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Abstract
Combinatorial Invariants on Smooth Projective Spherical Varieties
by
Michael Alexander Christianson
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Martin Olsson, Chair

The Knop Conjecture, which was proven by Losev in [Los09a], states that smooth affine
spherical varieties are classified up to equivariant isomorphism by their weight monoids.
This is in contrast with the standard classification of spherical varieties, which involves
combinatorial invariants related to divisors and valuations. In this thesis, we prove that
some of these combinatorial invariants are also determined by weight monoids in the smooth
projective case. This results in certain partial analogs of the Knop Conjecture for smooth
projective spherical varieties. We provide counterexamples to demonstrate that these partial
analogs are relatively optimal.

Our results indicate that weight monoids of smooth projective spherical varieties are closely
related to the data of certain divisors on these varieties. In analogy with the total coordinate
ring discussed in [Bri07], we develop methods for comparing the data of weight monoids with
the data of divisors, even without smoothness hypotheses. We then show that, under mild
hypotheses, the data provided by weight monoids is equivalent to the data provided by
divisors on projective spherical varieties.
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Chapter 1

Introduction

1.1 Overview of the Subject Matter

Let k be an algebraically closed field of characteristic 0, and let G’ be a connected reductive
group over k. Fix a Borel subgroup B C G and a maximal torus T C B. A spherical G-
variety is a normal G-variety X containing a dense B-orbit. Spherical varieties are a very nice
type of G-variety with a very rich theory. Examples include toric varieties (which are precisely
spherical varieties in the case where G = B = T is a torus) and flag varieties. These varieties
provide useful examples in a number of different fields of study. For instance, all spherical
varieties are Mori dream spaces, and their intersection theory is also well-understood.

In addition to enjoying such nice geometric properties, spherical varieties admit a purely
combinatorial classification. This classification began with the theory of Luna and Vust
[LV83], which classifies the open embedding G/H < X of the dense G-orbit G/H of a
spherical variety X. The classification of this embedding is given in terms of combinatorial
objects called colored fans and generalizes the classification of toric varieties in terms of
fans. With Luna—Vust theory, the classification of spherical varieties reduces to the case of
a homogeneous spherical variety, i.e. to the case where X = G/H is a homogeneous space
containing a dense B-orbit. This case is rather difficult. Luna first proposed a classification of
homogeneous spherical varieties in [Lun01] and proved this classification for certain reductive
groups G (specifically, the so-called reductive groups of type A, see Definition 2.2.17). His
methods were extended to various other types for G in work by Bravi, Pezzini, and Luna (for
a breakdown of which cases were proven, along with precise references to the original papers
by these authors, see [Timl11, p. 198]). Meanwhile, Losev proved the uniqueness portion of
Luna’s classification [Los09¢] for all G, and an argument for the existence portion was given
by Cupit-Foutou [Cupl4] using a geometric construction (this paper was uploaded to the
Arxiv as a preprint in 2009 and revised in subsequent years, but it seems to have never been
published). Later, Bravi and Pezzini [BP16] provided a proof of the existence portion of the
classification by extending the methods originally used by Luna in the type A case.

The combinatorial objects used to classify homogeneous spherical varieties pertain to the



behavior of valuations and divisors on these varieties. This behavior is greatly restricted
by reducing to the case of certain very nice spherical varieties (the wonderful varieties of
rank < 2) and appealing to an explicit classification of these varieties, which was given
by Wasserman in [Was96] (Wasserman’s paper is the original proof of the rank-2 case and
gives an overview of the rank-1 case, which was originally proven by Akhiezer [Akh83] in an
analytic setting and by Brion [Bri89b] in this algebraic context). This approach, pioneered
by Luna, is fundamentally geometric and gives clear restrictions on the combinatorial data
that can arise, albeit partly by appealing to a list which can be found in Wasserman’s paper.
Meanwhile, another sort of combinatorial object, more representation-theoretic in nature and
less clearly constrained, has also been studied for spherical varieties. These objects come from
observing the B-eigenvectors of GG-actions on global sections of line bundles, which yields
certain monoids and polytopes in the Q—vector space spanned by the lattice of weights of
T. This sort of combinatorial data is appealing in light of the case of toric varieties, where
monoids (in the affine case) and polytopes (in the projective case) of T-weights are known
to classify the variety up to T-isomorphism.

Some basic properties of these monoids and polytopes have been studied for spherical
varieties, e.g. by Brion in [Bri97], and in [Bri07], Brion studied similar types of data in the
context of Cox rings of spherical varieties. The relationship between Cox rings and Luna’s
combinatorial data for homogeneous spherical varieties has been further studied, e.g. in
[Gagl4] and [Gagl9]. Moreover, F. Knop conjectured that a smooth affine spherical variety
X is classifed up to G-equivariant isomorphism by the monoid of weights of B-eigenvectors
in I'(X, Ox). This conjecture was proven by Losev in [Los09a] using Losev’s work on the
uniqueness portion of the classification of homogeneous spherical varieties. Later, Pezzini
and Van Steirteghem [PV19] were able to completely classify which weight monoids occur
as those of a smooth affine spherical variety.

Aside from Losev’s proof of the Knop conjecture, not much seems to be known about
when these monoids of T-weights classify spherical varieties. Our goal is to investigate other
situations in which this type of combinatorial data classifies spherical varieties, or more
generally, determines some of the combinatorial data used in Luna’s method of classification.
To be more precise, we will denote such a monoid by AT (X, L), where X is a spherical variety
and L is a so-called G-linearized line bundle on X i.e. a line bundle equipped with a piece of
data called a G-linearization (which is necessary in order to construct the monoid A™ (X, L)).
There are three main pieces of data that arise in the classification of spherical varieties:

1. The set of of B-stable prime Weil divisors of X, which we denote by D¢ x. This set
comes equipped with certain other data related to these divisors (for instance, some
data related to their valuations).

2. The so-called colored fan of X, denoted Fx. The colored fan is a set whose elements
are colored cones, which encode certain data related to the G-orbits of X.

3. The so-called spherical roots of X. The set of spherical roots is denoted ¥ x.



The classification of spherical varieties implies that two spherical varieties X; and X, are G-
equivariently isomorphic if and only if we can “equate” (in a sense made precise in Section 4.1)
the data of the D¢ x,, the Fx,, and the Vg x,. In light of this fact, our goal is to answer the
following question.

Question 1.1.1. Let X; and X, be spherical G-varieties, and suppose given some G-
linearized line bundles Ly and Ly on X1 and Xy (respectively) such that the monoids At (X1, Lq)
and At (X, Ly) are equal. Can we obtain equalities on the D¢ x,, the Y¢ x,, or the Fx, ?

The main new results of the thesis are motivated by this question. These results are
contained in Chapters 4 and 5.

1.2 Results in Chapter 4

In Chapter 4, we use the Knop conjecture and the so-called local structure theorem for
spherical varieties to show that when X; and X5 are smooth and projective and L; and Lo
are ample, then the assumption A*(X;, Ly) = AT (X5, Ly) implies that X; and X, are locally
B-equivariantly isomorphic (see Theorem 4.4.6 for a precise statement). On its own, this
is not much more than an adaptation of Losev’s arguments to prove the Knop conjecture
(see [Los09a, Section 5|) from the affine setting to our setup with ample line bundles. (It is
perhaps worth noting one key difference here: Losev had to appeal to an inductive argument
to get his local isomorphism, but since we will obtain affine spherical varieties in the local
setting, we can simply appeal to the Knop conjecture now that Losev has already proven it.)

Our plan in Chapter 4 is to use the local isomorphism given in Theorem 4.4.6 to equate
the various combinatorial data of X; and X5. This is a somewhat subtle task for two reasons:
first, because not all combinatorial data is captured locally in this way; and second, because
the local isomorphism we get is generally only B-equivariant, not G-equivariant. We do our
best to address this issue for each of the three pieces of combinatorial data mentioned above
that classify spherical varieties.

Remark 1.2.1. It is generally necessary to assume that X; and X5 are both smooth and
projective for almost all of our arguments using Theorem 4.4.6. On the other hand, we will
see in Examples 4.2.7 and Example 4.2.8 that A™T(X, L) generally does not capture the pieces
of combinatorial data we are interested in if X is not smooth and projective (or affine, but
this case is already handled by the Knop conjecture). So, while the majority of our results
do require hypotheses of smoothness and projectivity, these hypotheses are likely necessary
for most statements we are trying to prove.

Equating D¢ x, and D¢ x,

In Section 4.5, we consider the task of equating D¢ x, and D¢ x,. We formalize this notion of
“equality” in Section 4.1 by introducing a gadget called a D-equivalence, which is a bijection



t : Dgx, — Dg.x, that preserves all the relevant combinatorial properties of the Dg x,.
We say that X; and X, are D-equivalent if such a D-equivalence exists. It turns out that
the isomorphism of Theorem 4.4.6 is not enough to give us a D-equivalence, even when X,
and X, are smooth and projective: indeed, we will provide an explicit counterexample in
Examples 4.9.1 and 4.9.2 where X; and X, are actually very well-behaved spherical varieties.
To fix this, we can keep track of another piece of data in addition to the weight monoids
AT (X;, L;): namely, the set of type-b roots of X;, denoted Hg(i. If we additionally assume
that 1%, = II%, (which is not the case in the aforementioned counterexample), then we
obtain the following result.

Theorem 1.2.2 (see Theorem 4.5.5). Let X; and Xy be smooth projective spherical G-
varieties, and let L1 and Ly be G-linearized ample invertible sheaves on X, and Xs (respec-
tively). If AT(X1, L1) = AT(Xo, Ly) and 1%, =15, then X1 and X, are D-equivalent.

Equating Vs x, and Vg x,

In Section 4.6, we consider equating the sets of spherical roots U¢ x, and Vg x,. Unlike
with the Dg x,, where we need to clearly define what “equality” should mean, in this case
we actually mean V¢ x, = Vg x, as sets.

The standard theory of spherical varieties gives many constraints on the combinatorial
behavior of spherical roots. “Most” of the combinatorial behaviors that can possibly arise
are such that we can detect the spherical root locally and so use our local isomorphism from
Theorem 4.4.6 to identify spherical roots between X; and X,. More precisely, this gives us
the following theorem.

Theorem 1.2.3 (see Theorem 4.6.8). Let X; and X be smooth projective spherical G-
varieties, let L1 and Ly be G-linearized ample invertible sheaves on X1 and Xy (respectively),
and suppose that AT (X1, L) = At (Xs, Ly). For any spherical root v € V¢ x, be a spherical
root, we have v € ¥q x,, exept possibly when v € Hgﬁ or when v lies in a certain list of 4
“exceptional types” spherical roots.

We remark that the set of type b roots Hf;{i is always a subset of V¢ x,, and whether a
spherical root v € Uq x, lie in Hg(i is entirely a question of the combinatorial properties of
~. In particular, if v € Hg(l and v € Vg x,, then v € HI}Q. So, the exceptional case v € Hg(l
in Theorem 1.2.3 again comes back to the issue that we may have I # II% , as we did
when equating the Dg x,. In particular, the same counterexample for the D-equivalences
(Examples 4.9.1 and 4.9.2) will give a choice of X; and X3 as in the above theorem and some
v € Hgﬁ N V¢ x, such that v € Vg x,. Thus, the statement of Theorem 1.2.3 is essentially
optimal when it comes to roots of type b.

The precise description of the 4 “exceptional types” of spherical roots is somewhat tech-
nical; we give a brief overview of the description here and defer a more precise description
to Theorem 4.6.8 and Proposition 4.6.5c. For every spherical root 7 of a spherical G-variety
X, there exists some reductive subgroup Gy C GG and some spherical Gg-variety X, which is



“nice” (more precisely, Xy is a so-called wonderful variety of rank 1) such that the unique
spherical root of Xj is . Since the wonderful varieties of rank 1 can be classified, and all of
them have been explicitly written down, this fact completely determines all possible spherical
roots of any spherical variety for GG, and in fact, one can write down a full list of spherical
roots for each possible choice of G (see e.g. [Tim11, Table 30.2], which gives this list for G
a semisimple simply connected group; the list for any other G can be computed from this
list using standard combinatorial facts about spherical roots). Also, in the classification of
all rank-1 wonderful varieties, one naturally finds certain families (G, X}, )n>n, consisting of
a rank-1 wonderful G,-variety X, for each n > ng, where ny € N. For instance, one such
family is (SL,,,P") for n > 2.

Returning to Theorem 1.2.3, there are certain combinatorial conditions on the spherical
root v in the theorem that our proof will not work for. These combinatorial conditions
occur only for all the spherical roots arising from 3 families of rank 1 wonderful varieties
(G1s X1n)n>2, (Gomy Xon)n>2, and (G, X3,)n>2, and for the spherical root of one other
rank-1 wonderful variety X, under the action of some reductive group G = G4. So, the
spherical roots of the X, for 1 <7 < 3 constitute 3 “exceptional types” of spherical roots,
and the unique spherical root of X is a 4th “exceptional type” (or more precisely, a single
exceptional spherical root).

Now, for every single spherical root v that is one of these 4 exceptional types (i.e. every =y
that is a spherical root of X, for some ¢ and n, and for v equal to the spherical root of Xy),
we will see in Example 4.9.4 that there exist X; and X5 smooth and projective and L; and Lo
ample such that AT(X;, L) = AT (Xs, Ly), but v is a spherical root of X; and not a spherical
root of X5. Thus, Theorem 1.2.3 is essentially optimal, in that there exists a counterexample
for every single spherical root that the theorem does not apply to. We remark, however,
that unlike the counterexample for the first exceptional type in Examples 4.9.1 and 4.9.1,
our counterexample in Example 4.9.4 is not a geometric construction; instead, it is given by
simply writing down some valid combinatorial data and noting that a spherical variety with
this data exists by the classification of spherical varieties.

Equating %y, and Fy,

The colored fans Zx, and Zy, are sets, but to equate them, we do not mean to use a
literal equality of sets. Equating two colored fans actually only makes sense when X; and
X, are D-equivalent, so to capture what it means for these colored fans to be “equal,” we
will introduce a notion of a D-equivalence preserving colored fans. For the purposes of this
introduction, this technicality is not particularly relevant, so we will just speak of these
colored fans being “equal” for the time being (by which we really mean that there exists a
D-equivalence between X; and X, that preserves colored fans).

Our techniques using Theorem 4.4.6 seem to give us very little control over the colored
fans Zx, and F,. The primary issue here is that the elements of a colored fan are generally
not detectable locally, except when X; and X, are so-called toroidal varieties (not to be
confused with toric varieties), which are a particularly nice type of spherical variety. In



Proposition 4.7.1, we will give one very limited result in this vein: roughly speaking, it says
that an element C' € Fx, also lies in .#x, provided that C' has the same properties as
an element of a colored fan of a toroidal variety. Being toroidal is a property that can be
checked on colored fans, so in fact, Proposition 4.7.1 will only imply that #x, and Fx, are
equal when X; and X, are both toroidal. In the toroidal case, however, Proposition 4.7.1 is
actually superceded by a stronger statement (namely, Theorem 1.2.6, which we will discuss
below).

On the other hand, In Examples 4.9.3 and 4.9.4, we will obtain counterexamples when
the assumptions of Proposition 4.7.1 do not hold. So, while it is rather limited in scope,
Proposition 4.7.1 seems to be a relatively optimal result when trying to equate the colored
fans of X; and Xs.

From Valuation Cones to Everything Else

Remarkably, it turns out that if we are willing to assume V¢ x, = Vg x, then we actually
obtain an “equality” on both the D¢ x, and the .Fx,. Even more remarkably, we don’t even
need a smoothness assumption for this to be the case. Here is the precise result:

Theorem 1.2.4 (see Corollary 4.3.5). Let Xy and X, be projective spherical G-varieties,
and let Ly and Ly be G-linearized ample invertible sheaves on X1 and Xo respectively. If
AT (X1, L) = AT (X, Ls) and Vg x, = Vg x,, then there exists a G-equivariant isomorphism
i X; = Xy such that i* Ly = Ly (as G-linearized invertible sheaves).

Theorem 1.2.4 is essentially a generalization of an analogous result for affine spherical
varieties, which Losev proved as a stepping stone to proving the Knop conjecture (see [Los09a,
Theorem 1.2]). Indeed, the proof of Theorem 4.4.6 under the assumptions of the above
theorem is essentially an application of Theorem 1.2 in [Los09a], and Theorem 1.2.4 follows
quickly from Theorem 4.4.6 and our results on equating the Dg x,. For this method of
proving Theorem 1.2.4, see the end of Section 4.5. We will also give a different proof of the
theorem in Section 4.3, which hinges on “lifting” certain valuations on a projective variety
to valuations on its affine cone.

Write g%, C We,x, for the subset of spherical roots which are either in IT% or are
one of the 4 “exceptional types” in Theorem 1.2.3. By combining Theorem 1.2.4 and The-
orem 1.2.3, we obtain a new criterion for when two smooth projective spherical G-varieties
are G-equivariantly isomorphic.

Corollary 1.2.5 (see Corollary 4.8.1). Let X; and Xy be smooth projective spherical G-
varieties. The following are equivalent.

(i) X1 and Xy are G-equivariantly isomorphic.

(1) ox, = Y&k, and there exist G-linearized invertible sheaves Ly and Lo on X and
Xy (respectively) such that Ly and Lo are both ample and AT (X4, L1) = AT (Xs, La).



We discussed above how the “exceptional types” of spherical roots in Theorem 1.2.3 are
obtained by a technical analysis of all possible spherical roots for a spherical G-variety. This
sort of analysis also shows that “many” spherical roots are not exceptional. Although we
have not rigorously quantified what “many” means here, this leads us to make 2 intuively
logical claims.

1. There are likely many interesting smooth projective spherical varieties X such that
G%x = 9. By Corollary 1.2.5, such a variety X is completely determined up to
G-equivariant isomorphism by a weight monoid A* (X, L) for any G-linearized ample

invertible sheaf L on X.

2. For a general smooth projective spherical G-variety X, the size of the (finite) set WEF is
often relatively small compared to the size of Wg x. In other words, the data of W&
is less than that of W¢ x, so the statement of Corollary 1.2.5 classifies X up to G-
equivariant isomorphism with relatively little data compared to that of Theorem 1.2.4.
Moreover, Theorem 1.2.4 itself seems to use less data than the general classification
of spherical varieties, because Theorem 1.2.4 does not make any assumptions about
colored fans. Thus, both Theorem 1.2.4 and Corollary 1.2.5 seem to be significant
improvements on the amount of data needed to classify a (smooth) projective spherical

variety up to G-equivariant isomorphism.

In spite of these statements, the appearance of the set W& in Corollary 1.2.5 is rather less

nice than the statement of the Knop conjeture, in which one assumes only an equality on
weight monoids. However, as mentioned in our discussion of Theorem 1.2.3 above, Exam-
ples 4.9.1, 4.9.2, and 4.9.4 will give us for every single possible v € V&%, an example in
which v € Ug x, but v € Wg x,. Thus, the assumption that Vg, = Wgs, seems to be
necessary in Corollary 1.2.5.

These examples notwithstanding, there are certain specific “nice” classes of spherical
varieties for which we can improve upon Corollary 1.2.5. We can provide partial results for
so-called rank-1 spherical varieties, although these require some other niceness assumptions
(see Theorem 4.8.5 and Corollary 4.8.6 for details). Moreover, the so-called horospherical
varieties are a type of spherical variety characterized by the fact that they have no spherical
roots. So, Yo x, = Ygx, = @ when X; and X, are horospherical, which allows us to
remove the assumption that the sets Uq x, are equal in Theorem 1.2.4. Finally, we can
consider the case of toroidal varieties, which we have already mentioned above. Below is our
main theorem on horospherical and toroidal varieties.

Theorem 1.2.6 (see Theorem 4.8.2). Let X and Xy be smooth projective G-varieties, and
let Ly and Ly be G-linearized ample invertible sheaves on X1 and Xo (respectively).

(a) Suppose that Xy and Xo are horospherical. If AT (X, L) = AT(Xy, Ly), then X, and
X5 are G-equivariantly isomorphic.



(b) Suppose that X, and X, are toroidal. If A*(Xy, L) = AT (Xs, Ly) and 1%, = TI%,,
then Xy and Xy are G-equivariantly isomorphic.

We remark that horospherical varieties are a very typical nice type of spherical variety
in the literature. For instance, all flag varieties over an algebraically closed field are horo-
spherical varieties. Toric varieties are also examples of horospherical varieties; in fact, our
result on horospherical varieties in Theorem 1.2.6 may be viewed as a generalization of the
fact that a projective toric variety is characterized up to isomorphism by a conex polytope
(see e.g. [Oda88, Theorem 2.22]). Toroidal varieties are less commonly studied in their
own right, perhaps because their behavior is already very well understood (and in fact is
closely related to that of toric varieties). However, there do exist many examples of toroidal
varieties: for instance, every spherical variety X is G-equivariantly birational to a smooth
toroidal variety X', and if X is projective, then X’ may be taken to be projective as well
(see Proposition 3.5.8 and Theorem 3.5.10 for details).

1.3 Results in Chapter 5

Our results in Chapter 4 seem to indicate that, of all the combinatorial invariants that classify
spherical varieties, the set of B-stable divisors D¢ x is the one that is most directly related to
the weight monoid A* (X, L). Indeed, we saw in Theorem 1.2.2 that an equality AT (X, L1) =
At (Xy, L) gives us an “equality” between D¢ x, and Dg x, (i.e. a D-equivalence between
X1 and X,), provided that we also have 118 L= chz. We are thus led to consider whether
weight monoids can also be used to encode the information of the set IT4. If they can, then
an equality on weight monoids might be sufficient on its own to give a D-equivalence.

In Chapter 5, we will consider 2 methods of encoding the information of I1% in a weight
monoid, and we will studying the ensuing relationship between divisors and weight monoids
for both methods. The first method is to simply choose a certain “nice” G-linearized ample
line bundle L on X such that the weight monoid AT(X, L) determines the set I1%. The
second method is to consider the weight monoid AT(X, L) for every G-linearized invertible
sheaf L on X, rather than just using the weight monoid for a single invertible sheaf.

Using “Nice” Ample Line Bundles

Our method of proving Theorem 1.2.2 is close to being able to prove that Hg(l = Hf;(Q, but it
cannot generally prove this because of one technical issue: a type b root o € 114 corresponds
in a nice way to two B-stable prime Weil divisors D; and D, on X, and we would need to be
able to find a certain global section of L that does not vanish on either Dy or D,. To fix this
issue, we are led to define a notion of a level line bundle, which, roughly speaking, is a choice
of L such that this necessary global section does exist. We discuss the notion of level line
bundles in Section 5.1. In particular, we show that the method of proof in Theorem 1.2.2
does also take care of the sets Hg(l and Hgﬁ in the setting of level line bundles. More precisely,
we have the following improvement on Theorem 1.2.2 in the level setting.



Theorem 1.3.1 (see Theorem 5.1.10 and Corollary 5.1.11). Let X, and X5 be smooth projec-
tive spherical G-varieties, and let Ly and Lo be G-linearized ample invertible sheaves on X,
and X, (respectively). If Ly and Ly are level and A* (X1, Ly) = A (X, Ly), then II%, = 1I%,,
and X, and Xy are D-equivalent.

The main advantage to using level line bundles is that we no longer run into any issues
with roots of type b, either in Theorem 1.2.2 or in our consideration of spherical roots in
Theorem 1.2.3. In particular, in the statement of Theorem 1.2.3, we only need to except 4
“exceptional types” of spherical roots: the spherical roots of the 5th exceptional type are
the elements of IT% , and we know from Theorem 1.3.1 that IT% = IT%, when Ly and L, are
level. We can thus exclude IT%, from the sets W&, in Corollary 1.2.5, which leads to the
following refinement of that corollary in the level case.

Corollary 1.3.2 (see Corollary 5.1.12). Let (X, Ly) and (X, Lg) be smooth polarized spher-
ical G-varieties, and suppose that Ly and Lo are level. The following are equivalent.

(i) There ezists a G-equivariant isomorphism i : X1 — Xs such that i*Ly = Ly as G-
linearized tnvertible sheaves.

(ZZ) \I/vafxl \Hg(l = 833(2 \Hl))(Q and A+<X1, Ll) = A+<X2,L2).

The main downside to using level line bundles is that there exist spherical varieties X
such that no G-linearized ample invertible sheaf on X is level. However, we will prove
in Lemma 5.1.3 and Proposition 5.1.4 that level line bundles do exist for many spherical
varieties.

Considering All Weight Monoids At Once

Rather than trying to pick a single “nice” ample line bundle to work with, we might simply
try to use every ample line bundle at once. In fact, in formulating the theory, it is beneficial to
work not just with ample line bundles or even with line bundles at all, but with a more general
object called a divisorial sheaf. This allows us to associate a sheaf to every Weil divisor on a
normal variety, which will help in our goal of understanding the relationship between divisors
and weight monoids (which arise from sheaves). The theory of divisorial sheaves works quite
generally, for any normal variety; we briefly review this theory in Appendix B.

One way to work with the weight monoids of every divisorial sheaf at once would be to
consider an action of G on the Cox ring of X. This approach has been considered in work
by Brion and Gagliardi, see [Bri07], [Gagl4], and [Gagl9]. For our purposes, we are most
interested in what it means for two spherical varieties X; and X5 to have an “equality” on
every weight monoid at once. So, rather than working with Cox rings, we introduce the
notion of a AT -equivalence between X; and X,, which which is essentially the condition of
having AT (X;, L) = AT(Xy, Ly) for every possible choice of L; and Ly. Our main result
on AT-equivalences is the following theorem, which shows that these “equalities” are very
closely connected to D-equivalences in nice cases.
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Theorem 1.3.3 (see Corollary 5.4.2). Let X, and Xy be spherical G-varieties, and suppose
that

1. Pic(G) =0,
2. the function fields K(X,) and K(X3) are isomorphic as G-modules, and
3. T'(X1,0x,) =T(Xs,0x,) = k.

(For instance, these 3 assumptions hold if Pic(G) = 0 and X, and X, are projective, cf.
Corollary 5.53.7.) Then, X1 and Xy are D-equivalent if and only if they are AT -equivalent.

Remark 1.3.4. One benefit of using divisorial sheaves instead of just invertible sheaves
when working with A*-equivalences is that the above theorem (as well as Corollaries 1.3.6
and 1.3.7 below) does not require X; and X, to be smooth.

Remark 1.3.5. For technical reasons, we will often require the assumptions I'(X;, Oy, ) =
I'(Xs,Ox,) = k and Pic(G) = 0 when working with A*-equivalences. The former assump-
tion is a standard constraint for certain technical statements about Cox rings, and it does
little harm for our purposes, since we are most interested in the case of projective spherical
varieties. The assumption that Pic(G) = 0 is also a common constraint when working with
line bundles and weight monoids, and it is not terribly restrictive. Indeed, we can always
force Pic(G) = 0 after replacing G by G for some finite surjective homomorphism G — G,
and such a replacement is perfectly suitable for most applications. For instance, a replace-
ment of G like this occurs in the work of Brion [Bri07] and Gagliardi [Gagl9] on Cox rings
and weight monoids.

As for the assumption that K (X;) = K(X53) as G-modules in the above theorem, this is
simply necessary for the concept of a D-equivalence to make sense. Part of the data of the
set D¢, x, that we wish to consider is the behavior of valuations of divisors, and this behavior
occurs in the context of the canonical G-module structure on the function field. For more
details, see Sections 2.4.a, 3.1.b, and Definition 4.1.1.

It is not hard to show that if X; and X, are D-equivalent, then Hg(l = Hg(Q (see
Lemma 4.1.2). So, one particular consequence of Theorem 1.3.3b is that, if Pic(G) = 0
and X; and X, are projective and At-equivalent, then Hg(l = HgQ. Conceptually, this
means that the data of A*T(X, L) for every possible choice of L does encode the information
of 1%, as well as all the information about every B-stable Weil divisor on X.

Theorem 1.3.3 also allows us to replace the data of “equality” on Dgx (ie. a D-
equivalence) with the information of a AT-equivalence in the classification of spherical vari-
eties. More precisely, just as “equality on colored fans” really means a D-equivalence that
preserves colored fans, we define a notion of a AT-equivalence that preserves colored fans.
The following corollary is then almost immediate from Theorem 1.3.3 and the classification
of spherical varieties.
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Corollary 1.3.6 (see Corollary 5.3.11). Let X; and Xy be spherical G-varieties. Suppose
that

1. Pic(G) =0,
2. the function fields K(X,) and K(X3) are isomorphic as G-modules, and
3. T'(X1,0x,) =T(Xs,0x,) = k.

(For instance, these 3 assumptions hold if Pic(G) = 0 and X, and X, are projective, cf.
Corollary 5.3.12.) Then, the following are equivalent.

(1) X1 and Xy are G-equivariantly isomorphic.

(i) Ve x, = Ya x,, and there exists a AT -equivalence between X, and Xs that preserves
colored fans.

Compatibility with Ample Line Bundles

As dicsussed above, our main classification statement in Corollary 1.2.5 has a natural
improvement in the context of level line bundles. We also wish to obtain an analog of
this corollary in the context of AT-equivalences. However, the main methods of proof
of the corollary hinge on having ample line bundles L; and Ly on X; and X5 such that
AT(Xy,L1) = AT (X, Ly). A AT-equivalence gives us many such line bundles, but it does
not guarantee that both L; and Ly will be ample.

To resolve this, we define a notion of a strong AT -equivalence, which is essentially a A*-
equivalence that identifies some G-linearized ample line bundle on X; with a G-linearized
ample line bundle on X5. This guarantees that we do have the necessary condition on some
choice of ample line bundle. Analogously, we define a notion of a strong D-equivalence,
which is a D-equivalence that “maps” some ample divisor on X; to an ample divisor on X,
in some appropriate sense. The statement of Theorem 1.3.3 leads very easily to an analogous
statement for strong equivalences:

Corollary 1.3.7 (see Corollary 5.5.2). Let X; and X, be quasi-projective spherical G-
varieties. Suppose that Pic(G) = 0 and that I'(X1,0x,) = I'(X2,0x,) = k. Then, X,
and Xo are strongly D-equivalent if and only if they are strongly AT -equivalent.

In the case of smooth projective spherical varieties, we can use the techniques of Chapter 4
to show that the data of a strong D-equivalence is equivalent to the data of IT% and the weight
monoid of an ample line bundle. More precisely:

Theorem 1.3.8 (see Corollary 5.5.11). Let X; and X5 be smooth projective spherical G-
varieties. The following are equivalent:

(i) X1 and Xy are strongly D-equivalent.
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(i) 1%, =TIY%,, and there exist G-linearized ample invertible sheaves Ly and Ly on Xy and
Xy (respectively) such that AT (X, L) = AT (Xa, Lg).

Combining Theorem 1.3.8 and Corollary 1.3.7, we see that a strong D-equivalence (hence
also a strong AT-equivalence when Pic(G) = 0) gives no more information than an equality
on the sets II% and on the weight monoids A*(X;, L;) for some G-linearized ample line
bundles L;. Thus, we have the following analog of Corollary 1.2.5.

Corollary 1.3.9 (see Corollaries 5.5.3 and 5.5.4). Let X; and X, be smooth projective
spherical G-varieties. The following are equivalent.

(1) X1 and Xy are G-equivariantly isomorphic.

(it) WES, \ 1%, = vegs, \ %, and X1 and X, are strongly D-equivalent.
(iii) V&S, = V&S, and Xy and Xy are strongly A*-equivalent.
If Pic(G) = 0, these are also equivalent to the following condition.

(iv) V&S, \ %, = &%, \ %, , and X, and X, are strongly A*-equivalent.

We noted above that Example 4.9.4 will give for every possible exceptional spherical root
~ an example of some X; and X5 smooth and projective and some G-linearized ample invert-
ible sheaves L; and Ly on X; and X, (respectively) such that A* (X, L) = AT(Xs, L) and
v € VE%, but v € UES, . This shows that the assumption VFS, = Vs, in Corollary 1.2.5
is necessary. Likewise, our examples in Example 4.9.4 will actually be strongly D-equivalent,
and Pic(G) = 0 in those examples, so they are strongly At-equivalent as well (by Corol-
lary 1.3.7 above). Thus, these examples indicate that the equalities on sets of exceptional
spherical roots in Corollary 1.3.9 are also necessary.

1.4 Applications to Hamiltonian Manifolds

Some of our main results (namely, Corollaries 1.2.5 and 1.3.9) are in some sense partial
analogs of the Knop conjecture in the projective setting. They are thus related to certain
problems on Hamiltonian manifolds, in a similar way to the Knop conjecture. We briefly dis-
cuss this connection here, drawing primarily on Losev’s discussion of Hamiltonian manifolds
and the Knop conjecture in [Los09a].

Let K be a connected compact Lie group with Lie algebra £, and fix a Cartain subalgebra
t C £ and a positive Weyl chamber t* C t. An action of K on a symplectic manifold (M, w)
is said to be Hamiltonian if there exists a moment map, i.e. a K-equivariant map pu : M — €
such that

w(&er,v) = (dep(v),E) Vx € M, E€t, ve T, M.
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We call the triple (M, w, u) a Hamiltonian manifold. Choosing a K-invariant inner product
on £, we may identify £ with €. Under this identifiaction, a theorem of Kirwan tells us that

A(M) = (M) Nt

is a convex polytope, called the moment polytope of M.

We say that a Hamiltonian K-manifold (M, w, p) is multiplicity-free if a general K-orbit
in M is a coisotropic submanifold of M. For a compact multiplicity-free Hamiltonian K-
manifold, it turns out that every fiber of the map ¢ (z) = Ku(x) Nt, is a single K-orbit.
Since t; can be identified with the orbit space ¢*/ K, we may view 1 as an invariant moment
map, and the condition that M is multiplicity-free tells us that 1 induces a homemorphism
between the orbit space M/K and the moment polytope A(M) = (M).

An important problem in symplectic geometry is to classify all compact multiplicity-
free Hamiltonian manifolds. One important piece of data is the moment polytope A(M).
Another is the so-called principal isotropy subgroup of M, which is defined to be K, for any
x € p(n), where 7 is a general element of A(M). It turns out that K, does not depend
on the choice of x or n and so constitutes an invariant of M. Delzant conjectured that
the pair (A(M), K,) classifies a compact multiplicity-free Hamiltonian manifold M up to
K-equivariant symplectic diffeomorphism.

The Delzant conjecture was proven by Knop [Knol1]. To do this, Knop used the fact that
Multiplicity-free Hamiltonian manifolds are in some sense a symplectic analog of spherical
varieties. Indeed, there is a very precise way in which one can locally model a multiplicity-
free Hamiltonian manifold by an affine spherical variety. This allows one to reduce a local
version of the Delzant conjecture to the statement of the Knop conjecture; Knop then used
this local version to prove the Delzant conjecture globally.

The Delzant conjecture suggests that we would not expect to obtain as nice a statement
in the projective case as we do in the affine case. Indeed, the weight monoid A™ (X, L) can be
used to define a polytope (see e.g. [Bri97, Section 5.3]), which is the algebro-geometric analog
of the moment polytope for compact multiplicity-free Hamiltonian manifolds. However, in
the analytic setting, Delzant’s conjecture requires not just the moment polytope but also
the principal isotropy subgroup to classify the manifolds under consideration. On the other
hand, our Theorem 1.2.4 already suggests that the algebraic setting of projective spherical
varieties is nicer than the analytic setting of compact multiplicity-free Hamiltonian manifolds.
Indeed, Theorem 1.2.4 indicates that a projective spherical variety X is determined up to G-
equivariant isomorphism by a weight monoid A* (X, L) and the set of spherical roots ¥g x,
and the data of the spherical roots Uq x seems intuitively “weaker” than the data of the
entire principal isotropy subgroup K,. For comparison, the set of spherical roots W« x alone
does not uniquely determine the isotropy subgroup G, for a general point x in a spherical
variety X: instead, the classification of spherical varieties indicates that G, is determined
up to conjugation by ¥s y along with (some of) the data of D¢ x. Corollary 1.2.5 further
improves the situation in Theorem 1.2.4, because it asserts that when X is smooth, we need

not even remember the entire set W x but only the set W& of exceptional spherical roots.
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We can thus regard our main results in Chapter 4 as evidence that there is a somewhat nicer
structure to the combinatorial data of AT(X, L) in the algebro-geometric case than there is
for the analogous data in the setting of symplectic geometry.

1.5 Outline of the Thesis

This thesis is organized as follows. In Chapters 2 and 3, we discuss in detail the classification
of spherical varieties. These chapters are purely expositional. Chapter 2 contains basic
results on reductive groups and G-varieties. This is meant to serve as a brief introduction
to the theory of reductive groups, which is sufficient to understand the rest of the thesis but
is also accessible to the reader with only a little exposure to the theory of algebraic groups.
Chapter 3 then builds up the whole theory of spherical varieties, from the definition of a
spherical variety to the full combinatorial classification of these varieties. We give a very
thorough and technically precise treatment of the theory in this chapter. For the reader
who is not interested in studying the theory of spherical varieties in this depth, we provide
a suggestion at the beginning of Chapter 3 for how to read this chapter in order to gain just
enough understanding to be able to read the chapters that follow it.

After giving a thorough treatment of the theory, we give our original work in Chapters 4
and 5. In Chapter 4, we develop our results on weight monoids of ample line bundles, which
we discussed in Section 1.2 above. In Chapter 5, we develop our results on level line bundles
and AT-equivalences, which we discussed in Section 1.3 above.

1.6 Conventions and Notation

We end this introduction with a few conventions. Throughout, £ will denote a field and
G will denote an algebraic group over k. Except where we explicitly state otherwise, we
assume that k is an algebraically closed field of characteristic 0 and that G is a (connected)
reductive group. We will also typically assume given some choice of maximal torus 7' C G
and Borel subgroup B C G containing 7. For information on what these terms mean and
why it is okay to fix some choice of T and B, see Sections 2.2 and 2.3.

Everything we say about schemes is assumed to take place in the category of finite-type
k-schemes (or some appropriate subcategory), i.e. all schemes will be assumed to be of finite
type over k, morphisms are assumed to be morphisms of k-schemes, the product X x Y
denotes the fiber product X Xgpecr) Y, etc. When referring to points of G (or of schemes
with an action of ), we mean closed points (unless context clearly indicates otherwise). For
instance, g € G denotes a closed point g € G(k).

Given an invertible sheaf L on a scheme X, we write ['.(X, L) for the graded ring
Gp>oH (X, L®™). When working with this graded ring in the context of affine cones, we
are often interested in the group G = G x G,,, (see Section 2.5 and Appendix A for details).
In other places, however, the group G often denotes a finite cover of G, i.e. an algebraic
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group equipped with an isogeny G- G . Because of these two different uses of the notation
G, we will always explicitly state what G means wherever we use it.

Definition 1.6.1. A wvariety is an integral, separated, finite-type scheme over k. A G-
variety is a variety equipped with an action of G. A G-scheme is a (finite-type) scheme over
k equipped with an action of G.

When working with a lattice (i.e. a free finitely generated abelian group) X, we will write
X and Xg for the vector spaces X ®z Q and X ®z R (respectively) and XV for the dual
lattice Homg (X, Z).

For any algebraic group G, we denote the derived subgroup of G by [G, G]. For any sub-
group H C G, we write Cg(H) and Ng(H) for the centralizer and normalizer (respectively)
of H in G, and we write Z(G) for the center of G. Also, we denote all Lie alebras with
lowercase letters in the Fraktur font, e.g. g is the Lie algebra of G and § is the Lie algebra of
H. Moreover, for any H-scheme Z, we denote by G x* Z the homogeneous fiber bundle over
G/ H whose fibers are Z. More precisely, G x Z is the quotient (G x Z)/H, where H acts
on G x Z by h(g,z) = (gh™',hz). This quotient can be defined rigorously as an algebraic
space in a natural way, or as a ringed space (as in [Tim11, Section 2.1]); however, it turns out
to be a k-scheme under relatively weak conditions on Z (see e.g. [Tim11, Theorem 2.2]). In
particular, the homogeneous fiber bundle G x Z will be a k-scheme in every circumstance
in which we use it. For more information about G' x# Z, we refer the reader to [Timl1,
Section 2.1].
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Chapter 2

Reductive Groups and (G-varieties

In this chapter, we review backround material concerning reductive groups and varieties with
an action of a reductive group. We assume that the reader is familiar with basic definitions
of algebraic groups and their representations but is not necessarily familiar with the theory
of algebraic groups or the theory of reductive groups. A fantastic reference for all of these
topics (and much more) is [Mill7]. The reader with less background than we assume here
may wish to start with Brion [Bril0], which assumes no knowledge of algebraic groups and is
geared specifically towards spherical varieties. Other standard and useful references include
[Bor91] and SGA 3 (particularly Exposé 26 [Dem66], which gives a much more in-depth
treatment of parabolic subgroups than most sources).

This chapter is included mainly for the reader’s convenience and to define notation. In
particular, many of the propositions are primarily included so that they can be referred to for
the occasional technical argument. The reader familiar with reductive groups, group actions,
and G-linearizations may wish to skim through the definitions and results in Sections 2.5
and 2.6, as these will be the most useful sections later on, and then refer back to the rest
of the chapter as needed. For those particularly versed in the standard results on reductive
group actions and G-linearizations, it may even be sufficient just to consult the Index of
Notation.

2.1 Algebraic Groups

We begin by collecting some facts about algebraic groups. These are all fairly standard, but
they will be useful to refer back to for certain arguments later. We have tried to state these
facts in as much generality as possible, simply for precision. However, we will almost always
be working in the case where k is of characteristic 0 and algebraically closed and G is affine,
hence also smooth ([Mill7, Theorem 3.23]). Thus, most of the assumptions we impose in
the results below will always be satisfied for our purposes.

First, we have a standard fact about dimensions of quotients of algebraic groups.
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Lemma 2.1.1. Let G be an algebraic group, and let H C G be an algebraic subgroup. Then,
dim(G/H) = dim(G) — dim(H).

Proof. The quotient morphism 7 : G — G/H is given on k-points by g — gH. For any
coset goH € G/H, we have w(g) = goH if and only if goh = g for some h € H. Thus,
the fiber 77!(goH) is the subvariety goH C G, which has dimension dim(H). Since every
fiber of 7 has dimension dim(H) and 7 is surjective ([Mill7, Theorem B.37]), it is a general
(scheme-theoretic) fact (see e.g. [TY05, Corollary 15.5.5]) that

dim(G) = dim(G/H) + dim(H),
and the statement now follows. O]

Next, we consider some important facts about orbits of algebraic group actions.

Proposition 2.1.2 ([Mill7, Propositions 7.4, 7.17], [Bor91, Proposition 1.8]). Let k be a
field, let X be a separated scheme of finite type over k, and let G be a smooth algebraic group
acting on X. Let x € X (k) be a k-point.

(a) The orbit Gz of x is a smooth, G-stable locally closed subscheme of X.

(b) We have Gz = G /G, where G, is the stablizer of x. In particular, if G is irreducible,
then Gz is geometrically irreducible (hence so is Gz ).

(¢c) The boundary Gz \ Gz of the orbit closure is a union of G-orbits of dimension strictly
smaller than dim(Gzx).

(d) Any G-orbit of X of minimum dimension is closed, and every G-orbit contains a closed
orbit in its closure.

Proof. See [Mill7, Proposition 7.4] for (a) and [Mill7, Proposition 7.17] for (b). (The
subtleties here are primarily that the quotient G/G, exists and that the canonical map
G/G, — X is an immersion. These certainly hold when G is smooth, but much can be said
when G is not smooth as well; see [Mill7, Chapter 7 and Appendix B]| for details. Also, if G
is irreducible, then the image of G under the quotient morphism G — G/G, is irreducible.
But the quotient morphism is surjective, so G/G, = Gz is irreducible.)

For (c), we note that since Gx is G-stable by (a), the closure G is G-stable as well.
(Proof: any closed subset Y C X contains Gz if and only if gY is a closed subset of
X containing ¢gGx = Gz for all ¢ € G. Thus, every element of G permutes the closed
subsets containing Gz and hence fixes their intersection, which is Gz.) Hence, the boundary
B = Gx\ Gz is G-stable, so it is a union of G-orbits. Since Gz is irreducible and G is open
in Gz by (a), B is of strictly smaller dimension than Gz by definition of the Krull dimension
(any chain of irreducible closed subsets of B is a chain of irreducible closed subsets of G,
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and we can add Gz to this chain to get a strictly larger chain). The fact that Gz is open in
its closure also gives us dim(Gz) = dim(Gz), so this proves (c).

As for (d), note that if G is an orbit of minimal dimension, then (c) gives us Gz\Gr = &
and hence Gz = Gx. The proof that Gz always contains a closed orbit is by induction on
dim(Gz). In the base case, we have just seen that any orbit over minimum dimension is
closed. For the inductive step, the boundary Gz \ Gz is a union of orbits of dimension
strictly less than that of Gz (by statement c¢). By the induction hypothesis, these orbits
each contain a closed orbit in their closure, so Gz does as well. O

The following lemma collects a few topological facts about algebraic group actions. We
could not find a reference that proves statements (a) and (b) in the lemma, so we have
supplied proofs here.

Lemma 2.1.3 ([Timl1, Proposition 2.7]). Let X be a scheme of finite type over a field k,
and let G be a smooth connected algebraic group over a field k.

(a) Every irreducible component of X is G-stable.

(b) Let U C G be an open subset of G. For any x € X(k), the image of U x {x} under
the action morphism G x X — X is an open subscheme of the orbit Gz.

(¢c) Let P C G be a subgroup such that G/P is complete (i.e. a parabolic subgroup, see
Definition 2.2.5 below), and let Z C X be a P-orbit. If Z is closed, then GZ C X s
a closed G-orbit.

Proof. Let Z be an irreducible component of X, and let z € Z be a k-point. Define the closed
subscheme Gz, C G to be the fiber product fitting into the following Cartesian diagram:

GZ,z — 7

I

G X
Here, 1, denotes the orbit map, i.e. the composition
GG x {2z} Gx X YL7x
Then, we may consider the closed subscheme

Gz= () Gz-CG.

z€Z(k)
On functors of points, we have

Gz(T)={9€G(T) | g-z€ ZVz € Z}.
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To complete the proof of (a), it suffices to show that G; = G. For this, note that
any g € G(k) defines an automorphism X — X (with inverse g~ '), which must permute
the irreducible components of X. So, the cosets ¢G5 are all of the form Gz for some
irreducible component 7' C X (specifically, if g - Z = Z’, then ¢Gz = Gz). Since X has
finitely many irreducible components, we see that G/G is a finite group and hence that
dim(Gz) = dim(G). G is irreducible (because it is connected, see [Mill7, Corollary 1.35]),
and the connected component of the identity G% C G is likewise irreducible (note that our
above expression for Gz(T') shows that Gz is in fact an algebraic subgroup of G, so [Mill7,
Corollary 1.35] applies to Gz as well). So, G% C G are two irreducible closed subsets of G
with

dim(GY%) = dim(G) = dim(Q).

(For the first equality here, we note that the connected components of G are its irreducible
components by [Mill7, Corollary 1.35]. These irreducible components are permuted by the
action of Gz on itself by left multiplication, so they all have the same dimension, and one of
them must have the dimension of Gz by definition.) We conclude that G% = G, as desired.

For statement (b), let p : G x X — X be the action morphism. We have the following
commutative diagram:

GxX L5 X
(gvx)H(g,gw)l

GxX XX, x

idx

The projection map pry is the base change of the structure morphism G — Spec(k) and
hence is faithfully flat and finitely presented. Since the vertical arrows in the diagram
are isomorphisms, we conclude that p is faithfully flat and finitely presented as well. In
particular, p is an open map, hence so is its restriction to the subset G x {x} C G x X. Since
U x {x} is open in G x {z}, the image p(U x {z}) is open in p(G x {z}). But p(G x {z})
is the orbit Gz by definition, so we are done.

Statement (c) is [Tim11, Proposition 2.7]. We repeat the proof given there (but with some
details made more explicit). Consider the action of P on G'x X given by p-(g,z) = (gp~ ', pz).
Then, G x Z is a P-stable closed subscheme of G x X. The quotient (G x X)/P is the
homogeneous fiber bundle G x* X; since X has an action of G, we have G x” X 2 G/Px X,
with the isomorphism given by (g, z) — (¢P, gz). In particular, this quotient is a scheme (see
e.g. [Tim11, Section 2.1]). Since P acts freely on G x Z, the quotient G x* Z = (G x Z)/P
is an algebraic space, which (by the universal property of the quotient) admits a map i :
(G x Z)/P — G/P x X such that the following diagram commutes:

GxZ ——— (GxZ)/P

(97Z)'—>(972)l l@

G x x 2R cyp o x



20

In fact, one can check on functors of points that this diagram is Cartesian. Since The map

G x Z — (G x Z)/P is a cover in the fppf topology and the map G x Z — G x X is a

closed immersion, we see that i is a closed immersion of an algebraic space into a scheme.

This implies that (G x Z)/P is in fact a scheme, and i is a closed immersion of schemes.
Now, we consider the composition

GxZ—(GxZ)/PSG/PxX™X.

By commutativity of the above diagram, the image of this composition is the G-orbit GZ.
This image is also the image of 7 o i, because the map G x Z — (G x Z)/P is surjective.
But 7y is proper (because G/ P is proper over k) and i is also proper, so GZ = Im(my 01) is
closed in X. O]

The following statement follows from the so-called Borel fixed point theorem, a standard
theorem in the theory of reductive groups.

Proposition 2.1.4 (cf. [Mil17, Corollary 17.3]). Let X be a scheme of finite type over a field
k, and let G be an algebraic group over k. Suppose that k is algebraically closed and that
G is affine, and let B C G be a Borel subgroup (see Definition 2.2.5 for a definition). Let
Y C X be a (nonempty) G-orbit that is proper over k. Then, Y contains a unique B-fized
point.

Proof. The Borel fixed point theorem (see e.g. [Mill7, Corollary 17.3]) implies the existence
of a B-fixed point y in Y. For uniqueness, let y and y be any two fixed points of B in
Y. In particular, there exists some g € G such that gy = y'. We then have g7 'G,g =
Gy. On the other hand, both G, and G,/ contain B and hence are parabolic, and every
parabolic subgroup of G is conjugate to a unique parabolic subgroup containing B (see
[Bor91, Corollary 11.17]). So, we have G,y = G, and hence g~ 'G,g = G,. Since a parabolic
subgroup is equal to its own normalizer (see [Mill7, Corollary 17.49] or [Bor91, Theorem
11.16]), we have g € G,, and hence y = gy = /. O

We now recall a standard theorem due to Cartier, which is significant for our purposes
because it will tell us that all algebraic groups we intend to work with are smooth.

Theorem 2.1.5 ([Mill7, Theorem 3.23]). Let G be an algebraic group over a field k. If
char(k) =0 and G is affine, then G is smooth.

We end this section with a couple technical lemmas about dense open subsets. We record
them here mainly for later use. We remark that Lemma 2.1.7 is sometimes implicitly used
in the literature (see e.g. [Mill7, proof of Proposition 22.17]), but we could not find a proof
in the literature, so we have supplied a proof here.

Lemma 2.1.6. Let G be a reduced algebraic group over a field k, and let X be a reduced and
separated G-scheme. If G acts trivially on a dense open subset of X, then G acts trivially
on X.
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Proof. Let X° C X be the dense open subset on which G acts trivially The action morphism
G x X — X agrees with the projection morphism on the dense open subset G x X° C G x X.
Since G x X is reduced and X is separated, it follows that the action morphism and the
projection morphism are equal (see e.g. [Har77, Exercise 11.4.2]). ]

Lemma 2.1.7. Let G be an algebraic group over a field k. Let V' be a G-module, and
suppose that f € V is an element which generates V' as a G-module. For any dense open
subset U C G, the vector space V' is spanned by the elements u - f for u € U(k).

Proof. Let W C V be the subspace spanned by the elements u- f for u € U(k). We show that
W = V. By definition, giving a G-module structure on V' is the same as giving an action of
G on the scheme A(V) whose functor of points is Spec(R) — V ®; R (c.f. [Mill7, Section
4.a]). Explicitly, the scheme A(V) is given by A(V') = Spec(Sym’(V*)), so the inclusion map
W C V gives rise to a surjection V* — W* and hence a closed immersion A(W) — A(V).
On functors of points, this closed immersion is just the natural inclusion W @, R — V ®;, R.

Now, we have a morphism of schemes ¢y : G — A(V') which is given on functors of
points by sending any g € G(Spec(R)) to the element g- (f ® 1) € V ®; R. The preimage
w;l(A(W)) is a closed subset of G which contains U (by definition of W). Since U is dense
in G, it follows that w;l(A(W)) = (. By definition of ¢y, this implies that ¢g- f € W for all
g € G(k). Since V is spanned by the g - f for g € G(k), this proves that W = V. O

2.2 Reductive Groups

In this section, we summarize the theory of reductive groups. For simplicity, we only treat the
case where k is algebraically closed and char(k) = 0. The assumption that & is algebraically
closed can be dropped by proving that every part of the theory works for the base change of
a reductive group to some suitable field extension K D k. The assumption that char(k) =0
is actually not very relevant at all, except for one detail about isogenies (see Remark 2.2.10
below). We refer the reader to [Mill7] for a treatment of the material in this section over an
arbitrary base field k.

We also assume (in this section and in every section after it) that every algebraic group G
is affine (hence so is every algebraic subgroup H C G, since subgroups are closed subschemes).
Taking G to be affine is a standard assumption in the theory of algebraic groups. This is in
part because the behavior of all algebraic groups can largely be reduced from the behavior
of affine algebraic groups and abelian varieties (see [Mill7, Chapter 8]). One significant
consequence of being in the affine setting is that every algebraic subgroup of G is smooth if
char(k) = 0, see Theorem 2.1.5.

2.2.a The Classification of Reductive Groups

We first recall several definitions from the theory of algebraic groups.
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Definition 2.2.1. Let GG be an algebraic group.

1. We say that G is a torus if G is isomorphic to G, for some n (i.e. is isomorphic to a
product of n copies of G,, for some n).

2. We say that G is unipotent if every irreducible representation of G is a one-dimensional
space on which G acts trivially (i.e. is isomorphic to the trivial representation).

3. We say that G is solvable if there exists a series of subgroups
G=Gy>G D--DG, =1
such that G411 is normal in G; and G;/G;,1 is commutative for all 7.

4. If G is connected, we define the unipotent radical of G, denoted R, (G), to be the largest
connected normal unipotent subgroup of G (this group exists when G is connected and
contains every other connected normal unipotent subgroup of G).

5. We say that G is reductive if G is connected and R,(G) = 1, i.e. if G contains no
nontrivial connected normal unipotent subgroups.

Remark 2.2.2. Some authors do not require reductive groups to be connected by definition.
However, connectedness is a useful assumption for certain technical reasons in the theory,
and the theory for non-connected reductive groups essentially reduces to the theory for
connected reductive groups by taking connected components. As such, little is lost by
imposing connectedness in the definition of a reductive group.

Tori and unipotent algebraic groups are relatively well-behaved and straightforward to
study; see e.g. [Mill7, Chapters 12 and 14]. In the cases of interest to us, the structure of
solvable groups is also quite nice.

Theorem 2.2.3 ([Mill7, Propositions 16.52, 16.53 and Theorems 16.6, 16.26, 16.33]). Let G
be a smooth connected affine algebraic group over an algebraically closed field k (of arbitrary
characteristic). The following are equivalent:

(i) G is solvable.
(ii) G is isomorphic to a subgroup of the upper triangular n X n matrices for some n.
(11i) The quotient G/R,(G) is a torus, and the exact sequence
1= R,(G)— G — G/R,(G) — 1
18 split.

(iv) For some (equivalently, any) torus T C G which is maximal (under the partial order
given by containment), we have

G=R,G)xT=R,(G) xT.
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Proof. For the equivalence of (i) and (ii), see [Mill7, Proposition 16.52, Corollary 16.53],
and for the equivalence of (ii) and (iii), see [Mill7, Section 12.e, Theorems 16.6, 16.26]. (To
translate these results from Milne to the form stated here, we have used the assumption
that k is algebraically closed, the definition of the unipotent radical R,(G), and the fact
that G/R,(G) is connected when G is connected, because the image of the quotient map
7 : G — G/R,(G) is connected and m is surjective.) The equivalence of (iii) and (iv)
is completely formal, using the fact that R,(G) N'T = {1} (see [Mill7, Corollary 14.17])
and the fact that every choice of maximal torus 7" is conjugate (see [Mill7, Proposition
16.33d)). O

It turns out that unipotent and solvable groups (hence also tori, which are solvable) have
particularly nice orbits. We go ahead and record the relevant result, which we will make use
of later.

Theorem 2.2.4 ([Timll, Lemma 3.4 and Theorem 3.5]).

(a) The orbits of a unipotent group on an affine variety are all closed (and in particular

affine).

(b) If G is solvable, then G/H s affine for any subgroup H C G. In particular, the orbits
of a smooth solvable group on any scheme are affine.

To study the structure of reductive groups, one looks at certain nice subgroups of G,
which we can largely understand using our understanding of tori, unipotent groups, and
solvable groups.

Definition 2.2.5. Let GG be a connected affine algebraic group over k.

1. The character group of G is the group X (G) = Hom(G, G,,) (here Hom denotes mor-
phisms of algebraic groups). Equivalently, X'(G) is the group of one-dimensional rep-
resentations of G. Elements of X(G) are called characters.

2. A maximal torus of G is a torus T' C G which is maximal (with respect to the partial
order induced by inclusion of algebraic subgroups).

3. A Borel subgroup of GG is a connected solvable algebraic subgroup B C G which is
maximal among connected solvable algebraic subgroups.

4. A parabolic subgroup of G is a subgroup P C G which contains a Borel subgroup of G
(this is equivalent to saying that P is a subgroup such that G/P is a complete variety,
see [Mill7, Theorem 17.16]).

Our plan is to pick a maximal torus 7" C G and a Borel subgroup B C G such that
T C B, and then obtain certain nice combinatorial data using T"and B. We first make a few
notes on such choices of 7" and B. Note that the existence of Borel subgroups and maximal
tori is immediate from the definitions (though these groups could conceivably be trivial or all
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of G). Moreover, since tori are connected solvable groups, every maximal torus is contained
in a Borel subgroup. On the other hand, it turns out that every Borel subgroup is conjugate
([Mil17, Theorem 17.9]). Since there exists some Borel subgroup containing a maximal torus,
it follows that every subgroup contains a maximal torus. Moreover, any two maximal tori are
also conjugate and in fact, for any two choices T'C B C G and T" C B’ C G of a maximal
tori T and T" and Borel subgroups B and B’, there exists an element g € G(k) such that
we have both ¢gBg~! = B’ and ¢gT'g~' = T’ ([Mil17, Theorem 17.13]). In summary, the pairs
(T, B) consisting of a maximal torus 7" and a Borel subgroup B such that ' C B C G are all
conjugate, and every maximal torus and Borel subgroup is in some such pair. In particular,
we may always choose T' C B C G, and any two such choices are essentially equivalent (in
the sense that there exists an inner automorphism of G sending any choice ' C B C G to
any other choice 7" C B’ C G).

For the moment, we will focus on combinatorial data arising from the maximal torus 7’
we will return to the data of Borel subgroups (and, more generally, parabolic subgroups)
later on. Let G be a reductive group, and let T" C G be a maximal torus. Write g for the
Lie algebra of GG, and let

Ad: G — GL,

be the adjoint representation. By restricting Ad to 7', we may view g as a representation
of T'. Since any representation of a torus decomposes into a direct sum of one-dimensional
representations ([Mill7, Theorem 12.12]), we obtain a decomposition

9=100® &b Ga

acX(T) nontrivial

where g, is the subrepresentation of g on which T" acts by the character «, and gq is the
subrepresentation on which 7" acts trivially. Since g is finite-dimensional, only finitely many
of the g, are nonzero. We write

¢ =9(G,T) = {a € X(T) nontrivial | g, # 0},

and we call elements of ®(G,T') roots of the pair (G, T).
The set of roots ®(G,T) has a very nice combinatorial structure. To explain, we first
define the Weyl group of the pair (G,T) to be

W(G,T) = Ng(T)/Ca(T),

where Ng(T') and Cg(T') denote the normalizer and centralizer (respectively) of T in G. It
turns out that W(G, T) is a finite constant group, i.e. it is the algebraic group given by a
functor which sends every finite-type k-scheme to some fixed finite group W (see [Mill7,
Proposition 21.1]). Note that any g € Ng(7T') induces an automorphism of 7' (by conjuga-
tion), which in turn induces an automorphism of X'(7T") (explicitly, this automorphism maps
a character X : T — G,, to the character given by ¢ — A(gtg™')). This defines an action of
Neg(T) on X(T), and C(T) C Ng(T) is precisely the subgroup that acts trivially on X' (7).
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Thus, this action descends to a faithful action of W(G,T) on X(T). Note also that X(T) is
a free finitely generated abelian group (explicitly, we have X'(GI) = Z", see [Mil17, Sections
12.b and 12.e]). Hence, we may consider the dual group X (7)Y = Homg(X(T'),Z), which is
also a free finitely generated abelian group on which W (G, T) acts faithfully.

Here is the main theorem on the structure of the roots ®(G,T).

Theorem 2.2.6 ([Mill7, Theorems 21.2, 21.11], see also [Mill7, Corollaries 17.59, 21.12]).
Let G be a connected reductive group, let T C G be a mazimal torus, and let « € ®(G,T) be
a root. Let T, = ker(a)? (the connected component of the subscheme ker(a) C T'), and let
Go = Co(Ty) be the centralizer of T,.

(a) G, is a connected reductive group, and T is a mazimal torus of G,.
(b) The only rational multiples of o in ®(G,T) are +a.

(¢c) The Weyl group W (G, T) (viewed as a finite group) contains a unique nontrivial
element s,,.

(d) There is a unique element o € X(T)" such that s, acts on X(T) by the rule
Sa - A=A—{\,a")a
for all X € X(T). Moreover, (o, ") = 2.
(e) The action of s, on X(T') maps ®(G,T) into itself.
Definition 2.2.7. we call @” in the above theorem the coroot of (G, T') corresponding to c.

Remark 2.2.8. Note that, although one often works in the dual vector spaces X(7T") @ F
and X (7)Y ® F, where F is either Q or R, when working with roots and coroots, the element
aV € X(T)V®F is not the “dual” of & € X(T)® F in the conventional sense of dual elements
in linear algebra. That is, " is not the map given by projection onto the line Fa: indeed,
we have a¥(a) = 2, whereas this projection map sends « to 1.

It turns out that the existence of coroots oV satisfying the conditions of the above theorem
is actually a very strong condition on the finite set of roots ®(G,T) C X (T). Indeed, from
this theorem, it follows that the tuple (X (7T),®(G,T),a — «Y) is a combinatorial object
called a root datum (and it is even a reduced root datum, which is a particularly nice type
of root datum).

In summary, we have now attached a very nice combinatorial object (namely, a root
datum) to the pair (G, T), and we have completely classified what this combinatorial object.
It turns out that these objects can be used to completely classify the reductive group G (up
to an isomorphism of algebraic groups). First, we note that any other choice of a maximal
torus T" is conjugate to T, and conjugation will induce an isomorphism X (7T') = X (T") that
restricts to a bijection ®(G,T) = ®(G,T") on roots and a bijection on coroots as well. Thus,
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the isomorphism class of a root datum of (G,7T) does not depend on the choice of T, so we
may say that we have defined “the” root datum of a reductive group G (by which we mean,
we have defined the root datum up to isomorphism). With this, there are a few primary
classification results. To state them, we first need a definition.

Definition 2.2.9. Let ¢ : G — G’ be a homomorphism of algebraic groups over an alge-
braically closed field k. We say that ¢ is an isogeny if ¢ is surjective and ker(yp) is a finite
algebraic group. We say that ¢ is a central isogeny if ¢ is an isogeny and ker(y) C Z(G).

Remark 2.2.10. The only reason we have taken char(k) = 0 in this section is that, in
this case, the kernel of any isogeny is smooth ([Mill7, Corollary 11.31]) and finite, hence
étale, which implies that the isogeny is central, see [Mill7, Remark 12.39]. In other words,
every isogeny is central in characteristic 0. There is a version of the classification of reductive
groups that applies to non-central isogenies (see [Mill7, Definition 23.1 and Theorem 23.25]),
but it is slightly more technical; since we will not need these technicalities, we avoid them
here by sticking to the case where char(k) = 0.

Definition 2.2.11. Let (X, ®,a — ") and (X', ®, o/ — oY) be two root data. A homomor-
phism ¢ : X’ < X is said to be a central isogeny from (X', & o/ — o'V) to (X, P, — aV)
if o is injective, coker(y) is finite, and ¢ and the dual map ¢¥ : XV — X'V restrict to
bijections ® = ® and &Y = &'V on roots and coroots. Note that a central isogeny ¢ is an
isomorphism of root data if and only if ¢ is surjective (i.e. coker(¢) = 0).

Theorem 2.2.12 ([Mill7, Theorem 23.25]). Let G and G’ be a homomorphism of algebraic
groups over an algebraically closed field k, and let (X, ®,a — oY) and (X', ®,¢/ — o'V) be
the root data of G and G’ (respectively).

(a) (The Isogeny Theorem) There exists a central isogeny G — G’ if and only if there
exists a central isogeny from (X', @,/ — V) to (X, P, — V).

(b) (The Isomorphism Theorem) The groups G and G’ are isomorphic if and only if the
root data (X, P, — a) and (X', ®,a — oY) are isomorphic.

Theorem 2.2.13 (The Existence Theorem; [Mill7, Theorem 23.55]). Every reduced root
datum is isomorphic to the root datum of some connected reductive group.

Corollary 2.2.14. The map which sends a reductive group to its root datum is a bijection

between isomorphism classes of reductive groups and isomorphism classes of reduced root
data.
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2.2.b The Classification of Root Data

We have shown that a reductive group G is completely classified (up to isomorphism) by its
corresponding root datum (X (7)), ®(G,T),a — «"). A root datum is a purely combinatorial
object whose main data consists of the (finite) set of roots ®(G, T'). These roots are subject to
strong combinatorial conditions; it turns out that these conditions (plus some linear algebra)
allows one to completely classify root data. We briefly sketch this classification here, because
some of the details are important for working with root data. We refer the reader to [Mill7,
Appendix C] for a much more thorough treatment.

We explain the classification of root data in 4 steps.

Step 1: Reduce to classifying root systems, which are slightly simpler combinatorial ob-
jects than root data. Given a root datum (X, ®,a — o), define V' to be the Q-subspace
of Xg spanned by ®. It turns out (see [Mill7, Proposition C.33]) that the coroots o and
the map a — oV are determined by V and ® (due to the combinatorial properties of a root
datum). So, the pair (V,®) is a simpler combinatorial object called a root system. Every
root system comes from some root datum in this way, and the root data corresponding to a
specific root system (V, @) are classified by a choice of a lattice X and an inclusion V — Xg
that maps @ into the lattice X C Xg. Thus, it will suffice to classify root systems up to
isomorphism. One further technicality: we are only interested in so-called reduced root data
and root systems, as these are the ones that arise in the classification of reductive groups.
So throughout, we will assume without further mention that our root data and root systems
are reduced.

Step 2: Reduce to the case of so-called indecomposable root systems, i.e. those which are
not made by “adding together” two separate (nontrivial) root systems. way. More precisely,
given a family of root systems (V;, ®;);cs, we can form their direct sum, which we define to

) P, @) = (@ V;,chZ) .

i€l i€l i€l

We say that a root system is indecomposable if it cannot be written as a direct sum of root
sytems (V;, ®;)rer with [I| > 2 and ®; # @ for all 4. Since any root system (V,®) has
dim(V') < oo, it immediately follows that every root system can be written as a direct sum
of finitely many indecomposable root systems, and that this decomposition is unique (up to
swapping the order of the indecomposable root systems). Thus, it will suffice to classify the
indecomposable root systems.

Step 3: Put a little extra structure on our root systems (and root data) in order to be
able to work with their roots more concretely. This extra structure is essentially a notion
of a set of roots that “generate” all other roots in an appropriate sense. More precisely, we
make the following definition.

Definition 2.2.15. Let (V,®) be a root system.
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1. A base of the root system (V, ®) is a subset II C ® such that every root 5 € ® can be

written as a sum
6 = E meaQy,

where the m,, are integers which all have the same sign (i.e. either m, > 0 for all « or
me < 0 for all ).

2. Given a base I C ®, the elements of IT are called the simple roots (for the base IT), and
the roots of the form  _; moa with mg > 0 (resp. mo < 0) are called the positive
roots (resp. negative roots).

Remark 2.2.16. The behavior of roots in a root datum is the same as that in its corre-
sponding root system; the only difference between the two objects is that a root datum has
an ambient lattice X and corresponding vector space Xg, whereas a root system essentially
uses the lattice X = @,ezZa (which also determines the vector space V = Xg). In partic-
ular, we can define a base (hence also simple roots and positive roots) for a root datum in
exactly the same way as we did for root systems. As such, we will sometimes use all of these
notions in the context of root data rather than root systems.

All of the combinatorial properties in the definition of a root system (and of a root
datum) are entirely determined by the combinatorial behavior of a base. Moreover, every
choice of base for a root system (V,®) is essentially equivalent, in the sense that for any
two bases II;, Iy C @, there exists an automorphism of (V,®) which maps II; bijectively
onto I, ([Mill7, Propositions C.9 and C.10]; see also the proof of [Mill7, Proposition C.52],
and our discussion of Weyl chambers at the beginning of Section 2.2.d). So, if we are trying
to classify root systems up to isomorphism, it will suffice to classify triples (V, ®,II), where
(V,®) is a root system and II C ® is a given base. In other words, there is no harm in
working with a fixed base for each root system in the classification.

Step 4: We are left with determining what possibilities exist for a choice of indecompos-
able (reduced) root system (V,®) and a base II C ®. Using some linear algebra arguments,
one can systematically constrain the possible behavior of the roots ® and the base II. After
enough work, one proves that, up to isomorphism, there are only 4 families of indecompos-
able root systems (which are typically called: A,, for n > 1; B,, for n > 2; C,, for n > 3; and
D,, for n > 4) and 5 exceptional indecomposable root systems (which are typically called:
EG, E7, Eg, F4, and Gz)

In summary: reductive groups are classified by root data; root data are classified by root
systems (plus a little extra information); root systems are all direct sums of indecomposable
root systems; and up to isomorphism, we can explicitly write down all indecomposable root
systems (they are the 4 infinite families A,,, B,, C,, and D,,, and the 5 exceptional root
systems Fg, E7, Eg, Fy, and GG5. Since most of the combinatorial properties of a root datum
are captured by its corresponding root system, it is useful to have some terminology to refer
to reductive groups with certain corresponding root systems. This prompts the following
definition.
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Definition 2.2.17. Let G be a reductive group.

1. By the root system corresponding to G we mean the root system corresponding to the
root datum of G (under the construction of root systems from root data in Step 1
above).

2. We say that G is of type A if the root system corresponding to G is a direct sum of
indecomposable root systems which are all isomorphic to A,, for some n;, > 1. We
say that G is of type B, C, D, E, F, G if an analogous condition holds with the
indecomposable root systems B,,,, C,,, Dy, E,,, Fy, or Gs.

Typically, when classifying indecomposable root systems, one actually reformulates these
root systems graphically, as so-called Dynkin diagrams. The construction is as follows. Let
(V,®) be a root system, and let IT C ®. We define an undirected graph C by letting C' have
one vertex for each simple root o € II, and for any two simple roots «, 5 € II, setting the
number of edges between the vertex corresponding to a and the vertex corresponding to 3
to be

Ma,g = <av75> ) <Bv’a>'

Due to the combinatorial properties of root systems, it turns out that for all a and 3, we
have (", 5) <0, and m, g is an integer satisfying 0 < m, g < 3 for all o, § € II. The graph
C defined in this way is called the Coxeter graph of C. However, the Coxeter graph does not
quite encode all of information of the triple (V, ®,1II): in particular, when m, g is 2 (resp. 3),
then one of (o, ) and (5", a) is —1, and the other is —2 (resp. —3), but the Coxeter graph
does not tell us which one is which. To remedy this, we define the Dynkin diagram of the
triple (V, ®,1II) to be a diagram (i.e. a planar embedding) of the Coxeter graph C', but where
we put either a < or a > over the edges between o and 3 whenever m, , > 2 in such a way
that the < or > points towards « if (a¥, 5) < —1, and it points towards g if (Y, o) < —1.

The Dynkin diagram completely captures the information of the triple (V, ®,1I). More
precisely, two triples (V;, ®q,11;) and (V4, @y, I15) have isomorphic Dynkin diagrams (i.e.
there is an isomorphism on their Coxeter graphs which “preserves” the markings < and
> in a suitable sense) if and only if the triples themselves are isomorphic (i.e. there is an
isomorphism of root systems (V;, ®;) = (V5, ®2) which identifies II; and Il,). Since we are
really only interested in thinking of root systems up to isomorphism, this means that we may
think of root systems and Dynkin diagrams interchangeably. Under this identification, we
will often identify a simple root o € Il with a vertex of the Dynkin diagram. In particular,
this prompts the following definition.

Definition 2.2.18. Let (V, ®) be a root system, and let IT C ® be a base. We say that two
simple roots «, § € II are adjacent if (o, ) # 0 (which holds if and only if (8, a) # 0).
Equivalently, o and [ are adjacent if their corresponding vertices in the Dynkin diagram of
(V, ®,1I) have an edge between them.
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Note from the above construction that any two simple roots a,3 € Il have an edge
between their corresponding vertices if and only if (o, ), (5", ) # 0. This implies that
taking a direct sum of two root systems is the same as taking the disjoint union of their
Dynkin diagrams. It follows that a root system is indecomposable if and only if its Dynkin
diagram is connected, and decomposing any root system as a direct sum of indecomposable
ones corresponds to taking all the connected components of the Dynkin diagram. Thus,
the classification of the indecomposable root systems is the same as the classification of
connected Dynkin diagrams. Figure 2.1 contains a complete list of all connected Dynkin
diagrams (up to isomorphism).

=
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Figure 2.1: List of all connected Dynkin diagrams (up to isomorphism). The diagrams for
A,, B,, C,, and D, all have exactly n vertices.
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Remark 2.2.19. While the notation A,,, B, etc. was defined above to refer to indecompos-
able root systems, we often identify indecomposable root systems with their corresponding
Dynkin diagrams and so use A,, B,, etc. to refer to a connected Dynkin diagram.

The depictions of the connected Dynkin diagrams in Figure 2.1 are the conventional ways
to draw these diagrams. These depictions also give us a conventional way for writing down
a base of the corresponding root system. For A,,, B,, C,, D,,, F, and G5, we write the base
as Il = {ay,...,a,}, where oy corresponds to the leftmost vertex in the above drawing of
the Dynkin diagram, ay corresponds to the vertex directly to the right of a;, and so on.
For D,,, this means that the two rightmost vertices (both of which are adjacent to «a;,_»)
are a,,_1 and «a,, (it doesn’t matter which is which, since swapping these two vertices is an
automorphism of the diagram). As for Es, E7, and Eg, the convention (as we have seen it
in some of the literature, at least) is that as is the “topmost” vertex, and then the long row
of vertices is a1, as, ay, etc. from left to right.

These choices of bases IT = {ay, ..., a, } for each Dynkin diagram are a common but often
unmentioned convention in the literature. We will also use them later on, e.g. in Section 4.6.
(We remark, however, that the numbering of the vertices in Fg, E;, and Eg will not come
up in any of our work.)
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2.2.c  Semisimple Groups

Semisimple groups are a special type of reductive group with a particularly nice structure and
behavior. The theory of semisimple groups is an important part of the theory of reductive
groups; as such, we briefly review that theory here.

Definition 2.2.20. Let G be a connected affine algebraic group.

1. The radical of G, denoted R(G), is the largest connected normal solvable algebraic
subgroup of G. (Such a largest group exists and contains all other connected normal
solvable algebraic subgroups of G, see [Mill7, Proposition 6.42 and 6.44].)

2. We say that G is semisimple if R(G) = 1, or equivalently, if G contains no nontrivial
connected normal solvable subgroups.

Note that R,(G) C R(G) by definition, since unipotent groups are solvable. Thus, any
semisimple group is reductive. The following statement tells us which reductive groups are
semisimple, in terms of both their algebraic behavior and their combinatorial behavior.

Proposition 2.2.21 ([Mill7, Proposition 19.10] and [Mill7, Proposition 21.48, see also
Definition C.34]). Let G be a reductive group over k, and let (X, ®, o — «Y) be the root
datum of G. The following are equivalent.

(1) G is semisimple.
(ii) The center Z(G) is finite.
(i1i) The elements of ® = ®(G,T) span the lattice X = X(T).

The following proposition gives a couple other useful facts about semisimple groups,
which we will need later.

Proposition 2.2.22. Let G be a semisimple group over k. Then, G = |G, G], and X(G) = 0.

Proof. The fact that G = [G, G] is [Mil17, Proposition 19.21]. As for X(G) =1,let u: G —
G, be a character. The quotient Q = G/ ker(u) is isomorphic to a subgroup of G,, and
in particular is commutative. It follows that [G,G] C ker(u), so G = |G, G] implies that
ker(p) = G, i.e. that p is trivial. O

In the previous section, we saw that root data are classified by their corresponding root
system (V, @), a choice of lattice X, and an inclusion V' — X ®; Q. For semisimple groups,
however, one can show ([Mill7, Proposition C.35, see also C.27]) that the root datum is
determined only the root system (V, ®) and by a choice of lattice X, and moreover, that X
must be one of finitely many suitable lattices contained in V. These suitable lattices can
be described in terms of the combinatorics of the root system. More specifically, there is a
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minimal lattice Q(®) and a maximal lattice P(®), both of which span V', and the root data
whose corresponding root system is (V, ®) are in bijection with the lattices X such that

Q(P) C X C P(D).

Choosing such a lattice means choosing a subgroup of the finite group P(®)/Q(®), which is
why there are only finitely many choices.

In light of these facts, the classification of reductive groups is even simpler when applied
to semisimple groups. Indeed, the Isomorphism Theorem (see Theorem 2.2.12b) along with
our above discussion implies that semisimple groups are determined up to isomorphism by a
root system (V, ®) and a lattice X such that Q(®) C X C P(®). More generally, let G and
G’ be semisimple groups, let (V,®) and (V’, ®') be their corresponding root systems, and
consider their corresponding lattices Q(®) C X C P(®) and Q(®') C X' C P(P') as well.
It follows from the Isogeny theorem (Theorem 2.2.12a) that there exists a central isogeny
G — G’ if and only if (V,®) = (V’, ®’) and, under this isomorphism, we have X' C X.

One particularly interesting construction follows somewhat easily from these results. Let
G be a semisimple group with root system (V,®), and consider the semisimple group G
corresponding to the root system (V) ®) taken with the maximal possible lattice X = P(D).
Our above discussion immediately implies that there exists a central isogeny G — G and.
Moreover G is simply connected, i.e. every isogeny G' — G is an isomorphism. (Proof: G
must have root system (V,®), and the lattice X’ C P(®) of G’ satisfies X’ D X = P(®).
So, we have X' = X = P(®), and the isogeny G’ — G induces an isomorphism on the data
(V, ®, X ) = (V,®, X'), which means it is an isomorphism. We remark that this is one of the
few places where what we have used isogenies that are not assumed to be central; however,
since we are assuming that char(k) = 0, every isogeny is central, see Remark 2.2.10.) The
group G is called the universal cover of G. It follows from our above discussion that the
universal cover G is the unique (up to isomorphism) simply connected semisimple group G
such that there exists a (central) isogeny G — G. (A construction of the universal cover of
a semisimple group can also be given without appealing to the classification of semisimple
groups; see e.g. [Mill7, Section 18.d] for a sketch of such a proof.)

This discussion indicates that root systems are the primary piece of data in the classi-
fication of semisimple groups. Since root systems are direct sums of indecomposable root
systems, which are completely classified, we are led to ask: which semisimple groups GG have
indecomposable root systems? Conveniently, the 4 families of indecomposable root systems
arise from the the so-called “classical semisimple groups,” which are familiar families of
matrix groups (see [Mill7, Section 21.j]):

e The root system A,, (for n > 1) is the root system of SL,, 1. The group SL,, 11 is simply
connected, so it is the universal cover of any semisimple group whose corresponding
root system is A,,.

e The root system of B,, (for n > 2) is the root system of SOy, ;. The universal cover
of SOgp,41 is the spin group Spiny,, ;.
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e The root system of C), (for n > 3) is the root system of Sp,,,. The group Sp,,, is simply
connected, so it is the universal cover of any semisimple group whose corresponding
root system is C,.

e The root system of D,, (for n > 4) is the root system of SOsg,. The universal cover of
SOg,, is the spin group Spin,,,.

We have seen on a combinatorial level that the information of a root datum can be broken
up, first to that of a root system (V, ®) (along with a little extra information, namely, a lattice
X and an inclusion V' < Xg), and then to a direct sum of indecomposable root systems. It
turns out that these ways to “repackage” combinatorial information have interesting algebraic
analogs. To explain these analogs, we need a couple of algebraic results.

Proposition 2.2.23 ([Mill7, Proposition 21.60]). Let G be a reductive group. There exists
a central isogeny G*° x C' — G, where G** is a semisimple simply connected group and C' is
a torus.

Proof. By [Mill7, Proposition 21.60], there exists an isogeny G** x C' — G, where C' is a
torus and G** is semisimple. After replacing G*° by its universal cover, we may take G*° to
be simply connected. Also, our isogeny is central because char(k) = 0, see Remark 2.2.10

above.
O]

Theorem 2.2.24 ([Mill7, Theorems 21.51 and 23.62]). Let G be a semisimple group over
k. There exists a central isogeny of the form

Gy x - xG,— G,
where the G; are semisimple groups whose root systems are indecomposable.

Proof. The existence of such an isogeny is [Mil17, Theorem 21.51 and 23.62], and the isogeny
is central because char(k) = 0, see Remark 2.2.10 above. O

Let G be a reductive group, and consider the central isogeny G** x C' — G of Proposi-
tion 2.2.23. Note that the root system (V, ®) of G is the same as the root system of G** x C
(because central isogenies of root data induce isomorphisms on the root systems), which in
turn is the root system of G** (this can be computed directly: intuitively, a torus has no
roots in its root datum, so taking the direct product with a torus should not affect the roots
in a root datum, hence it won’t affect the underlying root system). As for root data, let
(X', 9" o — ") be the root datum corresponding to G** x C. Using the fact that G** is
semisimple and C' is a torus, one can show that

X'=X(C)o@PZ-a and & =009

acd
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Thus, replacing G by G** x C' (which only changes the root datum by a central isogeny) has
the effect of “separating out” the information of the root datum nicely into the information of
the root system (V, ®) and the lattice X'(C'). This replacement of G by G** x C' is essentially
an algebraic analog of the combinatorial fact that the root datum of G is determined by
its corresponding root system (V, ®) along with some extra information (namely, the lattice
X(T), and an inclusion V < X(T')g, which in our above description are both captured by
the lattice X(C)).

Similarly, with G*¢ still a semisimple simply connected group, consider the central isogeny
p: Gyx- - xG,. — G*° of Theorem 2.2.24. Since GG*¢ is simply connected, p is an isomorphism,
and G** is determined up to isomorphism by its root system (V, ®) (we saw above that G*°
is determined by (V, ®) and a lattice X, but since G** is simply connected, this lattice must
be the maximal possible lattice, namely P(®)). On the other hand, one can show that the
root system of Gy X - -+ X G, is the direct sum @®]_, (V;, ®;), where (V;, @) is the root system
corresponding to G;. The (V;, ®;) are all indecomposable by construction, and since p is an

isomorphism, we conclude that
,

(V@) = PV, ).
i=1
Thus, the existence of the isomorphism p is the algebraic analog of the fact that any root
system decomposes into a direct sum of indecomposable root systems.

There is one technical consequence of these facts that will be very useful to us later
on. To state it, a little background is necessary. Let (X, ®, «a — «") be a root datum, let
IT ={ay,...,a,} be a base for the root datum, and let X, C X be the sublattice generated
by elements of ®. The «; form a basis for the lattice X, (this follows almost immediately from
the definition of a base of a root datum). There is another basis for X that is sometimes
useful: namely, the basis dual to {af,«/}. More precisely, we let wy,...,w, € X be the
unique elements such that (o, w;) = d¢;; for all 7 and j. Then, the w; form a basis of X,. We
call the w; the fundamental weights of the root datum (X ®, a — «") with respect to the base
IT1. (We use the term “weight” because when the root datum comes from a reductive group
G with maximal torus T, the lattice X = X (T') is sometimes called the set of “weights” of
G, see Definition 2.3.1 below.) For more details on the definition of fundamental weights
[Mil17, Section 22.al.

Lemma 2.2.25. Let G be a reductive group over k, and let T C G be a maximal torus. Let
IIg be some base for the root datum of G, and let X, C X(T) be the sublattice generated

by the fundamental weights with respect to g (or equivalently, the sublattice generated by
(G, T)).

(a) The map X(G) — X(T') given by restricting characters from G to T is injective.
(b) Viewing X(G) as a subgroup of X(T') using (a), we have

X(T) = X, & X(G).
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In particular, the set of fundamental weights is linearly independent from the characters

of G.

Proof. For (a), suppose that u : G — G, is a character such that T C ker(u); we need
to show that p is trivial. Pick some Borel subgroup B of G containing 7. Then, we have
R,(B) C ker(u) (a homomorphism from a unipotent group to a torus is always trivial, see
[Mil17, Corollary 14.18]), and B = R, (B) - T (see Theorem 2.2.3), so B C ker(u). It follows
that p factors as a map ¢’ : G/B — G,,. But G/B is a complete variety (see e.g. [Mill7,
Theorem 17.9]), so the image of 1’ is complete, affine, and connected, hence is a single point.
This image must contain the identity 0 € G,, (since p is a homomorphism), so we conclude
that Im(u) = {0}, i.e. that p is trivial.

As for (b), by Proposition 2.2.23, there exists a central isogeny G** x C' — G, where G**
is semisimple and simply connected and V is a torus. Replacing G by G changes nothing
about the assumptions or conclusion of the proposition (this replacement changes the root
datum of G by a central isogeny, but that does not affect any of the combinatorial properties
of the roots in the root datum). So, we may assume that G = G* x C. In this case,
To = T N (G* x {0}) is maximal torus (respectively) of G*°, and The equality T = Ty x C
gives us

X(T) = X(Ty) & X(C).

We will show that X(75) = X, and that X(C) = X(G).

To show that X (T) = X,,, we note that the Lie algebra of G is g = g** @ ¢, and the Lie
algebra of T"is t = ty & ¢. Since 7' is commutative, it acts trivially on its own Lie algebra in
the adjoint representation. In other words, under the decomposition

s=0'® P s

ace®(G,T)

that we used to define the set of roots ®(G,T), we have t C g. So, for each a € ®(G,T),
every element of g, must have the same component in ¢ (since T acts by the character o on
g and fixes the c-component of every element of g). In other words, we have

go=(gaNg*) D c

for some ¢ € ¢. It follows that the inclusion ¢ : X (7p) — X(7T) induces a bijection
O(G*, Ty) = ®(G,T). In particular, the lattice X,, is the sublattice of X(Tp) generated
by ®(G**,Ty). Since G is semisimple, this lattice is X'(Tj), see Proposition 2.2.21.

It remains to show that X'(C) = X(G) as subgroups of X(T"). The inclusion X(C) —
X(T) is given by sending any character p : C' — G, to the character ur : Ty x C' — G, given
by (to,c) — p(c). For any character u: C' — G,,, we can define a character ug : G — G,
by (g°%,¢c) — p(c). It follows immediately from the definition that ug|r is the character pr
mentioned above. We conclude that X(C') C X(G) as subgroups of X(T"). For the reverse
inclusion, note that since G** is semisimple, we have X(G*°) = 0 (see Proposition 2.2.22).
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So, for any character p : G — G,,, we have pu|gss = 0 and in particular u|z, = 0. Since p|r

is a homomorphism, this gives us

g7 (to, ¢) = plr(to, 0) + plr(0,¢) = 0 + ple(c) = ple(c)

for all (¢y,c) € Ty x C. In other words, u|r is the image of u|c under the inclusion X (C') —
X(T), which proves that X(G) C X(C). O

2.2.d Borel Subgroups and Parabolic Subgroups

So far, everything we have said about root data and the classification of reductive groups
depends only on a choice of a maximal torus T" C GG. However, a choice of Borel subgroup
B C G such that T' C B happens to put some extra combinatorial structure on the root
datum corresponding to G. More precisely, choosing a Borel subgroup of GG containing T is
equivalent to choosing a base for the root datum of G.

To explain this equivalence, we first need to characterize bases of root data in a different
way. Let (X, ®,a — aV) be a root datum. Given a base IT C ®, it follows immediately from
the definitions that the simple roots are precisely the positive roots which are not the sum
of two other positive roots (note that 0 & ® by definition of a root datum). Thus, choosing
a base is essentially the same as choosing a set of positive roots in an appropriate way. We
can make this intuition more precise as follows. For any root a € ®, consider the hyperplane

Hy=ao"={fecX(T)"®,Q| (f,a) =0}.

We define the Weyl chambers of the root datum (X, ®,a — «") to be the connected com-
ponents of the complement
X3\ | He.
acd

Since ® is finite and Q is an infinite field, there are finitely many Weyl chambers, and each
of them is a full-dimensional subset (and even a convex polyhedral cone) in the vector space
Xy,

Q

For any Weyl chamber W let f € W. By definition of a Weyl chamber, we have (f, o) # 0
for all a € . We define
of ={a€®| (f,a) > 0},

and we define ITyy C @}, to be the subset of elements which cannot be written as a sum of
two elements of ®y},. One can use a little bit of linear algebra (see [Mil17, Proposition C.9])
to show that the following hold.

1. Iy is a base for the root datum (X, ®,a — o) and @y}, is the set of positive roots
for this base.

2. The sets @}, and IIy depend only on the Weyl chamber W, not on the choice of
few.
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3. Every base for (X, ®, a — o) has the form IIy, for a unique Weyl chamber .

In summary, given a root datum (X, ®, a — «"), the map W +— Il is a bijection between
Weyl chambers of the root datum and bases of the root datum, and this bijection also
behaves as nicely as one might hope for when it comes to positive roots.

On the other hand, we can relate Weyl chambers of root data to Borel subgroups of
reductive groups in the following way. Let G be a reductive group, and let 7" C G be
a maximal torus. For any Borel subgroup B of G containing T, we define ®*(B,T) to
be the set of roots ®(B,T) (here viewing B as a reductive group with maximal torus 7).
Equivalently, ®* (B, T) is the set of « € ®(G,T') such that g, is contained in the Lie algebra
b of B. We also define

W(B,T)={\€ X(T)(é | (\,a) >0V aed"(B,T)}.
One can show that the following hold.

1. W(B,T) is a Weyl chamber of the root datum (X (7)), ®(G,T), a — «) corresponding
to (G,T), and ®*(B,T) is the set of positive roots for the base corresponding to the
Weyl chamber W (B, T) (see [Mill7, Proposition 21.29]).

2. The map B — W(B,T) is a bijection between the set of Borel subgroups of G con-
taining 7" and the set of Weyl chambers of the root datum (X (7),®(G,T),a — )
(see [Mill7, Theorem 21.32]).

Combining these facts with the bijection between Weyl chambers and bases of a root datum,
we see that choosing a base of the root datum (X(7'), ®(G,T),a — «aV) is equivalent to
choosing a Borel subgroup of GG containing 7.

When working with root data of reductive groups, we will almost always want to choose
a base. As such, we will almost always begin by fixing a choice of Borel subgroup. The
following definition will help us refer to both the Weyl chamber and base of the root datum
that correspond to a given choice of Borel subgroup.

Definition 2.2.26. Let G be a reductive group, let T" C G be a maximal torus, and let
B C G be a Borel subgroup containing 7'

1. We call the Weyl chamber W (B, T') the dominant Weyl chamber for B.

2. We define Il (B, T) C ®1(B,T) to be the base of the root datum (X (T), ®(G,T), o —
a") corresponding to the Weyl chamber W(B,T). When B and T are clear from
context, we will often write Il (or simply II) for (B, T).

The bijection B — W (B, T) between Borel subgroups and Weyl chambers actually has a
very nice inverse, which gives us some further insight to the structure of Borel subgroups (and,
more generally, parabolic subgroups) of the reductive group G. To understand it, we first
recall that there is a canonical isomorphism X (G,,) = Z. (Explicitly, any homomorphism



38

Gm — G, must be given by a ring homomorphism k[t] — k[t] that sends ¢ — ¢* for some
a € Z, and our canonical isomorphism sending such a character of G,, to a.) This gives rise
to a perfect pairing

Hom(G,,,T) x X(T') - Z

given by sending any pair (A, i) to the integer corresponding to the character po A : G, —
G- As such, we have a canonical isomorphism of abelian groups Hom(G,,,T) = X(T)",
so we may view an element A € X(7T)" as a homomorphism A : G,, — T. We call such a
homomorphism A a one-parameter subgroup of T

Now, let A : G,, — T be a one-parameter subgroup, and let X be a scheme on which G
acts. For any k-point = € X (k), we obtain a map ¢ : G,, — X which is given on functors
of points by ¢(t) = A(t) - z. On the other hand, there is a canonical inclusion G,, — A}
(given on functors of points by the inclusion I'(S, OF) C I'(S, Og)), and G, \ G,, consists of
a unique k-point 0 € G,. If the map ¢ extends to a map ¢’ : Aj — X, then we say that the
limit lim; o A(t)x exists, and we define

. /
15% A(t)z = ¢'(0).

For the moment, we are primarily interested in the case where X = G and G acts
on itself by conjugation. In this case, for ¢ € G(k), the limit defined above is the limit
limy o A(t)zA71(t). (Note that A~! is the homomorphism G,, — T given by t — A(t)7},
or equivalently, the element —\ in the group Hom(G,,,T").) This allows us to define the
following subgroups of G.

Py={geqG| %irrol At)gA~H(t) exists}
ﬁ.
Uy = {9 € G| LmA()gA~(t) = 1}
My ={g€ G| \Nt)g=gA\(t) Vt € G,,,}

Consider the case where A is contained in some Weyl chamber W (when viewed as an
element of X(T)Y), or equivalently, when (A, a) # 0 for all « € ®(G,T).x One can show
that P) is the unique Borel subgroup of G containing 7" such that W(Py,T') = W, and that
P, = Py, for any two one-parameter subgroups A\, A € W (see [Mill7, Proposition 21.29]).
In other words, the map sending a Weyl chamber W to the group P, for some A € W is the
inverse to the bijection B — W (B,T') described above.

What is particularly interesting about this construction is that, when A is not contained
in a Weyl chamber, we actually obtain all the parabolic subgroups of G which are not
Borel subgroups. More precisely, let B C GG be any Borel subgroup containing 7', and let
A : G,, — T be a one-parameter subgroups. The following statements hold.

1. The group P, is parabolic, and every parabolic subgroup of G has the form P, for
some A ([Mill7, Theorem 25.1]).
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2. The group Py contains B if and only if (A\,a) > 0 for all « € ®7(B,T) ([Mill7,
Corollary 21.92]). This is equivalent to the condition that A (viewed as an element of
X(T)V) lies in the closure of the dominant Weyl chamber W (B, T). In this case, we
call A a dominant one-parameter subgroup.

3. It B C P, then the group P, is completely determined by the set
I ={aellg(B,T)| (\a)=0}
([Mil17, Corollary 21.92, see also Theorem 21.91]).

There is also another useful way to construct parabolic subgroups containing a given
Borel subgroup B. Namely, given any set of simple roots I C Ilg(B,T'), one can construct
a parabolic subgroup P; of G containing B. Moreover, the following statements hold (see
[Mil17, Proposition 21.90 and Theorem 21.91]).

1. The map I — P; is a bijection between subsets of the base Il(B,T) and parabolic
subgroups of G containing B.

2. There exists a canonical subgroup M; C P; containing 7" such that P; = R, (Py) - M;.

3. The group M is reductive, and its root datum (with respect to the maximal torus T')
is (X(T), P, — ), where ®; = ZI N ®(G,T) is the set of roots which are linear
combinations of elements of I (and the map a — «" is the same as in the root data
for (G, T), just restricted to ®;).

4. The intersection BN Mj is a Borel subgroup of M, containing 7', and the base Iy, (BN
M, T) is precisely the set I.

5. It follows from the construction of P; (see the proof of the aforementioned results in
Milne) that P; C Py if and only if I C J.

In general, a Levi subgroup of an algebraic group G is a subgroup M C G such that G =
R,(G) - M (or equivalently, G is isomorphic to the semi-direct product of M and R,(G)).
Thus, the subgroup M is a Levi subgroup of Py whose construction depends only on I. We
call M; the standard Levi subgroup of P;. Apart from the explicit construction of M; in
[Mil17, Section 21.i], the standard Levi subgroup M; can also be characterized as the unique
Levi subgroup of P; containing 7' ([Tim11, p. 9]).

In general, we call the groups P; (i.e. the parabolic subgroups containing B) the standard
parabolic subgroups of G. As noted above, the standard parabolic subgroups are precisely
the parabolic subgroups that contain B.

In summary, we have now constructed all parabolic subgroups of GG in two different ways.
The first is as the group P, for some one-parameter subgroup A : G,, — T'; and the second
is as Py for some I C Ilg(B,T) and some B. (Note that since every parabolice subgroup
contains some Borel subgroup by definition, every parabolic subgroup has the form P; for
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some choice of B and I C Ilg(B,T).) These two constructions are related in the following
way. Let B C G be a Borel subgroup, and let A : G,,, — T be such that B C P, (equivalently,
such that (A, ) > 0 for all « € ®+(B, T)). Define

I ={ae€d:(B,T)| (N\a)=0.}

Then, we have P, = Py ([Mill7, Corollary 21.92]). Moreover, it follows from the construction
of My (see [Mill7, Notation 21.89]) that M) = M;. If G is smooth, then we have P, = U,- M,
(see [Mil17, Theorem 13.33]), and it follows formally that Uy = R, (P;).

