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ABSTRACT OF THE DISSERTATION

Geometric Curve Flows
By
Hsiao-Fan Liu
Doctor of Philosophy in Mathematics
University of California, Irvine, 2014

Professor Chuu-Lian Terng, Chair

We study geometric curves flows whose invariants flow according to some soliton
equations. We discuss the correspondences between the Schodinger flows on Hermi-
tian symmetric spaces and equations of the nonlinear Schrédinger(NLS) type. And
we use these correspondences to construct Backlund transformations for these curve
flows. We also study the geometric Airy curve flows on space forms whose invariants
satisfy the vector modified KAV (vmKdV) type equations. The existence of solutions
to the Cauchy problems of curve flows for periodic boundary conditions follows from
the correspondence. We then obtain geometric algorithms to solve periodic Cauchy

problems numerically.



Introduction

A geometric curve flow is called integrable if the local invariants satisfy some soliton
equations. The most famous example is the vortex filament equation (VFE), i.e., the

following curve flow in R?:

(1) Yt = Yz X Vaz;

modeled by Da Rios for a self-induced motion of vortex lines in an incompressible
fluid. It can be checked that 2 (||v.]|*) = 0. So we may assume ||y, (z,t)|| = 1 for all

t,i.e., y(-,t) is parametrized by its arc-length. Hence the VFE can be rewritten as

—

Ve = kni

under the Frenet frame, where £ is the curvature and 7 is the bi-normal. Hasimoto

showed in [4] that if 7 is a solution of the VFE, then there exists a function 6 : R — R



such that

(2) o) = k(a, £) OO (509

is a solution of the non-linear Schrédinger equation (NLS)

(3) @ = i(qza + 2|q*q),

where 7(-, ) is the torsion for (-, ¢) and x is the arc-length parameter. For example,
v(z,t) = (cosz,sinx,t) is a solution of the VFE with k(x,t) = 1, 7(x,t) = 0, and
q(x,t) = €?* is the corresponding solution of the NLS. Due to this transform, VFE is

regarded as a completely integrable curve flow.

The NLS is a soliton equation. In other words, it has properties shared by other
integrable equations: (i) the NLS has infinitely many commuting conservation laws,
(ii) there are infinitely many families of explicit soliton solutions, (iii) the Cauchy
problem with rapidly decaying initial data can be solved by the inverse scattering
method or by group factorization method (cf. [17]). Therefore, VFE has similar

properties.

One interesting modification for NLS equation is the derivative nonlinear Schrodinger

equation (DNLS) [2]:

?

5 (e + (la1*q)a)-

(4) qt

The difference between the NLS and the DNLS is the nonlinear term and it will lead
to some new properties. Also, the DNLS is highly connected to Hermitian symmetric
space [2]. It turns out to be a better and more precise equation in simulating the

deep water waves, such as waves in the ocean.



Terng and Uhlenbeck in [15] first proposed the Schrodinger flow

Tt = [% Vxx]

on the complex Grassmannian manifold. Later Terng and Thorbergsson generalized
in [12] to classical Hermitian symmetric spaces. It has a Lax pair that is gauge
equivalent to the Lax pair of the NLS-type equations associated to each Hermitian
symmetric space. One can construct solutions to the Schrodinger flow from solutions
to the NLS-type equation and vice versa, so that the Schrodinger flow on a Hermitian

symmetric space corresponds to the NLS-type equation.

Langer and Perline considered in [7] the following curve flow

3
(5) Ve = —(Yaze + 5“%:96“271)

They proved that (5) preserves arc-length (so we may assume ||v,(z,t)|| = 1), and
there exists an orthonormal frame (ey,...,e,) along v with e; = v, and (ea, ..., €e,)
a parallel normal frame for the normal bundle of the curve (-, t) at each time-level

t, such that u = (ko, ..., k,) satisfies the vector modified KdV equation (vinKdV)

3
(6) U = — <umx + §Hu\|2uz) ,
where ko, ..., k, are the principal curvatures. Under the parallel frame, (5) can be
written as
1 n—1 n—1
_ _ 2, _ . )
Tt = 92 Zl kz €o 2(k1)$eu

or equivalently,

1
= =G H|Peo + VL),

where V is the Levi-Civita connection and H is the mean curvature vector. When it



comes to change the tangential coefficient, it means reparametrizations of the flow.

Therefore, we consider the geometric Airy curve flow
Yt = —V;H,

which is geometric as the curve velocity 7, can be expressed as geometric quantities

of .

In this thesis(joint work with Dr. Chuu-Lian Terng), we will discuss Schrodinger flows
for the Hermitian symmetric spaces and the Airy curve flows on the space forms. We
construct Backlund transformations for theses curve flows via the correspondences
between geometric curve flows and soliton equations and use these transformations
to construct recursively infinitely many families of explicit solutions for these flows.
Moreover, we solve the periodic Cauchy problems for the Schrédinger flow on 2-
sphere, the VFE, and the geometric Airy curve flow on R?. This provides a geometric
approach to obtain numerical solutions for these flows using MatLab. The advantage
of this geometric algorithm is that we reduce the curve PDE to one soliton equation

and ODE systems.

The paper is organized as follows: In Section 1, we review three hierarchies that give
soliton equations including NLS, derivative NLS and vimKdV. In Section 2, we will
discuss the Schrodinger flow on Hermitian symmetric spaces. The Airy curve flows
on space forms will be discussed in Section 3. In Section 4, we construct Backlund
transformation for the curve flow solutions and several examples are given. Section 5
is dedicated to solve periodic Cauchy problems of the Schrodinger flow on 2-sphere,
the VFE, and the geometric Airy curve flow on R? for periodic boundary conditions.
In the last section, we explain the geometric algorithms and demonstrate numeri-

cal experiments, including error estimates and the behaviors of numerical solutions



starting with different initial curves.



Chapter 1

Soliton Hierarchies from Splittings

of Lie Algebra

1.1 Soliton Hierarchy constructed from £7(G) and

{aX | j =1}

In this section, we review the construction of soliton hierarchies from splittings of

loop algebras given in [15].

Let G be a complex simple Lie group and 7 an involution on GG. Suppose the induced
involution dr, (still denoted by 7), the differential of 7 at the identity on G, is conju-
gate linear, i.e., 7(2§) = z7(§) for all £ € G and z € C. Let U denote the fixed point
set of 7 and U the corresponding Lie sub algebra, i.e., the fixed point set of dr,. Such

U is a real form of G.

Let L(G) = C=(S!,G), L (G) the subgroup of f € L(G) such that f can be extended
holomorphically to { | A | < 1}, and L_(G) the subgroup of f € L(G) that can be



extended holomorphically to {co > | A | > 1} and having value e at the infinity.

The Lie algebras written in terms of Fourier series are

L(G) ={&\) =& | & € G,
(1.1) L(G) = {6\ € L(G) | £N) = Siso&iM'}

L(G)={EN) € L(G) | &(N) = Bico&iN'}-

\

Note that £(G) = L,(G) ® L_(G) and L (G) N L_(G) = {e}. Such (L (G),L_(G))

is called a splitting.

Theorem 1.1.1 (Birkhoff Factorization Theorem [9]). The multiplication maps
i Lo (G) x L_(G) = L(G), pn: L_(G) x L (G) = L(G),

defined by iy (f+, f-) = fofo, ua(f-, f1) = - [+ respectively are injective and Im(py ), Im(puz)

are open dense subsets of L(Q).

Definition 1.1.2. Let U be the real form defined by 7 : G — G. We say that an

element f(\) in L(G) satisfies the U-reality condition if
(1.2) T(f(N) = f(N),
Let L7(G) = {f € L(G) | 7(f(N) = F(\)}, and LL(G) = L7(G) N L+(G).

In addition, the Lie algebras are

(

L7(G) = {6\ € L(G) | T(E(N) = €N},
(1.3) L7(G) = {6 € L7(G) | £() = Dizo&iN'},

| £2(G) = {€(V) € L7(9) | £(N) = Bico&'}-

7



Note that E(A\) = >, &N Then £ € LT(G) <= & el Vi

Definition 1.1.3. The rational elements in L7 (G) with the minimal number of poles
are called the simple element, which we use later to construct Béacklund transforma-

tion.

Let a € U be regular, U, = {y € U | [y,a] = 0} the centralizer of a in Y. We will
construct a family of evolution equations for u € C*®°(R,U;) from the splitting of

L7(G) of L™(G) and {aN | j > 1}.

Theorem 1.1.4 ([11], [13]). Given u € C®(R,U+), then

1. there exists unique Q(u, \) = aX + Y oo Q_i(u)A™" € L™(G) satisfying

[0 + aX + u, Q(u, \)] =0,
(1.4)

Q(u, \) is conjugate to a.

2. Recursive formula: (Q_;(u)), + [u, Q—;(u)] = [Q—;-1(u), a].

(1.5) ut; = (Q--n(W)e + [, Q-1 (w)] = [Q—;(u), a],

gives a flow on C°(R,UE) and the equation (1.5) is called the j-th flow.

Proof. Let Q = a\+ Y 1o, Q_iA~" be a power series of A. From the first equation in

(1.4), we have Q. + [aA+u, Q] = 0. Compare coefficients of M of this equation to get

(1.6) (Q—j)e + [u, Q5] = [Q—(j+1), al.



For j = 0, we get [a, Qo] + [u,a] = 0. Write Qo = Ty + Py € U, ® U-. Note that
ad(a) : U} — U is a linear isomorphism and U = [a,U]. Then [a, Qo] + [u,a] = 0
gives Py = —ad(a)"'([a,u]). So Py is a polynomial of u. Let p(x) be the minimal

polynomial of a and we write

p(z) =2+ e+ F g e
Since Q(u, \) is conjugate to aX, p(Q(u, A1) =0, ie.,
(1.7) pla+ QA"+ Q N2 +--)=0.

Compare the coefficient of M, we can obtain a formula for the U, components of Q.
First, the coefficient of \¥! gives Zz;é a4 D=kQya* = 0. Since Ty commutes with a,

we have da® 1Ty = 0. So Ty = 0 and hence @) is a polynomial of .

We prove ()_; is a polynomial differential operator in u by induction. Suppose Q)_;

is a polynomial differential operator in u for i < j. Write
Q=P +T,cUr+U,
Let 7 and 7 be the projection to U, and U, respectively. (1.6) shows that

(P*j>x + WL([uv Q*j]) = [P—(j+1)7 a]?

that is, P_(11) = —ad(a) " ((P-;)s + 7 ([u, @—;])), i-e., P—_(j41) is a polynomial in u

and its z-derivatives.

Note that p'(a) is invertible and 7 ;1) commutes with a. Compare the coefficient

of M in (1.7), we get that T_(;11) can be written in terms of a,Qo, Q_1,- -+ ,Q—;.



This proves that )_(;11) is a polynomial of u and its = derivatives. O]

The second condition of (1.4) can be replaced by p(Q(u,A)) = 0, where p is the

minimal polynomial of aA. Hence we can replace system (1.4) by

[0r + aX + u, Q(u, \)] =0,
(1.8)

p(Q(u, ) =0,
where p is the minimal polynomial of a\.

It follows from (1.6) that we have the following:

Theorem 1.1.5. The following statements are equivalent for u € C*°(R%,UL):

1. w is a solution of (1.5).

2. 0y = (aX+w)dx + (aN +uN "+ -+ Q_;(u))dt is a flat connection on the

(x,t) plane for all complex parameter \.

3. [Z 4 (ah+u), &+ (aN +uN 4+ Q_;(u)] =0, VAeC.

T

E, = E(a\ +u)
E,=E(aN +uN"' 4+ +Q_;(u))

is solvable. We call E(x,t,)\) an extended frame if 7(E(z,t,\)) = E(x,t,\),
and (2) or (3) the Lax pair of the j-th flow (1.5).

Next, we give some known examples.

Example 1.1.6. The SU(2)-hierarchy defined by a = diag(i, —i)

10



Let 7(g9) = (g")~! be an involution on G = SL(2,C). Then SU(2) is the fixed point
of 7. Let a = diag(i, —i) € su(2). Note that

ir 0 0 ¢
U, = reRy U= geC

0 —ir —q 0

We can solve Q = a\+ Qo + Q_1 A1 + -+ from (1.5), i.e., solve

[0, + aX\+u, Q] =0,

Q* = (ad)? = N1,

to get

0 g¢q

QO = )

] _|Q|2 dx
Qfl = 5 )

T lq?

1| %0—90 —4q—2lq%q

Qo= 2
Cjzx + 2‘Q|2q qq—x - qu_

So the first three flows in the SU(2)-hierarchy are

qt = 4z,
@ = 3(q+2|q| %),

The second flow is the nonlinear Schrodinger equation(NLS). This is the NLS-hierarchy.

Next we describe the NLS-type of hierarchy associated to each compact irreducible

11



Hermitian symmetric spaces given in [3]. Let G be a simple complex Lie group, and
7 the involution that gives the maximal compact subgroup U. It is known that there
exists @ € U such that ad(a)?|y. = —Idy., where U = U, ® U . Then the Adjoint
U-orbit at a in U is diffeomorphic to U% and is a compact irreducible Hermitian

symmetric space.

Below is the list of the element a for each classical Hermitian symmetric space:

" U(n) i 0 :
1. Gr(k,C") = TR — U(n)-a, where a = . , and the involu-
—In—k

1

tion that gives the Hermitian symmetric space is o(g) = aga™"' = Ik,n,kg[,;}b_k,

where I}, = diag(ly, —I—x)-
n+2\ _ SO(n+2) _ _ . .
2. Gr(2,R"™) = s5@%0myy = ©O(n+2)-a, where a = €1 —e12, and the involution
that gives the Hermitian symmetric space is 0(g) = I2n12915, o
SO(2n) 1 —In . . .
3. Za = S0(2n) - a, where a = 3 , and the involution that gives the

U(n)
L, O

Hermitian symmetric space is o(g) = aga™".

0 —I,

, and the involution that gives the

22 = Sp(n) - a, where a = 1

I, 0

Hermitian symmetric space is o(g) = g.

Note that the minimal polynomial for a in cases (1), (3), and (4) are p(z) = 2® +

and for case (2) is p(z) = 2* + x.

We consider the hierarchy constructed from the splitting £7(G) of £7(G) and the

sequence {aN | j > 1}. A direct computation implies that

(1.9) Q—1<u> = [aa um] - %[ua [av u]]a

12



where Q(u) = aX +u+ 7,5, @ ;A7 is the solution of (1.8). So the first two flows

in the hierarchy constructed from L7 (G) and {a) | j > 1} are

(1.10) Up = Uy,

1

_[uv [u7 [a7 Um,

(1.11) U = [a>u:m] - 9

where u : R? — ;. This is the £-NLS heirarchy constructed in [3]. In particular,
we have the Lax pair.

Proposition 1.1.7 ([3]). Given u € C*(R?,U}), let 0 denote the following Ge-
valued connection 1-form on the (z,t)-plane with complex parameter A:

(1.12) 0y = (a\ +u)dz + (a)? + uX + Q_1(u))dt,

where

Q1(u) = [or ] = 5l o u]].

Then the following statements are equivalent for u € C°°(R?, U):

1. u is a solution of (1.11),
2. 0, is flat for all A € C,

3. 0y = udzr + Q4 (u)dt is flat,

We call such 6, a Lax pair for the solution u of(1.11).

Remark 1.1.8. Note that the Lax pair 6, (1.12) of the solution u of the ¥-NLS

satisfies the linear equation-reality condition, i.e.,

1. 05 4+ 0y = 0 when G = U(n).

13



2. 0% + 0, =0, 05 =0\ when G = O(n).

3. 04 Jn+ Jn0x =0, 05 + 0x = 0 when G = Sp(n), where J,, =
—I, O

Remark 1.1.9. Let u be a solution of the £-NLS, and C; : C — GL(n,C) is
holomorphic and satisfy the U-reality condition, then there exists a unique E(x,t,\)

satisfying E~'dE = 6 and F(0,0,\) = Cy(N).

