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ABSTRACT OF THE DISSERTATION

Common Variance Fractional Factorial Designs for Model Comparisons
by
Shrabanti Chowdhury

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, June 2016
Dr. Subir Ghosh, Chairperson

In designing a fractional factorial experiment, a class of models with some
common parameters is considered for describing the data to be obtained from the
experiment. The uncommon parameters of these models are to be estimated with
the same variance as best as possible. Fractional factorial designs are obtained
with the various variance structures in terms of their equalities. A special variance
structure having the equal variances of the estimators of all uncommon parameters
is the main theme of this thesis. In particular the 2—factor interaction effect is
considered as the uncommon parameter in each model. Such plans with the ability
of estimating the uncommon parameter with equal precision are called Common
Variance (CV) designs. From the class of all CV designs for particular values of
the number of factors m and the number of runs n designs giving smallest value of
CV are obtained. Such designs are called Optimum CV designs. Both symmetric
and asymmetric factorial experiments are considered with factors at two and three
levels.

Two series of CV designs are obtained for general 3™ factorial experiment

vil



with different number of runs. The common variance property is characterized
for general fractional factorial designs. Several sufficient conditions are obtained
using projection matrix and runs of the designs. The projection matrices of the
series of CV designs for general m are investigated and a special structure of
the projection matrix is presented for the CV designs including the optimum CV
designs. Optimum CV designs are also presented for these two series for different
m. CV designs are obtained with replicated runs. It is shown that a 32 CV
design which is optimum in the class of all CV designs for n = 6 remains CV
after replicating any of its six runs any number of times. Several other 3% CV
designs for n = 6 are presented which satisfy this general replication property.
Condition is derived for obtaining hierarchical CV designs for a general fractional
factorial experiment. The determination of CV designs was also extended to a
mixed level factorial experiment with factors at two and three levels. For a 2 x 3
factorial experiment CV designs exist only under a constraint of replications, for
2™ x 3 and 2™ x 32 factorial experiments designs are presented which give common

variance within groups of similar structured interactions.
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Chapter 1

Introduction

1.1 Factorial Experiment

Many scientific investigations are carried out to study the effects of two or more
factors simultaneously on the response variable. In such investigation factorial
experiments are widely used as they provide a systematic and statistically valid
strategy to find the best result. Factorial designs are used in these experiments
which consider all the level combinations of the diferent factors and thus can study
the factors simultaneously.

In factorial experiments the treatments are formed by the different level com-
binations of the factors. A general factorial experiment is of the form s™ x s5" X

. x s where s;’s (s; > 2) are all distinct and there are m; number of factors
each with level s;, ¢ = 1(1)¢t. In factorial experiments we want to express the
factorial effects as a linear combination of the treatment effects. In particular

we consider levels 2 and 3, i.e. we take s; = 2, s, = 3 and all other s;’s to



be zero. We denote the number of factors with two levels by m, and that with
three levels by my, i.e. we consider factorial experiments of the form 27+ x 3™,
We denote the factors with 2 levels by Ay, A, ..., A,,, and those with 3 levels
by Bi, Bs,...,B,,. Also we denote the levels of the factors of a 2™« factorial
experiment by (x1, xa,..., Tp,) and the levels of the factors of a 3™ experi-
ment by (yi, Y2,..., Ym,) and thus a treatment of a 2™« x 3™ experiment is
of the form (z1, @a,..., Ty, Y1, Y2,---5 Ymy)» T € {0,1}, y; € {0,1,2}, i =
1(1)mg, 5 = 1(1)mp. Any treatment and its effect for a 2™« factorial exper-
iment is expressed as (zy,...,Ty,...,%Tm,) Where x, is the level of the factor
Ay, x, = 0,1, u = 1,...,m,. Similarly, for a 3™ experiment, any treatment
and its effect is expressed as (y1,...,Yu,---,Ym,) Where y, is the level of factor
By, y, = 0,1,2, v = 1,...,my. For a 2™ factorial experiment out of the 2
factorial effects, there are (”}“) = p14 main effects and ("Z“) = pua u-factor inter-
action effects, u = 2,...,m,. Similarly, for a 3™ factorial experiment out of the
3™ factorial effects, there are 2(”1”’) = p1p main effects and 2" (”zb) = p,p v-factor
interaction effects, v = 2,...,my. For the 2™+ factorial experiment all p;4, main
effects are linear but for the 3™ factorial experiment each of the p;p main effects
has a linear and a quadratic component. Now any factorial effect of a 2™ x 3™
factorial experiment can be represented as A A2 ... Apre B BP2 Bfn’zb, a; €
{0,1}, B; € {0,1,2}, i = 1 (1) mg, 7 = 1(1)m,. The factorial effects of the 2™«
and 3™ factorial experiments are of the form A% AS? ... Ay and BY'BY ... Bf{:"
respectively, a; € {0,1}, 8; € {0,1,2}, i = 1(1)m,, j = 1(1)my. When oy =

=y, = b = ... = By, = 0, the effect becomes the general mean. For



a 2™ factorial experiment the effect becomes the linear effect for the u!” factor
when o, = 1l and o, =0, k =1,...,u—1,u+1,...,m,. For a 3™ factorial
experiment the effect becomes the linear effect for the v*" factor when 8, = 1
and B, = 0, k = 1,...,v—1,v+ 1,...,my, it becomes the quadratic effect
for the v factor when f, = 2 and f;, = 0, k = 1,...,v — Lo+ 1,...,m.
For a = 0, k = 1,...,u1 — Lyu; +1,...,us — L,ups + 1,...,m,, it becomes
the two-factor interaction effect between the factors A,, and A,,. Similarly for
Br,=0 k=1,...,00—Luv+1,...,09— 1,09+ 1,...,my, it becomes the two-
factor interaction effect between the factors B,, and B,,: (i) linear x linear when
Bv, = Pu, = 1, (ii) linear x quadratic when 3, = 1, f,, = 2, (ili) quadratic x
linear when 5, =2, f3,, = 1 and (iv) quadratic x quadratic when 3, = f3,, = 2.
Define {x,, + xu, =cu}, ca € {0,1}, vy < ug = 1,...,m, as the sum of all
the treatment effects for (x,,,z,,) satisfying the equation x,, + x,, = ¢, over
the finite field GF (2) for a 2™« factorial experiment. Similarly for a 3™ facto-
rial experiment define {y,, + b*y,, = e}, b* € {1,2}, ¢ € {0,1,2}, v; < vy =
1,...,my as the sum of all the treatment effects for (y,1,y,,) satisfying the equa-
tion y,, + b*y,, = ¢ over the finite field GF (3). For example in a 3% factorial
experiment the set {x; + x93 = 0} corresponds to the sum of the treatment ef-
fects for (zq1,x2) = (0,0), (2,1), (1,2), satisfying the equation x; + x2 = 0 over
GF (3). Now for the 2™« factorial experiment the general mean, main effects and

two-factor interaction effects can be expressed in terms of the treatment effects



as:

2% p = {z1 =0} +{z =1}
2metA, = {r,=1} - {x, =0}

2ma_1Au1Au2 = {Zu +Tu, = 1} — {7y, + 20 =0},

where u; < up = 1,...,m,. Similarly for the 3™ factorial experiment the corre-

sponding factorial effects are expressed as:

3™ ={y1 =0} +{y1 = 1} +{y1 = 2}
3™ B, = {y, = 2} — {y, = 0}
3B = {y, =2} —2{y, = 1} + {y, = 0}
3" By, By = {Yon + Yo» = 2} — {Yor + Yo, = 0}
3" LBy By, = {Yur + Yo, = 2} = 2 {0y + Yor = 1} + {Yy + ¥, = 0}
3™ By B2 = {Yu, + 20w, = 2} — {ty + 2yu, = 0}
3" B2 By, = {tu, + 240, = 2} = 2{¥u, + 240, = 1} + {9, + 200, = 0},
where vy < vy = 1,...,my. The higher order interaction effects can be expressed in
the similar manner. The expressions of the factorial effects for 2+ x 3™ factorial

experiment are given in detail in chapter 7. In matrix notation the factorial effects

can be expressed in terms of the treatment effects as:
F = Rt, (1.1)

where t corresponds to the set of treatment effects and F' corresponds to the
set of factorial effects. From (1.1) we have t = R™'F. The rows of the matrix
R are orthogonal to each other and therefore RR’ is a diagonal matrix with

4



non-zero diagonal elements. It can be seen that (RR') (RR')™" = I and hence

R (RR)"' = R™". Define F* = (RR)"' F. Then

t=RF" (1.2)
Example.  We present one example for 3™ factorial experiment for m, = 2.
We have F, R and t as follows:
3u 11 1 1 1 1 1 1 1
Ay -1 -1 -1 0 O 0 1 1 1
3A2 1 1 1 -2 -2 -2 1 1 1
Ag -1 0 1 -1 0 1 -1 0 1
F=1 42 ,Rzé 1 -2 1 1 -2 1 1 -2 1
A A, 1 0 1 0 1 -1 1 -1 0
A2A2 1 -2 1 -2 1 1 1 1 =2
Ay A2 —1 1 0O 0 -1 1 1 0 —1
A2 A, 1 1 -2 -2 1 1 1 =2 1




and

(0,0)
(0,1)
(0,2)
(1,0)
t=1 @
(1,2)
(2,0)