In short, we can use the description of a parabolic subgroups as Py or as P; inter-
changeably. We will mainly be interested in thinking of parabolic subgroups as P; for some
I C Ig(B,T), since this allows us to read off the root data of M; in terms of I. The
description of a parabolic subgroup as Py will primarily be useful when we are interested in
working with one-parameter subgroups, for instance in Section 3.6.a.

There are a couple trivial examples of the constructions of the P\, and P;, which may
serve to illustrate more concretely how they work. First, consider the case where P = B is
a Borel subgroup. We have already seen that this occurs when A lies in a Weyl chamber, in
which case our above statement gives us Py, = P; for I = @. In fact, we noted above that
P Cc B= P, C P;if and only if I C @. So, we have B = P; if and only if I = @ and
B = P, if and only if A lies in a Weyl chamber. In this case, R,(P) = R,(B), and T itself
is a Levi subgroup (see Theorem 2.2.3) containing 7', so T' = M.

The other trivial case to consider is the case where P = (. This choice of P strictly
contains all other choices of GG, so we must have P = P; for [ strictly containing every
other possible choice of I, i.e. I = Ilg(B,T). In terms of one-parameter subgroups, this
corresponds to the case where (A, ) = 0 for all « € IIg(B,T), hence (A, ) = 0 for all
a € ®(G,T). In other words, A lies in the hyperplane H, for all « € ®(G,T). So, we have
G = Prif and only if I = II(B,T) and G = P, if and only if A € Nupreca(er)Ha. Since G
is reductive, we have R, (P;) = R,(G) = {1}, so M; = G.

There is one other construction with parabolic subgroups that will sometimes be useful
to us. Given a parabolic subgroup P C G, we say that another parabolic subgroup @) C G
is opposite to P if PN Q is a Levi subgroup of both P and (). For any Levi subgroup
M C P, there exists a unique parabolic subgroup ¢ containing M and opposite to P, and
PNQ = M (see [Bor91, Proposition 14.21] and its proof). For our purposes, we will always
be interested in the standard Levi subgroup (i.e. the unique Levi subgroup containing 7'),
so we will simply refer to the opposite parabolic subgroup to P as the parabolic subgroup
which is opposite to P and contains the standard Levi subgroup. We denote this parabolic
subgroup by P~. In particular, when P = B is a Borel subgroup, then the opposite Borel
subgroup B~ is the unique Borel subgroup of G such that BN B~ =T.

There are a couple other facts about opposite parabolic and opposite Borel subgroups
that will sometimes be useful to us.

1. If P and P~ are opposite parabolic subgroups, then R,(P~) - P is an open subset of
G equal to P~ - P.
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2. On the level of root data, swapping to the opposite Borel subgroup amounts to negat-

ing all positive roots. More precisely, we have ®*(B~,T) = —®*(B,T) and hence
W(B~,T) = =W(B,T) (see [Mill7, Summary 21.86]). Since W(B,T) is the dom-
inant Weyl chamber for B, we call —W(B,T) the antidominant Weyl chamber for
B.

The opposite parabolic subgroup can easily be constructed using one-paremeter sub-
groups. More precisely, if P = P, for some dominant one-parameter subgroup A :
Gy, — T, then P~ = Py-1.

2.3 Representation Theory of Reductive Groups

In this section, we assume that k is an algebraically closed field of arbitrary characteristic.
As before, we assume throughout that all algebraic groups are affine.

Definition 2.3.1. Let GG be a connected reductive group, and let H C G be any subgroup.
Let T' C G be a maximal torus, and let B C G be a Borel subgroup containing 7. Let V' be
a G-module.

1.

We say that V' is simple (or irreducible) if V' contains no nontrivial proper G-submodules.
We say that V' is semisimple if it is a direct sum of simple representations.

. We call elements of X(T") the weights of G, and we denote the set X (T") by Ag(T") (or

simply by Ag when the choice of maximal torus 7T is clear from context).

. We say that a weight u € Ag is dominant with respect to B if (", u) > 0 for all

positive roots a € ®*(B,T). We denote the set of all dominant weights by AL(B,T)
(or simply A when B and T are clear from context).

. We say that an element v € V' is H-invariant if for all h € H, we have h - v = v. We

denote the set of all H-invariants by V. Equivalently, V' is the largest submodule
of V on which H acts trivially.

. We say that an element v € V' is an H -eigenvector if the line k -V is an H-submodule

of V', or equivalently, if there exists some character A : H — G, such that h-v = A(h)v
forallh € H. If H D T, then any H-eigenvector has a corresponding weight p (namely,
i = Alr); in this case, we say that v is an H-eigenvector of weight p. We denote the
set of all H-eigenvectors in V' by V). Note that V() is an H-submodule of G and
that V# c V),

Remark 2.3.2. We note that the notion of dominant weights A5(B,T) is in some sense
“dual to” the notion of the dominant Weyl chamber W (B,T'): the former involves the
function (a",-) being positive for all positive roots «, while the latter involves the function
(-, ) being positive for all positive roots a.
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Remark 2.3.3. Note that 0 € V' is always an H-eigenvector (of weight 0 when H D T'). This
is convenient inasmuch as it makes the set of H-eigenvectors into a vector space, but we are
almost never interested in this (somewhat trivial) H-eigenvector. As such, whenever we say
something like “let v € V) be an H-eigenvector,” we always mean a nonzero H-eigenvector
(unless we explicitly say otherwise).

All of the above definitions are dependent on the choice of a maximal torus 7', and the
definition of a dominant weight also depends on the choice of a Borel subgroup B. However,
over an algebraically closed field k, given any other choice of maximal torus 7" and Borel
subgroup B’ D T, there exists some g € G(k) such that gBg~! = B" and gT'g~* = T" ([Mill7,
Theorem 17.13]). It follows that, after composing everything with the inner automorphism
of G given by conjugation by ¢, all the notions in the above definition are true for B and T’
if and only if they are true for B’ and T”. More precisely:

(1) We replace the action of G on V by the action given by h - w = ghg 'w. This
representation is simple if and only if the original representation was.

(2) We have an isomorphism X (7") = X (7”) induced by conjugation by g. Thus, we can
identify the weights of T" and T".

(3) The isomorphism on weights above induces a bijection on roots ®(G,T) = ®(G,T").
Since this bijection is induced by conjugation by g, which sends B to B’, we see that
the bijection also identifies the set of positive roots ®*(B,T) = ®*(B’,T"). Hence,
a weight © € X(T) is dominant with respect to B if and only if the corresponding
element of X'(7”) is dominant with respect to B’.

(4) For any subgroup H C G, we have H D T if and only if H' = gHg™! D T’, and any
v € V is an H-eigenvector (resp. is H-invariant) if and only if v is an H'-eigenvector
(resp. is H'-invariant) under the new action of G on V given by (1) above. Moreover,
if H DT and v is an H-eigenvector, then its weight (as an H-eigenvector) is identified
with its weight as an H’-eigenvector unde the isomorphism X (7)) = X (71").

In short, we will always need to fix a choice of B and 7T in order to talk about (dominant)
weights, but every such choice will give us essentially the same representation-theoretic
behavior.

As with the algebraic structure of reductive groups in the previous section, we begin our
discussion of representations of redutive groups by understanding tori and solvable groups
first (cf. Theorem 2.2.3). The representations of these groups turn out to be relatively
straightforward to characterize.

Theorem 2.3.4.

1. Let T be a torus, and let V be a T-module. Every element of V' is a sum of (finitely
many) T-eigenvectors. In other words, V is a direct sum of one-dimensional T -
modules.
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2. Let G be a smooth connected solvable group, and let T C G be a maximal torus. The
map X(G) — X(T) given by restriction of characters is an isomorphism of abelian
groups.

3. Let G be a smooth connected solvable group, and let V' be a G-module. The G-

eigenvectors of V' are precisely the elements that are fized by R,(G). In other words,
V(&) — Y Ru(G)

Proof. For statement (a), see [Mill7, Theorem 12.12]. For statement (b), recall from Theo-
rem 2.2.3 that G = R,(G) x T. So, giving a character G — G,, is the same as giving two
characters ' — G,,, and R,(G) — G,,. But R,(G) is unipotent, so every character of R, (G)
is trivial (by definition of a unipotent group). Statement (b) follows directly from this.
Statement (c) is essentially just a combination of (a) and (b). More precisely, pick a
maximal torus 7' C G. For any nonzero element v € V, the isomorphism G = R, (G) x T
implies that v is a G-eigenvector if and only if v is an R, (G)-eigenvector and a T-eigenvector.
But (a) says that v is always a T-eigenvector, and since every character of R, (G) is trivial,
the R, (G)-eigenvectors are precisely the elements of V fixed by R, (G). O

One more theorem about representations of solvable groups is often very useful.

Theorem 2.3.5 (Lie-Kolchin; [Mill7, Theorem 16.30]). Let G' be a smooth connected solv-
able group. Any G-module V' contains a nonzero G-eigenvector.

In the previous section, we saw that the classification of reductive groups is largely
controlled by the behavior of maximal tori and Borel subgroups. It turns out that simple
G-modules are also classified by the behavior of maximal tori and Borel subgroups on them.
To state this more precisely, we first need to explain the setup of this structure. First,
note that G acts on itself via the multiplication map G x G — G given by (g,h) — gh.
This action induces a natural G-module structure on the global sections I'(G, O¢); we call
I'(G, O¢) with this G-module structure the regular representation of G. (See Section 2.4.a
for details on this G-module structure.) Moreover, recall from Section 2.2.d that a choice
of Borel subgroup B C G containing a maximal torus 7" determines a base Ilg(B,T) for
the root datum of G. We can use this base to define a partial order on the set of weights
Ac(T) = X(T) as follows: we define A > p if and only if we can write

A— = Z MaQ

aeng(B,T)

for some m,, > 0. Since ®(B,T) is the set of positive roots for the base Il (B, T), it follows
immediately from the definitions that ®*(B,T) = {a € ®(G,T) | @ > 0}. We remark that
this partial order is not generally a total order.

Theorem 2.3.6 ([Mill7, Theorems 22.18, 22.19 and Proposition 22.27, see also Theorem
22.2, Definition 22.21)). Let G be a reductive group, let T' be a mazimal torus of G, and let
B C G be a Borel subgroup containing T .
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(b)

(¢)
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For any simple G-module V', there exists a unique line of B-eigenvectors { C V. More-
over, if v is the weight of a B-eigenvector v on this line, then p is dominant and is the
highest weight of V', i.e. p is strictly greater than every other weight of an element of
V' (under the partial order defined above).

Two simple G-modules are isomorphic if and only if their highest weights are equal (as
elements of X(T))).

For every dominant weight i € AL(B,T), there exists a canonical simple submodule
V() of the reqular representation I'(G, Og) whose highest weight is . In particular,
the assignment u — V(p) defines a bijection between the set AL(B,T) and the set of
1somorphism classes of simple G-modules.

Now that we understand simple G-modules, we also understand semisimple G-modules:

they

are just direct sums of the simple G-modules. The following proposition (which is

really a general representation-theoretic fact) will help us understand these direct sum de-
compositions of semisimple modules more concretely. To state it, we need one small piece
of notation: given two G-modules V' and W, we denote by Homg(V, W) the k—vector space
of G-equivariant linear maps f: V — W.

Proposition 2.3.7 (cf. [Bril0, Lemma 2.2]; see also [Mill7, Lemma 4.20]). Let G be an
algebraic group, and let V' be a G-module.

(a)

(b)

(¢)

(Schur’s lemma) Suppose V' is simple, and let W be any other simple G-module. If
V=W, then
Homg(V, W) = Homg(V, V) =k -idy .

(Here the isomorphism is induced by V' = W, and kidy denotes the set of multiples
of the identity map, i.e. the set of maps V. — V given by v — cv for some c € k.) If
V 2 W, then Homg(V, W) = 0.

If V is semisimple, then the map

P Home(W,V)eaW -V

W simple

given by f@w — f(w) is an isomorphism of G-modules. (Here we take Homg(W, V) ®
W to have the G-module structure given by g- f @ w = f ® gw, i.e. G acts trivially
on Homg(W, V') and by its given action on W. Moreover, the direct sum is over each
tsomorphism class of simple G-modules, and we pick some representative W of each
class.)

Suppose that V' is semisimple, and write V' =2 &;V; with each V; a simple G-module.
For any simple G-module W, the number dimy(Homeg (W, V) is the number of indices
i such that V; 2 W (considering both numbers as elements of NU {+o0} ).
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Proof. For (a), let f:V — W be a G-equivariant map. Then, ker(f) is a G-submodule of
the simple module V', and Im(f) is a submodule of the simple module W. Thus, exactly one
of the following options occurs:

1. Either ker(f) = V or Im(f) = 0, in which case f is the 0 map, i.e. we have both
ker(f) =V and Im(f) = 0.

2. We have ker(f) =0 and Im(f) =V, in which case f is an isomorphism.

Thus, if V and W are not isomorphic, f must be the 0 map, so Homg(V, W) = 0. To complete
the proof of (a), it remains to show that Homg(V, V) = kidy. For this, let f: V' — V be
any element of Homg(V, V). Then, f is a linear map of vector spaces, so it has some nonzero
eigenvector v with eigenvalue A (here we are using the fact that k is algebraically closed). So,
fo = f — Aidy is another element of Homg(V, V), and fy(v) = 0. In particular, ker(fy) # 0,
so using our above arguments (with V' in place of W), we see that option 1 above holds,
i.e. that fo = 0 and hence that f = Aidy. Thus Homg(V,V) C kidy, and the opposite
containment follows immediately from definitions.

As for (b), one can check directly from the definitions that the given map is a well-
defined G-equivariant map and that formation of this map commutes with taking direct
sums of different choices of V. Since V is a direct sum of simple modules by assumption,
it will suffice to consider the case where V' is simple. In this case, (a) tells us that there is
only direct summand in the domain of the map that is nonzero, namely Homg(V, V) @ V.
By part (a) again, we have

Homg(V, V)@V =V

as G-modules, with the isomorphism given by cidy ®w — cw. This isomorphism identifies
the map in (b) with the identity map V' — V| which is of course an isomorphism. Finally,
(c) follows from (b) using the fact that Homg(W, V) @ W is isomorphic as a G-module to a
direct sum dimy(Homg (W, V')) copies of W (since G acts trivially on Homg (W, V)). O

Remark 2.3.8. Part (b) of the above proposition is not a canonical decomposition of V' into
simple modules (indeed, Homg (W, V) @ W is generally not simple!) However, from parts
(a) and (b), it follows that any such decomposition is unique up to (1) picking a different
representative for any isomorphism class of a simple G-modules appearing in V', and (2)
swapping the order of the simple modules in the decomposition. When G is reductive, we
have canonical representatives of each isomorphism class of simple G-modules (namely, the
V(i) by Theorem 2.3.6, so any semisimple representation of a reductive group is isomorphic
to @ueAg(B,T) V(p)™ for a unique choice of m, € N.

Definition 2.3.9. Let G be an algebraic group, and let V be a semisimple G-module.

1. For any simple G-module W, the multiplicity of V in W is the number of times that
simple modules isomorphic to W appear in a direct sum decomposition of V. By the
above proposition, the multiplicity of W in V' is dimg(Homg (W, V)) (in particular, it
does not depend on the direct sum decomposition and so is well defined).
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2. We say that V' is multiplicity-free (resp. multiplicity-finite) if the multiplicity of every
simple G-module in V' is at most one (resp. is finite).

The above proposition is a completely general way to define multiplicities for semisimple
G-modules. When G is reductive, the notion of multiplicity is slightly nicer, thanks to the
classification of simple modules given above. Namely, any semisimple G-module V' can be

written as
ve P Viwm™

REAL(B,T)

for a unique choice of m, € N. The multiplicity of any simple G-module V(i) in V is
precisely m,,. On the other hand, since the only B-eigenvectors in V' (u') are those of weight
p for any dominant weight 1/, the p-eigenspace V,, of V' (i.e. the B-submodule V, C V
generated by every B-eigenvector of weight p) is precisely the subspace of V' generated (as
a vector space) by the B-eigenvectors in each copy of V(i) appearing in V. It follows that
the multiplicity of V(x) in V' is dimy(V},). (See [Tim11, Proposition 2.21] for another proof
of this fact.)

One of the reasons that we are mainly interested in the characteristic 0 case is that every
representation is semisimple in that setting. This means that the classification of simple
representations in fact classifies all representations.

Theorem 2.3.10 ([Mil17, Theorem 22.42|). Let k be an algebraically closed field of charac-
teristic 0, and let G be a connected algebraic group over k. The following are equivalent:

(i) G is reductive.
(ii) Every finite-dimensional representation of G is semisimple.
(111) Every representation of G is semisimple.

Proof. That (i) and (ii) are equivalent is [Mil17, Theorem 22.42]. Certainly (iii) implies (ii);
conversely, suppose that (ii) holds, and let V' be any representation of G. The key fact is
that any representation is the union of all its finite-dimensional subrepresentations ([Mil17,
Corollary 4.8]).

Let W7 C V' be any subrepresentation. We claim that there exists some subrepresentation

Wy C V such that V = W; & W,. Consider the set
S={WcV|WwWnW=0}.

For any totally ordered subset {W;} of S, the sum ), W; is also in S. (Proof: if ) w; €
Wi N>, W;, then there is some W, containing all the nonzero w;; so, Y . w; € Wy NWj,
contradicting W; € S.) Thus, Zorn’s lemma implies that there exists a maximal element W,
of S. Since Wy N Wy = 0, to show V = Wy & Ws, it will suffice to show that every element
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of V lies in Wy + W5, Given any v € V, there exists a finite-dimensional subrepresentation
W C V containing v. Then, W; N W is a subrepresentation of W, from which it follows that

W =W nw)@w

for some W’ C W ([Mill7, Proposition 4.17]). Since v € W, we have v = w; + v’ for some
w; € WiNW and w' € W’. On the other hand, W/ N W; = 0, so Wy + W’ is an element
of S containing W5. By maximality of Wy, we have Wy + W' C Wy, so v = wy + w’ implies
that v € Wy + W' C Wy + W,. Thus, V = W; + W, which proves the claim.

The fact that V' is semisimple given the above claim is a standard one; for completeness,
we give a proof. Let Vo = > o simple V- Since the intersection of any two distinct simple
subrepresentations is trivial (it is a proper subrepresentation of a simple representation), we

have
W= P W

WCV simple

We just need to show that V; = V. By our claim above, there exists some W C V such
that Vo @ W = V. If W # 0, then W contains a nonzero simple representation. (Proof:
W contains a nonzero finite-dimensional representation W', and Zorn’s lemma implies the
existence of a maximal proper subrepresentation W; C W’. By the above claim, we have
W' =Wy @ W, for some Wy C W'; but now Wy =2 W’ /W is simple by maximality of 1,
and is nonzero because W is proper.) But every simple subrepresentation of V' is contained
in Vg, and Vo N W = 0. Thus, we must have W = 0, so that 1, = V. O

One nice application of semisimplicity in characteristic 0 is that we can obtain a canonical
description of the regular representation of GG. This is best stated by considering the regular
representation not as a G-module but rather as a (G x G)-module, which we can do using
the action of G' x G on G given by (g1, 92) -h = gi1hg, ' (see Remark 2.4.6 below for details).
On the other hand, we recall that any action of G on a G-module V' induces a G-module
structure on the dual vector space V* in a natural way. Thus, given a G-module V', we can
obtain a (G x G)-module V* ® V' by setting (g,h) - (¢ ® v) = ¢h ® gv. In other words, the
first copy of G in G x G acts on V', and the second copy of G acts on V*.

Proposition 2.3.11 ([Bril0, Lemma 2.2], [Tim11, Theorem 2.15]). Let k be an algebraically
closed field of characteristic 0. Let G be a reductive group over k, let T C G be a maximal
torus, and let B C G be a Borel subgroup containing T'. There exists a canonical isomorphism

of (G x G)-modules
[G.0c)= @ VeV,

NEAL(B,T)

where V(A)* denotes the dual vector space to V(N\) and G x G acts on V(A)* @ V(A) by
(g:h) - (¢ ®v) = ho @ gov.
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sketch of proof. The statement follows from Proposition 2.3.7 after one shows that
Homg(V(A),T(G,Og)) = V(N

See [Bril0, Lemma 2.2] for details. O

2.4 (G-modules and Schemes

In order to apply the representation theory of reductive groups to schemes, we first need to
be able to obtain a representation from some geometric data on the scheme. In this section,
we discuss a few important ways to do this. In this section, k is an arbitrary field (not
necessarily algebraically closed and of arbitrary characteristic).

2.4.a Global Sections and Function Fields

Let G be an algebraic group (not necessarily reductive), and let X be a G-scheme. For any
affine k-scheme S = Spec(R) and any g € G(S5), consider the isomorphism p, p : X x S —
X x S given on functors of points by mapping any (z,s) € (X x; S)(S’) to (gsz, s), where
gs € G(S") is the composition S" = S % G. Put another way, the morphism Pg.r is the
composition

X x § WPdes) G x5 P9 x S,

where p: G x X — X is the action morphism. Since S is flat over k, taking global sections
commutes with base changing by S, i.e. we have a canonical isomorphism

F(X X S, Oxxs) = F(X, Ox) R R
which is natural in S. Thus, the map p, r on global sections gives us a ring isomorphism
Pg,R * F(X, Ox) R R — F(X, O)() Rk R.

Note that p, r is a map of S-schemes. It follows that ¢, r is R-linear, i.e. that ¢, r(1®71) =
1®r forall r € R.

The ¢, r are isomorphisms of k-vector spaces, and for all g,h € G(S), one can check
that pgn.r = py © pr, which gives us

Ygh,R = Ph,R© Pg,R-

It follows that g — ¢, r defines a homomorphism G°® — GLy, where V = I'(X, Ox).
Unfortunately, this is not a representation of G (which by definition is a homomorphism
G — GLy). The issue is essentially that the ¢, r define a right action of G(S) on V ®; R,
whereas representations of algebraic groups require left actions (by definition). Conceptually,
this makes sense: actions of G on schemes are also left actions by definition, and passing to
ring maps is contravariant, so we end up with a right action on rings instead of a left action.
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We could fix this by using right actions of G on schemes instead, but it is conventional to
use left actions of algebraic groups on schemes. Instead (and this seems to be the convention
throughout the literature), we simply note that given a right action of G on V| there is a
canonical way to form a left action of G on V: we just let elements of G act by their inverse
on G, i.e. weset g-v = g~ *v, where * denotes the right action and - denotes the left action
that we are defining. In terms of homomorphisms: given a homomorphism, r : G° — GLy
we can define a homomorphism ¢ : G — GLy by £(g) = r(g~'). Putting this all together,
the homomorphism ¢ defines a G-module structure on V' = I'(X, Ox), which explicitly is
given by letting g € G(5) act by Lp;}%.

When X is irreducible, we can define a G-module structure on K (X) in a similar way.
More precisely, the generic fiber of the action morphism p is a morphism G x Spec(K (X)) —
Spec(K (X)) which defines an action of G on Spec(K (X)). Following the above construction
with Spec(K (X)) in place of X, we obtain a G-module structure on K(X). From now on,
we will use these G-module structures on I'(X, Ox) and K(X) without further mention.

Remark 2.4.1. When X is affine, we have K (X) = Frac(I'(X, Ox)), and the generic fiber
of p is the localization of a ring map at the prime ideal (0). It follows that the action of
any g € G(S) on K(X) ®; R defined above is simply the localization of the map ¢, p at
the prime ideal (0). However, because taking invariants or eigenvectors does not commute
with localization, we have K (X)¢ # Frac(I'(X,0x)%) and K(X)© # Frac(I'(X,0x))
in general.

Remark 2.4.2. It’s worth noting what differences the convention of left action over right
action actually makes for the action of G on I'(X,Ox) and K(X). Our primary interest
will be in the set of B-eigenvectors in these G-modules. Since the B-eigenvectors are the
T-eigenvectors which are fixed by R,(B) (Theorem 2.3.4), the set of B-eigenvectors is the
same whether we use a left or right action of G. However, if the character corresponding to
an eigenvector f € I'(X, Ox)®) under the left action is y, then the character corresponding
to f under the right action is —pu.

In short, the use of a left action instead of a right action only changes all the weights of
B-eigenvectors by a minus sign. Keeping track of this sign is important for explicit examples,
but there are certain properties that remain unchanged by this convention. For instance,
the set of weights of B-eigenvectors in K(X) is the same whether we use the left or right
action (because if f € K(X)®) has weight p, then f~! has weight —pu).

The following lemma gives us a nice functoriality property for our G-module structures
on I'(X, Ox) and K(X).

Lemma 2.4.3. Let G be an algebraic group, and let f : X — 'Y be a G-equivariant morphism
of G-schemes.

(a) The map on global sections f# : T(Y,Oy) — T'(X,Ox) is a G-equivariant map of
G-modules.
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(b) If X andY are irreducible and f is dominant, then the map on function fields K(Y') —
K(X) induced by f is a G-equivariant map of G-modules.

Proof. Let p: G x X — X and 7 : G XY — Y be the action morphisms. The statement
that f is G-equivariant is equivalent to the equation

7o (idg, f) = fop.

So, for any k-scheme S = Spec(R) and any g € G(S), we have the following commutative
diagram:

X xS —>(g0pr2’id“5) Gx X xS —g(p’ids X xS
(f7ids)l l(idmf,ids) l(f,ids)

Y % S (gopr27idY><Sg GX Y « S (ﬂ',ids Y 5 S

The top and bottom row here are the maps p, g and 7, p (respectively) constructed above.
Passing to global sections, we see that the map on global sections f# : I'(Y, Oy) — I'(X, Ox)
commutes with the action of g for all g € G(S5), i.e. that f# is G-equivariant. Similarly, if
X and Y are irreducible and f is G-equivariant and dominant, then one can check that the
composition of the inclusion of Spec(K (X)) with the generic fiber of f gives a G-equivariant
morphism Spec(K (X)) — Spec(K (Y)), which induces a G-equivariant map K (Y) — K(X)
by the above arguments. O]

When X is affine, giving a G-module structure on I'(X, Ox) is more or less the same as
giving an action of G on X. The following lemma makes this statement precise.

Lemma 2.4.4. Let G be an algebraic group over k, and let X = Spec(A) be an affine scheme
of finite type over k. Suppose given a G-module structure of A in which every point in G
acts by ring homomorphisms. Then, there exists a unique action of G on X such that the
G-module structure on T'(X, Ox) constructed above is the given G-module structure on A.

Proof. To construct the action of G on X, we essentially reverse the construction of the
G-module structure on I'(X,Ox). Giving a G-module structure on A as in the lemma
statement is equivalent to giving, for every affine k-scheme S = Spec(R) and every point
g € G(9), a ring isomorphism

Ygr: A®r RS> A®L R

in such a way that wgur = @4.r 0 pnr for all g,h € G(S). Given such a choice of ¢, g, we
define the isomorphism
pg’RZXXS;XXS

to be the morphism of affine shemes given on global sections by ¢,-1 r. Then, one can check
that pgnr = pgr o prr for all g,h € G(S). We then define a morphism p : G x X — X
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which is given on functors of points by (g,z) — pry op, r(z,ids). In other words, for any
(g,2) € G(S) x X(S), the image p(g,z) € X(5) is the composition

g @) 9P x w9 B X,

One then checks that p defines an action of G on X and that, under the G-module structure
on I'(X, Ox) constructed above, any g € G(S) acts on I'(X,Ox) ®; R by the given ring
isomorphism ¢, . Moreover, the maps py r defined above are precisely the maps p, r defined
in the construction of the G-module structure on I'(X, Ox). Since p is determined by the
Pg,r, Which in turn are determined by the ¢, g, it follows that p is the unique action of G' on
X satisfying the condition in the lemma statement. O

One important example of the G-module structure on I'(X,Ox) arises when we take
X = G. In this case, there are two interesting actions of GG on itself that we might consider:
the action given by left multiplication, i.e. by the morphism m : G x G — G given on functors
of points by (g, h) — gh; or, the action given by right multiplication, which on functors of
points will be (g, h) — hg™! (remember that an action of algebraic group on a scheme is by
definition a left action, hence the use of g=! here). Thus, I'(G, O¢) has two different natural
structures of a G-module: the left reqular representation (which comes from the action given
by left multiplication) and the right reqular representation (which comes from the action
given by right multiplication). It turns out that these two representations are canonically
isomorphic. Indeed, if i : G — G is the inversion map (given on funtors of points of g — g~ 1)
and m’ : G x G — @ is the right action (g, h) — hg™!, then we have

iom=moi.

(On functors of points, this is just the statement that (gh)™' = h='g~'.) In other words, i is
a G-equivariant morphism from G (with the left multiplication action) to G (with the right
multiplication action). By our discussion of functoriality above, ¢ induces a map from the
right regular representation to the left regular representation, and since ¢ is an automorphism
of GG, this map is an isomorphism of representations. For this reason, one typically does not
distinguish between the left and right regular representation and just calls the left regular
representation the reqular representation of G

Remark 2.4.5. The regular representation is faithful when G is affine, so every affine
algebraic group is isomorphic to a subgroup of GL,, for some n, see [Mil17, Theorem 4.9 and
Corollary 4.10]. Subgroups of GL,, are sometimes called linear algebraic groups, so what we
have just said is that every affine algebraic group is linear. This is one part of the reason
why so much of the theory of algebraic groups is built on the affine case.

Remark 2.4.6. One can also combine the left and right regular representations in an inter-
esting way. Indeed, we have an action of G x G on G by (g1, 92) - h = gihg; *. This action
induces a (G x G)-module structure on I'(G, Og), which is in some sense the left regular
representation in one factor of G x G' and the right regular representation in the other factor.
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For our purposes, we will generally be interested in the case where G is reductive, in which
case we want to understand the B-eigenvectors (and their associated weights) of I'(X, Oy)
and K (X). We now give an explicit example to show how these can be worked out.

Example 2.4.7. Let k be a field, and let V' be a finite-dimensional k—vector space. We
consider the k-scheme

X = A(V) = Spec(Sym,(V")).

For any k-algebra R, we have isomorphisms
X (Spec(R)) = Homy(Sym,(V*), R) 2 Homg(V*, R) =V & R

which are natural in R. (The second isomorphism here follows from the universal property
of Symy, and the third isomorphism is given by sending any ., v; ®r; € V ®; R to the map
V* — R given by ¢ = . ¢(v;)r;).) In other words, the functor of points of X, viewed as
a functor Alg, — Set, is (naturally isomorphic to) the functor R — V ®; R.

Suppose now that V' is a G-module for some algebraic group G. By definition, this means
that for all k-algebras R, we have an action of G(Spec(R)) on X (Spec(R)) =V ®; R that is
natural in R. In other words, the G-module structure on V' immediately gives us an action
of G on X. This action induce a G-module structure on I'(X, Ox) = Sym,(V*), which we
wish to describe explicitly. To do this, we first construct a G-module structure on Sym (V*)
and then show that the corresponding action of G on X from Lemma 2.4.4 is the same as
the action we just described.

Note that the G-module structure of V' induces a G-module structure on the dual space
V*. Explicitly, this structure is given as follows. Let S = Spec(R) and g € G(S). We have
a canonical isomorphism V* ®; R = Hom(V, R) which is natural in R. (Explicitly, the
isomorphism is given by > ;@7 > (v 3. @;(v)r;).) Thus, we may describe the action
of g on V* ®; R by describing the action of g on Homy(V, R). This action is the map

g g : Homg(V, R) — Homy(V, R)

that sends any k-linear map ¢ : V' — R to the composition

v—vR1

Vi Ve RS Ve, R R

The map 1), r is an isomorphism, so it gives rise to an isomorphism V*®; R = V*®j, R and
hence to an isomorphism

I;Q,R : Symy, (V*) @ R — Sym, (V") @y, R.

One can check that the 1, r define a left action of G(R) on Symy(V*) ®, R. (Note that the
use of g~! in the defintion of ¢, r(p) above ensures we get a left action instead of a right
action.) So, we have defined a G-module structure on Sym, (V*). We remark that in the
case where R = k, the action of g on V is a linear map, and v, is nothing more than the
dual linear map V* — V*.
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Now, consider the action p : G x X — X induced (via Lemma 2.4.4) by the above
G-module structure on Sym,(V*). Let S = Spec(R) and g € G(S). By the proof of
Lemma 2.4.4, the map p,r : X x S — X x S is given on global sections by ,-1 z. On
the other hand, the proof of the lemma also shows us that, for any x € X(5), the image
p(g,z) € X(S) is the composition

g @) x 9% x w9 B X,

To show that p agrees with our original action of G' on X, we need to show that the above

composition, when viewed as an element of X (S) = Homg(V*, R) =2 V ®; R, is precisely

g -z, where g acts on V ®; R via the G-module structure of V. Viewing = as an element of

V ®, R, we may write x = Zj v; ®r;. Let 7 : K — R be the inclusion map. Passing to maps

on global sections and then to maps on Homy(V, R), the above composition becomes

375 e(vi)r;
—

70 Po—1
V* = Homg(V, k) 5% Homy (V, R) ‘=" Homy(V, R) R.

Using the definition of ¢4-1 r, one can check that this composition sends any ¢ € V* to the
element (g - (3_;v; ®r;)) € R. Under the isomorphism Homy(V*, R) =V ®; R, this map
V* — R becomes precisely g - (3_;v; ® r;) = g - x. This proves the claim.

Example 2.4.8. We write out all the representation-theoretic data of interest to us in the
above example for a particularly nice case. Suppose k is algebraically closed of characteristic
0. Write V' = @I ,ke; for some n > 2, so that X = A(V) = A}. Let G = SL,, let B be
the subgroup of upper triangular n x n matrices (which is a Borel subgroup), and let T be
the subgroup of diagonal n x n matrices (which is a maximal torus of G contained in B).
By definition of G, we have a G-module structure on V. Explicitly: for any S = Spec(R), a
point g € G(S) is an n x n matrix with coefficients in R, and the action of g on V ®; R = R™
is just given by sending any (ry,...,7,) € Rto g- (r1,...,r,)T. By Example 2.4.7 above,
this induces an action of G on X in such a way that the corresponding G-module structure
of I'(X,Ox) = k[xy, ..., x,)] is given by letting g € G(Spec(R)) act by the map zzgyR in that
example. To understand the representation theory of I'( X, Ox), it will suffice to look at the
action of k-points g € G(Spec(k)). By the construction of &g,Ra we see that any k-point g
acts by the isomorphism
k[, ..o @) = klzy, ... 2]

Y

which, on degree-1 parts, is the automorphism of V* = @I  kz; given by the dual map
(g71)* € SL(V*). The z; are the dual basis for the given basis ey,...,e, of V, and in the
dual basis, the dual map (g~')* is just the transpose of the matrix g~*. Since g sends e;
to the ith column of g (i.e. we have ¢g-e; = (g14,...,9ni)), Wwe conclude that g acts on
klzy,...,z,] by sending z; to the ith column of (¢71)%, which is the ith row of g7!. In
equations: g-x; = (g7 ")ij;.

Now, the degree-d elements of k[zy,...,x,] form a G-submodule for all d > 0. We
describe certain B-eigenvectors in each of these G-submodules. Any b € B is an upper-
triangular matrix, and b~! is upper-triangular as well. It follows that for any d > 0, we
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have
bzl = (b )un) 2,

and det(b) = 1 implies that b,, € k*. Thus, the elements of the form cz¢ are B-eigenvectors
for any ¢ € k* and any d > 0. In general, the degree-d elements of k[z1, ..., x,] will not form
a simple G-module, so there are typically other B-eigenvectors as well (except in degree 1,
as @, kx; is actually simple, see [Mill7, Example 22.34]).
Note that if € is the weight of z,,, then the weight of z¢ is de € X(T'). Also, we have an
isomorphism
T = GHY diag(ty, ... ty) = (t,...,th1) € G

(Note that this is an isomorphism because det(diag(ty,...,t,)) = 1 implies that ¢, =
t;'---t;1,.) This isomorphism induces an isomorphism X(7) = Z"~! which identifies ¢
with the element (1,1,...,1) € Z"'. One can show that this weight € is a fundamental
weight of G (see e.g. [Mill7, Example 22.34]).

The z; for i < n are not B-eigenvectors, but they are T-eigenvectors, so we may consider
their weights as well. Under the above isomorphism X (7)) = Z"" !, the weight of z; is
identified with is (0,...,0,—1,0,...,0) (with the —1 in the ith position). We remark that
the —1 here is coming from the fact that any ¢ € T acts on the ring k[z1, ..., x,] via (t71)
rather than via t. Since these x; are not B-eigenvectors, their weights are unrelated to
the representation theory of G; however, the fact that we get —1 instead of 1 for these
T-eigenvectors will be relevant to our discussion of toric varieties in Section 3.3.a.

2.4.b (G-Linearizations of Line Bundles

Sometimes, the G-module structure of I'( X, Ox) carries a lot of interesting information. For
instance, when X is affine, the global sections of X determine all the geometry of X, so the
G-module structure of I'(X, Ox) can be expected to tell us a lot about the action of G on
X. When X is projective, however, we have I'(X,Ox) = k, and the G-module structure
will just be the trivial one (because the map X — Spec(k) is G-equivariant and so induces
a G-equivariant map on global sections, see Lemma 2.4.3).

To understand geometry in the projective setting, one typically studies global sections
of (especially ample) line bundles, not of Ox. So, we would like to generalize our G-module
construction for I'(X, Ox) to get a G-action on H°(X, L) for an invertible sheaf L on X.
For this, we first need a gadget that plays the role of an “action” of G on L.

Definition 2.4.9. Let GG be an algebraic group, let X be a finite-type k£ scheme equipped
with an action of GG, and let L be an invertible sheaf on X. Let p : G x X — X and
m : G x G — X be the action morphism and multiplication morphism (respectively). A
G-linearization of L is an isomorphism

¢:p"L = pri L
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of invertible sheaves on GG x X such that the following diagram of invertible sheaves on
G x G x X commutes:

idg ,p
(idg ,p)

(P © (idG’ p))*L (er o(ide p))*L (P © perX)*L

lpr*cxx ¢

(pry oprg,x) L

> (pry o(m,idy))*L

(Ma ldX)*¢

(po (m,idx))'L

(Here, pry : G x X — X and pra,y : G X G x X — G x X are the projection maps, and
all equals signs follow from pulling back by two compositions of maps that are equal.) We
call commutativity of this diagram the cocyle condition of a G-linearization.

Definition 2.4.10. Let G be an algebraic group, let X be a finite-type k scheme equipped
with an action of G.

1. A G-linearized invertible sheaf on X is an invertible sheaf L equipped with a G-
linearization.

2. We say that an invertible sheaf L on X is G-linearizable if there exists a G-linearization
of L.

Let X be a G-scheme, and let p : G x X — X be the action morphism. For any affine
k-scheme S = Spec(R) and any g € G(S), we made use in the previous section of the
isomorphism py r : X x S = X x S given on functors of points by (z,s) — (gsz, s), where
gs = gos and g;x = p(gs, z). Intuitively, one thinks of the map p, r as the morphism by which
g acts on X x §. In fact, we can recover the action morphism p from the maps py r: indeed,
taking S = G and guniy = idg, we see that py, . g is the morphism X x ¢ 5 X x @ given
by (x,g) — (g9, g), so we have p = pry op,, . g in this case (cf. the proof of Lemma 2.4.4).
Note that, under this correspondence between p and the maps p, g, the condition that the
morphism p is a G-action is equivalent to the condition that pyr o pnr = pgnr for all
S = Spec(R) and all g, h € G(95).

Just as the data of p can be thought of as the data of the morphisms p, r, we would like
to think of a G-linearization ¢ : p*L — pr L as the data of some sheaf morphisms ¢4 r for
all S = Spec(R) and all g € G(5). Since a G-linearization in some sense plays the role of an
“action” of G on L, the ¢4 rp would then play the role of the map by which the point g acts.
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To construct the ¢, p, we define i, 5 = (g o prg,idyxs). We then have the following
commutative diagram.

Pg,R

XXS%GXXXSMXXS

lpr GxX lprx

GxX —"— X
Set Lg = pry L and ¢g = pr, x ¢. Then, ¢g is an isomorphism

¢s : (p,ids)*Ls = priy,g Ls,

80 1y g is an isomorphism
<% L%
Zg7S¢S . pg,RLS > LS.

The map iy ¢¢s is the map ¢, r that we were looking for. These maps also come with a sort of
“associativity condition,” which is the analog of the cocycle condition on the G-linearization.
Indeed, one can pull back the cocyle condition on ¢ under the composition

X x § U)o sy 9 G G X

to obtain the following commutative diagram:

% * " Pgh,R
Ph,R(Pg,RLS) _ Pgh,RLS : Lg
p;,R(¢97R)l bR
PZ,RLS

As with p and the maps p, g, the G-linearization ¢ can be recovered from the maps ¢, r.
This gives us an alternative (and sometimes more straightforward) way of constructing and
working with G-linearizations.

Lemma 2.4.11. Let X be a G-scheme, let L be an invertible sheaf on X, andlet p: GXx X —
X be the action morphism. Suppose that for each affine k-scheme S = Spec(R) and each
g € G(S), we are given a morphism

Gg.r: Pyrls — Ls

of sheaves of Oxxg-modules (here Ls = pri L and p, r are as above). Suppose moreover
that the following hold.

1. The ¢4r are functorial in R, in the following sense: for any two affine k-schemes
S = Spec(R) and S" = Spec(R') and any morphism f : S" — S, the pullback of ¢4 r
under the map idx xf: X x 8" = X X S is ¢y g, where ¢ = go f € G(Y).
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2. For every S = Spec(R) and every g,h € G(S), we have the following commutative
diagram of sheaves of Oxxs-modules:

Pgh,R

p;RggﬂLS>————/§mRLS Ls

PE‘L,R(%,R)\L
pﬁRLS

Then, there exists a unique G-linearization ¢ : p*L — pry L of L such that for all S =
Spec(R) and all g € G(S), the map ¢y r is the map i} ¢¢s defined from ¢ above.

Proof. As with recovering the map p from the p, r, we define ¢ by taking S = G and
Guniv = 1dg. Then, we have Lg = pr L and

er OpgunivyR = p © prGXX ozgunivvs = p

(the last equality here follows from the fact that guni, = idg). This implies that p} ~ pLs =
p*L, s0 ¢4, .. ris amorphism ¢ : p*L — pry L.

For any S = Spec(R) and any g € G(5), the composition pr, y 04 ¢ is the map idx xg :
X x 8§ = X x G. Thus, Assumption 1 (applied with f = g) tells us that the pullback
iy 505 = (Praxx lg,5)*¢ is the map ¢, g, where ¢ = guniy © g = g. In other words, we have
bg.r = 1, g¢s. Moreover, the map ¢ can be recovered from the i ¢¢s: taking S = G and
9 = Guniv gIVes us iy . pg = ¢. It follows that ¢ is the unique map p*L — pr’ L such that
iy 505 = ¢g.r for all S = Spec(R) and all g € G(S).

It remains to check that ¢ satisfies the cocyle condition (and so is actually a G-linearization).
For this, we note that the cocycle condition is a diagram which commutes if and only if its
pullback under every map S — G x G x X commutes. Any such map is given by a pair
g,h € G(5) and a point z € X(5), and we have the following commutative diagram:

S
) (g,h,z)
l(z, idg)

XXS — GXGXxX XS ——GxGExX
(goprg ,hoprg ,idxxs) pr

As noted above, the pullback of the cocyle condition under the bottom row of this diagram

is the diagram of Assumption 2. Since we have assumed that this diagram comutes, so does

its pullback to S. O

With G, X, p, and L, let ¢ : p*L — pr¥ L be a G-linearization. We can use ¢ to construct
a G-module structure on H°(X, L) as follows. For any affine k-scheme S = Spec(R) and
any g € G(S), we define p, g as above and set Lg = pr L and ¢g = pri., y ¢ as above. We
already know that ¢, rp = 1} g0 is an isomorphism

¢g,R : pZ,RLS — Ls.
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On the other hand, p, g induces a k-linear map H°(X x S, Ls) — H°(X x S, p} pLs) by
pulling back global sections. We consider the composition

Yonp HUX x 8, Ls) "8 HY(X x 8, p7 pLs) " HO(X x S, Lg).

Note that ¢, g1, is k-linear (because py g is a morphism of k-schemes, the morphism @} ¢
is Ox-linear, and k C I'(X, Ox)) and is an isomorphism (because both p; p and i} 4¢5 are
isomorphisms). Moreover, since S is flat over k, taking global sections of L commutes with
base change to S, i.e. we have a canonical isomorphism

H(X x S,Ls) = H*(X,L) @ R

which is functorial in R. We claim that the ¢, 1, define a right action of G(S) on H°(X, L)®y
R. For all g, h € G(S5), we know that

pgh?R = pg7R © ph7R'

Using this fact and the commutative diagram on the ¢, g given above (see Assumption 2 of
Lemma 2.4.11 above), we have

Ygh,RL = Pg,R © p;h,R = (¢n,r 0 PZ,R(%,R)) © (PZ,R ° PZ,R)
= OnRrO (PZ,R o ¢g,R) © PZ,R

= VR, © Vg R,L-

(The third equality here follows from definition of the pullback map pj, , which the rest are
using the commutativity statements given above.) This proves that the 1, g ;, define a right
action of G(S) on H°(X, L) ®; R. So, we obtain a left action by letting g € G(S) act by
zﬁ;}q’ 1, and this left action defines a G-module structure on H°(X, L).

For our purposes, the main use of G-linearizations will be to work with this G-module
structure on H°(X, L). Note, however, that whereas the G-module structures on I'(X, Ox)
and K(X) can be defined just using the action of G on X, the G-module structure on
H°(X, L) requires the added data of a G-linearization on L. G-linearizations need not
always exist, and they also need not be unique when they do exist. We will discuss these
questions of existence and uniqueness in more detail in Section 2.6. For now, we give a few
basic properties of G-linearizations that help us work with them.

First, we check that the G-module structure on H°(X, L) is functorial in some suitable
sense (cf. the analogous statement for I'(X, Ox) and K(X) in Lemma 2.4.3).

Lemma 2.4.12. Let f : Y — X be a G-equivariant morphism of G-schemes, and let L be
a G-linearized invertible sheaf on X. There exists a canonical G-linearization on f* : such
that the pullback map

f7HO(X, L) = HO(Y, f°L)

is a G-equivariant map of G-modules.
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Proof. Since f is G-equivariant, the following diagram commutes:

GXYMGXX

Lol
Y —— X

The same diagram also commutes with pry and pry in place of m and p (by definition of the
projection maps). We can thus consider the pullback

Y = (idg, f)"¢ : 7" (f*L) = pry-(f7L).

One can check that i satisfies the cocyle condition and hence is a G-linearization of f*L.
Arguing as with I'(X,Oyx) in Lemma 2.4.3, we see that for any S = Spec(R) and any
g € G(S), we have

T 50 (f,ids)" = (f,ids)" 0 pj g

Write j, s = (goprg, idyxs) and 1)g = pr . Since g acts on H°(X, L)® R (resp. H*(Y, f*L))
by i ¢ 0 ph 5 (vesp. ji gtbs o mh o) and the map H*(X, L) ® R — HO(Y, f*L) induced by f
is (f,idg)*, it remains to prove that

j;,s¢s o (f,ids)* = (f,ids)" 0 i;,s¢s-

For this, we note that the following diagram commutes:

Y xS % GxY xS
l(fv ids) l(idc ,f,ids)
XxS 2, GxXxS

Thus, we have

Jg.5%s = [Jg,s o prgolida, f)]*¢ = [jg,s o (idg, f,ids) o prg]“e
= [(f,ids) o dy,5]" (prs ¢)
= (f,ids)" (7, s9s)-

It now follows from a general property of the pullback map (f,idg)* that
Jgs¥s o (f,ids)" = (f,ids)" (i} s¢s5) o (f,ids)" = (f,ids)* 0 7} g¢s.
This equality is precisely the statement that the pullback map f* is G-equivariant. O]

Next, we show that G-linearizations behave nicely with respect to tensor products and
inverses of invertible sheaves.
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Lemma 2.4.13. Let X be a finite-type k-scheme, let G be an algebraic group, and let p :
G x X — X be a group action. Let L and M be invertible sheaves on X, and let

¢:p'L Spri L, :p*M S priy M
be G-linearizations.

(a) There exists a canonical G-linearization on Ox such that the induced G-module struc-
ture on H°(X, Ox) is the usual G-module structure on T'(X, Ox).

(b) The map ¢ Q1) is a G-linearization of L& M, and using the actions on global sections
resulting from ¢, ¥, and ¢ ® 1, the canonical map

HY(X,L)®, H(X,M) — H*(X,L® M)
1s G-equivariant.

(c) There exists a canonical G-linearization on L™" such that the G-linearization on the
tensor product L ® L™ = Ox of part (b) is the G-linearization on Ox of part (a).

Proof. We have a canonical G-linearization on Ox arising from the canonical isomorphisms
kS X
p"Ox = Ogxx = pry Ox.

These canonical isomorphisms are such that pulling back by any morphism gives us the same
canonical isomorphism (just on a different scheme). Thus, if « is the above composition,
then one checks quite quickly that « satisfies the cocyle condition (every map in the cocycle
condition is a canonical isomorphism of the structure sheaf), so « is a G-linearization on
Ox. To see what the corresponding action on H°(X, Ox) is, let S = Spec(R) and g € G(S).
The pullback i} gag is the canonical isomorphism

>k *
PgrOxxs = Oxxs = pry Ox = Oxxs.

The second two isomorphisms here are inverses, so iy ¢¢g is just the canonical isomorphism
Py ROxxs = Oxxs. The action of g on H°(X,Oy) is thus the composition

(X, 0x) ' T(X, p sOx) 2 T(X, Ox).

It follows by definition of the pullback map pj p that this is precisely the map on global

sections pﬁR. Thus, the action of G on I'(X, Ox) coming from the G-linearization « agrees
with the G-module structure on I'(X, Ox) constructed above.

For (b), the cocyle condition on ¢ ® 1) follows formally from the cocyle conditions on ¢
and ¢ (and the fact that tensor products commute with pullbacks). For any S = Spec(R)
and any g € G(S5), pullback by Py r commutes with the canonical maps

HY(X,L)® H'(X,M) = H(X, L ® M)
and
HY(X, s rL) @ H(X, pir) = H(X, Py rL @ py g M).
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(This commutativity statement follows by definition of these maps and of the pullback of
sections). The pullback i} ¢(¢ ® ) = i} 35 @ i} g5 commutes with these maps as well
(this is again a general scheme-theoretic fact), so the action of g (which is the composition
iy 5(¢ ®1) o py p) commutes with them, too.

For (c), we wish to construct a G-linearization ¢_ : p*L™! — pry L™'. Using the iden-
tifications (p*L)™t = p*(L™1) and (pri L)™' = pr, (L 1), we see that giving the morphism
¢_ is equivalent to giving a morphism

o (p*L)_1 = Homo, (p*L, Ocxx) = Home, (pry L, Ogxx) = (pry L)_l.

We can define such a morphism ¢’ by f — fo¢~!, and this gives us the morphism ¢_ that
we wanted. Using the cocyle condition on ¢, one can check that ¢’ (hence also ¢_) satisfies
the cocyle condition.

Now, the G-linearization on L ® L~! from (b)
identifications (p*L)™! = p*(L™') and (pry L)™' =
with ¢’_, this becomes the morphism

is the tensor product ¢ ® ¢_. Using the
pri (L1 again, so that ¢_ is identified

dR ¢ p*L@Homp, (p*L,Ox) — pry L ® Hom(pry L, Ox)

given by s @ f — ¢(s) ® (fo¢~!). Both the domain and target of ¢ @ ¢’ are isomorphic to
Ogxx, and under these isomorphisms (which are just the evaluation maps), the morphism
¢ ® ¢ becomes the identity map on Ogxx. On the other hand, we saw in the proof of (a)
above that the canonical G-linearization on Oy is also the identity map on Ogx x (after using
the identifications p*Ox = Og«x and pri Ox = Ogyxx). In other words, the G-linearization
¢ ® ¢_ on Oy is the same as the one from (a). O

The above lemma allows us to define a “G-equivariant” version of the Picard group.

Definition 2.4.14. Let X be a G-scheme, and let p: G x X — X be the action morphism.
Let L and M be invertible sheaves on X, and let

a:p'L—prx L, [B:p"M —pryM
be G-linearizations.

1. A morphism ¢ : L — M is said to be G-equivariant (or a morphism of G-linearized
invertible sheaves) if the following diagram commutes:

p*L —*— pr L

lp*w lpr’sg ®

p*M BN pry M

(One can check that this is equivalent to saying that the homomrphism of global
sections of ¢ is a G-equivariant H°(X, L) — H°(X, M).)
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2. We define the G-equivariant Picard group, denoted Picg(X), to be the set of all G-
equivariant isomorphism classes of G-linearized invertible sheaves. In other words,
elements of Picg(X) are invertible sheaves L equipped with a G-linearization, modulo
the equivalence relation imposed by G-equivariant isomorphisms.

Remark 2.4.15. Note that Lemma 2.4.13 implies that Picg(X) is an abelian group, with
multiplication given by part (b) of the lemma and identity element Oy with the canonical
G-linearization given in part (a) of the lemma.

The following lemma gives us another useful fact about the G-module structure on
HY(X,L).

Lemma 2.4.16. Let X be a G-scheme, let L be a G-linearized invertible sheaf on X, and let
f € HYX,L). Let S = Spec(R) be an affine k-scheme, and write Xg = X x S, Lg = pri L,
and fs = pri f € H°(Xg, Lg), where priy : X x S — X is the projection morphism. For
any g € G(S), we have

9 (Xs)ss = (Xs)g.ss-

Proof. Let p : G x X — X be the action morphism, and let ¢ : p*L — pr%k L be the
G-linearization of L. By definition, the action of ¢ € G(S) on H°(Xg, Lg) is given by the
composition i pds o pj p. The morphsim py g : X — X is the morphism by which g acts on
Xg, so it follows from the (purely scheme-theoretic) definitions that

9 (Xs)ts = pg,r((Xs)ss) = (Xs)p: ot

On the other hand, the map i, p¢s is an isomorphism pj pLs = Lg which identifies p pfs
with ¢ - fs € H°(Xg, Lg). So, we have (Xs)pz pts = (Xs)g.ss (because an isomorphism of
invertible sheaves does not change the vanishing locus of a section). O

One of the most important uses of G-linearizations for our purposes will be G-linearizations
of an ample line bundle L on a projective scheme X. In this setting, there is a canonical
isomorphism X = Proj(I'.(X,L)). It turns out that this isomorphism “plays nicely with
G-actions” in a way made precise by the following proposition.

Proposition 2.4.17. Let k be a field, and let G be an algebraic group over k.

(a) Let X be a finite-type k-scheme with an action of G, and let L be a globally generated
G-linearized invertible sheaf I'.(X, L) is finitely generated over I'(X, Ox) (for instance,
this holds if X is proper and L is ample, see Proposition A.}). The G-linearization on
L induces a G-module structure on I'.(X, L) in which G acts by graded ring homomor-
phisms, and this G-module structure induces a G-action on Proj(I'.(X, L)) such that
the canonical morphism

X — Proj(T'«(X, L))

1s G-equivariant.
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(b) Conversely, let A = @®,>0A, be a graded ring finitely generated in degree 1 over k C Ay,
and suppose that A has the structure of a G-module in which G acts by graded ring
homomorphisms on A. Then, there exists a canonical G-action on 'Y = Proj(A) and
a canonical G-linearization of Oy (n) for all n such that the canonical morphism

A, — H°(Y, Oy (n))
18 G-equivariant.

(c) The constructions of (a) and (b) are inverses, in the following sense. If f: X =Y =
Proj(I'.(X, L)) is the canonical morphism from (a), then we have f*Oy (1) = L. In the
situation of (a), f is G-equivariant, so the G-linearization on Oy (1) from (b) induces
a G-linearization on f*Oy (1), hence also on L. The G-linearization on L induced in
this way is the same as the G-linearization on L given in (a).

Remark 2.4.18. We fully expect (though we have not checked it) that the above proposition
holds without any of the finitely generated assumptions. The only difficulty is that the
functor of points of Proj(A) is somewhat more unwieldy without assuming that the ring A
is finitely generated in degree 1 (or at least finitely generated).

As a concrete example of the above proposition, we write out all the actions and representation-
theoretic details of the G-module I',(X, L) in a particularly nice case.

Example 2.4.19. Let k£ be an algebraically closed field of characteristic 0. Let G = SLo,
let B be the subgroup of upper triangular matrices, and let T" be the subgroup of diagonal
matrices. We define a G-module structure on k[z,y| as follows. For any S = Spec(R),
a point g € G(S) is a 2 x 2 matrix (¢%) with entries in R. We let g act on the ring
Rlz,y] = k[z,y] ® R via the R-linear graded isomorphism R[z,y] — R[z,y] determined by

a b a b
(c d)-x-c&—by, (C d)-y——cw+ay.

Now, Proposition 2.4.17b gives us an action of G on P* = Proj(k[x,y]) and a G-linearization
of Opi1(1) such that the canonical map

klz,y) = D.(P', Op (1))

is G-equivariant. This map is an isomorphism for P!, so we may identify T',(P', Op: (1)) with
the G-module k[x,y]. One can check that the above action on k[z,y] agrees with the action
of G on k[x,y] described in Example 2.4.8. Indeed, after unwinding definitions, this boils

-1

T
down to the fact that d and —b are the entries in the first column of ( (2 4) ) , and —c and

a are the entries in the second column of that matrix. It follows that, if we view A? as the
affine cone over P! (see Example A.2), then the resulting action of G on A? is the action of
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Example 2.4.8. We saw in that example that this action on A? is given on functors of points
by matrix multiplication, i.e by the equation

(CcL Z) (z,y) = <Z Z) (z) = (ax + by, cd + dy).

Since the morphism 7 : A%\ {0} — P! is G-equivariant (see Appendix A), the above equation
implies that, in projective coordinates, the action of G on P! is:

(Z Z)‘[wry}Z[““f”y‘C“dy]'

We are interested in the representation theory of the G-module k[z, y|. Since char(k) = 0,
it is a standard fact from the representation theory of SLs (see e.g. [Spr77, Chapter 3|) that for
all d > 0, the G-submodule k[z, y]; of degree-d elements is the unique simple representation
of G of dimension d + 1. we saw in Example 2.4.8 that y¢ is a B-eigenvector of k[z,y|s for
all d and that, under the isomorphism Z = X'(T') induced by the isomorphism

TS Gy, diag(t,t™)—t,

the weight of y? is d € Z. (Explicitly, the weight d € Z corresponds to the character T' — G,,
given by diag(¢,t™1) — t".) Since k[z, y|q is simple, we conclude that the only B-eigenvectors
of k[z,y] are the monomials cy? for any d > 0 and ¢ € k.

Finally, we note that the B-eigenvector y? vanishes only at the B-fixed point [1 : 0] € PL.
This is an example of the more general fact that divisors cut out by B-eigenvectors are
B-stable, which we will prove in Corollary 2.5.5.

2.5 Representation Theory and G-Schemes

In the previous section, we defined some very useful G-modules arising from actions of G
on schemes. In this section, we discuss some general results on the representation theory
of these G-modules. We assume throughout this section that k is an algebraically closed
field of arbitrary characteristic, that G is a reductive group over k, and that T and B are a
maximal torus and a Borel subgroup (respectively) of G such that T'C B C G.

We have seen in Section 2.3 that the representation theory of reductive groups is largely
controlled by B-eigenvectors and their weights. We now define some notation for certain
important sets of weights.

Definition 2.5.1. Let X be a G-scheme, let L be a G-linearized invertible sheaf on X, and
let V' be a G-module.

1. We define AT(V) to be the set of weights of nonzero B-eigenvectors of V. Note that
AT(V) C A} is a set of dominant weights.
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2. We define AT (X) = AT(I'(X, Ox)) (using the usual G-module structure on I'( X, Ox)).
3. If X is irreducible, we define A(X) = AT (K (X)).

4. We define
AN(X, L) = (AT(HO(X, L9) x {d}) € A§ x N.

d>0

(Here, we use the G-module structure on H°(X, L#%) coming from the G-linearization
of L®™ from Lemma 2.4.13b.)

Note that our definition of A™(X, L) keeps track of both the weights and the degrees of
B-eigenvectors in the graded ring T',(X, L) = ®g50H°(X, L®%). We can relate the degrees
of these B-eigenvectors to representation theory in the following way. Define

G=GxG,,, B=BxG,, T=TxG,,.

Then, G is a reductive group, and T and B are a maximal torus and a Borel subgroup of G
(respectively). Moreover, the usual isomorphism X(G,,) = Z induces an isomorphism

X(T) =2 X(T)XZ

which restricts to a bijection AE(B, T) = AL(B,T) x N on dominant weights.

Now, for any G-linearized invertible sheaf L on X, we can define a G-module structure on
I',(X, L) by letting G act via the G-linearization on L and letting G,, act on H°(X, L®¢) by
the character d € Z = X(T) for all d. It follows from the definitions that the B-eigenvectors
of the G-module I',(X, L) are precisely the B-eigenvectors of H°(X, L®%) for any d > 0,
and the weight of such an eigenvector is (u,d) € X(T) x Z, where u is the weight of the
eigenvector viewed as a B-eigenvector. In other words, we have

AT(X,L) = AT (T.(X, L)),

where we use the G-module structure to compute the set on the righthand side. If X is
projective, L is ample, and X = Spec(I',(X, L)) is the affine cone over X, then we could
also write the above equation as A*(X,L) = AT(X). Thus, our definition of A*(X, L) as
“keeping track of both weights and degrees” has a natural representation-theoretic interpre-
tation (involving the G-module structure of I',(X, L)) and a natural geometric interpretation
(involving the affine cone X).

In the remainder of this section, we will collect several standard results about the B-
eigenvectors of the G-modules I'(X, Ox) and I',(X, L). We begin with a proposition that
allows us to understand eigenvectors in function fields using global sections of an ample line
bundle.

Proposition 2.5.2 (cf. [Bril0, Proposition 2.8]). Let G be a reductive group over an alge-
braically closed field k, let B C G be a Borel subgroup, and let U = R,(B). Let X be a
quasi-projective G-variety, and let L be a G-linearized ample invertible sheaf on X.
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(a) T'w(X, L) is an integral domain, and we have a canonical G-equivariant isomorphism
of rings
K(X) = (Frac(T'«(X, L)))o,

where the G-module structure on the right-hand side is the one induced by the G-module
structure on I'.(X, L) (see Proposition 2.4.17a).

(b) The isomorphism of (a) restricts to an isomorphism K(X)V = Frac(I',(X, L)Y),.

(c) Under the isomorphism of (a), every B-eigenvector ¢ € K(X)P) can be written as
q=f/g, where f,g € T(X, L®*)B) for some d > 0.

Proof. For a proof that I',(X, L) is an integral domain, see Proposition A.4 (that proposition
assumes that X is projective, but projectivity is not needed for the proof that I',(X, L) is an
integral domain). Moreover, because L is ample, we have a canonical G-equivariant dominant
open immersion i : X < Proj(I',(X, L)) such that i*O(1) = L (see Proposition 2.4.17a). The
morphism ¢ induces a G-equivariant isomorphism on function fields, which is the isomorphism
in the proposition statement. One can check that the G-module structure of the function field
of Proj(I'«(X, L)) is actually the structure on (Frac(I'.(X, L)))o induced by the G-module
structure of I', (X, L), so this completes the proof of (a).

For statement (c), we may replace X by Proj(I'.(X, L)). Write A = I',(X, L), and for
any ¢ € K(X)®), consider the “set of denominators” of ¢:

D={deA|qdec A}

Notice that D is an ideal of A, and in particular is a k—vector space. We claim that D is a
B-submodule of A. It suffices to check this on k-points, i.e. to check that for all b € B(k)
and any d € D, we have bd € D (see e.g. [Mill7, Corollary 4.5]). For this, let b € B(k) and
d € D, and let x : B — G,, be the character by which B acts on ¢. Since b acts on A by a
ring homomorphism, we have

g+ (bd) = x(b)"' (b~ q)(b-d) = x(b)"'(b- (qd)),

and the righthand side is in A because qd € A. (Here we are also implicitly using that
the G-module structure on K(X) = Frac(A)o is induced by the G-module structure on A.)
Thus, we have bd € D by definition, which proves that D is B-stable.

Now, D is a B-module in its own right. Since B is solvable, D must contain some B-
eigenvector g € D®) (Theorem 2.3.5). Write f = qg, and let A : B — G,,, be the character
associated to g. Then, f,g € A, and for any b € B(k), we have

fla=a=x"0)b-a) =x""(-f)/(b-g) =x" (BN (b f)/g,

so that x(b)A(b)f = b- f. Thus, f is also a B-eigenvector with associated character y + A.
Finally, we note that f/g = ¢ € K(X) = Frac(A)y, so f and g must have the same degree
in A. This implies that f,g € I'(X, L®?) for some d > 0.
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Statement (b) can be proven by an analogous argument to that for (c) above. Alternately,
since the B-eigenvectors of K (X) are exactly the U-invariant elements (Theorem 2.3.4),
statement (b) follows immediately from (c). O

Next, we give a few important facts about divisors cut out by sections of line bundles.
For this, we recall that f € K(X) determines a (principal) Cartier divisor div(f) on X, and
for any line bundle L on X, a nonzero global section s € H%(X, L) cuts out an effective
Cartier divisor div(s) on X.

Lemma 2.5.3. Let X be a normal G-variety, and let L be a G-linearized invertible sheaf on
X. Let so € H°(X, L) be a nonzero section, and let Dy = div(sp).

(a) For any other nonzero section s € H°(X, L), we have div(s) = Do + div(s/sg) (here
viewing s/so as an element of K(X)).

(b) We have a G-equivariant isomorphism
HY(X,L) = {f € K(X) | Do+ div(f) is effective} s+ s/s0.

In particular, if sy is a B-eigenvector of weight po and f € K(X)B) is an eigenvector of
weight p1 such that Do+ div(f) is effective, then the element of H°(X, L) corresponding
to f is a B-eigenvector of weight o + .

Proof. Statement (a) follows directly from the definitions of the divisors involved. More
precisely, div(s) is defined by taking an open cover {U;}; of X such that L|y, = Oy, for all i
and then letting div(s) be the divisor which on U; is cut out by the section s|y, € I'(U;, Oy, ).
In other words, div(s) is represented by the data {(U;, s|v;,) }i, see [GW10, Section 11.9 and
Proposition 11.32]. The divisor Dy = div(sp) is defined analogously, and since we view s/s
as an element of K(X) via a local isomorphism L|y, = Oy, the divisor div(s/sg) is defined
by the data {(U;, s|v,s0ly;' }s- Thus, statement (a) boils down to the fact that

-1
Solu; - S UiSO|Ui = S|y,

for all 7.

Statement (b) is also closely related to standard facts and definitions involving Cartier
divisors. In fact, we have an isomorphism L = Ox(Dy) which sends sy to the canonical
section of Ox(Dy), and the global sections of Ox(Dy) are precisely the target of the map
in (b), see [GW10, Section 11.12 and Proposition 11.32], so this immediately gives us an
isomorphism as in (b). However, it is not entirely clear whether this isomorphism is G-
equivariant. As such, we re-derive this isomorphism in another way to ensure that the map
we get is G-equivariant.

Let U C X be the union of the sets X for any global section s € H°(X, L®") and any
n > 1. Since the sets X cover U, there exists a canonical morphism f : U — Proj(I'.(U, L)).
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The morphism f is G-equivariant by Proposition 2.4.17 and dominant by [Sta20, Tag 01Q0],
so f induces a G-equivariant injection

¢ (Frac(I'w(U, L))o — K(X).

On the other hand, U is G-stable because g - X, = X, for any g € G, so the inclusion map
U — X is G-equivariant. This implies that the restriction map r : H°(X, L) — H°(U, L) is
G-equivariant, and r is injective because X is integral. So, we define a map

a: HYX, L) = K(X)

by setting a(s) = ¢(r(s))/t(r(so)). The map « is G-equivariant and injective because r and
¢ are. By tracing through the definitions, one can check that for any s € H(X, L), we
have a(s) = s/sg, where we identify s and s, with elements of K(X) by picking a local
isomorphism Ly = Oy for some open subset V' C X. (Note that the element s/sy € K(X)
does not depend on V', because we are restricting from V' to the function field, and it also
does not depend on the choice of isomorphism L|y = Oy, because a different choice of
isomorphism would amount to multiplying both s and sy by the same unit.)

It remains to check that the elements s/sy € K(X) for s € H°(X, L) are precisely the
rational functions f € K(X) such that Dy+div(f) > 0. For any s € H°(X, L), part (a) gives
us Do+ div(s/sg) = div(sg), and div(sg) is effective by definition. Conversely, let f € K(X)
be such that Dy + div(f) > 0, and as above, let the data {(Uj, so|u,)}: represent the Cartier
divisor Dy = div(sg). The divisor Dy + div(f) is represented by {(U;, so|v, f) }:, and the fact
that this divisor is effective means we can take the U; to be such that so|y, f € ['(U;, Ox).
Let s; € I'(U;, L) be the image of so|y, f under the isomorphism Oy, = Ll|y,. Since sy and
f are defined globally, the s; agree on intersections U; N U; and so glue to a global section
s € HY(X, L). Since f = s|y,soly for all i, we see that div(s/se) = div(f). O

Proposition 2.5.4. Let X be a normal G-variety, let L be a G-linearized invertible sheaf
on X, and let f € H°(X, L). Define two subgroups H, H C G by

H={geGlg X;=X;}, H={9eG|g f=cf cek™}
We have H' C H. If H is connected, then H = H'.

Proof. We remark that H and H' are well-defined, because subgroups are determined by their
k-points ([Mil17, Theorem 1.45]), and that any containments between them can be checked
on k-points as well (cf. [Mill7, Corollary 1.44]). For any g € G(k), we have g - Xy = X.¢
(Lemma 2.4.16). Since Xy = X,y for any ¢ € k*, this immediately implies that H" C H.

It remains to prove the reverse containment when H is connected. Write D = div(f), and
let p: Hx X — X be the action map. Since X \ D = X, we have H-D = D, i.e. p~ (D) =
H x D. If T C Oy is the ideal sheaf corresponding to D (as a reduced closed subscheme
of X), then H x D has ideal sheaf pr Z, and p~!(D) has ideal sheaf p*Z (both as reduced
closed subschemes of H x X). The fact that p~'(D) = H x D as sets implies that p~!(D)
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and H x D are equal as reduced closed subschemes, so p*Z = pr’ Z (as sheaves of ideals in
Opuxx). It follows that the canonical H-linearization of Ox restricts to an H-linearization
P — pr; T of Z. (Here we are implicitly using the fact that the canonical H-linearization
of Oy is the composition of the canonical isomorphisms p*Ox = Opyxx = pry Ox, which
are the isomorphisms that we use to identify p*Z and pr’ Z with sheaves of ideals in Oy x.)
Similarly, the given G-linearization on L induces an H-linearization on L (by pulling back
the G-linearization by the inclusion map H x X — G x X).
Now, we have a canonical isomorphism

LI@L;OX

The H-linearizations on Z and L give us an H-linearization on Z ® L (see Lemma 2.4.13),
and identifying Z ® L with Ox via ¢ then gives us an H-linearization on Ox such that ¢
is an isomorphism of G-linearized sheaves (hence is a G-equivariant isomorphism on global
sections). Since +(1 ® f) = 1 and H acts trivially on 1 € H°(X,Z), we can read off the
action of H on f from the action of H on 1 € H°(X,Ox). (Here we are implicitly using
that the “tensor product map” on global sections in Lemma 2.4.13b is H-equivariant.) By
Theorem 2.6.10 below (see also Corollary 2.6.8 below and its proof), our H-linearization ¢
of Oy is given by some character y € X(H), and with this H-linearization, the action of H
on H°(X,Ox) is the canonical H-module structure on I'(X, Ox) “multiplied by” u. (Note
we need connectedness of H in order to apply Theorem 2.6.10.) In particular, since H acts
by the identity on 1 € I'(X,Ox) under the canonical H-module structure, we see that H
acts on 1 by g under the H-module structure induced by ¢. So, H acts by u on f, which
implies that f is an H-eigenvector and hence that H C H'. O

Corollary 2.5.5. Let X be a normal G-variety, let L be a G-linearized invertible sheaf on
X, and let f € HY(X,L). Then, f is a B-eigenvector if and only if the divisor div(f) is
B-stable. Moreover, if this is the case, then for any g € G, we have g - Xy = Xy if and only
if g- f =cf for some c € k*.

Proof. Let H and H’ be as in Proposition 2.5.4. Note that f is a B-eigenvector if and
only if k- f is a B-submodule of H°(X, L), and this can be checked on k-points ([Mill7,
Corollary 4.5]). It follows that f is a B-eigenvector if and only if B C H’. Moreover, since
X \ div(f) = Xy, we see that f is B-stable if and only if B C H. In particular, we have
B C H in either case, so H is parabolic, hence connected ([Mill7, Corollary 17.49]). The
proposition thus tells us that H’ = H, which in paricular means that B C H’ if and only if
B CH. O

The following statement says that we can “lift” eigenvectors from G-stable closed sub-
schemes.

Proposition 2.5.6 ([Kno91, Theorem 1.1]; [Tim11, Corollary D.2, Lemma 5.8]). Let G be
a connected reductive group over an algebraically closed field k, let p be the characteristic
exponent of k (i.e. p =1 if char(k) = 0 and p = char(k) otherwise). Let X be a G-scheme,
and let Y C X be a G-stable closed subscheme.
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(a) If X is affine, then for any B-eigenvector f € T'(Y,Oy)B), there exists some N € N
and some f' € T(X,0x)®) such that f'|y = f*" .

(b) Suppose X and Y are irreducible. For any B-eigenvector f € K(Y)P), there ewists
some N € N and some f' € K(X)®) such that f'|y = Y. In fact, f' € Ox,, where

n €Y s the generic point.

sketch of proof. We sketch the proof of (a) in the case that char(k) = 0. The general case is
somewhat more delicate; see [Tim11, Corollary D.2] for details. Suppose that char(k) = 0
and that X = Spec(A). Then, G acts on A, and since Y is G-stable, we have Y = Spec(A/I)
for some G-stable ideal I C A. Since char(k) = 0, the G-modules A and [ are both
semisimple, so A @ueAg V()™ and so I = @ue/\g V(p)™ for some m, and n,. Since
I c A, we have n, < m, for all p. It follows that

AT @D V()

+
MEAG

as G-modules. In particular, the quotient map A — A/I admits a section (as a map of
G-modules). Statement (a) follows formally from the existence of such a section.

For (b), the idea is to reduce to the case where X is affine; in that case, (b) can be deduced
somewhat formally from (a). See [Timl1, Lemma 5.8] for details. We briefly sketch the re-
duction to the affine case, since this is somewhat subtle and is not fully explained in [Tim11].
First, we can replace X by its normalization (see Lemma 2.6.15 below) and so assume that
X is normal. Since X is normal, we can replace X by some G-stable quasi-projective open
subset and then by its closure in P(V') for some G-module V' (see Theorem 2.6.12 below)
and so assume that X is projective. Finally, we replace X by the affine cone X.

O

We know that the representation theory of G is largely controlled by B-eigenvectors,
which themselves are controlled by T-eigenvectors. The following proposition provides a
geometric way to pass between the representation theory of G and that of 7.

Proposition 2.5.7 (cf. [Timl1, Theorem D.5]). Let G be a reductive group over an alge-
braically closed field k, let T C G be a maximal torus, and let B C G be a Borel subgroup
containing T. Let X be an affine G-variety, and write U = R, (B).

(a) The GIT quotient X//U = Spec(AY) is a T-variety. In particular, the k-algebra AY
1s finitely generated.

(b) If char(k) = 0, then X is normal (resp. has rational singularities) if and only if X//U
is (resp. does).

(¢c) We have equalities
K(X//U)=K(X)",  AX)=AX//U),  A"(X)=A%X//U).
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(Here we think of A(X//U) and AT (X//U) as coming from the structure of X//U as
a T-variety, which makes sense because T is a reductive group.)

Proof. Since B =U -T and U is a normal subgroup of B, we see that the action of 7" on A
fixes AY. Thus, AY is a T-submodule of A, and the action of T on AY gives us an action of
T on X//U. The scheme X//U is separated (because it is affine), and since A is an integral
domain, so is AV, i.e. X//U is integral. To show that X//U is a variety, then, we just need
to show that AY is a finitely generated k-algebra. This is a rather subtle fact; for a proof,
see [Bril0, Theorem 2.7].

For statement (c), the equality K(X//U) = K(X)V is immediate from Proposition 2.5.2
(applied to the ample line bundle L = Ox). The equality A(X) = A(X//U) follows im-
mediately from the fact that the B-eigenvectors of A are precisely the T-eigenvetors which
are fixed by U (Theorem 2.3.4). This same fact (applied to A instead of to K (X)) gives us
AT (X) =AT(X//U) as well.

As for (b), if X is normal, then A is integrally closed, so we immediately see that AY is
integrally closed in K (X)Y = Frac(AY) (any element integral over AV must be U-invariant),
which proves that X//U is normal. For a proof of the converse, see [Tim11, Theorem D.5]
(or [Bril0, Proposition 2.8.] for a more elementary version of the argument). For a proof of
the rational singularities statement, see [Tim11, Theorem D.5]. H

GIT quotients are also useful in proving the following lemma. This lemma is rarely
found in the literature (perhaps because its hypotheses are relatively restrictive), but it will
be quite useful to us in a few places.

Lemma 2.5.8. Let G be a reductive group over an algebraically closed field k, and let X be
an affine integral G-scheme. If X has a dense G-orbit, then X has a unique closed G-orbit.

Proof. Wrtie X = Spec(A), and let 7 : X — X//G = Spec(A%) be the GIT quotient map
(i.e. 7 is the morphism corresponding to the inclusion map AY < A). It is a standard
fact about the GIT quotient (see e.g. [MF82, Corollaries 2.1.2 and Appendix to Chapter 1,
Corollary A.1.3]) that every fiber of 7 contains a unique closed G-orbit. We claim that A
is a field: then, X//G is a point and X is itself the unique fiber of m, so X contains a unique
closed G-orbit.

That A is a field is an immediate consequence of some general standard results from
invariant theory (specifically, it follows directly from Fact 1 in our discussion on complexities
just before Theorem 3.1.4). We give here a more fundamental and direct proof that AY is
a field. Let X& C X be the dense G-orbit. Note that for any f € A nonzero, the set X
is a nonempty G-stable open subset by Corollary 2.5.5 (applied to Ox with the canonical
G-linearization), so we have X&ND(f) # @ and hence X¢& C X. It follows that if f is a non-
unit, it must be contained in one of the finitely many prime ideals q1, ..., q, corresponding
to the generic points of the irreducible components of X \ Xg&. Write p; = q; N A% for all i.
Then, the p; are a set of finitely many prime ideals containing every non-unit in A“. Hence
the union U;p; contains every prime ideal of A%, and it follows from the prime avoidance
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lemma that the p; are the maximal ideals of AY. On the other hand, since AY is finitely
generated over k (see e.g. [MF82, Theorem 1.1] or [Bril0, Theorem 1.24]), it is a Jacobson
ring, and A% is a domain because A is. So, we see that

pre-pr C ﬂpi = Nilrad(A%) = (0),

which is only possible if p; = (0) for all 4. So (0) is the unique maximal ideal of A%, i.e. A¢
is a field, as desired. O

We end this section by showing that the monoid A™(X) and the abelian group A(X) are
always finitely generated.

Proposition 2.5.9. Let X be a G-scheme.

(a) If X is affine, then A*(X) is a finitely generated commutative submonoid of Af,. More-
over, we have

A(X) = Spang (A" (X)) = AT(X)
as subgroups of Aq.
(b) If X is irreducible, then A(X) is a finitely generated free abelian group.

Proof. A(X) is by definition a subgroup of Ag, and Ag = (T') = Z". Since a subgroup of
a finitely generated free abelian group is again a free finitely generated abelian group, we
immediately obtain (b). As for (a), we know that A™(X) is a submonoid of Af, by definition
and hence is commutative (because AL C Ag is). The equality A(X) = Spang (AT (X))
follows immediately from Proposition 2.5.2 (applied to the ample line bundle Ox with the
canonical G-linearization). and the equality Span,(A*(X)) = AT(X)% is immediate from
the definitions (and the fact that AT(X) is commutative).

It remains to show that AT (X) is finitely generated. For this, write X = Spec A and
U = R,(B). Proposition 2.5.7 implies that AY is a finitely generated k-algebra equipped
with an action of T, and that AT (X) = AT(AY). So, we need to show that A*(AY) (i.e. the
monoid of T-eigenvectors in AY) is finitely generated. Since every T-module decomposes as
a direct sum of characters, we may find T-eigenvectors fi,..., fn € AV that generate AV as
a k-algebra (just pick any set of generators and write each of them as a k-linear combination
of eigenvectors; the set of all the eigenvectors appearing in these linear combinations then
generates AY).

Let p; be the character corresponding to f;. We claim that the p; generate AT(AY). Let
a € (AY)T) be a T-eigenvector; we show that the character p, corresponding to a is in the
monoid generated by the ;. Write

T
a = E ZUre
i=1
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where m; = [[/_, f; for some n;; € N and a; € k* for all i. After replacing some m; by
a linear combination of the other m; if necessary, we may assume that the m; are linearly
independent (over k). Write pi,,, = > Mgl for the character corresponding to m,;. For any
t € T(k), we have

s s

Z Qi b, (t)mi = Z ai(t ) mi) =t-a= Ma(t)a = Z Gz‘/ia(t)mm

i=1 i=1 i=1
so that

S i, (1) — pra(t))mi = 0.

i=1
Since the m; are linearly independent and a; # 0 for all i, we conclude that p,, (t) = ua(t)
for all ¢ and all t € T'(k), so that p,,, = u, for all i. But the pu,,, are in the monoid generated
by the u;, hence so is . O]

The above proposition justifies the following definition.

Definition 2.5.10. Let X be an irreducible G-scheme. We define the rank of X, denoted
r(X), to be the rank of A(X) (as a free finitely generated abelian group).

2.6 More on (G-Linearizations

Given a G-linearized invertible sheaf L on a G-variety X, our results in the previous section
indicate that the G-module I', (X, L) relates to the geometry of X in some interesting ways.
As such, we will often be interested in equipping invertible sheaves with G-linearizations, so
that we can study the G-module I', (X, L). However, G-linearizations are somewhat technical
to work with directly. In this section, we collect several key results which together give us a
nice foundation for handling many technical details related to G-linearizations. Throughout,
we assume that k is an algebraically closed field. Some of what we say will have more general
analogs, but the algebraically closed case is slightly cleaner (and is all we will need for our
purposes). Also, we assume that G is an arbitrary (i.e. not necessarily reductive) algebraic

group.

2.6.a Uniqueness of G-Linearizations

Suppose we are given a G-variety X and a G-linearized invertible sheaf L on X. It is natural
to ask: is the given G-linarization on L unique? In general, the answer is no. In this section,
we determine the extent to which a G-linearization of L is non-unique, and we determine how
a different choice of G-linearization affects the resulting G-module structure on H°(X, L).
We begin by giving an exact sequence which completely describes the extent to which
G-linearizations are non-unique. To state it, recall that Picg(X) denotes the abelian group
of isomorphism classes of G-linearized invertible sheaves on a G-scheme X. By construction
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of the group operation on Picg(X) (see Lemma 2.4.13), the map ¢ : Picg(X) — Pic(X)
that “forgets the G-linearization” is a homomorphism. We also note that the set of G-
linearizations on Ox can be viewed as a group whose operation is given by taking the
tensor product of G-linearizations (which is again a G-linearization on Ox ® Ox = Oy, see
Lemma 2.4.13b). The identity element of this group is the canonical G-linearization of Ox
given in Lemma 2.4.13a. Moreover, one can check that this group operation is commutative
(this essentially boils down to the fact that the isomorphism Ox ® Ox = Ox identifies a
map ¢ ® ¢ with the product ¢ - ¢’, and multiplication of sections in Oy is commutative).

Proposition 2.6.1. Let X be a G-scheme. There is an exact sequence of abelian groups
0 — I'(X,0%)Y = I'(X,0%) = {G-linearizations on Ox} < Picg(X) % Pic(X).

Here, 1 is the map which sends a G-linearization ¢ of Ox to the isomorphism class of Ox
equipped with ¢, and  is the map which “forgets” the G-linearization.

Proof. Exactness at Picg(X) is immediate from the definitions of ¢ and ¢: indeed, ker(y) is
by definition the set of isomorphism classes of G-linearizations of Oy, which is by definition
the image of 1. Exactness at T'(X, 0%)¢ is also immediate (since the map to I'(X, 0%) is
just the inclusion map). So, we just need to define the map

p: I(X, 0%) — {G-linearizations on Ox}

and prove exactness at the domain and target of this map.

To define the map pu, recall that there exists a canonical G-linearization ¢y of Ox
(Lemma 2.4.13) and that giving a G-linearization ¢ of Oy is equivalent to giving maps
¢g.r for each S = Spec(R) and g € G(5) satisfying certain conditions (see Lemma 2.4.11).
For any unit u € I'(X,0%) and any S and g € G(S), we define

bg.r = (P, rU) - u™ - (¢0)g,R-

(Here, - denotes multiplication of the map of Ox«g-modules (¢9)4r by an element of I'(X x
S, O%g) in the natural way, and we identify I'(X, O%) with its image in ['(X x S, 0%, )
under the pullback by the projection map X x S — X.) One can check that this definition
of the ¢, r does satisfy the conditions in Lemma 2.4.11, so the lemma implies that the ¢,
correspond to a G-linearization ¢ of Ox. We define the map u by setting p(u) = ¢. One
can check that p is a group homomorphism.

Next, we prove exactness at the domain of . As noted above, the identity element of
the group of G-linearizations on Oy is the canonical G-linearization ¢y from Lemma 2.4.13a.
So, the kernel of p is the set of all u € I'(X, O%) such that the G-linearization ¢ defined
above is equal to ¢y, or equivalently, such that ¢, g = (¢0)4.r for all g and S. On the other
hand, the map (¢o),,r is by construction the canonical isomorphism pj ;Ox = Ox s (cf. the
proof of Lemma 2.4.13), and when we write (p} pu) - (do)g,r in the definition of p, r, we are
implicitly identifying py pu with its image under this canonical isomorphism (i.e. we actually
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mean to multipliy (¢o)g,z by ((¢0)g,r © 0 r)u). But ((¢o)g,r o pj r)u = g - u is by definition
the action of g on u under the G-module structure on H°(X, Ox) induced by ¢, (which is
the same as the usual G-module structure on I'(X, Ox, see Lemma 2.4.13a). So, we have

Ggr = (9" u)" (u_l) - (¢0)g.R>

and it follows that ¢, r = (¢0)4.r if and only if g - u = u. Thus, p(u) = ¢ if and only if
g-u=u for all g and S, i.e. if and only if u € I'(X, Ox)C.

As for exactness at the target of u, we note that the identity in Picg(X) is by definition
the isomorphism class of Ox with the G-linearization ¢y. Any G-linearization ¢ of Oy is in
this class if and only if there exists an automorphism « : Ox — Ox which identifies ¢ with
¢o. Equivalently, o must identify ¢, g with (¢¢), g for all g and S. This identification is the
statement that the following diagram commutes:

g,
PyrOx —= Ox

IO;ROX (¢O)g,R OX

But any automorphism « of Oy is given by multiplication by some unit v € I'(X, O%),
in which case o~! is multiplication by u~! and Py re is multiplication by pj pu. Thus,
commutativity of the above diagram is equivalent to the statement that

Ggr = a0 (¢o)g.r 0 P g = (P} gut) - u”" - (¢0)g.r-
By definition of the map g, this holds for all g and R if and only if ¢ = p(u). O

Exactness at Picg(X) in the above proposition tells us that the set of G-linearizations
on any invertible sheaf L is controlled by the set of G-linearizations on Oyx. In and of itself,
this is not saying much. To make use of this fact, we seek a more useful description of the
set of G-linearizations on Ox. For this, recall that the functor S — Hom(G x S,G,, x S)
(here Hom denotes homomorphisms of group schemes over S) defines a sheaf on the étale
site of Spec(k). We denote this sheaf by G. (For the reader unfamiliar with sheaves on sites,
all that matters for what follows is the definition of this functor.)

Proposition 2.6.2. Let X be a G-scheme. We have an isomorphism of abelian groups

-~

G(X) = Homy (G x X,G,, x X) = {G-linearizations on Ox}.

Proof. Lemma 2.4.11 (and the discussion preceding it) tells us that giving a G-linearization
¢ : p*Ox — prk Ox is equivalent to giving maps ¢4 g : p;ROXXS — Oxyg for all § =
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Spec(R) and g € G(S) such that (1) the ¢, r are functorial in R, and (2) for all S = Spec(R)
and all g, h € G(5), the following diagram commutes:

bgh,R
PZ,R(PZ,ROXxS) = PZh,ROXxs < Oxxs
pZ‘R(%’R)l ®h,R
PZ,ROXxS

Using the canonical isomorphisms p*Ox = Oxyxs = pry Ox, we may view the ¢, as
automorphisms of Oy g, which are given by multiplication by a unit u, p € I'(X xS, O%,g)-
Under this identification, one can check that the above diagram commutes if and only if
Ugh,r = Ugr - Upp. 1f ¢' is any other G-linearization of Ox with corresponding sections
vgr € I'(X x 5,0%,4) for each choice of S and g, one can check that the tensor product
¢ ® ¢ (as a G-linearization on Oy ® Ox = Oy, see Lemma 2.4.13b) corresponds to the
sections ug puy p € I'(X x S, 0%, ).

Now, a choice of unit uyp € I'(X x S,0%, ) is equivalent to a morphism of k-schemes
for : X xS = G,,, and the product ug g - up, g corresponds to the morphism fy - fi r given
by (z,s) — fyr(x, ) far(z,s) (here multiplication is given by the algebraic group structure
on G,,), and the condition ug, p = u,y r-up g is equivalent to fynr = fyr- frr. Finally, given
such a choice of the maps f, g for all g and R, we can define a morphism f : GXX — G,,, x X
of schemes over X on functors of points by setting (g, x) — (f, r(z,ids),z). The condition
that fon.r = fg.r - fn,r implies that f is a homomorphism of group schemes over X.

In summary, identifying ¢ first with the maps ¢, r, then with the units uy g, then with
the morphisms f, r, and finally with the morphism f gives us a map

¢ : {G-linearizations on Oy} — G(X).

Given any other G-linearization ¢’ corresponding to units u;,R, corresponding morphisms
f4.r» and corresponding morphism f' : G X X — G, x X, the G-linearization ¢ ® ¢ has
corresponding units ug g - uy g, hence corresponding morphisms fy g - f; z, and hence maps
to f - f" under ¢. In other words, ¢ is a homomorphism. Moreover, it is almost immediate
that every correspondence we made above to define ¢ is a bijection except possibly the
correspondence between the f, r and the morphism f. To check that this is a bijection
(which implies that ¢ is also a bijection), we give an inverse construction. Suppose given a
homomorphism f: G x X — G, x X of group schemes over X. For any S = Spec(R) and

any g € G(S), we define the map f, z : X xS — G, to be the composition

X x gUPslos) oo x v g P g X xS G,

The fact that f is a homomorphism implies that fon r = fo,r - fa,r for all g,h € G(S), and
one can check that this construction is the (two-sided) inverse to the construction of f from
the f, r given above. O]
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We are primarily interested in the case where X is integral. In this case, we can further
improve the above proposition by identifying G(X) with X(G).

Proposition 2.6.3. Let G be a connected algebraic group over an algebraically closed field
k, and let X be a G-scheme. Consider the group homomorphism

B:X(G) =Gk) = G(X)

which sends a character A : G — G,, to its base change A X idx : G x X — G, x X. The
homomorphism B is injective. If X s integral, then [ is an isomorphism.

Remark 2.6.4. The statement of the above proposition is actually true whenever X is
connected. The proof is almost exactly the same as the proof given below, except that Step
1 in the proof (the case where G = T is a torus) is significantly more subtle. Since we will
only need the case where X is integral, we stick to that case here. For the interested reader,
we remark that Step 1 of the proof for X connected is a consequence of [Gro64, Corollary
1.3].

We also note that since every k-scheme of finite type is Noetherian and hence locally
connected, the statement of the proposition for all X' connected is equivalent to the statement
that G is a constant sheaf on the étale site of Spec(k). A slightly more general version of
this fact holds even when k is not algebraically closed, see [Bril5, Lemma 2.3].

Proof. For injectivity, let A : G — G,, be a character, and let x € X (k) be any k-point.
Then, the fiber of A x idx over z is simply A. So, base changing to the fiber over z is a left
inverse to 3, which proves that § is injective.

It remains to prove that (3 is surjective when X is integral. This is much more subtle,
primarily because the definition of G(X) involves group schemes over X. The details of this
proof are irrelevant to everything that follows and can safely be skipped; we include them
primarily for completeness. For a version of the proof that includes all the key ideas but
skips most of the technical details, we refer the reader to the proof of [Bril5, Lemma 2.3].

We will first sketch the proof of a series of 4 claims about group schemes over X. We will
then use these to prove the proposition in 4 steps. For convenience, we will write Gx = Gx X
(and Hx = H x X for any subgroup H C G).

Claim 1: For any subgroup H C G, the quotient Gx/Hyx of group schemes over X is
isomorphic to G/H x X, and this isomorphism identifies the quotient map Gy — Gx/Hx
with the base change of the quotient map G — G/H. To see this, recall that the universal
property of the quotient map Gx — Gx/Hx is that it is the coequalizer of the two maps
Gx xx Hy — Gx given by (g,h) — g and (g,h) — gh. Because the multiplication map
Gx xx Gx — Gx is the base change of the multiplication map G x G — G, it is formal
to check that base change of the quotient map G — G/H satisfies the universal property of
the quotient Gx/Hyx.

Claim 2: If X is affine, then every homomorphism of X—group schemes A\ : G, x X —
Gy, x X is trivial. Write X = Spec(A). Giving such a morphism A is equivalent to giving
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a map of A-algebras ¢ : A[tT] — A[t]. But ¢(t) must be a unit, so ¢(t) € A*. Since A
is a homomorphism, it must map the identity 1 € (G, x X)(X) to the identity in (G,, x
X)(X); unraveling the definitions, this implies that ¢(t) = 1 and hence that A factors as the
composition

Goax X B X 5 G x X

of the projection map and the identity. This is precisely the statement that A\(g) = 1 for
every X-scheme Y and every g € (G, x X)(Y), i.e. that A is trivial.

Claim 3: If X is affine, then for any unipotent algebraic group U, every homomorphism
of X—group schemes \ : U x X — G,, x X is trivial. It is a general fact about unipotent
algebraic groups (see e.g. [Mil17, Proposition 14.21]) that there exists a central normal series
for U, i.e. a series of subgroups

U=U,DU,.1DU,2D---DUy={1}

such that U; is normal (even central) in U; 1 and U1 /U; = G, for all . We use induction on
i to show that A(U; x X') = 0 for all i. The base case ¢ = 0 is trivial (since Uy x X is the trivial
X—group scheme in this case). For the inductive step, we note that (U413 x X)/(U; x X) =
G, x X by Claim 1, and A(U; x X) = 0 by the inductive hypothesis, so A|y,,,xx factors as
a homomorphism )\ : G, x X — G,, x X. But X is trivial by Claim 2, so it follows that
AU, xx 1s trivial as well.

Claim 4: Suppose X is affine and G is reductive, and let 7" C G be a maximal torus.
Restriction of characters to 7' x X C G x X gives a homomorphism

r: Hom(G x X,G,, x X) — Hom(T x X,G,, x X),

and r is injective. The argument here is essentially the same as the proof of Lemma 2.2.25a,
except over X instead of over k. Let A\ : G x X — G,, X X be a homomorphism of X—group
schemes, and suppose that A(Tx) = 0. We show that A is trivial. Pick a Borel subgroup
B C G containing T, and let U = R,(B). Then, B = U - T implies that By = Uy - Tx, and
Claim 3 implies that A(Ux) = 0, so in fact, A(Bx) = 0. The map A thus factors as a map
N :Gx/Bx = G, x X.

By Claim 1, the quotient G'x /By is isomorphic to G/B x X and in particular is proper
over X (because G//B is complete). Moreover, since X and G/B are both integral, so is
Gx/Bx. It follows that P+Ocy /By = Ox, where p : Gx/Bx — X is the structure morphism
(this is a completely scheme-theoretic fact about proper morphisms of geometrically integral
schemes). On the other hand, since the morphism ¢ : G,, x X — X is affine, giving a
morphism X\ : Gx/Bx — G,, x X is equivalent (by the universal property of G,, x X =
Spec(¢:Og,xx)) to giving a morphism

¢:O0g,xx — p*OGX/BX7

and since the target of this morphism is Oy, this is equivalent (by the universal property
of relative Spec again) to giving a section x : X — G,, x X of ¢. On the other hand, the
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map A is a factorization of A, and since A sends the identity 1 € Gx(X) to the identity
1 € (G,, x X)(X), one can check that the section x must be the identity in (G,, x X)(X).
This implies that X' is the composition

Gx/Bx 5 X 5 Gy, x X,

and it follows that A is trivial, i.e. that A(G x X) = 1.

