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Abstract

A Skew-product decomposition of diffusions on a manifold equipped with a group action, A
Lorentz model with variable density in a conservative force field, and Reconstruction of a

manifold from the intrinsic metric of an associated Markov chain
by
Eric Stephen Wayman
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Steven N. Evans, Chair

My thesis consists of three different projects.

)

We consider a 2 x 2 matrix-valued process (z;);>0 that is obtained by taking a matrix-
valued process with entries that are independent one-dimensional standard Brownian
motions and time-changing it in a natural way so that the determinant is nonzero
for all £ > 0. The QR factorization decomposes (z;);>¢ into a “radial” part (7})i>0
that is an autonomous diffusion on the set of upper triangular matrices with positive
determinant and an “angular” process (Ug,)i>0, where U is a Brownian motion on
the group SO(2) of 2 x 2 orthogonal matrices with determinant one and the time-
change (R;)¢>0 is adapted to the filtration generated by (7});>¢. In this project we show
that, unlike classical skew-products such as the celebrated skew-product decomposition
of planar Brownian motion into its radial and angular parts, the Brownian motion
(Ut)i>0 on SO(2) is not independent of the radial part (7;);>0. We observe that our
process fits into the framework of a theorem from [Lia09] on the existence of a skew-
product decomposition of a general continuous Markov process on a smooth manifold
whose distribution is equivariant under the action of a Lie group. Our result is a
counterexample to the main result of |[Lia09], but the conclusion of that result holds
after a slight strengthening of the hypotheses. These results appear in [EHW14].

In Chapter 2, which is based on [HRW14], we study the diffusion limit of a transport
process that models the trajectory in R? of a particle under the influence of a conser-
vative, spherically symmetric force field &. The particle travels along the trajectory
determined by its initial conditions and ¢ until, according to a Poisson process with
variable intensity on this trajectory, it reflects in a uniform direction. We show that
under a proper rescaling of time, energy and the density of obstacles, the trajectory
converges to a diffusion whose generator can be found explicitly. This generalizes
[BR14], where the force field was taken to be constant, to a large class of force fields.



3) A Dirichlet form on a Hilbert space naturally induces a metric on its domain in terms
of the energy measure of the form. This metric, which is known as the Carathéodory or
intrinsic metric, is studied extensively in [Dav93| where it is used to establish estimates
for the heat kernel of a discrete Laplacian operator on a weighted graph. We study
the Carathéodory metric associated with the generator of a continuous time Markov
chain on a graph of points sampled independently from a distribution on an embedded
manifold. Under a proper rescaling of the edge weights, the generator of the Markov
chain converges to a weighted Laplacian on the manifold as the number of points goes
to infinity. In this third project we conjecture that a rescaling of the Carathéodory
distances between any two fixed points on the graph converges to the geodesic distance
on the manifold as the number of points on the graph goes to infinity. We prove that
the geodesic distances form a limiting lower bound for the Carathéodory distances, and
provide some heuristic arguments to indicate why they may be limiting upper bounds
as well. However, the upper bound limit remains an open question for future study.
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Chapter 1

A Skew-Product Decomposition
Counterexample

1.1 Introduction

The archetypal skew-product decomposition of a Markov process is the decomposition of
a Brownian motion in the plane (B;);>o into its radial and angular part

Bt = ’Bt‘ exp(’i@t).

Here the radial part (| B¢|):>0 is a two-dimensional Bessel process and 0; = y.,, where (y;)i>0
is a one-dimensional Brownian motion that is independent of the radial part (|By|):>o and 7
is a time-change that is adapted to the filtration generated by the process |B|. Specifically,
T = fot ﬁds. See Corollary 18.7 from |[Kal02] for more details.

The most obvious generalization of this result is obtained in |Gal63]. The process con-
sidered is any time-homogeneous diffusion (z;);>o with state space R® that satisfies the
additional assumptions that almost surely every path does not pass through the origin at
positive times and that (z;):>¢ is isotropic in the sense that the law of (x;);>0 is equivariant
under the group of orthogonal transformations; that is, if we consider a point (r,8) € R? in
spherical coordinates, where r € R, is the radial coordinate and # is a point on the unit
sphere S?, and if we take k € O(3), the orthogonal group on R?, then

Pu.roy (kA) = Prg) (A)

for any Borel set A in path space C(R,,R3). Here P,(A) is the probability a path started
at x belongs to the Borel set A |Gal63, (2.2)]. Theorem 1.2 of |Gal63] states that we can
decompose (2¢):>0 as x; = rf; where the radial motion (7¢)¢>0 is a time-homogeneous Markov
process on R, and the angular process (6;):>0 can be written as 6; = B,,, with (B;);>o a
spherical Brownian motion independent of the radial part and with the time-change (73)>0
adapted to the filtration generated by the radial part.



More generally, one can consider a group G acting on R™ and (x;);>0 a Markov process
on R" such that the distribution of (z:):>o satisfies the equivariance condition

Pyz(gA) = Pp(A)

for any Borel set A in path space. The existence of a skew-product decomposition for this
setting is explored in [Chy08] when (z;):>¢ is a Dunkl process and G is the group of distance
preserving transformations of R™.

The paper [PR88] investigates the skew-product decomposition of a Brownian motion on
a C*° Riemannian manifold (M, g) which can be written as a product of a radial manifold
R and an angular manifold ©, both of which are assumed to be smooth and connected.
Provided the Riemannian metric respects the product structure of the manifold in a suitable
manner, Theorem 4 of [PR8§| establishes the existence of a skew-product decomposition
such that the radial motion is a Brownian motion with drift on R and the angular motion
is a time-change of a Brownian motion on © that is independent of the radial motion.

A related skew-product decomposition is obtained in |Lia09] for a general continuous
Markov process (z:):>o with state space a smooth manifold X and distribution that is equiv-
ariant under the smooth action of a Lie group K on X. Here the decomposition of (z¢)¢> is
into a radial part (y;);>0 that is a Markov process on the submanifold Y which is transversal
to the orbits of K and an angular part (z;):>o that is a process on a general K-orbit which
can be identified with the homogeneous space K/M, where M is the isotropy subgroup of
K that is assumed to be the same for all elements € X. Theorem 4 of |[Lia09] asserts that
under suitable conditions the process (x;);>0 has the same distribution as (B(a:)y:):>0, where
the radial part (y)¢>o is a diffusion on Y, (B;);>0 is a Brownian motion on K /M that is
independent of (z;):>0, and (a;);>0 a time-change that is adapted to the filtration generated
by (yt)e>o-

Analogous skew-product decompositions of superprocesses have been studied in [Per92,
EM91}|[Hir00]. The continuous Dawson-Watanabe (DW) superprocess is a rescaling limit
of a system of branching Markov processes while the Fleming-Viot (FV) superprocess is a
rescaling limit of the empirical distribution of a system of particles undergoing Markovian
motion and multinomial resampling. It is shown in [EM91| that a F'V process is a DW process
conditioned to have total mass one. More generally, it is demonstrated in [Per92] that the
distribution of the DW process conditioned on the path of its total mass process is equal
to the distribution of a time-change of a F'V process that has a suitable underlying time-
inhomogeneous Markov motion. The latter result is extended to measure-valued processes
that may have jumps in [Hir00].

A sampling of other results involving skew-products can be found in [Tay92, LCO09,
ELJL10, BNO6].

This paper was motivated by our desire to understand better the structural features that
give rise to skew-product decompositions of Markov processes. In attempting to do so, we
read the paper [Lia09] but were unable to follow some of the details of the proof of the main



result, Theorem 4. We subsequently came across a natural and quite simple counterexample
to that result which we believe is rather illuminating and which we describe here.

We construct a diffusion (z;);>¢ with state space the manifold of 2 x 2 matrices that
have a positive determinant. This diffusion can be represented via the well-known QR
decomposition as the product of an autonomously Markov “radial” process (7})¢>o on the
manifold of 2 x 2 upper-triangular matrices with positive diagonal entries and a time-changed
“angular” process (Ug,)i>0, where (U;)i>o is a Brownian motion on the group SO(2) of
2 x 2 orthogonal matrices with determinant one and the time-change (R:);>o is adapted
to the filtration of the radial process. However, unlike in the skew-product decompositions
described above, the processes (U;);>0 and (73);>0 are not independent.

Our process (x;)¢>o satisfies the assumptions of [Lia09, Theorem 4] which asserts that the
processes (Up)i>o and (T})¢>0 are independent. This apparent contradiction appears because
the assumption from [Lia09] that K/M is irreducible is not strong enough to ensure the
nonexistence of a nonzero M-invariant tangent vector in the case when, as in our construc-
tion, K/M has dimension 1. It is the nonexistence of such a tangent vector that is used in
the proof in |Lia09] to deduce the independence of the processes (U;);>0 and (7})>o-

1.2 Construction of the counterexample

Recall the well-known QR decomposition which says that any square matrix can be
written as the product of an orthogonal matrix and an upper triangular matrix, and that
this decomposition is unique for invertible matrices if we require the diagonal entries in the
upper triangular matrix to be positive (see, for example, [HJ13]). This decomposition is
essentially a special case of the Iwasawa decomposition for semisimple Lie groups.

In the 2 x 2 case, uniqueness also holds for invertible matrices if we require the orthogonal
matrix to have determinant one and there are simple explicit formulae for the factors. Indeed,

' A= (Z Z) (1.2.1)

and det A = ad — bc # 0, then A = QR, where

Q= \/ﬁ (Z _ac) € SO(2) (1.2.2)

and

5 /a2 ) abtcd

R= 0 varte | . (1.2.3)
VaZte?

In this setting, we consider a 2 x 2 matrix of independent Brownian motions and time-

change it to produce a Markov process with the property that if the determinant is positive



at time 0, then it stays positive at all times. This ensures that uniqueness of the Q)R-
factorization holds at all times and also that the time-changed process falls into the setting
of [Lia09].

Following the notation of |[Lia09], we consider the following set-up.

1. Let X be the manifold of 2 x 2 matrices over R with strictly positive determinant
equipped with the topology it inherits as an open subset of R?*2 =~ R*,

2. Let K be the Lie group SO(2) of 2 x 2 orthogonal matrices with determinant 1. This
group acts on X by A+ Q1A for Q € K and A € X.

3. The quotient of X with respect to the action of K can, via the QR decomposition,
be identified with the set Y of upper triangular 2 x 2 matrices with strictly positive
diagonal entries.

4. The isotropy subgroup of K for an element z € X is, as usual, the subgroup {k € K :
kx = x}. Since every element of X is an invertible matrix, this subgroup is always the
trivial group consisting of just the identity. In particular, this subgroup is the same for
every y in the interior of Y, as required in [Lia09, pg 168]. We denote this subgroup

by M.
5. Let (x4)i>0 be the X-valued process that satisfies the stochastic differential equation
(SDE)
C(dapt dxp?\ (fe) dAYY () dAL
dry = (dq}?’l dx?’2 - f(xt) dA?’l f(xt) dA§’2 , Top € X, (1.2.4)

where A;', A%, AP, and A?? are independent standard one-dimensional Brownian
motions, and f(x) := tr?e,tfll with det and tr denoting the determinant and the trace.
We establish below that has a unique strong solution and that this solution
does indeed take values in X.

It follows from the QR decomposition that 2, = Q;T;, where, in the terminology of [Lia09],
the “angular part” (); belongs to K and the “radial part” 7; belongs to Y. We will show that
(T})¢>0 is an autonomous diffusion on Y and that Q; = Ug,, where (U;);>o is a Brownian
motion on K and (R;);>o is an increasing process adapted to the filtration generated by
(T1)1>0. However, we will establish that it is not possible to take the Brownian motion
(Ut)1>0 to be independent of the process (T}):>0. This will contradict the claim of Theorem
4 of |Lia09] once we have also checked that the conditions of that result hold.

Note that if we consider f as a function on the space R?*2? = R* of all 2x 2 matrices, then it
has bounded partial derivatives, and hence it is globally Lipschitz continuous. Consequently,
if we allow the initial condition in to be an arbitrary element of R?*2, then the resulting



SDE has a unique strong solution (see, for example, [RW00, Ch 5, Thm 11.2]). Moreover,
the resulting process is a Feller process on R**? (see, for example, [RWO00, Ch 5, Thm 22.5]).

We now check that (z;):>0 actually takes values in X. That is, we show that if zy has
positive determinant, then z; also has positive determinant for all ¢ > 0. It follows from
[to’s Lemma that

et )l = [ e ds
[tr(z/z.)]; = /0 dtr(alxy) f2 () ds,
and .
(det(.), tr(a'z.)] = /0 4 det(z,) f2(x.) ds.

Thus, ((det(zy), tr(z}z:)))i>0 is a Markov process and there exist independent standard one-
dimensional Brownian motions (B});>o and (B?)so such that

d det(zy) = /tr(x)zy) f(24) alB1

and
4 det 4tr? (xja,) — 16 det(xzy)?
dtr(x;xt) — € (xt)f(xt) dBtl + r (l’th‘t) / 6de (xt) f(xt) dBt2
tr(z)z,) tr(z)zy)
+ 4 f*(x,) dt.
When we substitute for f, the above equations transform into
4 det(zy) — det(zy)/tr(z)xy) iB!
tr(zjz,) + 1
and
dtr(zlay) = 4(det(x;))? B! 4412 (z)xy) —,16 det(z¢)? de,t(xt) B
tr(zjay) (tr(a’x) + 1) tr(z)zy) tr(zjay) + 1

det 2
Lo detled N7,
tr(zjae) + 1
In particular, the process (det(z;))¢>o is the stochastic exponential of the local martingale

(My)e>0, where
/ Vtr(zha) VALCLDRTY

tr(zlxs) + 1



Since xy € X, we have det(z() > 0, and hence

det(z,) = det(xg) exp <Mt My — %[M]t>

is strictly positive for all ¢ > 0. This shows that (x;);>¢ takes values in X.
We now check that (x;);>¢ satisfies all the assumptions of [Lia09, Theorem 4]. These are
as follows:

1.
2.

The process (7:):>0 is a Feller process with continuous sample paths.

The distribution of (z;):>¢ is equivariant under the action of K. That is, for k € K the
distribution of (kxt);>o when zy = x, is the same as the distribution of (z;):>0 when
xo = kx, |Lia09, (2)].

The set Y is a submanifold of X that is transversal to the action of K [Lia09, (3)].

For any y € Y° (that is, the relative interior of Y — which in this case is just Y itself)
T, X, the tangent space of X at y, is the direct sum of tangent spaces T,,(Ky) @ 1,Y
[Lia09, (5)].

The homogeneous space K/M is irreducible; that is, the action of M on T,(K/M)
(the tangent space at the coset o containing the identity) has no nontrivial invariant
subspace [Lia09, pg 177].

The verifications of (1)—(5) proceed as follows:

1.

2.

We have already observed that solutions of ((1.2.4)) with initial conditions in R?*? form
a Feller process and that this process stays in the open set X if it starts in X, and so
(x1)e>0 is a Feller process on X.

Suppose that (z;);>¢ is a solution of (1.2.4) with zy = z, and (2;);>0 is a solution of
(1.2.4) with &g = kx, for some k € K. We have to show that if we set ; = k=12, then
(Z1)e>0 has the same distribution as (z;):>o. Note that det Z; = det z; and T}z, = Z}2;,
so that f(z;) = f(2;). Thus,

5 o (dAYY dA? .
dzy = f(xt)k ! (dAg,l dA%,Q) y Lo = Tx.
t t

Now the columns of the matrix
APtAP?
AP AP



are independent standard two-dimensional Brownian motions, and so the same is true
of the columns of the matrix
L1 412
k,fl At At
APt A
by the equivariance of standard two-dimensional Brownian motion under the action of
SO(2). Hence,
11 41,2 L1 12
k! (Aél At22 = a%l at22
Ayt AY ap o)
1,1 1,2 2,1 2,2 . )
where (o )0, (0 )0, ()" )0, and (a;”")i>o are independent standard Brownian

motions. Since,
1,1 1,2
- .\ [day” doy -
dz, = f(iUt) do! 22, To= Zo,
o dog

the existence and uniqueness of strong solutions to ((1.2.4]) establishes that the distri-
butions of (z:):>0 and (Z:):>0 are equal.

. It follows from the existence of the QR decomposition for invertible matrices that X
is the union of the orbits Ky for y € Y, and it follows from the uniqueness of the
decomposition for such matrices that the orbit Ky intersects Y only at .

. Since the tangent space of K = SO(2) at the identity is the vector space of 2 x 2
skew-symmetric matrices and the tangent space of Y at the identity is the vector space
of 2 x 2 upper-triangular matrices, we have to show that if W is a fixed invertible
upper-triangular 2 x 2 matrix and M is a fixed 2 X 2 matrix, then

M=SW+V

for a unique skew-symmetric 2 x 2 matrix S and unique upper-triangular 2 x 2 matrix
V. Let
M o= mi1 M2 and W = Wi Wiz '
Mo1  Ma2 0w

It is immediate that

0 —ma

S = (m 311)
w11

M12Wi1+M21 W22
V = mi w11
0 maWwil—maiwiz | *

w11

and

. We have already noted that the tangent space of K at the identity is the vector space
of skew-symmetric 2 X 2 matrices. This vector space is one-dimensional and so this
condition holds trivially.



We have now shown that (z;):>¢ satisfies all the hypotheses of |[Lia09, Theorem 4]. How-
ever, we have the following result.

Proposition 1.2.1. In the decomposition x, = Q,T; the Y -valued process (1})i>0 is Markov
and the K-valued process (Qt)i>0 may be written as Qy = Ug,, where (U)o is a K-valued
Brownian motion and (R)¢>0 is an increasing continuous process such that Ry = 0 and
R; — Ry is o{T, : s < u < t}-measurable for 0 < s < t < co. However, there is no such
representation in which (13)>0 and (Uy)i>o are independent.

Proof. For all t > 0 we have z; = Q,T};, where

1 L2
Q= —— (G i )ex

Vi) + @) \T T
and \/ TV TR :pt“x,}erxflme
T _ (l‘t ) + (l’t ) (1%1)2_’_(%?1)2 c Y
i 0 det () :

@i+

Note that det(z;) = det(T}) and tr(z}z,) = tr(T/T}), and so f(z;) = f(T;). Note also
that the complex-valued process (z}' + iz?!);>0 is an isotropic complex local martingale in

the sense of [Kal02, Ch 18], that is

1] = 27

and
[m22, x21] =0.

In our case

d[z'"), = d[z*'], = f2(T;) dt.
By [Kal02, Thm 18.5], (log(x;' +iz?'):>0 is a well-defined isotropic complex local martingale
that can be written as
(a1 + ia?") = log (T1") + 0,

where

46, = d[log(TH)]t - <T;1>2d[x11]t _ (fj(}ﬁ)) dt.

By the classical result of Dambis, Dubins and Schwarz (see, for example, [Kal02, Thm 18.4]),
there exists a standard complex Brownian motion (B, + iB;);>o such that log(z}* + iz?) =

BRt + iBRt, where
t 2
f(T5)
Rt = / ( i ds, t Z 0.
0 s




So, 0, = B, and log(T}'') = Bg,. Hence,

11 4 ;21
Tyo oy

VP + @7y

= (cos(6;) + isin(6;))

o= (coltn) o)

Consequently, @)y = Ug,, where

= (Snmy o))

and (B):>o is a standard one-dimensional Brownian motion.

Note that (Uy)i> is certainly a Brownian motion on K = SO(2), and so we have uniquely
identified the K-valued Brownian motion (U;);>o and the increasing process (R;);>o that
appear in the claimed decomposition of (x;)>¢.

