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Anti-plane Shear Waves in Periodic Elastic Composites:

Band Structure and Anomalous Wave-refraction

Sia Nemat-Nasser

Department of Mechanical and Aerospace Engineering
University of California, San Diego
La Jolla, CA, 92093-0416 USA

Abstract

For anti-plane shear waves in periodic elastic composites, it is shown that

negative energy refraction can be accompanied by positive phase-velocity re-

fraction and positive energy refraction can be accompanied by negative phase-

velocity refraction, and that, this can happen over a broad range of frequen-

cies. Hence, in general, negative refraction does not necessarily require an-

tiparallel group and phase velocity vectors. Details are given for layered com-

posites and the results are extended to, and illustrated for, two-dimensional

periodic composites, revealing a wealth of information about the refractive

characteristics of this class of composites. The composite’s unit cell may con-

sist of any number of constituents of any variable mass-density and elastic

modulus, admitting large discontinuities.

A powerful variational-based solution-method is used that applies to one-,

two-, and three-dimensional composites, whether their constituents are ho-

mogeneous or heterogeneous. The calculations are direct, accurate, and ef-

ficient, yielding the band structure, group-velocity, energy-flux, and phase-

velocity vectors as functions of the frequency and wave-vector components,
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over an entire frequency band.

Keywords:

Anti-plane shear waves, anomalous energy-flux and phase-velocity

refraction, layered and doubly periodic composites
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1. Introduction

Elastic composites can have remarkable mechanical and acoustic proper-

ties that are not shared by their individual constituents. They have found

widespread applications and hence have been extensively studied; see for ex-

ample [41, 8, 31, 5, 15]. Here the focus is on harmonic waves in periodic elastic

composites, and their dynamic properties [40, 25, 21, 43]. In this context,

efficient and accurate calculation of their band structure for Bloch-form har-

monic waves is the necessary first step in estimating their overall response

and effective dynamic constitutive properties [32, 33]. Various techniques

have been used to study the dynamic responses of laminated composites; see

[37] for a review of recent contributions. This includes, for example, methods

such as direct analytic solutions for layered composites [36, 9, 20, 6]; transfer

matrix [39, 12, 4, 16, 35, 10]; plane-wave expansion [24]; displacement-based

variational methods [13, 14]; and finite elements [18, 1, 2]. Except for the last

three methods, the other methods are limited to one-dimensional composites

of homogeneous layers. The plane-wave expansion and the displacement-

based variational methods (which lead to the same set of final equations)

are inefficient, requiring thousands of terms to produce reasonably accurate

results in the presence of large discontinuities (mass-density and stiffness)

which is a common feature of this class of composites [17, 28].

To produce an effective tool that accounts for discontinuities as an in-

tegral part of the variational formulation, a mixed variational method has

been developed and successfully used in the 1970’s to calculate the band

structure of one-, two-, and three-dimensional periodic elastic composites;

[26, 27, 29, 22]. This mixed variational method yields very accurate results
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and the rate of convergence of the corresponding approximating series solu-

tion is greater than that of the Rayleigh quotient with displacement-based

approximating functions [3]. Since it is based on a variational principle, any

set of approximating functions can be used for calculations, e.g., plane-waves

Fourier series, as in the above cited papers, or finite elements [23].

The method has been revived in recent years and applied to calculate the

effective overall dynamic constitutive parameters of periodic composites for

Bloch waves traveling normal to the layers [33]. The limits of the accuracy of

the resulting homogenized properties have been examined by considering the

response of a layered composite interfaced with its homogenized half-space

[38]; see also, [42].

When elastic waves are at an angle relative to an interface of a half-space

layered composite, they generate a complex set of reflected and transmit-

ted waves. It was recently suggested by Willis (personal communication,

2013) that this complexity is avoided by considering oblique anti-plane shear

waves. This then allows the study of a number of physically interesting phe-

nomena, such as negative refraction, within a relatively simple mathematical

framework. Willis (personal communication, 2013) shows negative energy

refraction when a layered composite is interfaced with a homogeneous solid

on a plane normal to the layers. Here, we revisit this and in addition show

that, unlike in metamaterials, such negative refraction is accompanied by

positive phase-velocity refraction.