With the above claims established, we can now prove the proposition in 4 steps. Step 1:
The proposition is true if X is affine and G = T is a torus. In this case, G = G}, for some
n and X = Spec(A), so everything can be checked very explicitly on rings. Indeed, any
homomorphism A : G}, x X — G,, x X is given by a map of A-algebras

o AltF] = C = A[tf, ... tF],

and ¢(t) must be a unit.

We claim that the only units in C' are those of the form wt]"" - - - ¢ for some u € A* and
some m; € Z. Since C' = (A[tf,...,t5 ])[tE], the claim follows immediately from induction
on n provided we can prove the base case n = 1. In this case, after “clearing denominators,”
any element of C' can be written as pt]* for some p € A[t;] such that p(0) # 0. Suppose that

pt™ has an inverse ¢t7*. Then, we have
paty ™ =1.

If m+m’ > 0, then this is an equation of elemenets in A[t1], so plugging in t; = 0 (i.e. taking
the image of the above equation under the A-linear homomorphism Aft;] — A sending
t; — 0) gives 0 = 1 in A, contradicting the fact that A is an integral domain. If m+m' < 0,
then multiplying the above equation by tl_(m+m/) gives us pq = tl_(m+m/) as element in A[t],
and plugging in t; = 0 again gives a contradiction (since p(0),¢(0) # 0). It follows that
m + m’ = 0, so the above equation is pg = 1. Since p,q € A[t;] and A[t{] is graded, we
conclude that p,q € A and hence p € A*. This proves the claim.

Because of this claim, we have ¢(t) = ut™ - - -t for some u € A* and some m; € Z. On
the other hand, using the fact that the homomorphism A must send 1 to 1 (cf. the argument
in Claim 2 above), one can check that we must have u = 1. Define @q : k[t*] — k[t], ... t}]
to be the map of k-algebras given by ¢ +— ¢ ---t"". One can check that ¢y defines a
homomorphism A : G, — G,, and that A = A\g x idx = F(Ao). This proves that 3 is
surjective.

Step 2: The proposition is true if X is affine and G is reductive. Pick a maximal torus
T C G, let Sr be the homomorphism f defined for T instead of G, and let € X (k). Then,
we have the following commutative diagram:

Hom(G, G,,) < . » Hom(T', G,,)

i |

Hom(G x X,G,, x X) —— Hom(T x X,G,, x X)
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Here, the maps labelled “r” are given by restriction of characters (and are injective by Claim
4), and the maps labelled “z*” are given by pulling back to the fiber over z (and are left
inverses to 3 and Bz by our arguments at the beginning of the proof). Since we know that fr
is an isomorphism by Step 1, so is the map z* for T. Commutativity of the above diagram
then implies that z* is injective for G. But x* is also surjective (because f3 is its right inverse),
so x* is an isomorphism. Its inverse must be 3, so 8 is also an isomorphism.

Step 3: The proposition is true if X is affine. Let A : G x X — G,, x X be a homo-
morphism. By Claim 3, we have A\(R,(G) x X) = 0, so A factors as a homomorphism X :
Gx/R.(G)x — G, x X. On the other hand, Claim 1 gives us Gx/R,(G)x = G/R,(G) x X.
Since G/ R, (G) is reductive, Step 2 implies that X' = A\j x idx for some X : G/R,(G) — Gy,.
Let Ay : G — G, be the composition

G = G/R(G) X G,

Then, the base change \g X idx is equal to the composition of A with the quotient map
Gx — Gx/Ru(G)x, which is A by definition. So, A\ = S(\g), which proves that § is
surjective. (Note that we have implicitly used connectedness of G in this step in order to
use the unipotent radical R, (G) and to consider the quotient G/R,(G) as a reductive group,
since reductive groups in our terminology are connected by definition.)

Step 4: The proposition is true for any X integral. This is essentially a gluing argument

and so boils down to the fact that G (as a sheaf on the étale site) is determined by its values
on affine schemes. More precisely, let A : G x X — G,, x X be a homomorphism. For every
affine open subset U C X, the base change of A to U is a homomorphism of U—group schemes
Ay G xU — Gy, x U. Since X is integral, so is U, so Step 3 implies that Ay = Aoy X idy
for some character Aoy : G — G,,. Given any other affine open subset V' C X, the pull
backs of Ay and Ay to G x (U N'V) are equal, hence so are the pullbacks of Ay and Ay to
the fiber over any k-point x € U N V. But the pullbacks to these fibers are precisely gy
and A\gy by our above arguments, so Aoy = Agy. Setting A\g = Aoy for any U, it follows
that A and \g x idx agree on G x U for every affine open subset U C X. It follows that
A=A X idy. m

Our above results culminate in the following improvement on Proposition 2.6.1 when X
is a G-variety. This is the main result that we wanted on the uniqueness of G-linearizations.

Theorem 2.6.5. Let G be a connected algebraic group over an algebraically closed field k,
and let X be a G-variety. There is an exact sequence of abelian groups

0— (X, 05)% = T(X,0%) = X(G) 5 Pica(X) 5 Pic(X).

Here, o is the map which “forgets” the G-linearization, and for any character A € X(G), the
isomorphism class t(X\) is represented by Ox equipped with a G-linearization ¢ such that the
resulting G-module structure on H°(X,Ox) is as follows: for any S = Spec(R), g € G(S),
and f € H'(X,Ox) @ R, we have

g-f=Mg)lg*f),
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where g- f denotes the action induced by ¢, g* f denotes the canonical G-module structure on
['(X,Ox), and we identify A\(g) € G,,(S) = (S, 0F) with its pullback under the projection
Xx8—85.

Proof. The exact sequence in the statement is precisely the exact sequence of Proposi-
tion 2.6.1, just using the identifications

X(G) = G(X) = {G-linearizations of Ox}

of Propositions 2.6.2 and 2.6.3 to replace the set of G-linearizations of Ox with X'(G) in the
sequence. To obtain the statement about ¢(\), we just need to trace through the identifica-
tions made in Propositions 2.6.2 and 2.6.3 in order to understand the map .

Given a character A : G — G,,, Proposition 2.6.3 identifies A with the homomorphism of
X—group schemes f = A x idx. The proof of Proposition 2.6.2 then identifies f with maps
for: X XS — G,, for each S = Spec(R) and g € G(S). Explicitly, the f, r are given by
the composition

X x § U oo X % §THI G % X x S B G,
Since f = X\ x idx, this composition is the same as the composition
XxSES5aSG,.
The proof of Proposition 2.6.2 then identifies the f, r with units
ugr € G (X x 9) =T(X x5,0%,4).

using the functor of points of G,,. By definition of the functor of points of G,,, the fact that
fo.r = Ao goprg implies that
ugr = Pr(A(g)),

where we view A(g) = Ao g as an element of G,,(5) = I'(S, OF). Finally, Proposition 2.6.2
identifies the uy p with the G-linearization ¢ of Ox such that ¢,z is the map given by
multiplication by wu, r under the canonical isomorphisms p*Ox = Oxys = pry Ox, and the
map ¢’ sends ¢ to the class in Picg(X) of Ox equipped with ¢.
We need to understand the G-module structure of H°(X, Ox) induced by this G-linearization

¢ in terms of the character A\. For this, we note that by construction, the canonical G-
linearization ¢y on Ox is given by the canonical isomorphisms p*Ox = Oxyxs = pry Ox
(see Lemma 2.4.13a), so we have

Gg.r = Ug R " (P0)g,R

for all S = Spec(R) and g € G(S). The G-module structure on H°(X,Ox) induced by ¢
(resp. ¢o) is given by letting g act by the composition ¢4 g o pj g (resp. (¢o)g.r © pj r). So,
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if g- f and g * f denote the G-actions induced by ¢ and ¢, (respectively), then the above
equation implies that

g =ugr(g*f)
for all f € H°(X,Ox)® R. But the G-action induced by ¢, is the canonical G-module struc-

ture on I'(X, Ox) (Lemma 2.4.13a), and uy, g = pr(A(g)), so this is exactly the statement
of the corollary. O]

Definition 2.6.6. Let X be a G-variety, and let A € X(G) be a character. We denote by
Ox(A) the sheaf Ox equipped with the G-linearization ¢ given in Theorem 2.6.5.

Remark 2.6.7. Since the map X(G) — Picg(X) is a group homomorphism, we immediately
see that for any n > 1, the G-linearization on O x(\)®" given by Lemma 2.4.13b is isomorphic
to that of Ox(nA). Similarly, when A = 0 is the trivial character, then Ox () is Ox with
the canonical G-linearization.

Theorem 2.6.5 allows us to completely describe each G-linearization on an arbitrary
invertible sheaf L as well as the resulting G-module structure on H°(X, L).

Corollary 2.6.8. Let G be a connected algebraic group over an algebraically closed field
k, and let X be a G-variety. Let L be an invertible sheaf on X, and suppose given a G-
linearization on L.

(a) The isomorphism classes of G-linearizations of L in Picg(X) are precisely the isomor-
phism classes of L& Ox () for any A € X(G) (with the G-linearization on L ® Ox ()
induced by the given G-linearization on L and the one on Ox (), see Lemma 2./.15b.)

(b) For any character A € X(G), we have
A (X, L® Ox(V) = {(u+d\d) | (,d) € A*(X, L)},

(Here, we view X as a weight of G by identifying A with A7 for a mazimal torus T C G.
Cf. Lemma 2.2.25.)

Proof. Notice that exactness at Picg(X) in Theorem 2.6.5 implies that the isomorphism
classes of G-linearizations on Ox are precisely the classes of the Ox(A) for A € X(G).
Statement (a) follows formally from this fact (by making use of the group structure on
Picg(X)).

As for statement (b), let ¢ be the given G-linearization on L. Since Ox(\) = Ox as
sheaves of Ox-modules, we have a canonical (but generally not G-equivariant) isomorphism

L®0Ox(A) = L.

Under this isomorphism, the G-linearization on L ® Ox () (from Lemma 2.4.13b) induces a
different G-linearization ¢’ on L, and the weight monoid AT (X, L ® Ox(\)) is the same as
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the weight monoid A" (X, L) when we use the G-linearization ¢ on L. Thus, our goal is to
compute the weight monoid A*(X, L) for ¢’ in terms of the weight monoid A (X, L) for ¢.

For this, note that for any d > 1, our above isomorphism L ® Ox(A) = L induces an
isomorphism

L% ® Ox(d)\) = L®?

which is G-equivariant using the G-linearization on L®? induced by ¢'. Using this fact and
the description of the G-module structure of H°(X, Ox(d\)) given in Theorem 2.6.5, one
can check that the G-module structure on H°(X, L) induced by ¢’ is as follows: for any
S = Spec(R), any g € G(S), and any f € H’(X, L®?) ® R, we have

g-f=1(dXg))-(g*f),

where g*a denotes the action of g on f induced by ¢. Thus, the B-eigenvectors of H(X, L®4)
are the same whether we use the action induced by ¢ or ¢’, but if u is the weight of an
eigenvector using the action induced by ¢, then p+d\ is its weight under the action induced

by ¢'. O

One important implication of the above corollary is: for any G-linearized invertible sheaf
L, choosing another G-linearization amounts to shifting all the weights of B-eigenvectors
of H°(X, L) by a character of G (or equivalently, tensoring the G-module H°(X, L) by a
character of G). In particular, the representation theory on H°(X, L) does not differ in any
significant way based on which G-linearization we pick.

One other nice implication of Theorem 2.6.5 and Corollary 2.6.8 is that we characterize
precisely when G-linearizations of an invertible sheaf are unique.

Corollary 2.6.9. Let G be a connected algebraic group over an algebraically closed field k,
and let X be a G-variety.

(a) If X(G) = 0 (this holds, for instance, when G is semisimple, see Proposition 2.2.22),
then for any invertible sheaf L on X, there exists at most one G-linearization on L (up
to G-equivariant isomorphism of L ).

(b) Conversely, if any invertible sheaf L on X has a unique G-linearization (up to G-
equivariant isomorphism of L), then X(G) = 0.

Proof. For (a), suppose ¢ and v are two G-linearizations ¢ on an invertible sheaf L. We can
use 1) to obtain a G-linearization on L~!, and then using ¢ on L induces a G-linearization
on the tensor product

Lo L'20x

(see Lemma 2.4.13). Since X(G) = 0, exactness at Picg(X) in Theorem 2.6.5 implies
that this G-linearization on Ox is the canonical one, so tensoring the above equation by
L equipped with ¢ gives us a G-equivariant isomorphism L = L, where one copy of L is
equipped with ¢ and the other is equipped with .
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As for (b), we note that for any character A\ : G — G,,, the unique G-linearization ¢
on L induces a G-linearization on L ® Ox(\) by Lemma 2.4.13b, which in turn induces a
G-linearization ¥ on L via the isomorphism of Ox-modules L ® Ox () = L. If A # 0, then
Corollary 2.6.8 implies that the weight monoid AT (X, L) is different if we use ¢ instead of ¢,
so ¢ and ¥ must be non-isomorphic G-linearizations of L. This contradicts our assumption
that L has a unique G-linearization O

2.6.b A Few Big Theorems

We have now covered the uniqueness of G-linearizations at length. As for existence of G-
linearizations, it turns out (though we will not prove it here) that the exact sequence of
Theorem 2.6.5 can be extended by one more term, so that it also characterizes when G-
linearizations exist.

Theorem 2.6.10 ([Bril8, Theorem 4.2.2 and Proposition 4.2.3]; cf. [Bril5, Proposition
2.10]). Let G be a connected algebraic group over an algebraically closed field k, and let X
be a G-variety. There is an exact sequence

0— I'(X,0%) = I'(X,0%) = X(G) — Picg(X) 5 Pic(X) 4 Pic(G x X))/ pry Pic(X).

Here, 1 is the map that sends the class of L to the class of p*L (modulo the subgroup
pri Pic(X) C Pic(G x X)), and ¢ is the map that “forgets” the G-linearization.

Proof. Exactness everywhere except at Pic(X) is Theorem 2.6.5. For a complete proof of the
theorem, we refer the reader to Brion’s presentations in [Bril8, Section 4] and [Bril5, Section
2]. (The former presentation proves the theorem as stated, and the latter is a generalization
which applies when X is a reduced G-scheme.) O]

Exactness at Pic(X) in Theorem 2.6.10 tells us that an invertible sheaf L on X admits a
G-linearization if and only if p*L = pr% L. In other words: if an isomorphism p*L = pr L
exists, then there exists such an isomorphism satisfying the cocyle condition. This reduces
the question of existence of a G-linearization to a calculation on Picard groups. Using some
standard facts about Picard groups of algebraic groups and normal varieties, this yields the
following theorem on the existence of G-linearizations.

Theorem 2.6.11 ([Sum75, Theorem 1.6], [Kno+89, Propositions 2.4, 4.6]; see also [Bril8,
Theorem 2.14], [Bril8, Theorem 5.2.1]). Let G be a connected linear algebraic group over an
algebraically closed field k, and let X be a normal G-variety.

(a) Let n be the order of Pic(G) (which is a finite group). For any invertible sheaf L on
X, the sheaf L®™ is G-linearizable. In particular, if Pic(G) = 0 (equivalently, if G is
locally factorial), then every invertible sheaf on X is G-linearizable.
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(b) There exists an isogeny of algebraic groups T : G — G such that Pic(G) = 0. In
particular, if we let G act on X via the action of G, then every invertible sheaf on X
18 G-linearizable.

Sketch of proof. Statement (a), as far as we know, was first proven by Sumihiro (for S—group
scheme actions over a sufficiently nice base scheme S) in [Sum75, Theorem 1.6]. There are
now many other presentations of this fact, but they all essentially follow the same method
of proof. One shows that for every M € Pic(G x X), we have M®" € pr¥ Pic(X); it follows
that L™ lies in the kernel of the map Pic(G) — Pic(G x X)/ pr’ Pic(X) of Theorem 2.6.10,
so exactness at Pic(G) in the theorem implies that L®" is G-linearizable.

For this argument to go through, there are two key steps. The first is to show that Pic(G)
is finite in the first place. This fact fundamentally relies on the theory of algebraic groups;
for a proof, see [Mill7, Corollary 18.23|, [Bril5, Lemma 2.3], or [Kno+89, Proposition 4.5]
(all of which use somewhat different methods of proof). The second step is to show that
every invertible sheaf on G x X has the form pry Lx ® pr{ Lg for some invertible sheaves
Lx on X and Lg on G. This is an essentially scheme-theoretic fact, and it is the step that
relies on X being normal. For a proof, see [Bril5, Lemma 2.12] or [Kno+89, Lemma 4.2].
Once these two steps are done, we need only note that

(pry Lx ®@ pri; Le)®" = priy(LY") @ priy (LE™) = priy (LYY,

so that n Pic(G x X) C pri Pic(X). The rest of the proof now follows from Theorem 2.6.10,
as described above.

Statement (b) is another fact from the theory of algebraic groups. In the case where G
is reductive, one can use the isogeny G** x C' — G of Proposition 2.2.23 and then show
that Pic(G** x C) = 0 (which follows, for instance, from the above scheme-theoretic fact
about Pic(G x X) and pr¥ Pic(X) with G = G* and X = C, since Pic(G**) = 0 by
[Mil17, Corollary 18.24] and Pic(C') = Pic(GJ,) = 0). For a proof for general G, see [Mill7,
Proposition 18.22] or [Kno-+89, Proposition 4.6]. Finally, since Pic(G) = 0, statement (a)
implies that every invertible sheaf on X is G-linearizable. O]

Sumihiro’s main interest in Theorem 2.6.11a was actually to study the notion of quasi-
projectivity as it relates to G-linearizations. More precisely, X is quasi-projective if and
only if there exists a finite-dimensional k-vector space V' and an immersion X — P(V).
If X is a G-scheme, we say that X is G—quasi-projective if X is quasi-projective and we
can take V' to be a G-module and the immersion X — P(V') to be G-equivariant. Recall
that if X quasi-projective, the immersion X < P(V') can be obtained by letting V' be some
finite-dimensional subspace of H°(X, L), where L is a very ample invertible sheaf on X. If
we may pick L to be G-linearized and V' to be a certain finite-dimensional G-submodule of
H°(X, L), then arguing as in Proposition 2.4.17 will give us a natural G-action on P(V') such
that X — P(V) is G-equivariant, so that X is G—quasi-projective. When X is normal, we
can always take L to be G-linearized by Theorem 2.6.11. So, these arguments (once they are
made more rigorous) imply that any normal quasi-projective G-variety is G—quasi-projective.
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In fact, what Sumihiro proved is somewhat more than this. The following theorem sum-
marizes his results, which were first proven in [Sum74]. These results were then generalized to
group schemes over a sufficiently nice base scheme S in [Sum75]. We also refer the interested
reader to [Kno+89], which provides another nice presentation of Sumihiro’s results.

Theorem 2.6.12 ([Sum74, Lemma 8, and Corollary 2] and [Sum75, proof of Theorem 2.5]).
Let G be a connected linear algebraic group over an algebraically closed field k, and let X be
a normal G-variety.

(a) For any G-orbit Y C X, there exists a G-stable, quasi-projective open subset U C X
such that Y C U. In particular, there exists an open cover of X by G-stable, quasi-
projective open subsets.

(b) If G = T is a torus, then the open subsets in (a) can be taken to be affine, not just
quasi-projective.

(c) If L is a G-linearized very ample invertible sheaf on X, then there ezists a finite-
dimensional G-module V' and a G-equivariant (locally closed) immersion i : X < P(V)
such that *Opy(1) = L. In particular, if X is quasi-projective, then X is G—quasi-
projective.

Corollary 2.6.13. Let G be a connected linear algebraic group over an algebraically closed
field k, and let X be a normal G-variety. If X has a unique closed G-orbit Y, then X is
quasi-projective.

Proof. By the above theorem of Sumihiro, there exists a quasi-projective, GG-stable open
subset U C X such that Y C U. If Z = X \ U is nonempty then Z contains a closed G-orbit
(any orbit of minimal dimension is closed), which is a closed G-orbit of X as well (because
Z is closed in X). Since Y is the unique closed orbit of X, we conclude that Z = @ and
hence that X = U is quasi-projective. O

Theorem 2.6.12 is a key starting point for working with normal G-varieties. It tells us
that locally, we may work with quasi-projective normal G-varieties, which are locally closed
G-subvarieties of P(V') for some G-module V. For some purposes, this even allows one to
take the closure in P(V') and so reduce to the projective case.

Theorems 2.6.11 and 2.6.12 are two very important and useful theorems, and we will use
them frequently in what follows. It is worth noting, however, that both theorems require the
G-variety X to be normal. We will almost always be working with normal varieties, so this
assumption is generally fine for our purposes. For certain technical applications, however,
one may be intersted in dealing with the case of non-normal varieties. To this end, we give
a couple results that sometimes allow one to either reduce to the normal case (and then
to the quasi-projective case using Theorem 2.6.12 if desired) or to reduce directly to the
quasi-projective case (without needing normality to apply Theorem 2.6.12).
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Theorem 2.6.14 (“Equivariant Chow lemma”; [Sum74, Theorem 2]). Let G be a connected
linear algebraic group over an algebraically closed field k, and let X be a G-variety. There
exists a quasi-projective G-variety X and a G-equivariant morphism f : X — X such that

(a) f is birational, projective, and surjective, and

(b) there exists a nonempty G-stable open subset U C X such that f|p-1qy : f7H(U) = U
1s an isomorphism of G-varieties.

Lemma 2.6.15 (cf. [Bril0, proof of Proposition 2.8], [Tim11, Proposition 15.15]). Let G be
a connected algebraic group over an algebraically closed field k which is normal (as a variety).
Let X be a G-variety, and let v : X — X be the normalization morphism.

(a) The morphism v is birational, surjective, and finite.
(b) There exists a unique G-action on X such that v is a G-equivariant morphism.

(¢) Suppose that G is reductive and that X can be covered by G-stable G-quasi-projective
open subsets, and let X have the G-action given in (b). Then, v induces a bijection on
the sets of G-orbits of X and X.

Proof. Statement (a) is a completely general fact about normalizations of varieties; see e.g.
[Sta20, Tag 035E]. For statement (b), define a morphism

ViGx X 3GxX

on functors of points by (g, z) — (g,v(x)), and let p: G x X — X be the action morphism.
Then, v/ is surjective (because v is), and p is surjective, so the composition 1/op is a dominant
morphism to X from a normal variety G x X. By the universal property of normalization,
then, there exists a unique morphism p' : G X X — X such that the following diagram
commutes:

Gx X 25 %

GxX L2+ X

A G-action on X such that v is G-equivariant is precisely an action morphism p/ fitting into
this commutative diagram. Uniqueness of p’ tells us there is at most one such action, so to
complete the proof, we just need to prove that p’ is in fact a group action.

For this, the key point is that v is an isomorphism on a dense open subset U C X,
which implies that v induces an injection on functors of points: indeed, for any morphisms
f.g: T — X such that vo f = vog, we have f|y = g|y and hence f = g (because T
is reduced and X is separated). So, given any ¢,h € G(T) for some variety T and any
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z € X(T), commutativity of the above diagram (plus the fact that p induces a group action
G(T) x X(T) — X(T)) gives us

v(p'(gh,x)) = p(gh,v(z)) = gh-v(z) = g - (hv(x))

p(g, p(h,v(x)))
p(g,v(p'(h,x))
v(p'(g, p'(h, ))).

Since v is injective on points, we conclude that p'(gh, z) = p'(g, p'(h, x)). Likewise, we have

v(p'(1,2)) = p(1,v(x)) = v(z),

so that p'(1,z) = z.

Finally, the proof of (¢) is a somewhat more technical argument. Our assumption on X
allows one to reduce to the case where X is affine, and then some representation-theoretic
arguments on G-stable ideals of I'(X, Ox) can be used to reduce to the case where G =T
is a torus. In this case, one can describe T-stable ideals of I'(X, Ox) combinatorially, in
terms of A*(X), and then check that X admits the same description of T-stable ideals. See
[Tim11, Proposition 15.15] for details. O
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Chapter 3

The Classification of Spherical
Varieties

In this chapter, we discuss the theory of spherical varieties, building up to their full classifica-
tion by combinatorial invariants. We begin with definitions and general results on spherical
varieties in Section 3.1. In Section 3.2, we give a treatment of the so-called local struc-
ture theorem, which is a key technical result that arises throughout the theory of spherical
varieties.

After this background is established, we will begin to discuss the classification of spheri-
cal varieties. This classification has two main components: the first is known as Luna- Vust
theory, which we treat in Section 3.3, and the second is a classification statement by com-
binatorial objects called homogeneous spherical data, which we treat in Section 3.6. The
classification by homogeneous spherical data is by far the more complicated part of the the-
ory. To fully explain it, we will need to develop a theory of so-called G-invariant valuations
in Section 3.4 and a theory of certain nice types of spherical varieties (called toroidal va-
rieties and wonderful varieties) in Section 3.5. Using techniques discussed in Section 3.6,
many questions about the behavior of homogeneous spherical data can be reduced to the case
of certain toroidal or wonderul varieties which are nice enough to be completely classified.
This produces some strong combinatorial conditions on homogeneous spherical data, which
is a key feature of the theory.

We remark that there is one section in this chapter which is not relevant to the clas-
sification of spherical varieties: namely, Section 3.7, in which we discuss a combinatorial
description of Weil and Cartier divisors on spherical varieties. This section is included pri-
marily because it will be needed for arguments in later chapters.

The reader who is not interested in having a deep understanding of the theory of spher-
ical varieties does not need to wade through all of the technicalities in this chapter. For our
purposes, the most important parts will be an understanding of the local structure theorem
and a familiarity with the combinatorial data used to classify spherical varieties. In partic-
ular, the technical details of all of the proofs in this chapter are not so important for what
follows (except possibly certain proofs that make use of the local structure theorem). So, for
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a “crash course” in the theory of spherical varieties, we recommend reading this chapter in
the following way.

1.

Briefly read through Sections 3.1 and 3.2 to get familiar with spherical varieties and
the local structure theorem. There is no need to focus on any proofs in these sections.
The main goal is to get familiar with the basic gadgets and terminology introduced in
these sections (e.g. B-divisors and G-invariant valuations) and to understand the main
statements of the local structure theorem and related results (namely, Theorems 3.2.2
and 3.2.7 and Proposition 3.2.3).

. Briefly read through Sections 3.3, 3.4, and 3.5 (in that order) to get familiar with the

terminology and combinatorial objects used in the classification of spherical varieties.
Focus on any big theorems about the structure of spherical varieties (for instance,
Theorem 3.1.4, 3.3.26, 3.4.1, or 3.5.21).

In Section 3.6, blackbox the notion of “localization at simple roots” and just read
through Subsections 3.6.b and 3.6.c. This will introduce a few more important com-
binatorial objects and give some insight into their properties. The details of these
properties will come up repeatedly in what follows, but one can always refer back to
the relevant results in these sections after a brief first read.

Go back and read Section 3.2 more carefully to get a solid understanding of the local
structure theorem. One does not need to understand the technical aspects of proofs
such as Theorem 3.2.2 or Theorem 3.2.7. The goal is to be comfortable applying the
statements of these theorems, as we do for instance in the proofs of Lemma 3.2.9 and
3.2.10. The curious reader may also be interested in looking at some of the details
of the local structure theorem as it applies to toroidal and wonderful varieties, for
instance in the proofs of Theorems 3.5.6, 3.5.9, and 3.5.22.

. We have now covered all of the necessary material in this chapter except for Subsec-

tion 3.6.a and Section 3.7. For our purposes, the former is only used in a couple of
technical proofs, and the latter is mainly used to check whether certain line bundles
are ample in the counterexamples of Section 4.9 (as well as for a few other technical
ideas in Chapters 4 and 5). Depending on the reader’s interests, it is possible to skip
both Subsection 3.6.a and Section 3.7 and still understand most of our work later on.
Alternately, the reader may wish to briefly read Section 3.7 and then refer back to it
as needed.

Starting with this chapter, we will assume that k is an algebraically closed field of char-
acteristic 0. Much of the theory can be developed in positive characteristic, and we will
give references to characteristic-independent treatments wherever possible. However, the
full classification of spherical varieties has only been completed in characteristic 0, so we
will not consider the positive-characteristic setting here. We also assume without further
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mention that G is a reductive group, 7" C G is a maximal torus, and B C G is a Borel
subgroup containing 7.

3.1 Spherical Varieties

In this section, we define spherical varieties and discuss some of their basic geometric prop-
erties.

Definition 3.1.1.

1. A spherical variety is a normal G-variety containing a dense B-orbit (which is neces-
sarily open, because orbits are locally closed).

2. A spherical subgroup of G is a (closed) subgroup H C G such that the quotient G/H
is a spherical variety. Spherical varieties of the form G/H are called homogeneous
spherical varieties.

Remark 3.1.2. Note that whether a normal variety is spherical does not depend on our
choice of B. Indeed, the Borel subgroups are all conjugate, and if B’ = gBg~' for any
g € G, then Bx C X is a dense B-orbit if and only if B'(gx) = ¢g - Bz is a dense B’ orbit.
Alternately, Theorem 3.1.4iv below gives an explicit, geometric characterization of spherical
varieties that does not depend on B.

Example 3.1.3. Recall that a toric variety for a torus 7" is a normal T’-variety X such that
there exists a T’-equivariant open immersion 7" < X (equivalently, such that there exists
an open T"-orbit on which 7" acts freely). Toric varieties are often cited as the first example
of spherical varieties. Indeed, suppose that G is a torus, so that G = B = T. Then, any
toric T-variety X is normal and has open T-orbit, so X is a spherical T-variety by definition.

There is actually a little more we can say about the relationship between spherical T'-
varieties and toric varieties. With G = B = T as above, let X be a spherical T-variety.
Then, the open T-orbit has the form 7'/K for some K C T. Since T' is commutative, K is
normal and hence is the stabilizer of every point in the open T-orbit of X. It follows that K
acts trivially on all of X (see Lemma 2.1.6). Thus, the action of 7" on X induces an action
of the torus 7" = T/K on X, and T” acts freely on the open T-orbit of X. In other words,
X is a toric T"-variety for the quotient 7" =T/K of T.

It turns out that, for any normal G-variety X, there are many conditions which are
equivalent to X being spherical. These conditions are very standard, but their proofs require
some theory about complexities of varieties that we will not need later. We will sketch the
relevant details of this theory briefly, in order to present the equivalent conditions to being
spherical in Theorem 3.1.4. The reader willing to take this theorem on faith can safely skip
this discussion of complexity.

Given any algebraic group G and any G-variety X, we define the complerity of X,
denoted cg(X), to be the minimal codimension of a G-orbit in X. When G is reductive, it
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immediately from the definition that a normal variety X is spherical if and only if c¢5(X) = 0.
Much can be said about the complexity of a variety; for a thorough treatment, see [Tim11,
Chapter 2]. For our purposes, we will need only two facts about complexity:

1. For any algebraic group G and any G-variety X, we have cg(X) = trdeg, (K (X)Y).
This follows from a theorem of Rosenlicht about G-invariants in function fields. See
[Per18, Theorem 1.1.8 and Proposition 1.2.4] for a statement of Rosenlicht’s theorem
and a proof of this complexity fact, and see [VP89, Section 2.3] for a proof of Rosen-
licht’s theorem.

2. For a reductive group G, any G-variety X, and any B-stable subvariety Y, we have
cp(Y) < cp(X). When Y is G-stable, this actually follows from fact (1) above along
with the fact that we can lift G-invariant elements of the function field from Y to X (see
e.g. [Timl11, Lemma 5.8]). One then proves that using a careful geometric argument
that for any B-stable subvariety Y, we have cg(Y) < cg(GY'). For details, see [Perls,
Proposition 1.2.10].

Equipped with these facts about complexity, we can now prove the promised equivalent
characterizations of spherical varieties.

Theorem 3.1.4 ([Perl4, Theorem 2.1.2], cf. [Bri97, Theorem 2.1], [Tim11, Section 25.1]).
Let X be a normal G-variety. The following are equivalent.

(i) X is spherical.
(ii) K(X)B =k.
(11i) X has finitely many B-orbits.
(iv) Every G-equivariant birational model of X has finitely many G-orbits.

If X is also quasi-projective, then these conditions are also equivalent to the following con-
dition:

(v) For any G-linearized invertible sheaf L on X, the G-module H°(X, L) is multiplicity-
free.

Proof.

(i) < (ii): X is spherical if and only if ¢g(X) = 0. On the other hand, Fact 1 above
gives us cg(X) = trdeg, (K (X)?), and since k is algebraically closed, trdeg, (K (X)?) = 0 if
and only if K(X)? = k.

(i) & (iii): If X has finitely many B-orbits Oy, ..., O,, then we have

x=Jo.
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Since X is irreducible, this implies that X = O, for some i. For the converse, we note that by
Fact 2 above, every B-stable subvariety Y C X has cg(Y) = cg(X) =0, i.e. Y has a dense
B-orbit. We prove by induction on dim(X) that any (not necessarily normal) B-variety
X with this property has finitely many B-orbits. The base case dim(X) = 0 is trivial (as
X = Spec(k) in this case). So, suppose the claim holds whenever dim(X) < d, and let
Y C X be the complement of the open B-orbit of X. Then, Y satisfies the same condition
as X (every B-stable subvariety of Y is a B-stable subvariety of X), and dim(Y) < dim(X).
So, Y has finitely many orbits by the induction hypothesis, and X has only one more B-orbit
than Y does by construction.

(i) = (iv): Suppose X is spherical. For any G-equivariant birational model X, let ¢ :
X --> X be a G-equivariant birational map. The map @ is defined on some point in the
open B-orbit of X, and since ¢ is G-equivariant, it extends over the entire open B-orbit.
Thus, X is a G-variety with a dense B-orbit. By the proof of (i) = (iii) above, we conclude
that X has finitely many B-orbits, hence finitely many G-orbits.

(iv) = (v): The general idea of this direction is as follows. Suppose that (iv) holds but
(v) does not. One then construcs a G-equivariant birational model of X with infinitely many
G-orbits, which contradicts (iv). We omit the details of this construction here and refer the
interested reader to the proof given in [Bri97, Theorem 2.1].

(v) = (ii): Let a € K(X)?, and pick any G-linearized ample invertible sheaf L on X. By

Proposition 2.5.2, we may write a = f/g, where f,g € T'(X, L®¥)®) for some d > 0. Since
B acts by some character on both f and g and fixes a = f/g, we see that B must act by the
same character on both f and g. Since L®? is again a G-linearized ample invertible sheaf,
we know that T'(X, L®?) is multiplicity-free by assumption, so we must have f = cg for some
c € k. Tt follows that a = f/g = ¢ € k. (Note that the containment k C K(X)® follows
immediately from the fact that the structure morphism X — Spec(k) is G-equivariant, so it
induces a G-equivariant map on function fields by Lemma 2.4.3.)

(iv) = (i): By Theorem 2.6.12, there exists a nonempty G-stable open subset U C X
that is quasi-projective. Note that (iv) also holds for U (since U is itself a G-equivariant
birational model of X). Moreover, U is dense in X, so U has a dense B-orbit if and only
if X does. It thus suffices to prove that (iv) = (i) for U. Since U is quasi-projective, this
follows from the implications (iv) = (v) = (ii) = (i). O

Remark 3.1.5. Note that (v) in the above theorem requires quasi-projectivity, because we
need to consider (v) for an ample line bundle in order to prove that (v) implies (ii). However,
Conditions (i)-(iv) in the theorem always imply (v), even when X is not quasi-projective.
Indeed, suppose that X is spherical, and let L be a G-linearized invertible sheaf on X.
Restricting global sections to some G-stable quasi-projective open subset U C X (which
exists by Theorem 2.6.12) allows us to view H°(X, L) as a G-submodule of H°(U, L|y).
Applying Theorem 3.1.4 to U (which is spherical because X is) tells us that H°(U, L|y) is
multiplicity-free, hence so is the G-submodule H°(X, L).
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3.1.a The Geometry of Spherical Varieties

Spherical varieties enjoy several nice geometric properties. For instance, every spherical
variety is rationa.

Proposition 3.1.6 ([Perl4, Corollary 2.1.3]). Spherical varieties are rational.

sketch of proof. Any spherical variety has a dense B-orbit, which is of the form B/K. It
thus suffices to show that whenever B is connected and solvable and K C B is a subgroup,
the quotient B/K is rational. For these, one proceeds by inducting first on dim(B) and then
on dim(B/K). The base cases are trivial. For the induction step, one considers the quotient
B/K — B/KZ for some appropriately chosen 1-dimensional normal subgroup Z C B. The
induction hypothesis on B/Z and B/KZ implies that B/K Z is rational, and by choosing
Z correctly and using some facts about solvable groups, the quotient map B/K — B/KZ
turns out to be a locally trivial fibration. It follows that B/K is rational as well. O

We saw in Example 3.1.3 that toric varieties are examples of spherical varieties. Con-
versely, we can relate any affine spherical variety to a toric variety in the following way. Let
X = Spec(A) be an affine G-variety, and consider the GIT quotient X//U = Spec(AY).
Since B = T x U, we may view X//U as a T-variety, and the quotient map X — X//U
induces a bijection between B-orbits of X and T-orbits of X//U. Since Proposition 2.5.7
tells us that X is normal if and only if X//U is, we arrive at the following result.

Proposition 3.1.7 ([Perl8, Corollary 2.3.4]). Let X be an irreducible affine G-variety. X
is a spherical G-variety if and only if X//U 1is a toric T-variety.

One very useful property of spherical varieties is: any G-stable (closed) subvariety is again
spherical. The key to this statement is a very nice result on the singularities of G-stable
subvarieties of spherical varieties.

Theorem 3.1.8 ([Perl4, Corollary 2.3.4 and Theorem 3.1.19], [Tim11, Theorem 15.20]).
Let X be a spherical G-variety.

(a) Any G-stable subvariety Y C X has rational singularities. In particular, Y is normal
and in fact Cohen—Macaulay.

(b) Any G-stable subvariety of X is spherical.

sketch of proof. Note that (b) follows immediately from (a) and Theorem 3.1.4: any G-stable
subvariety of X is normal by (a) and has finitely many B-orbits because X does. As for (a),
the idea is to reduce from the case of spherical varieties to that of toric varieties, in which
case Statement (a) follows from some standard facts about toric varieties. More precisely: if
X is a toric T"-variety for some torus 7", then X (hence also Y') has finitely many 7"-orbits
(by Theorem 3.1.4 applied with G = T", or by standard facts about orbits of toric varieties,
see e.g. [Ful93, Proposition 3.1]). It follows that Y is an orbit closure, and it is a standard
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fact (see e.g. [Ful93, Section 3.1]) that every orbit closure of a toric variety is toric. Finally,
one can show that every toric variety has rational singularities ([Ful93, Section 3.5]). So, Y
has rational singularities, as desired.

There are a few possible ways to reduce to the toric case. First, one has to reduce to the
affine case. This can be done by reducing to the case where X is a locally closed G-stable
subvariety of P(V') (using Theorem 2.6.12), then replacing X by the affine cone over the
closure of X in P(V'). A simpler way is to apply the local structure theorem from Section 3.2
to the open subset Xpy+ of Theorem 3.2.7, where Y is any G-orbit contained in Y. (Note
that the sets Y NG Xpys form an open cover of Y, so it suffices to prove that Y N Xy~ has
rational singularities for each choice of Y”.)

Once we are in the case where X is affine, one possibility is to to construct a flat de-
formation of X to a toric variety and then use stability of rational singularities under flat
deformations. For details on this approach, see [Perl4, Corollary 4.3.15]. Alternately, since
X is affine and spherical, the GIT quotient X//U is an affine toric variety under some quo-
tient 7" of T' (Propositions 3.1.7), and Y//U is a T’'-stable closed subvariety of X//U (this
follows from the fact that, given an action of 7" on a ring A and a T-stable ideal I C A, we
have (A/I1)V = AY/IV, where U = R, (B); see e.g. [MF82, proof of Theorem 1.1] for a proof).
By our above arguments in the toric case, Y//U has rational singularities; Proposition 2.5.7
then implies that Y has rational singularities as well. O]

Remark 3.1.9. The above result is not true in positive characteristic. For a counterexample,
see [Perl8, Example 2.3.8].

3.1.b Valuations and Divisors

The combinatorial invariants involved in the classification of spherical varieties all have to do
with two types of geometric objects: valuations and divisors. In this section, we introduce
some notation and give a few basic results regarding valuations and divisors on spherical
varieties. We begin with valuations.

Definition 3.1.10. Let G be an algebraic group over a field k, and let X be a G-variety.

1. For any totally ordered abelian group I', a valuation on X with values in I' is a group
homomorphism
v:K(X)* =T

satisfying
a) v(k*) =0, and
b) for any f,¢g € K(X)* with f 4+ ¢ € K(X)*, we have

v(f +g) = min{u(f), v(g)}.
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We say that v is a discrete valuation if we may take I' = QQ and if the image of v is aZ
for some a € Q. (Note that the map K(X)* — I' sending every element of K(X)* to
0 is a discrete valuation by definition.)

2. Given a valuation v on X, we denote by
O, = {0} U{f € K(X)* [v(f) = 0}
the associated valuation ring.

3. We say that a valuation v on X is G-invariant if for all f € K(X)* and all g € G(k),
we have

v(g- f) =o(f).
(Here g - f denotes the action of g on f using the usual G-module structure on K(X),
see Section 2.4.a.) We denote by V(X)) the set of all G-invariant valuations on X.

4. Given a valuation v on X we say that a closed subvariety Z = m C X is the center
on X of v and write Z = Z, if the valuation ring O, dominates the stalk Ox ¢, i.e. if
Ox,¢ C O, (as subrings of K (X)) and the inclusion map Ox . — O, is a local ring
homomorphism.

5. Given a prime Weil divisor D on X, we write vp : K(X)* — Q for the (discrete)
valuation corresponding to the DVR Ox 5, where 0 € D C X is the generic point of D.

Remark 3.1.11. Throughout this thesis, we will only be interested in valuations with values
in Q (whether discrete or not). The word “valuation” will thus always mean a valuation with
values in Q. Note that this does not lose much in the setting we're in: indeed, any Noetherian
valuation ring is automatically a DVR, and we’re primarily interested in valuations that arise
from stalks of Noetherian schemes, so these will automatically be discrete.

The following lemma gives a few standard properties of G-valuations and their centers.
Lemma 3.1.12. Let G be an algebraic group over a field k, and let X be a G-variety.

(a) The center of any valuation on X is unique if it exists. Moreover, X is proper if and
only if every valuation on X has a (unique) center on X.

(b) If X is affine, then v has a center on X if and only if v is non-negative on I'(X, Ox).
In this case, the center Z, of v on X is cut out by the ideal m, N T(X,Ox), where
m, C O, is the mazimal ideal and the intersection is taken in K(X).

(c) The G-stable subvarieties of X are precisely the centers of G-invariant valuations on
X.



97

Proof. Statement (a) follows from the valuative criteria of separatedness and properness; see
[Har77, Exercise 11.4.5]. As for (b), write A = I'(X, Ox). If v has a center on X, then O,
dominates the stalk of some point z € X, so we have A C Ox, C O,. In particular, v is
non-negative on A by definition. Conversely, if v is non-negative on A, then A C O, by
definition. Let p = m, N A. Then, p is a prime ideal of A (it is the pullback of m, under the
inclusion A — O,), and A, is dominated by O,, so V(p) C Spec(A) = X is the center of v
on X.

For statement (c), if Z = Z, is the center of a G-invariant valuation v on X, then the fact
that v is G-invariant implies that the action of G on K (X) fixes the valuation ring O,. The
(unique) morphism f : Spec(OQ,) — X is therefore a G-equivariant map sending the closed
point of Spec(O,) to the generic point of Z. Since the action of G fixes the closed point of
Spec(O,) and f maps this closed point to the generic point of Z, we see that G fixes the
generis point of Z as well. It follows from continuity of the action morphism G x X — X
that we have G - Z = Z, i.e. Z is G-stable.

Conversely, if Z is G-stable, then the blowup Blz(X) inherits a natural G-action such
that the blowup morphism 7 : Blz(X) — X is G-equivariant. It follows that the exceptional
divisor 771(Z) is G-stable, hence so is any irreducible component D C 7~ '(Z). Since the
generic point of D is fixed by G, we see that the valuation vp is G-invariant. Moreover,
since m maps DD dominantly onto Z, we see that m induces a local ring homomorphism
Ox ¢ — O,,, where ¢ € Z is the generic point. We conclude that Z is the center of vp on
X. O

The main technical ingredient for working with valuations on spherical varieties is the
following theorem, which essentially allows us to only consider the values of G-invariant
valuations on the B-eigenvectors of K(X)*. The proof of the theorem involves several
technical arguments about G-invariant valuations; we refer the reader to [Kno91, Section 1]

for details.

Theorem 3.1.13 ([Kno91, Corollary 1.7]). Let G be a connected reductive group, let X be a
spherical G-variety, and let X3 C X be the open B-orbit of X. For any G-invariant valuation
vy € V(X) and any nonzero element f € T'(X%, Ox), there exists some ' € K(X)B) such
that

v (f') = vo(f),
o(f") >v(f) for allv e V(X), and
vp(f') > vp(f) for every B-stable prime divisor D on X.

Inspired by the above theorem, we want to distill the information of a G-invariant valua-
tion into a simpler combinatorial object by considering only its values on B-eigenvectors. We
can do this in the following way. Let X be a spherical variety. Note that the set of nonzero
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B-eigenvectors (K (X)*)®) is abelian group (under multiplication), and we can define a
homomorphism

(K (X)) — A(X)
by f +— xy, where x; is the character through which B acts on f. This map is surjective by

definition, and its kernel is precisely the nonzero elements of K(X)?. Since X is spherical,
we have K(X)? =k (Theorem 3.1.4), so we obtain an exact sequence

1=k = (K(X))® 5 A(X) = 0.

Now, any valuation v : K (X)* — Q restricts to a group homomorphism v’ : (K (X)*)®) —
Q. Since v vanishes on k*, it induces a group homomorphism ¢(v) : A(X) — Q. We have
thus defined a map
¢ :V(X) = N(X) =Homgz(A(X),Q).
One of the key implications of Theorem 3.1.13 is that the map ¢ is injective.

Corollary 3.1.14 ([Kno91, Corollary 1.8]). Any G-invariant valuation v € V(X)) is uniquely
determined by its values on K(X)B). In other words, the map ¢ defined above is injective.

Proof. Let v € V(X) be any G-invariant valuation with v" # v, and let X5 C X be the
open B-orbit. Note that X3 is an orbit of a smooth solvable group and hence is affine
(see Theorem 2.2.4), so we have Frac(I'(Xg,Ox)) = K(X). Thus, there exists some f €
I'(X3, Ox) such that v(f) # v'(f). Without loss of generality, suppose that v(f) < v'(f).
By applying Theorem 3.1.13 to v and f we, then obtain some f’ € K(X)®¥) and some ¢ such
that
v(f) = v(f) <V (f) < V().

So v(f’) # v'(f'), which shows that v and v do not have the same values on K(X)®). O

In light of this corollary, we typically identify V(X) with its image under ¢ in the Q-
vector space N(X). As we will see later (Section 3.4), the subset V(X) C N(X) is actually
a polyhedral cone with several nice properties related to the geometry of X.

We now turn to divisors on spherical varieties.

Definition 3.1.15. Let X be a G-variety.

1. By a B-divisor (resp. G-divisor) on X we mean a B-stable (resp. G-stable) prime Weil
divisor on X.

2. We denote by Dg x (resp. D y) the set of all B-divisors (resp. G-divisors) on X.

3. A color on X is a B-divisor which is not G-stable. We define A(X) = D(X) \ Dg(X)
to be the set of all colors of X.
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Let X be a spherical variety. Note that for a G-divisor D of X, the associated valuation
vp is G-invariant (Lemma 3.1.12). If D is instead a color, the associated valuation vp will
not be G-invariant (though it will be B-invariant). In either case, however, vp induces a
map A(X) — Q as above. We can thus extend the map ¢ defined above to a map

0 : V(X)UDgx — N(X) =Homz(A(X),Q)

by sending any D € A(X) to the map ¢p : A(X) — Q determined by the valuation vp.
Note that ¢ is generally not injective on A(X) (i.e. a B-invariant valuation need not be
determined by its value on B-eigenvectors), as the following example shows.

Example 3.1.16 ([Pez10, Examples 2.2.1, 2.3.1, 2.5.1]). Let G = SLs acting on X = P! x P!
diagonally via the action on P! given in Example 2.4.19. In projective coordinates, this action
is given by:

(a b) [z y], [w: 2]) = ([ax + by : cx + dy], [aw + bz : cw + dz]).

We take B C G to be the Borel subgroup of upper triangular matrices and T C B to be
the subgroup of diagonal matrices. Note that if [z : y] # [w : 2], then the vectors (z,y)
and (w, z)T form a basis for C2. So for any other such pair [z’ : y/] # [w’ : 2], there is
an invertible matrix mapping (z,y)? — (2/,¢)T and (w, 2)T — (v’, 2')T. After scaling this
matrix, we obtain some matrix g € SLy such that g-[z: y] =[2':¥/] and g-[w : 2] = [w' : Z/].
If A C X is the diagonal of P! x P!, this proves that X \ A is a G-orbit of X, and one can
check that A is the only other G-orbit of X.

We can characterize the B-orbits of X in a similar way. Given any point ([z : y], [w :
z]) € P!, one can check that there is a (unique) upper triangular matrix of determinant
1 mapping [z : y] — [2' : y] and [w : z] — [’ : 2] for any choice of 2’ and w’. On the
other hand, the point ([1: 0],[1 : 0]) is fixed by every upper triangular matrix and hence is
a B-fixed point. It follows that the diagonal A is a B-stable divisor of X, and so are the
subvarieties

Dy =P ' x {[1:0]}, Dy={[1:0]} x P..
Our above statements also imply that the set

{(lz:1Lly 1) [z #y} = X\ (AUD U D)

is an open B-orbit of X. This proves that X is spherical and that the B-divisors of X are
A, Dy, and D,y. Since A is a G-orbit, it is G-stable; on the other hand, both D; and D,
intersect the open G-orbit X \ A and hence are colors of X.

Write X = Proj(k[z,y]) X Proj(k[w, z]), and consider the open subset

Xpa=X\(D1UDy)={(jx:1],[y:1]) | 2,y € k} C X.
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We have Xp A =D, (y) x D (2) and hence

w

Xp.a 2 Spec (k B ;D =~ Spec(k[z/, w']).

Using the action of G on k[x,y| and k[w, z] given in Example 2.4.19, we see that B acts in
these coordinates by

t t
(O tu1> ol =t — (0 tu1> cw' =t =t

So, the element (/ —w')™' € K(Xpa) = K(X) is a B-eigenvector with character equal to
the unique simple root a; of G. (Explicitly, a; is given by diag(t,t™1) — t?). Tt follows that
o1 € A(X)

Now, the isomorphism Xpa = Spec(k[z’,w']) identifies ' (resp. w’) with the rational
function z/y € K(X) (resp. w/z € K(X)). Thus, the rational function 2’ —w' = % — %
has zeros of order 1 on the open subset U N A of A and has poles of order 1 on the open

subsets Dy \ {([1 : 0],[1 : 0))} and Do \ {([1 : O],[1 : 0])} of Dy and D,. Since z’ — v’
is a B-eigenvector with character —ay, it follows that ¢p,(a1) = ¢p,(a1) = 1 and that
va(ag) = —1. Moreover, we know that

Z-a; C A(X) CA(;:Z-%.
If there were any nonzero B-eigenvector f € K (X)®) with weight /2, then we would have
vp, (f) = ¢(a1)/2 = 1/2, contradicting the fact that vp, takes integer values on K(X)*. It
follows that A(X) =Z - ;.

Since ¢p, (1) = @p,(a1) = 1, we see that ¢p, = ¢p, as functions A(X) — Q. On the
other hand, for each ¢, the valuation vp, has center D; on X; since X is separated, this
implies that vp, # vp,. Thus, this example shows that ¢ need not be injective on colors,
or equivalently, that valuations which are not G-invariant need not be determined by their
values on B-eigenvectors.

The following lemma gives us a few nice properties about divisors and valuations on
spherical varieties.

Lemma 3.1.17. Let X be a spherical G-variety.

(a) For any B-stable affine open subset U C X, the irreducible components of X \ U are
all B-divisors.

(b) The B-divisors of X are precisely the irreducible components of the complement of the
open B-orbit.

(c) Fither X has no G-divisors (i.e. every G-stable subset of X is either dense or of
codimension > 1), or the G-divisors of X are precisely the irreducible components of
the complement of the open G-orbit.
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(d) If X is affine, we have

AH(X) = {x € AX) | pp(x) =0V D € Dg.x}.

Proof. For (a), we note that X \ U is B-stable, hence so is every irreducible component X \ U
(see Lemma 2.1.3). Moreover, because U is affine, it is a general scheme-theoretic fact that
every irreducible component of X \ U has codimension 1 (see e.g. [Sta20, Tag 0BCV]). So,
the irreducible components of X \ U are B-stable irreducible codimension 1 subschemes of
X, i.e. B-divisors.

As for (b), the open B-orbit X§ is affine (Theorem 2.2.4), so (a) implies that every
irreducible component of X \ X5 is a B-divisor. Conversely, any B-divisor D is B-stable
and does not contain the open B-orbit X3, so D cannot intersect Xp3. In other words, D
lies in the complement V' of X§, so D must be an irreducible component of V' (because D
is irreducible and has codimension 1 in X).

For (c), the same reasoning as in (b) shows that any G-divisor is an irreducible component
of the complement Vi of the open G-orbit of X. So, we just need to show that if a G-divisor
D exists, then every irreducible component of Vi is a G-divisor. For this, note that V is
a G-stable closed subvariety of X. So, Theorem 3.1.8 implies that V is Cohen-Macaulay
and in particular equidimensional. Since D is a component of Vi, we conclude that every
component of Vi has codimension 1 in X and hence is a prime Weil divisor of X. Finally,
every component of Vi is G-stable by Lemma 2.1.3.

As for (d), write A = I'(X,Ox) and A° = I'(X3,0x). The B-eigenvectors in A are
precisely the B-eigenvectors of A° that extend over X \ Xp. Combining this fact with
Statement (a) gives us

AP = {f € (A°)P) | vp(f) >0V D € Dg,x}.

On the other hand, for any B-divisor D € D¢ x and any eigenvector f € (A°)®) of weight y;,
we have vp(f) = ¢p(x) by definition. So, the above equation will be precisely the equation
in (c), provided we can show that AT(A°) = A(X). We already know that A(X) = AT(X)9P
(see Proposition 2.5.9). For any f € A®) the nonvanishing locus X s is a B-stable open
subset, so it intersects X and hence contains X§. It follows that f, f~' € A° and hence
that

AX) = AT(X)? C AT(X3).

The opposite containment follows immediately from the fact that A° C K(X) (and the fact
that the G-module structure on A° is compatible with that of K (X), see Remark 2.4.1). O

Remark 3.1.18. One consequence of parts (a) and (b) of the above lemma is that the sets
De.x, DE x, and A(X) are all finite for any spherical variety X.

We have already seen (Example 3.1.3) that toric varieties are spherical varieties when
G = B = T is a torus. Notice that toic varieties will never have colors, because G = B.
Conversely, it turns out that any spherical variety with no colors is a toric variety.


https://stacks.math.columbia.edu/tag/0BCV

102

Proposition 3.1.19 (cf. [Bri97, proof of Theorem 2.3]). Let X be a spherical G-variety,
and suppose that X has no colors (i.e. that every B-divisor of X is G-stable). Then, |G, G]
acts trivially on X, and X is a toric variety for a quotient of the torus G/|G, G].

Proof. Let X° be the open B-orbit of X. The complement of X° is the union of the B-
divisors of X (Lemma 3.1.17). All of these divisors are G-stable by assumption, so X° is
G-stable and hence is the open G-orbit of X. Let H be the stabilizer of a point z € X°. We
claim that G = BH. Indeed, for any g € GG, we have gr € X°. Since X° is a B-orbit, there
exists some b € B such that gr = bz. It follows that b~'g € H, so that g = b(b~'g) € BH.
Since G = BH, a lemma using the theory of semisimple groups (see [Bri97, Lemma 2.3]
or [Pez10, Lemma 3.1.1]) implies that [G,G] C H. Thus, H is a normal subgroup of G and
hence is the stabilizer of every point in the open G-orbit X°. It follows that H acts trivially
on all of X (see Lemma 2.1.6). Thus, the action of G on X induces an action by the quotient
group G/H, and X° is a G/H-orbit on which G/H acts freely. On the other hand, G/H is
reductive (see [Bor91, Corollary 14.11]) and commutative (because [G,G] C H), so G/H is
a torus (see [Mill7, Proposition 19.13]). It follows that X is a toric varic under G/H (cf.
Example 3.1.3). O

The following is a technical (but sometimes very useful) statement about B-stable divi-
sors.

Proposition 3.1.20 (cf. [Bri97, proof of Proposition 2.2]). Let X be a G-variety with finitely
many G-orbits, and let D C X be a B-stable effective Weil divisor of X such that no G-orbit
1s contained in the support of D. Then, D 1is an effective Cartier divisor, and the invertible
sheaf Ox (D) is generated by global sections.

Proof. Let Ox(D) be the divisorial sheaf corresponding to D (see Appendix B), and let
I = Ox(—D). Let G — G be an isogeny of algebraic groups such that I is G-linearizable
(such an isogeny exists, see Theorem 2.6.11). There exists a Borel subgroup B G mapping
to B C G (see e.g. [Mill7, Proposition 17.20]). Since G’ acts on X via its image in G, we see
that D is B-stable. So, replacing G by G affects neither our assumptions nor the statement
of the proposition. After this replacement, then, we may assume that I is G-linearizable.
We fix a G-linearization ¢ : p*I — pr I (here p: G x X — X is the action morphism).
Now, we define
Y={zxeX|IL%#Ox,}

Note that Y is a closed subscheme of X (since the locus where [ is invertible is open). We
claim that Y is G-stable. This can be checked on k-points. (Proof: because X is a Jacobson
scheme over k, the k-points of Y are dense in Y, so continuity of the action morphism
p: G x X — X implies that if G maps the k-points of Y into Y, then it maps all of Y
into Y.) So, let g € G(k). The point g acts on X by a morphism p,; : X — X, and the
G-linearization ¢ induces an isomorphism of sheaves of Ox-modules i;,spec(k)QS Dyl = 1
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(see the discussion preceding Lemma 2.4.11, applied to S = Spec(k)). For any =z € X (k), we
have p,x(z) = gz and hence

(the first isomorphism here is a general fact about pullbacks of Ox-modules, and the second
isomorphism is induced by i;,Spec(k)(b') It follows that x € Y if and only if gx € Y, which
proves the claim.

On the other hand, Lemma B.11 implies that I is the ideal sheaf corresponding to some
closed subscheme structure on Supp(D). It follows that Y C Supp(D). In particular, ¥
contains no G-orbit by our assumptions on D. But Y is G-stable, so this is only possible if
Y = @, i.e. if I is invertible. This implies that Ox (D) = IV is also invertible and hence that
D is a Cartier divisor (see Corollary B.12).

To prove that Ox (D) is globally generated, let o € I'(X, Ox (D) be the canonical section
of Ox (D). We have X \ X, = D, so X,, intersects every G-orbit. It follows that the sets
g- X, = Xy for g € G cover X, so Ox(D) is globally generated by the sections go for
geaqG. m

The geometry of divisors on spherical varieties is very rich. For instance, one can give
a combinatorial description of both Weil and Cartier divisors on a spherical variety, and
for complete spherical varieties, the combinatorial invariants of spherical varieties give rise
to many interesting intersection-theoretic results regarding Chow groups, cones of effective
curves, etc. We will summarize this description of Weil and Cartier divisors later, in Sec-
tion 3.7. For a discussion of intersection theory on complete spherical varieties, we refer the
reader to [Perl8, Section 4].

3.2 The Local Structure Theorem

In this section, we discuss the local structure theorem, first as a general result on normal
G-varieties, and then as it applies specifically to spherical varieties. As far as we are aware,
the first proof of the local structure theorem was given by Brion, Luna, and Vust ([BLV&6,
Theorem 1.4]). Since then, however, several different variants of the theorem have been
proven by several different authors. We mention here a few significant variations on the
local structure theorem that appear in the literature.

1. Knop has proven a weaker variant of the theorem holds in positive characteristic (see
[Tim11, Section 4] for a statement and references).

2. Knop has also proven a slight refinement of the result in [BLV86] in characteristic 0.
See [Kno94, Theorem 2.3] for the original proof (or [Tim11, Theorem 4.10] for a brief
summary of Knop’s result).

3. One can carefully keep track of data such as valuations and divisors in the local struc-
ture theorem, as Losev does in [L.os09a, Section 5|. Since we will want to be able to
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keep track of this data in the same way that Losev does, we give statements and proofs
analogous to those of Losev’s formulation in Propositions 3.2.3 and 4.4.1.

The local structure takes on particularly nice forms for certain nice types of spherical
varieties. We will prove such variants of the local structure theorem later, in Theo-
rems 3.5.6, 3.5.9, and 3.5.22.

Our presentation of the local structure theorem is similar to many others in the literature
(c.f. [BLV&6, Theorem 1.4], [Tim11, Section 4.2], and [Bri97, Sections 1.4, 2.2-2.4]). However,
our presentation is more nuanced than most. This is due to the following technical details,
which are often not discussed in the literature:

(1)

An explicit description of the parabolic subgroup P in Theorem 3.2.2. This will be
important to us because, along with Corollary 2.5.5, it implies that this subgroup
P does not depends on the G-variety X but only on the representation theory of a
G-module of the form HY(X, L®") (see Lemma 4.4.4 for details).

Certain relationships between the local structure theorem and B~ -fixed points in The-
orem 3.2.2b and Lemma 3.2.9. These are important for certain applications of the
local structure theorem to so-called wonderful varieties, which are a certain nice type
of spherical variety. More specifically, we use these technicalities on B~ -fixed points in
the proof of Theorem 3.5.21, which is a very important result on wonderful varieties,
as well as in the proof of Theorem 3.5.22.

The fact that certain “nice” open subsets of spherical varieties (namely, the sets Xpy
of Theorem 3.2.7) have the form X for some f € H°(X, L®")(®) when X is quasi-
projective. (See Theorem 3.2.7a for a precise statement of this fact.) For most ap-
plications of the local structure theorem to spherical varieties, this fact is entirely
unnecessary. However, it will be essential for our purposes, because we will need to
apply the local structure theorem to a subset of the form X in order to keep track of
certain key combinatorial data locally (see Lemma 4.4.4, which is inspired by Losev’s
approach in [Los09a, Corollary 5.6]).

We are not aware of any presentation of the local structure theorem in the literature that
explicitly proves all three of these technical points, or indeed any presentation which explicitly
proves either (2) or (3) above. However, (1) does explicitly appear in the literature (see e.g.
[Bri97, Theorem 2.3]); the key details of (2) follow from the proofs given in [BLV86, Section
1]; and (3) can be proven by adapting Knop’s arguments in [Kno91, Theorem 2.1]. As such,
it seems likely that these details are known to experts.

3.2.a The General Theorem

The following lemma gives the key construction for the local structure theorem. Some vari-
ation on this lemma appears in every proof of the local structure theorem that we are aware
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of in the literature. The proof of the lemma is essentially a technical algebraic argument
involving Lie algebras; we omit the details here.

Lemma 3.2.1 ([BLV86, Lemma 1.1, Proposition 1.2]; cf. [Bri97, Section 1.4],[Tim11, Lemma
4.4, Corollary 4.5)). Let N be a finite-dimensional G-module, and let v € NB) and w €
(N*)B7) be eigenvectors such that (w,v) = 1. Let P (resp. P~ ) be the stabilizer Gy, (resp.
Gy) of the point [v] € P(N*) (resp. [w] € P(N)) corresponding to the line kv C N (resp.
kw C N*).

(a) M = PN P~ is a Levi subgroup of both P and P~, and T C M.

(b) Let g be the Lie algebra of G. The subspace

(gw)" ={n €N | (gw.n) =0V g€ g}
is a P-stable subspace of N, and N = gv @ (gw)*.

(c) Write N = E@ kv@(gw)* for some subspace E C N, and let
Z =P(N), NV(Sym'(E)) = U NP(kv P (gw)"')) € P(N).
Then, Z is an M-stable closed subvariety of P(N),, and the morphism
R.(P)x Z — P(N),

given by (p, z) — pz is a P-equivariant isomorphism. Here, the action of P = R, (P)M
on Ry (P) x Z is as follows: we let R,(P) act on itself by left multiplication and act

trivially on Z, and we let M act by conjugation on R,(P) and act on Z via the action
of G on X.

Theorem 3.2.2 (The local structure theorem; cf. [BLV86, Theorem 1.4], [Tim11, Theorem
4.6]). Let X be a G-variety, let L be a G-linearized globally generated invertible sheaf on X,
and let f € HO(X, L®)B) for some n > 1. Set

P={geG|gX;=X;},
and let M be the standard Levi subgroup of P containing T .
(a) There exists an M-stable closed subvariety Z C Xy such that the morphism
R,(P)x Z — Xy

given by (u, z) — uz is a P-equivariant isomorphism. Here, the action of P = R, (P)M
on R,(P) x Z is as follows: we let R,(P) act on itself by left multiplication and act
trivially on Z, and we let M act by conjugation on R,(P) and act on Z via the action
of G on X.
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(b) Suppose that y € Xy is a point stabilized by B~. Then, the stabilizer G, is the opposite
parabolic subgroup to P containing T'. Moreover, we may choose the subvariety Z in
(a) such thaty € Z.

Proof. After replacing L by a tensor power, we may assume that f € H°(X,L). Let N C
H°(X,L) be a finite-dimensional G-submodule such that f € N and L is generated by
global sections in N. Then, the surjection Ox ® N — L gives us a G-equivariant morphism
¢ : X = P(N) such that ¢*Opny(1) = L. Since f € N, we may view f as a section of
Op(ny(1) pulling back to f € HY(X, L). In particular, this gives us ¢ *(P(N);) = X;.

We wish to apply Lemma 3.2.1 to P(N) with v = f and w € N* some B~ -eigenvector
such that (w, f) = 1. To do this, we first need to check that such a choice of w exists. Let V'
be the G-submodule of N generated by f, and let w € (V*)(®7) be a nonzero B~ -eigenvector
(which exists by Theorem 2.3.6). Suppose that (w, f) = 0. Then, w : V' — k is 0 on all
of B"B - f (since w and f are eigenvectors of B~ and B, respectively). But since B~ B is
an open subset of G, the G-module V is spanned (as a k—vector space) by B~B - f (see
Lemma 2.1.7). So in fact, w is 0 on all of V', contradicting the fact that w is nonzero. This
proves that (w, f) # 0, and after rescalling w if necessary, we may assume that (w, f) = 1.

We can now apply Lemma 3.2.1 to f and w to get a closed subvariety Z, C P(NV);. Pulling
back Zy by ¢ gives us a subscheme Z C Xy which satisfies (a), but with G[,; = G|y in place
of P. (Here we are implicitly using the fact that ¢ is G-equivariant, cf. Proposition 2.4.17.)
However, one can check from the definition of the action of G on P(NN) that

Giyy=1{9€G|g-f=cf forsomecek™}

Proposition 2.5.4 thus implies that P = G|5. Finally, since the isomorphism R, (P)x Z = X;
is R, (P)-equivariant, the scheme Z is isomorphic to the geometric quotient Xy/R,(P) and
hence is integral by [MF82, Section 0.2] (see the proof of Proposition 3.2.3b below for details).
This proves (a).

For (b), suppose that in our above application of Lemma 3.2.1, we take w to be some
nonzero element in the line in N* corresponding to ¢(y) € P(N). In this case, ¢(y) € P(N);
implies that (w, f) # 0, so after rescaling w if necessary, we may take (w, f) = 1, and the
construction goes through as before. Note that G, = G,y = G|, is now the opposite
parabolic subgroup to P containing 7" (by Lemma 3.2.1a). Moreover, the morphism ¢(y) <
P(N) corresponds (via the functor of points of P(IV)) to the surjection p : N — k which is
the dual of the inclusion kw — N*. Writing N = E@ kf @(gw)* as in Lemma 3.2.1, we
see that p(f) = (w, f) = 1 and that

o ((EP(aw)*) =0.

In particular, p factors through the quotient map N — kv@(gw)*, so we have ¢(y) €
V(Sym™(F)) and hence ¢(y) € Z. O

The following proposition allows us to transfer a lot of interesting data from the variety
X to the subvariety Z in the situation of the local structure theorem.
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Proposition 3.2.3 (cf. [Los09a, Propositions 5.3 and 5.4]). Let X be a G-variety, and let L
be a G-linearized invertible sheaf on X generated by global sections. Let f € H°(X, L®")B)
for somen > 1, let D C D¢ x be the set of irreducible components of X \ Xy, and let P, M,
and Z be as in Theorem 3.2.2.

(a) If either (1) X is projective and L is ample or (2) X is affine, then Z is affine.

(b) R, (P) acts freely on Xy, and Z is M -equivariantly isomorphic to the geometric quotient
X¢/R,(P). Moreover, if X is normal (resp. smooth), then Z is normal (resp. smooth,).

(¢) For any B-orbit O C Xy, the intersection O N Z is a (B N M)-orbit of Z (and in
particular is nonempty).

(d) T is a mazimal torus of M, and B N M is a Borel subgroup of M containing T.
Moreover, with T and BN M as our choices of mazximal torus and Borel subgroup, we
have A(X) = A(Z) as subsets of Ag = X(T'), hence also N(X) = N(Z).

(e) If X is a spherical G-variety, then Z is a spherical M -variety.

(f) The map
L DM,Z — Dgyx\D

given by D — R, (P) X Z is a bijection with inverse given by D +— D N Z. Moreover,
for any D € Dy z, we have pp = o, py as elements of N(X) = N(Z).

Remark 3.2.4. Nothing in the statement or proof of this proposition depends on the
fact that the open subset in the local structure theorem has the form X; for some f €
HO(X,L®")(B) In other words, the proposition holds equally well for any open subset
U C X and any M-stable closed subvariety Z C U such that R, (P) x Z = U as P-varieties
(just replace Xy by U everywhere in the proposition). This variation on the proposition is
useful for some other formulations of the local structure theorem (see e.g. [Los09a, Section
5]); for our purposes, however, the above proposition as stated will always be sufficient.

Proof. For convenience, we write P, = R, (P). If X = Spec(A) is affine, then X; = Spec(Ay)
is affine; likewise, if L is ample and X is projective, then X = Proj(I'.(X, L)), so X; =
Spec((I'«(X, L)¢)o) is affine. In either case, Z is affine because it is a closed subscheme of
Xy. This proves (a).

For (b), we note that X; = P, x Z as P-varieties. Since P, acts on P, x Z by left
multiplication in P,-coordinate, we immediately see that the action of P, on X is free
(since left multiplication is a free action). Moreover, P, acts trivially on the Z-coordinate of
P, x Z, it follows formally from definitions that Z is the geometric quotient of P, x Z and
that the quotient map is just projection map P, x Z — Z. Finally, if X is normal (resp.
smooth), then X; = P, x Z is as well. The projection map P, x Z — Z is faithfully flat
and finitely presented, so it follows from standard results on fppf descent (see e.g. [GW10,
Proposition 14.57]) that Z is normal (resp. smooth) if X is.
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Before we continue with the proof, we note a couple of general facts about unipotent
radicals and parabolic subgroups containing B.

1. We have R,(B) = P, - (M N R,(B)). In particular, P, C R,(B). This can be proven
using the structure of standard parabolic groups (see e.g. [Mill7, Theorem 21.91]).

2. We have B = P,(M N B). This follows formally from Fact 1 and the fact that B =
R (B)T.

To prove (c), we make use of Fact 2 above. For any B-orbit O C Xy, pick any point
(p,2) € P, x Z such that (p,z) € O. Then, p~ - (p,z) = (1,2) € O N Z because P, C B
(and because the isomorphism X; = P, x Z identifies Z with {1} x Z). So, ONZ is a
nonempty (B N M)-stable subset of Z. On the other hand, let p;,ps € O N Z be any two
points. Since O is a B-orbit, there exists some b € B such that bp; = py. Write p; = (1, 2;)
for some z; € Z. By Fact 2 above, we can write b = um with v € P, and m € BN M. We
then see that

(1,29) = po = bpr = um(l,z1) = u(l,mz1) = (u,mzy).

It follows that w = 1, so that b = m € BN M and mp; = p,. Thus, O N Z is a single
(B N M)-orbit, as desired.

For (d), note that 7" C M by definition, so 7" is a maximal torus of M. That BN M
contains 7' is immediate, and that BN M is a Borel subgroup of M is a general fact about Levi
subgroups of parabolic subgroups containing B (see e.g. [Mill7, Proposition 21.90, Theorem
21.91]). To show that A(Z) = A(X), note that since Z = X;/P, is a geometric quotient and
P, acts freely (and in particular properly) on X, we have

K(2)= K(X;/P,) = K(X)" = K(X)".

(This follows from the definition of a geometric quotient plus the fact that the quotient
morphism X; — X;/P, is affine; see [MF82, Definition 0.6(iv) and Proposition 0.7].) Now,
Theorem 2.3.4 states that an element of K(X) is a B-eigenvector if and only if it is a T-
eigenvector which is fixed by R, (B). We noted above that R, (B) = P,-(MNR,(B)), so being
fixed by R,(B) is equivalent to being fixed by both P, and R,(BNM) = M N R,(B). Thus,
the B-eigenvectors of K(X) are precisely the T-eigenvectors of K (X )P which are fixed by
R,(BN M), and these are precisely the (B N M)-eigenvectors of K (X)" (by Theorem 2.3.4
again). Putting this all together, we have

K (Z)\PM0 2 (K (X)P)PM = K (X)W,
which implies that A(Z) = A(X).

Statement (e) now follows almost immediately from (b), (c), and (d). If X is spherical,
then Z is normal by (b). Moreover, the open B-orbit X3 intersects X; (because X is
irreducible), so X3 C Xy (because X is B-stable). Statement (c) now says that X N Z is
an open (B N M)-orbit of Z, so Z is spherical.
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Finally, we prove (f). Let D C Z be a (B N M)-stable prime Weil divisor. Then,
P, x D C P, x Z is stable under P,(BN M) = B. Also, P, x D is irreducible (see e.g.
[Sta20, Tag 038F]), and is codimension-1 in P, x Z = X, hence also in X. So the closure
P, x D is a B-stable prime divisor of X. Conversely, let D’ C X be any B-divisor not
contained in X \ X;. Then, Dy = D' N Xy # &, and D’ is the closure of Dy in X. Notice
that for any (u,z) € Dy C P, x Z, we have u™ ' - (u,2) = (1,2) € DyN Z. Tt follows that
Dy = P, x D, where D = Dy N Z. Since Dy is B-stable and Z is M-stable, D is (B N M)-
stable, and D has codimension 1 in Z because Dy has codimension 1 in P, X Z. Moreover,
D is irreducible because it is (isomorphic to) the image of the irreducible set Dy under the
projection morphism P, x Z — Z. Thus, both the map ¢ and the map D' — D' N Z are
well-defined, and one can check that these maps are indeed inverses.

It remains to check that op = ¢,(p) for all D € Dy, 7. Fix such a divisor D, and set D =
t(D) = P, x Z. The proof of (c) above shows that the quotient map ¢ : Xy — X;/P, = Z
induces an inclusion on function fields

K(Z)B") ~ g(x)P) ¢ K(X).

On the other hand, The isomorphism Z = X;/P, identifies the inclusion i : Z — X with
a section of ¢. It follows that restricting a B-eigenvector a € K(X)®) to Z (i.e. taking the
image of a under the map K(X) — K(X) induced by i) is the same as viewing a as an
element of K(Z)P"™) =~ K(X)(B)  In particular, the restriction of a to Z is a (B N M)-
eigenvector whose weight 4 is the same as the weight of a (as a B-eigenvector in K(X)).
Since D = D' N Z and restricting a to Z does not change the order of a along D', we have

vp(a) = vpr(alz) and hence pp(p) = opr(p). 0

3.2.b The Local Structure Theorem on Spherical Varieties

For a spherical variety X, there exist canonical affine open subsets of X that we can apply
the local structure theorem to, and these subsets are nicely related to the G-orbits of X.
This statement, which is made precise in Theorem 3.2.7, will give us our main use of the
local structure theorem on spherical varieties.

In order to prove Theorem 3.2.7, we will need a few technical lemmas. The first can
be viewed as a sort of generalization of Theorem 2.6.12b. That theorem says that, when
G =T is a torus, we can cover a normal G-variety by G-stable affine open subsets. When
G is a general reductive group, our affine open subsets are not G-stable but only B-stable.
However, we still get some useful compatibility conditions.

Lemma 3.2.5 ([Kno91, Theorem 1.3], [Bri97, Proposition 1.1]). Let X be a quasi-projective
G-variety, let Y C X be a G-stable (locally closed) subvariety, and let L be a G-linearized
ample invertible sheaf on X. There exists some n > 1 and some f € H°(X, L®")B) such
that

(a) Xy is affine,
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(b) f does not vanish on'Y (i.e. X;NY # &), and
(c) the restriction map on B-eigenvectors
I'(X;,0x)P) = D(X;NY,0y)P
18 surjective.

Proof. We may replace L by a tensor power and so assume that L is very ample. Then,
Theorem 2.6.12 gives us a G-equivariant immersion i : X < P(V') such that i*Op)(1) = L
for some finite-dimensional G-module V. Let X and Y denote the closures of X and Y
(respectively) in P(V), and let X’ (resp. Y’, Z') denote the affine cone over X (resp. Y,
X \ X). Since formation of affine cones commutes with immersions, we have containments

Y' 7' c X' C AV).

Now, Y is closed in X’ by definition. Since X is locally closed in P(V), the boundary X \ X
is closed in P(V), so Z’ is closed in A(V') (hence also in X’). Also, we know that X’ is
equipped with an action of G = G x G,,. Because Y is G-stable in X, the affine cone Y’ is
G-stable in X'. Likewise, Z’ is G-stable because X\ X is G-stable.

We claim that there exists a nonzero B-eigenvector f; € A = I['(X’, Ox/) which vanishes
on Z' but not on Y’. such that YyUZ’' C V(f1). Let I C A" =T'(Y'UZ', Oy+z) be the radical
ideal cutting out the closed subscheme Z’. Since Z’ is G-stable, I is a G-submodule of A’,
so there exists some nonzero B-eigenvector fj € I¥) (see Theorem 2.3.6). Then, f/ vanishes
on Z', so f] must not vanish on Y’ (otherwise, f; would be 0 on Y'U Z’). Since Y’ U Z' is
a G-stable subscheme of X', we can lift f{ to a B-eigenvector f; € AP®) (Proposition 2.5.6).
Since fi|ywwz = fi, we see that f; vanishes on Z’ but not on Y”.

Now, by definition of the affine cone X', we have

A=@PHX, T,

n>0

where L = Op(y)(1)|. Since f; is a B-eigenvector and G,, acts on A according to the grad-
ing, one can check that f; must be a homogeneous element of A. Moreover, H*(X, O%) = k
has no sections that vanish anywhere, so f; € H°(X, f®n) for some n > 1. (If Z = @ and
X = X, it is possible that f; does not vanish anywhere. In this case, we may simply pick
f1 € Ato be any B-eigenvector which does not vanish on Y’ and also does not lie in Ay = k.)
Since L|x = L, the restriction f = f,|1, is now an element of H°(X, L®")(®). By our choice
of fi, the section f vanishes on X \ X but not on Y. It follows that

X; =Xy, C X 2 Proj(A).

In particular, X is affine (because X, is).
This prove that our choice of f satisfies statements (a) and (b). To check statement (c),
let a € T'(X; NY,Oy)® be any B-eigenvector. Then, the fact that X; = X, tells us that
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XrNY = Yfl So, if J C A is the homogeneous ideal cutting out Y C X and f; is the
image of f; in A/J, then we have

P(X;NY, Oy) = ((A/J)5)o

There exists some m > 0 such that af; € A/J = T(Y,Oy). Since f; is a B-eigenvector
of degree n, the product af;  is a B-eigenvector of degree mn. By Proposition 2.5.6, we
can lift af; to some a’ € AP). Since the quotient map A — A/J is homogeneous, a’ is
homogeneous of degree mn. It follows that

a/fl_m € F(Xf> OX)(B) = F(Xfwo )(B) = (Afl)o
is a B-eigenvector whose restriction to Xy NY is a. O]

In the setting of spherical varieties, we can use our main theorem on G-invariant valua-
tions (Theorem 3.1.13) to strengthen the above lemma.

Lemma 3.2.6 (cf. [Kno91, proof of Theorem 2.1]). In the scenario of Lemma 3.2.5, let D be
a B-stable effective Weil divisor of X and Z C X be a G-stable closed subvariety such that
YD andY ¢ Z. If X is spherical, then we can take the B-eigenvetor f of Lemma 3.2.5
to vanish on D and Z.

Proof. The proof is almost identical to that of Lemma 3.2.5; the main difference is that
we pick the B-eigenvector f; in that proof slightly more carefully. As in the proof of
Lemma 3.2.5, we obtain a G-equivariant immersion 7 : X — P(V') such that i*Op(1) = L,
and we consider the closure X in P(V). This time, however, we take the affine cone over
the normalization of X. More precisely, let v : X X — X be the normalization morphism,
and let L = Op(1)|%. Since v is finite (see Lemma 2.6.15) and L is ample on X, the

- . norm -norm . . . Xr -
pullback v*L is ample on X . Moreover, X is projective (because X is), so we have
=-norm

X = Proj(A), where
A=PH X", (v L)),

n>0

We let X’ = Spec(A) be the affine cone over X with respect to v*L. The reason we
use X " instead of X here is that X " is normal and hence spherical (if O is the open
B-orbit of X, then v~(O) is an open B-orbit of Ynorm) So, Corollary A.6 implies that X’
is a spherical variety under the action of G = G x G,y,.

Similarly, let Y (resp. D’) be the affine cone over the normalization of Y (resp. D) and
let Z' be the affine cone over Z U (X "\ X), where Z*" denotes the normalization
of Z. As in the proof of Lemma 3.2.5, one can check that Y’ is a (locally closed) subvariety
of X', that Z’ is a closed subvariety of X’, and that D’ is a union of prime Weil divisors of
X'. Moreover, the subvarieties Y’ and Z’ are G-stable, and D’ is a union of B-divisors (here
B =B xG,,). Also, we have Y’ ¢ Z' and Y’ ¢ D' (because Y ¢ Z and Y ¢ D).
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Now, let I and J be the ideals of A cutting out Y’ and D' U Z’ (respectively). The fact
that Y/ ¢ D" and Y' ¢ Z' implies that Y’ ¢ D" U Z’ (because Y’ is irreducible), so I 2 J.
Thus, there exists some f, € J such that fy & I, i.e. fy vanishes on D’ U Z’" but not on Y.
Our plan is to “adjust” fy to a B-eigenvector f; € A (B) which still vanishes on D' U Z' but
not on Y’. Suppose for the moment that we have such a choice of f;. Note that X is normal
by assumption, so v identifies X with a G-stable open subvariety of X~ in such a way
that L = (v*L)|x. Thus, all of our arguments in the proof of Lemma 3.2.5 will go through
exactly as they did before (just with X" in place of X). More specifically, by copying the
proof of that lemma, we obtain the following statements:

1. fiis a homogeneous element of A of positive degree, i.e. we have f; € H° (Ynorm, (v*L)2")(B)
for some n > 1;

2. the restriction f = fi|x vanishes on D and Z but not on Y (because f; vanishes on
D"U Z' but not on Y');

=<-norm

3. we have Xy = (X

-norm

)1, (because f; vanishes on X \ X), so X is affine; and

4. the restriction map on B-eigenvectors
['(X;,0x) P - T(X;NY,0y) P
is surjective.

Thus, the restriction f = fi|x is the desired element of H°(X, L#")B),

It remains to check that we can in fact find find some f; € A®) which vanishes on
D' U Z' but not on Y'. For this, the key ingredient is Theorem 3.1.13. Let vy be a G-
invariant valuation on X’ whose center is Y’ (such a valuation exists by Lemma 3.1.12), and
let vy, ..., v, be the valuations corresponding to the prime Weil divisors in the support of
D'. For each G-orbit closure Z, contained in Z, pick some G-invariant valuation centered on
Zo; call these valuations v,,41, ..., v, (there are finitely many because X' is spherical, so it
has finitely many G-orbits). Our choice of fy gives us vo(fo) = 0 but v;(fo) > 0 for all i > 0.
Applying Theorem 3.1.13 to the restriction of fq to the open B-orbit of X', we obtain some
B-eigenvector fi € K(X)® such that

(1) vo(f1) = vo(fo) =0,
(2) ve(fi) > ve(fo) for all B-divisors E of X', and
(3) v(f1) > v(fo) for all G-invariant valuations on K (X).

In particular, since f, € A, we have vg(fy) > 0 for all B-divisors E on X', so Statement
(2) above gives us vg(f1) > 0 for all E € Dg . Lemma 3.1.17d then implies that f, € A.
Moreover, Statement (1) implies that f; does not vanish on Y. Statement (2) implies that
for all 1 <7 < m, we have

vi(f1) > vi(fo) >0
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(here are implicitly using the fact that fy vanishes on every prime Weil divisor in the support
of D). It follows that f; vanishes on D’. Likewise, Statement (3) implies that v;(f;) > 0 for
m+ 1 <7 <mn, and it follows that f; vanishes on Z’ as well. n

We can now prove our main theorem regarding the local structure of spherical varieties.

Theorem 3.2.7 (cf. [Kno91, Theorem 2.1], [Bri97, Proposition 2.2.2]). Let X be a spherical
G-variety, and let Y C X be a G-orbit. Define

Xpy=X\ |J D
DeDg x
Y¢D
where the union is over all B-divisors D C X not containing Y .

(a) For any G-stable quasi-projective open subset Xo C X containing Y and any G-
linearized ample invertible sheaf L on Xy, there exists some B-eigenvector f € HY(X, L®")(B)
for some n > 1 such that Xpy = (Xo)s. In particular, the local structure theorem
(Theorem 3.2.2) applies to Xpy.

(b) Xpy is a B-stable affine open subset of X intersecting Y, and Xpy is the minimal
such subset (i.e. every other such subset of X contains Xgy.)

(¢c) Xpy NY is the unique closed B-orbit of Xy, and

XB’YI{.TEX‘XBA/HYCB'I'}.

(d) Y is the unique closed G-orbit of G- Xpy, and

G'XB’YI{.TEX‘YCG'QZ}.

Proof. Let Xy C X be a G-stable quasi-projective open subset containing Y, and let L be
a G-linearized ample invertible sheaf on X (note that such a choice of Xy and L exists
by Theorems 2.6.12 and 2.6.11). Applying Lemma 3.2.6 to X, and L, we obtain some
f € H°(X,, L®™)B) for some n > 1 such that

(1) (Xo)y is affine,

(2) f vanishes on Xy \ Xpy and on the union Z of every G-orbit closure not containing
Y, and

(3) f doesn’t vanish on Y.
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We claim that Xpy = (Xo)s. For this, let V= X \ (Xy)s. Since (Xy)s is B-stable and
affine, the irreducible components of V' are all B-divisors of X (Lemma 3.1.17). Moreover,
since f vanishes on X, \ Xpy, we know that every B-divisor D € D¢ x not containing
Y is a component of V. On the other hand, if Y C D, then we have D N Xy # &, and
because f does not vanish on Y, we have D N (Xy); # @ and hence D ¢ V. Thus, the
irreducible components of V' are precisely the D € D¢ x not containing Y, which means that
Xpy = (Xo)s by definition. This proves (a), and it also implies that Xpy is affine. Note
also that Xpy is B-stable (because its complement is) and open (because the set D¢ x is
finite), and we have Y N Xp, # @ by definition. Moreover, for any B-stable affine open
subset U C X intersecting Y, the complement of U is a union of B-divisors of X (cf. our
arguments with V' above), and none of these B-divisors contains Y. So, we have

X\UCX\Xgy,

which implies that Xpy C U. This proves (b).

Next, we prove (d). Note that any G-orbit of G - Xpy must intersect Xpy = (Xo)s.
On the other hand, in our application of Lemma 3.2.6 above, we took f to vanish on every
G-orbit whose closure does not contain Y. It follows that Y lies in the closure of every
G-orbit of G- Xpy. In particular, no G-orbit of G - Xpy is closed except possibly Y. But
G - Xpy must have some closed G-orbit (e.g. any orbit of minimal dimension), so Y must
be the unique closed G-orbit of G - Xpy. As for the equality on G - Xpy in (d), our above
arguments give us one direction of containment. For the other direction, let O be a G-orbit
of X such that Y ¢ O; we show that O C G- Xpgy. The orbit O must intersect Xy (because
Y C Xp), and f cannot vanish on O (otherwise f would vanish on Y). It follows that
O N (Xo)s # @ and hence that

OcCG-(Xo)s=G Xpy,

as desired.

It remains to prove (c). By (d), we see that G- Xpy is a spherical variety which contains
both Xpy and every B-orbit whose closure contains Xpy NY, and by (b), we see that
(G- Xpy)py = Xpy. So for the rest of the proof, we may replace X by G - Xpy and
so assume that Y is the unique closed G-orbit of X. In particular, X is quasi-projective
(Corollary 2.6.13), so we may take Xy = X and Xpy = X;.

We claim that XpyNY is a B-orbit. Note that Y is a spherical G-variety (Theorem 3.1.8),
so we may apply Lemma 3.2.6 to Y to obtain a B-eigenvector f' € H(Y, L|$™)®) for some
m > 0 such that f’ vanishes on every B-divisor of Y but not on all of Y. In other words, Y =
Y) is the open B-orbit of Y (see Lemma 3.1.17). Since L is trivial on X; NY, we may view
the restriction of f/ to X; NY as an element of ['(X; NY,Oy)®). By Lemma 3.2.5¢ (which
applies to X/, see Lemma 3.2.6), we can lift f’|x;ny to a B-eigenvector f” € I'(X}, Ox) B,
Then, (Xy)s~ is a B-stable affine open subset of X such that (X;) NY =Yj. In particular,
(Xy)p intersects Y, so by the minimality statement in (b), we have

XB7yﬂY C (Xf)f// NY =Y.



115

On the other hand, since Xpy NY is an open subset of Y, it intersects the dense B-orbit
Yy of YV, and since Xpy NY is B-stable, we have Yy C Xy NY. So, Xpy NY =Y is a
B-orbit, as desired. Note also that since Y is closed in X, the intersection Xpy NY is closed
in Xpy. Since Xpy = Xy, the rest of statement (c) follows from Lemma 3.2.8 below. [

Lemma 3.2.8. Let X be a spherical variety, and let Y C X be a G-orbit. Let L be a G-
linearized globally generated sheaf on X, and let f € H°(X, L®")B) for somen > 1. Suppose
that Xy is affine and that Xy NY is a closed B-orbit of Xy. Then, Xy NY 1is the unique
closed B-orbit of Xy, and

Xf:{.Z'EXleﬂYCB'x}.

Proof. Let Z, M, and P be as in the local structure theorem (Theorem 3.2.2) applied to X,
so that Xy = R,(P) x Z. Since Xpy is affine, so is Z, and Z is also a spherical M-variety
(see Proposition 3.2.3a,e). So, Lemma 2.5.8 implies that Z has a unique closed M-orbit. We
claim that this M-orbit is Z NY. Since Xy NY is a B-orbit, the intersection Z NY is a
(BN M)-orbit of Z (Proposition 3.2.3c). On the other hand, Z NY is M-stable (because Z
and Y are), so ZNY is in fact an M-orbit of Z. Finally, Z NY is closed because Xy NY is
closed in Xj.

We claim that X;NY is the unique closed B-orbit of X ;. For any closed B-orbit O C Xy,
the intersection O N Z is a closed (B N M)-orbit of Z (Proposition 3.2.3), so M(ON Z) is
a closed M-orbit of Z (Lemma2.1.3). But Z NY is the unique closed M-orbit of Z. So, we
must have M(ZNO)=2NY and hence ZNO C ZNY. This gives us

O=P,(ZNO)CP(ZNY)=X;NY.

But X; NY and O are both closed B-orbits of X, so we must have O = Xy NY. This
proves the claim.

Now, every B-orbit of X contains a closed B-orbit in its closure (see Proposition 2.1.2).
Since the only closed B-orbit of Xy is Xy NY, we immediately obtain

XiC{reX | XyNnY CB-z}.

For the reverse containment, let @ C X be a B-orbit such that ¥ € O. Then, we have
ON Xy # @. Since X is B-stable, this implies that O C Xj. O

As in our general statement of the local structure theorem (see Theorem 3.2.2), there is
something we can say about B~ -fixed points in the spherical setting. Somewhat surprisingly,
the statement is: when Y C X is a G-orbit containing a B~-fixed point, the only B-stable
affine open subset of the form X; which intersects Y is the set Xpy. Since Xpy is in general
the minimal such open subset, this means that sometimes the only subset intersecting Y that
is of the form X is the “smallest possible” one.
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Lemma 3.2.9. Let X be a spherical G-variety, and let Y C X be a G-orbit. Let L be any
G-linearized globally generated invertible sheaf on X, let f € H°(X, L)), and let P, M,
and Z be as in the local structure theorem (Theorem 3.2.2) applied to Xy. Suppose that'Y
is complete, that Xy is affine, and that X; NY # &,

(a) Xy contains the unique B~ -fized point y of Y, and we may choose Z such that Y NZ =

{y}-
(b) We have Xy = Xpy.

Proof. First of all, there exists a unique B~-fixed point y € Y by Proposition 2.1.4. More-
over, Lemma 2.1.3 implies that BB~y = By is an open subset of the orbit Gy = Y. Since
X;NY # @, we have X; N By # @ (because Y is irreducible). Because Xy is B-stable, we
conclude that y € By C X;. Theorem 3.2.2 then tells us that G, is the opposite parabolic
subgroup P~ to P containing M and that we may choose Z such that y € Y N Z.

We now imitate several arguments from the proof of Lemma 3.2.8. (Unfortunately, we
cannot use that lemma directly here, because we don’t know that X; NY is a closed B-
orbit.) Because X is spherical and Xy is affine, we know that Z is spherial and affine
(see Proposition 3.2.3a,e). So, Z contains a unique closed M-orbit (Lemma 2.5.8). Since
M c P~ = G,, that orbit is {y}.

We claim that By is the unique closed B-orbit of X;. Let O C X be any closed B-orbit.
Then, O N Z is a closed (B N M)-orbit of Z (Proposition 3.2.3c¢), so M (O N Z is a closed
M-orbit of Z Z (Lemma2.1.3). But the unique closed M-orbit of Z is {y}, so we have
M(ONZ)={y} and hence O N Z = {y}. This implies that O = By. (Note that since X
must have some closed B-orbit, this argument implies that By is a closed B-orbit of Xy,
and that it is the unique such orbit.)

Since every B-orbit of Xy contains a closed B-orbit in its closure and By is dense in Y/,
the above claim immediately gives us

X;c{reX|ByCcBx}={re€X|Y C Bz}

On the other hand, for any B-orbit O such that Y C O, we have O N X # @ (because X;
is an open set containing points in Y') and hence O C X (because Xy is B-stable). Thus,

we have o
Xy={re X |Y C Bz}.

The righthand side of this equation is equal to X5y by Theorem 3.2.7, so this proves (b). The
same theorem thus tells us that X;NY = Xpy NY is a B-orbit, so ZNY is a (BN M)-orbit
by Proposition 3.2.3c. But {y} C ZNY isitself a (BN M)-orbit (since P~ D M D BN M),
so in fact, we must have ZNY = {y}. O

One nice application of the local structure theorem is the following formula for the di-
mension of a spherical variety.
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Lemma 3.2.10 ([Los09¢, Lemma 3.5.8]). Let X be a spherical variety, let X3, be the open
B-orbit, and define
Px ={g€ G| gXp =Xz}

Then, we have

dim(X) = r(X) + dim(G) — dim(Px).

Remark 3.2.11. The group Py is often mentioned in the literature on spherical varieties.
Note that Px is parabolic, since B C Px by definition. Moreover, since X \ X' is the union of
all B-divisors of X (Lemma 3.1.17), the group Py is equivalently the subgroup of all g € G
such that gD = D for every B-divisor D of X (by Lemma 2.1.3). This characterization
is often the more interesting one in light of certain considerations in the theory regarding
simple roots and colors (which we will discuss in Section 3.6.b).

Proof. Let Y be the open G-orbit of X. Then, we have Xpy = X3 by definition, so
Theorem 3.2.7 allows us to apply the local structure theorem (Theorem 3.2.2) to X 5. Writing
M for the standard Levi subgroup of Py, this gives us an M-stable closed subvariety Z C X3
and a Px-equivariant isomorphism

Ru(Px) x Z = X5,

Since X§ intersects no B-divisor of X, Proposition 3.2.3e implies that Z has no (B N M)-
divisors. Because Z has no colors, Z is a toric variety for some quotient of M/[M, M|
(Proposition 3.1.19), and since Z has no M-divisors, Z is homogeneous (see Lemma 3.1.17).