(2,1)

(2,2)

Here (RR') = diag (9,6, 18,6, 18,6, 18,6, 18) and hence from (1.2) we have

1 -1 1 -1 1 -1 1 -1 1 7

1 -1 1 0 -2 0 -2 1 1 4

A2

1 -1 1 1 1 1 1 0 -2 3

1 0 -2-1 1 0 -2 0 -2 4

1

I * A2
R=<11 0-2 0-2 1 1 -1 1| F 4
1 0 -2 1 1 -1 1 1 1 Al
11 1 -1 1 1 1 1 1 A4
11 1 0 -2 -1 1 0 -2 A4y
A2 A,

18




1.2 Model for a Fractional Factorial Experiment
Using CRD

From this section onwards we denote the number of main effects by p; and the
number of two factor interaction effects by py for any factorial experiment. Under

a completely randomized design (CRD) we assume the general model as
E(y(t) =t Var(y(t)) = 0’1, (1.3)

where the vector t represents the set of treatments and t* represents their effects.
The y (t) is the vector of responses for treatments in ¢. We now consider a fraction

ng of the treatments denoted by t;. Then (1.3) becomes
E(y () =1t;, Var(y(ts) =01, (1.4)
From (1.2)we write
E(y(ty)) =t; = RiF" = jp+ X168, + Xof,, (1.5)

where 7 is the vector of unity, 3, and 3, corresponds to the main effects and
two-factor interaction effects respectively and X5 (ny x py)and X (ny X ps) are

the design matrices corresponding to 3, and 3, respectively.

Example (Contd.). In 3* factorial experiment we consider the fraction as

tf:((0’0)7 <0’1)7 (072)’ (170)7 (1’1)7 (172)’ (270)7 (271)7 (272))/'



In 1.5 we have the following:

1 —1

1 —1

, 1 1 -1
Y =

1 0

1 0

1 0

-1 1

-1 1

-1 1
X, =

0 -2

0 -2

0 -2

1 -1
-2 0
1 1
1 0
-2 1
1 -1




—1 1 -1 1 1
0 -2 1 1 1
11 0 2| |1
X2 = y J = ;
0 -2 0 -2 1
1 1 -1 1 1
—1 1 1 1 1
Ay A1 Ay
2 2
A3 A2 A2
6 6
/31 = ) /32 =
Az A1Af
2 2
A2 A2 Ay
6 6

1.3 Class of Models

Consider the linear model
E(y) =jp+ X168, + X208, Var (y) = 0’1,

where y (n x 1) is a vector of responses, 3, is the general mean, 3, (p; x 1) is
the vector of parameters corresponding to the main effects, B, (p2 X 1) is the
vector of parameters corresponding to the interaction effects, X (ny x p;)and
X (ny X pg) are the design matrices corresponding to 3, and 3, respectively and
o2 is a constant which may or may not be known. The general mean (3,) and all p;
main effects in 3, are important and they are estimated under the model anyway.
But we are not sure about the importance of all the parameters in 3, except that
only k(> 1) out of its py parameters are non-negligible, k£ is not known. In this

9



situation the number of possible models with £ interaction effects is (p,j). These
models, each with general mean , main effects in 3; and k parameters from 3, are
compared to identify k£ non-negligible parameters and then inferences are drawn
on them. Following the hierarchical principle we consider the case where 3, is the
vector of the two-factor interaction effects and all three factor and higher order
interaction effects are assumed to be negligible. Thus each of the (pk?) models
contain the general mean 3, all p; main effects and k two factor interaction

effects. We write the u!" linear model as:

M,: E(y)=gp+ X18, + X2.85,, Var(y) =0, u=1,2,... (Z;j), (1.6)

where B is a (py x 1) vector, B, is a (py x 1) vector and By, is the u'" (k x 1)
vector obtained from B,, X (n x p;)and X, (n x k) are the design matrices

corresponding to 3; and 3,,, respectively. Define the following
/ !/
x = {jnixlfxzu} LB = [jniﬁliﬂgu} :
X = [anXl} .
Then
X7'XT X7Xa,

XW = {Xizxgu] and X' X®W = : (1.8)

Thus the model in (5.1) becomes

E(y) = X(“)ﬁ(“),

We assume | X' X ™| > 0 holds for the design and hence all the parameters

in the models can be unbiasedly estimated. For the u!model, the least square

10



. -1
estimator of 8™ is g™ = <X (W x (“)> X W'y and its variance is given as

-1

Var (B(u)) =0’ (X(“)’X(“)> . (1.9)

From Rao (1973) we have

Var (BQU>

_ —1
= (X5, X0, — X0, X1 (X7XD) T X{ X))

o
For example if we consider a fraction of a 3% factorial experiment with k¥ = 1 and
n < 27, where 3, consists of 6 main effects and 3, of 12 two-factor interactions,
there will be 12 possible models, each with the general mean, 6 main effects and
1 2-factor interaction effect. Similarly, if we consider a 23 factorial experiment
with £ = 1 and n < 8, the B, consists of 3 main effects and 3, of 3 two-factor
interactions and the possible number of models would be 3. Here we give the u!"

model for the 3 factorial experiment:
M,: E(y)=jp+ X8, + Xoufou, Var (y) = oI, u=1,2,...12, (1.10)

The columns of X, (n x 6) correspond to the main effects and the column of
X, (n x 1) corresponds to the 2-factor interaction effect for the u'* model. For
these 12 models the common parameters are 3, and elements of 3, while the
uncommon parameters in u* and «** models are By, and Bay, u # u' . The
variance of the estimator of 2-factor interaction effect in the u'* model is the last

diagonal element of Var (B(u)> which can be expressed as:

Var <Bgu) 1 -1

—— = (c— X, X7 (XTXY) X’;’X2u) Ju=1,2..12. (111
where c is the last diagonal element in (X (W x (“)> as presented in Ghosh and
Flores (2013).

11



1.4 Contributions of the Thesis

1.4.1 3™ Factorial Experiment

1. The orthogonal design (d.1) is compared with the CV design (d.2) for n =
9. These two designs are very similar with respect to their runs and the
orthogonality property but d.2 is a resolution III plus one plan as it can
estimate the general mean and all main effects in presence of any two factor
interaction effect and at the same time gives equal precision to all the two
factor interaction estimators. On the contrary d.1 is a resolution /17 plan
since it can not even estimate all the main effects in presence of any two
factor interaction from the set of two factor interactions that are aliased

with the main effects.

2. CV designs are obtained for 3™ factorial experiment for m = 3 and n = 8, 9,
10 and 11 from complete computer search and then the search is extended to
obtain CV designs for higher values of m. Also five 3% CV designs for n = 10
are compared with respect to the different CV values and other optimality

criteria like AD, AT, AE, GD, GT and GE.

3. The two series of CV designs d'y) and di? are obtained for general 3 factorial
experiment. The design dY for n = 2m+2, m > 2 gives optimum CV design
for m = 2 and the design d'? for n = 3m, m > 3 gives optimum CV design

for m = 3.

4. The projection matrices of the 3™ CV designs are completely analyzed and

12



are found to possess a particular structure in which the elements of the m
rows and m columns are zeros corresponding to a particular set of m runs of
the CV designs. Most of the CV as well as the optimal CV designs possess

this particular structure of the projection matrix.

. CV designs with (n £ r) runs are obtained from CV designs with n runs by
deleting runs from or adding runs to the latter. The complete tree struc-
ture of the hierarchical CV designs for 33 factorial experiment is presented.
Starting from n = 8 hierarchically CV designs are obtained for n = 9, 10
and 11 by adding one run at a time from the remaining runs at each step
and then narrowing down the search from all possible designs to full rank de-
signs some of which satisfy the CV property. Similarly starting from n = 11
CV designs are obtained for n = 10, 9 and 8 hierarchically by deleting the
existing runs one at a time. Also the complete tree structure of the optimal
CV designs is presented. The condition of obtaining a CV design for (n £ 1)
from a CV design for n is derived in terms of the design matrix and the runs

of the design.

. A class of fractional factorial designs with n runs possessing the common
variance property are characterized for general m. Several sufficient condi-
tions are obtained by using pairs of interaction effects (null space and per-
mutation matrix), independent columns of the projection matrix and runs of
the designs. As the number of factors for a factorial experiment gets large it

is not possible by computer check to search for CV designs from millions of

13



possible designs for different n which involves the tedious calculation of the
inverse of the variance covariance matrix for each model in the class. The
CV designs for factorial experiment with small m can be extended to designs
for factorial experiment with higher m and the conditions can be checked for
the CV property of the latter. These checkings can be done through simple
calculations as the projection matrix needs to be calculated only once and

the dimension of its independent columns is low for small n.

7. We derive the condition of obtaining a 3% CV design from a 32 CV design
where every pair of columns of the 32 CV design consists of the same runs

as that of the 32 CV design and the runs are replicated in the same way in

both.

8. We prove that the optimal CV design dY for m = 2 always remains CV
after replicating any of its six runs any number of times. We also obtain
many more 32 designs for n = 6 which satisfy the CV property for any
number of replication of the six runs. Some of these designs are balanced
and isomorphic to each other w.r.t the runs. Replicated designs are also

obtained for 33 factorial experiment for different number of runs.

