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Stable Algorithms for Large Sparse Eigenvalue Problems

Abstract

In this dissertation, we consider the symmetric eigenvalue problem and the buckling eigen-
value problem. We study existing algorithms and propose stable variants for both eigenvalue
problems.

We first analyze Hotelling’s deflation for the symmetric eigenvalue problem Ax = Az,
where A is a symmetric matrix. Hotelling’s deflation is a technique to displace computed
eigenvalues of A. It is combined with an eigensolver to compute a partial eigendecomposition of
A. Numerical stability of Hotelling’s deflation is not well understood. In this dissertation, we
derive computable upper bounds on the loss of orthogonality of computed eigenvectors and on
the backward error norm of computed eigenpairs. From the upper bounds, we identify crucial
quantities associated with the shifts and derive sufficient conditions for the backward stability of
Hotelling’s deflation. Based on these results, we propose a shift selection scheme for stabilizing
Hotelling’s deflation.

Next we consider the buckling eigenvalue problem Kz = AKgx, where the matrix
K is positive semi-definite, the matrix K is indefinite, and the matrices K and Kg share a
common nullspace. When K is positive definite, the shift-invert Lanczos method is a widely
accepted method for the buckling eigenvalue problem. However, in our case, there are two issues
associated with the method. First, the shift-invert operator (K — o Kg)~! does not exist or
is ill-conditioned. Second, the Lanczos vectors fall rapidly into the nullspace of K. The inner
product induced by K leads to rapid growth of the Lanczos vectors in norm. The large norms
introduce large round-off errors to the orthogonalization process, leading to loss of accuracy of
compute solutions and even break down of the method. In this dissertation, we address these
issues by generalizing the buckling spectral transformation to the singular pencil K — AKg and
regularizing the inner product to bound the norms of the Lanczos vectors. We propose a shift-
invert Lanczos method for the buckling eigenvalue problem and develop a validation scheme

using inertias.

vi



Acknowledgments

First of all, I want to thank my advisor, Professor Zhaojun Bali, for guiding me over the past
years. His knowledge, insight and patience are the biggest help and support for my graduate
study. I also want to thank Professor Patrice Koehl and Professor James Bremer for serving
on my qualify exam committee and dissertation committee, and Professor Naoki Saito and
Professor Mark M. Rashid for serving on my qualifying exam committee.

This dissertation would not be complete without the help from many people. My
special thanks go to Dr. Roger Grimes from LSTC and Dr. Ben-Shan Liao from Siemens PLM.
Dr. Roger Grimes provides the industrial example for the shift-invert Lanczos method. Dr. Ben-
Shan Liao shares his experience and provides some benchmark examples in industry. I also want
to thank Professor Patrice Koehl, Professor Ding Lu, Professor Ren-Cang Li, and Professor
Huiqing Xie for their contributions to the dissertation. Professor Patrice Koehl shares the data
from biological analysis. Professor Ren-Cang Li shares his thought on Hotelling’s deflation. Pro-
fessor Ding Lu gives helpful suggestion leading to significant improvement of the analysis. The
theoretical work by Professor Huiging Xie is used to develop the shift-invert Lanczos method.

Beyond my graduate study, my parents and sister are always supportive for any deci-
sion I made. They accompany me to overcome many difficulties.

I had the fortune to meet some interesting people. They enrich my life during my
graduate study. Especially, I would like to send my best wishes to Zhongruo Wang, Yunshen
Zhou, Chengming Jiang, Luan Nyengen, Chih-Fan Chen, Jingyang Shu, Yanwen Luo, Xiaochen
Liu, Jiawei Wang, Haotian Li, Chen Ji, Bohan Zhou, Yiqun Shao.

This work in this dissertation was supported in part by the NSF grant DMS-1913364.

vil



Chapter 1

Introduction

1.1 Motivations

An algorithm follows a set of well-defined procedures to solve a mathematical problem.
In finite precision arithmetic, however, behavior of algorithm could depart significantly from
the theoretical expectation. Naive implementation would lead to instability of the algorithm.
In this dissertation, we consider the symmetric eigenvalue problem and the buckling eigen-
value problem. We study existing algorithms and propose stable variants for both eigenvalue
problems.

We first analyze Hotelling’s deflation for the symmetric eigenvalue problem Ax = Az,
where A is a symmetric matrix. Hotelling’s deflation is a technique to displace computed
eigenvalues of A. It is combined with eigensolver to compute partial eigendecomposition of A. In
the literature, numerical stability of Hotelling’s deflation is not well understood. In the book [35,
p. 585], Wilkinson comments that Hotelling’s deflation has poor numerical stability. Parlett
argues that, when deflating out the largest computed eigenvalue, the change to the smallest
eigenvalue in magnitude would be at the same order of the round-off error incurred [26, Sec. 5.1].
Saad observes the loss of orthogonality of computed eigenvectors and proposes reorthogonalizing
computed eigenvectors before applying deflation. Saad performs a backward stability analysis
of this variant, and claims that the stability is determined by the angle between the computed
eigenvector and the deflated subspace [27]. In this dissertation, we demonstrate that the stability
of Hotelling’s deflation is determined by spectral gap and shift-gap ratio. We propose a shift
selection scheme for stabilizing Hotelling’s deflation.

Next we consider the shift-invert Lanczos method for the buckling eigenvalue problem



Kz = MKg. The shift-invert Lanczos method is a Krylov subspace method with spectral
transformation. It is a widely accepted method to compute solutions for structural analysis.
The use of the inner product induced by a positive semidefinite matrix is common in practice.
We refer to [16] and the references therein for further detail.

The buckling eigenvalue problem arises from a buckling analysis of structure . The
problem has the properties that the matrix K is positive semi-definite, the matrix K¢ is indefi-
nite, and the matrices K and K share a common nullspace. The shift-invert Lanczos method is
not applicable since (1) the shift-invert matrix (K — o0 Kg) ™! does not exist or is ill-conditioned
and (2) the Lanczos vectors fall rapidly into the nullspace of K. The inner product induced by
K leads to rapid growth of the Lanczos vectors in norm. The large norms of the Lanczos vectors
introduce large round-off errors to the orthogonalization process, leading to loss of accuracy of
computed solutions and even break down of the method [23,25,33].

In the past, the norms are controlled by restricting the Lanczos vectors to a proper
subspace [23,25]. A modified formula is also proposed to improve the Ritz vectors [25]. These
techniques however can not stop the unbounded growth of the Lanczos vectors. In this disser-

tation, we develop alternative strategies to address these issues.

1.2 Contributions

The main contributions to the analysis of Hotelling’s deflation are as follows.

1. We derive computable upper bounds on the loss of orthogonality of computed eigenvectors

and on the backward error norm of computed eigenpairs.

2. We identify crucial quantities associated with the shifts and derive sufficient conditions

for the backward stability of Hotelling’s deflation.
3. We propose a shift selection scheme for stabilizing Hotelling’s deflation.

Through numerical experiments, we demonstrate the sharpness of our bounds, and the effec-
tiveness of our shift selection scheme.
Next we address the issues associated with the buckling eigenvalue problem Kx =

AKgz. The main contributions on this part are as follows.

1. We generalize the buckling spectral transformation to the singular pencil K — A\Kg.



2. We regularize the inner product to bound the norms of Lanczos vectors.

We propose a shift-invert Lanczos method for the buckling eigenvalue problem and provide an
implementation of the matrix-vector product based on the scheme in [3]. A validation scheme
using inertias is developed. The efficacy of our method is demonstrated by a numerical example

from industrial analysis.

1.3 Organization

This dissertation is organized as follows. In Chapter 2, we introduce backgrounds and
theoretical tools. In particular, we introduce Lanczos method and several of its variants. In
Chapter 3, we present analysis of Hotelling’s deflation for the symmetric eigenvalue problem
Ax = Az. In Chapter 4, we propose a shift selection scheme for Hotelling’s deflation and present
the numerical results. In Chapter 5, we address the issues with the buckling eigenvalue problem

Kx = AKgz. The efficacy of our strategy is demonstrated in Chapter 6.

1.4 Notation

Throughout this dissertation, capital letters are matrices and lower case letters are
vectors or scalars. Iy is the k-by-k identity matrix. e; is the jth column of the identity matrix
Ir. X7 is the transpose of the matrix X and X7 is the inverse of the transpose X . det(X)
is the determinant of X. ||-||; and || - ||2 are matrix or vector 1-norm and 2-norm, respectively.
|| - || is the Frobenius norm. R(X) is the range of X and N(X) is the nullspace of X. S; & Ss
is the direct sum of two subspace S; and Sy. S* is the orthogonal complement to a subspace
S. Ps is the orthogonal projection onto a subspace S.

We also use the machine epsilon e, which is the gap between 1 and the next largest
floating point number. We use the Big O notation O(+) to state the order of magnitude. Other

notations will be explained as used.



Chapter 2

Preliminaries

We first provide backgrounds for the rest of chapters.

2.1 Eigenvalue problems

2.1.1 Symmetric eigenvalue problem
The symmetric eigenvalue problem (SEP) is of the form

Az = Az, (2.1)

where A is a n-by-n real-valued symmetric matrix. The eigenvalues of the symmetric matrix A
are denoted by
A(A) = {\ | det(A — \I) = 0}.

If A € A(A) and z is a nonzero vector satisfying (2.1), we say x is an eigenvector corresponding
to the eigenvalue .

The symmetric eigenvalue problem (2.1) has n real eigenvalues
A< A << Ay, (2.2)
and there exist real eigenvectors X = [x1,x9,...,x,] € R™*" satisfying
XTAX =A. and X'X =1,

where A = diag(A1, A2, ..., Ay) [8]. The ordering (2.2) of the eigenvalues A; is used throughout

the rest of chapters.



2.1.2 Symmetric semidefinite generalized eigenvalue problem

The symmetric semidefinite generalized eigenvalue problem (SGEP) is of the form
Az = A\Bz, (2.3)

where A and B are n-by-n symmetric matrices and B is positive semidefinite. We call the
matrix pencil A—AB € R™*™ a symmetric semidefinite pencil. The eigenvalues of the symmetric

semidefinite pencil A — AB are denoted by
AMA,B) ={\|det(A—AB) =0}.

If A € M(A, B) and z is a nonzero vector satisfying (2.3), we say x is an eigenvector corresponding
to the eigenvalue .
When the matrix B in (2.3) is a positive definite matrix, the generalized eigenvalue

problem (2.3) is equivalent to the symmetric eigenvalue problem
L7 YAL Ty = My,
where B = LL" is the Cholesky factorization and y = L™ x. Therefore, it has n real eigenvalues
A< A< <y,
and there exist real eigenvectors X = [z1, z9,...,x,] € R™*" satisfying
XTAX =A. and X'BX =1,

where A = diag(A1, A2, ..., An).
When the matrix B in (2.3) is positive semidefinite, the following decomposition is

derived by Fix and Heiberger [13] to analyze the generalized eigenvalue problem (2.3):

Lemma 2.1. For a symmetric semi-definite pencil A — AB, there exists a non-singular matriz

W e R™™ " such that

ne  ma ma mo ma no  mi na mo ma
no | Ao Aor Apz © 0 no | Ing
m | AfL An Ap m In,
WTAW =, | AL, AT, W and WI'BW = ,, 0 :
no | © 0 no 0
ng |0 0 ns 0
(2.4)

where ¥ and © are non-singular, diagonal matrices with real diagonal entries.

5



From the decomposition (2.4), the finite eigenvalues of the generalized eigenvalue problem (2.3)

are the eigenvalues of the symmetric eigenvalue problem
(All — A12\P_1A’1T2)Z = Az.

We further analyze the decomposition (2.4) in Chapter 5.

2.2 Lanczos method

Lanczos method [5] is a projection method for the symmetric eigenvalue problem (2.1).

The method starts with a vector v € R" and builds up the Krylov subspace
ICITY(A, v) = span{v, Av, A%v, ..., Av}.

The symmetric eigenvalue problem (2.1) is projected onto the Krylov subspace K/71(A,v). At
each iteration, an orthonormal basis Vj41 = [v1,v9,...,vj+1] of KI1(A,v) is computed by
orthogonalizing the product Av; against the basis V;. The orthogonalization process generates

the Rayleigh Ritz projection T} = VjTAVj satisfying
AV = ViT; + Bjvjae; - (2.5)

By construction, the projection matrix T} is symmetric and tridiagonal. From (2.5), the basis

vector v;41 satisfies the three-term recurrence

Bjvj+1 = Avj = Bj-1vj-1 — ajvj, (2.6)
where
ar B
B s
T; =
Bj-1
! fi-t oy ]

The Lanczos method is summarized in Algorithm 2.1. To compute approximate eigenpairs

(A\i, x;), we solve the reduced eigenvalue problem
7}57; = 07;82'

by the QR algorithm [1] and set the Ritz pair (\;, z;) = (6;, Vjs;). From (2.5), the residual error

of the Ritz pair (\;, x;) can be estimated by



Throughout the rest of chapters, the basis vectors v; in the Lanczos method are referred
to as the Lanczos vectors. The decomposition (2.5) of the symmetric matrix A is referred to as

the Lanczos decomposition.