The calculation of the band structure, mode shapes, group-velocity, and

energy-flux vectors in terms of the wave-vector components for a wide range

of frequencies, is a challenging task. Here this problem is addressed, success-
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fully formulated, and solved using a mixed variational method to calculate the

entire band structure and the associated mode shapes for oblique anti-plane

shear waves in layered elastic composites, and the results are extended to,

and illustrated for, two-dimensional unit cells. The composite may consist of

periodically distributed unit cells of any number of constituents of any desired

variable properties. It is shown that composites with two- and three-phase

unit cells may display negative refraction, which however is accompanied by

positive phase-velocity refraction. Indeed, for layered composites, it is shown

that only the components of the phase and group velocities normal to the

layers are antiparallel while the corresponding components along the layers

are parallel. This phenomenon is demonstrated by considering the refraction

and reflection of plane waves when the composite is in contact with a homo-

geneous solid on a plane normal to the layers, as well as when the contact

plane is parallel to the layers. In the first case, negative energy refraction

with positive phase refraction occurs, and, in the second case, positive energy

refraction with negative phase refraction occurs.

The calculations are direct and require no iteration, producing the entire

band structure of the composites with unit cells of any number of constituents

of any constant or variable properties. This also yields explicit series-form

expressions for all the field variables necessary to calculate the components

of the group-velocity and the energy-flux vectors, from which the overall

response of the composite can readily be extracted.

When the phase-velocity and energy-flux vectors are antiparallel, the re-

sulting waves have been called backward waves or BW [34, 19]. In general,

backward waves and negative refraction occur when the wave-vector and the
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energy-flux vector are antiparallel. Here, for the layered composite, we show

negative energy refraction with positive phase refraction, that is, we show

that only one component of the phase velocity is antiparallel with its corre-

sponding component of the energy-flux (or group velocity) vector, while the

other component of these vectors are parallel, leading to negative refraction

with positive phase refraction. A similar phenomenon was first recognized

to exist in photonic crystals by [11]. In addition, we show here that negative

phase refraction can occur with positive energy refracttion.

2. Statement of the Problem and Field Equations

To present the general method, we first consider a layered composite

and then extend the results to two-dimensional unit cells. Take the x1-axis

normal, and the x2 and x3 parallel to the layers. With a denoting the length

of a typical unit cell, the mass-density ρ̂ and the elastic shear moduli, µ̂jk,

j, k = 1, 2, with µ̂12 = µ̂21, have the periodicity of the composite, i.e.,

ρ̂(x1) = ρ̂(x1 +ma); µ̂jk(x1) = µ̂jk(x1 +ma), j, k = 1, 2, (1)

for any integer m.

For Bloch-form time-harmonic anti-plane shear waves of frequency ω and

wave-vector components k1 and k2, the nonzero displacement component

û3(x1, x2, t) has the following structure:

û3 = up3(x1)e
i(k1x1+k2x2−ωt), (2)

where up3(x1) is periodic with the periodicity of the unit cell.

Set

ξ1 = x1/a, ξ2 = x2/a, Q1 = k1a Q2 = k2a, (3)
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introduce the average parameters,

ρ̄ =

∫ 1/2

−1/2

ρ̂(aξ)dξ, µ̄11 =

∫ 1/2

−1/2

µ̂11(aξ)dξ, (4)

and consider the following dimensionless quantities:

µjk(ξ1) = µ̂jk(aξ1)/µ̄11, ρ(ξ1) = ρ̂(aξ1)/ρ̄, ν2 = a2ω2ρ̄/µ̄11,

wp(ξ1) = up3(aξ1)/a, τ1 = σ13/µ̄11, τ2 = σ23/µ̄11,
(5)

where ν is the dimensionless frequency. Here the displacement, up3, and the

nonzero (shear) stresses, σ13 = σ31 and σ23 = σ32, are rendered nondimen-

sional and denoted by w and τj, j = 1, 2, respectively. In what follows,

the corresponding (engineering) strains, 2ε13 = 2ε31 and 2ε23 = 2ε32, will be

denoted by γ1 and γ2, respectively. The (normalized) field equations then

become,

τ1,1 + τ2,2 + ν2ρw = 0; τj = µjkγk (k summed), (6)

γ1 = w,1 γ2 = iQ2w, w = wpeiQ1ξ1 . (7)

In view of equations (6, 7) and (2), the shear stress τ2 can be expressed

in terms of τ1 and w, as follows:

τ2 =
µ12

µ11

τ1 +
iQ2

D22

w, (8)

where D22 is the corresponding component of the normalized elastic compli-

ance matrix defined by, D11 D12

D21 D22

 =
1

∆

 µ22 − µ12

−µ21 µ11

 , ∆ = µ11µ22 − µ2
12.