1.4.2 2™ x 3™ Factorial Experiment

1. We also extend our search of CV designs to the mixed level factorial ex-
periment. For the simplest 2 x 3 factorial experiment no CV design exists

with distinct runs and hence we considered a very structured replication of

14



the six runs and under a particular condition of replications CV designs are

obtained for different runs.

. For higher values of m, and m, it is computationally challenging to obtain
CV designs. We obtain designs that give common variance within each of the
groups: (1) the pure interaction estimators between the factors with same
levels, (2) the mixed interactions linear in both factors and (3) the mixed

interactions quadratic in the factor with 3 levels.

. The general replications of the runs for the 2 x 3 designs are presented giving
the variances of the 2-factor interaction estimators almost identical to each

other.
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Chapter 2

Common Variance

2.1 Chapter Summary

In this chapter we discuss the common variance (CV) property of the designs
and obtain CV designs for 3® factorial experiment by thorough computer check.
Also we compare a 33 CV design with an orthogonal 3% design. Here is what we

present in each section:

e (Section 2.2): In this secion we discuss the concept of common variance that
was first introduced in the paper by Ghosh and Flores (2013). We present
a 3% design with 10 runs which gives constant value to all the two-factor

interaction variance and hence a CV design.

e (Section 2.3): In this section we present the CV designs for 3 factorial
experiment for n = 8,9,10 and 11. Also we present one optimum CV design

giving minimum value of CV for each of these values of n.
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e (Section 2.4): In this section we compare a 3* CV design for n = 9 with an
orthogonal one-third fraction of 3% factorial experiment. The CV design has
the ability to identify a class models each with general mean, main effects
and one two-factor interaction effect along with giving equal precision to all
the two-factor interaction estimators while the one-third fraction can not
even estimate the all main effects in presence any two-factor interactions

aliased with the main effects.

2.2 Common Variance

The concept of common variance of the uncommon parameter in the models

was first introduced in Ghosh and Flores (2013).

Definition 1. A design is a common variance (CV') design if the variance of the

uncommon parameter estimator is constant, i.e., Var <Bgu> = constant, Yu.

The statistical meaning of this notion is that in all the models the uncommon
parameter is estimated with equal precision (precision is defined as the reciprocal
of the variance of the parameter estimator). This is a desirable statistical property
of the design about the estimation of the uncommon parameter. If instead one
two factor interaction is estimated with greater precision than the other and it
turns out that the latter is the true one then certainly this kind of a situation is
not wanted. Since we do not have any apriori information about the true non-
negligible two factor interaction and hence the true model is not known, so all the

uncommon parameters in the models should be estimated with equal precision

17



Table 2.1: CV Design D3 for n = 10

o
o
[\]
(@]
[\
o
[\
[\]
—
[\
[\

or equivalently should have a common variance. No model should be preferred
over the other while estimating the two factor interactions. This makes all the
models stand on the same level of comparison to identify the true non-negligible
component of 3,. We give one example of a CV design with number of runs
n = 10 and number of factors m = 3 each at three levels in Table 2.1. We
consider the class of models M,, u = 1,...,12 for 3% factorial experiment as
presented in (1.3.5) in Chapter 1. For the design in Table 2.1 M, satisfies the
design condition |X (wr x (“)] > 0, Vu, i.e, this design can estimate the general
mean, all main effects and one two factor interaction effect in each model. We find
=

that = 0.2963, Vu. Thus all the models are estimating their uncommon

parameter with equal precision and hence the design D} is a CV design.

2.3 Common Variance Designs for m = 3

The number of all possible designs that could be formed with n = 10 and
m = 3, all treatments being replicated only once, is (%) = 84, 36, 285. All of these
designs are checked for CV property. It is found that 2,792,387 (about 33%)
designs can estimate all the 8 parameters in each model. Out of 27,92, 387 designs

only 16,640 designs are common variance designs that can estimate the 2-factor
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Table 2.2: CV Designs for Different n

o7 Groups
n | Possible designs:(n) DC # of Non CV designs # of CV designs ” oV
32 0.2151
11 | 13,037,895 6,926,868 | 6,924,772 2,096
2,064 0.2222
0.2564 48
0.2667 48
10 | 8,436,285 2,792,387 | 2,775,747 16,640 0.2837 16
0.2963 | 16,512
0.4 16
0.3333 | 8,256
0.381 32
9 | 4,686,825 636,348 | 588,348 48,000 0.4167 | 13,056
0.4444 | 26,640
0.5 16
0.6667 9600
8 | 2,220,075 49,628 23,340 26,288
0.8889 | 16,688

interaction effect with equal precision in all the 12 models.

Similar results are

obtained for n = 11, 10, and 8. Table 2.2 shows the findings. From Table 2.2 we

see that there are 5 different groups of CV value for n = 9 and n = 10 and there are

two different groups for n = 8 and n = 11. We present the examples of CV designs

with minimum CV value for n = 8,9,10 and 11 in Table 2.3. These designs are

optimum CV designs for the 3% factorial experiment for the respective n. The five

designs presented in Table 2.4 are selected from CV designs for n = 10, one from

each category of common variance to study their treatment contents thoroughly

and also to compare them with respect to some criterion functions.

In chapter

9 we will compare these five CV designs with respect to the AD, AT, AE, GD,

GT and GFE optimality criteria.
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Table 2.3: CV Designs with Minimum CV Value for Different n

n CV designs CV
0|0j0]|O0O|1]1]2]2

8100121212 0.6667
0112|0121 |1]2
01012 1212]0(2|2]1

9 10121012|]0(2]2]1]2 0.3333
2101010122 |1]2|2
0Oj0j0|0j1|1(1]2]2]2

1010112121 (1({2]0]0/|2 0.2564
1(1/0(1]1(2[1]0|1|2
0Ojo0jo0oj0j1|1(2|2]1]1/0

1myo0ojo0o(112|1(2(1(2|1|2]2]0.2151
Oj1|2/012(1(1]2]1]2]1

2.4 Comparison of Two 3° Designs for n =9

In this section we compare a 3% CV design d.1 for n = 9 with a standard one
third fraction of 33 factorial design d.2. Both of these designs are resolution 1T
plans and we will show that although the CV design is non orthogonal unlike the
one-third fraction, the correlations among the estimates of the general mean and
main effects are very week and also its variance-covariance matrix satisfies one
important property of the diagonal matrix. So both the designs are very similar
considering the main effects estimation only. But the CV design has the ability to
estimate the additional 2—factor interaction in each model with equal precision
whereas the orthogonal one third fraction can not even estimate all the main effects
in presence of any 2—factor interaction effect from the alias set in the model.

Consider the one-third fraction with the defining relation as: ABC = I. We

consider the design in Table 2.5 corresponding to the fraction: z; + xo + 23 =1
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Table 2.4: 5 Designs Selected from CV Designs for n = 10

CV =0.2564 | CV =0.2667 | CV =0.2837 | CV =0.2963 | CV =04
0| 0 1 0| 0 1 0] 0 2 210 0 0] 0 2
0] 1 1 0] 2 0 0] 1 1 0] 2 0 0| 1| 2
0] 2 0 0] 2 1 0] 2 0} 0] O 2 11 0 1
0] 2 1 1 1 1 0] 2 1 21 2 0 11 0 2
1] 1 1 1 1 2 1 1 1 210 2 21 0] 0
1] 1 2 1] 2 2 1] 2 1 0] 2 2 21 0] 1
1] 2 1 21 0 0 20 0 0 2| 2 1 21 0 2
21 0 0 21 0 1 21 0 1 21 1 2 2| 1| 2
21 0 1 2] 1 2 20 2 0 1] 2 2 21 2] 0
21 2 2 2| 2 2 20 2 2 21 2 2 21 2| 2

Table 2.5: Design d.1

0j0j1(111}2|0(2]2

—_
—_
—_
[\)
[a)
[\]

under mod (3) . This design d.1 is a resolution III plan which has the ability
to estimate the general mean and main effects under the assumption that the
two factor and higher order interactions are negligible. Also d.1 can estimate the
general mean and all main effects orthogonally and hence its variance — covariance
matrix is a diagonal matrix. We consider another 3% design for n = 9 in Table
2.6. This design d.2 also has the ability to estimate the general mean and all main
effects but it is not an orthogonal design and hence its variance-covariance matrix
is not a diagonal one. Table 2.7 gives the variances and the covariances of the main
effects estimators for the two designs d.1 and d.2. From Table 2.7 we see that both
d.1 and d.2 estimate all the linear main effects with equal precision as well as all the

. . . . . . Var(B2
quadratic main effects with equal precision, i.e., we have % =constant, u =
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Table 2.6: Design d.2

010

111

1

211

2

1

1

1]1

2

110

012

111

2

Table 2.7: Variance-Covariance of the Main Effects Estimators

Main Effects A A? B B2 C C?
A 0.1667 0 0 0 0 0
A? 0 0.0556 0 0 0 0
41 B 0 0 0.1667 0 0 0
' B? 0 0 0 0.0556 0 0
C 0 0 0 0 0.1667 0
C? 0 0 0 0 0 0.0556
A 0.3437 | -0.0104 | -0.1562 | -0.0104 | -0.0938 | 0.0104
A? -0.0104 | 0.0521 | -0.0104 | -0.0035 | 0.0104 | 0.0035
42 B -0.1562 | -0.0104 | 0.3437 | -0.0104 | -0.0938 | 0.0104
' B? -0.0104 | -0.0035 | -0.0104 | 0.0521 | 0.0104 | 0.0035
C -0.0938 | 0.0104 | -0.0938 | 0.0104 | 0.3437 | -0.0104
C? 0.0104 | 0.0035 | 0.0104 | 0.0035 | -0.0104 | 0.0521
A, B,C and %52“) =constant, u = A%, B? C? for both the designs. Comparing

the variance-covariance structures of d.1 and d.2 we see that d.1 estimates the
linear main effects with almost double precision as compared to d.2. But both
the designs estimate the quadratic main effects with similar precision. Also since

COU(BQu,BZUI)

d.1 estimates the main effects orthogonally, we have = =0,u #u'. But

for d.2, CorPerar)

# 0,u # u' since d.2 is not an orthogonal design. If X, is
the design matrix for d.2, the difference between | (X, X5)™" | and the product of
the diagonal elements of (X3X5) ™" is 5.418699 x 10~7. So we see that although
the variance - covariance matrix of d.2 is not diagonal, it has one property of the

diagonal matrix, its determinant being almost equal to the product of its diagonals.

