of the

Lie algebra g*, with Poisson bracket,

{f,g3 () = (u,[f'(u), &' (w)),

which is referred to as a Lie—Poisson bracket.
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1.2 Stormer-Verlet, SHAKE and RATTLE
1.2.1 Geometric integrators

As we have seen in Hamiltonian mechanics on (7*Q, H), noncanonical Hamiltonian
mechanics on (M, ®,H), or more generally Poisson systems on (M,{-,-},H), the exact flow
map ¢, satisfies some special properties. Our numerical integrator yj, can be regarded as an
approximation of ¢, and it is desirable for it to inherit these properties, and we refer to numerical
integrators that preserve such geometric properties as geometric integrators. Let us summarize

some of these geometric properties:
1. ¢ preserves the symplectic structure @, or the Poisson structure 7;
2. ¢, preserves first integrals, such as energy, momentum and so on;
3. ¢, forms a group with respect to the index ¢;
4. ¢ is time-reversible for reflection symmetric Hamiltonians, H(q, p) = H(gq,—p).

Property 1 is one of the most important properties that we will construct numerical integrators
for, and we refer to such integrators as symplectic integrators. For property 3, we mean that flow

map ¢, satisfies

¢ 0 Os = iy, Po=1d, o_, = ¢, ",

i.e., {¢ };cr forms a commutative group. Precisely maintaining the group property is difficult
to achieve in a numerical integrator, and an integrator that satisfies the condition y_;, = v, is
called a symmetric integrator. This can be constructed by composing any integrator y;, with its

adjoint l;/;lk = y/:g , and for such methods, it can be shown that (see page 86 of [37]),

Theorem 3. The order of a symmetric method is necessarily even.
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Reflection symmetry, H(q, p) = H(gq,—p), which arises in property 4, holds for almost

all practical mechanical system, and it essentially means that the resulting Hamiltonian system

JH

q= ﬁ(q,p),

p= —%—Z(q,p),
is time-reversible: if (g(t ) is a solution of Hamilton’s equations, then so is (¢(—t), —p(—t)).
Letz=(gq,p)" , then ¢, satisfies the time-reversibility property if and only if

¢ (2) =S¢ (5z).
Similarly, a numerical integrator y;, is called time-reversible if and only if it satisfies
Wi (z) = SY_n(Sz). (1.14)

If v, is also symmetric, then (1.14) is equivalent to

vi(z) = Sy, 1 (Sz). (1.15)

1.2.2 Stormer-Verlet method

We consider Newton’s second law with potential energy V(g),
G=-VV(q). (1.16)

This is equivalent to the Hamiltonian equation

(1.17)



where H(q,p) = @ +V(q). For (1.17), we have two very simple first-order symplectic integra-

tors, the Euler-B method

Pni1t =pn—h- VV(‘]n)7
(1.18)

Gni1 =qn+h-ppy1,

and the Euler-A method,

Gn+1 = qn+h-py,
(1.19)

Pn+1 = Pn— h- VV(QnJrl)-
It is easy to verify that (1.18) and (1.19) both satisty dg,+1 Adpn+1 = dg, Ndpy, i.e., they
are symplectic, and that they are adjoints of each other. The composition of (1.18) and (1.19),

Eulery (%) oEulerg (%), yields the Stormer—Verlet method,

(

h
pn+% =Pn— 5 'VV(Qn)a

Gni1 =qnthop,, 1, (1.20)

h
| Prt1 = Py = 5 VV (@)

Since (1.20) is the composition of two adjoint symplectic methods, it is both symmetric and
symplectic. It also satisfies (1.15), and is therefore time-reversible. By Theorem 3, we can
see that (1.20) has at least order 2. It can be shown that Euler-B, Euler-A and Stormer—Verlet
method all preserve linear first integrals (as do all Runge—Kutta methods), and quadratic first
integrals of the form I(q, p) = p’ Bq. The Stormer—Verlet method (also known as the leapfrog
method) is probably the most widely used low-order symplectic algorithm in practice; numerical
experiments and theoretical analysis demonstrate that symplectic integrators have long time
stability, and are particularly suitable for the long time simulation of Hamiltonian systems. A
typical example is galaxy simulations, which is a N-body problem that is simulated over long
timescales to study galaxy formation, and this makes symplectic integrators, in particular the
leapfrog method, the methods of choice for collisionless galaxy simulations.

The Stormer—Verlet method can be interpreted in many different ways: besides the
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composition of the Euler-A and Euler-B method, it is also equivalent to the following two-step

method,

Gnt1 —2qn+qn-1 = —h?- VV(Qn)v (1.21)

while (1.21) is the most natural central-difference discretization of (1.16); another way is as
a splitting method, since H(q,p) = @ +V(q) =T(p)+V(q) is separable, their exact flow
maps ¢hT and q)}‘f have a closed form, and an approximation of the exact flow map ¢y j, by the
composition ¢/ o ¢, which gives the Euler-B method, and ¢, o ¢ gives the Euler-A method,
while the Stormer—Verlet method is given by the Strang splitting (b}‘l//z e q)hT e ¢X/2. Since ¢hT and
‘P}Y are exact flow maps of Hamiltonian vector fields, they are naturally symplectic, so are their
compositions. Later, we will see that it also arises as a variational integrator.

For a nonseparable Hamiltonian system (1.2), we have the generalized Euler-B method,

JoH
Gn+1 =qn+h- a_p(qn7pn+l)7

oH
Pn+1 = Pn —h- a_q(QmPn-H),

the generalized Euler-A method,
o0H
dn+1=qn+h- 8_p(CIn+l7pn)7

oH
Pn+1=Ppn—h- a_q(Qn+l7Pn)>

and the generalized Stormer—Verlet method,

( h 0H
P’H—% :Pn—ia—q (qnapn+%>7

h (J0H oH
dn+1 :%ﬁ‘i % (qnuanr%) +8_p (Canrl»P,H%) )
h J0H

Pl =Ppil — 5 8_q (Qn-i-l?P,H_%) :

\

They are all symplectic, but notice that they are implicit as the Hamiltonian is no longer separable.
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1.2.3 SHAKE and RATTLE methods

We consider constrained Hamiltonian mechanics for a Hamiltonian H(q, p) with con-

straint g(q) = 0, where g : R" — R¥, the equations of motion are of the form
JH
=3, (¢:p), 0=2g(q),

p= —a—q(q,p) -G(q) A,

(1.22)

where G(gq) € R*" is the Jacobian matrix of g(g). We adopt a geometric viewpoint, and let the
configuration space be Q = {¢ € R" | g(¢) = 0}, which is an embedded submanifold Q R,

The tangent bundle

TQ=1{(¢,9) |9 € R",G(q)g =0},

is naturally embedded into TR": TQ %, TR™. Notice that {¢| G(q)g = 0} defines a subspace
of T;R", they provide an extrinsic coordinate representation of the intrinsic tangent space
T,Q. It turns out that the Lagrangian setting is natural for discussing constrained mechanics
due to the natural embedding of 7Q into TR", and the method of Lagrange multipliers for
variational problems. Given a Lagrangian L: TR" — R, we define a constrained Lagrangian
L2: TQ T TR S R, Then, Hamilton’s principle of constrained mechanics on (TQ,LQ) can

be stated using extrinsic coordinates as
6 | Llg(r),q(t))dr =0, (1.23)

for variations ¢() with fixed endpoints ¢(f9) = qo,¢(t1) = g1 that satisfy the constraint g(g(z)) =

0. Performing the variations on (1.23), we obtain the constrained Euler-Lagrange equation,

JL d [JL
0 (8_) =G(g)" 2,
q dr\dq (1.24)

0=g(q).
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It is harder to derive the constrained Hamilton’s equations (1.22), since 7*Q does not naturally

embedded in T*R". First, notice that the following diagram commutes

TR — L prRe

Ti T

rQ

T*Q

FLO

where T*i is the pullback map. Assume that the Lagrangian is hyperregular, i.e., FL and FL? are

global diffeomorphisms, then we can construct an embedding 1 : T7*Q — T*R" as follows,
n=FLoTio (FL?)™ ! (1.25)

For any g € O, we have that

n
1

where T*i is linear, and the preimage of 7*i are parallel affine subspaces, i.e., the translations of
Null(7*7). While ) is nonlinear, it satisfies 7*io 1 = id. By applying the embedding 7 to the

cotangent bundle

T°Q = {(q,p) | g(q) = OvG(Q)g—ZI(%P) = 0} ,

and applying the Legendre transform, (1.24) can be transformed into (1.22). So we can see that
the differential-algebraic equation (1.22) describes a Hamilton system (7*Q, H).
Consider a simpler case of a separable Hamiltonian H(q, p) = @ +V(q), with constraint

g(g) = 0, which have the constrained Euler-Lagrange equations

G=-VV(q)—Glq)"2,

0=g(q),

16



and constrained Hamilton’s equations,

g=p, 0=¢(q),
(1.26)

p=-VV(g)—G(g)"A.

Applying the same central-difference discretization that lead to the Stormer—Verlet method, we

get the SHAKE method,

qdn+1 — 2%1 +qn-1= _h2 : (VV<QI1) + G(Qn)T)’)7
0= g(gnt1),
which is a two-step method that was originally proposed by Ryckaert et al. [51] for molecular

dynamics simulations. The Stormer—Verlet method can be adapted to the constrained Hamilton’s

equations (1.26) to yield the RATTLE method,

.

h
Puis=Pn—5 (VV(g) +Glan) ),

2
Gnt1 = qn+h-p, 1, 0=8(Gn1), (1.27)
h
| Prtt =Py = 5 (VW (@n11) + Glgni1) 1), 0= G(qns1)" Pusa-

Jay [28] and Reich [50] independently observed that the RATTLE method can be interpreted as

a partitioned Runge—Kutta method and this allows it to be extended to general Hamiltonians,

( h (JH
pn+% =DPn— E : (a_q(Qnapn+%) "‘G(Qn)Tl) )
h (J0H JoH
qn+1 :qn‘f’i %(qnvpn+%)+a_p(qn+lvpn+%) )
0 :g(qn+1)7

2

oH
0= G(qn+1)T%(Cln+1,Pn+1)~

h (JH
Pntl =Ppl =5 (a—q(QnH,P,ﬁi) +G(Cln+1)Tﬂ) )
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The restriction G(an)T%—g(an, Pn+1) = 0 guarantees that (g1, pp+1) lies in T*Q, so the
RATTLE method is a map 7*Q — T*Q. It inherits nice properties of the Stormer—Verlet method,

in that it is also symplectic and symmetric.

1.3 High-order symplectic integrators

The Stormer—Verlet, SHAKE, and RATTLE methods are typical geometric integrators
with nice properties, but the problem is that they are only second-order accurate. In contrast,
Runge—Kutta methods provide a systematic way of constructing high-order integrators. For a

general first-order differential equation

/
y = f(t,y),
and a Butcher tableau,
Table 1.1. Butcher Tableau
cr|ajir aip a3 - A
Cy | ax1 axp azz - Ay
€3 | a3zl a4z a4z -+ Azg
Cs | A1 Ag2  Ag3 +++ gy
by by by - b

we have the corresponding Runge—Kutta method,

S
Yi=ya+h- Y aijf(tatcjhY)),
=1 (1.28)

s
Ynil =Yn+h- Zf(tn+cihayi>'
i=1

A Runge—Kutta method (1.28) is symplectic when applied to Hamilton’s equations (1.2) if its
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coefficients satisfy the following property,

Theorem 4 (Sanz-Serna [52]). If bja;j+bjaj—bib; =0 fori, j=1,2---s, then the correspond-

ing Runge—Kutta method (1.28) is symplectic.
In particular, we have that
Theorem 5. The Gauss—Legendre Runge—Kutta methods are symplectic.

The partitioned Runge—Kutta method is a generalization of the Runge—Kutta method
that is particularly appropriate for Hamilton’s equations (1.2), where it may be desirable for the

position and momentum to be updated in different ways. Given the Butcher tableau

Table 1.2. Partitioned Butcher Tableau

cr|ann aip aiz - A
c2 | a1 axp ax -+ A
€3 | az aszxp ass - Asg
Cs | ds1 ds2  Ag3 -+ Agg

by by b3 by
€1 |dan di2 aps ais
Cy | Ay Gy a3 - dg
C3 | a1 azx a4 - dsg
Cs | ds1 Qg Ag3 -+ dgg

by by b3 by
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the corresponding partitioned Runge—Kutta method for Hamilton’s equations (1.2) is

5. OJH 5. O0H
Qi=qn+h-), aija_<Qj»Pj)a Pi=pn—h- Zaija_(Qjan)a
j=1 P =1 °
s oy s am (1.29)
qn+1 — qn+hlzlbla_p(Ql7Pl)7 Pn+1 :pn_h'i:] bla_q(QHPl)

For the partitioned Runge—Kutta method (1.29) to be symplectic, the coefficients have the satisfy

the following property,

Theorem 6 (Geng [14]). If b; = b;, bia;j +bjaji—bib; =0, for i,j = 1,2---s, then the corre-

sponding partitioned Runge—Kutta method (1.29) is symplectic.

Applying the partitioned Runge—Kutta method to the constrained Hamilton’s equa-

tions (1.22) yield

(. JoH ) oH
Qi = a—(Qi,Pi% P, = _a_(QiaPi) —G(0)" A

p q
S .
Zaiij,
j=1

N
Qi=qo+h-) aijQj, P,=po+h-
~ ;

/ (1.30)

Ozg(Qi)a

s N
q1=qo+h-Y biQi, pr=po+h-Y biP,.

L i=1 i=1

The existence and uniqueness of the solution (g1, p1) to (1.30) is not guaranteed without further

assumptions. The symplecticity of (1.30) was studied in [28],

Theorem 7. If b; = b;, bida;j+bjaji—bibj =0, fori, j=1,2---s, and (1.30) is well-posed, then

the map (qo, po) — (q1,p1) is symplectic.

One well-posed version of (1.30) that yields a symplectic map from 7*Q to T*Q is given
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as follows oH Py
Y. — (0. P el 0 T A N .
Ql ap (QHPI)7 Pl aq (QHB) G(Ql) A’H
QiZQO+h'Zaiij7 Pi:p0+h’zaijpj7
= =1 (1.31)
~OH
0=2g(Qi), 0=0G(q1) %(c]l,pl),

EiPiu

-

N
q1=qo+h-Y biQi, p1=po+h-

\ i=1

N
Il
—

where the coefficients of the Butcher tableau satisfy b; = b;, bia; 3 +b i — b;b = 0. We also
require the method to be stiff, i.e., ag; = b;, which means that g; = Q. Furthermore, we require
that b; # 0, which implies that a;; = 0. We also set aj; = 0, which means that gy = Q1, and the

condition that b; # 0 now implies that a;| = b;.

1.4 Variational integrators

Surprisingly, all the symplectic integrators we have introduced so far, including the
constrained and unconstrained cases, can be derived using a variational integrator approach. This
is a unified framework to derive a large class of geometric integrators, and the resulting methods
are automatically symplectic. Given a Lagrangian mechanical system (7 Q, L), fix the timestep

h, and choose qg, g1 € Q. Then, we define the exact discrete Lagrangian,

h
L(g0.01) = secrone [, La®:a0)dr (1.32)
4(0)=qo.q(h)=q1 ”°

which is related to Jacobi’s solution of the Hamilton—Jacobi equation. It can equivalently be
defined as L3 (qo,q1) = f(fl L(q(t),q(t))dt, where ¢(t) satisfies the Euler-Lagrange equation,

and the boundary conditions ¢(0) = qo, g(h) = g;. Consider

szaCt(Qk_l,C[k) +sza0t<q1<7qk—l)7 (133)
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where qo = q(t), g1 = q(t +h), g2 = q(t +2h). By Hamilton’s principle, (1.33) should be

stationary with respect to variations in g, i.€.,

DZLZXZlCt(C[k—l;Qk) +D1L¢eixa0t(CIkacIk+l) _ O,

which implicitly defines g, in terms of g, qx. However, the exact discrete Lagrangian
is a theoretical construct that is not practically computable. Suppose that L;(qx,qx+1) is an

approximation of L5**“"(g, g 1), then consider the discrete action sum,

N-1
Sa =Y La(q qi+1)-
k=0

Then, the discrete Hamilton’s principle states that
0SSy =0,

where the variations at the endpoints vanish, i.e., dgg = 0, gy = 0. From this, we obtain the

discrete Euler—Lagrange equations,

DoLg(qr—1,4x) +Di1La(qk, qi+1) =0, (1.34)

which is a two-step method (qx—1,qx) — (qk,qr+1)- To construct a one-step method on 7*Q, we

need the following observation,

pr = —DiLT* (i, qr1), i1 = DaLT* (qk, s 1)

Pk> Pr+1 are the exact momenta at the endpoints. This is simply a consequence of the fact that
the exact discrete Lagrangian is related to Jacobi’s solution of the Hamilton—Jacobi equation,

and it is the Type I generating function of the exact time-4 flow map of Hamilton’s equations.
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Thus, by analogy, we can require that the same relationship holds with the approximated discrete

Lagrangian L (qk, i+1)

Pk = —D1Ly(qk, qk+1),
(1.35)

Pr+1 = D2La(qr: Git1)-
We refer to these as the implicit discrete Euler—Lagrange equations, and they define a map
(g0, po) — (q1,p1) that is automatically symplectic, since L;(qgo,q1) serves as the Type I gen-
erating function of a symplectic map here. It is also easy to verify that (1.35) implies (1.34) if
the momentum variables are eliminated. When L; = L5, (1.35) implicitly defines the exact
time-A flow map of Hamilton’s equations. In general, the order of the one-step method (1.35) is
determined by the approximation order of L; to LZ"aCt, which is a variational error analysis result

that was introduced in [43].

Theorem 8. If L;(q0,q1) = L5(q0,q1) + O(W'), then the one-step method (1.35) has order

r.

Given a Lagrangian L(g, ), one possible discrete Lagrangian is given by,

Lai(q0,q1) = h'L<

q0+491 91 —q0
2 7 h )

This is obtained by restricting the curves ¢(t) to polynomials of degree one or less, and approxi-

mating the integral by the midpoint rule. Applying (1.35), we get

_pozh_{a_L (qo+q1 q1—qo)_1+9_L(qo+q1 ‘]1—‘]O>.(_1)1
dg \ 2 h 2 9g\ 2 h h (1.36)

L [IL fqo+aq1 q1—qo\ 1  OIL (qo+qi q1—qo) 1

dg\_ 2 ' h 279¢\ 2 " h )'h

The Lagrangian L(g,q) and the Hamiltonian H (g, p) are related by the Legendre transformation,

and from this, we can show that

 0H 9L, . 9L, . OH
q—ﬁ(q,p), p—a—q(q,q), a—q(q,q)——aq(q,p)-
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Then, (1.36) can be expressed in terms of the Hamiltonian,

= doth- 9_H<610+q1 po+p1>

) 2 2
p (1.37)
_ .0 (0t potp
D1 Po aq ) 5 ) .

This is the midpoint rule, which by our construction, is a variational integrator. Similarly, for a

separable Lagrangian L(q,q) = 2qTMq V(q), consider the discrete Lagrangian,

h q1 —qo g1 —40
Ld(QO,m):E[L(qO, h )+L<q —

which is obtained by restricting the curves ¢(¢) to polynomials of degree one or less, and

approximating the integral by the trapezoidal rule. The resulting Hamiltonian map is exactly the
Stormer—Verlet method (1.20).

To construct higher-order variational integrators, we need higher-order approxima-
tions of the exact discrete Lagrangian (1.32). One way to systematically construct such ap-
proximations is by using the Galerkin method. Given a quadrature rule fg’L(q(t),q'(t))a’t R~

hYi | biL(q(cih),q(cih)), we construct a Galerkin discrete Lagrangian,

q(0)=q0,q(h)=q, =1

where P¥(0, 1) is the space of polynomials of degree less than or equal to k. So we only consider
variation curves that are polynomials and satisfy the prescribed boundary conditions. The
resulting variational integrator is a partitioned Runge—Kutta method (1.29), with coefficients
given by

bi:Ei:/ x)dx, a,J—/ x)dx, alj—b( C;j_i),

where /;(x) are the Lagrange interpolating polynomials for nodes c;.

Let us derive a variational integrator for constrained mechanics (1.22). For the discrete
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Euler-Lagrange equation (1.34), we need to perform variations of g that are restricted to the

configuration space Q, and this yields the constrained discrete Euler—Lagrange equations,

DyLy(q0,q1) +D1La(q1,92) = G(q1)" 4,

0=g(q1).