Algorithm 2.1 Lanczos method

1: r < v, where v is the starting vector

2: vg <0
3: Bo < |Irll2

4: for j=1,2,...do

5. v 1/Bj

6: r < Av;

7: T — 1051

8: a4 var

9: T AT — QU

10: perform re-orthogonalization if necessary
gl

12: Compute the eigenvalue decomposition of T
13: Check convergence

14: end for

15: Compute approximate eigenvectors of the converged eigenpairs

2.2.1 Loss of orthogonality

In the Lanczos method, the vector v;,1 is explicitly orthogonalized against the vector
v;. The orthogonality between the vectors v;;q1 and v;, i < j, is determined by the three-
term recurrence (2.6). Round-off errors however enter the recurrence (2.6) in finite precision

arithmetic. The equations satisfied by the computed Lanczos vectors v; become
Bivig1 = Avi — Bi—1vi-1 — v+ fi, i=1, ..., ], (2.7)

where f; € R" are the terms from the round-off errors.

From (2.7), for i < j, the inner products wy; = vavl satisfy

T T
Bjwigr1 = vj Avj = fjawij1 — ajwij +0; fj (2.8)



and
Biwjit1 = vj Av; — Bi1wji1 — aiwji +v) fi. (2.9)
Substracting (2.8) from (2.9), and using the symmetry of A, we have the difference equation

Biwijr1 = Biwirrj + (e — aj)wij + Biciwio1j — Bjwijo1 + v fj — filvy for i<
(2.10)
The difference equation (2.10) describes how the loss of orthogonality evolves in the
Lanczos method. From (2.10), the products w; j11, i < j, is a weighted sum of the products wy ;
and wjy j_1 from the previous two Lanczos steps; the terms vZT fj and fZ-ij from the round-off
errors introduce perturbation to wj j4+1. In exact arithmetic, we have the zero round-off errors
fi =0 and w;iy1 = vZTle = 0. From the difference equation (2.10), w; j4+1 = 0 for all i < j.
When the round-off errors are present, tiny products wy; are introduced through the terms
Wi it1, v;rfj and fiij. The nonzero products wy; are then propagated by the equation (2.10)
in the subsequent iterations. Potential instability of the difference equation (2.10) leads to the
amplification of the products w; j+1. The amplification results in the loss of orthogonality of
the Lanczos vectors v; [20, Sec. 10.6] [31].

Further analysis of the equations (2.7) leads to the well-known result by Paige [8,

p. 379] [26, p. 295]
T O(el|All2)

oFun = =2, (2.11)
]It

where x; = Vjs; is the Ritz vector. The result (2.11) tells that the Lanczos vectors v; are driven

toward the converged Ritz vectors.

2.2.2 Reorthogonalization

We discuss commonly used techniques at step 10 of Algorithm 2.1 to maintain the

orthogonality of the computed Lanczos vectors v;:

e Full reorthogonalization. The vector r is explicitly orthogonalized against the vectors
V; at each iteration of the Lanczos method. The orthogonalization is done using the

classical Gram-Schmidt
r e r— VJ(VJTT) (2.12)

The decrease in the norm ||7||2 after the orthogonalization is monitored. Additional or-
thogonalization by (2.12) is performed if ||7/||2 < %HTHQ [6].
8



e Selective reorthogonalization. From the difference equation (2.10), we compute an
upper bound Wy ; on the loss of orthogonality wy,; by

_ 1 _ _ _ _ -
Wij+1 = 3 (Biwis1, + v — a[@ij + Bia@i—1,j + Bj—1@ij-1 + f;)
j

where ?j is an estimate of the order of the terms v} f; — ffv; [31]. We orthogonalize the
vectors r and v; against the vector v; whenever @; j11 > /¢ [30] [31]. We refer to [16] and

the references therein for further details on the robust reorthogonalization technique.

2.3 Restarted Lanczos methods

In this section, we consider the Lanczos decomposition of a symmetric matrix A
AV = Vi Ty 4 Bmvmi1er. (2.13)

We discuss techniques to re-compute the decomposition (2.13) with refined projection subspace.

2.3.1 Implicit restart

Implicit restart [32] first computes a new basis Vn(llll through QR iteration of the

tridiagonal matrix T},. The QR iteration is the transformation
T = QI TnQ1,

where T, — pu1l, = Q1R; is the QR decomposition and p; € R is a shift. Implicit restart

computes the new basis V7£L1) by the orthogonal transformation
Vi = VQu. (2.14)

The orthogonal transformation in (2.14) serves to filter the starting vector v; by

W (A= paly)vr
vy = .
(A = pidm)vrll2

The new basis Vn(@l) satisfies the equation

Avn(ll) - ng)Trg) + BmUm1€5,Q1,

T
where the matrix T#zl ) = Vng) AVW(ZI) is the Rayleigh Ritz projection.

Implicit restart then continues QR iterations on the matrix Tr(n1 ) and updates the basis
Vn(q,l). At i-th QR iteration, i > 2,

T = QT VQ,
9



where Tr(,ffl) — pily, = Q;R; is the QR decomposition and p; € R is the shift, implicit restart
updates the basis V,,, by
VD =ViTNQs = Vin@1Qs .. Qi

After p QR iterations, p < m, the starting vector ng) is

P
(p) iz1 (A — pidip)vr
vy = . (2.15)
b TTL (A = i)l
The new basis V&p ) satisfies the equation
AVP) = vPIT® 4 g v BT (2.16)

where the matrix

(p) 3 Ep)

Qg

(» )
7@ — y@T g0 — O oy
m—1

5, off

is the Rayleigh Ritz projection and hT = el Q1Q> ... Qp-

To restart, implicit restart starts the Lanczos method with the filtered vector ng )

(2.15). We note that, in (2.16), each orthogonal matrix @; is upper Hessenberg, and the leading

m — p — 1 entries of the row vector hT are zero, i.e.,
A =el@Q1Q2...Qy =10, ... ,0,hg, ... ,hy), k=m—p,
Therefore, from (2.16), the leading k basis vectors of V,%p ), denoted by V,j, satisfy
AV =V T + (Blgp)vl(ezjgl + Brhioma)ep = ViF T + vl e
where T,j is the leading k-by-k submatrix of the tridiagonal matrix Tff ), and we can start with
the (k + 1)th step of the Lanczos method.
2.3.2 Thick restart
Thick restart [36] first solves the reduced eigenvalue problem
Tims: = 0;s;.

The desired Ritz vectors w;,, ... ,u;, are identified. Thick restart then starts the Lanczos

method with the vectors

Vk—:-l = [Ui’—, 71):’@]:——0—1] = [ui17 ,uik,vm_,_l].

10



The starting vectors V,:_FH satisfy the equation
T
AV = Vi Dy + Bt b7

where Dy, = diag(,, ... ,0i,), hT = e}, Sk and Sk = [si, --- 86,

i

In the subsequent iterations, Lanczos method builds the projection subspace
IC;H = span{ui,, ..., Ui, Um+1, AVm41, ... ,Aj_k/l)er]_}.
The orthonormal basis
Vjﬁ_l = [of, ... ,U,j,v,:;l, ,UJJ-FH]

of IC;[H is computed by orthogonalizing the product Av;-r against the basis Vj+. The orthogo-

nalization process generates the Rayleigh Ritz projection Tf = V;FTAV;r satisfying

AVE =VITE 4 glhot jef. (2.17)

The projection matrix TjJr now is symmetric and has the banded structure,

Brmh™ O‘ljﬂ ﬁlj—i-l
+ + +
Bir1 %2 Bige (2.18)
5;2 0‘;1 /8;;1

+ +
Bi1 o

From (2.17) and (2.18), the Lanczos vector v]'-:_l is computed by the recurrence

o Avf —ajof = Vi b i j=k+1,
i+1Vi41 =
Av]'-F —afol — B;-“_lv;-r_l if j>k+1.

To compute approximate eigenpairs, we solve the reduced eigenvalue problem

ITjJrSi = Qisi

and set the Ritz pair (\; = 0;,z; = Vj+si). From (2.17), the residual error of the Ritz pair
(A\i, ;) can be estimated by

I7ill2 = | Az — Niwill2 = 1851 - Isjil, 850 = €] si.

In finite precision arithmetic, we may perform full reorthogonalization to maintain the
orthogonality of the computed Lanczos vectors [39]. A selective reorthogonalization scheme is

developed in [36].
11



2.4 Shift-invert Lanczos method

Shift-invert Lanczos method [11,16,25] generalizes the Lanczos method to the SGEP
(2.3). The method computes the eigenvalues A and the associated eigenvectors x of (2.3) near
a prescribed shift o. It begins by converting (2.3) via a shift-invert spectral transformation into

the equivalent eigenvalue problem

Cr=(A—0oB) 'Bx=px, p=

o (2.19)

The spectral transformation (2.19) maps the eigenvalues A near the shift o into the extremal
eigenvalues p of C. Next, it is noted that C' is symmetric with respect to the inner product
induced by B. The Lanczos method is then run on C' to compute the eigenpairs (u, x) with the
extremal eigenvalues p.

The Lanczos method starts with a vector v € R™ and builds the Krylov subspace
K7(C,v). An orthonormal basis Vi1 of K/*1(C,v) is computed with the inner product

induced by B. The orthogonalization process generates the projection T = VjTBC'Vj satisfying

OV; = ViTj + Bjvjie; (2.20)
with
ar B
T = 1
Bj-1
I By ]

The Lanczos vector v, satisfies the three-term recurrence
Bjvj+1 = Cvj = Bj-1vj-1 — a;vj.

The shift-invert Lanczos method is summarized in Algorithm 2.2. To compute approximate

eigenpairs (\;, z;) of the original problem (2.3), we solve the reduced eigenvalue problem
TjSi = 9@81‘
and set (A, z;) = (9% + 0,Vjs;). From (2.20), the residue vector of (A, z;) is

,8'8"

J°J T

T, = Al‘l — )\ZBl‘Z = —— 5 (A — O'B)Uj.H, S]’i = ej S;.
7
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Typically, the extremal eigenvalues of C' are well separated. The eigenpairs (\;, ;)
near the shift ¢ converge after a few iterations of the shift-invert Lanczos method. At step 12 of
Algorithm 2.2, to maintain the orthogonality of the Lanczos vector v;, full reorthogonalization

performs the classical Gram-Schmidt
v — Vj(VjTBr).

Robust selective reorthogonalization schemes are developed in [16] [20, Sec. 10.6].

Algorithm 2.2 Shift-invert Lanczos method

1: r < v, where v is the starting vector

2: vg 0

3: p< Br

4 By (pTr)/?

5. for j=1,2,...do

6: vy /B

7: 7 < Cwj, where C = (A—0B)™'B
8: T <=1 — [Bj_1vj-1

9: p < Br

. . T
10: Qj < v p
11: T AT — Yy
12: perform re-orthogonalization if necessary

13: p <+ Br

14: ﬂj < (pTT’)l/Z

15: Compute the eigenvalue decomposition of 717
16: Check convergence
17: end for

18: Compute approximate eigenvectors of the converged eigenpairs

2.5 Hotelling’s deflation

Hotelling’s deflation [19] is a technique to displace computed eigenvalues of symmetric

matrix A. Given a computed eigenpair (A,z) of A by an eigensolver, Hotelling’s deflation

13



displaces the eigenvalue A by choosing a real shift ¢ and applying the low-rank update,
A=A+o- a2t (2.21)

The low-rank update (2.21) displaces the computed eigenpair (A, x) to an eigenpair (\ + o, )
of A" while the rest of the eigenpairs are not changed.

Hotelling’s deflation is originally combined with the power method to compute the
largest eigenvalues of A in magnitude [19] [26, Sec. 5.1] [28, p. 90] [35, p. 585]: we start with
computing the largest eigenvalue A and the associated eigenvector x of A by the power method.
We apply Hotelling’s deflation with the shift o = —\ to reveal the next largest eigenvalue A of
A. Then we compute the eigenvalue A by applying the power method to the low-rank updated
matrix A’.

Through the rest of chapters, Hotelling’s deflation is referred to as explicit external

deflation (EED).

2.6 Inertias of symmetric matrix

The inertias of a symmetric matrix A refer to the numbers v4 (A4), vp(A) and v_(A),
where v (A), v9(A) and v_(A) are the numbers of positive, zero and negative eigenvalues of A,

respectively. Sylvester law states that the inertias are invariant under congruent transformation:

Theorem 2.1 (Sylvester Law [15, p. 448]). If the matrix A € R™" is symmetric and the

matriz W € R™ ™ is non-singular, then the matrices A and WTAW have the same inertias.

The inertias of a symmetric matrix A are available from the LDLT factorization of
A. The inertias of A are equal to the inertias of the block diagonal matrix D by the Sylvester
law [18, Sec. 11].

For the symmetric semidefinite generalized eigenvalue problem (2.3), the inertias can
be used to count the number of eigenvalues in an interval. If some linear combination oA + 8B

is positive definite, the number of eigenvalues in an interval [0y, 0,] is equal to the difference [16]
v_(A—o0,B)—v_(A—oB). (2.22)

The inertias in (2.22) can be computed by the LDLT factorizations of the shifted matrices
A—oBand A—o,.B.

14



2.7 Backward error of computed eigenpairs

Let (/AX, X ) be computed eigenpairs of a symmetric matrix A, and let U be the polar

decomposition of X. We consider the symmetric backward errors for the SEP (2.1),
Hy ={A| (A+ AU =UA A = AT e R},
The following theorem by Sun [34] gives an upper bound on the norm minaeyy,, ||Al|Fr.