Moreover, d.2 has the ability to estimate one two-factor interaction effect along
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Table 2.8: Aliased Two Factor Interactions with Main Effects for d.1

Main effect | Aliased 2— Factor Interaction Effects
A B%C?
A? BC
B A?C?
B? AC
C A% B?
C? AB

with the general mean and all main effects in the class of models. But the one-
third fraction d.1 can not even estimate all main effects in the presence of some
two-factor interaction effects. This is because the main effects for a resolution 71
plan are aliased with some of the two-factor interaction effects which are shown
in Table 2.8. From Table 2.8 we see that the main effects are aliased with six
two-factor interactions and hence d.1 can not estimate the general mean and all
main effects in presence of any one of these six interaction effects in the model.
However, the general mean and all main effects with one of the interactions from
the set {AB? A?B, AC? A2C, BC? B2C} can be estimated by d.1. The design
d.2 can estimate all the two-factor interactions with equal variance, i.e., we have
% = 0.4444, constant Yu and hence d.2 is a Common Variance (CV) design.
But we can not compare the variances of the interaction estimators for the design
d.1 since it does not even have the ability to estimate all the two-factor interaction
effects. So we see that although the design d.2 is not an orthogonal design like
d.1 but it has the advantage over d.1 in the sense of estimating the uncommon

parameter in each model with equal precision.

Next consider a design d.3 for n = 8 by deleting one run 221 from d.2 which
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Table 2.9: Design d.3

0Ojoj1 /11212
110112 |1]1
110{0}2]1|1]1]2

[\

Table 2.10: Design d.4

111(2]0(2/0]01]0

is presented in Table 2.9. This design d.3 has the ability to estimate the general
mean, all main effects and one two-factor interaction in each model. Moreover

d.3 can estimate all the two-factor interactions with equal precision. Hence it is

Var (B2u)

o2

a CV design with = 0.8889, Vu. However d.3 is not a CV design with
minimum value of CV. So in Table 2.10 we present one CV design d.4 for n = 8
with C'V = 0.6667 which is the minimum value of CV in the class of all 33 CV
designs for n = 8. The design d.4 is one of the many optimum CV designs for
n = 8. Adding the run 111 or 122 to the runs of d.4 produces a CV design for
n =9 with CV = 0.3810 which is the second best in the class of all 33> CV designs

for n = 9. No optimum CV design (C'V = 0.3333) for n = 9 can be obtained from

d4.

24



Chapter 3

Hierarchical CV Designs

3.1 Chapter Summary

In this chapter we present hierarchical CV designs for 3% factorial experiment
starting from n = 8 to n = 11 and vice versa and derive condition for obtaining

hierarchical CV designs. Here is what we present in each section:

e (Section 3.2): In this section we present our complete search of 3> CV designs
that are obtained from CV designs for n runs by deleting runs from or adding
runs to the latter. Also we present the condition derived for obtaining CV
design with (n + 1) runs from a CV design with n runs. So given a CV
design for n this condition can be checked to determine the CV property
of the design for (n + 1) without calculating the variance of the two-factor

interaction estimators for the latter.

e (Section 3.3): In this section we present the complete hierarchical structure
of CV designs starting from n = 8 to n = 11 and the other way. Also we
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present the hierarchical optimum CV designs from n = 8 to n = 11 and vice

versa.

In the following we describe the notations that are used in Table 3.4 in Section

3.2 and Tables 3.7 and 3.8 in Section 3.3:
o CV,: # of CV designs for n,
o CV," V. Subset of C'V,, generating CV designs for (n — 1),
o CVym_1): # of CV designs for (n — 1) generated from CV designs for n,
o CV"™. Subset of C'V,, generating CV designs for (n + 1),
o CVymi1): # of CV designs for (n 4 1) generated from CV designs for n.

o CVI " : # of CV designs for (n — r) obtained in the hierarchical order from

CV designs for n.

o CVMT . 4 of CV designs for (n + r) obtained in the hierarchical order from

CV designs for n.

e Opt CVI" : # of optimum CV designs for (n — r) obtained in the hierar-

chical order from optimum CV designs for n.

e Opt CVI" . # of optimum CV designs for (n + r) obtained in the hierar-

chical order from optimum CV designs for n.
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Table 3.1: Design D}

00120221222
012|]012]2|1
2/0(01212]0(2]2|1]2

(@)
[\
]

Table 3.2: CV Designs for n = 9 from D}

Delete | CV value Designs
0 0/0(2(212]1|2]2]2
2 04444 (02|00 |2]2|1]2]|2
2 210(012(022|1]2
2 0/0|2(012]1]|2]2]2
0 04444 (02|02 |2]2|1]2]|2
2 210(012(02]2|1]2
2 0/0|2(012]1]|2]2]2
2 04444 (102|020 ]2|1]2]2
0 210(012(22]2|1]2
2 0/0]2(012]2|1]2]2
2 03333 |0]2]0(2|0]2|2]1]2
2 210(012]2(0]2|2]1

3.2 CV Designs from n ton +1

To check if CV designs could be obtained for n = 9 or n = 11 we deleted one
run from and added one run to a CV design for n = 10 respectively. Consider the
CV design D3 in Table 3.1 for n = 10. The four CV designs presented in Table
3.2 for n = 9 are obtained from the design D3 by deleting one run from it at a
time. Naturally if we add the deleted runs one at a time to these four CV designs
for n = 9 we get back Di. The CV design for n = 11 in Table 3.3 is obtained by
adding the run (0,0,0) to D3. Again deleting the run (0,0,0) will give us back

the design D1. Tt follows from the above two tables how CV designs for n + 1 can
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Table 3.3: CV Design for n = 11 from D)}

0101210221 ]22]2]0
012]0(2]0]2 1 210
2/0(01212]0(2(2|1]2]0

Table 3.4: CV Designs from n to (n £ 1)

n| ov, [ v cVipy | VY | OV
826,288 - - 26,112 | 37,856
9 | 48,000 | 37,856 | 26,112 | 33,320 | 16,640
10 | 16,640 | 16,640 | 33,320 | 16,560 | 2,096
11] 2,09 | 2,096 | 16,560 - -

be obtained from that of n. In chapter 2 Table 2.8 presents the number of 33 CV
designs for n = 8, 9, 10 and 11. To the CV designs with n runs we add one run
at a time from the remaining (27 — n) runs to obtain designs with (n + 1) runs.
Similarly we delete one run at a time from the CV designs with n runs to obtain
designs with(n — 1) runs . The designs obtained for (n £ 1) are not all distinct and
hence we ignore the repeated designs and only consider the distinct ones to check
for their CV property. Out of all the distinct designs with (n %+ 1) runs satisfying
the design condition we determine the designs satisfying the condition of common
variance. The CV designs with (n £ 1) runs obtained from the CV designs with
n runs are infact a subset of the set of all CV designs for (n + 1). Also all the CV
designs for n do not generate the complete set of CV designs for (n 4+ 1). Only a
subset of all CV designs for n generates CV designs for (n £1). Table 3.4 gives
the result of the complete search for CV designs from n to (n £ 1).

In the following we derive the condition for obtaining a CV design for (n + 1)

number of runs from a CV design for n runs by adding one run to the latter.
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The condition is also true for obtaining a CV design for n from a CV design for
(n+1). For a design with n runs we write the design matrix with the u'* two

factor interaction as:

XM = {Xlzx%} : (3.1)

where X jcorresponds to the general mean and main effects and X, corresponds
to the two factor interaction effect in the u* model. For a design with (n + 1)
runs obtained by adding one run to the former design we write the design matrix

as:

X = ' , (3.2)
13/2 Tooy

where @}, and x99, correspond to the new run added for the main effects and the
two factor interaction effect respectively. Assuming that the design for n runs is

a CV design the following condition holds true:
Var (BQu) 1

5 = ; = constant, Yu.
o (X’Qquu ~ XX (X X)) X’1X2u>

Let vl = (XguXQU XL X (X X)) X’1X2u). A design with n runs is CV
if f oV is constant,Vu. From (3.2) we get
— XX, +xoxy, | X[ Xoy+ T2y | 5.3
S X5, X1+ 2ou®y 1 X5, Xy + 23,
Define v = X' Xou+12y,— (X5, X1 + Ta20)) (X' X1 + @owh) ™ (X X ou + To2uo).
The variance of the u'" two-factor interaction for the design with (n + 1) runs is

—1
proportional to the last diagonal element of (X 1(3)’X 9) which is % Hence

the (n + 1) run design will be CV if f

e

| = constant, Vu.
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Table 3.5: CV Design (a) D? for n =9 and (b) D'° for n =10

(@)
[\
(@]
[\
[\l Nanl i\
[\
—

DIO
07(012]0]2(2]1 212
01210120212 |1]2]2
21010112202 12

After simplification of the expression of v the following condition is obtained.