(1.38)

We can do the same for (1.35), but the momenta need to be represented by extrinsic coordinates
on 7*Q embedded into T*R” by 1 (1.25). Since the preimage of 7*i is a parallel translation of

Null(7*i) = span(G(q)T), (1.35) can equivalently be written as

;

po = —D1La(q0,91) +G(q0)" 2o,
0=2g(q1),

p1=DaLy(q0,q1) — G(q1)" M1,

oH
OZG(%)%(‘N,PI)-

(1.39)

\

From their construction, we expect that (1.39) implies (1.38), and that (1.39) is symplectic. Given

)
a Lagrangian L(q,q) = % —V(q), with the constraint 0 = g(g), and a discrete Lagrangian of

h _ _
Li(q0,91) = > [L (%C“h q) +L(Q1,q1 hqo)} -

Then, (1.38) and (1.39) specialized to this case both recover the SHAKE method.

the form,

1.5 Kalman Filters and Observability Analysis

1.5.1 Kalman Filters

Uncertainty is ubiquitous in practice, and may arise from incompleteness of the model,
inaccuracy of sensor data, and uncontrollable environmental factors. Probabilistic approaches
are a nice way to deal with uncertainty. Among these, the Kalman filter is quite popular in state

estimation. Suppose we have a robot moving in the environment, with state variable x;, control
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variable u,, and measurement z;. In practice, the state consists of the position and orientation of
the robot, the controls are data from odometry and IMU, and the measurements are data from the
camera and LIDAR. (x;,u,z;) forms a discrete control system. We assume that the probability
distribution satisfies the Markovian property,

P(xt |x0:t—17ZO:t—1>u1:t) = P(xt |xt—17ut)7
(1.40)

P(Zt |X0:t7ZO:t—1»M1:t) :P(Zt |xt)-

The state transition probability is denoted by P(x; | x;—1,u, ), and the Markovian property implies
that we only need the current state and control data to predict the future, independent of the
history. The measurement probability is denoted by P(z; | x;), and it implies that the measurement
data only depends on the state. In principle, we would like to use all the information we have,

i.e., (zoy,U1:), to get the best estimate of the state x;. This gives the posterior belief
bel(x;) = P(x; | zow,U14),
which uses all the historical sensor data. This is in contrast to the prediction belief
@(Xt) = P(Xt ’ ZO:z—l,”l:t)»

which uses all the historical data except for the current measurement z;.

We have a very efficient algorithm to estimate bel(x;), the Bayes filter,

@(x[) = /P(x, | xr—1,u) - bel(x,—1)dx, 1, Lan

bel(x;) o< P(z; | x;) - bel(x;).

Once we know bel(x;_1), we can estimate bel(x;) by using (1.41), and it yields the best estimate

based on historical data. The first step is propagation of the state distribution via the state
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transition model P(x; | x,_1,u;). The second step is essentially a Baysian inference, where bel(x; )
acts as the prior distribution, and bel(x;) is the posterior distribution. So Bayes filter is the
composition of propagation and measurement update.

The Kalman filter is a concrete implementation of (1.41) for the linear Gaussian model.
Suppose that the probability distributions are all Gaussian, and the state transition probability

and measurement probability are given by a linear noisy model,

X =Axi—1 +u + &,
(1.42)

i — CtXt + 6;.

where & is the propagation error with Gaussian distribution .4 (0, R;), and &, is the measurement
noise with Gaussian distribution .#"(0, Q;). Under the linear Gaussian model (1.42), suppose

that bel(x;,—1) = A (W—1,%—1), then bel(x;) = A" (U, X;) can be calculated as follows [4],

My =Arlly—1 + Uy,

Y, =A% AT +R;,

K, =x.cl(cEcl+0)7!, (1.43)
W =M, + K (z — GIy),

\Zl‘ — (I—KtC,)E,

For Gaussian distributions, besides the mean-covariance representation .4 (u,X), we also have

an information-precision representation .4 (&,Q), where £ = Q~!, u = Q~1&. The Kalman
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filter (1.43) in the information-precision representation has the following form,

(5 14T -1
Q, = (AtQt_]At —|—Rt) ,

Et = ﬁt(AtQ;__]léz—l +uy),
{ (1.44)

Q =Cclro ¢, +9,

| &=C0 'a+E,.
This is called the information filter.

1.5.2 Linear Time-invariant System

Consider a linear time-invariant control system,

X =Ax+ Bu,
(1.45)

z=Cx+Du.

where x is the state variable, u is the control variable, and z is the measurement. It has an explicit

solution for the initial condition x(#() and a given control u(t). The state evolves as

t
x(1) = A0)x(10) + | AT Bu(t)dr,

To

and the measurement is given by

2(t) = CA0)x(1y) 4+ C teA(t_T)Bu(’c)d‘L'+Du(t).

To

Observability is an important concept for control systems. It quantifies the extent to which we
can recover state information directly based on the control u and the measurement z. If the
state is observable, then in state estimation, the state error will remain bounded, otherwise, the
estimation error will grow with bound. For a linear time-invariant system, we have the following

theorem [10],
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Theorem 9. The following statements are equivalent:

e A linear time-invariant control system (1.45) is observable;

e The observability Gramian W,(t) = [} A TCTCATdT is nonsingular for any t > 0;

e The observability matrix O =

C
CA

CA? | has full column rank.

CAnfl

When the observability matrix is rank deficient, i.e., rank(O) = n; < n, the the linear time-

invariant control system (1.45) contains an unobservable subspace. Construct the transformation

matrix P, whose first n; rows are a linearly independent basis for O, and remaining n — nj rows

are chosen arbitrarily so that P has full rank. Then, we perform a coordinate transformation to

new variables X = Px. It can be verified that the transformed control system has the following

special structure,

\

X0 A1 0 X0 B
= + u,
XN Ayl A XN B;
(1.46)
X0
= Cl 0 + Du.
XN

From (1.46), we can see that the measurement z only depends on observable part xp, and that xo

evolves independently of xy. Thus, the xy part is unobservable. This step is called a canonical

decomposition. Even though the transformation P is constructed with some freedom, the xy part

has a clear geometric meaning, it forms the unobservable subspace, which is the nullspace of the

observability matrix, i.e., xy = Null(O).
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1.5.3 Observability of Nonlinear systems

We require the language of manifolds to deal with nonlinear phenomena. On a differential
manifold, a distribution /A on a smooth manifold M is a smooth assignment of a subspace
A(p) C T,M of the tangent space at each point p € M. A codistribution Q on M is a smooth
assignment of a subspace Q(p) C T;M of the cotangent space at each point p € M. Given
a codistribution Q, we can define its orthogonal distribution Q-+, where each Q-+ (p) is the

annihilator of Q(p),
Q' (p)={veT,M|{va)=0YaecQ(p)}

Given a distribution A\, codistribution Q, and vector field f on a smooth manifold M, we

say that a distribution A is invariant under the vector field f if and only if
VX e, [f,X]€A.

Similarly, we say that a codistribution €2 is invariant under the vector field f if and only if
VoeQ, LiwecQ.

Suppose that we have vector fields fi, f>, ... fy and a distribution A\, then the smallest distribution
that contains A\ and is invariant under f1, f>,... fy is denoted by (f1, f2,... fy | 2A). This can be

constructed by the following generating sequence,

No=A,

N
D= D1+ Y [fi D]
i=1

Theorem 10. For all k, A C (f1, f2,... fn | ), and when at a particular step k*, N = D41,
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then D= = (f1, f2,--- IN|D).

Similarly, for a codistribution €2, the smallest codistribution that contains Q and is

invariant under f, f>,... fy is denoted by (f1, f2,... fv | Q), and it can be generated by

N
Q=01+ ZLfi‘Qk—l‘
i=1

1=

We consider a special class of nonlinear control systems, which are affine systems of the

form,

= f(x)+ ) gi(x)u,
i=1 (1.47)

Then, consider

Q= {(f.q1,82---gm | span{dhy,dh,...dh,})",

which is the maximal distribution that is contained in the span{dh;,dh; ...dh,} and invariant
under f,q1,82...8&n- This distribution corresponds to the decomposition into the observable and

unobservable parts of system. We have the following theorem,

Theorem 11. Suppose Q is nonsingular, then at each point p, there exists a local coordinate
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change 7 = ¢ (x), such that (1.47) can be transformed into the form,

= fi(z1,22- +Zgl1 (215 zn)ui,

= fi(z1,22. +Zgu Z1s- - Zn) Uiy

Zs41 = fs—H(Zs—H .. -Zn) + Zgi7s+1(zs+la .. -Zn)”ia (1.48)

i=1

Zn:fn<zs+l- +ng Zs+1---Zn )uh
i=1

| Vi =hi(zs41---20), 1<i<p.

It is apparent from the form of this system of equations that z1,z5 ...z, are unobservable.
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Chapter 2

Geometric Exponential Integrators

2.1 Introduction

Hamiltonian partial differential equations are often simulated by semi-discretizing the
spatial differential operators, and applying a symplectic or energy-preserving integrator to the
resulting system of Hamiltonian ordinary differential equations. The critical challenge associated
with such an approach is that the resulting system of differential equations become increasingly
stiff as the spatial mesh is refined. This is achieved by combining geometric integrators with
exponential integrators [22], which are a class of numerical integrators for stiff systems whose

vector field can be decomposed into a linear term and a nonlinear term,

q=Aq+ f(q). 2.1)

Usually, the coefficient matrix A has a large spectral radius, and is responsible for the stiffness of
the system of differential equations, while the nonlinear term f(g) is relatively smooth. There
are various ways to construct an exponential integrator [45]. For example, we can perform a

change of variables §(t) = e 4’¢(t), and transform (2.1) to obtain

/

e q(t)) =G (t) = e f(eMq(1)). (2.2)
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Notice that the Jacobi matrix of (2.2) equals e =4’V fe?’, which has a smaller spectral radius
than the Jacobi matrix A+ V f of (2.1). A natural idea is to apply a classical integrator for the
mollified system (2.2) to obtain an approximation of §(z), then invert the change of variables to
obtain an approximation of the solution ¢(z) of (2.1). In Section 2.2, we shall demonstrate how
to construct symplectic exponential integrators using this approach.

Another way of constructing exponential integrators starts from the variation-of-constants

formula,

4(t) = AV gi0) + [ A f(g(2))dr, 2.3)

Ty
which is the exact solution for (2.1) with initial condition ¢(fp) = go. Then, a computable
approximation can be obtained by approximating the f(¢(7)) term inside the integral. If we

approximate f(q(t)) by f(gx), we arrive at the exponential Euler method,

h
disr = Mg+ /0 ATdT- f(qp). 2.4)

An exponential Runge—Kutta method of collocation type [21] could also be constructed by
approximating f(¢(t)) with polynomials. In Section 2.3, we shall show how to construct
energy-preserving exponential integrators from (2.3).

In this paper, we consider a specific form of (2.1) which is a Poisson system. We assume
A=1JD, f(q) =JVV(q), where JT = —J,D" = D, and JD = DJ, thus the coefficient matrix A
is also skew-symmetric. The assumption that J and D commutes turns out to be essential for
constructing structure-preserving integrators, and it is naturally satisfied in practical problems.

Now, the semilinear system (2.1) can be written as,
q¢=J(Dq+VV(q)) =JVH(q), (2.5)

with Hamiltonian function H(q) = $¢"Dq+V(q). Equation (2.5) describes a constant Poisson

system, and there are at least two quantities that are preserved by the flow: the Poisson structure
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Ji jaix,» ® 8%] and Hamiltonian H(g). Geometric integrators that preserve the geometric structure
and first integrals of the system typically exhibit superior qualitative properties when compared
to non-geometric integrators, and they are an active area of research [17, 37, 43].

In this paper we will introduce the exponential midpoint rule and the energy-preserving
exponential integrator. Both of these methods are implicit, and a significant advantage of
adopting the exponential integrator approach in the context of geometric integrators is that
resulting geometric exponential integrators can be implemented using fixed point iterations as
opposed to the more computationally expensive Newton iterations. Recall that classical implicit

Runge-Kutta methods

)
Y= ya+h- Y aijf(tatcjhYj),
=1

N
Yntt = Yu+h Y bif (ta+cih,Yy),
i=1

have a form that naturally lends itself to fixed point iterations. However, when g—J; has a large
spectral radius, the timestep is forced to be very small in order to guarantee that the fixed point
iteration converges. The alternative is to use a Newton type iteration, which is time consuming
since we need to perform LU decomposition (O(n*) complexity) during each iteration. This is

the problem we face for the stiff semilinear system (2.1) when the coefficient matrix A has a

large spectral radius. In contrast, in both the exponential midpoint rule

h _Ah
Mg te AZQk—i—l)

h
4k+1=€Ath+h'€A7f< 7

and the energy-preserving exponential integrator

h _
qk+1 ZeAhq/mL/O eATdT-IVV (g, qir1),

the matrix A only appears in the exponential term e*. Since A is skew-symmetric, this term is

an orthogonal matrix, which has spectral radius 1. Thus, fixed point iterations can be used to
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implement the exponential integrator, regardless of the stiffness of A.

In summary, the main contributions of this paper involve the derivation of geometric
exponential integrators that either preserve the Poisson structure or Hamiltonian of (2.5). They
exhibit long time stability, allow for relatively larger timesteps for the stiff problem, and are
computationally more efficient as they can be implemented using fixed point iterations as
opposed to Newton type iterations. For the rest of the paper, Section 2.2 is devoted to developing
symplectic exponential integrators that preserve the Poisson structure; Section 2.3 is devoted to
developing energy preserving exponential integrators; numerical methods and experiments are

presented in Section 2.4 and Section 2.5, respectively.

2.2 Symplectic Exponential Integrator

For constant Poisson systems (2.5), it was shown in [67] that the midpoint rule and
diagonally implicit symplectic Runge—Kutta methods preserve the Poisson structure J; J'aix,» ® 8%]
We first start by constructing an exponential midpoint rule: apply the classical midpoint rule to
the transformed system (2.2) to obtain

67k+1h— Gr _ e—Atk+l/2f<eAlk+1/2 @%W) , (2.6)

where

Tk + Tt 1 ~ —At, ~ —At
e12= =7 h=ti1—t, Gr=e€ "*qx, Gey1 =€ "*qppr.

Transform (2.6) back to g and g1, and we obtain the exponential midpoint rule,

eAll _AhL
2qxte 2Qk+1>. @7

h
61k+1=€Ath+h'€A7f< 7

Theorem 12. The exponential midpoint rule (2.7) preserves the Poisson structure when applied
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to the semilinear Poisson system (2.5).

Proof. Recall that a map ¢ preserves Poisson structure J; j% & % iff
i J
(V9)J (Vo) =J. (2.8)
Differentiating (2.7), we obtain,

7 1 1
dgi1 = dgg+h- V(S dg+ Se M dge ).

h h A
(1— > -eA%er_A%>qu+1 _ (eAh +3 -eA%erA’f)qu.
So the map ¢ (gx) = gx+1 has Jacobi matrix V¢ = M~!N, where

M=1- % AV et = - g-eAgjsze_AIS’

h h
N=eM2 LAV AT = A 5 AL IV2VAS,
Then, we just need to verify (2.8), which is equivalent to MIMT = NJNT,

h ] h )
MIMT = (1= 322092V 3) g (143 - A v2V et
2
=7 A Ve AL vy e
;2 (2.9)
h h
=J- ZeAUVZVJVzVJe_A?
=NJNT,
In (2.9), we used the property that V2V is symmetric, that A is skew-symmetric which implies
that (eA")T = ¢=A". Furthermore, the assumption that D and J commutes, implies that the matrix

exponential eA%, where A = JD, also commutes with J. O]

The exponential midpoint rule is a second-order method, and we will now develop higher-

order symplectic exponential integrators. Recall that a general diagonally implicit Symplectic
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Runge—Kutta method (DISRK) [17, Theorem 4.4] has a Butcher tableau of the form given in
Table 2.1:
Table 2.1. DISRK

al% 0 0 0

b 2 0 0 0

3| by by B0

Cg b1 bz b3 %
by by bs by

If we apply the DISRK method to the transformed system (2.2), and then convert back,

we obtain the following diagonally implicit symplectic exponential (DISEX) integrator,

0;i=Mig +h- Z aijeAh(c"*Cj)f(Qj),
j=1 (210)

Qi1 = Mg+ 1Y b £(Qy).
i=1

where q;; are the coefficients in Table 2.1. This integrator can be represented in terms of the

Butcher tableau given in Table 2.2:

Table 2.2. DISEX

eher 2] 0 0 0

eMhex | prethlea=c) b 0 0 0
ethes | pethlea—ct)  p, pAhlcs—c) % 0 0
Aes | proAhleer) o Ahleen)  piAhleses) b
AN | p M=) A=) poAR=c) . AR(Te)

It was shown in [67] that any DISRK method can be regarded as the composition of
midpoint rules with timesteps b1h,byh,bsh, - --bsh. As such, it is natural to ask whether DISEX
method is also the composition of exponential midpoint rules. Notice that (2.1) is autonomous

while the transformed system (2.2) is nonautonomous, and our application of DISRK method
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to (2.2) involves time explicitly, so the result does not immediately follow from the result of
[67]. However, the same conclusion still holds for the DISEX method, as demonstrated by the

following theorem:

Theorem 13. The DISEX method is equivalent to the composition of exponential midpoint rules

with timesteps bih,byh,bsh, - - - bsh.
Proof. The composition of exponential midpoint rules

bih . boh beh
G — 21 — 2y — Zg = qi+1

is represented as follows,

b b
b AR ~An% 5
Z :eAhblqk+b1h-eAh7'f( q’”;e 1), (M.1)
b b
b AT Z 4o M7
Zy = M7, 4ok - M F f( ! J;e 2) , (M.2)
bi eAh%Z 1—|—efAh%Z~
Zi = Mz, |+ bih- P f( - ’), (M.i)
bs eAh%Z ]+€_Ah%z
Zy =Mz b MF f( = ) (M.s)

eAhbTI -|—e_AhbTIZ . . . . .
i 5 L in (M.1) as an intermediate variable. Then, on both sides

Introduce Q| =
b b

of (M.1), multiply by e 4" , add e*7 g, and divide by two, which yields an equivalent form

of (M.1),

by b
0 ze"‘hqughf(gl). (S.1)

For the Runge—Kutta method represented by the Butcher tableau in Table 2.1 to be consistent,
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the coefficients have to satisfy,

( bl

C P —

1 27
b
C2:b1—|—72,

b.
Cizbl+bz+"'bi—1+j,

b
g:m+@+m+m+mA+§,

| 1=by+by+b3+---+bs_1+bs.

So equation (S.1) coincides with the first line of the Butcher tableau of the DISEX method.
b

Ah=2 —an22 b
Similarly, introduce Qp = ¢—45¢ 2% Then, on both sides of (M.2), multiply by e 47,

b
add M7 Z 1, then divided by two, which yields an equivalent form of (M.2):

by b
Q=77+ ?zh'f(Qz)
_ eAh(b1+”72)qk+b]h,eAh(%#’%)f(Q]) + %h-f(Qz) (S.2)
= Merg by M £(01) + 2 £(02).

So equation (S.2) coincides with the second line of the Butcher tableau of the DISEX method.

. eAhTiZ- 1+67Ah%24 . .
Then, as before, we introduce Q; = =5 L, and apply the same technique to (M.i),

which yields
bi b;
Q=27 +§lh'f(Qi)‘

By induction,

b
Zi = eAh(bi,1+~-~+b2+b1)qk+b1h_eAh(b,»,1+b,',2+-~+71)f(Ql)
b

i—1

+ bzh . eAh(bi71+bi72+""+b72)f(Q2) + .. 'biflh . eAh( 2 )f(Qifl)v
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SO
bi p. bi yp. A b
0; = M Hbiitotbatb) g 4 g ARG b1 bt 3 )f(Ql)

+boh - M tb 2 f(Qz)

btk M p(o, 1>+ ~h- (Q)) (S.i)
= Mg+ bih- MV F(Q)) +

+bi k- M) f(Q; 1)+ Shef(Q0),

which coincides with the i-th row of the Butcher tableau of the DISEX method. Finally, we have

qik+1 = Zs
= eAhbXZsfl +bsh - f(Qs)

b
= Mlbetrth) g |y AN b ) ()

by 1he MO £(Q, ) bk B £(Q))
— eAhqk +bih- eAh(I*CI)f(Ql) +-bsh- eAh(I*cs)f(Qs)7

which coincides with the last row of the Butcher tableau of the DISEX method. So the com-
position of exponential midpoint rules with timesteps b1h,byh, b3h, - - - bsh is equivalent to the

DISEX method of Table 2.2. O]

Theorem 13 establishes an equivalent relationship between the DISEX method and
exponential midpoint rules on the nonautonomous system (2.2) as was established in [67] for the
DISRK method and midpoint rules for the autonomous system (2.1), and it also shows that the

DISEX method preserves the Poisson structure.