In other words, Z is isomorphic to some quotient of M/[M, M]. In particular, Z is a torus,
so dim(Z) = r(Z), and r(Z) = r(X) by Proposition 3.2.3c. So, we have

dim(X) = dim(X$) = dim(Ry(Py)) + dim(Z) = dim(R,(Px)) + r(X). (3.2.1)

On the other hand, consider the opposite parabolic subgroup Py to Py containing M.
The product R,(Px) - Py is an open subset of GG, and since Px N Py = M, we have
R,(Px)N Py = {1}. Moreover, it follows from the structure of standard parabolic subgroups
(see e.g. [Mill7, Theorem 21.91]) that dim(Px) = dim(Py ). Putting all this together, we
have

dim(G) = dim(Px Py ) = dim(R,(Px)Px) = dim(R,(Px)) + dim(Px),

so that dim(R,(Px)) = dim(G) — dim(Px). Combining this equation with (3.2.1) gives the
result. O

3.3 Luna—Vust Theory

Our first step in classifying spherical varieties is to reduce to the case of homogeneous spher-
ical varieties. This reduction was first proven by Luna and Vust [LV83] and became known
as Luna—Vust theory. Luna and Vust presented the theory in a high degree of generality, as a
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theory about G-equivariant open immersions G/H < X of arbitrary normal G-varieties X.
While the theory does produce a classification of such open immersions in this generality, it
is only when X contains a B-orbit of codimension < 1 (i.e. the complexity of X is < 1, see
the discussion before Theorem 3.1.4) that the classification is truly combinatorial in nature.

In the case of spherical varieties, Luna—Vust theory was later reformulated in a simpler
and characteristic-independent way by Knop [Kno91]. Our presentation largely follows that
of Knop’s paper. A nearly identical presentation appears in [Bri97, Section 3], which we have
also referred to in some places. The general Luna—Vust theory has also been reformulated
by Timashev in what the author calls a “natural exposition” ([Tim11, p. 57]); we refer the
reader to [Tim11, Chapter 3] for this presentation.

Let X be a spherical variety. We know that X has an open B-orbit O, hence also an
open G-orbit G - Q. Since G acts transitively on G - O, we have G- O = G/H, where H C G
is the stabilizer of any k-point in the orbit O@. Note that G/H is a homogeneous spherical
variety, since O C G - O is an open B-orbit. Moreover, the inclusion G- O C X gives rise to
a G-equivariant open immersion G/H — X.

In this way, we obtain for any spherical variety X a G-equivariant open immersion
G/H — X with G/H a homogeneous spherical variety. To reduce to classifying homo-
geneous spherical varieties, then, we need to classify G-equivariant open immersions of the
form G/H — X for some fixed spherical subgroup H C G. This classification is precisely
the content of Luna—Vust theory. For the sake of brevity, we give such open immersions a
name.

Definition 3.3.1. Let G/H be a homogeneous spherical variety. By an embedding of G/H
we mean a G-equivariant open immersion G/H — X for some normal G-variety X. (Note
that X is necessarily spherical, because G/H has an open B-orbit.)

Throughout this section, we take H C G to be a spherical subgroup and G/H — X
to be an embedding of G/H. We will continue to assume that k is algebraically closed of
characteristic 0. However, we note that the characteristic of k affects nothing about the
core results of Luna—Vust theory; indeed the presentation in Knop’s paper [Kno91] makes
no assumptions on the characteristic.

3.3.a A First Example: Classifying Toric Varieties

Before we discuss the general theory, we first consider the special case of toric varieties.
Recall that every toric variety is a spherical variety, where the reductive group in question is
a torus (see Example 3.1.3). The toric case is thus less technical than the general spherical
case, mainly because we have G = B = T". Moreover, since a toric T-variety X is a normal
T-variety equipped with a T-equivariant open immersion 7" X, the classification of these
open immersions 7' < X is nothing more than the classification of toric varieties. Thus,
Luna—Vust theory in the toric case boils down to the standard classification of toric varieties
in terms of combinatorial objects called fans. Our goal in this section is to prove that
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classification in a way that mimics the key ideas of Luna—Vust theory for spherical varieties
in general. We have found the toric case helpful for gaining intuition for the main proofs
and statements of Luna—Vust theory. However, nothing in this discussion of toric varieties is
essential for what follows (except some standard terminology about cones in Definition 3.3.2
below), so reader who wishes to skip this subsection can safely do so.

To keep this section both self-contained and centered around the main idea of Luna—
Vust theory, we will aim to avoid using any of the general machinery that we’ve built up
for spherical varieties so far, opting instead to cite results from the theory of toric varieties
wherever possible. There is just one result we will require from our discussion of spherical
varieties in general: namely, Lemma 3.1.17, which gives some basic topological and algebraic
properties of G-divisors. We will not prove this lemma again for toric varieties, since the
proof is largely scheme-theoretic and hence is more or less identical in the toric case (except
that no distinction is made between B- and G-divisors in the toric case, since G = B =T).

The main combinatorial objects in the classification of toric varieties are cones. We now
review some standard definitions pertaining to these objects.

Definition 3.3.2. Let V be a Q-vector space, and let C' C V be a subset. We say that C
is a cone if C is closed under addition and under multiplication by elements of Q* = {q €
Q | ¢ > 0}. If C is a cone, then we have the following definitions.

1. We say that C' is polyhedral if there exist finitely many elements vq,...,v, € V such
that C = Qtvy + --- + QT v,.

2. The dimension of C' is the dimension of the linear subspace QC C V spanned by C.

3. The dual cone of C' is given by
CV={aeV'|alc)>0VceC}.
As implied by the terminology, C" is a cone in the dual vector space V'V.

4. A face of C'is a subset F' C C' of the form
F=Cn{veV|alw) =0}

for some fixed a € CV. A face is itself a cone, so in particular, it also has a dimension
as defined above. A face of dimension one is called an extremal ray.

5. The relative interior of C is

co=Cc\JF

FcC

where the union is over all proper faces of C'.
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6. We say a cone C' C V is strictly convex if C contains no nonzero linear subspaces of
V', or equivalently, if there exists some o € C"V such that

Cnat={velC]|al) =0}={0}
(in other words, if {0} is a face of C.)

There is a classical construction of affine toric varieties from cones (see [Ful93, Section
1.3]), which goes as follows. Fix a lattice N and an isomorphism N 2 Z" and pick a strictly
convex polyhedral cone ¢ C Ng = N ®z Q. Write M = Homgz(N,Z) and Mgy = M @z Q.
Then, Gordon’s lemma ([Ful93, Section 1.2, Proposition 1]) tells us that S, = ¢¥ N M is
a finitely generated commutative monoid. So, we can define a finitely generated k-algebra
k[S,| which, as a k—vector space, has a basis given by the elements of S,, with multiplication
in k[S,] given by the operation in S,. We set U, = Spec(k[S,]). Note that the inclusion
of monoids S, C M gives rise to an injective homomorphism k[S,| < k[M]. Since o is
strictly convex, one can show ([Ful93, Section 1.2, Proposition 2], applied to the face {0} of
o) that there exists some u € S, such that M = S, + Z - u. It follows that k[M] = k[S;]u,
so the inclusion k[S,] < k[M] is just the map k[S,| — k[S,]|. given by a — a/1, and the
corresponding morphism

i : Ty = Spec(k[M]) — Spec(k[S,]) = U,

is an open immersion. Since the given isomorphism N = Z" identifies M with Z™ and hence
k[M] with k[2z7,...,2F], we have an isomorphism Ty = G?,. Moreover, we can define an

action of Ty on U, by taking the morphism corresponding to the ring homomorphism
k[Sy] = k[S,] @ k[M], s, 5, ® s,

(here s, is the element of k[S,] corresponding to some element p of S,). One can check that
this extends the action of T on itself by left multiplication, i.e. that ¢ is a Ty-equivariant
open immersion. Since U, turns out to be a normal variety ([Ful93, Section 2.1, Proposition
2]), this proves that U, is an affine toric variety.

Remark 3.3.3. In the theory of toric varieties, one often works in vector spaces over R
instead of over Q. This is useful for proving some of the technical details involving cones
that we cited above, but it is not necessary to work over R for any of our argumnets here.
For us, the only difference it would make to work over R is that we would have to assume
that every cone we use is rational, i.e. is generated by elements of the lattice (either N or
M, depending on which vector space we are in). When we work over Q, this condition holds
automatically.

To classify affine toric varieties, we will provide an inverse to the above construction,
having to do with the weights of Ty-eigenvectors in I'(U,, O, ). Since T = Spec(k[M]),
one can check that there is a natural identification X' (T) = M, so weights of Ty-eigenvectors
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can in fact be viewed as elements of M. However, because of our general conventions about
the G-module structure of I'( X, Oy) for a G-variety X (see Section 2.4.a), these Ty-weights
are actually the negatives of the weights that one might expect. The following example
illustrates this phenomenon.

~Y

Example 3.3.4. Let o be the positive orthant of Ng = Q", i.e. the cone generated by
the vectors e; = (0,...,0,1,0,...,0) (with the 1 in the ith coordinate) for 1 < i < n.
One can check that U, = A", with the action of T = G, given on functors of points by
(t1, ..y tn) - (21, xn) = (bixy, -+ tya,. Writing U, = Spec(k[zy, ..., x,]), an analogous
argument to that of Example 2.4.8 (but with G = G, instead of G = SL,,) implies that z;
is a Tiy-eigenvector of weight —e} € M (not e}, as one might expect). Thus, if C' € M is the
cone over the weights of Ty-eigenvectors in I'(U,, Oy, ), then we have o = —C".

More generally, it will turn out for the T-action on U, defined above, given any p € o,
the element s, € k[S,] is a Tn-eigenvector of weight —p. Thus, we need to keep track of this
minus sign when defining an inverse to the above construction. In order to align everything
with the conventions of Luna—Vust theory for general spherical varieties (cf. Theorem 3.3.20),
we prefer to put this minus sign into the construction of U, by working with U_, instead.

Proposition 3.3.5. Let T' be a torus, and let X be an affine toric T-variety. Write M =
X(T)=A(X), and let N = Homy(M,Z).

(a) The T-divisors of X are precisely the irreducible components of the complement X \T.

(b) For each T-divisor D C X, the valuation vp induces a Z-linear map op : M — Z in
a natural way, and the cone o(X) generated by the pp is a strictly convexr polyhedral
cone.

(¢) The map X — o(X) is a bijection between isomorphism classes of affine toric T-
varieties and strictly convex polyhedral cones in Ny, whose inverse is the map o — U_,.

Remark 3.3.6. Two details about the relationship between this proposition and spherical
varieties bear mentioning here.

1. The maps ¢p in the above proposition are the same as those defined in Section 3.1.b.
We re-define them here for toric varieties for completeness, but the construction is
essentially the same (albeit slightly easier in the toric case).

2. Our use of N to denote a lattice here is slightly different than our usual notation of
N(X) for spherical varieties. Recall that for any spherical variety X, we have defined
N(X) = Homz(A(X),Q). Thus, N(X) is actually a vector space, not a lattice, and
the lattice N in the above proposition satisfies Ng = N(X). This difference is notation
is due to the fact that lattices play a key role in describing toric varieties explicitly; for
the general spherical case, however, the vector space N(X) is typically more important
than any lattice inside of it.
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Proof. Statement (a) is Lemma 3.1.17a. As for (b), we note that K(X) is a T-module,
and K(X) = K(T) implies that A(X) = X(T). One can check that for every A € X(T),
the T-module K(T) =2 K(X) has a 1-dimensional A-eigenspace K (X), (this is an explicit
calculation on K(7T) = K(G},)). Let f, € K(X), be any nonzero element. Then, vp(fy)
does not depend on the choice of f, (because vp(k*) = 0), so the map ¢p : M — Z given
by A — vp(fy) is well-defined. Note that ¢p is Z-linear because

vp(fura) = vp(fu - fr) = vo(fu) +vp(fi),

so pp is an element of V.

As in the proposition, let o(X) be the cone generated by the ¢ p for all T-divisors D C X.
By (a), there are finitely many T-divisors of X, so ¢(X) is polyhedral. To prove that o(X)
is strictly convex, suppose that there exist some ap,bp € Q. for each T-divisor D such that

Z ap¥Yp = — Z bp¥p-
D D

We prove that ap = 0 for all D (which implies that o(X) N (—o(X)) = {0}). Since each
©p is nonnegative on AT(X), the above equation implies that if ap # 0 for some D, then
wp must be 0 on AT(X). Suppose this is true for some D. Then, we have A(X) = AT(X)%
(see Proposition 2.5.9), so ¢p is in fact 0 on all of A(X). On the other hand, if § € D is the
generic point, then ¢ is fixed by the action of 7', which implies that Ox s is a T-module and
that the maximal ideal m C Ox s is a T-submodule. So, there exists a nonzero T-eigenvector
in m, and the weight p of this eigenvector satisfies pp(p) > 0. This contradicts the fact that
wp = 0. So, we must have ap = 0 for all D, as desired.

For (c), write X = Spec A. The T-equivariant open immersion 7" < X corresponds to an
injection of k-algebras A — T'(T, Or) = k[M]. Thus, A is the k-subalgebra of k[M] generated
by the T-eigenvectors appearing in the A. In other words, we have A = k[—AT(X)]. (Note
that the minus sign appears here due to details about the Tn-module structure on A =
I'(X, Ox), as we discussed above.) On the other hand, Lemma 3.1.17 gives us

AT (X)={Ne M | pp(\) >0V T-divisors D C X}.

It follows that the cone in M generated by AT (X) is precisely the dual cone o(X)Y, and
A (X)=0(X)"NM =S,. So, we have

A [ AF(X)] = kS_ox)]

and hence X = Spec(A) = U_y(x).
This proves that the map o — U_, is surjective, with right inverse given by X — o(X).
To complete the proof, it suffices to show that o +— U_, is injective. Let 7 # 75 be two
distinct cones in Ng. The cones —7)" and —7," are not equal, and since the —7,” are are
generated by lattice elements over Q, we get (—7") N M # (—7,/) N M. But it follows from
the definitions that
AT(U-) = (r')n M
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for i € {1,2} (see the discussion before this proposition). So, the global sections of the U_,
have different T-weights, which means the U_,, cannot be T-equivariantly isomorphic. This
proves that o +— U_, is injective, as desired. O

The following lemma gives us a few useful properties of the combinatorial data introduced
by Proposition 3.3.5.

Lemma 3.3.7 ([Bri97, Section 3.1.1, Example 1]). Let X be an affine toric T-variety with
corresponding cone 0 = o(X). Write M = X(T) = A(X), and let N = Homy(M,Z).

(a) The extremal rays of o are precisely the subcones Qsopp for any T-divisor D C X .

(b) For any ¢ € Ny, there exists a T-invariant valuation v : K(X)* — Q such that,
for any T-eigenvector f € K(X)T) of weight p, we have (i) = v(f). In other
words, every element of Ng s induced by some T-invariant valuation as in the proof
of Proposition 3.53.5b.

(¢) Let Y C X be the unique closed T-orbit of X (such an orbit always exists, see
Lemma 2.5.8), and for any ¢ € o, let v be the valuation given by (b). If ¢ € o°,
then Y 1is the center of v on X.

Remark 3.3.8. In the language of Section 3.1.b, statement (b) of the above lemma says
that the map ¢ : V(X) — N(X) is surjective. It is an important technical result for spherical
varieties that the map ¢ is injective (see Corollary 3.1.14); it follows that the valuation v
in statement (b) of the above lemma is unique. However, we will not need this fact in this
section.

Proof. Let Dy, ..., D, be the T-divisors of X, and let ¢; = ¢p,. Statement (a) is equivalent to
the statement that the ¢; are a minimal set of generators for o, i.e. that no ¢; is a nonnegative
linear combination of the others. To get a contradiction, suppose we have p1 = >\, a;;
for some a; > 0. Then, we see that ¢ (1) > 0 whenever ¢;(u) > 0 for all ¢ > 1. By the prime
avoidance lemma, there exists some f € I'(X, Ox) such that f vanishes on D; but not on D;
for any ¢ > 1. In fact, since any T-module is generated (as a vector space) by T-eigenvectors
(Theorem 2.3.4), we can take f to be a T-eigenvector. (Proof: let p; C I'(X, Ox) be the
ideal cutting out D; for each j. If every T-eigenvector in p; is contained in one of the p; for
J > 1, then we have p; C U;p; and hence p; C p; for some j. So D; C Dy, contradicting
the fact that D; and D; are both irreducible codimension-1 subschemes of X.) Since f is a
T-eigenvector, the set Xy is T-stable and hence is a toric T-variety. Moreover, the T-divisors
of X are the intersections Xy N D; for ¢ > 1, so Lemma 3.1.17 gives us

AT (X)) ={ e AX) | p;(\) >0V i>1}.
But ¢ (f) > 0 whenever ¢1(f) > 0 for all i > 1, so in fact, we have

A(Xy) = A e AX) | gi(A) > 0V i} = AT(X)
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(here applying Lemma 3.1.17 again to compute AT(X)). It follows that the 7T-modules
I'(X,Ox) and I'(D(f), Ox) are isomorphic via the restriction map, which means the open
immersion X; < X is an isomorphism of affine schemes. This contradicts the fact that
DiNnX;=0o.

For statement (b), we follow [Bri97, Section 3.1.1, Example 1. Let f € K(X) = K(T).
Since the T-module K (X) is a direct sum of characters of 7' (Theorem 2.3.4), we can write
f=> e G f for some a, € k and some eigenvectors f, of weight p, with all but finitely
many a, equal to 0. We define

v(f) = min p(u).

ap7#0

(Note that this is well-defined because the a, are uniquely determined by f.) One can check
that this defines a valuation of K(X)/k, and it is immediate from the construction that
v(f) = @(p) if f is a T-eigenvector of weight p. So, v is the desired valuation.

As for (c), by definition of o, we have p = " | a;p; for some a; > 0. We proved above
that the ¢; are a minimal set of generators for o, so ¢ € 0° gives us a; > 0 for all 7. Let
v: K(X)* — Q be the valuation given by applying (b) to ¢, and let n € Y be the generic
point. To prove that Y is the center of v on X, it suffices to prove that the valuation ring
O, dominates Ox,, i.e. that Ox, C O, and that for any f € Ox,, f is a unit in Ox,, if
and only if f is a unit in O,.

Let f € Ox,. Since Y is T-stable, Ox, is a T-submodule of K(X), so we may write
f=2>2;¢f; for some ¢; € k and some T-eigenvectors f; € ng% (see Theorem 2.3.4). Let
i; be the weight of f; for all j. For all 4, the divisor D; is T-stable and closed, so it must
contain a closed T-orbit (Proposition 2.1.2). It follows that Y C D; for all ¢ and hence that
wi(pj) =vp,(f;) > 0 for all < and j. So, we have

o(py) = Zai%(ﬂj) >0

for all 57 and hence

J

u(f) = <Z ijj) > min{v(e; f;)} = min{v(f;)} = min{p(u;)} 2 0.

By definition, this means that f € O,, so we have Ox, C O,.

It remains to show that f is a unit in Ox, if and only if f is a unit in O,,. Since every
element of Oy, has the form f,/f, for some fi, fo € I'(X, Ox), it will suffice to consider
the case where f € I'(X,Ox). Note that if f is a unit in Ox, (ie. if f~' € Ox,), then
f is a unit in O, because Ox, C O,. On the other hand, suppose that f is not a unit in
Ox,. Then, f lies in the prime ideal p C I'(X, Ox) corresponding to the point 1 in the
affine scheme X, and p is a T-submodule of I'(X, Ox) (because Y is T-stable, so 7 is fixed
by the action of T'). It follows that we may write f = > ;¢ f; for some ¢; € k and some
T-eigenvectors f; € p (Theorem 2.3.4). For any j, let p; be the weight of f;. There exists
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some 7 such that Xy N D; = @ (otherwise, the complement X \ X contains none of the
D; and hence must be empty by Lemma 3.1.17a; so, we have X;, = X and Xy NY # &,
which contradicts the fact that f;|y = 0). It follows that vp,(f;) = ¢i(p;) > 0 for some ¢

and hence that
v(fy) = elp;) =Y aipi(p;) > 0.

7

(Here we are using the fact that a; > 0 and ¢;(p;) > 0 for all 7). So, v(f;) > 0 for all j,
which implies that

v(f) =w (Z ijj) 2 min{v(f;)} > 0.

J

This proves that f is not a unit in O,. [

We now turn to classifying toric varieties which aren’t necessarily affine. The classical
construction of such varieties begines with a fan F, i.e. a nonempty finite set of strictly
convex polyhedral cones in NV such that

1. for every cone o € F and every face 7 C o, we have 7 € F, and

2. for every 0,7 € F, the intersection o N 7 is a face of both ¢ and 7 (and in particular

is in F).

One then shows ([Ful93, Section 1.3, Lemma]) that for any face 7 C o, we have an open
immersion U, — U,. Each cone ¢ € F determines an affine toric variety U,, and we can glue
these varieties along the open subvarieties Uy, for any two cones 0,7 € F (since c N7 is a
face of both o and 7). The resulting scheme, denoted X, is immediately seen to be reduced
and irreducible (because the U, are), and Xz turns out to be separated and normal as well
([Ful93, Section 1.4, Lemma and Section 2.1, Proposition]). One then glues the action of
T on each U, to obtain an action of Ty on X. For any o, we immediately see that the
composition
Ty — U, = Xr

is a Ty-equivariant open immersion, so X is a toric Ty-variety.

As in the affine case, it turns out that every toric variety can be obtained by the classical
construction. To prove this, we will want to “reverse” the above construction by finding a
T-stable affine open cover of X and then using the classification of affine toric varieties by
cones. The main issue is to find for any toric T-variety X a canonical choice of T-stable
affine open subsets that cover X.

To this end, the following lemma classifies all the T-stable affine open subsets of a toric
variety X. In particular, there are finitely many of them, and they cover X, so we can
simply take all of them in our open cover of X. The key ingredient of the proof is a rather
remarkable theorem of Sumihiro, Theorem 2.6.12, which in the toric case gives us affine open
subsets rather than just quasi-projective ones.
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Lemma 3.3.9. Let T be a torus, and let X be a toric T-variety.
(a) X is affine if and only if X has a unique closed T-orbit.
(b) For any T-orbit Y C X, define

Xy ={r e X |Y CTz}.

Then, Xy is the unique T-stable affine open subset of X whose unique closed T-orbit
1sY.

(¢) For any two T-orbits Y, Z C X, we have Xz C Xy if and only if Y C Z.
(d) Every T-stable affine open subset of X is equal to Xy for some T-orbit Y of X.

Proof. If X is affine, then the fact that X contains a unique orbit is Lemma 2.5.8 (alternately,
it follows from an explicit construction of the T-orbits in X = U,, see [Ful93, Section 3.1,
Exercise]). For the converse, we argue as in the proof of Corollary 2.6.13. If Y C X is the
unique closed T-orbit, then a theorem of Sumihiro (Theorem 2.6.12) tells us that there exists
some T-stable affine open subset U C X such that Y C U. The complement X \ U is now
a T-stable closed subset, so if X \ U is nonempty, it must contain a closed T-orbit (e.g. any
orbit of minimal dimension). But any closed T-orbit in X \ U would be a closed T-orbit of
X; since the only such orbit is Y C U, we conclude that X \ U is empty. It follows that
X =U, so X is affine.

For (b), we will need to use the fact that X has finitely many T-orbits. This is a general
fact about spherical varieties (see Theorem 3.1.4); alternately, one can avoid using the theory
of spherical varieties as follows. By Theorem 2.6.12, there exists an open cover of X by T-
stable affine open subsets. Since X is quasi-compact, we may take this cover to be finite, so
it will suffice to check that any T-stable affine open subset U of X has finitely many orbits.
Any such U is an affine toric variety, and if o is the corresponding cone, then one use the
construction of U from o to show that the T-orbits of U are in bijection with faces of o
(see e.g. [Oda88, Proposition 1.6]). In particular, since o is polyhedral, it has finitely many
faces, so U has finitely many T-orbits.

Now, the set Xy is T-stable by definition and is open because

Xy=X\ |J Z
Z a T-orbit
Y¢Z

(Note that since X has finitely many T-orbits, the union in the above equation is finite.)
Moreover, we have Y C Xy by definition, and Xy must have some closed T-orbit (e.g. any
T-orbit of minimal dimension). But no T-orbit can be closed in Xy except possibly Y, so Y
must be the unique closed T-orbit of Xy . Since Xy is a T-stable open subset of X, it is a
toric T-variety, so part (a) implies that Xy is affine. On the other hand, suppose U C X is
any T-stable affine open subset such that Y C U is the unique closed T-orbit of U. For any
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T-orbit Z such that Y C Z, we have Z N U # @ and hence Z C U (because U is T-stable).
It follows that Xy C U. Conversely, for any T-orbit Z C U, the closure of Z in U must
contain some closed T-orbit, and the only such orbit is Y. It follows that Y is contained
in the closure of Z in X, so that Z C Xy by definition. This gives us U C Xy and hence
U=Xy.

Statement (c) follows almost immediately from the definition of Xy. Explicitly: if Y C Z,
then any orbit closure containing Z also contains Y, so X7 C Xy by definition; conversely, if
X, C Xy, then in particular, Z C X implies that Y C Z. Finally, any T-stable affine open
subset U C X has a unique closed T-orbit Y by (a). Statement (b) then gives us U = Xy,
which proves (d). O

Remark 3.3.10. Note that part (b) of the above lemma tells us that Xy is precisely the
set X7y of Theorem 3.2.7 (remember that X is a spherical variety with G = B =1T'). We
can thus view the above lemma as an analog of all the statements in Theorem 3.2.7 (except
for the part of Theorem 3.2.7 involving the local structure theorem).

Using the nice T-stable affine open cover provided by the sets Xy, we can now classify
all toric varieties.

Theorem 3.3.11. Let T be a torus, and let X be a toric T-variety. Write M = X(T) =
A(X), and let N = Homg(M,Z). For each T-orbit Y C X, let oy be the cone corresponding
(via Proposition 3.3.5) to the affine toric variety Xy given in Lemma 3.3.9.

(a) For any T-orbit Y C X, the map Z — oz is a bijection between T-orbits of X whose
closures contain 'Y and faces of the cone oy .

(b) The set
F(X)=A{oy | Y C X aT-orbit}

15 a fan of strictly convex polyhedral cones in Ng.

(¢) The map X — F(X) is a bijection between isomorphism classes of toric T-varieties
and fans of strictly convex polyhedral cones in Ng. Its inverse is given by F +— Xr.

Remark 3.3.12. Statement (a) of the above theorem is a standard result for the classical
construction of a toric variety Xz from a fan F and is often proven explicitly from this
construction (see e.g. [Ful93, Section 3.1, Proposition]). If we already knew the classification
in statement (c) of the theorem, then this result using the classical construction would be
enough to prove (a). However, since we will need (a) to prove (c), we provide an alternative
proof of (a).

Proof. The proof relies in several places on the following fact about strictly convex cones:
given any set of minimal generators vy,...,v, of a cone o, the faces of o are precisely the
cones generated by any subset of the v;. (Proof: faces are sets of the form {v € o | (v,u) = 0}
for some u € ¢¥. Such a subset is generated as a cone by the set of v; such that (v;,u) = 0.
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On the other hand, since the v; are minimal generators in a strictly convex cone, they are
linearly independent, so one can pick some u € ¢V that vanishes precisely on any given
subset of the v; and is positive on all the others.)

Fix some T-orbit Y of X. For the map in (a) to make sense, we first need to check that
for any T-orbit Z such that Y C Z, the cone oy is a face of oy. For this, note that the
T-divisors of Xy (resp. Xz) are precisely the nonempty intersections DN Xy (resp. DN Xy)
for T-divisors D of X. Since X C Xy (see Lemma 3.3.9), it follows that for any 7T-divisor
Dy C Xz, the map ¢p, is equal to ¢p, for some T-divisor Dy C Xy. Since the pp, (resp.
©vp,) are a set of minimal generators for oy (resp. o7) by Lemma 3.3.7a, we can use the
above fact on strictly convex cones to conclude that o is a face of oy.

Next, we check that the map in (a) is injective. For any T-orbits Z;, Z, such that Y C Z;
and 0z, = 0z,, let ¢ € 0%, and let v : K(X)* — Q be a valuation given by Lemma 3.3.7b.
By part (c) of that same lemma (applied to the affine toric varieties Uz, and Upg,), the
valuation v has center Z; on Uy, for i € {1,2}. Thus, both Z; and Z, are the center of v on
X. But X is separated, so v has a unique center on X. It follows that Z; = Z,

We now check that the map in (a) is surjective. Let 0 C oy be any face of oy. Then,
o is generated by a subset of the valuations of the T-divisors in Xy, hence by a subset of
the valuations of the T-divisors Dq,..., D, C X such that Y C D;. Say o is generated by
the valuations corresponding to Dq,..., D,, for some 1 <m <r. Now,Y C Din---ND,,
implies that Y is contained in some irreducible component W of D; N ---N D,,. Recall
that X has finitely many T-orbits (this follows from Theorem 3.1.4 for spherical varieties in
general, but see the proof of Lemma 3.3.9 for an argument that only involves the theory of
toric varieties). In particular, W contains only finitely many T-orbits; since W is irreducible,
one of these T-orbits, say Z C W, must be dense in W. Then, Z is a T-orbit of X, and we
have Y C Z =W and Z C D; for i € {1,...,m}. Since any T-stable divisor containing Z
must contain Z and hence Y, we see that Dy, ..., D,, are precisely the T-stable divisors of
X containing Z. It follows that o is generated by ¢p,,...,¢p, and hence that o, = o.
This completes the proof of (a).

As for (b), given any oy, statement (a) tells us that every face of oy is oz for some
T-orbit Z. To prove (b), then, we just need to show that given any two orbits Y, Z C X, the
intersection oy Noy is a face of both oy and o4. If oy Noy is contained in either a proper face
of oy or a proper face of o, then we may replace oy or oz by a proper face (by statement
a, this amounts to replacing Y or Z by some orbit whose closure contains it, and this
replacement is harmless because being a face is a transitive relation, see e.g. [Ful93, Section
1.2, Property (4)]). Making this replacement repeatedly, we may assume that oy N oy is not
contained in any proper face of oy or oy, i.e. that oy, Noy # &. Let ¢ € oy Nof,. Applying
Lemma 3.3.7b to both ¢ gives us a T-invariant valuation v : K(X)* — Q corresponding to
v, and by part (c) of the same lemma (applied to both Xy and Xz), the valuation v has
center Y (resp. Z) on Xy (resp. Xz). Since X is separated, we conclude that Y = Z and
hence that Y = Z. We thus have oy = 0, so oy Noy is certainly a face of both oy and o .

To prove (c), we note that for any two T-orbits Y and Z of X, the cone oy Noy is a
face of oy and oz by (b) and so is generated by the minimal generators of oy that are also
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minimal generators of 0z. The minimal generators of oy (resp. o) are determined by the
valuations of T-divisors D such that D N Xy # @& (resp. such that D N Xz # @), so the
minimal generators that oy and oz have in common are given by the T-divisors D such
that DN Xy # @ and DN Xz # &, or equivalently, such that D N Xy N X, # @. (The
equivalence here follows from the fact that if D intersects both Xy and X, then the dense
T-orbit of D must lie in both Xy and Xz, since Xy and X are T-stable.) It follows that
oy N oy is precisely the cone corresponding to the toric variety Xy N X, (which is affine
because X is separated). So, Xz(x) is by definition the varity obtained by gluing the Xy
for any T-orbit Y C X along the affine open subsets Xy N Xz. But X can be obtained by
precisely the same gluing procedure, so Xzx) = X.

It remains to prove that if we start with a fan G and let X = Xg, then F(X) = G. By
construction, the scheme X is obtained by gluing the U, for ¢ € G along the open subsets
Usror = U, NU,. Each U, is a T-stable affine open subset of X and so has the form Xy
for some T-orbit Y by Lemma 3.3.9d. By definition of oy, this implies that o = oy, so
o € F(X). Conversely, any cone in F(X) has the form oy for some T-orbit Y C X. Since
the U, are T-stable and cover X, We have Y C U, for some ¢ € G. Then, the closed orbit
7 C U, satisfies X; = U, by Lemma 3.3.9b, so Y C U, gives us Z C Y. Applying statement
(a) to U,, we see that oy is a face of 05 = o; in particular, oy € G because G is a fan. This
proves that F(X) = G, as desired. O

As we discussed at the beginning of this section, this classification of toric varieties is
essentially the classification of embeddings G/H < X in the special case where G =T is a
torus. For the more general case, the proof of the Luna—Vust classification will follow exactly
the same approach as the above classification for toric varieties. The steps to this approach
are as follows.

1. Classify embeddings G/H — X when X is a certain “nice” type of spherical variety.
For toric varieties, this was the classification of affine toric varieties; for the general case,
it will be the classification of spherical varieties which have a unique closed G-orbit (in
the toric case, this is equivalent to being affine by Lemma 3.3.9 above). We will again
classify such an X by a cone, but this time there will be some extra data stemming
from the colors of X. (Recall that colors are B-divisors which are not G-stable; such a
divisor never exists in the toric case, where G = B = T.) We will thus obtain a gadget
called a colored cone. For toric varieties, this step was the classification of affine toric
varieties in Proposition 3.3.5; for spherical varieties, it will be Proposition 3.3.15.

2. For a general embedding G/H < X, define a cover of X by G-stable open subsets
which are “nice” in the sense of Step 1. For toric varieties, this cover was the open
subsets Xy of Lemma 3.3.9; for spherical varieties, it will be the open subsets G- Xy,
where Xpy C X is the open subset from Theorem 3.2.7. Thus, we have already
completed this step for spherical varieties (though we remark that Theorem 3.2.7 was
considerably more difficult to prove than Lemma 3.3.9, mainly because of added sub-
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tleties when G # B). Notice that our open cover contains one element for each G-orbit
of X; this is important context for what follows.

3. As a key technical ingredient, we need to translate the statement Y C Z for two G-
orbits Y, Z C X into a combinatorial statement involving the combinatorial data (i.e.
colored cones) from Step 1. This will itself require a technical statement about centers
of valuations. In the toric case, the valuation statement is Lemma 3.3.7c, which we
used in the proof of Theorem 3.3.11a; in the spherical case, our valuation statement
will be Lemma 3.3.17, which we will use to prove Proposition 3.3.24.

4. Complete the classification of embeddings G/H — X. By using the cover from Step
2 and the classification of Step 1, we obtain a combinatorial gadget called a (strictly
convex) colored fan from X, which is a finite set of colored cones that obey nice com-
binatorial properties. Conversely, given a (strictly convex) colored fan, one constructs
an embedding G/H — X by gluing the embeddings defined by the colored cones in
the fan. To define this gluing and check that it is spherical, Step 3 will be crucial. One
then shows that these two constructions are inverse two each other, which is mostly
a formal check (though Step 3 is again needed for a minor technical point). For toric
varieties, this was Theorem 3.3.11b,c; for spherical varieties, it will be Theorem 3.3.26.

As noted above, Step 2 is already done for us. Indeed, for any embedding G/H — X,
note that X contains a dense B-orbit (because G/H does) and hence is spherical. So, for
any G-orbit Y C X, Theorem 3.2.7 gives us a G-stable open subset GXpy C X such that
Y is the only closed orbit of GXpy. Since GXpy is open in X, it intersects G/H, and since
GXpy is G-stable, we have G/H C GXpy, so GXpy is again spherical. So, our first step
will be to classify embeddings that “look like” GXpy, i.e. those which have a unique closed
G-orbit.

3.3.b Colored Cones and Classifications

We now return to the question of classifying embeddings G/H < X for an arbitrary ho-
mogeneous spherical variety G/H. We will omit several technical proofs in our presentation
of the general theory. The reader interested in these proofs can find the main ideas in our
proofs of the toric case in Section 3.3.a and can find complete proofs of the general spherical
case in either [Kno91] or [Bri97, Section 3.

In light of our motivation from the toric case, we begin by considering a certain “nice”
type of embedding G/H — X.

Definition 3.3.13. We say that a G-variety X is simple if X has a unique closed G-orbit.
We say that an embedding G/H — X is simple if X is simple.

Let G/H — X be a simple embedding. Following the intuition gained from the toric
case, we might hope to classify X by using the cone in N(X) generated by the ¢p, where
D € D¢ x is a B-divisor of X. This does turn out to be the right idea, and it makes sense
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because we have K (X) = K(G/H) as G-modules, hence also N(X) = N(G/H). The ¢p can
thus be expressed entirely in terms of G/H (which we have fixed) rather than in terms of X
(which is the object we're trying to classify). However, there is one piece of geometric data
that these valuations will not tell us: namely, whether a B-divisor D contains the unique
closed G-orbit Y. If D is G-stable, then it must contain Y (D contains some G-orbit, hence
also a G-orbit closure, and this closure contains a closed G-orbit). In particular, in the case
of toric varieties, where G = B, every such divisor would contain Y. In general, however,
it is possible that some B-divisors of X which are not G-stable (i.e. colors of X') might not
contain Y.

We will thus have to keep track of which colors contain Y. We cannot keep track of
this information in terms of valuations; we will have to remember the divisors themselves.
Thankfully, this is acceptable in the case of colors. Indeed, any color D of X cannot lie
in X \ (G/H), as it would otherwise be a component of X \ (G/H) and hence be G-stable
(Lemma 2.1.3). Thus, we have DN (G/H) # @. Since G/H is an open subset of X, we can
recover D from D N (G/H) by the rule

D=DNG/H.

Thus, if we keep track of DN (G/H) for all the colors D containing Y, we will still have data
depending only on G/H, and this data will determine the geometric information about X
that we are interetsed in.

With this motivation, we make the following definitions.

Definition 3.3.14. Let G/H — X be an embedding, and let Y C X be a G-orbit. We
define
By ={vp € V(G/H) | De DG x, Y C D}

and
Ay ={DNG/H € D(G/H) | D € Dgx \ D¢, Y C D}.

In words, By is the set of valuations of G-divisors containing Y, and Ay is the set of
intersections with G/H of every color containing Y.

As our above discussion suggests, when X is simple with unique closed G-orbit Y, the
data of By and Ay is indeed enough to classify the embeddings G/H — X.

Proposition 3.3.15 ([Bri97, Proposition 3.2.1]; cf. [Kno91, Theorem 2.3)). Let G/H — X
be a simple embedding, and let Y C X be the unique closed G-orbit of X. The simple
embedding G/H — X is uniquely determined up to G-equivariant isomorphism by the pair

(By (X), Ay (X)).

Proof. Let G/H < X’ be another simple embedding and let Y’ be the unique closed G-orbit
of X’. Suppose that (By,Ay) = (By/,Ay/). Let Xpy C X and and Xpyr C X' be the
affine open subsets of Theorem 3.2.7. By definition, the valuations of B-divisors of Xpy are
precisely the valuations of the B-divisors of X containing Y, which are the valuations in By
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along with the valuations vp for D € Ay. Since Xpy is normal, the global sections of Xpy
are precisely the sections on the open B-orbit Bx C G/H which extend over each B-stable
prime divisor of Xpy (cf. Lemma 3.1.17). This gives us

F(XB?y,Ox) = {f - F(B$,Og/H) ’ U(f) >0V e By and UD<f> >0V De Ay}

Applying the same argument for Xy, instead of Xpy (and using the fact that (By, Ay) =
(By:, Ayr)), we see that I'(Xpy,Ox) = I'(Xj ., Ox/) as subrings of I'(Bx, Og/), hence
as subrings of K(X) = K(G/H) = K(X’). So, the birational morphism X --+ X’ coming
from this equality on function fields induces an isomorphism ¢ : Xpy 5 X By’ In fact,
we have I'(Xpy, Ox) = I'(Xjy/, Ox:) as G-submodules of K(G/H), which implies that ¢
extends to a G-equivariant isomorphism ¢ : GXpy — GX By Since X and X' are simple,
we have GXpy = X and GXj,, = X' (see Theorem 3.2.7d and Proposition 2.1.2d), so ¢ is
an isomorphism of G-varieties X = X’. In particular, ¢ commutes with the open immersions
G/H — X and G/H — X' because it is G-equivariant. O

The key pieces of data in the above proposition are a set of valuations (namely, By)
and a set of divisors (namely, Ay). We wish to translate this data into something more
combinatorial. For this, we use the map

0 V(X)UAD(X) — N(X) = Homz(A(X), Q)

defined in Section 3.1.b to map our data into the vector space N(X) = N(G/H). Since ¢
is injective on V(X)) (hence also on By C V(X)) by Corollary 3.1.14, we identify V(X) with
its image in N(X) in what follows. This leads us to make the following definition.

Definition 3.3.16. Let G/H — X be an embedding, and let Y C X be a G-orbit. We
define Cy- C N(G/H) to be the cone generated by ¢(By) and ¢(Ay).

Since ¢ is injective on valuations but not generally on divisors, we can expect the cone
Cy to capture all the information of the valuations By but not necessarily the information
of Ay. The following lemma makes this rigorous.

Lemma 3.3.17 ([Kno91, Lemma 2.4]). Suppose that G/H — X is simple, and let Y be
the unique closed G-orbit of X. The sets of the form Q%v for any v € By are precisely the
extremal rays of Cy which do not contain any element of o(Ay).

Now, we claim that any valuation v € By (X) is determined uniquely by the set Q*v C
N¢/i. Picking any v € Q%v, we know that v is a discrete valuation, so v takes values in Z,
and its image contains 1. Thus, there exists some n € Z which “clears denominators” of v/,
so that n - v’ takes values in Z, and the minimal such n is characterized by 1 € Im(n-v") and
hence n - v’ = v. Combining this with the above lemma and Proposition 3.3.15, we see that
when X is simple with closed G-orbit Y, the embedding G/H < X is determined up to
G-isomorphism by the pair (Cy, Ay ). We now define some terminology for certain conditions
on such a pair (Cy, Ay).
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Definition 3.3.18.

1. A colored cone is a pair (C,A) with C C N(G/H) a cone and A C D(G/H) a subset
of colors such that

a) C is generated by the (finite) set ¢(A) along with finitely many elements of
V(G/H), and

b) C°NV(G/H) + 2.

2. We say that a colored cone (C, A) is strictly convex if the cone C is strictly convex and

0 & @(A).
3. A face of a colored cone (C,A) is a pair (Cy, Ag), where

a) Cp is a face of the cone C,
b) Ag=ANeC), and
c) the pair (Cy, A) is itself a colored cone (equivalently, C N V(G/H) # @)).

Remark 3.3.19. Since we are now accumulating quite a few sets of combinatorial data,
we remark briefly on the mnemonics used. D stands for “divisors” (e.g. D¢ x is the set of
B-divisors of X), while A (the Greek equivalent of a “d”) denotes colors, i.e. B-divisors that
are not G-stable (e.g. Ay is the set of D N G/H for D a color containing Y'). The set By
will not be used anymore from here on out; in view of Lemma 3.3.17, it will suffice to use
Cy instead, and the C stands for “cone.”

In order to classify simple embeddings G/H < X, it remains to understand which pairs
of the form (C, A) actually arise from these simple embeddings. It turns out that these pairs
are precisely the strictly convex colored cones. When G/H < X is simple with closed G-
orbit Y, checking that the pair (Cy, Ay) is a strictly convex colored cone is not too difficult
(though it does require a certain technical result on valuations, namely Proposition 3.3.21
below). The main difficulty is to construct a simple embedding G/H — X from a strictly
convex colored cone (C, A). This is more subtle than the toric case, because we need to ensure
that the set A corresponds to the colors that contain Y. We refer the reader to the proof of
[Kno91, Theorem 3.1] (or that of [Bri97, Theorem 3.3.]) for the necessary construction.

Theorem 3.3.20 ([Kno91, Theorem 3.1]). Consider the map
(G/H = X) = (Cy(X), Ay (X))

that sends any simple embedding G/H — X with closed G-orbit Y to the pair (Cy(X), Ay (X)).
This map defines a bijection between the set of G-isomorphism classes of simple embeddings
of G/H and the set of strictly convex colored cones.
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As mentioned above, proving that (Cy,Ay) is a strictly convex colored cone requires a
certain technical result. More precisely, we need to be able to relate the centers of certain
valuations to combinatorial properties of the cone Cy. The following proposition allows us to
do just that. This proposition is a key technical tool not just for the proof of Theorem 3.3.20
above but also for the classification statements throughout the rest of this section. The
reader who has read our discussion of the toric case in Section 3.3.a may recall that a similar
statement (namely, Lemma 3.3.7c) was instrumental in the toric case as well.

Proposition 3.3.21 ([Bri97, Proposition 3.1.3|; cf. [Kno91, Theorem 2.5]). Let G/H — X
be a simple embedding, let Y be the unique closed G-orbit of X, and let v € V(G/H).

(a) We have
D(Xpy, Ox)® = {f € K(G/H)"™ | x; € ¢y},

(b) The center of v on X exists if and only if v € Cy .
(c) The center of v is Y if and only if v € Cy.

We now turn to classifying embeddings G/H < X for X not necessarily simple. To do
this, note that the sets G- Xpy for Y C X any G-orbit are G-stable open subsets that cover
X, and every G- Xy is simple with unique closed G-orbit Y. (see Theorem 3.2.7). We know
how to classify simple embeddings, so we just need to understand how to “glue together”
that classification over the open cover given by the G - Xpy. To model this“gluing” on a
combinatorial level, we use a combinatorial gadget that combines many colored cones; by
analogy with the theory of toric varieties, we call such a gadget a colored fan.

Definition 3.3.22.
1. A colored fan is a nonempty, finite set of colored cones . = {(C;, A;)}; such that

a) for all i, every face of (C;, A;) lies in .#, and
b) for all v € V(G/H), there exists at most one i such that v € Cy.

2. A colored fan 7 is strictly conver if (0,2) € .%. This is equivalent to the condition
that every colored cone in . is strictly convex. (Proof: if any colored cone (C,A) in
F is strictly convex, then (0, @) is a face of (C, A) and hence lies in .%. Conversely, if
(0,2) € .Z but some colored cone (C,A) € .Z is not strictly convex, then 0 € V(X)
and 0 € C° N 0°, contradicting the definition of a colored fan.)

3. Given any embedding G/H — X, we define
Fx ={(Cy(X),Ay (X)) | Y C X a G-orbit}.

Remark 3.3.23. Colored cones and colored fans do not have all the combinatorial prop-
erties that cones and fans do in toric geometry. More specifically, there are two important
pathologies that are impossible with regular (i.e. non-colored) cones and fans.
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1. Given a colored cone (C,A) and any face o of C, it may be the case that there is no
face of the colored cone whose cone is . By definition, such a face would have to be
(0, A), where A’ = o N 1(A). But (0,A’) might not be a colored cone, because
it might be the case that ¢° N V(G/H) = @. This will happen, for instance, if o is
an extremal ray of C generated by some element of p(A). Such rays are not always
extremal, but they can be; see e.g. [Pez10, Example 2.5.3] for an example.

2. Given two colored cones (C;, A1) and (Co, Ay) in the same colored fan % it is not
necessarily the case that the intersection C; NCy is a face of both C; and Cs (and even if
it is, it may not be the case that that C; NCy defines a face of the colored cones (Ci, A;)
and (Cq, Ag), as explained above). For an example, see [Pez10, Example 2.5.5] (which
gives a picture of the image of ¢ for some choice of G/H, and a suitable colored fan
can be constructed from this picture).

Note that these two pathologies can never occur in the toric case. This is due to the fact
that V(T') is all of N(T') when G/H = T (see Lemma 3.3.7b). In particular, this implies
that every face of a cone contains an element of V(T') in its relative interior (which implies
that pathology 1 cannot happen) and for any (C7,A;) and (Ce, As) in %, we must have
C; NCS = @ (which implies that pathology 2 cannot happen).

There is another important case in which colored cones and colored fans behave like
cones and fans from toric geometry: namely, the case where A = & for every (C,A) € Z.
Such colored fans correspond to a special class of spherical varieties called toroidal varieties.
As we will see in Theorem 3.5.9, toroidal varieties are related to toric varieties in a very
interesting and useful way.

The combinatorial condition of being a face of another colored cone has a useful scheme-
theoretic interpretation. An analogous fact is also essential in the toric case (see Theo-
rem 3.3.11a).

Proposition 3.3.24 ([Kno91, Lemma 3.2]). Let G/H — X be an embedding, and letY C X
be a G-orbit. The map Z — (Cz,Ayz) is a bijection between G-orbits of X whose closure
contains Y and faces of the colored cone (Cy,Ay).

The above proposition is the main ingredient in “gluing” our classification in the case
where X is simple. The other main ingredients are Proposition 3.3.21, which is used to prove
that the scheme we get from gluing is separated, and the following fact (which is an analog
of Lemma 3.3.9d from the toric case).

Lemma 3.3.25 (cf. Lemma 3.3.9). Let X be a spherical G-variety, and let Y C X be a
G-orbit. Then, GXpy is the unique G-stable open subset of X which is simple with unique
closed orbit Y.

Proof. That GXpy is such an open subset follows immediately from Thegrem 3.2.7. Con-
versely, if U C X is such a subset, then for any G-orbit Z with Y C Z, we must have
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ZNU # @ (by definition of the closure) and hence Z C U because U is G-stable. On the
other hand, for any G-orbit Z C U, since Y is the unique closed G-orbit of U, we have
Y C Z. We conclude that U is the union of all the G-orbits whose closures contain Y, which
is precisely GXpy by Theorem 3.2.7. O

Bringing together all of our above tools (plus a few more scheme-theoretic technicali-
ties), one arrives at the following classification of all embeddings of homogeneous spherical
varieties.

Theorem 3.3.26 ([Kno91, Theorem 3.3]). Let G/H be a spherical variety. The map
(G/H — X) — Zx is a bijection between G-isomorphism classes of embeddings of G/H
and strictly convex colored fans for G/H.

sketch of proof. Let G/H — X be an embedding. We first prove that .#x is a strictly convex
colored fan. Proposition 3.3.24 implies that every face of a colored cone in Fx is again a
colored cone in .Zy. For any v € V(G/H), suppose that v € Cy, (X)° N Cy,(X)° for some
G-orbits Y1, Ys C X. Proposition 3.3.21 (applied to G - Xpy, and G - Xpy,) implies that
Y; and Y; are both centers for v on X. Because X is separated, we must have Y; = Y, and
hence Y7 = Y;. This proves that .#x is a colored fan, and each colored cone in it is strictly
convex by Theorem 3.3.20.

To construct an inverse to the map X — Fx, let .Z = {(C;, A;)}; be a strictly con-
vex colored fan. Every colored cone (C;, A;) corresponds (via Theorem 3.3.20) to a simple
embedding G/H — X;, and for any i and j, Proposition 3.3.24 tells us that the faces com-
mon to both (C;, A;) and (C;, A;) correspond to G-orbits Z; C X; and Zy C X, such that
G-Xpz = G- Xpyz (because both G- Xp 7, and G - Xp z, are simple and have the same
colored cone, namely, a face of both (C;, A;) and (C;,A;)). We glue X; and X; along the
open subsets (X1)p,z and (X3)p 2 for every face common to (C;,A;) and (C;,A;). After
applying this gluing to all the X; and X, we obtain a scheme Xz equipped with a G-action.

Note that each X; and X, will be glued along their open G-orbits (which correspond
to the common face (0,9)). In particular, Xz is connected, and we have an embedding
G/H — Xgz. Moreover, Xz is integral, normal, and has finitely many B-orbits (because
there are finitely many X;, and they all have these properties). To check that X & is spherical,
then, we just need to check that this scheme is separated. Since this is a local question, it
suffices to consider the case where X is a gluing of two simple spherical varieties X; and
X5. For the rest of the proof of separatedness, which ultimately boils down to applying
Proposition 3.3.21, see [Kno91, Theorem 3.3].

It remains to check that the map .# — Xz is an inverse to the map (G/H — X) — Fx.
First, start with an embedding G/H — X, take its fan .Zx, and then glue to get X #,. The
X, in our construction of Xz, are the simple spherical G-varieties G' - Xpy for any G-orbit
Y C X. For any two G-orbits Y;,Y; C X, the intersection G - Xpy, NG - Xpy, in X is a
union of subsets of the form G - Xp 7 (namely, the union over all Z such that Y;,Y; C 7).
These are exactly the subsets that X; = G - Xpy, and Xy = G - Xpy, are glued on in our
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construction of Xz, . So, X can be obtained by gluing the G - Xpy in in exactly the same
way as the construction of Xz, which implies that X = X5, .

Now, take any colored fan ¢ = {(C;, A;)};, and let X = Xg. If G/H — X; is the simple
embedding corresponding to (C;, A;) for each 4, then by construction, X is covered by the X;.
If Y; is the unique closed G-orbit of X;, then G- Xpy, = X; by Lemma 3.3.25. It follows that
(Ci, A;) = (Cy;, Ay,;). On the other hand, for any G-orbit Y C X, we have Y C X for some

i

i and hence Y; C Y. Proposition 3.3.24 implies that (Cy, Ay) is a face of (Cy;, Ay,) € 4, so
we have (Cy,Ay) € 4. In summary, we have

g = {(CZ, Az)}z = {(Cy,Ay) ‘ Y C X a G—orbit} = yx,

which is what we needed to prove. O

3.3.c Classifying Morphisms

We have now classified embeddings G/H — X for any fixed homogeneous spherical variety
G/H in terms of certain combinatorial invariants (namely, colored fans). In this section, we
describe dominant morphisms embeddings in terms of the same combinatorial invariants.
By a “dominant morphism of embeddings,” we mean a commutative diagrams of the form

G/H —— X

ook

G/H —— X'

where all maps are G-equivariant and 7 (hence also f) is dominant. Note that giving an
embedding G/H — X is equivalent to giving a spherical variety X whose open G-orbit is
G/H. Under this interpretation, a “dominant morphism of embeddings” is nothing more
than a G-equivariant dominant morphism X — X’ for any two spherical G-varieties X and
X'

Let H, H C G be two spherical subgroups, and let = : G/H — G/H' be a dominant
G-equivariant morphism. Then, 7 maps the generic point of G/H to the generic point of
G/H' and so induces an inclusion ¢ : K(G/H') — K(G/H). Because ¢ is G-equivariant,
the inclusion ¢ is a G-equivariant map of G-modules, so ¢ induces an injection

™ ANG/H") — AG/H).
Applying Homz(—, Q) to this map gives us a surjection
m.: N(G/H) — N(G/H').

Now, for any v € V(G/H), it follows from the definition of =, that m.(v) is an element
of V(G/H’). On the other hand, any element v' € V(G/H') lifts to an element of V(G)
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([Kno91, Corollary 1.5]), which in turn restricts to a valuation v € V(G/H) (via the inclusion
K(G/H) — K(G) induced by the quotient map G — G/H), and one can check that
m«(v) = v'. So, we see that

w(V(G/H)) =V(G/H').

As for divisors, note that for any D € D(G/H), the image m.(pp) takes values in Z
(because vp does). So, one of two possibilities must occur: either m.(¢p) is the 0 valuation,
in which case the generic point of D maps to the generic point of G/H’, i.e. the composition
D — G/H = G/H' is dominant; or m,(¢p) is a nonzero discrete valuation, in which case
maps D onto a prime Weil divisor D" € D(G/H’). So, writing

A, ={DeD(G/H) | r|p: D — G/H"is dominant},
we obtain a map
7. : D(G/H)\ A, — D(G/H').

Our goal is to combine all these induced maps to understand how a morphism from
G/H — X to G/H' — X' should behave on combinatorial data. We now state the relevant
definitions and results.

Definition 3.3.27. Let 7 : G/H — G/H' be a dominant G-equivariant morphism.

1. Let (C,A) (respectively, (C', A’)) be a colored cone for G/H (respectively, G/H'). We
say that m maps (C,A) to (C', A') if
a) the map m, : N(G/H) — N(G/H') satisfies m.(C) C C’, and
b) the map 7, : D(G/H) \ A, — D(G/H') satisfies m,(A\ A,) C A/

2. Let # (resp. .#’) be a colored fan for G/H (resp. G/H'). We say that ¢ maps F to
F' if every ¢ maps every colored cone in .% to some colored cone in .%.

3. Let % be a colored fan for G/H. We define the support of Z to be

Supp(#) =V(G/H) N U C
C.MeF

Theorem 3.3.28 ([Kno91, Theorems 4.1 and 4.2], [Bri97, Section 3.4, Theorem 2]). Let
G/H and G/H be homogeneous spherical varieties, let G/H — X and G/H'" — X' be
embeddings, and let m: G/H — G/H' be a dominant G-equivariant morphism.

(a) m extends to a G-equivariant morphism f : X — X' if and only if ® maps Fx to
F(X).
(b) Suppose that f: X — X' is a dominant G-equivariant morphism extending w. Then,
f s proper if and only if
Supp(Fx) = m, ' (Supp(.F (X'))).
In particular, any spherical variety X is complete if and only if Supp(Fx) = V(G/H).
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3.4 The Valuation Cone

For any homogeneous spherical variety G/ H, the set V(G/H) of G-invariant valuations plays
a large role in the Luna—Vust theory of G/H. It is thus natural to ask: what is the structure
of V(G/H)? Since the set V(G/H) is a G-equivariant birational invariant of G/H and the
open G-orbit of any spherical variety has the form G/H, this is the same as asking: what is
the structure of V(X ) for any spherical variety X7 In this section, we discuss a few important
results in the literature that answer this question.

To start with, it turns out that V(G/H) is a cone in the vector space N(G/H). There
are two main ways to prove this. The first is very geometric: given any two G-invariant
valuations vy, vy : K(X)* — Q and any aj,as € Qxp, one can use Luna—Vust theory to
explicitly construct an embedding G/H < X such that ajv; + asvy has center on a closed
G-orbit of X (and hence must be a G-invariant valuation, since its center is G-stable). For
a proof using this approach, see [Bri97, Theorem 4.1].

Alternately, one can show that V(G/H) is a cone in a more representation-theoretic way,
by obtaining an explicit description of its dual cone. For our purposes, this description of the
dual cone will not be needed; we are only interested in the properties of V(G/H) that arise
from this description, which are stated in Theorem 3.4.1 below. However, this description
of the dual cone is common in certain parts of the literature, so we explain it briefly here.

Consider the left regular representation I'(G, Og), i.e. the G-module structure on I'(G, Og)
coming from the action of G on itself by left multiplication. Recall that, by the classification
of simple G-modules (Theorem 2.3.6), any simple G-module is isomorphic to V(u) for some
dominant weight u € Af. So, let V(u1), V(ua), and V(A) be three simple G-submodules of
the left regular representation I'(G, Og). We say that the weight iy + s — X € Ag is a tail
of G/H if

1. every element of V(up) and V(uy) is an eigenvector for H under the action of H on
['(G, O¢) given by right multiplication, and

2. V(X)) C V(u1)V (p2), where V(11)V (12) is the G-submodule of I'(G, O¢) generated by
elements of the form f, fo for any f1 € V(1) and fo € V(u2).

We claim that any tail p; + e — A is an element of A(G/H). For this, let f; € V(11),
fo € V(u2), and f € V(X) be B-eigenvectors of weights py, po, and p (respectively). Since
K(G/H) = K(G)" (see e.g. [Bor91, Proposition 6.5, Theorem 6.8]), it will suffice to show
that the element f,fof ' € K(G) is fixed by H. We have f € V(uu1)V (12), so we can write
f=>,,(Gm1f1)(gm2f2) for some g,,; € G, and we may take the summands (g, 1f1)(gm.2f2)
to be linearly independent over k. By assumption, fi, fo, and f are all eigenvectors of H; let
M1, 12, and 7 (respectively) be the corresponding characters of H. For any h € H, we have

0=h-f—=n(h)f=(m(h)n(h) —n(h)) Z(Qm,1f1)(9m,2f2)-

m

(Here we have used the fact that G acts by left multiplication while H acts by right multi-
plication, so the two actions commute.) Since the (g1f1)(gm2f2) are linearly independent,
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we conclude that 1y (h)ne(h) = n(h) for all h. Since H acts on fifo by mn. and on f by 7,
it follows that H fixes fifof !, as desired.

Now, let 7(G/H) be the set of all tails of G/H. By the above claim, we have 7(G/H) C
A(G/H), so we can consider the cone in N(G/H)" generated by 7(G/H). It turns out that
we can describe V(G/H) in terms of this cone.

Theorem 3.4.1 ([Bri97, Proposition 4.2 and Corollary]; cf. [Kno91, Lemma 5.1 and Corol-
lary 5.3]). Let G/H be a homogeneous spherical variety.

(a) We have
V(G/H)={ve N(G/H) |v(t) <0V ter(G/H)}.

In particular, V(G/H) is a convex cone whose dual is the cone generated by —7(G/H),
and the linear part of V(G/H) is

V(G/H)N (-V(G/H)) = 7(G/H)".

(b) Let
Wean ={v € N(G/H) | v(a) <0 for all positive roots o}

be the image of the antidominant Weyl chamber of G under the projection map Homz(Ag, Q) —
Homgz(A(G/H),Q) = N(G/H). The valuation cone V(G/H) contains We . In par-
ticular, V(G/H) is a full-dimensional cone in N(G/H).

sketch of proof. The containment V(G/H) C (—7(G/H))" is purely algebraic: for any G-
invariant valuation v : K(G/H)* — Q and any tail p; — s + A, one can take fi, fo, and
f=>2 (gm1f1)(gmaf2) as above and note that

(17t 2 min {o (B0 B o) o

It follows that v(f1fof ™) <0, which implies that v(u; — e + A) < 0 (here viewing v as an
element of N(G/H) in the usual way, using the injection ¢ : V(G/H) — N(G/H)).

The containment (—7(G/H))¥ C V(G/H) is more involved. Given an element v €
(—7(G/H))", one constructs a simple spherical variety X with unique closed G-orbit Y C X
and shows that v = ¢v’, where v’ is a valuation whose center on X is Y. The valuation v’ is
G-invariant because Y is G-stable, so this implies that v € V(G/H). The construction of X
here is essentially the construction in the proof of Theorem 3.3.20 in a special case.

Finally, statement (b) follows directly from (a) using some general facts about simple
roots in the root datum of GG. Note that by “the image of the antiominant Weyl chamber,”
we mean the following. By definition, the antidominant Weyl chamber —W (B, T) is a subset
of (Ag)¢ = Homg(Ag,Z). The inclusion A(G/H) — Ag induces a surjection p : (Ag)y —
A(G/H)")g = N(G/H). The set Wg/n defined in the theorem is precisely the image of
—W(B,T) under the map p. O
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Now that we know V(G/H) is a cone, we can use a construction of a “nice” embedding
G/H — X along with Luna—Vust theory to show that this cone is in fact polyhedral. We
defer the construction of this “nice” embedding until Section 3.5, since it relates more closely
to the material in that section.

Proposition 3.4.2. The cone V(G/H) is polyhedral.

Proof. By Proposition 3.5.8 below, there exists a complete embedding of spherical G-varieties
G/H — X such that for any colored cone (C,A) € .Zx, we have A = &. By definition of a
colored cone, this implies that C C V(X) = V(G/H) for every (C,A) € F#x. On the other
hand, since X is complete, Theorem 3.3.28 gives us

V(G/H) = ] c

(C.A)eFx

Each of the cones C is polyhedral (by definition of a colored cone), and there are finitely
many of them (by definition of a colored fan), so the above equation implies that V(G/H)
is polyhedral as well. O

It turns out that the cone V(G/H) is actually a Weyl chamber of a certain root system,
which yields further interesting properties of V(G/H). This was first proven in the charac-
teristic 0 case by Brion [Bri90]. Later, Knop gave a more geometric construction in [Kno94].
Knop has also generalized the statement to the case where char(k) # 2 (see [Knol4h]). For
our purposes, we will not need to consider this root system; instead, we just need the equa-
tion for V(G/H) in the following theorem, which follows from the description of V(G/H) as
a Weyl chamber.

Theorem 3.4.3 ([Bri90, Theorem 3.5]; cf. [Kno94, Theorem 1.3, 7.4]). There exists a root
system (V,R) with V. = I'(G/H)q and a base II of (V,R) such that, if y1,...,7, are the
simple roots of (V, R), then we have

V(G/H) = {v e N(G/H) | v(3) <0 i}
In other words, V(G/H) is the antidominant Weyl chamber with respect to 11.

Remark 3.4.4. In the literature, the root system in the above theorem is often described
in terms of its Weyl group W, g, which is called the little Weyl group of G/H. Also, since
V(G/H) is a G-equivariant birational invariant of G/H, so is the root system (V| R) in the
above theorem and the simple roots v, ..., 7.

Remark 3.4.5. The version of Theorem 3.4.3 proven by Knop in [Kno94] actually applies to
non-spherical varieties as well. In fact, many of the results about the valuation cone in this
section can be generalized to the non-spherical case; see [Tim11, Section 20-22] for details.
For certain of these general results, one has to restrict the discussion to special types of
valuations, called geometric valuations and central valuations. However, it turns out that in
the spherical case, every valuation is both geometric and central (see e.g. [Kno94, Theorem
7.2]), so these distinctions do not appear in the theory of spherical varieties.
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The characterization of the valuation cone in Theorem 3.4.3 will be instrumental to the
classification of spherical varieties. As such, we introduce some terminology to refer to this
characterization.

Definition 3.4.6. The simple roots 71, ..., 7, in Theorem 3.4.3 are called the spherical roots
of G/H. More generally, we define the spherical roots of any spherical variety X to be the
spherical roots of the open G-orbit of X. We denote the set of spherical roots of X by V¢ x.
(or simply by ¥x when the group G is clear from context).

Remark 3.4.7. The set of spherical roots W x can also be defined without referring to
open G-orbits or to root systems. Indeed, it follows from Theorem 3.4.3 that Wq x is the
unique set of minimal generators of —V(X)" which are all indivisible elements of the lattice
A(X). Such a set of minimal generators must exist for any polyhedral cone, so this is not
a particularly exciting definition on its own. However, since the spherical roots are simple
roots of a root system, the set U x is linearly independent in the vector space A(G/H)g. In
other words, the cone —V(X)V is a so-called simplicial cone. The spherical roots also have
many nice combinatorial properties, as we will see in Section 3.6.

Remark 3.4.8. Theorem 3.4.1 states that V(G /H) contains the image We, i of the antidom-
inant Weyl chamber in N(G/H). Passing to dual cones, we see that —V(G/H)" C —=W¢, .
By definition, the cone —W¢, ,; is the intersection with A(G/H)qg of the cone in Ag ®z Q
generated by the simple roots of G. It follows that every spherical root of G/H is a sum of
simple roots with nonnegative (integer) coefficients.

Since Luna—Vust theory deals exclusively with strictly convex polyhedral cones, it is
natural to ask: when is the polyhedral cone V(G/H) strictly convex? It turns out that the
linear part of V(G/H), i.e. the intersection V(G/H)N(—V(G/H), is related to the normalizer
subgroup Ng(H) C G in a precise way. To give a litle more context for the precise statement,
we note that Theorem 3.4.1 above gives us V(G/H) N (-V(G/H)) = 7(G/H)*.

Theorem 3.4.9 ([Bri97, Theorem 4.3]). Let G/H be a homogeneous spherical G-variety.
(a) Let (T) be the subgroup of A(G/H) generated by the set of tails T(G/H). Then, there

exists a canonical isomorphism of algebraic groups
Ng(H)/H =2 Hom(A(G/H)/(T),G,).

In particular, Ng(H)/H is diagonalizable, and dim(Ng(H)/H) is the dimension of the
linear part 7(G/H)* of V(G/H).

(b) The isomorphism of part (a) induces an exact sequence
0= 7(G/H)" - N(G/H) — N(G/Ng(H)) = 0,
which in turn induces an exact sequence

0— 7(G/H)* = V(G/H) — V(G/Ng(H)) — 0.
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(¢) We have No(H) = Ng(H®), where H° C H is the connected component of the identity.

Corollary 3.4.10 ([Pez10, Corollary 3.2.1]; [Bri97, Corollary 4.3]). Let G/H be a homoge-
neous spherical G-variety.

(a) The cone V(G/H) is strictly convex if and only if No(H)/H is a finite group.

(b) The cone V(G/H) is a vector space (hence is equal to N(G/H), because V(G/H) is
full-dimensional) if and only if H contains a mazimal unipotent subgroup of G.

The type of spherical variety described in part (b) of the above corollary has a particularly
nice geometry. We now give such spherical varieties a name.

Definition 3.4.11. We say that a spherical homogeneous variety G/H is horospherical if H
contains a maximal unipotent subgroup. We say that a spherical variety X is horospherical
if its open G-orbit is (or equivalently, if V(X) = N(X), see Corollary 3.4.10 above).

Remark 3.4.12. By some general facts about algebraic groups, it turns out that X is
horospherical if and only if the stabilizer of every point in X contains a maximal unipotent
subgroup (see [Tim11, Remark 7.2]).

Example 3.4.13. Consider the case of toric varieties, where G = T. Let X be a toric
T-variety. The only unipotent subgroup of T is {0}, which is certainly contained in the
stabilizer of every point in X, so X is horospherical. Thus, Corollary 3.4.10 implies that
every element of N(T') = Homgz(Ar, Q) comes from a T-invariant valuation. This confirms
what we have already proven explicitly for toric varieties in Lemma 3.3.7b.

The theory of horospherical varieties is quite interesting in its own right; for a brief
overview of the theory, see [Timl11, Sections 7 and 28|. For our purposes, we will think
of them mainly as a nice class of spherical varieties corresponding to one extreme case for
V(X): namely, the case where V(G/H) contains every line in N(G/H). The other extreme,
where V(G/H) is strictly convex and so contains no line in N(G/H), gives rise to another
nice type of spherical variety, which we will study in Section 3.5.b.

3.5 Special Types of Spherical Varieties

In this section, we discuss a few important “nice” types of spherical varieties. Using the
theory we’ve built up so far, we will be able to say a lot about the geometry of these spherical
varieties. These “nice” types of spherical varieties play a crucial role in the classification
of spherical varieties, because many proofs about the behavior of combinatorial data on
spherical varieties can be reduced to the case where the spherical varieties in question are
one of the “nice” types discussed here. We will see this sort of reduction to the “nice” case
repeatedly in Section 3.6.
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3.5.a Toroidal Varieties

Definition 3.5.1. Let X be a spherical G-variety. We say that X is toroidal if no color
of X contains a G-orbit (or equivalently, if every B-divisor of X that contains a G-orbit is
G-stable).

Remark 3.5.2. If G/H — X is an embedding with corresponding colored fan ZFx, it follows
immediately from the definition of .#x that X is toroidal if and only if for every colored
cone (C,A) € .7, we have A = @.

Example 3.5.3. For the toric case, where G = B = T, we note that any toric variety is
automatically toroidal, as every B-divisor is G-stable.

Example 3.5.4. Let £ = Op1 @ Op1(—e) for some e > 0, and consider the ruled surface
Y =P(£). Let 7 : Y — P! be the structure morphism, and let G = SL, act on P! by the
action of Example 2.4.19, which is given in coordinates by

(ch fl) z oyl = oz + by : cx + dy].

We take B C G to be the Borel subgroup of upper triangular matrices and T" C B to
be the subgroup of diagonal matrices. We have a canonical G-linearization of Op:, and
Example 2.4.19 gives us a G-linearization of Opi(1), which induces a G-linearization on
Op1(—e). One can show that these G-linearizations on Op: and Op:(—e) induce a G-action
on Y such that the structure morphism 7 : Y — P! is G-equivariant (cf. Proposition 2.4.17).
We intend to show that Y is a toroidal variety. To do this, we need to compute all the
B-divisors of Y as well as its G-orbits. First, the fiber C' = 77 1([1 : 0]) = P! is B-stable
but not G-stable (because [1 : 0] is fixed by B but not by G), so C is a color of Y. Every
other B-divisor lies in the preimage under 7 of A' = P!\ [1: 0]. Since &|41 is trivial, we get
71 (AY) = Al x P'. More specifically, Opi|41 is generated over Oy1 by the section 1, which
is fixed by G, and Opi(—e)|s1 is generated over Oy1 by a B-eigenvector of weight —e. It
follows that under the isomorphism 7—!(A) = A! x P!, the action of B on P! is given by

(é tul) w2 = w: e,

There are thus two other B-divisors of Y, namely
EleIXH:O], EQZAIX[O:l].

Note that A! x [1: 0] and A' x [0 : 1] are the images of sections s, sy : Al — Al x P! of
T|r-1(a1). By the valuative criterion of properness, s; and s, extend to sections P! - Y of m,
and the images of these extensions are necessarily F; and E, (respectively). It follows that
E; and E, are isomorphic to P! as G-varieties (because 7 is G-equivariant). In particular,
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E; and FE, are G-divisors of Y, and E; and E, are G-orbits of Y (because P! is a single
G-orbit).

Finally, one can check that Y3 = Al x (P*\ {[1: 0], [0 : 1]}) is a single B-orbit and is open
in Y. So, Y is spherical, and since Y = C' U E; U E; U Yy, we have found all the B-divisors
of Y. Moreover, the G-orbits of Y are the open orbit, which is certainly not contained in a
color, and the two G-divisors E; and FE,, which are not contained in the unique color C'. So,
Y is a toroidal variety by definition.

As the name suggests, toroidal varieties are related to toric varieties. We will make this
relationship precise in Theorem 3.5.6 below, which is essentially an application of the local
structure theorem for toroidal varieties. To prove it, we first require an auxilliary lemma,
which intuitively says that G-orbit of toroidal varieties behave like those of toric varieties.

(Indeed, the lemma can also be proven in the toric case by essentially the same argument,
thanks to Theorem 3.3.11a).

Lemma 3.5.5 (cf. [Tim11, Proof of Theorem 29.1]). Let X be a toroidal G-variety. Then,
the G-orbit closures of X are precisely the intersections of G-divisors of X.

Proof. The intersection Z of any set of G-divisors of X is G-stable and has finitely many
G-orbits (because X does), so Z contains a dense G-orbit. But Z is closed, so it is the
closure of its dense G-orbit.

Conversely, let Y be any G-orbit of X, and let Dq,..., D,, be the G-divisors of X that
Y. Note that since X is toroidal, the D; are the only B-divisors of X containing Y. Thus,
the cone Cy in the colored cone corresponding to Y is precisely the cone generated by the
¢p,. On the other hand, arguing as with Z above, we see that ("), D; has a dense G-orbit
Y’. We have Y C Y7/, so any B-divisor of X containing Y also contains Y and hence is one
of the D;. We conclude that the cone Cy- is also the cone generated by the ¢p, , so that
Cy: = Cy and Y =Y’ (by Proposition 3.3.24). So Y is dense in (), D;, which implies that
Y =, D O

Theorem 3.5.6 ([Bri97, Proposition 2.4.1]; ¢f. [Tim11, Theorem 29.1]). Let X be a toroidal
G-variety, let A C X be the union of all the colors of X, and let P C G be the parabolic
subgroup given by

P={geG|g-A=A}

(Equivalently, P is the subgroup Px of Lemma 3.2.10.) Let P, = R,(P), and let X¢ be the
open G-orbit of X.

(a) There exists a Levi subgroup M C P depending only on X¢& and an M-stable closed
subvariety Z C X \ A such that the map

PoxZ—X\A

given by (p, z) — p- z is a P-equivariant isomorphism.
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(b) The commutator [M, M| acts trivially on Z, and Z is a toric variety for some quotient
of the torus M/[M, M].

(c) Every G-orbit of X intersects Z in a single M-orbit. In other words, the map O
O N Z is a bijection between G-orbits of X and M-orbits of Z.

(d) The cones in the colored fan Fx are the cones in the fan corresponding to the toric va-
riety Z. More precisely: if Fx = {(C1,9),...,(Cn, D)} is the colored fan corresponding
to X, then the fan corresponding to Z is {Cy,...,Cp}.

Proof. Since X is toroidal, applying Proposition 3.1.20 to A shows that A is an effective
Cartier divisor and that Ox(A) is generated by global sections. Let 0 € I'(X, Ox(A)) be
the canonical section, so that X, = X \ A, and then apply the local structure theorem
(Theorem 3.2.2) to X, to get statement (a). Note that M is the standard Levi subgroup of
P, and we have

P=Py={geG|g-Xp=Xg},

where X3 is the open B-orbit of X (see Remark 3.2.11). In particular, since X3, C Xg, both
P and M depend only on X¢.

By Proposition 3.2.3, Z is a spherical M-variety, and the map D +— D N Z is a bijection
between the B-divisors of X that intersect X \ A and the (BNM)-divisors of Z. By definition
of A, the B-divisors intersecting X \ A are precisely the G-divisors of X, so the intersections
DN Z are all M-stable (because D and Z are M-stable). Thus, every (BN M )-divisor of Z is
M-stable, whence (b) follows immediately from Proposition 3.1.19 (applied to the spherical
M-variety Z). These arguments also show that the map D — DNZ is in this case a bijection
between G-divisors of X and M-divisors of Z. This fact will be useful below.

For (c), we first claim that intersecting with Z induces a bijection on orbit closures. This
follows directly from Lemma 3.5.5 and the fact that the map D — D N M is a bijection
Dg x — D]\]‘i 4, as noted above. Indeed, this bijection implies that the intersections of M-
divisors in Z are the sets of the form (), D;) N Z, where the D; are G-divisors of X. But
Lemma 3.5.5 (applied to X) implies that the G-orbit closures are the intersections of G-
divisors, while the same lemma (applied to Z) implies that the M-orbit closures in X are
the intersectsions of M-divisors. Putting this all together yields the claim.

It remains to prove that intersecting with Z induces a bijection on orbits, not just orbit
closures. The main difficulty is to prove that the intersection of any G-orbit with Z is an
M-orbit. If this is true, then one can use this fact plus the bijection on orbit closures above
to prove that the map in (c) is a bijection on orbits. So, let Y be a G-orbit of X. We prove
that Y N Z is an M-orbit of Z by induction on dim(Y’). Write Yo =Y N (X \ A). Then, we
have dim(Y') = dim(Yp) and

Yo=P,-YoNZ) 2P, x (YNZ),

from which it follows that the codimension of YN Z in Z is the same as the codimension of Y
in X (here also using the fact that X \ A = P, x Z implies that dim(X) = dim(P,)+dim(Z2)).
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This gives us the base case of our induction: if Y is an orbit of minimal dimension, then
Y is closed and hence is an orbit closure; so, the intersection Y N Z is an orbit closure
of minimal dimension in Z, which means Y N Z is a closed orbit. For the inductive step,
given any G-orbit Y, the intersection Y N Z is an orbit closure of Z and hence is a union of
one M-orbit Y’ of dimension dim(Y N Z) and other M-orbits of strictly smaller dimension
(Proposition 2.1.2). For any of these M-orbits O of dimension < dim(Y N Z), the orbit
closure O has the form O N Z for some G-orbit @ of X by the above claim. Then, O N Z
is an M-orbit (by induction hypothesis) that is dense in O’, so we have O N Z = O'. Note
also that ONZ C Y N Z implies that

OcO=P0ONZ)CP(YNZ)=Y.

In summary, Y N Z is a union of one dense M-orbit Y’ and other M-orbits which are all of
the form O N Z for some G-orbit @ C Y. Since Y does not intersect any other G-orbit of
X, it follows that Y" D Y N Z. On the other hand, Y N Z is M-stable and intersects the
M-orbit Y, so we must have Y C YN Z and hence Y =Y N Z.

As for (d), by the bijection in statement (c), it will suffice to show that for any G-orbit
Y C X, the cone Cy in the colored cone (Cy, Ay) € Fx is equal to the cone C corresponding
to the M-orbit Y N Z (in the fan for the toric variety Z). Because X is toroidal, we have
Ay = O, so the extremal rays of Cy are generated by the ¢p, where D is a G-divisor
containing Y (Lemma 3.3.17). Similarly, the extremal rays of C are generated by the ¢p,
where D’ is an M-divisor containing ¥ N Z (Lemma 3.3.7). Using our above arguments
(and the inverse of the map D — D N Z given in Proposition 3.2.3), one can check that
the M-divisors containing Y N Z are precisely the intersections D N Z for any G-divisor D
containing Y. Moreover, for any such G-divisor D, Proposition 3.2.3 implies that pp = ppnz
as elements of N(X) = N(Z). This proves that C = Cy(X), as desired. O

Remark 3.5.7. In the above theorem, the complement X \ A intersects every G-orbit of X
(because X is toroidal). Thus, we have G - (X \ A) = X. It follows that X is covered by
open subsets (namely, the sets g - (X \ A) for ¢ € G)) which are isomorphic to P, x Z for
some toric variety Z. We can thus think of the above theorem as saying that any toroidal
variety X is in some sense “locally toric.”

Even though cones in colored fans need not generally behave like the cones in fans of
toric varieties (see Remark 3.3.23), the cones in the colored fans of toroidal varieties actually
do form a fan. This follows immediately from Theorem 3.5.6d. Alternately, one can check
from the definitions that, given finitely many cones Cy, ...,C,, C V(X), the set {Cy,...,Cpn}
is a fan if and only if the set {(Ci,2),..., (Cpn, @)} is a colored fan. It follows that toroidal
varieties are relatively easy to construct: all we need to do is take a homogeneous spherical
variety G/H and pick a fan .# consisting of cones contained in V(G/H). Then, the colored
cones (C,@) for C € .# will actually form a colored fan and hence define an embedding
G/H — X with X toroidal. In particular, a toroidal embedding of G/H always exists.
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The following proposition does even better: it tells us that for any spherical variety X,
there exists a projective G-equivariant birational morphism X — X with X toroidal. In
particular, not only do toroidal varieties exist, but they are relatively abundant. Thanks to
Luna—Vust theory, the proof is completely combinatorial: we essentially show that we can
“take the colors out” of any given colored fan to make another colored fan.

Proposition 3.5.8 ([Bri97, Proposition 2.4.2], [Kno91, Lemma 5.1]).

(a) Let X be a spherical G-variety. Then, there exists a toroidal G-variety X and a
projective G-equivariant birational morphism m: X — X.

(b) Let G/H be a homogeneous spherical G-variety. There exists an embedding G/H — X
such that X is toroidal and projective.

Proof. 1t is possible to prove (a) by a constructing the blow-up of X along some subvariety
of the colors of X. For a proof using this sort of argument, see [Bri97, Proposition 2.4.2].
Alternately, we can avail ourselves of Luna—Vust theory in the following way. Let G/H
be the open G-orbit of X, and let .# = Zx be the colored fan of X. For any colored
cone (C,A) € Z, we check that (CNV(G/H), @) is a strictly convex colored cone. First,
CNV(G/H) is a polyhedral cone because both C and V(G/H) are (this follows formally
from the definition of a polyhedral cone as an intersection of finitely many half-spaces —
see [Ful93, Section 1.2, Property (9)]). This implies that C N V(G/H) is generated as a cone
by finitely many elements of V(G/H). Moreover, the interior of C N V(G/H) is contained
in V(G/H), so the pair (CNV(G/H), o) is a colored cone. Finally, C N V(G/H) is strictly
convex because C is.

Now, we define a set of colored cones .# by taking every face of the colored cone (C N
V(G/H), ) for all (C,A) € #. Note that every element of .7 has the form (C, @) (because
it is the face of a colored cone having this form). Moreover, .Z contains every face of each
of its elements by definition, and for every v € V(G/H), there is at most one colored cone
(C,2) € .Z with v € C° (because the same is true of .%). Thus, .7 is a strictly convex
colored fan and so defines an embedding G/H — X with X toroidal. Moreover, for every
(C,@) € .Z, there is by definition some (C,A) € .Z such that C C C. It follows that the
identity map G/H — G/H maps % into .Z, so it extends to a G-equivariant morphism

7:X = X.

Note that 7 is birational because it is an extension of the identity map on G/H. Moreover,
we have Supp(F#) = Supp(ﬁ2 ) by construction of Z, so T is proper by Theorem 3.3.28.

It remains to show that we can choose 7 to be quasi-projective as well (hence pro-
jective). This is essentially an application of the “equivariant Chow lemma” of Sumihiro
(Theorem 2.6.14). More precisely, that theorem gives us a G-equivariant projective bira-
tional morphism 7’ : X’ — X with X’ quasi-projective. Recall that the normalization of X’
is G-equivariantly birational to X' and is quasi- projective because the normalization mor-
phism is finite (see Lemma 2.6.15). Thus, after replacing X' by its normalization, we may
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assume that X’ is normal. Since 7’ is G-equivariant and birational, X’ is a spherical variety
with open orbit G/H, and 7’ is an extension of the identity morphism G/H — G/H. By
Theorem 3.3.28, this means that 7’ maps the colored fan .#’ of X’ to .. It follows that no
colored cone in .’ has any colors (because the same is true of ,/), so that X' is toroidal.
Finally, the composition 7w o7’ is G-equivariant, birational, and proper because 7 and 7’ are,
and it is quasi-projective because X' is (any ample line bundle on X’ is (7 o 7’)-ample). So,
7 o7 is projective. Thus, we may replace m by 7 o 7’ and so take 7 to be projective. This
choice of 7 satisfies (a).

As for (b), there again exists a proof by an explicit, geometric construction; see [Kno91,
Lemma 5.1]. Alternately, we can deduce (b) from (a) in the following way. Since G/H is
quasi-projective and normal, Theorem 2.6.12 gives us a G-equivariant immersion G/H —
P(M) for some finite-dimensional G-module M. Let X be the normalization of the closure
of G/H in P(M). Then, X is a spherical variety, and since G/H is contained in the smooth
locus of X, we have an open immersion G/H — X. Let 7 : X — X be the morphism given
by applying (a) to X. Then, X is a toroidal variety and is projective (because X is projective
by construction and 7 is projective). Moreover, since 7 is G-equivariant and birational, it is
an isomorphism on open G-orbits, so the open G-orbit of X is G /H. Thus, X is the desired
variety. [

In Theorem 3.5.6, we applied the local structure theorem to the complement of all colors
of X, instead of to the sets Xpy that one typically uses for the local structure theorem on
spherical varieties. However, all of the arguments in the proof of that theorem apply just as
well to Xpy (which we can apply the local structure theorem to by Theorem 3.2.7a). Thus,
repeating essentially the same proof (but with Xpy in place of X \ A in that theorem), we
obtain the following theorem.

Theorem 3.5.9. Let X be a toroidal variety, let Y C X be a G-orbit, and let P, M and Z
be as in the application of the local structure theorem to the set Xpy (see Theorem 3.2.2).
Then, Z 1is an affine toric variety for a quotient of M, and the cone corresponding to Z is

Cy.

In the theory of toric varieties, there is a standard procedure for constructing a resolution
of singularities by “subdividing” cones in a fan. (For details on this technique of subdividing
cones, see [Ful93, Section 2.6], which gives examples and exercises that lead up to a proof,
or [Oda88, Corollary 1.18 and following discussion], which gives a formal statement and ref-
erences to proofs.) Since toroidal varieties are in some sense “locally toric” and their colored
fans determine fans, we can apply the same subdivision procedure to obtain resolutions of
singularities for toroidal varieties. The precise statement is as follows.

Theorem 3.5.10. Let X be a toroidal variety.

(a) The variety X is smooth if and only if for every colored cone (C,2) € Fx, the cone C
is generated by a part of a basis for the lattice Homz(A(X),Z) C N(X).
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(b) There exists a toroidal resolution of singularities of X. In other words, there exists a
smooth toroidal variety X and proper G-equivariant birational morphism w: X — X.

Proof. For (a), we note that the sets G - Xpy cover X. So, X is smooth if and only if
G - Xpy is smooth for all G-orbits Y, or equivalently, if and only if Xpy is smooth. The
local structure theorem gives us

XB,Y = RU(P) X Z,

where Z is an affine toric variety whose corresponding cone is Cy (see Theorem 3.5.9). Since
R,(P) is smooth, we see that Xpy is smooth if and only if Z is smooth, and it is a standard
fact about affine toric varieties (see e.g. [Ful93, Section 2.1, Proposition 1]) that Z is smooth
if and only if the corresponding cone Cy is generated by a part of a basis for the lattice in
N(X) dual to A(X). This gives us (a).

As for (b), we note that X is toroidal, so the cones in the colored fan .y define a fan F
in the sense of toric varieties. As mentioned above, the theory of toric varieties provides a
way to subdivide each cone in F into a union of cones, each of which is generated by a part of
a basis for the lattice Homz(A(X),Z). This is how one typically demonstrates the existence
of a resolution of singularities for toric varieties. For our purposes, such a subdivision will
define a new fan F consisting of cones contained in V(G /H), and we can then define a new
colored fan .Z by .

Z={C,2)|CeF.

The colored fan .# defines a toroidal variety X whose open G-orbit is the same as the open
G-orbit of X. Since F was obtained by subdividing cones in F, every cone in the colored
fan .Z is contained in a cone in .Zy, and we have Supp(F) = Supp(gz’). So, Theorem 3.3.28
gives us a proper G-equivariant morphism X — X which is the identity on open G-orbits.
Finally, we note that by (a) and the construction of the fan F, the toroidal variety X is
smooth. O]

3.5.b  Sober Subgroups and Standard Embeddings

Corollary 3.4.10 tells us that the valuation cone V(G/H) is strictly convex if and only if
H has finite index in its normalizer Ng(H). When this is the case, there is a particularly
spherical variety that we can consider.

Definition 3.5.11. Let H C G be a spherical subgroup.

1. We say that H is sober if the group Ng(H)/H is finite (equivalently, if H has finite
index in Ng(H)).

2. If H is sober, we define the standard embedding (or canonical embedding) of G/H to be
the embedding G/H — X defined by the colored fan {(V(G/H), @)} (which is strictly
convex because V(G/H) is, see Corollary 3.4.10).



151

Since we are working with the normalizer Ng(H), we will need a few technical algebraic
statements about the interaction of Ng(H) and the Borel subgroup B.

Lemma 3.5.12 ([Bri97, Theorem 4.3(iii)], [Tim11, Lemma 30.2]). Let H C G be a spherical
subgroup.

(a) There exists a choice of Borel subgroup B such that the set
BH ={bh | be B,h € H}
s open in G.

(b) Consider the action of No(H)/H on G/H defined by nH «gH = gnH. For any choice
of B as in (a), the natural action of Ng(H)/H on G/H fixes the open B-orbit.

(c) For any intermediate subgroup H C H' C Ng(H), we have Ng(H') = Ng(H). In
particular, Ng(Ng(H)) = Ng(H).

Proof. For any Borel subgroup B C G, the set BH is open in G if and only if the open
B-orbit of G/H is the orbit containing the coset H. So, pick any Borel subgroup B, let gH
is be any coset in the open B-orbit of G/H, and define B’ = g7!Bg. One can check that
if O is the open B-orbit of G/H, then g~'O is the open B’-orbit of G/H. In particular,
H € g7'O, so B'H is open in G. This proves (a).

For (b), the open B-orbit in G/H is the image of BH under the quotient map. Thus, it
suffices to show that the normalizer Ng(H) fixes the subgroup BH C G under the action
given by multiplication on the right. For this, we follow part of the proof of [Bri97, Theorem
4.3(iii)]. For any g € Ng(H), the set BHg is an open subset of G and so intersects BH.
On the other hand, we have BHg = BgH, so BgH intersects BH. Thus, there exist some
bi1,by € B and hq, hy € H such that bygh, = byhsy. This gives us g = bl_lbghghl_l € BH and
hence BHg = BgH = BH.

The proof of (c) is slightly more technical; see [Tim11, Lemma 30.2] for details. O

When it exists, the standard embedding enjoys many nice properties.

Lemma 3.5.13. Let H C G be a sober subgroup, and let i : G/H — X be the standard
embedding.

(a) The standard embedding is the unique (up to G-isomorphism) complete embedding of
G/H that is both simple and toroidal. Moreover, the standard embedding ezists (i.e. H
is sober) if and only if there exists a simple complete embedding of G/H.

(b) The standard embedding is the “mazximal” simple completion, i.e. it satisfies the follow-
ing universal property: for any embedding G/H — X' with X' simple and complete,
there exists a unique birational G-equivariant morphism X — X' which extends the
identity map on G/H.
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(c) The standard embedding is the “minimal” toroidal completion, i.e. it satisfies the follow-
ing universal property: for any embedding G/H — X' with X' toroidal and complete,
there exists a unique birational G-equivariant morphism X' — X which extends the
identity map on G/H.

(d) The standard embedding X is smooth if and only if the spherical roots Vg x form a
basis for the lattice A(X).

Proof. First, note that any embedding of G/H is simple if and only if it is given by a colored
fan consisting of a single colored cone, and it is toroidal if and only if this colored cone has
the form (C, @) with C C V(G/H). By Theorem 3.3.28, the embedding is then complete if
and only if V(G/H) = C, i.e. if and only if the embedding is the standard embedding. If
the standard embedding exists, it is a simple complete embedding. Conversely, if a simple
complete embedding exists and is given by a colored cone (C, A), then Theorem 3.3.28 gives
us V(G/H) C C. So, V(G/H) is strictly convex because C is, and this implies that the
standard embedding exists. This proves (a).

Next, let G/H < X' be any embedding with X’ complete. Suppose that X’ is simple,
and let (C,A) be the corresponding colored cone. Since X is complete, Theorem 3.3.28
implies that V(G/H) C C, and the same theorem then gives us a morphism of G-varieties
f: X — X’ extending the identity morphism on G/H. If X’ is toroidal instead of simple,
then let .%# be the corresponding colored fan. For every colored cone (C,A) € .%, we have
A = @ and hence C C V(G/H). So, the identity map on G/H maps .Z into the colored fan
{(V(G/H),2)} defining the standard embedding, and Theorem 3.3.28 gives us a morphism
of G-varieties f : X’ — X extending the identity morphism on G/H. In both the simple and
toroidal cases, the morphism f is birational (since it extends the identity map G/H — G/H),
and f is unique because it is determined by its restriction to G/H (see [Har80, Chapter II,
Exericse 4.2]). This proves (b) and (c).

For (d), Theorem 3.5.10 tells us that X is smooth if and only if the cone V(X)) is generated
by a part of a basis for the dual lattice A(X)" = Homgz(A(X),Z). This in turn holds if and
only if —V(X)V is generated by a part of a basis for A(X) (this follows from a standard
procedure for computing generators of the dual cone, see [Ful93, Section 1.2, Property (8)]).
The spherical roots W x are the unique set of minimal generators of —V(X)Y which are
indivisible elements of the lattice A(X), so —V(X)" is generated by part of a basis for A(X)
if and only if the W y are part of a basis for A(X). Finally, we note that since X is the
standard embedding, V(X) must be strictly convex, so its dual cone is full-dimensional (see
e.g. [Ful93, Section 1.2, Property (13)]). It follows that W¢ x is part of a basis for A(G/H)
if and only if it is a basis for A(G/H). O

Remark 3.5.14. The set of spherical roots V¢ y is always linearly independent in A(X)g
(see Remark 3.4.7), and by our arguments for part (d) in the above proof, V¢ y spans
A(X)g when X is the standard embedding. So, in part (d) of the above lemma, we already
know that W¢ x is a basis for the vector space A(X)g. The question of smoothness of the
standard embedding X is thus a question of whether this basis for A(X)g generates the
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lattice A(X). In equations: we necessarily have V¢ x C A(X) C QW¥gq x; the question is
whether A(X) =ZV¢ x.

We will primarily be interested in the case where the standard embedding is smooth.
However, it is very difficult to find interesting conditions which are sufficient for the standard
embedding to be smooth. There is one main condition which is known to be sufficient,
thanks to a result of Knop. The setup is as follows. Let H C G be a spherical subgroup. By
Lemma 3.5.12, we may pick the Borel subgroup B such that the natural action of Ng(H)/H
on G/H fixes the open B-orbit of G/H. It follows that Ng(H)/H permutes the colors of
G/H, so we have an action of Ng(H)/H on the set of colors A(G/H). Knop’s result says
that the standard embedding is smooth when this action is particularly nice.

Theorem 3.5.15 ([Kno96, Corollaries 7.2, 7.6]). Let G/H be a homogeneous spherical G-
variety. If No(H)/H acts effectively on A(G/H) (i.e. if the only element of No(H)/H that
fizes every color is the identity), then the standard embedding of G/H exists and is smooth.
In particular, if No(H) = H, then the standard embedding of G/H exists and is smooth.

Remark 3.5.16. Note that since the set A(G/H) is finite, the assumption that Ng(H)/H
acts effectively on A(G/H) forces Ng(H)/H to be finite, so the standard embedding must
exist. The deep part of the above theorem is not that the standard embedding is actually
smooth (which Knop proves by using the criterion of Theorem 3.5.10).

In light of the above theorem, we make the following definition.
Definition 3.5.17. Let H C GG be a spherical subgroup.

1. We say that H is very sober (or spherically closed) if No(H)/H acts on A(G/H)
effectively. (This in particular implies that H is sober, see Remark 3.5.16 above.)

2. We define the very sober hull (or the spherical closure) of H, denoted H, to be the
subgroup of Ng(H) consisting of all elements whose images in Ng(H)/H act trivially
on A(G/H).

Note that H C H by definition, and Lemma 3.5.12 tells us that Ng(H) = Ng(H). It
follows that Ne(H)/H does act effectively on A(G/H). In particular, the very sober hull
H is indeed very sober, so by Theorem 3.5.15, the standard embedding of G/H exists and
is smooth. Moreover, most of the interesting combinatorial invariants of G/H are preserved
when passing to G/H (see [Lun01, Sections 6.1 and 7.1]). Thus, one can sometimes pass
from G/H to G/H in order to reduce questions about homogeneous spherical varieties to
the case where the standard embedding is smooth.

It turns out that the standard embedding has especially nice geometric properties when
it is smooth. In fact, the smooth standard embeddings of homogeneous spherical varieties
are precisely the so-called wonderful varieties, which are the next “nice” type of spherical
variety that we will discuss.
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3.5.c  Wonderful Varieties
Definition 3.5.18. We say that a G-variety X is wonderful if the following properties hold.

1. X is smooth and proper over k.

2. X contains an open G-orbit X¢, and if X;,..., X, are the irreducible components of
X \ X¢&, then the X; are smooth and have normal crossings, and (), X; # @.

3. For all z,y € X, we have Gx = Gy if and only if
{i|lzeXi}={jlyeX;}

In this case, the integer r is called the rank of the wonderful variety X.

Remark 3.5.19. It follows immediately from the above definition that if X is wonderful,
the G-orbits of X are precisely the subsets of the form

Ax\Jx

i€l il

for any subset I C {1,...,7} (where we take the convention that the empty intersection is
X, so that we get X& when I = @.) In particular, a wonderful variety of rank r has exactly
2" G-orbits and is simple (the unique closed orbit is [, X;).