The complete derivation is shown in the Appendix (Section 3.4).

(ay — bu)2

1Tk Yu, (3.4)

where ay = Togu, by = X5, X1 (X' X1)  @a, k = x} (X, X 1) ‘a,. The k does

not depend on w and hence v{? will be constant iff (a, — bu)2 or equivalently

|a, — b,| is constant given that oM is constant. Again if we have v$? constant

then v will be constant iff |a,, — by is constant independent of u. Thus given a
CV design for n (or n + 1) the design for n + 1 (or n) will be CV iff |a, — b,]| is
constant, Vu. The (3.4) gives the condition to obtain a CV design for (n £ 1) from
a CV design for n. We present one example of a CV design D' with (n + 1) = 10
runs obtained by adding one run to a CV design D° with n = 9 runs. Both D and
D' are presented in Table 3.5. The design D' is in fact the design D} in Table

3.1 which is already known to be CV. We demonstrate the CV property of D' by
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Table 3.6: Values of |a, — b,|

Interaction(u) | ay | by | @y — by | (ay — bu)2 = |ay — by
AB 0 1 —1 1
A?B? -2 -1 —1 1
AB? —1 0 —1 1
A’B 1 0 1 1
AC 0 1 —1 1
A%C? -2 -1 —1 1
AC? —1 0 —1 1
A%C 1 0 1 1
BC 0 1 —1 1
B?C? -2 -1 —1 1
BC? -1 0 -1 1
B*C 1 0 1 1

using the condition in (3.4). The design D? is a CV design with CV = 0.2963 and
hence USP is constant, Vu . We add the run (2,2,2) to the design D? to obtain
design D°. From (3.4) if we can show that |a, — b,| is constant Vu, then v{? will
be constant Vu, and hence the design D' will be a CV design. In Table 3.6 we
present the values of |a, — b,|. From Table 3.6 wee see that |a, — b,]| is constant,

Vu and this explains the CV property of the design D'°.

3.3 CV Designs from n to (n 1)

In this section we present some hierarchical CV designs starting from n = 11
going down to n = 8 and vice versa. Starting from the CV designs for n = 11 we
delete one run at a time from the existing runs and construct designs for n = 10.
Since all these designs are not distinct so we delete the repeated designs and work

with the distinct ones only. A subset of these distinct designs are full rank and a
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Table 3.7: CV Designs from n ton £ r

n,r |n—r|xCV*" | n, r|n+r|xxCVM"
11, 1] 10 16,650 | 8, 1 9 37,856
11,2} 9 33,128 |8, 2| 10 16,592
11, 3| 8 16,552 | 8, 3| 11 2,072

Figure 3.1: Hierarchical CV Designs for m = 3
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subset of these full rank designs satisfy the CV property. This is how we obtain

CV designs for n = 10 from n = 11. From theseCV designs for n = 10 we obtain

CV designs for n = 9 and finally from these CV designs for n = 9 we obtain CV

designs for n = 8. Again we start from CV designs for n = 8 and add one run

from the remaining runs to them and obtain CV designs for n = 9 and continue

this way up to n = 11. Table 3.7 presents the number of hierarchical CV designs

that could be obtained from n = 11 in hierarchical order through n = 8 and also

the other way. This hierarchical setting is also displayed in Figure 3.1.

Table 3.8 presents the number of optimum CV designs (designs with smallest

CV) in hierarchical order. We see that only 32 designs for n = 11 have minimum
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Table 3.8: Optimum CV Designs from n to n £ r

n, r |n—r|OptCV"™ | Opt CV | n, r | n+r | Opt CV*" | Opt CV
11, 0 11 32 0.2151 | 8, 0 8 2,096 0.6667
11, 1 10 32 0.2667 | 8, 1 9 32 0.3810
11, 2 9 16 0.3810 | 8§, 2 10 16 0.2667
11, 3 8 40 0.6667 | 8, 3 11 8 0.2151

Table 3.9: One Optimum CV Design for n = 11

0j(o0ojofof{1{1{2(2{1/1/]0
0 211121 112
Oj1]2(0(2(1]|1(2]|1|2]1

—
[\

CV value and each of these 32 designs generates one optimum CV design for
n = 10. Thus we have 32 optimum CV designs for n = 10 obtained from optimum
CV designs for n = 11. From these 32 designs, only 8 designs generate 16 optimum
CV designs for n = 9. And these 8 designs generate 40 optimum CV designs for
n = 8. Similarly if we start from n = 8 there are 2,096 optimum CV designs which
give 32 optimum CV designs for n = 9 and 16 optimum CV designs for n = 10 and
only 8 for n = 11. Thus, although there are 32 optimum CV designs for n = 11,
only 8 of them are optimum in the hierarchical set up which give optimum CV
designs for n = 10, 9 and 8 in the hierarchical order. Also for n = 8 and 11 the
optimum CV values are the smallest in their class of all CV designs. But for n =9
and 10 the optimum designs are only optimum in this hierarchical setting, these
are the second best in their class of all CV designs. We present one example of the
hierarchical CV design in Table 3.9. This is one of the 8 optimum CV designs for
n = 11. Deleting (0,2, 1) gives optimum CV design for n = 10 in the hierarchical
setting. Deleting both (0,2,1) and (1,1, 1) gives optimum CV design for n =9 in
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the hierarchical setting and deleting (0,2,1), (1,1,1) and (1,2, 2) gives optimum

CV design for n = 8.

3.4 Appendix

3.4.1 Proof of Equation (3.4)

The variance of the ut" two-factor interaction for the design with n runs is
o) = XY Xo, — X5, X1 (X1 X1) 7 X! Xy,
The variance of the u" two-factor interaction for the design with (n + 1) runs is
VP = X, X g, + 135, — (X5, X1 + wo0h) (X1 X1 + o)) (X Xou + T22u2)

From Rao (1973) we have

(X1 X)) o (X7 X))~
1+@y (X, X)) @y

(X4 X1+ @oxh) = (X1 X)) —

Hence

(X5 X1 + Ta0uh) (X4 X | + @owh) ™ (X Xy + To2u)

L (XX @) (X X))
]_+Q3/2 (XIIXI)_l o
X5, X1 (X1X1) " xomh (X1X1) ' X[ Xo,
1+£Bl2 (X'le)_lmg

_ 22 2 (X' X)) T xaxd, xh (X X)) x

a2, (X X)) ay — 22 > (X ;> ,2 2,2u 2<_11 ) @
1+ a23,,x, (X1X1) @

B 2x22uX,2uX1 (Xlle)il wa’z (Xlle)il Lo
1+, (X1X,) " ay '

= (X5, X1 + To2umy) [(X7X1)

(X1 X 9y + T22,22)

:X/Qu'Xl (X/l'Xl)_l X/1X2u -

+

+2[L‘22uX12uX1 (X/l.Xl)_l Lo
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Putting a, = a2, by, = X5, X1 (X' X1) @y and k = @, (X} X,) " @s, we have

(X/Qqu + ngu:c;) (X/1X1 + 513253,2)71 (X/lXZu + $22u932)

—= u CLu -

2a,b,.k
1+ k

+2a,b, —

b2 alk  2a.by,
1+ 1+k 1+k

:XIZUXl (X/1X1)_1 X/1X2u -
Hence

by  aik  2a.b,
1+k 14+k 1+k

v = X X+ 22y, — X5, X1 (X, X)) X! X o, +

1, .2 a’k b2 2a,,b,,
= v, t+a,— —
I1+k 14+k 1+k
2
S G
1+ kK

35



Chapter 4

Characterization of Common

Variance Property

4.1 Chapter Summary

In this chapter we characterize a class of designs possessing the common vari-
ance property for general n and m. The characterizations lead to several conditions
for a design to be CV. The characterizations are mostly obtained in terms of the
projection matrix and are true for the general fractional factorial designs with n

runs. Here is what we present in each section:

e (Section 4.2): In this section we present the form of the general factorial
experiment with different factors at different levels which is already presented
in Chapter 1. Fractional factorial designs with n runs is considered which
can estimate general mean, main effects and one two-factor interaction in

each model M, presented in Chapter 1 and at the same time give constant
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variance to all two-factor interaction estimators.

e (Section 4.3): This section presents several theorems stating conditions for
a design to be CV. Several sufficient conditions are obtained by using pairs
of interaction effects, independent columns of the projection matrix and
runs of the designs. The conditions on the runs are true for 3™ factorial
designs only but similar conditions can be obtained for general factorial
designs. Computationally checking the conditions on the runs provide much
faster ways to check for CV. Finally we illustrate these characterizations
with examples. The conditions presented in Theorem 3 and Theorem 5 are

checked using two 3% CV designs respectively.