To complete the proof, it suffices to suppose that (U;):>o is independent of (7}):;>¢ and
obtain a contradiction. An application of It6’s Lemma shows that the entries of (U;)i>o
satisfy the system of SDEs

dUtt — —Uf’ldBt—%Utht
Ut = Utl’ldBt—%Uf’ldt
dU;” = —Utl’ldBt+%U3’1dt=—dU}l
Ul —Uf’ldBt—%Utl’ldt:dUtl’l.

We apply Proposition below to each of the four SDEs in the system describ-
ing (U)o, with, in the notation of that result, ((;, H, K;) being the respective triples
(ot urt, ulh, wort, ultt urh, (ol ubt upty, and (UF?, UPY, UMY, In each of the four
applications, we let

(Fi)i>0 be the filtration generated by (Uy)>o,

(Gt)i>0 be the filtration generated by (73);>o,
6t = Bt7

° pt:Rt7

2
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o =W, = [ 7B,

Let H; = F,, V G, t > 0, as in the Proposition It follows by the assumed inde-
pendence of (Uy)s>o and (7}):>0, part (iii) of Proposition|1.2.2] and equation (1.2.5)) that the
entries of the time-changed process )y = Up, satisfy the system of SDEs

1 T, 1 7,)\°
dQrt = Q'R AW, — SOy R dt = —@?1f}1f> AW~ Q" <f§1f)) dt
t

1 T, 1 )\’
dQ* = Qi’l\/ﬁgth—§Qf’ledt: tlvlfélf) W, = 5 o (gﬁ) dt

T, )\
Q1 = ~dg = QI VR, - 3@ R = @i ) awi - sor () e
t

dQ?’z _ in,l _ _Qfl\/ﬁth _ —Qi lR' _ 2,1@&% _ ng,l (f(ﬂ))z "

T;tll 2 Ttll
Set
11 21
dw} = il A} + ot dA?"
L Ve e Ve )
dw? — _1'?1 dAN &+ xgl dA2!
L VD Ve G
11 21
du = L — v R S
\/@t )2+ (I )2 \/@t )2+ ('Tt )2
4 _mgl 12 xgl 29
T dAP” + dA22.

The processes (w!);>o are local martingales with [w!, w]]; = d;;¢, and thus they are indepen-
dent standard Brownian motions. An application of It6’s Lemma shows that (7}):>0 is a
diffusion satisfying the following system of SDEs.

T;Sll
T22 T T12 2 T
dT? = —2 7;’01(1 D du? + f(T)dud - Ty (;lf);) dt
t t
T2 f(T) T2 P(T))
22 t t 2 4 t t

The assumed independence of the processes (U;)i>o and (73);>0 and part (iv) of Proposi-
tion [1.2.2] give that [Q?/, T"!] = 0 for all i, j, k and I. Tt follows from It6’s Lemma that
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QAT 1
QT = dNt+tTT 1_2Tt1’1 dt,

where (IV;):>0 is a continuous local martingale for the filtration (#;)¢>o. This, however, is not
possible because (Q;T;)"! = z;"" and the process (z;" )= is a continuous local martingale
for the filtration (Ht)tzo.

]

We required the following proposition that collects together some simple facts about
time-changes.

Proposition 1.2.2. Consider two filtrations (F;)i>0 and (Gi)i>o0 on an underlying probability
space (2, F,P). Set Foo = \/t20 F; and Gy = \/t20 G,. Assume that the sub-o-fields Fao and
Go are independent. Suppose that

t t
Q=®+/Hﬂ&+/Kﬂa
0 0

where (y is Fo-measurable, the integrands (Hi)i>o and (K)o are (Fi)iso-adapted, and
(Bi)i>0 is an (F;)i>o-Brownian motion. Suppose further that p, = fot Jsds, where (Ji)i>0
is a nonnegative, (Gi)i>o-adapted process such that p; is finite for all t > 0 almost surely.
Fort >0 put

Fpo =0{Lsnp, : s> 0 and L is (F;)e=0-optional}.
Set Hy = F,, V Gy, t > 0. Then the following hold.

(1) The process (B, )i=0 is a continuous local martingale for the filtration (Hi)i>o with

quadratic variation [B, ¢ = ps.
¢
/1
Tt = / T dﬁ FRl
0 Js 8

is a Brownian motion for the filtration (Hi)i>o-

(i) The process (Vi)i>0, where

(iii) If & = (,,, t > 0, then
t t
é.t:£0+/ Hﬁs\/jsd75+/ KPSJSdS.
0 0

() If (n:)e>0 is a continuous local martingale for the filtration (Gi)i>o, then (n:)i>o is also
a continuous local martingale for the filtration (H:)i>o and [n,~] = 0.
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Remark 1.2.3. The apparent counterexample to [Lia09, Theorem 4] arises because K/M is
one-dimensional and hence trivially irreducible. When K/M has dimension greater than
1, irreducibility implies the nonexistence of a nonzero M-invariant tangent vector and it is
this latter property that is actually used in the proof of [Lia09, Theorem 4]. However, in
our setting M is the trivial group {Id} and every nonzero 2 x 2 skew-symmetric matrix is
M-invariant, even though K/M is irreducible.
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Chapter 2

A Lorentz model with variable
density in a conservative force field

2.1 Introduction

We study a Lorentz gas-type model of a (tracer) particle moving in a conservative force
field with a large number of scatterers distributed randomly in space. We suppose the
particle has mass m > 0 and moves in R? under the influence of a force field with spherically
symmetric potential energy U(r). The particle has fixed total energy F and evolves along
a path determined by i/ until at random ‘reflection’ times the particle undergoes jumps in
velocity. The reflections leave the speed of the particle unchanged but assign the particle a
new outgoing direction according to a uniform distribution on the unit circle S'. We look
at scaling limits (diffusion approximations) of the trajectory of the particle and show how
in the limit we get a diffusion whose generator we can find as a function of the parameters
of the model.

Our work can be seen as a significant generalization of [BR14] where the authors study
a particle moving in a constant gravitational field with a large number of infinitely-small
scatterers placed along the particle’s trajectory according to a Poisson point process with
variable density. The particle moves along a parabola until it hits a ‘heavy’ particle (scat-
terer) and then it reflects uniformly with the same absolute velocity but with a reflection
angle that is an independent uniform random variable. The authors of [BR14] study scaling
limits of the trajectory of the particle. They show that the scaling limits are diffusions whose
generators can be explicitly written down. We extend the results of [BR14] from constant
forces to any radially symmetric conservative force satisfying some mild assumptions.

A model that is related to the one from[BR14] but where the scatterer density is constant
can be found in [RT99]. The model from [BR14| is heuristically similar to the model known
to physicists as the Galton board: a particle moving under a constant external force and
bouncing off a periodic array of convex domains (scatterers). In [CD09] it is shown that the
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scaling limit for the trajectory of a ball in a Galton board is a diffusion that is recurrent.

These models can be seen as specific types of a random evolution, in which a system
changes its law of motion because of random changes in the environment. Some physical
examples of random evolutions are: a radio signal propagating through a turbulent medium
in which the index of refraction is changing at random and a population of bacteria evolving
in an environment that is subject to random fluctuations. See [Her74] for an overview of
random evolutions.

Transport processes are a type of random evolution that model the motion of a particle
whose velocity undergoes jumps of random size at random times. Diffusion approximations
of transport processes in smooth domains and with compact velocity state space are studied
in [Pap75| and [BPL76]. Even though the models considered in |[Pap75| are very general, the
coefficients of the generator of the limiting diffusion are only expressed in terms of infinite
series - there are no closed form formulas. In our model we allow for unbounded velocities
and we are also able to find the generator of the diffusion approximation explicitly.

General transport processes are analyzed in [Cos91]. The author studies a particle that
is moving in a piecewise smooth domain of RY. In the interior of the domain the particle
moves under the influence of a potential U; at random exponentially distributed times it
changes velocity, according to a probability distribution which can depend on both the
current position and velocity; when the particle hits the boundary it reflects physically,
that is, the angle of reflection equals the angle of incidence. It is shown that under some
assumptions and after an appropriate rescaling, the position of the particle converges to a
reflecting diffusion process whose coefficients can be identified as functions of the potential
U. A model where the reflections (both in the interior and on the boundary) are more general
but there is no potential (U = 0) is studied in [CKO06]. Our model cannot be analyzed in the
framework of |[Cos91| because some of the assumptions from |Cos91| are not verified. See
Remark 2.1.2] for more details.

2.1.1 The Model

We start by defining our model more rigorously in order to be able to present our as-
sumptions and results.

Throughout let R, := [0, 00), Ng := {0,1,2,...} = NU{0}, and C*(S) be the set of real
valued functions on S having k£ continuous derivatives.

As before, we suppose we have a particle with mass m > 0 that travels in R? under the
influence of a spherically symmetric force field with potential energy U(r). The particle is
assumed to have fixed total energy E and evolves along a path determined by U until at
random exponentially distributed ‘reflection’ times the particle undergoes jumps in velocity.
The reflections leave the speed of the particle unchanged but assign the particle a new
outgoing direction according to a uniform distribution on the unit circle S*.

Let ((R(t), A(t)),t > 0) denote the polar-coordinate trajectory of this particle. We first
introduce some definitions which we will use in the construction of ((R(t), A(t)),t > 0).
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e v(r) is the speed of a particle with mass m and energy F in a conservative field ¢« when
the particle is at (r, a).

e ((r(ro,0,t),a(ro, ap,0,t)),t > 0) denotes the trajectory of a particle with mass m, total
energy F, initial position (rg, og) and whose velocity vector at time 0 makes angle 6
with the radial vector.

e T} denotes the random time of the k’th reflection of the process ((R(t), A(t)),t > 0).
Total energy is conserved so we can write

mv?(r)
2

+U(r)=E (2.1.1)

where v(r) is the speed of the particle as a function of the radial coordinate r of the particle.
As a result,

o(r) = %(E —u(r)). (2.1.2)

and by the spherical symmetry of U, v is not a function of the angular trajectory . We
assume that the distribution of the time between consecutive reflections is given by

P{Toor —Tp > t+5 | Tp = s} — exp (- /:Hg(r(u))v(r(u))du) (2.1.3)

for any £ € Ny and for some ¢g : R, — R, that is a function of the radial position of the
particle only.

The motivation for the distribution of the reflection time is the following: after a reflection
at (1o, o) in direction # the particle moves according to the potential U(r). On the trajectory
of the particle there is a Poisson point process with variable intensity g per unit length. The
points of this Poisson process represent other (heavy) particles in the gas, and g their density.
After hitting the first of these points, our particle reflects and the process starts anew. We
assume that no energy loss occurs in between reflections, so the total energy of the tracer
particle remains E. We define T} as the hitting time of the first point of the Poisson process
and then define T, ... T}, ... recursively.

The trajectory process of the particle ((R(t), A(t)),t > 0) can be constructed piecewise
as follows. Set Ty = 0 and let the particle start at (R(0), A(0)) and move in the direction
©p. Then for any k € Ny and ¢ € [Ty, Ty11) we can write

A(t) = a(R(Ty), A(Ty), O, t — Ty) (2.1.4)

where (Oy)ren are i.i.d. uniformly distributed on S*.
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2.1.2 Assumptions

Our main interest lies in deriving a diffusion approximation for the process
((R(t), A(t),t > 0).

We will both identify the limiting diffusion and prove convergence to this limit under the
following assumptions.
(A1) To obtain a nontrivial diffusion (scaling) limit we rescale the density of the scat-

terers
gn = \/ﬁgv

the potential energy of the field

1
U, = %U

and the total energy of the particle

1
b, = —FE.
NG

By (2.1.2) we can write the speed as a function of E and U; consequently the speed v is also

rescaled as )

v (r) = WU(T).

The trajectory of the particle with these rescaled parameters we denote by
((Tn<r07 97 t)? an(T07 Qo, 97 t))v t 2 0) .

When no confusion will arise, we will write (r(t),«(t)) for (r(ro,0,t),a(re, ag,0,t)) and
leave the dependence on ry, ag, and ¢ implicit. Likewise, the corresponding random trajec-
tory process with these rescaled parameters we denote by ((R"(t), A"(t)),t > 0). That is,
((R™(t), A™(t)),t > 0) is constructed in the same way as the process ((R(t), A(t)),t > 0) but
with the parameters g,, U, and E, replacing g, U and E respectively. Similarly, the time of
the k’th reflection for the rescaled process is denoted 7}'.

(A2) We assume that for all n € N the process ((R"(t), A"(t)),t > 0) evolves in a
domain which is represented in polar coordinates by D xR C Ry xR or D = [h_, h,], where
0 < h_ < hy <oo. The domain D is chosen so that £ — U(r) > 0 for all » € D°. This is
equivalent to v(r) > 0 for all r € D°.

We require the particle to have positive speed in the interior D° so the time between
reflections approaches 0 as n goes to infinity. This way we obtain a nontrivial diffusion
limat.

(A3) On the boundary 0D we have the following assumptions.
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e If h_ > 0 then

o If hy < oo then

—0U(hy) <O.

The conditions on U force the speed of the particle to be zero at the respective endpoints h_

and h.y, while the conditions on g—ﬁ’ ensure the force field at the endpoints is pointing towards
the interior D°. Hawving zero speed at the boundaries and having the force field point ‘inwards’

prevents the particle from leaving the domain D.

e If h_ =0 then
E—U(0) > 0.

This condition ensures the particle is not trapped at the origin.
e If hy = oo we require that for any € > 0, infy, 4 co)(E —U(r)) > 0.

This condition implies that for any € > 0, infp,_ 1 o0y v(1) > 0 which shows that the reflection
rate does not go to 0 as the process goes to infinity.

(A4) U € CY(D)

This smoothness assumption ensures that the velocity and the acceleration of the particle
depend continuously on the position r(t). If D = [0,h] we can relaz this condition to U €
C*((0,h]) so that we can allow potentials of the form U(r) = —% which are not defined at 0.

(A5) The density g is spherically symmetric and satisfies

g €C(D)NCY(D°)

together with
;glf) g(r) > 0.

We require some smoothness from g because the diffusion limit we get depends on the deriva-
tive g’. The second assumption is needed because we do not want to have regions where the
the reflection rate goes to 0. If one allows g to approach 0, then a different scaling may be
required to obtain a diffusive limit when the process is started in these regions. Examples of
such situations are dealt with in Section 8 of [BR14].
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2.1.3 Results

The following Theorem is our main result.

Theorem 2.1.1. Let (%, <) be a diffusion on D x R whose generator 4 acts on functions
f € C*(D x R) with compact support in C*(D° x R) by

@ _ v(p) v(p) ’ v(p) (_g’((p) 19U ) |

flp.a) 29(p) Fool-a) + 2g(p)p2f (p.0) % 9(p) \ 2¢9(p)  2p 2mv*(p) folor)

Suppose the process ((R"(t), A™(t)),t > 0) satisfies Assumptions (A1)-(A5) above. Fizl,u €
D° with | < u and define

iy = inf{t > 0: R"(t) > u or R"(t) <1}

and

Tiu = inf{t >0: Z(t) > u or Z(t) < 1}.

Then as n — oo we have the following convergence in distribution
(R (¥ A ap), AP (P A,)) 6> 0) = (Z(EATLL), Z (EATL))  t > 0).

Futhermore, if the left boundary of D s inaccessible then we can remove the stopping at |
while if the right boundary of D is inaccessible we can remove the stopping at .

Remark 2.1.2. The approach from [Cos91] is different from the approach we take. The
author looks at the Markov process given by (X (t),V(t)) where X (t) € R? is the position
of the particle and V (t) € R? is its velocity, while we just look at the position X (¢) (which
is not a Markov process). As a result, our methods are different from the ones in [Cos91].
Our results can not be recovered from [Cos91] because our model does not satisfy all the
underlying assumptions: The function Q! from [Cos91] has to be differentiable up to the
boundary of the region where the motion takes place (see assumption (H2) from [Cos91]). In
our case we have singularities at the origin and when D = [0, h| we also have singularities at
the boundary of the domain. Furthermore, the speed of the particle cannot be unbounded
in [Cos91], while there is no such restriction in our model.

Remark 2.1.3. From Theorem [2.1.1] it follows that up until the first hitting time of [ or w,
the rescaled radius of the particle’s position R"(n%“t) converges as n — oo to a diffusion R
on D° with generator ¢, that acts on functions f € C*(D) with compact support in D° by

P ey V) () L OUlp) :
ile) = 2g(p)f (e) + 9(p) ( 2(p) 20 A(E —U(p))> Fe)

Also, the rescaled angle of the particle’s position, A"(n®/ 1t), converges as n — oo to

o, st )
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where B is a 1-dimensional Brownian motion independent of %. So the limiting process
is a skew-product in the sense that the radial part evolves as a diffusion independent of
the angular process, and the angular process evolves independently from the radial product
except it evolves on a clock that is dependent on the radial process.

Remark 2.1.4. Assume U = 0 and the scatterer density is constant. If we normalize the
parameters of that g = 1 and m/E = 2, so that v(r) = 1, then by Remark the limiting
radial process Z is a 2-dimensional Bessel process, while the limiting angular process .7 is
an independent Brownian motion with a time change ¢ fg CQQL(S) ds. Hence, as one might
suspect, we recover the skew-product decomposition of 2 dimensional Brownian in polar

coordinates.

Theorem [2.1.1] is proved in [2.4.1] The proof is broken into several steps. First, we study
the skeleton process ((R}, A7), k € Ny) which is the Markov process that observes the process
only at reflection times. That is,

((RE, AR), k € No) := ((R"(T}), A™(T})), k € No) (2.1.5)

where 7} denotes the time of the the £’th reflection for the process ((R™(t), A™(t)),t > 0). In

Theorem [2.3.1f we prove the continuous time step process RTnt I A’fnt |).t= 0) converges

in distribution to a limiting diffusion ((R;,.A:),t > 0). Next, we use the convergence of the
step process to show convergence of the full trajectory ((R"(n**t), A"(n**t)),t > 0). This
is done by first time changing the skeleton process so that we observe reflections at their
real times (with a scaling factor #) rather than at the index of how many reflections have
occurred. Then we push this time change through the limit to show that a time-changed
version of the step process ((antj , A’fnw) > O) converges to ((Ry, A;),t > 0) with a time
change. Finally, by showing that the time-changed step process and the full trajectory
((R™(n%1t), A"(n3/*t)),t > 0) agree at reflection times and stay close in between reflections,
we can prove the convergence for the full trajectory from the convergence of the step process.

The rest of the paper is organized as follows. In Section we prove preliminary results
about the reflection times and the skeleton process. The results are technical lemmas that
are necessary to prove the convergence of the skeleton process, which is the main goal of
Section In Section we prove convergence of the skeleton process on its natural time
scale and use this result to prove convergence of the full trajectory. Lastly, in Section [2.5( we

discuss how to classify the boundaries of D so that we can remove the stopping in Theorem
at a boundary that is inaccessible.

2.2 Preliminaries

In this section we prove a series of technical lemmas that are used in the sequel to prove
the convergence in distribution of the Markov process ((R}, A}), k € Ny) defined in ([2.1.5)).
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Our proofs are complicated by the fact that for a general potential U, it is not possible
to explicitly find the trajectory ((r(¢),(t)),t > 0). However, the following lemma provides
local estimates for the radial trajectory r(t).

Lemma 2.2.1. For any ro € D° and 0 € [—m, 7]

1 (—aru(r(T)) L v sin2(9>) 2

r(t) :=1r(re,0,t) =19 + vocos(f) - t + = - RESE

2
for some 0 < 1 <t depending on ry, 6 and t.