Hence,

τ2,2 = iQ2τ2 = iQ2
µ12

µ11

τ1 −
Q2

2

D22

w. (9)
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3. Variational Formulation: Layered Composites

Consider now the following functional:

I =< τj, w,j > + < w,j, τj > − < Djkτk, τj > −ν2 < ρw,w >, (10)

where < gu, v >=
∫ 1/2

−1/2
guv∗dξ for a real-valued function g(ξ) and complex-

valued functions u(ξ) and v(ξ), with star denoting complex conjugate. In (10)

w and τj are viewed as independent fields subject to arbitrary variations. It

is easy to show [29] that equations (6) are the Euler equations that render the

functional I stationary. For layered composites however, it is expedient to

use (8) in (10) and consider τ1 and w as the only independent fields subject

to variations, especially since the periodicity in layered composites is only in

one direction. Hence consider the functional,

I1 =< τ1, w,1 > + < w,1, τ1 > −iQ2 <
µ12

µ11

τ1, w > +iQ2 <
µ12

µ11

w, τ1 >

+Q2
2 <

1

D22

w,w > − <
1

µ11

τ1, τ1 > −ν2 < ρw,w > .
(11)

The first variation of I1 with respect to w∗ and τ ∗1 yields, respectively,

τ1,1 + [iQ2
µ12

µ11

τ1 −
Q2

2

D22

w] + ν2ρw = 0 τ1 = µ11w,1 + iQ2µ12w, (12)

which also follow from (6, 7) and (8).

To find an approximate solution of the field equations (12) subject to the

Bloch periodicity condition (2), consider the following estimates:

w =
+N∑

α=−N

W (α)ei(Q1+2πα)ξ1 , τ1 =
+N∑

α=−N

T (α)ei(Q1+2πα)ξ1 , (13)

which automatically ensure the Bloch and continuity conditions.
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Substitution into (11) now yields,

I1 =
+N∑

α,β=−N

{T (α)[−i(Q1 + 2πα)]δαβW
(β)∗ +W (α)[+i(Q1 + 2πα)]δαβT

(β)∗

−iQ2T
(α)Λ(αβ)[µ12/µ11]W

(β)∗ + iQ2W
(α)Λ(αβ)[µ12/µ11]T

(β)∗

−T (α)Λ(αβ)[1/µ11]T
(β)∗ +W (α)Λ(αβ)[Q2

2/D22 − ν2ρ]W (β)∗},

(14)

where Λ(αβ) is a linear integral operator, defined by

Λ(αβ)[f(ξ)] =

∫ 1/2

−1/2

f(ξ)ei2π(α−β)ξdξ =

∫ 1/2

−1/2

f(ξ)e−i2π(β−α)ξdξ = Λ(βα)∗ [f(ξ)],

(15)

with f(ξ) being a real-valued integrable function.

For an even function, f(ξ) = f(−ξ) (symmetric unit cells),

Λ(αβ)[f(ξ)] = 2

∫ 1/2

0

f(ξ)cos(2π(α− β)ξ)dξ = Λ(βα)[f(ξ)]. (16)

Furthermore, for a piecewise constant f(ξ), e.g.,

f(ξ) =



f1 0 < ξ < l1/2

f2 l1/2 < ξ < l2/2

...

...

fn ln−1/2 < ξ < 1/2

(17)

with ln = 1, one obtains,

Λ(αβ)[f(ξ)] =


∑n

a=1
fa−fa+1

π(α−β) sin(π(α− β)la) α 6= β∑n
a=1(fa − fa+1)la = f̄ α = β, fn+1 = 0.
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(18)

Define an M ×M matrix Λ[f(ξ)] = [Λ(αβ)][f(ξ)], α, β = 0,±1, ...,±N ,

and M = 2N + 1, and note that, in view of linearity, for any two constants

a1 and a2,

a1Λ[f1(ξ)] + a2Λ[f2(ξ)] = Λ[a1f1(ξ) + a2f2(ξ)].

Also, let H be an M ×M diagonal matrix with components (Q1 + 2πα)δαβ.