4.2 Introduction

Consider a factorial experiment 7" X s5'% X ... x sy, where each of m; factors
is at level sy, each of my factors at s, and so on. The total number of factors is
my +my + ...+ m; =m . The total number of main effects is > _, (5, — 1) my,
, the total number of k-factor interaction effects is Y% _, (s, — 1) m,, . The total
number of runs required to estimate all the factorial effects is at least s]" x 55" X
... x 8" = d. We consider the fractional factorial designs with n (< d) runs. In
Chapter 1 the class of models M, Vu with general mean (), p; main effects in
B, and k 2—factor interactions in B39, are given. In particular we consider the case
for k = 1. The 3—factor and higher order interaction effects are assumed to be

negligible. We already know that a fractional factorial design with m factors and
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n runs is a common variance (CV) design if Var (Bm) = constant, Yu, where
BQM is the least square estimator of f35,. We obtain conditions that would make

Var (B%) = constant, Yu.

4.3 Characterization of CV Designs

In this section we characterize the CV designs in terms of the projection ma-
trix and also the runs of the design. Section 4.3.1 presents five theorems on the
conditions of finding CV designs. Section 4.3.2 illustrates the two conditions given
in theorem 3 and the four conditions given in theorem 5 with examples. The de-
signs satisfying these conditions given in the respective theorems possess the CV

property.

4.3.1 Finding CV Designs

Consider the class of models M, Vu for k =1 in (1.3.1), the equations (1.3.2)
and (1.3.3) in Chapter 1 and refer to the definition of CV design given in Chapter
2. Define the projection matrix P as P = I,,— X (X¥X?)~"' X*'. The matrix

P satisfies the properties 1 — 4 below:
1. P is symmetric, i.e, P = P’
2. P is idempotent, i.e, P = P2
3. P is orthogonal to X7, i.e, PX] = 0.
4. Null (P) ={xz € R" : Px = 0}.
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The Var (Bm) is the last diagonal element of Var (B(u)> which is expressed as

Var (B%) = 02%. (4.1)
From Rao (1973) we have
XX = | XX (X, Xow — X5, X7 (XTXT) ™ X X0,
— |1 X7 X3 | X, (I-X5 (XX ™ XT) Xa
— | X7 X3 (XD, P X )
Hence
Xyxio_ o |xyxy) ! 42)

XX XTX| (X5, PX5) X5, PXo,

Now we state the following theorem.
Theorem 1. A design is CV iff X4, PXs, = constant, Vu.

Proof. From (4.1) and (4.2) we get

Var (Bgu> = constant & |X(“)'X(”)\ = constant < X4, P X, = constant, Yu.

This proves the theorem. O

The X, P X, can be expressed as

X, PX,, =X, PPX,, = X, PP'X,, = (P'X,,) (P'X3,). (4.3)

Definition 2. For a vector g = (g;), where g; is the i'" element of g, we define

the absolute g, |g|, as
lg| = (lg:]) (4.4)

where |g;| is the absolute value of g;.
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For two (n x 1) vectors g, and g, such that g, = P,, (g,) where P,, (n X n)

is a permutation matrix, it can be seen that

9191 = 959>- (4.5)
Using (4.3) we have the following theorem.

Theorem 2. A design is CV if |P' X,| is constant independent of u, except for

the permutation of its elements.

Proof. Suppose that g = P'X,,. We write
X5,PXy,=g'g=> g => lal"

Let g, = P'X,,, and g, = P' Xy, for u; # uy such that g, = P,, (g,). The

theorem is proved from (4.5). O

Now we want to characterize the CV property further using pairs of 2—factor

interactions. For every pair (u,v), except for the permutation of the elements
X5, PXo, = X5, PX5, = X5,.PXo, = constant, Yu*.

From Theorem 1 we already know that X, .P Xy, = constant, Yu* is an NSC
for a design to be CV. The pairs of interactions may come from within a group
like Gy : (AjAk, A?Ai, A; Az A?Ak) , j < k, or from between the groups like G5 :
<A§-"Af, A?Af) , a, 8 € (1,2). We find conditions that would make X, PX,, =
X5, PX,, for any (u,v) belonging to Gy or G. For any pair (u,v), X, and X,

can be expressed as a linear combination of the columns of X7 (n X p; + 1) and
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the columns of P (n x n) in the following way:

X2u - Xiwlu—i_PwQu

Xgl, = Xiwlv +P’LUQU. (46)

where wy, (p1 +1 X 1), wy, (nx 1), wy, (p1+1x 1) and ws, (n x 1) are vec-

tors of linear combinations. From (4.6) we have

XQu:l:XQU - Xi(wluj:wlv)'i_P(wQuj:w%z)

=P (XQU + XQU) = P ('LUQU + erU) . (47)

So for any pair (u,v), if (X2, & X4,) can be expressed as linear combination of

the columns of X7 only, then from (4.7) we have

P (’U)gu + wgv) = 0.

Again from (4.7) we have

P('LUQu:l:’UJQv) :0<:>P<X2u:|:X2v) =0= X,QuPXQU :X,QUPXQU. (48)

From the definition of Null (P),

Below we state the properties of any Permutation matrix @ obtained from the

Identity matrix by interchanging its rows or columns:

L. Q=Q
2.Q°=1
3. =Q'Q =1
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If Q'PQ = P, we have
qu = QX21) = X/QUPXQu = X/QUQ/PQXQU = X/QUPXQU. (410)

Theorem 3. For any pair (u,v), X5, PXs, = X5 PXs, holds if at least one of

the following two conditions hold:

1. Xy, & X, € Null (P).

2. X9, = QX5,, where Q is a permutation matrix such that Q' PQ = P

holds.

Proof. (1) is proved from (4.8) and (4.9) and (2) is proved from (4.10). O

Corollary 3.1. A design is CV iff X5, PXs, = X4 PXo, holds for all pair

(u,v).

We already obtained conditions on P for a design to be CV. Now we want to
see if instead of working with the whole P matrix we can work with only the
independent columns of P. Let the matrix P consist of the independent columns
of P. Working with P, makes the calculation even faster because the dimension
of Py is small as compared to that of P for designs with small n. In the following
we obtain the CV conditions on P,. Without any loss of generality we partition
the projection matrix P (n xn) as P = {PSEPS}, where Rank (Ps(n xr)) =

Rank (P) = r. We have

P, P.X,,

P'X,, = Xy = | (4.11)

S
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Let g, = P'X,,, and g, = P'Xy,, for u; # uy such that the elements of g,
are permutations of the elements of g,, i.e, g, = P, (g,). So the elements of
P’ X, may not appear in the same order in g, and g,. However by permuting
the elements of g, by P,, we can make the elements of P, X, appear in the same

order in both g, and g,. Hence from (4.11) we have

|P. X 5,| = constant and |P.X,,| = constant = |P'Xy,| = constant,Vu.
(4.12)
The matrix Pj consists of the columns of P that are dependent on the columns
of P, and hence the columns in Pj can be expressed as the linear combinations
of the columns of P, as:

P,=PW, (4.13)

where W is an (r X n — r) matrix of linear combinations. Hence from (4.13) we

get

P.— W'P.= P.X,, = W'P.X,,. (4.14)

s

Hence from (4.14) we have
|P.X5,| = constant = |P.X,| = constant,Vu. (4.15)
We state the following theorem.

Theorem 4. A design is C'V if |P, X 2,| = constant independent of u, except for

the permutation of its elements.

Proof. From (4.12)and (4.15) we have

|P. X 5,| = constant = |P'Xy,| = constant, Vu.
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Table 4.1: 2—Factor Interaction Vector X,

U Expression
. . . 7
A4 (209, <89, . o)
azag | (339 - 2, 32309 2 30200 _ 2)’
7 , R i
. . . 7
4,42 CEEED
. . . 7
A24, (35“’“’ — 9, 32200 Lo 3200 2)
7
AlA, (a:ﬁ“"), a;g“"), ,x,(f”)
This completes the proof. O

From the previous theorem we know that | P}, X,| = constant, Yu, except for
the permutation of its elements, will make a design CV. Now instead of calculating
| P! X 5,|, Vu we find faster ways to check for the CV property. We find conditions
on the design runs that will make |P’, X5, | constant Vu except for the permutation
of its elements. Given a design, its P matrix and hence the P, matrix can be
easily calculated. We present the conditions in terms of the runs and the matrix
P,. For a design with m factors and n runs denote the levels corresponding to the
m factors by Si;, S2i,...Smi, ¢ = 1(1)n respectively, s; € {0,1,2}, j = 1(1)m.
For i =1(1)n, j<k=1(1)m and [ < r = 1(1)m define the following

2P = (8 + 5ki)mod(z) — 1

Zi(jk) = (s + 2Ski)mod(3) -1

" = (s + Sri)mod(3) — 1
In Table 4.1 we give the expression of X4, corresponding to all the 2—factor
interactions involving the factors A; and A and the linearxlinear interaction

between A; and A,. Except for the permutation of the elements, for u,u’ €
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{AjAL, A2A7, A;A7 A2ALY, j < k= 1(1)m and for any | < r = 1(1)m and

0==+1

P X5, = 0P, X5y and P, Xo4,4, = 0P, X544, & |P,X2,| = constant, Yu.