Example 3.5.20. Let X = P! x P!, with the action of G = SLy from Example 3.1.16. We
saw in that example that the two colors of X are

Dy =P x {[1:0]}, and Dy = {[1: 0]} x P!,

and the two G-orbits of X are the diagonal A and its complement X7. Note that X is
smooth and complete. Moreover, A is the unique irreducible component of X \ X2, and A is
also the unique G-orbit of X besides the open orbit X¢. It follows from the definition that
X is a wonderful variety of rank 1.

Compare this to some other properties of X that we are already familiar with. First of
all, we saw in Example 3.1.16 that A(X) = Z - ay, where a4 is the unique simple root of G.
In particular, the rank of X (as a G-variety) is 1, which is the same as the rank of X as a
wonderful variety. Moreover, neither of the G-orbits of X is contained in D; or Dy, so X is
a toroidal variety. Also, the unique closed G-orbit of X is A, so X is simple, and X is also
complete. Thus, X is the standard embedding of its open G-orbit (see Lemma 3.5.13), and
this embedding is smooth.

The above example gives us one wonderful variety that is also a smooth standard em-
bedding. Remarkably, it turns out that the wonderful G-varieties are precisely the standard
embeddings of homogeneous spherical G-varieties that are smooth. Thus, the definition of
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a wonderful variety, which depends only on the structure of G-orbits, actually characterizes
all the nice properties of smooth standard embeddings.

The proof of this fact largely revolves around the local structure theorem. The key
difficulty is to prove that a wonderful variety is even spherical to begin with. This was first
proven by Luna in [L.un96].

Theorem 3.5.21 ([Lun96]; see also [Pez10, Proposition 3.3.1], [Tim11, Theorem 30.15]).
Let X be a G-variety. The following are equivalent.

(i) X is a wonderful G-variety.

(i1) X is a spherical G-variety, X is the standard embedding of its open G-orbit, and X is
smooth.

Moreover, if these conditions are satisfied, then the rank of X as a wonderful variety is equal
to the rank r(X) of X as a G-variety.

Proof. Suppose that (ii) holds, and let G/H be the open G-orbit of X. Then, X is toroidal,
so by Theorem 3.5.6a, we obtain an isomorphism of P-varieties P, x Z — X \ A (with
notation as in the theorem). The same theorem (along with Proposition 3.2.3) tells us that
Z is a smooth toric variety for a quotient 7" of M, and the corresponding fan has only one
cone, namely V(G/H). Because this fan contains only one cone, Z is affine. Moreover, it is
a standard fact from the theory of toric varieties (see e.g. [Ful93, Section 2.1, Proposition 1])
that the only smooth affine toric varieties are A" x G.”", with the action of the torus given
by the natural action of GJ;, C A" x GJ.", and that the cone corresponding to A" x GJ."
has dimension r . By Theorem 3.4.1, the cone V(G/H) is full-dimensional in N(G/H), so
we have Z = A}, where r = r(X) = dim(N(G/H)) is the rank of X.

Now, pick coordinates Z = Spec(k[xy,...,z,]). The irreducible components of the
complement of the dense T"-orbit Z° C Z are precisely the vanishing loci Z; of x; for
i €{1,...,r}. These are smooth and have normal crossings, and N;Z; # @. Moreover, the
T’-orbits (hence also the M-orbits) of Z are the sets of the form

Zr =2\ z

iel il

for any subset I C {1,...,r}. Thus, Z satisfies conditions 2 and 3 in the definition of a
wonderful variety (Definition 3.5.18). On the other hand, by Proposition 3.2.3, the map
D — DN Z is a bijection between T-divisors of Z and B-divisors of X intersecting X \ A
(which are precisely the G-divisors of X by definition of A), and by Theorem 3.5.6, the map
Y — Y N Z is a bijection between G-orbits of X and M-orbits of Y. Using these bijections
and the fact that every G-orbit of X intersects Z (by definition of A), one can prove that X
satisfies conditions 2 and 3 in the definition of a wonderful variety because Z does. Since X
is smooth and proper by assumption, this implies that X is a wonderful variety. Moreover,
the irreducible components of the complement of the open G-orbit of X are the G-divisors of
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X (Lemma 3.1.17), and as noted above, these are in bijection with the Z;. Since the number
of Z; is r = r(X), we conclude that the rank of X as a wonderful variety is equal to r(X).
This proves that (ii) = (i), and it also proves the desired equality on ranks.

Conversely, suppose that X is a wonderful variety. We omit the proof that X is spherical,
which is by far the most technical part of the proof. The strategy is to assume that X is
wonderful but not spherical, reduce first to the case where X is wonderful of rank 2 and then
to the case where G = Sy, and finally to prove that there cannot exist a wonderful variety
which is not spherical in this case. For details, see [Lun96] or [Tim11, Theorem 30.15] (which
uses the same strategy but gives a different argument than the original proof in [Lun96]).

In short, X is spherical by [Lun96]. Also, the definition of a wonderful variety implies
that X is smooth, complete, and simple. In light of Lemma 3.5.13a, it remains to prove that
X is toroidal. In [Pez10, Proposition 3.3.1], Pezzini gives an argument for this that involves
the combinatorics of Luna—Vust theory. However, we were unable to verify this combinatorial
argument. So, we provide another approach, which hinges on the local structure theorem and
one combinatorial fact about smooth spherical varieties. For an alternative, more geometric
approach, see [Tim11, Theorem 30.15].

Let r be the rank of the wonderful variety X. We claim that »(X) < r. For this, let
Y C X be the unique closed G-orbit. Since X (hence also Y') is complete, Y has a unique
B~-fixed point y (see Lemma 2.1.3). With P, M, and Z as in the local structure theorem
(Theorem 3.2.2) applied to Xpy, we have Y N Z = {y} by Lemma 3.2.9. Since Xpy =
R,(P)xZ and YNXpy is a B-orbit (Theorem 3.2.7), we see that YNXpy = R, (P)x(YNZ)
and hence that

dim(Y) = dim(Y N Xpy) = dim(R,(P)) + dim(Y 1 Z) = dim(R,(P)).

On the other hand, Y is the intersection of the r G-divisors of X, and these have simple
normal crossings, so dim(Y) = dim(X) — r. The fact that Xpy = R,(P) x Z then gives us

dim(X) = dim(Xpy) = dim(R,(P)) + dim(Z)
= dim(Y") + dim(2)
= dim(X) — r + dim(2),

which implies that dim(Z) = r. Moreover, we have r(Z) < dim(Z) by Lemma 3.2.10 and
r(Z) = r(X) by Proposition 3.2.3. Putting this all together gives us

r(X)=r(Z) <dim(Z) =r,

as desired.

Now, consider the set Dy C Dg x consisting of B-divisors containing Y. Since every
G-divisor contains a G-orbit, all r G-divisors of X are contained in Dy . On the other hand,
since X is smooth, Proposition 3.7.9 below implies that the valuations ¢p for D € Dy
form part of a basis for the dual lattice A(X)Y. Since A(X)" has rank r(X) < r, this is
only possible if r(X) = r and the G-divisors of X are the only elements of Dy. In other
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words, no color of X lies in Dy, which implies that X is toroidal. This completes the proof.
We remark that, although Proposition 3.7.9 does not come until Section 3.7, nothing in that
section hinges on anything related to wonderful varieties (or indeed on any material appearing
after Section 3.4). Thus, there is nothing circular about our use of Proposition 3.7.9 in this
proof. n

Wonderful varieties are generally the nicest of all spherical varieties. As a result, the local
structure theorem gives us particularly strong statements when we apply it to wonderful
varieties. The following theorem gives a few such statements.

Theorem 3.5.22. Let X be a wonderful variety of rank r, let X3 C X be the open B-orbit,
and set
P={geG|gXp=Xp}

Let P~ be the opposite parabolic subgroup to P containing T', and let M = P N P~. Let
Y C X be the unique closed G-orbit, and let y € Y be the unique B~ -fixed point.

(a) There exists some M-stable closed subvariety Z C Xpy such that the map
Pu X J — XB,Y

given by (p, z) — pz is a P-equivariant isomorphism. Moreover, Z NY = {y} is the
unique closed M-orbit of Z, and GXpy = X.

(b) If My is the stabilizer of a point in the open M-orbit of Z, then M /My = G,

. and we
have Z = Aj, as G, -varieties.

(¢) Because Y and Z are T-stable and T fives y, the torus T acts on T,Z and on the
quotient T, X/T,Y . Moreover, we have an isomorphism of T-modules

T,Z ~T,X/T,Y.

(d) The spherical roots of X are the T-weights of Tx/T,Y , and they form a basis for the
lattice A(X).

Proof. Statement (a) is essentially a combination of general facts about the local structure
theorem: see Theorem 3.2.2, Theorem 3.2.7, and Lemma 3.2.9. By Theorem 3.5.9, the
variety Z is an affine toric variety for some quotient 7" of M, and the cone corresponding to
this variety is the cone Cy. By arguing as in the proof of Theorem 3.5.21 above, we get that
T" = G}, and that Z = A} as G] -varieties. To obtain (b) from this, we need only note that
T" C Z is the open T’-orbit (which is also the open M-orbit), so 7" must be the quotient
M /My, where M, is the stabilizer of any point in the open M-orbit of Z.

As noted above, the cone corresponding to the toric variety Z is Cy. Since X is the
standard embedding of its open G-orbit, we have Cy = V(X). So, the construction of an
affine toric variety from its cone tells us that

Z = Spec(k[z1,. .., z]),
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where the weights of the T-eigenvectors z; are precisely the set of indivisible elements of A(X)
that are minimal generators of the cone —V(X)Y (see Example 3.3.4 and the surrounding
discussion). In other words, the weights of the z; are the spherical roots of X. Since y is fixed
by T', we see that y = 0 under the isomorphism Z = Aj. The tangent space T,Z = TyA} is
a k—vector space with basis given by the dz;, and the T-module structure on 7, Z is given by

t-dz =d(t-z;) =d(vi(t)z) = v(t)dz,

where v; € X(T) is the weight of z;. It follows that the only T-eigenvectors in T, Z are scalar
multiples of the dz;, and these have the same weights as the z;. Thus, the T-weights of T, Z
are precisely the spherical roots of X. Moreover, since X is the standard embedding of its
open G-orbit and is smooth, the spherical roots form a basis for A(X) by Lemma 3.5.13.
(Alternately, one can check this by an explict computation involving the cones associated to
the toric variety A} = Z.) Statement (d) follows immediately from these facts along with
(c).

It remains to prove (c¢). By (a), we have Y NZ = {y}, so the isomorphism Xpy = P, x Z
identifies Y N Xpy with P, x {y} and identifies Z with {e} x Z. It follows that the tangent
spaces T,,Y and T,,Z are T-submodules of the tangent space T,,X = T, (P, x Z) that intersect
only in 0 (this is a general fact about the tangent space of the fiber product P, x Z). Thus,
it will suffice to prove that

dim(7,X) = dim(7,Y) + dim(7, 2). (3.5.1)

If this equation holds, then we have T, X = T,Y & T,,Z, and statement (c) follows. To prove
(3.5.1), note that Y N Xpy is a B-orbit (Theorem 3.2.7), so we have

YﬂXB,nguX(YﬂZ):PuX{y}

It follows that dim(Y) = dim(Y N Xpy) = dim(P,). On the other hand, the isomorphism
Xpy = P, x Z gives us

dim(X) = dim(Xpy) = dim(P,) + dim(Z) = dim(Y) + dim(Z).

Since X, Y, and Z are all smooth, this equation implies (3.5.1). O

3.5.d Classifications of Some “Nice” Spherical Varieties

Before we turn to the general classification of homogeneous spherical varieties in the next
section, we briefly discuss a few classifications of “nice” types of spherical varieties that can
be done more easily. These classifications all involve considering varieties of low rank, which
greatly restricts the possible varieties. Some of these classifications also play a key role in
the proof of the the classification of homogeneous spherical varieties.

First, we consider spherical varieties of rank 0. Note that if r(G/H) = 0, then A(G/H) =
0, so for any embedding G/H — X, we have ¢p = 0 for every B-divisor D of X. In partic-
ular, if D is a G-divisor, then D agrees with the trivial valuation (which is also G-invariant)
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on all B-eigenvectors. It follows that vp is the trivial valuation (see Corollary 3.1.14), which
is absurd. So, X cannot have any G-divisors. Thus, the image of G/H — X is surjective
(see Lemma 3.1.17), so we have X = G/H. In other words, every spherical variety of rank
0 is homogeneous.

Which homogeneous spherical varieties have rank 0 is determined by the following propo-
sition. The proof is quite general and involves only the theory of reductive groups; in par-
ticular, the statement of the proposition holds in arbitrary characteristic.

Proposition 3.5.23 ([Timll, Proposition 10.1]). Let H C G be any subgroup. Then,
r(G/H) =0 if and only if H is parabolic, i.e. if and only if G/H is projective.

Notice that for any parabolic subgroup P C G, the quotient GG/P is a spherical variety:
indeed, any quotient of GG is smooth, any parabolic subgroup contains some Borel subgroup
B C P, and since B~ P D B~ B is an dense subset of GG, it follows that the opposite Borel
subgroup B~ has a dense orbit in G/P. Thus, we have completely classified the rank-0
spherical varieties: they are all homogeneous, smooth, and projective, and they are precisely
the varieties of the form G/P for some parabolic subgroup P C G.

Next, we consider spherical varieties of rank 1. Luna-Vust theory reduces the classifi-
cation of all spherical varieties to the homogeneous case. Moreover, for any homogeneous
spherical variety G/H of rank 1, we have N(G/H) = Q. Since the valuation cone V(G/H)
is a full-dimensional cone in N(G/H), there are only a few possibilities for V(G/H).

1. V(G/H) is the single ray Qs or Q<o in N(G/H) = Q. In particular, V(G/H) is strictly
convex, so the standard embedding G/H — X exists. Moreover, some generator for
the cone V(G/H) necessarily generates the lattice A(G/H) = Z (this is a nice quirk of
the rank-1 case), so Theorem 3.5.10 implies that X is smooth and hence is a wonderful
variety.

2. V(G/H) is all of N(G/H), i.e. G/H is horospherical.

In short, we just need to classify G/H in the case where a (rank-1) wonderful embedding
G/H — X exists and the case where G/H is horospherical. The classifications of both cases
were accomplished by Akhiezer [Akh83] in an analytic setting and by Brion [Bri89b] in an
algebraic setting. We refer the interested reader also to [Timl1, Section 30.8] for a more
detailed discussion of this classification.

For our purposes, the more interesting part of this classification is the case where a
wonderful embedding G/H < X exists. Since every homogeneous spherical variety has at
most one wonderful embedding (namely, the standard embedding, when this is smooth), this
part of the classification boils down to a classification of all rank-1 wonderful varieties. It
turns out that every such wonderful variety arises from the so-called prime (or primitive)
rank-1 wonderful varieties via some standard constructions. There are only 15 prime rank-1
wonderful varieties; they can be listed out explicitly, and all their standard combinatorial
invariants can be computed. (See [Was96, Section 2 and Table 1] for details and a list of
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combinatorial invariants, or [Tim11, Table 30.1] for explicit constructions of the wonderful
varieties in question.)

In a similar way, rank-2 wonderful varieties are all induced by the same standard op-
erations from so-called prime rank-2 wonderful varieties. Thus, the classification of rank-2
wonderful varieties reduces to the case of prime rank-2 wonderul varieties, which were clas-
sified by Wasserman [Was96]. In particular, we refer the reader to [Was96, Tables A-G] for
a full list of all prime rank-2 wonderful varieties and their combinatorial invariants.

Unlike in the rank-1 case, Wasserman’s classification does not yield a classification of all
rank-2 spherical varieties. However, these classifications of wonderful varieties of rank < 2
play a crucial role in developing and proving the classification of all homogeneous spherical
varieties, which is our next topic of discussion.

3.6 The Classification of Homogeneous Spherical
Varieties

In this section, we develop the combinatorial invariants needed to classify homogeneous
spherical varieties. We then briefly discuss the proof that these invariants classify homoge-
neous spherical varieties up to G-equivariant isomorphism. Combined with the classification
of G-equivariant open embeddings G/H — X provided by Luna—Vust theory (see Section 3.3
above), this completely classifies all spherical varieties up to G-equivariant isomorphism.

Throughout this section, we largely omit proofs, both because they become increasingly
technical and because the statements themselves will be more useful to us than their proofs.
Instead, we briefly discuss the ideas behind the proofs and then give references to more
rigorous presentations in the literature.

3.6.a Localizations at Sets of Simple Roots

In order to understand the combinatorial invariants needed to classify homogeneous spherical
varieties, we first require an important construction called the localization of a spherical
variety X at a set I C Il of simple roots of G. The main significance of this construction is
that we can often use it to reduce to the case where GG has < 2 simple roots. In such a case,
the lattice Ag has rank 2, so any spherical G-variety has rank at most 2. Combined with
certain classifications of spherical varieties in low rank (see Section 3.5.d), this will allow us
to greatly constraint certain behavior of combinatorial invariants on spherical varieties. Our
discussion of the localization at simple roots will be brief; we refer the reader to [Knol4a,
Section 4] for a more thorough and rigorous treatment (see also [Perl8, Section 3.5.1] and
[Tim11, Section 30.9]).

Recall from Section 2.2.d that for any dominant one-parameter subgroup A : G,, — T', we
can use limits to describe a parabolic subgroup P, containing B, a Levi subgroup M) C Py
containing 7', the unipotent radical Uy = R,(P,), and the opposite parabolic subgroup
P, = Py-1. For the current construction, we wish to decompose a G-variety X in a nice
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way using limits of the form lim; ,o A(t)z for x € X. We can do this in the following way.
Let X be a complete normal G-variety, and let G,, act on X via its image under A. For any
connected component Y of the set X®m of G,,-fixed points, we define

Xy ={z e X | limA(t)r € Y}.
t—0

Note that since X is complete, the limit lim; .o A(t)z always exists. Moreover, this limit
always lies in X®_ because one can check by definition of the limit that for any ¢ € G,,,
we have

At - lm A(t)z = lim A(E)A\(t)z = lim At't)x = lm \(¢)z.

t—0 t—0 —0 t—0

It follows that
X =| | Xy,
Y

where the union is over all the connected components Y of X®=. This disjoint union is
called the Biatynicki-Birula decomposition of X, and the Xy are called the cells of the
decomposition.

In general, the cells Xy will not always be well-behaved. However, because X is normal,
there will always be one choice of Y such that Xy is nice. The following theorem makes this
statement precise.

Theorem 3.6.1 ([Knol4a, Proposition 4.1, Lemmas 4.2 and 4.3]). Let X be a complete
normal G-variety, and let A : G,, — T be a one-parameter subgroup. There exists a unique

connected component S C X®m such that Xg is an open subset of X. Moreover, the following
hold.

(a) The cell Xg is a Py-stable subset of X, and Py acts trivially on Xg.
(b) The map x — limy_,0 A(t)x defines an My -equivariant morphism
s Xg — 9,
and for any u € R,(Py) and any x € Xg, we have mg(u - x) = wg(z).

(¢) The morphism g is affine and is a categorical quotient by G,,, and general fibers of
wg are irreducible. In particular, S is a normal variety.

Definition 3.6.2. With X and A as Theorem 3.6.1 above, we call S the source of X, and
we call Xg The big cell of the Biatynicki-Birula decomposition for X.

Our intuition for the big cell X is that the map 7g : Xg — S acts as a sort of “retraction”
morphism from the open subset Xg C X to the subvariety S of X. Our hope is to use this
construction to reduce from considering X to considering the smaller variety S. In order to
do this, we first need to understand the combinatorial invariants on S in terms of those on
X.

To begin, we note that S is spherical (resp. toroidal) whenever X is, so we really can
consider our usual combinatorial invariants on .S.
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Proposition 3.6.3 (cf. [Knol4a, Proposition 4.5]). Let X be a complete normal G-variety,
let \: G,, — T be a one-parameter subgroup, and let S C X®m be the source of X. Then,
S is a complete normal G-variety. Moreover, if X is a spherical (resp. toroidal) G-variety,
then S is a spherical (resp. toroidal) My-variety.

We are primarily interested in the case where X is toroidal. So, let X be a complete
toroidal G-variety, and let A : G,, — T be a dominant one-parameter subgroup. For conve-
nience, we write Xy = Xg for the big cell, X* = S for the source, and

o Xy — X

for the My-equivariant map given by Theorem 3.6.1.

Note that X* is a complete toroidal M,-variety by Proposition 3.6.3 above. In order to
describe the combinatorial invariants of X* in terms of those of X, we first require a little
setup. Let F be the fan consisting of all the cones in the colored fan of X (this defines a fan
because X is toroidal, see e.g. Theorem 3.5.6). Via the usual pairing between one-parameter
subgroups and characters of T' (see the discussion of Py in Section 2.2.d), we may view \ as an
element of Ng = Homyz(Ag, Q). The inclusion map A(X) < Ag induces a map Ng — N(X)
given by restricting maps Ag — Q to A(X), so we may consider the restriction of A\ to an
element A" € N(X). Since A is dominant, it lies in the dominant Weyl chamber in Ng, so
—\" lies in V(X) by Theorem 3.4.1. Because X is complete, Theorem 3.3.28 implies that
—A\" lies in some cone in F. In fact, since F is a fan, there exists a unique cone C(\) € F
containing —\" in its relative interior.

Now, we define

V(A) = C(A) + Qup\.

Because —A" € C(\)°, the set V() is the subspace of N(X) generated by the elements of
C(X). We then define

Fr={(C+Qx\)/V(\) |CEF, =\ €C}.

Note that —\" € C implies C(\) C C (since F is a fan and —A" € C(\)°). It follows that
C + Q>0 is a cone in N(X) containing V' (\), so it is not a strictly convex cone. However,
the quotient (C + Q>oA)/V(A) is a strictly convex cone in the vector space N(X)/V(A).
Moreover, one can check that F* is a strictly convex fan in the vector space N(X)/V()).
(This follows formally from the fact that F is a strictly convex fan.)

With this construction of the fan F* in hand, we are now ready to describe the combi-
natorial invariants on X*.

Theorem 3.6.4 ([[Knol4a, Theorem 4.6 and Corollary 4.7]). Let X be a complete toroidal
G-variety with corresponding fan F, and let X : G,, — T be a dominant one-parameter
subgroup.

(a) We have A(X*) = A(X) NV (A)* and hence N(X*) =2 N(X)/V(N).
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(b) The fan corresponding to the toroidal G-variety X* is the fan F* in N(X)/V(\) =
N(X?) defined above.

(¢) We have
Upxr = Pax NV =T x N AL

as subsets of A(X?).

Corollary 3.6.5 (cf. [Tim11, Lemma 30.19 and following discussion]). Let X be a complete
toroidal G-variety, and let X\ : G,, — T be a dominant one-parameter subgroup. If X is
smooth, then X* is smooth as well.

Proof. Since X is smooth, any cone C € F is generated by a part of a basis for A(X)
(Theorem 3.5.10). A cone (C+QsoA)/V (A) in F* is generated by the images of the generators
of C under the quotient map N(X) — N(X)/V(A). This map induces an isomorphism
between A(X?) and the lattice A(X)/V()), and the generators of (C + Qso)\)/V()) are a
part of a basis for the lattice A(X)/V()\). Since F* is the fan corresponding to X*, we
conclude that X* is smooth by Theorem 3.5.10. [

We can also pass information about the valuations of colors from X to X*.

Proposition 3.6.6 ([Knol4a, Proposition 4.9]; cf. [Timll, Lemma 30.19]). Let X be a
complete toroidal variety, and let X : G,, — T be a dominant one-parameter subgroup.
The map D — 7, ' (D) defines a bijection between colors of X* and Py-unstable colors of
X. Moreover, for any colors D C X*, the valuation @p is the restriction of P l(D) to

A(XN) € A(X).

Recall that IT = II(G, T') denotes the set of simple roots of G. For any subset I C II, there
exists a parabolic subgroup P; of G containing B. We saw in Section 2.2.d that P; = P,
where A : G,, — T is any dominant one-parameter subgroup such that A(a) = 0 for all
a € I and A(5) > 0 for all § ¢ I. Such a choice of A always exists; moreover, using the local
structure theorem on X and X?*, one can show that for a fixed set I, we obtain the same
M,-variety X* for a general choice of A such that P; = Py (see e.g. [Tim11, Lemma 30.19
and following discussion]). For such a general choice of \, we write X! = X* and call X/
the localization of X at the set I. In what follows, we will generally use the notation X’
instead of X*, since we are typically more interested in the set of simple roots I than in the
one-parameter subgroup A.

3.6.b Combinatorial Properties of Simple Roots

Note that any homogeneous spherical variety G/H has no G-divisors and so consists of an
open B-orbit and a finite set of colors (see Lemma 3.1.17). Our main task in classifying
G/H is to find a way to encode the information of the colors of G/H into combinatorial
data. As we have seen in Luna—Vust theory, the valuation ¢p for a color D € A(G/H) is a
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useful piece of combinatorial data that captures much of the information about this divisor.
However, we will also need to know “just how G-unstable” a color D is. More precisely, we
wish to understand the subgroup Gp = {g € G | gD = D} of G. Since D is a B-divisor,
we have B C Gp, so Gp is parabolic. This implies that Gp = Py, for some set of simple
roots Ip C II. We can thus reduce the question of finding the subgroup Gp to the more
combinatorial question of describing the set of simple roots Ip for any given color D.

In practice, it is more convenient to rephrase this question as follows: for any given
simple root «, which colors D have a € Ip? For this, we note that o € Ip if and only if
Py C P, = Gp (see Section 2.2.d). We are thus interested in which divisors D satisfy
Pioy - D = D for any given simple root a. We now introduce some terminology to describe
this situation. For convenience, we write P, for the parabolic subgroup Py.

Definition 3.6.7. Let X be a spherical variety, let D € D¢ x be a B-divisor, and let o € 11
be a simple root.

1. We say that o moves D it P, - D # D.

2. We define
D¢ x(a) ={D € D¢ x | @ moves D}.

Remark 3.6.8. Note that any B-divisor D € D¢ x is moved by some simple root if and
only if D is a color. Indeed, using our above notation, a B-divisor D is a color of X if and
only if Gp # G, i.e. if and only if Ip # II; on the other hand, the simple roots that move D
are the elements of IT \ Ip, so such a simple root exists if and only if I, # II. In terms of
equalities on sets, we have
Dox =Dg x U | Dex().
a€ll

Note that the union of the D¢ x () here is typically not a disjoint union, as one color may
generally be moved by multiple simple roots.

Remark 3.6.9. For any a € 11, the set D¢ x (o) is in some sense a “G-equivariant birational
invariant” of X. More precisely, elements of D¢ x(a) are colors, which are uniquely deter-
mined by their intersections with the open G-orbit G/H of X. Moreover, continuity of the
action morphism G x X — X implies that P,-D = D if and only if P,-(DNG/H) = DNG/H.
So, we see that ov moves a color D of X if and only if @ moves the color DN G/H of G/H.

The set D¢ x («r) turns out to enjoy many remarkably nice properties related to the simple
root . Many of these properties were first proven by Luna in [Lun97], and they later played
a large role in the classification of homogeneous spherical varieties, which was first proposed
by Luna in [Lun0Ol]. Luna’s proofs in [Lun97] relied heavily on the localization at sets of
< 2 simple roots (see Section 3.6.a) and the classification of spherical varieties of rank < 1
and of wonderful varieties of rank 2 (see Section 3.5.d). On the other hand, Knop has since
provided an alternative presentation of these properties of D¢ x(«), which relies more on
the theory of reductive groups and which holds in arbitrary characteristic ([Knol4al).
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The following theorem gives us the first (and probably most important) property of the
sets Dg x (). The theorem states that there are only 4 different possible types of behavior
for D¢ x (), which correspond to 4 different possible localizations (X’){®} for some “nice”
embedding X' of the open G-orbit G/H C X.

Theorem 3.6.10 ([Timl1, Section 30.10]; cf. [Knol4da, Section 2]). Let G/H be a homo-
geneous spherical variety, let X be a spherical embedding of G/H, and let X' be a smooth
complete toroidal embedding of G/H (such a choice of X' exists by Proposition 3.5.8 and
Theorem 3.5.10). For any o € 11, the localization (X')* of X' at the set {a} is a smooth
complete toroidal variety under the action of S, = [My, M,]. Moreover, exactly one of the
following possibilities takes place.

(a) Dg x(a) = @. In this case, (X')* = Spec(k) (with the trivial action of S, ).

(b) o € Vg x. In this case, we have #Dg x (o) =2 and S, = SLy or PSLy. Moreover, we
have (X')® =2 Pt x P!, with the action of S, given by Example 5.1.16 (the group SLy
is used in that example, but the action of SLy induces an action of PSLy = SLy /{£I}
as well).

(¢) 20 € Vg x. In this case, we have #Dg x (o) = 1 and (X')* = P(sly), with the action
of So = PSLy induced by conjugation of matrices in sls.

(d) Dgx(a) # @ and QuNVeg x = . In this case, we have #Dg x(a) =1 and S, = SLs
or PSLy. Moreover, either (X')* = P, with the action of S, given by Example 2.4.19,
or (X" = S, xBMS« PL with BN S, acting on P! via a character.

Sketch of proof. Everything about D¢ x(a) and Ue x in the statement depends only on the
open G-orbit G/H of X (see Remark 3.6.9 above). Thus, it will suffice to consider the case
where X = X'.

The localization X® is a smooth complete toroidal M,-variety by Proposition 3.6.3 and
Corollary 3.6.5. The fact that we can use the action of S, on X in place of M, follows
from certain facts about the construction of the localization X . More precisely, for a general
choice of the one-parameter subgroup A : G,, — T in the construction of X, the localization
X consists of points fixed by the torus Z(M,)° (see [Tim11, Lemma 30.19 and surrounding
discussion]). So, the action of M, on X* descends to an action of the quotient M, /Z(M,)°.
On the other hand, the composition [M,, M,] < M, — M,/Z(M,)? is an isogeny (see
[Mil17, proof of Proposition 21.60]), so replacing M,/Z(M,)° by S, = [M,, M,] does not
change anything. Note that S, is a semisimple group whose only simple root is «, so the
classification of reductive groups implies that S, = SLy or S, = PSLs. In particular, any
maximal torus of S, has rank 1, so r(X®) < 1, and since dim(S,) = 3 and X* has an open
Sq-orbit, we have dim(X%) < 3.

First, consider the case where D¢ x (o) = @. In this case, we have P, - D = D for every
B-divisor D of X, i.e. every B-divisor is P,-stable. Proposition 3.6.6 implies that X has
no colors, so Proposition 3.1.19 implies that X is toric for a quotient of S, /[S4, Sa]. Since
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the dimension and rank of a torus are equal, we have dim(X?®) = r(X®) < 1. The only
complete toric varieties of dimension < 1 are Spec(k) and P! (with the torus 7" acting on
P! by a nontrivial character); however, the only S,-variety structure on P! such that P! is a
spherical S,-variety is the one in Example 2.4.19, and the quotient S/[S,, S, does not act
by a character on P! in this action. So, we must have X* = Spec(k).

Next, suppose that we have ca € V¢ x for some ¢ € Q*. By definition, X is the variety
X* for some one-parameter subgroup A such that o € A+, so Theorem 3.6.4 implies that
ca € Vg, xo. In particular, we have r(X®) > 1 and hence r(X*) = 1. Moreover, since
X® has a spherical root, the cone V(X®) is not all of N(X®) = Q and hence is a single ray
(either Qs or Q). It follows that there is at most one colored cone in the colored fan Fxa,
so X“ is simple. But X is smooth, complete and toroidal as well, so X“ must be a smooth
standard embedding, hence wonderful. Using the fact that ca € ¥g, xo, The classification
of rank-1 wonderful varieties gives us only two possibilities for X .

1. X* P! x P! is the variety of Example 3.1.16. In this case, « is the unique spherical
root of X% and X has 2 colors.

2. X« = P(sly) = P?, with the action of S = PSL, given by conjugation of matrices in
the Lie algebra sly. In this case, 2« is the unique spherical root of X, and X has a
unique color.

Since the colors of X* are in bijection with D¢ x (), these two options give us the situations
of (b) and (c). Notice that since Dg x (o) # @ in each of these cases, the situations of (b)
and (c) are mutually exclusive with (a).

The only remaining possibility is that we have both D¢ x(a) # @ and Qo N Vg x = @.
By definition, X® is the variety X*, where « is the unique simple root lying in A\* C Ag.
Since every spherical root is a sum of positive roots (this follows from the statement about the
antidominant Weyl chamber in Theorem 3.4.1), we see that A is positive on every spherical
root, so Theorem 3.6.4 gives us ¥g, yo = &. We are left with two cases, depending on the
rank of X.

1. If r(X*) = 0, the classification of rank-0 varieties (along with the fact that X has at
least one color, since D¢ x () # &) implies that X = S, /(BNS,), which is isomorphic
to P! with the action of S, = SLy or PSL, given by Example 2.4.19. In this case, the
unique color of X is the B-fixed point [1 : 0] € P'.

2. If r(X*) = 1, then Vg, yo = @ implies that that X is horospherical. Since X is
smooth and complete, it follows from the classification of rank-1 spherical varieties that
X =S, x?P! for some parabolic subgroup ) C S,. The only parabolic subgroups of
S, containing BN S, are BN .S, and S,, and ) # S, because otherwise X would not

be a spherical S,-variety. So, Q = BN S,, and one can check that the unique color of
Xis {1} x P',

In either case, X has a unique color, so D¢ x(a) has a unique element. ]
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Definition 3.6.11. Let X be a spherical variety.

1. We say that a simple root a € Il is of type a (resp. of type b, ¢, d) for X if possibility
a (resp. b, ¢, d) in Theorem 3.6.10 takes place for a.

2. We denote by 1% (resp. T4, 115, T1%) the set of simple roots of type a (resp. b, ¢, d)
for X.

3. When « € Il is of type ¢ or d, we write D, for the unique element of D¢ x(a). When
«a is of type b, we write DI and D for the two elements of D¢ x ().

One remarkable consequence of Theorem 3.6.10 is that any simple root a moves at most
two colors of any spherical variety. Conversely, the following proposition greatly constrains
when we can have multiple simple roots moving the same color. The proposition was origi-
nally proven by Luna in [Lun01] by passing to a homogeneous spherical variety G/H, then
to the quotient by the very sober hull G/H, then considering the wonderful embedding of
G/H, and finally using localization at a set of 2 simple roots along with the classification of
wonderful varieties of rank 2. Knop has given an alternative proof in [Knol4a] that relies
mainly on the classification of spherical varieties of rank < 1 (along with a few technical
arguments from the theory of reductive groups).

Proposition 3.6.12 ([Lun01, Proposition 3.2], [Knol4a, Lemma 2.5 and Proposition 5.4]).
Let X be a spherical variety, and let o, B € 11.

(a) If a, B € % are both roots of type b, then there exists at most one color of X moved
by both o and 3.

(b) If (¥, B) =0 and o+ B =~y or 2y for some v € Vg x, then a, B € 1% are both roots
of type d which move the same color of X, and o¥|xxy = B |acx)-

Conversely, if there exists a color of X mowved by both o and 3, then either the assumptions
of (a) are satisfied, or the assumptions of (b) are satisfied.

Using the localization (X')* given by Theorem 3.6.10, we can also obtain some strong
statements about the valuations of colors moved by a root a. As with Theorem 3.6.10, Knop
has provided an alternative proof that does not use localizations in [Knol4a].

Proposition 3.6.13 ([Tim11, Lemma 30.20], [Knol4a, Proposition 2.3]). Let X be a spher-
ical variety, and let o € 11 be a simple root not of type a. Depending on the type of «, the
following relations hold.

(Type b) We have
$pt T ¥p; = a’[acx)

and goDi[(a) = 1 (which makes sense because « is a spherical root, so in particular,
ae ANX)).
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(Type ¢) We have op, = 30 |ax)-
(Type d) We have ¢p, = o”|x(x)-

Sketch of proof. Since the valuations of colors will be the same for any embedding of the
open G-orbit G/H of X, we may replace X by a smooth complete toroidal embedding of
G/H. In this case, Proposition 3.6.6 implies that the valuations of colors moved by « can
be computed on the localization X“. In particular, when « is type b, the statement that
¢p=(a) =1 can be checked directly using the fact that X = P! x P'.

Now, let S, be as in Theorem 3.6.10. fix u € A(X?), fix a closed S,-orbit Y* C X©,
and let 0 = > pcp, . ¥p(u)D. Note that if a is type d and X = P!, then A(X®) = 0,
so there is nothing to prove. In every other case, X“ is a smooth projective surface, and
Y“ is a smooth projective curve. So, we may consider the intersection pairing (Y'*, ). We
compute this intersection pairing in two different ways. One way to compute it is to explicitly
calculate it for each of the possibilities of X . This gives ¢p+ + ¢p-, 2¢p,, or pp, for a
of type b, ¢, or d (respectively). The other way to compute the intersection pairing is to
compute the degree of Oxa(0)|y« using some facts about the geometry of spherical varieties.
This yields (o, ) in all 3 cases. See [Tim11, Lemma 30.20] for details. O

The above proposition tells us that when « is of type ¢ or d, the valuation ¢p_ is
determined by the coroot «V. This in some sense tells us the entire geometry of the color
D, in terms of the combinatorial data of V. Because of this, we will not need to keep track
of the valuations of colors moved by roots of type c or d in the classification of homogeneous
spherical varieties. However, we will need to keep track of the valuations of colors moved by
roots of type b, because the above proposition shows that there may in general be multiple
possibilities for these valuations.

So far, we have not said much about roots of type a. From the perspective of roots
moving divisors, there is not much to say. However, there are a couple standard facts about
roots of type a that bear mentioning. Let X be a spherical variety with open B-orbit X3.
Then, the roots of type a for X are related to the parabolic subgroup

Px ={gc G| gXp = X3}

of Lemma 3.2.10. Indeed, for any a € II, since X \ X5 is the union of all B-divisors of X,
we have P, C Py if and only if P, - D = D for all D € D¢ x, i.e. if and only if a has type a
for X. This implies that Py = Png{.

There is one other interesting thing that we can say about roots of type a: namely, that
aV|A(X) = 0 for all a € II%. One can see this as a sort of analogue of Proposition 3.6.13:
that proposition relates a”|x(x) to the valuations of colors moved by «, but when « is of
type a, our claim here is that both of these concepts are trivial (that is, there are no divisors
moved by «, and oV is just 0 on A(X)). In fact, the proof of Proposition 3.6.13 given in
[Knol4a, Proposition 2.3] also yields the statement that o¥|yx) = 0. However, we instead
give an argument using the local structure theorem. We do not know of a reference for this
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proof in the literature, but it seems to be well-known (for instance, it is mentioned without
any details in [Los09¢]).

Lemma 3.6.14 ([Los09¢c, Lemma 3.5.7], [Knol4a, Proposition 2.3]). Let X be a spherical
variety, and let o € 11%. We have a¥|zx) = 0.

Proof. Let Y be the open G-orbit of X. Then, Xpy is the open B-orbit of X by definition
(see Theorem 3.2.7 and Lemma 3.1.17). Let P, M, and Z be as in the local structure
theorem applied to Xpy (see Theorem 3.2.2, which applies by Theorem 3.2.7a). Since every
B-divisor of X is in the compliment X \ Xpy, Proposition 3.2.3f implies that Z has no
(B N M)-divisors at all. In particular, Z has no colors, so Proposition 3.1.19 implies that
Z is a toric T'-variety for some quotient 7" of M/[M, M]. Moreover, since Z also has no
M-divisors, Z is a single M-orbit, i.e. Z =T".

Now, Proposition 3.2.3d gives us A(X) = A(Z) = A(T"). So, we wish to prove that
a’|aqy = 0, where we view A(T") as a subgroup of X(T") = A(T) via the inclusion ¢ :
A(T") — A(T) induced by the quotient map p : T — T’ (explicitly, the map ¢ sends
any character p : T — G, to the composition p o p). This is essentially a matter of
tracing through some theory of reductive groups to see what oV actually is. We saw in
Theorem 2.2.6 that ¥ is constructed in the following way. We first define a certain element
o in the Weyl group W(G,T) = Ng(T)/Cq(T). We then lift s, to an element n, € Ng(T),
and conjugation by n, induces an automorphism j, : 7" — T, which in turn induces an
automorphism ¢, : A(T)) = A(T) that sends any character yu : T — G, to the composition
(0 Jo. Theorem 2.2.6d states that there is a unique o € A(T')Y such that for all © € A(T),
we have

ta(p) = p—(a’, pa.
This is taken as the definition of the coroot a".
Now, let n, € Ng(T') be as above. Since the quotient map p: T — T" extends to a map

G — G/|G,G] — T', we may consider the element p(n,) € T". Since p is a homomorphism,
we see that the following diagram commutes:

T -1
t»—matn;ll lt’Hp(na)t’p(na)_l
T -1
Passing to character groups, this commutativity statement says that the automorphism
Lo restricts to the automorphism of A(7”) induced by conjugation by p(n,). But T” is

commutative and p(n,) € 1", so conjugation by p(n,) is the identity on 7”. So, for any
w € A(T"), we have

= talp) = p— (o, e,
which implies that (", p) = 0. O



170

3.6.c Homogeneous Spherical Data

We are now almost ready to present the classification of homogeneous spherical varieties.
We just require a few more facts about the behavior of spherical roots and simple roots. The
proofs of these facts make use of a construction called “the localization at a set of spherical
roots,” which is similar to (though somewhat less technical than) the localization at a set of
simple roots. While the localization at a set of simple roots allows us to reduce to the case
where GG has only one or two simple roots, the localization at a set of spherical roots allows
us to reduce to the case where a toroidal variety X has only one or two spherical roots, which
is sometimes more useful. We refer the reader to [Knol4a, Section 6] for details.

Theorem 3.6.15. Any spherical root of a spherical variety X is a spherical root of some
rank-1 wonderful variety X'. Moreover, we may coose 11% = 11%,.

Proof. Since spherical roots and II% are G-equivariant birational invariants, we may as well
consider the case of a spherical root 7 of a homogeneous spherical variety G/H. Pick a
complete toroidal embedding G/H < X (one exists by Proposition 3.5.8). By the definition
of a spherical root, the intersection v- N V(X) is a face of the cone V(X). Since X is
complete, some cone C in the fan corresponding to X intersects v+ N V(X). We have
C C V(X) (because X is toroidal), so v+ N C is a face of the cone C. This face is another
cone in the fan corresponding to X, so it corresponds to a G-orbit Y of X. Now, Y is itself
a (homogeneous) spherical G-variety (Theorem 3.1.8); moreover, Y is actually the so-called
localization of X at the set of spherical roots {~}.

Using standard properties of this “localization at a set of spherical roots” (see [Knol4a,
Proposition 6.1]), we find that r(Y) = 1, that II1*(Y) = II*(X), and that 7 is a spherical
root of Y. Moreover, we have N(Y) = Q, and since there exists a spherical root of Y, the
cone V(Y') is either Qs or Q<. In particular, V(Y') is strictly convex, so we may consider
the standard embedding Y’ of Y. Since v € A(Y') is an indivisible element of the lattice and
this lattice has rank 1, we see that v generates A(Y'). So, Y’ is smooth by Lemma 3.5.13 and
hence is a wonderful variety. Finally, we note that (Y') =7(Y) =1and v € Yoy = Ygy-.
Thus, Y is the desired wonderful variety. O]

Recall from Section 3.5.d that all wonderful varieties of rank 1 have been completely
classified. The above theorem tells us that this classification completely determines all
possible spherical roots of any spherical G-variety. By consulting the list of rank-1 wonderful
varieties, one in particular finds that for any choice of GG, the set of all possible spherical
roots is finite. A list of all of them (for every reductive group G) can be found in [Timll,
Table 30.2].

Definition 3.6.16. We denote by X the (finite) set consisting of all elements of Ag which
are a spherical root of some spherical G-variety.

The list of all spherical roots for all groups G in [Timl11, Table 30.2] is rather long,
mainly because there exist constructions that take a spherical G-variety X and turn it into
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a spherical G'-variety X’ for some other group G’ while “preserving” spherical roots in some
sense. This makes it so that a spherical root of the same form appears in ¥ for many different
reductive groups G. We can shorten the list in [Tim11, Table 30.2] by considering only the
so-called “prime” (or “primitive”) rank-1 wonderful varieties, a list of which can be found
in [Was96, Table 1] (or in [Tim11, Table 30.1]). The prime wonderful varieties are the ones
that cannot be obtained from any other wonderful variety using two specific constructions,
namely: taking fiber products, and a construction known as “parabolic induction.” Parabolic
induction does not change either W¢ x or II%, but taking a fiber product can make both of
these sets bigger (see e.g. [Lun01, Sections 3.4, 3.5]). As such, every spherical root comes
from a prime rank-1 wonderful variety, but passing to that wonderful variety may make the
set I1% smaller.

The following corollary makes this statement precise. The corollary itself is somewhat
technical, and it is not needed for the classification of homogeneous spherical varieties; we
prove it here primarily so we can use it later (specifically, in Section 4.6). As such, the reader
can safely skip this corollary and its proof and refer back to it as needed.

Corollary 3.6.17. Let X be a spherical variety, and let v € Vg x be a spherical root.
There exists a semisimple simply connected group G’ with llg: C g and a “prime” rank-1
wonderful G'-variety X' (i.e. a wonderful variety on the list in [Was90, Table 1]) such that
Ve x ={v} and 11%, C 11%.

sketch of proof. By Theorem 3.6.15, it suffices to prove the statement when X is a wonderful
variety. By definition, a “prime” wonderful G'-variety (see [Was96, Definition 2.3]) is a
wonderful variety X’ such that

1. X’ cannot be obtained by a construction called “parabolic induction” (see [Timl1,
Definition 5.9]) from some spherical G”-variety X", and

2. the open G-orbit G'/H' of X' cannot be written as G'/H' = G1/H; x G2/ H; for some
subgroups G1,Gy C G’ and H; C G;.

Let G’ = G, let G’'/H' be the open G-orbit of X, and let X’ = X. Our plan is to repeatedly
replace the pair (G’, H') and replace X’ by the wonderful embedding of G'/H’ until we
can no longer obtain G', H', and X' from either parabolic induction or fiber products as
above. Then, X’ will have the desired properties provided we can check that V¢ ¢ g and
11¢, e behave nicely under these replacements. Note that (except in trivial cases), both
fiber products and parabolic induction increase dim(G’), so every one of our replacements
will decrease dim(G’). We will thus require only finitely many such replacements. Once we
have an acceptable choice of X', we can replace G’ by the universal cover of G'/Z(G")° and
so take G’ to be semisimple and simply connected (see [Was96, Remark 1.5]).

First, we consider parabolic induction. Whether X’ can be obtained by parabolic in-
duction is actually a condition on G’ and H' (see [Was96, Lemma 2.2]). Moreover, if X’
is obtained by parabolic induction from some spherical G”-variety X", then Ilgr C Ilg
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by definition of parabolic induction. Also, X" is wonderful because X’ is, and we have
Van xn = Ve xr and Mg,y = Tl 0 (see [Lun01, Section 3.4]). Thus, we may replace
(G',H') by (G",H").

As for fiber products, suppose that G'/H' = G1/Hy X G3/Hs. Then, we have Ng/(H') =
Neg,(Hy) X Ng,(Hs), so both H; and Hj are sober because H' is. Moreover, if X; is the
wonderful embedding of G;/H;, then X; x X5 is a smooth complete spherical G'-variety
which is simple and toroidal, and the open orbit of X; x X5 is G'/H’. So, X; x X5 is
the wonderful embedding X’ of G’/H’, and this implies that V¢ x» = ¥, x, U ¥, x, and
gy o =g, x, UIE, x, (see [Lun01, Section 3.1, discussion of “factorizations”]). Thus, we
may replace the pair (G', H') by whichever pair (G;, H;) has v € V¢ x,. O

The following proposition is the last combinatorial fact that we need before we can present
the classification of homogeneous spherical varieties.

Proposition 3.6.18 ([Knol4a, Proposition 6.5, [Knol4b, Theorem 4.5]). Let X be a spher-
tcal variety, and let o € 11.

(a) If o € %, then for any D € Dgx(a) and any v € Vg x such that v # «, we have
wp(y) <0.

(b) If a € IS, then for any v € Vg x such that v # 2a, we have (o, ~) < 0.

Sketch of proof. For statement (a), one uses the “localization at spherical roots” to reduce
to the case where V¢ x = {a,7}. In this case, the statement follows from some combina-
torial facts about a and ¢p that we have already seen (specifically, Proposition 3.6.12 and
Proposition 3.6.13) along with some technical arguments about reductive groups.

As for (b), the spherical root v is a linear combination of simple roots with nonnegative
coefficients (see Remark 3.4.8). Since « is a simple root, it is a standard fact about root
systems that (o, ) < 0 for any simple root 5 € II. It follows that (a¥,v) <0 as well. O

We now give a name to the combinatorial objects that will classify homogeneous spherical
varieties.

Definition 3.6.19. A homogeneous spherical datum for G is a tuple (A, I1¢, ¥, D) consisting
of

1. a sublattice A C Ag,

2. a subset I1* C Ilg,

3. a linearly independent subset ¥ C W; N A consisting of indivisible vectors in A, and
4. a finite set D° equipped with a map ¢ : D* — Homg (A, Z)

such that the following axioms are satisfied.
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(B1) For any D € D° and any v € ¥, we have (p(D),v) < 1, and if (¢(D),v) = 1, then
v € U N1lg is a simple root of G.

(B2) For any oo € ¥ N1lg, the set
D'(a) ={D € D" | {¢p(D), ) = 1}
contains exactly two elements, D and D, and we have
p(Dg) + (D) = s

(B3) D’ is the (not necessarily disjoint) union of the Db(a) for all a € TI N W.

(¥1) For any a € 39 NIlg, we have (a,A) C 2Z, and for any v € ¥ \ {2a}, we have
(¥, 7) 0.

(¥2) For any a, f € Ilg, if (a¥,8) =0 and a+ € ¥ U 2¥, then a”|y = £Y]a.

(I11) For any v € W, there exists some rank-1 wonderful variety X such that V¢ x = {7}
and II% = 1

(T12) For any « € 1%, we have oV, = 0.

A spherical system for G is a triple (I1%, ¥, D) such that (A, 11, ¥, D) is a homogeneous
spherical datum for A = ZW.

Remark 3.6.20. Almost all of the data in a homogeneous spherical datum is defined in
terms of the sets Ag, 1lg, and W, which depend only on G. The only exception to this
is the set Db, which is an arbitrary finite set equipped with a map to Homgz(A,Z). This
introduces a slight technicality about what it means for two homogeneous spherical data to
be “the same.” The precise definition is: we say that (Aq, 112, U1, D%) and (Ag, 114, Uy, DY)
are equivalent if Ay = Ay, 1% = 11$, ¥, = W, and there exists a bijection D? — D? which
identifies the given maps D? — Homgz(A, Z).

One can avoid dealing with bijections on the sets DY by simply identifying D° with
its image in Homgz(A,Z). However, it is sometimes more convenient to view the D as
abstract sets, and doing so has become the convention in the literature. It is also common
in the literature to say that two homogeneous spherical data are equal when they are really
equivalent. Technically, this means we are often working implicitly with equivalence classes
of homogeneous spherical data; however, this technicality is rarely important in practice.

For any homogeneous spherical variety G/H, let DEG JH be the set of all colors of G/H
moved by a root of type b. We claim that the tuple (A(G/H),H‘(‘;/H,\I/G7(;/H,DbG7g/H) is
a homogeneous spherical datum for G. We check one-by-one that the relevant axioms are
satisfied.
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(B1) For any D € D&G/H and any v € ¥, Proposition 3.6.18 gives us (p(D),~) < 0 if 7 is
not a simple root moving D. If v = a € ¥ N1II does move D, then (p(D),v) =1 by
Proposition 3.6.13.

(B2) For any o € IIN ¥, we know that « is a root of type b for G/H (see Theorem 3.6.10),
and we have
{DF,D.} = Dgg/ula) ={D € D" | pp(a) = 1}

by Proposition 3.6.13 (applied to any divisor D moved by «) and Proposition 3.6.18
(applied to any divisor D € DP not moved by a and taking v = «). The required
equation on @ p+ is Proposition 3.6.13.

(B3) As in the check for (B2), we have D’(a) = Dg /() for all @ € IINWY. Since D&G/H is
the set of all colors moved by some such «, this axiom is immediate from the definitions.

(¥1) For any v € IIN 30, we have a € I1¢, /. so a” is nonpositive on W \ {2a} by Propo-
sition 3.6.18. Moreover, Proposition 3.6.13 implies that %aV|A(G/H) = ¢p,, and since

vp, 1s a discrete valuation, the map ¢p, takes values in Z. It follows that o takes
values in 2Z on A(G/H).

(U2) If o, € II are such that («¥,8) = 0 and o+ 8 € ¥ U 2¥, then « and [ are roots
of type d moving the same divisor D by Proposition 3.6.12, and that proposition also
gives us a’|y = Ya.

(I1) For any v € ¥¢ ¢/, Theorem 3.6.15 give us a rank-1 wonderful variety X’ such that
\I’G,X’ = {7} and Hg(/ = HGG/H

(IT12) For any a € II*, we have o¥|z(c ) = 0 by Lemma 3.6.14.

Similarly, if X is a wonderful G-variety, then X is a smooth standard embedding, so
Lemma 3.5.13 implies that A(X) = ZVs x. The same arguments as for G/H above tell
us that (ZVq x, 1%, \IJG,X,DZ’G’X) is a homogeneous spherical datum. In other words, the
triple (II%, Ye x, Dy x) is a spherical system.

It turns out that homogeneous spherical data completely classify homogeneous spherical
varieties up to G-isomorphism. The proof hinges on proving that spherical systems classify
wonderful varieties up to G-isomorphism.

Theorem 3.6.21.

(a) The map X — (II%, ¥ x, DY x) is a bijection between isomorphism classes of won-
derful G-varieties and spherical systems for G.

(b) The map G/H — (A(G/H),H“G/H,\IIG,G/H,Dg c/m) induces a bijection between iso-
morphism classes of homogeneous spherical G-varieties and homogeneous spherical data

for G.
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It was Luna [Lun01] who first proposed the classification of Theorem 3.6.21, along with
a program to prove it. His idea was as follows. The first step is to reduce Theorem 3.6.21b
to Theorem 3.6.21a. To do this, we start with a homogeneous spherical variety G/H and
consider the variety G/H, where H is the very sober hull of H. Since H is very sober, G/H
admits a wonderful embedding, which has a corresponding spherical system (I1¢, ¥, Db).
Luna showed in [Lun01, Section 6] that the spherical subgroups of G' with very sober hull H
are in bijection with homogeneous spherical data of the form (A, I1¢, ¥, D®) such that A > ¥
and U’ is obtained from ¥ by replacing any v € W\ (Il U 2II) with 1~ whenever v € A.
Note that such a homogeneous spherical datum (A, 114, ¥/, D%) is completely determined by
the spherical system (II, ¥, D®) and the lattice A. Using this fact, Luna showed that if
wonderful G-varieties are classified by their spherical systems (i.e. if Theorem 3.6.21a holds),
then homogeneous spherical G-varieties are classsified by their homogeneous spherical data
(i.e. Theorem 3.6.21b holds).

Proving the classification of wonderful GG-varieties by spherical systems is quite difficult.
Luna’s plan was to understand certain standard geometric constructions (such as fiber prod-
ucts and localizations at sets of simple roots) in terms of the relevant combinatorial data.
Then, all wonderful G-varieties (resp. all spherical systems) could be obtained from a certain
list of so-called primitive wonderful varieties (resp. primitive spherical systems) via a set of
understood geometric (resp. combinatorial) constructions. The existence and uniqueness of
primitive wonderful varieties with primitive spherical systems would then be proven case by
case.

Luna himself carried out this plan in [Lun01] when G is a reductive group of type A
(see Definition 2.2.17). The same methods were later extended to other reductive groups,
and some more general arguments were also found for parts of the classification. Thus, the
culmination of many papers by several different researchers has led to a complete proof of
Theorem 3.6.21. We refer the interested reader to the Introduction for slightly more details
and to [Tim11, Section 30.11] for a detailed proof sketch as well as a very nice description
(with references) of the various researchers and papers involved.

3.7 Picard Groups of Spherical Varieties

When working with divisors on spherical varieties, we will sometimes need to be able to
answer questions like: when is a divisor Cartier or ample? In [Bri89a], Brion proved that such
questions can be answered purely in terms of combinatorial data related to the classification
of spherical varieties. This theory of divisors is not a part of the classification of spherical
varieties, but it will be very useful for certain examples that we intend to consider later on
(see Section 4.9). As such, we give a brief exposition of the theory here.

Our exposition largely follows [Bri97, Section 5] and [Perl8, Section 3], but with certain
results and proofs omitted. However, there are a few small details in both of these references
that are imprecise (see Remark 3.7.8 below). Part of our goal in summarizing the theory
here is to make these details precise, as they will be relevant to two important examples later
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(namely, Examples 4.9.3 and 4.9.4). Apart from explaining these details, our treatment is
relatively brief; for the reader interested in a more thorough exposition, we recommend either
[Bri97] or [Perl§].

First, we establish some notation. Let X be a G-variety. Recall that any f € K(X)
determines a principal Cartier divisor div(f) on X. If X is spherical, then for any B-
eigenvector f € K(X)®) the only B-eigenvectors of K (X) with the same weight as f are
those of the form cf for some c € k (for any f’ € K (X)) of the same weight as f, we have
f/f € K(X)® =k, see Theorem 3.1.4). It follows that the divisor div(f) depends only
on the weight of f. So, for any p € A(X), we write div(u) for the divisor div(f), where
f € K(X)® is any nonzero B-eigenvector of weight /.

Similarly, suppose X is spherical, and let L be a G-linearized invertible sheaf on X. Any
global section s € H°(X, L®™) cuts out an effective Cartier divisor div(s) on X. Moreover,
for every n > 0, the G-module H°(X, L®") is multiplicity-free (see Remark 3.1.5). Tt follows
that for any B-eigenvector s € H(X, L®")() the divisor div(s) depends only on the weight
of s and the integer n. So, for any (u,n) € AT (X, L), we denote by div(u) the divisor cut
out by any nonzero B-eigenvector of H°(X, L®") of weight u. Since X, is the complement
of the support of div(s), the set X, also depends only on the weight of s and n. So, for any
(1,n) € AT(X, L), we denote by X, C X the open subset X, for any s € H°(X, L&")B) of
weight p. Equivalently, we have X, = X \ Supp(div(u)).

We first consider Weil divisors on spherical varieties. It turns out that, up to linear
equivalence, we can compute these divisors just by using B-divisors and B-eigenvectors in
the function field. In particular, the class group of a spherical variety is determined by pieces
of combinatorial data that we understand well.

Proposition 3.7.1 (cf. [Perl8, Theorem 3.2.1]). Let X be a spherical variety. There exists
an ezact sequence
o B
AMX)S @ Z-D = ClX) =0,

DEDG’X

where C1(X) is the Weil divisor class group of X, the map « is given by a(p) = div(p) =
ZDepGX ep(pu)D, and the map B is given by sending a divisor to its associated class in
CUX). If X is complete, this sequence is short exact.

sketch of proof. First, we remark that the map « is well-defined because div(u) is a B-stable
divisor for any p € A(X), see Corollary 2.5.5.

Exactness at C1(X) is the statement that every Weil divisor on X is linearly equivalent
to a sum of B-divisors. For this, one applies the local structure theorem to the open B-orbit
X5 of X to show that CI(Xp) = 0. Then, for any Weil divisor D on X, the intersection
Xz N D is a Weil divisor of X and hence is trivial, so D is linearly equivalent to a divisor
whose support lies in X \ X3. Since X \ X} is the union of the B-divisors of X, this implies
that [ is surjective.

For exactness in the middle, the divisor div(y) has image 0 in Cl(X) by definition, so
Im(c) C ker(f). For the reverse containment, let £ =3"p 5 npD, and suppose that E
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is linearly equivalent to 0. Then, F = div(f) for some f € K(X), and since E is B-stable,
f is a B-eigenvector, see Corollary 2.5.5. It follows that E = div(u), where u is the weight
of f.

Finally, if X is complete, then the union of the cones in the colored fan of X contains
V(X) (Theorem 3.3.28). Since V(X)) is full-dimensional (Theorem 3.4.1), at least one of the
cones in the colored fan of X must be full-dimensional. By definition, this cone is generated
by some subset of the ¢p for D € D¢ x (specifically, by the ¢p for D containing some fixed
G-orbit Y C X). In particular, the pp for D € D¢ x span N(X). So, for any p € A(X), if
a(p) =>.pep(u)D =0, then pp(p) =0 for all D implies that ¢ = 0. In other words, « is
injective. O

Next, we turn to the Picard group of a spherical variety. Since any spherical variety X
is a reduced scheme, the Picard group Pic(X) is isomorphic to the group of Cartier divisors
on X. Thus, our first question is: which Weil divisors on a spherical variety are Cartier?
Note that Proposition 3.7.1 implies that every Weil divisor is linearly equivalent to a sum of
B-divisors. For the purposes of understanding Pic(X), then, it suffices to determine which
B-stable Weil divisors are Cartier. For this, we have the following lemma.

Lemma 3.7.2 ([Perl8, Lemma 3.3.1], [Bri97, Lemma 5.2]). Let X be a spherical variety,
and let E = ZDepcx npD be a B-stable Weil divisor. Then, E is Cartier if and only if
for any G-orbit Y C X, there exists some pey € MX) such that pp(ugy) = np for all
B-dwisors D containing Y .

sketch of proof. Recall that X is covered by the G-stable open subsets G - Xpy as Y ranges
over all the G-orbits of X (see Theorem 3.2.7). Since being Cartier is a local property, it
suffices to consider the case where X = G - Xpy for some Y, i.e. where X is simple with
unique closed G-orbit Y. In this case, one can use the local structure theorem to show that
Pic(Xpy) = 0 for all Y (see the proof of [Perl8, Theorem 3.1.3]). So, if E is Cartier, then
E N Xpy is a principal Cartier divisor of Xpy. Since E is B-stable, Corollary 2.5.5 then
implies that

E= diV(ME7y> + Z mDD

for some ppy € A(X) and some mp € Z. The B-divisors that don’t intersect Xpy are
precisely those that don’t contain Y, so comparing coefficients in the above equation gives
us ¢p(pey) =np for all D D Y. Conversely, if a choice of jpy as in the lemma statement
exists, then F satisfies the above equation for some choice of mp € Z. Since the B-divisors
D that don’t contain Y are Cartier by Proposition 3.1.20 and div(ugy) is also Cartier, it
follows that E is Cartier. ]

We now introduce some terminology that will help us refer to the weights pugy in the
above lemma.

Definition 3.7.3. Let X be a spherical variety.
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1. For any G-orbit Y C X, we denote by Dy the set of B-divisors of X that contain Y.

2. For any G-orbit Y C X, a linear function on Dy is a map ly : Dy — 7Z such that there
exists some puy € A(X) satistying ¢y (D) = ¢p(uy) for all D € Dy. In other words,
we have

by = (pry 0 @)|py,

where ¢ : Dgx — N(X) is the map D — ¢p and we view py € A(X) as a map
N(X) = AX)y — Z.

3. By a piecewise linear function on Uy Dy we mean a family ({y )y consisting of a linear
function on Dy for each G-orbit Y C X such that ¢y (D) = ¢y:(D) for any G-orbits
Y,Y/ C G and any D € Dy N Dy-.

4. We write PL(X) for the set of all piecewise linear functions on Uy Dy-.

5. We define L(X) C PL(X) to be the subset consisting of piecewise linear functions (¢y)
such that for some p € A(X), we have ¢y = (uo ¢)|p, for all G-orbits Y.

6. We denote by A°(X) the set of all B-divisors of X which do not contain any G-orbit of
X (these are necessarily colors, since any G-divisor contains a G-orbit). In an equation:

A°(X) =Dex \ | JDy.

Remark 3.7.4. We view PL(X) as an abelian group, with the operation given by adding
linear functions on Dy in the natural way. More precisely, we define (fy)y + (¢4)y =
(by + 0 )y, where ly + ¢ is the linear function on Dy given by D +— ly (D) + ¢4, (D). Note
that with this abelian group structure, the set L(X) is a subgroup of PL(X).

To give a piecewise linear function (fy)y € PL(X), it suffices to specify for each G-
orbit Y C X an element uy € A(X) such that for any two G-orbits Y and Y’ and any
D D Y,Y’, we have ¢p(uy) = ¢p(py). In particular, if £ = ZDGDG’X npD is a B-stable
Cartier divisor on X, then the weights p1py of Lemma 3.7.2 define a piecewise linear function
¢ = (ly)y € PL(X), because for any D D Y,Y”, we have

op(pey) =np = ¢p(tey)-

Note that the ¢p(ugy) for various D and Y will give us the coefficients np for any D
containing a G-orbit Y. Thus, we can recover £ from ¢ and the set {np}peac(x) in the
following way. For any B-divisor D € D¢ x \ A°(X), we define ¢(D) to be ¢y (D) for any
G-orbit Y C D. (Note that this does not depend on the choice of Y by definition of a
piecewise linear function.) We then have

E= Y  UDD+ Y npD. (3.7.1)

DeDg x \A°(X) DEA°(X)
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On the other hand, Lemma 3.7.2 implies that the righthand side of the above equation is a
B-stable Cartier divisor of X for any choice of piecewise linear function ¢ € PL(X) and any
integers np. Thus, the B-stable Cartier divisors of X are precisely the divisors which have
the form of (3.7.1) for some choice of (¢fy) € PL(X) and some np € Z.

Using the form of B-stable Cartier divisors given in (3.7.1), it is relatively straightforward
to characterize the Picard group of X in terms of combinatorial invariants of X. The precise
statement is the following theorem, which can be proven using our above discussion along
with some formal algebraic arguments.

Theorem 3.7.5 ([Perl8, Theorem 3.3.4], [Bri97, Theorem 5.2]). Let X be a spherical variety,
and let Cx = |Jy Cy (with the union taken over all G-orbits Y C X ). We have an exact
sequence
cx % €D z- D5 Pic(X) % PL(X)/L(X) — 0.
DeA°(X)

Here, the map « is given by u — div(u), the map 5 sends a (Cartier) divisor to its class
in Pic(X), and the map v sends a Cartier divisor E to the image of the piecewise linear
function (ly)y € PL(X) determined by the weights gy given by Lemma 3.7.2.

Remark 3.7.6. Note that PL(X) is finitely generated because X has finitely many G-orbits.
Since X also has finitely many B-divisors, the exact sequence in the above theorem implies
that Pic(X) is finitely generated as well.

Corollary 3.7.7. Let X be a complete spherical variety. Then, we have a short exact
sequence
0— € Z-D— Pic(X)— PL(X)/L(X) — 0.
DeA®(X)

In particular, Pic(X) is a free finitely generated abelian group.

Proof. With Cx as in Theorem 3.7.5, we have V(X) C Cx because X is complete (see The-
orem 3.3.28). Since V(X)) is full-dimensional, we see that Cx = 0, so the desired short exact
sequence is the exact sequence of Theorem 3.7.5. Moreover, it follows from the definitions
that for any piecewise linear function (fy)y € PL(X), if n- (fy)y € L(X) for some n € Z,
then (fy)y € L(X). In other words, the quotient PL(X)/L(X) is torsion-free and hence is
a free finitely generated abelian group. It follows that Pic(X) is free and finitely generated
as well. O

Remark 3.7.8. As our terminology suggests, we view an element ({y)y € PL(X) as a
piecewise linear function on the set UyDy. The elements of L(X) are then the piecewise
linear functions on Uy Dy which are in fact “linear.” (This also explains the notation PL(X)
and L(X).) On the other hand, recall that for any G-orbit Y, the cone Cy is generated by the
wp for D € Dy. Since the definition of linear functions on Dy uses the maps pp rather than
the divisors D themselves, it is tempting to think of an element (¢y )y € PL(X) as a piecewise
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linear function on the cones Cx = UyCy. Indeed, this is the approach taken in both [Perl8,
Section 3.3] and [Bri97, Section 5.2]. This approach is equivalent to our approach when the
cones Cy form a fan (e.g. when X is toroidal or horospherical, see Remark 3.3.23). In general,
however, when we tried to define elements of PL(X) as “piecewise linear functions on Uy Cy”
as in [Perl8] and [Bri97], we were not able to verify that all B-stable Cartier divisors have
the form given in (3.7.1), though both [Per18] and [Bri97] assert that they do.

For these various definitions of a piecewise linear function ¢ = (fy)y, the difference
between using functions ¢y : Dy — Z and using functions ¢y : Cy — Z is very subtle.
However, it becomes clearer when we consider situations stemming from the two pathological
behaviors of colored cones mentioned in Remark 3.3.23:

(1)

It is possible that for some G-orbits Y, Y’ C X, the intersection F' = Cy NCy- is a face
of both Cy and Cy-, but we have F°NV(X) = @. Then, F' contains the cone generated
by the ¢p for D € Dy NDy-. So, if we wish to use functions /5 : Cy — Z and still have
¢(D) be well-defined in (3.7.1), we need to ensure that ¢y (vp) = ly/(pp) for every
D € Dy N Dy+. However, because F° NV(X) # @, there is no G-orbit Y such that
Cy» = F, so there is no nice way to state the condition that ¢y (pp) = ly/(¢p) for the
necessary choices of D except to say that fy|p = fy/|p. In particular, the definition
in [Bri97] only asserts that £y and ¢y agree on Cy~ for any Y” such that Y, Y’ C Y.
Since there is not necessarily any such choice of Y” with F' C Cy», it seems that under
the definition of (¢y)y € PL(X) given in [Bri97], the value of (D) in (3.7.1) may
not be well-defined. The definition in [Per18] avoids this issue by requiring that the
functions ¢ glue to a map ¢ : UyCy — Z.

It is possible that the intersection Cy NCy~ is not even contained in a face of either cone,
i.e. that Cy NCy, # @. In this case, there may be some D € Dy such that ¢p € Cy,
and D need not contain Y in this situation. If Y’ ¢ D, then there is no reason that
Uy (¢p) and ly/(pp) should be equal. Indeed, in the situation of Lemma 3.7.2, the
coeflicient of D in the divisor E is given by ¢p(pg,y) but not necessarily by ¢p(pgy).
Moreover, it is possible to construct examples of a B-stable divisor £ such that weights
ipz as in Lemma 3.7.2 do exist, so £ is Cartier, but for any choice of the pg z as
in the lemma, we have pp(ugpy) # ¢p(ugy’). For such an example, the family of
functions ¢z : C; — Z determined by the weights pg 7 has ly(¢p) # ly(¢p), so the
¢z do not glue to a function UyCy — Z. However, the definition of (¢7); € PL(X)
given in [Perl8] requires the £z to glue like this. It follows that for certain examples,
the definition in [Per18] will not allow us to associate an element (£7); € PL(X) to
every B-stable Cartier divisor. In other words, there may be some B-stable Cartier
divisors E which do not have the form in (3.7.1) for some ¢ € PL(X).

We remark that these concerns are not new in the literature; in fact, an explicit example
like the one described in (2) above can be found in [Tim11, Example 17.7], and this example
is mentioned in the context of showing that the weights ugy € A(X) from Lemma 3.7.2
need not generally define a function UyCy — Z. Also, by taking different choices of cones in
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[Tim11, Example 17.7], one can obtain an explicit example of the situation described in (1)
above. The workaround that [Tim11] uses for these issues is to think of PL(X) as a family
of functions ¢y : Cy — Q such that ¢y = £z|c, whenever Cy is a face of Cz. Our discussion
surrounding (3.7.1) indicates that the definition we have given in Definition 3.7.3 is another
suitable solution.

These technicalities aside, we note that all of the arguments and intuition are correct in
both [Perl8] and [Bri97], provided we use a definition of a piecewise linear function (fy)y
such that the B-stable Cartier divisors of X are precisely the divisors of the form in (3.7.1).

Another nice consequence of Lemma 3.7.2 is the following combinatorial criterion for
when a spherical variety is locally factorial.

Proposition 3.7.9 ([Perl8, Theorem 3.2.3]). Let X be a spherical variety. Then, X is
locally factorial if and only if for every G-orbit Y C X, the valuations pp for all D € Dy
form part of a basis for the dual lattice A(X)Y C N(X).

Proof. Since X is normal, X is locally factorial if and only if every Weil divisor is Cartier.
(see e.g. [Sta20, Tag O0BE9]). Since every Weil divisor is linearly equivalent to a B-stable
divisor (Proposition 3.7.1) and sums of Cartier divisors are Cartier, we see that X is locally
factorial if and only if every D € D¢ x is Cartier. By Lemma 3.7.2, a B-divisor D is Cartier
if and only if for every G-orbit Y contained in D, there exists some uy € A(X) such that
ep(py) =1 and pp/(uy) = 0 for every D' € Dy \ {D}. The existence of such a py for every
D € Dy is equivalent to the statement that the ¢p for D € Dy form part of a basis for
A(X)VY. O

Theorem 3.7.5 gives us a nice combinatorial description of the Cartier divisors on a spher-
ical variety X. We are interested in using this description to characterize when a Cartier
divisor is either globally generated or ample. It is not too difficult to give a general charac-
terization of being globally generated (see [Perl8, Theorem 3.3.6]), but this characterization
involves picking weights py € A(X) such that £y = (uy o ¢)|p, for a given piecewise linear
funtion (¢y)y € PL(X). For any G-orbit Y, such a choice of py does determine the linear
function ¢y : Dy — |Z, but ¢y does not uniquely determine a choice of the uy in general,
because the valuations ¢p for D € Dy may not span N(X).

If X is complete, we can avoid this ambiguity in the choice of uy thanks to the following
lemma.

Lemma 3.7.10. Let X be a complete spherical variety. For any closed G-orbit Y C X, the
cone Cy 1s full-dimensional.

sketch of proof. By Proposition 3.5.8, there exists a projective G-equivariant birational mor-
phism 7 : X — X with X toroidal. Since 7 is G-equivariant, dominant, and complete,
any closed G-orbit Y of X is the image of some closed G-orbit Y of X. It follows that
(G - XB,Y/) C G- Xpy, so Theorem 3.3.28 (applied to the restriction of 7 to a morphism
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G- XB v — G - Xpy) implies that Cy C Cy. Thus, it will suffice to prove the statement for

X. After replacing X by X, we may assume that X is toroidal.

In this case, the set F = {Cy | Y a G-orbit of X} forms a strictly convex fan, and the
cone Cx = |Jy Cy contains V(X) and hence is full-dimensional (see Theorems 3.5.6, 3.3.28
and 3.4.1). Moreover, the closed G-orbits Y are precisely the G-orbits such that Cy is
maximal in F with respect to the partial order given by one cone being a face of another
(see Proposition 3.3.24). We have thus reduced the question to the following statement: for
any fan F such that the cone Cr = |Jz C is full-dimensional, every maximal cone in F is
full-dimensional. This can be proven using standard topological arguments about cones.

[]

Let X be a spherical variety, and let (fy)y € PL(X). Then, every G-orbit Y’ of X
contains some closed orbit Y in its closure, and Dy C Dy implies that ¢y, = KY\DY/. Thus,
the piecewise linear function ({y )y is completely determined by the functions ¢y for closed
G-orbits Y. When X is complete and Y is closed, Lemma 3.7.10 implies that the ¢p for
D € Dy span N(X); it follows that for any linear function ¢y : Dy — Z, there is a unique
py € A(X) such that

by = (py o 9)lpy-

Since {y determines py, we may identify ¢y with the function py o ¢ and so view £y as a
function on all of D¢ x. This identification allows us to state relatively clean criteria for
when a Cartier divisor is globally generated or ample.

Definition 3.7.11. Let X be a complete spherical variety. We say that a piecewise linear
function (¢y )y € PL(X) is convez if for any two closed G-orbits Y and Y’ and any D € Dy,
we have

ly:(D) > ly (D).
(Here we define ¢y (D) by viewing ¢y as a function on all of Dg x, as discussed above.) If

this inequality is strict for all D € Dy~ \ Dy, then we say that (fy)y is strictly convez.

Remark 3.7.12. In [Perl8] and [Bri97], the definition of “convex” and “strictly convex” is
the same as in the above definition, except that the orbit Y’ is not assumed to be closed.
However, as noted above, the value of ¢y is always equal to that of ¢y for any closed G-

orbit Y” C Y’. This implies that our definition is equivalent to the one given in [Per18] and
[Brio7].

Theorem 3.7.13 ([Perl8, Corollary 3.3.8|, [Bri97, Corollary 5.2.1]). Let X be a complete
spherical variety, and let

E= Y  UD)D+ > npD

DeDg, x \A°(X) DeA°(X)

be a B-stable Cartier divisor on X for some ({y)y € PL(X) and some np € Z.
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(a) The divisor E is globally generated if and only if (ly) is convex and for any closed
G-orbit Y C X and any D € A°(X), we have ly(D) < np.

(b) The divisor E is ample if and only if ({y) is strictly convex and for any closed G-orbit
Y C X and any D € A°(X), we have by (D) < np.

Proof. For the proof of statement (a), see [Perl8, Theorem 3.3.6] or [Bri97, Theorem 5.2(iii)].
There is also a proof of statement (b) in these references (see [Perl8, Corollary 3.3.8] and
[Bri97, Corollary 5.2.1]). The proofs in these references rely on certain technical arguments
about divisors; alternately, we give a proof of (b) here that relies instead on certain facts
about the sets Xpy for closed G-orbits Y.

Suppose that E is ample, and let Y be a closed G-orbit. There exists some f €
H°(X,0x(FE)) such that X; = Xpy (see Theorem 3.2.7). Let E' = div(f). Since F
and E’ are B-stable and linearly equivalent, we have

E' = E +div(uy) (3.7.2)

for some py € A(X) (see Proposition 3.7.1). Moreover, the divisor E’ is effective, and
Supp(E’) = X \ Xpy is the set of B-divisors of X which do not contain Y. So, for any
D € Dy, comparing coefficients of D in (3.7.2) gives us

0= {y(D) + ¢p(py).

This implies that fy = (—uy) o ¢ as functions on Dg x, or equivalently, that

ly (D) = —¢p(py) (3.7.3)

for all D € D¢ x. On the other hand, any D € D¢ x \ Dy lies in Supp(E’), so comparing
coefficients of D in (3.7.2) gives

by(D) + ¢p(p) >0

if D € Dy for some Y’ #Y and
np + ¢p(p) >0

otherwise. In the latter case, the equation for ¢y (D) in (3.7.3) gives us the inequality on np
in (b), and in the former case, the equation for ¢y (D) in (3.7.3) implies that (¢y) is strictly
convex.

Conversely, suppose that (fy)y is strictly convex and that ¢y (D) < np for all closed
G-orbits Y and D € A°(X). Recall that Ox(FE) is ample if and only if X is covered by
affine open subsets of the form X, where f € HY(X,Ox(nE)) for some n > 1. (This is
the definition of ampleness used in both EGA and the Stacks Project, and it is equivalent
to all other standard definitions under mild hypotheses; see [Sta20, Tag 01PR] and [Sta20,
Tag 02NO] for details.) On the other hand, X is covered by the open subsets of the form
G- Xpy for Y a closed G-orbit. (Proof: every G-orbit Y’ of X has Y C Y for some closed
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G-orbit of Y, and Theorem 3.2.7 then implies that Y’ C G - Xpy.) Thus, it will suffice
to show that each such set G - Xpy is covered by affine open subsets of the form X for
some f € HY(X,Ox(F)). For this, we only need to find some f € H°(X, Ox(E)) such that
X¢ = Xpy; then, X; is affine by Theorem 3.2.7, and G - Xy is covered by the affine open
subsets g - Xy = X,y for any g € G.

So, let Y C X be a closed G-orbit, and let puy € A(X) be the weight determined by the
function ¢y. Consider the divisor £ — div(uy ). For any B-divisor D such that D D Y, the
coefficient of D in E is £y (D) = ¢p(py) by definition, so the coefficient of D in E — div(uy)
is 0. On the other hand, suppose D A Y. If D contains some other G-orbit, then D contains
a closed G-orbit Y. The fact that (¢y )y is strictly convex then gives us

by(D) > by (D) = op(py),

so the coefficient of D in E — div(uy) is positive (by definition of E). If instead D contains
no G-orbit, then our assumptions give us

np > ly(D) = ¢p(py),

so the coefficient of D in E — div(uy ) is again positive. This proves that E — div(py) is an
effective Cartier divisor whose support is the union of the B-divisors not containing Y. In
other words, we have Supp(£ — div(uy)) = X \ Xpy. By Lemma 2.5.3, the effective divisor
E — div(py) corresponds to a section f € H°(X, Ox(F)) such that div(f) = E — div(uy).
Then, we have

Supp(div(f)) = Supp(£ — div(uy)) = X \ Xpy-.

This implies that Xy = Xpy, so f is the desired global section of Ox(E). O

Corollary 3.7.14. Let X be a complete spherical variety. Then, X is projective if and only
if there exists a strictly convex element of PL(X).

Proof. Because X is a complete variety, X is projective if and only if it is quasi-projective, i.e.
if and only if there exists an ample (Cartier) divisor on X. By Proposition 3.7.1, every divisor
is linearly equivalent to a B-stable one, so X is projective if and only if there exists a B-
stable ample divisor on X. By Theorem 3.7.13, giving a B-stable ample divisor is equivalent
to giving a strictly convex piecewise linear function (¢y)y € PL(X) and coefficients np for
each D € A°(X) such that np > ¢p(¢fy) for all closed G-orbits Y. So, if a B-stable ample
divisor exists, there must exist a strictly convex element of PL(X); conversely, given a strictly
convex element (fy)y € PL(X), all we have to do is choose the np to be large enough, and
we will obtain a B-stable ample Cartier divisor. O

Remark 3.7.15. In analogy with the above corollary, is also possible to use Theorem 3.7.13
to prove a combinatorial criterion for when a simple spherical variety is affine. See [Bri97,
Corollary 5.2.2] or [Per18, Theorem 3.3.14] for details.



185

Chapter 4

Weight Monoids on Smooth
Projective Spherical Varieties

In the previous chapter, we introduced many different invariants on spherical varieties and
saw how these invariants classify spherical varieties up to G-isomorphism (specifically, see
Theorem 3.3.26, Theorem 3.3.28, and Theorem 3.6.21 for the main classification statements).
The invariants used in this classification are primarily related to divisors (and the simple
roots that move them) and valuations (either G-invariant valuations or valuations of colors).
There is another interesting type of invariant we can consider: namely, the monoid of weights
of B-eigenvectors AT(X, L) for a G-linearized line bundle L on X (or the monoid AT (X),
which is just a special case of AT (X, L)). These weight monoids are representation-theoretic
in nature, so it is interesting to ask how we might relate weight monoids to the more geometric
invariants that classify spherical varieties.

In this chapter, we focus on the following question: to what extent (and under what
conditions) does a weight monoid A (X, L) determine the invariants on X that arise from
the classification of spherical varieties? When X is affine, this question is answered by the
so-called Knop conjecture, which was proven by Losev in [Los09a]. In Section 4.1, we phrase
the classification of spherical varieties from the previous chapter in terms that are more
suitable for discussing these types of questions. We then discuss some basic background to
the Knop conjecture in Section 4.2. In Section 4.3, we prove a projective analog of a result
that Losev used in his proof of the Knop conjecture (see Corollary 4.3.5). In Section 4.4, we
use the Knop conjecture and the local structure theorem to obtain a “local isomorphism”
result (Theorem 4.4.6), which will allow us to compare combinatorial invariants on spherical
varieties provided they can be captured locally, in an appropriate sense. In Sections 4.5, 4.6,
and 4.7, we use this “local isomorphism” to attempt to compare each relevant type of combi-
natorial invariant in turn. Our main results are Theorem 4.5.5, which gives us an “equality”
on the combinatorial data of B-divisors under certain conditions, and Theorem 4.6.8, which
gives us an equality on “most” spherical roots. Finally, in Section 4.9, we give some examples
in which the weight monoid A™(X, L) does not determine certain combinatorial invariants.
These examples show that our results in Sections 4.5, 4.6, and 4.7 are relatively optimal.
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4.1 Reworking the Classification of Spherical
Varieties

We are interested in viewing the classification of spherical varieties as a way to tell when
two spherical varieties are G-equivariantly isomorphic by looking at combinatorial data. In
this section, we reframe the classification of spherical varieties in order to better use it for
this purpose. In order to do this, we will need to make precise what it means to have an
“equality” of the combinatorial data of two spherical varieties.

Everything in this section is almost certainly known to experts. For instance, the main
notion of “equality” that we need to introduce has already been mostly established in Losev’s
proof that homogeneous spherical data classify homogeneous spherical varieties up to G-
equivariant isomorphism (compare the discussion preceding [Los09¢, Theorem 1] with our
definition of a “D-equivalence” in Definition 4.1.1 below). However, we are not aware of
anywhere in the literature where the classification of spherical varieties has been written out
as a criterion for being G-equivariantly isomorphism in a precise way, as it is in Theorem 4.1.9
below. Our goal in this section is to provide a reference for these facts and to introduce some
terminology for certain “equalities” of combinatorial data that will be useful to us later.

4.1.a D-Equivalences

We have seen in Section 3.6 that the classification of homogeneous spherical varieties hinges
on data related to B-divisors (more precisely, their valuations and the simple roots that
move them). Because we are interested in using this classification to tell when two spherical
varieties are isomorphic, it will be useful to formalize what is means for two spherical varieties
to have “the same” data on their B-divisors. The following definition provides this formalism.

Definition 4.1.1. Let X; and X, be spherical G-varieties such that A(X;) = A(X3). A D-
equivalence is a bijection ¢ : Dg x, — Dg,x, such that for all D € Dg x,, we have p = ¢,(p),
and a root a € Il moves D if and only if o moves (D). If a D-equivalence exists, we say
that X; and X, are D-equivalent.

The notion of D-equivalence will be essential in much of what follows. As such, we use
this section to collect a few basic results about D-equivalences. To begin, we note that
D-equivalences automatically allow us to match up types of simples roots.

Lemma 4.1.2. Let X| and X5 be D-equivalent spherical varieties. Then, every root a € llg
has the same type for Xy as it does for X,.

Proof. We have a € TI%, if and only if & moves no B-divisor of X, and a € H_‘}l if and only if

a moves exactly 2 B-divisors of X;. But any D-equivalence induces a bijection Dg x, (o) —
De x, (), so we immediately get II%, = %, and II%, = II%,. Now let a € II§, U II%,.
Then, o € I, U Hgl(y so for i € {1,2}, we know that o moves a unique B-divisor D; of
X;. Moreover, we have o € II, if and only if ¢p, = 30"|sx,), and « € [I% if and only if
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©p, = a’|a(x,)- Any D-equivalence will map D to D, and preserve valuations, so it follows
that « € I, if and only if a € II§,, and « € 1%, if and only if o € 1%, O

In general, a D-equivalence need not be unique. However, the following lemma describes
the extent to which two D-equivalences can differ.

Lemma 4.1.3. Let Xy and X5 be spherical varieties, and let v,/ : D¢ x, 5 D¢ x, be two
D-equivalences. If D € Dg x, satisfies «(D) # (D), then D is moved by a unique root
o€ Hg(l. Moreover, if D' is the other B-divisor of X1 moved by «, then « is also the unique
root moving D', and we have op = pp, L(D) =1 (D) and «(D") = /(D).

Proof. Let D € D¢ x,. Then, «(D) and ¢/(D) are both moved by precisely the same roots as
D. We consider 3 cases, based on which roots move D.

1. If D is G-stable, then «(D) and /(D) are also G-stable. But a G-divisor of X, is
determined by its valuation as an element of N(X3) (see Corollary 3.1.14). So, the
equality

©uD) = PD = Pu(D)
implies that «(D) = /(D)

2. Suppose D is moved by a root « of type ¢ or d for X;. Then, « has type c or d for X,
as well (Lemma 4.1.2). So, both ¢(D) and /(D) are the unique B-divisor of X5 moved
by a, which implies that (D) = /(D).

3. The only remaining option is that D is moved by a root o € IT%, = Hg(Q. In this case,
write D¢ x, (o) = {D, D'}. Since both ¢ and ¢/ preserve the property of being moved
by «a, we have

Da.x,(a) = {u(D), (D)} = {/(D),/(D)}.

So, if «(D) # (D), then the only possibility is that «(D) = //(D’) and that «(D’) =
/(D). Moreover, since ¢ and ¢’ preserve valuations, we have

YD = PuD) = P (D) = ¥PD’-

[]

Remark 4.1.4. We note that the above lemma has a natural converse, which follows im-
mediately from the definition of a D-equivalence. Let X; and X, be spherical varieties,
and suppose we have a D-equivalence ¢ : Dgx, — Dgx,. Let a € I, and write
Dex, (o) = {D,D'}. If opp = @p and D and D" are moved by no root other than «,
then we can define another D-equivalence ¢/ : D¢ x, — Dg.x, by setting /(D) = (D),
J/(D") = (D), and ¢ = ¢/ on every B-divisor besides D and D’. Combined with the above
lemma, this shows that we can construct all D-equivalences between X; and X5 from a single
D-equivalence ¢ just by swapping the values of ¢ on pairs of divisors D and D’ satisfying the
conditions mentioned in the lemma statement.
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We will be interested in understanding the relationship between D-equivalences and
weight monoids of G-linearized invertible sheaves. However, we run into the problem that
not every invertible sheaf is G-linearizable until we replace G by G for some central isogeny
G — G (see Theorem 2.6.11). This replacement is typically safe thanks to the following
lemma.

Lemma 4.1.5. Let Xy and X, be spherical varieties, and let 7 : G — G be an isogeny of
reductive groups. Then, there exists a Borel subgroup B C G and a mazimal torus T C B
such that the following hold.

(a) X1 and X, are spherical G-varieties (with G acting via its image in G ).

(b) Xy and Xy are D-equivalent as spherical G-varieties if and only if X, and X, are
D-equivalent as spherical G-varieties.

(¢) The valuation cones V(X;) and the colored fans Fx, are the same regardless of whether
we view the X; as spherical G-varieties or spherical G-varieties.

(d) For any G-linearized divisorial sheaf Ox,(D) on X;, there exists a G-linearization on
Ox, (D) such that A*(X;, Ox, (D)) is the same whether we use the G-linearization or
the G-linearization.

Proof. We can pick a Borel subgroup B of G and a maximal torus 7 C B such that B
and T map surjectively onto B and T, respectively (see e.g. [Mill7, Proposition 17.20]). In
particular, the B-orbits of X; are precisely the B-orbits, so the X; are spherical G-varicties.
Moreover, passing from the action of G to the action of G does not change any of the
following data:

e Which divisors of the X; are B-stable or G-stable, (hence also which divisors are
colors). More precisely: any divisor D C Xj is B-stable (resp. G- stable) if and only if
it is B-stable (resp. G-stable).

e The lattices A(X;) and A(X>) (as subgroups of Ag C Ag).
e The valuation ¢p for any B-divisor D of X; or X, (as a function on A(X7) or A(X3)).

e The set of simple roots llg. This follows from the classification of reductive groups,
since 7 : G — G is a central isogeny (for an explanation of why 7 is central, see
Remark 2.2.10).

e Which simple roots move a given B-divisor of X; or X,. This follows from the defini-
tions and the fact that ﬂ(f’a) = P, for any simple root «.. Alternately, it can be proven
using the fact that the valuations ¢p do not change, along with certain combinatorial
facts about the ¢p (cf. Lemma 4.4.2 and Corollary 4.4.3).
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e The valuation cones V(X;) and V(X3). This is because G acts on the G-module K (X;)
via its image in (G, so any valuation is G-equivariant if and only if it is G-equivariant.

e The colored fans Zx, and Zx,. This is because the G-orbits of X; are precisely the
G-orbits, along with the fact that the B-divisors and G-divisors are the same and have
the same valuations (as noted above).

This already proves (a), (b), and (c). As for (d), we note that pulling back any G-
linearization by the map (m,idy,) : G x X; = G x X, induces a G-linearization on Oy, (D).
Since G acts on X via its image under , the resulting G-module structure on I, (X;, Ox, (D))
will be given by letting G acts via its image under . It follows that the G-linearization will
have the same weight monoid as the G-linearization. [

4.1.b Combinatorial Data and Isomorphisms

The notion of a D-equivalence will make it easy for us to describe when the classification of
spherical varieties gives us G-equivariant isomorphisms between two spherical varieties. We
first describe the homogneous case.

Theorem 4.1.6. Let G/H, and G/H; be two homogeneous spherical varieties. The following
are equivalent.

(i) G/Hy = G/Hy as G-varieties (i.e. Hy and Hy are conjugate subgroups of G).
(i) G/Hy and G/Hy are D-equivalent, and Va c/n, = Ya,.a/m,-

Moreover, if these conditions hold, then for any D-equivalnece ¢ : Dg a/m, = Da.c/u,,
there exists a G-equivariant isomorphism i : G/H, = G/Hy such that 1(D) = i(D) for all
D € DG,G/Hl-

Proof. 1f i : G/H, = G/H, is a G-equivariant isomorphism, then i induces a G-equivariant
isomorphism on function fields, and this isomorphism identifies the valuation cones V(G/H;)
and V(G/H,) (it identifies all valuations because it is a ring isomorphism and identifies the
G-invariant ones because it is G-equivariant). This gives us A(G/H;) = A(G/H,) and
Vea/m = Yac/m,- Moreover, the map D — i(D) defines a D-equivalence ¢ : Dgg/m, —
Deg/m,-

Conversely, suppose that (i) holds. Let (A, 112, ¥;, D?) be the homogeneous spherical
datum of G/H;. We show that these homogeneous spherical data are equal, so that G/H;
and G/H, are G-equivariantly isomorphic by Theorem 3.6.21. Let ¢ : Dg a/m, = Dq.a/m,
be a D-equivalence. The definition of a D-equivalence gives us A(G/H;) = A(G/H,), i.e.
Ay = Ay, and Lemma 4.1.2 gives us II{ = II5. Also, we have ¥; = WU, by assumption.
Finally, we also have H’é I = ng; /s by Lemma 4.1.2, and ¢ induces a bijection on colors

moved by roots of type b, hence a bijection ¢, : D° = D. The maps D? — Homg(A;, Z) in
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the homogeneous spherical data are the maps D +— ¢p, so 1, identifies these maps with one
another because ¢p = ¢,(p) for all D.

For the “moreover” statement, we note that there exists some G-equivariant isomorphism
io : G/Hy = G/H,, and we can then define a D-equivalence ty : Dg.g/n, — Da.g/m, by
setting to(D) = ig(D) for all D. Thus, it suffices to show that for any other D-equivalnece
t: Dg.c/m, — Dac/m,, there exists some automorphism a : G/Hy = G/Hy such that «(D) =
a(to(D)) for all D. This is a (nontrivial) consequence of Losev’s proof that homogeneous
spherical data determine homogeneous spherical varieties up to G-isomorphism (see e.g. the
discussion following [Los09b, Theorem 3]).

O

Recall that the classification of all spherical varieties is simply a combination of the
classification of homogeneous spherical varieties and Luna—Vust theory, which classifies open
embeddings of spherical varieties of the form G/H — X. Thus, to upgrade the above
theorem into a statement about all spherical varieties, we need to understand what should
be meant by an “equality” on the combinatorial invariants of Luna—Vust theory, i.e. colored
fans. The following definition gives us this notion of equality.

Definition 4.1.7. Let X; and X, be spherical varieties. We say that a D-equivalence
v: Da.x, — Dg.x, preserves colored fans if

Fx, ={(C;1(A) | (C,A) € Fx,}

Remark 4.1.8. We would like to make explicit an implicit identification made in the above
definition. Given a colored fan (C,A) € Fx,, the set A contains colors of the open G-
orbit G/H; of X;, so we cannot literally apply ¢ to elements of A. However, the map
D — DN G/H; is a bijection D¢ x, = Dg.q/u, whose inverse is Dy — D, (with the closure
taken in X; D G/H;). Thus, we will typically identify colors of G/H; with their closures
in X; and so view them as colors of X;. This explains what we mean by ¢(A) in the above
equation.

We are now ready to formulate precisely what the classification of spherical varieties has
to say about when two spherical varieties are G-equivariantly isomorphic.

Theorem 4.1.9. Let X, and Xy be spherical varieties. The following are equivalent.
(1) X1 and Xy are G-equivariantly isomorphic.
(ii) There exists a D-equivalence ¢ : Dgx, — Dax, that preserves colored fans, and
Vax, = Ve x,-

Proof. Let G/H; be the open G-orbit of X;. Any G-equivariant isomorphism 7 : X; = X,
restricts to a G-equivariant isomorphism G/H; = X, so Vg x, = Vg x, by Theorem 4.1.6.
Moreover, setting (D) = i(D) defines a D-equivalence ¢ : D¢ x, — Da.x,, and one can check
from the definitions that this D-equivalence preserves colored fans.
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Conversely, suppose that (i) holds, and let ¢ : Dgx, — Dg.x, be a D-equivalence
preserving colored fans. Then, ¢ induces a D-equivalence to : Dg g/ m, = D¢ ¢ m, (explicitly,
we set 1o(Do) = t(Dy) NG/ Hs, see Remark 4.1.8 above). Thus, Theorem 4.1.6 gives us a G-
equivariant isomorphism i : G/Hy = G/H, such that (D) = «(Dy) for all Dy € Dg./n, -
The statement that ¢ preserves colored fans is thus the statement that the isomorphism ig
identifies the two colored fans Fx, and Zx,. It follows from Theorem 3.3.26 that X; and
Xy are G-equivariantly isomorphic. Or, more precisely: since ¢ preserves colored fans, we
see that ip maps Fx, into Zx, and that 2'51 maps Fy, into Fx,. So, ip and ial extend to
G-equivariant morphisms i : X; — X5 and i~ : Xy — X (respectively) by Theorem 3.3.28,
and ™' o i and i o i~! are both equal to the identity morphism because they agree with
the identity on a dense open subset (namely, the open G-orbit) and because X; and X, are
separated and reduced (see e.g. [Har77, Chapter II, Exercise 2.4.2]). O]

In this chapter, we investigate to what extent weight monoids of the form AT (X, L)
determine these pieces of combinatorial data. Theorem 4.1.9 is the key starting point for this
task, for two reasons: first, the theorem summarizes which pieces of combinatorial data show
up in the classification of spherical varieties; and second, the theorem gives us the language
and formalism needed in order to understand what an “equality” on this combinatorial data
really means.