Then, (14) can be rewritten as,

I1 =

 W

T

T  Q2
2Λ[1/D22]− ν2Λ[ρ] iH +Q2Λ[µ12/µ11]}

−iH +Q2Λ[µ12/µ11]} −Λ[1/µ11]

  W ∗

T ∗

 .(19)

For symmetric unit cells, I1 may be written as,

I1s =

 W ∗

T ∗

T  Q2
2Λ[1/D22]− ν2Λ[ρ] −iH +Q2Λ[µ12/µ11]}

iH +Q2Λ[µ12/µ11]} −Λ[1/µ11]

  W

T

 .(20)

Furthermore, when µ12 = 0, we obtain,

I2 =

 W ∗

T ∗

T  Q2
2Λ[µ22]− ν2Λ[ρ] −iH

iH −Λ[1/µ11]

  W

T

 . (21)

Note that, in view of equation (16), Λ[f(ξ)] in (19) and (21) is real-valued

for symmetric unit cells. Furthermore, when a symmetric unit cell consists

of layers of uniform elasticities and densities, equation (18) gives Λ(αβ)[f(ξ)]

explicitly.

Now, minimization of I2 (or I1 for µ12 6= 0) with respect to the unknown

coefficients W (α) and T (α), results in an eigenvalue problem which yields the

band structure of the composite for anti-plane Bloch-form shear waves,[
(I +Q2

2AΛ[µ22])− ν2AΛ[ρ]
]
W = 0, A = H−1Λ[1/µ11]H

−1, (22)
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where I is the identity matrix. For given values of Q1 and Q2, the eigenvalues,

ν, of equation(22)1 are obtained from

det
∣∣(I +Q2

2AΛ[µ22])− ν2AΛ[ρ]
∣∣ = 0, (23)

and for each eigenvalue, the corresponding displacement field, W , is given by

(22)1, and the stress field by

T = i{Λ[1/µ11]}−1HW. (24)

Note that H is a diagonal matrix whose components are linear in Q1.

From (6, 7)), the x2-component of the shear stress, τ2, and the x1-

component of the shear strain, γ1, are given by,

τ2 = iQ2µ22(ξ1)
+N∑

α=−N

W (α)ei(Q1+2πα)ξ1 , γ1 = D11(ξ1)
+N∑

α=−N

T (α)ei(Q1+2πα)ξ1 .

(25)

As can be seen, W is real-valued and T is purely imaginary. Both are implicit

functions of Q1 and Q2.

The periodic parts of the displacement, velocity, and stress-components

are summarized here for subsequent application,

wp(ξ1) =
+N∑

α=−N

W (α)ei2παξ1 , ẇp(ξ1) = −iν
+N∑

α=−N

W (α)ei2παξ1 , (26)

τ p1 (ξ1) =
+N∑

α=−N

T (α)ei2παξ1 , τ p2 (ξ1) = iQ2

+N∑
α=−N

W (α)µ22(ξ1)e
i2παξ1 , (27)

where for each frequency band J , associated with an eigenvalue νJ , equations

(22, 24) yield the corresponding coefficients, W
(α)
J and T

(α)
J ; the subscript J

has been omitted in the above expressions. OnceW (α) and T (α) are calculated

for a desired eigenvalue, ν, the above expressions give the periodic part of

the field variables.
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4. Phase and Group Velocities, and Energy Flux

For a given (symmetric) unit cell that consists of a given number of layers

of prescribed mass densities and stiffnesses, matrices A and Λ[f(ξ)] in (22)

can be computed explicitly using (16). The expression in the left-hand side

of (23) will then depend parametrically on the wave-vector components, Q1

and Q2. The resulting eigenfrequencies, ν, can thus be expressed as functions

of Q1 and Q2. These eigenfrequencies form surfaces in the (Q1, Q2, ν)-space,

referred to as phase constant surfaces (or dispersion surfaces). The first

zone corresponds to −π≤ Q1, Q2 ≤π. We focus on this zone and examine

the dynamic properties of layered elastic composites on the first and second

frequency bands.