(4.16)

0 P’ 0
X, = = j = = P'j = 0, where j is the
P. 0 P

first column of X7. Hence

P

w o~
w

wl =~

P;XQA?A% = 3P; - ZP/j

=3P

s

Similarly

P;X2A§Ak = 3P/s

L26)

In Table 4.2 we give the necessary and sufficient conditions for P, X, = 6P X ./, u,u’ €
{A;A, AZAR, A A7, A?Ak} and P X544, = 0P, X4,4, to hold in terms of
runs of the designs.
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Table 4.2: NSC for P, X, = 6P, X,

(u, u') NSC
Sm%w) — 5:(;5]’”
0,20K) _ 5.(B)
(A;Ay, A242) | P 2 > 1=0
Sxi(jk) - (5x$ijk)
Z£jk) . 5$gjk)
(4k) (4k)
2y —0x
(anaay | P T 2o
Zﬁjk) — 5x£1jk)
3,200 _ 5,0
5,200 _ 5, (b)
(AjAk, A?Ak) P; 2 . 2 =0
5,200) _ 56K
xgjk) — 5x§lr)
(k) (Ir)
Ty — 0x
(AjA, AA) | P72 7 =0
FCLN pHCY

Theorem 5. |P.X,,| is constant Yu if f the following conditions hold:

322 — a0

3$§(jk) - (5xéjk)
/

33:%0 R _ 5937(1‘7 k)
Zgjk) i 5$gjk)

M 5

(2) P —0

zy(ij) — 5$,(1jk)
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3,200 _ 5, k)

3,208) _ 5.GH)
(3) P =0

326K _ 5.GH)

xgjk) — 5355”)

(Gk) _ 5..0r)
| s 0xy (k) (k)
(4) P, = 0, where x;’" and z”" are the i'™™ components of

%

(G5) _ 500

Tn n

Ir)

Xoa,4, and XzAin respectively, J}Z( is the i component of Xoaa,, j < k =

1(1)m, I <r=11m,i=1(1)n, 6 = £1.

Proof. The proof of this theorem follows from Table 4.2 and (4.16). [

4.3.2 Illustration with Examples
4.3.2.1 Illustration of the Conditions of Theorem 3

To illustrate the conditions given in Theorem 3, we consider 6 structured frac-
tional factorial designs for my =3, sy =3, my =0, t > 1 and n = 10. In all of
these 6 designs seven runs are in common which are (0,0,2), (0,2,0), (2,0,0),
(0,2,2), (2,0,2), (2,2,0), (2,2,2) and the remaining set of three runs is from
one of the six sets presented in Table 4.3. For 3 factorial experiment we have
B, = (A, A% B,B? C,C?) and B, =(AB, A?B?, AB? A?B, AC, A?C?* AC?,
A%C, BC, B?C?, BC?, B%C). The number of pairs of 2-factor interaction effects

is (122) = 66. The P matrices are identical for all the 6 designs although X® Vu
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Table 4.3: 6 Sets of 3 Runs

I I 11T IV % VI
(0,0,1) | (0,1,1) | (1,1,2) | (1,2,2) | (0,1,2) | (0,2,1)
(0,1,0) | (1,0,1) | (1,2,1) | (2,1,2) | (1,2,0) | (2,1,0)
(1,0,0) | (1,1,0) | (2,1,1) | (2,2,1) | (2,0,1) | (1,0,2)

_ 3a. —a —a —2a —2a 22 0 0 O a |
—a 3a —a —2a 2¢ —2a 0 0 O a
—a —a 3a¢ 24 —2a —2a 0 0 O a
—2a —2a 2a 4da 0 0 0 0 0 —2a
—2a  2a —2a 0 da 0 0 0 0 —2a

P = ,a = 0.125.
2a —2a —2a 0 0 4da 0 0 0 —2a
0 0 0 0 0 0 0O 0 O 0
0 0 0 0 0 0 0O 0 O 0
0 0 0 0 0 0 0O 0 O 0
a a a —2a —2a —2¢ 0 0 0 3a

To verify the two conditions of Theorem 3 on design I we observe the following

results:

1. The 18 pairs of 2—factor interactions satisfy the condition P (X2, + X5,)
0. Out of these 18 pairs 6 are from the group containing the factors A and
B where the pairs are formed by taking all possible 2 out of 4 interaction
effects (AB, A?B? AB?, A’B). Similarly the remaining 12 pairs are 6 from
the group containing the factors B and C and 6 from the group containing A
and C' respectively. We present Table 4.4 which shows that the coefficients
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Table 4.4: (Xa, + Xa,) Expressed as Linear Combinations of Cols of X7 and P

for Group AB.

(X2u + X24) Coefficients of linear combinations of X7 Coeflicients of linear combinations of P
(XoaB = X, ,252) (1,1,0,1,0,0, —1) (0,0,0,0,0,0,0,0,0,0)
(XQAB — X2A32) (0.5,0, —0.5,0.5,0,0,0.5) (0,0,0,0,0,0,0,0,0,0)

(XQAB +X2AQB) (0.5,1,-0.5,0.5, 1,0, 0.5) (0,0,0,0,0,0,0,0,0,0)
(X2A232 — XMBQ) (—0.5,—1,—0.5,—0.5,0,0, 1.5) (0,0,0,0,0,0,0,0,0,0)
(X2A232 +X2AQB) (—0.5,0,0.5, —1.5, —1, 0, 1.5) (0,0,0,0,0,0,0,0,0,0)
(X2ABZ +X2A2B) 0,1,1, -1, —1,0,0) (0,0,0,0,0,0,0,0,0,0)

of the linear combinations corresponding to the columns of P are zero for
all 6 pairs of interactions in the group of A and B. . The findings of Table
4.4 implies that (X9, £ X5,) can be expressed by the columns of X7 only.
Hence (X9, + X5,) € Null (P). Similar tables can be obtained for the pairs
of interactions in the group of A and C' and the group of B and C' as well.
We note that the condition (1) of Theorem 3 holds for all pairs of interaction

effects belonging to G.

2. We find that pairs formed by similar interaction effects from 2 groups (e.g.
A*BPA2CP  a, B € {1,2}) satisfy the conditions X, = QX 5, and Q' PQ =
P. Here is the result for the pair (AB, AC). We present the interaction

vectors Xo,, for u = AB and AC and the permutation matrix Q below.

X2AB = (_1a 171717 1a070707 17())/’ X?AC = (17_17 1a 1707 17()’ 17070)/7
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0000O0O0OO0OO0OT1P@O0

000O0O0OO0OO0OT1T 0O

000O0O0O0OO0OTO0O 01

Here PQ = QP holds and this implies Q' PQ = P. Similar permutation
matrix exists for other pairs like (4282, A2C?), (AB?* AC?), (A%B, A*C)
etc. and Q' PQ = P holds for these pairs. However, this condition holds for
2-factor interaction effects belonging to GGy because no permutation matrix

exists for any pair belonging to Gj.

In Table 4.5 we present the connections among the variances of the 2- factor
interaction estimators for design /1. Similar results are also obtained for the
remaining 5 structured designs.

4.3.2.2 Illustration of the Conditions of Theorem 5

We consider the design D® for m = 3 and n = 8 in Table 4.6. Here we have

X2AB: (_17_17 07_17_17 17 17 O)/a )(ZAQB2 = (17 17_27 17 17 17 17_2),7 )(-QAB2 =

20



(1, 0,

Table 4.5: Equality of the Variances by the Two Conditions

Equality of Variances

Conditions

Var (A Var (A*B?) = Var (AB?

= Var (A’B) 1

Var (A

= Var (A%C)

B) = ) = )
C)= AZCQ) Var (AC?)
Var (BC) = C?) =

Var (B*C)

Var(
Var (B*C?) = Var (BC?) =
Var (AB) = Var (AC) = Var (BC)

Var (A?B*) = Var (AZCQ)

Var (B*C?)

Var (AB*) = Var (AC'Q)
Var (A*B) = Var (A*C)

NN N DN —| —

—1

Table 4.6: Design D®)

11212]0(010]2]|2

—_

2101012

e}
[\

212111012]0]0(2

7_17_17 07 17_1),7 XZAQB = <17_27 17 17
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1,

—2, 1, 1) and Xosc =



(=1, 0,—1,—1, 1,—1, 1, 0)". Also we have

000 0 0O 0 0 0
000 0 0 0 0 0
000 0 0 0 0 0
0 00 S =25 =25 =25 25
P =
0 00 =25 125 125 125 —.125
0 00 —25 125 125 125 —.125
000 —25 125 125 125 —.125
000 25 =125 —.1256 —-.125 .125
1 0 -2 1 1 1 1
1 1 1 0 -2 1 1
11 1 1 1 0 =2
1 -1 1 -1 1 -1 1
X =
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Here rank (P) = r = 1. Any column of P from 4 to 8 is independent, so we can

take the 4" column of P as P,:

0 0
0 0
0 0
) 2
P, = =0.25
—.25 -1
—.25 -1
—.25 -1
.25 1

Consider the pair (Xs45, X94252). For 6 = 1 from condition (1) of Theorem 5 we

have

4

4

32(AB) _ ;(AB) 0

32(AB) _ 4 (4B) 4

P ‘ 2-25(0002—1 —1 -1 1) = 0.