2.3 Energy-preserving Exponential Integrator

Though classical symplectic methods exhibit superior long time stability, it was observed

that symplectic schemes are less competitive for the numerical integration of stiff systems with
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high frequency. In sharp contrast, energy-preserving methods perform much better [56]. A
general way to construct an energy-preserving method for a Poisson system ¢ = JVH(q) is the
discrete gradient method [49]. We design a discrete gradient VH (qk,qr+1) that satisfies the

following property,

VH (g, qi+1) - (i1 — qx) = H(qr+1) — H (qi)- (2.11)

Then, the resulting discrete gradient method is given by,

P~ VH (qr. ). (2.12)

Multiplying VH (g, qis1) on both sides of (2.12), we obtain

H(qiv1) — H(qx) = VH(qr, k1) - (Gr1 — k)

=h-VH(qx,qx+1)IVH (qk, G+ 1) (2.13)

=0.

The last equation of (2.13) holds simply due to the skew-symmetric property of matrix J, which
implies that discrete gradient method (2.12) preserves energy. We shall combine exponential
integrators with the discrete gradient method to obtain an energy-preserving exponential integra-
tor. This approach was initially proposed in [65] for separable Hamiltonian systems using the
extended discrete gradient method, and we generalize this to semilinear Poisson systems. Replace
the f(qx) term in the exponential Euler method (2.4) by the discrete gradient JVV (qx, qx+1),
which yields

h —
@it =Mt [ AATIV (qqin) @14)
Theorem 14. Method (2.14) preserves the Hamiltonian H(q).

Proof. LetS=e*, T = fé’ eA%dt, then iy = Sqi +TJIVV (qi, qis1). It is beneficial to observe
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that the assumption that J and D commute implies that the matrices J, D, A, S, and T all commute

with each other. Also, we will show that the following properties hold:
1. ST=5"1
2. AT =S-1,
3. ATT=1-8T;
4. STT =TT

Property 1 follows from the fact that ST = (¢A")T = ¢=4" = §~1. Property 2 follows from

Ah g

e eA T

h h
:/ A-eNdT = AT.
0 0

Taking transposes on both sides of Property 2 and using the fact that A and 7 commute gives

Property 3. Property 4 follow from
h h h
STT = ¢4 / AdT = / e A gr = / e Adr=T".
0 0 0

From this, we obtain

1 1 _
5494 1DGk1 = 544 D(Sqi+TIVV)

1 _ 1 _
= 5 (Sai+ TIVV)'DSq; + 5q{HDTva

1 1 — 1 _
= ~qiS"DSqi+ 5q; (I—ST)VV + =g, (S—T)VV

2 2 2 2.15)
= L Da— (g — )TV — L STV 1 Ll (54 @
= 54k Dak— (@1 =) VV =54, (S"+DVV + 5q141 (S+HVV

1 1— —
= QCIED% —V(qk+1) +V(a) + EVVTJTTT(SJrI)VV

1
= 5% Dgi =V (qe1) +V (9K)-
Here, we have used the fact that DTJ =S —1,STDS =D, STDTJ =1— ST, and JTTT(S+1) =

JIT —JTT which is skew-symmetric. The above calculation demonstrates that H(qx1) = H(qy).
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2.4 Numerical Methods

We will apply our proposed geometric exponential integrators to the semi-discretization
of two Hamiltonian PDEs, as the resulting system of differential equations can be expressed in
the semilinear form (2.1), with a coefficient matrix A whose spectral radius increases with the

spatial resolution of the discretization. The first is the nonlinear Schrodinger equation,

iV + Y — 2| WPy = 0, (2.16)

in which ¥ = u +iv is the wave function with real part ¥ and imaginary part v, and has the

following equivalent form,

U = —Vxx + 2(u2 + Vz)v,
2.17)
Vi = Uyy — 2(u2 + vz)u.

The second is the KdV equation,

Uy + Uty + Uy = 0. (2.18)

To discretize the two PDEs, we impose 27 periodic boundary conditions. Given a smooth 27
periodic function f(x), on the interval [0, 27], choose 2n+ 1 equispaced interpolation points x; =

Jjh,j=0,1,2,....2n, h = values {v j}zn o- there exists a unique trigonometric

2+1

polynomial v(x) with degree less or equal n, such that, v(x;) = v; (see, for example, [3]).

v(x) = Pre® P = 2n+1 Z vje ki,
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By substituting the expression for the coefficients vy, we obtain

2n 2n
v(x) = Zvj(p(x—xj): Zvj(})j(x), (2.19)
=0 j=0

J

where

L 1 1 sin((n43)x
9(x)= 3 et = ot 2ho),
= 2n+1 2n+1  sin(3)
From this, we see that {¢*}7_and {¢ J'}?i o are equivalent orthogonal bases for the trigono-
metric polynomial function space, and each such function can be parametrized by either the
nodal values {v j}?i o or Fourier coefficients {V;}}_ . They represent the same function, but
with respect to two different bases. The transformation between {v j}?i o and {¥x}}__ canbe
performed using the Fast Fourier transformation (FFT), which has O(nlogn) complexity.

The first and second-order differentiation matrices [59] with respect to the representation

in terms of nodal values {v j}?i o are given by

0, k=j,
D)=
( l)k] (—1)k=) k7é .
Zsin((k—zj)h)’ J
] !_n(n;rl)’ k:],
( Z)k] - (71)(k_j+l)COS((k72j>h) k .
\ zsinz((k—zj)h) ) 7’é J>

respectively. However, with respect to the representation in terms of Fourier coefficients
{Ve i _,,» they are diagonal,
Dy = diag(ik)}__,, D, = diag(—k*)}_

—-n-

We can also define a third-order differentiation matrix D3, which has the property D3 = D1D;, =

D,Dy, and it is diagonal with respect to the Fourier coefficients D3 = diag(—ik3)Z:_n. The
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observation that D, D, and D3 are all diagonal in the Fourier representation is critical to a fast

implementation of the product of matrix functions with vectors.

Theorem 15. Suppose that D|, D,, D3 are the first, second and third-order differentiation
matrices, respectively, g = {q j}5Lo is a vector with Fourier transform F [q] = § = {qx}{__,, and

f is an analytic function. Then

f(Dy)g=F"[diag(f(ik))q], f(D2)q = F~'[diag(f(—k*))q], f(D3)g = F~'[diag(f(—ik>))q],

where F~! is the inverse Fourier transform.

Proof. Recall that the matrix D, is diagonalizable with eigenvalues A, = —?, and corresponding

eigenvectors e, = {e**i}2" o

f(D2)g = f(D2) ( Y, ar: 6k> = Y Gk f(Dy)e
k=—n

k=—n

= Y SO = F ' diag(r(3))d) = F ' diag((~K)d]

Notice D; is also diagonalizable with eigenvalues A; = ik, and corresponding eigenvectors ey, D3
is diagonalizable with eigenvalues A, = —ik>, and corresponding eigenvectors ey, so the property
that f(Dy)g = F~'[diag(f(ik))4], f(D3)q = F ~'[diag(f(—ik®))4] can be verified in the same

way. [

2.4.1 Nonlinear Schrodinger equation

We perform a semi-discretization of (2.17) by discretizing the solution u, v in space using

their corresponding nodal values {¢g;} and {p;}. Applying the pseudospectral method, we obtain
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the following system of ODEs,

g=—Dap+2(¢*+p*)p,
(2.20)

p=Dyq—2(¢* +p*)gq,

where the nonlinear term (q2 + pz) p is computed elementwise, and represents the vector consist-
ing of {(q% + pf) p;} entries. We adopt this notation throughout the rest of the paper for brevity.

Then, (2.20) can be expressed as,

d 0 -D 2(q? + p?
4 7| _ 2| [4g N (g"+p7)p | 221)
p D, 0 p —2(¢*+p*)q
where
0 —-D, 0o I —D» 0
A= — —J-D,
D, 0 10 0 -D,
2(¢*+p*)p 0 I\ [2(¢*+p%q
—2(¢*+p?)q —1 0) \2(¢*+p*)p

and V(q,p) = %(q2 + p?)?. It is easy to verify that J is skew-symmetric, D is symmetric, and
JD = DJ. Thus, (2.21) is a semilinear Poisson system.

To apply the exponential midpoint rule, we need to compute the product of a matrix

. ) q
function and a vector, which has the form ¢4” ,

e(DO2 _(l))2> _ i i( 0 —D2>k: (cos(Dz) —sin(D2)>‘

sin(D,) cos(Dy)
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By Theorem 15, we have that

(82 ,(?2)}1 q cos(Dyh) —sin(Dyh) q
e

p sin(Dyh)  cos(Dyh) p

cos(Drh) - g —sin(D»h) -
_ (D2h) - g —sin(Dah) - p (222)
sin(Dyh) - g+ cos(Dah) - p

F~[cos(k?h)qy + sin(k*h) py]

F~1[cos(k*h) py — sin(k?h)§y]

In summary, the exponential midpoint rule for the nonlinear Schrodinger equation is

given by
h h
w o (Mg +eA2y
Zk+1=€Ath+h'€A2f( £ > k+l>,

dk Gk+1 0 —Ds
where z; = > Tkl = " A= , and ¢4z can be efficiently calculated

Pk Pk+1 Dy, O
using (2.22).

For the energy-preserving exponential integrator for the nonlinear Schrédinger equation,
Ah A v
Zr1 =€ 2k +/0 et dT-IVV (2ks 2pet1)-

Here,

/he<D02 _(?2>Td1. _ /h<cos(Dzr) —sin(Dzr))dT
0 0

sin(D27) cos(Dy7)

sin(D,h) cos(Dyh)—1

_ . Do Dol
1—cos(Dh) sin(D,h)
Dyh Dyh
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and by Theorem 15,

W0 -D sin(Dyh) cos(Dyh)—1
/e<Dz 0 )ear [T 2| P 4T
0 p lfcoggDzh)q_i_ smgzzh)p
—1ysin(k%h) A K2h)—1 A
B F l[sml({z )Qk_cos(kz) il
| poip 1—cos(Rh) » , sin(k2h) A
F1- C(;fz( )qk+s”’§(2 Lol

We can construct the discrete gradient

— 21+ 1) G
VV (zkzpt1) = i b’ Tt ]

2(q2k+% +p2k+%) Pyl
where

Gkt Gr+1 Pkt Pr+1

Ayl = D) ) pk+% - D) ’ (2.23)
2 2 2 2
> _ G T%n 2 Pkt P
Tt =" Pl =" 5 (2.24)

Notice that VV (2k, 2+ 1) is symmetric with respect to z; and z, 1, and it can be verified that it

satisfies (2.11). A classical discrete gradient method can be constructed as follows,
Zhrt = 2k +RIVH (2, 2141), (2.25)

where

— —D2 O Zk+zk 1 —
VH (zp,2k41) = T++VV(Zk7Zk+1)-
0 —D»

The method described by (2.25) is very similar to classical midpoint rule, the only difference
is in VV (z¢, 2541)5 q2k+% is used, while (qk+%)2 is used in the midpoint rule, so (2.25) can be

viewed as a modified midpoint rule.
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2.4.2 KdV equation
Rewrite (2.18) as
w= (= 5;) (307 +ue)

then apply pseudospectral semi-discretization to obtain the following system,

qg=(-Dn) qu +D261>

= (-D)Dag + (-D1) (5¢°).

which has the form of a semilinear Poisson system (2.5),
g=J(Dg+VV(q))=JVH(q),

where /= —D,D=D,,A=JD=—D3,VV(q) = %qz, H(q)= %qTqu%- %q3. The exponential

midpoint rule for KdV reads as follows,

_D:h Dl
e B2qrte 3261k+1)
)

_ Dyt
Ge1 = e P g +h-e D32f< >

and the energy preserving exponential integrator is given by,

h _
Qi1 = €D3th+/0 e 3%dt - (—D)VV (g, qis1),

with discrete gradient VV (gx, qis1) = %(q,% + Gk qrr1 + G5 +1)- A related classical discrete
gradient method can be constructed as follows,

v ditdeel | o

VH(qr: gr+1) = (Dz)T+ + YV (qr: Gir1)- (2.26)

By Theorem 135, in each iteration, the matrix function and vector product can be imple-
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mented as

and

2.4.3 Remarks

We have not analyzed the stiff order and long-time behavior of the methods proposed in
this paper. In particular, it should be observed that the standard backward error analysis results
for symplectic integration of Hamiltonian systems do not apply to the highly oscillatory systems
that we are considering here. A rigorous proof of long-time energy stability will likely involve

modulated Fourier expansions, as in [11, 13].

2.5 Numerical Experiments
2.5.1 Nonlinear Schrodinger equation

In Table 2.3 below, n denotes the number of nodes we discretize the spatial domain with,
and we tabulate the maximum timestep that the nonlinear solver converges for, and the number
of iterations taken to converge when averaged over the first thousand timesteps. We consider
the convergence properties of fixed point iteration and Newton type iteration for the midpoint
rule, and the fixed point iteration for the exponential midpoint rule, discrete gradient method
(2.25), energy-preserving exponential integrator, and diagonally implicit symplectic exponential

(DISEX) integrator with six stages [32]:

b1 = 0.5080048194000274 by =1.360107162294827 b3 =2.019293359181722

by = 0.5685658926458250 bs = —1.459852049586439 bg = —1.996119183935963.
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The underlying symplectic diagonally implicit Runge-Kutta method has algebraic order 5, and
due to the conjugacy between (2.1) and (2.2), the corresponding DISEX integrator also has order
5. The midpoint exponential integrator, discrete gradient integrator and energy preserving expo-
nential integrator, are all implemented using fixed point iteration, while DISEX is implemented
as the composition of midpoint exponential integrators. For the Newton iteration, since each
iteration requires the LU factorization of the Jacobian, which is computationally prohibitive,
we instead implemented a Quasi-Newton method, i.e., the Jacobian of the initial point is used
repeatedly until convergence, so the LU factorization need only be computed once per timestep.
Since for numerical integration of ODEs, the initial point is well approximated by a high order

explicit method, this technique works well in practice.

Table 2.3. Maximum timestep and average iteration number for convergence for the nonlinear
Schrodinger equation, as a function of the numerical integrator, nonlinear solver, and spatial
resolution.

midpoint midpoint exp |discrete gradient|energy exp DISEX

fixed point Newton fixed point fixed point |fixed point| fixed point

no| Mg |iteravg\hmax|iterang| Mmax  |iteravg| Mmax | it€ravg \hmax|iterayg| Mmax |iterang
11| 002 | 142 ]0.1] 8.3 0.1 12.6 | 0.02 14 0.1 119 0.1 101.4
21| 001 |129]0.1| 83 0.08 | 126 | 0.01 11.8 [0.1] 12 0.03 | 47.7
41 4x 1073 79 [0.1] 8.3 0.06 | 109 [4x1073 5.8 |0.1]| 12 0.03 |49.2
612x1073] 2.1 [0.1] 83 0.04 8.1 2x1073] 4 o.1] 12 | 0.025 | 445
81| 1073 | 41 |0.1] 83 0.04 8.1 1073 3 0.1 12 | 0.025 | 44.6
121/5x 1074 13.9 [0.1| 8.3 0.04 8.1 [5x107% 34 [0.1] 12 0.01 |433
1612x 1074 3.9 [0.1| 83 | 0.01 5 2x107% 2 o.1| 12 | 0.01 |[30.5
201[1x 1074 3.08 [0.1] 83 [8x 1073 47 [I1x107% 2 [o0.1| 12 [8x1073] 30
40114 x 107> 2 [0.1] 83 [5x1073] 49 [4x107° 1 0.1 12 [4x1073 32

If the timestep is too large, the nonlinear solver fails to converge, the number of required
iterations diverges, or the numerical accuracy of the solution degrades dramatically. Here, we
have chosen the maximum timestep by considering both the long time stability and the number
of iterations necessary. Since DISEX is implemented as the composition of exponential midpoint
rules, the number of iterations reported is the sum of number of iterations for each component

exponential midpoint rule.
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We observe that when the midpoint rule is implemented using fixed point iterations, there
is a significant decay in the allowable timestep as the spatial resolution is increased, whereas
the Newton type iteration allows a relatively large timestep that is independent of the spatial
resolution. In contrast, the midpoint exponential method exhibits a slower rate of decrease in
allowable timestep when using fixed point iterations. When using fixed point iterations, the
discrete gradient method, which is an energy preserving method, the allowable timestep behaves
similarly to the midpoint rule, and in contrast, the energy preserving exponential integrator has

an allowable timestep that is independent of the spatial resolution.

-2 T T

[ Midpoint fixed
Exponential midpoint
DISEX

log(timestep)

-10 [

-11 I I I I I I I

log(n)

Figure 2.1. Maximum timestep for which fixed point iterations converge as a function of the
spatial resolution for the nonlinear Schrédinger equation.

In Figure 2.1, we observe that the allowable timestep when using fixed point iteration
scale like n~2 for the classical midpoint rule, and n~! for both the midpoint exponential rule
and DISEX. As shown in Figure 2.2, the exponential midpoint rule exhibits an energy error that
remains small and bounded, which is consistent with it being a symplectic integrator, and the
trajectory error grows linearly.

The energy preserving exponential integrator is designed to preserve energy exactly, so
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Figure 2.2. Error plots for the exponential midpoint rule applied to the nonlinear Schrodinger

equation, n = 161, h = 0.01.
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Figure 2.3. Error plots for the energy preserving exponential integrator applied to the nonlinear

Schrédinger equation, n = 161, h =0.1.
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even when the timestep is 0.1, we see in Figure 2.3 that the energy is still preserved approximately
to within machine error. For DISEX, the energy and trajectory error is shown in Figure 2.4.
Observe that the energy error is small and bounded, as expected of a symplectic integrator, and

the trajectory error is small as well, as expected of a higher-order numerical integrator.

%108 energy error for DISEX %1078 trajectory error for DISEX
T T T T 25 r r T T T T T

energy error
trajectory error

90 100

40

0 10 20 30 40 50 60 70 80 920 100
time

(a) Energy error (b) Trajectory error

time

Figure 2.4. Error plots for the 6 stage DISEX applied to the nonlinear Schrodinger equation,
n=161,h=0.01.

In general, the number of iterations decrease as the timestep decreases, which is not
surprising since the initial guess is typically more accurate as the timestep decreases. For a fixed
time interval, the total computational cost depends on the number of timesteps, average number
of iterations per timestep, and the algorithmic complexity of each iteration. To illustrate the
relative computational efficiency of the various methods with different solvers, we set n = 161,
and plot the trajectory error over the time interval [0, 1] vs. total computational cost in Figure 2.5.
As can be seen from the figure, for the same trajectory accuracy, the midpoint rule with Newton
iterations is the most computationally expensive, due to the higher complexity of the Newton
iterations. However, the minimum computational cost achievable using the midpoint rule with
fixed point iterations and the discrete gradient methods is rather high, as they require the use of
smaller timesteps in order to converge. This problem becomes more severe for non-exponential

integrators as the spatial resolution » increases, as the condition number of the matrix A increases
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Figure 2.5. Comparison of trajectory error vs. CPU time for the nonlinear Schrodinger equation

with n. In contrast, the minimum computational cost achievable by the midpoint exponential
and energy exponential methods is lower, and their trajectory error is also smaller for the same
computational cost. For DISEX, the steeper slope indicates that it is a higher-order method, and

it is the most economical choice when high accuracy is required.

2.5.2 KdV

We simulate the KdV equation,

U + Uty + Vit = 0,

where v = 5 x 10™*. In Table 2.4, n denotes the number of nodes used to discretize the spatial

domain, and we tabulate the maximum timestep for which the nonlinear solver converges, and
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Table 2.4. Maximum timestep and average iteration number for convergence for the KdV
equation, as a function of the numerical integrator, nonlinear solver, and spatial resolution.

midpoint midpoint exp |discrete gradient| energy exp DISEX
fixed point Newton fixed point fixed point | fixed point | fixed point
n himax  |iteravg| Mmax  [iterave| Pmax |iteTavg| Mpmax |it€Tavg | Bmax lit€ravg| Mmax  [iterayg
40114 x 1074 179 B x 1074 255 [8 x 1074 8.4 [4x 1074 15.4 [0.005) 14.9 |4 x 1074 26.9
60111 x 1074 42 [1x107% 73 |[6x107% 8.6 [I1x10~% 3.4 |0.005 14.8 |4 x 10~% 48.0
80116 x 107> 18.5[5x 1077 44 |6x 1074 9.4 [5x 1077 3.5 [0.005/ 14.9 [1 x 104 19
10013 x 1077] 7.7 Bx 1077 11.0 |6 x 10% 10.6 [3 x 1077 14.9 [0.005| 14.8 [1 x 10~% 19
12011 x 1077 2 [Ix1077] 2 |6x10°¥ 114 [1x107°] 1 10.005 14.8[1x 1074 22
14011 x 1077 1 [Ix1077] 2 l6x107%16.1[1x107°] 1 10.005 14.8 [1x 104 34

average number of iterations taken to converge. In particular, we explore the effect of the
numerical integrator, the nonlinear solver, and the spatial resolution of the semi-discretization,
on the convergence properties of the solver. The maximum timestep is chosen by considering
both the long time stability and the number of iterations necessary, and the number of iterations
is averaged over the first one thousand timesteps. For the midpoint rule, the maximum timestep
decreases like n~3 for fixed point iterations, and a comparable timestep is required for the
Newton iterations to converge, which renders it too costly in practice. It is interesting to compare
this with the convergence properties of the NLS problem, where the maximum timestep for the
midpoint rule with fixed point iteration decreases like n~2. This difference is due to the fact that
for NLS, the second order derivative term Y, introduces a D, term in the semi-discrete ODE,
and its spectral radius increases quadratically; whereas for KdV, u,,, introduces a D3 term in
the semi-discrete ODE, and its spectral radius increases cubicly. The classical discrete gradient
method for the KdV equation is given by (2.26), and it exhibits the same timestep restrictions as
the midpoint rule. In contrast, both the exponential midpoint and energy preserving exponential
integrator allow rather large timesteps that are independent of the spatial resolution. Even though
DISEX is implemented as the composition of exponential midpoint rules, it requires smaller
timesteps than a single exponential midpoint rule.