On each frequency band, the phase and group velocities are given by,

vpJk =
νJQk

Q2
1 +Q2

2

vgJk =
∂νJ
∂Qk

, k = 1, 2; (28)

here and below, J = 1, 2, ... denotes the frequency band and k = 1, 2, the x1-

and the x2-directions, respectively. The group velocity defines the direction

of the energy flux; it is given by

αJ = atan(
vgJ2
vgJ1

). (29)

The x1- and x2-components of the energy-flux vector are given by

EJk =
νJ
2π

∫ 2π
νJ

0

< Re(τJk(ξ1, ξ2, t))Re(ẇ
∗
J(ξ1, ξ2, t)) > dt = −1

2
< τ pJkẇ

p∗
J >,

(30)

which is real-valued, where k = 1, 2. Substitution from (26, 27) results in,

EJ1 = −1

2
iνJ

+M∑
α=−M

T
(α)
J Wα

J , EJ2 =
1

2
νJQ2

+M∑
α,β=−M

W
(α)
J W

(β)
J Λ(αβ)[µ22].

(31)
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The direction, βJ , of the energy-flux vector is hence given by,

βJ = atan(
EJ2
EJ1

). (32)

It is known [7] that the direction, αJ , is essentially the same as the direction

βJ of the energy flux for nondissipative media. We shall illustrate this in

what follows.

An Important Cautionary Note: For an oblique anti-plane shear

wave in a periodic layered elastic composite, the angle of incidence θ =

atan(Q2

Q1
) cannot be arbitrary, limiting the admissible values of Q2 depending

on the structure and composition of the corresponding unit cell, as well as

on values of Q1.

5. Illustrative Examples

5.1. Example 1: A Two-Phase Composite

We now examine the dynamic response of a two-phase composite where

the corresponding unit cell consists of a very stiff and a relatively soft layer;

see Figure 1. We show that, on the second frequency pass-band of such

composites, the group and phase velocities in the x1-direction (normal to

layers) are antiparallel (backward wave), whereas they are parallel in the x2-

direction (parallel to layers), signifying the negative-energy refraction with

positive phase refraction characteristic of this class of elastic composites in

anti-plane shearing. In contrast, on the first frequency pass-band of the

composite, the group and phase velocities are parallel, both in the x1- and

x2-directions.

While the formulation and calculations are in terms of dimensionless

quantities, in what follows the results are presented in terms of dimensional
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Figure 1: The unit cell of a two-phase composite.

values for the symmetric unit cell shown in Figure 1. The dimensionless pa-

rameters and the results are calculated using the following specific material

properties (typical for PMMA and steel):

1. µ1 = 80× 109 Pa; ρ1 = 8000 kg/m3; total thickness = 1.3mm

2. µ2 = 3× 109 Pa; ρ2 = 1180 kg/m3; total thickness = 3mm.

The unit cell is 4.3 mm thick. The resulting dimensionless parameters used

in the calculations have the following values:

1. µ̄1 = 3.0442; ρ̄1 = 2.4677; h̄2 = 0.3023

2. µ̄2 = 0.1142; ρ̄2 = 0.3640; h̄1 = 0.6977.

The layers are isotropic, and subscripts 1, 2 identify the properties (µ

for shear modulus and ρ for density) of each layer within the unit cell. For

example, µ2 stands for µ11 = µ22 of layer 2. The superimposed bar denotes

the corresponding normalized value; see equations (4, 5). To obtain the

frequency in kHz, and the group velocity, vgJk, in m/s, multiply ν by 105, and

vgJk by 2847, respectively.
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5.1.1. Frequency Band Structure

Now examine the variation of the frequency as a function of the wave-

vector components, Q1 and Q2. For each pair of Q1 and Q2, the direction

of the wave vector is obtained from θ = atan(Q2/Q1), the direction of the

group-velocity vector from αJ = atan(vgJ2/v
g
J1) (which is shown below to be

the same as that of the energy-flux vector, βJ = atan(EJ2/EJ1)), and the

direction of the phase-velocity from φJ = atan(vpJ2/v
p
J1) = θ, respectively.
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F
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Q
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Figure 2: Frequency (in kHz) as function of Q1 for indicated values of Q2; two-phase

composite.