Example 1.1.10 (5750%=5-NLS). Let 7 : GL(n,C) — GL(n,C),7(g) = (g") ", U =

u(n), and a = diag( Iy, —5I,—1). So,

Xy 0
’C:Z/{a: X1€u<k),X2€11(n—k) ,
0 X
0 X
P = U;‘ = X e ka(n—k:)
—X* 0
We solve (1.8) for
0 X
—X* 0
to get
— X X" X,
Q-1(u) =
1X) 1 XX

The hierarchy constructed from the splitting £7 (gl(n, C)) of L7 (gl(n,C)) and {aN | j >
1} is

Xy, = Xy,

X, = 1 Xgp + 21X XX,

Xty = —Xppw — 3X, XX = 3X X" X,
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Example 1.1.11 (%—NLS). Let 7: SO(n+2,C) — SO(n+2,C),7(g) = g,

0 -1

and a = diag(J;,0,,), where J; = . So,
1 0
Xy 0
K :Z/{a = ‘ X1 S 50(2),X2 € 50(71) s
0 X5
0 0 X
P:Z/{aL: 0 0 Y |X:(x1,---,xn),Y:(y1,~~-,yn)
-Xt =Yt 0
We solve (1.8) for
0 0 X
u:QOZ 0 0 Y 7WhereX:(ZEla"'7$n)7yz(yla"'>yn)
—-Xt -yt 0
and get
0 %( zxz2+y12> -V,
Qulw=| 4T +) 0 X
-Y! Xt 0

The hierarchy constructed from the splitting £7 (so(n+2,C)) of L7 (so(n+2,C)) and
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{aN | j > 1} is

;

Xt1 - X:EJ

Ytl = Yxa
’

Xy =Y+ (X V)X - 13X - X +Y Y)Y,

Vi, = Xow +3(X - X 4+3Y-Y)X — (X - Y)Y,
\
(

Xpy = —Xppo — (X - X +Y V)X, + (X - X, +2X - V,)Y — (X - X, +3Y - Y,)X,

Vo= VYo —3(X - X +Y - Y)Y, +2X - X, + X - Y,)X - (83X, - X +Y - Y,)Y.

3
\

Example 1.1.12 (%((QT:L))—NLS). Let 7: O(2n,C) — O(2n,C),7(g9) = g,U = so0(2n),

and
4= —
2\, o
So,
X Y
K=U,= | X €s0(n),Y =Y"3 |
-Y X
X Y
P=U= | X,Y € s0(n)
Yy —-X
We solve (1.8) for
u=Qou) = , X,Y €so(n),
Yy —-X

and get

-Y,+ XY -YX X, (X?+Y?
Q-1(u) =
X, +(X?4+Y?) YV, +XY-YX
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The hierarchy constructed from the splitting £7 (so(2n,C)) of L7(so(2n,C)) and

{aN | j>1}is

Yy, =Y,
>
Xty = (=Y)aw + [ X, [ X, Y]] + 2Y3 + Y X2 + XY,

2

Yy, = Xow+ [V, [X, Y]] — 2X3 — XV2 - V2X.
\
(

X, =FE,+XE—-YF' — EX — FY,

Y, =F,+XF+YG—EY +FX,

\

where

E=2(XY]-Y)Y = 2(X, = (X?+V?))X — (X, = (X? +Y?)),,
Ff=2Y(=X, — (X?+Y?)) = 2X([X,Y] = Y2) — ([X, Y] = Ya)a,
F=(X,Y]-Y,), = 2([X,Y] - Y2)X - 2(X, — (X®+Y?))Y,
G=(X,— (X24+Y?), +2X(X, — (X2 +Y2) +2Y([X, Y]+ Y,).

P() NLS). Let 7: SP(n,C) = SP(n,C),7(g) = (g")*, and

Example 1.1.13 (574

a=—
2\, o
So,
X Y
K=U,= | X €o(n),Y=Y"5,
-Y X
X Y
P=u-=1{i | X = X" Y =Y" are real
Y —-X

17



We solve (1.8) for

X Y
u=Qo(u) =1 , X=X"Y =Y"real
Yy -X

to get

—iY, - XY +YX iX,+ (X2+Y?)
Q-1(u) =
iX, — (X2+Y?) YV, - XY +YX

The hierarchy constructed from the splitting £7 (sp(n, C)) of L (sp(n,C)) and {aN | j >

1} is
(
th :Xza
S
}/tl :}/137
>
Xt2 = (_Y>:1:x - [X, [X, Y]] — 2Y3 — YX2 — X2Y,
Vi, = Xoo — [V, [X, Y]] 4+ 2X° + XV? + VX,
\
Xy, = —iE, + [ X, E]+YG = FY,
Y., = —iF,+ XF -YE!' - EY + FX,
\
where

E=—(iXy+ (X2+Y2), 4+ 2i([Y, X] — iY,)Y — 2i((X2 4+ Y?) +iX,)X,
B = —(iX, + (X2 4+ Y?)), — 2iY ([Y, X] +iY,) — 2i(iX, + (X% + Y?2))X,
F=([Y,X] —iV,), — 2i([Y, X] = iV,) X — 2i(iX, + (X + Y?))Y,
G = ([Y, X] = iYy)s + 2iX([Y, X] — iY,) + 2iY (iX, — (X2 4+ Y?2)).
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1.2 Soliton Hierarchy constructed from £.°(G) and

{ar? | j > 1}

Let 7 : G — G be an involution that gives the real form U, and ¢ : G — G another

involution such that do, is complex linear and o7 = 70.

Let K denote the fixed point set of ¢ in U. Then % is a symmetric space. Let P

denote the —1 eigenspace of ¢ in . Then U = K & P is a Cartan decomposition,
K, Klc K, [K,PlCcP, [P,P]CK,

and the tangent space of % at e/ can be identified as P.

Definition 1.2.1. Let L™ (G) be the subgroup of f € L(G) that satisfies

(1.13) T(fN) = fN),  a(f(=N) = F(N).
We call the condition (1.13) the £-reality condition.

Note that L}7(G) = L™ (G) N L+(G) gives a splitting of L™ (G). It follows from the
definition that {(A) = > ., &N with & € G satisfies the %-reality condition if and

only if & € K for ¢ even and &; € P for ¢ odd.

Let 0,7 be the involutions of G that give the Hermitian symmetric space % as in
Section 1.1. The derivative £-NLS hierarchy given by Fordy [2] is the hierarchy
constructed from the splitting £.(G) of L77(G) and {a\? | j > 1}, where £, (G) =

{€) € L(9) | €(N) =251 &X'} and L(G) = {£(A) € L(G) | £(N) = i1 &X'}

In 1984, Fordy showed in [2] that there is a derivative NLS hierarchy associated to

each classical Hermitian symmetric space % The derivative %—NLS hierarchy can
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be constructed from L™ (G) and {aA\¥ | j > 1}, where a € K and ¥ is a Hermitian

symmetric space as given in Section 1.1.

Below we give splittings of derivative %—NLS hierarchy on classical Hermitian sym-

metric spaces.

Example 1.2.2 (derivative %—NLS).

Let 7,0 be the involutions defined by 7(g) = (') ', 0(g) = Ikvn_kgl,;ifk, and a =

diag(ily, —il,_) as in Example 1.1.10.

U=un), K=U, P=UT.

a

We use the similar technique in Theorem 1.3.1 to get the 4-th flow

i 1,
(1.14) Qr = —5Qu — 5(QQQ)s,

where Q € M (1) (C).

Example 1.2.3 (derivative %—NLS). When n = 2, the 4-th flow is the deriva-

tive NLS

v 1 2 %

and the 6-th flow is

! 3i . 3. .

where ¢q € C.

Example 1.2.4 (derivative %—NLS).
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Let 7,0 be the involutions of G defined by 7(g) = §,0(9) = Ioni2915 5, and
a = diag(—J1, O,),
as in Example 1.1.11. The 4-th flow is

X; =Y+ 34X Y)Y +(X - X -3Y - Y)X),,
(1.15)

Vi=—Xpo + 14X V)X + (-3X - X +Y - Y)Y),,

where X, Y € RY*™,

Example 1.2.5 (derivative Sg((i?)—NLS).

Let 7,0 be the involutions of G defined by 7(g) = g,0(g) = J,gJ,; ', and a = —%Jn

as in Example 1.1.12, where

The 4-th flow is

Qr = 2(Ry +2Q(R* + Q°) — 2R(QR — RQ))a,
Ry = 2(—Qu +2Q(QR — RQ) + 2R(1R* + %))y,

where @ € so(n) and R = —R".

Example 1.2.6 (derivative %”(%)—NLS).

Let 7,0 be the involutions of G defined by 7(g) = (g')~',0(9) = g, and a = —1J, as

in Example 1.1.13.

21



The 4-th flow is

Q: = 2(R, — 2Q(R? + Q%) + 2R[Q, R)).,

where Q = Q' and R = R! are n x n real matrices.

1.3 Soliton Hierarchy Constructed from £°(G) and

{ad¥* [ =1}

Let 7,0 be the involutions of GG that give the Hermitian symmetric spaces % and

U = K + P the Cartan decomposition. Recall that {(A) = Y, &N € L77(G) if and
only if & € K for i even and & € P for i odd. So given a € P, aX¥* € L77(G) for

J=0.

Theorem 1.3.1 ([11], [13]). LetU = K & P as above, a € P, and u : R — K N K
a smooth map. Let Q(u,\) = aX + 3772 Q_;(u)A™7 be the solution of (1.8). Then

Q(u, \) satisfies the %—reality condition.

The hierarchy constructed from the splitting £77(G) of £7°(G) and the sequence
{aX¥*1 | j > 0} is the & hierarchy defined by a given in [14]. For example, the flow

in this hierarchy generated by aA\**! is

ou

(1.16) o = (@-2i(w)s + [u, Q-2 (u)] = [Q-(2j41)(u), al.

Given f € L(G) satisfies the %—reality condition, then there exists a unique solution
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E(z,t,\) € LY7(G) of the following initial value problem:

(

E7'E, =a\+u,
(1.17) E7'E, = al® + ul + Q_1(u),

E(0,0,A) = f(A).

\

We call such solution E (1.17) an extended frame for u.

Example 1.3.2. Let G = O(n + 1,C) = {g € GL(n+ 1,C) | ¢'¢g = I}, and 7,0

involutions on O(n + 1,C) defined by
7(9) =g, olg) =Tingli,

SO(n+1)

So the Cartan decomposition of the symmetric space S™ = SO0

is so(n + 1) =
I+ P, where
K=0xso0(n), P=&"Req—ey).

Let a = ey; — e19 € P, and
V= ICi_ N K: = @?;111&(61'4_2’2 — 62’i+2) € ]C
The (2§ + 1)-th flow in the 220%D hierarchy is the following PDE for u : R2 — V:

S0(n)

(1.18) up = (Qaj(u))z + [u, Qz;(w)].

The third flow is the vimKdV:

3
(119 to = = (o 3108, )
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where k = (ky,- -+, ky_1).

Given u = Z’;:_ll ki(€iro0 — €2,42) € C®(R, V), then w is a solution of the third flow

(1.18) of the Sggz:)l)—hierarchy if and only if

(1.20) 0y = (a\ +u)dz + (aX* + ur? + Q_1(u)\ + Q_o(u))dt

is flat for all A\. In other words, 6, is the Lax pair for the solution u of the third flow
(or the vimKdV).

Note that the Lax pair ) of a solution u of the third flow (1.18) satisfies the following

reality condition

(1.21) 7 = 6,

Hence an extended frame F(z,t,\) for a solution u of the third flow satisfies the

following Sggz:)l)—reality condition:
(
E(z,t,\)'E(x,t,\) =1,,
(1.22) E(z,t,\) = E(z,t,)\),
LILnE'(x, t, =ML, = E(z,t,\).

Example 1.3.3. [Oo(m)—hierarchy] Let O(1,n,C) = {g € GL(n+ 1,C) | ¢'l1 ng =

I »}, and 7, o involutions on O(1,n,C) defined by
7(9) =7, ol(9) =lagli,
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Then the Cartan decomposition is o(1,n) = K + P, where

K=0x o(n), P = @?;ZIR(Gil + eli).

Let a = e9; + €15 € P, and

V= ICj NK = @?:_11]1%(62'4_272 — 6272‘_;,_2) e K.

The (25 4+ 1)-th flow in the O&S)-hierarchy is the following PDE for u : R? — V:

up = (Q-25(u))x + [u, Q_g5(u)].

The third flow is:
3 2
(1.23) kt = kxxx + §||k|| ka:7

where k = (ky,- -+, ky1).

Given u = Z?:_ll ki(€ivo0 — €2,42) € C®°(R, V), then w is a solution of the third flow

(1.23) of the O&;Z?—hierarchy if and only if

(1.24) 0y = (aX +u)dz + (aX* + uX* + Q_1 (u)A + Q_o(u))dt
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is flat for all A, where

n—1
1
Q-1(u) = §||k5||2(621 +e12) + E ki<€z‘+2,2 + 62,i+2),
i=1

n—1

Q-2(u) = Z(%Hk”% + (Ki)az)(Ciz22 — €2i42)

=1
+ Z (kj—1(kic1)e — (kj—1)aki—1)(€j41,i01 — €iv1,541)-

122,523

In other words, @, is the Lax pair for the solution u of the third flow of Oo(é’n)

n)

26
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Chapter 2

Schrodinger Flows on Hermitian

Symmetric Spaces

2.1 Schrodinger Flows on Compact Kahler Mani-

folds

Let (M, J, g, w) be a compact Kéhler manifold, i.e., J is a complex structure, g the
Riemannian metric, and w a symplectic form on M satisfying w(X,Y) = ¢(JX,Y).
The energy functional E : C°°(S*, M) — R is defined by

(2.1) B0 =5 [ " (1m0 d.

2

By calculus of variation, the gradient of E is

27



where V is the Levi-Civita connection of the metric g.

The Schrédinger flowon M (cf. [12]) is the following evolution equation on C* (R, M):

(2.2) Ve = J’y(v'yz'}/x%

where V is the Levi-Civita connection of M.

Example 2.1.1. When M = C", (2.2) is the linear Schrodinger equation v, = i,,.
Example 2.1.2 (The Schrodinger flow on S?).

The complex structure of §* .J, : TS? — TS? at v is v = 7 X v, where X is the cross

product in R3. Note that

v7x7$ = %Tx = Yzz — (73&7 7)77

SO

v X v'yz%ﬁ =7 X Yaz-
It follows that (2.2) is
(23) Y=Y X Yax,

which is the Heisenberg ferromagnetic model (HFM) for v : R? — S2.

The symplectic form w on M induces a symplectic form @ on the space C*(S*, M):

o0

Wy (v1,02) = /00 Wey(z) (V1 (), v2(x))dr = / Gz (Jz(v1(2)), vo(z))da.

oo —0o0

Then we have the following:
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Proposition 2.1.3 ([12]). The Schrodinger flow (2.2) is a Hamiltonian equation for

FE with respect to w.

Note that the critical points of E are geodesics of (M, g). So the stationary solutions

of the Schrodinger flow on M are closed geodesics of M.

2.2 Schrodinger Flows on Hermitian Symmetric

Spaces % and Relation with %-NLS Equations

Proposition 2.2.1 ([12],[15]). Under the embedding of the Hermitian symmetric

space % as the Adjoint orbit U - a in U, the Schrodinger flow on % is

(24) Yt = [’77/71'38]

Proof. Let M = U -a, TM and v(M) denote the tangent and normal bundles of
M in U. Note that T,M = {[a,y] | y € U}, and the complex structure on T, M is
Jo, = ad(a). If g € U, then

TgagflM = gpg_17 Vgag—1 (M) = glcg_l = gTaMg_l'

Let m and 7+ be the orthogonal projections onto TM and v(M) respectively. Since

the metric on M is the induced metric,

V’Yzf}/ﬂc = W(’Yx:r) = Yoz — WL(fox)-

Since v = gag~* and v(M), = gKg™*, [y,v] = 0 for all v € v(M).,. This implies that

[7, ™ (722)] = 0. Hence the Schrdingier flow on ¥ is (2.4). O
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Terng and Uhlenbeck in [15] give a Lax pair for (2.4).

Proposition 2.2.2 ([15]). Let U - a be the Adjoint orbit at a in U as in Proposition

2.2.1. Then ~ satisfies equation (2.4) if and only if
(2.5) 7 = YAz + (YA + [, 72 A\)dt is flat for all A € C.

Proof. Note that the flatness of (2.5) is equivalent to

(2.6) (YA = (WA + [, %) A)e = VA AN + [7, 7] AL

We compare coefficients of M’s in (2.6) to have

Ye = [, Yele = 0, Y2 + ad(7)?(72) = 0.