In Figure 2.6, we observe that the exponential midpoint rule has an energy error that is

small and bounded, as is typical for a symplectic integrator, and the trajectory error grows linearly.
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In Figure 2.7, the energy preserving exponential integrator has an energy that is preserved to

x 1

|

0

within machine precision, and the trajectory error grows linearly.
energy error for midpoint ex

(a) Energy error (b) Trajectory error
Figure 2.6. Error plots for the exponential midpoint rule applied to the KdV equation, n = 401,
h=5x10"%
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As in the NLS case, we explore the relative computational efficiency of the above
algorithms by setting n = 1001, and plotting the trajectory error over the time interval [0, 1] vs.
the total computational cost in Figure 2.8. We did not implement the Newton based solvers here,
as we extrapolated that it would require approximately 4 x 10* seconds to compute the trajectory
over the time interval [0, 1], so they are not included in the figure. As can be seen from the graph,
the minimum computational cost achievable by the energy exponential method is the lowest
of the methods considered, as it is capable of taking the largest timestep stably. In addition,
it has the highest accuracy for a given computational cost amongst all the low order methods.
The method with the next lowest minimum computational cost is the exponential midpoint rule,
followed by the midpoint rule with fixed point iteration, and the discrete gradient methods. As
before, DISEX still has the steepest slope, which indicates that it is a higher-order method. But,
the disadvantage is that the maximum possible timestep is not as large this time, which results in

it having the largest minimum computational effort amongst all the methods considered.
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Figure 2.7. Error plots for the energy preserving exponential integrator applied to the KdV
equation, n =401, h = 0.005.
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Figure 2.8. Comparison of trajectory error vs. CPU time for the KdV equation
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Chapter 2, in full, is a reprint of the material that has been accepted for publication by
Journal of Computational Physics, 2019. Xuefeng Shen; Melvin Leok, Elsevier Press, 2019. The

dissertation author was the primary investigator and author of this material.
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Chapter 3

Lie Group Variational Integrators for
Rigid Body Problems using Quaternions

3.1 Introduction

For Lagrangian mechanics on the tangent bundle 7Q and the Lagrangian L, the theory of
variational integrators is well-established [43], and is based on discretizing Hamilton’s principle
rather than the Euler—Lagrange equations. The discrete Lagrangian L, : Q X Q — R approximates

the action integral over a small time interval,

h
Ld(q07q1>%q(O)—qo,q(h)—ql/0 L(Q(t)aq(t))dtv

and the discrete Hamilton’s principle states that the discrete action sum is stationary with respect

to variations in the discrete solution curve that fixes the endpoints,

N—1
3 Z Ld(Qkan—H) = 07

k=0

where dgo = gy = 0. This yields the discrete Euler-Lagrange equations,

DsLd(q0,91) +Di1(q1,92) = 0. 3.1
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By introducing the discrete Legendre transforms, we obtain a variational integrator on the

cotangent bundle 7*(Q,

po=—D1L;(q0,91),
(3.2)

p1=D2L4(q0,q1)-

It is easy to easy that (3.2) recovers (3.1) when the momentum variables are eliminated, and that
(3.2) is the usual characterization of a symplectic map in terms of a Type I generating function.
As such, variational integrators are automatically symplectic, and either form of the discrete
equations can be easily implemented in a linear space or in local coordinates. However, the
configuration manifold Q is not, in general, a Euclidean space. Symplectic integrators do not
exactly preserve energy, but instead rely on the existence of an associated modified energy for
their long-time energy stability properties.

Constructing a symplectic integrator naively on a local coordinate chart typically does
not result in a globally well-defined symplectic map on the Lie group. That is to say that if
we constructed variational integrators on two local coordinate charts that overlap, they will not
generally correspond to the same integrator on the overlapping region. A consequence of this
is that changing the coordinate chart at each time step results in the modified energy that is
preserved changing from step to step, which destroys the long-time energy stability typically
associated with symplectic integrators. In order to overcome this limitation, it is necessary to
consider symplectic integrators that is are well-defined globally on the configuration manifold,
and which commute with a change of coordinates.

One way to address this issue is to embed Q in Euclidean space. In many cases, the
configuration space naturally lives in a higher-dimensional Euclidean space R", and is the level
set of some constraint function g : R” — R™. So the position and velocity are represented
as vectors in the embedding space, and Lagrange multipliers are introduced to represent the
constraint forces.

When the configuration space Q has a high codimension in the Euclidean space, and
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the constraint function is complicated, the above method is costly to implement. For example,
the rotation group SO(3), which is a three-dimensional Lie group, naturally lives in R>*3, a
nine-dimensional Euclidean space, with six orthonormality constraints. As opposed to viewing
Q extrinsically as an embedded submanifold, when Q is a Lie group, the group structure could be
utilized to represent the position and tangent space intrinsically, thus avoiding the introduction of
Lagrange multipliers. This idea was used in [35] for the rigid body problem on the configuration
space SO(3), and later generalized to the full body problem on SE(3) [36].

Besides the rotation group SO(3), the motion of rigid bodies can also be described by
unit quaternions, which is an extremely popular approach in classical mechanics [23], computer
graphics [15, 62], virtual reality [33], and engineering applications in control [61, 66] and
estimation [54, 55] of aerial and space vehicles. In [64], a variational integrator for the rigid
body problem was derived in terms of unit quaternions embedded in R*, so as to avoid the
complicated constraints in SO(3), but where the unit quaternion constraint is enforced using a
Lagrange multiplier. We remark that the unit quaternions S°, is not only the unit sphere in R*,
but also a Lie group under quaternion multiplication.

In this paper, we will derive a Lie group variational integrator for rigid body problems
using unit quaternions, but without the use of unit length constraints. Instead, we use the fact
that R? can be identified with the Lie algebra associated with S3 C H. This will allow us to
obtain a variational integrator for rigid body dynamics in the unit quaternion representation that
is globally valid, expresses the relative rotation using three degrees-of-freedom, and avoids the
need for explicit constraints. While the problem of constructing arbitrarily high-order Lie group
variational integrators has been addressed in numerous publications [7, 8, 19], the goal of this
paper is more focused, which is to derive a simple, easy to implement, second-order accurate
symplectic Lie group method that uses the unit quaternion representation without the need for
constraints, local coordinates, or reprojection.

This yields a numerical method in the unit quaternion representation that exhibits the

computational advantages of Lie group variational integrators developed for rotation matrices,
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thereby making the advantages of geometric integrators accessible to engineering applications
which are heavily invested in the unit quaternion representation of the rotation group. In
particular, because many existing on board controllers for aerial and space vehicles use the
unit quaternion representation, our Lie group variational integrator that natively uses the unit
quaternion representation can be easily retrofitted into an existing controller framework without

an extensive rewrite of the controller software.

3.2 Background
3.2.1 Rigid body problem

The configuration space of the rigid body is SE(3) = R® x SO(3), where (x,R) € SE(3)
describes the position and orientation of the body-fixed frame with respect to an inertial frame.
Let p € R3 denotes the position of a mass element in the body-fixed frame. Then, the corre-

sponding inertial position is x + Rp, the velocity is x + Rp, and the kinetic energy is given by

1 .
T:—/ i+ Rp|[2dm
2)%
1 . 1 .
=—/ Htzdm+/ xTdem+—/ IRp||>dm (3.3)
2)% B 2 )%
1 I
= 5m|\x|12 + 5tr[RJdRT],

where J; = [4p pTdm is the nonstandard moment of inertia matrix. In (3.3), we used the fact

that the origin of the body-fixed frame is the center of mass of the body, thus

/ pdm = 0.
B

Since R evolves on SO(3), it follows that RTR=1. By differentiating on both sides, we have

RTR+RTR =0, thus RTR is skew symmetric. Define the hat map~: R® — R3*3 by the condition
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that Xy = x x y for all x,y € R3. If x = (x1,X2,x3), then X is given by

which is a skew-symmetric matrix. In particular, the hat map defines an isomorphism between
R and skew-symmetric matrices. Since R'R is skew-symmetric, there exists a unique vector Q

such that RTR = Q. In other words,
R = RQ, (3.4)

where Q is the angular velocity in the body-fixed frame. This equation has a natural geometric
interpretation: SO(3) is a Lie group under matrix multiplication, and its Lie algebra, so(3),

consists of all skew-symmetric matrices,
50(3) ={Q | Qe R’}

The tangent space at each R can be represented as the pushforward by the left action of R on the

Lie algebra,

TrSO(3) = (Lg)+50(3).
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In this way, the tangent bundle 7SO(3) is diffeomorphic to SO(3) x s0(3) by left-trivialization.

With this, we can express the rotational term in the kinetic energy as follows,

tr[RI,R"] = r[RQJ, QTR
— {0,087 (35)
=QlJQ,
where J = tr[J,|I; — J; is standard moment of inertia matrix. Combining (3.3) and (3.5), we

obtain T = %m”tz + %QTJ Q, and the Lagrangian for rigid body problems L: TSE(3) — R is

given by,
: L2, Lot
L(x,R,x,Q)zT—VzEmeH —1—59 JQ—V(x,R).

3.2.2 Unit quaternions

Quaternions are a noncommutative division algebra, usually denoted by H, with an
element g = (gy,4y), Where gy is the scalar part and g, € R? is the vector part. H inherits the

vector space structure and differential structure from R*, and has the following multiplication:

given g = (¢s,Gv) p = (Ps, Pv)>
q-p= (qs-ps —Gv-Dvsqs-Pv+DPs-Gv+ 34y Xﬁv)-

We can also define conjugation ¢* = (¢, —g,), norm ||q|| = v/qq*, and inverse under quaternion

multiplication ¢! = HZT The set of unit quaternions

$*={qcH]|lql =1}
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is diffeomorphic to the unit sphere in R*, and forms a Lie group under quaternion multiplication.

The identity element is e = (1,0,0,0), and the Lie algebra
.5 ={(0,£) | e R}

The corresponding exponential map is

exp(&) = (cos<|é|>,|§—|sm<|é|>). (3.6)

For any g € S°, the map & — gq -exp(&) gives a local diffeomorphism between a neighborhood
of the origin of R and a neighborhood of ¢y. By identifying R with the Lie algebra, this
reduces to canonical coordinates of the first kind on a Lie group [60]. It can be verified that for
g €83 veR3, g(0,v)g" is pure imaginary, i.e., the scalar part vanishes. This defines a linear
action on the vector part, which turns out to be a rotation. Thus, for each g € $3, we have the

corresponding rotation 7(g) € SO(3),
$? —"—55003),  7n(q) = (2q} — )+ 24,4, + 245Gy
The map 7 is surjective, locally diffeomorphic, and is also a Lie group homomorphism:

n(q1-q2) = 7(q1) - ®(q2),

where the operation on left side is quaternion multiplication, and the operation on the right side
is matrix multiplication. 7 is not a global diffeomorphism, for each R € SO(3), its preimage is
always one pair of antipodal points 4¢. Actually, S* and SO(3) are not diffeomorphic, as they

have different homology groups.
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We can lift the Lagrangian dynamics on TSE(3) to TR? x T'S>:

TR x T8° 1277 TSE(3) —2 5 R,
As manifolds, we have TSE(3) = T(R? x SO(3)) = TR? x TSO(3), where Id is the identity map
from TR3 to itself, and 77 : TS? — TSO(3) is the tangent lift of 7. Define the Lagrangian L =
Lo (Id x Tx) on T(R? x $3), and we will develop our algorithm for the Lagrangian mechanics
defined by L on T(R? x §3). Recall that Id x Tx is a local diffeomorphism, so (T (R? x §3),L)
and (TSE(3),L) are equivalent for initial-value problems, and locally equivalent for two point

boundary-value problems. A calculation shows that,

(4:9-(0,€)) —"— (n(q), m(q) - 2€),

SO
L(x,q,%,¢) = L(x,q,%,4-(0,&))

z(X,q,fC,g) (37)
1

= omll]?+2877€ — v (x.q).

3.3 Lie group variational integrator
3.3.1 Continuous time equation

We derive the Euler—Lagrange equations for the Lagrangian L on T(R3 x §?). By

Hamilton’s principle, (x(t),q(t)) € R? x S3 extremizes the action integral

for variations that fix the endpoints x(f9) = xp,x(t;) = x1 and q(fo) = qo,q(t1) = ¢1. Consider

variations of (x(¢),¢(t)) parameterized by A: Given any (0x(¢),n(¢)) that vanish at the endpoints,
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we construct (x(z,4),q(t,4)) as follows,
x(t,A) =x(t) +A0x(1),

and ¢(t,A) € $°, such that g(¢,0) = ¢(t), satisfies the following equation,

29.4,0) = () 0.1(1)). 68)

This implies that g(f9,A) = go and g(t;,A) = g1, since 1(¢) vanishes at the endpoints. Since
%(i,l) € Tq(,7;L)S3, we have by left-trivialization, %(r,l) =q(t,A)-(0,&(¢,A)), for a suitable

choice of &(f,A) € R?. Taking derivatives with respect to A on both sides, we obtain

d%q g Py
Sa-(t.2) = 32 z)-(o,ga,a»w(r,u.( (Mm))

Evaluating this at A = 0 yields,

d%q dq

S0 = 20,0 0.50) +4)- (0.570.0))

3.9)
—al0)- (000 0.0 +4()- (0.5:1.0)).

where we used (3.8), and we let & (1) = &(z,0). Taking derivatives with respect to ¢ on both sides

of (3.8) yields,

(3.10)
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Equating (3.9) and (3.10) by the equality of mixed partials, we get
( 85 .
ETAL 0)) = (0,7(1)) +(0,6(2)) - (0,n(r)) = (0,n(2)) - (0,5 (2))

= (0,0(2)) +(0,25(¢) x n(2)).

Thus,

22(1,0) = (1) + 25 (1) x n(0). G.11)

Using the Lagrangian given in (3.7), Hamilton’s principle states that

d

dA

3 /tn [%m”)é—k A8x|| 2 +2E(t, M) TE (2, L) — V(x(t,l),q(t,?t))} dt =0,

which means that

[ s (3se () S0 -

The terms involving the infinitesimal variation d.x are

1 t
/1 mx - 5x—a—v ox|dt = /1 mx—a— Oxdt, (3.12)
t() ax [0 8x

and using (3.11), we have that

/ 4 (1 )TJﬁ(t 0)dr — / 4TI 428 x n)di

M ~ (3.13)
— [ 4 (—éTHngJg) ndt,

fo

where we integrated by parts, and used the fact that 1 vanishes at the endpoints.
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For any ¢ € H,v € R?, define F(g) : H — R3>** by the condition that

q-(0,v) =F(q)"v.

It can be easily verified that for ¢ = (gs,Gv), F(q) = (—Gv,qs - I — Gv), thus

/r: (%)T%(”OW = /t: (%)T(q- (0,m))dr

L) AN
= (8_q) F(q) ndt.

To

(3.14)

Combining (3.9), (3.12), (3.14), integrating by parts, and using the fact that dx vanishes at the

endpoints, we have

/tt1 (— mi — ‘;—‘Q Sx+ (— 4€TT+8ETIE + (g—‘;)TF(q)T> ndt =0,

0

for all variations Ox and 7 that vanish at the endpoints. By the fundamental theorem of the

calculus of variations, the Euler—Lagrange equations for the Lagrangian L on T(R> x $3) is

given by,
( L dV
mi=——_,
- ’A%
4JE 4+ 8E x (Je) :F(q)g—q, (3.15)

3.3.2 Variational integrator on the Lagrangian side

The discrete Lagrangian from [64] is used here, which can be viewed as a midpoint rule
approximation of the integral, combined with linear interpolation. Given endpoints (xg,go) and

(x1,¢1), since (0,&) = g*g ~ (274 )* . (190) = (0, HIm(gjq1) ), we have that € is approximated
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by %Im(qéql). We can construct the discrete Lagrangian as

Ly(x0,40,X1,41)
1

= h(—m
2

This discrete Lagrangian is consistent as it converges, as h approaches zero, to s times the

2 (3.16)

X1 — X0
h

V(XOaCIO)‘FV(xl»(Il))‘

h

continuous Lagrangian. Furthermore, it can be shown to be symmetric, and as such it is at least
second-order accurate. More generally, the order of accuracy of the discrete Lagrangian can be
obtained by comparing it to the exact discrete Lagrangian, using the variational error analysis
developed in [43]. This has been related to the quadrature error and best approximation error of
the finite-dimensional approximation space for Galerkin variational integrators in [18, 19].

The discrete Euler Lagrange equations are

{ Dx1 (Ld(x07q07x17q1) +Ld(x17qlax27q2)) = 07 (317)

Dy, (La(x0,90,x1,491) +La(x1,91,%2,92)) = 0. (3.18)

By substituting the expression for the discrete Lagrangian (3.16) into (3.17), we obtain

X2 — 2x1 + X0 A%
m-—

i = —g(xwh)o (3.19)

For (3.18), recall that g; evolves on $3, so we consider a variation q1(A) of g1, such that

¢1(0) = g1 and 6q; = dqdl—,({l) o =¢g1-(0,m), then

Gl amlain @) m(aian (3)) = 20tz (37

Im(qzsw)))

A=0 (3.20)

=2(Im(g4q1)) " (Im(g51 (0,1m))).-
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Define G(q) : H — R3*3, such that for any ¢ € H, v € R,
Im(q-(0,v)) = G(q)"v.

It can be verified that

G(Q) =qy- 1 — Gy,

SO

2(Im(g5q1))"J (Im(g5q1(0,M))) = 2(Im(g5q1)) ' IG(g5q1) " -

Similarly,

], (m(di(A)g2)) 70 (1)) = 2(Im(gig2) " Im( (g1 0.1)) g2
= 2(Im(g5q1))"J(Im(g341(0,7))) (3.21)

= 2(Im(g3q1))"JG(g3q1)" .-
Substituting (3.20) and (3.21) into (3.18) yields

4 * 4o : v !
—(Im(q5q1)) " IG(g5q1)™ 0 + — (Im(g5¢1)) " TG(q3q1) "1 — | == (x1,q1) | F(gq1)"n =0,
h h dq

which holds for any 717, which gives

h? oV
G(q091)J(Im(qpq1)) +G(g291)J (Im(g5q1)) = +F (ql)a—q(xl,ql)- (3.22)

In summary, the discrete Euler—Lagrange equations derived from the discrete Lagrangian (3.16)

are given by

X2 —2x1+ X9 A%
m-—

I’l2 :_E(xhch):
* * * * h2 2A%
G(q091)J (Im(qpq1)) + G(q391)J (Im(g3q1)) = ZF(Cll)a—q(xlm),
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where G(Q) =qs =Gy, F(‘]) = (_6V7qs '1—67v)-
3.3.3 Variational integrator on the Hamiltonian side

For any Lie group G, its tangent bundle 7'G is diffeomorphic to G x g by left-trivialization,
TG=Gxg, (q.,vq) —— (q.L,1.vg),
and T*G is diffeomorphic to G x g*,
T"G=Gxg", (4,pg) —— (4.L4"py)-

Given a Lagrangian L : TG — R, we can define L = Lo y~!, and the following diagram

commutes,
76— 176
Gxg 7 Gxg

where Fy, is the Legendre transformation and F; denotes the partial derivative of L with respect
to the Lie algebra element.

For a Lagrangian of the form L(x,q,%,&) = tm||x[|> +2ETJE — V(x,q), the Legendre
transform is given by (x,q,x,&) — (x,q,mx,4JE).