Figure 2 shows the frequency (in kHz) as a function ofQ1 for indicated val-

ues of Q2, and Figures 3(a, b) show the constant-frequency contours together

with the direction of energy flow (superimposed arrows) as functions of Q1

and Q2, for the first two frequency pass-bands . As is seen, for suitably small

values of Q2 these contours are ellipses on the first pass-band whereas they

15
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Figure 3: Contours of constant frequency (in kHz) and group-velocity vectors for: (a) first

pass band, and (b) second pass band; two-phase composite; (for clarity, in graph (a) the

x2-component of the group velocity is reduced by a factor of 5).

are hyperbolae on the second pass-band. On the first frequency pass-band,

the corresponding components of the energy-flux and the phase-velocity vec-

tors are parallel, but not on the second frequency pass-band. In this latter

case, the energy flux in the x1-direction is antiparallel with the corresponding

component of the phase-velocity, while in the x2-direction these components

are parallel. Hence the composite may or may not display negative refraction,

depending on the direction of the incident wave, as shown in Figures 3(b).

Here in addition, negative energy refraction is accompanied by positive phase

refraction and positive energy refraction is accompanied by negative phase re-

fraction; see subsection 5.2 for illustration. In terms of the group and phase

velocities, in Figure 3(a), vg1v
p
1 > 0 and vg2v

p
2 > 0, whereas in Figure 3(b),

vg1v
p
1 < 0 but vg2v

p
2 > 0.
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Figure 4: (a) Contours of constant group velocity (in m/s), and (b) contours of constant

(energy) refraction angle; for second pass-band of a two-phase composite (negative sign

signifies a negative angle with the x1-axis). The red circles correspond to values for

Example 2 discussed in subsection 5.2.

Focusing on the second frequency pass-band, we have presented in Figure

4(a) contours of constant group velocity (in m/s) and in Figure (4b) those

of constant (energy-flux) refraction angle. As pointed out above, the group-

velocity vectors are oriented in the direction of the energy flow. For positive

wave-vector components, they have negative components in the x1-direction

but positive components in the x2-direction; this is signified by negative signs

in Figures 4(a, b).

As is mentioned before, the group velocity-vector defines the direction of

energy flux. Figures (5a, b) show the refraction angles, ( α1 and β1) and

(α2 and β2), as functions of the frequency for θ = atan(Q2

Q1
) = 10, 30o. The

solid curves correspond to the energy-flux and the open circles to the group-

velocity directions. The figures show that the orientations of the group-
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18



velocity and energy-flux vectors are essentially indistinguishable.

5.2. Example 2: Negative Refraction with Positive Phase Velocity and Posi-

tive Refraction with Negative Phase Velocity

x2	
  

vp	
  vg	
  

kin	
   krf	
  
x1	
   vp	
  

vg	
  

x1	
  kin	
  

krf	
  

x2	
  
(a)	
   (b)	
  

Figure 6: Plane harmonic wave of wave vector kin is incident from (a) the x2 < 0 and

(b) the x1 < 0 homogeneous half-space toward a periodic half-space; krf and ktr are the

reflected and transmitted wave vectors; vg and vp are the corresponding group and phase

velocities.

Examination of Figure 3 readily reveals that the layered composite can

display negative refraction or negative phase-velocity refraction depending

on how it is interfaced with a homogeneous solid. Figures 6(a,b) suggest two

possible ways. In Figure 6(a), the layered composite occupies the half-space

x2 > 0 while a homogeneous solid (say, aluminum) is occupying the half-

space x2 < 0, whereas in Figure 6(b) the interface of the layered medium

and aluminum is along the x2-axis on the x1 = 0-axis. In each case, a

plane harmonic anti-plane shear wave of wave-vector kin is incident from

the homogeneous solid toward the interface at an incident angle θ0, where
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θ = 10o in Figure 3(a) and θ = 20o in Figure 6(b). In the first case, negative

refraction is accompanied by positive phase refraction, and in the second case

this is reversed, namely positive refraction is accompanied by negative phase

refraction.

Let C0 be the shear-wave velocity in the homogeneous solid. Consider

Figure 6(a) and note that,

Q1 = Qrf
1 = Qtr

1 =
cos(θ0)

C̄0

ν, Q2 = −Qrf
2 =

sin(θ0)

C̄0

ν, C̄0 = C0

√
(ρ̄/µ̄11),

(33)

where C̄0 is the dimensionless value of the shear-wave speed in the homo-

geneous x2 < 0 half-space. For a given frequency, say ν0, Q
tr
1 is given by

(33)1 and Qtr
2 is calculated such that ν(Qtr

1 , Q
tr
2 ) = ν0. For aluminum with

a shear-wave speed of C0 = 3,040 m/s and θ0 = 10o, Figure (7) shows the

variation of the frequency in kHz for 2.2 < Q1 < 2.7 and 1.2 < Q2 < 1.8. For

a frequency ∼= 281.9 kHz (ν ∼= 2.67), we have Qtr
1 = Q1

∼= 2.47, and Qtr
2 =

1.50. This gives a refraction angle of about -54.4o and a group velocity of ∼=

733.5 m/s. These values are identified in Figures 4 and 7 by red circles.