The first equation implies (2.4) and the second equation is true since ad(y)? = —Id

on T, M. 0O

The following Theorem was proved by Terng and Uhlenbeck in [15] for £ = Gr(k, C")
and by Terng and Thorbergsson in [12] for the other three classical Hermitian sym-

metric spaces.
Theorem 2.2.3 ([14], [12]). Let v : R? — £ be a solution of the Schrédinger flow
on the Hermitian symmetric space % =U-a CU. Then there exists g : R> — U
satisfying

(1) v = gag™",

(ii) w= g tg, : R® — U} satisfies the %—NLS equation:

2.1 e = [, 0] = o o, o, ]
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[, [a, u]].

N[ =

(111) g g: = a,u] —

Moreover, g satisfies (i) and (ii) if and only if there is a constant C € U, such that

g=ygC.

Proof. We recall that K = U,, P = UL and U = K & P. Suppose ¥(z,t) is a solution
of (2.4). Then there exists h : R? — U such that y(z,t) = h(z,t)ah(z,t)"". Let m, m
be orthogonal projections of U onto K, P, respectively. We choose k : R? — K such
that k,k=! = —mo(hth,). Set f(x,t) = h(x,t)k(x,t), then v = faf~!. Moreover

(2.8) Fl = (hk) " (hk), = kK m (R Ry )k € P.

A direct computation shows that

Yz = f[f_lfxva]f_l = f[u’a]f_l and [77’%] = fuf_l-

Since 7y = YAdz + (YA2+ [y, 7]\ )dt is flat for all A € C, fx*7, is flat, i.e. the following

connection is flat for all A € C:

(2.9) finf + fldf = (e +u)de + (e +ul + f1f,)dt.

Therefore, (aX* +uX+ f71fi)e — (e +u)y + [aX +u, f71f] = 0.

(2.10) Uy + [a, U fi] =0
(2.11) (f_lft)x — U+ [u7f_1ft] = 0.
Write

f_lft =P + T7
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where P € P and T € K, respectively. From (2.10), we have

(2.12) P =a,u,], T, = —%[u, [a, u]]e.

So, T = —1[u, [a, u]] + ¢(t) for some function c(t).
Define g = fy(t), where y(t) € K such that y,y~' = —c(t).

Next, we will show that g defined above satisfies the conditions (i) — (éi7). Since y(t)

and a commute, it is easy to see that gag~! = 7. In particular,

(2.13) 9 =y [ fy=y uy € P,

_ . _ 1. _ _
(2.14) g g =y (T e+ uy 1)y=—§[y Yuy, [a, y ™ uy]],

which means y~uy is a solution of (2.7).

For the uniqueness, suppose g satisfies (1) — (2), and set C' = g~1g. Then
§7'9. = C g7 g.C + C7C,
Since ¢~ 'g, and C~tg~'g,C are in P while C~1C, € K,
c'c,=0.

Similarly, C~*C; = 0. So C is constant.

Theorem 2.2.4 ([14], [12]). Let u : R?* — U+ be a smooth solution of (2.7). Then
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given any cy € U, the following linear system for g : R* — U,

(

gilgw =u,

g_lgt = [av ux] - %[uv [avu]]7

g(oa O) = 0o

\

has a unique smooth solution g : R* — U. Moreover, v(z,t) = g(z,t)ag(x,t)™! is a

solution of the Schrédinger flow (2.4) on Z.

Proof. Since u is a solution of (2.7), the corresponding Lax pair (1.12) is 6y = udx +

(la, uz] — [u, [a,u]])dt = 0 when A = 0. So there exists g satisfying

_ _ 1
g lgaf =u, g lgt = [avux] - 5[“7 [CL, u“7g(07 O) = Co-
Let v = gag~!. We gauge the Lax pair (1.12) by g to get

g0y =g0rg " — (929" + g:97 ") = YAdx + (YA + gug T \)dt.

Since 7, = glualg™", [y, %] = gla, [u,allg™". As ad(a)? = —Id on P, [1,7.] = gug~".

So ~y satisfies the Lax pair (2.5), i.e., v is a solution of (2.4). O
In fact, when \ = )¢ is any arbitrary real number, a shift of v = gag=' by 2 is also
a solution of (2.4).

Proposition 2.2.5. Let u : R? — U be a solution of (2.7) and E an extended frame
for g. If \g € R and g(z,t) = E(z,t, \g), then v = gag—'(z — 2\ot, t) is a solution of

(2.4).
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Proof. Let n(z,t) = gag~'(x,t). It can be checked that

ne = glu,alg™!,

ne = gluro + Q-1]g~".
Direct computations show that
Yoo = glaro +u, [u, allg™" + glus, alg™",
and therefore we obtain
Y X Yar = gla, udo)gt + gu.g~t
We see that 7, = —2X¢n, + 1, which gives

g[_U)\Oa a]g_l =+ g[Q—h a]g_l'

Here, since [Q_1,a] = ug, V¢ = [, Vax-
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Chapter 3

Geometric Airy Curve Flows

3.1 Equivalence of Geometric Airy Equations on

R" and Vector Modified KdV Equation

Suppose (-, t) be a smooth curve in R" with ||v,|| # 0 and V the Levi-Civita con-
nection on R™. Let Ty, be the tangent space of (-, t) at point o and v(T,,) = Ty:.
Let v € C*(v(T,,)) and the shape operator A, : T,, — T, is defined by A,(u) =
—(Vu(v)(0)), the projection of V,,(v)(xg) onto T},. Recall that the normal connec-
tion V+ of v(+,¢) in R" is defined by the orthogonal projection of the connection of

R™ onto the normal bundle v(7,,). Below we write it in terms of moving frames.

Let eg(+, t) be the unit tangent vector of v(+,t) and (eq, ey, - ,e,_1) a local orthonor-
mal frame in R". Let wq, -+ ,w,_1 be the dual coframe on R"™. It follows from the

definition of V+ that V(e;) = Z?;ll wij ®ej fori=1,--- ,n—1. It is known that

35



there exist (eg, €1, -+ ,€,_1) along (-, t) such that

(€0)r = k11 + -+ + kp_165_1,

(€i)z = —kico, 1<i<n—1,

for some smooth functions ki,--- ,k,_1. We call such (eg,é,---,€,_1) a parallel
frame of 7(-,¢) and ky,--- ,k, 1 the principal curvatures of (-, ¢) along a normal
vector €;,7 = 1,--- ,n — 1. The mean curvature vector of (-, ) in R" is defined by

H(y(-t) = 2?1—11 kie;.

In this section, we consider the following curve flow on R":

(3.1) v =—-V.H.

Therefore (3.1) is a geometric curve flow, i.e., the velocity vector 7; can be expressed

by geometric quantity of (-, t).

Let eqg = szll’ (e1,...,en_1) be a parallel normal frame for v and ky,..., k,_; the
normal principal curvatures along eq,...,e, 1. Under the parallel frame, we can
rewrite (3.1) in terms of ky, ..., k,_1:

n—1
(3.2) M= Z(ki>s€i7

i=1

where s is the arc length parameter and & = 2||,]|.

Proposition 3.1.1. If v satisfies (3.1) and is periodic in x with period L, then

L 1
/ (o 7a) da
0

is independent of ¢, i.e., the total arc length of (-, t) is preserved.
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Proof. A direct computation shows

d [* s L (Yat, V)
(3.3) — (Y, V2) 2 dx :/ ’ dr.
dt Jo 0 ||%:||
Note that
(o) _ k ki (k — —(k Hk 2
TEAl = ( —(ki)ssei + ki(ki)seo, e0) = —( O)ss+z (i) s,

=1 =1

which is total derivative. As k; is periodic, (3.3) is equal to 0. This proves that the

total arc length of (-, ¢) is independent of t. O

So we may reparametrize each 7(-,t) by its arc-length parameter.

Proposition 3.1.2. Suppose z is arc-length parameter. Then the flow (3.1) can be

written as
1 2 1
(3.4) n == (GlHFeo + Ve, H).

Or equivalently,

(3-5) Tt = —% Z kg@o - Z(kl)xez

Proof. We reparametrize the curve so that it preserves the arc length parameter.

Consider ay = (pep — Z?;ll(ki)xei because changing the coefficient of ¢q is equivalent

to reparametrizing the curve. We compute to get

n—1 n—1

< g, iy >=< ((o)zeo + Col€0)s — Z(ki)x<ei)ma eo >= (Co)z + Z(kz)mkz

i=1 =1

-1 .
So we choose (y = —%Z? | k? to make < oy, >= 0, ie., a preserves the arc

length. Hence, the flow (3.1) can be written as (3.4) and (3.5). O
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From now on, we may assume x is the arc-length parameter. In particular, v,, = H.

Then
n—1 n—1 n—1
=1 =1 =1
Adding (3.5) and (3.6) to get
3 n—1 , 3 )
(3'7) Yt = —Vaexx — 2 Z kieq = _<%cm + §||’Vm|| %ﬂ)‘

Theorem 3.1.3 ([7]). Let v be a solution of the geometric Airy curve flow (3.4)
on R™ parametrized by arc-length, h = (e, ..., e, 1) the moving frame along v, and

g = diag(1,h) € SO(n+1). Then u = g~ 'g, is a solution of the third flow (1.19)

in the Sggz:;) -hierarchy, i.e., ky = — (kxm + %||k||2k:x), where ki, ..., k,_1 are the
principal curvatures along ey, -+ ,e,_1.
Proof. Let k = (k1,...,kn_1), where k; is the principal curvature along e; for all

i=1,...,n—1. Note that u = g~'g, = diag(0, h~1h,), where
h~th, = , denoted by (A;;)

We now compute (B;;) := h™'hy. Note that (eg); = Vo = —3|k[? S kies, 50
1 9 .
B11:O7 Bll:lez—éHkH ki—172:27“' ’n_

The rest of B;; can be obtained from (€;11)e - €j41 = (€i41)at - €j41,7 > j. Compute
to get
9. Bij = ((ki)okj — ki(kj)z)e,
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so we may change frame so that B;; = (k;).k; — ki(k;),. Then (A;;): = (Bij). +[A, B]
implies

(ke = ~(kJase — SIMP(Rer 1 <i<n—1

Hence u is a solution of (3.8). O

We use the standard Sym-Pohlmeyer techniques to construct solutions of the geomet-

ric Airy curve flows on R” from solutions of the third flow (1.19).

Example 3.1.4. When n = 2, the curvature k of a curve v satisfying (3.7) is the
mKdV

3
(3.8) b = —(kaa + 5R70).

Theorem 3.1.5. Let k = (ky,...,k,_1) be a solution of vmKdV, i.e.,

n—1

u = Z ki(ei+2,2 - 62,¢+2)

i=1

is a solution of the third flow (1.19). Let E(x,t, \) be an extended frame of the solution

0 — t
u of the third flow (1.19). We identify R™* with P = { Y ly € R™1} by
y 0

0 —y 0 —'
Y Y . Then $5E™ | \o = ! and v is a solution of (3.7).
y 0 v 0

Proof. Set g(x,t) = E(x,t,0). Since u is a solution of (1.19) and E satisfies the
% reality condition, we have ¢ € K and v € P. So g = diag(1, h) for some
h € SO(n). Let 4 = $£E~1 | \_y. We use the Lax pair (1.20) to compute directly to
get

Y = gag™t,

,S/t = gQ—l (u)gila
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where Q_;(u) is as in (1.20). Let v, ...,v,—; denote the standard basis of R”, and

e, =hv;, 0<i<n-—1.

Use Theorem 1.3.1 to get

2
0 HkgH (kl)x (kn—l)x
_ HkQHQ 0 0
Qa(u) =] —(k), 0 0
—(kp-1). O 0
So, v = h¢o, where ¢ = —( kQHQ, (k1) 5 (kn1)2)". A direct computation shows

e = W S (k) 0
= @60 + Z?; (Ki)zei

which is (3.5). This proves that v is a solution of (3.7). O

Theorem 3.1.6. Let v be a solution of geometric Airy curve flow on R™ such that k is
the solution of the vmKdV (1.19) constructed in Theorem 3.1.3. If E is an extended

frame of k and v = ‘g—fE_l | =0, then v and 7 differ by a rigid motion.

Proof. By Theorem 3.1.3, there is an extended frame F of k such that F~'F, is a

solution of the vector mKdV, and

2PEUR Ll TR L)
B)) AR Coon =

Since F~'dF = E~'dE, there exists f : C — SO(n + 1) satisfying the Sggz:)l)—reality
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n+1)

condition such that F(z,t,\) = f(\)E(z,t,\). But f satisfies the Sgé(n) -reality
o . . . df -1 . . . _56
condition implies that 3 f | \—o lies in P, hence is of the form for some
o O
1 0
& € R™. Reality condition also implies that f(0) = , where hy € SO(n).
0 ho
But F' = fF implies that
or df )
_F—IZ_ -1 _E—l —1
) R S
which implies v and ~ differ by a rigid motion. O

3.2 Geometric Airy Curve Flows on S”

Suppose y(z,t) is a smooth curve on S™, we consider the geometric Airy curve flow

on S", ie., v = —V= H(y), where ¢; = Hle\' Since the geometric Airy curve flow

preserves the total arc length, we can reparametrize the flow such that ||7,|| is inde-

pendent of t. Throughout this section, we assume that x is the arc length parameter.

Let eg = 7,1 = 7z, and (es, - - ,€,) an orthonormal frame along . Then we have
0 -1 0o - 0
10 =k - —kpq
(39) (607617"' 7€n)m = (607617”' 7en> 0 k’l 0 0 )
0 k, 4 - 0
where ky,---,k,_1 are principal curvatures along es,---,e,. Under this parallel
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- _ vl
frame, we rewrite v, = —V_, H(7) as

(3.10) =— —||k:||261 +Z 2€541),

where k = (ky,- -+, ky_1).

Theorem 3.2.1. Let v be a solution of the geometric Airy curve flow (3.10) on
S™ parametrized by arc-length and ey = v,e;1 = 7. Then there is a frame g =
(€g, €1, ..., €n) along v such that g71g, = (ea1 — €12) + Z;:ll ki(€iy22 — €2442), where
ki, kn_1 are the principal curvatures along es, - - -, e,. Moreover, k = (ky,-++ ,kn_1)

15 a solution of the following evolution
312
(3.11) kt:_(kxm$+§||k|| kﬂC)_

Proof. Let g~'g; = (By;) € O(n + 1). Note that

(eo)e =7 = — —||k?||261 + Z )aiisn),
1 . 1
(e1)e = Y = §||k||26o - Z(§|Ik|lgki + (Ki)az)€it,
1=1

so we have

1
Ba = —5|IK|[* = =B,

1 .
Bji = —(kj-2)s, Bjp= —(§||/f|!2/fj—2 + (kj—2)ea), 3<j<n+1
Since (€;)zt - €1 = (i) - € for 2 < i < n,3 <1< n, we compute to get

1 1
ki—1(§||k||2kl—1 + (ki—1)22) = (Bis1,i41)a + (§||k||2k1—1 + (ki—1)za) ki1
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So, (Bis1,i+1)e = (kic1(ki—1)e — (ki—1)zki—1)a, which implies By 01 = kimi(ki—1)z —

(ki—1)zki—1 + c(t). We may change frames to have

Bl+1,z’+1 = ki71<k‘l71)w - (ki71>mklfl-

Then there is a frame ¢ satisfying the ODE system

9_19z = (621 - 612) + Z?:_f ki(€i+2,2 - 62,i+2)7

g g = (Bij)-

The compatibility implies

3 )
(kj)e = —(Kj)aza — §\|kHQ(’fj):c —(kj)ey 1<j<n-—1

Let k = (k1,- -+, kn_1). Then we obtain ky = —(kyee + 2||K|?ks) — ko

]

Proposition 3.2.2. If ¢(z, ) is a solution of the vector mKdV (1.19), then k(z,t) =

q(z —t,t) satisfies (3.11).

Conversely, given a solution of vmKdV ¢, we use the Lax pair of vmKdV to construct

a solution of (3.10).

Theorem 3.2.3. Suppose q(x,t) = (g1, ,Gn-1) 1S a solution of vmKdV (1.19)

and E(x,t,\) is an extended frame of q. Let E(x,t,1) = (e, €1, -

Y(z,t) = eo(xz —t,t) is a solution of (3.10).
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Proof. Let g(z,t) = E(z,t,1). So,

n—1
9 g, = (€91 — e12) + Z ¢i(€ir22 — €2i12),
i=1
n—1
-1 o
9 g = (ea1 —e12) + Z Gi(€it2,2 — €2;42) + Q-1(q) + Q-2(q),
i=1
where
o o
—1( ) = B (621 612) (ql—l)x (€z+1,1 61,1—1—1)7
=2
Q-2(q) = Z 2i (€412 — €2,i41) + Z Nit1,j+1 €it1,5+1,
=2 ij=2
and

Z; = — (<Qifl)wz + %%‘4“9”2) , 2<1<m,
Nit1j+1 = —Gi—1(¢j-1)z + (Gi-1)2qj—1, 2 <47 < n.