Theorem 2.2. The set Hy is non-empty and there exists a unique Ay € Hy such that

; - < 2 L pl2 (X
ain Al = [Aule < /IRI? + [Py ¢ RI? /owin(X).

where R = AX — XA is the residual and 737% is the orthogonal projection onto the orthogonal

(X)
complement of R(X).
For the SGEP (2.3), we consider the backward error of the computed eigenpair (Xl, Z;),

0%, i) = min {e | (A+ AA)T = (B + AB)z:, |AAll < el All, [ABJ2 < €| BIl}, (2.23)

where ||A|| and ||B|| are the norms of A and B, respectively. The following theorem, given by
Frayssé and Toumazou [14], shows that the backward error n(XZ-, Z;) can be computed from the

residual norm ||r;||2 = ||AZ; — //\\ZB@H2

Theorem 2.3. The backward error defined in (2.23) is given by

n(}:“/x\z) _ JTZHQ _ :
(AL + [l - [IBID Nzl

(2.24)

where r; = Ax; — \; BZ; is the residual vector.

When A and B are symmetric and Xz is real, we may consider the symmetric backward

error

nr(Ai, ) == min{e | (A+ AA)ZT; = \(B+ AB)Z;, AA= AA", AB=AB",

|AAll2 < €l|All, |AB][2 < €[ B}

The following theorem by Higham and Higham [17] analyzes the symmetric backward error

o~
~

Nt (i, Ti).
Theorem 2.4. If A and B are symmetric and /):Z s real, we have T]T(Xijﬁz\i) =n(\i, T;).

15



Chapter 3

Solving the symmetric eigenvalue

problem with the EED

In this chapter, we analyze the EED for the symmetric eigenvalue problem (2.1).
Without loss of generality, we consider an interval Z = [Ajow, Aupper] containing the eigenvalues
A1, A2,..., Ap, at the lower end of the spectrum. We consider computing the partial eigende-
composition

AXp, = Xo Ap,, (3.1)

where A,,, = diag(A1, A2, ..., An), X, = [21, 22, ..., 2] and X) Xy, = I,

To compute the partial eigendecomposition (3.1) with the EED, we compute the lowest
eigenpair (A, z) of A by an eigensolver such as TRLan [36]. We apply the EED with a shift
0 > Aupper — A to displace the eigenvalue A to the higher end of the spectrum. Algorithm 3.1
summarizes the solution procedure. The solution procedure is referred to as the EED procedure.

In the literature, numerical stability of the EED procedure outlined in Algorithm 3.1
is not well understood. In [35, p. 585], Wilkinson comments that EED procedure is numerically
unstable. Parlett argued that, when deflating out the largest computed eigenvalue, the change
to the smallest eigenvalue in magnitude would be at the same order of the round-off error
incurred [26, Sec. 5.1]. In [27], Saad observes the loss of orthogonality of computed eigenvectors
and proposes reorthogonalizing computed eigenvectors before applying deflation. Saad performs
a backward stability analysis of this variant, and claims that the stability is determined by the
angle between the computed eigenvector and the deflated subspace.

In the following, we develop a backward stability analysis of the EED procedure. In
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Algorithm 3.1 EED procedure

Input: (i) the symmetric matrix A. (ii) the interval Z = [Ajow, Aupper] at the lower end of the

spectrum of A.
Output: n., lowest eigenpairs of A.
1: Ag = A;
2: compute the lowest eigenpair (A1, x1) of Ay by EIGSOL;
3: for j=1,2,...do
4: pick a shift o; > Aupper — Aj;
5: Aj=A;1 + ijjij =A+ XjEijT;
6: compute the lowest eigenpair (Aj41,2;41) of A; by EIGSOL;
7 if A\j11 > Aypper, stop
8: end for

9: return the partial eigendecomposition (3.1) of A;

Section 3.1, we derive a governing equation of the EED procedure in finite precision arithmetic.
In Section 3.2, we derive computable upper bounds on the loss of orthogonality of computed
eigenvectors and on the symmetric backward error norm of computed eigenpairs. In Section 3.3,
we identify the crucial quantities associated with the shifts and derive sufficient conditions for

the backward stability of the EED procedure.

3.1 Governing equation of the EED procedure in finite precision

arithmetic

We consider the eigensolver EIGSOL in Algorithm 3.1 to be a generic one. It could be
TRLan [36] or ARPACK [22]. We only assume that EIGSOL can compute the lowest eigenpair
(A, %) of A with
AT = A7 + 1,

where ||Z]|2 = 1 and the residual vector 7 satisfies

Inll2 < tol - [|All (3.2)

for a prescribed convergence tolerance tol.

The EED procedure starts with computing the lowest eigenpair (/)\\1,3:\1) of A by
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EIGSOL satisfying
AFy = MT1 + i,

where the residual vector 7; satisfies (3.2). At the first EED step, we choose a shift o; and
define

A=A+ Ulfﬁ?\rlr.

By choosing the shift o1 > Aypper — Xl, the lowest eigenpair of El is an approximation of the
second eigenpair (A2, z2) of A. Subsequently, we use EIGSOL to compute the lowest eigenpair

(/)\\2,:’1'52) of El satisfying
gﬁt’\z = 3\\2552 + 12,

where the residual vector 7y satisfies (3.2). Meanwhile, expressing the computed eigenpair

(Xl, Z1) in terms of A\l, we have
A7y = (A1 + 01)31 + 1.
Proceeding to the second EED step, we choose a shift oo and define
Ay = A + 02@\2@; =A+ )?222)?;,

where )A(z = [Z1, %3] and ¥y = diag(o1,02). By choosing the shift o2 > Aypper — Xg, the lowest
eigenpair of A, is an approximation of the third eigenpair (As, z3) of A. Then we use EIGSOL

again to compute the lowest eigenpair (X3, Z3) of 21\2 satisfying
ATy = A3T3 + 13,

where the residual vector 73 satisfies (3.2). Meanwhile, expressing the computed eigenpairs

(Xl, Z1) and (/):2, Z9) in terms of A\g, we have
Ay Xy = )?2@2 + X9) + XoX9®y + B,

where Kg = diag(:\\l,xg), By = [m1,1m2], and ®5 € R?*2 is the strictly lower triangular part of
the matrix XJ Xy — I, i.e., @5 + ®F = XT Xy — I,.
In general, at the j-th EED step, we choose a shift o; and define

Aj= A +o75T = A+ X5 KT, (3.3)
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where )/fj = [71,...,7;] and X; = diag(oy,...,0;) with Ay = A. Then by choosing the shift
0j > Aupper — /)\\j, the lowest eigenpair of A\j is an approximation of the (j + 1)-th eigenpair
(Aj41,241) of A. We use EIGSOL to compute the lowest eigenpair (/)\\j_i'_l, Zj41) of Ej satisfying

AjTi = AT + My, (3.4)
where ||Zj11||2 = 1 and the residual vector n;,; satisfies (3.2), i.e.,

[nj+1ll2 < tol - || Alla. (3.5)

Meanwhile, for the computed eigenpairs (/):j, z;) in terms of jj, we have

~

Ajfc\j = j_l/fj + O'j/x\j = ()\j + O'j)/fj + 15, (3.6)
and for the computed eigenpairs (XZ, Z;) with 1 <4 < j—1 in terms of A\j, we have

Ao (7. el =
Az = (A]_1 + 0,51 ) T;

~
~

~ AT o vT
(A,-_l + 0T + Xi+1:jzi+1:in+1:j) Li
_ A. + AT = -+ )/(: > ')?T T
= i1+ oy ) T i1 21541504
~ Y = ST ~
Ay + 1 + 03T + Xig1,5 80415 X417

= (Ni + 00)Ti + Xig1;Sir1; Xy 1T + 0

~ ~ 0
= ()\2 +0i)§i+XJEj . +’I7i, (37)
Xz'T+1:jxi
where )?i—l—lzj = [/.%'\Z‘+1, . ,/l'\j] and Ei+1:j = diag(aiﬂ, ce ,O’j).
Combining (3.6) and (3.7), we have
Aij :Xj(Aj—i-Ej)—i-Xij(I)j—l-Ej, (38)

~

where /A\j = diag(xl, oA, By = [m,...,n4], ®; is the strictly lower triangular part of the
matrix )?jT)?] — I; and ®; + CIJjT = )/(\']T)?j — I;. Egs. (3.4) and (3.8) are referred to as the
governing equations of the EED procedure in finite precision arithmetic.

Now we introduce the following two quantities associated with the shifts o1, ..., 0; for

a j-step EED:

e the spectral gap of //l\j, defined as the separation between the computed eigenvalues and
the shifted ones:

= i A—60>0 3.9
7 Aeszf,%e@' | >0, (3.9)
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where Z;1; = {Xl,...,}\\j,/):j_i'_l}, the set of computed eigenvalues, and J; = {Xl +

o1,...,Aj + 05}, the set of computed eigenvalues after shifting (see Figure 3.1 for an

illustration);

Vi

H } H
T T T

/):i /):j+1 A+ oy /)\\1'4—01‘ /):j—l-dj

>) L
fr

Figure 3.1: Illustration of the spectral gap ;

e the shift-gap ratio, defined as the ratio of the largest shift to the spectral gap ;:

1
T; = — - max |oj]. (3.10)
v 1K<

We will see that v; and 7; are crucial quantities to characterize the backward stability of the

EED procedure.

3.2 Backward stability analysis

In this section, we derive upper bounds on the following two quantities measuring the

o~ ~

accuracy of the computed eigenpairs (Aj1, Xj41):
e the loss of orthogonality of the computed eigenvectors X 41

wit1 = | X1 X1 — T, (3.11)

~ ~

e the symmetric backward error norm of the computed eigenpairs (Aj41, Xj41),

dirq = i A 3.12
= min (Al (312)

Uj+1
where Hyy;,, is the set of the symmetric backward errors for the orthonormal basis U1

from the polar decomposition of X j+1, namely,
Huyo = {A1(A+ A1 = UpaRypn, A=AT ermn ] (3.13)

For a prescribed tolerance tol of the stopping criterion (3.5) for an eigensolver EIGSOL,

the EED procedure is considered to be backward stable if

wjt1 = O(tol) (3.14)
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and

dj41 = O(tol - [|All2), (3.15)
where the constants in the big-O notations are low-degree polynomials in the number j of the
EED steps.

3.2.1 Loss of orthogonality

We first prove the following lemma to reveal the structure of the orthogonality between

the computed eigenvectors X 41

Lemma 3.1. By the governing equations (3.4) and (3.8) of j steps of EED, if Tjw; < \/2, then

fori=1,2,...,7, the matrices I'; = K, + 3 — Xi+1Ii and I; + @iTZiFi_l are non-singular, and
XP% =7 (L + ofsr ) [)?;f vt — EX%i41] - (3.16)
Furthermore,
(i) 07 2 < ;s
(id) |(Li + DT ) o < (1= 1jw;/vV2) Y,

where v; and T; are the spectral gap and the shift-gap ratio defined in (3.9) and (3.10), respec-

tively, and w; is the loss of the orthogonality defined in (3.11).
Proof. By the governing equations (3.4) and (3.8) of j steps of EED, for 1 <1 < j, we have
XF A = Mg X B + X i
and
)?;I‘A\iaj\i—i-l = (Kz + Ei))??e/fi—i-l + (I’iTEi)A(iTif\z’H +El T
Consequently,
(T + I S) X 81 = X 'nier — B i, (3.17)

where I'; = Kz + 3 — XHlIi is a diagonal matrix.

By the definition (3.9) of the spectral gap +;, the minimal singular value

omin(I';) = 12113;31 Ak + ok — Aig1| =5 > 0.
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Hence the matrix I'; is non-singular and the bound (i) holds.

Since ®; is the strictly lower triangular part of the matrix )?;r )?z — I,

wj w;
[2Fl2 < [2fllr = =% < =5
Consequently,

wj 1 w]'
\/i ’Y] H ]H2 \/i J ( )

where for the last inequality, we use the assumption Tjw; < v/2. By (3.18), the matrix I; +

@IS0 |2 < @7 (21T 2l Sill2 <

®T¥,I;! is non-singular and the bound (i) holds due to ||(I +G) 7|2 < (1 — [|G]]2)~! for any
G with HG”Q < 1.

Since both matrices I'; and I; + @?EJ;l are invertible, the identity (3.16) follows
from (3.17). O

Next we exploit the structure of the product )?lT Z;11 to derive a computable upper

bound on the loss of orthogonality w;1 of the computed eigenvectors X 41

Theorem 3.1. By the governing equations (3.4) and (3.8) of j steps of EED, if Tjw; < V2,

then the loss of orthogonality wji1 of the computed eigenvectors )?j+1 defined in (3.11) satisfies

Cj Cj
o <22 (142218501l ) 1Bl (3.19)
Vi Vi

where ¢; = (1 — Tjw;/v/2)7, and v; and 7; are the spectral gap and the shift-gap ratio defined
in (3.9) and (3.10), respectively.