Now consider Figure 6(b) and note that the phase angle Q2ξ2− νt on the

x1 = 0-axis must be continuous. Hence,

Q2 = Qrf
2 = Qtr

2 =
sin(θ0)

C̄0

ν, Q1 = −Qrf
1 =

cos(θ0)

C̄0

ν. (34)

For θ = 20o and a frequency ∼= 280 kHz (ν ∼= 2.65), we have Qtr
2 = Q2

∼=

0.85, and Qtr
1 = -1.50. This gives a refraction angle of about 37.3o and a

group velocity of ∼= 608.9 m/s.
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Figure 7: Contours of constant frequency (in kHz) for 2.4 < Q1 < 2.6 and 1.2 < Q2 < 1.8;

second frequency pass-band.

5.3. Example 4: A Three-Phase Composite

Qualitatively, the three-phase layered composite has the same dynamic

response as the two-phase composite considered above. As an illustration,

consider a unit cell consisting of a central 1 mm thick layer of steel that is

sandwiched by two layers of a polyurea/phenolic-microballoon composite of

0.4 mm thickness each, and then by two layers of PMMA of 1.25 mm each,

the total thickness of the unit cell being 4.3 mm, the same as the two-phase

composite.

Figures (8a, b) display contours of constant frequency (in kHz) for the

first (a) and the second (b) frequency pass-bands together with a representa-

tive number of group-velocity vectors; for clarity, the x2-components of these

vectors are reduced by a factor of 10. For suitably small values of Q2, these
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cell).
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contours are ellipses for the first pass-band, but they are hyperbolae for the

second pass-band. Moreover, both of the components of the group-velocity

vectors are parallel with the corresponding phase-velocity components on

the first pass-band, but on the second frequency pass-band, only their x2-

components are parallel while their x1-components are antiparallel with the

corresponding components of the phase-velocity vectors. Hence, the refrac-

tion properties here are the same as those of the two-phase composites; see

Figures (6). Also, the direction of the group-velocity and and energy-flux

vectors are the same.

Hence, in general for anti-plane shear waves, layered periodic composites

display negative refraction accompanied by positive phase-velocity refraction

and positive refraction accompanied by negative phase-velocity refraction de-

pending how they are interfaced with a homogeneous material.

5.4. Extension to Two-dimensional Unit Cells

Here we briefly outline how the results can easily be extended to two-

dimensional periodic composites, assuming for simplicity square unit cells of

dimensions a1 = a2 = a.

The displacement w and the stresses τj are now expressed as w

τj

 =
+N∑

n1,n2=−N

 W (n1,n2)

T
(n1,n2)
j

 ei[(Q1+2πn1)ξ1+(Q2+2πn2)ξ2]−νt), (35)

where ξj = xj/a, Qj = kj/a (no sum on j, j = 1, 2), and ν is the dimension-

less frequency. Substitution into (10) and minimization with respect to the

23



unknown coefficients W and Tj results in
iH1 iH2 ν2Λρ

ΛD11 0 −iH1

0 ΛD22 −iH2



T1

T2

W

 = 0, (36)

where Λf = [Λ
(n1n2,m1m2)
f ] is an M2 ×M2 matrix, and H1 and H2 are two

M2×M2 diagonal matrices with the respective components (Q1+2πn1)δn1m1

and (Q2 + 2πn2)δn2m2 . The components of Λf are defined by

[Λf ] =

∫ 1/2

−1/2

∫ 1/2

−1/2

f(ξ1, ξ2)e
i2π[(n1−m1)ξ1+(n2−m2)ξ2]dξ1dξ2, (37)

with f(ξ1, ξ2) being a real-valued integrable function.