4.2 On Losev’s Proof of the Knop Conjecture

In this section, we provide some introductory background to the Knop Conjecture and its
proof by Losev in [Los09a]. This is provided for the benefit of the reader and can be skipped
without any loss of continuity. In what follows, the only material from this section that will
be necessary is Theorem 4.2.2, Definition 4.2.4, and Question 4.2.5. The reader who wishes
to skip this section can either read through these statements briefly now or refer back to
them as they arise later on.

We first recall some notation from Section 2.5. For any G-variety X, we denote by AT (X)
the set of all weights of B-eigenvectors of the global sections I'(X, Ox). Note that AT(X)
is a commutative monoid; we will refer to it as the weight monoid of X. Similarly, given
a G-linearized invertible sheaf L on X, we denote by AT (X, L) the monoid of all weights
of (B x Gy,)-eigenvectors in the ring I',(X, L) = @, ., H*(X, L®") (with B acting via the
G-linearization on L*" and G,, acting according to the grading). We will refer to A*(X, L)
as the weight monoid of the pair (X,L). We remark that when Ox has the canonical
G-linearization of Lemma 2.4.13a, we get

AH(X,0x) = AH(X) x N.

Thus, the weight monoid AT(X, L) is in some sense a generalization of AT (X).
Consider the case where X is an affine spherical G-variety and G = T'is a torus. Then, X
is by definition a toric variety for a quotient 7" of T' (namely, 77 = T'/G,,, where z is any point
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in the open T-orbit of X). We claim that the weight monoid A*(X) completely determines
X up to T-equivariant isomorphism. Note that A(X) = AT(X)% (Proposition 2.5.9), so
AT(X) determines the lattice A(X) as a subgroup of A(T). By standard facts about tori
(see e.g. [Mil17, Theorem 12.9]), the inclusion A(X) = A(T") C A(T) determines the torus 7"
and the quotient map T'— T up to T-equivariant isomophism. Moreover, the global sections
I'(X, Ox) are T"-equivariantly isomorphic to the k-algebra k[—A™*(X)] (see Proposition 3.3.5
and the preceding discussion), so the weight monoid determines X up to 7’-equivariant
isomorphism, hence also up to T-equivariant isomorphism.

Thus, in the toric case, the weight monoid A*(X) completely classifies X. Even better,
one can impose nice combinatorial conditions such that any monoid in a given lattice A
satisfying those conditions is AT (X)) for some toric variety X such that the torus T C X
has A(T) = A (see e.g. [Ful93, Section 1.3, Exercise 3]). In the general spherical case, one
cannot hope for quite such a nice statement. For starters, the weight monoid does not even
classify all affine spherical varieties up to G-isomorphism, as the following example shows.

Example 4.2.1. Let A = k[z1, 29, 73], and let ¢ = 2x123 + 23 € A. Then, G = SOj is the
subgroup of SLj that fixes the quadratic form ¢, so we obtain actions of G on the varieties

X =Spec(4/(1 —q)), Y =Spec(4/(q))-
Both X and Y are spherical varieties. Moreover, X and Y are both fibers of the flat family

Spec(At]/(t — q)) — Spec(klt]),

and weight monoids are locally constant in flat families, so we have AT (X) = AT(Y"). (This
is a consequence of a “sheafified” version of semisimplicity of G-modules, along with coho-
mology and base change; see [AB0G, Section 3.1] for details). However, X and Y are not
G-isomorphic, because X is smooth and Y is not (as a Jacobian calculation will show).

We can also see that X and Y are not G-isomorphic by looking at valuation cones. For
this, note that the maximal torus of G is 1-dimensional, and z; is a B-eigenvector of both
A/(q) and A/(1 — q) (a Borel subgroup for G with our choice of ¢ is given by the upper
triangular matrices in G). So, we have

AY)=AX)=Ag =7

and hence N(X) = N(Y) = N = Q. Moreover, Since GG contains the automorphism of A
that fixes x5 and swaps 7 and x3, any G-invariant valuation v of either X or Y must have
v(x1) = v(zs). In the case of Y, we can define a G-invariant valuation v : K(Y)* — Q
by setting v(z1) = v(x2) = v(zs) = 1, and v(k*) = 0, then extending to all of K(Y)* by
defining v(ab) = v(a)+v(b) and v(a+b) = min{v(a)+v(b)} for all a,b € K(Y)*. Noting that
K(Y) = k(x1,23,/T173), we see that K(Y) is a Z-graded ring (taking deg(,/z123) = 1), and
for any a € K(Y)*, the value of v(a) is the smallest integer d such that the homogeneous
part of a in degree d is nonzero. This is certainly a valuation, since G' acts by graded ring
homomorphisms on K(Y') and v is constant on each homogeneous part of K(Y), we see
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that v is G-invariant. We have thus found a nonzero element v € V(Y). In fact, the same
argument would have worked if we set v(x1) = v(x2) = v(x3) to be any value in Q, so we see
that V(Y) = N(Y) = Q. In other words, Y is a horospherical variety.

As for X, let v : K(X)* — Q be a G-invariant valuation. As noted above, we must have
v(z1) = v(z3). Since 2z;x3 = 1 — 23 on X, this implies that

20(z1) = v(zy) + v(zs) = v(22123) = v(1 — 23) > min{v(1),2v(zs)},

with equality if v(1) # 2v(xg) (this “with equality” statement is a general fact about valu-
ations which follows from the fact that v(a + b) > min{v(a),v(b)} for all a and b). So, we
have three cases:

1. If v(zg) > v(1) = 0, then we have v(x1) = v(z3) = 0 by the above and hence
20(xg9) = v(1 — 2x123) > min{v(1),v(xi23)} = 0.

One can check that the k-linear map sending xy +— x1, 9 — x; + x5, and x3 —>

—%a:l — x9 4 x3 is an element of G. Since v is G-invariant, this implies that

v(x9) = v(w119) = v(21 (21 + T2)) = v(2] + 2129) > Min{20(11), v(2129)},

with equality if v(xy29) # 2v(xy). Since we have v(z;) = 0 and we have assumed
v(x129) = v(x9) > 0, this implies that v(z2) = min{2v(x;),v(z122)} = 0, a contradic-
tion.

2. If v(z9) = 0, then the above equation gives us 2v(x;) > 0 and hence v(x;) = v(z3) > 0.
Suppose that v(x;) # 0. Then, we have

v(x1 4+ 22) > min{v(xy),0},

and since v(x;) # 0, we get v(x; + x2) = 0. Using the element of G given in case 1,
which sends x5 +> —%xl — x9 + x3, we then get

v(xz) = v(—x1/2 — 29 + 23) > min{v(x; + 3),v(x3)} = min{0,v(x3)},

and since v(x3) # 0, we have equality, i.e. v(x3) = 0, which is a contradiction. So in
fact, v(xq) # 0 is impossible, which means v must be the trivial valuation.

3. If v(zy) < 0, then the above inequality gives us 2v(z1) = 2v(z2) and hence v(z;) =
v(xg) = v(z3). On the other hand, V(X) is a full-dimensional cone in N(X) (The-
orem 3.4.1), so in particular, we cannot have V(X) = {0}. Since the above cases
only gave us the trivial valuation, there must exist some G-invariant valuation v with
v(xy) = v(xg) = v(xz) <O0.

It follows that V(X) = Q<y C N = Q. In particular, we have V(X) # V(Y). (Alternately,
one can explicitly compute the G-orbits of X to show that X is a wonderful variety. Since
wonderful varieties are standard embeddings, their valuation cones must be strictly convex,
so this is another way to see that V(X) # V(Y).)
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In the above example, the variety X is smooth, but Y is not. Knop conjectured that the
weight monoid actually does classify smooth affine spherical varieties up to G-equivariant
isomorphism. This was proven by Losev, who in fact proved a somewhat stronger statement:
affine spherical varieties are determined by their weight monoid and their valuation cone,
and smooth affine spherical varieties with the same weight monoid have the same valuation
cone.

Theorem 4.2.2 (Knop Conjecture; [Los09a, Theorems 1.2, 1.3]). Let X; and Xy be two
affine spherical G-varieties.

(a) If AT(X1) = AT(X2) and V(X1) = V(X2) (as cones in N(X1) = N(X3)), then X, and

Xy are G-isomorphic.
(b) If X1 and X5 are smooth and AT(X1) = AT(X3), then X1 and Xy are G-isomorphic.

Remark 4.2.3. As with toric varieties, Pezzini and van Steirteghem [PV19] have given
a combinatorial characterization of the monoids that occur as the weight monoid of some
smooth affine spherical variety.

Losev’s proof of Theorem 4.2.2 hinges on his proof in [Los09¢| that homogeneous spherical
varieties are classified by their homogeneous spherical data, which is part of the classification
statement in Theorem 3.6.21. Indeed, given two affine spherical varieties X; and X, such
that AT(X;) = AT (Xy), if both X; and X5 have the same open G-orbit G/H, then both
I'(Xy, Ox,) and I'( X, Ox,) are G-submodules of K (G/H). Since G-modules are determined
by their B-eigenvectors and K (G/H) is multiplicity-free (because K(G/H)? = k, see The-
orem 3.1.4), the statement that AT(X;) = AT (Xs) says that I'(Xy, Ox,) and I'(X3, Ox,)
are the same submodule of K(G/H), i.e. that X; = X, as G-varieties. Thus, the difficulty
in the proof is showing that X; and X, have the same open G-orbit, which Losev does by
showing that the two open orbits have the same homogeneous spherical data.

We are interested in investigating to what extent a weight monoid of the form A™ (X, L)
classifies the spherical variety X in cases besides the smooth affine case. The most natural
other case to consider is the case where X is projective and where we consider AT (X, L) for
a fixed G-linearized ample invertible sheaf L. To this end, we make the following definition.

Definition 4.2.4. A polarized spherical variety is a pair (X, L), where X is a projective
spherical variety and L is a G-linearized ample invertible sheaf on X. A morphism of
polarized spherical varieties (X, L) — (Y, M) is a G-equivariant morphism f : X — Y such
that f*M = L.

Motivated by Losev’s proof of the Knop conjecture, we ask the following question.
Question 4.2.5. Let (X, L) and (Y, M) be two polarized spherical varities.

(a) If AT(X,L) = AT(Y,M) and V(X) = V(Y), is it the case that (X,L) = (Y, M) as
polarized G-varieties (i.e. is there a G-equivariant isomorphism i : X — 'Y such that
M= L?)
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(b) If AT(X,L) =AT(Y, M) and X andY are smooth, is it the case that (X, L) = (Y, M)
as polarized spherical varieties?

We will see that the answer to Question (a) is “yes.” The proof revolves around passing
to the affine cone of X. The main challenge is to pass the statement that V(X) = V(Y) to
the affine cone, for which we will need an understanding of G-invariant valuations on affine
cones. Once this is done, we will be able to reduce Question (a) to Theorem 4.2.2a. This is
the subject of Section 4.3; specifically, the proof of Question (a) is Corollary 4.3.5.

Question (b) is significantly more subtle. There is no easy reduction to the affine case
here, because the affine cones in question need not be smooth. Ultimately, we will see that
Question (b) is not true as stated: we will give an explicit counterexample in Examples 4.9.1
and 4.9.2 in which the spherical varieties are even rank-1 and toroidal, as well as other
counterexamples in Examples 4.9.3 and 4.9.4. So instead, we rephrase Question (b) as
follows:

Question 4.2.6. Let (X, L) and (Y, M) be two polarized spherical varities.

(b)) If AT (X, L) = AT(Y, M) and X andY are smooth, are there any other combinatorial
invariants of the spherical varieties X and 'Y that must be equal?

Our main strategy for answering Question (b’) will be to use the local structure theorem
to obtain affine varieties which we can apply the Knop conjecture to. This will allow us
to “match up” pieces of combinatorial data between two spherical varieties X and Y as in
Quetion (b’), provided that this combinatorial data can be detected locally. Specifically, we
will be interested in the three pieces of combinatorial data specified in Theorem 4.1.9, which
yields three different questions:

1. Does there exist a D-equivalence ¢ : Dg x — Dgy?
2. If a D-equivalence exists, does there exist a D-equivalence that preserves colored fans?
3. Do we have ¥ x = Vg y?

In attempting to answer these questions, we will prove several interesting results, which have
already been discussed at length in Section 1.2.

We note that both smoothness and projectivity are essential conditions in Question (b’).
Indeed, the following two examples show that it is relatively easy to pick at least some
combinatorial invariants of X and Y to be unequal when either smoothness or projectivity
is dropped.

Example 4.2.7. To show that smoothness is necessary in Question (b), we give what is
essentially a projective version of Example 4.2.1. Let G = SOj3 be the subgroup of GLj
stabilizing ¢ = 2x23 + 22 in k[xy, 12, 23], and let

X = Proj(k[w, x1, 29, 23] /(w® — q), Y = Proj(kw,x1, s, 23]/(q)),
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with G acting on k[zq, x9, 23] in the natural way and fixing w. As before, X is smooth, and
Y is smooth except at [1 : 0 : 0 : 0] by a Jacobian calculation. In particular, X and Y
are both regular in codimension 1, hence normal. Also, X and Y contain the varieties of
Example 4.2.1 above as the G-stable open subset D (w). So, X and Y are spherical because
they contain an open subset which is spherical.

As in Example 4.2.1, we have a flat family

Proj(k[t, w, x1, 22, 23]/ (tw® — q)) — Spec(klt])

in which X and Y appear as fibers, and this implies that A*T(X,Ox (1)) = AT(Y,Oy(1)).
However, we know that X 22 Y since X is smooth and Y is not, so we cannot possibly have
(X,0x(1)) = (Y,0y(1)). In fact, the valuation cones of X and Y are the same as those of
Example 4.2.1 (because the valuation cone of X is that of its G-stable open subset D (w),

and likewise for Y'). So we again have V(X) # V(Y).

Example 4.2.8. The following example shows that projectivity is necessary in Question
(b). Let X be a smooth projective spherical variety, and let L be a G-linearized ample
invertible sheaf on X. Let Y C X be the union of all G-orbits of codimension < 1, and
set M = Lly. Since there are finitely many closures of orbits of codimension > 2, and Y is
the complement of the union of these orbit closures, so Y is a G-stable open subset of X.
Moreover, since the inclusion 7 : Y < X is G-equivariant, the G-linearization on L induces
a G-linearization on M = ¢*L. In particular, Y is smooth because X is, and pulling back by
i induces a G-equivariant isomorphism H°(X, L®?) =~ HO(Y, M®9) for all d > 0 (because X
is normal and codim(X \ Y') > 2). This implies that AT(X, L) = AT(Y, M).

On the other hand, note that Y will not be projective unless we have X =Y. (If Y is
projective, then the inclusion ¢ is a projective morphism and hence closed, so Y is open and
closed in X.) It follows that X = Y as G-varieties if and only if X = Y, which is rarely
the case. Indeed, let ¢4, ..., v, be the valuations of G-divisors of X (viewed as elements of
N(X)). Note that the open G-orbit G/H of Y is the same as that of X, and the codimension-
1 G-orbits of X are precisely the orbits which are dense in the G-divisors of X. It follows
that Y is the embedded of G/H corresponding to the colored fan

Fy ={(Qx001,9), .-, (Q>00m, D) }.

The colored cones in this colored fan are necessarily also in the colored fan Z#x (they are the
colored cones corresponding to the same G-orbits of Y, just viewed as G-orbits of X). To
ensure that X =Y, we just need to pick .#x to have at least one other colored cone besides
those in #y. For instance, note that Y is toroidal, i.e. no colored cone in .%y contains a
color. Thus, if X is any smooth projective spherical variety which is not toroidal, then .#x
contains a colored cone which has a color and hence is not in %y, so we have X # Y and
hence X Y.



197

4.3 Valuations on Affine Cones

In this section, we analyze the relationship between the valuation cone V(X) of a projec-
tive spherical variety X and the valuations on the affine cone of X. This will culminate in
Corollary 4.3.5, which is the projective equivalent of Theorem 4.2.2a and so answers Ques-
tion 4.2.5a in the affirmative. At the end of Section 4.5, we will give an alternate proof
of Corollary 4.3.5 that makes use of the local structure theorem instead of affine cones.
Throughout the rest of this chapter, our focus will be on the approach using the local struc-
ture theorem rather than the approach using affine cones. As such, the reader who is not
interested in valuations on affine cones can safely skip this section.

We begin by recalling a few facts about affine cones (see Appendix A). Given a polarized
G-variety (X, L), we let G act on I',(X, L) via the G-linearization on L, and we let G,, act
on the degree-d part of I', (X, L) via the character d € Z = X (T'). Writing G' = G x G,y,, this
gives us an action of G on the affine cone X = Spec(I',(X, L)). As discussed in Section 2.5,
we use the Borel subgroup B = B x G,,, of G and the maximal torus T = T x G,, C B, and
these give us

A= AgxZ and AT(X,L)=AN(X).

Write A = I',(X, L), so that X 2 Proj(A) and X = Spec(A). Since X is a projective variety
and k = k, we have I'(X, Ox) = k, so the vertex of the affine cone X is a single point 0.
Moreover, we have a principal G,,-bundle

T X\ {0} = X

which is given locally by the morphism of affine schemes X ¢ — Xy corresponding to the
inclusion (Af)o < Ay for any homogeneous element f € A. Note that if f € A;, then the
map

(Ap)o ®p k[tT] — Ay (4.3.1)

given by g/f¢ @ t" — g/f4 " is an isomorphism of graded rings with inverse given by
g/ f™ = g/ feB9@t™ We thus have X; = G,, x X;. This gives us a nice local trivialization
of the principal G,,-bundle © whenever A is generated in degree 1 (which always holds after
replacing L by some suitable power L®").

Now, if X is a spherical G-variety, then Corollary A.6 implies that X is a spherical G-
variety. Our goal is to relate the valuation cone V(X) to the valuation cone V( X). Note
that 7 is surjective and so gives an inclusion on function fields K(X) — K(X X). Since 7 is
also G-equivariant, we may view K (X) as a G-submodule of K (X). A G-invariant valuation
v: K(X)* — Qs one which is both G-invariant and G,,-invariant, so the restriction V| k(x)
is a G-invariant valuation of K (X)/k. To understand the relationship between V(X)) and
V(X), then, we want to know which elements of V(X) we get by restricting in this way, and
to what extent this restriction determines the original valuation v.

Since we know that X is Zariski-locally isomorphic to G,, x X, and since v must be G,,-
invariant, the first step is to characterize the G,,-invariant valuations of G,, x X. We do this
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algebraically, by proving that G,,-invariance forces valuations on K(G,, x X) = K(X)(t) to
have a particularly nice form.

Proposition 4.3.1. Let k be an infinite field, and let Ko/k be a field extension.

n
i=—m

(a) For any G, p-invariant valuation v : Ko(t)* — Q over k and any element a;t' €

K(t) (here a; € Ky for each i), we have

v ( Z aiti> = miin{v(aiti)} = miin{v(ai) +v(t;)}.

i=—m

(b) The map

{G, k-invariant valuations v : Ko(t)* — Q} — {(vo, r)

reqQ, vozK(;< —Q
a valuation of Ko/k

given by v (v|x,v(t)) is a bijection.

Proof. Note that (a) immediately implies that the map in (b) is injective; conversely, given
any (v, ) in the image of this map, one can check that defining v according to the rule in
(a) and setting v|g, = vo and v(t) = r gives a G,,-invariant valuation. Thus, (b) will follows
directly from (a). To prove (a), we note that since

v (i: aiti) =—mu(t)+v (%Z aimti> ;

i=—m

(just factor out t~™ from the element of Ky(¢) on the lefthand side), we may assume that
m = 0. The proof is by induction on n. The base case n = 0 is trivial, so assume the
statement holds for 0 < n < N, and write f = Zi]io a;t'. Then, the definition of a valuation
gives us

N
o(f)=w ( aiti> > min{v(a;t')},
; in{ }
so we just need to prove the opposite inequality. The idea is to use G,,-invariance of v
to cancel out first the constant term ao and then the highest-power term ant™. After
each cancellation, we will be able to use the induction hypothesis to get an inequality, and
combining these two inequalities will give us the inequality we want.

For any ¢ € k* such that ¢ # 1, the action of G,, is multiplication by ¢’ on t. Since v is

G,p-invariant, we have v(f) = v(c- f) = v (Zi\io ciaiti>, so that

v (Z(Ciaﬂfi - aiti)> > min {U <Z ciaiti> X0 (aiti)} = min{v(c- f),v(f)} = v(f).

i=0 =0
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But
N N N-1
Z(C’aitl —a;t') = Z(cz —Da;t' =t z:(c“rl — Va1t
=0 i=1 =0

so the above two equations and the induction hypothesis give us

v(f) <w (Z(ciaiti — aiti)> =o(t) +v (Z(Ciﬂ - 1)@i+1ti>

=0 i=0

= o)+ min {o((¢ = Dagat)} (4.3.2)

= Ogllffgﬂ]{}fl{v(t) +v(ait’)}

= 1glgnN{v(ait )}
(Note that we have used ¢ € k* here to conclude that v(c¢"™ — 1) = 0.)

This is almost the inequality that we want, except that the v(ag) term is missing. To get
it back, we make an analogous computation but cancel out ayt" this time instead of ag. We
may assume that ay # 0 (otherwise we are done by induction hypothesis), and we may pick
some ¢ such that ¢ # 1 (there are only finitely many ¢ € kX such that ¢V = 1, and k is
infinite, so some such ¢ exists). By acting by ¢ again and then multiplying by ¢, we have

v(f) =veNf)=v(c- (cVf) =0 (Z ci_Naiti> ,

so that
v(f) = min{v(f), v(c- (¢ f))} = min{v (io aiti) X (é(@i_Naiti>}
<w <i a;(1— ciN)tl>
= <N_1al(1 — N
= OSIZ.ISl;N:I{v(ai(l — )}
= Ogrigi]{flil{v(aiti)}.

(Here, the penultimate equality follows from the induction hypothesis.) Combining this with
(4.3.2) gives us A
v(f) < min {v(a;t")},

~ 0<i<N

as desired. O
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Write A = I'.(X, L) and Ky = K(X). The above proposition tells us what the G,,-
invariant valuations on K (X) 2 K(G,, x X) 2 Ky(t) are. To understand what the (G xG,,)-
invariant valuations are, the main issue is to find an appropriate local trivialization of the
principal G,,-bundle 7 : X \ {z} — X. We already have a good local trivialization most of
the time: namely, the isomorphism Xf = Xy x Gy, of (4.3.1) for any f € Ay. If we pick
f e AgB) to be a B-eigenvector, we can also keep track of the B-eigenvectors of A 7 under
this trivialization. Eigenvectors for G,, are homogeneous elements, so the B- eigenvectors of
Ay are Just the B-eigenvectors of the homogeneous parts of Ay. Since the local trivialization
X; 2 X; x G,, defined by (4.3.1) identifies f with ¢, we see that the B- elgenvectors in
(Ap)o @i k[tE] =2 (Ay)o[t*] are the elements of the form fyt™ for some f, € (Af)o and some
n € Z. Moreover, if A € A(X) (resp. A\g € A(X)) is the character corresponding to f (resp.
fo), then fyt™ has corresponding character

(Ao +n\n) € A(X) C Az =Ag x Z.

In summary, we can drop locally on X and X to get a trivialization X ¢ = X %Gy, in such
a way that we can keep track of B-eigenvectors and their weights. We have characterized
above what it means to be a G,,-invariant valuation on X; x G,, above, and a G,,-invariant
valuation will turn out to be G-invariant if and only if its restriction to K, = K(X) is
G-invariant. Since we can keep track of B-eigenvectors, we can then trace out what each
G-invariant valuation on X is and what its image in N (f( ) is. Putting this all together
allows us to characterize V(X) in terms of V(X).

There is just one more technicality: in general, we will not be able to pick f to have degree
1, because A = I',(X, L) may not be generated in degree 1. For f of higher degree, the above
trivialization will not work, but we can generalize it to keep track of all the B-eigenvectors
in degrees dividing f. Since any valuation must satisfy v(t?) = dv(t), where d = deg(f), the
values of the valuation on degrees dividing f will actually uniquely determine the valuation
everywhere, so the arguments above will still go through (just with a little more work to
translate between valuations on K (X) and those on Ko(t)).

Putting this all together (and with one more minor scheme-theoretic lemma first), we are
now ready to characterize V(X) in terms of V(X). For this statement, we will frequently
switch between viewing V(X)) as a set of valuations and viewing it as a subset of N(X) =
Homy(A(X),Z) (this identification is allowed by Corollary 3.1.14).

Lemma 4.3.2. Let X = Proj(A), let vy : K(X)* — Q be a valuation whose center on X is
the closed subscheme Z,, C X, and let fi, fo € A be homogeneous elements. Suppose that

Zoy N Xy, # B.

Then, we have Z,,(\ X, # @ if and only if ve(fsEY) ) f38P2)Y — 0 (here viewing f35U") ) fies2)
as an element of K(X) = Frac(A)o).

Proof. Write d; = deg(f;), and let p C A be the homogeneous prime ideal corresponding to
the generic point n € Z,,. Then, we have f; ¢ p by assumption, and py = pAp N (Ap)o is
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the prime ideal of (Ay,)o corresponding to n € X = Spec((Ay, )o). We have

OX@ = ((Afl)O)Pm

so we see that vo(f3'/f2) = 0 if and only if fi*/f®™ ¢ py, which is true if and only if
) fde o pAs and hence if and only if f5 € p. But fo € p is equivalent to n € X,, which in
turn is equivalent to Z,, N Xy, # @. O

Theorem 4.3.3. Let (X, L) be a polarized spherical variety, and let X = Spec(T.(X, L)) be
the affine cone over X. Let f € T,(X, L)) be an element of positive degree (i.e. f is in
HO(X, L¥NB) for some d > 1).

(a) We have .
AX) = (A(X) x {0}) + Z)X;

as subgroups of Az = A X Z.

(b) A valuation v : K(X)* — Q is G-invariant if and only if it is G,-invariant and its
restriction v|gx)x : K(X)* = Q is G-invariant.

(¢c) The map )
pr:V(X) = V(X)xQ
given by v = (v|k(x)x,v(f)) is a bijection. Its inverse is the map which assigns to any
pair (vo,r) € V(X) x Q the element v € V(X) which, as a map AN(X) — Q, is given

by
1

~ deg(f)

where for any p € AN(X) C Ag X Z, we write deg(p) for the projection of u to {0} x Z
(and deg(f) is the degree of f in the graded ring I'.(X, L), which is equal to deg(Ay)).

v(p) [vo (deg(f)p — deg(pu)Af) + deg(p)r],

Proof. Notice that Z-\; C A(X) because K(X) = Frac(I',(X, L)), and A(X) x {0} C A(X)
because K(X)P) ¢ K(X )(B) is the set of B-eigenvectors fixed by G,,. Conversely, for
any h € K(X)®, we have i = h/fis® ¢ K(X)® and Ay = X\, — deg(h) - Af, with
A € A(X) x {0}. This proves (a).

Now, write A =T, (X, L) and Ky = K(X), and let d = deg(f). The map

o5 (Ag)o @ k[t5] — AY = D (Af)na

neZ

given by g/ fdee@/d g tin y g/ f(deel9)/d=n) ig an isomorphism of graded rings with inverse
given by g/ f™ — g/ fic8@)/d g tdesla)=md Note that the inclusion

A" = (Ap)o @ k[t 22 (Ap)o[t™] < (Ap)o[t™]
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gives us an inclusion

Frac(A') = Ko(t*) C Ko(t) = Frac((Af)o[t*])
Similarly, the inclusion Agcd) — Ay gives an inclusion

Frac(A{) = K(X) c K(X) = Frac(Ay).

(Here, K(X)@ denotes the subfield of K (X) consisting of all elements whose degree is nd
for some n € Z.) We define an action of G' on Ky(t?) by the rule

- at) = (g-a) (L5 e

for any g € G, any a € Ky, and any n € Z. (Note that this action makes sense because g
acts on each graded piece of A separately, so that deg(g - f™) = deg(f™). Also, g - a denotes
the usual action of G on Ky = K(X), and g - f™ denotes the action of G on H°(X, L®?).)
With this definition and the above inclusions, ¢; induces an isomorphism

L: Ko(th) S K (X)@

which is é—equivariant (v is Gy-equivariant because ¢y is graded and is G-equivariant by
our definition of the G-action on Ky(t), since (%) = f € (Af)gd).)

We claim that ¢ induces a canonical bijection between valuations v of K (X ) and valuations
v" of Ky(t) in such a way that

L vk = v’|K0x and v(f) = Zv(t), and

2. v is G,,-invariant if and only if v’ is, and
3. v is G-invariant if and only if the restriction of v’ to Ky(t9) is.

Given any valuation v : K (X)* — Q, we note that v restricts to a valuation vy of K(X)@.
Conversely, given a valuation vy of K (X)), we can define a valuation v on K(X) as follows.

For any a € K(X)*, let n € N be the minimal number such that af" has positive degree

in K(X) = Frac(Ay) (with the Z-graded induced by the usual grading on Ay, ie. any

a/b e K(X) with a,b € Ay has degree deg(a) — deg(b)). We define

1 n n
v(a) = Evd((af )?) — dva(f™).
This definition makes sense because the fact that af" has positive degree gives us (af™)d e
K(X)9, Moreover, one can check formally that the map v really is a valuation whose
restriction to K (X)@ is vy, and that any such v can be recovered from vy = | K(X)@

using this formula. Thus, we have a bijection between valuations of K(X) and valuations
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of K(f()(d), and one can check that v|g(x)x = va|k(x)« and that v is G,,-invariant (resp.
G-invariant) if and only if v, is. Then, the isomorphism ¢ identifies vy with a valuation v/,
of Ky(t?) in a way that preserves the restriction to K (X) = K, and preserves the notions of
Gyp-invariance and G-invariance (because ¢ is G-equivariant). Moreover, since ¢;(t%) = f,
we see that v/,(t%) = vg(f). Finally, arguing as with K(X)@ above, valuations on Ko(t%)
can be identified with valuations on Ky(¢) in a way that preserves the necessary properties,
and our construction of v from v, above tells us that the valuation v" : Ky(t)* — Q induced
by v}, satisfies
(1) = S04(8) — def(1) = Zoalf) 0= ().

So, putting all these identifications together gives us the claim.

Now, suppose for the moment that Statement (b) holds. We prove Statement (c). First,
the above claim allows us to think of V(X) as the set of G-invariant valuations of Ko(t), which
is a subset of the G,,-invariant valuations of Ky(t). We can thus consider the restriction p
of the bijection in Proposition 4.3.1b to V(f(), which is a bijection onto its image. The
image of p is precisely the set of pairs (vg,r), where vy is the restriction of some element
of V(X) and r € Q. Any such v lies in V(X) by (b). Conversely, for any G-invariant
valuation on vy € V(X), Proposition 4.3.1b says that there exists some extension of vy to a
G,n-invariant valuation v of Ky(t) (in fact, there is such an extension for any possible value
of v(t)). By the above claim, we may view v as a G,,-invariant valuation on K (X). Since
vy is G-invariant, we see that v € V(X) by (b), so v is in the image of p. Thus the image
of p is precisely V(X) x Q, and p is simply the map p; of (c¢). On the other hand, for any

v € V(X) and any p € A(X), write vy = v[x(x). The inclusion A(X) C A(X) identifies A(X)
with A(X) x {0} C A(X), so we have deg(f)u — deg(p)Af € A(X) and hence

(1) = Gy des( ) = gomsvlde( P — des(i)Ay +deg(10A(/)

- degl(f) [vo(deg(f)p — deg(p)As) + deg(p)v(Af)] -

Since py maps v to the pair (vo,v(Af)), this is the description of the inverse of p; given in
(c).

It remains to prove (b). For this, let v : K(X)* — Q be any valuation, and let vy =
V| k(x)x. One direction is immediate, so we assume that v is G,,-invariant and that v, is G-
invariant, and we prove that v is G-invariant (hence also invariant under G' = G'x G,,). Since
X is complete, the center Z,, C X of vy on X exists. vy is G-invariant of v is é—invariant;
conv is G-invariant. In this case, Z,, is G-stable closed subscheme, so there exists some
B-eigenvector fy € AP) of positive degree such that Z,, N X s, # @ (by arguing similarly
to the proof of Lemma 3.2.6; see e.g. [Kno91, Theorem 1.3]). Since nothing in Statement
(b) depends on f in any way, we may as well replace f by fo. Then, we can use the claim
above to view v as a valuation on Ky(t) in such a way that v is G-invariant if and only
if its restriction vy to Ko(t?) is G-equivariant (using the G-action on K;(t) defined above).



204

Moreover, since v is G,,-invariant, the equality in Proposition 4.3.1a holds for v and hence
also for v,. It follows that vy is G-invariant if and only it is G-invariant on monomials in
Ko(t?), ie. if and only if vg(g - (at?")) = vg(at®™) for all g € G, a € Ky and n € Z. By
definition of the G-action on Ky(t¢) given above, we have

va(g - (at™)) = vy ((g -a) <%) t”d) =vo(g-a) + vy (%) + vg(t"?).

Becuase vy is G-invariant, we have vy(g - a) = vo(a). Moreover, since Z,, is G-stable and
Zyy N X # &, we see that

ZyyNXgp=9-ZyyNg-Xy=9-(Z;;NXy) # 9.
Lemma 4.3.2 then gives us vo((¢g - f)/f) = 0, so the above equation becomes
va(g - (at™)) = vg(a) + va(t"?) = vg(at™®).
Thus, vg is G-invariant, as desired. O

Remark 4.3.4. The assumptions of the above theorem are general enough for our purposes.
However, it seems possible that these assumptions could be weakend in a few different ways:

1. We have only used the assumption that X is spherical to make sense of V(X)) and to say
that V(X)) injects into N(X) (i.e. that G-invariant valuations are determined by their
values on B-eigenvectors). Thus, some appropriate generalization of Theorem 4.3.3
may hold for more general X if we replace V(X)) by a suitable more general invariant
(for instance, the cone of “central valuations,” see [Tim11, Section 21]).

2. We have used the assumption that X is projective in only one place, to claim that every
valuation has a center on X. If X is instead only quasi-projective, we might be able to
replace X by Proj(I'.(X, L)) to reduce to the projective case. This replacement would
require I',(X, L) to be of finite type, so that Proj(I'.(X, L)) is a projective variety.
However, we suspect (though we have not checked it) that this might be true for any
spherical variety X, for instance because spherical varieties have finitely generated class
groups (see Proposition 3.7.1).

3. We have only used the assumption that £ is algebraically closed to apply Proposi-
tion 4.3.1. Spherical varieties are almost always considered over algebraically closed
fields, anyway, but if some suitable generalization called for it, taking k to be any
infinite field would most likely be good enough (since Proposition 4.3.1 still applies in
this setting).

The above theorem allows us to apply Losev’s results to affine cones to obtain a projective
analog of Theorem 4.2.2a
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Corollary 4.3.5. Let (X1, L1) and (X3, Ls) be polarized spherical varieties. If AT (X, L) =
AT (Xo, Ly) and V(X;) = V(X2) (as cones in N(X;) = N(Xs)), then (X1, L) = (X, La),
i.e. there exists a G-equivariant isomorphismi : X; = Xo such thati*Lo = Ly as G-linearized
invertible sheaves.

Proof. First, we note that A*(Xy, L;) = AT(Xy, Ly) implies that A(X;) = A(X3) as sub-
groups of A¢g (by Proposition 2.5.2) and A(X;) = A(X,) (by the same proposition, applied
to affine schemes and the ample line bundles Oy,). So, it will suffice to show that the
affine cones X’l and XQ have the same valuation cone. If this is true, then Theorem 4.2.2a
implies that X, = X,. This isomorphism corresponds to a (G-equivariant isomorphism
(X1, Ly) 2 T4 (Xy, L), which induces a G-equivariant isomorphism

X1 PIOJ(F*(Xl, L1>> = PI‘Oj(F*(XQ, LQ)) = X2

that identifies L; with L.

To prove that V(X;) = V(X5), it will suffice to show that the sets of valuations extending
a given Valuation vy € V(X)) = V(X3) are equal. Pick any f; € I',(Xy, L)) and any f, €
I, (X2, L) of positive degrees which have the same weight A in A*(Xy, L1) = AT (X3, Ls).
By Theorem 4.3.3c, the G-invariant valuations v on K (X;) extending v are uniquely deter-
mined by v()), and any choice of v(A) € Q will work. Moreover, viewing v as an element of
N(X,), Theorem 4.3.3c explicitly describes v as an element of N(Xl) N(X,) in terms of
vy and v(\). The same exact description holds for valuations of K (X,) extending vy, so we
conclude that the elements of N(X;) = N(X;) extending v, are the same for both X; and
X5, as desired. O]

In particular, the above corollary gives us the Knop conjecture for projective varieties in
a very special case.

Corollary 4.3.6. Let (X1, L1) and (Xs, Lo) be polaried spherical varieties. Suppose that X,
and Xo are smooth, that A™(Xq, L1) = AT (Xy, Ls), and that there is some element (A, d) €
AT (X1, Ly) such that the weight X extends to a nontrivial character of G (equivalently, the
simple G-module V (\) has dimension 1). Then, we have (X1, Ly) = (Xa, Lo) as polarized
G-varieties.

Proof. For any i € {1,2}, let f; € H°(X;, L?%) be an element whose weight is A\. Then f;
generates a simple G-module isomorphic to V()\), which by assumption is a character. In
other words, for all g € G, the section g - f; is just a scalar multiple of f;. It follows that

g (Xi)p, = (Xi)gs, = (Xi)y,

for all g € G, i.e. that (X;)y, is G-stable.
Now, the G-varieties Y; = (X;), are are smooth (because the X; are), affine (because
X, = Proj(I'.(X;, L;))), and spherical (because (X;)s, contains the open B-orbit of Xj;).

K3

Write A; = T'.(X;, L;). Then, we have Y; = Spec(((4;)f,)o0), and the B-eigenvectors of
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((A;)f,)o are the elements of the form A/ f*, where h € AZ(»B) and h/f* has degree 0 in (4;)y,.
We then have
AXy) = {(1,0) € AT(X1, L)} = A(X>)

and
AT ((X1)p) ={p e AX) | (p+n\nd) € AT(X, L) for some n > 0} = AT ((Xz),)

(see Lemma 4.4.4 below). By the Knop conjecture (Theorem 4.2.2b), we conclude that
(X1)p = (X2)g, as G-varieties. In particular,

V(X)) =V((X1)) = V((X2)p) = V(Xa),

so Corollary 4.3.5 gives us (X1, L1) = (Xa, Lo). O

4.4 The Local Structure Theorem and the Knop
Conjecture

In the previous section, the key idea was to utilize the Knop conjecture (or more precisely,
Losev’s related statement in Theorem 4.2.2a) on affine cones to deduce new statements in the
(quasi)-projective case. In this section, we discuss a different way to make use of the Knop
conjecture. This time, we will use the local structure theorem to obtain affine varieties to
which we can apply Theorem 4.2.2. To do this, we will also require a few more general facts
about the local structure theorem and about combinatorial invariants on spherical varieties.

To begin, we already know (Proposition 3.2.3) that most nice invariants of a spherical
variety X are passed along to the variety Z obtained from the local structure theorem.
However, there are a few invariants arising from the classification of homogeneous spherical
varieties that we have not yet discussed in the context of the local structure theorem. The
following proposition says that these are passed along to Z in a nice way as well.

Proposition 4.4.1 ([Los09a, Proposition 5.3]). Let X be a spherical variety, and let U C X
be a B-stable open subset. Let P ={g € G | g-U = U}, and let M be the standard Levi
subgroup of P. Suppose that, as in the local structure theorem (Theorem 3.2.2), there ezists
some M -stable closed subvariety Z C U such that the morphism

R, (P)x Z —=U
given by (u, z) — uz is a P-equivariant isomorphism.

(a) Let D C D¢ x be the B-divisors in the complement X \U, and let v : Dyrz — D x \ D
be the bijection of Proposition 3.2.5e. For any D € Dy z and any o € 1y C g, the
root o moves D if and only if « moves (D).

(b) We have Wy x = V¢ x N Spang(Ila)
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(¢) If U is affine, then

HM:{(IEHG|DQU%®VD€DG7)((04)}.

Proof. Note that the parabolic subgroup of M associated to the set {a} is P, N M (by the
construction of standard parabolic subgroups). Moreover, « € 11, implies that P, C P (by
the construction of standard Levi subgroups), so we have R,(P) - (P, N M) = P, (because
P =R,M and R,(P) C P,). So, if a does not move D, i.e. (P,NM)-D = D, then the
product R,(P) x D C R,(P) x Z is stable under P,. Since (D) = R, (P) x D, we conclude
that o does not move «(D). Conversely, if o does not move ¢(D), then D = «(D) N Z is the
intersection of two sets that are stable under P, N M, so D is also stable under P, " M. In
other words, D is not moved by a.

Statement (c) also boils down to a fact about standard parabolic subgroups and their
standard Levi subgroups: namely, that P = Ppy,,. Since P, C P; for any subset I C Ilg if
and only if o € I, this gives us

Oy ={aellg | P, C P}.

Now, P, C P if and only if U is stable under P, (by definition of P). Since U is B-stable
affine and open, its complement is a union of B-divisors (cf. the proof of Lemma 3.1.17a),
so U is stable under P, if and only if every B-divisor in X \ U is stable under P,. This is
equivalent to saying that every element of D¢ x(«) intersects U.

For (b), Losev gives a proof in [Los09¢, Lemma 3.5.5] when X is smooth and quasi-
projective by reducing to an existing argument in the analytic setting of Hamiltonian man-
ifolds. On the other hand, in [Gaglh, Proposition 3.2], Gagliardi gives an argument in a
more general setting using the algebraic theory of spherical varieties. We sketch Gagliardi’s
argument here. Let G/H C X be the open G-orbit, and consider the wonderful embedding
G/H — Y, where H is the very sober hull of H. Let I C Ilg be such that P = P, and
consider the localization Y! of Y at I. The composition

G/H— G/H --»Y; 3 Y!

induces a rational map Z --» Y! which is defined on the open M-orbits of Z and Y.
Let M/H, and M/H, be the open M-orbits of Z and Y (respectively), and consider the
morphism f : M/H, — M/H, just described. Then, f is an M-equivariant morphism of
homogeneous spherical M-varieties. Moreover, the retraction map 77 : ¥; — Y/ induces
a bijection between colors of Y7 and P-unstable colors of Y (Proposition 3.6.6), and the
inclusion map ¢ : Z < X induces a bijection between colors of Z and P-unstable colors of
X (because the inverse to the bijection ¢ is D' — D' N Z = i~*(D’), see Proposition 3.2.3).
It follows that f induces a bijection on colors of M/H; and colors of M/H, An algebraic
characterization of the spherical closure as a subgroup of M now implies that H; = Hs.
On the other hand, the localization Y/ is wonderful because Y is (cf. Proposition 3.6.3), so
Hy = H,, and f is the usual quotient map M/H; — M/H,.
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Now, the spherical roots of M/H; (which are the spherical roots of Z) are all multiples
of M/H, and are indivisible elements of the lattice A(Z) = A(M/H,); these two statements
completely determine Wy 7 in terms of W, ,, /= Varyr. Theorem 3.6.4 can be used to
show that

‘I/M’YI =Wey N SpanQ(HM)

as subsets of A(Y). On the other hand, the spherical roots of Y and those of X have the
same relationship as those of Z and Y. Putting all of these identifications together and
using the fact that A(X) = A(Z) now gives the desired result. O

We will also need a couple more combinatorial results about roots moving divisors. These
could just as easily have been proven in Section 3.6, but we have deferred their proofs until
now because they were not needed for the classification of homogeneous spherical varieties
in that section.

Lemma 4.4.2 ([Los09a, Lemma 3.3]). Let X be a spherical G-variety, and let D € D¢ x.
(a) For any o € 1% such that o does not move D, we have pp(a) < 0.
(b) For any ainll such that o does not move D, we have ¢p(2a) < 0.

(c) Let ay,ay € 1% be such that {ai,az) =0 and oy + g =7 or 27 for some v € Vg x.
If D is not the unique element of Dg x(a1) = Dg x(az2) (see Proposition 3.6.12), then
ep(y) <0.

Proof. There are 3 cases, depending on the divisor D:

Case 1: If D is a G-divisor, then ¢pp € V(X). In Statements (a), (b), and (c), we
are considering pp applied to a spherical root, so the statements are immediate from the
definition of spherical roots.

Case 2: If D is moved by a root (8 of type c or d, then ¢p is proportional to the dual root
aY. Tt it is a standard fact about root systems that (Y, 5") < 0 for all simple roots 8’ # .
In Statements (a), (b), and (c), we are considering ¢p applied to a sum of simple roots not
equal to 8 with positive coefficients, so this implies the result.

Case 3: Suppose that D is moved by a root of type b. Then we are applying ¢p to a
spherical root not moving D in all three statements (note that «; and ay cannot move D
in Statement (c) by Proposition 3.6.12). Thus, the statement is immediate from Proposi-
tion 3.6.18. O

Corollary 4.4.3. Let X be a spherical variety, let D be a color of X, and let a € II be a
root moving D.

(a) If a« € I%, then any root 3 € 11 moves D if and only if 8 € % and pp(B) = 1.

(b) If o € 11, then « is the unique root moving D.
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(c) Suppose o € T1%. If v is mot the unique root moving D, then there is one other root (3
moving D. In this case, we have o + 5 € A(X). Moreover, D is the unique B-divisor
of X such that pp(a+ ) > 0, and we have op(a+ ) = 2.

Proof. For (a), given any § € II moving D, we have pp(5) = 1 by Proposition 3.6.13, and
S € I1% by Proposition 3.6.12. Conversely, if 3 € II% and ¢p(8) = 1, then 8 must move D
because we would otherwise have ¢p(8) < 0 by Lemma 4.4.2.

Statement (b) is immediate from Proposition 3.6.12. As for (c), suppose that another
root 8 moving D exists. We first show that a and § are the only roots moving D. Suppose
7 is a third root moving D. Then, D¢ x(a) = Dg x(5) = D x(7), so Proposition 3.6.12
gives us

(@, 8) = (a”,7) = (8",7) =0
The same proposition implies that 5+~ € A(X) (because this sum is a multiple of a spherical
root), so we have

(@ =Y, B+7) =(8".8) =2#0,
contradicting the fact that oY = Y on A(X) (by Proposition 3.6.12 again).

Now, much as above, Proposition 3.6.12 implies that o+ 8 € A(X), and that proposition
also says that D is the unique element of D¢ x(a) = D¢ x(f). So, if D' # D is any other
B-divisor of X, then we have pp/(a+ ) < 0 by Lemma 4.4.2. On the other hand, since
¢p = a”|ax) (by Proposition 3.6.13) and (a", ) = 0 (by Proposition 3.6.12), we have

epla+8)={(a",a)+ (a",8) =2+0=2.
O

From the perspective of the Knop conjecture, we are interested in determining geometric
data from the combinatorial data of a monoid of the form AT (X, L). The following lemma
helps us do that in the situation of the local structure theorem. To state it, we first recall
that for any G-linearized invertible sheaf L on a spherical variety X and any B-eigenvector
f € H°X,L) of weight p, we denote by X, the open subset Xy, or equivalently, the
complement X \ div(u) (see the discussion preceding Proposition 3.7.1).

Lemma 4.4.4. Let X be a spherical variety, Let L be a G-linearized globally generated
invertible sheaf on X, and let f € H(X, L¥))B) for some d > 1. Let u be the weight of f,
and let P, M, and Z be as in the local structure theorem (Theorem 3.2.2) applied to X,,.
Suppose that X, (hence also Z) is affine.

(a) P and M are uniquely determined (as subgroups of G) by A (X, L) and the element
(u,d) € AT(X, L), and Z is determined up to M-equivariant isomorphism by X, L,
and (p,d).

(b) We have

A(Z)={Ae AX) | A\ +npu,nd) € AT(X,L) for some n > 0}.
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Proof. By Corollary 2.5.5, P is the subgroup of G fixing the line k- f C T'.(X,L), so P
depends only on the G-module structure of I',(X, L) (which is determined by AT (X, L)) and
the line k- f (which is determined by the pair (i, d) because H°(X, L®?) is multiplicity-free,
see Remark 3.1.5). Then, M is determined from P as the unique Levi subgroup containing
T. As for Z, the data of X and L determines A*(X, L), and as above, this monoid along
with (i, d) determines the line k- f C I'.(X, L). The line k- f determines X,,, and the data
of X, L, and (i, d) determine P (hence also R, (P)) by our above arguments; thus, this data
also determines the quotient X, /R, (P) = Z. This proves (a).

Write A =T'.(X, L). It is a general fact (see e.g. [Sta20, Tag 01PW]) that I'(X;, Ox) =
(Af)o; since X, = Xy is affine, this gives us X, = Spec((Af)o). In particular, we have
AT (X,) C AT(X,)% = A(X) (see Proposition 2.5.9). Now, the B-eigenvectors of (Ay), are
the elements of the form h/f", where h € A®) and deg(h) = nd. For any such h/f", let
A (resp. pp) be the weight of h/f™ (resp. h). Then, we have (A + nu,nd) = (up,deg(h)) €
AT(X, L). Conversely, suppose A € A(X) is such that (A+nu,nd) € AT(X,L). Let h € Agﬁ)
be a B-eigenvector of weight A 4+ npy. Then, we see that h/f" has degree 0 in A and is a
B-eigenvector of weight A\. This proves that

AT (X)) ={Ne AX) | A+ np,nd) € AT(X, L) for some n > 0}.

On the other hand, the isomorphism Z = X, /R, (P) identifies the inclusion Z — X, with a
section of the quotient map X, — X, /R,(P). It follows that restriction from X, to Z gives
a bijection between B-eigenvectors in I'(X,, Ox) and (B N M)-eigenvectors in I'(Z, Oy) (see
the proof of Proposition 3.2.3 for details). It follows that AT (X ) = AT(Z), and this along
with our above arguments implies (b). O

Statement (a) in the above lemma will allow us to compare the local structure theorem
on two spherical varieties with the same weight monoid A*(X, L) in a very useful way. We
now define some notation to help us make such a comparison.

Definition 4.4.5. In the situation of the above lemma, we denote by P, (resp. M,, X,,
X (p)) the subgroup P (resp. the subgroup M, the subvariety X, the subvariety Z).

The following theorem is the main application of the Knop conjecture that we will use in
the context of the local structure theorem. It is stated in a somewhat general way, in order
to cover all the use cases that will be interesting to us.

Theorem 4.4.6. Let X, and X5 be two spherical varieties, and let Ly and Ly be G-linearized
globally generated sheaves on Xy and Xy (respectively). Suppose that

1. AT(Xq, Ly) = AT (Xy, L),
2. p € A (Xy, Ly) is such that (Xy), and (Xs), are both affine, and
3. either V(X1) = V(X3) or X and Xy are smooth.
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Then, we have X1(p) = Xa(p) as M, -varieties and (X1), = (X2), as P,-varieties

Proof. The X;(4) are spherical M,-varieties (see Proposition 3.2.3) and are affine because
they are closed subvarieties of the (X;),. Moreover, Assumption 1 gives us A(X;) = A(X?)
(see Proposition 2.5.2), and Lemma 4.4.4 then implies that AT (X;(u)) = AT (Xa(p)). We
conclude that that Xj(p) = Xo(p) as M,-varieties by the Knop conjecture (see Theo-
rem 4.2.2, which contains one statement for the smooth case and one statement for the
V(X;) = V(X3) case). The local structure theorem then gives us

(Xl)u = RU(PM) X Xi(p) = Ru(Pu> X Xop(p) = (XQ)/u

and all of these isomorphisms are P,-equivariant. ]

4.5 Comparing B-Divisors

Let (X3,L;) and (Xy, L) be two polarized spherical varieties such that AT (Xy,L;) =
AT (X3, Ly). In this section, we will use Theorem 4.4.6 repeatedly to compare all combi-
natorial invariants related to divisors of X; and X,.

To begin, we can deduce that X; and X5 have the same open B-orbits, which implies that
several of their combinatorial invariants must be the same. To state this, recall that given
a spherical variety X, we write Py for the parabolic subgroup {g € G | g X3 = X3}, where
X C X is the dense B-orbit. Equivalently, Py is the parabolic subgroup Ppq corresponding
to the set of all roots of type a for X.

Lemma 4.5.1. Let X; and Xy be two spherical varieties, and let Ly and Lo be G-linearized
ample invertible sheaves on X, and Xo (respectively).

1. AT(Xy, Ly) = AT (Xy, Ly), and

2. either V(X1) = V(X3) or X and Xy are smooth.
Then, the following hold.

(a) %, = 1I%,, or equivalently, Px, = Px,.

(b) The open B-orbits of X; and X, are Px,-equivariantly isomorphic. In particular,

Proof. Let Y; be the open G-orbit of X;. Then, the subset (X;)py, of Theorem 3.2.7 is
precisely the open B-orbit of X;. In particular, since L; is ample, that theorem states that
there exists some weight ;o of a B-eigenvector of I',(Xj, Ly) such that (X1)py, = (X1),.
By Theorem 4.4.6, we have (X;), = (X3), as P,-varieties. In particular, B C P, implies
that (X;), is a B-orbit. In fact, (X3), is the open B-orbit of X, (since (X3), is open by
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definition). Moreover, for any ¢ € {1,2} the definition of P, via the local structure theorem
(Theorem 3.2.2) applied to X; tells us that

By={9€G | g(Xi)u = (Xi)u} = Px;,

so we have Px, = P, = Px,. Finally, the equality on dimensions in (b) comes from the fact
that dim((X;),) = dim(X;). O

Now that we know TI§, = IT%,, it is interesting to ask whether the same is true for roots
of other types. We will see that roots of types b and c¢ are easier to compare than roots of
type d. This is in large part thanks to Lemma 4.4.2, from which we obtain the following
lemma.

Lemma 4.5.2 (cf. [Los09a, Proposition 6.4]). Let X be a spherical variety, let L be a G-
linearized invertible sheaf on X such that H*(X,L) # 0, and let o € I1. Under any one of

the following 3 assumptions, there exists some B-eigenvector f € H°(X, L®")B) for some
1 <n <2 such that DN Xy # @ for some D € D¢ x(av).

(a) a € 1%
(b) o € 11%.
(¢c) a € 1% and there exists another root 8 € 11% such that Dg x(a) = Da.x ().

Proof. Consider first the case where o € I1%. Since H°(X, L) is a nontrivial G-module, it
contains some B-eigenvector fy. Since X is a variety, fy cuts out an effective Cartier divisor
E of X. Since X is normal, F is also an effective Weil divisor, so we may ask about the
coefficients ¢, and c¢_ of the B-divisors D} and D, (respectively) in E. The support of E
is the complement of Xy, so we have D N Xy # @ for any B-divisor D if and only if the
coefficient of D in E is 0. Thus, our goal is to pick f such that one of ¢, and c_ is 0.

For this, after swapping D} and D, if necessary, we may assume that ¢, < ¢_. Because «
is a spherical root and in particular lies in A(X), there exists a B-eigenvector f_, € K(X)®
whose weight is —a. By Proposition 3.6.13 and Lemma 4.4.2, the principal Cartier divisor
div(f_,) has coefficient —1 for D} and D, and has nonnegative coefficients for every other
B-divisor. Tt follows that E+div(f") is effective (because ¢, < c¢_) and has coefficient 0 for
D7. So, there exists some B-eigenvector f € H(X, L)) such that div(f) = E + div(f%)
(explicitly, f is determined by the equation f/f; = f_, in the function field K(X); see
Lemma 2.5.3 for details). Since the coefficient of D} in div(f) is 0, we have DI N Xy # @.

The case where a € 11 is almost identical. We pick fy and E as above. There is a single
divisor D, moved by a; let ¢ be its coefficient in E. After replacing fo by fo® fo € H(X, L®?)
(which replaces E by 2E), we may assume that c is even. Let f o, € K(X)®) be a B-
eigenvector of weight —2« (which exists because 2« is a spherical root). By Proposition 3.6.13
and Lemma 4.4.2, we see that the divisor div(f_s,) has nonnegative coefficients on every
B-divisor except D,,, and the coefficient of D, is

Yp.(—2a) = %(av, —2a) = —{a’,a) = =2,
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Thus, E + div( ff/zza) is an effective Cartier divisor with coefficient 0 for D,. As above,
Lemma 2.5.3 gives us a B-eigenvector f € HO(X, L®2) such that div(f) = E + div(f%2,),
and we then have D, N Xy # @.

Finally, consider the case of Statement (c). Let D be the unique element of D¢ x () =
D¢ x(B). Corollary 4.4.3 tells us that D is the unique B-divisor of X such that pp(a+5) > 0,
and that pp(a+ ) = 2. So, pick fy and E as above, let ¢ be the coefficient of D in F, and
let f o 5 € K(X)® be a B-eigenvector of weight —a — 3. After replacing f; by fo ® fo
as in the case o € II§ above, we may assume that c is even. Then, F + div(ffffﬂ) 1s an

effective Cartier divisor with coefficient 0 on D, and Lemma 2.5.3 again gives us the desired
section f € HY(X, L®?). O

Remark 4.5.3. The above lemma is an analog of [L.os09a, Proposition 6.4], which Losev
used in his proof of the Knop conjecture. As stated, the above lemma does allow for the
trivial behavior of X; = X. In this case, one of L or L®? has a global section which vanishes
nowhere, hence it is the trivial line bundle. This is important to deal with in the case where
X is affine and L = Ox (which is essentially the case Losev considers). However, our main
application will be when X is projective and L is ample, so if L = Oy, then everything is
trivial: X is quasi-affine because Oy is ample, and the only quasi-affine complete variety
over k is Spec(k).

The following lemma is the most fundamental technical tool that we will use for comparing
divisors on spherical varieties.

Lemma 4.5.4. Let (X1, L1) and (X2, La) be polarized spherical varieties. Suppose that
1. A+<X1, Ll) = A+(X2,L2), and
2. either V(X1) = V(X3) or X and Xy are smooth.

Let (p1,m) € AT(Xy, Ly) be such that n > 0. There ezists a bijection
v, - {B-divisors of X; intersecting (X1),} — {B-divisors of X; intersecting (X1),}
such that for any D in the domain of v,, the following hold.

(a) We have op = @, (p)-

(b) For any o € Ty, C Il moves D if and only if o moves 1,(D). If I = TI%,, then
the same holds for any a € lg.

(¢) For any isomorphism f : X1(u) = Xa(u), the map v, can be taken to be the composition
g0 f,out, where f, : Dy, x, — D, x, 15 the map D — f(D) and 11 and 1y are the
bijections given by Proposition 3.2.3e.
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Proof. Since the X; are projective and the L; are ample, the (X;), are affine, so Theorem 4.4.6
gives us an isomorphism of M,-varieties f : X;(u) = Xo(p). In particular, this isomorphism
gives us a bijection

f* : ,DMH,Xl(p,) — DMWX2(#), D~ f(D)
Since f is an M),-equivariant isomorphism, for all D € Dy, x,(4), we have ¢p = ¢y, (p), and
any a € Iy, moves D if and only if it moves f,(D). On the other hand, for i € {1,2}, we have
bijections ¢; between Dy, x,(.) and the set of B-divisors of X; intersecting (X;),, which satisfy
the same conditions on the ¢p and the roots moving D as f, does (see Proposition 3.2.3e
and Proposition 4.4.1). Putting all these bijections together, we obtain a bijection

v, » {B-divisors of X; intersecting (X;),} — {B-divisors of X; intersecting (X1),}

such that for all D, we have op = ¢,,(p), and any a € IIj;, moves D if and only if o moves
(D).

This proves everything except for the “moreover” statement in (b). So, suppose that
Hgﬁ = Hg(Q, let D be in the domain of ¢,, and let o € IIg. We show that if a moves D,
then o moves ¢,(D); the reverse implication follows by the same argument with X; and X
swapped. If a € 11, UII%,, then we have D¢ x, (o) = {D}. In particular, every element
of D¢ x,(a) intersects (X;), for some 4, so Proposition 4.4.1 gives us a € IIy;,. For such a
choice of a, we already know that (b) holds. Suppose instead that o € IT%, = IT5_ . Since a
moves D, Proposition 3.6.13 gives us

P ) (@) = epla) =1,
and since o € IT%,, this implies that o moves ¢(D) (see Corollary 4.4.3). O

With the above results in hand, we can now match up not only root types of X; and X5
but also all B-divisors. Losev proved a similar statement as a stepping stone to the proof of
the Knop conjecture, and his method of proof was very similar to ours. The theorem below
can thus be thought of as an analog of Losev’s result in the projective case.

Theorem 4.5.5 (cf. [Los09a, Theorem 4.8]). Let (X1, L1) and (Xz, Lo) be polarized spherical
varieties. Suppose that

1. AT (Xy, Ly) = AT (Xy, Ly), and
2. either V(X1) = V(X3) or X1 and Xy are smooth.
Then, the following hold.
(a) We have 11, =11, .

(b) If 1%, = Hg(Z, then X1 and Xy are D-equivalent.
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Remark 4.5.6. Notice that V(X;) = V(X3) is equivalent to saying Vg x, = Ya.x,. In
particular, since the roots of type b are exactly the elements of Il which are spherical roots,
it follows that IT% = II%, . So if we use the hypothesis V(X;) = V(X>) in the above theorem,
then the hypothesis IT% = IT%, in Statement (b) automatically holds.

Remark 4.5.7. In our proof of this theorem, the only place we have used that the X;
are projective and the L; are ample is to claim that sets of the form (X;); for some f €
H°(X, L®") are always affine. This is of course also true when the X; are affine and L; = Oy,
which is essentially the case that Losev considers in [Los09a, Theorem 4.8]. The primary
difference between our argument here and Losev’s argument is that Losev had to use an
induction argument along with the local structure theorem, which required quite a bit of
extra care in the case where X; and X, are smooth. By constrast, we are using the Knop
conjecture in conjunction with the local structure theorem, as in Theorem 4.4.6, so we do
not need to deal with the same technicalities.

Proof. For any (u,n) € AT (X1, L) be such that n > 0, let
v, » {B-divisors of X; intersecting (X;),} — {B-divisors of X; intersecting (X7),}

be the bijection of Lemma 4.5.4. We will use ¢, for different choices of y repeatedly through-
out the proof.

We first prove (a) using this construction. Let a € 11 ; we show that o € II,. Swapping
X, and X5 and applying the same argument will then give us statement (a). By Lemma 4.5.2,
we may pick (u,n) € AT(Xy, Ly) such that the divisor D; moved by « satisfies D N (X7),, #
@. Since D is the only element of D¢ x, (o), we have av € IIy;, by Proposition 4.4.1, and
the same proposition implies that every element of D x, () intersects (X3),. It follows that
the image of ¢, contains every element of D¢ x, (), so ¢, restricts to a bijection D¢ x, (o) —
D¢ x, (). In particular, the set D¢ x,(c) has a unique element D,, and Dy = ¢,(Dy)
implies that ¢p, = ¢p,. Since there is exactly one divisor moved by « in X5, we must have
o € 115, UTI%,. On the other hand, we have

]' Vv
YDy = YD, = Fj& ’A(X1)7

2
but the valuation of a divisor moved by a root of type d would be a"|zcx,) (Proposi-
tion 3.6.13). We conclude that o € TI%,, which proves (a).

Now, assume that IT% = II% . Since I1%, = 1%, by Lemma 4.5.1 and 1T, = II%, by (a),
we also have IT1% = IT%,. As such, we will mainly refer to roots in this proof as being “of
type b” (or c or d), by which we mean of type b (or ¢ or d) for both X; and X5, and we will
write I1¢, T1°, TI¢, and T1¢ (dropping the subscripts X; and X5) for the sets of roots of type
a, b, ¢, and d (respectively).

We will define the desired bijection ¢ of Statement (b) by splitting the sets Dg x, for
i € {1,2} into three disjoint subsets:
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1. The set D} of B-divisors that are either G-stable or moved by multiple roots of type
d.

2. The set D} of B-divisors that are moved by a root of type b.

3. The set D} of B-divisors that are either moved by a root of type ¢ or are moved by a
unique root of type d.

We define ¢ on each of these three subsets in three different steps.

Step 1: We define ¢« on the set D} of B-divisors D; of X; such that either (1) Dy is
G-stable, or (2) D; is moved by multiple roots of type d. In either case, we claim that there
exists some (p,n) € A*(Xy, Ly) such that n > 0 and (X;), N Dy # @. If Dy is moved by
multiple roots of type d, this is Lemma 4.5.2c. If instead D; is G-stable, then D; contains
some G-orbit Y7 C Xj. By Theorem 3.2.7a, we have (X1)py, = (X1), for some weight p of
a B-eigenvector of I',(X, L), so (u,n) € AT(Xy, L,) for some n. The definition of (X;)py,
gives us D1 N (X;), # @. As for the statement that n > 0, suppose instead that n = 0.
Since I'( X1, Ox, ) = k only has sections which vanish nowhere, this implies that (X;), = X;.
On the other hand, (Xi)py, is always affine, so X; is both affine and projective, hence
X, = Spec(k). It follows that L; = Oy, so that

A (X, Ly) = A (Xy, L1) = {(0,d) | d € N}

(here 0 denotes the trivial character in Ag). There is only one k-algebra I',(Xs, L) yielding
this weight monoid: namely, ['.(Xs, Lo) = k[z], with G acting trivially on X. Thus X, =
Proj(k[z]) = Spec(k) as well, so everything is trivial. In particular, X; = X, as G-varieties,
and the bijection ¢ of Statement (b) certainly exists. So, we may assume that n > 0, in
which case (u,n) is as claimed.

Our choice of (p,n) implies that D; is in the domain of the bijection ¢, constructed
above. So, we set ¢(D1) = t,(D1). The construction of ¢, immediately gives us ¢p, = Y,p,),
and we showed above that any a € IIg moves Dy if and only if o« moves ¢(D;). In particular,
t(Dy) is G-stable (i.e. moved by no roots of «) if and only if D, is, and «(D;) is moved by
multiple roots of type d if and only if D; is. Thus, we have defined ¢ as a map D} — D?
satisfying the necessary properties. It remains to check that ¢ is a bijection on these sets.
Injectivity on G-divisors follows from the fact that any G-invariant valuation is determined
by its image under the map ¢ (see Corollary 3.1.14). More explicitly: if ¢«(D;) = (D) for
two G-divisors D; and D, then we have

YD1 = PuDy) = PubDy) = ¥D;-

This gives us vp, = vp;, and the valuative criterion of separatedness then implies that
D, = Dj. Injectivity on divisors moved by multiple roots of type d is analogous, but instead
using the fact that such a divisor is the unique B-divisor D satisfying ¢p(a+ ) > 0, where
a and [ are the two roots moving D (see Corollary 4.4.3. Surjectivity follows from the
symmetry in X; and X, of our construction of ¢(D;). That is, for any Dy € D?, we can
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repeat our construction of ¢(D;) but with X; and X, swapped to obtain a divisor D; € D}
such that ¢p, = ¢p, and D, is moved by the same roots as Dy. Then, we have ¢,(p,) = ¢p,,
and the arguments we used to prove injectivity then imply that ¢(D;) = Ds.

Step 2: We define ¢ on the set D) of B-divisors of X; moved by some root a of type b.

We will do this by defining ¢ on D¢ x, (o) for each a € II” in turn. For such a root «, write
D¢ x, () = {Dy, Dy}. By Lemma 4.5.2, there exists some (u,n) € AT(Xy, Ly) with n > 1
such that either (X;),ND; # @ or (X;),N D} # @. After swapping D; and D if necessary,
we may assume that D N (X;), # @. We define +(D;) = ¢,(D;). This immediately gives us
that ¢p, = ¢,(p,) and that any root § moves D, if and only if 5 moves «(D;). We further
define ¢(D7) to be the unique B-divisor of X, moved by « that is not equal to ¢(Dy). In this
case, Proposition 3.6.13 gives us

$p, +¥p, = av’A(Xl) = PuDr) T PuDy)-

Since ¢p, = ,(p,), we see that pp; = ¢, (p;). Moreover, for any B-divisor D of X; moved
by a root of type b, the set of roots moving D is completely determined by the set HI;Q and
the valuation ¢p, see Corollary 4.4.3. Since Hg(l = Hg(Q and ©pr = @,(py), it follows that
any root 5 moves D] if and only if 8 moves (D).

We claim that our definition of the D¢ x, () here glues to a definition on all of Dj.
We just need to check that if either D; or D] is moved by another root [, then defining
t(Dy) or «(D}) using 8 instead of « gives us the same divisor. After swapping D; and D] if
necessary, we may assume that D; is moved by . Whether we use a or 8 to define ¢(D),
the B-divisor ¢(D;) will be moved by both « and §. But there is at most one such divisor,
see Proposition 3.6.12. So, ¢(D;) is the same whether we define it using a or 3. We remark
that our definition of ¢+ may depend on the choice of (u,n). That is, if there exists some
(p,n) and some (', n') such that (X;), N Dy # @ and (X;),, N D} # @, then it is possible
that choosing (¢, n’) instead of (p,n) will swap «(D;) and ¢(D}). However, this choice does
not affect whether ¢ is well-defined.

It remains to check bijectivity of the map ¢ : D} — D3 we have defined. Surjectivity is
immediate from the construction, because ¢ maps Dg x, (o) surjectively onto Dg x, (o) for
all o € II°. On the other hand, for any divisors D and D’ moved by roots of type b such
that «(D) = «(D'), both D and D’ must be moved by the same root « of type b (namely,
« is a root moving both «(D) and «(D")). If D # D', then D¢ x, (o) = {D, D'} and, by
construction, ¢(D) # «(D’) are the two distinct elements of Dg x,(a). But we know that
t(D) =(D"), so D and D’ must be the same element of D¢ x, ().

Step 3: We define ¢« on the set Di of B-divisors D; of X; such that either (1) Dy is
moved by a root of type ¢, or (2) D; is moved by a unique root of type d. In either case,
D; is the unique B-divisor of X; moved by some root «, so we set ¢(D;) to be the unique
B-divisor of X5 moved by «, and this is well-defined because « is the unique root moving
Dy (see Corollary 4.4.3). The valuations of D; and ¢(D;) are completely determined by the
coroot a" (see Proposition 3.6.13), so we have ¢p, = ¢,p,). We claim that « is the only
root moving moving ¢(Dy). If o € TI¢, this is Corollary 4.4.3b. On the other hand, suppose



218

that a € 117 and that +(D;) is moved by some other root 3. Then, 8 € II¢, and by Step 1,
(D) is the image under ¢ of some divisor D} which is moved by both o and f. But D is
the unique divisor moved by «, so Dy = D7, which contradicts the fact that D; is moved by
a unique root of type d. Thus, no such  can exist.

It remains to check bijectivity of the map ¢ : D} — D? we have defined. Injectivity
follows from the fact that any divisor D; € Dj is moved by a unique root a and is mapped
to the unique divisor in D3 moved by . As for surjectivity, any Dy € D% moved by a root
of type c is the image of the unique B-divisor of X; moved by the same root. So, suppose
that D, € D2 is moved by a unique root « of type d, and let D; be the unique divisor of X,
moved by «. If D; is moved by another root , then in Step 1, we have already shown that
there exists a divisor D) of X5 moved by both o and 8. But D, is the unique divisor of X3
moved by «, so Dy = D), contradicting the fact that Dy € D3. Thus, D; is moved only by
@, so we have Dy € D} and «(D;) = Ds. O

Remark 4.5.8. The assumption IT%, = II%, is essential in part (b) of Theorem 4.5.5. Indeed,
we will see an explicit counterexample to the theorem without Hgﬁ = Hg(g in Examples 4.9.1
and 4.9.2. In other words, the sets Hg(l and H’}(Q are actually not entirely captured by the
weight monoids AT(Xy, Ly) and AT (Xs, Ls), even in the smooth projective setting. However,
there are ways to obtain the conclusion of Theorem 4.5.5b just using the data of weight
monoids, without having to keep track of the set of roots of type b. We will study these
alternatives in Chapter 5.

As an application of Theorem 4.5.5, if we take the assumption V(X;) = V(X3) in the
theorem and add in a small argument about affine cones, we can give an alternate proof of
Corollary 4.3.5 that does not use any of our our results about valuations on affine cones from
Section 4.3.

Alternate proof of Corollary 4.5.5. By Theorem 4.5.5, we know that X; and X, are D-
equivalent. This implies that the open G-orbits of X; and X, are D-equivalent (cf. the
proof of Theorem 4.1.9), so Theorem 4.1.6 implies that the open G-orbits of X; and X,
are G-equivariantly isomorphic. In particular, there is a G-equivariant ring isomorphism
K(X)) 2 K(X5). Pick B-eigenvectors f; € H°(X;, L;)®) of the same weight y for i € {1,2},
and write A; = I'.(X;, L;) and K; = K(X;). We have seen in (4.3.1) (see also the our general
discussion in Section 4.3) that the principal G,,-bundle X;\ {0} — X, admits a local trivial-
ization (X;)s, = (Xi)}, X G,, which maps t € ['(G,,, Og,,) = k[t*] to f; € T((X));,, O%.). On

function fields, this trivialization gives a G-equivariant isomorphism K (X;) 2 K,(t) which
maps f; to t. In particular, ¢ is a B-eigenvector of weight p. Since G,, acts on K;(t) according
to the grading, it follows that the B-eigenvectors of K;(t) are the monomials at™ for some
a € Ki(B) and n € Z, and such a monomial has weight p, + npu.

Now, the G-equivariant ring isomorphism K; = K induces a ring isomorphism

L Kl(t) :> Kg(t)
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by setting t — t. By our above arguments, ¢ and its inverse map B-eigenvectors to B-
eigenvectors of the same weight. It follows that ¢ is G-equivariant, and since ¢ is graded,
it is even G-equivariant. Since the X; are spherical G-varieties, the function fields K;(t)
are multiplicity-free (because K;(t)? = k, see Theorem 3.1.4). Thus, the weight monoid
AT (X, L;) determines the ring A; as a G-submodule of K;(t). Since AT(X7y, L1) = AT (Xy, Lo),
we see that ¢ restricts to a é—equivariant isomorphism A; = A,. This implies that X, X,
as G-varieties, and arguing as in the proof of Corollary 4.3.5, we obtain (X1, Ly) = (Xa, L)
as polarized spherical G-varieties. O

Corollary 4.3.5 is essentially as nice a result as possible under the assumption that
Ve x, = Ve x,; in particular, it is a direct projective analog of the behavior in the affine case
proven by Losev, see Theorem 4.2.2a. In the remainder of this chapter, then, we will mainly
concern ourselves with the case where X; and X5 are smooth, in the hopes of proving some
projective analogs of Theorem 4.2.2b.

4.6 Comparing Spherical Roots

Let (Xiy,L;) and (X3, Ly) be two polarized spherical varieties such that AT (Xy, L) =
AT (X5, Ly). In this section, we will use Theorem 4.4.6 repeatedly to attempt to equate
spherical roots of X; with those of X5. This seems like a reasonable task, because Propo-
sition 4.4.1 tells us that we can sometimes detect spherical roots of X; and X, using the
local structure theorem. The main issue is: can we find an open subset of X; such that a
given spherical root v € Wq x, will be detected by the local struture theorem? Or, more
precisely: does there exist (u,d) € AT(Xy, L) such that, writing (X;), = R,(P) x Z and
P = R,(P) - M as in the local structure theorem, we have v € W,; ;7 In order to answer
this question, we will first need a few more combinatorial facts about spherical roots.

4.6.a Spherical Roots and Root Systems

We begin with a couple useful definitions.
Definition 4.6.1. Let X be a spherical variety, and let v € ¥4 x.

1. We define the support of v to be the subset Supp(y) C Ilg consisting of simple roots
whose coefficients in « are positive. This is well-defined because simple roots are always
linearly independent, and Supp(y) # @ because v is a linear combination of simple
roots with nonnegative coefficients, see Remark 3.4.8.

2. We say that any « € Tlg is adjacent to Supp(7y) if « is adjacent to any simple root in
Supp(7y) (in the sense of Definition 2.2.18).

3. For any D € D¢ x, we say that D is moved by Supp(y) if D is moved by some element
of Supp(7) (i.e. if D € D¢ x, (a) for some a € Supp(7)).
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The following lemma gives us some general behavior of spherical roots and simple roots

of G.
Lemma 4.6.2. Let X be a spherical variety, let v € W x be a spherical root, and let o € Ilg.

(a) We have (a",7) < 0 if and only if op(y) <0 for all D € Dg x () and (a”,v) =0 if
and only if op(y) =0 for all D € D¢ x ().

(b) If a & Supp(y), we have (a”,7) < 0.
(c) If o € 1%, either o € Supp(y) or « is not adjacent to Supp(y).

Proof. By definition,  is a positive linear combination of the elements of Supp(y). Moreover,
it is a general fact about root systems that («,) < 0 for any simple roots a # 3. In
particular, it follows that « & Supp(7) implies («”,~) < 0, which is statement (b).

As for statement (c), let o € II%. If o & Supp(y), then our above arguments give us
(o, B) <0 for all 8 € Supp(v). If in addition « is adjacent to Supp(7y), then («", 5) < 0 for
some 3 € Supp(y), which implies that (a¥,~) < 0. This contradicts the fact that (a¥,y) =0
by Lemma 3.6.14.

For statement (a), we argue as in Lemma 4.4.2. There are 3 cases, depending on the type
of the root « for X.

1. Suppose a € I1%. Then, Dg x (o) = &, and («”,v) = 0 by Lemma 3.6.14, so all the
conditions in (a) are always true.

2. Suppose « € II§ U %, and write D¢ x(a) = {D}. We have ¢p = ca’|x) for some
c € {1,1/2} (see Proposition 3.6.13). Since v € A(X) and ¢ > 0, statement (a) follows
immediately.

3. Suppose a € II%, and write Dg x(a) = {D, D’}. Note that « is a spherical root of
X and that (a¥,«) = 2 > 0. In particular, if («¥,a) < 0, then v # «a, so we have
ep(7), ¢p(v) < 0 by Proposition 3.6.18. ¢p(v), ¢p(v) < 0, then Proposition 3.6.13
gives us

(@’,7) = ¢p(7) + ¢p(v) <0.

The above equation also gives us (a”,v) = 0 if ¢p(7) = ¢p(y) = 0. On the other
hand, if (a¥,7) = 0, then we already saw that ¢p(7y), op/(7) < 0. But the above
equation gives us ¢p(v) + ¢p/(7) = 0, so in fact we must have ¢p(v) = pp (y) = 0.

]

The next lemma gives us a useful combinatorial characterization of certain “nice” types
of spherical roots. These types of spherical roots are relatively easy to “match up” between
two (nice enough) spherical varieties, so generally, we will use this lemma to separate out
this “nice” case from the more difficult possibilities for spherical roots.
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Lemma 4.6.3. Let X be a spherical variety, let v € Vg x, and let o € Ilg be such that
(a’,y) > 0.

(a) If a € %, then v = a.
b) If a € 11, then v = 2a.
( X v

(¢c) If a € TI% and there exists some 8 # a with Dg x(a) = Dax(B), then v = c(a + f3)
for some c € {1,1/2}.

Remark 4.6.4. Lemma 4.4.2 is a sort of converse to the above lemma. Indeed, combined
with Lemma 4.6.2a above, Lemma 4.4.2 implies that whenever v is as in (a), (b), or (c) of the
above lemma, then o (and § in statement (c)) is the only simple root such that («",~) > 0.

Proof. Statement (b) is the contrapositive of Proposition 3.6.18b, and part (a) of the same
proposition along with Lemma 4.6.2a gives us (a). As for (c¢), Proposition 3.6.12 gives us
(@, B) =0 (i.e. a and § are not adjacent) and a|xx)y = 5Y|a(x). In particular, we have

(8%, 7) = (a”,7) >0,

so Lemma 4.6.2b implies that a, 8 € Supp(7).

Now, we will need to consult the list of possible spherical roots. More precisely, Corol-
lary 3.6.17 gives us some semisimple simply connected group G’ with Ilg C Il and some
prime rank-1 wonderful G'-variety X’ such that V¢ x» = {7} and 11, C [1I%. The possible
choices for G’ and X’ can be found in Table 1 of [Was96]. In particular, notice that any
element of Supp(y) must be an element of Ilg/, so the combinatorial properties of roots
in Supp(y) are determined by Table 1. We remark that while Table 1 does not explicitly
describe the set II%,, we can find it using this table in the following way: for each color D,
of X', there is a tuple in Column 4 of the table, and the first element of this tuple is the
weight pp of Proposition 5.2.5. In particular, this element will be linear combination of the
fundamental weights whose corresponding roots move D. So, checking the first element of
each tuple in Column 4 of the table tells us every simple root of G’ that moves some color
of X', and every root other than those is a root of type a for X".

Now since «, 5 € Supp(y) \ [1%, the fact that [1%, C II% gives us o, § € g\ [1%/. So, X’
is an entry in Table 1 of [Was96] with 2 roots not of type a whose coroots are both > 0 on
the single spherical root . There are only 3 entries in the table satisfying these conditions:

1. llgr = A, for some n > 2 and v = oy + - - - + a,, in which case {«, 5} = {ay, a,,} are
the two roots not of type a.

2. g = Ay x Ay and v = ¢(oq + o)) for some ¢ € {1,1/2}, in which case {«, 8} =
{04170/1}.

3. g = B, for some n > 2 and v = a1 + - + ay, in which case {«, 5} = {a1, , } are the
two roots not of type a.



222

4. Tlgr = D3 and v = a3 + a3 + as, in which case {«, 8} = {as, az} are the two roots not
of type a.

All we need to do is show that Case 2 is the only possible one. Notice that in Cases 1 and 3,
we must have n > 3, as otherwise o and g would be adjacent. So, in cases 1, 3, or 4, there
must exist some o € 1%, NSupp(7y) which is adjacent to a. In particular, we have o € 11%.
On the other hand, Proposition 3.6.12 tells us that v = ¢(a + ) is a spherical root of X
for some ¢ € {1,1/2}. So, ap is adjacent to Supp(y’) but ay € Supp(y’), which contradicts
Lemma 4.6.2. O

We now turn to classifying the possible behavior of spherical roots.

Proposition 4.6.5. Let X be a spherical variety, and let v € V¢ x be a spherical root.

(a) We have
1 < #(Supp(v) N (g \ II%)) < 2.

Moreover, there is at least one a € Supp(y) N (Ilg \ 11%) such that (¥, ~) > 0.

(b) If Supp(y) is not connected, then v = c(a+ ') for some ¢ € {1,1/2}, and a,a’ € 1%
both move the same color of X.

(¢) If Supp(y) is connected and #(Supp(y) N (g \ 11%)) = 2, then viewing Supp(7y) as a
root subsystem of llg, exactly one of the following possibilities occurs.

(1) Supp(y) = A, for somen > 2, v = a3 + -+ + ap, and Supp(y) N I1% =

{ag,...,a,_1}.

(2) Supp(y) = B, for somen > 2, v = oy + -+ + «a,, and Supp(y) N 1% =
{ag,...,ap_1}.

(3) Supp(y) = C,, for somen > 2, v = a1 + a, + 22?:_21 a;, and Supp(y) N11% =
{az,...,a,}.

(4) Supp(v) = G2, v = a1 + @z, and Supp(y) N1 = @.

Proof. We will need to consult the list of possible spherical roots. More precisely, Corol-
lary 3.6.17 gives us some semisimple simply connected group G’ with IIg C Ilg and some
prime rank-1 wonderful G'-variety X’ such that ¥ x» = {7} and II%, C II%. The possible
choices for G’ and X’ can be found in Table 1 of [Was96]. In particular, notice that any
a € Supp(y) must be an element of Ilg/, so we can read off combinatorial properties of
a and v from Table 1. We remark that while Table 1 does not explicitly describe the set
I1%,, we can find it using this table in the following way: for each color D, of X', there is
a tuple in Column 4 of the table, and the first element of this tuple is the weight up of
Proposition 5.2.5. In particular, this element will be linear combination of the fundamental
weights whose corresponding roots move D. So, checking the first element of each tuple in
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Column 4 of the table tells us every simple root of G’ that moves some color of X', and every
root other than those is a root of type a for X”.

Now, inspecting Table 1 of [Was96], we immediately see that Supp(7) contains either 1
or 2 roots not of type a for X'. Since I1%, C I1%, this implies that Supp(y) contains at most
2 roots not of type a for X. On the other hand, the table also shows that there is at least
one a € Supp(y) with (a",v) > 0. By Lemma 3.6.14, we have a ¢ 11%, so Supp(7y) contains
at least one root not of type a. These observations prove (a). Moreover, if there are 2 roots
in Supp(y) that are not of type a for X, then these must both be not of type a for X’ as
well (because I1%, C I1%). By inspecting Table 1 of [Was96], one finds that the 4 options in
(c) are the only possibilities for Supp(y) and v such that Supp(y) is connected. (There is
actually a 5th entry in the table that would work, namely Row 1D, in which Supp(y) = D3
and v = a1 + as + ag; but since D3 = As, this case has exactly the same combinatorial
properties as the case where Supp(vy) = A, and v = a3 + -+ + a,, when n = 3.) In any of
these cases, we have

Supp(y) N (He \ 1I%/) = Supp(v) N (Ilg \ II%) = 2,

and since Supp(y) C Ilg and 11%, = II%, this implies that Supp(y) N I1% = Supp(y) N I1%..
So, the set Supp(7y) NII% can also be read off from the form of v in Table 1 of [Was96].
As for (c), the only possibilities with Supp(y) not connected in [Was96, Table 1] are
G' = SLy xSLy and v = c(a; + «)) for some ¢ € {1,1/2} (these are Rows 3 or 4 of
Wasserman’s table). In this case, Proposition 3.6.12 implies that both a; and «} are roots
of type d moving the same divisor D.
[

The following is a sort of “classification” result for spherical roots satisfying some very
particular conditions. These conditions may seem ad hoc, but they will arise naturally once
we consider all the information that we can easily match up using the local structure theorem.

Proposition 4.6.6. Let X and X, be spherical varieties, and let v, € Vg x, and v2 € Ve x,
be spherical roots. Suppose that the following conditions hold.

1. We have 115, = II%, .

2. The intersection Supp(y,) N Supp(va) contains some root « such that (o, v,) > 0 and
<Oé, 72) > 0.

3. The pair (a,v2) is not the pair («,7) in any of the statements from Lemma /.6.3
applied to X5. (In other words, o € Hg(z, and there does not ezist any B # « with

Da x,(a) = Da.x,(0).)
4. We have #(Supp(v,) N (Ilg \ [1%,)) = 2, and Supp(ys) is connected.
5. We have vy # .
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Then, we have o € II% NIT%, and #(Supp(v,)N(IIe\11%,)) = 2, and Supp(vs) is connected.
Moreover, viewing Supp(y,) USupp(y2) as a root subsystem of g, one of the four following
possibilities holds.

(1) Supp(yn) U Supp(12) = Az, 72 = a1 + ao, 7h = @a + a3, @ = as.

(2) Supp(y) U Supp(r2) = D, for some n > 4, 72 = a1 + -+ + Qpz + Qpo1, W =
ap+ Qg oy, = 0.

(3) Supp(yn) U Supp(v2) = Bs, 72 = a1 + o, 7 = Qs + a3, @ = as.
(4) Supp(yn) U Supp(72) = Bs, 72 = an + a3, 7, = a1 + @2, @ = as.

Proof. As in the proof of Lemma 4.6.3, we check the possibilities for «;, given in Table 1
of [Was96]. Corollary 3.6.17 gives us a semisimple simply connected group G, and a prime
rank-1 wondervul G} -variety X; with Ve x1 = {7} and Hf;(},l C II%,. Using Assumption 4
to apply Proposition 4.6.5¢, there are only 4 possibilities for G}, HC)L%’ and ;.

(A) g, = Ay =1+ +ay, Hgfé ={ag,...,a,_1}. Since there is an automorphism
of A, given by «a; — 114, it does not affect any of the conclusions of the proposition
to assume that o = oy in this case.

(B) g, = Bu, w = a1+ +ay, Hg% ={ag,...,a,_1}. In this case, (), v,) = 0, so we
must have o = ;.

(C) g, = Cp, Y = a1 + ap + 250 o, ngl ={as,...,a,}. In this case, (o, v,) =0,
so we must have o = .

(G) Mgy = Go, =01+, 11§, = 2.

Step 1: We make a few preliminary observations about the root a. First, Assumption 2
(along with Lemma 3.6.14) gives us o ¢ 11§, = I1%,, so Assumption 3 implies that o € HSI(Q.
In particular, we have Supp(vs) # {a} (otherwise 7o is either @ or 2« and « is either type
b or ¢ for X5, see Theorem 3.6.10). Similarly, we have o ¢ IT% U I, (otherwise -, is
either o or 2av by Lemma 4.6.3, contradicting the fact that Supp(y,) has at least 2 roots
by Assumption 4). Thus, we also have « € Hgl(l. In particular, « is one of the elements of
Supp(yy,) which is not of type a for X;. By Assumption 2, there is another such element

o € Supp(ys) \ I1%, .
Step 2: We show that

Supp(y2) N 1%, = Supp(y) N 1%, = Supp(ys) NII%, . (4.6.1)

For the equality on the right, we note that Ha;L C II%, immediately gives Supp(vyx) N H“;L C
Supp(ys) N 1%, and hence

Supp () \ 1%, C Supp(ya) \ ;-
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On the other hand, the set Supp(vs) \ 1%, has 2 elements in each of Cases (A), (B), (C),
and (G), and there are exactly 2 elements of Supp(vs) \ 11§, (namely, o and o'). So in fact,
we have Supp(ys) \ %, = Supp(yn) \ [T, and hence Supp(yr) N %, = Supp(yr) NI z
As for the left equality in (4.6.1), note that in each of Cases (A), (B), (C), and (G), the
set
Sy ={a'} U(Supp(’yh) NS,

is connected. We claim that
Se C Supp(y2)-

Suppose this is false. Since a € S, N Supp(7,) and S, is connected, must exist some
ap € S, \ Supp(72) which is adjacent to Supp(,). But then ag # «, so the definition of S,
gives us

o € Hg(’/l c 1%, =11%,,

which contradicts Lemma 4.6.2c. Thus, we have shown that

Supp(vs) N1I%; C Sa C Supp(y2).

An analogous argument will also give us

Supp(y2) N1I%, C Supp(ys)

if Supp(72) is connected and #(Supp(y2) N (Ilg \ [1%,)) = 2 (so that ~, satisfies Assumption
4 and hence also comes from one of Cases (A), (B), (C), or (G).) Note that Lemma 4.6.2b
and Assumption 3 imply that Supp(7,) is connected, so the only other possibility (see
Lemma 4.6.2a) is #(Supp(y2) N (Ilg \ 11%,)) = 1. In this case, a is the unique root not
of type a in Supp(7z), so we have

Supp(v2) N1I%, = Supp(12) \ {a}.

Since Supp(7,) is connected, the set on the righthand side here has at most 2 connected
components, and « is adjacent to each of them. So, repeating the above arguments with
these connected components in place of S, will give the desired result.

Step 3: The root v, comes from Table 1 of [Was96] as well. Indeed, Corollary 3.6.17 again
gives us a semisimple simply connected group G5 and a prime rank-1 wondervul G)-variety
X5 with Wer x; = {72} and II%, C II%,. We claim that the only possibility with Ilg;, = Ay
for some n’ is Row 1A of the table, where 72 = af + -+ 4 aj, and II%, = {ah,...;al, 1}
(This is the same as Case (A) above, but for 7, instead of 7;,.) Indeed, notice that for every
choice of group G’ and spherical root 7 in Table 1 of [Was96], we have Supp(y) = g
It follows that if Tlg; = A/, then G is a group of type A (the only other group on the
table with root system isomorphic to A,/ is Spg in Row 1D of the table, which is isomorphic
to Row 1A of the table with n = 3, see our comments on Case (D) above). Besides Row
1A, the only other entries in the table for groups of type A are Rows 2, 3, 4, 5A, and 6A.



226

Row 2 has 7, = 2a4, which forces a = a; and hence a € II%,, contradicting Assumption
3. Rows 3 and 4 have v = c(a + ) for some ¢ € {1,1/2} and some 8 € Ilg, C Il such
that (o, ) = 0. It follows from Proposition 3.6.12 that D¢ x, () = Dg x,(0) in this case,
contradicting Assumption 3. Finally, in Rows 5A and 6A, the only root not of type a in
Supp(72) (which is @ by Assumption 2) is adjacent to two roots of type a. By (4.6.1), both
of these roots of type a are in Supp(ys). However, none of the Cases (A), (B), (C), (D), or
(G) for ~y, has any possibility for « (or indeed any root not of type a) adjacent to two roots
of type a. So this is also impossible.
Step 4: We claim that

Supp(v2) Z Supp(a).

Suppose instead that Supp(72) C Supp(ys). We will check that Cases (A), (B), (C), and
(G) are all impossible, so that there is no possible choice of v;,. Note that

Supp(yn) = {a, &'} J(Supp(n) NTI%,).
Since a € Supp(72), Assumption 5 along with (4.6.1) gives us

Supp(2) = {a} U (Supp(yn) N1I%, ).

Moreover, we have Supp(y2) # {a}, so there must exist some roots of type a in Supp(ys).
This immediately rules out Case (G) (which has no roots of type a). In Case (C), we
have Supp(y,) = C, for some n > 2 and Supp(ye) = {a2,...,a,} = C,_1, so X} must
come from Rows 7C or 8C of [Was96, Table 1]. But for either of these rows, we would get
Qg € Hgb(é C TI%, is type a, contradicting the fact that ay = « is type d for X;. Finally, in
Cases (A) and (B), we have Supp(v,) = A, for n > 2 and Supp(y2) = {aq, ..., an_1} = A, 1.
By Step 3, this implies that v9 = a1+ -+ a,_1, so that («’_;,72) = 1 # 0. This contradicts
the fact that
any € M, C I, =11,

Step 5: In light of Step 4, there exists some 8 € Supp(y2) \ Supp(ys), and (4.6.1) (plus
the fact that Hgb(é C II%,) gives us ¢ H[)lfé' In particular, both o and § are elements of
Supp(72) which are not of type a for X5. We noted in Step 2 that Supp(72) is connected, so
the conditions of Assumption 4 also hold for 5. Thus, 75 must also come from one of Cases
(A), (B), (C), (D), or (G). As with 7, we need not consider Case (D) separately, since it is
isomorphic to Case (A) with n = 3. Moreover, we can now rule out Case (G) for both ~,
and 7,. Indeed, the union Supp(y2) U Supp(vs) is now a connected root subsystem of Ilg
containing at least three distinct simple roots (namely, «, o, and f3). If either v or -y, comes
from Case (G), then Supp(72) U Supp(+y,) contains a copy of Go. But Gy is not properly
contained in any connected Dynkin diagram, so we must have Supp(y2) U Supp(y,) = Gs.
This contradicts the fact that G5 has only 2 simple roots. We conclude that each of v, and
v, must come from either Cases (A), (B), or (C). For clarity, when viewing these cases for
72, we will write n’ in place of n and « in place of a;.
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Step 6: We are left with 3 cases for each of v, and v, hence 9 total possibilities for the
pair (y2,74). We will go through each of these in turn. First, we make a couple observations
that will simplify this casework. Notice that Assumption 4 now applies to v, (see Step 5)
and Assumption 3 holds for ~, (by Assumption 4, Proposition 4.6.5, and Lemma 4.6.3).
Thus, all of our assumptions and conditions on 7, and -, are completely identical now, so
swapping the cases for v, and 7, will give us all the same combinatorial possibilities, just
with v and v, swapped. This cuts the number of cases we have to consider in half: for
instance, if we take all the possibilities with 7 in Case (A) and 7, in Case (B) and swap 7,
and 7, we will get all the the possibilities with v, in Case (B) and 7 in Case (A). Also,
note that each of Supp(v,) and Supp(s) consists of type a roots along with 2 roots not
of type a. Since the type a roots are the same in both cases by (4.6.1), we conclude that
# Supp(yn) = # Supp(7z). In all three possible cases, the number n (resp. n') is precisely
# Supp(yn) (resp. # Supp(72)). Thus, we will have n = n’ no matter which cases we are in.
Finally, we remark that Cases (B) and (C) are isomorphic when n = 2. We will see that n
must be 2 whenever one of 73, or 7, is in Case (B) or (C). This implies, for instance, that the
possibilities for v, in Case (A) and v, in Case (B) must be isomorphic to the possibilities
for v, in Case (A) and 7, in Case (C).

Step 7: We go through each of the remaining cases one by one.

(A) Suppose that 7 is in Case (A) for some n > 2. Then, 7, = a3 + - - - + a,,, and we may
take o = .

(AA) Suppose that v, is in Case (A). Then, 2 = o} + --- + o/, and we may take
a = o). Comparing the root systems Supp(y,) N1I%, and Supp(v2) N1I%, (which
are equal by (4.6.1)), we see that o) = «; for all 1 <i <mn—1. Thus, both o’ and
[ are adjacent to a,,_1. This gives us possibility (1) of the proposition statement
if there are no roots of type a in either Supp(~,) or Supp(vs) and possibility (2)
of the proposition statement otherwise.