For a discrete Lagrangian L; : G X G — R, we consider a variation ¢go(4) of go, such that

dgo(A) ‘

q0(0) = go and dqo = =5~ o L; &, then an element a € g* is defined by the condition

d

an Ld(qO(l),QI>:<a7€>'

A=0

Itis easy to verify that & = Ly D1L4(qo,q1). The same arguments hold for the derivative with

respect to ¢1. This allows us to conclude that the the partial derivative of the discrete Lagrangian
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with respect to the Lie

algebra element in the left-trivialized coordinate system that generates the

variation of ¢g; € G is related to the partial derivative with respect to g; by a left translation. So

the variational integrator on the Hamiltonian side for the discrete Lagrangian (3.16) is given by

(

\

— XA%
po=m- ad A 0 + Eg(x()vq())a
4 . h Vv
wo = _EG(CIIC]O)J(I’”(CIIQO)) + §F(CIO)(9_(XO"10)’
q (3.23)
Xl —)C() haV '
pP1= .T_ig(XhQI)’
4 h v
wi = 5 G(asan (Im(goar) =5 F (a5 (xisan).

Here, wg,w) are in the dual space of s0(3), and the derivation follows the approach adopted in

the previous section.

3.4 Implementation of the algorithm

Given initial conditions (xg, R, X0, Ry = Roﬁo) for the rigid body problem, our algorithm

is given as follows,

1. lift (xo,R0) € SE(3) to (x0,q0) € R x $3, such that 7(go) = Ry (see [42]);

2. start with initial conditions (xg,qo, po = mxg, wo = 2JQg) on T*(R>? x §3);

3. apply (3.23) repeatedly to generate the discrete sequence (xg, gk, Pr, Wi )-

At each iteration, x| can be directly calculated by

X1 = X0 m y4 2 ox X0,40) | -
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There is a trick to calculating the F (qo)‘g—(xmqo) and F (ql) (xl,ql) terms. Notice that

F(q)Tv=gq-(0,v), thus
(3.24)

From this, we conclude that F(q) 52 aV = 2Vec(QT ) where Vec is the inverse of the hat map.
The reason for calculating @ instead of < a is due to the fact that calculatlng S requlres
the computation of 35 so we will use both the quaternion and rotation representations of the
orientation at each step, but only store the orientation in the quaternion representation for the

numerical solution sequence. The update for g; can recast as a novel fixed point problem as

opposed to a root finding problem. We have

Glaian) (Im(gian) = & (~wo+ 2F (an) G to.ao))

and if we denote the updated unit quaternion gjgo by ¢, and the right side (which is explicit) by
b, we obtain

G(q)JIm(q) =b.

As such, g can be calculated by the following fixed point iteration,
G(g"IIm(g") = b. (3.25)

During each iteration, the vector part of g*! is calculated by solving a linear system, and then
the scalar part is derived from the unit length constraint; another fixed point iteration is based on

the observation that G(q) = ¢s - I — g, thus
G(q)v=qs-v—gy xV,
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for any vector v. As such, (3.25) can be modified to yield
¢“TIm(g" ") = G5 x JIm(¢*) +b. (3.26)

In practice, (3.26) converges faster than (3.25). Once g is calculated, p;,w; can both be
calculated explicitly from the last two equations in the system (3.23). If we wish to recover the
discrete solution in the rotation matrix representation, we can project (xg, gx, px, wx) to TSE(3)
by using

Pk 1

Ri=m = — Qi ==J 'wy.
k (‘Ik>7 Xk m’ k ) Wik

3.5 Analysis of algorithm

Our algorithm inherits some very nice geometric properties of the exact flow. First, (3.23)
is by construction symplectic; second, if (3.23) is regarded as a map ¢, from (xo, go, po,wo) to

(x1,41, p1,w1), and we replace h with —h, it would yield

( xo—x; hoV
Po 'T—Eg(xquo),
4 « N h oV
wo = —G(q190)J(Im(q190)) — 5F (q0) 5 (x0,90),
h 2 dq
(3.27)
xo—x1 hoV
pr=m-— +§§(x1,611),
4 h A%
= ——G(gsq1)I (Im(g; “F(q))=— .
™ hG(QOCH)J( m(Qle))+2 (q1) 7 (x1,91)

It is easy to check that (3.27) defines the same map ¢y, from (x1,q1, p1,w1) to (x0,40, PosWo)s
thus ¢_, = ¢, ! and (3.23) is symmetric. The order of a symmetric method is necessarily even
[37], so our algorithm has order two. Also the real system is time reversible, and we can verify

that

¢_n(x0,90, —po, —wo) = (X1,q1,—Pp1, —W1),
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thus, our method (3.23) is time reversible. Also, we observe that in this application that the

Lagrangian (3.7) is invariant under the S> group action §® x (R? x $3) — R3 x §3:

q1(x,q) = (7(q1)x,919).

Thus, the corresponding momentum map is preserved, which is the total angular momentum
x X p+ 7(q)JQ. The discrete Lagrangian (3.16) we designed is also invariant under this group
action, so by the discrete Noether’s theorem [43], our algorithm will also preserve total angular
momentum of the system.

A further investigation shows that discrete flow maps of (3.23) and the classical RATTLE
method [17] are related. For the rigid body problem in the rotation representation, the Lagrangian

is separable, and the RATTLE method is given by

Pij2=Pp —gaa—‘;(xo,Qo), X1=X0+h%,

Pip=PR— gaa_g(meO) - ngAo,
01=Q0+hPijpJ;", Q{01 =1, (3.28)
P1 =P1/2—ga&—‘;(x17Q1),
P =P - gg—g(xl,Ql) _ngAh orpJ +JPLO =0

\

The RATTLE method can be derived using constrained mechanics with the discrete Lagrangian

21 01— 0o 01-00\"
—|—§trace[( p >Jd( " >

~ V(x0,Q0) +V(x1,Q1)> (3.29)

1
Ly(x0,Q00,x1,01) =h (‘m

X1 — X0

h

2

2

where Qg = 7m(qo) and Q) = m(q1). We can prove that (3.29) is equivalent to the discrete

Lagrangian (3.16) we used to derive our method, thus the discrete flow maps of the two resulting
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Figure 3.1. Planar rigid body

methods (3.23) and (3.28) are related by the projection from unit quaternions to rotation matrices.
There are efficient ways of implementing (3.28), where the Lagrangian multipliers Ag and A are
eliminated, and the quaternion representation can be introduced to obtain a fixed point iteration
for Q1[17], and P can be obtained by solving a linear system. Here in our algorithm (3.23), the

angular momentum wy is updated explicitly.

3.6 Numerical Experiments

We consider a planar rigid body composed of three uniform balls with unit mass and
radius 0.1, connected by massless rods as in Figure 3.1. We numerically simulate the motion
of the planar rigid body in a gravitational field centered at the origin with potential energy —%,
initial conditions xo = (8,0,0), go = (1,0,0,0), po = (0,1,0), and wo = (1,2,3), and timestep
h=0.01. The trajectory of the center of mass during the time interval [0, 1000] and motion of the
rigid body over one orbital period are given in Figure 3.2. The energy error and quaternion error,
which is the deviation from the unit quaternion surface, during the time interval [0, 1000] are
given in Figures 3.3a and 3.3b, and we observe that these invariants are preserved extremely well.
It can be seen that energy error remains stable due to the symplecticity of the proposed algorithm,
and the quaternion error remains stable due to the use of the intrinsic Lie group composition to
update the numerical trajectory. The error in each component of the angular momentum is given

in Figure 3.3c. As can be seen, it is preserved quite well.
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(a) trajectory of the center of mass (b) rigid body motion over one orbit

Figure 3.2. Motion of the rigid body in a central gravitational field.
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Figure 3.3. The Lie group variational integrator using quaternions preserves the energy and the
unit norm condition very well. In addition, the angular momentum is preserved quite well.
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Figure 3.4. The RATTLE method performs very similarly to the Lie group variational integrator
using quaternions.

Since our method and RATTLE are analytically equivalent if the Lagrange multipliers
associated with the unit quaternion constraint are eliminated, it is natural to compare the perfor-
mance of our method with RATTLE to see if there are differences in the numerical properties
in practice. In Figure 3.4, we examine the numerical performance of RATTLE, in particular,
the energy error, unit quaternion error and momentum error. The quaternion representation is
adopted to update Q by fixed point iteration, and P; is solved as a linear system. In our problem,
the nonstandard moment of inertia matrix J,; is diagonal, thus this linear system is decoupled
into three linear subsystems, and P; has a closed form solution. The numerical performance of
RATTLE is similar to our method, with almost the same run time, which is demonstrated by the
computational efficiency plot in Figure 3.5.

In addition, a runtime comparison is also made between three methods: (i) our Lie group
variational integrator using the unit quaternion representation; (ii) the Lie group Stormer—Verlet

method [8, Eq. (4.15)-(4.18)], which is a special case of the Lie group variational partitioned
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Figure 3.5. The error vs. CPU time for both our proposed Lie group variational integrator using
quaternions and RATTLE are virtually indistinguishable.

Table 3.1. Runtime comparison (1000 steps)

Lie group quaternion | Lie group Stérmer—Verlet | SHAKE
7.46s 7.20s 11.00s

Runge—Kutta method, where the Lie group is the rotation group SO(3); (iii) the SHAKE method,
which can be viewed as a special case of the variational integrator for constrained mechanics [43],
where the unit norm for quaternions is used as constraint. All these methods are symplectic by
construction. In Table 3.1, the runtime to perform 1000 steps with the same initial condition
is reported for each method. It is observed that the SHAKE constrained integrator, costs
significantly more than the other two. In practice, the difference in computational cost between
our method and the Stormer—Verlet Lie group method is negligible, and the cost depends strongly
on the choice of initial conditions, the timestep, and the code implementation. So, for this
rigid body example, our method is roughly comparable to the Stormer—Verlet Lie group method
in runtime complexity, maintains an advantage in memory cost, and is significantly cheaper
than the SHAKE symplectic constrained integrator. As such, our method is competitive with
methods using the rotation matrix representation, and cheaper than other methods using the unit
quaternion representation.

Chapter 3, in full, is currently being prepared for submission for publication of the

material. Xuefeng Shen; Melvin Leok. The dissertation author was the primary investigator and
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author of this material.
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Chapter 4

High-Order Symplectic Lie Group Meth-
ods on SO(n) using the Polar Decomposi-
tion

4.1 Introduction

Given a configuration manifold Q, variational integrators provide a useful method of
deriving symplectic integrators for Lagrangian mechanics on the tangent bundle 7'Q in terms of
the Lagrangian L, or for Hamiltonian mechanics on the cotangent bundle 7*Q in terms of the
Hamiltonian H. It involves discretizing Hamilton’s principle or Hamilton’s phase space princi-
ple rather than the Euler—Lagrange or Hamilton’s equations. Discrete Lagrangian variational
mechanics is described in terms of a discrete Lagrangian L;(qo,q1 ), which is an approximation

of the exact discrete Lagrangian,

h
L3 (q0,q1) = 4eC2([0,1],0) /OL(‘I(I)aQ(I))dL (4.1)
q(0)=q0,q(h)=q

The discrete Hamilton’s principle states that the discrete action sum is stationary,

N—-1

0 Z Ld(‘]k;QkH) = 07
k=0
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for variations that vanish at the endpoints, i.e., 0go = dgy = 0. This yields the discrete Euler—
Lagrange equation,

DoLg(qr—1,9x) +Di1La(qk, qr+1) =0,

where D; denotes the partial derivative with respect to the ith-argument, and this defines an
update map on on Q x Q, where (gx_1,9x) — (qk,qr+1). This update map can equivalent be

described in terms of the discrete Legendre transforms,

Pk = —D1La(qr, qk+1), Pi+1 = DoLa(qic, qi+1), 4.2)

which defines an update map on T*Q, (g, px) — (qr+1, Pr+1), that automatically preserves the
canonical symplectic structure on 7*Q. The order of the variational integrator depends on how
accurately Ly(qo,q1) approximates L5*'(go,q1). To derive a high-order discrete Lagrangian
L4(qo,q1), a typical approach is the Galerkin method [43]. This involves replacing in (4.1) the
function space C2([0,4], Q) with a finite-dimensional function space, and replacing the integral
with a numerical quadrature formula, and when the configuration manifold Q is a linear space,
and polynomials of degree less than or equal to s are chosen, the classical symplectic partitioned
Runge—Kutta methods are recovered. Later, Leok and Shingel [39] introduced the shooting-based
discrete Lagrangian, which allows one to construct a symplectic integrator from an arbitrary
one-step method.

When the configuration manifold Q is a Lie group G, the construction of the discrete
Lagrangian L;(go,g1) is more complicated than the linear space case. Leok [38] proposed
parametrizing curves on the Lie group using the exponential map, i.e., a curve g(¢) connecting

go and g1 is represented by

g(r) = go-exp(e(t)),

where €(7) € g is a curve on the Lie algebra of G, with fixed endpoints €(0) = 0, €(h) =

log(g, lg1). This allows one to replace variations in g(r) by variations in &(¢) on the Lie algebra
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g, which is a linear space. This yields the following expression for the exact discrete Lagrangian,

h
Li™(20:81) = ecec?(oul.g) /0 L(go-exp(£(1)),80 () (£(1)))dl, (4.3)
£(0)=0,¢(h)=log(g, 'g1)
where ¢(€) = exp(€) - 1_;d; e (€) is the tangent lift of the exponential map. In (4.3), if £(¢) is

restricted to a finite-dimensional function space, and we replace the integral with a quadrature rule,
then we obtain Galerkin Lie group variational integrators. The error analysis and implementation
details for such methods can be found in [7, 19]. The above construction can be naturally
extended to any retraction [2] T on G, 1.e., a diffeomorphism from a neighborhood of 0 € g to
neighborhood of e € G that satisfies a rigidity condition. The main disadvantage of Galerkin
Lie group variational integrators is that the discrete Lagrangian (4.3) involves , and the resulting
discrete Euler—Lagrange equations will involve 2exp, which cannot be calculated exactly in
general, and requires the truncation of a series expansion.

For mechanics on a Lie group, when the Lagrangian L or Hamiltonian H is left-invariant,
the mechanical system can be symmetry reduced to evolution on the Lie algebra g or its dual
space g*. On the Lagrangian side, it corresponds to Euler—Poincaré reduction, which is described

by the Euler—Poincaré equation,

d (dl\ , [dl

dt\de) ¢\de)’
which is expressed in terms of the reduced Lagrangian /(g~'g) = L(g, ¢). This can be described
in terms of a reduced variational principle 6 | f I(g(t))dt = 0, with respect to variations of form
o€ =1+ [g,n], where 1(z) is an arbitrary path in the Lie algebra g that vanishes at the endpoints,

i.e., n(a) =n(b) = 0. On the Hamiltonian side, this corresponds to Lie—Poisson reduction, and

the Lie—Poisson structure on g* can be defined as

{F,G}(u) = <u, [g—gg—gp
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which together with the reduced Hamiltonian 4, gives the Lie—Poisson equation on g*,

.

If the discrete Lagrangian L;(go, g1) is also G-invariant, i.e., L;(g- g0,8-g1) = La4(go,&1), then

(4.2) can be reduced to a Lie—Poisson integrator [27],

Ho = liz(fo)fo_l,

= fy'wo fo

(4.4)

This algorithm preserves the coadjoint orbits and hence the Poisson structure on g*. In (4.4),
la(fo) = La(e, fo) is the reduced discrete Lagrangian that arises from G-invariance.

In this paper, we will derive a variational integrator on Lie group SO(n), but instead of
parametrizing curves on SO(n) by the exponential map or a retraction, we will embed SO(n)
naturally in the space GL, (n) = {A € R"*" | det(A) > 0}, which is an open subset of R"*".
Like with constrained mechanics, given fixed endpoints gg, g1, we will construct interpolating
polynomials in GL (n), while requiring that certain internal points stay on SO(n). However, we
do not need to extend the Lagrangian L to GL, (n), instead, we will project the trajectory onto
SO(n). The projection from GL (n) to SO(n) can be implemented using the polar decomposition.
When L is SO(n)-invariant, the constructed discrete Lagrangian is also SO(n)-invariant, and we
can obtain a reduced symplectic Lie—Poisson integrator by using (4.4).

Our Galerkin variational integrator will involve a discrete Lagrangian that differs from
the classical construction in [43]. Traditionally in the linear space setting, (4.1) is approximated

with a quadrature rule,

La(go.qr) = 1 Y biL(gleih), dlcih) = 1Y L(05 00,
i=1

i=1

and ¢(t) is approximated by polynomials with degree less than or equal to s with fixed endpoints
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40, q1. By choosing interpolation nodes {dj }}_, with d) =0, dy = 1, and interpolation values

N
{a5}3—o with q8 = q0,4) = q1, q(t) can be expressed as g(t) = Y, q(‘)’¢v(%) on [0,h], where
v=0
¢v(t) are Lagrange polynomials corresponding to the interpolation nodes {dj}}_,. So, by

taking variations with respect to the interpolation values {g f,_:ll, q(t) is varied over the finite-

dimensional function space,

M? = {q() [ 4(t) € Fs[0,h],4(0) = g0, q(h) = q1}-

Consider the quadrature approximation of the action integral, viewed as a function of the endpoint

and interpolation values,
| N
F(qo.q1.{q0 }y_}) = h)_ biL(q(cih),4(cih)),
i=1

N
where g(t) = ¥, g3 ¢v(5). Then, a variational integrator (4.2) can be obtained as follows,
v=0

( oF
Oz—v, v=12...s—1,

dqy

oF

q0

oF

pP1==—.
\ aCII

However, (4.5) is often impractical due to the complexity of evaluating ¢(c;h), ¢(cih) because of
the Lagrange interpolation form. The other issue is that (4.5) requires computing the root of a
system of nonlinear equations, as opposed to a fixed point equation as with the Runge—Kutta
method. The latter can be solved by fixed point iteration, which is much more efficient in practice.

Notice that the finite-dimensional function space M?* does not actually depend on the choice of
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nodes {dj } —L and by a tricky elimination of ¢y (z), (4.5) can be simplified to yield,

v=1

N N
q1=qo+h)Y_ biQ, p1=po+h) biP, (4.6a)
i=1 i=1
Qi=qo+h) a0, P,=po+h) a;p;, (4.6b)
=1 =
aL . . JL .
})i = a_q.(QiaQi)a Pl = &_q(QhQi), (46C)

where a;; = b;(1 — %) When transformed to the Hamiltonian side, (4.6) just recovers the
symplectic partitioned Runge—Kutta method. The same variational integrator can be derived in a
s—1

much simpler way, instead of performing variations on internal points {gg }_,, we will perform

. S .
variations on the internal derivatives {Q}f-zl, subject to the constraint that g; = qo+h ). b;0;,
i=1

1=

S .
and with internal points reconstructed using Q; = go+#h ), a;;Q;. Consider the quadrature
Jj=1
approximation of the action integral, viewed as a function of the endpoint values and the internal

velocities,
F(q0,91,{0i}i_1,A) =h Y biL(Q;, 0;) + A" (ch —qo—h), biQi) :
i=1 i=1

where A is a Lagrange multiplier that enforces the constraint. Then, a variational integrator (4.2)

can be obtained as follows,

Ozg_g,-’ i=12...,

oF

O_ﬁ’
Qi=qo+h ) a;;0;, “4.7)

j=1

o 9F

_oF

\ P1—aq1-

&9



Explicitly expanding (4.7) and eliminating the Lagrange multiplier yields (4.6) in a much more
straightforward manner. Here, in this paper, the same technique will be adopted on the rotation

group SO(n) in order to directly obtain a variational integrator in fixed point form.

4.2 Background

Given A € GL(n), there exists a unique orthogonal matrix U € O(n) and symmetric
positive-definite matrix P, such that A = UP. The corresponding map from GL(n) to O(n),
P(A) = U, is called the polar decomposition. Specifically when A € GL (n), we have U € SO(n).
Geometrically, the polar decomposition is the closest point projection from GL(n) to O(n), with

respect to the Frobenius norm ||A[|% = Tr(AT A). It satisfies the property

P(Q1AQ2) = Q1P(A)Q>, (4.8)

for VQ1,0, € O(n). In practice, a fast and efficient algorithm for calculating the poolar decom-

position is the Newton iteration,
1 -T
Ups1 = E(Uk+Uk ),Up = A. 4.9)

The polar decomposition can be used to construct a retraction on SO(n). The Lie algebra of
SO(n) is Asym(n) = {A € R"" | AT = —A}. Now, consider the retraction from the Lie algebra

to SO(n), which maps Q € Asym(n) to
P(I+Q)="U.

This provides a diffeomorphism between a neighborhood of 0 € Asym(n) and a neighborhood
of I € SO(n). To calculate the inverse of the above map, suppose that [ +Q = UP, and take

the transpose on both sides to obtain  —Q = PUT, which implies that U (I+ Q) = (I — Q)U.
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Thus, we have that

vio+Qu+ut —u=o. (4.10)

This is a Lyapunov equation, and it is well known that matrix equations of the form AX + XB +
C = 0 have a unique solution if and only if for VA € 6(A),u € 6(B), A +u # 0. For U in the
neighborhood of identity, its eigenvalues lie in the right open half plane, which ensures that
a unique solution to (4.10) exists. In principle, this Lyapunov equation can be solved using
classical algorithms [5, 16].