Proof. By the definition (3.11), we have

J
w]2'+1 =2 H(I);FHHf: :2'ZHX1'T@+1H§- (3.20)
i=1

Recall Lemma 3.1 that, for any 1 <14 < 7,

o~ ~ C' o~ ~
IX Zig1lle < 2 1 X i — EF Zigalo-

J

Hence we can derive from (3.20) that

22 I
2 ST T~ 12
Wi S g 1 X3 niv1 — By Tigall
i
2¢ 1 o T g2
-2 §”Xj+1Ej+1 - Ej+1Xj+1HF

IN
|

~ 4¢? ~
5 ‘2”XjT+1Ej+1H12? < TZJ‘HXJ‘TH”%HEJ'HH%-
J
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Since
1X50 15 = I1X 0 Xl < 1 aalle + 11X X — Lialle < 1+ wjpa,

we arrive at

2 40? 2
Wiyr < Pl (14 wjt1) - [ Bl (3.21)
j

Letting t = wjt1/X;j+1, where x;41 = 2¢;||Ej41]|r/7;, then the inequality (3.21) is recast as
t? — xjrt — 1 <0, (3.22)

By the fact that the quadratic polynomial in (3.22) is concave, we conclude that

1 1
t<3- (Xj+1 + \/4+X?+1) = (OG+1 + 24+ x541) < 14X+

This proves the upper bound in (3.19). O

3.2.2 Symmetric backward error norm

We derive a computable upper bound on the symmetric backward error norm ;1 of

~ ~

computed eigenpairs (Aj;1, Xj41) of A defined in (3.12). First, the following lemma gives an

~ ~

upper bound on the norm of the residue for (Aj11, Xj41):
Rj+1 = A)?j+1 — )?jJrlKjJrl. (323)

Lemma 3.2. By the governing equations (3.4) and (3.8) of j steps of EED, if Tjw; < \/2, then

~ ~

for the computed eigenpairs (Aji1, Xj+1) of A, the Frobenius norm of the residual Rj1 defined
in (3.23) satisfies

IRssille < (1+ V2751 +wj41) ) I Byl (3.24)

where c; = (1 — Tjw;/v/2)7, and ~; and 7; are the spectral gap and the shift-gap ratio defined

in (3.9) and (3.10), respectively.
Proof. From the governing equation (3.8) of the EED procedure after j + 1 steps, we have
A X = Xpn Ry + Zjen) + X B @i + By, (3.25)
On the other hand, by the definition (3.3) of A\j+1, we have
A Xy = AXjp + XD X X
= AXj 1+ X B By + L+ ®f). (3.26)
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Combining (3.25) and (3.26), we obtain the residual
Rjpi = AXjp1 — XA = Bjp — XS @4 (3.27)
Consequently, the norm of the residual R;1 is bounded by
1Rjs1lle < 1Bl + 1 X412l Z41 @) - (3.28)

Note that 3,1 = diag(o1,...,0j4+1) and <I>;~f+1 is the strictly upper triangular part of the matrix

X]-T_HX]-H — Ij11, and we have

1X 1212512 e < 1 XKgall2l S5l D5 e

S 1
< 1 Xjall2l%5]l2 - B

1
< ﬁﬂzj\b\/ (1 +wj1)wiiy, (3.29)

where, for the third inequality, we again use the fact that || X j+1ll2 < y/1+ wjt1 by the definition

of the loss of orthogonality w;;1. Left-multiplying (3.21) by 1 4+ w; 41, we know that
4c 2
(14 wj1)wiy < 723 (1 +wjg1)? - | Ejallp-
J

Plugging into (3.29), we obtain
X1 2lZ541 97 alle < V255l - (L4 wiin) - [ B e
= V27 - (14 win) - | Bjallp
Combine with (3.28) and we arrive at the upper bound (3.24) of ||Rj41]|r. O

From Lemma 3.2 and Theorem 2.2, we have the following computable upper bound

on the symmetric backward error norm §;; of the computed eigenpairs (Kj+1, Xj41) of A.

Theorem 3.2. By the governing equations (3.4) and (3.8) of j steps of EED, if Tjw; < V2 and
wjt1 < 1, then the symmetric backward error norm d;11 of the computed eigenpairs (/AX]-H, )?jﬂ)

of A defined in (3.12) has the following upper bound

14+cimi(l4+w
j+1 < f( 7 JH)) | Ej+1lle, (3.30)

V1—wjit
where ¢; = (1 — Tjwj/\@)_l, and 7y; and 7; are the spectral gap and the shift-gap ratio defined
n (3.9) and (3.10), respectively.
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Proof. For the computed eigenvectors Xj.i_l of A, let Uj41 be the orthonormal basis from the
polar decomposition of )?j+17 and the set Hy,,, be defined in (3.13). Tt follows from the
definition (3.12) and Theorem 2.2 that

Sj41 =, Mnin ||A||Fs*¢||RmuZ+||PL 2.l (3.31)

Uj+1 Umm 7+ 1

where R;41 is the residual of (JA\]-H, Xj+1) defined in (3.23), and PL is the orthogonal

R(Xj+1)
projection onto the orthogonal complement of the subspace R( j+1)

Pl =1~ i (K0 XL
By the equation (3.27), PR(X )Rj+1 = Pé()?jﬂ)EjH' Hence we have
HP;()?M)RJ'HHF 1P Rz, Bl < (1 Ejialp. (3.32)

On the other hand, by the definition (3.11) of w;;1 and the assumption w;41 < 1, we have
|omin (Xj+1) = 1 < X7 X1 — Lalle Swjn <1,
which implies the following lower bound of the singular value

Tmin(Xj11) = /T — wjp1. (3.33)

Plug (3.32) and (3.33) into (3.31) and recall the upper bound of ||Rj;1||r in Lemma 3.2, and

then we obtain

2 || Ejallr
(5j+1 S \/l + (1 + \/iCjTj . (1 +w]'+1)> kL
V31— witr

1 (1
S\/§< +cj7'] +w]+1 >||EJ+1HF7

1 - w]+1

where the second inequality is due to 14 (14+/2a)? < 2(14-2a+a?) = 2(1+a)?. This completes

the proof. O

3.3 Conditions for the backward stability

In Theorems 3.1 and 3.2, the upper bounds (3.19) and (3.30) for w;41 and §;41 involve
the quantity w; from the previous EED step. In this section, under a mild assumption, we
derive explicit upper bounds for w;j;q and 041, and then reveal conditions for the backward

stability of the EED procedure.
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Lemma 3.3. Consider j steps of EED governed by Eqs. (3.4) and (3.8). Assume

]”1;1j|2-4m-tol <0.1. (3.34)
Then
(i) it holds that
Tiw; <011 and ¢ =(1— 7'icui/\/§)71 <2 fori=1,2,...,5; (3.35)

(it) the loss of orthogonality wji1 is bounded by
Witl < (H 2. 5vJj+ 1> - tol; (3.36)
(iit) the backward error norm ;41 is bounded by

§j41 < ( 5 ) tol - || Alls. (3.37)

Proof. First observe that by the definitions (3.9) and (3.10), ~; is monotonically decreasing with
the index ¢ and 7; > 1 is monotonically increasing with i. Therefore, the assumption (3.34)

implies the inequalities

A A
1All2 “4vi+1-tol < 0.1 and TZH 2 AV -tol < 0.1 for all i < j. (3.38)

Yi Yi—1

Since the stopping criterion (3.5) of EIGSOL implies
1Eille = ll[m, -, millle < Vi-tol - [|A]la, (3.39)
inequalities (3.38) leads to

4 4
NEit1llr < 0.1 and 7 - |Eillr < 0.1 for all i < j. (3.40)
o

i i1

(i) We prove the inequality (3.35) by induction. To begin with, recall that ||Z|]2 = 1,
which implies wy = [|27Z) — 1||p = 0, w1 = 0 < 0.11, and ¢; = 1 < 2. Hence (3.35) holds for
i = 1. Now, for 2 <14 < j, assume that 7;_jw;—1 < 0.11 and ¢;_1 < 2. Since 7;_1w;—1 < 0.11,
we can apply Theorem 3.1 and derive from (3.19) that

2¢; 2¢;
TiW; <Ti ‘= 1||EHF <1+ 1
Vi Vi

1—1 i—1

|E; HF) <0.1-(1+0.1)=0.11, (3.41)
where the last inequality of (3.41) is by 2¢;—1 < 4 and (3.40). This implies immediately

ci=1—7wi/V2)'<(1-011/vV2)" <2
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Therefore, (3.35) follows by induction.
(ii) Since we have Tjw; < 0.11 and ¢; < 2 by (3.35), we can apply Theorem 3.1 and

derive from (3.19) that

oy < 2 Byl (14 220 Ep ) < 2 DBl (402), (42)
where in the second inequality we used 2c; < 4 and the first inequality in (3.40). Recall the
error bound of ||Ej 1|/ from (3.39) and we obtain (3.36).

(iii) We have 7jw; < 0.11 and ¢; < 2 by (3.35). It also follows from (3.42) and (3.40)

that w1 < 0.11. Therefore, we can apply Theorem 3.2 and derive from (3.30) that

1_‘_0,7-,(1_}_(’0‘_&_1) 1+2T(1+011)
8iv1 < V2 1 J J E; <2 J E; ,
j+1 = ( m || ]+1HF — 1 — 011 H J+1||F

where in second inequality we used 0 < w;i; < 0.11. Since 7; > 1 by definition (3.10), we can

relax the leading constant as v/2(1.06 + 2.36 - ;) < v/2(3.42 - 7;) < 57;. Recall the error bound
of |Ejq1]|r from (3.39) and we prove (3.37). O

By the error bounds (3.36) and (3.37) in Lemma 3.3, we can see that the quantities
’yj_luA”Q and 7; play important roles for the stability of the EED procedure. A sufficient
condition to achieve the backward stability (3.14) and (3.15) is given by 7]71||A||2 = O(1) and
7; = O(1). In summary, we have the following theorem for the backward stability of the EED

procedure.

Theorem 3.3. Under the assumptions of the residual norm ||n;||2 of EIGSOL satisfying (3.2)
and the inequality (3.34), the backward stability of the EED procedure, in the sense of (3.14)

and (3.15), is guaranteed if the shifts o1,...,0; are dynamically chosen such that
v Al = 0(1) and 7 =O(1). (3.43)

We note that when the shifts o; are dynamically chosen such that the conditions (3.43)

are satisfied, the assumption of the inequality (3.34) is indeed mild.

Remark 3.1. From the upper bound (3.36) of the loss of orthogonality w;i1, we see that if
the spectral gap «; is too small, i.e., 7; < ||Al]2, then wj;1 could be amplified by a factor of
7]71||A||2. On the other hand, from the upper bound (3.37) of the symmetric backward error
norm d;41, we see that when 7; is too large, i.e., 7; > 1, dj41 could be amplified by a factor of

7j. We will demonstrate these observations in the numerical experiments in next chapter.
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Chapter 4

Stabilizing the EED procedure

In this chapter, we propose a shift selection scheme for stabilizing the EED procedure

discussed in Chapter 3 and present numerical results.

4.1 Shift selection scheme

We consider the following choice of the shift at the j-th EED step,

~

O'j :,u—)\j, (4'1)

where p € R is a parameter with g > Aypper. Recall that Z = [Ajow, Aupper) 1S an interval at the
lower end of the spectrum. The shift selection scheme (4.1) has been used in several previous
works, although without elaboration on the choice of the parameter p [24,37] [26, Sec. 5.1].
We discuss how to choose the parameter p such that the sufficient conditions (3.43) for the
backward stability of the EED procedure can hold.

The shift selection scheme (4.1) implies that the spectral gap 7; in (3.9) satisfies

_ ; A—0Ol= mi —\ 4.2
K eezjﬂl,nxejﬂ | 1§r§1§1§1+1|u il (42)

where Z; 1 = O, ,Xj,Xj+1} and J; = M+o1,... ,/)\\j + 05} = {p}. On the other hand, it
also implies that the shift-gap ratio 7; in (3.10) satisfies

1 max;<i<; |t — Ayl
Tj = — - max |oj| = — NI
Yo Asisy ming <i<j1 [ — Agl

(4.3)

Now recall that 1 > Aypper and the computed eigenvalues XZ € [Mows Aupper], fori =1,2,...,j+1,

so we have

- A < min — Nl < max Nl < = Mow.
1% upper > 1<i<j+1 ‘:u z| = 1K<+ |:u Z| Y low
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Hence, (4.2) and (4.3) lead to
Vg <7 <79 and T < 7, (4.4)

where
H— )\low

Yg = I — Aupper and T, = .
g uppe 9= L Aupper

Now we focus on the choice of the parameter p such that the quantities v, and 7
satisfy the conditions (3.43). Let us consider a frequently encountered case in practice where

the width of the interval Z = [Ajow, Aupper| satisfies
1
)\upper - )\low S §||A”2

Then by setting

=X+ [|A]2,

we have

1 )\u er_/)‘\l
Sl Allz <7 = (1 - pﬁAHQ> [All2 < [ All2

and

)\upper - )\low <9

Tg =1+ 5
g

Consequently, by (4.4), the spectral gap v; and the shift-gap ratio 7; satisfy the desired condi-
tions (3.43).
In summary, assuming that A\ypper — Alow < %HAHQ we recommend the use of the shift

selection scheme at the j-th EED,
oj=p—X; with = +[|As, (4.5)

to compute the eigenvalues in the interval Z = [Ajow, Aupper)-

4.2 Algorithm

We summarize the EED procedure with the shift selection scheme (4.5) in Algo-

rithm 4.1
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Algorithm 4.1 EED procedure with the shift selection scheme (4.5)

Input: (i) the symmetric matrix A. (ii) the interval Z = [Ajow, Aupper] at the lower end of the
spectrum of A. (iii) the relative tolerance tol in (3.2) for EIGSOL.
Output: the approximate eigenpairs (Xz, z;) of A in the interval Z.
1: A\o = A;
2: use EIGSOL to compute the lowest eigenpair (A1, 71) of Ay and an estimate Anorm of || Al|s;
3 pu= Xl + Anorm;
4: for j=1,2,...do
5: O = [ — /):j;
6: Ay =A;_ 140357 = A+ X5 KT
7: compute the lowest eigenpair (}\\j_i'_l, Zjt1) of ij by EIGSOL;
8: check if all the eigenpairs in the interval Z have been computed;
9: end for

10: return the approximate eigenpairs (X@, Z;) in the interval Z;

A few remarks are in order:

e In practice, we never need to form the matrix /Alj at step 6 explicitly. We can assume that

the only operation that is required by EIGSOL is the matrix-vector product y := A\j:z:.

e At step 7, the computation of the lowest eigenpair (/):j+1, Zj41) of Ej can be accelerated
by warm starting the EIGSOL with the lowest unconverged Ritz vectors of ﬁj_l. This is

possible for iterative eigensolver such as TRLan [36].

o At step 8, an ideal validation method is to use the inertias of the shifted matrix A—MApperd.
However, computation of the inertias could be a prohibitive cost for large matrices. An
empirical validation is to monitor the lowest eigenvalue /):j_i'_l of Ej. All eigenpairs in the

interval Z are considered to be found when /)\\j+1 is outside the interval Z.