(AB) Suppose that 7, is in Case (B). Then, we have 75 = o/, + -+ 4+ o/, and a = «].
Suppose that n > 2. As in (AA) above, comparing the root systems Supp(vy,) N
1%, and Supp(7y2) N II%,, we obtain a; = a; for all 1 <4 < n — 1. Thus, both
o = a,, and f = o, are adjacent to a,,_1, and «,_; is also adjacent to av,_o (which
exists because n > 2). So, the Dynkin diagram of Supp(~y,)USupp(72) is connected
but not simply laced (which only occurs for the diagrams of B,,, C,,, Fy, and G2)
and yet has a node (corresponding to «,_1) which is adjacent to 3 other nodes
(which only occurs for the diagrams of D,,, Fs, Fr, and Eg). No such Dynkin
diagram exists, so we must have n = 2. In this case, the only roots appearing
in Supp(vs) U Supp(ys) are «, ', and 3, and we know that Supp(y,) = Az and
Supp(72) = Bs. So, we obtain possibility (4) of the proposition statement.

(AC) Suppose that v, is in Case (C). Then, we have v = o] + 20, + - -+ 2a),_; + a,
and a = of. Suppose that n > 2. Then, we have

Supp(72) NI, = Supp(12) N1, = Cho.
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(For the first equality here, one can argue just as we did with -, in Step 2 to get
the right equality in (4.6.1).) But Supp(vy,)NIl%, = A,_2, which is not isomorphic
to C,,_2, so this contradicts (4.6.1). We conclude that n = 2, so as noted in Step
6, we must get a possibility isomorphic to that for (AC) above.

(B) Suppose that v, is in Case (B) for some n > 2. Then, v, = a3 + -+ + a,, and o =
so we must have o/ = «,.

(BA) By Step 6, this is the same as (AB) above but with ~, and 7, swapped. Since (AB)
gave us possibility (4) in the proposition statement, this will give us possibility
(3) in the proposition statement.

(BB) In this case, the Dynkin diagram for Supp(v;) U Supp(7s) is connected, and has
2 edges between o/ and «,,—; and 2 edges between 5 and o/, ;. Since {f,a/, |} #
{a/,;a,—1} (both sets contain only one root of type a, and we know that § #
a'), these are two distinct intances of multiple edges, which never occurs on a
connected Dynkin diagram. Thus, this case is impossible.

(BC) The same argument as in (BB) shows that this case is impossible. Alternately,
using Step 6, any possibility here would have to be isomorphic to a possibility for
(BB), and no such possibilities exist.

(C) Suppose that v, is in Case (C) for some n > 2. Using our arguments in Step 6, there is
almost nothing to do here. If 5 is in Case (A), then by Step 6, we obtain a possibility
isomorphic to (AC) above, but with 75 and ;, swapped. Since (AC) gave us possibility
(4) of the proposition statement, this gives us possibility (3). If 7 is in Case (B),
then we obtain the same as (BC) above but with ~, and 7, swapped. Since (BC) is
impossible, we conclude that v, cannot be in Case (B) here. The only remaining option
is 7, in Case (C). For this, we can argue exactly as we did in (BB) to see that this case
is impossible.

]

4.6.b Matching up Spherical Roots

We are now ready to prove our main results in this section.

Proposition 4.6.7. Let (X1, L1) and (Xa, Ls) be polarized spherical varieties. Suppose that
X1 and Xy are smooth and that A (X1, L1) = AT (Xy, Lo). Let v € Vg x,, and suppose that
v & H’;ﬁ. If either Supp(vy) is disconnected or

#(Supp(y) N (Il \ 1I%)) = 1,

then we have v € Vg x,.
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Proof. We reduce to the case where there is a unique color Dy moved by Supp(7), and that
©p, () > 0. This condition is immediate from Proposition 4.6.5b if Supp(~y) is not connected.
Suppose instead that there is a unique o € Supp(7y) not of type a. Proposition 4.6.5a tells
us that (a",~) > 0, and Lemma 4.6.3 implies that either o € 1% or Supp(y) = {a}. In the
former case, the color Dy moved by « is the unique color moved by Supp(y) (since every
element of Supp(y) other than o moves no colors), and we have ¢p,(v) = (a¥,v) > 0. If
instead Supp(y) = {a}, then we have either o € IT%, and v = a or « € TI§, and vy = 2« (see
Theorem 3.6.10). The former case is impossible by assumption, and in the latter case, we
have I, = II, by Theorem 4.5.5, so « € I, implies that v = 2a € Vg x,. In summary,
we are done in the case Supp(y) = {a}, and the desired color Dy exists in every other case.

Now, Corollary 5.5.11 gives us some G-linearized ample invertible sheaves L; and Ls on
X; and X, (respectively) such that AT(Xy, L;) = AT(Xy, Ls). Let Dy be a B-stable ample
effective divisor of X; such that Oy, (D;) = L, (equivalently, let D; be the divisor cut out
by some B-eigenvector of H%(X;, L)), and let and let ny be the coefficient of Dy in D;. For
any B-divisor D € Dg x,, if D is G-stable, then pp € V(X)) implies that ¢p(—y) > 0.
If instead D is a color and D # Dy, then D is moved by some root but is not moved by
any element of Supp(7), so Lemma 4.6.2c implies that ¢p(—v) > 0 as well. On the other
hand, we know that ¢p,(—v) < 0. Since the valuation vp, is a discrete valuation, we have
©p,(—7) € Z. After replacing Ly, Ly, and D; by some positive multiple, we may assume
that

o = —mep, (—7)

for some m € N. It follows that D] = Dy +mdiv(—~) is an effective divisor whose coefficient
of Dy is 0. Then, D] corresponds to a B-eigenvector in H°(X;, L1) of some weight p, and
(X1), N Dy # @. Since AT(Xy, L) = AT(X,, Ly), we know that p is a weight of a B-
eigenvector in HY(X,, Ly) as well. Moreover, we have X;(u) = Xo(u) by Theorem 4.4.6.
On the other hand, the only color moved by Supp(y) is Dy, which intersects (X;),, so
Proposition 4.4.1 implies that Supp(7y) C II,z,. The same proposition then implies that

Y€V xi() = Y xaw) C Ve x,
0

Theorem 4.6.8. Let (X1, L1) and (X2, Lo) be polarized spherical varieties. Suppose that X,
and X are smooth and that AT(Xy, L1) = AT (Xa, Lo). Let v € Ui x,. One of the following
possibilities must hold.

(1) v e \IJG7X2.
(3) Supp(y) and v are given by one of the 4 possibilities in Proposition 4.6.5c¢.

Proof. In light of Proposition 4.6.5¢, this is just a rephrasing of Proposition 4.6.7. [
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If we are willing to assume that X; and X, have “the same” colored fans, we can make
a slight improvement on the above theorem.

Theorem 4.6.9. Let (X, L1) and (Xa, La) be polarized spherical varieties. Suppose that
X; and X5 are smooth, that At (X1, L1) = AT(Xy, La), and that there exists a D-equivalence
t: Dax, — Dg.x, that preserves colored fans. For any v, € Vg x,, one of the following
holds.

(1) v € ¥¢ x,.

(2) There exists some vy € Vg x, such that v, and e satisfy the assumptions of Proposi-
tion 4.6.6, so v, and vy are given by one of the 4 possibilities in that proposition.

Proof. By Corollary 4.3.5 then, it suffices to show that V(X;) = V(X5), or equivalently, that
Ve x, = Ve x,. Let v, € ¥q x,, and suppose that v, & ¥q x,.

Step 1: We claim that there exists some colored cone in ., containing a color moved
by Supp(7s). Since v, € VY x,, there exists some v € V(X3) such that v(y,) > 0. Because
X, is complete, we have v € C for some colored cone (C,A) € Zx, (see Theorem 3.3.28).
The cone C is generated by the ¢p for D in some subset of D¢ x,. It follows that there must
be some choice of D such that pp(vy,) > 0. If D is G-stable, then :71(D) is also G-stable, so
©p = @, 1(py € V(X1) and v € Vg x, implies that ¢p(y,) < 0. So D must be a color of X,
and if « is any root moving D, then Lemma 4.6.2 implies that (a¥,~) > 0 and hence that
a € Supp(7).

Step 2: We claim that a € Hf)l(Q and that « is the unique root moving D. If this is not

the case, then we have either o € IT§ UTI%,, or a € 1%, and there exists some § # « also
moving D. In the former case, then we have ~, = ca for some ¢ € {1,2} by Lemma 4.6.3.
But Lemma 4.1.2 tells us that 1§ = I, and II§, = II5,, so we would have v, € ¥, x,,
contradicting our assumptions. If instead o € Hgl(Q and there exists some  # a also moving
D, then Lemma 4.6.3 gives us vy, = c(a + ) for some ¢ € {1,1/2}. In particular, Supp(ys)
is not connected, so Proposition 4.6.7 implies that v, € ¥« x, again.

Step 3: We claim that there exists some 72 € Vg x, such that ¢p(y2) > 0. If this is
not the case, then pp € V(X3) implies that (Qsopp,{D}) is a face of the colored cone
(C,A), so we have (Qsopp,{D}) € Fx,. Since ¢ preserves colored fans, it follows that
(Qsop, {t71(D)}) € Zx,. In particular, (Qsopp,{¢t"*(D)}) is a colored cone for the open
G-orbit of X7, which implies that Qsopp N V(X1) # &, or equivalently, pp € V(X7). So,
we must have pp(y) <0 for all v € W x,, contradicting the fact that ¢p(y,) > 0.

Step 4: To complete the proof, we check that the assumptions of Proposition 4.6.6 apply
to 72 and 7. Since X; and X, are D-equivalent, we see that II§, = II%,, that a € Hglﬁ,
and that « is the unique root moving ¢~(D). In other words, Assumptions 1 and 3 of the
proposition are satisfied. If Assumption 4 of the proposition did not hold, then Proposi-
tion 4.6.7 would imply that v, € ¥q x,, and Assumption 5 also holds, because otherwise
V2 = vy, would give vy, € ¥q x,. Finally, Assumption 2 of the proposition holds for o by
Lemma 4.6.2a,b along with the fact that ¢p(v,) > 0 and @p(v2) > 0. O
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4.7 Comparing Colored Fans

In this section, we consider using our proof techniques involving the local structure theorem
and the Knop conjecture to compare the colored fans of two smooth polarized spherical
varieties. Unfortunately, these techniques do not get us very far for this task, because the
colored cones in the colored fan of a spherical variety are typically not detectable using the
local structure theorem.

More precisely, let X be a spherical variety, and let Y C X be a G-orbit corresponding
to the colored cone (C,A). We can apply the local structure theorem to Xpy to get an
isomorphism Xpy = R,(P) x Z, where P C G is a parabolic subgroup, M C P is the
standard Levi subgroup, and Z C Xpy is an M-stable closed subvariety. One can show
that Z has a unique closed M-orbit Y, and that every (BN M)-divisor of Z contains Y’ (cf.
the proof of Proposition 4.7.1 below). By Proposition 3.2.3, the map D +— D N Z gives a
bijection between B-divisors of X intersecting Xpy (i.e. B-divisors of X containing Y, see
Theorem 3.2.7) and the (B N M)-divisors of Z, and this bijection preserves ¢p. It follows
that (C, A") € # is the colored cone corresponding to Y’ where

A'={DNZ|DeA}\ Dy

(We note that removing elements of Dﬁz is necessary here, since some colors D of X
containing Y may actually be M-stable, in which case D N Z contains Y’ but is not a color
and so is not contained in A’ by definition.)

This shows that colored cones on X descend to colored cones on Z in a nice way. However,
the converse is not necessarily true. Indeed, given any M-orbit Y] of Z corresponding to
a colored cone (C’,A’), the natural attempt to relate (C’, A’) to a colored cone of X is to
consider the G-orbit Yo = G - Y] (here viewing Y; as a subscheme of X O Z). Every
(BN M)-divisor D' of Z containing Y; corresponds to a B-divisor D = R, (P) - D’ of X (see
Proposition 3.2.3), but in general, there is no easy way to tell if D actually contains Y5. If
we knew that D was G-stable, then D’ D Y, would imply that D D Y3, but it may well be
the case that D is not G-stable, even if D’ is M-stable.

Because of these issues, there is only one special case where we can use the local structure
theorem to “match up” a colored cone between two spherical varieties: namely, the case
where all the divisors we are dealing with are G-stable, or equivalently, when the colored
cone (C,A) in question has A = &.

Proposition 4.7.1. Let X and X5 be smooth spherical varieties such that HI}(I = Hg(z, and
let Ly and Ly be G-linearized ample invertible sheaves on X1 and Xy (respectively) such that
AT (X4, Ly) = AT (X3, Ly). For any colored cone (C,A) € Fx, such that A = &, we have
(C,2) € Fx,.

Proof. Let Y1 C X; be the G-orbit corresponding to the colored cone (C,2). By Theo-
rem 3.2.7, there exists some (p,d) € AT(Xy, Ly) with d > 0 such that (X3), = (X1)py;-
Since (X1)p,y, is affine, Theorem 4.4.6 gives us X;(u) = Xo(p) as M,-varieties.
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Now, let
v, » { B-divisors of X; intersecting (X1),} — {B-divisors of X; intersecting (X3),}

be the bijection of Lemma 4.5.4. Since II§ L= Hg(z, any element D of the domain of ¢, is
a G-divisor if and only if ¢,(D) is. By the description of (Xi)py, in Theorem 3.2.7, the
elements of the domain of ¢, are the B-divisors containing Y7, and since A = &, these are all
G-divisors. It follows that the target of ¢, also consists entirely of G-divisors. On the other
hand, X;(p) is affine and so has a unique closed M,-orbit Y] (Lemma 2.5.8). By arguing as
in the proof of Theorem 3.2.7, we see that Y/ = Y; N X;(p). Since the (B N M),)-divisors
of X;(u) are precisely those of the form D N X;(u) for D € D¢ x, (Proposition 3.2.3), it
follows that every (B N M,)-divisor of X;(p) contains Y{. The isomorphism X (p) = Xo(u)
then tells us that every (B N M, )-divisor of X,(u) contains the unique closed M,-orbit Yy
of X2 (/1,)

Let Yo = G - Yy (here viewing YJ as a subscheme of X5). We claim that the B-divisors
of X, containing Y, are precisely those in the target of ¢,. For any D D Y5, we have
DN (Xs), DYy # @. Conversely, if D N (X,), # @, then D = R,(P,)- D’ for some
(BN M,)-divisor D" C Xs(p) (see Proposition 3.2.3). We showed above that D" D Y7, so
D D'Y]. We also showed above that D is G-stable, so this implies that D D Y5.

Consider the colored cone (Cy,, Ay, ) corresponding to Y. Our above claim in particular
tells us that every B-divisor containing Y5 is G-stable, so Ay, = @. Moreover, Cy, is the
cone in N(X;) = N(X3) generated by the pp for all D D Y3, i.e. for all D in the target of
Ly Since op = p,,(p) for all D, this is equal to the cone generated by ¢p for all D in the
domain of ¢,,, which by the description of (X;), = (X1)p,y; in Theorem 3.2.7 is precisely the
cone C. Thus, we have

(C,@) = (CY27AY2) € Fx,,

as desired. ]

If X; and X5 are toroidal in the situation of Proposition 4.7.1, then the proposition
immediately implies that any D-equivalence ¢ : Dg x, — Dea,x, must preserve colored fans
(if it exists). However, X; being toroidal is equivalent to the condition that A = & for
all (C,A) € Zx,. So, whenever one of the X; is not toroidal, there is no way to use
Proposition 4.7.1 to obtain a D-equivalence that preserves colored fans. In other words, our
proof techniques have failed to give us the “equality” on colored fans that we were looking
for. We do not expect that any other proof techniques will fare better: indeed, we will see
in Examples 4.9.3 and 4.9.4 many examples of X; and X5 as in Proposition 4.7.1 such that
no D-equivalence preserves colored fans. In fact, in these examples, Proposition 4.7.1 does
apply to some of the colored cones in the relevant colored fans (just not to all of the colored
cones), and the colored cones it does not apply to have just a single color in them (i.e. we
have #A = 1 instead of A = &). Thus, while Proposition 4.7.1 is a relatively limited result,
we do not expect that a better result is possible.
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There is one other attempt at comparing colored fans that we have considered. Instead
of using the local structure theorem and the Knop conjecture, the idea is to use the com-
binatorial criterion for ampleness in Theorem 3.7.13. This criterion depends only on the
valuations of B-divisors of a spherical variety X and on the maximal colored cones in ZFx
(under the partial order given by the relation of “being a face”), so we obtain the following
corollary.

Corollary 4.7.2. Let X; and X, be spherical varieties, and let v : Dg x, 5 D¢ x, be a
D-equivalence which preserves maximal colored cones, in the following sense: the mazimal
colored cones of Fx, are precisely the pairs (C,t(A)), where (C,A) is a mazimal colored
cone of Fx,. Let B} = ZDEDG,Xl npD be a B-stable (Weil) divisor on X, and let Fy =

ZDEDG,Xl nDL(D)
(a) Ey is Cartier if and only if Ey is Cartier.

(b) If X1 and Xy are complete, then Ey is ample (and Cartier) if and only if Ey is ample
(and Cartier).

Remark 4.7.3. It may be the case that completeness is unnecessary in part (b) of the above
corollary. We have included it mainly because completeness allows for a clear presentation of
the combinatorial criterion for ampleness, and we have not attempted to remove it because
we are mainly interested in the projective case, anyway.

Proof. Suppose that E; is Cartier. For each closed G-orbit Y; C Xj, let pupg, v, € A(Xy) =
A(X3) be as in Lemma 3.7.2 applied to the Cartier divisor E;. Since ¢ preserves maximal
colored cones, which are the ones corresponding to closed G-orbits (Proposition 3.3.24), for
every closed G-orbit Yy C X5, there exists some closed G-orbit Y; C X such that ¢ restricts
to a bijection

Dyl :> DYQ.

(To be precise: Y] is the closed G-orbit such that (Cy,, Ay,) = (Cyy,t(Ayy)).) Set pp,y, =
WE, v, for all such Y5 and Yj. Then, for any G-orbit Y C X, we define pg,y € A(X3) by
picking any some closed G-orbit Y» C X, such that Y, C Y and setting HEY = By Y-
Since Dy C Dy, for such a choice of Y and Y5, it follows immediately that pg, y satisfies the
condition in Lemma 3.7.2 for F, and any choice of G-orbit Y C X, so the lemma implies
that FEs is Cartier. The proof that F, is Cartier if Fy is Cartier is the same, but with X;
and X, swapped.

For the proof of (b), we may assume that E; and FE are both Cartier. In this case,
let (¢y) € PL(X;) be the piecewise linear function corresponding to Ej. Since ¢ preserves
maximal colored cones and every B-divisor in a colored cone is contained in a maximal colored
cone (say, by Proposition 3.3.24), we see that ¢ induces a bijection A°(X;) = A°(X5,) on
divisors contained in no colored cone. Moreover, as above, for each closed G-orbit Y; C X3,
there exists a closed G-orbit Y C X such that ¢ induces a bijection Dy, — Dy,, and this
bijection identifies ¢y, with some linear function fy, : Dy, — Z. By arguing as in the proof
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of (a) above, we conclude that the fy, determine an element of PL(X5) which corresponds
to Ey. Since ¢ identifies the families ¢y, with the families ¢y, and identifies A°(X;) with
A°(X5), and all of these identifications preserve pp, the statement now follows immediately
from the ampleness criterion in Theorem 3.7.13. O

We conjecture that the above corollary might admit a nice converse.

Conjecture 4.7.4. Let X; and X5 be locally factorial complete spherical varieties, and
let . : Dgx, — Dax, be a D-equivalence. Suppose that v preserves ample cones, in the
following sense: for any B-stable divisor E; = ZDeDc,xl npD on X1, the divisor Ey =
ZDEDG,Xl npt(D) on Xy is ample if and only if Ey is ample. Then, v preserves mazximal
colored cones.

The main content of Corollary 4.7.2 is that the maximal colored cones of a complete
spherical variety X determine the ample cone of X; conversely, Conjecture 4.7.4 asserts
that the ample cone determines the maximal colored cones. Since we have assumed X,
and X, are locally factorial in the conjecture, every Weil divisor is Cartier. Thus, under
the assumptions of the conjecture, the ampleness criterion in Theorem 3.7.13 gives many
combinatorial conditions that must “match up” for X; and X;. The main difficulty is
that what these conditions are actually depends on which divisors are contained in the
same (maximal) colored cone, so it is a subtle combinatorial question to ask whether these
constraints actually force the maximal cones on X; and X, to be equal.

As far as examples go, we know of know conterexample to Conjecture 4.7.4. However, we
will see in Example 4.9.3 that even for two smooth polarized spherical varieties (X, L) and
(Xs, L) such that X; and X5 are D-equivalent and A*(X;, Ly) = AT (X5, Ly), it may be the
case that no D-equivalence preserves ample cones. Moreover, we will see in Example 4.9.4
that even if a D-equivalence that preserves ample cones does exist, it may be the case that
this D-equivalence preserves maximal colored cones but does not preserve colored fans. In
summary, while Conjecture 4.7.4 would, if true, be an interesting way to “equate” some
colored cones on X; and Xs, the conjecture still would not give us an “equality” on the
entire colored fans, and the conjecture would not even necessarily apply in the situations of
interest to us.

4.8 Proving Two Spherical Varieties Are Isomorphic

Now that we have considered each of the combinatorial invariants in the classification of
spherical varieties, we are ready to combine our results to prove certain results about when
two spherical varieties (or polarized spherical varieties) are isomorphic. These results will
largely parallel Theorem 4.1.9, which tells us what the general classification of spherical
varieties says about when two spherical varieties are isomorphic. The difference in our
results is that we will replace some of the equalities on combinatorial data in Theorem 4.1.9
with an equality on weight monoids of the form AT(X;, L) = AT (Xs, La).
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We have actually already seen a result of this form: namely, Corollary 4.3.5, which tells
us that the weight monoid AT(X, L) and the valuation cone V(X)) determine a polarized
spherical variety (X, L) up to G-equivariant isomorphism. When X is smooth, we can actu-
ally detect some spherical roots of X from the weight monoid A* (X, L) using Theorem 4.6.8,
which leads to a slightly nicer statement than that of Corollary 4.3.5.

EXC

Corollary 4.8.1. Let Xy and X3 be smooth projective spherical varieties, and let g, C
Ve x, be the set of all v € V¢ x, such that either v € Hf;(i or 7y satisfies one of the 4
possibilities in Proposition 4.6.5¢. The following are equivalent.

(1) X1 and Xy are G-equivariantly isomorphic.

(i1) \I/gm‘j(l = VEs, and there exist G-linearized invertible sheaves Ly and Ly on X and
Xy (respectively) such that Ly and Lo are both ample and AT (X4, L) = AT (Xa, La).

Proof. Given a G-equivariant isomorphism i : X; = X5, we may pick any G-linearized
ample invertible sheaf Ly on X, (which exists by Theorem 2.6.11), and then L; = i*Ly is
a G-linearized ample invertible sheaf with AT (X, L;) = AT(Xy, Ly). Moreover, we have

Ve x, =Yg x,, and since the subset V&S C W x, is just the subset of spherical roots that

satisfy certain combinatorial conditions, this implies that WS, = WEs, .

Conversely, suppose that (ii) holds. Theorem 4.6.8 implies that
\IJG,Xl \ 33(1 = \Ijg:XQ \ 8%3(27

so we have V¢ x, = Vg x,, or equivalently, V(X;) = V(X3). Then, Corollary 4.3.5 implies
that (X, L;) & (X, Ly) as polarized spherical varieties, which in particular means that
X1 & X, as G-varieties. O

As discussed in Section 1.2, Corollary 4.8.1 is essentially optimal, in the following sense:
for any v that lies in W&'S for some X, there exists some choice of smooth polarized spherical
varieties (Xi,L;) and (X, Le) with AT(X3,L;) = AT(Xy, Ly) such that v € &%, but
v & Vg x,. For the case where v = o € Il (so that v is necessarily a root of type b), see
Examples 4.9.1 and 4.9.2. For the case where v has any of the forms in Proposition 4.6.5c¢,
see Example 4.9.4. In the first two examples, we see that X; and X5 are not D-equivalent,
and in the third example, we see that X; and X5 are D-equivalent, but that no D-equivalence
preserves colored fans. Thus, there is some piece of combinatorial data besides the spherical
roots Wq y, that is unequal in all of these examples, which suggests that Corollary 4.3.5 is
also relatively optimal.

In the remainder of this section, we consider a few special cases in which we can improve

EXC

on Corollary 4.8.1. Since the main issue in Corollary 4.8.1 is the possibility that W&
C'%,» these special cases will be ones in which we can get the equality Vg x, = Vg x,
some other way. We first do this for a couple of standard “nice” types of spherical varieties

(namely, horospherical, and toroidal varieties).
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Theorem 4.8.2. Let (X1, L1) and (Xs, La) be polarized spherical varieties, and suppose that
AT (X, Ly) = AT (Xs, Ly).

(a) If X1 and X5 are horospherical, then (X1, L1) = (Xa, La) as polarized G-varieties.

(b) If X1 and Xs are toroidal and D-equivalent, then (Xi,L;) = (Xa, Ls) as polarized
G-varieties.

(¢) If Xi and X, are smooth and toroidal and 1%, = 1%, then (X1, L1) = (X», Ls) as
polarized G-varieties.

Remark 4.8.3. The statement on horospherical varieties in the above theorem is in some
sense a generalization of a result on projective toric varieties (which are a particular type of
horospherical variety, see the discussion following Definition 3.4.11). It is a standard result
that projective toric varieties are classified by a convex polytope, which is an invariant of the
variety (see e.g. [Oda88, Theorem 2.22]). One can generalize the construction of a convex
polytope from a toric variety to the case of projective spherical varieties, see [Bri97, Section
5.3], and in this generalization, the polytope is completely determined by a weight monoid
AT (X, L) for some G-linearized ample invertible sheaf L on X. Thus, the the statement in
Theorem 4.8.2 that horospherical varieties are determined up to G-equivariant isomorphism
by a weight monoid AT (X, L) is essentially a generalization of this classification of projective
toric varieties by convex polytopes.

Proof. For (a), we have ¥ x, = Vg x, = &, hence V(X;) = V(X3). So, Corollary 4.3.5
immediately gives us the result.

For (b), the fact that X; and X, are toroidal implies that the cones in their colored fan
are made up of their G-divisors. The valuations of these G-divisors are in bijection because
X1 and X5 are D-equivalent, and since X; and X5 are complete, these divisors generate their
valuation cones (see Theorem 3.3.28). We conclude that V(X;) = V(X3). Corollary 4.3.5
now tells us that (Xi, L;) and (X, Ly) are isomorphic.

The hypotheses of statement (c) imply that X; and X, are D-equivalent, see Theo-
rem 4.5.5. Thus, statement (c) follows immediately from (b). O

Remark 4.8.4. The method of proof of (b) in the above theorem also shows that two
complete toroidal varieties which are D-equivalent are G-equivariantly birational.

We can also obtain slightly nicer results in low rank, primarily because A(X;) = A(X3)
greatly constrains what the spherical roots of X; and X, can be in this case.

Theorem 4.8.5. Let X, and X5 be spherical varieties. Suppose that X, and X, are D-
equivalent.

(a) If r(X1) =0 (equivalently, r(Xs2) = 0), then X; = Xy as G-varieties.

(b) If r(X1) =1 (equivalently, r(Xs2) = 1) and V(X1) and V(X2) are strictly convez, then
Xy and Xy are G-equivariantly birational.
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(c) If r(X1) = 1 (equivalently, r(Xy) = 1), the X; are complete, and there exists a D-
equivalence 1 : X, = Xy preserving colored fans, then X, = X, as G-varieties.

Proof. Note that r(X;) = r(Xz) because A(X;) = A(Xs) (this is part of the definition of
a D-equivalence). If r(X;) = r(X2) = 0, then V(X;) = N(X;) = 0 in particular gives
V(X7) = V(X3). So X; and X, are G-equivariantly birational. Moreover, there is no
nontrivial colored fan for the open G-orbits of X; and X, (because N(X;) = 0), so both X
and X, are equal to their own open G-orbit, and X; & Xo.

Now suppose that 7(X;) = r(X3) = 1. Then, #¥ x < 1. There are three possible cases:

1. Vg x, =Yg x, =, then V(X;) = N(X;) = N(X3) = V(Xy), so X; and X, are
G-equivariantly birational. If in addition the assumptions of (c¢) hold, then X; and
X5 also have the same colored fan, so they are G-equivariantly isomorphic. Note that
this case is impossible under the assumptions of (b), since neither V(X7) nor V(X3) is
strictly convex.

2. If U x, # @ for i € {1,2}, then let +; be the unique spherical root of X;. The v, are
indivisible elements of the rank-1 lattice A(X;) = A(X2), so we must have vy, = £7s.
But spherical roots are always linear combinations of simple roots with nonnegative
coefficients (see Remark 3.4.8), so we can never have 73 = —7v,. So 71 = 72 implies
that V(X;) = V(X3) and hence that X; and X, are G-equivariantly birational. Once
again, under the assumptions of (c), both X; and X5 have the same colored fan, so we
get X = Xo.

3. After swapping X; and X, if necessary, we are left with the case where V¢ x, # @
but W¢ x, = @. Note that this case is impossible under the assumptions of (b), since
V(X3) = N(X3) is not strictly convex. So, suppose that the assumptions of (c¢) hold.
Since N(X;) = N(X3) = Q, the cone V(X;) must be one of the rays Q¢ or Q<.
Since X, is complete and V(X3) = N(X5), there must exist some colored cone of the
form (—V(X;),A) in the colored fan Fx,. Our assumptions then imply that —V (X))
is a cone for some colored cone in Zx,. But —V(X;) contains no element of V(X;)
in its interior, so this contradicts the definition of a colored cone. Thus, this case is
impossible.

In summary: under the assumptions of (b), only Case 2 is possible, and in this case, X
and X, are G-equivariantly birational; and under the assumptions of (¢), Cases 1 and 2 are
possible, and X; = X, as G-varieties in both cases under the assumptions of (c). O

Corollary 4.8.6. Let (X1, L) and (X, Lg) be polarized spherical varieties. Suppose that
Xy and Xy are smooth, that V(X1) and V(X2) are strictly convex, and that one of r(X1) and
r(Xs) is < 1. The following are equivalently.

(1) (X1, L1) = (Xa, La) as polarized spherical varieties.
(i) We have AT (X1, L1) = AT (X>, L) and 115 = TI%, .
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Proof. If (X1,L1) = (X5, Ls), then I% = II%, because X; = X, as G-varieties, and
AT(Xy, L) = AT(Xy, Ly) because there exists a G-equivariant isomorphism i : X; — Xo
such that i*Ly = L; as G-linearized ample invertible sheaves. Conversely, if (ii) holds, then
A(X7) = A(X32) (see Proposition 2.5.2) implies that r(X;) = r(X3) < 1. Moreover, X; and
Xy are D-equivalent by Theorem 4.5.5, hence G-equivariantly birational by Theorem 4.8.5,
so V(X1) = V(X3). Then, Corollary 4.3.5 implies that (X, L1) = (Xa, La). O

4.9 Counterexamples

In this section, we give a few examples of polarized spherical varieties (X;, L1) and (X, Lo)
such that X; and X, are smooth and AT(X;, L) = AT (X, Ly), but where some of the
combinatorial invariants that classify spherical varieties (see Theorem 4.1.9) are not equal
for X; and X5. These examples indicate that our results in this chapter are essentially the
best that one can hope for.

Recall from Theorem 4.1.9 that there are three pieces of combinatorial data which, to-
gether, classify a spherical variety up to G-equivariant isomorphism: the B-divisors (for
which “equality” of combinatorial data means a D-equivalence), the spherical roots (for
which equality is a literal equality of sets), and colored fans (for which “equality” means a
D-equivalence that preserves colored fans). If any of these pieces of data is not equal between
X, and X, then we must necessarily have V¢ x, # Vq x,, as otherwise (X, L1) = (Xa, Lo)
by Corollary 4.3.5. Moreover, it makes no sense to have colored fans be “equal” but B-
divisors not be “equal,” as our notion of “equality” on colored fans relies on the existence
of a D-equivalence. With these constraints in mind, we are left with the following possi-
bilities for examples in which (X7, L) 2 (Xa, Ls) (or equivalently, in which some of the
combinatorial invariants in Theorem 4.1.9 are not equal):

1. An example in which X; and X, are not D-equivalent and ¥¢ x, # V¢ x,.

2. An example in which X; and X, are D-equivalent, but ¥ x, # V¢ x, and no D-
equivalence preserves colored fans.

3. An example in which there exsits a D-equivalence between X; and X, that preserves
colored fans, but U¢ x, # Vq x,.

Of these 3 possibilities, we will give examples satisfying possibilities 1 and 2.

4.9.a Examples With Different B-Divisors

We begin with examples in which the spherical varieties X; and X, are not D-equivalent.
These examples have #I1% = 1 and II%, = @, and X; and X, are even rank-1 toroidal
varieties. By contrast, we have seen in Theorem 4.5.5 that when IT% = II%_, then X,
and Xy are necessarily D-equivalent. Our examples thus indicate that, even for “very nice”
spherical varieties, the assumption I1% L= H’;(Q seems to be necessary in Theorem 4.5.5.
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Example 4.9.1. Let G = SL, acting on X = P! x P! diagonally via the action on P! given
in Example 2.4.19. In other words, the action of G on X is given by

(CCL Z) [z y], [w: 2]) = ([ax + by : cx + dy], [aw + bz : cw + dz]).

We take B C G to be the Borel subgroup of upper triangular matrices and 7" C B to be
the subgroup of diagonal matrices. We have seen that X is wonderful (Example 3.5.20).
Moreover, we calculated all the B-divisors of X and their valuations in Example 3.1.16. The
two colors of X are

Dy =P' x{[1:0]} and Dy={[1:0]} x P,

and the two G-orbits of X are the diagonal Y and its complement. Moreover, we have
A(X) = Z-ayq, where a; € Il is the unique simple root, and we have pp, (a1) = ¢p, (1) =1
but ¢y (a1) = —1. The colored fan of X contains a single colored cone with no colors in it
(because X is wonderful, hence simple and toroidal), and the cone in this fan is generated
by the valuations of G-divisors containing the unique closed G-orbit Y. But Y itself is the
only such divisor, so the colored fan of X is

Fx ={(Qx00v,9)}.

Since X is a standard embedding, we must have V(X) = Qxopy. Also, X has two colors,
each of which must be moved by some simple root. But the only simple root of G is a;. So,
we have Dg x (1) = {D1, Dy}, which implies that I1% = {a4}.

For our example, we wish to construct a certain line bundle L on X and write down
the weight monoid AT(X, L). In fact, we will compute AT (X, L) for all G-linearized ample
invertible sheaves L on X. First, we determine what choices of L there are. Note that the
global sections of Opi1 (1) contain a B-eigenvector s € H°(P', Opi(1))#®) which vanishes at the
B-fixed point [1 : 0]. Write pry, pry : P! x P! — P! for the projections maps. The pullback
pr; s is a global section of pri Op: (1) which vanishes on Dy, so we have Ox (D) = pr} Op:(1).
Considering pr, instead in this argument, we get Ox(D;) = prj Opi(1). It follows that every
line bundle on X is isomorphic to Ox(aD; 4+ bDs) for some a,b € Z. Such a line bundle
is ample if and only if its pullbacks to D; and D, are ample, and since these pullbacks
are Opi(a) and Op:1(b) (respectively), this holds if and only if a,b > 0. For i € {1,2}, the
map pr; is G-equivariant, so the G-linearization of Opi(n) given in Example 2.4.19 induces
a G-linearization on pr; Opi(n) for any n such that pulling back global sections defines a
G-equivariant map

pr; : HO(P', Op1(n)) — H(X, pr} Op(n)).

This, in turn, induces a G-linearization on Ox (aDy+bDy) for all a, b € Z (see Lemma 2.4.13b.
Because no nontrivial character of G exists, Corollary 2.6.9 implies that any line bundle on
X has at most one G-linearization, so this is the unique G-linearization of Ox(aD; + bD>).
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Now, the isomorphism T' = G,, given by diag(t,¢™!) + ¢ induces an isomorphism Ag = Z
which identifies a; with 2 € Z. We will think of weights of B-eigenvectors as elements of Z
using this isomorphism. Fix a,b > 0. The section

fo = pri(s¥) @ pri(s®’) € H'(X, Ox(aD; + bDy))

is a B-eigenvector of weight a + b whose vanishing locus is the divisor aD; + bD5y. On the
other hand, there is a natural bijection between global sections H°(X, Ox(aD; + bD3)) and
effective divisors linearly equivalent to aD; +bD5 (given by sending a global section f to the
divisor aDy + bDy + div(f/fo)), and this bijection identifies B-eigenvectors with B-stable
divisors, see Lemma 2.5.3 and Corollary 2.5.5. To find these B-stable divisors, the same
proposition gives us a split short exact sequence

0-AX)— € Z-D—CX) -0,
DeD(X)

where the first map is given by A — > peD(x) P p(A)D and the second map is given by taking
the divisor class of a given Weil divisor. By our above arguments, we have A(X) =7Z - oy
and CI(X) = Z - Dy @ Z - Dy. It follows that the B-stable divisors linearly equivalent to
aD; + bD, are those of the form aD; + bD; + div(f™ ), where n € Z and f,, € K(X)® is
an eigenvector with character o;. Our above computations give us

div(fal) = SODl(fozl)Dl + (pD2(fa1>D2 + QDA(fal)A = Dl + D2 - Av

so the divisors linearly equivalent to aD, + bD5 are
(a+n)Dy+ (b4 n)Dy — nA

for any n € Z. This divisor is effective precisely when n < 0 and a +n,b+n > 0, and for
any such choice of n, the corresponding B-eigenvector in H°(X, Ox(aD; +bD-)) has weight
a + b+ 2n. Thus, the highest weights of the G-representation H°(X, Ox(aD; + bD,)) are

AT(HY(X,Ox(aDy +bDy))) ={a+ba+b—2,...,a+b—2min{a,b}}.

These are just the elements of AT (X, Ox(aD; +bD,)) in degree 1. However, the elements in
degree d are given by the above equation with ad and bd in place of a and b. It follows that

AT(X,Ox(aD;+bD,)) = U {(da+ db,d),(da + db — 2,d), ..., (dmax{a,b} — dmin{a,b},d)} .

a>1

Example 4.9.2. As in the above example, let G = SLy, let B C G to be the Borel subgroup
of upper triangular matrices, and let 7" C B to be the subgroup of diagonal matrices. We
consider the ruled surface Y = P(E), where & = Op:1 @ Op1(—e) for some e > 0. We saw in
Example 3.5.4 that Y can be given a G-action in such a way that Y is a toroidal G-variety
and the structure morphism 7 : Y — P! is G-equivariant (where G acts on P! via the action
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of Example 2.4.19). We also computed all B-divisors of ¥ in Example 3.5.4; we summarize
their description here. The unique color of Y is the fiber C'= 7=*([1 : 0]). As for G-divisors,
writing P'\ {[1 : 0]} = A, we have 771(A!) = A! x P!. Under this isomorphism, the two
G-divisors of Y are given by

EleIXUiO], EQZAIX[O:l].

We will also need to compute A(Y') and the valuations ¢g,, ¢g,, and pc. For this, we
will use the isomorphism 7' = G,, given by diag(t,t7!) — t to identify Ag with Z. The
isomorphism 7~ !(A!) = A x P! above induces the following B-action on A! x P!: the action
on Al is given by the action on A’ C P! and the action on P! = Proj(k[w, z]) is given
by letting w be fixed by B and z be a B-eigenvector of weight —e. (This follows from the
definition of the G-action on Y, which was induced by G-linearizations on Op1 and Op1(—e);
cf. the arguments in Example 3.5.4.) In particular, f, = w/z € K(Y)®) is a B-eigenvector
of weight e which has a zero at [0 : 1] and a pole at [1 : 0], so we have pg, (¢) = —1 and
vm,(e) = 1. Also, since f, € K(Y) is an eigenvector of weight e, we have Z - e C A(Y). On
the other hand, we have A(Y) = Z - ¢ for some 1 < ¢ < e. Since yg, ({) = /e must be an
integer, we conclude that ¢ = e and hence that A(Y) =7 -e.

We claim that pc(e) = e. We can compute this using intersection numbers. First, we have
an isomorphism 7,.0pg)(1) = &, and under this isomorphism, the section 160 € HY(P', €)
has vanishing locus on P(€) equal to Es. It follows that Oy (E3) = Op(e)(1), and a standard
result about ruled surfaces then tells us that E2 = —e (see [Har77, Chapter V, Proposition
2.9]). On the other hand, since E) and E, are the images of sections of 7w and C'is a fiber
of 7, so another general fact about ruled surfaces (see e.g. [Har77, Chapter V, Proposition
2.3]) gives us

CE,=CE,=1, C*=E,.E,=0.

Since div(f.) is a B-stable divisor, the only prime divisors with nonzero coefficient in div( f;)
are B-divisors. Thus, we have

div(fe) = vc(e)C + ¢r, (e)E1 + ¢r, () By = po(e)C — By + Es.

Taking intersections of both sides with Fy, we see that 0 = ¢c(e) — e and hence that
vo(e) = e, as claimed.

We can now also compute all the other combinatorial invariants of Y that interest us.
First, since F; and F, are both G-orbits and each FEj; is the only B-divisor of Y containing
itself, the colored fan corresponding to Y is

Fy ={(Qxo0¢E,, D), (Qx00E,)} = {(Q<0, 9), (Q>0,2) }.

We know that Y is complete and toroidal, so the union of the cones in this fan is precisely
V(Y). Hence V(Y) = Q = N(Y), which implies that ¥¢y = @ (in other words, Y is
horospherical). In particular, we have 11 = @. Notice that with X = P! x P! as in
Example 4.9.1 above, we have Zx # Zy, V(X) # V(Y), and 114 # I1%. However, we will
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see that there do exist G-linearized ample invertible sheaves L on X and M on Y such that
AT(X, L) = AT (Y, M).
As in Example 4.9.1 above, we have a split short exact sequence

0=AY)— € Z-D—ClY)—o.
)

DeD(Y

Using the fact that div(f.) = eC — Ey + E», we see that CI(Y) = Z-C @ Z - E5 and that the
divisors linearly equivalent to the divisor mC' + nEs are the divisors

mC +nEy —rdiv(f.) = (m —er)C +rE) 4+ (n —r)Es.

This is an effective divisor precisely when n > r > 0 and m > er. In particular, it follows
that any divisor of the form mC' + nFEs is effective if and only if m,n > 0.

As in Example 4.9.2; we will compute the weight monoid A* (Y, M) for every G-linearized
ample line bundle M on Y. First, we identify the possible choices of M. It is a general fact
about ruled surfaces that Pic(Y') is freely generated by Oy (C') and Oy (E3) (see e.g. [Har77,
Chapter 5, Proposition 2.3]). For any m,n € Z, we claim that Oy (mC + nFEs) is ample if
and only if m > ne > 0. Since the ample cone is the interior of the nef cone for projective
varieties, it will suffice to show that mC' + nF, is nef if and only if m > ne > 0. As noted
above, the effective divisors on Y are of the form aC + bFE, with a,b > 0, so mC + nFE, is
nef if and only if

0 < (aC + bE3).(mC + nEy) = an + bm — bne = an + b(m — ne)

for all a,b > 0. If m > ne > 0, this equation certainly holds; conversely, if the equation
holds, taking a = 0 and b = 1 gives us m > ne, and taking b =0 and a = 1 gives us n > 0

and hence ne > 0. (Alternately, one can deduce the ample cone from a general numerical
criterion for ampleness on spherical varieties, see e.g. [Perl8, Theorem 3.3.8].)

Now, assuming m > ne > 0, we compute A* (Y, Oy (mC+nE,)). First, if s € HO(P!, Op: (1))®

is a nonzero B-eigenvector, it vanishes at the B-fixed point [1 : 0] € P!, so 7*s®™ cuts out

the divisor mC'. In particular, Oy (mC) = 7*Op1(m). On the other hand, we have an iso-
morphism 7.O0p(g)(d) = Sym?(€) for any d > 1. Since 1 0 € H(P, &) = HO(Y, Ope)(1)
vanishes on F», as noted above, we have a section

t=(100)@ - @ (1®0)c H(P',Sym™(€)) = H(Y, Op)(n))
which is fixed by G and cuts out the divisor nFs. It follows that
fo=7"s""®t € 1 Opi(m) @ Opg)(n) = Oy (mC + nEs)

is a B-eigenvector of weight m which cuts out the divisor mC + nFE,. As noted above, the
effective divisors linearly equivalent to mC' +nFE, are those of the form mC +nFEy —rdiv(f.),
where n > r > 0 and m > er. Since m > ne, the inequality m > er follows from n > r,
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so the only inequality on r that we need is n > r > 0. On the other hand, Lemma 2.5.3
(plus the fact that I'(Y,Oy) = k) implies that the effective divisors linearly equivalent to
mC' + nE, are in bijection with lines of B-eigenvectors in H°(Y, Oy (mC + nFEs)), with the
divisor mC' + nFEy — rdiv(f.) corresponding to a line of B-eigenvectors of weight m — re.
Putting this all together, we have

AT (HY(Y, Oy (mC +nEy))) = {m,m —e,...,m— ne}.

Replacing m and n by md and nd for any d > 1 in this equation gives us the B-eigenvectors
of Oy (mC + nEy)®?, so we see that

AT(Y, Oy (mC +nEy)) = | J{(dm,d), (dm — e.d),..., (dm — dne,d)}.

d>1

Comparing this with our equation for AT (X, Ox(aD; + bD,)) in Example 4.9.1, we see
that
A+(X, (’)X(aD1 + bDQ)) = A+(K OY(mC + nEg))

if and only if e = 2, m = a + b and n = min{a,b}. Since a,b > 0, this choice of m
and n defines an ample line bundle on Y if and only if a # b (otherwise, we have m =
2n, not m > 2n = en). However, we have X 2 Y as varieties, so we certainly cannot
have (X,Ox(aDy 4+ bD3)) = (Y,Oy(mC + nE,)) as polarized G-varieties. Since X and
Y are smooth projective spherical G-varieties, this in particular provides a counterexample
to Question 4.2.5b, but only when a # b. On the other hand, when a = b, there is no
G-linearized ample line bundle M on Y such that AT(X, Ox(aD; + bDs)) = AT (Y, M).

4.9.b Examples with Different Spherical Roots and Colored Fans

Next, we give examples where X; and X, are D-equivalent, but V¢ x, # Vg x,, and there
does not exist a D-equivalence between X; and X, that preserves colored fans. These
examples show that our above results on comparing spherical roots and comparing colored
fans (namely, Theorem 4.6.8 and Proposition 4.7.1) are relatively optimal. The work in these
examples also seems to intuitively indicate that the only thing that being D-equivalent and
have AT (X1, L) = A*T(Xs, Ly) controls is the maximal colored cones of the colored fans Zx,
and Zx,. This informs our discussion of ample cones in Section 4.7, and it indicates that the
weight monoid AT (X, L) is most closely related to the existence of a D-equivalence, which
motivates our study of weight monoids and divisors in Chapter 5.

Example 4.9.3. Let v be any of the spherical roots in [Was96, Table 1] such that Supp(y)
is connected and contains two roots not of type a, and let G be the corresponding group.
(See Proposition 4.6.5 for a list of all such choices of «; each choice comes from a unique
entry in [Was96, Table 1].) Let A = Z - 7, let TI* be the set of roots of type a in Supp(y),
and set

‘1/1 = {’7}, \112 = .
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The tuples 57 = (A I1%, ¥, @) and Sy = (A, 1% Uy, &) both satisfy the definition of a
homogeneous spherical datum for G. Indeed, axioms (B1-3) and (¥1-2) are vacuous, and
(I11-2) follows immediately from the fact that A is generated by ~ and that we chose v and
I1* to be that of a wonderful rank-1 variety. So, the classification of homogeneous spherical
varieties (see Theorem 3.6.21) gives us two homogeneous spherical varieties G/H; and G/ H,
corresponding to S; and Sy (respectively). We remark that G/H; is precisely the open G-
orbit of the wonderful variety in [Was96, Table 1] that v comes from, since they both have
the same homogeneous spherical data. By contrast, G/H is horospherical, since it has no
spherical roots.

Let v* : A — Z be the map determined by v +— 1, so that N(G/H,) = N(G/Hy) = Q-~*.
Let a, B € Tl be the two simple roots not of type a for the variety that gives v in [Was96,
Table 1]. By our definition of I1* = II¢, = 112, JHy both o and [ are not of type a for either
G/H, or G/H,, and since the G/H; have no type b or ¢ roots, we must have a, € Hé’/Hi'
By inspecting the possibilities in [Was96, Table 1], we see that after swapping a and 3
if necessary, we may assume that (a¥,v) = 1, in which case (8",~) is either 1, 0, or -1,
depending on the choice of v. For i € {1,2}. Let D, , and D, 3 be the colors of G/H; moved
by o and 3 (respectively). Proposition 3.6.13 gives us ¢p, , = a|zx) and ¢p, ; = BY|ax)-
The following diagram summarizes the combinatorial data of G/H; appearing in N(G/H;)
(except for ¢p, ,, which depends on our choice of ).

V(G/H,)
o A~ N\ (pDi,oz
— ~ _/
V(G/Hy)

Consider the following strictly convex colored fans %, and %, for G/H; and G/H,
respectively:

ﬂl = {(Q§07*7 Q)v (O’ @)}’ ﬁ? - {(Q§07*7 @)’ (Q207*7 {DQ,a})v (O’ @)}

By Theorem 3.3.26, the colored fan .#; determines an open embedding G/H; — X for some
spherical G-variety X;. We claim that the X; are smooth and complete. In fact, X; is
the standard embedding of G/H; and hence is the wonderful variety that v comes from in
[Was96, Table 1], so X7 is in particular smooth and projective. As for X5, since the union of
the cones in %, covers V(G/Hs), Theorem 3.3.28 tells us that X5 is complete, and we will
see below that there exists an ample line bundle on X5, so X5 is in fact projective. Moreover,
the structure of the cones in %, implies that X is locally factorial, see Proposition 3.7.9.
For horospherical varieties, one can add an extra condition to this criterion for being locally
factorial to obtain a criterion for smoothness. This was first done in certain cases by Pauer
[Pau83] and then generalized by Pasquier [Pas06, Theorem 2.6] (see also [Tim11, Theorem
28.10] for a treatment of the generalization due to Pasquier). The extra condition (beyond
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being locally factorial) in this smoothness criterion is: for each colored cone (C,A) in the
colored fan of X, every connected component of the Dynkin diagram for the root subsystem

1%, U {8 € Il | B moves an element of A} C Ilg

appears among a certain list of admissible Dynkin diagrams. For the cone (Q<o7v, @) € %,
this root subsystem consists entirely of roots of type a, and any such diagram is in the list of
admissible ones. For the cone (Qx¢7, {D2,}), no matter which option for v we choose, one
can check that this root subsystem is isomorphic to A, for some n > 1 in such a way that
a = and o; € 1Y, for all 4 > 1. This is also in the list of admissible Dynkin diagrams.
So, this smoothness criterion for horospherical varieties implies that X, is smooth.

Next, we consider the ample line bundles on X; and X, and their weight monoids. By
definition of the colored fan .%;, the only B-divisors of X, are the colors D;, and D,g
and a single G-divisor £; such that ¢p, = —v*. Evidently, we can define a D-equivalence
t:Dg x, 5 D¢ x, by setting

L(D14) = Dag, t(D1g) = Dag, t(E1) = En.

For any B-divisor Dy = m D1 o+mpgDy g+mpl) on Xy, let Dy = mgDa o +mgDs g+mpEs.
Then, Corollary 5.4.3 (plus the fact that Pic(G) = 0) implies that there exist G-linearizations
on Ly = Ox,(Dy) and Ly = Ox,(D,) such that AT (X, L) = AT(Xa, Ls).

We claim that we can pick m,q,r € Z such that both L; and L, are ample. For this,
we use the criterion for ampleness in Theorem 3.7.13 to compute the ample cones of X; and
X5. By definition of .%7, the variety X consists of one open G-orbit and one closed G-orbit,
which is contained in (in fact equal to) the G-divisor E;. Since the open G-orbit is contained
in no divisors, a piecewise linear function in PL(X}) is given by a single weight ¢ € A, and
for the function corresponding to D; (see Lemma 3.7.2 and the discussion that follows it),
we have

mp =Yg, (6) - _7*(6)7
or equivalently, { = —mpg~y. Since both D, , and D; g contain no G-orbits, Theorem 3.7.13
implies that D; is ample if and only if
me > ¥D1q (ﬁ) = —Mg andmﬁ > YD 5 (f) = _mE<ﬁva 7)

As for X, the definition of .%, implies that there are two non-open G-orbits of X5, one
contained in Fy and the other contained in D, ,. So, a piecewise linear function in PL(X5)
is given by two weights ¢, /g € A, and for the function corresponding to Dy, we have

Ma = PDs o (fa) = ’7*@@)7 mMp = Y, (EE) = _’7*(6117)’

or equivalently, ¢/, = myvy and {g = —mpg7y. By definition, the piecewise linear function
consisting of ¢, and (g is strictly convex if and only if

YD o (Ea) > ¥Ds o (EE) and PE, (EE) > PR, (Ea)'
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Plugging everything into these equations gives us
me > —mp and mpg > —mg,

which are equivalent inequalities. So, Theorem 3.7.13 implies that D is ample if and only
if m, > —mpg and we have

mg > @Dl,ﬁ (EOJ) = ma(ﬁva’w and mg > SODI,,B (EE) = _mE<6v77>'

We remark that two of these inequalities are the precisely the two inequalities we got for
ampleness of D above, but the third inequality here does not arise for D;. Wading through
the combinatorial data here, one can check that one of the inequalities that arises for both
X, and X5 comes from the fact that (Qx¢7y, @) is a colored cone in both .%#; and .%5, and the
other inequality that arises for both X; and X, comes from the fact that D, s contains no
G-orbit of X; for both ¢ = 1 and ¢ = 2. On the other hand, the only difference between .%#;
and %, is that the latter has an extra colored cone in it, and this extra cone is essentially
where the additional third inequality for Dy comes from.

In summary, we see that both D; and D are ample if and only if we pick m,, mg, mg € Z
such that the following inequalities hold.

Mo > —ME
m5> _mE<BV77>
m/B > ma(ﬁva7>

On the other hand, we noted above that (5¥,~) € {1,0,—1}. No matter which value (5", ~)
takes, one can check that there exists some choice of m,, mg, and mg such that all of the
above inequalities hold. For instance, choosing mgr = 0 and mg > m, > 0 works for every
possibility on (8Y,~).

In summary, we have shown that there exist ample invertible sheaves L; = Ox, (D)
and Ly, = Oy, (Dy) and G-linearizations on L; and Lo such that AT (X, L) = AT (X, Ly).
Moreover, X; and X, are smooth and projective, and we even know that X; is wonderful
and that X5 is horospherical. However, by construction, we see that

\IJG,Xl = {7} 7é g = \IJG,Xz'

Moreover, is no reasoable way to “identify” #x, = #; and Fx, = F», since one of these fans
contains two colored cones and the other contains only one. In particular, no D-equivalence
between X; and X, preserves colored fans.

Example 4.9.4. This time, we give an example similar to that of Example 4.9.3, but in
which the entire ample cones of X; and X, are identified. Let v be any of the spherical roots
in [Was96, Table 1] such that Supp(y) is connected and contains two roots not of type a, and
let Gy be the corresponding group, and let G = G x SLy. (See Proposition 4.6.5 for a list
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of all such choices of 7; each choice comes from a unique entry in [Was96, Table 1].) Note
that IIg = g, U{a)}, where o} is the unique simple root of SLy. Let A=Z-y®Z- o, let
I1* be the set of roots of type a in Supp(y), and set

\111 = {’}/}, \112 = .

Asin Example 4.9.3, it is almost trivial to check that the tuples (A, I1%, ¥y, @) and (A, [1%, U5, &)
both satisfy the definition of a homogeneous spherical datum for G. By Theorem 3.6.21,
these homogeneous spherical data correspond to homogeneous spherical varieties G/H; and
G/H, for G (respectively).

Let a, 8 € Il be the two simple roots not of type a for the variety that gives ~ in
[Was96, Table 1]. As in Example 4.9.3, we have a, 3 € 11, JH, for both i, and after swapping
a and f if necssary, we may assume that (o¥,v) = 1 and that (8Y,~) is either 1, 0, or -1,
depending on the choice of v. For i € {1,2}. Let D, , and D, 3 be the colors of G/ H; moved
by o and j (respectively). Proposition 3.6.13 gives us ¢p,, = o'|sx) and ¢p, ;, = 6Y|ax)-
Let v* : A — Z (resp. (a})* : A — Z) be the map sending v to 1 (resp. 0) and o} to
0 (resp. 1). Then, v* and («})* form a basis for N(G/H;) = N(G/Hs). To define an
embedding G/H; — X;, we intend to use G-divisors E; ., E; o, and E;_ whose valuations
are —y* + (o})*, —v*, and —y* — (a}))*, respectively. The following diagram summarizes all
of this combinatorial data that appears in N(G/H;) (except for p, ,, which depends on our
choice of 7).

( Y (O/l)*
PE; ;
PEio ¥D; .
V(G/H)< = -7
-1 1
PE;, -
\ A4

V(G/HQ) = N<G/Hi)

To define the embeddings G/H; — X, consider the set
,%mmw = {(COHG(QODLQ, (pEi,+)7 {Dlﬁa})a (Cone((pDi,av @Eiﬁ)v {Di,a})v
(COHG(QOEi’Jr, (IOEi,O)7 @)’ (Cone((pEi,ov YE; _ )’ @)}

Note that .Z; 4. is a set of strictly convex colored cones for G/H;. So, we can define a strictly
convex colored fan .#; for G/H; by taking .%; by taking .%; ;... and repeatedly adding in all
faces of colored cones until every face of every element of .%; is contained in .%;. Explicitly,
this gives us

gl = yl,max U{(COHQ(@E1,+), ®>7 (Cone(QOELo)? @)7 (Cone((pEl,f)v @)7 (07 @)}
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and

ﬁQ = ‘gZQ,mal’ U{(COH6(¢E27+), ®)7 (Cone(ngz,o% ®>7 (COHG(QOEQ,_), @)’ (07 @)}

(U{(Cone(pp,., ). {D2a})}-

Since the .%; are strictly convex colored fans for G/H;, they define G-equivariant em-
beddings G/H; — X;. Since the cones in % ., cover V(G/H;), the spherical varieties
X; are complete (Theorem 3.3.28). We will see below that both X; and X, admit ample
line bundles, so they are in fact projective. We claim that the X; are also smooth. Since
the maximal colored cones in .%#; are those in %, 4, the variety X; is covered by the open
subsets (X;)gy = G - (X;)py for Y an orbit corresponding to a colored cone in .%; 4, (see
Theorem 3.2.7 and Proposition 3.3.24). It thus suffices to show that each such (X;)py is
smooth. Fix any colored cone (C,A) € .%; s, and let Y C X; be the corresponding G-orbit.
Applying the local structure theorem to (X;)py gives us an isomorphism

(Xi)B,Y = RU(P) X Z,

where P is the parabolic subgroup of G given in Theorem 3.2.2, M C P is the standard
Levi subgroup, and Z C (X;)py is some M-stable closed subvariety. Since R,(P) is an
affine algebraic group in characteristic 0, it is smooth, so it will suffice to show that Z is
smooth. Now, Z is a spherical M-variety (see Proposition 3.2.3), and since 5 € Supp(7y)
but no choice of (C,A) has D; 3 € A, Proposition 4.4.1 tells us that ¥y, » = @. In other
words, Z is horospherical, so we may use the same criterion for smoothness on horospherical
varieties used in Example 4.9.3 above.

Note that Z is affine (since (X;)py is affine, see Proposition 3.2.3), and by arguing as
in the proof of Theorem 3.2.7, one can show that the unique closed M-orbit of Z is Z NY.
It follows from the description of the (B N M)-divisors of Z in Proposition 3.2.3 that the
unique maximal cone in the colored fan % is (C, A’), where A’ is the set of all DN Z, where
D € A and DN Z is M-unstable. For the cones in .%; ,,4,, Proposition 4.4.1 tells us that if
D;, € A, then D, ,NZ is M-unstable (because a € Il in this case, and o moves D; , N Z).
So, A'={D;,NZ}if D;, € A, and A" = @ if A = &. Moreover, V(Z) = N(Z) = N(X;),
every face of the cone C determines a face of the colored cone (C,A’), so the colored cones
in .Z, are in bijection with the faces of C. In particular, for every (Cy, Ag) € Fz, we have
either Ag = {D; o N Z} or Ay = @. In the former case, the Dynkin diagram for the root
subsystem

1% U {a' € Tl | @' moves an element of Ay} C Ilg

is isomorphic to A, for some n > 1 in such a way that o = a; and «a; € I1% for all + > 1.
In the case where Ay = @, this Dynkin diagra minstead only has roots of type a for Z.
This is exactly the same behavior we saw in Example 4.9.3, so the criterion for smoothness
referenced in that example implies that Z is smooth. This proves the claim that X, is
smooth.
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Now, we consider the combinatorial data on X; and X5. By definition of the colored fans
Z;, the B-divisors of X; are the colors D; , and D, g and the G-divisors E; 1, E; o, and E; _.
So, we can define a D-equivalence ¢ : Dg x, — Da.x, by:

U(D1a) = Da2a, t(D1s)= Dap,
L(EL_,_) = L(E27+), L(EL()) = EQVO, L(EL_) = E27_.

It follows immediately that for every colored cone (C, A) € %1, we have (C,t(A)) € F,, and
in fact that
Famaz = {(C,1(A)) | (C,A) € F1maa}-

However, since ypp,, € V(G/H;) \ V(G/H,), we have (Cone(yp,,),{D2a}) € F2 but
(Cone(¢p, .)s {D1,a}) € F1. So, we see that

Ty = {(Cone(pp,.) {D2a NI JL(C, (D)) | (€, 8) € 71}

So, ¢ does not preserve colored fans, but ¢ does preserve the maximal colored cones of
these colored fans. In particular, since the combinatorial criterion for ampleness in Theo-
rem 3.7.13 depends only on maximal colored cones, we conclude that any B-stable divisor
D, = ZDGDG,Xl npD is ample if and only if the divisor Dy = ZDGDG,Xl npt(D) is ample.
For any such choice of Dy and Ds, Corollary 5.4.3 tells us that there exist G-linearizations
on the sheaves L, = Oy, (D;) such that A*(Xy, L) = AT(Xy, Ly). (Note that Pic(G) = 0
because G is a product of two affine varieties whose picard groups are trivial, see e.g. [Isc74,
Theorem 1.7].) In summary, ¢ is a D-equivalence which preserves all maximal colored cones
and hence “preserves” ample cones (in a sense made precise above), but ¢ does not preserve
colored fans, and moreover, we have V(X7) # V(X3).

It remains to check that there actually exists a choice of D, and Dy as above which are
ample, or equivalently, that X; and X, are actually quasi-projective (hence projective). By
Corollary 3.7.14, it will suffice to show that there exists a strictly convex piecewise linear
function (¢y)y € PL(X;). Let Y, Y3, Y3, and Y, be the closed G-orbits of X; correspond-
ing to the maximal colored cones whose cones are Cone(y¢p,., ¢z, ), Cone(yvp, ., ¢r,_),
Cone(¢g, ., g, ,), and Cone(pg, ,, ¢, _), respectively. Given any piecewise linear function
(ly)y € PL(X;), we write £; = {y,, and we set {; = (x;,y;) in the basis of A given by v
and o}, i.e. z;,y; € Z are such that ¢; = x;y + y;c). By definition, any choice of the ¢; (or
equivalently, of the z; and y;) constitutes a piecewise linear function if and only if for any j
and j' and any D € Dg x, containing both Y; and Y}/, we have ¢;(D) = ¢;;(D). Considering
the maximal colored cones in .%; 4., these equalities for each choice of D, j, and j" are

X1 =24, Y1 —T1=Y2 — T2, —T2=—T3, —T3—Ys= —T4— Yy,
or equivalently,

T1=1=2Ty4, Tog=2T3, Yo=Y +T2—T1, Ys=yY3+To— T (4.9.1)
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The equalities ¢;(D) = £;(D) in this situation also imply that, in the definition of “strictly
convex” for ({y)y (see Definition 3.7.11), we only need to consider the inequalities arising
from one choice of Y; C D for each D € D¢ x,. So, the piecewise linear function (fy)y is
strictly convex if and only if the following inequalities hold:

(1(Dia) > 0(Dia), G(Dia) > l3(Dia), G(Eiy) > ls(Eiy), ((Eig) > Ly

) )

E;
€2<Ei,0) > gl(Ei,O)a €2<Ei,0) > £4(Ei,0)7 €3<Ei7) > gl(Ei,f)a KS(Ei,f) > 62(Ei,—),

Plugging in ¢; = (z;,y;) and the various valuations of divisors here, these equalities become
the following:

T1 > X2, r1 > X3, —T1+ Y1 > =T33+ Y3, —T1+Y1> T4+ Y
—T9 > —T1, —T2 > —Ty4, —T3—Y3>—T1— Y1, —T3—Ys> —Ta— Yo

Coincidentally, several of these inequalities turn out to be redundant, thanks to the
particular valuations we are using here. More precisely, we have x; = x4 and x5 = x3 from
(4.9.1), so the inequalities x1 > 9, 1 > x3, —x3 > —x1, and —zy > —x4 are all equivalent.
Substituting the other equalities in (4.9.1) into the other 4 inequalities as well, we are left
with the following 5 inequalities:

1 >To, —X1+Y1>—T2+Ys, —T1+Y1>—-T1+Ys+T2—I1
—T9 — Y3 > —T1 — Y1, —To— Y3 > —To— (Y1 + T2 — T1).

Simplifying each of these inequalities gives us

T1>Ty, Y1>Y3+T1— T2, Y1 >Ys+To— Ty
Y1 >Ys+ T2 — 1, Y1>Y3s+x1— T2

Note that two more of these inequalities are redundant, so we are left with only 3 inequalities:
Ty > T, Y1 >Y3+ X1 — T2, Y1 > Y3+ Tg— 1. (492)

In summary, picking a strictly convex piecewise linear function (¢y )y € PL(X;) amounts
to picking integers x;,y; € Z for i € {1,2,3,4} satisfying the equalities in (4.9.1) (so that
the x; and y; determine an element of PL(X;)) and the inequalities in (4.9.2) (so that the
element of PL(X;) that we get is strictly convex). One can check directly that there are
choices of the z; and y; satisfying these conditions. For instance, to satisfy the inequalities
in (4.9.2), we may take x; = 1, x5 = 0, y; = 2, and y3 = 0, and the equalities in (4.9.1) then
give us:

b = ($17y1) = (172)7 ly = (Ig,yz) = (07 1)7
ly = (23,y3) = (0,0), €y = (24,y4) = (1,-1).
This choice of the ¢; thus determines a strictly convex piecewise linear function in PL(X;),

so Corollary 3.7.14 implies that X; is quasi-projective. Translating back into the language of
ample divisors (cf. the proof of Corollary 3.7.14), the strictly convex function (¢y)y € PL(X;)
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that we have given, along with any choice of coefficient m € Z for D, g, determines a B-stable
(Cartier) divisor

D; = ¢p, . (t1)Dso + 05, . (L) Ei+ + ¢p,(l2)Eipg + vp,_(l3)E; - +mD; g
= Di,a + Ei,+ + mDi,ﬂ.

(For details on this equation, see Lemma 3.7.2 and the discussion that follows it.) If we
choose m to be large enough (more precisely, to be greater thatn ¢p, ,(¢;) for all j), then
the divisor D; will be ample by the criterion for ampleness in Theorem 3.7.13.
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Chapter 5

Weight Monoids and D-Equivalences

In the previous chapter, we set out to understand what combinatorial data of a spherical
variety X is controlled by a weight monoid A*(X, L) of a G-linearized ample invertible sheaf
L on X. We found that A™(X, L) need not determine the colored fan of X (see Section 4.7),
and while A™(X, L) can determine many spherical roots of X, it cannot generally determine
the elements a € gy NIlg (i.e. the elements o € TI%) or certain other “exceptional
types” of spherical roots (see Theorem 4.6.8). As for the data of B-divisors on X, we
saw in Theorem 4.5.5 that the data of AT(X, L) and II% together determines all of the
combinatorial information about B-divisors on X. Including 1% in with this data is essential,
as counterexamples to Theorem 4.5.5 do exist when IT% # IT%_, see Examples 4.9.1 and 4.9.2.

These results suggest that, if we could somehow capture the data of both A*(X, L) and
I1% using weight monoids, then we would be able to use those weight monoids to better
determine the combinatorial invariants of a spherical variety (especially those invariants
pertaining to B-divisors). In this chapter, we consider a couple different ways to do that.
In Section 5.1, we show that if we choose a “nice” ample line bundle L, then the weight
monoid AT (X, L) actually does determine the set I1%. Such a nice line bundle does not
always exist, but it does in many cases. In Section 5.2, we introduce an alternative idea,
which is to use the weight monoids A*(X, L) for every line bundle L at once. This leads
to the notion of a A*-equivalence between X; and X,. In Sections 5.3 and 5.4, we show
that, under some technical not terribly restrictive assumptions, two spherical varieties X3
and X, are AT-equivalent if and only if they are D-equivalent. In other words, the data
of all the AT(X, L) is actually equivalent to the combinatorial data of B-divisors on X. In
order to translate the results about spherical roots in Chapter 4 to this perspective of “using
all weight monoids at once,” we need some notion of compatibility with ample line bundles
(because ampleness is a key assumption for our results in Chapter 4). In Section 5.5, we
introduce such a compatibility condition in the form of a strong AT -equivalence, and we use
it to combine our results in Chapter 4 with our results in this chapter.
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5.1 Level Line Bundles

Motivated by Examples 4.9.1 and 4.9.2 from the previous section, we define a certain nice
condition on line bundles which rules out the undesirable behavior in those examples.

Definition 5.1.1. Let X be a spherical variety, and let L be a G-linearized ample invertible
sheaf on X. Let a € T4 be a simple root of type b for X (see Definition 3.6.11). and write

D¢ x(a) = {Dy, Ds}.

1. We say that L is level with respect to « if there exists a B-stable effective Cartier divisor
D =3 pep,, . nek such that Ox (D) = L®* for some d > 1 and np, = np,.

2. We say that L is level if L is level with respect to every simple root of type b for X.

Example 5.1.2. In the notation of Examples 4.9.1 and 4.9.2, we have II% = {a;} and
Dg.x(a1) = {Dy, Dy}, while TI% = @. It follows that every line bundle on Y is trivially
level, and since div(f,,) = D1 + Dy — A on X, we see that a line bundle L on X is level if
and only if every B-stable divisor D = aD; + bDs + c¢A such that Ox (D) = L has a = b.
Thus, the line bundle Ox(aD; 4+ bD5) on X is level if and only if @ = b. Our computations
of weight monoids in these examples thus show that AT(X, L) # AT (Y, M) for any choices
of L and M which are both ample and level.

To understand level line bundles, we are first of all interested in when they exist. The
following results tells us that we can find a G-linearized ample invertible sheaf which is level
with respect to “many” roots of type b.

Lemma 5.1.3. Let X be a spherical G-variety, and let L be a G-linearized ample invertible
sheaf on X. Let a € 1I%, and write Dg x(a) = {Dy, Dy}. If both Dy and Dy contain a
G-orbit of X, then L 1is level with respect to c.

Proof. Let D be a B-stable effective Cartier divisor of X such that Ox (D) = L (for instance,
take D to be the divisor cut out by any B-eigenvector in H°(X, L)). Let Y; C Dy and Yy C D,
be G-orbits. After replacing D by some positive multiple if necessary, we may find some
B-eigenvectors sy, s € H(X, L)® such that Xpy, = X,, (see Theorem 3.2.7a). Then, s;
and s, cut out effective Cartier divisors §; and &2, and D; is not in the support of 9; (by
definition of Xpy;). Let ny (resp. n2) be the coefficient of Dy (resp. D;) in &; (resp. d2).
Then, the divisor nod; +n109 has coefficient nins for both Dy and D,, and since §; = d, = D,
we have

Ox (n201 4+ n162) = Ox ((ng 4 ny) D) = LEM+n2),
This proves that L is level with respect to a. 0

Proposition 5.1.4. Let X be a quasi-projective spherical G-variety, and define

% = {a €I | VD € Dg.x(), D contains no G-orbit of X'}
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There exists a G-linearized ample invertible sheaf L on X which is level with respect to every
element of 11%.

Proof. Let L be any G-linearized ample invertible sheaf on X (one exists by Theorem 2.6.12),
andlet 6 =3 p.p,  npD be any B-stable effective Cartier divisor on X such that Ox () =
L. We will repeatedly ‘adjust” the coefficients np until L has the desired properties. The
main subtlety is that for any root a € f[’}(, it may be that some divisor moved by « is moved
by £, and that some divisor moved by  is also moved by some simple root v € ﬁl)’{, etc. In
order to deal with this phenomenon more clearly, we write a« L g if o, 5 € f[l)’( are simple
roots such that Dg x (o) N D x(5) # &, and we write a ~ f3 if either a L /5 or if there exist
Qaq,...,Q, € ﬁf;( for some n > 1 such that

alo L La, Lp.

Then, ~ is an equivalence relation on f[b ; for any o € f[b , we denote by II,, the equivalence
class of a. By definition of ~ if we Change any Coefﬁment in D of any B-divisor moved by
an element of II,, this cannot affect whether L is level with respect to any element of HB
for any 8 « « (because no such  moves any divisor moved by an element of II o). Our
plan is to“adjust” the coefficients of § to make L level with respect to every element of II,,.
Repeating this process for each choice a € ﬁ‘;( in turn will then yield a choice of L which is
level with respect to every element of II%.
Fix a € 11%, and define

D, ={D € Dg.x | D is moved by an element of I1,}.

Notice that by definition of II,, the sheaf L is level with respect to every element of I, if
and only if there exists a B-stable effective Cartier divisor ¢’ such that Op(d’) = L®" for
some n > 1 and every element D, has the same coefficient in ¢’. In light of this, define
n = maXp.p Np, and set

Then, every element of D, has the same coefficient in ¢’. Moreover, every element D € D,

contains no G-orbit of X (by definition of I1%), so D is an effective Cartier divisor, and
Ox (D) is globally generated (Proposition 3.1.20). Thus, the sheaf

L'=0x(d) =2 Le (K Ox(D

DeD,

is ample. There exists some m > 1 such that (L')®™ is G-linearizable (see Theorem 2.6.11).
Pick a G-linearization on (L')®™; then, (L')*™ is a G-linearized ample invertible sheaf, and
(L)®™ = Ox(md’) implies that (L')®™ is level with respect to every element of II,,.

[l
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Corollary 5.1.5. Any quasi-projective toroidal variety admits a level line bundle.

Proof. This is immediate from the above proposition, since any divisor moved by a root must
be a color and no color contains a G-orbit on a toroidal variety. O]

Remark 5.1.6. Let X be a quasi-projective spherical variety. Combining Lemma 5.1.3 and
Proposition 5.1.4, we see that there exists an ample line bundle which is level with respect
to all a € I1% such that either (1) both elements of Dg x () contain a G-orbit, or (2) neither
element of D¢ x () contains a G-orbit. On the other hand, write D¢ x (o) = {D}, D; },
and suppose that D} contains a G-orbit but D, does not. Let L be any G-linearized ample
invertible sheaf, and let § be a B-stable effective Cartier divisor such that L = Ox(9).
Suppose that X is complete, and consider the combinatorial descriptions of ampleness and
Cartier divisors on X given by Lemma 3.7.2 and Theorem 3.7.13. Lemma 3.7.2 implies that
the coefficient of DY in 0 is ¢ (1) for some p € A(X), and since L is ample, Theorem 3.7.13
implies that the coefficient of D in 0 is > ¢,-(u). In particular, if ¢, = ¢p+, then no
matter what 0 and p are, it is impossible for Dy and Ds to have the same coefficient in 6. It
follows that for projective spherical varieties X, there is no ample line bundle that is level
for any o such that (1) ¢p- = ¢p+, and (2) exactly one of D and D contains a G-orbit.
Such choies of X and « do exist.

Remark 5.1.7. It seems likely that if X is complete, the situation of Remark 5.1.6 is the
only situation in which there does not exist a line bundle that is level for ae. More precisely,
we expect that the combinatorial characterization of ampleness in Theorem 3.7.13 can be
used to show that there does exist a line bundle which is level with respect to a whenever
Yp- # $p+- After a few reductions, one can boil this down to a completely combinatorial
question of whether there exists a strictly convex piecewise linear function (fy)y € PL(X)
(see Definitions 3.7.3 and 3.7.11) satisfying the following condition: for some (equivalently,
for any) closed G-orbit Y, contained in D, we have

YDy (ly) < Ypi (0v,,)

for all G-orbits Y. (Here we assume that D7 is the element of D¢ x () containing some
G-orbit, and D is the element that contains no G-orbit.)

That a strictly convex piecewise linear function (¢y )y exists is just the statement that
X is quasi-projective (see Corollary 3.7.14). It is not clear whether there exists some (fy )y
that is strictly convex and satisfies the above condition, but it seems likely that such a choice
of (fy)y exists in most cases, provided that ¢ - # ¢p+ (as otherwise the above condition
would always fail for Y =Y,,).

Remark 5.1.8. One possible way to cope with the non-existence of level line bundles in
the situation of Remark 5.1.6 is to replace X by another embedding of its open G-orbit
G/H. We sketch one conceivable such approach (with many details missing and perhaps not
actually possible). Suppose as above that DI contains a G-orbit but D, does not. If one
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can show that there exists some colored cone (C,A) in the colored fan .#x of X such that
replacing (C, A) by
(Qx0C + Qxopp., AU{D, }

still yields a colored fan .#' for G/H, then %' determines an embedding G/H — X', and
since idg/g maps Fx into .#’, we have a G-equivariant birational map f : X — X’. Because
X and X' have all the same G-divisors (by our construction of .#’), it follows that f is an
isomorphism in codimension 1. Taking an open subset U of X whose codimension is > 2, we
may be able to extend the line bundle f,(L|y) to a line bundle L’ on X' (this is for instance
possible if X’ happens to be smooth by Hartog’s extension theorem, but it might work in
general using arguments similar to Proposition 3.1.20, since f also induces a bijection on
G-orbits). In this case, since sections of line bundles on normal schemes are determined by
a codimension-1 subset, we should be able to define a G-linearization of L’ such that f*
induces a G-equivariant isomorphism H°(X, L) = H°(X', L'). Then, L' with be level with
respect to any 3 € II% if L is. However, since both colors of X’ moved by « contain a closed
G-orbit, the line bundle L’ is also level with respect to «.

As the above remarks suggest, there is still a lot of room for further study regarding the
existence of level line bundles. For the remainder of this section, we turn to the main reason
that we have introduced these types of line bundles: in order to “avoid” the behavior of
Examples 4.9.1 and 4.9.2. In fact, we will show that in the presence of level line bundles
L; on complete spherical varieties X;, the condition A" (X7, L) = AT (X5, Ls) implies that
IT% = I%,, so that X; and X, are D-equivalent by Theorem 4.5.5. This is much nicer than
the behavior of the varieties X and Y of Examples 4.9.1 and 4.9.2, where we have 1% # I1,
and where X has only 1 G-divisor but Y has 2.

Our proof techniques here will largely resemble those of Theorem 4.5.5a, which says that

%, = II%, under certain conditions. The main reason that this argument does not also
generally give IT5 = II%, is that the auxiliary Lemma 4.5.2 gives some (p,n) € A*(X1, Ly)
such that (X), intersects the unique element of D¢ x (o) when « € T, but when o € TT% |
the same lemma only tells us that (X;), intersects one of the two elements of D¢ x (). In
the case where L, is level, we can actually get (X;), to intersect both elements of D¢ x ()
(which we do in Lemma 5.1.9 below). With this fact, the proof of Theorem 4.5.5a goes
through just fine for roots of type b.

Lemma 5.1.9. Let X be a spherical variety, let L be a G-linearized ample invertible sheaf on
X, and let o € 114 If L is level with respect to a, then there exists some f € HO(X, L®")(B)
for some n > 1 such that Xy intersets both elements of D¢ x(a).

Proof. The proof is almost identical to that of Lemma 4.5.2, except that we pick a divisor
using levelness of L with respect to a. Write D¢ x(a) = {DZ}, D_}. Since L is level with
respect to a, there exists some fy € H(X, L®)B) for some n > 1 such that the effective
Cartier divisor D cut out by fy has the same coefficient ¢ for both D} and D;,. Because « is
a spherical root and in particular lies in A(X), there exists a B-eigenvector f_, € K(X)®
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whose weight is —a. By Proposition 3.6.13 and Lemma 4.4.2, the principal Cartier divisor
div(f_,) has coefficient —1 for DI and D, and has nonnegative coefficients for every other
B-divisor. It follows that D' = D + div(f¢,) is effective and has coefficient 0 for both
D} and D,. The divisor D’ is B-stable and linearly equivalent to D, so it corresponds
to a B-eigenvector f € HO(X,L®")®) and since the support of D' is X \ Xy, we have
DEnX; +o. m

With the above lemma in hand, we now give a refinement of Theorem 4.5.5 for the case
of level line bundles.

Theorem 5.1.10. Let X and X5 be smooth projective spherical G-varieties. Let o € Hg(l,
and suppose there exists some G-linearized ample line bundles Ly on Xy and Ly on Xy such
that Ly is level with respect to o and AT (Xy, L) = AT(Xy, Ls). Then, a € Hgb.

Proof. We argue as in the proof of Theorem 4.5.5a. By Lemma 5.1.9, there exists some
(u,n) € A*(Xyq, Ly) such that n > 0 and both elements of D¢ x, (o) intersect (X;),. Since
the X, are projective and the L; are ample, the (X;), are affine, so Theorem 4.4.6 gives us
an isomorphism of M),-varieties X; (1) = Xo(p). In particular, this isomorphism gives us a
bijection
Lo - ,DMMle(M) — DMqu2(M)

such that for all D, we have pp = ¢,,(p), and any «a € I, moves D if and only if it moves
to(D). On the other hand, for i € {1, 2}, we have bijections ¢; between Dy, x,(,) and the set
of B-divisors of X; intersecting (X;), which satisfy the same conditions on the ¢p and the
roots moving D as ¢y does (see Proposition 3.2.3e and Proposition 4.4.1). Putting all these
bijections together, we obtain a bijection

v, » {B-divisors of X; intersecting (X;),} — {B-divisors of X; intersecting (X1),}

such that for all D, we have op = ¢,,(p), and any a € IIy;, moves D if and only if o moves
(D).

Now, since both elements of D¢ x, («) intersect (X;),, we have o € II;, by Proposi-
tion 4.4.1, and the same proposition then implies that every element of D¢ x,(«) intersects
(X2),. It follows that ¢, contains every element of D¢ x, () in its image and so restricts to

a bijection D¢ x, () = Deg x, (). In particular, there must be two elements of D¢ x, («), so
o e I1%,. O

Corollary 5.1.11. Let (Xy, L) and (Xa, Lo) be polarized spherical varieties. Suppose that
1. AT(Xq, Ly) = AT (X, L),
2. X1 and X5 are smooth, and
8. Ly and Ly are level.

Then, X1 and X5 are D-equivalent.
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Proof. Since Ly is level with respect to every a € II% , we have 1% C II%, by Theo-
rem 5.1.10. On the other hand, L, is also level with respect to every a € H_l§(2, so the theorem
also gives us I, C II%,. So II%, =1II%,, and now we conclude by Theorem 4.5.5. ]

We can also use Theorem 5.1.10 to provide a refinement of Corollary 4.8.1 for the case
of level line bundles.

Corollary 5.1.12. Let (X1, L1) and (Xa, Le) be smooth polarized spherical varieties, and
let WES, C Vg x, be the set of all v € V¢ x, such that either v € 1%, or ~ satisfies one of
the 4 possibilities in Proposition 4.6.5c. Suppose that Ly and Lo are level. The following are
equivalent.

(i) There exists a G-equivariant isomorphism i : X1 — Xy such that i*Ly = Ly as G-
linearized invertible sheaves.

(ZZ) eG:C,,CX'l \Hg(l = \IJZ%BQ \Hl))(Q and A+(X1, Ll) = A+<X2,L2).

Remark 5.1.13. We note that the above corollary is stated for a fixed choice of L; and
Ly, whereas Corollary 4.8.1 is not. This is primarily due to the fact that level line bundles
need not exist in general, which makes the phrasing of Corollary 4.8.1 less convenient for
the level case. However, one could rephrase the above corollary in a way that more closely
resembles Corollary 4.8.1 by adding in the assumption that one of X; and X, admits a level
line bundle.

Proof. Tt (i) holds, then i*Ly = Ly implies that AT (Xy, L) = A1 (Xy, Ly). Moreover, we
have ¥¢ x, = ¥4 x,, and since the subset VES, C VYo x, is just the subset of spherical roots
that satisfy certain combinatorial conditions, this implies that V&', = Wg's, .
Conversely, suppose that (i) holds. Theorem 5.1.10 implies that IT§, = IT_, and Theo-
rem 4.6.8 implies that
\IJG7X1 \\I/gg(l = W97X2 \ \Ingsz

so we have V¢ x, = Vg x,, or equivalently, V(X;) = V(X;). Corollary 4.3.5 then implies
that (X1, L) = (Xs, L) as polarized spherical varieties. H

5.2 AT-Equivalences

As we saw in Corollary 5.1.11, the assumption that line bundles are level implies that Hl;(l =
Hl)’(2 and hence gives us a D-equivalence. However, we also saw in Remark 5.1.6 that level
line bundles need not exist. Moreover, for some applications, one may not wish to choose a
line bundle at all. In this section, we introduce an alternative condition on weight monoids,
which we will see also yields a D-equivalence. The essential idea is to consider all the weight
monoids AT (X, L) for every G-linearized invertible sheaf L at once.

For the theory, it is convenient to consider not just invertible sheaves but rather so-
called divisorial sheaves, which are a slight generalization. Indeed, to study the relationship
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between D-equivalences and weight monoids, it is crucial for us to be able to translate
between divisors and sheaves. Cartier divisors correspond to invertible sheaves in great
generality (for instance, on any Noetherian reduced scheme, see [Liu02, Corollary 7.1.19]),
but Weil divisors do not necessarily correspond to invertible sheaves in general. However, it
turns out that any Weil divisor D on a normal variety X does have an associated divisorial
sheaf Ox (D). When X is locally factorial, every Weil divisor D is Cartier, and the divisorial
sheaf Ox (D) is isomorphic to the usual invertible sheaf associated to a Cartier divisor.
Working with divisorial sheaves thus allows us to make all the arguments we wish to make
with divisors and invertible sheaves, even without assuming that X is locally factorial.

An overview of the theory of divisorial sheaves is provided in Appendix B. The upshot
is that all of the data we are interested in (G-linearizations, weight monoids, divisors cut
out by global sections, etc.) work the same for divisorial sheaves as they do for invertible
sheaves. As such, the reader uninterested in divisorial sheaves will lose very little by simply
imagining that X is locally factorial and that all of the sheaves Ox (D) are invertible. The
only material from Appendix B that is essential is the “G-equivariant class group” Clg(X),
whose definition we repeat here.

Definition 5.2.1 (cf. Definition B.16). Let X be a normal G-variety.

1. We denote by Clg(X) the abelian group of G-equivariant isomorphism classes of G-
linearized divisorial sheaves on X.

2. We denote by Divg(X) the group of all B-stable Weil divisors of X. In other words:
Divs(X) = Dpep,, , Z- D.

3. We denote by Div%(X) the subgroup of Divg(X) consisting of the divisors D such
that Ox (D) is G-linearizable.

Our primary object of study for the next couple sections will be a notion of “equality on
all weight monoids,” which we now define.

Definition 5.2.2. Let X and X, be G-varieties with finitely many orbits. A AT -equivalence
from X; to X is an isomorphism of abelian groups 6 : Clg(X;) — Clg(X2) such that for
any G-linearized divisorial sheaf F on X;, we have

AT (X, F) = AT (Xy, 0(F)).
If a AT-equivalence from X; to X, exists, we say that X; and X, are AT -equivalent.

Remark 5.2.3. The notion of At-equivalence can also be expressed using the so-called
G-equivariant total coordinate ring introduced by Brion in [Bri07]. More precisely, given a
spherical variety X, we define

RX)= € rx 0xD))
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Note that R(X) comes equipped with a G-module structure induced by that on the global
sections I'(X,Ox (D)) for a G-linearized divisorial sheaf Ox (D). Brion showed ([Bri07,
Proposition 4.2.2]) that R(X) has the natural ring structure such that multiplication com-
mutes with the G-action. Thus, we may view R(X) as a Clg(X)-graded algebra with a
compatible G-module structure. One can check from the definitions that two spherical vari-
eties X and X, are A*-equivalent if and only if there is an isomorphism Clg(X;) = Clg(Xs)
such that R(X;) and R(X3) are isomorphic as Clg(X;)-graded G-modules, or equivalently,
if the monoids

AT(XG) = {(p, F) | F € Clg(Xy) = Cla(Xa), p € (X, F)}
are equal for ¢ € {1,2}.

Our primary goal in the following sections is to relate A*t-equivalences to D-equivalences.
One of the key elements of this relationship is understanding how the data of simple roots
moving certain colors (which is part of the data of a D-equivalence) relates to the weight
monoids of divisorial sheaves. Proposition 5.2.5 below will give us this relationship between
simple roots and weight monoids. In order to prove this proposition, we first need a technical
lemma.

Lemma 5.2.4. Let X be a spherical variety, let G/H C X be the open G-orbit, and
let D € Dgx be a B-divisor. If Ox(D) is G-linearizable, then there exists some f €
I'(G/H, OG/H)(B) such that D N G/H is the vanishing locus of f.

Proof. The lemma is essentially a combination of several standard facts about I'(G, Og) and
I(G/H,Og/u). Any G-linearization of Ox (D) induces a G-linearization of Oy<i (DN X=!)
(see Appendix B). Thus, after replacing X by X=! and D by DN X=! we may assume that
D is Cartier (or equivalently, that Ox (D) is invertible).
Now, let 0 € HY(X,Ox(D)) be the canonical section, and consider the map 7 : G — X
given by the composition
G—G/H—X

of the quotient map followed by the inclusion. Since D is Cartier, the pullback D’ of D by
7 is well-defined: it is the vanishing locus of the section 7*0 € H°(G,7*Ox(D)). On the
other hand, 7 factors as

Ghax XX,

where p is the action morphism and j is given by g — (g, z) for some =z € G/H C X. Any
G-linearization on Ox (D) gives us an isomorphism p*Ox (D) = pri Ox (D), and pulling
this isomorphism back by j gives us an isomorphism 7*Ox (D) = Ox. This isomorphism
identifies 7*¢ with a global section f € I'(G, Og) whose vanishing locus is D’. Since 7 is
G-equivariant, we see that D’ is B-stable, hence f € I'(G, Og)®).

Now, the quotient map ¢ : G — G/H gives a map of sheaves ¢* : Og/y — ¢.Oq
which, on global sections, identifies I'(G/H, O¢/r) as the subring of I'(G, O¢) consisting of
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all sections that are H-eigenvectors under the right regular representation (i.e. under the
action of H on G given by right multiplication by H). So, if we can show that f is an
H-eigenvector, then we have f € I'(G/H,Og ), and f will be the desired section. When
H is connected, this follows from Proposition 2.5.4, since D’ = ¢~'(D N G/H) is stable
under right multiplication by H. In general, we instead need a certain characterization of
G-linearized line bundles on G/H in terms of characters of H; see [Tim11, Remark 13.4 and
discussion following Proposition 2.4] for details. O

Proposition 5.2.5 ([Bri07, Section 4.1], [Timll, Lemma 30.24]). Let X be a spherical
variety, and let D € Dg x be a B-divisor. Let oy, ..., a, be the simple roots of G, and for

each i, let w; be the fundamental weight corresponding to oy (i.e. w; is the element of Ag
dual to o).

(a) If D is a G-divisor, then there exists a canonical G-linearization of Ox (D) such that
the canonical section has weight 0.

(b) Suppose that Ox (D) is G-linearizable. There exists a canonical G-linearization of
Ox (D) such that the canonical section has weight pp, where

i = ZDeDG,X(ai) w;, D mowed by a root of type b or d ,
2w, D moved by a; € 11,

(Note that the sum in Case 1 is over all roots o; € llg such that D is moved by «;.)

Proof. First, suppose that D is a G-divisor. By our discussion on G-linearizations of divi-
sorial sheaves at the end of Appendix B, it will suffice to define a G-linearization on the
restriction of Ox (D) to X=!, which is simply Oy<i (D). Thus, after replacing X by X=!, we
may assume that Ox (D) is invertible. In this case, Ox(—D) is the ideal sheaf corresponding
to the closed subscheme D of X. Since D is G-stable, then sections of Ox(—D) define a
G-submodule of the sections of Oy, and one can check that the canonical G-linearization
of Ox restricts to a G-linearization of Ox(—D), and this induces a G-linearization of the
sheaf Ox(—D)~! 2 Ox (D) (see Lemma 2.4.13). The isomorphism Ox(—D)®Ox (D) = Ox
induces a map

m: H(X,Ox(—D)) @, H'(X,0x(D)) = H'(X,Ox),

and the G-linearizations we’ve defined here are such that m is G-equivariant (again by
Lemma 2.4.13). But writing Ox (D) = Homp, (Ox(—D), Ox), the map m is just given by
evaluation of sheaf morphisms Ox(—D) — Ox on global sections of Ox(—D). The canonical
section corresponds to the inclusion i : Ox(—D) — Oy, so G-equivariance of m implies that
for any s € H%(X,Ox(—D)) and any g € G(k), the element g-i € H*(X,Ox(D)) is given
by

(g-1)(g-s)=g-i(s) =i(g-s)
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(Here we have also used the fact that i is G-equivariant, which follows from the G-linearization
we defined on Ox(—D).) So, we have g -i = i, whence i is invariant under G(k). It now
follows formally that i is G-invariant (see e.g. [Mill7, Proposition 4.6]).

Next, suppose that D is a color and that Ox(D) is G-linearizable. To define a G-
linearization of Ox (D), we follow a somewhat standard construction, see e.g. [Bri07, Section
4.1]. By Lemma 5.2.4, the divisor DNG/H C G/H is trivial, and there exists some section
f € T(G/H,Ogr)"®) whose vanishing locus is D N G/H. Let N be the G-submodule of
I'(G/H,Og/u) generated by f. Note that IV is a finite-dimensional vector space, generated
over k by f and finitely many translates g f, ..., g, f for some ¢g; € G(k). Since DNG/H is
trivial, we have

Ox(D)|a/n = Oc/u(DNG/H) = Ogyn,

so we may view f and the g;f as sections of Ox(D)|g/u. Moreover, if o0 € HY(X, Ox(D) is
the canonical section, then the above isomorphism identifies o|q/my with f.

Now, f and the g¢;f determine a G-equivariant morphism ¢ : U — P(N) such that
©*Opny(1) =2 7 Ox(D)|y, where U C G/H is the locus on which not all of f and the g;f
vanish. On the other hand, the set of points in G/H where f and all of the g;f vanish is G-
stable (it is the vanishing locus of the G-submodule N C I'(G/H, O¢/u)) and contains no G-
orbit (since G/ H is itself a single G-orbit), so this locus is empty. In other words, U = G/H.
Moreover, o does not vanish anywhere in X except on D. In particular, o does not vanish
on every codimension-1 G-orbit, so the morphism ¢ extends to a G-equivariant morphism
¢ X=! — P(N). Since ¢ is G-equivariant, the natural G-linearization on Op(y)(1) (see
Proposition 2.4.17) induces a G-linearization on (¢')*Opn)(1) = Ox(D)|x<1, and this G-
linearization induces a G-linearization on Ox (D). This is the canonical G-linearization on
Ox (D) that we wanted.

It remains to check what the weight of the canonical section ¢ is. For this, we follow the
argument of [Tim11, Lemma 30.24]. We begin with a few reductions to a nice case. Since
m*0 = f and 7 is G-equivariant, the weight of o is the same as the weight of f. In particular,
this weight depends only on G/H, and the type of every root for X also only depends on
G/H. By definition of the very sober hull H, the quotient map G/H — G/H induces a
bijection on colors. It follows that the image D of D’ in G//H is cut out by a B-eigenvector
of the same weight as f. Also, every simple root has the same type for G/H as it does for
G/H (see [Lun01, Section 7.1]). So, we may replace X by the wonderful embedding of G/H
to reduce to the case where X is wonderful. Moreover, note that any very sober hull contains
the center Z(G) by construction. It follows that Z(G) acts trivially on G/H and hence on
X. So, the G/Z(G) acts on X, and since G/Z(G) is a reductive group with trivial center,
G/Z(G) is actually semisimple (see Proposition 2.2.21). Note that replacing o has the same
weight for G/Z(G) as it does for G, hence it has the same weight for the universal cover ¢
of G/Z(@G) (acting on X via the covering map G — G/Z(G)), and it is a general fact about
universal covers that Pic(G) = 0 (see e.g. [Mil17, Corollary 18.24]). Thus, after replacing G
by G, we may assume that G is semisimple and simply connected.