Next we introduce the tangent map and its pullback for the polar decomposition, which is
essential for the derivation of the variational integrator. Let P(A(¢)) = U (t), then A(¢r) = U (¢)P(¢),
where U(t) € SO(n), P(t) is symmetric positive-definite. Differentiating both sides yields,

A=UP+UP, and we denote U = UQ, where Q € Asym(n). Then,
UTA-—opPp=pP=ATU+PQ,
from which we obtain,
QP+PQ=UTA—ATU. 4.11)

So the tangent map of the polar decomposition dPy(A) : R"" — Asym(n) can be calculated
by solving the Lyapunov equation (4.11). To define the pullback of tangent map, we introduce
inner products on R"*" and Asym(n), and identify these spaces with their duals using the Riesz

representation theorem. For the space R"*", VA, B € R"*", we define an inner product as follows,

n
AOB=Y ajj-bij,
ij=1

for space Asym(n), VQ, Q' € Asym(n), we define an inner product by

1
(Q,Q) =) Q- =000

i<j
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The following properties can be easily verified,
(a) VA,BER™", A0B=AT ©BT;
(b) VA,B,P,Q € R"™" A® (PBQ) = (PTAQT) ®B;
(c) VQ € Asym(n),A € R, (Q, Asym(A)) = ;QU(AU —Aji) =QOA.
i<j
The Asym operation above is defined to be Asym(A) = A —A”. Given the choice of inner

products, by Riesz representation, (R"*")* can be identified with R"*", and Asym(n)* can be

identified with Asym(n). Thus, the pullback of dP, can be defined as

dPy(Q)OW = (Q,dPs(W)),  VQ& Asym(n),W € R"".

As discussed, dP4 (W) involves solving the Lyapunov equation (4.11). To compute out dP;, we

define two maps:

¢ : Asym(n) — Asym(n), Q+— QP+ PQ,

v R — Asym(n), w—U'w-wlu,

and dP, can be viewed as composition of y and ¢,

dPy = ¢ Loy : R™" — Asym(n) — Asym(n),

and dP;(Q) = (¢ 1o w)*(Q) = y* o (¢*)~1(Q). Let us derive the expressions for ¢* and y*.
For ¢*, VQ,X € Asym(n),

(97(Q),X) = (2, 0(X)) = (Q,XP+PX)
— (Q,Asym(XP)) = Q® (XP) = (QP) ®X

— (QP+PQ,X).
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Thus, ¢* = ¢, and ¢ is Hermitian. For y*, VQ € Asym(n),W € R"*",

VHQ)OW = (Q,uy(W)) = (QUTW -WwTU)
= (Q,Asym(UTW)) = Qo (UTW)

=(UQ)oW,
and therefore, y*(Q) = UQ. Together, we obtain,

dP;(Q) =y 0 (9%) 1 (Q) = ' 0 (9)(Q) = ULyap(P.Q"),

where Lyap(P,Q7) represents the solution of the Lyapunov equation XP + PX + QT = 0.

Finally, we state a lemma that will be used later.

Lemma 1. P(1+S) =1 iff S € Sym(n) and eig(S) > —1.

4.3 Lagrangian variational integrators on the rotation
group SO(n)

Consider the case where the Lie group is the rotation group, i.e., G = SO(n). Given
a left-trivialized Lagrangian L : G X g — R, we construct a discrete Lagrangian following the
approach used to derive (4.7). Denote the internal points by {U;}?_, € G, and the left-trivialized

internal tangent vectors by {Q;}?_, € g. Fixing the endpoints go, g1, we obtain

N
Ly(80,81) = h' Y biL(U;, ),
i=1

subject to the constraint

S
g1 =P(g0+h Y biUS,), (4.12)
i=1

1
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where the internal points U; are represented by
N
Ui =P(g0+h Y, a;U;Q;). (4.13)
j=1

(4.12), (4.13) applies the same interpolation rules as in the linear space case. Since the in-
terpolated points may not lie on the Lie group G, they are projected to G using the polar
decomposition.

Observe that (4.12) is equivalent to the condition that IP’(ng (go+h Z b,~U,-Q,~)> =1L
i=1
Suppose that £ is small, and go, g; are close enough to each other, then ng (go +h Z biUin-) is
i=1

N
in the neighborhood of I. By Lemma 1, (4.12) holds iff ng <go +hY biUiQ,~> € Sym(n), i.e.,
i=1
s
Asym (g{ <g0 +hY b,-U,-Q,-) ) —0.
i=1

Now we can construct a discrete Lagrangian with the constraint enforced using a Lagrange

multiplier term,

s N
Flsng1.00Ho1.0) = V(000 + (A Asym(e] (s + 4 L btix) ) )
i=1 i=1

where A € Asym(n). The corresponding variational integrator is given by

oF _
0= =12 (4.142)
oF
- 4.14
0=, (4.14b)
N
Ui =P(s0+h Y aiU Q). (4.14c)
=1
F
—po= g— (4.14d)
80
F
p1= g—. (4.14¢)
81
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It is easy to see that (4.14b) is equivalent to the constraint (4.12). We now turn to equation
(4.14a), where the main difficulty is that the dependence of {U;}7_, on {€;}]_, is not explicit,
rather it involves solving a nonlinear system (4.13). Pick an index k € {1,2...s}, and vary €,

ie., Q — Qi (1), with ©(0) = &, and Q;(0) = 6, while {Q;}, remain fixed. Then,

Ui(t) = IP’<go +hY aiUi(1)Q)+ haikUk(T)Qk(T)> :
J#k
Differentiating both sides, and letting U; = U;Xj;., we have that

s
Xix = dPy, (/’l Z a,‘jUijij + haikUk6Qk> , 4.15)
=

N
where A; = go+h Y, a;;U;Q;. Then, (4.15) can be rewritten as
j=1

Xik - dPA,» (h aijUijij> = l’ldPAl. (dikUkSQk), (416)

s
J=1

In order to represent {Xj }3 | in terms of 6Qy, we define three maps:

Vi s Asym(n) — Asym(n)®,  8Qy — {dPs,(aixUrdR) i1,
s s
(]) : Asym(n)s — Asym(n)s, {Xik};-vzl — {Xik — dPAl. (/’l Z a,-jUijij> }ifl’
=1 =

P : Asym(n)’ — Asym(n), {Qi}i_;— Q.

Then, Xy = Po ¢~ Lo (hyy ) (8Q%) = h(Pio ¢~ oy ) (). Now, we compute g—gk by evaluating

£ —oF(---Q(1)---), and expressing 3—{; : G x g — g* as a left-trivialized cotangent vector.
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Then,

d N JdL
o TZOF(- :th < (Ui, ), Xik>+hbk<aQ(Uk,Qk) 59k>

+ <A, Asym (/’lg%w Z biUiXikQ.i + hg{kakSQk> >,
i=1

where

s
<A, Asym (hng Y. biUXyQ + hngkakSQk) >

i=1

s
AG (hng Y. biUXyQ; + hngkakSQk)
i=1

=hY bi(U g1AQ] ) © Xy + hbi (U] g1A) © 8
i=1
= th (Asym(U! g1 AQT), Xix) + hbi (Asym(U[ g1A), 5,
i=1
so that
- F(--- (1) th <8U<U”Q )+ Asym(U; g1AQ; ),X,-k>
7=0

oL
+hbk< 3o Uk ) + Asym(U] 810), 5% )

SEULQ) + Asym(U] g1AQ] ), h(Pro 6" o i) (50%) )

(9L(
aQ

s oL
=Y bi{(Pop o)
,-; <( k <8U
oL

aQ

+hbk< U, ) + Asym(UT g1 A), 69k>

(U, Qi) + Asym(U] ¢1AQ]) ), 5% )

e 5 (Ui ) + Asym(Uf g1A), 8% ).

Thus, we can see that

aF ) el (D -1 8 T T a
e WAL ) (55 (W 00) + Asym(U] giAQ)) + ki (5

(U, ) + Asym(U/ g1A)
7o )

and (4.14a) reads as

s oL JL
1Y bi(Pod~ o)’ (aU(U,,Q )+ Asym(U] 1490 ) ) + b
i=1

2o U+ AUl @A) =0, @17)
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for k =1,2...s. Recall that P,o ¢ ! oy : Asym(n) — Asym(n)* — Asym(n)® — Asym(n) is

a map from Asym(n) to Asym(n), and its dual is given by
(Prog™ o) "(A) = wio(9") " o P (A).
Let us derive an explicit expression for (P, 0 ¢ ! o y;)*(A). For P?, it is easy to verify that
P*(A) = (0...0,A,...0), (4.18)
where the A is in the i-th position. For ¢*, V(A, Az ... Ay), (X1,X>...X;) € Asym(n),

(0 (A, As. . Ay, (X1, Xa . X)) = <(A1,A2 LAY, [Xi —dP,, (hji aijUijQjﬂ;J

s
<Ai,Xi — dPA,- <I’l Z aijUijQj>>

(A1, Xi) id @hZaUUXQ
=1 j=1

I
™-

~
iy

I
Mﬂ

~.
—_
~.

I
Mw

N
(Ai,Xi) = Y hajUl dP; (A)QF ©X;
j,j=1

N
I

—_
~.

N

S
(Ai,X;) — Z(hU Za,dejfi(Ai)QJT) OX;
(A

—

j= 1

- It-

N
<A —Asym(hU] Y a;jdPy, i)QJT) 7Xj>a
1 =

T
-
X

SO

S s
0" (A1, As... Ay) = [A j—Asym(hU! Y a;;dP;, (Ai)Q]T] ~ (4.19)
i=1 -
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For v, V(A1,A2 ... Ag), € Asym(n),X € Asym(n),

SO

S
Wi (A, As...Ay) = Asym (UkT Y agdP;, (A,-)> . (4.20)
i=1

Combining (4.18), (4.19), (4.20), then (P;o ¢ ! o y)*(A) can be implemented as

N
AJ-—Asym<hUjTZaldejl(Al)QJT-) —A8;,  j=1.2.., 4.21a)
=1
S
(Po¢~ o) (A) = Asym (UkT Y. aydP;, (Al)> . (4.21b)

=1

We can first calculate {A;};_, from (4.21a) by using fixed-point iteration, and then substitute the
result into (4.21b) to obtain (P,o ¢~ ! oy )*(A).
Thus far, we have derived explicit formulae for (4.14a) and (4.14b), and now we de-
rive one for (4.14d). Notice that U; depends on go by the nonlinear system U; = ]P’(go +
h il a,-jUij>. Consider a variation of go by go(7), such that go(0) = go, £0(0) = g00go,
j=

so that

U,‘(T) = P(go(f) +h i aijUj(T)Qj>.
=1

Differentiating on both sides, and letting U; = UY;, where Y; € Asym(n) is a left-trivialized
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tangent vector, we obtain

S
Y; =dPy,(08g0+h Y aijUY;Q;),
=

which can be rewritten as

s
Y, — dPAi(h Z aijUij.Qj) = dPA[ (80580)-
=1

Similar to X;; = h(P;o ¢! o y;)(A), we introduce a new map

¢ : Asym(n) — Asym(n)*, g0+ {dPs,(80680)}i—1,

then Y; = P,o¢ ' o @(8gp). Let us derive @*, V(A1,A;...As) € Asym(n)®, X € Asym(n),

(" (A1,A2... Ag),X) = (A1, A2 .. Ag), {dPa,(g0X) }iy)

s
Thus, @*(A1,Az... Ay) = Asym(g] ¥ dP;.(A;)), and (Pio¢ 1o @)*(A) can be implemented as
=1

S
Aj—Asym(hU] Y a;jdPy (A)Q]) =A-8;,  j=1.2...5,
i=1

(Pog ' 09)"(A) = Asym(g] gdpx,.mi».

1=
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We now compute

d _

= F(go(t)-

t|._, (U,, Qi )7Y1> <A, Asym (ng (go5go +h i biU,»Yin) ) >

V
I
=
~-
Sy

Il
—_

I

=
~-

s

Il
—_

L v.anr ) +Ae (¢f (gOSgoJthb virey))

L., > +(gFg1A) @ 830 +th,~(UiTg1AQiT) oY,
i=1

Il
—_

I

=
-

s

Il
—

C (U @0) + Asym(UT 1A ). 1:) + (Asym(gh 81, 550)

Uly Yy Yy Yju Yu
Q‘h Q‘ Q‘ Q‘ Q‘

I
=
1=
S
/\ /\ /\ /\ /\

Il

=
~-

s

Il
—

(Ui )+ Asym(U] g1AQ] ), P09~ 0 9(8g0) ) + (Asym(gh 21A). 8g0)-

From the above calculation, we can rewrite (4.14d) as
° 1w (9L T T T
—po="hY bi(Po¢~ op) (ﬁ(Uia Qi) + Asym(U; g1AQ; )) +Asym(gyg1A),  (4.22)
i=1
where pg is a left-trivialized cotangent vector. For equation (4.14e), it is easy to show that
p1 = Asym (g{ <go +hY biU,-Qi> AT) . 4.23)
i=1

Now, combining (4.17),(4.12),(4.13),(4.22),(4.23), we obtain a Lagrangian variational integrator
on the rotation group SO(n):

0=hY bi(Pog~ o)’ (gU(U,,Q )+ Asym(U] g1AQ])) +bk( oL

0 (Ur, Q) + Asym(Uy, 81/\))

g1 = IP)(80 +hY, biUiQi)a
i=1
N
Ui = P(go-l-h Z aijUij),
J=1

s oL
—po=hY bi(Pog " op) (aU(U,,Q)—i—Asym(U g1 AQ! ))+Asym(ggg1/\),
i=1

= Asym (ng (go +h i biUiQi)AT) .
= (4.24)
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4.4 Hamiltonian variational integrator on the rotation
group SO(n)

It is often desirable to transform a numerical method from the Lagrangian side to the
Hamiltonian side. The same mechanical system can be represented either on the Lagrangian side
or the Hamiltonian side, and they are related by the Legendre transform. In Euclidean space, this
gives

FL
TO,L)—(T*Q,H
(TQ.L) == (T°Q.H)
and we have the following relationship,

oL, . 9H, _  dL, _  oH
a—q.(q,q)—p, 8—p(q,p)—q, &—q(q,Q)— 8q(q,p)-

Now on Lie groups, for a left-trivialized Lagrangian L : G x g — R and Hamiltonian H : G x g* —
R, it is easy to verify that similar relations hold

JdL oH JdL JH
&_e(gag):.u7 W(gnu’):ga a_g(g78):_a_g(gmu>' (425)

Using (4.25), and denoting the corresponding internal cotangent vectors by {u; j’:l’ (4.24) can

be transformed to the Hamiltonian side,

S

oH
U

=
7|

U = —Asym(UkTglA)) +h ]:(P, o q)_l ) lljk)*( (Ui, i) —Asym(UiTg]AQiT))7
i=1

S
g1 = IED(go +h2biUiQi)7
i=1

s
Ul‘ = P(go + h Z a,‘jUij> y
J=1 (4.26)

s . /0H
Asym(gig1A) = —po+h) bi(Pog~ og) (7

(Ui, 1) — Asym(U/ g1AQ] ) ),
) 30 )

N
p1=Asym (g1T (80 +hY, biUiQi)AT) ;
i=1

JoH
Qi = E(Ui#i).
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In the above algorithm, €; is given explicitly by g—g(Ui, W) and only serves to reduce the
redundancy in the computations as it is used numerous times in other expressions. The
first four equations are solved simultaneously by fixed-point iterations, i.e., the variables
({m}r_1,81,{Ui}i_,,A) are updated concurrently in each iteration. Also observe that the
equation for A is a Lyapunov equation. For the second to last equation of (4.26), p; can be
calculated explicitly after solving for ({ux}i_;,81,{Ui}}_;, A).

Now we consider a G-invariant Hamiltonian system given by H on the contangent bundle

T*G. In this case, Hamilton’s equations can be reduced to a Lie—Poisson system on g*. As we
know, if the discrete Lagrangian L;(go, g1) is also G-invariant, (4.2) naturally reduces to yield a

Lie—Poisson integrator. For the discrete Lagrangian we have constructed,

S
La(g0,81) =(ap, Y bil (),
i=1

where

s
U, = P(g()—i—h Z aijUjQJ-),
=1

N
g1 = P<80+hzbiUiQi)a
i=1

and where [ : g — R is the reduced Lagrangian, it is easy to verify that it is G-invariant, i.e.,

)
La(g0,81) = La(g- 80,8 &1) =1ays , 3. bil (),
=

where

)
g'Ui:P(g'go+hzaijg‘Uij)7
=1

N
g 81 :P<g'80+hzbi8'UiQi>-
i=1
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Thus, the variational integrator (4.26) can theoretically be reduced to a Lie—Poisson integrator.

By letting gl'g1 = fo. UT g1 = ©, (4.26) can be simplified as follows

S

s
W = —Asym(O;A) — Z b— (Po¢ ' oyy)*(Asym(9;AQT),

0= Asym ( fTvn Z b,~®,.TQ,~) ,
i=1

of =P(f] +h y a;070;).
=1 (4.27)

Asym(foA) = —po—h Y bi(Pio ¢ 0 0)* (Asym(©:AQ] ),
i=1

S
_ Asym((foT +hY biG)iTQi)AT),

i=1
oh
Qi:— i)-
k a“(u)

S
Multiplying by g! on both sides of g; = P(go+h ¥, b;U;Q;) yields

i=1

:IP’<f0T+hib,-®,~TQi>.

i=1

N
Suppose that 4 is small, and g, g1 are close, then fOT +hY b,~®iTQ,~ is in the neighborhood of I,
=1

1=

and by Lemma 1, this is equivalent to

N
Asym (fOT +h Z bi®iT-Qi> =0,

i=1

which can be regarded as equation for fj. The first four equations can be solved using fixed-point
iteration, with iteration variables ({t};_,,f0,{®i}}_;,A). From this, p; can be calculated
explicitly. In the above algorithm, we also need to figure out the reduced version of (Pio ¢! o
¥i)* and (Pio ¢~ "o @)*. Notice that (4.21a), (4.21b) involves U] dP; (A). Since {go,g&1,U;}

N
and A; =go+h .Zl a;;jU;Q; = U;P; are reduced, we need a reduced version of U dePj{i (A) as
J:
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well. Multiplying A; on the left by ng, we obtain,

N
glAi=f] +h ) aijc”)jT'Qj = (g1 U)P.
=1

N
So, (g1 U;)P, is the polar decomposition of f§ +h ¥ a;; ®JT' 2, and
=1

UdePj{l_ (A) = UjT -UiLyap(P;, AT) = ®;¢] UiLyap(P,AT),

S
—O,P(f] +hY, a;070;)Lyap(P,AT).
=1
This is the reduced version of UJ-TdP;fi (A) and so (P;o ¢~ oy;)*(A) can be implemented as

S
Aj—Asym<h®j2aljdpjl(/\,)gjf) —AS;,  j=12..s (4.282)
=1

(Po¢~ ' oy)*(A) = Asym (@k Y audP;, (Al)> : (4.28b)
=1

N
where {A;} are redefined tobe A; = fI +h ¥, a,-j®]TQj. For (P,o ¢! 0 ¢)*, we need to compute
j=1

gl dPj (A), which is given by

S
80dP;,(A) = gi - ULyap(P,,A") = fog{ UiLyap(P;, A") = fo]P’(foT +h aij®jT'Qj)Lyap(PiaAT)-
J=1

j=

4.5 Numerical experiment

Consider a free rigid body problem, with inertia matrix J = diag(1,2,3), and initial
angular momentum y = (0.5,—0.5,0.5). The reduced Hamiltonian is given by h(u) = % ulru,
then the equations of motion in Hamiltonian form [35] is given by,

4 ') xp=0.
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The system of equations (4.27) can be applied to solve this problem. Here, we choose the
coefficients {a;;,b;} to be the Gauss—Legendre method with two stages, this is a fourth-order
method in classical numerical ODE theory. We set the timestep 2 = 0.2, and performed numerical
integration over the interval [0, 100]. When implementing (4.27), we reduced the complexity of

the computation by using the following observation,

(P09~ o y)* (Asym(©,AQ]) = yj o (Rro g~ Asym(@AQ]),

(P;o (p*I o (p)*(Asym(@iAQiT) =@ o(Po (p*l)*Asym(@iAQiT).

Notice that (Po ¢~!)*Asym(©;AQ!) can be obtained by solving the fixed-point equation

(4.28a), and it need only be calculated once.
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Figure 4.1. Energy Error

Figure 4.1 shows the energy error for algorithm (4.27), and Figure 4.2 shows the trajectory
error of algorithm (4.27) when compared to a reference solution obtained by using a high-
resolution numerical simulation. We observe that the energy is preserved quite well, which
is a common feature of symplectic integrators, and the trajectory error grows linearly in time.
Figure 4.3 shows the maximum energy error and trajectory error on the fixed interval [0, 100] for

different timesteps. The numerical results indicate that the error decreases with smaller timesteps,
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Figure 4.3. Error convergence rate
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at approximately a fourth-order rate of convergence, which matches the classical order of the
two stage Gauss—Legendre method.