4.3 Numerical results

In this section, we first use synthetic examples to verify the sharpness of the upper
bounds (3.19) and (3.30) on the loss of orthogonality and the symmetric backward error norm of

the EED procedure under the choice (4.5) of the shifts ;. We present the cases the shifts o; may
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lead to numerical instability of the EED procedure. Then we demonstrate the numerical stability

of the EED procedure for a set of large sparse symmetric matrices arising from applications.
We use TRLan as the eigensolver in Algorithm 4.1. TRLan is a C implementation of

the thick-restart Lanczos method with adaptive sizes of the projection subspace [36,38,39]. The

~

convergence criterion of an approximate eigenpair (Aj41,Zj4+1) is the residual norm satisfying
Inj+1ll2 = [[4;%j41 — Aj1%j41l2 < tol - Anorm,

where tol is a user-specified tolerance and Anorm is a 2-norm estimate of A computed by TRLan.

The starting vector is a random vector.

Example 4.1. In this example, we demonstrate the sharpness of the upper bounds (3.19) and
(3.30) on the loss of orthogonality and the symmetric backward error norm with the choice (4.5)
of the shifts o;.

We consider a diagonal matrix A with diagonal elements

sdy, if1<k<n/2,
Ak =
s(L4dy ), ifn/2<k<n,
where di = 1075(17%) and the matrix size n = 500. The spectrum range of A is (0,1]. The
eigenvalues of A are clustered around 0 and 0.5. We are interested in computing the n, = 65
eigenvalues in the interval Z = [0, 107%]. The computed 2-norm of A is Anorm = 1.00.

To closely observe the convergence, TRLan is modified so that the convergence test is
performed at each Lanczos iteration. The maximal dimension m of the projection subspace is
set to be 40.

Numerical results of the EED procedure for computing all the n. eigenvalues in the
interval Z are summarized in Table 4.1, where the 4th column is the loss of orthogonality w,,,,
the 5th column is the upper bound (3.19) of wy,,_, the 6th column is the norm of the residue R,
(3.23), and the 7th column is the upper bound (3.30) of dy, .

From Table 4.1, we observe that with the choice (4.5) of the shifts o, v, LAnorm ~ 1
and 74 = 1. Therefore, the conditions (3.43) of the spectral gap ~; and the shift-gap ratio 7; for
the backward stability are satisfied. Consequently, the loss of orthogonality of the computed
eigenvectors is wy, = O(tol) and the symmetric backward error norm of the computed eigenpairs
(Ap., X,,) is 0,, = O(tol - Anorm). In addition, we observe that the upper bounds (3.19) and

(3.30) of wy, and 6, are tight within an order of magnitude.
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Table 4.1: Numerical stability of the EED procedure for different tolerances tol (Example 4.1).
The eigensolver is the TRLan.

’ tol ‘ 1 H Yq H W, ‘ bound (3.19) H | Rn. || 7 ‘ bound (3.30) ‘
1075 [ 1.00 || 1.00 || 2.37-107F 1.59-10~° 7.87-107% | 2.24.107°
108 | 1.00 || 1.00 || 1.78-1078 1.58-1077 7.95-1078% | 2.24-10°7
10719 | 1.00 || 1.00 || 1.82-10710 | 1.58-107° 7.94-10710 | 224.107°

7 I E R R
1074 M

I X X X
.l 8 XXXXK KKK KK AR K X X
3 107}

x 1 =1.00
+ upper bound

[

<
=
xx

1010k ‘ - -
0 2 4 6 8 10

Aj+1 x 10-5

Figure 4.1: The loss of orthogonality w;j;1 and the upper bound (3.19) of w;;1 against the
computed eigenvalues \j i1 for 2 < j+ 1 < n,, tol = 107® (Example 4.1).

Example 4.2. In this example, we illustrate that improperly chosen shifts o; may lead to
instability of the EED procedure.

We consider the same diagonal matrix A as in Example 4.1. The combination of TRLan
and EED is used to compute the n. = 65 eigenvalues in the interval Z = [0, 107%]. Let us set
the shifts o; = p — Xj with g = 2-107*, which is much smaller than the recommended value
of =\ + |Al|2 =~ 1.00. Numerical results are summarized in Table 4.2, where the tolerance
tol = 1078 for TRLan. We observe that v; = O(vy) < Anorm, and the loss of orthogonality of
the computed eigenvectors is indeed amplified by a factor of v, L. Anorm. We note that since

7; = O(1), the symmetric backward error norms d,, = O(tol - Anorm).

Now we flip the sign of the diagonal elements of A defined in Example 4.1, and set
n = 200. We compute n, = 74 eigenvalues in the interval Z = [—1.0, —0.5001] using the EED

procedure. The computed 2-norm of A is Anorm = 1.00.

Table 4.2: Instability of TRLan with EED when the spectral gaps v; = O(v,) are too small.

’ tol ‘ L H Yg H Wn, ‘ bound (3.19) H | R, || 7 ‘ bound (3.30) ‘
2.107% [ 107* [[ 8.26-10% | 1.79-107! 8.00-107% | 3.29-107°

1078 | 2-107* || 107* || 8.28-107° | 1.53-1073 7.96-107% | 3.22.107°
2.107* || 107% || 8.27-1077 | 1.52-107° 7.95-10719 | 3.22-107Y
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Figure 4.2: The loss of orthogonality w;;1 (left) and the residual norm ||Rj41||r (right) against

the computed eigenvalues Aj1 for 2 < j + 1 < n.. The red lines are tol (left) and tol - Anorm
(right).

Instead of the choice (4.5) for the shifts o}, we set 0; = p — Xj with g = —0.5. The
blue x-lines in Figure 4.2 are the loss of orthogonality and the residual norms for the computed
eigenpairs (XjJrl, Zjq1) for 2 < j+1 < n.. We observe that for the first 6 computed eigenvalues
in the subinterval [—1.0, —0.75] of Z, since the spectral gap ; > 0.25 and the shift-gap ratio
7; < 2, the computed eigenpairs are backward stable with wg = 2.48 - 107 = O(tol) and
| R||lr = 9.05-107% = O(tol - Anorm). However, for the computed eigenvalues in the subinterval
[—0.75,—0.5001] of Z, the computed eigenpairs are not backward stable due to the facts that
the spectral gaps v; become small, v; ~ 1.03 - 107, and the shift-gap ratios Tj grows up to
7; ~ 4.86 - 10%. Consequently, the loss of orthogonality wy,, and the residual norm ||R,, || are

increased by a factor of up to 102, respectively. The stability are restored if the shifts are chosen

according to the recommendation (4.5) as shown by the green +-lines in Figure 4.2.

Example 4.3. In this example, we demonstrate the numerical stability of the EED procedure
for a set of large sparse symmetric matrices from applications.

The statistics of the matrices are summarized in Table 4.3, where n is the size of
the matrix, nnz is the number of nonzero entries of the matrix, [Amin, Amax| 1S the spectrum
range, and n. is the number of eigenvalues in the interval Z = [Ajgw, Aupper]. The quantities n,
are calculated by computing the inertias of the shifted matrices A — Aypper/. Laplacian is the
negative 2D Laplacian on a 200-by-200 grids with Dirichlet boundary condition [21]. worms20 is
the graph Laplacian worms20_10NN in machine learning datasets [7]. 810, Si34H36, Ge87HT76
and Ge99H100 are Hamiltonian matrices from PARSEC collection [7].

We run TRLan with a maximal number m of Lanczos vectors to compute the lowest
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Table 4.3: Statistics of the test matrices.

matrix n ‘ nnz \ [Amins Amax] \ [Aows Aupper] \ Ne ‘
Laplacian | 40,000 | 199,200 [0,7.9995] [0,0.07] 205
worms20 | 20,055 | 260,881 [0,6.0450] [0,0.05] 289
si0 33,401 | 1,317,655 | [~1.6745,84.3139] | [-1.7,2.0] | 182
Si34H36 97,569 | 5,156,379 | [—1.1586,42.9396] [—1.2,0.4] 310
Ge8THT76 112,985 | 7,892,195 [—1.214, 32.764] [—1.3,—0.0053] | 318
Ge99H100 | 112,985 | 8,451,305 | [-1.226,32.703] | [~1.3,-0.0096] | 372

eigenpairs of the matrix /Tj. The convergence test is performed at each restart of TRLan. All
the converged eigenvalues in the interval Z are shifted by EED. Meanwhile, we also keep a
maximal number mg of the lowest unconverged eigenvectors as the starting vectors of TRLan
for the matrix 11]’4,1. All the eigenvalues in Z are assumed to be computed when the lowest
converged eigenvalue is outside the interval Z. This combination of TRLan and EED is referred
to as TRLED !.

TRLED is compiled using the icc compiler (version 2021.1) with the optimization
flag -02, and linked to BLAS and LAPACK available in Intel Math Kernel Library (version
2021.1.1). The experiments are conducted on a MacBook with 1.6 GHz Intel Core i5 CPU and
8GB of RAM.

For numerical experiments, we set the maximal number of Lanczos vectors m = 150.
When starting TRLED for A\j+l, the maximal number of the starting vectors is mg = 75. The
convergence tolerance for the residual norm was set to tol = 10~® as a common practice for
solving large scale eigenvalue problems with double precision [30].

Numerical results of TRLED are summarized in Table 4.4, where the 2nd column
is the number 7, of the computed eigenpairs (/):Z, Z;) in the interval Z, the 3rd column is the
number jmax of steps of EED performed, the 4th column is the loss of orthogonality wy_, and the
5th column is the relative residual norm || Ry, ||r/Anorm of the computed eigenpairs (Kne, )/(\'ne)
From the quantities n. in Table 4.3 and 7. in Table 4.4, we see that for all test matrices the
eigenvalues in the prescribed intervals 7 are successfully computed with the desired backward
stability.

The left plot of Figure 4.3 is a profile of the number of converged eigenvalues at each
external deflation of a total of 74 EEDs for the matrix Ge99H100. The right plot of Figure 4.3

shows the relative residual norms of all 372 computed eigenpairs in the interval. We observe

"https://github. com/cplin722/trleed

34


https://github.com/cplin722/trleed

Table 4.4: Numerical results of TRLED.

. N ) CPU time (sec.)
matrix Ne | Jmax Wi, | Rz, ||r/Anorm TRLED | TRLan
Laplacian | 205 | 60 [ 1.93-107% | 6.33-1078 66.5 86.0
worms20 | 289 | 86 | 2.63-1078 7.24.1078 57.3 74.8
Si0 182 | 41 |2.33-10°8 4.71-1078 42.4 47.1
Si34H36 | 310 | 72 | 3.41-10°% 7.50-1078 309.9 310.4
Ge87H76 | 318 | 66 | 4.08-1078 8.50-1078 388.7 421.0
Ge99H100 | 372 | 74 | 3.65-107% 7.63-1078 501.1 533.4
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Figure 4.3: The number of deflated eigenpairs at each EED for the matrix Ge99H100 (left). The
relative residual norms of 372 computed eigenpairs (right).

that a large number of converged eigenvalues are deflated and shifted away at some EED steps.

To examine whether the multiple explicit external deflations lead to a significant in-

crease in execution time, in the 6th and 7th columns of Table 4.4, we record the CPU time of

TRLED and TRLan for computing all eigenvalues in the same intervals. For TRLan, we set the

maximal number of Lanczos vectors to n., + 150. The restart scheme with restart=1 is used.