Proof. By definition r(t) := (r(ro,0,t), a(ro, ap,0,t)) is the solution to the equations of
motion in polar coordinates for a particle of mass m in the potential U:
OU(T)

1d
;%(72(56)60[ + (T — Td2)€r = —Ter (221)

with initial conditions

I'(O) = <T07 Oéo) (2 9 2)
p ‘ 2.
Er(()) = v(rg) cos e, + v(rg) sin fe,

where e, is the radial unit vector, e, is the angular unit vector and 6 is the angle the initial
velocity 4r(0) makes with r(0). Let @(t) := v(r(t)) denote the speed of the particle as a
function of time. We can also write v(t) as a function of angular and radial velocity:

o(t) = /r2(t) + r2(t)a2(t) (2.2.3)

where p
H(t) = '(t) == 2 (1)

is the radial velocity and
da
¥(t) = o/ (t) == —(t
i) = o'(t) = 2 (1)

is the angular velocity. The initial conditions (2.2.2)) become

7(0) = v(rg) cos

&(0) = ETO) sin 6. (2:24)

<

Equation (2.2.1) implies

1

~ = (%) = (2.2.5)
”



and

iz = OU)
m

As a result of (2.2.5)) and (12.2.4))

v(rg)rosin 6

ST

By [Z0) and

) = (22U | o))

m r(t)3

Taylor expanding 7 () and using (2.2.6]), (2.2.4)) together with (2.2.7) yields

r(t) = ro +v(rg) cos(f) - t + —

2 m r(1)3

1 (-8@(7«(7)) L vl sin2(9)> 2
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(2.2.6)

(2.2.7)

(2.2.8)

(2.2.9)

O

Remark 2.2.2. Throughout the remainder of this section we let S, S’ be closed intervals

satisfying
Sc((s)cs cpe.
Also, for any § > 0, we define

A§(S) = inf inf{¢ : |r,(ro,0,t) —ro| > 6}

(ro,0)eSx[—m,m] >0

(2.2.10)

to be the shortest time it takes the radial displacement of the particle to change by § when

started inside S.
If
0<d<d(S,9) =inf{lr—y|l:xeS,yeD\SY},

then for all (rg,0,t) € S x [—m, 7] x [0, A}(S)] one has
n(ro,0,t) € S'.

The radial speed 7, (t) can be bounded above by

Fu(t) < V() + 12(0)A2(E) 1= Oa(t) == va(ra(?)).

Since 7,(t) € §' for all t € [0,A(S)], we can bound A}(S) below by ¢ divided by the

maximum of the particle speed v,, inside the interval S’. Namely,

J

AZ(S) > ntd., =
/() b,y 0(0)

>0

where sup s v(p) < 0o since S’ is bounded away from 9D.
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The next lemma shows that, over a fixed time interval [0, 7T, 7,(ro,0,t) converges uni-
formly to ry as a function of rq, 6 and t.

Lemma 2.2.3. FizT > 0. Then

lim Sup {lrn(ro,0,t) —rol} =0
=0 (g 0,t)ES X [—m,7] X [0,T]

and

lim sup { it 70, 0) — (—&u(m) | o) sz(e)) ‘} —0. (2.2.11)

=200 (1g,0,t) €S X [—m,m] X [0,T] m To

Proof. Let 6 > 0 such that ¢ < d(S,(5")°). By Remark there exists M € N large
enough such that A}(S) > T whenever n > M. Equivalently, for n > M we have

170 (r0,0,t) — 10| <0
for all (rg,0,t) € S x [—m, 7] x [0,T]. This proves the uniform convergence of r,(rg, 0,t) to

ro. Define
_OuUGp) | Pl sin2<9>>

m P>

U(p,r0,0) = < (2.2.12)

and note by (2.2.8) that
1

NZD
S’ is bounded away from 0 and & € C'(D°) imply that ¢ is uniformly continuous on S’ x

S x [—m,m]. By construction r,(t) € S’ for all n > M and ¢ € [0,T]. Because r,(ro, 0,1t)
converges uniformly to 79 on compact sets, we have

lim sup } {‘\/ﬁfn(t,ro, 0) — (ro, ro, 9)}} =0 (2.2.13)

N0 (rg 0. 4)€S X [—m,7] X [0,T"

Pn(t,ro,0) = (ro(t),r0,0).

where

m To

ot =

by (2.2.12)). This completes the proof. O]

Since the skeleton process tracks the process at reflection times, we want to apply the

estimates for (2.2.9) between reflections. By (2.1.3) and the rescaling, we know that for
every k, T, — Ty is distributed like the random variable N (rg, §) which we define by

~ 9U(ro) N v%(rp) sin2(9))

P(N™(rg,0) > t) = exp (— /Ot nY* \(rn(ro, 0, 5)) ds> (2.2.14)
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where
Ap) = g(p)v(p). (2:2.15)

Throughout, we will often suppress the ry and 6 dependencies of N (ry,6) and write N
or N™(f) when no confusion will arise.

For many of our proofs we require estimates that show the time between reflections
approaches 0 with high probability as the scaling factor n goes to infinity. This will allow
us to apply the local estimates from the expansion of r(¢) in Lemma and to show the
skeleton process does not undergo large jumps. We first prove some bounds on the moments
of N(n) (7’0, 0)

Lemma 2.2.4. The family
(AN (p,0) : (p,0,n) € S x R x N}
s bounded in LP for 1 < p < oo.

Proof. We will assume that D = [0,h] or D = [0,00). The cases D = [h_, hy] and [h, c0)
can be treated similarly.

Case I: D = [0, h]

By Assumptions (A3) and (A4) there exist 6 > 0 and m > 0 such that

1 > 0. 2.
nin, 0.U(p)| = 0 (2.2.16)

Let S C D° be a compact set, let n > 0 and assume our particle enters the annulus A, with
inner radius h — n and outer radius h at time t5. By (2.1.2)

o(h—1) = \/%(E—Z/l(h—n)). (2.2.17)
Using and
)= <UD oy ¢ DU | lh= )

(2.2.18)

Let
te :=inf{s >ty : r(s) =h—n}

be the time when the particle exists the annulus. By Assumption (A3)
U(h)=FE.

Since U is continuous this means that we can make v(r) as small as we like if we are close
enough to r = h. This together with (2.2.17), (2.2.18) and (2.2.16) implies that there exist
v > 0,m, > 0 such that

P(t) < —m,
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whenever r(t) € [h — v, h]. Set n = .
We can now find an upper bound on the time ¢, — ty. Note that

[7(to)| < v(h = 7).

Therefore t, — ty is bounded above by the time it would take a particle started at r = h —~

with speed v(h — 7) pointed along the radius and with acceleration #* = —m., < 0 to return
to r = h — . Thus,
h—
bty <2t (2.2.19)
My
Next, define
tr:=1inf{s > t. : r(s) =h—~}.
If

This is the first return time to the annulus A,. We want to bound t, — t. below.

7(to) < 0 then the particle would not spend any time in the annulus A, that is t. — ¢, = 0.
) > 0. It is clear by conservation of angular momentum

Therefore, we can assume that 7 (g
and conservation of energy that r(t.) = —r(ty) < 0. Since 7 is finite we immediately get that
7(t 7(t
tr - te 2 ( 0) Z su ‘8 Z/{(T)| ( O) K > 0
——&%(T) + ()2 =Pl + supg |1(d)?

Clearly, since U € C'(D°) by Assumption (A4), ¢, —t. is a continuous function of the initial
conditions (rg,#). Since S x [—m, 7] is compact there exists ¢ > 0 such that

; i[nf ]{tr(ro,ﬁ) —te(ro,0)} = 0> 0. (2.2.20)
x[—m,m
Combining (2.2.19) and (|2.2.20)),

ety 2v(h=9) _ (2.2.21)

sup <
Sx|[—m,m] t. —to oMy

where we assume that if t; = oo then t, — to = 0 and

te — 1o _0
tr - te

By Assumption (A2) we know that
Hgf v(p) > 0.

Suppose that ¢ > 2280 4+ ) > sup(t, — to) + inf(t, — t,).

My

Using (12.2.21]) together with the fact that the worst case scenario is when the particle spends
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the longest possible time in the ‘bad region” A, and the least amount of time in the ‘good
region’ D\ A,, we have

P{N® >t} = exp (— /0 g yu(ra) ds>

1
v(h—7)
< exp <— /1+(2 o) /4 igfg(rn) igfv(rn) ds)
0

= exp tnt/4 igfg(rn) igfv(rn)

I <2v<hw))

QM

which decays exponentially in n as n — oo as long as t is large. Therefore,
E [(n1/4]\7(”))p] = / pt?~ P (n1/4N(”) > t) dt < oo.
0

Case II: D = [0, 00) )
Set gmin := infrep g(r). We know by Assumption (A2) that there exists § > 0 such that
infpv(r) > d so by (2.2.14))
]P’{N(“) >t} < exp (—n1/45tgmin)

which, like before, forces
E [(n1/4]\7("))p] = / ptP~ P (n1/4N(") > t) dt < oo.
0

]

Lemma [2.2.4] also provides us with the following corollary which will prove useful in
showing that the probability that N (p, #) is larger than any fixed value decays rapidly as
the scaling parameter n goes to infinity.

Corollary 2.2.5. For all k € R and for all € > 0,

lim sup  n*P {N(”) (p,0) >} =0

N0 (p.0)€Sx [—,m]

Proof. For any k € R,

k k+1

i (n) (. g)A(k+1)

cA(k+1) E[N (107 0) ] —0
(2.2.22)

asn — oo uniformly for (p, #) € Sx |-, 7] by the uniform bounds on {n**'E[N ™) (p, )4 k+D]}oe

from Lemma 2.2.4]

1
o (n) 4(k+1)) _ — .
< 84(k+1)E[N (107 0) ] - n

[]
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In addition, we have also the following corollary that shows that tails of the moments of
N®(p,0) decay rapidly as well.

Corollary 2.2.6. Forallk e R;I>1 ande >0

lim  sup  n'E [(NH(P, 0)) ]l{N(n)>s}i| = 0.

nreo (p,@)ESX [—TI’,TI’}

Proof. By Cauchy-Schwarz,

<nkIE [(N”(p, 0))" ]1{N<n>>E}D2 < n'’R [(N(")(p, 9))2l] -nzk’l/QP{N(”)(p, ) >e} —0
(2.2.23)

as n — oo by Lemma and Corollary [2.2.5]
O

From Lemma [2.2.4] we have the following estimates on the moments of N

Lemma 2.2.7. Let 1 < p < oo. Then

lim sup
nroo (pva)esx [_ﬂ-vﬂ—]

E (n?/{[N®(p, ) — /0 Tt exp (—g(p)u(p)t) di| 0. (2.2.24)

Proof. First let M € R, and note that the truncated moments E [np/4N(")(p, 0)77} A MP] can
be written as

E [n?*N™(p,0)? A M?] = p / PP AN (p,0) A M > ] dt
0 (2.2.25)
= p/ tP1p [n1/4N(") (p,0) > t] dt.
0

1/4

Making the change of variables u = n'/*s, we have

P (n/AN™(p,0) > t) = exp (—/O g(r(p, 0, u/n*))(p, 0, u/n1/4)> du. (2.2.26)

Both r = 1r(p,0,t) v = v(p,0,t) are continuous functions on O := S x [—m, 7| x [0, M]. Since
O is compact, r and v are in fact uniformly continuous on S. By Assumption (A5) g is
continuous on S, and therefore is uniformly continuous. This implies that g o r is uniformly

continuous on @. By Lemma it follows that
lim g(ru(p,0,u/n'")) = g(r(p,0,0)) = g(p) (2.2.27)

and
lim v(p, 0, u/n'’*) = v(p,6,0) := v(p) (2.2.28)
n—oo



27

both uniformly on O. As aresult, P (n'/*N™(p,0) > t) converges uniformly to exp (—g(p)v(p)t)
on O, which implies

M
lim sup E [n?/*N™(p,0)? A MP] —/ pt?texp (—g(p)v(p)t)| =0.  (2.2.29)
=00 (p B)eSx[—m,7] 0

To extend the result to the expectation without truncation, define ¢ as the solution to

l/g+p/lp+1) =1
By Holder’s inequality,
E [np/4N(n) (p7 8);!2 - (np/4N(n) (p7 8);!2 A Mp)} =E [np/4N(n) (pa e)p]l{nl/4N(p,9)>M}}

<E [n(p+1)/4N(”) (p, 9)p+1]p/(p+1) P {n1/4N(n) (p,0) > M}l/q (2.2.30)
1

MYa

By Lemma [2.2.4] both of these moments are uniformly bounded in p and 6, so the bound

goes to 0 uniformly in p and € as M — oo and n — oc.

Furthermore, since v is bounded away from 0 on S by Assumption (A2) and since g is
bounded away from 0 on D by Assumption (Ab), it follows that for every p € S

<E [n(p+1)/4N(”) (p, 9)p+1]1’/(1’+1) E [n1/4N(”)(p, 0)] 1/q

o)

lim [ pt?~texp(—g(p)v(p)t) = 0
M —o0 M

uniformly on S. The proof then follows from the truncated case.

Il
For the cases p = 1,2 we have by Lemma
1
lim sup E [nY*N™(p,0)] — —‘ =0 (2.2.31)
=00 (p 0)eS X [—m,m] [ } g(p)v(p)
and )
2
im  sup |E [nl/Z N®(p, ) ] _ —‘ —0. (2.2.32)
n—o00 (p,0)eSX[—m,7] ( ) 92 (p)’U2 (p)

The next result shows that on the event {N{ > £} the kth moment of the difference of
the radius of the particle at time 0 and at the first reflection N decays faster than ni as

m
n — OQ.

Lemma 2.2.8. Fixe >0, m,k € N. Then

lim sup n™E [‘rn (N(”)(Q)) — To{k ]l{N(n)>e}] =0.

N0 (1g.0)ES X [—,7]
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Proof. For any t > 0 we have

o) = ol = | [ #utorts| < [lraolts < [ wntra(opas

where the last inequality holds because the radial velocity is always less than or equal to the
total velocity. Hence

N k
k
E ||ra(N®(©)) = ro| Liyinsey | <E ( / vn(rn(s))ds> Linesey
0
By (2.2.14) we know that N™(ry, #) has density function

(0) = i) exp (- [ t WA ())ds ) 120,

SO
N k
E ( / vn<rn<s>>ds> Loy
0
S t k t
n1/4/ (/ vn(rn(s))ds) exp <—n1/4/ A(rn(s))ds) A(r (1)) dt
€ 0 0
1 1 o) t k 1/4 t
Sﬁ’m/e (/O )\(rn(s))ds> exp <—n /O)\(rn(s))ds) () dt
1 1 be k —n 4y 1 1 OO k_—nl/%y
:ﬁ'—n(kfl)ﬂ /Ln U du<9§nm 7} /Ln u“e du.
where L? := [ A(ra(s))ds and L2 := [;% A ))ds. The dependence of L" and L" on rg

and 6 is imphclt Now to establish unlform bounds in 9 and 0, we bound L7 unlformly away
from 0 as follows. By Lemma rn(s) converges uniformly on [0,]. So if we fix S” as
in the proof of Lemma , that is we choose S” compact so that S C (S")° and S" C D°.
Then for n large enough, r,(rg,0,s) € S for all (rg,0,s) € S x [—m, x| x [0,¢]. By uniform
continuity of v on S’, for large n we can bound L? uniformly below as follows

L! = / g(rn(s)v(r,(s))ds > egmin inf v(p) == Le >0
0 peS’

since v is bounded away from 0 on S’ by Assumption (A2).
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1/4 .
For uw > 0, e" ""u/2 dominates uf as n — 0o0. As a result,

1 1 > 1 1 o
lim — - —/ ube ™y < lim VI —/ e M2y
Le

nﬁoogllilin n(k=1)/4 Lo n—oo gr. nlk—1)/4

12 an,
= Jim e ()

A consequence of Lemma [2.2.8|is the analogous result for the angular jumps.

Corollary 2.2.9. Fize >0, m,k € N. Then

lim sup n"E “an(m, g, N™(0)) — aolk ]l{N(n)>e}} =0.

00 (1g,0,a0) €S X [—m,m] xR

Proof. By (2.2.3) we have the bounds

()| < \/7“2 + r2(t)a2(t) == v(r(t)).

Let 0 < § < A}(S). For n large enough, we have A?(S) < T, which implies 7,(t) € S’ for all
te0,7]
v(r(t))

inf §”

ja(8))] <

From this we have the bounds

Cans)ds| < [ an(s)lds < — [ vn(ra(s))ds.
/0 /0 1nfS/0

We can now apply the estimates from the proof of Lemma unchanged save for multi-
plying by a factor of —= mf -

o (t) — aol =

]

The next lemma will be used to evaluate the radial drift of the limiting diffusion for the
the skeleton process ((R}, A7), k € Np).

Lemma 2.2.10.

im sup [n®/*- ™) (y cos — ! . O.U(ro) _g’(ro) =
Sy s - [N ©)eos0)) — gz - (8 adtey g<r0>)(2233)
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Proof. First, for notational convenience, define the auxiliary function

Fo(ro,0,t) :z/0 Gn(rn(r0, 0, 8))v, (1 (10, 6, 5))ds. (2.2.34)

In the usual way, we will often suppress the ry and 6 dependencies of F' and write F'(t) when
no confusion will arise. If we let M, (ro, ap,0,t) be the number of Poisson process points
on the path ((r,(ro, 0, s), a,(ro, g, 0,)),0 < s < t), then standard facts about Poisson pro-
cesses show that

(M, (19, g, 0,t) — F,(10,0,t),t > 0)

and
((Mn(’l“o,()ég,e,t) — Fn(’f’o,e,t))Q — Fn(ro,ﬁ,t),t Z 0)

are martingales. An optional stopping argument shows that

1 = E[F,(ro,0, N"™(rg,0))] (2.2.35)
and

2 = RE[F, (19,0, N™(rq,6))2. (2.2.36)
See for example (3.1-2) of [BR14].

In order to prove uniform convergence, we need to work on a compact set, so we fix a
time 7" > 0 and split the expectations as

1 - E[Fn(ro, 6, N(n) (6))]1{N(n)(9)<’1“}] + E[Fn(ro, 9, N(n) (9))]1{N(")(9)2T}] (2237)
Taylor expanding F,(rg, 0, t) about ¢t = 0 yields
1.
Fo(r0,0,t) = gn(ro)va(p)t + §Fn(r0, 0, 7(t))t (2.2.38)

for some 7(t) € [0,¢]. Here F,, denotes the second derivative with respect to time ¢. Then
after setting t = N (0)), multiplying both sides by 1 (v (o)<7y and taking expectations we
have

E [Fu(ro, 0, N(0)1 (i gy<1]
1t (2.2.39)

= gn(r0)vn(ro)E [N(”)(H)]I{N(n)(e)d}] + §E [FH(T(Q))(N(TL))2(9)1{N(">(6)<T}] -

If we substitute this into (2.2.37)) we can write

N
gn(T0)0n(10)

— 5B [Br0) (VO 01 (s e ] ,

E [N®(O)L iy 9yery] = L=E [Fa(ro, 6, N (0, 6)) 10 5]

(2.2.40)
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and so
nl/2
g(ro)v(ro)

- %IE [Fn(r(e))(i\f (”)(9))21{N<n><9><T}}

n**E [N™M(0)] = 1 — E[F,(ro,0, N™(ro, 0))1 {xi (g)>1)]

+ 3R [N(”)(Q)H{N(M(Q)ZT}] :

(2.2.41)

Next we compute the limit as n — oo of each term in the expansion ([2.2.41f). By applying
Corollary with k = 3/4 and | = 1, it follows that

lim sup n*E [N(”) (ro, )L v (>3] = 0 (2.2.42)

=00 (1,0)ES X [—m,7]

Similarly, by Cauchy-Schwarz, (2.2.36)) and by an application of Corollary with £k =1

we have

n'”’E [Fu(r0, 0, N(n)(e))ﬂ{N(M(Q)ZTﬂ < n'/? \/E[Fﬁ(ro, 0, N () |P{N™(9) > T}
= V2,/nP{N®™(6) > T} (2.2.43)

—0

uniformly for (rg,0) € S x [—7, 7] as n — oco. Differentiating equation (2.2.34)) twice yields

E(t) = va(ra ()7 ()95,(ra (1)) + ga(ra(8))0, (ra ()70 ()
= 017 (1) (0(ra () (ra(t)) + g(ra()0' (ra(t)) -

To evaluate lim,,_,o, n'/*7,(t), note that by (2.2.4) and Lemma [2.2.3] -

]n1/4 n(t) —v(rg) cos O] = n1/4\7*n(t) —7,(0)]

/Ot Pn(s)ds
[ vansyas

uniformly for (rg,0,t) € S x [—m, 7] x [0,T] as n — oo. Differentiating (2.1.2)) shows

— pl/4

(2.2.44)

ni/4

—0

871/{ (7“0)

mu(rg)

UI(TO) = - )
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which together with (2.2.44]), Lemma [2.2.3] and the continuity of v' and ¢’ on S forces

n—o0

i ,(6) = F1(0) = #(0) (o' + g1} () = (20} () = glr0) 247 ) cost

uniformly for (rg,6,t) € S x [, 7| x [0,T]. Thus,

B0 = (200 ) — 900 20 ) cost

m

lim sup
=00 (1g,0,t)€S X [—m,7] % [0,T)

In conjunction with Lemma this yields

.. .. 2
sup \/ﬁ -E |: Fn(’l“o,e, N(")(é’)) — Fl(’f’o,g,())‘ (N(n)(e)) ]l{N(n)(g)<T}i| S

(ro,0)€S X [—m,7]

=0.  (2.2.45)

Fo(ro,0,t) — Fl(ro, 0)‘} NG sup E [(N(”)(Q))2 ]l{N(n>(9)<T}]

(ro,0)€S X [—m,7]

Su {
(ro,0,t)€S X [—m,m|x[0,T]
— 0

as n — 0o. This combined with (2.2.32)) shows

2

lim su E |1k, (ro, 0, N™(6)) (N™ (0 1 -
b B |V (o 0.NV0) (VO0) Lisowen) ~ e

N0 (g 0)ES %

F1<T07970):| =0.