Let k(z,t) = q(x — t,t). From Proposition 3.2.2, k is a solution of (3.11). Note that

k. = g, and a direct computation shows

v(x, )y = —(eg)s + (€0): = —eq + <61 — “’;”2@1 - Z(k;i_l)me,) .

3.3 Geometric Airy Curve Flows on H"

In this section, we consider the geometric Airy curve flow,

1
Tt = _velH
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on H" = {(zg, 21, -+ ,2,) € R"™™ | —a3 + a7+ ---+ 22 = —1}. Here e; denotes

the unit tangent vector along ~. Since this flow preserves the total arc length, we

reparametrize such that ||v,|| = 1, i.e., we may assume z is the arc length parameter.
Let eg = 7y,e1 = 7,, and (eq, - -+ , €,) an orthonormal frame along . Then we have
0 1 0 0
1 0 —]'1’}1 _kn—l
(312) (60a617"' 7en)x = (607617"' 7€n) 0 kl 0 0 )
0 kpq - 0
where ki,---,k,_1 are principal curvatures along es,---,e,. Under this parallel
frame, we rewrite 3, = —VL H(7) as
1 n—1
(3.13) == (lIkIPer+ Y (kacsin),
j=1

where k = (kl, cee ,kn_1>.

Theorem 3.3.1. Let v be a solution of the geometric Airy curve flow (3.13) on
H" parametrized by arc-length and eq = v,e1 = .. Then there is a frame g =
(€g, €1, ..., €n) along vy such that g~ g, = (ea + €12) + Z;:ll ki(€is22 — €2i42), where
ki, kn_1 are the principal curvatures along eq, - - - , e,. Moreover, k = (ky,- -+ k1)

s a solution of the following evolution

3
(3.14) ki = = (Ko + SIKI[*ka) + ke
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Proof. Let g~'g; = (B;;) € O(1,n). Note that

1 n—1
(o) = % = = (G lIklies + D (ks)aea),
7j=1

n—1

1 1
(en)e = e = =5 IIk1Pe0 = D _(GIFIPK: + (ki)as e,

i=1

so we have

1
By = —5|IK[* = Bua,

1 .
le - _<kj—2)$7 Bj2 = _(§||k||2k]—2 + (kj—2>:cz)a 3 S J S n+ ]-7

and Bjy = By, Bjo = —Bs;,1 <i<n+1,3<j<n+1 Since (&) € = () - €

for 2 <i<n,3 <l <n, we compute to get
1 2 1 2
ki—1(§||k|| kis+ (kim1)ee) = (Bigviva)z + (§||7€|| ki1 + (Kic1)ea) ki1

So, (Biy1,i+1)e = (kici(ki—1)z — (Kiz1)zki—1)2, which implies By 41 = kimi(ki—1)z —

(ki—1)zki—1 + c(t). We may change frames to have

Bl+1,z’+1 = kifl(klfl)x - (ki71>zklfl-

Then there is a frame g satisfying the ODE system

g_lgx = (621 + e12) + 2?2—11 ki(ei+2,2 - 62,i+2)7

g g = (Bij).

The compatibility implies
3.2 .
(Bj)e = = (kj)awa = S| (Rj)e + (Rj)ey 1< <n—1
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Let k= (k1,- -, ko—1). Then we obtain k; = —(kyes + 3]|k||%ks) + ks O

Proposition 3.3.2. If ¢(z,t) is a solution of (1.23), i.e., ¢ = Guow + 3|/¢||¢s, then

k(xz,t) = q(z + t, —t) satisfies (3.14).

We then use the Lax pair (1.24) of the third flow of Oo(é;:;)—hierarchy to construct a

solution of (3.13) on H".

Theorem 3.3.3. Suppose q(x,t) = (q1," - ,qu—1) S a solution of the third flow

(1.23) in Oo(b’:;) -hierarchy and E(x,t,\) is an extended frame of q. Let E(x,t,1) =

(€0, €1, ,en). Then y(x,t) = eo(x +t,—t) is a solution of (3.13).

Proof. Let g(z,t) = E(x,t,1). So,

n—1
919, = (€21 +e19) + Z ¢i(€ita2 — €2i12),
i=1
n—1
-1
9 g = (e21 +e12) + Z gi(eir22 — €2iv2) + Q-1(q) + Q-2(q),
i=1
where
1 n—1
Q-1(q) = §||(J||2(€21 + e12) + z_; Gi(€iva2 + €2i12),
n—1 1
Q-2(u) = Z(§||CI||2%' + (¢i)oz) (€ir2,2 — €2,i42)
i=1
+ Z (@5-1(qi-1)2 — (@5-1)2@i-1)(€j1i41 — €ir1j41)-
i>2,j>3

In other words, (eo); = (1 + 3lll|?)er + S0 (¢:)z€i41-

Let k(z,t) = q(x +1t,—t). From Proposition 3.3.2, k is a solution of (3.14). Note that
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k. = q, and a direct computation shows

V(@) = (eo)e = (€0)s

=e; — ((1 + %||C]||2)61 + Z(%)x&‘ﬂ)

=1

n—1
= — Mel—kZ(l@) €it1 .
2 1)xr+

i=1
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Chapter 4

Backlund Transformations

4.1 Backlund Transformations for %-NLS and Schrodinger
Flows

We review the general method given in [14] for constructing Bécklund transformations

of soliton equations:

Let u be a solution of the %—NLS equation, and E an extended frame of wu.

Step 1: Find simple elements, i.e., rational maps f : CU {oo} — GL(n,C) that satisfy
the U-reality condition, f(oo) = I,, and have minimal number of zeros and

poles.

Step 2: Given a simple element f, use residue calculus to factor
FE(@,t,0) = Bz t,\) f(z,t,2)

such that E(z,t, \) is holomorphic for A € C and f(x,t, \) is rational in A and
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Step 3:

Step 4:

f satisfies the U-reality condition.
Prove that E = fEf'satisfies the following system

EF'E, =a)+ 1,

E7'E, = aX? +a\ + Q_1(q)

for some % : R? — P and @ is given by an algebraic formula in terms of u and
f. Then @ is a new solution of %—NLS. The transformation © — @ is usually

called a Backlund or Darboux transformation for %—NLS.

Let 6, = E~'dE, 0, = E-'dE. Then

O =—dff "+ forf,
or equivalently,
(4.1) df = fo, — 0\f.

Then this system (4.1) gives rise to a system of first oder PDEs for f. Sub-
stituting the formula for @ interns of w and f. If we can prove this system is
compatible if 0 is flat then we obtain Bécklund transformations by solving this

nonlinear system (4.1) for f.

We recall the U-reality conditions below.

Definition 4.1.1 (U-Reality Conditions).

Given f(A) € GL(n,C), we say that
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1. f satisfies the U(n)-reality condition if
(4.2) FFA) = L,
2. f satisfies the O(n)-reality condition if

(4.3) FOVFON) =L, fFO) = f(N).

This is equivalent to f(A)*f(A) =1L, f(X) = f(N).

3. n = 2m, f satisfies the Sp(n)-reality condition if
(4.4) F T f(A) = Ty FN) FN) =1

We review simple elements in [16].

Proposition 4.1.2 ([16]). Let = be a Hermitian projection of C", z € C \ R, and

k:CU{oco} — GL(n,C) a rational map defined by

A—z
ot

(4.5) kon(A) =7+ 3

-z

Then k, , satisfies the U(n)-reality condition and k, , € L™ (GL(n,C)), where 7(g) =

(g%)~"

Proof. Tt follows from 7* = 7 and w7t = 0 that

b (N Eean (V) = (7 + i —E by A ‘) = (n+ A2

1
-z A—Z )\—zﬂ )+
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Proposition 4.1.3 ([1]). Let m be a Hermitian projection of C" onto V. If VLV,

then

zZ—2

(4.6) penN) = (145

L1+ 22,
=T

satisfies the O(n)-reality condition.

Proof. Since VLV, 7 and 7+ commute. Note that

pon(N) = (I +E27H)(I + %%l)

A—z
- T E T )
- pz,w(/\)
0
r _
Example 4.1.4. Let V =C , where r, s € R™! with ||r|| = ||s||. Then VLV.
1s

Lemma 4.1.5. Suppose V is a complex subspace of C" such that < V,V >= 0
and g()\) satisfies the O(n)-reality condition (4.3). Let V = g(A\)*(V). Then V is

perpendicular to 7

Proof.
< g\ (V),9(N)* (V) > =< g(\)"(V), g(N)*(V) >
=< V,g(\)g(\)*(V) >
=<V, V >=0.
So V is perpendicular to V. n

Proposition 4.1.6. Let 7 be a Hermitian projection of C", and 7y = J,,,7J,-! such
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that mmy = mom, where n = 2m. Then

(4.7) fer(A) = (m +

satisfies the Sp(n)-reality condition.

Proof. Since f..()\) is a product of simple elements with one pole, f(\)*f(\) = I,
ie., f(\)~t = f(\)*. Note that J! = —J,,, then we have

for N = (4 2200 (Jprd 0t + 222,750
’ A—Z m A—z m

= Jn(—Jum 0T — 32 Jpm Tt — 322yt T = Syt w )

= Jn(Inm I 7+ 322 T T 4+ 3R m I T + Tt TR

= Jon(Fo + 32275 (F + 3=271) = T forn (M)

This proves that f, () satisfies the first equation in (4.4). O
r

Example 4.1.7. Let V; = C , where r;s € R™! with ||r|| = ||s|| and V5 =
1s

Jo(V1). Then Vi LV,

Lemma 4.1.8. Suppose V; is a complex subspace of C?*, V4 = J,(V}) such that
< V4, Vi >= 0, and g()) satisfies the Sp(n)-reality condition (4.4). Let Vi = g(A\)*(V})
and V, = Jn(§1). Then Vo L V.

Proof.

< Vi, Vo > =< g(A)* (W), g(\)* Ju (V1) >
=< V1,9(N)g(\)* (V1) >

=<V, Vo >=0.

So V, is perpendicular to V;.
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Theorem 4.1.9. [BT for £-NLS]

Let E(z,t,\) be the extended frame of a solution u of %-NLS and z € C\R. Let h,
be a simple element for U = U(n),O(n), and Sp(n) with the Hermitian projection m

onto a complex vector subspace V' satisfying

1. hyr =k, defined by (4.5) for U =U(n),

2. hyw = p.n defined by (4.6) and VLV for U = O(n),

3. hom = for defined by (4.7) and V LJ, (V) for U = Sp(n).

Set
V(z,t) = E(x,t,2)"(V),
#(z,t) = the Hermitian projection of C* onto V(x,t),

B t,)) = honNE(@,t, Nhysen(A) !

Then E is holomorphic for A € C and

1. (i) @ =u+ (2 — z)[7,a] is a new solution of £-NLS for U = U(n).

(if) @ =u+(2—2)[7,a]+(2—2)[F, a] is a new solution of L-NLS for U = O(n).
(iii) @ = u+ (2 — 2)[T,a] + (2 — 2)[F2,a] is a new solution of L-NLS for

U = Sp(n), where g = J,7J; .
2. E(x,t,\) is an extended frame of .
Proof. We will prove this theorem for the case U = Sp(n) and similar arguments

prove the other two cases. We first claim that F is holomorphic for A € C. From

(4.7), we see that




The residue of E at \ = 2 is
R,=(z—-2)(nE(z,t,z2)(I1—7) + (I — mo)E(x,t, 2)72).

Note that Vi = E(x,t,2)*(V}) is equivalent to V; = E(z,t,z)(V;), we have the inner

product

< Vi, E(x,t, z)(f/ﬁ) > =< E(x,t,é)(f/l),E(Lt,z)(‘N/lL) >
=< E(x,t,2)"E(x,t,2)(V1), V" >
=< ‘717‘71L >

=0.

This says that V; is perpendicular to E(z,t,2)(Vih), ie., nE(x,t,2)(I — %) = 0.

Similarly,

< Vi E(x,t,2)(Va) > =< V35, E(x, t, 2) E(x, t, 2)* J, (V) >
=< V5", J,(V1) >
—< Vit Vo>

=0.

This implies (I — m)E(x,t, 2)T) = 0. So, R, = 0, i.e., E is holomorphic at A = z.
Since E satisfies the Sp(n)-reality condition, it is also holomorphic at A = z. Let h

denote h 7z and we expand h at A = oo as follows:

ho=T1+ 7 (z, )N + g (z, OA2 + - -
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Since E is holomorphic for A € C, so is E~'E,. A direct computation shows

E'E,=hE'E,h~' — h,h!

= (a\ +u + [y, a]) +O\).

So, E-'E, — (aX\ + u + [y, a]) is holomorphic, bounded in A € C, and tends to 0 as

A — oo. By Liouville Theorem,

E7'E, = (a) +u + [y, a)).
So, E is an extended frame for @ = u + [y, a], where 7y can be computed as

(z = 2)[7,a] + (Z — 2)[72, a].

As a consequence of Theorems 2.2.3 and 4.1.9, we have:

Corollary 4.1.10. [BT for Schrédinger flow on Gr(k, C")]

Suppose 7 is a solution of Schrédinger flow on Gr(k, C"), g, u as in Theorem 2.2.3. Let
E(z,t,\) be the extended frame of u such that £(0,0,\) = ¢(0,0). Let z € C\ R,

V' a complex vector subspace of C", 7(x,t) the Hermitian projection of C" onto

V(x,t) = E(x,t,2)*(V), and g1(x,t) = g(x,t)(7 + 27+). Then

L 4= hopxy = giagy ' =7+ (1 = 2)g[fa, 7lg™" + (1 — 2)g[7, a7t]g™" is again a

solution of the Schrodinger flow on Gr(k,C").

U(")fk)—NLS associated to 7.

2. % =gy (g1)s = u+ (2 — 2)[, a] is a solution of OEIC=D)
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Proof. (2) follows from Theorem 4.1.9. Use 72 = 7 to compute a new solution

7= 9104,
.2 1N -
= g(F + -7 )a(F + 7 )9
z - zZ  Z.. 1
=gla+(=—-1ar+ (= = D7a+ (2 — o E)mm)g

Example 4.1.11. [1-soliton of the Schrodinger flow on CP™ !

We start with the constant solution v = a, then the corresponding solution of CP"~!-

NLS is uw = 0. The frame of u = 0 is

E(.’E,t, )\) — ea)\:z,‘«#a)\?t‘

1
Let z=a+i € C\R, w= a complex vector withv € C™!, v*v = 1, and
v
1
V=C . Let m be a Hermitian projection of C™ onto V, i.e.,
v
1 1 o
T = —
v vt
Then
how(\) =1+ Zpt
-z
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satisfies the reality condition h, (X)*h, () = I. Set

) 1
’lIJ(LU,t) — (eazeraz t)*

(%

Then the Hermitian projection 7(z,t) of C" onto Cw(x,t) is

e—aix—aZQt 1 v eazz+a22t
v vt
W(xy t) == e*ﬁm*QO‘Bt + ef)’z+2a5t

and

. Z.

gl(x,t):(ﬂ'—l—; )
So,

5= 7+ Z7ba(F + 271,
z z

is a solution of the Schrodinger flow on CP"~!. Since

E(x,t,\) = €a(>\x+)\2t)hz,fr(m,t)()‘)_l

is an extended frame for @, we can apply Theorem 4.1.10 again to get another family

of solutions of the Schrodinger flow on CP"~!. Repeat this process to get an infinitely

many families of explicit solutions of the Schrodinger flow on CP"~!,

Next we state our results for Backlund transformations of the Schrodinger flow on

Gr(2,R"2).

Corollary 4.1.12. [Bécklund transformations for Gr(2, R""2)]

Let «y be a solution of the Schrodinger flow on Gr(2, R"™?) with v = gag™, u = g7 gx,

a solution of the Gr(2,R"™)-NLS as in Theorem 2.2.3, and E an extended frame
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of w with E(0,0,\) = ¢(0,0). Let z € C\ R, V a complex vector subspace of
C™2 satisfying V' L V, #(x,t) the Hermitian projection of C"*2 onto V(z,t) =
E(x,t,2)*(V) and gy (x,t) = g(x,t)(£7 + 7). Then

-1

1. 5 = p.r %7 = giag; " = 2gRe(Fa7 + (g)%szr)g is a new solution of the

Schrodinger flow on Gr(2, R™+2).