From the system of linear and homogeneous equations (36),we obtain,[
Φ− ν2Λρ

]
W = 0, Φ = (H1Λ

−1
D11

H1 +H2Λ
−1
D22

H2). (38)

For given values of Q1 and Q2, the eigenvalues, ν, of equation(38)1 are ob-

tained from

det
∣∣Φ− ν2Λρ

∣∣ = 0, (39)

and for each eigenvalue, the corresponding displacement vector W , is given

by (38)1, and the stress components by

T1 = iΛ−1
D11

H1W, T2 = iΛ−1
D22

H2W. (40)

The results outlined above can be modified to obtain the necessary equa-

tions when theplane-wave expansion method is used. For this, equation (38)2

needs to be changed to Φ = (H1Λµ11H1 + H2Λµ22H2). This means that

f(ξ1, ξ2) now stands for the (spatially variable) shear modulus of the unit

cell.
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The calculation of the group-velocity and energy-flux vectors follows the

same procedure as outlined in section (4), with the energy-flux being given

by equation (30). In what follows, a two-dimensional illustrative example is

briefly discussed.

5.5. A Two-dimensional Illustration
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Figure 9: A 3-phase doubly periodic composite: (Left) cross-section of unit cell with

polymer coated elliptical central steel rods embedded in PMMA matrix; (Right) first 4

frequency pass-bands (in kHz), comparing the results of the present method (in blue) with

those of the plane-wave expansion method (in red) for 49- (crosses, x), 169- (open circles,

o), 441- (pluses, +), 729- (dots, .), and 961- (solid lines, -) term series solutions.

Consider a periodic composite consisting of a two-dimensional square ar-

rangement of steel rods of a common elliptical cross-section (1.5 by 2.0 mm),
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coated by an elastomeric polymer (0.7 GPa shear modulus, 1000 kg/m3 mass-

density) of outer 3.0 mm diameter, and embedded within a PMMA matrix,

as shown in Figure (9, Left); the properties of steel and PMMA are given in

subsection (5.1). In Figure (9, Right), we have compared our results with

those obtained using the plane-wave expansion method for N = 6, 10, 13, 15,

corresponding to 49,169, 441, 729 and 961 terms, where the plane-wave ex-

pansion results are in red and those for the present variational method are in

blue. As can be seen, our method converges very rapidly, yielding essentially

the final results for N = 3 (49 terms), whereas the plane-wave expansion has

not yet converged even for several hundred terms.

As our final illustration, Figures (10) show the equifrequency contours

of the first two bands together with the superimposed energy-flux vectors,

which reveal a wealth of physics for this two-dimensional phononic crystal;

for thorough exposition, discussions, and several examples, see [30].

5.6. Discussion and Conclusions

Periodic elastic composites can be designed to have static and dynamic

characteristics that are not shared by their constituent materials. Some of

the dynamic characteristics and responses of layered periodic composites are

explored in this work, using harmonic anti-plane shear waves. The con-

sidered layered composites lack periodicity in the direction parallel to the

layers. This profoundly affects their dynamic response, leading to anomalous

wave-refraction, namely, for this class of composites, negative refraction is

accompanied by positive phase-velocity refraction. This phenomenon was

first recognized by [11] for TM and TE electromagnetic waves in photonic

crystals. Here, we have shown this in phononic crystals and, in addition,
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d) the corresponding energy-flux vectors; 3-phase doubly periodic composite
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we have shown that the composite can also display negative phase-velocity

refraction accompanied by positive energy refraction, a phenomenon which

does not seem to have been recognized before.

In the present work, a general variational approach is developed that

produces the entire band structure of the composite for unit cells of any

number of layers with any arbitrary properties. Explicit expressions are

developed for the band structure, group-velocity and energy-flux vectors. The

general results are illustrated using a two-phase and a three-phase unit cell

with piecewise constant properties. The presented method is applicable and

effective also when some or all of the layers in a unit cell have spatially varying

properties. We have also shown that the method can easily be extended

to two-dimensional unit cells, and have illustrated this using a three-phase

doubly periodic example. By comparing results of our method with those

obtained using the plane-wave expansion approach, we have demonstrated

the remarkable effectiveness of our general variational formulation.
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[1] Mats Åberg and Peter Gudmundson. The usage of standard finite el-

ement codes for computation of dispersion relations in materials with

periodic microstructure. The Journal of the Acoustical Society of Amer-

ica, 102:2007, 1997.

[2] Jacob Aboudi. Harmonic waves in composite materials. Wave motion,

8(4):289–303, 1986.
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