(2.2.46)
By the expansion (2.2.41)) of n*/*N (), we have

n*/E [N(”)(@) cos(0)]

n3/4 ™
=— | E [N(")(Q)} cos(6)db
2 J_,

nt/2 1

= 5 Sra)o(ra) /7T cos(0)do

—1 1 " 1/2
T o alrulra) E[E,(ro, 0, N™ (1o, 0)) 1 xn 0do
21 g(ro)v(ro) /ﬂn [Fa(r0, 0, (r0,0)) {N( )(Q)ZT}] cos(#)

(2.2.47)

1 — 1 " 1/2 n 9
- e / g (B (7 (0) (NO(0))*1 0 gy | cos(0)d0

1 T
+ %/ n®/4E [N(n)(e)]l{N(”)(e)ZT}} cos(0)do.

—T

Finally, using (2.2.42)), (2.2.43) and (2.2.45))

lim n*/*E [N(”)(@) cos(0)] = L2 <v2(r0)g’(r0) - g(ro)&u(ro)> /7r cos® 0do

n-vo0 4w g3(ro)v*(ro)

e () D)

 2¢%(ro)v(ro)
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This completes the proof. O

With the results above, we are now in a position to prove some results about the limiting
behavior of the skeleton process (R}, A7), k € Ny) defined in (2.1.5). In the next five lemmas
we identify the limiting drift, variance and covariance terms of the limiting diffusion for
((Ry, A}),k € Ng). These results will be instrumental in the next section when we prove
convergence of the skeleton process.

Lemma 2.2.11. Let
:ur,n(TO) = nlk [R? - R8|R6L = TO]

be the scaled drift of the Markov process (R}, k € Ny). Then

1 g’(ro) 1 &J/{(T’o) _
i 00~ s (<) 3~ 8-t )|

Proof. By definition, of R},

frn(ro) = nE [rn (N(”)(@)) — 7’0} )

Let As(S) := A}(S) as defined in Since AJ(S) is increasing in n, we have by
construction that r,(t) € S’ for all n € N and t € [0,As(S)]. So in particular, r,(¢)
is bounded away from 0D. To compute p,, we first split the expectation on the events
{N®™(0) < As(S)} and {N™(0) > As(S)}. This allows us to write

fira(r0) = nE [(rn (NT(0)) = 10) Tpnim <y

. (2.2.49)
+nE [(rn (N™/(0)) = 70) Linwsaysy]
To compute the first term of (2.2.49)), we utilize a second order Taylor expansion of r,(t)

evaluated at t = N (©) which yields

T (ro, N(")(@)) — 19 = v, (ro) cos(O) - [N(")(@)} + %Tn(T) [N(")(G)]

2

for some 0 < 7 := 7(r9, N"(©)) < N"(O). Hence

nE [(ra (N™(©)) = r0) Lnem<aysy) = E [n0a(ro) cos(©) - N (O)yyon<n,(s)y]

n .. n
+ B [fa(r) - NT(O)Linm<ny(sy] -

(2.2.50)

Note that

’]E [nvn(ro) cos(O) - N(")(@)]I{N<n)>A6(S)}} | < Sl;p |v(r0)|n3/4E [N(”)(@)]I{N(n)>A5(S)}] — 0
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uniformly for ry € S as n — oo by Corollary [2.2.6 The limit of the first term of (2.2.50))
can be computed by a direct application of Lemma [2.2.10]

lim E [nvn(ro) cos(0©) - N(”)(@)H{N(n)gm(s)}]

n—oo

3/4 O U(ro '(ro (2:251)
— nlggo v(ro)E [n / cos(O) - N(n)(@)] = 92(1r0) ' (4(E _](/{(7)40)) B 299((7“0)))

uniformly for rqg € S. We now compute the limit of the second term on the right hand side

of ([2.2.50).
Since 7(N™(9)) < N™(6), by Lemma and Lemma

sup | [(Vii, (r(NT(60)) = t(ro, 70, 6)) VAN (0))*1 i <y ]| <

(ro,0)ESX[—m,7]

sup { sSup ‘\/ﬁlfn(rO) 07 t) - ¢(T0, To, 9)) E [\/E(N(n))2(0)]1{N(")§A5(S)}:| } —0

(ro,0)eSx[—m,m] | tetx[0,As(9)]

as n — 0o. This together with Corollary and Lemma yields

. . 2¢(r9, 70, 0)
lim sup E [n#, (7(N™(0)(N2(0) 1 pim -1 =0.
RN [ (T (N () (N )2 (0) L (new <ag ()] (o) 02 (r0)
Since this convergence is uniform in 6, we can evaluate the limit of the second order term of

equation ([2.2.50) by

lim E brn(T(N( '(0)) - (N ))2(@)1{N<n>(9>5A5(S)}}

n—oo

1 4 . . n n
— lim E [v/nit (T(N™(0)) - V(N )2 (0)1 o )<y (93] @0

A _ 00

_ LM elornd) 1 /” 1 (_@M(ro) N v2(ro) sin2(9)> o (2.2.52)

21 ) g*(ro)v3(ro) 27 J_ g%(ro)v?(1o) m ro
1 (i B 8TU(TO)) 1 (i B 0, U(rg) >
G%(ro) \2r0  mu(rg)? G*(ro) \2rq  2(E—U(ro)) /)
uniformly for ry € S.

By Lemma [2.2.8] the second term of ([2.2.49)) converges to 0 uniformly for ry € S. So by
adding the right hand sides of [2.2.51] and [2.2.51| we have

1 ( g'(TO)JFL 9,U(ro) )

lim g1y, (r0) = — “29(ro) | 2rg  A(E —U(ro))

n—0o0 g (7’0)

uniformly for ry € S.
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Lemma 2.2.12. Let
O'in(’f‘o) = nk [(R? - RS)Z |Ry = ro} )

be the scaled variance of the Markov process (R}, k € Ny). Then

1
2
ol (rg) — ——| =
r,n( 0) 92(7“0)

lim sup
n—oo ToES

Proof. We proceed as in the proof of Lemma2.2.11|by splitting o2, on the events { N (©) < A5(S)}
and {N™(0) > As(9)}.
2
af,n(ro) =nE [(Tn(N(n)(@)) - 7’0) ]l{N(”)gAg(S)}}
, (2.2.53)
1 [(r(N™(0)) = 70)” T aggs]

To evaluate the limit of the first term on the right hand side of (2.2.53]), we utilize a first
order Taylor expansion of r,(t) evaluated at t = N™ () which yields

2 2

(rar0, N (8)) = 70)” = (in(1)N"(8))

for some 0 < 7 := 7(rg, N"(0)) < N"(©). Hence
(n) 2 — -2 M (9))?
nlk |:(T’n(N (@)) — To) ]l{N(”>SA§(S)}i| =nk [Tn(T) (N (@)) ]l{N(”)SAg(S)}] . (2254)

Using (2.2.3)) we can solve for 72(t):

22(0)rgsin® f

F2(t) = 03(t) — r2(t)aP(t) = v (t) — 1) (2.2.55)
Define 2o sin® 0
v*(1p)rg sin
1(p.r0.) = v (p) = TIEEES (2.2.56)
and note that by ([2.2.55) we have
1
7;721(15’ To, 9) = %V(Tn (t)v To, 0)

Since S’ is bounded away from 0, it follows that «y is uniformly continuous on S’ x S x [—7, 7].
So by Lemma [2.2.3

lim sup { sup  |v/nia(t, ro,6) — ¥(ro, 70, 6’)‘} =0 (2.2.57)

=0 (py A eSx[—m,m] | t€[0,A5(S)]
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where
Y(ro,70,0) = v*(10) — v*(rg) sin®(0) = v*(ry) cos®(6)

by (2-2.50).
Since 7(N™(0)) < N™(8), we can apply (2.2.57) and Lemma m to show

sup E [(\/ﬁri(T) — (7o, o, ‘9)) vn (N(n)(‘g))2 ]l{N"”SAs(S)}} ’ <

(r0,0)€S X [—m,7]

. n 2
sup { sup |\/ﬁ7"721(t77"079) - 7(7”0,7"079)} E [(\/EN( )(9)) ]l{N(")gAg(S)}i|} —0
(ro,0)eSx[—m,m] | t€[0,A5(S)]

as n — 0o. Along with Corollary and Lemma this implies

27y(ro,r0,60)  2cos®6
g*(ro)v(ro) — g*(ro)

uniformly for (rg,0) € S X [—m, 7]. So by the uniform convergence in 6, we can evaluate the

limit of the first term of ([2.2.53))

lim nE [(rn(N(”)(@)) — To)2 ]1{N<n)gA5(S)}]

n—o0

1 ™
lim nE [(Tn(N(”)(Q)) — 7’0)2 ]l{N(WSA(s(S)}} do

2 J_ n—oo

1 ™ 2 cos? 6 1
L[,
2 J g (7”0) g (7’0>

uniformly for 7y € S. By Lemma [2.2.8] the second term of (2.2.53)) converges to 0 uniformly
for ro € S. So

lim nE [(rn(N(")(@)) — 7“0)2 1{N(n>gA5(S)}] =

n—o0

lim o,,(ry) =
n—300 (7o) g2(ro)

uniformly for ry € S. O

Lemma 2.2.13. Let
[a.n(T0, ap) = nE[A} — AF|AG = o]

be the scaled drift of A} in the Markov process (R}, Ay), k € No). Then

lim sSup |:uo¢,n(r0> aO)l = 0.
N0 (g, ap)ESXR

Proof. By (2.2.7), the second order Taylor expansion for «(t) is given by

a(t) — ag = a(0)t + d(;)tQ - U(r‘))rSin(e)t - U(TO)Tiszige)f(T) 12 (2.2.58)
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for some 0 < 7 := 7(t) < t. Then by splitting the expectatlon on the events {N™(0) <

) <
As(S)} and {N™(©) > As(S)} and substituting (2 in the {N™(0) < As(S)} term

we have
v(r )
fran =E {Mng/ INT(O) sin(O) L ym <5y

Fa (T (N™(6)))
7“2( (Nt(©)))
9))

= a0) Tymsassn] -

) - 2.2.59
(N( )(@)) sin(©)Lyym<p,(s)) ( )

—p?/4 v(re)roE

+nE [(an (

An application of Corollary shows the last term on the right hand side of (2.2.59
converges to 0 uniformly for (g, ap) € S xR. For the first term of (2.2.59)), we apply (2.2.41
which yields

E [n3/4N(”)(@) Sin(O) 1y <py(9)y)

1 [ .
= % E [n3/4N(")(Q)H{N(n)SAé(S)}} Sln(@)d@
vn /’r _ N /’r .
S AL -—Y_ | E[F,0,N™ P
ratra)otra) O Sgtaayatr [ O N 0 O s im0
NG

— m /ﬂE [Fn(Tl)(N(”)(0))2]1{N(n)§/\5(5)}}] sm(Q)d@

(2.2.60)

for some 0 < 71 := 7 (N™(9)) < N™(6). Now

/ Vnsin(0)dd = 0
for all n, and

lim sup ‘\/EE[Fn(Q,N(")(p, Q))H{N(n)>A5(S)}]| =0

N0 (rg,0)ES X [—,7]
by equation ([2.2.43)). To compute the limit of the last term, we first observe that

2 70)%g (ro) — g(r 9:U(ro) oS
o (000000 = o) 227 ) cont)

lim /nE [ (7‘1)(N(n)(e))z]l{NWSAa(S)}] = ¢2(ro)v3(ro)

n—oo

uniformly in (rg, ) € S x [—m, 7] by equation (2.2.45)). By the uniform convergence in 6 we
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have

nll—>rEoE |:n3/4N(n)<@) Sln(@)]l{N(n)(@)gAé(S)}] = / lim E |:Fn(7—1)(N(n)(e))zﬂ{N(")gAé(S)}] Sln(e)de

T n—oo
1

_ o <v(r0)2g/(r0) _ g(ro)arbT’)ETO)) / " cos(8) sin(6)d6 = 0

B 27g3(ro _W

(2.2.61)
uniformly for ry € S. To evaluate the limit of second term of (2.2.59), we first compute

, " 2 v n 2 .
nh_}rgo—E [an(O) (N( )(@)) ]I{N(H)SA(;(S)}} = _7}1_{20 r_g\/ﬁE [(N( )(6)) 5 (0) Lyvem <a,(s))
0
vi [T " 2
—T—g ﬂ—nll_)filo \/EJE [(N( )(9)) 1{N(")§A§(S)}] Sln(e)de

_ _Lz/ in(6)do = 0

gQ<7'0)7’0 -7

by (2.2.32)). Using Lemma and
1 (50 01) _ gy 20450030~ 0 =00

n—vo0 rat)  r(0) ) nooo ra()rg
v(ro)cos() - 0+0-73
— 7
=0

(2.2.63)
uniformly for (rg,0) € S x [—m, 7]. By Lemma (2.2.7)), Corollary (2.2.6)) and (2.2.63)) we have

lim  sup gE [{Ozn(O) — di, (T (N™(9))) } (N(n)(@))g ]l{NWSAa(S)}]

N0 (rg,a0)ESXR

< lim sup = |@n(0) —an(t)] sup E [\/ﬁ (N™()) ]l{N(n)gA(;(S)}:|
N0 (10 a0,6)ESXRX[0,A5(S)] 2 (ro,0)ESXR

174Ta(t)  7a(0)
ra(t)  13(0)

n

. n 2
X lim  sup E [\/ﬁ (N( )(@)) ]1{N<”>§Aa(5)}]

n—oo (T‘o,ao)ESXR

= —ov(rg)re lim sup
n—0oo (ro,0,t)ESXRX[0,A5(S)]

2

=0 (o)

= 0.
(2.2.64)
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Combining (2.2.62)) and ([2.2.64)) yields

T (T (N(”) (9))) (n) 2
[r?’ vy )

n

lim sup n®*v(ro)roE
n—oo 7’065

Sin(@)ﬂ{N(n)SAé(s)}] =0.

Since we have shown that all the three terms from (2.2.59) converge to zero uniformly for
(ro, ap) € S x R we are done. 0

Lemma 2.2.14. Let
% (7o, 00) = nE [(A7 — A7)? |47 =

be the scaled variance of A} in the Markov process (R}, A}),k € No). Then

=0.

1
Ui,n(r()’ Oé()) 5 2

li —_—
im  sup P (ro)r2

n—00 (ro,a0)€SXR

Proof. By (2.2.58))
v2(ro)r3 sin?(© n 2
chw -F [ (o) 4o ( )nl/z (N( )(@)) ]l{N(”)gA(;(S)}}
ra(7)
n 2
+1E [ (an (V(©)) = a0)” Lyrsay(sn)
for some 7 := 7 (N(©)) < N"(O).

The second term of (2.2.65)) converges uniformly to 0 by Corollary [2.2.9. To compute
the limit of the first term, we have by Lemma and Lemma that

& sz(ro)rg sin®(©)  v?(ro) SZinz(@)> /2 (N(")(@))2 1{N(n)<A5(S)}} ‘

(2.2.65)

sup
ro€s ra(7) 7o
< sup{v?(ro)} sup { 1(2] — % } -sup E |n!/? (N(")(@))2 ]1{N(n)<A6(S)}‘
ro€S (ro,0,t)€SX[—m,7]|x[0,As5(S)] Tn(t) ) ro€S -
= 0.
(2.2.66)
Corollary and ([2.2.32) yield
v*(rp) 2 1
I SV [nt2 (N©)(6))” sin¥(0)1 i |- -
e e T
This together with (2.2.66) implies
1
lim  sup |02, (ro, ) — ———| = 0. 2.2.67
n—00 (ro,a0)ESXR ' ( ) QQ(TO)T(Q] ( )
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Next we will show the scaled covariance of R™ and A™ goes to 0 uniformly as a function
of the initial position (rg, ap) as n — oc.

Lemma 2.2.15.

lim —sup [nE[(R} — Ry)(A} — Ag)|(Hg, Ag) = (ro, a0)]| = 0

N0 (rg.a0)ESXR

Proof. By (12.2.9) and (2.2.7)) we have

(Oén<t> - ao)(Tn(t) — T‘O) = an(Ta>Tn(O)t2 + M

for some 0 < 7,(t), 7,.(t) < t. So by splitting the expectation on the events { N(™(0) < A;(S)}
and {N™(0) > A;(S)} it follows that

t3 (2.2.68)

nkE [(an (N(”)(@)) — ao) (rn (N(”)(@)) — ro)} =
nE [an(ra)m(()) (N®(©))° ]1{N<”)§A5(S)}} + nk {M (N™(0))” 1 yimen, (s

+ 1k [ (N™(0)) = o) (ra (N™(8)) = r0) Lyyonsasisn] -
(2.2.69)

We will show each of these terms converges to 0 uniformly for (g, ap) € S x R.
For the first term, we first note that by (2.2.4) and (2.2.7)

1 v%(ro)ro

\/ﬁ Tn (Ta>

& (7o) (0) = sin(6) cos(6)

Furthermore, by Lemma [2.2.3

lim sup sup ‘\/ﬁdn(t)fn(()) — v*(rg) sin(6) cos(6)| = 0.
N0 (rg 0)ES X [—7,7] t€[0,A5(S)]

Corollary and ([2.2.32) show

= lim sup \/E]E [1}2(7‘0) (N(n)(@))2 sin © cos @]I{N<n)§A5(S)}:|

N0 1y €9

2 ™
_ v (To)/ lim sup v/nE [(N(")(e))2]1{N<n>§A5(S)}} sin(20)d6 (2.2.70)

47T —T n—0oo 'I"OES

1 ™
/ sin(26)df = 0.