TRLan is compiled and executed under the same setting as TRLED. We observe comparable

execution time of TRLED and TRLan.
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Chapter 5

Shift-invert Lanczos method for the

buckling eigenvalue problem

In this chapter, we consider the buckling eigenvalue problem
Kz = \Kgzx, (5.1)

where K and K¢g are n X n sparse symmetric matrices, K is positive semidefinite and K¢ is
indefinite, and the matrices K and K¢ share a common nullspace Z.. We consider computing
a few nonzero finite eigenvalues around a prescribed shift ¢ # 0 and the associated eigenvectors
x perpendicular to the common nullspace Z.. We assume that a basis Z = [Zx Z¢| of the
nullspace of K and a basis Z¢ of the common nullspace Z. of K and K are available, and the
pencil K — MK is simultaneouly diagonalizable.

When the matrix K in (5.1) is positive definite, the shift-invert Lanczos method,
introduced in Section 2.4, is a widely accepted method to compute solutions of (5.1) near a
prescribed shift o [16]: the buckling eigenvalue problem (5.1) is first converted via a buckling

spectral transformation into the equivalent eigenvalue problem

A

_O'.

Cr=(K —0Kg) ‘Ko =pzx, p= 3 (5.2)

The solutions of (5.2) are computed by the Lanczos method with the inner product induced by
K.

For our buckling eigenvalue problem (5.1), however,

e the matrices K and K¢ share a common nullspace Z.. The shift-invert matrix (K —

oKg)~! does not exist or is extremely ill-conditioned.
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e The Lanczos vectors fall rapidly into the nullspace A'(K). The inner product induced by
K leads to rapid growth of the Lanczos vectors in norm. The large norms of the Lanczos
vectors introduce large round-off errors to the orthogonalization process, leading to loss

of accuracy of computed solutions and even break down of the method [23,25, 33].

In the past, the norms are controlled by restricting the Lacnzos vectors to a proper
subspace. In [25], the authors note that the subspace R(C) is both a complimentary subspace
of N(K) and an invariant subspace of C. It is proposed to restrict the Lanczos vectors v; by
picking a starting vector v in the subspace R(C). This technique may fail since the fall is
caused by the instability of the difference equation (2.10) [25]. In [23], Meerbergen proposes to
project the Lanczos vectors v; back onto the subspace R(C') through implicit restart. From the

governing equation
CV; = ViTj + Bjvjraej +F, (5:3)

Meerbergen notes that, with the QR decomposition T; = (1 R1, the new basis Vj(l) = V;Q1 by

the implicit restart satisfies the equation
1 _ _ _
VY 4 Biop1ef Ry + Ry = CVR; .

Applying implicit restart will effectively put the Lanczos vectors v, ... ,v;—1 back onto the
subspace R(C). From the governing equation (5.3), the following inexpensive formula is also

proposed to improve the Ritz vector [25],

1| Tjsi
€T; = V}-Hwi, w; = (97 . (5.4)
i
Bji
It is observed that the modified formula (5.4) will effectively put the Ritz vector x; back onto
the subspace R(C).
In this chapter, we propose alternative strategies to address these issues. We first derive
a canonical form of the pencil K — AK( in Section 5.1. We then convert (5.1) into an equivalent
ordinary eigenvalue problem Cz = px by generalizing the buckling spectral transformation
(5.2) in Section 5.2. In Section 5.3, we construct a positive definite matrix M by applying
low-rank updating to the matrix K. We show that the matrix C is symmetric with respect
to the inner product induced by M. In Section 5.4, we propose a shift-invert Lanczos method

for the buckling eigenvalue problem (5.1) and provide an implementation of the matrix-vector

product u = Cv. A validation scheme using inertias is developed in Section 5.5.
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5.1 Canonical form

We start with a canonical form of the pencil K — AKg. For the compactness of
presentation, we interchange the roles of K and K¢ in (5.1) and consider the reversal of the

pencil K — A\Kg, i.e., Kg — \*K.

Theorem 5.1. For the pencil K — M\* K, there exists a non-singular matriz W € R™™ such

that
ni no n3 ni nz2 N3
ni A# ni Inl
WIKW = ,, A and WIKW = ,, 0 , (5.5)
ns 0 ns 0

where Afﬁ and Af are diagonal matrices with real diagonal entries, and Af 18 non-singular.

Furthermore, by conformally partitioning W = [Wy, Wy, W3], we have
WIWy =0 and W{W,=0, (5.6)
Proof. see Appendix A. O

By the canonical form (5.5), we immediately know that (i) the columns of W3 span
the common nullspace Z. of K and K¢, and the columns of [W; Ws] span the orthogonal
complement to Z, i.e., Z}; (ii) the columns of W are eigenvectors associated with real finite
eigenvalues (Af&, I,,) of the pencil K — A*K and are perpendicular to Z; (iii) The columns
of Wy are eigenvectors associated with an infinite eigenvalue (Af, 0) of the pencil Kg — A" K

and are perpendicular to Z; (iv) For € Z., (\#,z) is an eigenpair of the pencil Kg — A" K

for any A\# € C.

5.2 Generalized buckling spectral transformation

Mathematically, a generalized buckling spectral transformation of the singular pencil
K — MK is to replace the inverse in (5.2) by the pseudo-inverse and leads to the ordinary

eigenvalue problem
Cax =px with C=(K—oKg)'K, (5.7)

where (K — oK) is the pseudo-inverse of the singular matrix K —o K¢ [15, p. 290]. Note that

the non-zero real shift ¢ cannot be an eigenvalue of the pencil K — AKg.
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We now present the relationship of non-trivial eigenpairs between the original gener-
alized eigenvalue problem (5.1) and the ordinary eigenvalue problem (5.7). We first use the
canonical form (5.5) to derive an eigenvalue decomposition of C' and provide the eigenvalue and

eigenvector relations between C and Kg — A\¥ K.

Lemma 5.1. With the canonical form (5.5) in Theorem 5.1, an eigenvalue decomposition of

the matriz C' defined in (5.7) is given by

(Im - UA%lz#)il
CW =W 0 . (5.8)

Proof. Recall that, since the matrix K — o Kq is symmetric,
R(K —o0Kg) =N(K —o0Kg)*t = 2+ (5.9)
In addition, by the condition (5.6) in the canonical form (5.5), we have
R(W1) @ R(Wa) = R(Ws)t = 2+, (5.10)
Therefore, from (5.9) and (5.10),
R(K — 0Kg) = R(W1) @ R(W,) = R(Ws)+ = 2. (5.11)

Now note that, from the canonical form (5.5),

I, I, —oA?
WIKW = 0 and WT(K —oKg)W = —oA
0 0
Therefore, we have
Im (Im - UA:{%)il
WIKW = 0 = WT(K - oKg)W 0 : (5.12)
0 0

Left multiplying (5.12) by (K — oKg)W =T,

(K —oKg) KW = (K — 0Kg) (K — 0 Kg)W 0 . (5.13)
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The pseudo-inverse (K — o K¢)' satisfies the Moore-Penrose conditions [15, p. 290], which give
(K — 0Ka) (K — 0Ka) = Pr((k—oke)T) = PRIK—0Ke)» (5.14)

namely (K —o0Kq)T(K—0Kg) is an orthogonal projection onto R((K — 0 Kg)?) = R(K — 0 Kg).
Therefore, from (5.11) and (5.14),

(K —o0Kg) (K —oKq)W =W I, . (5.15)

From Egs. (5.13) and (5.15), we have the eigenvalue decomposition (5.8) of C.

Lemma 5.2. The matriz C defined in (5.7) has the following properties:

(i) (\#,z) is an eigenpair of Kg — A" K with non-zero finite \* and x € Z} if and only if

(p,x) is an eigenpair of C with u# 0 and p # 1 and x € 2+, where u = ﬁ.

(ii) (A, 2) is an eigenpair of Kg — \N* K with \* =0 and x € Z+ if and only if (u,x) is an

eigenpair of C with u=1 and x € Z;.

(iii) (\*,x) is an eigenpair of Kg — AN* K with |\#| = oo and = € Z} if and only if (u,x) is

an eigenpair of C with =0 and x € Z}.
(i) If x € Z., Cx = 0.

Proof. The lemma can be proved by comparing the eigenvalue decomposition (5.8) of C' with
the canonical form (5.5) of Kg — A K. Specifically, for (i) and (ii), recall that each column
of W7 is an eigenvector associated with a real, finite eigenvalue \# of the pencil Kg — M K
and the eigenvector is perpendicular to the common nullspace Z.. From (5.8), each column of
W) is now an eigenvector associated with a non-zero, finite eigenvalue p = (1 — oA%)~! of the
eigenproblem (5.7).

To show (iii), recall that each column of W is an eigenvector associated with an infinite
eigenvalue of the pencil Kg— M7 K and the eigenvector is perpendicular to the common nullspace
Z.. From (5.8), each column of W; is now an eigenvector associated with zero eigenvalue of the
eigenproblem (5.7).

Finally, for (iv), the common nullspace Z, is spanned by the columns of W3 and, from

(5.8), we know that Cx =0 if x € Z,. O
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Figure 5.1: Buckling spectral transformation with o < 0 (left) and o > 0 (right).

The following theorem provides the relationship of non-trivial eigenpairs between the

original generalized eigenvalue problem (5.1) and the ordinary eigenvalue problem (5.7).

Theorem 5.2. (A, x) is an eigenpair of the pencil K — AKg with non-zero finite eigenvalue A
and x € 2 if and only if (p, ) is an eigenpair of the matriz C in (5.7) with p # 0 and p # 1

A

and x € Z; where pu = x> and o # 0.

c

Proof. Note that (), z) is an eigenpair of K —AK¢ with non-zero finite eigenvalue A and = € Z;-
if and only if (A\*, z) is an eigenpair of K¢ — A\* K with non-zero finite eigenvalue A = A~! and
r € Z}. Also, from Lemma 5.2 (i), we know that (A#,z) is an eigenpair of Kg — \* K with
non-zero finite eigenvalue A\ and = € Z if and only if (u,x) is an eigenpair of the eigenvalue
problem Cx = px with p = ﬁ, p#0and u # 1, and z € Z+-. Therefore, (A, z) is an
eigenpair of the pencil K — AK¢ with non-zero finite eigenvalue A and z € Z} if and only if
(1, ) is an eigenpair of the eigenvalue problem Cz = px with p = ﬁ, i # 0 and p # 1, and
€ 2l O

By Theorem 5.2, near the shift o, the eigenpairs (A, z) of K — AK¢ with non-zero finite
eigenvalues A and = € Z} are transformed into eigenpairs (u, z) of C with non-zero eigenvalues
u, which typically are well-separated, and those away from the shift ¢ are transformed into
clustered eigenpairs (u, ) of C' near unity as shown in Figure 5.1. We note that the eigenpairs
(t, ) with o = 0 or p = 1 are not the ones of interest. The eigenpairs (1,x) correspond to
eigenpairs of K —\K¢ with infinite eigenvalues and the eigenpairs (0, z) correspond to eigenpairs

of K — AK¢ with z € N(K). 0
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5.3 Regularized inner product

In this section, we introduce a positive definite matrix M from a low-rank updating of
K, and then show that the matrix C in the generalized buckling spectral transformation (5.7)

is symmetric with respect to the inner product induced by M.

Theorem 5.3. Let C be defined in (5.7). Let Z = [Zn Z¢| span the nullspace N(K) and Z¢

span the common nullspace Z. of K and Kg. Define
M =K + (KqgZn)HN(KaZn)T + ZcHo ZE, (5.16)
where Hy and Hgo are arbitrary positive definite matrices. Then
(i) the matriz M is positive definite,
(17) the matriz C is symmetric with respect to the inner product induced by M.
Proof. By the canonical form (5.5), we have
N(K)=R(W2) & R(W3) =R(Zn)®R(Zc) and Z.=R(W3)=R(Zc),

and

Roo O

(20 2] =] ws w]

R32  Rss
for some matrices Roo € R"™*"2  Rgzy € R™*™2 Ris € R™*™_ and Ry and R33 are non-

singular. Therefore,

0
WTKaZn = W Kg(WaRas + WsRss) = W KaWaRay = | Af Ry

0
Since the basis W satisfies the condition (5.6),
0
W'Zc =W WsRs; = 0
(W3 Ws) R
Therefore,
I,
WIMW = WT (K + (KgZn)Hy(KGZn)" + ZoHo ZE)W = Hy . (5.17)
He
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where

Hy = A RysHyRLAY  and  He = (W Ws)RssHe RE, (W Ws).

To prove that M is positive definite, we show that both q ~ and .FAIC are positive definite. For the
matrix H N, we note that the matrix Hpy is positve definite and the matrix Rso is non-singular.
Also, from Theorem 5.1, the diagonal matrix A# is non-singular. Therefore, the matrix H N is
positive definite. For the matrix I:TC, we note that the matrix H¢ is positive definite and the
matrix Rs3 is non-singular. Also, since the matrix W3 is of full rank, the symmetric matrix
Wi Ws is non-singular. Therefore, the matrix He is also positive definite. This proves (i).

To prove (ii), by the eigenvalue decomposition (5.8) of C' and (5.17), we have
(In, — A7)
WTMCW = WTMWW'CW = 0
0

Therefore, the matrix MC' is symmetric, which means that the matrix C is symmetric with

respect to the inner product induced by M. O

5.4 Shift-invert Lanczos method

By Theorem 5.3, the matrix C' in (5.7) is symmetric with respect to the inner product
induced by the positive definite matrix M in (5.16). It naturally leads that to solve the buckling
eigenvalue problem (5.1), we can use the Lanczos method on the matrix C' with the inner product
induced by M. This new strategy is also referred to as the shift-invert Lanczos method and
outlined in Algorithm 5.1.