2. 1 =g, (g1)s = ut(2—2)[7, a]+(2—2)[7, a] is a solution of the Gr(2, R"*2)-NLS

associated to 7.

Proof. (2) follows from Theorem 4.1.9. Use 72 = T to compute a new solution

O
Corollary 4.1.13. [Béacklund transformations for %]
Let v be a solution of the Schrédinger flow on Sg((z;l) with v = gag™', u = g 'g,
the corresponding solution of the Sg((igl)—NLS as in Theorem 2.2.3, and E(x,t,\) the

extended frame of u with £(0,0,\) = ¢(0,0). Let z € C\ R, V a complex vector
subspace of C?" satisfying V LV, #(z,t) denote the Hermitian projection of C** onto
V(z,t) = E(z,t,2)"(V) and gi(z,t) = g(z,t)((7 + £7). Then

L. 5 :=p.rxv = qrag; ' = 2Re(g(7aw + (£)*Faw)g™") is a new solution of the

SO(2n)
Umn) -

Schrodinger flow on
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2. 1 =g, (g1)e = u+ (2 — 2)[7,a] + (£ — 2)[7,a] is a solution of the SO((Q" -NLS

associated to 7.

The proof follows from a similar argument of the proof in Theorem 4.1.12.

’
Example 4.1.14. Let z € C\Rand V =C , where r € R™! and s € R™*!

are unit vectors. Set

~ _ _ T
V(x,t) _ Span{e—(azx—i-az%) }7
1S

t e ol

L rr —1irs

ea(—zx—ZQt) ea(zx+z2t)
isrt  ss!

7(x,t) =

2(cosw) —i(sinw)rts

Z—  Z_
gi1(z,t) = =7 + -7,
z z

(z—2)x+(22—22)t

where w = 3

SO(2n)

Then, 7 = giag; ' is a new solution of the Schrédinger flow on O

Corollary 4.1.15. [Béacklund transformations for ‘?]}’(%)]

Sp(n)

Let v be a solution of the Schrodinger flow on o) with v = gag™, u = g7 'g,, a

solution of the 22 ((n) NLS as in Theorem 2.2.3. Let E(z,t, A) be the extended frame
of w such that F(0,0,) = ¢(0,0). Let z € C\ R, V a complex subspace satisfying
VLJ,(V), #(x,t) be the Hermitian projection of C* onto V(z,t) = E(x,t,2)*(V),
To(x,t) = Jom(z, t) g, and gy(z,t) = g(x,t) (47 + £72). Then

1.5 = for*y = qiag; " = g(Fa7 + (%) Tamwy + Taaty + (f)%@aﬁ)g‘l is again a

Sp(n)
U(n) -
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2.1 = gi(g1)e = u+ (2 — 2)[F,a] + (2 — 2)[F2,a] is a solution of %’((Tg)—NLS

associated to 7.
Proof. (2) follows from Theorem 4.1.9. We compute to get

7= giag; !

Z - Z . Z = _
= g(=7 + Zfg)a(Z7e + ~7)g
z 2 z 2

22V Zio~ oy
= g(7am + (5)27{'0,7(’2 + Toaiy + (;)27r2a7r)g L

]

.
Example 4.1.16. Let z € C\Rand V =C , where r € R™! and s € R™!

are unit vectors. Set

‘71(95, t) = span{exp(—(azz + azt))(r,is)'},

t e ol

rr —1irs
ea(—Zr—Zzt) 6a(zm+22t)
isrt  sst

2(cosw) — i(sinw)rts

(z—2)z+(22—22)t .

where w = 3

Sp(n)
U(n) -

Then, 7 = giag; ' is a new solution of Schrédinger flow on
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4.2 Backlund Transformations for Derivative %

NLS

Let u be a solution of the derivative %—NLS, and F an extended frame of u. We follow

the steps in previous section to construct Backlund transformations for derivative %—

NLS, which has been obtained using a different approach in [10].

U

The reality conditions for derivative %—NLS on Hermitian symmetric space - are

stated below.

Definition 4.2.1 (Reality Conditions).

Given f(\) € GL(n,C), we say that

L. f satisfies the g Un)

m-malit@/ condition if

(4.8) FOVFN) =Tay F(=X) = Tenif W
2. f satisfies the M—7“eali7fy condition if

0(2)x0(n)

(4.9) FOVFON) =Loya, FO) =FO),  F(=A) = L fN

3. n=2m, [ satisfies the 5((;;)) -reality condition if

(410)  FOFN) =Ta F) = £, F(=A) = Ju (V)"

EZEEZ)) -reality condition if

4. n = 2m, f satisfies the

(4.11) O TnfN) = Ty fO)FN) =Tn, f)F(=A) = L.
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Below we construct simple elements in L”?(G). Note that a simple lament with only
one pole does not satisfies the %—reality conditions, so we consider simple elements

with two poles, i.e.,

a—Q

Fam Ut

gawBJTIJTQ()\) = (I +

We also note that g g.ry.m (A Gagm.m(N) = I, provided that mmy = mom;.

Proposition 4.2.2. Let m be a Hermitian projection of C", s € R nonzero, my =
T k7r] _, such that 7my = mom, and k : CU {oo} — GL(n,C) a rational map
defined by

—218
A+ is

2is |
X —is 2 )

(4.12) kisa(A) = (I + ) (I +

Then k;, . satisfies the Uln) )—reality condition.

(
U(k)xU(n—k

Proof. Since moly i = I p—i,

_ —2is J_ 2is | —2is | 225 1
Ik,n—kkis,w()\> - Iky”—k(l—i_ )\+zs + A— zsﬂ-Q + /\+ZS7T A— 7T2)

—2is J_ 2is —2is, 1 2is
)\—Hs + A— ZS7T + >\+zs7r2 A— zs )[k»”_k

(I +
= (I+ 2t + 3my ) enn
k;

18 7r( )\>[k,nfk7

as desired. [

Proposition 4.2.3. Let 7 be a Hermitian projection of C"*2 onto V and s € R\ {0}.

IfV = I,V and V1V, then

218 —218

, Wl)([

_1
A —1is )\—I—is7T )

Pisx(A) = (I +

satisfies the -2(+t2) )—reahty condition.

0(2)xO(n
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Proof. Since V LV, 77 = 7m. Then

Pisa(X) = (I+ E=ab)(I + tZext)

= (I+ g2mt) (I+ &t

pis,ﬂ()\)~

In particular, pis.(A)'pis<(A) = I,12 because pis,ﬂ(/_\)*pism()\) = I,;2. The last
equation in (4.9) follows from the same computation as in the proof of Proposition

4.2.2. [l

Proposition 4.2.4. Let m; be a Hermitian projection of C", s € R\ {0}, and m =

JmmiJ 1 such that w7y = mom;. Then

(4.13) fiarN) = (T4 3 )(T +

)\+is7T

O(n)

satisfies the T om)

-reality condition with n = 2m.

Proof. The first two equations in (4.10) follow from Proposition 4.2.3.We prove the

last one in (4.10). Note that J,,! = —J,,, then we have

fisa NI = (I + 2Z=r) (1 + 22275 ) I

_ 2is | —2is | 2is 1 —2is, |
= (I+325m + 5™ T 5™ a2 ) Im

_ 2is | —2is , | 2is 1 —29s__ |
- Jm(I + )\—isﬂ-2 + /\+is7T1 + )\—is7T2 )\-H'sﬂ-l )

=TI+ Zmy )L+ 22710) = T fisa (=)

]

Proposition 4.2.5. Let 7 be a Hermitian projection of C", s € R\ {0}, and m =

64



JnmJ -1 such that 7 = 7, 7wy = mem. Then

21s
A — 18

—2is |

1
I
™) +)\+is7r

(4.14) gisx(A) = (I +

) reahty condition with n = 2m.

Proof. 1t suffices to show gis »(A)'Jimgisc(X) = Ji and gis (A Gis (=) = I,,. Since

7 =mand # = m, 7 = 7, and so does 7. Then

—2is | 2ts

is7r)\tis7r_)\:[ [ J_[ J_[
s V) Gisn(—N) = (I (I 7o (I o) (I

And a direct computation implies

gis,Tr()\)tJm — <I+ 7213 )<I+ )\ZZjS L)tJm

A«Hs

—2is J__l_ 2is .1 —2is J_)J

_ 2is
- ([+ A— zsﬂ— + )\—l—zs Ais )\+zs7r2

_ 2is —2is, | 2is 1 —2is |
- Jm(]+ A—is "2 + )\Jr?,STr + A—is "2 )\Jrzsﬂ- )

= Il + 325m ) 4 5E5T) = Jngisa(=A)"

SO, Jm = gis,ﬂ'(A)tt]m(gis,ﬂ(_)\)t)_l = gis,ﬂ()\)tt]mgis,ﬂ'()\)- [l

Theorem 4.2.6. [BT for Derivative £-NLS]

Let E(x,t,\) be the extended frame of a solution w of the derivative %—NLS and
s € R\ {0}. Let hisr be a simple element for U = U(n),O(n), and Sp(n) with the
Hermitian projection m onto a complex vector subspace V' satisfying

1. his,m = kis » defined by (4.12) for U = U(n),

2. his, 7 = fisx defined by (4.13) and VLV for U = O(n),

3. hisx = Gis.x defined by (4.14) and VLJ,(V) for U = Sp(n).
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Set
V(z,t) = E(x,t,is)*(V),

#(x,t) = the Hermitian projection of C* onto V (x,t),
E(x,t,)) = hisz(\)E(z,t, \)his 7m0 (X))
Wrrite

his,fr()\) =1+ ml(,x,t))\*l 4o

Then

1. @ =u+ [y, a] is a new solution of the derivative L-NLS.
2. E(x,t,)\) is an extended frame of .
Proof. We will prove this theorem for the case U = Sp(n) and similar arguments

prove the other two cases. We first claim that E is holomorphic for A € C. From

(4.14), we see that

- + -
)\+157T2 A—1is

The residue of F at A =is is
Ris =2is(mE(x,t,is)(I —7) + (I — my) E(x,t,is)T2).

Note that Vi = E(x,t,is)*(V1) is equivalent to Vi = E(x,t,—is)(V;), we have the

inner product

< Vi, E(z,t,15)(Vi) > =< E(z,t,—is)(V1), E(x, t,is)(V;) >
=< E(z,t,i8)" E(z,t,—is)(V1), Vit >
=< W, V- >

=0.
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This says that V; is perpendicular to E(z,t,is)(Vi"), ie., nE(z,t,is)(1— %) = 0.

Similarly,

< Vit E(z,t,is)(Vy) > =< Vib, E(x, t,i8)E(x, t, —is)* J, (V1) >
=< V2J_7 Jn(vl) >
—< V- Vo >

=0.

This implies (I — o) E(z,t,15)73) = 0. So, Ris = 0, i.e., E is holomorphic at A =1is.
Since E satisfies the (( ))—reahty condition, it is also holomorphic at A = —is.

Note that E~'E, = a\? + u\, so

(E7YE,) = hisz(a)? + ul)hil — 0,his D!

ZS’TI'

= a)? + (u+ [y, a))A + O ).

Since E is holomorphic for A € C, so is E~'E,. So, E~'E, — a\? — (u + [y, a])\ is

holomorphic, bounded in A € C, and tends to 0 as A\ — co. By Liouville Theorem,
E7'E, = aX + (u+ [my, a])\

So, E is an extended frame for @, where @ = u + [y, a). ]

Corollary 4.2.7. [BT for Derivative % NLS]

Let E(x,t, \) be the extended frame of a solution ¢ of the derivative %—NLS.

v
Let s € R\ {0}, V =C with unit vectors v € C*,w € C"* (= m) the
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Hermitian projection of C® onto V, and 7+ = I — 7. Set

v ﬁ v ‘ v

= |, where (x,t) = E(z,t,is)* ,
w ﬁ w w
7(x,t) = the Hermitian projection of C" onto V (x,t),

E(@, t,\) = ks (NE(@,t, Nkisi@n(\) "

Then

1. § = q — 4svw™ is a new solution of the derivative %—NLS.

U(k)xU(n—k

oy

2. E(z,t,\) is an extended frame of .

Corollary 4.2.8. [BT for Derivative %—NLS]

Let E(x,t, \) be the extended frame of a solution ¢ of the derivative %—NLS.

v
Let s € R\ {0}, V =C with unit vectors v € R*>,w € R", w(= m) the
1w

Hermitian projection of C"*2 onto V, and 7+ = I — 7. Set

|c31
4

0 gl v Y
= |, where (x,t) = E(x,t,is)* ,
w = an 1w
@]l
#(z,t) = the Hermitian projection of C**2 onto V (x,1),

E(ZL', t, )\) = pis,ﬂ()\>E(*T7 ta A)pis,fr(:ﬂ,t)(}\)_l-

Then

1. ¢ = q— sJi0w'" is a new solution of the derivative %—NLS.

2. E(z,t,\) is an extended frame of .

Corollary 4.2.9. [BT for Derivative SS((Z?)—NLS]
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q
Let E(x,t,\) be the extended frame of a solution of the derivative Sg((z’;)-NLS.

v
Let s € R\ {0}, V =C with unit vectors v € R",w € R", w(= m) the
w

Hermitian projection of C?* onto V, and 7+ = I — 7. Set

v ﬁ v v
= |, where (x,t) = E(z,t,is)* ,
w Tl w w
#(z,t) = the Hermitian projection of C** onto V (x,t),
E@,t,A) = fisrNE@,t, ) fisa@nN)
Then
~ AAL L sont
q q —(wv” + vw
1. = +1is ( ) is a new solution of the derivative %—
T r 00" — ww'
NLS.
s . q
2. E(x,t,\) is an extended frame of
r

Corollary 4.2.10. [BT for Derivative fjp(—(:))—NLS]

q
Let E(x,t,\) be the extended frame of a solution of the derivative ff(%)—NLS.

v
Let s € R\ {0}, V =C with unit vectors v € R",w € R", w(= m) the
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Hermitian projection of C?* onto V, and n#*+ = I — 7. Set

|§1

0 Tl v [
= |, where (x,t) = E(z,t,is)* ,
w ﬁ W w
7(x,t) = the Hermitian projection of C** onto V (x, 1),
E(m, t, )\) = gism(A)E(l‘, t, A)gis,fr(x,t) (/\)_1.
Then
g q — (it + bt
1. = +5s is a new solution of the derivative ‘Z”((;‘))—NLS.
T r 00t — ww!

o)

2. E(x,t,)) is an extended frame of

It

4.3 Backlund Transformations for vector mKdV

and Geometric Airy Curve Flow on R"

Definition 4.3.1 (ng:)l)-Reality Condition). A map g : C — GL(n + 1,C) satisfies

the Oén(z)l)—reality condition if and only if
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This is equivalent to

(4.15) Lag(NIi, = 9(=A),

O(n+1)
O(n)

We now construct simple elements and show that they satisfy the -reality con-

dition.

Proposition 4.3.2. Let s € R, v € C"*!, 7, the Hermitian projection of C"*! onto

Cv, and 7 the Hermitian projection onto CI; ,v. Set

2is 2is
4.16 isw = GismaJ—ism = | 1 3 I— r .
( ) ¢7 Gis,m9 st (+)\_157TZ>< >\+137T1)

If v satisfies

(4.17) v v =0, v=1,v,

then ¢, satisfies the %—reality condition.

Proof. Condition (4.17) implies that myme = mem = 0 and m; = me. Then the

condition (4.15) follows from a direct computation. O

Theorem 4.3.3 (Béicklund transformation for vimKdV).

Let u be a solution of vmKdV (1.19) of the % hierarchy, and E(x,t,\) the

extended frame of u. Given s € R\ 0, v € C""! satisfying (4.17), then
1. o(z,t) = E(x,t,—is) v satisfying (4.17),
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2. let m(x,t) denote the Hermitian projection of C**1 onto Co and 7o(x,t) the

Hermitian projection onto Cly ,,0(x,t), then
uU=1u-+ 215[7}1 - 7?2,(1,],

where a = €91 — €19.