- 21g%(ro) J_»

Since none of the bounds involve « it follows that

lim sup )n]E [dn<7a)7"n(0) (N(")(@))2 ]1{N<n)gA5(S)}] ‘ _o

n—00 (ro,c0)€SXR
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For the second term of (2.2.69) note that by Lemma [2.2.3| and ([2.2.13)

lim sup
N0 (1g.0,t,5) €S X [—m,m] x [0,A5(S)]x[0,A5(S)]

By Lemma [2.2.4]

To

n3 46, (s)in (1) — v{ro) sin(0)(ro, ro, 9)‘ = 0.

s E[(N(r0,0)°] =0 (#) :

(ro,0)€S X [—m,7]
" b (1) (1) 1
an TO{ Tn T"’ 3
sup nk [— N(”)(@) 1 v } =0 (—)
(ro.0)eSx [—m.1] 2 ( ) {N<As(S)} \/ﬁ
which shows the second term of (2.2.69)) converges uniformly to 0. Finally, for the last term
we have by Cauchy-Schwarz, Lemma and Corollary

n (E [(an (N®(0)) = ap) (r (N™(6)) = 10) Lpnisnsisny])’
<n-E [(% (NM(©)) - ap)’ ]1{N<n>>A5<S)}] -E [(Tn (N™(©)) = ro)° ]l{N<n>>A5<S>}] —0

uniformly for rg € S. Finally, note that none of the upper bounds depend on «g, which
shows that the convergence of the covariance to 0 is uniform in g as well. This completes
the proof.

O

2.3 Convergence of the Skeleton Process

In this section we will prove the convergence of the skeleton process ((R}, A7),k € Ny)
defined in (2.1.5)). By construction, the transition operator P™ for ((R}, A}), k € Np) is given
by

P"f(ro,a0) = E [f {Tn(ﬁ), @,N(”)(TO, 0)), an(ro, g, O, N(")(ro, @))H . (2.3.1)

The following is the main theorem of this section.

Theorem 2.3.1. Let (R, A) be a diffusion on D x R whose generator G acts on functions
f € C*D x R) with compact support in C*(D° x R) by

1 1 1 ( gllp) 1 _ oUlp)

G0 = 5 0 O+ 3y Oy " gt) 20 T 2me(p)

) fo(p,a)
(2.3.2)

Suppose (R}, A}),k € Ny) is a Markov process whose transition operator P"™ is given by
(2.3.1). Consider any l,u € D° with | < uw and start the process ((Ry, A}),k € Ny) at
(ro, ), where | < Ry =19 < u and Ay := ag € R. Define the stopping times

7 = inf{k € No: R} > u or R <1}
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and
T = 1nf{t > 0: R} >u or R} <I}.
Then, as n — oo, the family of continuous time processes ((RTLLntJ A ,A’fntJ A ),t > 0)

T
converges in distribution on the Skorokhod space to the diffusion ((Rt/\n,ua Amn’u),t > 0).

Remark 2.3.2. If the left boundary point of D is inaccessible for the diffusion R then we
do not need the stopping at [, and we have that, as n — oo, ((R’fntJ AT&HA’EMJ Aﬂf),t > 0)
converges in distribution on the Skorokhod space to the diffusion ((Riar, , Aiar, ), t > 0) where
7. and 7" denote the hitting times of u by R and R" respectively.

Similarly, if the right boundary point of D is inaccessible one can remove the stopping at
u. See Section for how one can determine when a point is inaccessible.

We prove Theorem at the end of this section. The proof utilizes Theorem [X.4.21
from [JSO03] which gives sufficient conditions to prove a continuous time step process converges
to a diffusion. We reproduce the result here for completeness.

Theorem 2.3.3. Suppose that for each n € N, X™ is a pure step Markov process. That is,
its generator has the form

A5(@) = [ [+ ) = @K (. dy)
where K™ is a finite transition kernel on RY. Then define b" and c™ by
v(e) = [uKGedy), O = [y ) (2.33)

Let b, ¢ be continuous functions on R? and suppose X is a diffusion whose generator is given
by
1 .
Gfla) =D bi(@)Dif(x) + 5 Y c(x)Di;f(x) (2.3.4)

i<d 1<i,j<d

and defines a martingale problem with a unique solution (see Assumption IX.4.3 from [JSO3] ).
Assume that

(i) b — b, ™ — c locally uniformly;
(i) SUp,.1p<q | K™ (@, dy)|[yl Ly ey = 0 asn T oo for all e > 0;
(111) v, — v weakly, where v, and v are the initial distributions of X and Xy respectively.

Then the laws L(X™) converge weakly to P = [ Pyv(dx), the law of the diffusion process X
started with the initial distribution v.
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We define
F(ro,0) := (10, N (rg, 0)) — 1
and
G (10, 0, 0) := aun (10, ctg, N™ (1, 0)) — g
to represent the radial and angular displacements respectively.

We suppose ( (RL’“’”, A;“”) k€ N()) is a Markov process whose transition operator Py,
is given by

Plfluf(TOJ Oé()) =E [f (r() + fn((ro \% l) A U, 6)) ; Qi + &n ((TO \ l) A U, &, @)} . (235>
We refer to <(R§€’“’", A;“") k€ N(]) as the cut-off process. ((R;’“’", Aﬁc“n) k€ NO) evolves

as the original Markov process when RZ’“’” € (I,u), but is cut-off near 9D.
More precisely, the transition operator P, has the following properties:

e When 7y € (I,u) the operator P, coincides with P".

e When ro <[ the operator P, describes a process that starts at ro but evolves like the
process defined by P" started at [.

e When ro > u the operator P, describes a process that starts at ro but evolves like the
process defined by P" started at wu.

The cut-offs act to prevent the coefficients of the generator from blowing up when Rb%"
approaches 9D. Note also that Pb“" f(rq, ap) is defined for all ry € R. We will proceed with

the proof of Theorem by first proving the following lemma which the shows convergence

of the cut-off process. Then since the transition operators P" and P/, agree on the interval
[l,u], by stopping at the first exit time of this interval, we can pass to a convergence result

for the original skeleton process.

Lemma 2.3.4. Fizl,u € D withl < u and (g, ag) in (I, u)xR. Suppose ((Ri“”,AZ“") ke N0>
is a Markov process with transition operator P, started from (ro, ap), and let (I'y,t > 0) be

a Poisson process with rate 1 that is independent of <<R;“",A;“"> k€ NO). Then the
continuous time step processes ((R?Z;",A%’Z;") > 0> converge as n — oo in distribution

on the Skorokhod space D(RT,R) x D(RT R) to the diffusion (('Riu,Aiu> b > 0> with

generator Gy, and started at (ro, ag). The generator G, acts on functions f € C*(R?) as

1 1
Gt (r0:00) = 2g*((ro V1) A U)fpp<r07 o)+ 2¢%((ro V1) Au)((ro V1) A u)2fm(ro’ %)
1 g ((ro V1) Au) 1 _ U((re VD) Au)) _
TRV Aw) ( 20((ro V1) Au) 2oV D) Aw)  A((E—Ulro VI A u))) Fo(ro, ).

(2.3.6)
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Proof. Step I:
We work with (R?:;n, Aif:;") because one needs a continuous time pure jump process to

apply Theorem [2.3.3] To determine the generator of ((Rﬁ‘;", Alr’i;n) > 0), let f € C?(R?)

and compute

1 u,mn u,mn u,n u,mn
SE[F(REST AR = f(ro, o) ZP [f(Ri; AL = f(ro, a0)]
1 u,n u,n
=0+ - P(To = DE[F(R]"™", AY™") = f(ro,00)]  (2:3.7)
- ]- u,n u,n
+ D TP = WE[F (R, AL") = f(ro, 00)]
k=2

where the first equality follows by the independence of I',,; and (Rlvu’”, Al’uvn). Furthermore,

1 “int
lim ~P(T = 1) = lim —— =
t—0 t t—0 t
and . .
lim -P(T',; > 1) = lim ¢ (e —1—mnt)=lime™O(t) =0.
t—0 ¢t t—0 ¢ t—0
As a result
> 1
. Lu,n Lun .
lim kz_: Lp = k’ E[f(Ry™", AR") — f(ro, ao0)l| < 2fw lim ;P(Fnt >1)=0

which forces

lim 1E [f(R?:;na A%:Ln) — f(ro,a0)] = nE,[f(RY™") — f(ro, a0)] = n(P), —1)f(ro, ao).

t—0 t

This shows that (Rl’“’" Al’:;") is a continuous time process whose generator is given by
Gr.f(ro,a0) == n(F, — I) f(ro, ap). Define the kernel

Kﬁu((ro’ao)f)
=P ((ra((ro V1) Au, N(O)) = (rg V1) Auyan((ro V1) A, g, N™(O)) — a) € )
=nP ((7,((ro V1) Au,©),a,((ro VI) Au,ag, ©) € +).

(2.3.8)

Using G', f(ro, ao) := n(F), — 1) f(ro, ap), it follows that

Gituf (10, a0) = /]R? (f(ro+ p, a0 +a) — f(ro, a0)) K7, ((ro, ), dpda).
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This shows that (RZF’Z;n, AH:L) is a pure jump process.

We proceed by checking all the assumptions of Theorem hold.

Step 1I:

First, we will show G;,, defines a martingale problem with a unique solution. By Section
8.3 from [Wks03], this holds for G as defined in Theorem if the matrix c(z) := (c¢™(x))

is everywhere positive definite, ¢*/(x) is continuous, b(x) := (b;(x)) is measurable and there
exists a D such that
[b(@)] + [e(@)['* < D(1 + |a])

From ([2.3.6) we observe the diffusion matrix of of G;, is diagonal with diagonal entries

1 1
26°((- V) Au)((- VD) At 2¢2((- V) Aw)

Since the density g is continuous and bounded away from 0 by Assumptions (A3) and (A5)
both terms above are clearly positive, continuous and bounded.
The drift vector for G, has sole nonzero entry

1 (_ grovinu) 1 __OU(ro VD) Aw)) >
9*((ro V1) Au) 29((ro Vi) Au) = 2((ro VD) Au)  4A((E—=U(ro VI) Au))

which is bounded since:
e 0,U is bounded on [l,u] by Assumption (A4).

e g and F — U are both bounded away from 0 on [l,u] C D° by Assumptions (A4) and
(AD).

Step 11I:
Next we check that Assumption (i) of Theorem holds. If we let S = [l,u], then

Lemmas [2.2.11], 2.2.12] 2.2.13], 2.2.14] and [2.2.15| show that as n — oo
1 ( g'(ro) N 1 O U(ro) )

rn(10) := nE [F (10, ©)] —

?(ro) \ 2g(ro) ~ 2r0  4(E —U(ro))
O'in<7“0> = nk [fi(ro, @)} — 2;
g*(ro) 5
Lan(To, ap) = nE [, (ro, g, ©)] = 0 (2.3.9)
2 (ro, ) := nE [a2(ro, a _
Zan(ro,00) = {3 (ro, 00, O)) = Gy

nlE [7, (1o, ©) - (1o, g, ©)] — 0
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uniformly for o € S and ay € R. This implies

B (0 V 1) A )] e (<A ! OU(ro)

§*((ro V1) ANu)

1
G*((ro V1) Au)
[ ((ro V1) Au,ap,©)] — 0

nE [72((ro V1) Au, ©)] —

nlk
9 1
nE (o 1) 00 O} = G S A WGV D A
nE [7,((ro VI) Au, ©) - ap,((ro V1) A, ap,0)] — 0
(2.3.10)

uniformly for all (rg, ) € R? as n — oo. This verifies Assumption (7).
Step IV:

We now show Assumption (¢i) holds. Fix ¢ > 0. By Lemma [2.2.3/ and (2.2.58)) we have

=0 (rg,0)€[lu] x[—m,7] | t€[0,T]

lim sup { sup |7 (ro,0,t) — 0é0||} = 0.

and

lim sup sup ||an(ro,0,t) — 1ol p = 0.
=0 (g ap,0) €[l u] xRx [—m,7] | t€[0,T]

As a result there exists a § > 0 such that for n large enough, and for any (rg, o) € [[,u] xR,
|70 (10, ) — 70| > 75 implies £ > 6, and |, (10, o, t) — | > 7 implies ¢ > 6. Thus,

{1Fa((p V1) A u, ©), dn((p V1) Au,©)] > ¢}
C {lin((pV 1) A, ©)] > %} U{lan((pV 1) Au,ag,©)] >
C{N™((pV 1) Au,0)> 6}

So for large n,

ﬁ}

sup / (0* + @) L) K7 (o, dp)

(ro,00) ER?

= n( Su§) o E [(fi((p V l) N u, @) + di((p V l) A u, Q, @)) ]l{|‘(1:m&n)||>€}}
70,00 )€

<n sup E[F((pVI)Au,O)lywss] +n sup  E[a@((p V1) Au, a0, O) yomss]
(ro,a0)€R? (ro,00)€R?

— 0

(2.3.11)

C2((re VI Au) 2oV Au AE—U((ro V) Au))

)
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where the last limit follows from Lemma and Corollary [2.2.9] This shows assumption
(77) holds. Assumption (iii) is trivially satisfied since the starting points are fixed to be
(10, ag) for all n. Therefore, all the assumptions of Theorem M hold and so (erzt", Alr’:tn)
converges in distribution to the diffusion with generator G;,,. O

To apply the convergence of the cut-off process from Lemma|2.3.4]to the proof of Theorem
2.3.1, we first require a technical lemma about the continuity of first passage times. The
following lemma shows that if a sequence of functions converges in the Skorokhod topology,
then their first passage times converge as well as long as the level is not a local extrema of
the limiting function.

Lemma 2.3.5. For~y € D|0,00) define 7,(y) = inf{t : v(t) > x} to be the first passage time
of v across x. Consider an f € C[0,00) and an a > 0 such that

0<7(f)<oo and inf{t>7,(f): f(t) > a} = 7.(f).
If (fu)n>1 is a sequence in D|0,00) such that f, — f in DI[0,00), then 7,(fn) — 7a(f)-

Proof. Fix an arbitrary € > 0. Since f is continuous, f, converges to f uniformly on compact
sets. In particular, we may fix T' > 7,(f) and consider f,, converging to f uniformly on [0, 7.
Since inf{t > 7,(f) : f(t) > a} = 7.(f), we can find sy such that 0 < sg — 7,(f) < € and
f(so) > a. Moreover, because f is a continuous function, sup{f(¢) : t < 7,(f) — €¢/2} < a.
Since f,, — f uniformly on [0, T], there exists N such that n > N implies that

(L) = amswn{J() < alh) =)
2

sup |fn(t) — f(t)] < min , 5

0<t<T

For n > N, we have

fn(SO) Z f(SO)_ f(SO;_a _ f(30;+0, > a

and therefore 7,(f,) < so < 7.(f) + €. Moreover, for n > N,

D (1)t < ()~ €/2) < swpl7(0) < () — /2y 4 2RO TSR 2 ¢/2)

_atsuplf(0) 1 < 7lf) — o2}
2

<a,

and thus 7,(f,) > 7.(f) — €/2. Hence for n > N we have |7,(f,) — 7a(f)| < €. Since € is
arbitrary, the lemma is proved. O

We now prove Theorem [2.3.1]
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Proof. (Theorem [2.3.1) By the Skorokhod representation theorem (see for example Theorem
6.7 from [Bil99]) and by Lemma we can construct the relevant process on a single
probability space so that for any 7" > 0

((REsr AR, 0 <t < T) = ((Ri%AM,0<t<T)

a.s. in the Skorokhod topology on D[0, T]. Since lim,, % = t uniformly on every compact
interval we have

(B AR 0 <t <T) » (R A, 0< < T) (2.3.12)

a.s. in the Skorokhod topology on D[0,T|. Since the radial diffusion term of G ,,, m
is bounded away from 0, Ri“ almost surely fluctuates across fixed levels after first hitting
them. So, in the notation of Lemma m, we have 7,(R") = inf{t : R"(t) > u}. By
applying Lemma [2.3.5, it follows that 7, (R;]") — 7.(R%) as n — oco. Likewise, if for any
v € DI[0,00) we define 7-(y) := inf{¢ : y(t) < [}, then 7- (RZL;‘J") — 71— (RY) as well. To
simplify notation, let

Lu,n lu,n
A =1 (R AT= (R
and

A =7, (R A - (RM)
Then it follows that

((REs s AL a0 S EST) > (Rify, A0 < < T) (2.3.13)

a.s. in the Skorokhod topology. By ({2.3.5), the transition operators P"(ro, ap) and P, (19, o)
agree when ro € (I,u). Furthermore, G;..f = Gf for any f € C%([l,u],R). Since G,,, defines
a martingale problem with a unique solution (see the proof of Lemma [2.3.4]), we have by

(2.3.13) that
((R?ntj /\Tl’?u7 ATntJ /\Tﬁu)7 O é t S T) — ((Rt/\nyua At/\n,u)7 0 S t S T)

a.s. in the Skorokhod topology, hence also in distribution. O

2.4 The Process on its Natural Time Scale

In this section, we study the convergence of the full trajectory of the particle. To this
end, we need to keep track of the reflection times and the angle of reflection. That is, we
will look at the Markov process ((Ry, AY, A}, ©Oy) , k € Ny) with transition operator

P f(ro, a0, 20,00) = E [f (r,(N™(0)), s (N™(0)), n/*N™(0),0)] .
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The real time of the k-th reflection is given by T} = n~1/4 Z?:o A”, where we set Aff =
Furthermore, we extend T" to all [0, 00) by linear interpolation:

Ty =T+ (s = [s)(T 11— T3)), Vs €0,00) (2.4.1)
By (2.1.4)) the full trajectory (R"(t), A"(t)),t > 0) of the particle after rescaling is given by

RM(t) = 1o (Ry, Ok, t = TY)

2.4.2
A"(t) == an (R, AL, O, t = T}) ( )

for ¢ € [T}, T,,). Recall that 7,(ro, 0y, t) and ay,(ro, g, o, ) represent the radius and angle
respectively of a particle at time ¢ in the potential U, when started at position (rg, o) and
having total energy FE,. 0y is the angle the initial velocity vector makes with the the initial
position vector.

The following theorem is the main result of this section.

Theorem 2.4.1. Let (R"(t), A™(t)) denote the full trajectory of the particle as defined in

(2.4.2) and let
uh = inf{t : R"(t) <1 or R"(t) > u}

denote the first time R"(t) leaves the interval (I,u). Then for any fized l,u € D° with | < u,
as n — 0o we have the following convergence in distribution on D(R, R):

(B (n¥*t A ap), AP Ag)) ot > 0) = (R(QUE) A 71,) AQUE) A7), t > 0)

where ) is the time change given by

a0 =2 M—A>>

)
{s : f(s) > t}. Furthermore, the
),t >0)) is ¥, the generator of the

(t)

and T is the inverse operator defined by Z(f)(t) = inf
generator for the time changed process ((R(€2(t)), A(Q(t)
diffusion ((Z(t), < (t)),t > 0) from Theorem[2.1.1]

Remark 2.4.2. The stopping at v and/or at | can be removed when the left and/or right
boundary points of D are inaccessible for the diffusion R. See Remark and Section [2.5]

The idea of the proof is to time change the step-process R’fn_ | by a function €, (t) such
that

e (), —»Qasn— oo,

o R"(n**.) and Ry, ) agree at reflection times, as do A™(n¥/*.) and A%,
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More specifically, €2, is chosen to satisfy nf2, (#T,ﬁ) = k so that
(B (n/1), A" (n/1)) = (i, 0> A ) = (B AR)

whenever t = #T,?. We can then utilize our previous convergence results for the step-
process RTLLHJ to show that (Rn(n3/4-), An(n3/4-)) and (RZQH(A), AZm(J) remain close on each
interval [#Tk’f_l, n?,l/4 T”)

We will also need to make use of the cut-off process ((RZ”,AZ’", AZ“’”), ke NO) with
transition operator

PR f(rg, ) =

E [f (rn(N(")(((TO VD Au,0)), an (N ((rg VI) Au, ©)),n AN ((rg V1) A, @))}
and the corresponding cut-off reflection-time process:

[s]
laumn .__ lLyu,n lLyumn lyu,n
T, T n1/4 ZA + 1/4 —[s J)(ALSJ +1 ALSJ )-

Note that T is just the cut-off version of 7™ from (2.4.1)).