We provide an implementation of the matrix-vector product © = Cwv at line 7 of
Algorithm 5.1. We first show that the matrix-vector product u = Cv = (K — 0Kg)'Kv is

connected with the solution of a consistent singular linear system with constraint.

Theorem 5.4. Given v € R", the vector
u= (K —oKg)'Kv (5.18)
1s the unique solution of the consistent singular linear system

(K —oKg)u=Kv (5.19)
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Algorithm 5.1 Shift-invert Lanczos method for the buckling eigenvalue problem (5.1)

1: r < v, where v is the starting vector

2: vg <0

3: p« Mr, where M = K + (KgZn)HN(KaZn)T + ZcHoZL
4: By (pTr)1/2

5: for j =1,2,...do

6 v 1/Bj

7: 7+ Cv;, where C = (K — 0Kg)TK

8: rTé&T— Bj_lvj_l
9: p <+ Mr
. . T
10: Qj v p
11: T AT — QU
12: perform re-orthogonalization if necessary

13: p<+ Mr

14: Bj (pTr)l/2

15: Compute the eigenvalue decomposition of T’
16: Check convergence
17: end for

18: Compute approximate eigenvectors of the converged eigenpairs

with the constraint
ZEu =0,
where Z¢ is a basis of the common nullspace of K and Kg.
Proof. First note that since both K and K — 0 K¢ are symmetric, we have
R(K)=N(K)t and R(K —o0Kg) =N (K —ocKg)™ = 2+
and
Z.=N(K —oK¢g) C N(K).
Therefore from (5.21) and (5.22),

KveR(K)CR(K—-0oKg),
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which implies that the linear system (5.19) is consistent. From (5.18),
(K —oKg)u= (K — oK) (K — oK) Kv = Prx_oxg) Kv = Kv, (5.23)

where Pr(k_sK,) 18 an orthogonal projection onto R(K — oK¢) (by the Moore-Penrose con-
ditions [15, p. 290]). This means that u is a solution of the consistent singular linear system
(5.19).

On the other hand, from (5.18) and (5.23),

u = (K — UKGnyU = (K — O’Kg)T(K - UKg)u = PR((K—O’KG)T)U = PR(K—JKG)U'

Since R(K —oK¢g) = ZCJ-, it implies that u is perpendicular to the common nullspace Z., which
is also the nullspace N (K — 0 Kq).

The uniqueness can be shown as follows. Given two solutions u; and wug to (5.19), the
difference u; — ugy would satisfy (K — o K¢g)(u1 —uz) = 0, which implies u; — ug € Z.. However,

since both solutions satisfy the constraint (5.20), Zg(ul —ug) = 0. Therefore, uy —us =0. O

We now present method to compute the matrix-vector product u = Cv. First, we have
the following theorem to extract a non-singular submatrix of K — 0 K¢ by exploiting the basis
Zc.

Theorem 5.5. Let Zg € R™™ " be a basis of N(K — cKg) and P € R™™ be a permutation
Y1

matriz such that PT Zg , and Yy € R™*™ g non-singular. Define

Yo
n—n3 n3

n—ms3 Sf—l 512

S =P (K —-0Kg)P and S= (5.24)

n3 ST, Sao
Then
(1) the submatriz S§, € RM=13)x(=n3) 45 non_singular,
(2) vi(S7) = v (K — 0Kg) and v_(S7;) = v_ (K — 0 Kg), where v (X) and v_(X) denote

the numbers of positive and negative eigenvalues of the symmetric matriz X, respectively.

Proof. Let

E = € R™*™,



The matrix F is non-singular since Y5 is non-singular. By the congruence transformation, we

have
n—n3 n3
S7, 8 - a0
ETSE = ETPT(K — oKg)PE=ET | 71" 7% | p=""" | 71 . (5.25)
S—Clr? 522 n3 0 0

Sylvester’s law [15, p. 448] tells that the matrices K — 0 K¢ and ETSE have the same inertias.

In particular, from (5.25), we know that
V(K — 0Ka) = v (S%), v (K — 0Kg) = v_(S3),
and
V(K — 0Kg) = vo(S7)) + n3 (5.26)

But vy(K — 0K¢g) = dim(N (K — 0K¢)) = ng. Therefore, from (5.26), 19(S7;) = 0 and SY, is

non-singular. O

Theorem 5.5 was inspired by [2, Theorem 2.2] where the authors consider solving a
consistent semi-definite linear systems Ax = b from the electromagnetic applications [3]. The
matrix A, generated from the finite element modeling, is positive semi-definite and an explicit
basis of the nullspace of A is available. This explicit basis of the nullspace is then used to
identify a non-singular part of A and a solution of the linear system can be computed from
it. Although in the generalized eigenvalue probem (5.1), the matrix K — o K¢ is indefinite, we
found that the strategy developed in [2] can be generalized to the system (5.19) and (5.20).

By Theorem 5.5, the method to solve (5.19), i.e., compute the matrix-vector product

u=Cv= (K —0Kg) Kv, can be described in two steps:
1. Find a solution wu, of the consistent singular linear system (5.19).

2. Compute u = Pr(x_sk,)Up to satisfy the constraint (5.20), where Pr(x_sx,) is an

orthogonal projection onto R(K — o0 K¢).

Specifically, in Step 1, find the permutation matrix P as described in Theorem 5.5, and

rewrite (5.19) in the partitioned form (5.24):

S8 w c
nooe = T | eres), (5.27)
5?2 S99 w2 C2
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where

w1 1

=Py and = PTKy.

w2 C2

Since SY; is non-singular, SY; is of full rank and the leading n — n3 columns of S are linearly
independent. On the other hand, we know that rank(S) = rank(K —oK¢g) = n—ng. Therefore,
the leading n — n3 columns of S is a basis of R(S), and there is a solution w, of (5.27) with

wg = 0. Direct substitution gives

where the inverse (S¢;)~! can be computed using the sparse LDL"factorization of S7; [4,10].

A solution uy, of (5.19) is then given by

So) " Le
up:P ( 11) 1
0

In Step 2, since Z¢ is a basis of N(K — oK), which is the orthogonal complement to R(K —

cK¢), the vector u can be computed by the projection
U= Pr(k—oKkg)tp = (I — Zc(Z2EZe) 1 28y,
If Z- is an orthonormal basis, then

U =Pr(Kk—oKg)Up = (- ZCZg)Up-

5.5 Eigenvalue counting

In this section, as a validation scheme, we discuss a way to count the number of
eigenvalues in a given interval. In the following, v, (A) and v_(A) denote the number of positive
and negative eigenvalues of a symmetric matrix A, respectively. n(a,3) and n”(a, 3) denote
the numbers of eigenvalues of the pencil K — AK¢ and the reversed pencil Kg — A#* K in an
interval («, ), respectively.

First, we consider the following lemma.

Lemma 5.3. Let Z = [Zy Z¢] span the nullspace N (K) and Z¢c span the common nullspace

Z. of K and K¢, then
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(i) for a <0, n(a,0) =v_(K — aKg) — v—(ZEKaZn),
(ii) for a >0, n(0,a) =v_(K — aKg) — v (ZLKaZN).
In addition, the matriz Z?\;KgZN 18 non-singular.

Proof. The proof is based on the following two facts: (1) (A, x) is an eigenpair of the pencil
K — MK with non-zero finite eigenvalue A and x € ZZ} if and only if (\#, ) is an eigenpair
of the pencil Kg — A* K with non-zero finite eigenvalue \#* = A™! and = € Z+. (2) By the

canonical form (5.5), we have

Af-1r,
1
Wl(Kg — ~K)W = A

«@

0
Consequently, by Sylvester’s law, we have
1 %1 #
v_(Kg — EK) =v_(A] — aIm) +v_(AT),

1 1
vi(Ke - —K)= vi(Af - n) + vi(AD).

Now, for (i), since a < 0,

n(a,0) = n#(—oo, é)

1
=v- (A = —In,)

= v (Ka— . K) v (A})

—v_ (K —aKg) —v_(A). (5.28)
For (ii), since a > 0,
4,1
n(oa Oé) =n (aa +OO)

1
= VJr(Aiéﬁ - afm)

= vi(Ka - K) —vi(Af)
= v (K —aKg) — vy (AY). (5.29)

On the other hand, by the canonical form (5.5), we have

N(K) =R(Zn) & R(Zc) = R(W2) ©R(W3) and  Z. = R(Zc) = R(W3),

48



and
Zn = WaRos + W3Rz,

where Roo € R™2%"2 Rs, € R™*"2 and Ry, is non-singular. Also, we know that WQT KWy =

Af . Therefore,
ZEKaZyn = RL,(W KGWa)Ras = RE,AY Roo.
This implies that the matrix ZJ:\F,KgZ N is non-singular, and by Sylvester’s law, we have
v (AY) =v (ZYKeZy) and vy(AY) = v (Z{KaZn). (5.30)
The lemma is an immediate consequence of (5.28), (5.29) and (5.30). O

Lemma 5.3 establishes the relation between the number of eigenvalues in the interval
(a,0) or (0,«) and the inertia v_ (K — aKg). Below, we discuss how to express the inertia

v_(K — aKg) in terms of the submatrix S7 in (5.24).

Lemma 5.4. In terms of the submatriz S¢y in (5.24),
v_(K —aKg) = v_(S))- (5.31)
Proof. The equality (5.31) immediately follows from Theorem 5.5. O

Combining Lemmas 5.3 and 5.4, we have the following theorem which provides a

computational approach to count the number of eigenvalues of K — AK using the inertias of

S

Theorem 5.6. In terms of the submatriz S9y in (5.24), we have
(1) n(a,0) =v_(SY) —v_(ZEKaZN), if a < 0.
(i3) n(0,0) = v_(S7)) — v+ (ZEKaZN), if a > 0.

In practice, the inertia v_(S7}) is a by-product of the sparse LDLTfactorizations of
the submatrix S§y [18, p. 214]. The inertias v_(ZL, K¢Zn) and vy (Z5KgZn) can be easily

computed since the size of Z%KgZ v is small in buckling analysis.
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Chapter 6

Numerical Results

In this chapter, we begin with a synthetic example to illustrate the growth of the norms
of Lanczos vectors with K-inner product, and the consequence of the growth, as discussed in
Chapter 5. Then we demonstrate the efficacy of the proposed shift-invert Lanczos method for
an example arising in industrial buckling analysis of structures.

Algorithm 5.1 is implemented in MATLAB !. The accuracy of a computed eigenpair
(Xi, x;) of the generalized eigenvalue problem (5.1) is measured by the relative residual norm

. IKZ; — MK
(K + Pl Ea )12l

The Euclidean angle 0; = Z(Z;, Z.) is computed for checking if Z; is perpendicular to the

common nullspace Z. of K and K¢ [14,17].

Example 6.1. Let us consider the following matrix pair (K, K¢) similar to the ones con-

structed by Meerbergen [23] and Stewart [33]:
K =QAQT e R™™ and Kg=QdQ" e R,

where Q € R"*" is a random orthogonal matrix, A € R"*™ and ® € R™*"™ are diagonal matrices
with diagonal elements

k, if 1<k<n-—m
Apr = and (I)kk:(—l)k, 1<k<n.

0, otherwise

By construction, K is positive semi-definite and K is indefinite, and the pencil K — AKg is

regular. The last m columns of @ form a basis of the nullspace N'(K). For 1 < k < n —m, the

"https://github.com/cplin722/bucklingEigs
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Figure 6.1: Left: the 2-norms of the Lanczos vectors v;. Middle: the relative residual norms of

the approximate eigenpairs (/)\\l, z;). Right: the 2-norms of the Lanczos vectors v; with (+) and
without (x) implicit restart.

k-th column of @ is an eigenvector and the associated eigenvalue is A, = (—1)* - k. The zero
eigenvalue of C = (K —oKg) 'K is a well-separated eigenvalue, and the associated eigenspace
is also the nullspace of K. We use the MATLAB function 1d1 to compute the LDLT factorization
of the shifted matrix K — oK.

For numerical experiments, we take n = 500 and m = 1. We use the buckling spectral
transformation (5.2) with the shift o = —0.6. We run the Lanczos method with K-inner product,
and the starting vector Czg with zo = [1, ..., 1]7. The approximate eigenpairs (A;, %) of (5.1)
are computed by (\;, &) = (£, %),

The left plot of Figure 6.1 shows the 2-norms of 40 Lanczos vectors v;. As observed by
Meerbergen [23] and Stewart [33], the 2-norms of Lanczos vectors v; grow rapidly. Consequently,
as shown in the middle plot of Figure 6.1, the accuracy of approximate eigenpairs (Xz, Z;)
deteriorates. In contrast, when we replace the K-inner product by the positive definite M-inner
product with Hy = I,,,, we observe that the 2-norms of the Lanczos vectors are well bounded.
Multiple eigenvalues near the shift ¢ are computed with the relative residual norms around the
machine precision.

In [23], Meerbergen proposed to control the norms of the Lanczos vectors by applying
implicit restart. We experimented with the schemes with and without the implicit restart. The
results are shown in the right plot of Figure 6.1. We observe that the 2-norms of the Lanczos

vectors still grow rapidly.