E(z,t,\) == ¢is0(N)E(2,t, No

is,0(x,t)

1s an extended frame of the solution .
Proof. If v =1, ,v, then

L, 0 =1 ,E(z,t,—is) v = E(x,tis) v,

So 11,0 = ¥. So, (1) is true. The rest follows from Theorem 4.2.6. O

Theorem 4.3.4. [BT for geometric Airy curve flow on R"]

Let v be a solution of the geometric Airy curve flow (3.7) on R™, h = (eg, ..., €n-1),
g = diag(1,h) as in Theorem 3.1.8, u = g~ 'g, the solution of the third flow (1.19),
and E an extended frame of u. Let s € R be a non-zero constant, v = (1,ic;)"
with ¢; € R™Y a unit vector, v(x,t) = E(x,t,—is) ‘v, and 7(x,t) the Hermitian

projection onto Co(x,t). Then

1. 0 is of the form (co, 1Yo, - - - ,iYn_1)" for some real valued functions cq and y; for

0<i1<n—1,
n—1

2. Qisp XY= =7 — % Sy yiei is again a solution of (3.7).
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Proof. By Theorem 4.3.3, ¥ satisfies the condition (4.17). Condition ¢ = I, implies
(1). Let ¢ = gbi’;ﬁ. By Theorem 4.3.3, E; = E1 is an extended frame for the new
solution u of vimKdV. Since mmy = mom; = 0, we have

2is 218
T — T
is ! A+is

A—1s

Giss(A\) =1+

2.

Since ¢,'5(A) = (¢i4,3(A))*, we have
218 218

=1- )
v )\+is7r1+)\+is7r2

A direct computation gives

O %
Y7 = =(F — 7).
oA o S
Set g(x,t) = E(z,t,0). Then we have
~ a-El 1 0 _’7{
= —F =
" oA
N 0
OF
= —<E'  +=g(f —Ta)g
1)) =0
0 —") 2
= + —g(T — Ta)g
0
2i

Note the projection m = TEIE
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10
But g =
ut g and (eq,...,e,) = h. So (2) follows.

0 h
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Chapter 5

Periodic Cauchy Problems

5.1 Periodic Cauchy Problems for Schrodinger Flow

on S2

In this section, we consider the periodic Cauchy problem for Schrédinger Flow on S2,

ie.,

Y = Y X Yz
(5.1) t ,

Y(2,0) = (z)
where 7y : [0, 2] — S? is smooth and periodic in z with period 27.

We recall that by Theroem 2.2.3, given 7 : [0, 27] — S?, there is f : R — SU(2) such
that v = faf ™', where a = diag(%, —%), satisfying f(0) = I and f~' f, = uo, where

ug 1is of the form

Uy =
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We notice that f(z) may not be periodic, so we change frames to find a periodic one.

Below we construct a periodic frame of 7.

Since 7y is periodic, vo(27) = 7(0). It yields that f(27)a = af(27). That is, f(27)

lies in the centralizer SU(2), = {diag(e!?,e7'%) | § € [0,27)} and hence we may write
f(27T) — 627rcoa’

for some constant c¢g. A direct computation gives the following proposition.

Proposition 5.1.1. Define

Then f(x) has the following properties:

1.y = faf !

2. f(z) is periodic in z

<Lz —ico o .
3. f_lfx — 27 | : where q~0($) _ qo(x)ezcox.
—qo %Co
4. qp is periodic.

Proposition 5.1.2. Suppose v(x,t) : [0,27] — S? solves v; = y X V., and is periodic
in z with periodic 27r. By Theorem 2.2.3, there exists f : R? — SU(2) such that
Y= faf_17 f_lfx =u, and f_lft = be where

i 0 ¢ 2

i i

57__)7 = aQ—l =3

2 _

a = diag( 5
-7 0 3 g

Define cy(t) to be a function of ¢ satisfying

(5.2) F7H0,t) f(2m,t) = e2meolt)a,
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Then cy(t) is independent of t.

Proof. Taking t-derivative of (5.2) gives

P ®a2mel(t) = — 710, 0)£:(0,6) (2, 0) + F7(0,0) ful2m, 1)

_ 627rc0(t)aQ_1(2ﬂ_7 t) . Q—I(O, t)eQﬂcO(t)a.

So, 2mcy(t)a = Q_1(2m,t) — e~2m0MaQ_,(0,t)e? oM A direct computation shows

. ]2 —4mico(t)
6—27rco(t)aQ_1(O7t)GQFCO(t)a _ 3 ‘q, q.€
2 Go eAmico(t) | q]2
Note that Q_1(0,t) = Q_1(27,t). So, ¢y(t) = 0, as desired. O

Next, we consider the periodic Cauchy problem for NLS. Suppose that ¢ : R? — C is

a solution of

@ = (g +2|q%q
(5.3 ; 2( lq]*q) |

Q(xa O) = @0(95)

Let E be an extended frame for ¢, i.e., E satisfies

E7'E, = o
—q _%A
(5.4) N —ilg? g\ +igs
EilEt - ’

—qA+igy —iN +ilgf

E(0,0,\)* = E(0,0,\)"".

\

Then we will claim that there is a periodic frame for a solution ¢ of NLS periodic in
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x in the proof of the following theorem.

Theorem 5.1.3. Given a smooth and periodic curve 7y : [0, 27| — S? with vo(0) = a.

Then there ezists a unique y(x,t) periodic in x with period 2w satisfying (5.1).

Proof. We know that there is f € SU(2) such that vy = faf™! and f7'f, =

0 q
. Since 7 is periodic, f(27) commutes with a. So

—q O

(o) = 2ron

for some ¢q € R. Define

P B
—qo(x)e 0" %Co
Let g(x,t) be the solution of
¢ = 3¢ +2[alq)

Y

q(z,0) = gqo(x)e™ ",

periodic in z, and F(z,t,\) the extended frame for ¢ satisfying

(

E7'E, = a(—c) + u,
(5.5) E7'E, = act + u(—co) + Q_1(u),

E(0,0, —co) = f(0).

\
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We claim that g(x,t) = E(z,t,—co) is periodic in x with period 27. Let y(t) =

0 ¢
g(2m,t)—g(0,t). We know g~ 'g; = cda—cou+Q_;(u) and u = is periodic.

—q 0
Then

y'(t) = g(2m,t)(cga — cou + Q-1(u)|z=2r — 9(0,1)(ca — cou + Q-1(u))]z—o
= (9(2m,t) — g(0,1))(cga — cou + Q-1(u))]z=o
= y()A(),
where A(t) = (c3a — cou + Q_1())]z=0-

Since y(0) = 0 solves the ODE y/(t) = y(t)A(t), the uniqueness theorem of ODE
shows that y(t) = 0. The claim follows. Let n = gag™'. Then ~v(z,t) = n(x + 2ct, t)

is a solution of v, = v X 7., by Proposition 2.2.5.

It remains to verify the initial condition. Note that Proposition 5.1.1 implies

(@, 0) = n(w,0) = f(z)af " (z) = 70(2).

In particular, that « is periodic in x follows from the periodicity of E(z,t,—cp).

Finally, the uniqueness of 7 follows from the uniqueness of E(z,t, —cy). O

5.2 Periodic Cauchy Problems for VFE on R?

This section is dedicated to the periodic Cauchy problem of VFE (1), i.e.,

Yt = Yz X Vaz,
(5.6)

’Y(I, 0) = "o,
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where 7 : [0, 2] — R? is a smooth arc-length parametrized curve periodic in z with

period 27.

Let v : [0,27] — R? be a closed curve, and ey = 7,. (eg, i1, 7i2) is orthonormal and

periodic. Then we have

0 —UV1 —Uy
(5.7) (eo, 11, 1i2)z = (eq, Ti1, Tiz) v 0 —-wl;
Vy W 0
for some smooth functions vy, 1o, w.
Let (e, €1, €2) a parallel frame for « such that
0 —k —k
(eo,e1,€2)s = (€0, e1,€2) [ ky 0 0
ko 0O 0

Let 6 denote the angle from 77; to e;. Then we have the following relations:

(5.8) 0, = —w,

e1 = cos 01y + sin O1ia,

(5.9)

€y = — sin 011 + cos 07ls.

Note that although  is periodic, (e1, e2) need not be periodic.
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Definition 5.2.1. The normal holonomy of v is

(5.10) 0(2m) —0(0) = — /%w(x,t) dzx.

Proposition 5.2.2. Suppose v(z,t) is a solution of the VFE (1) which is periodic
in z with period 27 and |7, | = 1. Let ey = 7,. Then the normal holonomy is

independent of .

Proof. Let (e, 7i1,72) be a periodic orthonormal frame along « such that eq = 7, and

0 —UV1 —ls
(5.11) (€0, 11, 12)z = (€0,71,72) | 1y, 0 —w
1) W 0

Since (eg, 711, T2) is periodic, vy, 5, and w are periodic. Use the fact that  is a solution

of the VFE (1), we compute to get

0 Vw + (VZ):;: oW — (Vl)l“
(5.12) (o, 11, 7i2)r = (€0,M1,M2) | —1qw — (v2)a 0 =< ’
—Vow + <V1>m é 0

where £ is a smooth function such that § = w; — %(V% + 12),. The compatibility

condition of (5.11) and (5.12) implies

;

()t = —(nw + (12)s)z — (—10wW? + ()W) + 1€,

(513) (VQ)t = _(V2W - (Vl)x)x - (V1W2 + (V2>1’w) - V1§7

wy =& + %(V% + V3
\
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We take ¢ derivative and substitute by the third equation of(5.13) to get

4 Ozww(x,t) dex = fo% wi(z,t) dx
2m
= 0 €x+%(yl2+y22>l‘ dx

= 0.

Next, we rotate the normal frame to get a periodic frame for . Let

1 2m

(5.14) o= — w(zx,t) dr,
2 Jo

and uy = eg = 7,. Let

uy = cos(cox)e; + sin(coz)es,

(5.15)

uy = —sin(coz)e; + cos(cox)es.

We call this frame (ug,uy,us) the h-frame. As a corollary of Proposition 5.2.2; we

have
Corollary 5.2.3. ¢y defined in (5.14) is independent of ¢.

Lemma 5.2.4. The h-frame (ug, u1, us) defined by (5.15) is periodic and

0 —p1 —p2
(5.16) (uo, u1,u2)s = (U0, ur,u2) | 1y 0 —2¢
U2 200 0

Proof. A direct computation will lead us to (5.16). It suffices to show that (ug, uy, us)

is periodic. We may assume 6(0) = 0. Then (5.10) and (5.14) imply 0(27) = —27cy.
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Note that wu, is the tangent, so it is periodic. Let R4(v) denote the rotation of a

vector v by angle ¢. Note that by (5.15) we have

(5.17) u0) = e:(0),

u1(27) = Ropey€1(27).

In particular,

€1(27) = Roame1(0) = Rogamua (0).

We substitute e;(27) in the second equation of (5.17) to get

u1(27r) = RQWCORQ(QW)U1(0> = Uy (0)

Similarly, one can show that us(27) = u5(0). O

In other words, we have proved the following theorem.

Theorem 5.2.5. Let y(x,t) be a solution of the VFE (1) that is periodic in x with

period 2w and ||7.| = 1. Suppose (ey,ii1,72) is orthonormal along v such that
€0 = Yo Let w = (M), - 7a. Then ¢y = &= OQWw(m,t) dx is constant for all t, and

there is g = (ug, u1, uz)(x,t) such that

1. g(-,t) is a periodic h-frame along (-, t),

0 -G —G
2. 9= ¢ 0 -2 |
G 2¢0 O

3. q = (¢ + i) is a solution of the NLS.
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Proof. Let (eg, e1,e2) be the parallel frame along 7 such that

0 —k —k
(5.18) (o, €1, €2)s = (€q, €1, €2) k0 0
ke O 0

So, k = kq+iks satisfies k;, = %(km—i—%|k|2k) Note that ©u = g satisfies the NLS. From
the construction of the h-frame defined by (5.16), we know that 1 = 1(uy +ips) =

2 (ky +ikg)e 2% ie., p = u %" and there is a h-frame f such that

0 —p1 —pe
= w0 —2¢

U2 260 0

We compute to see that p satisfies the equation p; = £ (ftes + 2|p* ) — 2cops — 2icgp.

Let g = fC, where
1 0 0

0 cos(cit) sin(cit)

0 —sin(cit) cos(cit)

Then
0 -G —G¢
(5.19) ' =C"fLC=1¢ 0 —2¢|.
G 2¢ 0

where ¢ := 1((1 +iG) = pe2iet It is easy to see that ¢ satisfies the equation ¢; =
L(Cow +2|¢[7¢) — 2¢0Cy- Let g(a,t) = g(a+2cot, t). Then g~ g, is of the form of (5.19)
and q(x,t) = ((z + 2ct, t) is a solution of NLS. O

Proposition 5.2.6. Let g be a solution of NLS periodic in x with period 27, A\g € R,

84



and E(x,t, \) the extended frame of q. If E(z,0, \g) is periodic in x with period 27,

then so is F(z,t, A).

Proof. Let y(t) = E(2m,t, o) — E(0,t, \g). Note that E(z,0, \) is periodic in x, so

0 ¢
y(0) =0. As E7'E, = a\§ + uXg + Q_1(u) and u = is periodic, we have

Y (t) = E(2m,t, Xo)(aXg + ulo + Q_1 (1)) |omar — E(0,1, Xo) (@ + ulo + Q_1(u))|s=o

— (E(2m,t, M) — B(0,1,20))(@3 + Ao + Q-1(u)) |0 = y(H)A(1),

where A(t) = (aX§ + udo + Q_1(u))|z=0-

Since y(0) = 0 solves the ODE ¢/(t) = y(t)A(t), the uniqueness theorem of ODE

shows that y(t) = 0. The desired follows.

O

Proposition 5.2.7. Let ¢ be a solution of NLS periodic in x with period 27 and E

the extended frame for ¢q. Let \g € R and

(520) n= E/\E_l | A=Xo> ’7(1‘7t) - n('r - 2/\0t7t)

Then y(x,t) in (5.20) is a solution of VFE ~; = 7, X Yy
Proof. Tt can be checked that

N = E(x — 2X\ot, t)aE(x — 2X\ot, 1)1, m, = E(x — 2)t, t)(2a)\ + u) E(z — 2Xot, 1)1,
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0 ¢
where u = ,and v, = =2\, + 1, = EuE~t. On the other hand,
—G 0

Yo X Yoz = [%,%x] = E[a, [Uq CLHE_I = EuE™ !

Now, we consider the periodic Cauchy problem of VFE (5.6). Given a closed curve
Yo(z) : [0,27] — R3, there is a periodic h-frame f = (ud, u?,u9) such that ud = 7} (z)

and
0 —2¢) —2¢3

=120 0 —2¢
2(]8 200 0

Let (¢,n) = —3tr(¢n) for ¢,n € su(2), and

form an orthonormal basis of su(2). We identify su(2) as R®* by mapping a, b, ¢ to the
standard basis of R3. Then there is ¢ € SU(2) such that

(ud, ul, u3) = (dag ™, ¢bg ™, peg ™).

In particular, ¢ is periodic in x with period 27.

Proposition 5.2.8. Suppose yo(z) : R? — R3 is a periodic curve parametrized by
arc-length with period 27. Let (ud, u?,u) be a h-frame 24¢?,2q) and ¢ € SU(2) such
that

(ug, uy, up) = (¢ag™", pbd ™", peg™").
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Suppose ¢ : R? — C is a periodic solution of

(5.21) ?

q(z,0) = ¢) +ig).

Let E be the extended frame with initial data £(0,0,co) = ¢,n = ExE™! | x—¢,, and
v(z,t) = n(x — 2¢yt,t). Then Y(x,t) = vy(z,t) — n(0,0) + v(0) solves (5.6) and is

periodic in x with period 27.

Proof. By Theorem 5.2.7, we know that ¥ satisfies the VFE (1). In particular,
¥(z,0) = n(z,0) from (5.20). We claim that v(x,0) = yo(x) + 1(0,0) — 7(0). In

this case, one obtains ¥(z,0) = 7o(x). Note that

(5.22) Ne(7,0) = E(z,0)aE(z,0) " = ¢agp™" = uf = v)(x),

which implies

77(*7:7 0) = 70(1.) +¢,
for some constant c¢. So ¢ = n(0,0) —70(0). Since E(x,t,¢y) = ¢(z) is periodic in =,
the periodicity of 4 follows from Proposition 5.2.6. m

So, we have proved the following;:

Theorem 5.2.9. Let g : [0,27] — R3 be a closed curve and arc-length parametrized.

Then there ezists a unique periodic solution y(x,t) of (5.6).