To motivate the definition of the time change (2, we first need to evaluate the limiting
behavior of T4%" as n — oo . The next lemma shows that the following convergence in
distribution holds in D(R,,R) for the cut-off time process T"%".

Lemma 2.4.3. Let ((Ri“, Aiu> st > 0> be a diffusion whose generator extends the operator

G1u defined in (2.3.6). Then we have the following convergence in distribution on the product
space D(Ry,R) x D(R,,R) x D(R,R,).

1 ’ 1
((R“‘” Al =3 4Tg:”) s> 0) = i’“,/ l ds ). t;s 20
/ 0 )\((Rg’u V l) A U)

(2.4.3)

In particular, we have

1 s 1
( 3 4Té8un s> O) / 7 ds,s >0 (2.4.4)
n3/ 0 )\((Rg’u V l) AN u)
as n — Q0.

Proof. Let F, =0 <(R§u", Aéu”)), 0<j< k’), and consider the martingale with respect to
the filtration (Fy)r>o given by

k
wp =3 (Ag“»" . E[A?“’"\]—"j_l]) . keN,. (2.4.5)

J=1
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Define
on(p) = n*E (N(”)((p Vi) Au),0)). (2.4.6)

It follows from the Markov property that
E[A]""|Fjoa] = ¢n(RIET). (2.4.7)

By Lemma we have

sup ¢n(p) < 00
n,p

which in turn implies

2
= sup E [(Aéﬁ“’” —E[Aé’“’”u-‘j_l]) } < . (2.4.8)

(4,m)€(No,N)

Hence by Doob’s maximal inequality, for every € > 0, and for every m > 1

mé
P<s sup |W/| > ne 2.4.9
{ s w2 e} < m v < 25 249)
from which it follows that .
sup |[—-W}| —0 (2.4.10)
1<k<mn |
in probability as n — oo. By Lemma [2.2.7]
lim sup |6, () 1
im sup |pp(p) — ———| =
It follows that
- 1
lim sup =", (RMT) - 0 2.4.11
n—co ISkSI?nn (e on (551 )\((R;-’ﬁ’ln Vu) Av) ( )
almost surely.
Hence, by (2.4.5)), (2.4.6), (2.4.7), (2.4.10), (2.4.11) and the triangle inequality
lim su Al — — =0, 2.4.12
n—s00 1<1<;<I7)nn n Z Z 2“1" Vu) Av) ( )

in probability. Let
1

PH(F)(E) ::/0 NGORIID ds. (2.4.13)
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Then since RZLI?J" is a step function with step size &,

oo () (£) - Ly
L) \n)  n = ARV ) A)

7j=1
which implies together with ([2.4.12])

k
: 1 ! ! k
lim su — AL Y (R ’“’") (—) =0
n—oo 1§k§17)nn n <]§1 J ) 1/} LHJ n
in probability. Or equivalently,
. 1 lun Lu Lu,n _
nll_)IIgo 2;15 ’WTM’ — <RLn~J ) (k)‘ =0 (2.4.14)

in probability. Now f — ¥%(f) is a continuous mapping in the Skorokhod topology. By
(2.3.12)) we have the convergence in distribution of the cut-off processes:

(Bl Ar) t20) = (R A") 2 0)
as n — 0o, which implies
(Ri;‘gf, AT M (RS (5), 8, 8 > o) — (RE, Al g (RE) (s),, 5 > 0)

in distribution as n — oo. The above together with the convergence of the time process
(2.4.14)) yield the following convergence in distribution
(thﬁft’f, Al AT s > 0) — (Rbv, AL b (RY)(s),t, 5 > 0)
as n — oo.
O

As in the proof of Theorem if we apply the previous lemma and the fact that the
transition operators P"(ro, ap) and P, (o, ap) agree when rq € (I, u), we can show analogous
an result for the non cut-off processes stopped before hitting u or [. The exact statement is
given by the following lemma.

Lemma 2.4.4. Suppose (R}, A}, A7,k € Ny) is a Markov process with transition operator
U, and (R(t), A(t),t > 0) a diffusion with generator G' defined in [2:3.2). If we fix | <
u € D(:=[0,h] or RY), with ro € (I,u), and let 7', = inf{k > 0: R} > u or R} <1} and
T =1nf{t > 0: Ry > u or Ry <}, then

—3/4
(( Tntj /\T17}u7 A'rfntj /\T{}ua n / T:s/\n?ﬂ) s t, S Z 0)

SATu d§
RN TLW), At AT, T ) hs=20
> ((Renmaaenna, [ sy ) e =0)
in distribution on D(R;,R;) x D(R1,R) x D(R,,R}).
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Let us now define the time change €2, : R, — R, by

1 1 1
Q) =17 T \arn i ) e N 2.4.15
( ) < 3/4 7 (n)ATl, +( nTl,u) )\(R(Tl,u») ( ) ( )
Remark 2.4.5. The reason for the (- — %Tl7?u)+m term is so that we fall in the setting

of Lemma 5.2 from |[BR14], which we reproduce here for convenience.

Lemma 2.4.6. If f € D(R.,R,) is continuous and strictly increasing with im;_,, f(t) =
0o, then Z(f) € D(Ry,Ry) and T is continuous at f.

This result is useful for proving our next lemma which shows weak convergence of the
time-changed step process.

Lemma 2.4.7.
(R arps Aimouinep, ) £ 2 0) = (R(UD) A7), AU ATia)) ot > 0)

in distribution on D(R.,R;) x D(Ry,R) as n — co.

Proof. By Lemma and the Skorokhod representation theorem (see for example Theorem
6.7 of |Bil99]) we can construct the relevant processes on a single probability space so that

<< ot ar s At a1 T >,t,szo)

s/\nu ds
R(t A U,At/\ ) — | ,t,5 >0
%((( ) Al )/ A(R(sm,u») ; >

a.s. in the Skorokhod topology on D(R,,R;) x D(R,,R).
Since fo m increases linearly in s after $ > T, it is clear to see that f,(s) :=

n31/4T(” By + (s — Tlu)+ R(nu) - J5 3 s/\ RO for s > 7, as well as s < 77,,. Let

s 43
fls) = /0 ANR(G A7)

Since A is bounded away from 0 on [l,u], f is strictly increasing. The function f is also
differentiable by the Fundamental Theorem of Calculus, so f meets the assumptions of
Lemma[2.4.6, Hence Z is continuous at f and, as n —, 00 Q,(t) = Z(fa)(t) — Z(f)(t) = Q)
a.s. on D(R,R;). What is more, by Lemma we have that

(R?gmj o Al s (5,15 > o) S (RUEA T, A(EA 1), Qs), E, s > 0)
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a.s. on D(Ry ,Ry) x D(R,,R) x D(R;,R;) as n — oo, hence also in distribution. By the
Continuous Mapping Theorem, the result will follow if we can show the function

U:DR,R)x D(Ry,R) x D(R,,R;) - D(R;,R) x D(R,R),
V(f1, fa, 0) == (fro b, fao )

is a.s. continuous at (R, A, ). By considering the coordinate projections, this is equivalent
to showing the composition map (f, ¢) — f o ¢ on D(R,,R) is continuous. It can be shown
that continuity of f implies continuity of the composition map in the Skorokhod topology
(see for example |Bil99|[pg 151]). Now, (R,.A) has a.s. continuous paths because it is a
diffusion. The function s fo W is a.s. strictly increasing and differentiable with

ds

derivative bounded below on compact sets. Thus Q(s) =Z ( fos m) is a.s. continuous.

In conclusion, V¥ is a.s. continuous at (R(- A 74), A(- A 7..), 2(+)) and so by the continuous
mapping theorem

< [ (0)) Arpy s Aoy g T 2 0) — (R(Q) A 1), AQUE) A T1u) t > 0)

in distribution D(Ry,Ry) x D(R4,R).

We can now prove the main result of this section: Theorem [2.4.1

Proof. (Theorem|2.4.1]) To simplify the arguments, we note that Q,,(¢) =7 (#T& ) ATZ,Z) (t)
when t < #TT’;‘%.

By construction, Tﬁl. | maps the reflection index k/n to the kth reflection time. Hence,
the inverse map Z(17, |)(¢) maps the kth reflection time T}’ to the reflection index k/n.

Since T (T ) () =T (T3 ) (n7/1), we have that n, (77 ) = & when-
ever k <7,. Or equivalently, 7

R(n**t) = nan(t) = B

whenever t = % and k < 77,. As a consequence, n*/*t € [T}, T;?] implies 0, (t) € [k—1, k),
so by the piecewise definition of the full trajectory R™(t) (equation (2.4.2))), if we fix S > 0
we have

3/4
sup Rn (TL / t A T‘:llnu> — R?nﬂn(t)j AT
0<t<S ) ,
< sup Sup |Tn (RZ_l, Op-1,t — Tl?—l) - Z—l‘ :
kgnﬂn(S')/\T:;n te[Ty_ 1,17

(2.4.16)
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By fixing M, C > 0, applying a union bound and utilizing the fact that for each k, T} =T} ,
is distributed like N we have the following bounds

]P){ sup ‘Rn(n3/4t AN T,:lln ) - RTHQn(t)J AT ‘ > E,Qn(s A T,:_;Ln ) S M}

0<t<S

<nM sup P sup  |ru(r0,0,t) — 1ol > €, Q(SATL ) <M
(ro,0)€lu] x [—m,7] t€[0,N ™ (9)] bu
<M

<nM sup P sup |Tn(10,0,t) — 10| > €, (S AT )
(r0,0)E[l,u] X [—7,7] te[0,N() (0)AC) b

+nM sup ]P’{N(”)(TO,@) >C}.

(ro,0) €l u] x[—m,m]
By Lemma [2.2.3] for n large enough

sup sup |rn(ro,0,t) —ro| <e.
(ro,0)€ll,u]x [—m,m] t€[0,C]

So for such n, P{sup;c( ¢y [7n(r0,0,t) — 10| > €} = 0 for all (ro, ) in [[,u] X [-m,7]. Also, by
Corollary [2.2.5, n.M SUD (0.0)e(tu] x [—7] T {N®™(rg,©) > C} approaches 0 as n — co. So

lim IP{ sup [R" (0¥t A T2 ) = Riyouynep | > € (S ATE ) < M} =0. (2.4.17)

n—r00 0<t<S
By the proof of Lemma [2.4.7, we have
((Q(t),n 7).t > 0) = (L), 7u),t > 0)
in distribution as n — co. So for M > 0 large enough we have

lim ]P’{Qn(t) AT < M} ~ 1

n—oo

From this and ([2.4.17)) it follows that
nh—g)lo]P) {Oiup |R”(n3/4t AN T.:ni) - TLLnQn(t)j /\T{,L’U,‘ > E} =0.
<t<S

for any any €, 5 > 0. Furthermore, by (2.2.58|), we can show that

sup sup |, (ro, g, 0,t) — ap| < €.
(ro,20,0) €[l u] xRx [—m,7] t€[0,C]

Calculations identical to those in (2.4.17)) show that

lim ]P){ sup |An(n3/4t A T:an ) — ATLLnQn(t)J AT ’ > 6} =0.

n—oo 0<t<S
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So by Lemma [2.4.7] it follows that
((Rrd/e AT ), A3 AT, )) 12 0) = (RO A7), A A7), > 0)

in distribution. Recall that that ', = inf{t : R"(t) < [ or R*(t) > u} is the first time
the full time trajectory R"(t) exits the interval (I,u) and 7, = inf{k : R} < lor R} >
u}. Together these imply T;l‘n is the time of first reflection after the Markov process

R} exits (l,u). An immediate consequence is that ', < T T’;n . Then by continuity of

<R”(n3/4t AT ), AM(n¥/ 4 A TS )) and (R(Q(t) A7), AQUt) A 7.)) we conclude that

(R Ay), A (P A )t > 0) = (R(QUE) A7), AQUE) A7), t > 0)

in distribution.
Lastly, by Theorem 8.5.1 from [0ks03|, if G is the generator of (R(¢),.A(t),t > 0) then
the generator of (R(§2(¢)), A(2(t)),t > 0) will be A(p)G. Since

9 = Ap)g

this completes the proof. n

2.5 Classifying the boundaries of D

In this section we want to give conditions under which the boundary points of D are
inaccessible. This would imply that the boundary points cannot be reached in finite time.
These results can then be used to remove the stopping at u and/or [ in Theorem m

Suppose we have a regular diffusion X with state space the interval (¢, 7). Every diffusion
has two basic characteristics: the speed measure m(dz) and the scale function s(z).

We assume the infinitesimal generator G': D(G) — Cy(I) of X is a second order differen-
tial operator

Cf(2) = 50*(@)naf(2) + p(2)0,f (2)

where o, € C(I) and o%(z) > 0 for all z € I. Then it is well-known that

e The speed measure is absolutely continuous with respect to Lebesgue measure and has
density
m'(x) = 20 2(2)eP®@

e The scale function has density
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with B(z) := [ 20 2(y)u(y) dy for some arbitrary (fixed) @ € I. The domain D(G)
consists of all functions in Cy(/) such that G f € Cy(I) together with the appropriate boundary
conditions.

The boundary point ¢ is called accessible when

[ ([ wnan) way <
/; (/yw () d") s'(y) dy = oo.

Similarly, one can classify the boundary r.
As we have shown above, the one-dimensional diffusion defining the limiting radial process
has generator G, that acts on compactly supported functions in C?(D°) as

.1(0) = n() () + L (0

_ Y () 1 U Ny, L
gz(p)( 29(p)  2p 4(E—U(p))>f(p)+2g2(p)

The density of the scale function will be

—ew ([ (507 =5 et ) )
= exp (ln(g(y)) —In(y) — %m(E —U(y)) - C) = exp <ln <yLy>(y)> - C)

E—-U
_ayE-Ua) 9(y)
9(a) YV E—U(y)

where C' :=In <%) As a result, if we fix an arbitrary ¢ € D° the scale function will

/Bl

and ‘naccessible when

(2.5.1)

I (p).

be given by

g, VE=U) [ 9(y)
s(z) —/c s'(y)dy = /c (y E—L{(y)) dy. (2.5.2)

g9(a)

The speed measure density for the radial diffusion will be

v 2 2g(a) e/ B~ Uz
(@) = s = e (g( Ye/E — U( )). (2.5.3)
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One can then find the speed measure by setting

2g9(a)
/m Ydr = ———— a\/ﬁ g(x)x\/E —U(x)dx

for any Lebesque measurable J C D°.

2.5.1 Examples

As an illustrative example, we consider case when the potential is a gravitational force
directed towards the origin. That is, the potential function is given by

uip) =

for some constant k£ > 0. Suppose the the total energy of the particle is positive £ > 0. We

have
s(x) = \/ Ea~|—k’ / 9w Yy,
v/ Ey—f-k)

Since g is bounded above and bounded away from 0 on R, , for y | 0,

(E??jyi Ry © (%)

which implies lim, o |s(z)| < co. For y 1 co one has

so that lim,+ s(z) = co. The speed measure density is given by
m(w) = —2D_g(a) /(B + e
and the speed measure
9(a) /
M(J) = —————— z)\/ (Ex + k)xdz
)= s [ @V

for x € R;. If we fix an arbitrary b > 0, then we can observe that lim, o M ([x,b]) < oo, and
and limg4o, M ([b, z]) = co. We can then apply the boundary classification from [KT81][Table
6.2].
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lim |s(z)| < oo, lim M([z,]) < oo

which implies that 0 is a regular boundary, and

liTm s(x) = oo, liTm M([b,z]) = o0

which implies that co is a natural boundary. As a result 0 is accessible while oo is inaccessible.
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Chapter 3

Reconstruction of a manifold from the
intrinsic metric of an associated
Markov chain

3.1 Introduction

We study the Carathéodory metric py associated with the infinitesimal generator Gy of a
continuous time Markov Chain on a finite weighted graph Ay. Our goal is to prove a rescaling
of the sequence {py}n converges when the corresponding sequence of rescaled generators
{Gn}n converges to a diffusive limit. Our basic set up is the following: the vertices of Ay
are a set of random data points {z;}~, sampled independent from a distribution P on a
compact Riemannian manifold M which is embedded in R™ and equipped with Riemannian
volume measure. Ay is a complete graph on these data points, and has edge weights assigned
by a kernel function K. The transition probabilities for the random walk are constructed
using these edge weights which are chosen to reflect how close different points are in the
ambient Euclidean space, but also attempt to just capture “local” similarities. The specifics
of the construction are discussed in complete detail in the following section.

The Carathéodory metric, also known as the intrinsic metric, is a metric associated with
a Dirichlet form. Since the generator of a reversible Markov chain defines a Dirichlet form
in a natural way, we can associate a Carathéodory metric with this form. These metrics
are studied extensively in [Stu94] and in [Dav93] where they are used to establish bounds
on heat kernels on weighted graphs. More specifically, the Carathéodory metric defined on
a graph with edge weights can be found in Section 4 of [Dav93|, where it is assigned the
notation ds. It is observed in that paper that this metric arises naturally from considerations
in noncommutative geometry.

Under a proper rescaling and with a suitable choice of weight functions, as the number
of data points we sample goes to infinity, the infinitesimal generators G converge in the
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supremum norm to the Laplace-Beltrami operator on M (see for example Theorem 3 of
[THJ11]). In other words, a suitably sped up version of the Markov chain associated with
G converges to the natural Brownian motion on the manifold. This leads us to conjecture
that after a suitable rescaling, the Carathéodory metric py associated with Gy also converges
in some sense to the Carathéodory metric associated with the Laplace-Beltrami operator,
which is the geodesic distance metric on M. A more precise statement of the conjecture is
given below in Theorem [3.2.5] If this theorem holds, then for large N, py rescaled will be able
to approximate the distances between the points {zi,...,zx} in our embedded manifold.
Since the geodesic metric uniquely identifies the Riemannian inner product structure on a
manifold, this shows that in essence we can reconstruct the manifold M by sampling a large
number of data points from the distribution P and computing the intrinsic metric distances
between these data points.

Before going further, we first give a precise definition for the Carathéodory metric. Sup-
pose & is a Dirichlet form with domain D(&) on a real Hilbert Space H = L*(X,m), where
X is a locally compact separable Hausdorff with positive measure m fully supported on X
(see |[Stu94] for the full details). Then it can be show than & has the form

éa(u,v):/XdF(u,v) (3.1.1)

where I' is a symmetric bilinear form on D(&") with values in the signed Radon measures on
X. T is known as the energy measure for &. I'(u, u) is defined by

/X ST (u, 1) = &(u, du) — %5(%, %)

for every u € D(&) N L>®(X,m) and every ¢ € D(&) N Cy(X). I' can be extended to any
u,v € D(&) N L*(X,m) by polarization:

1
D(u,v) = 1 (M(u+v,u+v) —T(u—v,u—0)).
We can then define the Carathéodory metric associated with & in terms of the corresponding
energy measure ' by

p(x,y) =sup{u(z) —u(y) : u € Dipe(&) NC(X),dl'(u,u) < dm on X} (3.1.2)

where Dyoc(&) is the set of all functions in D(&) whose restriction to any compact set S C X
is in L*(S), and dT'(u,u) < dm means the energy measure I'(u,u) is absolutely continuous
with respect to the reference measure m and with Radon-Nikodym derivative %F(u, u) < 1.