Chapter 4, in full, is a reprint of the material that has been submitted for publication to
Journal of Computational Dynamics, 2018. Xuefeng Shen; Melvin Leok, American Institute of
Mathematical Sciences , 2018. The dissertation author was the primary investigator and author

of this material.
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Chapter 5

Geometric Symmetry Reduction of the Un-
observable Subspace for Kalman Filtering

5.1 Introduction

Kalman filters are widely used in practical state estimation problems, including SLAM
(Simultaneous Localization and Mapping). This is primarily due to its conceptual simplicity
and the low computational complexity compared to optimization based methods. Various types
of sensors are used for localization tasks, including GPS, odometry, inertial measurement units
(IMU), cameras, Light Detection and Ranging (LIDAR), and so on, and the specific choice of
sensors used depends on the application. Kalman filters have been successfully applied to Visual
Odometry (VO) [12], Visual Inertial Odometry (VIO) [48], and more recently, to autonomous
driving cars, where information from multiple sensors (GPS, odometry, IMU, and cameras) and
HD maps are integrated together to yield a more robust and accurate result.

A Kalman filter is derived based on the assumptions that the probability distribution is
Gaussian and the dynamics are linear. However, practical models generally involve nonlinear
dynamics and non-Gaussian distributions, and for such applications, Kalman filters are less
accurate than optimization based methods.

There have been ongoing efforts to improve the performance of Kalman filters. The
unscented Kalman filter (UKF) [63] is used to reduce the local linearization error of the extended

Kalman filer (EKF); inverse depth parametrization [47] is used to represent the three-dimensional

108



spatial location of feature points recognized by camera, as a Gaussian distribution on Euclidean
space about a feature point’s position does not model its depth uncertainty well; the multi-state
constraint Kalman filter (MSCKF) [48] method only maintains a sliding window of historic
camera poses, and removes feature points from the state space. Multiple views of the same
feature point gives a constraint on the state variable, and serves as measurement. Such an
approach can be viewed as an attempt to further relax the assumption that the uncertainty in
the feature point positions are described by Gaussian distributions and thereby improve the
algorithm’s performance.

There is also an effort to improve the consistency of the Kalman filter by taking into
account the issue of observability. The EKF does not respect the observability properties of the
underlying continuous control system, which is believed to be a major source of inconsistency
in the state estimate. It is hoped that by correctly incorporating the observability property into
the construction of the algorithm, the consistency and hence accuracy of the method will be
improved. An example of this phenomena is given in [30], where a stationary robot measured the
relative position of new landmarks multiple times, and the covariance of robot’s pose estimate
becomes smaller over time. This is contrary to our intuition, as the the robot is static and therefore
new landmarks do not provide new information about the robot’s pose, and re-observation of
these landmarks should not affect robot’s own pose estimation. So, the pose of the robot is
unobservable given such measurements, but the algorithm mistakenly treats it as an observable
variable.

This phenomena has been studied in depth using observability analysis [24]. It turns out
three dimensions of the state space, i.e., the robot’s position and its orientation, are unobservable
to odometry and camera measurements, while for the linearized discrete model, only two
dimensions (the robot’s position) remain unobservable. This was addressed by considering two
modifications, one is the special transition matrix ®(X;, 1,£) that depends on £ (modified state
value at k-th step) and X, | (predicted state value at (k+ 1)-th step). If we denote the unobservable

subspace at £ by 4%, then after the measurement update, ® (X 1, %) 4 is still perpendicular
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to dh(X;y1). More importantly, this transition matrix satisfies @ (xgi2,X¢11) - Prgy1,xx) =

D(xg12,xx), thus along the true trajectory, we have

D (g g5 Xpts—1) - - P2, Xk1) - Pkt 1, X0) e = P(Xps, X)) M L dh(xprs), (5.1)

which means the unobservable subspace remains unobservable during the propagation, which is
a discrete version of the invariance property satisfied by the continuous control system. However,
since the Kalman filter is implemented by alternating propagation and measurement update, the
Jacobians are calculated at both £; and X, and as a consequence, property (5.1) no longer holds;
based on this observation, the other modification is the First Estimate Jacobian (FEJ) framework,
where Jacobians are evaluated on the first ever available estimate of all the state variables so
to make property (5.1) hold again. Later, a revised technique termed observability constrained
(OC)-EKF [25] was proposed to not only guarantee the desired observability property but also to
minimize the expected errors of the linearization points. These techniques were combined with
the MSCKF method to obtain MSCKF2.0 [41], which is an efficient algorithm that claims to
have performance no worse than optimization-based methods.

In this paper, we try to approach the observability problem from a different perspective.
Notice that the Kalman filter is composed of alternating propagation and measurement update
steps. While the propagation step is simply a discretization of underlying stochastic differential
equation, the measurement update step is essentially Bayesian inference. Such a measurement
update step does not exist in the continuous control system when we perform observability
analysis, so the propagation of system is “interrupted” at each step, so forcing this discrete
system to mimic the observability property of the continuous system is somewhat artificial.
Since the measurement update step is essentially Bayesian inference, we would try to solve the
observability problem at this step from the perspective of probability theory. The main idea
is that by viewing the unobservability of the system as an invariance with respect to a group

action, the state space can be decomposed into unobservable and observable parts explicitly,
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x = (xny,Xp). As in the case of symmetry reduction in geometric mechanics, we can obtain
reduced equations that only involve the reduced (or observable) variables, and the propagation
and measurement equations will be expressed only in terms of the observable variables xp. We
claim that in order to keep x» unobservable during the algorithm, i.e., avoid introducing spurious
information from measurements to xy, Bayesian inference should only be employed on the x
part, which yields a reduced measurement model. Mathematically, it means, for a probability

distribution p(xy,x0), which can be factored into

p(xn,x0) = p(x0) - p(xn | x0),

the conditional distribution p(xy | x¢) shall remain unchanged during the measurement update,

and only p(xp) can be improved by the reduced measurement. So after the measurement update

p(xn,x0) = P(x0) - p(xn | x0), (5.2)

where p(xo) is the improved distribution for the observable variables. Even though measurement
is not applied directly to x, improvement in the estimation of xp helps to improve the estimation
of xy implicitly via the conditional probability p(xy | xp), which is a consequence of the
correlation between xy and xp. A geometric picture may help to understand this, the unobservable
subspaces are tangent spaces to a collection of submanifolds in state space, and xy denotes the
degrees of freedom on these submanifold. Each point on a given submanifold will yield the
same measurement results. The x indicates which submanifold the state is in, and the different
submanifolds are distinguishable using the measurement data. Suppose we have a probability
distribution on state space, if we are more certain about x¢, i.e., which submanifold we are
in, it also improves our estimate about xy as long as they are not independent. By using this
framework, the inconsistency counterexample in [30] is naturally avoided. In that case, the

unobservable variables are xy = (p, 6), the position and orientation of robot, and the observable
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variables are xp = (z1,22 . ..,2n), Where z; is the relative position of i-th feature point. When new
features are observed, new z; will be appended to the state variables, and they are independent
from the old state variables. As long as the robot remains static, i.e., no propagation of the
uncertainty is performed, no matter how often we re-observe these feature points and improve
their relative position estimation, it will not affect the pose of the robot itself.

In Section 5.2, we review the planar robot model from [25], together with its observability
property. We stress the use of group actions to characterize unobservable subspaces. In Section
5.3, we discuss how to obtain a reduced control system by considering the invariant group action,
and how to decompose the planar robot system into the xy and xp parts. In Section 5.4, we
choose an appropriate Riemannian structure for the new coordinate system, and implement
reduced Bayesian inference (5.2) for the Gaussian distribution. Numerical experiments are given
in Section 5.5, where straight line, circle and general trajectories are tested, and the reduced EKF
method demonstrates superior performance when compared to the classical EKF and FE-EKF

method.

5.2 Background

A planar robot is considered, equipped with odometry and cameras, navigating in an
unknown environment. The odometry measures local velocity and angular velocity of the robot,
while cameras detect feature points and measure their relative position to the robot. To make
the notation simple and the numerical simulation easier to implement, we assume that the robot
is equipped with binocular cameras, thus at each instant, measurements from two cameras will
be combined to give an estimate of the relative position of feature points, and this serves as
our measurement. Fix a global frame, and assign an intrinsic frame {e1,e;} to the robot. The
robot pose is denoted by (p, 8), where p is the global position of the robot, and 6 represents the

relative angle from the global frame to the intrinsic frame. Thus, the intrinsic frame of the robot
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is given by
cosf® —sinf

{e1,e2} =R(0) =
sin@ cos0

The global position of feature points are denoted by ( p{ , pg Yoo pﬁ) and together, they form the

classical state space of this problem

X =(p,0,p],p5,...p)-
The total dimension of X is 3 + 2N, and this state space has the structure SE(2) x R2N_ where
SE(2) is the two-dimensional Euclidean group. Denote the local velocity and angular velocity

measured using odometry by v and w, and the relative position of the i-th feature point by z;.

Then, the underlying continuous control system is given by

4

pP=R(O)v,
0—w, (5.3)
pl=0;
z=R(6) (p] - p), (5.4)

where (5.3) is the propagation equation, and (5.4) is the measurement equation.

As we have already mentioned, there are three unobservable dimensions in this model,
the robot position p and its orientation 6. There are two main ways to detect unobservable
dimensions in a given control system. One is the observability rank criterion [20]. Given a

general affine control system
n

X =fl)+ ) gilx)u,
= (5.5)

1= h(x)7

regard f(x), g1(x), g2(x), ..., gn(x) as vector fields on the state space X, then we construct the
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minimal dual distribution that is invariant under f(x), g1(x), g2(x), ..., gn(x), which is given by

Q= <f7g17g27gn|dh>

This step involves repeated Lie derivative calculations, and is analogous to computing the
observability matrix for constant linear systems. Its orthogonal distribution Q-+, which is
analogous to the null space of the observability matrix, defines the unobservable subspace for
this system. There exists a corresponding local coordinate transformation ¢ (x) = (x1,x) to the

distribution Q, such that the system (5.5) can be decomposed as follows

(

n
Xy = f10e,x2) + Y 81, x2)ui,
=1
¥y = Fa02) + Y. Bail)ui, (56
i=1
| 2= h(xy).

It is clear that the measurement only depends on the x, part, and x; evolves by itself, which is
unaffected by x;. For any solution (x(¢),u(t),z(¢)) that satisfies the system (5.5), if we move the
initial state x(#9) along the unobservable submanifold that passes through it, i.e., by only changing
the x| part, the new trajectory corresponds to the same control u(¢) and measurement z(z), and
thus x; is unobservable in this system. Any physical property of this system that is observable has

to be independent of x{, in other words, has to be constant along each unobservable submanifold.
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It has been verified in [25] that for the system (5.3), (5.4),

L Jp
0 1
f
L Jp
QY = 4 =span 1‘ , (5.7
12 Jpg
12 Jpﬁ
where
0 —1
J =
1 O

The first two columns indicate that the robot position p is unobservable, and the third column
indicates that the robot orientation is also unobservable.

The disadvantage of the observability rank criterion technique is it involves massive
amounts of Lie derivative calculations. An easier way to detect unobservable dimensions is by
invariant group actions. In classical mechanics, for Hamiltonian systems, we have the famous
Noether’s theorem, which essentially relates symmetries to conserved quantities. For example,
if the system is invariant under translation, then the total linear momentum is preserved by
the system; if system is invariant under rotations, then the total angular momentum is also be
preserved. A similar idea can be applied to observability analysis. If our control system is
invariant under some group action, i.e., corresponds to the same control u(¢) and measurement

z(t), then we have discovered an unobservable dimension of this system. For the planar robot
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model, we can verify that under the following translation and rotation,

( (

p— p+Ap, p+ R(AO)p,
60— 0, 0 04 A8, (5.8)
\p‘ifl—>plf+Ap; \p{HR(A@)p{,

(5.3) (5.4) remains invariant. For each state (p, 0, p{ , p]; yee p]]:,) we can calculate the tangent

subspace induced by the above group action. In particular, the translation action gives the first
two columns of (5.7), and the rotation action gives the third column of (5.7). It is sometimes
natural to find these invariant group actions by physical intuition. Odometry measures local
velocity and local angular velocity, while the camera measures relative position of feature points,
as such, the information that they provide is “local” and cannot give constraints on the global
pose. Global position can be measured by using GPS or if a map provides the absolute position of
feature points. In the case of VIO, the IMU provides measurements of the local acceleration and
angular velocity. Since the IMU measurement can detect the gravity direction, gravity breaks the
full rotational symmetry, so only rotations around the gravity direction keep the system invariant,
which indicates that the yaw angle is unobservable in VIO applications. The main disadvantage
of the invariant group action technique as a method of characterizing unobservable dimensions is
that we cannot determine if we have found all the unobservable dimensions.

We now describe the special transition matrix for (5.3) that satisfies the chain rule property
(5.1). Let v = vy, +ny, w = wy, + n,,, where v,,,w,, are odometry measurements, and n,, n,, are

measurement noise. A simple forward Euler integration of (5.3) gives

(

Pl = pr+Ar-R(6) (VM +n)),

Ot = O+ Ar- (W 1), (5.9)

oo f
Pik+1~ Pig
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so, the nominal values are updated as follows

)
Pik+1 = Pk +R(6k)Ady 1,

Okr1 = O+ A6k,

f _f
[ Pik+1 = Pik

with Ady; = Vi - Ar, AGy,; = whH! - Az, The transition matrix for (5.10) is

L JR(6)Ady L J(pry1—pi)
b = 0 1 = 0 1 :q)(xk—i-laxk);

by by
The derivative of the measurement (5.4) is given by

dMﬂz(%@ﬂ,mmwﬁﬁ—m,m.”Rwﬁm>

:R(Q)T (—]2, ]T(p{—p), 0, 12...)7

(5.10)

(5.11)

where I, appears at the i-th index of the feature points. We first check that dh; - .4~ = 0, which

is theoretically guaranteed; then the nullspace .4} at x; after applying the transition matrix

CIJ(ka ,xk) is

L Jpi L Jpiia

0 1 0 1

L J(pr+1— Pi) - -
2 Ik 2 JP1k

D(xpp1,x) M= | 0 1 : S = ;
L Jpyy L Jpyy
by

I Jpﬁ,k 1) Jpzj:/,k

it is easy to verify that dh;(xg11) - (X1 1,x%) - A% = 0, since p{ 1l = plf . Finally, we can also
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verify that transition matrix ®(xy,1,x) (5.11) satisfies @ (xg12,x%) = P(xp 2, x%41) - Pgr1,xx),

so the chain rule property (5.1) is satisfied along the exact trajectory.

5.3 Geometric reduction

Given the state space X, and a general control system

(5.12)

suppose we have a left Lie group action of G on X, i.e., G x X — X, which keeps the system
(5.12) invariant, i.e., for any (x(¢),u(t),z(r)) that satisfies (5.12), (g-x(z),u(t),z(¢)) also satisfies
(5.12) for Vg € G, i.e.,
(g-x)" = f(g-x,u),
(5.13)
z=h(g-x).
For each point x € X, V& € g, where g is the Lie algebra of G, the infinitesimal generator

Ex(x) = % | —0€Xp(& (1)) - x gives one unobservable direction of x, and the orbit of x,

Orb(x) = {g-x | g € G},

gives the unobservable submanifold that passes through x. This invariant group action on the
control system allows us to perform reduction to express the system in terms of reduced variables
on the quotient space X /G. This kind of reduction due to the presence of a continuous symmetry
group arises in many disciplines. In optimization, when objective function is invariant under a
group action, the problem can be rephrased as an optimization problem on the quotient space [2];
also for classical mechanics on a Lie group, when Lagrangian or Hamiltonian is invariant under
the group action, the mechanics can be reduced to the Lie algebra g or its dual g*, which is

referred to as Euler—Poincaré reduction and Lie—Poisson reduction [46], respectively. Here,
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suppose that the group action G x X — X is free and proper, then we obtain a smooth quotient

space X /G, with a quotient map[34]
T:X—>X/G

that is a smooth submersion. Then, the control system (5.12) can be reduced to the quotient

space X /G. For [x] € X /G,

(5.14)

(5.14) is a reduced control system with reduced propagation and measurement equations. Con-
sider (5.3), (5.4) as a concrete example. The state space is X = SE(2) X RV and we already
know that the group action G = SE(2) (5.8) on X leaves (5.3) (5.4) invariant, so this induces a
reduced control system on X /G. However, X /G is an abstract quotient manifold, so in order to
deal with it explicitly, we need a concrete coordinate representation. It turns out that the relative
position of feature points z; provide a natural coordinate representation for X /G. With these

coordinates for the reduced space, the measurement equation (5.4) reduces to
zi = 1d(z;);

and the propagation equation (5.3) reduces to

=R(0)7(p — p) +ITR(O)TO(p] — p)
=R(6)T (—R(0)v) +JTR(8) w(p] —p)

= —v—wlz.
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Together with the robot position p and its orientation 8, we obtain a new coordinate representation
of the state space, (p,0,z1,22...,2n), and the control system with respect to this new coordinate

system is given by
(

p=R(6)v,

0=w, (5.15)
Zi=—v—wlz,
\

z=1d(z). (5.16)

The coordinate system given by (p,0,z1,22...,2y) is global, and can be regarded as the state
space being decomposed into the product of xy = (p,0) and xp = (21,22 .,2n), the former is
unobservable part, and the latter is observable part, while the group action (5.8) now acts trivially

on the xp part. In this case, the unobservable subspace at each point can be represented as

15) Jp

0 1

| 0 0
Q+ = . = span ) (5.17)

0 O

0 O

We improved the linearity of the measurement equation (5.16) by transforming to the relative
feature position representation, and as a consequence, the originally trivial propagation equation
p'lf = 0 now becomes the nontrivial z; = —v — wJz;.

We can construct a similar transition matrix for (5.15) as in (5.11), and apply forward

120



Euler integration to (5.15), which yields

;

Pkt1 = pr+At-R(6) (v +1ny),

Or+1 = O +Ar- (an+1 +nw)»

\Zi7k+1 =2ziktAr- (—(V];?L] +ny) — (Wﬁ:rl + nw)Jz,;k),
and the corresponding nominal value update step is given by

(
Pik+1 = Pk +R(6k)Ady 1,

Ocr1 = Ok +Abky 1,

| Zikt1 = (I = A6k 1J)zif — Adjy 1,

and the transition matrix is

L J(pi+1— pr)
0 1

I — A6k+1J
Dpy1x=
I1— A6 1]

I—A9k+]J

The derivative of the reduced measurement (5.16) is

dhi:(ﬂzxz, 02x1, O2x2 ... b )7

(5.18)

(5.19)

(5.20)

and we can see that dh; - .4 = 0, which holds simply because the lower 2N x 3 part of .4 (5.17)

is zero. This property still holds after repeated measurement updates

Dpysrs—1 - P2t Prrip M
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as the bottom left parts of the transition matrices @y j 14 j—1 vanish.

5.4 Bayesian inference

In Section 5.3, we discussed how to obtain the reduced control system that arises as
a consequence of the invariant group action, which lead to the reduced propagation and mea-
surement equations on the reduced quotient space. This motivated the use of a new coordinate
representation (p, 6.z1,z; ...zy) for the planar robot system. This decomposes the state space
into the product of the unobservable part (p, 6), and the observable part (z1,z;...2n). We also
constructed a transition matrix which ensures that the unobservable subspace remains perpendicu-
lar to the measurement dh during propagation. But, as we noted, this propagation is “interrupted”
at each step during the Kalman update. In order to preserve the unobservability property of the
system during the measurement update, we propose a reduced Bayesian inference update(5.2) on
the observable part using the reduced measurement. It is natural to apply Bayesian inference on
p(z1,22...2n), and update p(p,0,z1,22...zy) using (5.2). However, before we do that, there are
some basic things that we need to make clear. The first question is, what is Bayesian inference?

As we all know, Bayesian inference is

p(x)-p(y|x)
pxX|y)= 5
1) p()
which arises naturally from the fact that
px,y) =p(x)-py|x) =p()-plx]y). (5.21)

where p(x), p(y), p(x,y) are probability density functions. The next question is, what is a

probability density function? As we all know, a probability distribution is a probability measure
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on the state space, and the probability density function is a concrete way to represent it,

P(xcA) = /A p(x)dx. (5.22)

However, in (5.22) we need to specify a measure dx to perform the integration, and the represen-
tation of the probability measure as a probability density function depends on that choice of dx.
Also, given a probability distribution on state space, when we try to find the most probable point,
we find this problem also requires the introduction of a measure on the state space. As such, we
need to specify a measure on the state space in order to define the probability density function or
to find the most probable point. For a more detailed discussion of such issues, see [29]. After
specifying the measure dx, the density function associated with a probability measure L is just
the Radon—Nikodym derivative of u with respect to dx. A natural way to specify a measure on
a smooth manifold is by specifying a Riemannian structure on it. Each Riemannian structure
induces a Riemannian volume form, which in turn induces a measure. When we write down the
common Gaussian density function, we are actually assuming the standard Riemannian structure
on R" implicitly. This structure is quite natural, as it is homogeneous and isotropic and does
not introduce prior information on the space. More precisely, this structure is invariant under
Euclidean transformations.