87



5.3 Periodic Cauchy Problems for Geometric Airy

Curve Flow on R?

Recall that a geometric Airy curve flow on R? (3.1) can be reparametrized by its

arc-length as follows:

1
(523) Y = —(§k2€0 + kwel),

where eg = 7, and k is the curvature. And (5.23) preserves the arc length. By

Theorem 3.1.3, the curvature k satisfies the mKdV

3
ke = —(Kpox + 5/81%).

Let v(x,t) satisfy (5.23). Note that if § is the tangent angle, then

eo(x,t) = (cosB(x,t),sinb(z,t)),
(5.24)

er(z,t) = (—sinf(z,t),cosb(x,t)).

Direct computations show that

By integration with respect to ¢, we see that
|
(5.25) ant) = n(e.0)+ [ —(GReol7) + (s, 7)) dr
0

is a solution of (5.23).
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Proposition 5.3.1. Suppose k is a solution of mKdV periodic in x with period 27

and E(z,t,\) an extended frame of k. Let g(z,t) = E(x,t,0) satisfy

0 —k
9 9. = :
kO
0 —(kpy + 213
g g = ( ? )
kyw + 5K 0

If g(x,0) is periodic in x with period 27, then so is g(z,t) for all ¢.

Proof. Let y(t) = g(2m,t) — ¢g(0,t). Then ¢/'(t) = g(2m,t)B(27,t) — g(0,t)B(0,t),

where
0 — (kg + 352
koo + 3K 0

B(z,t) =

Note that B(2m,t) = B(0,t), so y'(t) = y(t)B(0,t). Since y(0) = 0 solves the ODE
y'(t) = y(t)B(0,t), the uniqueness theorem of ODE implies that y(t) = 0. This

completes the proof. O

Now, we consider the periodic Cauchy problem of the geometric Airy curve flow on

R2.

Theorem 5.3.2. Let vo(z) : [0,27] — R? be periodic with period 2w and arc-length

parametrized. Then there exists a unique periodic solution of the Cauchy problem

Ve = _(leGO + kyeq1),
(5.26) ?

(2, 0) = 70(@).

Proof. Let eS(z) = ~4(z) and €Y(x) is the rotation of €(x) by 90°. Since v)(r) is

periodic in x with period 27, so is (e](x), e?(z)). In addition, the curvature kq(z) of
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Yo(z) is periodic in x. Suppose k is a solution of the mKdV periodic in = with period

2w, i.e., k solves

kt = _(kx:p:p + §k2kx)7
(5.27) ?

k(z,0) = ko(x).

Let F(x,t,\) the extended frame of k with initial data F(0,0,\) = (e3(0),€?(0)) and

g(x,t) = E(x,t,0) satisfy

0 —k 0 — (ke + K?)
g_lga? - ; g_lgt = 2 ) g(oa 0) - (68(0)7 6?(0))
k0 koo + 3K 0

It follows from Proposition 5.3.1 that g(z,t) is periodic in = with period 27. Let

(eo(z,t),e1(x,t)) = g(x,t) and
v(z,t) = vo(x) +/O —(%ero(:c, T) + kyei(z, 7)) dr.

It is easy to see that v is a solution of (5.26). We then claim that ~ is periodic in z

with period 2.

Let y(t) = v(2m,t) —~(0,t). Note that v = —(3k%eo(z,t) + kye1(z,t)). Proposition

5.3.1 implies that (eg, e1) is periodic in x with period 2, hence so is ;. So we have

y'(t) = v(2m,t) — 7(0,1) = 0.

As y(0) = 0 solves the ODE ¢/(t) = 0, the uniqueness of ODE theorem gives y(t) = 0.
This proves that « is a periodic solution of (5.26). The uniqueness follows from the

uniqueness of solutions for the system (5.27). O
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Chapter 6

Numerics

In 1998, Hou, Klapper, and Si provided a formulation in [5] for calculating numerical
solutions of VFE. This method is a generalization of the previous 2-D work [6] of Hou
et al.. This § — L formulation method for two dimensional curves has none of the
high order time step stability constraints that are usually induced when an explicit
method is used, where 0 is the tangent angle and L is the total arc length. However,
this 6 — L frame cannot be generalized to three dimensional Euclidean spaces since 6
is not always defined. Hou, Klapper, and Si then proposed to use the normal principal

curvatures k1, ko as new variables to compute the motion of the curve in 3D.

Hasimoto gives a way in [4] to obtain solutions of NLS from solutions of VFE, that

is, if v is a solution of the VFE, then there exists a function 6 : R — R such that
(6.1) g(2,1) = k(z, )OO 7(5d)

is a solution of NLS where 7(-,t) is the torsion for (-, ¢) and z is the arc-length

parameter.
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Using geometry, we have already showed the converse in previous sections, i.e., con-
structing solutions of VFE by making use of solutions of NLS. This construction

actually provides an algorithm of computing solutions of VFE numerically.

One advantage of this method is that we reduce the curve PDE to one soliton equation
and a compatible ODE systems in x and ¢. The most famous soliton equations such
as NLS and mKdV can be computed numerically using the pseudo spectral method in
8], which provides a good accuracy for periodic solutions. As for the compatible ODE
systems, there are several schemes that solve ODE well. For example, ode solvers in

MatLab and Runge-Kutta method.

We will present geometric algorithms for computing numerical solutions of the VFE,

the Schrdinger flow on S%, and the Airy geometric curve flow on R2.

6.1 Geometric Algorithms

Below we state steps of implementing codes for calculating numerical solutions.
Numerical Solutions of VFE:

Given a closed curve yo(z) : [0,27] — R3. We consider the following periodic Cauchy

problem

Ve = Yz X Yaz,
(6.2)

v(x,0) = y(z),

In order to solve (6.2) numerically, we
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Step 1. compute the tangent unit vector eq = H;ﬁéﬁ’ so there exist ey, es such that
0

0 —K —k
(eo,e1,€2)z = [[0()I(eo,e1,€2) | KO 0 —w
kS w 0

In particular,

1 1
w=—(e1)s-€2, k)= —(eg)y-e; i=1,2.
[Io ()] 7o (2)l]
Step 2. integrate 1, = —||7(x)||w to get 1, so we obtain a parallel frame (eq, €1, é2) of

Yo(x) such that

(€0, €1, 82)0 = [[0(@)l|(e0, @1, 82) | K) 0 0 |,

where

€1 = cos ey + sin ey,
€y = —sine; + cos Yes,
K = kY cos vy,

kY = kY sin.

Step 2. compute ¢y of 7y defined by (5.14) and get the h—frame f defined by (5.15).
And convert f to be elements ¢ag~t, pbop!, pcp~! in su(2) identified with R3.
Step 3. use the pseudo spectral method in [8] to solve the periodic Cauchy problem of

NLS with the initial data gy = k9 + 1k9.
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Step 4. Solving the following system

IN q
E-'E, = ,

—q —iA

N2 i ]2 i
E1E, = AT gld WAt 5

—gA+ g, —iN? + Llg|?

E(07 0, )‘) = ¢(0)7

\

at different values of A which are sufficiently close to ¢, where the data on the
right hand side is given by solutions ¢ of the periodic Cauchy problem of NLS.

Here we use the second order Runge-Kutta method to approximate.

Step 5. use definition of n,~ in (5.20) and Proposition 5.2.8 to construct solutions of
(6.2) in su(2). Map them back to R?.

Numerical Solutions of Schrainger flow on 2-sphere:

Given a closed curve 7y(z) : [0, 27] — S?. We consider the following periodic Cauchy

problem

Yt =7 X Ve,
(6.3)

7($7 O) = '70(1')’

In order to solve (6.3) numerically, we

Step 1. write vy as an element in su(2) and diagonalize 7 to find f € SU(2) such that

Y = faf™" and
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Step 2. compute cq by solving f(27) = e?™0?,

Step 3. use the pseudo spectral method in [8] to solve the periodic Cauchy problem of
NLS (5.3) with the initial data go(x)e"*.

Step 4. compute E by solving the ODE system (5.5) with the right hand side given by

solutions ¢ of (5.3) and the initial data fe=%.
Step 5. calculate ¥y = EaFE~! in terms of elements in su(2) and then we map them back
to R3, which is the numerical solution to (6.3).
Numerical Solutions of the Geometric Airy Curve Flow on R
Given a closed curve () : [0, 27] — R% We consider the periodic Cauchy problem

(5.26), i.e.,

M= _(lk2€0 + kpeq),
(6.4) ?

¥(z,0) = yo(2),

In order to solve (5.26) numerically, we

Step 1. find the Frenet frame, and the curvature ky of .

Step 2. compute the tangent angle 6 of vy using the inverse trigonometric function of
cos since

ey = 74 = (cos by, sinfy).

Step 3. use the pseudo spectral method in [8] to solve the periodic Cauchy problem of
mKdV (5.27) with the initial data k.
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Step 4. update the tangent angle 6 at each (z,¢) by the evolutions
L3
0, =k, 0, = _(§k + kyy).

So, we update frames g = (eg, 1) = (cosd,sin0).

Step 5. recover solutions v by integrating

v(x,t) = Yo(x) +/0 —(%kzeo(as, T) + kyei(x, 7)) dr.

6.2 Numerical Experiments

This section includes three testing examples for computing numerical solutions of the
VFE, Schrodinger flow on S?, and the geometric Airy curve flow on R2 The errors
are provided to verify the accuracy of this geometric scheme. Note that the NLS
and mKdV have infinitely many conserved quantities, so we would also like to see
if numerical solutions obtained from geometric algorithms preserve these conserved

quantities. For example,

Conserved Quantities for NLS:

1. Hy = ¢|q|* dx
2. Hy = fchx dx
3. Hy = §q.|> — |q|* dv

4. Hy = ¢ q4, — qq, dx

Conserved Quantities for mKdV:
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1. Hi=¢qdx

2. Hy=§¢¢*de

3. Hy = §3¢2—¢* dx
Example 6.2.1 (VFE).

We consider the initial curve is a circle, then the solution to the VFE is

v(z,t) = (coszx,sinz, t).

The following errors are estimated between the true solution v and numerical solutions

Yn-

Table 6.1: Errors with the true solution v and the numerical solution ~,,

At Ny = e At N e = e

1076 26 7.8089 x 107! 107 219 6.2257 x 1072
28 1.1071 x 1072 10° 1.7759 x 1072
210 55132 x 1073 10-¢ 5.5132 x 1073

1077 25 24694 x 107! 1074 211 4.2486 x 1072
28 3.5011 x 1073 10° 1.3946 x 1072
210 1.7504 x 1073 1076 3.7876 x 1073

Remark 6.2.2. For these errors are more or less the same, when N is smaller, /At
needs to be much smaller in order to get a better estimate. This may be caused by
solving E~'E, first. In other words, the precision of F depends on how accurate the
solution to E~'E, is. Moreover, if one wishes to improve the accuracy, using another

ODE solver in Step 4 is more intuitive.
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Remark 6.2.3. Fixed At = 1075, When N = 26,28 210 Ay = 9.817 x 1072,2.45 x
1072,6.14 x 1073, respectively. The errors seem to be of order Az. On the other

hand, when N = 2'°, errors look like to have order /At.

t=0 t=0.6 t=1.2
2 0 0
2 -1 -1
2 1 2
1 4 6 6
0 3 0 4 0 4
-1 2 -1 2 -2 2
t=1.8 t=2.4 t=3
-0.6 -0.5 -0.5
-0.8 -1 -1
-1 -1.5 -1.5
2 2 1
4 6 6
0 3 0 4 0 4
-2 2 -2 2 -1 2

Figure 6.1: Numerical solution y(xz,t) of VFE where v(x,0) = (2cosz,sinz, 0)

98



t=0 t=0.6 t=1.2
5 4 2
4 3 S
1 N /
3 2 \ /
LI
o 0 i vy Y
2 1 /oS - y % 4d
I /o ]b
Lo \ —
1 ofs oL !
|
Y — -1 -2
-10 10 -10 0 10 -10 0

Figure 6.2: Solution ¢ of NLS corresponding to y(z,t) in Figure 6.1

Figure 6.3:

t=0

-2 -2

Numerical solution v(z,t) of VFE where v(x,0) = (cos z, sin z, cos x)

t=0.6
14
1.2
1
1
2
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-1 -2
t=2.4
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t=0 t=0.6 t=1.2

3 3 2
25
1.
2 5
2
1 A o
s
o 15 o 1 ] o /; \\ ,ﬂ \\
s e 051 \ ! b
1 I . // v l N r L\
0" Y " i/ L [
0.5 | ojf v ¥
Ol = = = -1 -05
-10 0 10 -10 0 10 -10 0 10
X X X

Figure 6.4: Solution ¢ of NLS corresponding to y(z,t) in Figure 6.3

t=0 t=0.6 t=1.2
0.5 0.5
0 0
-0.5 -0.5
-1 -1
1 1
2 4
0 1 0 2
10 10
t=1.8 t=2.4 t=3
0 -0.5
-05
0.4 1
-1
0.5
-0.6 15 -1.5
1 2
0 4 2
-0.8 0 > 0 15
0 2 4 05 -1 0 -2 1

Figure 6.5: Numerical solution v(z,t) of VFE where v(z,0) = (%% sinx,0)
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Figure 6.6: Solution ¢ of NLS corresponding to y(z,t) in Figure 6.5

t=0.6

Figure 6.7: Apply BT to v(z,t)

t=0.2
0.5
0
-0.5
-1
2
0
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t=0.8
0
-05
-1
-15
2
0
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t=0 t=0.2 t=0.4

05
0
05
2
5 5
0 0 0 0
-1 -5 -2 -5
t=0.6 t=0.8 t=1
1 2 2
0.5 1 1
0 0 R@ 0
05 1 -
2 2 2
2 2 2
0 0 0 0 0 0
2 2 2 2 2 2

Figure 6.8: Apply BT to y(z,t) where vy(z,0) = (2cosz,sinz, 0)

Below we consider errors for conserved quantities of NLS. Since H;’s are constant

with respect time ¢, we consider the LP-error as follows:

3 =

(3 AtlH (1) — Hi(t)P)>,

where t; is the initial time. Below we give errors of each conserved quantity for

different initial curves. Here N is the step size of the spatial parameter x.
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Table 6.2: Conserved Quantities Error for VFE with initial data 7o = (cos z, sin z, 0)

At N ||[HP — Hy||. At N ||HP — Hy||12
1073 26 16x1073 1073 2% 4.8892 x 10~*
28 4.1058 x 10~* 10~ 3.4008 x 1074
29 2.0169 x 1074 10-° 3.3779 x 1074
107% 28 2.4564 x 1074 1073 2% 3.5137 x 1074
29 8.0498 x 107° 104 1.1703 x 10~*
210 41524 x 107° 1075 1.1137 x 10~*
107> 2% 24170 x 10~* 1073 210 28024 x 10~
29 6.7006 x 107° 104 4.6202 x 1075
210 1.8534 x 107° 10-° 3.6804 x 102

Remark 6.2.4. Because ¢ is computed numerically from the pseudo spectral method,

At and Ax need not be too small to obtain good estimates.
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At N [|Hp — Hol|p At N |[HP — Ha|e

1071 2% 1.642 x 107! 107 28 4378 x 107!
29 1.532 x 107! 29 4.3223 x 107!
210 1,488 x 107! 210 43220 x 107!
1072 27 1.204 x 107! 1076 28 26090 x 107"
28 1.177 x 107! 29 2.6072 x 1071
29 1.163 x 107! 210 2.6070 x 107}
107 2% 1.175x 107! 1077 28 1.5739 x 107!
29 1.161 x 107! 29 1.5730 x 107!
210 1.153 x 107! 210 15637 x 1071

At N ||H} — Hyl|pe

1073 26 219 x 1072
28 1.91 x 1072
210 81x1073
107 27 1.75x 1072
28 9.2x107°
29 6.01 x 1073
107° 28 9.0x1073
29 45x107°

210 24 x 1073

Remark 6.2.5. The other three conservation laws give bigger errors than the first one
does. One reason might be that these three contain the first derivatives as conserved

quantities. Therefore, extra errors occur during the process of finite difference of
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computing derivatives. Moreover, we expect the same situation happens to the later
conservation laws since they consist of further derivatives of q. We also provide the

conserved quantities errors for VFE with different initial curves in Appendices.

Example 6.2.6 (Schrodinger Flow on S?).

We consider the initial curve is a circle, then the real solution is stationary, i.e.,

v(z,t) = (cosz,sinx, 0).