For example, suppose A, is the Laplace-Beltrami operator on the compact Riemmanian
manifold M. Then the Dirichlet form associated with A, is given by

Enm(u,v) = —/M<u(x),AMv(ac)>dvolMx
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with domain D(&y) = C*(M), and where dvolyx is the volume element associated with
M. By the definition of A we have

é”M(u,u):/ |Vu|? dvol yz
M

which shows the energy density with respect to the volume element dvolyx is given by
dUp = |[Vul? . By (3.1.2), the Carathéodory metric associated with &y is defined by

pa(a,y) = sup {u(z) —u(y) : [Vu> <Ton M}, z,yeM

which is the geodesic distance on M.

3.2 Construction of the Graph Carathéodory Metric

We now provide a derivation of the second order cone problem that defines our main
object of study: the Carathéodory metric py associated with the infinitesimal generator Gy
for the Markov chain which we also now define. We let Dy = {1, -- , 2y} denote the data
points which constitute the vertex set of the weighted graph Ay. We let Wy = (wij)f-?;:l
denote the N x N symmetric matrix of edge weights between the points of Dy. Here w;;
represents the weight assigned to the edge connecting x; and x;. w;; is assumed to have the

form ” ||2
wy; = K (4)
J h?\[

for some kernel function K : R — R, and some parameter hy € R, known as the
bandwidth. || - || is the usual Euclidean distance in the ambient space R™. K is assumed
to be exponential decreasing, and as N — oo, hy | 0 so that only edges connecting points
close in the ambient space are assigned numerically significant weights. For convenience, we
introduce the function

Kn(z,y)  Mx M—R, K (el
h xvy) . X = ) h('ray) T h2 .

The exact assumptions on K are given in the next section. However, a standard choice
for K is K(x) = e * so that
wy = exp(—|lz — 2|*/h}). 1 < i.j < N,

Remark 3.2.1. Note that the weights w;; depend on N, but to simplify notation we leave
this dependence on N implicit. We follow this same convention throughout for the entries
of other matrices and vectors which depend on N.
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For a given matrix of weights, Wy, we define a stochastic matrix Iy = (p,-j)fyjzl via

w. .
21 Wik
The matrix IIy is reversible with respect to the stationary distribution 7 given by
N
> he1 Wik

T, —

= =N N )
Zj:l > k=1 Wik

that is, mp;; = mpj; for 1 < 4,5 < N.

The matrix Gy = Ily — I = (gi;);;—, is the infinitesimal generator of a continuous time
Markov chain. Gy is also reversible with respect to m, and ) ;9 = 0forl1<i<N.

As with any reversible Markov process, we can associate the Markov chain with in-
finitesimal generator GGy to the corresponding Dirichlet form. In our case, this will be the
nonnegative definite, symmetric bilinear form &y on RY given by

En(u,v) = — Z Tui(GNv);

== E WiV Gij
0]

1
=5 2 (i = wy)(vi = v5)migy
2y
1
= 5 2w = uy)(vi = vy)mpis.

Following [Stu94], we associate each pair u,v € RY with the signed energy measure 'y (u, v)

on Dy defined in (3.1.1)). So
En(u,v) :/ dl'(u,v). (3.2.2)
DN

Of course, in our case we can just think of I'y(u,v) as an element of RY. Specializing the
general recipe for I'y to our situation, we have that

6 dTn (u, 1) = En(u, duu) — %é’N(u2, %) (3.2.3)

DN

for all ¢ € RY. Here we think of u as a function from Dy to R, and so u? and ¢u are defined
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coordinate-wise. Thus,

FN(“) u)k = / 5k dFN (U, U’)
Dn

= En(u, dpu) — %&v(ug, )

= - Z UURT G + % XZ: Ui
= - Z — uk ngik

= Z Z — ug,) Wlpik.

Furthermore, I'y(u, v) is given by polarization; that is,

1
Uy (u,v), = 1 Iy(u+v,u+v)—Ty(u—v,u—v),
so that
1
Cn(u,v) = 5 Z(U — ug) (Vi — V)T G

=3 Z - Uk - Uk:)”ipik-

Because m;p;; = wip;; and m;9;; = 79, we have the alternative formulae
J iPj J i9Yjis

1

I (u,v), = b Z(U — ) (V; — V)T Gri

=3z Z - Uk: - "Uk)Wkpkn

In our setting, the procedure for constructing a metric py on D from I'y reduces to the
formula

pn(Ts, 2) = sup{us —up :u € RY, Ty(u,u)y <7y 1 < k< N}, st €[N (3.2.4)

That is,

1
pn (s, ) = sup{us — uy 5 Z(Uz —u)?’pr <1, 1 <k <N}, s,t€]N]. (3.2.5)

%
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For the sake of completeness, we give the proof that py is a genuine metric on D when
the matrix Iy is irreducible. It is clear that py(zs,zs) = 0 for all s € [N]. Since all the
vectors u in some ball around 0 satisfy the constraints %Zz(uZ —up)?pr < 1,1 <k < N,
it is clear that pn(zs,2¢) > 0 for all s,t € [N] with s # t. Also, if the vector u satisfies
these constraints, then so does the vector —u, and hence py(zs,2:) = pn(2,xs) for all
s,t € [N]. By the irreducibility of Iy, if s,¢ € [N], then there exist s = iy,1s,...,ix =t in
[N] such that p;, ;,,, > 0 for 1 < j <k — 1. If the vector u satisfies the constraints, then
(wiy,, — ui,)*pi; 0, < 2 and so

k—1 k—1

pN(s,t) < ‘uijﬂ - uij| < ﬂZ(pijviHl)i% < 00.

Jj=1 Jj=1

Lastly, by the triangle inequality p,(z,,z;) < pn(zy, zs) + pn(zs,x¢) for all 7, s,t € [N] is
immediate from the observation that u, — u; = (u, — us) + (us — u;). For fixed s,t € [N]
then, we can pose the computation of py(zs, 2;) as a second-order cone program as discussed
in [LVBLOS|. If we note that maximizing us — u; is equivalent to minimizing u; — us, then

—p(s,t) is the value of the following second-order cone program:

minimize (e; — e;)’ u

. N (3.2.6)
subject to ||A ul| <1, 1<k <N,

where e; the column vector that has a 1 in coordinate ¢ and 0 elsewhere, the superscript T’
denotes the transpose, and AY is the N x N matrix \%diag(, /i) (I — 1el), where py. is the

row vector given by the k™ row of the matrix P and I is the column vector whose entries
are all 1.

The problem is clearly strictly feasible in the terminology of [LVBLIS|; that is,
there is a vector u such that ||[ANu|| < 1 for 1 <k < N (all the vectors in some ball around
0 satisfy this condition). Moreover, as we have shown above, the value of is finite for
all s,¢t € [N] and so any vector u € R that satisfies ANu = 0 for 1 < k < N must also
satisfy u, — us = 0 for all s,t € [N] and hence be a multiple of 1.

From (29) of [LVBL9S§]|, the dual problem to (3.2.6)) is

N
maximize — E Wy,
k=1

N (3.2.7)
subject to Z(A,ng)Tzk = e — e

k=1
and [|zx]| <wg, 1<EkE<N

where the unknowns z; belong to RY and the unknowns w; belong to R.
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As observed in Section 4 of [LVBLIS8|, the strong feasibility of the primal problem ({3.2.6))
implies that the dual problem (3.2.7)) is feasible, the optima are attained in both the primal
and the dual problems, and these optima are equal.

It is clear that we can rewrite the dual problem as
N
maximize — Z |2kl
k=1
N
subject to 2:(14,?[)?2,g = e — €.
k=1

Because of the sign change we made leading to (3.2.6)), we see that py(xs, x;) is the value of
the program

N

minimize Z |2kl
k=1
N

subject to Z(Aév)Tzk = e — €.
k=1

Sufficient conditions for optimality of the primal problem are given by (32),(33) and
(34) in Section 4 of [LVBL9§|. These conditions generalize the complementary slackness
conditions between the primal and dual solutions in the linear programming setting. That
is, a point u is optimal for if u is feasible for and there exists a dual-feasible
set {z }2_, such that u and {z; }_, satisfy

4] <1 = flaull =0 -
4] =1 = 2 = |t

If both the primal and dual problems are strictly feasible, then the generalized complemen-
tary slackness conditions are also necessary.

3.2.1 Assumptions

We now describe in detail our underlying assumptions on the data points, the manifold
M and the kernel K. These assumptions will be required to show convergence of the metrics

{pn}n.
Assumption 3.2.2. (Data Point Assumptions)

1. The data points {z;}32, are independent random variables sampled from a distribution
Pon M. Dy ={xz;,...,2x} denotes the first N points of this set.
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2. We suppose P has density p € C3(M) with respect to the natural volume element
dvolys on M, and p is bounded below by some ppi, > 0 on M.

Assumption 3.2.3. (Manifold Assumptions) We assume M is an m-dimensional compact
manifold and is isometrically and smoothly embedded in R™. The embedding allows us to
think of the tangent spaces to the manifold as hyperplanes in R" and we can use the usual
Euclidean inner product on R™ to put a Riemannian inner product on these tangent spaces.
In addition, we will assume our m-dimensional manifold M satisfies the conditions from
Assumption 1 of [HAvLO5| which we restate here:

1. The boundary M of M is empty.
2. M has a bounded second fundamental form.
3. M has bounded sectional curvature.

4. For any x € M, the regularity radius r at x is defined by

1
r(o) =sup {r > 00 o =yl = jilenn) € Bulon) |

We assume r is continuous and for any x € M, r(z) > 0.

5. for any x € M, o(x) == inf 5, |x — y|| > 0 where inj denotes the

x,% min inj(z),r(z)) ’
injectivity radius x.

We suppose also that we have have a kernel K satisfying Assumption 2 of [HAvLO5|,
which we also restate here.

Assumption 3.2.4. (Kernel assumptions) K : R, +— R is measurable, non-negative and

non-increasing. In addition,

1. K € C}(R,). In particular, this implies K and B;Tfff are bounded.

2. K, |%—[§| and |%2TI§| have exponential decay; that is, there exist ¢, a, and A in R, such

that for any ¢ > A, f(t) < ce™®!, where f(t) = max{K(t),|%|(t), |%1I§|(t)}

These assumptions allow us to apply the machinery from Theorem 4 of [THJ11] and The-
orem 3 of [HAvLO05]. Both of these theorems show convergence of weighted graph Laplacians
to a weighted Laplace-Beltrami operator on M.

Under these assumptions, we conjecture the sequence {py}y converges in the following
sense.
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Theorem 3.2.5. Let dy denote the geodesic distance metric on M. Then
Jdim {|Chy - pv = dutloyxpylloe = 0 acs.

where {hy} is an appropriately defined sequence of bandwidth functions going to 0 as N —
oo, and C is a constant depending on M and K. In particular, C = +/Ms/2My where

= Jom K(|ylI*)dy and M, = [,.. K(|lyl*)yidy. For the lower bound estimates, we
requzre that impy_, o hm — 0.

log N

We let py = %p]\f denote the rescaled metric. In the next section we prove d, is a

limiting lower bound for the sequence {py}n in the sense that da|pyxpy < pv + O (hy).
In section we give some heuristic arguments for why d is a limiting upper bound, but
we have not yet found a rigorous proof.

3.3 Lower bound limits for the graph Carathéodory
metric

In this section we prove the geodesic metric d, is a limiting lower bound for the rescaled
Carathéodory metric in the sense of the following proposition.

Proposition 3.3.1. As above, let py := 2]\4720}1 - pn. Then almost surely

Admlpyxpy < P+ O (hy)

where O (hy) is a function depending on M and ||pl|¢s. For any k € N, the norm || - ||k (a4
s given by

Hchk(M) = sup |Oof(7)]

|a|<k,xeM

where o« denotes a multi-index.

We first note that by (3.2.6))

1
Chy - py = sup{Chuy(us —w) : 5 Y (s —up)’ps < 1,1 <k < N}
. ' (3.3.1)
= sup{us — uy : 3 Z(Uz — uk)kai < CQh?\,, 1<k<N}

%

The proof of Proposition m centers around estimating the limiting value of the left hand
side of the constraint in as N — oo.
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If we let Py = + Zfil 0, be the empirical distribution on Dy, then we can rewrite the
left hand side of the constraints in the problem in the form:

— Z — uy) pk:i = % <% Z(Ui - Uk:)QKh(xkvwi)> ( 1 1 >

: sz Ky (zp, ;)
— ~Py ((F) = w)? Kz, ) m

2
where we let Q(¢) := Eg|¢] for any measure () and any function ¢ integrable with respect to
this measure. The limiting behavior of this constraint is established in the following lemma.

Lemma 3.3.2. Suppose f € C®°(M) and let uy := f|p, € RN denote the restriction of f
to the data points Dy. Suppose hy | 0 as N — oo, and limy_, h]T(‘,HlOJgVN — 00. Then we
have almost surely for all k =1,..., N

)

%Z(M N Uk)2pki - %PN (<f() B uk)QKhN(zk’ )) PN(Khi@k, 9))

M.
~ (VIR ) i+ o)

(3.3.2)

where O(h%;) is a function of ||f|lcs, ||pllcs and M, and a bounded function in xy.

To prove Lemma we make use of Proposition 2 of [HAVLO5|, which gives esti-
mates for integrals of functions against the kernel K with respect to the measure P. For
completeness, we reproduce the proposition here.

Proposition 3.3.3. if M satisfies Assumption and K satisfies Assumption and

if P satisfies Assumption (2) of [3.2.9, then we have for any v € M\OM there exists an
ho(z) > 0 for any g € C*(M) such that for all h < hy(z),

CP (K, )g()

= Mop(z)g(x) + %2Mz <p(w)g(l’)

1
—R+ 5” Z I1(0a, 0a) ”%zR"

+ 2<A(pg)><:v>> +O(n?).

where R is the scalar curvature, My := [o.. K(||y||*)dy < oo and My := [g.. K(|lyl|*)yidy <
0o, and O(h?) is a function depending on z, ||g|lcs, and ||pl|cs.

Remark 3.3.4. When M is compact and without boundary, as in our situation, the estimates
in Proposition are uniform in z, so that we can remove the = dependence of O(h?). For
example see Lemma 8 of [CLOG] which states similar result to Proposition [3.3.3] but with
estimates uniform in x for all z bounded away from M, which is empty in our setting.
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Proof. (Lemma [3.3.2)) The proof is done in two steps. First, we show that the quantity

1PN ((fC) = un)* Ky (zx,)) PN(Khl (@, "))

2

can be estimated with the quantity

1

2P (U0) = w) Ky (i, )

1
P(Kpy (Tk,-))

with error O (h3;). Next, we apply Proposition to show that this quantity in turn
estimates (2]\/[720|V f(xy) |2> h3% with error that is also O (h3;). To simplify notation throughout

this proof, we will leave the depedence of hy on N implicit and instead write just h. We
now investigate the convergence of the integrals with respect to the empirical distribution
Py . In particular, we need to show

P((f() = flzn))*Kn(wr, ) Pn () = [ (o) * Kn(2s, )
P(Kp(z, ")) Pn(Kn(z,-))

i s
m Ssup -5
N—oo kE[N] h3

‘ =0 a.s.

(3.3.3)
where the convergence is uniform for f € C*(M) such that |[Vf|> < 1. By the triangle
inequality, for any = € M we have the bounds

L | P((fC) = flan)* Knxr, ) Pn () = flar)* Knlzr, -))‘

h? P(Kp(xy, -)) Py (K (g, 7))
1 1 9 5
< | ra| e 1P G0 = @K ) = P (0 = SR )
! R IR I B
*[ers 00 100860 ey~ TR

(3.3.4)

The quantity

h,,ig (P ((f() = f(@))* Kn(z, ) = P ((f() = f(2))*Kn(z,)))

. 1 N
we can rewrite as ;o5 > Z;, Where

Zj(x) = = ((f(25) = f@)* K, ) = P ((F() = (@) Kn(w,)))

are 1.i.d. centered random variables.
Then we have the following bounds for all j =1,..., N and x € M

&

8
1Zj(z)] < N|Kmax|\CM|2 =
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where K. and Cy are constants such that K(+) < Ky < 0o on M, and f(-) < Cy < o0
for all f € C>°(M) with |[Vf|*> <1 and f(z;) = 0 for some z; € D. By the compactness of
M it is possible to choose Cy to be finite.

Furthermore, the proof of Theorem 3 from [THJ11| shows that the first and second
moments of K" are O (h™2), so we can bound P[Z;(x)?] by

hm+2
N2

P[Z;(x)%] :== Var(%Kh(a:,mj)) < Oy

for some constant Cy < 00.
Then an application of Bernstein’s inequality shows for all x € M and € > 0,

P 1 N <9 3hm+4€2
€ S zexXp | —
G b 63000, P1Z;(x)?) + 25t hm+3e

<9 3th+4€2
ex —
= 2P\ TG0, 1 20 hmtBe

Since this holds for all z, by a union bound we have that for arbitrary collection of N points

ykGM (/C:L,N)
3th+4€2

< 2N — . 3.3.5

{53]13 hmts Z 6} =IO < 6Chm+ 1 2clhm+36> (8:3.5)

A sufficient condition for the left hand side of (3.3.5)) to be summable in N is that

N
m+4__ "'
Nh_r)r(lxjh g N — 0. (3.3.6)

If we replace the points y; above with the random variables z; for k = 1,..., N, then by the
Borel-Cantelli lemma

J\}l—{noo# ‘PN ((f(') - f(ﬁk))QKh(ka’ ')) - P ((f(') - f(l"kz))th(fk» ))‘ =0 as.
(3.3.7)

uniformly in k£ and in f. To estimate the second term of , we again apply the bounds

|- — 1] < CJt| with a = 5 P(Kp(x,-)) = Mop(z) + O(h?) > Mopmin + O(h?) > 0 for h

a-+t
small enough, and ¢t = PN(Kh(:Bk, ) — P(Kp(z, ), we see that

1 1 1
0 | s P (K, ) #P<Kh<$v>)' _O<

By an argument identical to the one above, we can show

1

P i) = P, ) )

lim sup | Py (Kp(zg, ) — P(Kp(zg,-))| =0 as. (3.3.8)

N—)ooke[ ]h m+3
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since (3.3.6) holds by assumption.
Then for all x € M and for all small enough h > 0,

s <
i P(Kn(z,-)) = Mopmin

+ O(h?) < (3.3.9)

by Proposition [3.3.3] Furthermore, we have the estimates

S Py () — F@))* (e, ) < AMopuasChy < o0 (3.3.10)

Combining (3.3.7) with (3.3.9)) shows the first term on the right hand side of (3.3.4)) converges
a.s. to 0. Similarly, (3.3.8) and (3.3.10) show the second term also converges a.s. to 0. This

proves (8:3.3).

We now show convergence of the quantity

1

§P ((f() - uk)QKhN<xka ))

-
P<KhN (xlﬁ ))

For the function g(-) = (f(-) — ux)?, we have

Vo) = 2(f() —w) VS(),
Ag(-) = 2(f() —u)AFC) +2IVFC)™

In particular, g(z;) = 0, Vg(zx) = 0, and Ag(zy) = 2|V f(zx)]?, so applying Proposition
to g we have that

P (K ) = 16 2w 1)) + O

2

= M (plan) () on) + 2(VP) () (V) () + (Ap) an)go)) + O,
= 1Mop() [V o0) P+ OUF),

(3.3.11)
Applying Proposition [3.3.3| with f = 1:
1
h—mP(Kh(mk, ) = Mop(ax) + O(h?). (3.3.12)

Thus, P(Kp(xk,+)) > Mopmm + O(h?) > 0 for h small enough. The first order Taylor
expansion of the function f(x) = 1/x centered at a # 0 shows

1 1
——‘ < Clt
a+t a
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for ¢ in a neighborhood of 0. If we apply this bound with a = P(Kj(zx,-)) and t =
7= P(Ky (g, ) — Mop(xy,) it follows that

1 o
L P(Kp(zr, ) Mop(

By multiplying (3.3.11)) and ((3.3.13]),

1

Mop(xy,) + o).