Example 6.2. This is an example from the buckling analysis of a finite element model of an
airplane shown in Figure 6.2. The size of the pencil K —AK¢g isn = 67,512. The stiffness matrix
K is positive semi-definite and the dimension of the nullspace N (K) is known to be 6, which

corresponds to the 6 rigid body modes [12]. The geometric stiffness matrix Kg is symmetric
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) Kzi][2 Kgzill2
di/|Eclt | [KNjak | [Kehizk

6.90-107° [ 2.74-10716 | 6.78 - 107°
3.25-107° | 4.88-10716 | 9.06- 10
2.32-107° | 4.71-107 | 1.19.107°
7.32-1071 [ 26810717 [ 5.01-10° 18
1.26-10716 | 1.90- 10717 | 4.89-10718
7.81-1071% | 2.37-10717 | 5.00- 10718

Y U x| W N~

Figure 6.2: Left: Finite element model of an airplane. Right: Accuracy of the bases for the
nullspace of K and common nullspace of K and K. The second column shows the singular
values d; of K¢Y with Y being an orthonormal basis of N'(K). The third and fourth columns
show the accuracy of the basis Z = [Zn Zc] = [21 22 ... 2]

but indefinite. The basis Z of N'(K) is computed by Z = [—(K;'K12)" Is]" [12], where
(K11 K9] € R(™=6)x7 ig the leading block rows of K. The dimension of the common nullspace
Z. of K and K¢ is 3, which can be easily computed from the basis Z, see [15, Theorem 6.4.1].
The accuracy of the bases is shown in the table in Figure 6.2. We are interested in computing
the nonzero eigenvalues of the pencil K — AKg in an interval around zero and the associated
eigenvectors perpendicular to the common nullspace Z..

We use the method to compute the matrix-vector product u = Cv described in Sec-
tion 5.4. We determine the permutation matrix P by maximizing the number of non-zero entries
in the last ng columns of S in (5.24). The MATLAB function 1d1, which uses MA57 [9] for
real sparse matrices, is used to compute the sparse LDLTfactorization of the submatrix S7,.
The pivot tolerance 7 = 0.1 is used to control the numerical stability of the factorization [9].
In defining the positive definite matrix M, we form the product K¢ Zy and normalize each col-
umn of the matrices KgZn and Zo. The condition number of Ko Zy after the normalization
is ko(KgZn) = 1.03. Then we set the matrices Hy = wly, and Ho = wlp,, w = ||K]||1, to
balance the matrix M [29]. The starting vector of the Lanczos procedure is v = Czg with
being a random vector [25].

To monitor the progress of the shift-invert Lanczos method, an approximate eigenpair
(15, 7;) computed from an eigenpair (fi;,5;) of the reduced matrix T} is considered to have

converged if the following two conditions are satisfied:

o]

pi| > tol and ————

|/B]||e§1§l’ < tol,

where the first condition excludes the zero eigenvalues and the second condition bounds the

error of the computed eigenvalue A; = ﬁilzil with the prescribed tolerance tol (see [11, 16]
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Table 6.1: Results of 12 computed ei/genva}pes in the interval (-8, 0) after 38 steps of the Lanczos
method with the shift ¢ = —4.0. | XTMX — L1p||p = 4.75-107'2 with X = [z1 ... Z12).

il N | n0wd) cosZ(@i,2e) |
1 || —2.716598 | 1.48 10717 8.52.10"17
2 || —2.883589 | 1.73-10"17 8.27-10"'7
3 || —3.292700 | 1.37-10"17 4.84-10718
4 || —3.378406 | 1.01-10"17 2.38.10°17
5 || =5.754628 | 2.72-10717  4.04-10"17
6 || —5.854071 | 2.92-10"17 3.47.10°17
7 || —6.089281 | 3.14-10"17 247.10"17
8 || —6.228974 | 2.67-10"17  6.24-10717
9 || —6.784766 | 5.33-10~'6 4.93.10~'7
10 || —6.886759 | 2.57-10" 7.67-10"'8
11 || —7.561377 | 1.88-10"2 1.31-107'6
12 || —7.745144 | 3.83-10"12 4.87-10717

and [26, p. 357]). In this numerical example, we experiment with the tolerance tol = 1075.

We now show the numerical results for computing nonzero eigenvalues of the pencil
K — MK and corresponding eigenvectors perpendicular to the common nullspace Z. in the
interval (—8,8). First, let us consider the left-half interval (—8,0). With the shift o = —4.0, the
shift-invert Lanczos method (Algorithm 5.1) computed 12 eigenvalues to the machine precision
in the interval (—8,0) at 38-th iteration. The accuracy of the computed eigenpairs (XZ =
l{—’}l,@) is shown in Table 6.1. To validate the number of eigenvalues in the interval (—8,0),

we use the counting scheme described in Section 5.5. Using the inertias of the submatrix S{

with &« = —8 and Theorem 5.5, we have
n(=8,0) = v_(8Y) —v_(ZLXKgZy) =15 — 3 = 12.

This matches the number of eigenvalues found in the interval.

Next let us consider the right-half interval (0,8). In this case, we use the shift ¢ = 4.0.
By the shift-invert Lanczos method (Algorithm 5.1), we found 13 eigenvalues to the machine
precision in the interval (0,8) at 44-th iteration. The accuracy of the computed eigenpairs
(Xz = %’@) are shown in Table 6.2. To validate the number of eigenvalues in the interval

(0,8), we again use the counting scheme described in Section 5.5. Using the inertias of the

submatrix S{; with a = 8 and Theorem 5.5, we have
n(0,8) = v_(8%) — vy (ZLEKgZn) =13 — 0 = 13.

This also matches the number of computed eigenvalues in the interval.
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Table 6.2: Results of 13 computed eigenvalues in the interval (0,8) after 44 steps of the Lanczos
method with the shift o = 4.0. || XTMX — I3]|p = 1.79- 107! with X = [21 ... Z13).

’ ] H /\i ‘ 77(/\2',5%\1') COSZ(/x\i,ZC) ‘
1 [] 2.967043 | 3.80-10~17 1.10-10" 16
2 | 3.025965 | 2.96-10~'7 3.39-10717
3 || 3.917831 | 1.71-10"17 7.71-10717
4 || 4.008941 | 1.61-10"17 7.13-10"'7
5 || 4.591063 | 2.43-10717  4.29.10"17
6 || 4.662575 | 2.64-10717 2.47-10717
7 | 5.699271 | 5.24-10"17  7.45.10717
8 || 5.725937 | 7.44-107'7 1.38-107'7
9 || 6.465175 | 7.40-10716 1.14-10716
10 || 6.598173 | 7.96-10"* 2.18-10716
11 || 7.285975 | 4.45-1071° 3.32-10716
12 || 7.626265 | 2.41-1071* 1.39.10715
13 || 7.880296 | 1.24-10"*2 3.71-1074
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Chapter 7

Concluding remarks

In the first part of this dissertation, we analyzed the EED procedure for the symmetric
eigenvalue problem Az = Az. In the analysis, two crucial quantities associated with the shifts
are identified: the spectral gap 7; and the shift-gap ratio 7;. The following sufficient conditions

for the backward stability of the EED procedure are derived:
7]71||A||2 =0(1) and 7;=0(1).

A shift selection scheme is proposed to satisfy the conditions. We conclude that the EED
procedure is backward stable with a proper choice of the shifts.

Future work include generalization of the EED procedure to the SGEP (2.3) and
spectrum analysis of the deflated matrix /Tj. Improving existing eigensolvers with the EED
procedure is also a subject worth studying.

In the second part of this dissertation, we study the buckling eigenvalue problem
Kx = MKgz, and address the issues associated with the shift-invert Lanczos method. In
this part, the buckling spectral transformation is generalized to the singular pencil K — AKg,
and a regularization scheme is proposed for the inner product. An implementation of the
matrix-vector is provided and a validation scheme using inertias is proposed. For the industrial
example, we found that our method can successfully compute the eigenvalues, and the associated
eigenvectors, in an interval. For this part, one future direction is to study the choice of the

matrices Hy and H¢g for the optimal conditioning of M.
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Appendix A

Canonical form of a symmetric

semi-definite pencil A — \B

We give a constructive derivation of a canonical form of a symmetric semi-definite

pencil A — AB, namely A is symmetric and B is symmetric semi-positive definite.

Theorem A.1. For a symmetric semi-definite pencil A—A\B, there exists a non-singular matriz

W e R™™" such that

2ng m1 n2 n3 2ng ni ng  ns
2ng S 2n0 Q
A I
wlaw = and WTBW = ™ . (A
ng qj ng O
ns 0 ns 0
where
01 10
S=1,,® , Q=1 ® ,

10 0 0

A and ¥ are diagonal matrices with real diagonal entries, and ¥ is non-singular. Moreover, we
have

no = dim(N(B)) — ng — ns,

ny = rank(B) — no,

ng = rank(Par(g)APr(B));

n3 = dim(N(A) NN (B)),

where Pp(py 1s the orthogonal projection onto N(B).
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We first introduce the following lemma due to Fix and Heiberger [13], also see [26, Sec.

15.5).

Lemma A.1. For the symmetric semi-definite pencil A—\B, there exists a non-singular matriz

W e R™™ " such that

no  moma mo oma no moma omo oma
no | Ao Ao Az © 0 no | Ing
mo | AL An A n I,

WIAW = ., | AL, AL, W and WT'BW = ,, 0 :
no | © 0 no 0
ns |0 0 n3 0

where ¥ and © are non-singular, diagonal matrices with real diagonal entries.
Proof of Theorem A.1. By Lemma 2.1, there exists a non-singular matrix Wy € R™*" such that

no  mi ma mo ma
no | Ao Ao Aoz © 0
mo | AT An Ap

AV =WTAWy = o, | AT, AT, W

no O 0
n3 0 0
and
ng mi  n2 mo my
no | In,
n1 In,
BY =wiBW, = ,, 0 :

no 0
n3 0

where ¥ and © are non-singular, diagonal matrices with real diagonal entries.

o7



Let

no ny no ng  n3
no Ing
- In,
Wi = n, L,
no | —O71Agp/2 —O©7tAgy —O7 1Ay I,
n3 Ins
then
no ni na no n3
no K o |
ni All A12
A® =wlAOw, =, AT, w
no | © 0
ns 0
and
no ni nz2 mno n3
no | Ing
- I,
B® =wI'BOw, = 0
no 0
ns 0
Next let
no - ny om0 ms
no | Ing
n1 I,
Wa =y, —vtAL 1, :
no Ing
ns I,

o8




then

and

B®) = wIB®w, =

ng ni
no | O
ni C
n2
no @
n3
no ni
no Ino
n1 I,
n2
no
n3

n2

where C € R™*™ ig symmetric and C' = A1 — Alglll_lAr{z.

Define the permutation matrix

Py

then

AW

In,
0

PTA® Py =

0 0 0
0 I, O
0 0 I,
In, 0 0
0 0 0
no ng
- o
n | ©
ny
n2
ng
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no

n3




and

no In()
no 0
BW=pI'BOpy = I,

na 0

n3 0
Since C € R™*™ jg symmetric, it admits the eigen-decomposition
C =QAQ",

where () € R™*™ ig an orthogonal matrix and A € R™*™ ig a diagonal matrix. Applying the

congruent transformation associated with Wy = diag(l,,,, 071, Q, In,, I.;), we have

no no ny n2 n3
no In,
no | Ing
AP = wlAOw, = . A
na g
ns 0

and

no no ni na2 n3

no In()
BO) =w]BWw, = I,

n3 0

Last, define the permutation matrix Ps = diag(E, I, In,, In;), where the matrix
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E = [e1 epy+1 €2... €2n,], and we have the canonical form in (A.1)
2ng m1 N2 n3
2ng S
A
ni
A®) = pTAG) py =

n3 0

and

2ng ni ng nsg

2ng Q

na 0
n3 0

where

0 1 1 0
S=1,® and Q=1,,®

10 00
The canonical form (A.1) is obtained with W = WyW,Wo P3sW,4 Ps.

Now we interpret the dimension of each block matrix. From the canonical form of
B in Eq. (A.1), we can infer that ng = dim(N(B)) — ny — n3 and ny = rank(B) — ng. Also,
n3 = dim(N(A) N N(B)). To interpret ng, let Z € R™*(r0tn2413) he the basis of N(B)
consisting of the columns of W and consider the QR decomposition of Z = QR. Since @ is
an orthonormal basis of N(B), rank(Py(p) AP (p)) = rank(QTAQ). By the Sylvester’s law,
rank(QT AQ) = rank(ZT AZ). But, from the canonical form (A.1), ZT AZ = diag(0,,, ¥,0,,)
and rank(Z7 AZ) = ny. Therefore, ng = rank(Pp 5 AP (p))- O

Corollary A.1. The symmetric semi-definite pencil A — \B is simultaneously diagonalizable if

and only if ng = 0. In this case, we have the canonical form

ny mn2 ng ny  n2 n3
nmo | A m | I,
WTAW =, U and WIBW = ,, 0 :
ns 0 ns 0

Proof. From the pairs (S,Q) and (¥,0) in Eq. (A.1), we note that the algebraic and geometric
multiplicity of the infinite eigenvalues are 2ny + no and ng + na, respectively. Therefore, the

symmetric semi-definite pencil A—AB is simultaneously diagonalizable if and only if np = 0. O
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