In particular, since G is semisimple, the lattice Ag is generated by the simple roots «;
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of GG, hence also by the fundamental weights w;. Our plan is to use the localization X% at
the simple root a; to compute the coefficient of w; in pp. For any «; € llg, let P = P,,, let
M be the standard Levi subgroup of P, and let S = [M, M]. Then, Theorem 3.6.10 tells us
that S = SLy or PSLs and and that X% is a toroidal S-variety; moreover, the theorem gives
a list of all possible toroidal varieties that X® could be. Let D' = D N X and consider
the restriction

o|xei € HY (X%, Ox(D)|xe).

The G-linearization of Ox (D) induces an S-linearization of Ox (D)|xe: (via pullback along
the S-equivariant inclusion morphism X% < X)) and since Ag = Z - w;, the weight of o] ye;
under this S-linearization is the projection of up to Z - w; C Ag.

In particular, suppose D' = &. Then, we have Ox (D)|xe; = Oxe;. Since X% is complete,
this implies that H°(X* Ox(D)|xe) = k as G-modules, so S acts on o|xe; by a character.
But SLy and PSL; have no nontrivial characters, so o|xe; has weight 0, hence the coefficient
of w; in pp is 0. Since D is a color and intersection with X induces a bijection between
colors of X and colors of X moved by «a; (Proposition 3.6.6), we see that D' = & if and
only if o; does not move D. Thus, the coefficient of w; in pp is 0 whenever a; does not move
D.

On the other hand, suppose that «; does move D. Then, D’ is a color of X% such that
Oxai (D') = Ox(D)|xe:, and the canonical section of D" is o|xe;. All possible options for
the S-variety X% are listed in Theorem 3.6.10, and which one we get is determined by the
type of ;. Also, since S has no nontrivial characters, the S-linearization on Oxe;(D’) here
is the unique S-linearization on this sheaf (see Corollary 2.6.9). Thus, one can simply take
each of the possible choices of X% from Theorem 3.6.10, compute any S-linearization of
Oxei (E) for any color E of this variety, then compute the weight of the canonical section
under this S-linearization, and this will be the weight of o|ye;. We have already done these
computations for almost all the possibilities. More specifically:

1. The case X% = P! x P! follows from our computations in Example 4.9.1.

2. The case X% = S xBOS P! follows from our computations in Example 4.9.2. Actually,
the variety in Example 4.9.2 is the ruled surface P(Op1 @ Opi(—e)) for some e > 0.
However, one can show that this variety is S-equivariantly isomorphic to S xZ™5 P!,
One way to do this is to check that the ruled surface satisfies the universal property of
the homogeneous fiber bundle S x 5™ P!, Alternately, one can check that these two
spherical S-varieties have the same homogeneous spherical data and the same colored
fans.

3. In the case X® = P! the unique color is the B-fixed point [1 : 0] € P!, and the
corresponding line bundle is Of(1) with the G-linearization given in Example 2.4.19,
so everything for this case follows from that example.

4. Since we know that X® has at least one color, the only remaining case is X* = P(sly),
which is the case where a; € IIS. We omit the verification in this case.
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Finally, we remark that only the case X% = P! x P! has more than one color, and in that
case, both colors turn out to have the same weight for their canonical sections, so there is
no need to worry about which color is D’ in these computations. O

Corollary 5.2.6. For any toroidal variety X, we have Div§(X) = Divp(X).

Proof. The above proposition say that Ox(D) is G-linearizable when D € Dg x- On the
other hand, any color D of X contains no G-orbit, so Ox (D) is G-linearizable by Proposi-
tion 3.1.20. Taking tensor products and inverses of the Ox (D) then induces G-linearizations
on every divisorial sheaf. O

One key use of the above proposition is the following corollary, which allows us to detect
which G-linearization is the canonical one

Corollary 5.2.7. Let X be a spherical variety, and let Dy = ZDeDGX npD be a B-stable

(Weil) divisor on X, and let o9 € H°(X,Ox(Dy)) be the canonical section. Suppose that
Pic(G) = 0. There exists a unique G-linearization of Ox(Dy) such that the weight of o¢ is
a linear combination of fundamental weights of G. For this G-linearization, the weight of oy

1S
KDy = E NDUD;
DG'DG,X

where pp 1s as in Proposition 5.2.5 for any color D and up = 0 for any D € DgyX.

Proof. Since Pic(G) = 0, every divisorial sheaf on X is G-linearizable (see Theorem 2.6.11).
So, the G-linearization of Proposition 5.2.5 exists for every D € D¢ x. Taking tensor prod-
ucts of these G-linearizations gives us a G-linearization on Dy. Since oy is the tensor prouct
of the canonical sections of the Ox (D) for D € Dg x, the weight up, of oy can be read
off from the weights up of the canonical sections of the Ox (D), which are given by Propo-
sition 5.2.5. Every other G-linearization of Ox (D) is obtained by tensoring by Ox(\) for
some A € X(G), and in that G-linearization, the weight of o will then be up, + A (see Corol-
lary 2.6.8). Since the fundamental weights of G are linearly independent from the characters
of G (see Lemma 2.2.25) and pp, is a linear combination of fundamental weights, we cannot
possibly have pp, + A be a linear combination of fundamental weights for any A # 0. m

5.3 From A"-Equivalences to D-Equivalences

In this section, we start with a A*t-equivalence and attempt to construct a D-equivalence. It
turns out that this is possible under some relatively mild assumptions (which are satisfied, for
instance, whenever X; and Xy are projective). The main idea is to use equalities on weight
monoids to “lift” the AT-equivalence from the level of isomorphism classes of divisorial
sheaves to the level of divisors, i.e. to take our isomorphism 6 : Clg(X;) —— Clg(X3) and
“lift” it to an isomorphism 6 : Div§(X;) 5 Div%(X5). The isomorphism 6 will satisfy some
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nice compatibility properties, and these properties along with the essential Proposition 5.2.5
will allow us to construct a bijection Dg x, — Dg.x, and show that this bijection is a
D-equivalence.

First of all, a D-equivalence between X; and X, by definition only exists in the situation
where A(X;) = A(X2) (otherwise we cannot compare the ¢p for D € Dg x,). So if we want
to get a D-equivalence from a A*-equivalence, we first of all need to get A(X;) = A(X3).

Lemma 5.3.1. Let X and X5 be quasi-projective normal G-varieties with finitely many
orbits. If X1 and Xy are AT -equivalent, then A(X;) = A(X2).

Proof. Let Ox,(D;) be any G-linearized ample invertible sheaf on X1, and let Dy € Div$(X5)
be such that 6([Ox,(D1)]) = [Ox,(D2)]. Any element of A(X;) has the form p — 1/,
where p, ' € Ag and (p,n), (@/',n) € AT(Xy,Ox, (D)) for some n > 0. Then, we have
(uyn), (1,n) € AT(Xy,Ox,(D,)) as well, so we may pick nonzero B-eigenvectors f, f' €
H°(X5,Ox,(nDy)) of weights u and p' (respectively). Then, we have an isomorphism
O(xy), —+ Ox,(nDs)|(x,), given by sending 1 + f’. The G-linearization on Ox,(nDs)
then induces a G-linearization on O(x,),, such that f | (x2) » 1s identified with a nonzero B-
eigenvector of weight p — p/ in I'((X3) 7, Ox,). The restriction of this B-eigenvector to the
function field K(X5) is again a B-eigenvector of weight u — y/, so that p — p/ € A(Xy).
This proves that A(X;) C A(X2), and swapping the roles of X; and X, and repeating this
argument gives us the opposite containment. O

Recall that, given any character A € X(G), we denote by Ox(A) the structure sheaf
equipped with the G-linearization induced by A. By Theorem 2.6.5 (applied to divisorial
sheaves instead of invertible sheaves, which is allowed by our arguments in Appendix B), we
have an exact sequence

X(G) 3 Clg(X) B Cl(X),

where ox is given by A — Ox(A) and 7x is the “forgetful map,” i.e. the map that sends the
G-equivariant isomorphism class of a G-linearized divisorial sheaf Ox (D) to the isomorphism
class of Ox (D) (ignoring the G-linearization). Moreover, by Theorem 2.6.11 the image of
7x has finite index in Cl(X), and there exists an isogeny of algebraic groups G — @G such
that the “forgetful map” Clg(X) — CI(X) is surjective.

Using these facts, we first show that a AT-equivalence induces an isomorphism CI1(X;) —
Cl(X3).

)

Lemma 5.3.2. Let X; and X5 be normal G-varieties with finitely many G-orbits, and let
0 : Clg(X;) — Clg(X2) be a AT -equivalence. Suppose that T'(X1, Ox,) = T'(Xz, Ox,) = k.

(a) For any X € G, we have o([Ox, (N)]) = [Ox,(N\)].



266

(b) There exists an isomorphism 0 : C1(X;) = CI(X5) such that the following diagram
commutes:

Cla(X)) —2— Clg(Xs)

lTxl fxz

Cl(X,) —2— Cl(X,)

If Xy is a complete spherical variety (or more generally, if C1(Xy) is free), then 0 is
the unique isomorphism fitting into this diagram.

Proof. First, we claim that 6 induces a bijection between classes containing Ox, and those
containing Ox,. Since any D € Divg(X;) is effective if and only if AT(X;, Oy, (D)) #
{(0,d) | d € N}, we see that 6 is a bijection between classes of divisorial sheaves of the form
Ox, (D) for some effective divisor D. Since 6 is a group homomorphism, it also induces a
bijection on sheaves Ox, (D) such that such that D is effective and Ox,(—D) = O, (F) for
some effective divisor E (equivalently, —D is linearly equivalent to some effective divisor E).
To prove the claim, then, it suffices to show that if D € Divg(Xj;) is effective and —D+div(f)
is effective for some f € K(X), then D = 0. For this, we note that the divisor

D — D +div(f) = div(f)

is a sum of effective divisors and so is effective. In other words, for every point x € X; such
that {«} has codimension 1, we have f € Oy, ,. Because X is normal, we have

N(X,0x)= [] Oxia

codim({z})=1

So, we have f € I'(X;, Ox,) = k and hence div(f) = 0. In other words, both D and —D are
effective, which implies that D = 0.
Now, for any A € X(G), we have

AT (X, 0x,(N) ={(dA,d) | d € N}.

In particular, the class [Ox,(\)] € Clg(X;) is uniquely determined among classes containing
some G-lienarization of Oy, by its weight monoid A*(X;, Ox,())). Statement (a) now follows
immediately from this fact, the above claim, and the definition of a AT-equivalence. As for
(b), we have )

ker(r;) = {[Ox,(M)] | A € G}

So, Statement (a) is exactly the statement that 6(ker(p;)) = ker(p2), and (b) follows formally
from this fact. Finally, let I; of 7. Then, 6]|;, is determined by commutativity of the diagram
in Statement (b). On the other hand, we noted above that [; is a subgroup of finite index in
Cl(X;). It follows that 0 is completely determined by its restriction to I;. More explicitly:
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for any [D] € Cl(X;), we have n[D] € I, for some n > 0. Since  is a homomorphism of
abelian groups, the image 6([D]) = [D’] is an element of CI(X3) such that

n[D'] = 0|1, (n[D)).

If X, is complete, then Cl(X3) is free by Proposition 3.7.1, so there is at most one such
choice of D" (namely: writing C1(X3) = Z" for some r and 0|, (n[D]) = (m4,...,m,) € Z",
we have [D'] = (mqy/n,...,m./n).) O

Next, we lift the isomorphism on class groups Cl(X;) = Cl(X3) in the above lemma to
an isomorphism on the level of divisors.

Proposition 5.3.3. Let X; and Xy be normal G-varieties with finitely many orbits such
that T'(X1,O0x,) = I'(X5,0x,) = k, and let 0 : Clg(X;) = Clg(X3) be a AT -equivalence.

There exists an isomorphism 0 : Divg(X,) = Div§(Xy) such that the following hold.

(a) For all D, € Div§(X,) and any G-linearization on Ox,(D1), we have 0([Ox,(D1)]) =

[Ox,(8(Dy))] for some G-linearization on Ox,(6(Dy)). In particular, for these G-

linearizations, we have

A* (X1, 0x,(D1)) = AF(Xs, Ox, (0(D1))).

(b) Any Dy € DivE(X,) is effective if and only if 6(Dy) is. Moreover, if Dy and 6(Dy)

are effective, then for any G-linearizations on Ox,(D1) and Ox,(6(D1)) as in (a), the

canonical sections of Ox,(D1) and Ox,(0(D1)) are B-eigenvectors of the same weight.

(¢) We have the following commutative diagram:

Div(X,) —— CI(X))

Js b

Div3(Xy) — CI(Xy)

Here, the horizontal arrows send a B-stable divisor to its linear equivalence class, and
0 is the isomorphism of Lemma 5.5.2.

Proof. We first define 6 on effective divisors. Let D € Div4(X;) be an effective divisor,
and let s; € HY( Xy, Ox, (D)) be the canonical section. Pick any G-linearization of Oy, (D).
Then, sy is a B-eigenvector (because D is B-stable). So, we may pick some B-eigenvector
sy € H(X,,0([Ox,(D)])) of the same weight as s,. We define 6(D) = div(s,). We will check
in a moment that this is well-defined. First, however, we note that this definition of 6 on
effective divisors commutes with addition: that is, for any D, D’ € Divg (X1) both effective,
we have

0(D+D')=6(D)+6(D").
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Indeed, if s; and s} are the canonical sections of Ox, (D) and Ox, (D'), respectively, then
s1 ® & is the canonical section of Oy, (D + D’), and the weight of s; ® s} is the sum of the
weights of s; and s}. It follows that s, ® i is a B-eigenvector of the same weight as sy ® s,
so we have

div(sy ® sy) = div(sy) + div(sy) = (D) + 6(D’).

We claim that the above construction of 8 on effective divisors is well-defined. Note that
for any i € {1,2}, any D’ € Div§(X;), and any G-linearization of Ox, (D’), the G-module
H°(X;, Ox,(D")) is multiplicity-free. (This follows immediately from Theorem 3.1.4 applied
to the restriction of Ox,(D’) to the open subset X=! from Appendix B.) In particular, under
our chosen G-linearization, s; is the unique (up to scalar) B-eigenvector of some weight, say
w, and sy is the unique (up to scalar) B-eigenvector of H%( Xy, 0([Ox, (D)])) of weight u. So,
we just need to check that the line k - s; does not depend on the choice of G-linearization
on Ox, (D). The exact sequence of Theorem 2.6.5 tells us that any other G-linearization of
Ox, (D) can be obtained as the G-linearization of Ox, (D) ® Ox, (\) for a unique A € X (G),
and for this G-linearization, the proof of Corollary 2.6.8 implies that s; has weight ©+ A On
the other hand, Lemma 5.3.2 gives

0([0x, (D) @ Ox,(V)]) = 0([Ox, (D)]) ® [Ox,(A)]-

Using Corollary 2.6.8 again, we see that the unique line of B-eigenvectors of weight p +
A in H%(X5,0([Ox,(D;) ® Ox,(N\)])) is the unique line of B-eigenvectors of weight p in
H°(X5,0([Ox,(D1)]), which is precisely k - s, by definition. This proves the claim.

We now extend our definition of f from effective divisors in Div%(X;) to all of Divg(X;).
Any divisor D € Div¥(X;) can be written in a unique way as a difference D = E, — E_
for some effective divisors Ey, E_ € Divp(X;). Let m be the smallest positive integer
such that mE_ € Div%(X;) (such an integer exists by Theorem 2.6.11). Then, we have
D +mE_ € Div§(X)) as well, and D + mE_ = E, + (m — 1)E_ is effective, so we have
already defined 6 on both mE_ and D +mFE_. We can thus define (D) by

0(D) = 60(D +mE_) —6(mE_). (5.3.1)

This definition of § agrees with our original definition of 8 on effective divisors (since E_ =0
if D is effective). Moreover, since § commutes with addition on effective divisors, it is formal
to check that the above definition commutes with addition on all of Div§(X;). Thus, we
have defined a homomorphism 6 : Div¥(X;) — Div§(X,).

Now, we can define an inverse to 6 by repeating the same construction but with X;
and X, swapped (which amounts to replacing 6 by 6~!. So, 6 is in fact an isomorphism.
Since  sends effective divisors to effective divisors by construction, and likewise for 671, we
immediately see that (D) is effective if and only if Dy is. The rest of (b) is immediate from
the way we constructed 6 on effective divisors.

As for (c), using (5.3.1) and the fact that all maps in the given diagram are homo-

morphisms, one sees that it will suffice to check commutativity of the diagram on effective



269

divisors. So, let D € Div%(X,) be an effective divisor. For any G-linearization on Oy, (D),
our construction of 6 for effective divisors gives us

0([0Ox,(D)]) = [Ox,(6(D))]

for some G-linearization on Oy, (6(D)). On the other hand, the commutative diagram for 0
in Lemma 5.3.2 tells us that every G-linearization of the sheaf 6(Ox, (D)) lies in the class
0([Ox,(D)]) € Clg(X2). It follows that

0(0x, (D)) = Ox,(0(D)),

which is exactly the statement that the diagram in (¢) commutes for D.
Finally, we prove (a). Fix any G-linearization on Oy, (D;). Statement (c) tells us that
Ox,(0(Dy)) is in the isomorphism class 0(Ox, (D;)) in CI(X3). The commutative diagram

for 6 in Lemma 5.3.2 then tells us that 0([Ox, (D;)]) is the class of some G-linearization on

Ox,(0(Dy)), as desired. O

There is one more property of the isomorphism 6 in the above proposition that we will
want.

Lemma 5.3.4. Let X and X5 be spherical varieties. Suppose that
1. Div§(X;) = Divg(X;) fori € {1,2},
2. AN(X;) = A(X3y), and
3. I'(X1,0x,) =T'(X5,0x,) = k.

Let 0 : Clg(X1) = Clg(Xs) be a AT -equivalence, and let 6 : Divg(X,) = DivG(X,) be the
isomorphism of Proposition 5.3.5. For any p € A(Xy), if fi € K(X;)®) is a B-eigenvector
of weight p, then 0(div(f1)) = div(fs).

Proof. By Assumption 1, the isomorphsim 6 is a map Divg(X;) = Divg(Xs) and so restricts
to an isomorphism on monoids of effective divisors. The (unique) minimal sets of generators
for these monoids of effective divisors are D¢ x, and D¢ x, (respectively). It follows that
f induces a bijection between Dg x, and D¢ x,. So, for i € {1,2}, we may write Dg x, =
{Di1,...,D;,,} in such a way that é(DLj) = D,; for all j. With p and the f; as in the
lemma statement, Write div(f;) = > ;mi;D; j for some m; ; € Z. We will use the properties

of # given in Proposition 5.3.3 to show that my,j = my; for all j.
Fix any j. Define

Ey = Zmax{lml,j’|v Imag |} D1y, By =0(E;) = Zmax{|ml,j’|7 [ jr| } Da ji.
J'#7 J'#7

Notice that m;; > 0 if and only if F; is effective. Since 6 induces a bijection on effective
divisors, it follows that m,; > 0 if and only if my; > 0. Thus, either m,; > 0 for all ¢ or
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m;,; < 0 for all i. After replacing the f; by £ (which amounts to replacing all the m; ;o by
—m; ), we may assume that m;; < 0. In this case, we have

m;; = — mln{m eN | Ez + mDm + le(fZ) Z 0}

So, it will suffice to show that for any m > 0, the divisor Ey +mD; ; + div(f1) is effective if
and only if Ey +mDs ; + div(fy) is effective.

For this, write E/ = E; +mD, ;. Since §(E}) = Ej, we we may pick G-linearizations on
the Oy, (E]) as in Proposition 5.3.3a. Then, statement (b) of the proposition says that the
canonical sections of Ox, (E") and Ox,(E}) are B-eigenvectors of the same weight, say '
The divisor £} +div(f;) is effective, so the G-module H%(X;, Ox, (F})) contains a nonzero B-
eigenvector of weight p+ /. It follows (again from Proposition 5.3.3a) that H( Xy, Ox,(E}))
also contains a nonzero B-eigenvector of weight u + ', so that Ef + div(f) is effective for
some eigenvector f € K (X)) of weight p. But f must be proportional to the eigenvector
fo (because both have weight i), so we have div(f) = div(f2). Thus, the sum Ej + div(f2)
is effective. Swapping X; and X, and repeating this argument gives the converse, that
E} + div(fs) effective implies £} + div(f;) effective. O

We now use the isomorphism 6 from the above proposition, along with the relationship
between simple roots and weights of canonical sections in Proposition 5.2.5, to construct a
D-equivalence.

Definition 5.3.5. Let X; and X, be spherical varieties. Let 6 : Clg(X;) = Clg(X2) be

a AT-equivalence, and let ¢ : Dgx, — Dg.x, be a D-equivalence. We say that + and 6

are compatible if for any B-stable divisor D; = > Depe ., "o D and any G-linearization of
X1

Ox, (D1), there exists a G-linearization on Ox,(Dz) for Dy =} pcp N npt(D) such that

0([Ox, (D1)]) = [Ox,(D2)].
Theorem 5.3.6. Let X, and Xy be spherical varieties, and suppose that
1. Pic(G) =0,
2. A(Xy) = A(Xy), and
3. I'(X1,0x,) =T'(X,,0x,) = k.

~

For any At -equivalence 0 : Clg(X;) = Clg(Xa), there exists a D-equivalence v : Dg x, —
D¢ x, which is compatible with 6.

Proof. Since Pic(G) = 0, we have Div%(X;) = Divg(X;) (see Theorem 2.6.11). So, the
isomorphism of Proposition 5.3.3 is a map 6 : Divg(X;) = Divp(X,) that restricts to an
isomorphism on monoids of effective divisors, and the (unique) minimal sets of generators
for these monoids of effective divisors are D¢ x, and D¢ x, (respectively). It follows that
f restricts to a bijection ¢ : Dg x, — Da.x,. We will show that ¢ is a D-equivalence. The
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statement that . and 6 are compatible is then almost immediate from Proposition 5.3.3a.
Indeed, for any B-stable divisor Dy =) Depe . oD on X, since 0 is a homomorphism and
1

0(D) = «(D) for all D € Dg.x,, the divisor Dy = ZD€DG,X1 npt(D) satisfies Dy = 0(Dy).
Thus, the definition of compatibility for D; is precisely the statement of Proposition 5.3.3a.

First, we claim that for any D, € D¢ x,, we have pp, = ¢,(p,) (as maps from A(X;) =
A(X,) to Z). Let u € A(X;). Lemma 5.3.4 tells us that 8(div(f;)) = div(fs), where
f; € K(X)®) is a B-eigenvector of weight . This gives us

Y epwD=div(f) =0 D> epwD]| = Y (D).

DEDG,XQ DG'DG,)(l DGDG,Xl

The coefficient of +(D;) on the lefthand side of this equation is ¢,(p,)(), and the coefficient
of «(Dy) on the righthand side of the equation is ¢p, (). Thus, we have ¢p, (1) = @, (p,) (1)
for any p € A(X}), as desired.

Next, we claim that for any Dy € D¢ x, and any « € Ilg, we have Dy € Dg x, (o) if and
only if 1(D) € Dg x,(a). Write Dy = (D). Since ¢ is the restriction of f, Proposition 5.3.3
implies that, for any G-linearization on Ox, (D), there exists a G-linearization on Ox,(D>)
such that

A+<X1= OXI (Dl)) = A+(X27 OXQ(D2))7

and moreover, that the canonical sections of Ox,(D;) and Ox, (D) have the same weight.
Consider the G-linearization on Ox, (D;) given by Corollary 5.2.7. This is the unique G-
linearization such that the weight p of the canonical section of Oy, (D;) is a linear combina-
tion of fundamental weights of G. By applying the same corollary to Dy (whose canonical
section also has weight i), we conclude that the G-linearization on Ox, (D) satisfying the
above conditions must also be that of Corollary 5.2.7. In other words, we have we have
bp, = p = pp,, where up, and pp, are the weights given in the corollary. Since the D; are
prime divisors, the weights pp, in this case are precisely given by Proposition 5.2.5. More
precisely, we have:

ZDeDG <(ay) Wi D; moved by a root of type b or d ,
I, = { 2w;, D; moved by a; € TI,
0, D is G-stable

(Here, w; denotes the fundamental weight corresponding to the simple root «;, and the sum
in Case 1 is over all roots «; € Ilg such that D is moved by «;.) In particular, for any
a € I, the fundamental weight w corresponding to a has nonzero coefficient in up, if and

only if « moves D;. Since pup, = pp,, we conclude that a moves D if and only if it moves
L(D).

U

Corollary 5.3.7. Let X; and X3 be projective spherical varieties, and suppose that Pic(G) =
0. For any AT -equivalence 6 : Clg(X;) = Clg(X3), there exists a D-equivalence v : Dg x, —
D¢ x, which is compatible with 0.
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Proof. Since X; and X3 are complete, we have I'(X;, Oy, ) = I'(X3, Ox,) = k, and since X;
and X, are quasi-projective and AT-equivalent, we have A(X;) = A(X3) by Lemma 5.3.1.
Thus, the corollary is immediate from Theorem 5.3.6. O]

Remark 5.3.8. Assumptions 1-3 in Theorem 5.3.6 seem to be necessary for the theory of
AT-equivalences to work as well as one might hope. Indeed, we will see more key results
below that require similar assumptions (e.g. Theorem 5.4.1 and Corollary 5.4.2). As the
above corollary indicates, only Assumption 1 (that Pic(G) = 0) is essential in the projective
case. In general, all three assumptions are sometimes necessary, but they are both standard
and not terribly restrictive, see Remark 1.3.5. Moreover, there is some hope for weakening
these assumptions for certain applications: for instance, see Corollary 5.4.3 below.

The above theorem allows us to replace D-equivalences by At-equivalences in our phras-
ing of the classification of spherical varieties. However, our definition of “equality on colored
fans” is a D-equivalence that preserves colored fans. So, to remove D-equivalences entirely,
we need to define what an “equality on colored fans” means in the context of AT-equivalences

Definition 5.3.9. Let X; and X, be spherical varieties, and let 6 : Clg(X;) = Clg(X5) be
a AT-equivalence. Suppose that I'(X, Ox,) = I'(Xs, Ox,) = k.

1. For any B-divisors D € Dg x, and D, € Dg x,, we say that 0 maps Dy to Do ~if there
exists some m > 0 such that mD; € Div3(X;) and §(mD,) = mD, (where 6 is the
map of Proposition 5.3.3).

2. Let Y1 C X; be a G-orbit with corresponding colored cone (Cy, A;) € Fx,. Suppose
that every B-divisor D; € Dg x, containing Y; maps to some B-divisor of X;. We
denote by 0(A) the set

0(Ay) ={Dy € D¢ x, | 3D1 D Y such that 6 maps D; to Ds}.

3. We say that 0 preserves colored fans if for every (C,A) € Fx, the set 0(A) is defined,
and
yxz = {<C76(A>> | (CaA) € er

Following arguments as in proof of Theorem 5.3.6 above, we saw that when Pic(G) = 0,
the map 0 induces a bijection D¢ x, — Dg.x,. In particular, this implies that every B-divisor
of X7 maps to some B-divisor of X5 (and in fact, we may take m = 1 in the above definition
of “maps to”). This readily implies the following lemma.

Lemma 5.3.10. In the situation of Theorem 5.3.6, the At -equivalence 0 preserves colored
fans if and only if the D-equivalence 1 preserves colored fans.

Proof. Our above comments imply that the set 0(A) is defined for all (C, A) € Fx,. More-
over, our construction of ¢ is as the restriction of #. It follows that for any choice of (C,A),
the set #(A) is precisely the set t(A) in the definition of a D-equivalence “preserving colored
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fans” (see Definition 4.1.7 and the remark that follows). The lemma now follows immediately
from the definitions. O

We now give two variations on the classification of spherical varieties using A*t-equivalences
in place of D-equivalences. The first variation is as general as possible, while the second vari-
ation assumes projectivity to give a nicer statements. Both statements are made in analogy
to our statement of the classification of spherical varieties in Theorem 4.1.9

Corollary 5.3.11. Let X; and X5 be spherical varieties. Suppose that
1. Pic(G) =0 and
2. T'(X41,0yx,) =T'(Xy,0x,) = k.

Then, the following are equivalent.
(i) X1 and Xy are G-equivariantly isomorphic.

(1) AN(X1, L) = AT (X, Lo), Yo x, = Yax,, and there exists a AT -equivalence between
X1 and Xy that preserves colored fans.

Proof. That (i) implies (ii) is formal, since everything in (ii) is essentially an “equality” on
a combinatorial invariant. If (ii) holds, then Theorem 5.3.6 and Lemma 5.3.10 imply that
there exists a D-equivalence between X; and X, that preserves colored fans, so (i) follows
from Theorem 4.1.9. O

Corollary 5.3.12. Let X and X5 be projective spherical varieties, and suppose that Pic(G) =
0. The following are equivalent.

(i) X1 and X5 are G-equivariantly isomorphic.

(i) Ve x, = Ya.x,, and there exists a AT -equivalence between X, and Xy that preserves
colored fans.

Proof. We have I'( X1, Ox,) = I'( X5, Ox,) = k because X; and X3 are complete, and assum-
ing (ii), we have A(X;) = A(X3) because X; and X, are quasi-projective (see Lemma 5.3.1).
Thus, the statement follows immediately from Corollary 5.3.11 above. [

5.4 From D-Equivalences to A"-Equivalences

In the previous section, we saw how to obtain a D-equivalence from a A*-equivalence. In this
section, we aim to obtain a AT-equivalence from a D-equivalence. Recall from Lemma 2.5.3
that for any B-stable Weil divisor D on a spherical variety X whose canonical section on
Ox (D) has weight o (for some G-linearization of Ox (D)), we have

AT(H(X, 0x(D))) = {mo + p € A(X) | D +div(f,) > 0}.
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The question of whether D + div(f,) > 0 is entirely determined by the valuations ¢p of
B-divisors D" € D¢ x. Thus, a D-equivalence should be able to equate all of the information
in the above equation except for the weight g of the canonical section. Fortunately, for
the canonical G-linearization of Corollary 5.2.7, the weight of the canonical section can be
determined entirely by the data of which simple roots move which colors, which is another
piece of data that a D-equivalence can equate.

Theorem 5.4.1. Let X, and Xy be spherical varieties, and suppose that
1. Pic(G) =0 and
2. I'(X1,0x,) =T'(Xy,Ox,) as G-modules.

For any D-equivalence  : Dgx, — Da.x,, there exists a AT -equivalence 0 : Clg(X;) —
Clg(Xa) which is compatible with .

Proof. The assumption Pic(G) = 0 implies that every divisorial sheaf on X; and X; is G-
linearizable, i.e. that Div%(X;) = Divp(X;) (see Theorem 2.6.11). We will use this fact
throughout the proof without further mention.

To begin, we can define an isomorphism 8 : Divg(X;) 5 Divg(Xs) from ¢ by setting
(D) = (D) for all D € D¢ x, and extending linearly. Using the fact that ¢p = @, py for
all D, one can check that 6 fits into the following commutative diagram:

A(Xy) —— Divp(X;) — ClI(X;) —— 0

I
| b
+

A(Xy) —— Divp(Xy) — Cl(Xy) —— 0

Here, the rows are the exact sequences of Proposition 3.7.1. Exactness of the rows (along
with commutativity) implies that 6 descends to an isomorphism 6.

We will define a AT-equivalence 6 : Clg(X;) = Clg(Xs) from @ in the following way.
Let F € Cl(X;) be any divisorial sheaf, and let 7; : Clg(X;) — Cl(X) be the “forgetful”
map (i.e. the one that sends a G-linearized divisorial sheaf to the isomorphism class of that
sheaf). We will define a bijection

OF - 7 |(F) = 7(0(F))

such that AT(X1,¢) = AT(Xy,05(c)) for every class ¢ € 7, *(F). Since Clg(X;) (resp.
Clg(X3)) is the disjoint union of the preimages 7, '(F) (resp. 7, '(6(F))) as F varies over
every element of Cl(X;), taking the 67 for every choice of F will give us the desired A"-
equivalence 6.

Now, any F € CI(X;) is represented by a sheaf of the form Ox,(F;), where E; €
Divg(X;). Write By = ZD€DG,X1 npD. Proposition 5.2.5 gives us a canonical G-linearizations
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of Ox (D) for all D € D¢ x,, and tensoring these together gives a G-linearization of Oy, (E)
such that the canonical section of Ox, (E;) has weight

Ho = Z NDHUD,

DEDC,',Xl

where pp is as in Proposition 5.2.5. Note in particular that pp depends only on the fun-
damental weights corresponding to simple roots (which are invariants of G) and on which
simple roots move D (which is a property preserved by ¢). It follows that pp = p,(p) for all

D € D¢ x,. Thus, Proposition 5.2.5 gives us a G-linearization of Ox, (#(E;)) whose canonical
section also has weight fi.
Write Ey = 0(E;). We claim that

AT (X1, 0x,(E))) = AT (X, Ox, (Ey)).

In degree 0, we have H°(X;,Oy,) = H°(X,, Oy,) as G-modules by assumption. For any
n > 1, Lemma 2.5.3 tells us that the weights of B-eigenvectors in H°(X;, Ox,(nkE;)) are
precisely the weights njuo + i, where p € A(Xy) is such that nE; + div(f,) is effective (here
fn€ K (X;)®) is an element of weight x). Commutativity of the above diagram with 0
in it is precisely the statement that 6(nFE; + div( fu)) = nky + div(f,), and we know that
0 restricts to a bijection on effective divisors. It follows that nFE; + div( fu) is an effective
divisor on X; if and only if nFEy+div(f,) is an effective divisor on X5. So, H*(X1, Ox, (nEy))
and H°(Xy, Ox,(nkEs)) have the same weights of B-eigenvectors for all n, which proves the
claim.

We wish to define 07 by sending by sending Ox, (E;) to Ox,(E,), both with the above
G-linearizations. Any other G-linearization on Oy, (F;) is obtained from this one by ten-
soring by Ox; () for some A € X(G), and the weight monoid for this G-linearization is
completely determined by A and the weight monoid for our bove G-linearization of Oy, (E;),
see Corollary 2.6.8. So, we define 6 by setting

OXl(El) &® OXl ()\) — OX2(E2) & OXQ()\)

From the description of weight monoids of different G-linearizations in Corollary 2.6.8, one
can check that for any two characters A\, \" € Ag, we have

AT (X5, Ox,(E;) @ Ox, (X)) = AT (X, Ox,(E;) @ Ox, (X))

if and only if A = N. Tt follows that 67 is the unique bijection S; — S such that AT(X7y,s) =
A1 (Xa,0g,(s)) for every class s € S;. In particular, 87 must not depend on our choice of
divisor Ej such that F = Ox, (E)), so 0z is well-defined and satisfies the necessary properties.

Finally, we note that by definition of 6, we have 0(E;) = ZDeDc,xl npt(D) in the above
construction. Thus, the definition of # and ¢ being compatible follows immediately from
the above construction (specifically, from the fact that we defined 0([Ox, (E)]) for any G-
linearization on Oy, (E}) to be the class of some G-linearization on Ox,(Es)). O
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Corollary 5.4.2. Let X; and Xo be spherical varieties, and suppose that
1. Pic(G) =0,
2. AM(X,) = A(Xs), and
3. I'(X1,0x,) =T'(X,,0x,) = k.

(For instance, these 3 assumptions hold if Pic(G) = 0 and Xy and X5 are projective, cf.
Corollary 5.5.7.) Then, X and Xs are D-equivalent if and only if they are AT -equivalent, and
if this is true, then there exist a D-equivalence and a AT -equivalence which are compatible.

Proof. One direction is Theorem 5.3.6. The other direction is Theorem 5.4.1. [

Since ¢ and € are compatible in the above theorem, we can take any B-stable divisor
Dy on X, that is interesting to us and obtain an equality on weight monoids of the form
AT (X1, O0x, (D)) = AT(X3,0x,(Ds)). The ability to get this equality on weight monoids
can be very useful in practice. However, when we do this using Theorem 5.4.1, we do need to
assume that Pic(G) = 0. The following corollary allows us to get a nice equality on weight
monoids even without the assumption Pic(G) = 0, which can be useful for certain technical
applications.

Corollary 5.4.3. Let X1 and Xy be spherical varieties such that T'( X7, Ox,) = ['(Xs, Ox,) =
k, and let v : Dg x, 5 D¢ x, be a D-equivalence. Let Dy = ZDGDGX npD be a B-stable
divisor on Xy, and let Dy = Y . npt(D). There exists some m > 0 and some G-

linearizations on Ox,(mDy) and Ox,(mDs) such that
A+(X1, OXl (le)) = A+(X2, OXZ (mD2))
Moreover, we may pick m to be any integer such that the sheaves Ox,(mD;) are G-linearizable.

Proof. Let m: G — G be a central isogeny such that Pic(G) = 0. Let m; > 0 be such that
Ox, (m;D;) is G-linearizable, and set m = m;msy. Then, both Oy, (mD;) and Ox,(mDs) are
G-linearizable, and pulling back any G-linearization of Ox,(mD;) by the map p; = (7, idy,) :
G x X; — G x X; induces a G-linearization of Ox,(mD;) with the same weight monoid
(see Lemma 4.1.5). Moreover, precomposing characters of G by 7 yields a homomorphism
L X(G) — X(G) which is is injective because 7 is surjective, and for any A € X(G), pulling
back Ox;, (\) by p yields the G-linearized sheaf Ox; (¢(\)). So, picking any G-linearization on
Ox, (mD;), we see that the G-linearizations on Oy, (mD;) that come from G-linearizations are
precisely those of the form Ox,(mD;) ® Ox,(¢())) for some A € X(G), or equivalently, those
such that the degree-0 part of A™(X;, Ox,(mD;)) has a single weight which is a character
of G (see Corollary 2.6.8, and note that we are using the fact that the global sections of X;
and X, are both k here).
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Now, pick a G-linearization on O, (mD;), and consider the G-linearization induced by it.
Theorem 5.4.1 gives us a A*-equivalence 0 : Clz(X;) = Clg(X3) such that 6(Ox, (mDy)) =
Ox,(mDy) for some G-linearization on the Ox,(mDs). In particular, we have

A+(X1, OXl (le)) = A+(X2, OX2 (ng))

Since the G-linearization on Oy, (mD;) comes from a G-linearization, the monoid A (X7, Ox, (mD;))
has a single character of G in degree 0, hence so does AT(Xy, Ox,(mD,)). Thus, our
G-linearization on Oy, (mD,) comes from a G-linearization. Since passing between G-
linearizations and G-linearizations does not change weight monoids, we now have

A+(X1, OX1 (le)) == A+<X2, OX2 (ng))

using G-linearizations on these sheaves, which is exactly what we wanted. O

5.5 Strong Equivalences

Let X; and X, be projective spherical varieties, and suppose that X; and X, are A*t-
equivalent. If Pic(G) = 0, then X; and X, are D-equivalent by Theorem 5.3.6, which in
particular gives us Hg(l = Hg(Q. We thus recover the conclusion of Theorem 4.5.5, our main
result on weight monoids and D-equivalences from Chapter 4, and we avoid having to make
the extra assumption that IT% = II% in that theorem. In other words, working with a
At-equivalence instead of with a single equality AT (X7, L) = AT(X3, L) avoids the main
technical issue we had in Theorem 4.5.5 and gives us as nice a statement as we could hope
for.

We are thus interested in translating the other results of Chapter 4 to the setting of A*-
equivalences. At face value, this seems easy: a AT-equivalence is essentially like having many
equalities AT (X, L) = AT(Xy, Ls), which seems better than only having one such equality.
However, our proof techniques in Chapter 4 hinged on being able to take both L; and Lo
to be ample: indeed, ampleness guarantees that when we apply the local structure theorem,
we get affine varieties, so we can apply the Knop conjecture to them (see Theorem 4.4.6).
One might hope that another proof technique would circumvent this need for ampleness.
However, the data of a AT-equivalence is actually equivalent to that of a D-equivalence
under our assumptions here (see Corollary 5.4.2). So, we would not expect any other proof
technique to allow us to use a AT-equivalence to obtain results about other combinatorial
data, such as our results on spherical roots in Theorem 4.6.8. Intuitively, it seems that
having L; and L, be ample is a critical piece of data in most of our results of Chapter 4,
and a AT-equivalence has no way of capturing that data.

To rectify this issue and relate our results in Chapter 4 to the setting of A*t-equivalences,
we want to consider A*-equivalences which also carry some information about ampleness.
To this end, we make the following definition.

Definition 5.5.1. Let X; and X, be quasi-projective spherical varieties.
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1. Let ¢ : Dgx, = D¢ x, be a D-equivalence, and let F; and F, be G-linearized
divisorial sheaves on X; and X, (respectively). We say that ¢ maps Fi to Fy if
there exists an effective B-stable Weil divisor ) DeDex, " pD on X; and isomorphisms
Fi =2 Ox,(>_pnpD) and Fy = Ox, (> ,npt(D)) such that the canonical sections
of Ox, (> pnpD) and Ox, (>, npe(D)) have the same weights (under the given G-
linearizations on F; and J3).

2. We say that a D-equivalence ¢ : Dgx, — Dg.x, is strong if there exist G-linearized
ample invertible sheaves L; and Ly on X; and X5 (respectively) such that AT (X, Ly) =
AT (X3, Ly) and ¢ maps Ly to Ly. If a strong D-equivalence exists, we say that X; and
Xy are strongly D-equivalent.

3. We say that a At-equivalence 0 : Clg(X;) — Clg(X3) is strong if there exists a G-
linearized ample invertible sheaf L; such that 6(Ls) is also invertible and ample. If a
strong AT-equivalence exists, we say that X; and X, are strongly A*-equivalent.

Corollary 5.4.2 tells us that D-equivalences and AT-equivalences are “often” the same.
It follows almost immediately that strong D-equivalences and strong At-equivalences are
equivalent under the same conditions.

Corollary 5.5.2. Let X; and X5 be spherical varieties. Suppose that
1. Pic(G) =0,
2. AN(Xy) = A(Xy), and
3. I'(X1,0x,) =T'(X,,0x,) = k.

(For instance, this conditions hold if Pic(G) = 0 and X, and Xy are projective, cf. Corol-
lary 5.3.7.) Then, X; and Xs are strongly D-equivalent if and only if they are strongly
AT -equivalent. Moreover, in this case, there exists a strong D-equivalence and a strong At -
equivalence which are compatible with each other (in the sence of general D-equivalences and
AT -equivalences).

Proof. Corollary 5.4.2 implies that X; and X, are D-equivalent if and only if they are A*-
equivalent, and if this is the case, then we have a D-equivalence ¢ : Dgx, — Dg.x, and
a At-equivalence 0 : Clg(X;) — Clg(X3) which are compatible. In other words, for any
B-stable divisor Dy = ) DeDo x, npD and any G-linearization on Ox,(D;), we may pick

some G-linearization on Ox,(Dq) with Dy =, N npt(D) such that

0([0x,(D1)]) = [Ox, (D1)].

This equation (along with the fact that D; is Cartier if and only if Ox,(D;) is invertible)
implies that ¢ is strong if and only if 8 is strong. O
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Suppose X; and X5 are smooth, projective spherical varities. If X; and X, are strongly
AT-equivalent (or strongly D-equivalent), then there exist G-linearized ample invertible
sheaves L; and Ly on X; and X, (respectively) such that AT(Xy, L) = A1 (Xs, Ls), so
the assumptions of most of our main results in Chapter 4 are satisfied. These results thus
readily translate over to the setting of a strong (A*- or D-) equivalence. For instance, our
main “classification result,” Corollary 4.8.1, almost immediately yields the following state-
ment:

exc

Corollary 5.5.3. Let X; and X be smooth projective spherical varieties, and let W&, C
Ve x, be the set of all v € Vg x, such that either v € Hg(i or vy satisfies one of the 4
possibilities in Proposition 4.6.5c. The following are equivalent.

(i) X1 and Xy are G-equivariantly isomorphic.
(i) VgEs, = VES,, and Xy and Xy are strongly D-equivalent.
(iii) V&S, = V&S, and Xy and Xy are strongly A*-equivalent.

Proof. Tt is formal to check that any G-equivariant isomorphism induces a strong A*-
equivalence and a strong D-equivalence, so (i) implies both (ii) and (iii). Conversely, if
either (ii) or (iii) holds, then Condition (ii) of Corollary 4.8.1 holds by definition of a strong
(A*- or D-) equivalence, so that corollary implies (i). O

We can alter the above corollary slightly by removing the condition on type b-roots, since
that condition is captured by a D-equivalence (or a AT-equivalence when Pic(G) = 0). A
similar alteration will also work for any other results in Chapter 4 that involve type b roots
(for instance, Theorem 4.6.8) when translating to the setting of strong equivalences.

ExC

Corollary 5.5.4. Let Xy and Xy be smooth projective spherical varieties, and let V&S, C
Ve x, be the set of all v € V¢ x, such that either v € HI}Q or 7 satisfies one of the 4
possibilities in Proposition 4.6.5¢. The following are equivalent.

(i) X1 and X5 are G-equivariantly isomorphic.

(it) UEs, \ 1, = V&g, \ %, and X1 and X, are strongly D-equivalent.
If Pic(G) = 0, these are also equivalent to the following condition.

(i) O, \ I, = ¥g%, \ 1%, and Xy and X, are strongly At -equivalent.

Proof. If either (i) or (ii) holds, we have IT§ = IT%, (see Lemma 4.1.2), so equivalence of
(i) and (ii) follows from Corollary 5.5.3. If Pic(G) = 0, then (ii) and (iii) are equivalent by
Corollary 5.5.2. O]
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In the remainder of this section, we seek to understand more directly what the relationship
is between the data of a strong (A™- or D-) equivalence and the data of two G-linearized ample
invertible sheaves L; and Ly such that AT(Xy, L;) = AT (Xs, Le). For this, we will work
primarily with D-equivalences, noting that Corollary 5.5.2 typically allows one to translate
between strong A'- and D-equivalences.

The key will be to understand what conditions allow us to conclude that a given D-
equivalence maps some G-linearized ample line bundle L; to some G-linearized ample line
bundle L,. For this, we actually introduce another compatibility condition between D-
equivalences and G-linearized ample line bundles. Intuitively, this condition says that the
D-equivalence “plays nicely” with the sorts of arguments we made in Chapter 4 using the
local structure theorem and the Knop conjecture.

Definition 5.5.5. Let X; and X, be spherical varieties, and let L; and L, be G-linearized
ample invertible sheaves on X; and X, (respectively) such that A*(Xy, L) = AT (X, Lo).
We say that a D-equivalence ¢ : Dg x, — Dg x, is adapted to Ly and Ly if for any (u,n) €
AT(Xy, Ly) with n > 0 and any D € Dg x,, we have D N (X), # @ if and only if (D) N

(X2), # 2.

We wish to prove that, under nice enough circumstances, we can always find some D-
equivalence that is adapted to L; and L,. We will first need an auxiliary lemma.

Lemma 5.5.6. Let (X1, Ly) and (X2, Ly) be polarized spherical varieties, and let v : D x, —
D¢ x, be a D-equivalence. Suppose that Xy and Xo are smooth and that AT (Xy,Ly) =
At (Xa, Ly). For any (u,d) € AT(Xy, Ly) such that d > 0 and any D € Dg x, such that
DN (X1), # @, one of the following is true.

(1) We have 1(D) N (X,), # 2.

2) D is moved by o € 1I% , and if D' is the other B-divisor of X; moved by «, then
X1
op = ¢p and 1(D") N (Xs3), # &. Moreover, neither D nor D' is moved by any root
other than c.

Proof. Lemma 4.5.4 gives us a bijection
v, » { B-divisors of X; intersecting (X1),} — {B-divisors of X; intersecting (X3),}

such that for all D, we have op = ¢,,(p), and any a € IIj;, moves D if and only if o moves
(D). Let D € D¢ x, be a B-divisor intersecting (X;),. Notice that if «(D) = ¢,(D), then
(D) is in the target of ¢, (D), hence ¢«(D) N (X3), # @. Thus, we can argue in essentially
the same way as the proof of Lemma 4.1.3, but with ¢, in place of /. There are three cases.

1. If D is G-stable, then «(D) and ¢, (D) are both G-stable divisors of X,. But a G-divisor
of X3 is determined by its valuation as an element of N(X5) (see Corollary 3.1.14). So,
the equality

PuD) = D = Pu, (D)
implies that ¢(D) = ¢, (D) and hence that possibility (1) in the lemma statement holds.
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2. Suppose D is moved by a root « of type ¢ or d for X;. Then, a has type ¢ or d for
Xy as well (Lemma 4.1.2). Moreover, since D is the only element of D¢ x, () and
DN (Xy), # @, we have a € Iy, (see Proposition 4.4.1). It follows that both ¢(D)
and ¢, (D) are the unique B-divisor of X, moved by «, so that «(D) = ¢,(D).

3. The only remaining option is that D is moved by a root a € II%, = Hgﬁ. In this
case, write D¢ x, (o) = {D,D’}. Then, «(D) and ¢(D’) are the unique B-divisors of
X, moved by a, hence the unique B-divisors of Xy whose valuations are > 0 on « (see
Proposition 3.6.13 and Lemma 4.4.2). On the other hand, we have

©u.my(a) = @upy(a) = 1.

It follows that ¢, (D) is either «(D) or «(D’). If ¢,(D) = (D), then we have possibility
(1) again. If instead ¢, (D) = «(D’), then we have «(D’) N (X3), # @ and

YD = P, (D) = PuD') = PD’-

Finally, the roots moving D are precisely the elements o/ € Hl)’(1 such that pp(a/) =1,
and likewise for D’ (see Corollary 4.4.3). So, ¢p = ¢p implies that any root o/ moves
D if and only if it moves D’. If this is the case, then D¢ x (/) N Dg x(a) = {D, D’}
contains 2 elements, which is only possible if &/ = « (see Proposition 3.6.12).

]

Proposition 5.5.7. Let (X1, L1) and (Xz, Ly) be polarized spherical varieties, and suppose
that X1 and X, are smooth and D-equivalent and that AT (X1, L) = AT(Xy, Ly). There
exists a D-equivalence ¢ : D¢ x, 5 D¢ x, which is adapted to Ly and L.

Proof. Let ¢ : Dg x, — Dg.x, be any D-equivalence. We need to show that, for any (u,n) €
AT(Xy, L) with n > 0 and any D € Dg x,, we have D N (X)), # @ if and only if (D) N
(X2), # @. Lemma 5.5.6 tells us that the desired statement already holds for any (u,n)
with n > 0 and any D € D¢ x, not moved by a root of type b. Our plan is to change the
definition of ¢ on Dg x, (a) for each o € IT%, in turn to make the desired statement hold for
every D € D¢ x, ().

Let o € I%, = M%, be any root of type b. Write D¢ x, (o) = {Di", Dy}, and let
Dy = u(Df) and D; = (D5 ). By Lemma 4.5.2, there exists some (1, n) € AT(Xy, L;) such
that at least one of D and Dj intersects (X;),. After swapping D} and D; if necessary,
we may assume that Df N (X)), # @. If DY = «(Dy) does not intersect (X3),, then
Lemma 5.5.6 tells us that D, does intersect (X3),, that Ppr = Pp- and that D;" and D;

are moved by a and by no other simple root. Thus, redefining ¢ by setting «(D{) = D5 and
(D7) = Dy still gives us a D-equivalence. After making this redefinition and swapping Dy
and Dy, we may assume that +(D7) = Dj and that D} intersects (X;), for i € {1,2}.
Now, we claim that the desired statement holds when D = D" Let (¢/,n/) € AT (X1, Ly)
be such that n’ > 0. For i € {1,2}, let E; (resp. E!) be the B-divisor of X; cut out by a
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nonzero B-eigenvector in HO(X;, L") (resp. H(X;, L)) of weight u (resp. x'), and let
n; 4 (resp. nj ) be the coefficient of D in E; (resp. Ej). The divisors n'E; and nE; are cut
out by B-eigenvectors in HO(X;, L®™) of weights n'p and ny/ (respectively). So, we have
nu' —n'p € A(X;) (Proposition 2.5.2) and

nE. =n'E; + div(nu' — n'p).
Comparing coefficients of D;" on both sides of this equation gives
neng o =mn'ny + Sﬁpj(nw — nilo)

On the other hand, since Supp(E;) = X; \ (X;), (and likewise for Ej), we see that D;
intersects (X;), (vesp. (X)) if and only if n; y = 0 (vesp. n , = 0). In particular, since D}
intersects (X;),, we have n; = 0, and since Ppt = Pupt) = Ppi the above equation implies
that

n-ny ., =n-ng,.

This gives us n} , = 0 if and only if ny | = 0, i.e. DY intersects (Xi), if and only if DJ
intersects (Xa),.

It remains to show that the desired statement holds when D = Dj. As above, let
(W',n') € AT(Xy,Ly) be such that n’ > 0. We show that Dy N (X;), # @ implies D; N
(X2), # @; the reverse implication will then follow from the same argument with X; and
X, swapped. Suppose that D intersects (X;),,. There are two possible cases.

1. Suppose that Df N (X;),, # @. Then, Both elements of D¢ x, () intersect (X7),,
so Proposition 4.4.1 implies that a € M, and hence that every element of D¢ x, ()

intersects (X3),,. In particular, since D, = «(D;) is moved by «, we see that D, N
(X2),s # @, as desired.

2. Suppose that D} N (X;),, = @. Then, our above arguments give us Dy N (Xy),, = &.
But if D, does not intersect (Xz),s, then Lemma 5.5.6 implies that DJ must intersect
(X2),s. Since this is impossible, we conclude that D, does intersect (X3),/, as desired.

]

We now turn to the task of relating the notion of a D-equivalence ¢ : Dg x, — De x,
being adapted to two line bundles and the notion of + mapping one line bundle to the other.
First of all, we show that mapping one ample line bundle to another is a stronger notion
than that of being adapted.

Lemma 5.5.8. Let X; and X, be spherical varieties, and let v : Dg x, = Dea x, be a
strong D-equivalence. Let Ly and Ly be G-linearized ample invertible sheaves on X; and Xo
(respectively) such that AT(Xy, L) = AT (Xs, Ly) and ¢ maps Ly to Ly. Then, v is adapted
to Ly and Ls.
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Proof. The proof is similar to part of our proof that adapted D-equivalences exist (see
Proposition 5.5.7). Since ¢ maps L; to L, we have B-stable effective Cartier divisors Dy =
Y.pnpD and Dy = ), npe(D) and isomorphisms L; = Ox,(D;) such that the canonical
sections of the Oy, (D;) have the same weight p9. Let (u,n) € AT (X1, L1) be any element
with n > 0. Then, p — nuy € A(X;) (see Proposition 2.5.2), and D} = D; + div(u — npug)
is the divisor cut out by an eigenvector in H°(X;, L¥?) of weight . In particular, we have
Supp(D;) = X; \ (Xi)u, so for any D € Dg x,, the divisor D (resp. ¢(D)) intersects (X1),
(resp. (X2),) if and only if the coefficient of D (resp. ¢«(D)) in D} (resp. Dj) is 0. By definition
of the D; and the D}, these two coefficients are

np +¢p(p—npo) and  np + @ p)(r — npo),
respectively. Since pp = ¢,(p), the statement of the lemma now follows. m

Our main result about strong D-equivalences is the following theorem, which is essentially
a converse to the above lemma in the smooth projective case. The key idea is to utilize the
canonical G-linearizations given by Corollary 5.2.7, which allow us to read off coefficients of
B-divisors from the weight of the canonical section of their associated line bundles.

Theorem 5.5.9. Let (X, L1) and (Xa, Ly) be polarized spherical varieties. Suppose that
X and Xy are smooth and D-equivalent and that At (X4, L1) = AT (Xy, Ly). Then, any D-
equivalence v : Dg x, 5 D¢ x, which is adapted to Ly and Ly maps Ly to Ly. In particular,
L 18 strong, and X, and Xy are strongly D-equivalent.

Proof. Let v : Dg x, 5 D¢ x, be a D-equivalence which is adapted to L; and Ly (one
exists by Proposition 5.5.7), and let po be any nonzero weight of a nonzero section f; €
H°(Xy, L)®). (If no such weight exists, then H°(X;,L;) = k. Since L, is ample, this
implies that H°(Xy, L;) has a secton vanishing nowhere on X;, so that L; = Ox,. So X,
is projective and quasi-affine, hence X; = Spec(k). Since L, has the same weight monoid
as L1, we likewise have Xy = Spec(k), and the whole proposition now becomes trivial.) By
assumption, fg is also the weight of some f, € H°(Xo, L2>(B). Let D; be the divisor on X;
cut out by f;, and write D; = > DeDe x, pD. It will suffice to prove that for all D € D¢ x,,
we have ny p = ng,(p). If this is the case, then we have D, = ZD€DG7X1 ni1,pt(D). Moreover,
the definition of the D; gives us isomorphisms L; = Ox,(D;) which identify f; with the
canonical section of Ox,(D;). In particular, these canonical sections both have weight 1, so
v maps L; to Lo by definition.
First, Corollary 2.6.8 implies that every G-linearization of L; is the canonical G-linearization

of Corollary 5.2.7 tensored by Ox, () for some A € X(G), and the weight o will be pup, + A
for this G-linearization (here pp, is the weight given in Corollary 5.2.7). Letting A; be A for
the given G-linearization on L;, we have

pp, + A1 = po = fip, + Ao
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But pp, is a linear combination of fundamental weights of (G, which are all linearly inde-
pendent from the characters of G (see Lemma 2.2.25). So, the above equation implies that
ip, = p, and that \; = A\o. Writing out the weights pp, explicitly, we get

Mo = KD, = Z Nn1,DID, (5.5.1)

where
ZDepcx_(aj) wj, D moved by a root of type b or d ,

o = q 2wj, D moved by «; € I,
0, D is GG-stable

(Here, w; denotes the fundamental weight corresponding to the simple root «;, and the sum
in Case 1 is over all roots «; € Il such that D is moved by «;.)

Now, let D € Dg, x,. We will show that n; p = ny,(py. There are three cases to consider,
depending on what roots move D.

Case 1: Suppose that D is moved by a root a; of type d. By Theorem 3.6.10 and
Corollary 4.4.3, D is moved by at most one other root ay, and D and ¢(D) are the unique
B-divisors of X; and X, (respectively) that are moved by a; (and likewise for as, if it
exists). Let wy and wy be the fundamental weights corresponding to o and «w, respectively.
It follows from (5.5.1) that the coeflicient of wy (or of wy + wq if wy exists) in pp, (resp.
ip,) is myp (resp. ng,py). Since the fundamental weights are linearly independent, this
coefficient is uniquely determined by the weight pp., so the fact that pup, = po = pp, gives
us n1,p = Ng,(p)- We remark that one can also handle the case where D is moved by a root
of type ¢ in the same manner. However, we will instead handle this possibility another way
in Case 2.

Case 2: Suppose that D is either G-stable or is moved by a root of type c. In this
case, our argument is similar to that of Lemma 5.5.8 above. If D is G-stable, then D
contains some G-orbit YV, and (X;)py = (X1), for some (u,d) € A (X3, Ly) with d > 0 (see
Theorem 3.2.7). In particular, D N (X;), # @. If instead D is moved by a root « of type c,
then we still obtain such a pair (i, d) by Lemma 4.5.2. Since ¢ is adapted to L; and Lo, we
have «(D) N (X3), # @. Now, let D] be the B-stable divisor of X; cut out by some nonzero
B-eigenvector if HO(X;, LY%) of weight p. Note that H°(X;, LY?) also has a B-eigenvector
of weight dug, and this section cuts out the divisor d - D;. It follows that

D;=d-D;+ div(p — dpug).

Let ny (resp. ng) be the weight of D (resp. «(D)) in Dy (resp. D). Since DN (X;), # @
and +(D) N (X2), # @, the coefficient of D (resp. «(D)) in D} (resp. Dj) is 0. The above
equation thus gives us

dny =0+ ¢p(duo/p),  dnz =0+ ¢yp)(duo/p).

Since pp = ©Y,(p), we obtain dn; = dny and hence n; = ny, as desired.
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Case 3: It remains to consider the case where D is moved by a root « of type b. Let D’ be
the other B-divisor of X; moved by «, and let w be the fundamental weight corresponding
to . Since D and D’ (resp. ¢(D) and «(D’)) are the only B-divisors of X; (resp. X5) moved
by «, (5.5.1) implies that ny p + ny p and Na,(p)y + Na2,(py are both coefficient of w in py.
This gives us

n1,p + N1 pr = N2 (D) T N2, (D')- (552)

Now, by Lemma 4.5.2; there exists some (u,d) € AT (X3, L;) with d > 0 such that either
DN (Xy), # @ or D'N(Xy), # @. After swapping D and D’ if necessary (which changes
nothing, since we intend to show that both ny p = ny ,(py and ny pr = nz,L(D/)), we may assume
that D N (X4), # @. Since ¢ is adapted to L; and Lo, this implies that «(D) N (X3), # @
as well. So, we may argue exactly as in Case 2 to show that ny p = ny,(p), and (5.5.2) then
gives ny pr = ng,(pry as well.

[]

The following result summarizes what we’ve proven about the relationship between being
adapted to two ample line bundles and mapping one ample line bundle to another.

Corollary 5.5.10. Let X; and X, be smooth projective spherical varieties, let v : Dg.x, —
D¢ x, be a D-equivalence, and let Ly and Ly be G-linearized ample invertible sheaves on X,
and Xy (respectively) such that AT (Xy, L) = AT (Xs, Ly). Then, « maps Ly to Lo if and
only if v is adapted to L1 and L.

Proof. One direction is Lemma 5.5.8, and the other direction is Theorem 5.5.9. [

The above results also allow us to compare the data of a strong D-equivalence with the
combined data of a weight monoid A*(X, L) and the set IT%.

Corollary 5.5.11. Let X; and X5 be smooth projective spherical varieties. The following
are equivalent:

(i) X1 and X5 are strongly D-equivalent.

(ii) HS’(I = Hg(Q, and there exist G-linearized ample invertible sheaves Ly and Lo on Xq and
Xy (respectively) such that AT (X, L) = AT (Xa, Lg).

Proof. The implication (i) = (ii) is immediate from the definition of a strong D-equivalnece
(and Lemma 4.1.2). The implication (ii) = (i) follows immediately from Theorem 4.5.5 and
Theorem 5.5.9.

[l

The above corollary tells us that in Theorem 4.5.5, the two assumptions AT(Xy, Ly) =
At (X3, Ly) and Hgﬁ = Hg(Q are equivalent to saying that X; and X, are strongly D-
equivalent. This is interesting because the data of AT(X;, L;) and II%, is the main data
that appears everywhere in our results in Chapter 4. For instance, in the classification
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statement of Corollary 4.8.1 (cf. Corollary 5.5.3 above for the A*-equivalence setting), we
assume that A*(Xy, L)) = A*(X,, Ly), and we also assume II% = IT%_ under condition (ii)
(because Hg(i C VE%,). Thus, Corollary 5.5.11 says that a strong D-equivalence (or when
Pic(G) = 0, a strong AT-equivalence, see Corollary 5.5.2 above) is actually equivalent to
the data needed for our main results in Chapter 4. This is somewhat surprising: earlier in
this section, we saw very readily that strong equivalences were sufficient to obtain our main
results in Chapter 4; but at first glance, it seems very possible that assuming the existence
of a strong equivalence might be stronger than the assumption on our results in Chapter 4.
However, Corollary 5.5.11 indicates that this is not the case. Put another way, the data of

a strong (AT- or D-) equivalence is essentially the same as the data we used for our results
in Chapter 4.
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Appendix A

Affine Cones over Projective Varieties

Here we briefly review the construction of an affine cone over a projective variety. This
construction is standard and appears in many places in the literature, but often without
proofs of certain elementary facts. For completeness, we provide proofs of some of these facts
here. Some of the material in this appendix involves G-linearizations, and one statement at
the end (Corollary A.6) involves the definition of a spherical variety. The reader unfamiliar
with these ideas may wish to consult Section 2.4 and Definition 3.1.1.

Let X be a projective k-scheme, and let L be an ample line bundle on X. Write A =
['.(X, L). Recall that we have a canonical isomorphism X 2 Proj(A). Indeed, since L is
ample, the canonical map f : X — Proj(A) is a dominant open immersion (see e.g. [Sta20,
Tag 01Q1]). On the other hand, f is proper (because X is proper over k and Proj(A) is
separated over k), so f is surjective and hence an isomorphism. Because of this, we will
frequently identify X with Proj(A) in what follows.

Now, let X = Spec(A). For any homogeneous element f € A, consider the morphism of
affine schemes .

my: Xy = Spec(Ay) = Xy = Spec((Ay)o)

which, on global sections, is given by the inclusion (Ay)y < Ay of the degree-0 part of Ay.
One can check that that the 7 glue to a morphism

T X\ Z— X,

where Z C X is the closed subscheme corresponding to the ideal A, C A of positive-degree
elements.

Definition A.1. Let X be a projective k-scheme, and let L be an ample line bundle on X.

L. The affine cone over X with respect to L is the scheme X defined above. When we
wish to consider the morphism 7 : X \ Z — X constructed above, we sometimes say
that 7 : X \ Z — X is “the affine cone over X” (by which we really mean that X is
the affine cone and 7 : X \ Z — X is the morphism constructed above).
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2. If T'(X,0x) = k (which occurs, for instance, if X is projective and geometrically
integral over k), then we have

AJA, =2 Ay = H°(X,0x) = k.

It follows that Z is a single point. In this case, we denote the unique point in Z by 0
and call this point the vertex of the affine cone X.

Example A.2. When X = P} = Proj(k[zo, ..., 2,]), we have X = Spec(klz, ..., zn]) =
AZH. In this case, the vertex of X is the point 0 corresponding to the maximal ideal
(x0,..., o), and the map 7 : X \ {0} — X is classically thought of as the “quotient map”

ARTAA{0} = (AT {0}) /R = Py

The affine cone is essentially a generalization of this classifical construction. Indeed, the map
m: X\ Z — X turns out to be a GIT quotient in general, see Theorem A.3 below.

With notation as above, we can define a G,,-module structure on I',(X, L) as follows:
for any S = Spec(R) and any point r € G,,(R) = R*, we let r act on H°(X, L®%) ®,, R via
multiplication by 7¢. In other words, G,, acts on the degree-d part H°(X, L®?) of I',(X, L)
via the character d € Z = X(G,,). This G,,-module structure on I',(X, L) induces an action
of Gy, on X (see Lemma 2.4.4). Moreover, the action of G,, fixes the ideal of positive-degree
elements of I',(X, L), so the subscheme Z cut out by this ideal is G,,-stable. We may thus
consider the action of G,, on the complement X \ Z. The following theorem gives us a few
important properties of this action.

Theorem A.3. Let X be a projective k-scheme, let L be an ample line bundle on X, and
let m: X\ Z — X be the affine cone over X.

(a) 7 is affine, faithfully flat and of finite presentation.
(b) 7 is a principal G,,-bundle (see [Bril8, Definition 2.3.1]).
(¢) m is the geometric GIT quotient of X \ Z by the action of G,,.

sketch of proof. Write A = T',(X, L). Then, 7 is locally given by the morphism of affine
schemes X ¢ — X corresponding to the inclusion (Af)y < Ay for some homogeneous element
f € A. This morphism is faithfully flat and finitely presented, which immediately implies
(a). Statement (b) can be checked locally as well: thanks to (a), we just have to show that

the morphism . . .
Xf XGm—>Xf XXf Xf

given on rings by the map

Af ®(Af)0 Af — Af X k[ti], TRY Ty tdeg(z)
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is an isomorphism. One can check that the inverse of this ring map is given by y ® t" —
f" ® 5. Finally, it follows from the definition of the G,-action on A that (A )% = (Ap)o
for any f € A homogeneous. So, 7 is Zariski-locally a categorical GIT quotient (see [MF8&2,
Theorem 1.1]), hence also globally a categorical GIT quotient (by some formal arguments
involving universal properties). One can then check from the definitions that 7 is in fact a
geometric GIT quotient. O]

Many nice properties of X can be transferred over to the affine cone X. For the sake of
brevity, we discuss this for only a couple important properties.

Proposition A.4. Let X be a projective variety over k, let L be an ample invertible sheaf
on X, and let m: X \ Z — X be the affine cone over X.

(a) X is a k-variety.
(b) X is normal if and only if X is normal.

sketch of proof. Let A = T',(X,L). We claim that A is a domain. It will suffice to prove
that for any s € HY(X,L®™) and t € H°(X,L®") such that s ® ¢ = 0, one of s or t is
0. dropping to the stalk at any point x € X and picking an isomorphism L, = Ox,, the
equality s ® ¢ = 0 becomes s,t, = 0 (here identifying s, and ¢, with their images in Oy,
under the isomorphisms L&™ = L%" =~ Oy ). Since X is integral, we conclude that for all
xr € X, either s, =0 or t, = 0. In other words, we have

X = (X\ X,)U(X\ X)),

Since X is irreducible, this implies that X = X \ X or X = X \ X, so one of s and ¢
vanishes everywhere. In other words, we have s = 0 or ¢t = 0, as desired.

This proves that A is a domain, so X is integral. Moreover, X is separated because it is
affine, so to prove (a), we just need to show that A is finitely generated. This fact was first
proven by Zariski (who in fact proved something much more general). The proof is rather
technical, so we omit it here; see [Laz04, Example 2.1.30] for a proof when X is normal and
[Bad01, Theorem 9.14] for a proof of Zariski’s original result. (Note that Zariski’s result
requires some tensor power of L to be globally generated, which is true here because L is
ample.) Finally, for a proof of (b), see [AB04, Lemma 2.1]. O

We are mainly interested in the case where X is a G-variety and L is a G-linearized
invertible sheaf on X. In this case, we can obtain a group action on the affine cone X in the
following way. Let G = G X G,,. The ring T, (X, L) has the structure of a G-module, where
G acts via the given G-linearization on L and G,, acts as above. This G-module structure
induces a G-action on X (see Lemma 2.4.4). Moreover, one can check that 7 : X \ Z — X
is G-equivariant and G,,,-invariant, in the sense that for any (g,t) € G X G,, and any & € X,
we have

m((g:1) - %) = g - m(2).
It follows that 7 identifies G-orbits of X \ Z with G-orbits of X. More precisely:
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Proposition A.5. Let G be an algebraic group, let X be a projective G-scheme, and let L
be a G-linearized ample invertible sheaf on X. Let m: X \ Z — X be the affine cone over X.

(a) The map O — w(O) is a bijection between G-orbits of X and G-orbits of X \ Z. Its
inverse is the map O — 7 1(0).

(b) Z is a G-stable subvariety of X .
(¢c) If '(X,0x) =k, then Z = {0} is the unique closed G-orbit of X.

Proof. Write A = T',(X, L), so that X = Spec(A) and X = Proj(A). Given any G-orbit
O C X, the fact that 7 is G-equivariant implies that 7(©) is a G-orbit of X. Conversely,
for any G-orbit O C X, the preimage 7 1(O) is G-stable because 7 is G-equivariant and
G,n-invariant. More precisely: for any (g,t) € G x G,, and any 7 € 7~ (O), we have

m((g,t)-7) =g -7(7) € O,

o (g,t) -7 € 7 1(0O). On the other hand, For any z;,2, € 771(0), we know that O is a
G-orbit, so there exists some g € G such that m(x2) = gn(z1) = 7(gz1). Then, gz, and
are in the same fiber of 7 and hence are in the same G,,-orbit (because 7 is a geometric
GIT quotient and all schemes are of finite-type over the algebraically closed field £, see
Theorem A.3 and [MF82, Definition 0.6]). Tt follows that z; and x5 are in the same G-orbit,
so m1(O) is a single G-orbit. One can check from the definitions that the maps O — 7(0)
and O — 7 1(0O) are inverses, so this proves (a).

Now, the subscheme Z C X corresponds to the maximal ideal A, C A generated by all
homogeneous elements of positive degree. Since G acts on each graded piece of A separately,
we immediately see that Z is G-stable, which proves (b). In particular, if Ay = T'(X, Ox) = k,
then Z = {0} consists of a single G-stable point, so Z is a G-orbit. Moreover, for any G-orbit
O C X, the generic point of 771(0) is the preimage of the generic point of @ and hence is a
homogeneous prime ideal p C A. The fact that Ag = k gives us p C A, which implies that
0 € 771(O). By (a), this means that none of the G-orbits in X \ Z is closed, so Z = {0} is
the unique closed G-orbit. O

Note that if G is reductive, then so is G = G X Gy, and if B is a Borel subgroup of
G, then B = G x G,, is a Borel subgroup of G. Our above results now readily imply the
following useful statement about spherical varieties.

Corollary A.6. Let G be a reductive group, let X be a projective G-variety, and let L be a
G-linearized ample invertible sheaf on X. Let X be the affine cone over X. Then, X is a
spherical G-variety if and only if X s a spherical G-variety.

Proof. Proposition A.4 implies that X is a variety and that X is normal if and only if X is.
Moreover, let 7 : X \ Z — X be the affine cone over X. Proposition A.5 implies that Z is
B-stable, so any open B-orbit of X would have to intersect the open set X \ 7/ and hence
be contained in X \ Z. On the other hand, Proposition A.5 also implies that X \ Z contains
an open B-orbit if and only if X contains an open B-orbit. O
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Remark A.7. For the reader who has already seen most of the theory of spherical vari-
eties, it may be interesting to ask whether any “special” types of spherical varieties have
correspondingly special affine cones. We briefly discuss this question for the various types of
spherical varieties considered throughout this thesis.

Suppose that X is a projective spherical variety. The affine cone X can never be wonderful
without being trivial, since X is affine and wonderful varieties are projective. Moreover, X
is rarely toroidal. Indeed, since k is algebraically closed and X is projective and integral,
we have I'(X, Ox) = k and hence Z = {0}. So, Proposition A.5 implies that Z is a closed
G-orbit. On the other hand, by arguing as in the proof of that proposition, one can show
that every B-divisor of X has the form 7~!(D) for some B-divisor of X and that 0 € 7~1(D).
It follows that X is not toroidal unless it has no colors (in which case it is a toric variety by
Proposition 3.1.19).

On the other hand, the affine cone is always simple, as are all affine spherical varieties (see
Lemma 2.5.8). As for horospherical varieties, one of our main results is Theorem 4.3.3, which
relates the valuation cone of X to that of X. Since horospherical varieties are characterized
by their valuation cones (see Corollary 3.4.10), one can use Theorem 4.3.3 to show that X
is horospherical if and only if X is.
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Appendix B

Divisorial Sheaves

Here we give an overview of the theory of divisorial sheaves. This theory generalizes the
usual correspondence between Cartier divisors and invertible sheaves to the setting of Weil
divisors on a normal variety. For our purposes, the most important parts of the theory are
the main results and the notion of G-linearizations of divisorial sheaves. As such, we omit
many technical proofs in what follows. The reader interested in these proofs may wish to
consult [Sta20, Tag 0OEBK] and [Har80, Section 1].

We begin by recalling a few standard definitions for coherent sheaves.

Definition B.1. Let F be a coherent sheaf on a k-variety X.
1. We say that F is torsion-free if the stalk F, is a torsion-free Ox ,-module for all z € X.

2. We define the dual sheaf of F to be FY = Homo, (F,Ox). We often write F"V for
the dual of the dual sheaf, i.e. the sheaf (FV)V.

3. Note that evaluation of sheaf morphisms on sections defines a canonical map of co-
herent Ox-modules F — F¥V. We say that F is reflezive if this canonical map is an
isomorphism.

4. By generic freeness (see e.g. [Sta20, Tag 051S]), there exists a nonempty open subset
U C X such that Fl|y is a free Ox-module of finite rank. We define the rank of F
to be the rank of this free Ox-module. (This does not depend on the choice of U,
because any two nonempty open subsets intersect, and the rank can be read off from
any stalk.)

Remark B.2. If X is projective, the rank of F can also be computed as ar/ao,, where ar
denotes the leading coefficient of the Hilbert polynomial of F.

Intuitively, we think of locally free sheaves of finite rank as an analog of vector bundles,
and we think of reflexive sheaves as “vector bundles with singularities.” In particular, every
locally free sheaf is reflexive (one can check this from the definitions by looking at the
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morphism F — F"V on stalks, where it is a morphism of free modules). On the other hand,
if X is locally factorial, the converse is also true for rank-1 sheaves:

Proposition B.3 ([Har80, Proposition 1.9]). Let X be a locally factorial variety. Then, any
reflexive sheaf of rank 1 is invertible.

There is a whole algebraic theory of reflexive sheaves, which is interesting in its own right.
For a discussion of this theory, see [Har80, Section 1]. For our purposes, however, there are
only two key facts that we need about reflexive sheaves. The first is Proposition B.3 above;
the second is the following proposition.

Proposition B.4 ([Har80, Proposition 1.6]). Let F be a coherent sheaf on a normal variety
X. The following are equivalent.

(i) F is reflexive.

(i1) F is torsion-free, and for any open subset U C X and any closed subset Y C U of
codimension > 2, we have i,.F |y = Fly, where i : U\Y — U is the inclusion
morphism.

We will restrict our attention to reflexive sheaves of rank 1. These are important enough
to merit their own name.

Definition B.5. We say that a coherent sheaf F on a normal variety X is a divisorial sheaf
if F is reflexive and the rank of F is 1.

Our interest in divisorial sheaves is primarily due to the following theorem.
Theorem B.6 ([Sta20, Tags OEBL, 0EBM]). Let X be a normal varietiy.

(a) The set of isomorphism classes of divisorial sheaves on X is an abelian group under
the operation F *G = (F® G)VY. Moreover, the class of Ox is the identity element in
this group, and the inverse of the class of a divisorial sheaf F in this group is the class
of the dual sheaf F.

(b) There exists a canonical isomorphism of abelian groups

« : {isomorphism classes of divisorial sheaves on X} — Cl(X)

sketch of proof. The proof of (a) is essentially a technical, sheaf-theoretic argument; see
[Sta20, Tag OEBL] for details. As for (b), we explain the construction of the map «; the
proof that this map is an isomorphism can be found in [Sta20, Tag 0OEBM]. Let U C X be
the regular locus of X. For any divisorial sheaf F, the restriction F|y is a reflexive rank-1
sheaf on the regular variety U, so Proposition B.3 impies that F|y is invertible. Thus, F|y
represents an element of Pic(U). On the other hand, we have Pic(U) = Cl(U) (because U
is regular) and Cl(U) = CI(X) (proof: the Weil divisor class group depends only on K (X)
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and the stalks Ox , of any point x € X such that codim({z}) < 1; but any such z lies in
U because X is normal). Under these isomorphisms, the invertible sheaf F|; determines a
class [Dz] € CI(X). We define a by sending the isomorphism class of F to [Dz]. ]

Let Kx denote the constant sheaf of K(X) on X. Recall that for a Cartier divisor D on
X, we may view Ox (D) as the subsheaf of Kx defined by

T(V,0x(D)) = {f € K(X) | VN (D +div(f)) > 0}. (B.0.1)

for any open subset V' C X (cf. [GW10, Section 11.12]. Also, note that I'(V,Kx) = K(X)
for all V' because X is irreducible.)

We can use the above fact to explicitly describe the inverse of the isomorphism « from
Theorem B.6. Let F be a divisorial sheaf, and let D be any Weil divisor in the class
a(F) € CI(X). Let U C X be the regular locus, and let i : U < X is the inclusion map.
The intersection D N U is Cartier because U is regular, and it follows from the construction
of a that F|y = Oy(DNU). Since X is normal, the complement X \ U has codimension
> 2, so Proposition B.4 (applied to the reflexive sheaf F and the closed subset X \ U C X)
implies that

.Oy(DNU) =i, Fly = F.

For any open subset V' C X, the above isomorphism gives us

I(V,F)=T(UNV,Opnv(DNUNV))
~(fe K(X)| (DNUNV)+div(f) >0}
={fe KX)|Vn(D+div(f)) > 0}.

(The second line here is (B.0.1) applied to the sheaf Opyny (D N U NV), and the third line
follows from the fact that U intersects every prime Weil divisor of X.) This equation tells us
exactly how to recover the sheaf F = a~!([D]) from the divisor D. In practice, we are much
more interested in this description of a~! than we are in the map . As such, we define some

notation to help us refer to this description of a .

Definition B.7. Let X be a normal variety, and let D be a Weil divisor on X. We define
a sheaf of Ox-modules Ox (D) by setting

I'(V,0x (D)) ={f € K(X) [ VN (D +div(f)) = 0}
for any open subset V' C X. (Here, the action of I'(V, Ox) is given by multiplication in
K(X)>I'(V,0x).)

Remark B.8. Notice that our definition of Ox (D) for a Weil divisor D is identical to the
description of Ox (D) for a Cartier divisor D in (B.0.1). It follows that when a Weil divisor
D is actually Cartier, the divisorial sheaf Ox (D) is invertible and is equal to the usual
invertible sheaf corresponding to a Cartier divisor.
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Our above discussion (along with a couple formal arguments) readily implies several nice
properties about the sheaf Ox (D).

Corollary B.9. Let X be a normal variety, and let Dy and Dy be Weil divisors on X.
(a) Dy and Dy are linearly equivalent if and only if Ox(D;) = Ox(D3).

(b) We have
Ox (D1 + Ds) = (Ox (D) ® Ox (D))",

and for any i, we have Ox(—D;) = Ox(D;)".
(¢c) The map
B : CIX) — {isomorphism classes of divisorial sheaves on X}

gwen by [D] — Ox (D) is the inverse to the map « of Theorem B.6. In particular, 3
s an isomorphism.

Proof. 1t follows immediately from the definitions (and the equation div(fg) = div(f) +
div(g) for any f,g € K(X)) that D; = D, implies Ox(D;) = Ox(D,). This is one direction
of (a), and it also implies that the map [ is well-defined. Our above discussion shows
that S o a = id; since « is an isomorphism, this gives us 8 = a~!. In particular, 3 is a
homomorphism, which implies (b). Also, the fact that f is injective implies that if Ox(D;) =
Ox(Ds), then D; and D, are linearly equivalent, which is the other direction of (a). O

Remark B.10. In light of the above corollary, we will typically think of divisorial sheaves as
being the sheaves which (up to isomorphism) have the form Ox (D) for some Weil divisor D.
This is much more useful in practice than the (somewhat abstract and algebraic) definition
of a divisorial sheaf.

Remark B.8 above indicates that the sheaves Ox (D) for Weil divisors D are a generaliza-
tion of the sheaves Ox (D) for Cartier divisors D. The above corollary thus generalizes the
usual correspondence D <+ Ox (D) between Cartier divisors and invertible sheaves. Indeed,
when X is locally factorial, all Weil divisors are Cartier, and Remark B.8 implies that the
map [ in the above corollary is precisely the usual correspondence between Cartier divisors
and invertible sheaves.

The relationship between a Weil divisor D and the divisorial sheaf Ox (D) is generally
analogous to the relationship between Cartier divisors and their corresponding invertible
sheaves. For instance, we have the following lemma, which generalizes a standard fact about
Ox (D) when D is an effective Cartier divisor (see e.g. [GW10, Remark 11.25]).

Lemma B.11. Let X be a normal variety, and let D be an effective Weil divisor.

(a) The sheaf Ox(—D) is an ideal sheaf of Ox.
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(b) The closed subscheme defined by Ox(—D) has support equal to Supp(D).

(c) Viewing D as the closed subscheme defined by the ideal sheaf Ox(—D), and letting
1: D — X be the inclusion map, we have the following short exact sequence of Ox-
modules:

0— Ox(—D) — Ox —i,.0Op — 0.
Proof. For any open subet V' C X, the definition of Ox(—D) gives us
I(V,0x(=D)) ={f € K(X) [ V n(div(f) - D) = 0}.

The righthand side of the above equation is contained in I'(V, Ox) for all V' if and only if
div(f) — D > 0 implies f € I'(X,Ox). For any f € K(X) such that div(f) — D > 0, the
fact that D is effective gives us div(f) > D > 0 and hence f € I'(X,Ox), so this proves
(a). Moreover, we have I'(V,Ox(—D)) = I'(V,Ox) if and only if 1 € I'(V,Ox(—D)), or
equivalently, if and only if

VN (=D)>o.

Since D is effective, this is equivalent to the condition D NV = @. We conclude that the
closed subscheme cut out by Ox(—D) has complement X \ Supp(D); in other words, the
underlying set of this closed subscheme is Supp(D). Finally, the short exact sequence in
(c) follows formally from the fact that Ox(—D) is the ideal sheaf of the closed subscheme
D. O

Corollary B.12. Let X be a normal variety, and let D be an effective Weil divisor on X.
Then, D is Cartier if and only if Ox (D) is invertible.

Proof. We already know that Ox (D) is invertible if D is Cartier, see Remark B.8. Conversely,
suppose that Ox(D) is invertible. Then, the ideal sheaf Ox(—D) = Ox(D)" is invertible as
well. Picking an open cover {U;}; of X such that Ox(—D)|y, = Oy, for all i, we see that the
ideal sheaf Ox(—D)|y, is generated as a Oy,-module by a single section f; € I'(U;, Ox(—D)).
In other words, D is a divisor which is locally cut out by a single equation, which is exactly
what it means for D to be Cartier. (More precisely, the data {(U;, f;)}: defines an effective
Cartier divisor, and one can check that this divisor is precisely the divisor D.) O

For our purposes, the main reason for using the divisorial sheaf Ox (D) instead of the
divisor D is to consider the notion of a G-linearization of Ox (D). Note that nothing in the
definition of a G-linearization depends on the sheaf being invertible; thus, we can define a
G-linearization of a divisorial sheaf in exactly the same way as for an invertible sheaf. More
precisely:

Definition B.13. Let X be a normal G-variety, let p : G x X — X be the action morphism,
and let F be a divisorial sheaf on X. A G-linearization of F is an isomorphism

gb:p*]:%pr}}"

that satisfies the cocyle condition of Definition 2.4.9.
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Remark B.14. In the literature, the notion of a G-linearization on a general (i.e. not
necessarily invertible or even divisorial) sheaf is sometimes referred to as an “equivariant
sheaf.” We prefer to use the term “G-linearization” here in order to emphasize the analogy
between divisorial sheaves and invertible sheaves.

Let X be a normal variety, and suppose that X has finitely many G-orbits. Let U be
the union of all the G-orbits of X of codimension < 1. Then, U is a G-stable open subset,
U is regular because X is normal, and X \ U has codimension > 2. Let i : U — X be the
inclusion map. We claim that the pullback by 7 induces a bijection

isomorphism classes of N isomorphism classes of
1" : < divisorial sheaves on X » — < invertible sheaves on U

whose inverse is the pushforward i,. For any Weil divisor D on X, the pullback i*Ox (D) =
Ox(D)|y is invertible by Proposition B.3, so the map i* is well-defined. Moreover, we have
i:Ox(D)|y = Ox (D) by Proposition B.4, so i* is injective, and i, is a left inverse of i*. On
the other hand, every Cartier divisor on U is a Weil divisor and so has the form D N U for
some Weil divisor D on X (see our discussion of the isomorphisms Pic(U) = Cl(U) = Cl(X)
in the proof of Theorem B.6 above). Comparing the definition of Ox (D) with (B.0.1) then
gives us Ox(D)|y = Oy (DNU). This proves that i* is surjective, hence bijective, so the left
inverse 7, is in fact the inverse of 7*.

We can use the bijection i* to relate G-linearizations of divisorial sheaves on X with G-
lineariations of invertible sheaves on U. Because i is G-equivariant, any G-linearization on
a divisorial sheaf Ox (D) induces a G-linearization on the restriction Ox(D)|y = i*Ox(D)
(via pullback by the map (idg,i) : G x U — G x X, see Lemma 2.4.12). On the other
hand, any G-linearization of Ox(D)|y induces a G-linearization on i,Ox(D)|y = Ox(D)
(by pushing forward by (idg,4)). One can check that these constructsion of G-linearizations
are inverses, so the G-linearizations on Ox (D) are in bijection with those on Ox(D)|y. It
follows that all of our existence and uniqueness results in Section 2.6 apply just as well to
G-linearizations of divisorial sheaves on X, even when these sheaves are not invertible. This
fact will be very important for our purposes; as such, we define some notation for the subset
U to help us refer to this situation.

Definition B.15. Let X be a normal variety, and suppose that X has finitely many G-orbits.
We define X=! to be the union of all the G-orbits of X of codimension < 1.

In summary, we may view C1(X) as the abelian group of isomorphism classes of divisorial
sheaves, or equivalently, as the abelian group of isomorphism classes of sheaves of the form
Ox (D) for some Weil divisor D. Moreover, G-linearizations work essentially the same way
on these sheaves as they do on invertible sheaves (at least when X has finitely many G-
orbits). We can even restrict (G-linearized) divisorial sheaves to X=! to obtain (G-linearized)
invertible sheaves, which allows us to work only with invertible sheaves if necessary.

Since G-linearizations on divisorial sheaves behave just like G-linearizations on invertible
sheaves, we can also generalize the G-equivariant Picard group Picg(X) to the setting of
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divisorial sheaves. Recall that Picg(X) is the abelian group of G-equivariant isomorphism
classes of invertible sheaves (see Definition 2.4.14). In order to define the group action
on Picg(X), the key fact is Lemma 2.4.13, which states that G-linearizations on invertible
sheaves induce G-linearizations on tensor products and inverses in a canonical way. The
entire proof of Lemma 2.4.13 also works for G-linearizations of divisorial sheaves, provided
we consider the dual sheaf FV in place of the inverse L~! of an invertible sheaf. This allows
us to define an analog of Picg(X), but with divisorial sheaves instead of invertible sheaves.

Definition B.16. Let X be a normal G-variety. We define the G-equivariant class group
of X, denoted Clg(X), to be the abelian group of G-equivariant isomorphism classes of G-
linearized divisorial sheaves on X. Here a “G-equivariant isomorphism” means the same as
it does for G-linearized invertible sheaves (see Definition 2.4.14), and the group structure is
given by the analog of Lemma 2.4.13 discussed above.
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adjacent

to Supp(y), 219

to a simple root, 29
affine cone

vertex of, 294

base of a root system, 28

B-divisor, 98

Bialynicki-Birula decomposition, 161
big cell, 161
source, 161

Borel subgroup, 23
opposite, 40

canonical embedding, 150
central isogeny
of algebraic groups, 26
of root data, 26
characters, 23
color, 98
colored cone, 133
face of, 133
maps to, 138
strictly convex, 133
colored fan, 134
maps to, 138
strictly convex, 134
support of, 138

compatibility of a D-equivalence and a

AT -equivalence, 270
complexity, 91
cone, 119
dimension of, 119
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dual, 119

extremal rays of, 119
face of, 119
polyhedral, 119
relative interior of, 119
strictly convex, 120

coroot, 25

D-equivalence, 186

adapted to Ly and Loy, 280

maps Ox, (D1) to Ox,(Ds), 278
preserves ample cones, 234

preserves colored fans, 190

preserves maximal colored cones, 233
strong, 278

D-equivalent, 186

strongly, 278

divisorial sheaf, 299
Dynkin diagram, 29

eigenvector, 41

weight of, 41

Equivariant Chow lemma, 86
Existence Theorem, 26

fan, 125
fundamental weights, 34

G-divisor, 98

G-equivariant total coordinate ring, 259
G-linearized invertible sheaf, 55
G-linearizable, 55

G-linearization, 54

canonical on Oy, 60



cocycle condition, 55
G-linearized invertible sheaf
G-equivariant morphism of, 61
G-module
irreducible, 41
multiplicity of, 45
multiplicity-finite, 46
multiplicity-free, 46
semisimple, 41
simple, 41
G—quasi-projective, 85
G-scheme, 15
G-variety, 15

highest weight, 44
homogeneous spherical datum, 172
horospherical variety, 143

invariant element, 41

isogeny of algebraic groups, 26
Isogeny Theorem, 26
Isomorphism Theorem, 26

Knop conjecture, 194

AT -equivalence, 259
maps Dq to Doy, 272
preserves colored fans, 272
strong, 278
AT-equivalent, 259
strongly, 278
level line bundle, 253
with respect to a, 253
Lie—Kolchin theorem, 43
linear function on Dy, 178
little Weyl group, 141
localization at simple roots, 163
localization at spherical roots, 170

maximal torus, 23
moving
a divisor by Supp(7v), 219
a divisor by a simple root, 164

one-parameter subgroup, 38
dominant, 39

parabolic subgroup, 23
opposite, 40

piecewise linear function, 178

convex, 182

strictly convex, 182

polarized spherical variety, 194

prime wonderful variety, 159

radical, 31
rank of a G-variety, 73
reductive group, 22
of type, 29
root system of, 29
reflexive sheaf, 298
root, 24
negative, 28
positive, 28
simple, 28
root datum, 25
reduced, 25
root system, 27
indecomposable, 27
reduced, 27

semisimple group, 31
simple G-variety, 130
simply connected, 32
sober subgroup, 150
solvable group, 22
spherical root

support of, 219
spherical roots, 142
spherical subgroup, 91
spherical system, 173
spherical variety, 91

homogeneous, 91
standard embedding, 150
standard Levi subgroup, 39

standard parabolic subgroup, 39
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tail, 139 G-invariant, 96

toric variety, 91 variety, 15

toroidal variety, 144 very sober hull, 153

torus, 22 very sober subgroup, 153

type of a simple root, 167 weight, 41

unipotent group, 22 dominant, 41

unipotent radical, 22 Weyl chamber, 36

universal cover, 32 antidominant, 41
dominant, 37

valuation, 95 Weyl group, 24

center of, 96 wonderful variety, 154

discrete, 96 rank of, 154
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g, the Lie algebra of G, 15

a € Ilg, simple root of G, 37

oV, coroot of a, 25

a;, simple root of an indecomposable root
system, 30

B C @, a Borel subgroup, 23

B~, opposite Borel subgroup, 40

|G, G], derived subgroup of G, 15

Ay, set of colors not containing Y, 131

By, set of valuations of divisors
containing Y, 131

B =B x G,,, 65

C°, relative interior of C, 119

CV, cone dual to C, 119

cq(X), complexity of X, 91

X (G), character group of G, 23

Clg(X), the G-equivariant class group,
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Cq(H), centralizer of H in G, 15

Cy, cone generated by ¢p for D DY, 132

A°(X), set of colors of X which do not
contain a G-orbit, 178

A(X), set of colors of X, 98

Div%(X), set of D € Divg(X) such that
Ox (D) is G-linearizable, 259

Divg(X), group of B-stable Weil divisors
on X, 259

div(f), effective Cartier divisor cut out by
feHOYX, L), 67
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div(f), principal Cartier divisor cut out
by f € K(X), 67

div(u), principal divisor cut out by some
f € K(X)®) of weight y, 176

D,, a B-divisor moved by «, 167

D%, the two B-divisors moved by «, 167

D¢ x, set of B-divisors on X, 98

D x (), set of divisors of X moved by a,
164

Dg’ x» set of G-divisors on X, 98

Dy, set of B-divisors containing Y, 178

Fx, the colored fan of X, 134

@, sheaf of characters on the étale site of
Spec(k), 75

G =G xG,, 65

G x" 7. homogeneous fiber bundle over
G/H with fiber Z, 15

I C Ilg, subset of simple roots, 39
t:Dg x, = Da x,, a D-equivalence, 186

AT (V), set of dominant weights appearing
inV, 64

AT(X), set of dominant weights
appearing in T'(X, Ox), 65

AT(X, L), set of dominant weights
appearing in @4H°(X, L®Y), 65

Ag, set of weights of G, 41

A(X), set of dominant weights appearing
in K(X), 65

Af, set of dominant weights of G, 41



L(X), set of piecewise linear functions
(ly)y € PL(X) that are “linear”,
178

Uy, linear function on Dy, 178

(¢y )y, piecewise linear function on Uy Dy,
178

M, standard Levi subgroup of P;, 39
M,, standard Levi subgroup of Py, 38
M, standard Levi subgroup of P,, 210
1, weight of a B-eigenvector, 41

N(X) = Homgz(A(X),Q), 98
N¢(H), normalizer of H in G, 15

0,, valuation ring corresponding to v, 96

Ox (D), divisorial sheaf associated to the
Weil divisor D, 300

Ox(A), G-linearization of Ox
corresponding to A € X(G), 82

P, parabolic subgroup corresponding to
{a} C 11, 164

O(G,T), set of roots of (G,T), 24

©p, homomorphism A(X) — Z induced
by vp, 99

P, parabolic subgroup corresponding to
1,39

Picg(X), the G-equivariant Picard group,

62

, set of simple roots of type

a/b/c/d for X, 167

Il = lg(B,T), the set of simple roots of
G, 37

P, parabolic subgroup corresponding to
A, 38

PL(X), set of piecewise linear functions
on UyDy, 178

P~ opposite parabolic subgroup, 40

Ve p, set of spherical roots of X, 142

P,, subgroup of G fixing X,,, 210

Py, subgroup of GG that fixes the open
B-orbit of X, 117

Hg{/b/a/d
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R(G), radical of G, 31
r(X), rank of X, 73
R,(G), unipotent radical, 22

Y, set of all spherical roots of spherical
G-varieties, 170

Supp(-Z), support of a colored fan ., 138

Supp(7), set of simple roots with positive
coefficients in v, 219

T C B, a maximal torus, 23

0 : Clg(X,) = Clg(X3), a At-equivalence,
259

T=TxG,, 65

Uy, unipotent radical of Py, 38

VH)  submodule of H-eigenvectors of V/,
41

VH submodule of H-invariant elements
of V, 41

V(X) C N(X), cone of G-invariant
valuations of X, 98

vp, valuation corresponding to D, 96

W (B, T), dominant Weyl chamber for B,
37

(X, L), a polarized spherical variety, 194

X7 localization of X at the set I, 163

X=! union of G-orbits of codimension
<1in X, 303

X (), subvariety obtained by applying the
local structure theorem to X, 210

Xy, the smallest B-stable affine open
subset of X intersecting Y, 113

X, the Q-vector space X ®z Q (for a
lattice X), 15

XV, dual of a lattice X, 15

Z(G), center of G, 15
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