With the observation that each density function is defined with respect to an underlying
base measure, we look at (5.21) again, and find that there is a product measure implicitly defined
on (x,y), and that (5.21) is essentially an application of Fubini’s theorem.

Now consider the new coordinate system (p, 0,z1,z> ...zy) we get for the planar robot

system, which is diffeomorphic to the original coordinate system by the following transformations
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pP=r, pP=r,
(p767p{7p§"'p£)H(p797Z17Z2'--ZN): 9:97 9:9,
\P{:P'f‘R(O)Zi; \Zi=R(9)T(p{—p>-
(5.23)

Given the decomposition p(xy,xo) = p(xo) - p(xn | x0), where xy = (p, 0), xo = (z1,22,---2N)s
which Riemannian structure should we assign to the state space to obtain a base measure?
For the old coordinate system (p, 6, p{ , pg e p]fv), it is natural to use the standard Riemannian
structure dp ®@dp+dO @ dO + Zi-\’: 1 d p{ ®d p{ ‘, as it is invariant under the group action (5.8).
Moreover, if a Lie group G acts freely and properly on a Riemannian manifold M, and the action
is isometric for Vg € G, then there is a natural Riemannian structure on M /G induced from M.
For our quotient space (z1,22...2x), it can be verified that the induced Riemannian structure
is simply the standard Riemannian structure of R*M. However, the Riemannian structure of
(p,0,z1,22 . ..2y) induced by the diffeomorphism (5.23) is not simply the product of the standard
Riemannian structure of (p, 0) with the standard Riemannian structure of (z1,22...zy). This can
be verified by checking the Jacobian of (5.23), which is not a unitary matrix. We now have to
decide which Riemannian structure to use on (p, 0,z1,22 . ..zx), either choose the non-product
structure induced from (5.23), or choose the product structure. We choose the product structure
here, one reason is that it is simpler to apply the reduced Bayesian inference step (5.2), another
reason is this product structure is also invariant under the group action (5.8), which ensures that
(z1,22...2zn) remains fixed.

Finally, we are in a position to discuss how to implement (5.2) for the Gaussian distri-

bution with respect to the standard Riemannian structure. Consider p(xy,xo) with a Gaussian
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distribution given by

UN NN Zno
p(xn,x0) =N 7

Ho Yon Xoo

Then, by the property of conditional Gaussian distributions,

p(xn,x0) = p(xo0) - p(xn | xo0)
= A (x0 | Lo,Z00) A (xn | Unjo, Enjo)s

=N (x0 | H0,Z00) - N (xn | v +EnoZph (X0 — Ho), Eny — EnoZopZoN)-

The next step is to obtain an improved p(xp) = A (H,Loo) by taking a reduced measurement
and computing the improved joint distribution p(xy,xp). In order to compute the joint distribu-
tion from the product of two Gaussian distributions efficiently, we choose the precision matrix,

information vector representation of the Gaussian distribution,

N (x0 | Lo,Loo) = N (xo0 | Eo,R00),

where Qoo = 2510, Eo= 25}) *Ho, and Qyp = E;,‘lo. Suppose that the reduced discrete mea-
surement equation is given by

z=C-xo+9,

with measurement noise 6 ~ .4°(0,Q), where Q is the noise covariance, then by the information

filter [58],
Qoo =Qoo+CT07'C,

Eo=Er+CTO7 12

Let uy + ZNOZEIO(xO — Up) = Axp + b for notational simplicity, where A = ZN025]0, b=
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UN — ZNOE(_XI) Lo. We calculate the density function of p(xy,x0p),

logp(xn,x0) = logp(xo) +logp(xy | xo0)
=logA (x0 | &, Q00) +1ogA (xn | A-x0+b, Qo)

1 — =T 1
~ _ingOOXO +8&oXo — 5 (v —Axo — b)" Qujo(xy —Axo — b)

1

1 — —T 1 1
— Exgﬁoox() +&pxo— EXK/QN\OXN - EXOATQN\OAXO

+XEATQN‘0XN +X]7\}QN‘Ob —XSATQIWOb

1 QN\o —QN|0A XN

_ 1 T
= 2(xN,xO)

QN Ob
B + (xvyx0) | |
—ATQN‘O QOO +ATQN|0A X0 60 —ATQN‘Ob

Thus, the improved joint probability distribution p(xy,xp) has the following improved precision

matrix and information vector,

Qnjo —Qyj0A Qy0b

. &= . (5.24)

—ATQuio Qoo +ATQy oA Eo—ATQy b

Q=

We can see from (5.24) that if originally Xyo = 0, then X0 = Eyy and A = ZN02510 = (0, thus
Q is also block diagonal, and the improvement of Qoo and EO does not affect the distribution of

XN -
5.5 Numerical experiment

We performed numerical experiments for the planar robot system (5.3), (5.4), where the
robot is assumed to be round with diameter 0.5 m, and binocular cameras are equipped on the
left and right sides of the robot to detect feature points, each with a field angle of 120°. The

odometry measures local velocity v (units: m/s) and angular velocity w (units: rad) with Gaussian

001 O
noise .4(0,0,), A4 (0,0,), respectively. We set Q, = and Q,, = 0.01 during

0 0.01

the simulation. The camera is assumed to measure the relative direction of the feature point with
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Gaussian noise .4 '(0, Q). As we mentioned in Section 5.2, at each step, the measurement of
feature points by the binocular cameras shall be combined together to give an estimate of the
relative position of the feature points, and the uncertainty in the relative position is assumed to
be described by an approximate Gaussian distribution. The odometry and camera readings are
updated at the same frequency.

We tested three different methods, the first is the classical EKF on the state space
(p,0, p{ , pjzc e pﬁ), with the propagation equation (5.9); the second is the First Estimate EKF
(FE-EKF) where the First Estimate technique in [24] is used; the third is our reduced EKF on
the state space (p, 0,z1,22...2n), wWith propagation equation (5.18) and reduced measurement
update equation (5.24). We observed superior performance of the reduced EKF compared to
classical EKF and FE-EKEF, especially at estimating the robot’s orientation 6. Furthermore, the
reduced EKF is less sensitive to measurement noise.

We considered three different trajectories: straight line, circle, and a general trajectory.
Feature points are generated along the trajectory randomly with a given density. We assume
that there are no errors introduced during feature detection and matching. We ignore feature

points that are far away (distance > 5m) from the robot, since triangulation for such points by

binocular cameras are unstable.

5.5.1 Straight line

We tested on a straight line trajectory that is 60 m long, and the robot traveled along it

with constant speed 1 m/s. We also compared low and high densities of feature points.
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(a) line, low density feature distribution (b) line, high density feature distribution

Figure 5.1. Straight line trajectory

In Figure 5.1, the red line is the trajectory, the blue points are features, and yellow circle
is the robot. For the low density feature distribution, the average feature points recognized
at each step is approximately 20, and for the high density feature distribution, the average
recognized feature points at each step is approximately 40. Besides the feature distribution,
we also considered update frequencies of 10Hz and 20Hz. Moreover, for fixed feature density
and update frequency, we adjusted Q, to observe the sensitivity of the different methods to
changes in the measurement noise. Since the feature distribution is generated randomly for
fixed feature density, and odometry and camera readings are also generated randomly from
the given parameters, the results for a given method will vary between realizations. The three
methods (EKF, FE-EKF, reduced EKF) are applied to the same data set of feature distribution and
sensor readings, and we generate 20 realizations per combination of update frequency, feature
distribution, and measurement noise. We summarize the average position error (units: meters)
and the orientation error (units: rad) in Table 5.1 and Table 5.2.

We see that the accuracy of all three methods improve a little bit when we double the
update frequency and increase the average feature number per step, which is quite natural. In
addition, when we increase the uncertainty of measurement Q., the performance of all three
methods degrade. There is no evident improvement in accuracy for both FE-EKF and reduced

EKF methods over the classical EKF method for the straight line case. A typical error growth in
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Table 5.1. Average error, straight line trajectory, average feature num = 20

Straight line trajectory, average feature num = 20
Frequency update frequency = 10Hz update frequency = 20Hz
Method EKF FE-EKF |Reduced EKF EKF FE-EKF |Reduced EKF
Error é6p | 60 | 6p | 66 | 6p | 66 é6p | 60 | 6p | 606 | 6p | 66
0. =1x107%1.403]0.0375]1.539]0.0421]1.436/ 0.0373 | 1.365]0.0308|1.456[0.0345|1.300/| 0.0282
Q. =2x 107%]2.492(0.0487(2.525[0.0552[2.549] 0.0506 |2.395]0.0411[2.621| 0.057 [2.397] 0.0432
0. =4x 107%[4.332(0.0752(4.284(0.0758(4.449[ 0.0773 |4.265]0.0578|4.283|0.0677|4.317| 0.0644

Table 5.2. Average error, straight line trajectory, average feature num = 40

Straight line trajectory, average feature num = 40
Frequency update frequency = 10Hz update frequency = 20Hz
Method EKF FE-EKF |Reduced EKF EKF FE-EKF |Reduced EKF
Error op | 60 | 6p | 66 | 6p | 66 op| 66 | op | 66 | 6p | 46
Q.= 1x107%1.303]0.0269[1.306] 0.027 [1.256] 0.0227 | 1.21 |0.0167[1.283|0.0238[1.258| 0.0208
Q. =2 x 107%(2.409(0.0385[2.459[0.0446| 2.43 [ 0.0347 |2.331]0.0279(2.318|0.0313[2.386| 0.0345
Q. =4 x 107%/4.238] 0.047 [4.361]0.0628]4.386| 0.0613 | 4.23 [0.0445[4.353]0.0558[4.352[ 0.0577

the position and orientation for the straight line trajectory is given in Figure 5.2.
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Figure 5.2. Error growth, straight line trajectory

5.5.2 Circle

llme/second

(b) Angle error, straight line

60

The robot now travels along a circle of radius 10m, with constant speed that is approx-

imately 1.57m/s. This is illustrated in Figure 5.3. In contrast to the straight line case, we

observed superior performance of the reduced EKF method over both the classical EKF and

FE-EKF methods.
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(a) Circle, low density feature distribution (b) Circle, high density feature distribution
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(¢) Velocity of circle trajectory

Figure 5.3. Circle trajectory and velocity

For the circle trajectory with low feature density, the average feature number per step
is approximately 20, and for the high feature density, the average feature number per step is
approximately 40. The average position error and orientation error of all three methods are
summarized in Table 5.3 and Table 5.4. The improvement of reduced EKF method is quite
significant compared to the classical EKF and FE-EKF methods. It can reduce the orientation
error by approximately 50% in each case, and as a consequence, the estimation of position is
also improved, and the position error is reduced by approximately 30% to 50%. A typical error

growth for the circle trajectory is given in Figure 5.4.
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Table 5.3. Average error, circle trajectory, average feature num = 20

Average error, circle trajectory, average feature num = 20
Frequency update frequency = 10Hz update frequency = 20Hz
Method EKF FE-EKF |Reduced EKF EKF FE-EKF |Reduced EKF
Error op | 66 | 6p | 66 | op | 66 op | 66 | dop | 66 | op | 66
Q.= 1x107%]0.955]0.0875/1.063]0.0936[0.655| 0.0443 [0.746|0.0657|0.750|0.0576(0.532| 0.0342
Q. =2x107%1.630] 0.152 [1.496] 0.119 [0.959] 0.0586 | 1.35 | 0.128 [1.549| 0.144 [0.982[ 0.0667
Q. =4 x 107%]2.893]0.2914/2.721]0.2585[1.512] 0.1033 [2.295]0.2256[2.066|0.2102[1.469] 0.1003

Table 5.4. Average error, circle trajectory, average feature num = 40

Average error, circle trajectory, average feature num = 40
Frequency update frequency = 10Hz update frequency = 20Hz
Method EKF FE-EKF [Reduced EKF EKF FE-EKF [Reduced EKF
Error op | 606 op 06 éop | 606 | 6p | 66 op 00 op | 66
Q.= 1x107%]0.816(0.0643(0.7972(0.0627|0.5815/0.0359/0.584(0.0462| 0.681 [0.0530| 0.568 [0.0374
Q. =2 x 107%]1.276(0.1193]1.3061(0.1091[0.9403|0.0591|1.260(0.1164|1.2402(0.1039|0.9178|0.0573
Q. =4x107%2.593] 0.253 [ 2.428 [ 0.236 | 1.752 | 0.121 | 2.4 [0.239|2.397 [0.216 | 1.631 [ 0.113

position error /meter

Angle error
T T

(a) Position error, circle trajectory

Figure 5.4. Error growth, circle trajectory

5.5.3 General trajectory

(b) Angle error, circle trajectory

Besides the straight line and circle trajectories, we also consider a general trajectory, see

Figure 5.5. The average feature number for the low feature density per step is approximately 25,

and the average feature number for the high feature density per step is approximately 50.
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(a) General, low density feature distribution  (b) General, high density feature distribution

time

(c) Velocity of general trajectory

Figure 5.5. General trajectory and velocity

As before, we tested all three methods on this general trajectory, and summarized their
average position error and orientation error in Table 5.5 and Table 5.6. When the update frequency
is 20Hz, we observe noticeable improvement in both the position error and orientation error by
the reduced EKF method. The FE-EKF method exhibits better performance than the classical
EKEF, but the reduced EKF method works even better. When the update frequence is 10Hz, and
the measurement noise Q, = 1 x 107, we see that the error of the reduced EKF is actually larger,
which is not observed in the circle case. This might possibly be due to the high velocity of the
general trajectory, since we construct the trajectory by cubic spline interpolation, and the velocity
is very high around corners, which is unrealistic in practice as the actuation bounds in a robot

result in bounded velocities as well.
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Table 5.5. Average error, general trajectory, average feature num = 25

Average error, general trajectory, average feature num = 25
Frequency update frequency = 10Hz update frequency = 20Hz
Method EKF FE-EKF |Reduced EKF EKF FE-EKF |Reduced EKF
Error op| 60 | op | 66 | 86p | 06 ép | 060 op | 66 op | 66
Q. = 1x 107%]0.673/0.0789]0.635/0.0803[1.309| 0.1062 [0.6527/0.0698|0.5620(0.0605/0.4659[0.0371
Q. =2x107%1.388] 0.139 [1.143| 0.12 | 1.23 | 0.107 [1.2575|0.1156]0.9985/0.0997|0.8022[0.0654
Q. =4x107%2.459] 0.227 [2.111|0.2267[1.592[ 0.1174 [2.3852|0.2039]1.8924(0.1794|1.4595]0.1042

Thus, the propagation error is large when the update frequency is low, and it seems
that when the discrete system deviates far away from the true trajectory, forcing it to obey the
observability property of the underlying continuous system actually degrades the performance of
the algorithm. This is perhaps understandable, as when the timestep is too large to accurately
integrate the trajectory, the unobservable subspace becomes poorly approximated as well. This
is easily resolved by doubling the update frequency. Also, we see that even when the update
frequency is 10Hz, when we increase the measurement noise to 4 x 104, the reduced EKF
method maintains a rather robust orientation error, and its position error is now smaller than
the classical EKF and FE-EKF methods, which demonstrates the stability of the reduced EKF
method to large measurement noise. This can be understood in terms of the relative error from
measurement noise compared to the propagation step. When the measurement noise is larger, the
spurious information introduced to the unobservable variables will be significant, which degrades
the estimation accuracy. We believe that the reduced EKF method that respects the observability
constraint is best suitable for applications where the propagation step is more precise than the
measurement step. This is the case in typical VIO systems, where the IMU for propagation has
very high update frequency (200-500Hz), and is very accurate for short time estimation, and the
camera for measurement has low update frequency (10-30Hz). A typical error growth in the

general trajectory case is given in Figure 5.6.
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Table 5.6. Average error, general trajectory, average feature num = 50

Average error, general trajectory, average feature num = 50
Frequency update frequency = 10Hz update frequency = 20Hz
Method EKF FE-EKF |Reduced EKF EKF FE-EKF |Reduced EKF
Error op | 660 | 6p | 66 | O6p | 66 | 6p | 66 | Op | 66 | Op | 86
Q. =1 x 10740.6039|0.06090.5815(0.0636| 1.308 |0.10490.5518|0.0518/0.4810(0.0447/0.4538|0.0381
Q. =2 x 107%1.2201]0.1047/0.9836]0.0945/1.0738|0.0838|1.1676/0.1021|0.9752/0.0869| 0.73 [0.0611
Q. =4 x 107%2.4264{0.2126[2.0421]0.1904{1.4674]0.1121| 2.447 |0.2141]1.8347| 0.145 [1.4322/0.1165

(a) Position error, general trajectory (b) Angle error, general trajectory

Figure 5.6. Error growth, general trajectory

Chapter 5, in full, is a reprint of the material that has been submitted for publication
to International Journal of Robotics Research, 2019. Xuefeng Shen; Melvin Leok, SAGE
Publishing , 2019. The dissertation author was the primary investigator and author of this

material.
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Chapter 6

Conclusions and Future Directions

Geometric integrators are developed that are applicable to stiff systems, Lie groups
and control systems. For stiff systems resulting from semi-discretizing Hamiltonian partial
differential equations, we designed the midpoint exponential rule that preserves the Poisson
structure, and the high-order diagonally implicit symplectic exponential integrator; we also
constructed energy-preserving exponential integrators using a discrete gradient method. In
general, exponential integrators allow the use of larger timesteps, and are therefore more compu-
tationally economical. In addition, geometric exponential integrators also inherit the long time
stability properties of geometric integrators. The energy preserving exponential integrator is
only second-order accurate, it would be interesting to construct higher-order energy preserving
exponential integrators, in particular, by combining methods such as the Hamiltonian Boundary
Value Method (HBVM) with exponential integrators.

On the Lie group side, for the rigid body problem, we recognized that the unit quaternions
have a Lie group structure, and we constructed a Lie group variational integrator on the space
of unit quaternions based on this observation. This technique can be naturally extended to
the full body problem on SE(3). On the n-dimensional rotation group SO(n), we constructed
high-order symplectic Lie group methods using the polar decomposition, and these methods can
be naturally implemented as fixed-point iterations, which yield much more efficient methods

than Jacobian based root finding methods when # is large. Also, for Hamiltonian systems with
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symmetry where Lie—Poisson reduction applies, this method can be reduced to a Lie—Poisson
integrator that preserves the associated Lie—Poisson structure. An interesting application could
be to optimization on SO(n), which appears in the solution of the cocktail party problem by
independent component analysis [26]. In [57], the relationship between Nesterov’s accelerated
optimization method and a second-order damped dynamical system is described, while [6]
suggests applying a symplectic integrator to a time-dependent Lagrangian formulation of this
second-order damped dynamical system as a means of constructing accelerated optimization
methods. The resulting problem is a Lagrangian system on SO(n), and we will explore the
possibility of applying Lie group variational integrators to this problem in the future.

For control systems, we studied in depth the unobservability properties of the planar
robot equipped with odometry sensors and cameras, with an emphasis on the group-invariance
of the control system. Due to the Lie group symmetry, the original system can be reduced to the
observable part, and the state variable can be decomposed into (xy,xo) explicitly. Since the Lie
group action on xy is trivial, the problem of requiring that the propagation step of the Kalman
filter satisfies the geometric property that the unobservable subspace remains perpendicular to
the measurement dh, becomes quite natural in the reduced representation. Moreover, in order
to deal with the problem that this property is destroyed at the measurement update step of the
Kalman filter, we propose a reduced Bayesian inference method, i.e., only the observable part xo
is updated by the reduced measurement. This special procedure guarantees that the unobservable
variable x remains unobservable, and no spurious information is introduced by the measurement
update. This reduced Kalman filter method based on observability considerations outperforms
the traditional Kalman filter as well as the FEJ-Kalman filter by quite a lot. In the future, we
intend to apply this technique to a practical VIO system, where the geometry involved is more
complicated. In particular, the rotation group in R? is SO(3) which is nonabelian, and only
rotations about the gravity direction are unobservable. Also, we would like to update the MSCKF
framework, where the state variables include historic poses of the camera, which makes the

decomposition into observable and unobservable components more interesting. In principle, all
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traditional techniques that are applicable to the Kalman filter, such as UKF, particle filters, and so
on, could all be combined with our reduced update method based on the observability property,

and we would like to test the efficiency of our method for all related practical applications.
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