The following errors are estimated between the numerical solution ~,, and ~.

Table 6.3: Errors with the true solution v and the numerical solution ~,,

At N e = e At Ny = e

1072 210 27357 x 1072 1072 27 2.3999 x 10!
211 1.3833 x 102 104 2.0235 x 107!
212 71351 x 1073 107° 2.0190 x 107!

1073 210 27111 x 1072 1073 28 1.1683 x 107!
211 1.3282 x 1072 1074 1.0705 x 107!
212 6.5692 x 1073 107° 1.0247 x 1071

Below we give errors of each conserved quantity for Schrodinger flow with initial

curve as a circle and more error estimates with other initial curves can be found in

Appendices.
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Table 6.4: Conserved Quantities Error for Schréodinger flow with initial data vy = (cosz,sin z, 0)

At

N

|} — Hyl|p2

1073

10~

At

28

210
28

29

4.8897 x 104
3.5145 x 10~*
2.8128 x 1074
3.4041 x 1074
1.1705 x 10~*
4.6203 x 107°

|[H3 — Hsl|p

1071

1072

27
28

29

28

29

3.7428 x 1072
2.2321 x 1072
1.0517 x 102
1.2461 x 102
1.2392 x 102
8.8145 x 1073

106

At

N

|| H3 — Hol|r2

107°

1076

At

5.9648 x 1073
4.5897 x 1073
4.1896 x 1073
5.9646 x 1073
4.5645 x 1073
4.1173 x 1073

[[H} — Hyl|r2

107°

1076

28
29

210

29

210

1.5485 x 1072
7.8836 x 1077
4.1293 x 1073
1.5490 x 1072
7.8567 x 107*
3.934 x 1073



t=0 t=1

0 0 0
-1 -1 1
1 1 1
1 1
0 0 0 0 0
-1 -1 -1
t=3 t=4
1 0.5 1
0 0 0
-1 -05 -1
1 1 1
1 1
0 0 0 0 0

Figure 6.9: ~(z,t): the solution of Schrodinger flow on S? with initial data ~q

(cos x cos(2z), sin x cos(2x), sin(2zx))

t=2

Re(q)
Im(q)

Figure 6.10: Solution ¢ of NLS corresponding to ~(z,t) in Figure 6.9. The solid line represents

the real part of ¢ while the dashed one shows the imaginary part of q.
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t=0 t=1 t=2

05 05
05
0 0
05 05 0
1 05 1
1 1 1
0 0 0 0 0 0
-1 -05 -1 -1 -1
t=3 t=4 t=5
1 1 1
0.5 05
05
0 0
05 0 05
1 1 1
1 1 1
0 0 0 0 0 0

Figure 6.11: ~(xz,t): the solution of Schrdingier flow on S? with initial data v =
(0.58in(2z), sin z, \/1 —0.25sin?(22) — sin® z)

t=0 t=0.6 t=1.2

10 0 10 10 0 10
X X X Re(q)
t=1.8 ) -~ Im(@)

Figure 6.12: Solution ¢ of NLS corresponding to y(z,t) in Figure 6.11. The solid line represents
the real part of ¢ while the dashed one shows the imaginary part of q.
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t=0 t=0.6 t=1.2

1 2
2 0
0
0 -1
_2 -2 -2
i 2 5 5
. 5 5
0 0 0 0 0
2 -2 5 5 5 5
1=1.8 t=2.4 t=3
2 2 2
0 0 0
-2 2 2
5 5 5
2 2 2
0 0 0 0 0 0
5 2 5 2 5 2

Figure 6.13: Apply BT to y(x,t) = (cosx,sinx,0)

Remark 6.2.7. Note that new solutions are not periodic in x, which is also shown

on the graphs.
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0
2 2 5 4
1=1.8 t=2.4 t=3
5 4 5
2
0 0
0
-5 -2 -5
5 5 5
5 5
0 0 0 0 0 0
5 5 5 5 5 5

t=0 t=1.2

2

Figure 6.14: Apply BT to vy(z,t) in Fig. 6.9

t=0 1=0.6 t=1.2
2 1
1 05
& 0 0
1 05
2 2
2 2
0 0 0 0 0 0
2 2 2 2 2
t=1.8 t=2.4 t=3
2 4
1 2
0 0
1 -2
2 2
2 2
0 0 0 0 0 0
2 2 2 2 2

Figure 6.15: Apply BT to v(z,t) in Fig. 6.11
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Example 6.2.8 (Geometric Airy Curve flow on R?).

We consider the initial curve is a circle, then the real solution is just reparametrizing

and moves along the same circle, i.e.,

v(x,t) = (cos(z + %), sin(z + %))

with the corresponding solution ¢(z,t) = 1 of mKdV. The following errors are esti-
mated between the numerical solution +,, and real solution ~.

Table 6.5: Errors with the true solution v and the numerical solution 7,

At N H’Vn_ﬂ’LQ At N |’7n _7||L2

1073 2% 1.1146 x 107! 1073 28 1.1146 x 101
29 1.1145 x 107! 10~* 3.6249 x 103
210 11144 x 1071 107 1.1463 x 10~*

1074 28 3.6249 x 1073 1073 29 1.1145 x 1071
29 3.6213 x 1073 1074 3.6213 x 1073
210 36195 x 1073 107 1.1451 x 1074

Below we give errors of each conserved quantity for Airy curve flow on R? with initial

curve as a circle and more error estimates with other initial curves can be found in

Appendices.
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Table 6.6: Conserved Quantity Errors for Airy curve Flow on R? with initial data g = (cos z, sin z)

JAN

N

|| HT — Hyl[p

||H3 — Hal|Ls

||H3 — Hal| L1

1072

1073

28
29
27

28

1.6600 x 10~'6
1.6470 x 10716
7.7670 x 10~17
1.6666 x 10717
1.5985 x 10~17
1.2772 x 1077

1.3776 x 10~
7.3299 x 1077
1.1154 x 1071#
1.4087 x 1078
6.6010 x 10~
2.8760 x 10719

6.9475 x 10720
8.7895 x 1072
3.8586 x 10722
6.6345 x 1072
7.9663 x 10722
8.7462 x 10~%

t=0 t=4.8 1=9.6
1 1.5 1
1 0.5
0.5 0
0
0 -0.5
05 -05 -1
-1 -1 -1.5
- 0 2 -5 0 5 -5 0 5
t=14.4 1=19.2 t=24
1 1 1
0.5 0.5 0.5
0 0 0
-0.5 -0.5 -0.5
-1 -1 -1
-15 -15 -15
-5 0 5 -5 0 5 -5 0 5

Figure 6.16: Solution of Geometric Airy curve flow on R? with initial data v = (2 cos(2z), sin(2z))
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t=0 t=0.6 t=1.2
0.2 0.2 0.2
A R
0.15 0.15 0.18
0.1 0.1

o 0.1 o o
0.05 0.05
0.05 ol v 0
0 -0.05 -0.05
-50 0 50 -50 0 50 -50 0 50

X X X Re(q)

t=1.8 t=2.4 t=3 |~ — Im@
0.2 0.2 0.2
0.15 0.15 0.15
0.1 0.1 0.1

o o o
0.05 0.05 0.05
0 0 0
-0.05 -0.05 -0.05
-50 0 50 -50 0 50 -50 0 50

Figure 6.17: Solution ¢ of mKdV corresponding to y(x,t) in Figure 6.16. The solid line represents

the real part of ¢ and the dashed one shows the imaginary part of g.

1=0 t=1 t=2
2 2 2
15 15 15
1 1 1
05 05 05
0 0 0
-05 -05 -05
22 0 2 22 0 2 22 0 2
t=3 t=4 t=5
2 2 2
15 15 15
1 1
1
05 05
05
0 0
0 ~0.5 -05
-0.5 -1 1
-2 0 2 -2 0 2 -2 0 2
Figure 6.18: Solution of Geometric Airy curve flow on R? with initial data v = (cosz +

0.7sinxzcosz,sinx + 0

Jsinzsinx)
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t=0 t=0.6 t=1.2

1 1
0.8
0.6
o o o
0.4
0.2
0 -0.5 -0.2
-100 0 100 -100 0 100 -100 0 100
X X X
— Re(q)
t=1.8 t=2.4 =3 — —Im(q)
0.8 0.8 0.6
0.4
o o 0.2
O .............................
. -0.2 -0.2
-100 0 100 -100 0 100 -100 0 100
X X X

Figure 6.19: Solution ¢ of mKdV corresponding to y(z,t) in Figure 6.18. The solid line shows the
real part of ¢ while the dashed one is the imaginary part of q.

t=0 t=1 t=2
3 3 3
2 2 2
1 1 1
0 0 0
- 9 4
) -2 -2
= 0 5 s 0 5 g 0 5
1=3 t=4 t=5
3 3 3
2 2 2
1 1 1
0 0 0
1 1 1
) -2 -2
= 0 5 s 0 s s 0 5

Figure 6.20: Solution of Geometric Airy curve flow on R? with initial data ~, =

(v/sin(2z) cos x, 1/sin(2x) sin )
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t=0 1=0.6 t=1.2
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|
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1 ~05
-
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-100 0 100 -100 0 100  -100 0 100
X X X He(q)
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1 1 1
05
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o o 0 o
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Z100 0 100 ~100 0 100 ~100 0 100
X X X

Figure 6.21: Solution ¢ of mKdV corresponding to vy(z,t) in Figure 6.20. The solid line shows the
real part of ¢ while the dashed one is the imaginary part of q.

t=0 t=0.6 t=1.2
3 3 3
2 2 2
1 1 1
0 0 0
_q 1 1
) -2 -2
-5 0 5 -5 0 5 -5 0 5
t=1.8 t=2.4 t=3
3 3 3
2 2 2
1 1 1
0 0 0
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) -2 -2
-3 -3 -3
-5 0 5 -5 0 5 -5 0 5

Figure 6.22: Apply BT to vy(z,t) = (cos(x + %), sin(z + %))
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t=0 t=0.6 t=1.2

3 3 3
2 2 2
1 1 1
0 0 0
1 -1 1
) -2 -2
-5 0 5 -5 0 5 -5 0 5
t=1.8 t=2.4 t=3
3 3 3
2 2 2
1 1 1
0 0 0
- -1 1
) -2 -2
-3 -3 -3
-5 0 5 -5 0 5 -5 0 5

Figure 6.23: Apply BT to the solution v(z,t) of geometric Airy curve flow on R? with initial data
~¥(z,0) = (2cos z,sinx)

t=0 t=0.6 t=1.2

5 5 5

_5 -5 -5

-5 0 5 -5 0 5 -5 0 5
t=1.8 t=2.4 t=3

5 5 5

| @ | @ | %

-5 -5 -5

-5 0 5 -5 0 5 -5 0 5

Figure 6.24: Apply BT to ~v(z,t) in Fig. 6.20
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Appendices

A Appendix A

Table A.7: Conserved Quantity Errors for Schrodinger Flow on S? with initial data 7

(0.5sin(2z), sin z, \/1 —0.25sin(22)2 — sin? x

)

AN ||HP - Hyl
1073 28 2.6628 x 1073
29 1.2077 x 1073
210 6.3759 x 1074
1074 2% 8.1342 x 1074
29 45558 x 1074
210 92,0489 x 10~

At N ||HY — Hyl|r2
1075 2% 8.095 x 1073
10°¢ 8.0533 x 1073
1077 8.0526 x 1073
1075 212 8.0481 x 1073
10°¢ 7.9491 x 1073
1077 7.9470 x 1073



At

|[H3 — Hsl|

1071

1072

Table A.8:

27

28

27
28

29

7.7837 x 1072
4.7026 x 102
2.2704 x 102
2.5912 x 1072
2.5221 x 102
1.7832 x 1072

(cos x cos(2x), sin x cos(2x), sin(2zx))

At

N

[|HY — Hil|re

1073

1074

28
29
210
28
29

210

1.3961 x 1072
6.6850 x 1073
3.4997 x 1073
1.3802 x 1072
6.3873 x 1073
3.0693 x 1073

120

At N ||H} — Hyl|re
1073 2% 2.3233 x 1072
104 1.2536 x 102
107° 1.1030 x 102
1073 210 26471 x 1072
10~ 9.0316 x 103
107° 5.7436 x 1073

Conserved Quantity Errors for Schrodinger Flow

At N

on S? with initial data 7o

[[Hy — Hyl|r2

1073 26
27
28
1074 26

27

2.1511 x 1071
2.0501 x 1071
2.0116 x 1071
2.1494 x 1071
2.0454 x 1071
1.9985 x 1073



At

[|H3 — Hl|p

107!

1072

Table A.9: Conserved Quantities Error for VFE with initial data 9 = (sinz + cos z, sin z, cos x)

At

28

29

28

29

210

N

1.8063 x 107!
1.1076 x 107!
7.0834 x 1072
6.6871 x 1072
4.6219 x 1072
2.6477 x 1072

[|HY — Hyl|r2

10~

1075

29
210

211

210

211

3.1668 x 107°
1.5662 x 107°
1.2218 x 107°
2.7050 x 1075
7.3382 x 107°
2.4698 x 107°

121

At N ||H} — Hyl|p2
1073 29 2.3233 x 1072
1074 1.2536 x 1072
107° 1.1030 x 1072
1073 210 26471 x 1072
1074 9.0316 x 1073
1075 5.7436 x 1073

At N ||Hp — Hl|z
1071 27 1.216 x 107!
1073 7.1093 x 1072
1074 7.1078 x 1072
1071 2% 1.094 x 107!
1073 6.5688 x 102
10~ 6.5662 x 1072



At N ||HY — Hsl[p At N |[HY = Hal|re
1072 2% 9.9085 x 1073 1075 2° 1.6855 x 1073
1073 4.3464 x 1073 21089906 x 1074
1074 4.0556 x 1073 211 7.0293 x 10~*
1072 2% 2.8921 x 1073 107 29 1.679855 x 1073
1073 2.5636 x 1073 210 8.4861 x 1074
1074 1.6970 x 1073 2! 4.2816 x 1071
Table A.10: Conserved Quantities Error for solution ~(z,t) of VFE where ~(z,0)

(sinz cos(2z), sin x, cos x)

At

N

[[HY — Hyl|r

1074

1076

210
211
212
210
211

212

8.2571 x 1076
3.9310 x 107
5.4828 x 1077
3.9851 x 1076
1.0877 x 107°
3.1094 x 1077

122

At N ||HY — Hyl|p2
1073 2% 5.322x 1073
210 4927 x 1073
211 4,299 x 1073
107 2% 3.172x 1073
210 3112 x 1073
21 3.1094 x 1077



Table A.11:
(2 cos z,sin x)

At N ||HE — Hj|p
10-1 210 1.2835

1072 1.5646 x 107t
1073 6.8974 x 102
1071 ot 1.2634

1072 1.4403 x 107!
1073 4.5752 x 1072

Conserved Quantity Errors for Airy curve Flow on R? with initial data g

At N

[[HY — Hyl|

At N ||H} — Hyl|p2
107 2% 22613 x 1073
1075 2.2005 x 1073
10°¢ 2.0036 x 1073
107% 210 1.8837 x 1073
107° 9.7956 x 1074
1076 9.5864 x 107°

[[Hy — Hyl|r

||H3 — Hsl|L

1072 27
28
29
1073 27
28

29

7.9435 x 1076
3.5573 x 1077
2.8868 x 1078
3.7674 x 1077
5.0565 x 1078
2.8957 x 107

1.5482 x 1076
3.4980 x 1078
1.4197 x 107°
7.3404 x 1078
4.9641 x 107°
1.4232 x 10710

123

1.7585 x 107°
7.4414 x 1077
3.1467 x 1078
3.9588 x 1077
5.3145 x 10~8
2.5394 x 107



Table A.12: Conserved Quantity Errors for Airy curve Flow on R? with initial data vy = (cosz +

0.7sinx cosz,sinz + 0.7 sinz cos x)

At N (|HY = Hillp [[HY — Hallp [[HY — Hsl|
1072 2% 52020 x 1077 2.7472 x 107®  3.3087 x 10~¢
29 7.3991 x 107%  1.9636 x 10~  2.0813 x 1077
210 98127 x 107°  1.3045 x 107'% 1.3987 x 1078
1073 2% 41061 x 107®  2.1729 x 107  1.9064 x 1077
29 6.4102 x 1072  1.7067 x 1070 6.4224 x 10~
210 9.1354 x 1071 1.2181 x 10~'*  1.0128 x 107*
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