(3.3.13)

i o (himP(Kh(xk, ) — Mop(a:k)) _

11 1
——P ((f(-) — w)* Kp(z, - h*+O(h%). (3.3.14
Combined with (3.3.3)), this proves Lemma [3.3.2] O

We are now able to prove Proposition [3.3.1}

Proof. (Proposition [3.3.1)) We first introduce some new terminology. A function f € C*(M)
is said to be dy-admissible if |V f|* < 1. in other words, f satisfies the constraints of the
optimization problem

sup{u(x) —u(y) : |u € C*(M),|Vu| <1} (3.3.15)

whose optimal value is the geodesic distance da(x,y). Likewise, a vector u € RY is py-
admissible if u satisfies all the constraints of the primal problem (3.3.1)). That is,

= Z — uy,)’pri < C°h3
for 1 <k < N. Suppose f is dp-admissible, and let u := f|p,. Then by Lemma m

-Z = ) pkl2j\]\4/[0h2_\Vf(:Bk)| L O(hy) <1+ O0(hy). (E=1,....N)

This shows that if f is d-admissible then \/#@V) is py-admissible. Since the problems

(3.3.1) and are invariant under translations f +— f + ¢, without loss of generality we can
assume f(zo) = 0 for some fixed 2o € M. Now the set

S:={feC*M), f(xo) =0, |Vf| <1}

is uniformly bounded in C*(M). Since the value of O (hy) depends on f through || f||c,, it
is uniformly bounded over all ds-admissable f.

Now
U

H—(’)(hN) =u+uO(hy) = u(l + O(hy))
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since u = f|p, can be bounded uniformly for all N and for all f € S. So we have shown
that every d-admissable function f defines a py-admissable vector f|p, (1+ O (hy)). Fur-
thermore, the difference between the objective function of the problem for (3.3|) evaluated at
f and the objective function of the problem ([3.3.1)) evaluated at f|p, (14O (hy)) is O (hy).
It follows that dM|DN><DN S ,5]\[ -+ O(hN)

O

3.4 Uppper bound limits for the graph Carathéodory
metric

In this section we provide some heuristic arguments which suggest why the geodesic
metric may be a limiting upper bound for the sequence of metrics {pn}n. In the previous
section we showed that d( was a limiting lower bound for {py}x by examining the limiting
behavior of the constraint for the rescaled primal problem (3.3.1). We will analyze the
rescaled dual problem to try to establish upper bounds for the metric py. Consider the

rescaled primal problem:
. M.
maximize 4/ 2_]\420hN<€t —e)lu

subject to |[Aul| <1, 1<k<N.
It is equivalent to the problem:

maximize (e; — es) u

M. (3.4.1)
subject to [|A u|| < 2. < N.

The corresponding dual problem is given by

M Y
L 2
v | - E
minimize < 7 N) 2 Il 2kl
N - (3.4.2)

subject to Z(Aiv)Tzk = e — €.
k=1

From the complementary slackness conditions , we know that if «* is the optimal
solution for the primal problem , then the optimal dual solution (z;)Y | has the form
2t = ¢, AN u*, for some constants {cg }o_ .

The strategy we propose for attempting to show d, is a limiting upper bound for the se-
quence {py}y is the following. We estimate the primal optimal solution «* with the function
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dm(xs,+)|py, which we can identify with the vector (daq(xs, 9@3))5\;1 By the complementary

slackness conditions (3.2.8)), we will in turn estimate the dual optimal solution (z})Y_, by
(zx)Y_,, where
(3.4.3)

for some constants {c;}2_, which are yet to be determined. Without loss of generality, we
can assume that (2;)Y_, is a feasible point for a perturbation of (3.4.2)) which has the form

[ M. al
L 2

Ay |-
minimize ( o0, N) ,;:1 IEA

N
subject to Z(Afcv)Tzk =e —es+Uyn
k=1

Zp = CkA]iV (dM (-7737 xj))j'vzl

(3.4.4)

where
N

VN (= Z(A]k;\[)TZk — (€t — 63).
k=1
We want to show that as N — oo, the optimal value of (3.4.4)) approaches d(zs, z;) and
also that the difference between the optimal values of (3.4.4)) and (3.4.2)) goes to 0. That is,
we need to find a set of constants {c }5_, such that

N
. M, ) -
A ( QMOhN) ; 12l = da(ws, 2)| = 0 (3.4.5)
and . N
. M, By )
Jlim (x/QMOhN> > Ikl = X latl| = (3.4.6)

where (z;)&_, is optimal for ([3.4.4)), and the convergence holds either almost surely or with
probability going to 1 as N — oo. Furthermore, we want these bounds to be uniform

in the indices s,t € [N] of the objective functions of (3.4.2) and (3.4.4)). Since (3.4.4)) is

a minimization problem, the objective value of any point feasible for (3.4.4) is an upper

bound for the optimal value. In particular, ( QMWQOhN> -V |zl is an upper bound

for ( I hN) DI (kAR holds, then (\/ e hN> S |IZk]| would also be an
approximate upper limit for the optimal value of the unperturbed problem (3.4.2)). Combined
with (3.4.5)), this would show that the geodesic distance du(z,, x;) is an approximate upper
bound for py.

We now investigate selecting constants ¢, to make hold. Let v denote a path
length minimizing geodesic from x, to x;. We will assume the coefficients ¢, have the form:

1 2M,

Ck
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for some gy > 0 which are chosen so that

Zui =l = dpm(zs, 21) (3.4.8)

where |y| denotes the arc length of 7, and the last equality holds because 7 is a geodesic.
For this choice of ¢, the dual objective function evaluated at (zx)i_; is given by:

() - (BB e 222

k=1
In the second equality, we applied Proposition with f(-) = dap(zs, ) to show

A (A (s, xj));\f:1
hy

(3.4.9)
(Zﬂk> (14O (hy)) = dp(zs, ) (1 + O (hy)) .

AY (dpls, )0y 1P M
|| k<M<h2 Dia I _ S|V )+ O (h)
N

followed by the first order Taylor expansion of the function f(z) = /x centered at a # 0,

which shows
[Va+t—+a| <Cltf

for ¢ in a neighborhood of 0. We apply this with a = 2]”720|Vd/\4 (7s,+)|> and t = hy, which
gives the estimate

IAY (alaw ) | [T
hy -V 2M,
since |V, dp(zs, )| = 1 for x # x.

+O(hN)7

The estimates in show that if we choose {c;}_, according to and (3.4.8),

our approximation for the dual solution, (2)N_, satisfies almost surely- with error
O (hy).

To show (3.4.6)) holds, we want to show first that the perturbation vy — 0 in some sense
as N — o00; then we must establish conditions under which this implies the optimal values

of (3.4.2) and (3.4.4) converge with high probability. To this end, we will show that vy

converges to 0 in a weak sense. That is, we will show
lim [(vw, flpy)| =0.
N—o0

for all f belonging to a set of test functions F which is yet to be determined.
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We begin by rewriting the constraint for (3.4.2). When {2z} has the form z; = ;A u
for some u € R, the dual constraint equation for (3.4.2)) becomes

N
ch(A{j)TA{fu = e — €.
k=1

Since AY = \/Lidiag(‘ /pr)(I — 1el), by expanding we see that

Z e (A A w = % Z e (I — e 1) diag(py.) (I — Teg )u’
k

k
1
9 Z Ck [(pkjuj) (pkjuk) (Z Pkl“l) ek + Utk
k

=1

Let f: M +— R, and let fr = f(x1). Then if we take the Euclidean inner product of the left
hand side of the above equation with the restriction vector (f;)_,, we have

—Z <ch (AT ANy, )jfj

= % Ck Zpkjujfj - <Zpkjfj> U — (ZPHM) Je + fruk
k L J J !

= % Cp. (Zpkjujfj — kak) - <Zpkjfj - fk) Ug — (Zpkluzk - UZ) fk]
k L\ Jj j l

B %ch [GN((f|DN i) (@) — u - Gy (floy ) (@) = fi - GN(U)(%)] :

As above, G = IIy — I denotes the generator of the random walk on Dy with transition
probability matrix II,,, and the vector u is viewed as the function u : Dy + R such that
u(zy) = ug. Then by taking the Euclidean inner product of the right hand size of the
constraint equation with (fi)Y_,, we see that the constraint equation S°7 | cx(AN)T ANy =
e; — e is equivalent to the weak form

%ch (G ((Flpy - w)i) () — e - Gav(Floy () = fi - Gu(w)(wn)] = fi = fo (3.4.10)

for all (fi)N , € RV,
Let us now investigate the limiting behavior of the left hand side of this constraint when
(fk)k 1 = f]pN for a sufficiently smooth f : M +— R. By Theorem 3 of [THJ11], if Ay — 0

(M)

A
|55 Cn (Blpy) — Aadlloc = 0 as (3.4.11)
N
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Here Ay := #div(pQgrad) denotes the 2-weighted Laplacian with respect to the density p.
By Theorem 1 of [HAVLO5|, the constant Zy 4 = % Then the left hand side of the weak
form of the dual constraint (3.4.10)) evaluated at (z;)i_, is given by

5 [AalT O daa(es ) 0) = daa( k) - Ao (02) = £ () - Baldaalrs, )0 + €]

(3.4.12)
where €x is the error depending on N, hy and f that was incurred by applying the estimate

(3.4.11).

To bound the error ea, we define the operator

2N @ =15 (577 [ e Eole S dvola) - 1))

where dy(2) = [\, 7= Kn(x,y)p(y)dvolr(y) is the continuous degree operator. From the
triangle inequality,

oM,
+ W;Ahgf(:c) — Aof

EA S ———
M,

%GMDN) ~ Anaf(2)

These two terms are known as the variance and the bias term respectively. By Theorem 1
of [HAvLO5] we can bound the bias term by

2M,
M;

Ah,2f($) —Aof

—0(r?),

where O (h?) is a function depending on || f|¢cs and ||p||¢cs. For the variance term, we have
by Theorem 2 of [HAvLO05] that for any € > 0 the probabilistic bounds

(

which shows almost sure convergence when NA™™ /logN — oo. If we replace € with € - h,
then this shows that + |-G n(f[py) — Ah,2f<$)‘ — 0 a.s. under the stronger condition that
N
Nh™6 /logN — oo. In this case, we have -Gy (f|py) = Apaf(2)+O (h) ). Hence, we have
N

that ex = O (h), and we can improve this bound to O (h?) if we allow NA™"8 /logN — co.
that we have shown the error ex goes to 0 under appropriate conditions, we now want to
show the sum

_Npmt42

1
Iy

Gn(floy) = Anaf(x)

26) < (CNe

% D [Da(FO) (s, ) (wr) = dpalws, i) - Do fax) = f(r) - Aa(dpa(s, ) ()]
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converges to f(z:) — f(zs). To do this, in addition to (3.4.8]), we require that measure p

given by
N
p=
k=1

converges weakly to the arc-length measure on ~. That is,

N
/M fdu = kz;fm)uk 5 / fdlly)

as N — oo for any f in our suitably chosen family of test functions, F. To find a measure
1 approximating the arc length measure of v, we apply Theorem 2.7 from [BCC™ 10|, which
states that for all 1 <« < =, there exists a ¢ > 0 with the following property: If range(y) =
v U---U~k is a decornp051t10n of range(7y) into disjoint pieces with length |v,| = w;, then
there exists a distribution of points {g;}*, with g; € 4; such that

Fla) = [ gl < e ma P31} 1 (3.4.13)
where || - |lwe.2 denotes the standard norm on the Sobolev space W*? of all functions in

L?(M) with weak derivatives up to order  with finite L*(M) norm.

We will say the §-sampling condition holds on the manifold M for the data points {z; }é\le
if for every point z € M, there exists a data point x; for which d(z,z;) < 0. For any 6 > 0,
when N is large, the d-sampling condition holds with high probability since the data point
density p(z) is bounded away from 0 by (2) of Assumption ( see the Sampling Lemma
in Section 4 of [BSLT00| for details). If we assume the d-sampling condition holds for some
d > 0, then for each ¢; (1 <@ < K), let ;) denote a data point such that da (@), ¢) < 0.
Then for any Holder continuous f : M + R we have the estimate

K K
> wil (wy) = o wif (@) < IFlE ol
= P (3.4.14)
<NFIE Y dualsiy a)wy < IIFNG -6 .
j=1
Here ||y — ¢;|| denotes the Euclidean distance of the extrinsic coordinates in R", and

we have used the fact that ||z — y|| < day(z,y). If we combine ) with (3.4.13) frorn
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Theorem 2.7 of [BCC™10], then we have the bounds

K
jzlef(%m) - /M fdinl| <

<|Ifflet -0+ Clglj%{l’m} Hwaw.

xv ])

f(g5) — /M fdiy)

(3.4.15)

Motivated by these estimates, let us define py in (3.4.7) by p,, = w; = || for j =1..., K,
and py = 0 otherwise, so that

K
=) pkba, = ) wibs .
k j=1

Then, if our family of test functions F is uniformly bounded in the Holder semi-norm || - [|o*
and the Sobolev norm || - [[yy1.2, and if the decomposition of v above is into pieces of length
17| = O(9), then pu weakly approximates the arc length measure d|y| in the sense that
| [y fdr— [, fdly]] = O (6) for all f € F.

Now since the measure p = Z]kvzl 104, approximates the arc length on «y, the above sum
is an approximation for the integral

1
5 [18a( - dad ) = daa )+ Baf = f - Badualz )| (3.4.16)
-
where by (3.4.15)), the error incurred from this estimate is O (5) provided we have uniform
bounds on Ay(f - dp(ws,-)) and Agf in the semi norm || - | and the norm || - [y for

all f € F. Or equivalently, F should be uniformly bounded in || - [|¢* and in || - [Jws2. To
simplify this integral, we will make use of the following identities (see for example page 152
of [Cha06]):

div(fVg) = f-Amg+(Vf,Vyg)
Ap(f-9) = fF-Aug+2(V Vg +9-Amf

By the first equation, it follows that
..
Asf = Edw(p V) =Amf + <Vp V) =Amf+- (Vp, V).
Hence,
s
=Aum(fg) + ]—)Wp, V(f9))

—9uf + FBug+ 2L V) + 9L VS + (L V)

= gAsf + fAsg+2(V [, Vg).
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Applying this identity to the integral (3.4.16]) shows it is equal to

/ (Vf, (s, ) d ] (3.4.17)

v

Without loss of generality, let us assume that « is parameterized by arc length so that
7(0) = z,, and Y(dp(zs, 7)) = x¢. To further simplify the integral (3.4.17), we will show
that Vda(xs,v(1)) = +'(1) by an application of Gauss’ lemma. In order to prove this fact,
we will need to make use of Theorems 14 and 15 in chapter 9 of [Spi79], which we reproduce
here.

Theorem 3.4.1. For every p € M there is a neighborhood W and a number ¢ > 0 such that

1. Any two points of W are joined by a unique geodesic in M of length < €.

/

2. Let v(q,q") denote the unique vector v € T,M of length < € such that exp,(v) = ¢
Then (q,q') — v(q,q') is a C* function from W x W — T M.

3. for each ¢ € W, the map exp, maps the open e-ball in M, diffeomorphically onto an
open set Uy, O W,

and

Theorem 3.4.2. (Gauss’ Lemma). In U,, the geodesics through q are perpendicular to the
hypersurfaces
{exp,(v) : ||v]| = constant < €}

Now let v(1),0 <1 < dp(xs, z;) denote an arbitrary point on the curve 7. Let W denote
a neighborhood of 7(l) satisfying the conditions of Theorem for some € > 0. Now
choose [~ < [ sufficiently close to [ so that v({~) € W. By (1) of Theorem ~(l) and
v(l7) are connected by a unique geodesic. Clearly, this geodesic must be the segment of v

connecting (1) and (7). If we let v (y(I7),v(l)) be as in (2) of Theorem [3.4.1 then by
Gauss’ lemma, at the point 7([), the curve v is perpendicular to the hypersurface

{exp, -y (0) < ol = llo (v7), v (D) I} = {p € M : dma(7(17),p) = dp(v(I7), 7(1)}
= ,y(l—)(dM('Y(l_>7V(Z))7d./\/l)7

where we let S, (r, d)denote the sphere in M centered at p with radius r under the metric d. In
other words, +/(1) is orthogonal to the level set of da(v(17), -) passing through (1). Since this
level set is a hypersurface, its orthogonal compliment has dimension one, which implies that
/(1) is parallel to Vda(v(I7), )|y, which is also orthogonal to the level set of da(y({7),-)
passing through ~(I). From this fact we can then reach our desired conclusion that +/(1)
is parallel to Vda(zs,-)|y@) by proving that the spheres S,, = S, (dm(zs,7(1); dag) and
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Sy = Sy (dam(¥(I7),v(1)), dp), which both pass through v(I7), have the same tangent
space at y(I7).

Now suppose we fix a tangent vector v € TS, and let ¢ : (—¢,€) = S,;-) be
a curve with ¢'(0) = v, and thus ¢(0) = v(I). Then ¢'(0) € TS,y if dpm(v(17),¢(7)) =
dm(v(17), ¢(0)) for all 7 in some neighborhood of 0. Given an orthonormal basis {ey, ..., e}
of T,q—yM, by (3) of Theorem , we can define a chart n : W — R? by n(q) =
((explw)'q,e;) which establishes Riemannian normal coordinates around ~(I7) (See page
90 of [Cha06]). From n, we can naturally define a polar coordinate chart on W by ¢ = (r, ),
where r is the radial parameter and 6 = (04,...,0,,_1) is a parameterization of the unit
(m — 1)-dimensional sphere. If we let ¢ oc(7) = (r(7),0(7)) denote the representation of the
curve in spherical coordinates, then an equivalent condition for C'(0) to be in TS,y is
r'(0) = 0. By the triangle inequality, we have

dp(zs, (1) = dp(s, (7)) < dpa(zs, (7)) + dpa(v(17),7(1))
=dpm(zs,y(I7)) +7(1) VT € (—¢,€).
Also,

dp(ws,7(0)) = dm(s,7(1)) = daa(@s, (7)) + dm(Y(I7), 7 (1) = dm(zs,7(17) +7(0)

where the second equality holds because y(I7) lies on the geodesic from z, to (). From
these two equations, it follows that r attains a local min at 7 = 0, and hence '(0) = 0
as desired. Also, v € T(;)S,-), which implies T’,)S,,) € Ty1)Su-). Furthermore, since
both vector spaces have dimension m, we actually have that T.,)S,,) = T51)S,q-), which
leads to our conclusion that /() is parallel to Vda(zs,-)|,q) because we showed above
that it is parallel to Vda(v(I7,-)|[5@)- So there exists a real valued function  such that
Vdm(xs, )|y = £(1)y'(1) for all I € [0, dam(zs,2,)]. Now, since 7 is parameterized by arc
length, it follows that

1= %d/\/l<x877<l)) = (Vdum(@s, )by, 7' (1) = (=Y (1), 7'(1) = sy (O* = K1)

Thus, Vd (s, -)|yq) = 7'(1). Finally, we can use this fact to compute the integral (3.4.17)

5
o) 5

dm(ws,zt)
= [T @ ola= [ Zrama

= J(V(dm(zs, 1)) = f(7(0)) = f (1) — f(zs).
By the definition of vy in (3.4.4)), it follows that |(vy, f)| — 0 for any f € C*(M). To attain

bounds uniform for f € F, we need F to be uniformly bounded in || - ||* and || - [|ys/2.
Heuristically, this shows that the perturbation vy is in some sense small for large N. It
remains to show rigorously that these estimates can be used to show (3.4.6) holds. This

question is open for further study.
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