: 4

Bxé(AB) — xéAB) 2

2

0
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Hence we have P.Xyap = P,X54252. From condition (2) of Theorem 5, for

0 = 1, we have

2
1
Z%AB) . ngB) —1
/ ZéAB) _ :EéAB) 0
P, =-25(0002—1 -1 -1 1) =0
: 0
ZéAB) B :L‘éAB) -1
0
—1

and hence P, X 45 = P’ Xy4pe is confirmed. Next considering the pair (X245, Xoap2),

from condition (3) of Theorem 5 we have

4

0

SZf(AB) _{_ZgAB) 9

/ 323 (4B) + zéAB) 2
P =25{0002 -1 -1 -1 1 =0,

: 2

32248 4 H(AP) 0

4

2
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§ = —1 and hence P, X y4p2 = — P!, X 5,25. Finally consider the pair (X5, X2ac) -

From the condition (4) of Theorem 5, for § = 1, we have

ngB) - ngC)
. x;AB) _ ngC)
o
:EéAB) _ :l?éAC)
0
—1
1
0
=-25(0002—1 -1 -1 1) =0,
—2
2
0
0

which shows P, X.ap = P.,X4¢. Similarly it can be shown that P.Xs4c =
P X202 = P Xouc2 = P, X420 and P, Xypc = P, Xop2c2 = P, Xopee =
P! X yp2¢ by using conditions (1)-(3) of Theorem 5. Again by using condition (4)
it can be shown that P, Xsac = P, Xspc. So all four conditions of Theorem 5

hold for the design D® and hence it is a CV design.
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Chapter 5

Two General and Other Special
CV Designs and Their

Characterization Using the P

Matrix

5.1 Chapter Summary

In this chapter we present two designs for 3™ factorial experiment for general
m which possess CV property. Also we analyze the structure of the projection

matrix for these CV designs. Here is what we present in each section:

e (Section 5.2): In this section we present the design d5) for n = 2m+2 runs,
m > 2 and demonstrate the condition of CV in terms of the design runs and

the projection matrix of the design.
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e (Section 5.3): In this section we present another 3™ CV design 4 for
n = 3m runs, m > 3. Like d%’ the CV property of d'?) is also demonstrated

in terms of the design runs and projection matrix.

e (Section 5.4): In this section we present the optimum CV designs. The
design d'y is optimum for m = 2 and the design d'? is optimum for m = 3.
This section also presents some more CV designs for different m that satisfy

a particular structure of P.

e (Section 5.5): In this section we analyze a particular structure of the pro-
jection matrix P which is satisfied by both the designs d'Y and d? as well

as all the other CV designs presented in section 4.4.

5.2 Design dfﬁ) and Its P

In this section we present the 3™ fractional factorial design d'Y for n = 2m+ 2,
m > 2 runs and obtain its variance covariance matrix and the projection matrix
as a function of m. Using the necessary and sufficient condition for CV in terms
of the projection matrix presented in Theorem 1 of Chapter 4 we demonstrate the

CV property of this design. Below we present dv:

21,
2J,, — I,
d\b) = :
0/
- 2j;‘rb -

o7



where I, is the identity matrix of order m, J,, is the matrix of unity, 0/ is the

(m x 1) vector of 0’s and j/, is the (m x 1) vector of 1’s. Consider the u™ model

M, in (5.1)

M,: E(y)=jp+ X118, + Xoubou, Var(y) = oI,

Define X7 = {janl} . The matrices X7 and (X' X7) are given below:

G 20— I I
G Jm—TIn =3I+ Jo
X:= ,
1 Im Im
2m + 2 i, 2m—1)4.
X7X]= g 51, + (2m — 4) J,, 31, —2J,,
2m—1)j,, 31, —2J,, 9T, + (2m —4) J,,

From Theorem 1 of Chapter 4 we know that a design is CV if f X, PX,, =

constant,Yu. And X5, PX,, = constant <sum of square of the elements of

PX,, is constant ,Vu. Using this condition we want to demonstrate that the

design 4y is a CV design for all m. We find the P matrix which is given as

I,—X;(X7X*) ™" X Wefirst calculate the matrix P. A general representation

of the matrix (X¥X*) " is

(X7X7) " =

./
ax a2d m
@27 CL4Im +G5Jm

asj,, el + ardy,

o8

./
a3)m
CLGIm + CL7Jm ’

CLSIm + CLng




where ay, ..., ag are unknown quantities which are determined from
* * * * -1
(Xlle) (X1/X1) =1 (5.2)
Equating the first column of both sides of (5.2) we get

(2m +2)a; + mag +m(2—m)az = 1.
ai+B+m2m—4))ay+ (3—2m)az = 0.

ar+ B —-2m)az+ (9+m((2m —4))ay = 0. (5.3)
The (5.3) gives

cay = 4(9—11m+10m* —4m® + m*) .
cay = —6(2—2m+m2).

cag = 2(4—8m+5m2—2m3).

where ¢ = 36 (2 —m +m?). Now equating the second column of both sides of

(5.2) we get
1
ay, = Z
cas = 9(2—m).

1

g = _ﬁ

ca; = 3(3—2m).

Again equating the third column of both sides of (5.2) we get

o
36
cag = (6—9m—1—4m2).
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The matrices X (XX ™' X¥ and P are

blIm+b2Jm b3Im +b4Jm b5jm bﬁ]m

* # vk \—1 v/ b3l + bad byl + bsd i, —b9j;n —bmﬂn
X1<X1X1) Xl =

b5.7;n b9.7/m bll b12

I b6 m b10J bia bis
(1=01) I —bodn,  — (b3l +04J0)  —Dsjp,  —bedm,
—(bsI,, + bydy) (1—=07) I, —bgdyy  —boj,, —bioJm

—bsgm, —boJm, (L=0bu1)  —be

—b6J, —b10Jm, —bi2 (1 —b13)

where by = 1, ¢by = —36, by = by = 0, cbs = 36(m — 1), cbg = 36, by = 1,
bg = bg = b1p = 0, cby; = 36 (m + 1), cbiz = —36 (m — 1), cbiz3 = 36 (1 — m + m?).
Thus wee see that by —1 =0, b3 = by =0, b5 = — (m — 1) by, bg = —by, b7 —1 =0,
bs = by =big =0, 1—byy = (m —1)"by, by = (m — 1) by, 1 — by3 = —by. Hence P

can be expressed as
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_ 1 1 0 0 —(m—-1) -1 |

1 1 0 0 —(m—-1) -1

1 1 0 0 —(m—-1) -1

0 0 0 ... 0 0 0

P = —b

0 0 0 ... 0 0 0

0 e 0 0 ... 0 0 0

—(m—=1) ... =(m—=1) 0 ... 0 (m—1°> 0
—1 o —1 0 ... 0 (m—1) 1

For real vector Xso, = (Z1u; Tou, - - - s Tomt1,us x2m+27u)/ corresponding to the u!”

interaction we get

L1 + T2 + ...+ LTmu — (m - 1) Lom+1,u — L2m+2,u

xl,u + $2,u +...+ xm,u - (m - 1) x2m+1,u - x2m+2,u

0
PXQU — —b2

0

- (m - 1) (xl,u + T2y +...+ Tmu — (m - 1) Tom+1u — x2m+2,u)

- (ml,u + x2,u +...+ xm,u - (m - 1) $2m+1,u - x2m+2,u)
(5.4)
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Table 5.1: 2—Factor Interaction Vectors

Levels of By | Levels of By | BiBy | BB5 | BB | BiB,
2 0 1 1 1 1
0 2 1 1 0 -2
0 0 -1 1 -1 1
0 0 -1 1 -1 1
0 0 -1 1 -1 1
2 2 0 -2 -1 1

Table 5.2: (1 + 2o+ ...+ Ty — (M — 1) Topy1 — Tomyo) for the 4 Interactions

BB, | B2B2 | BB | BB,
(x1+z2+ ... +2m) —-m+4 m -m+3 | m-3
(= (m—1)Zomi+1 — Tamt2) m—1 | —m+3 m —m
(x1+ 220+ ... +2m — (m—1)Toms1 — Toma2) 3 3 3 -3

Hence

2
X,QUPXQU _ (xl,u + x2,u + .. (;‘_xm,u + x§m+1,u + x2m+2,u) . (55)
m + m?)

The X, PX,, will be constant independent of w iff [z, 4+ oy + ... + T
—(m—1)Zomi1u — x2m+2,u]2 or equivalently |21 ,+%2u+. . AL — (M — 1) Zapmi1n
—Tam+2.| 18 constant for all 2—factor interaction vectors from (5.5). We present
the 2—factor interaction vector corresponding to the factors B; & Bs in Table 5.1.
Because of the symmetric structure of d'Y the interaction vectors corresponding
to any two factors B; & Bj, i < j = 1,...,m are of similar form. Now for each
interaction vector corresponding to By & By we calculate (1, + T2y + .. + T
—(m—1) Tomi1u — x2m+2,u]2 in Table 5.2. From Table 5.2 we see that |z, +
oy + oo F T — (M — 1) Zomi1u — Tamizwu| = 3,Vu corresponding to By and
Bs. Identical result holds for any B; & B;, i < j = 1,...,m. Thus X, PXo,
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is constant independent of u and hence d'y) is CV from Theorem 1 of Chapter 4.

(2omi)

The expression of CV becomes 5

5.3 Design dffb) and Its P

In this section we present another 3™ design dﬁ,%’ for n =3m , m > 3 and like
d'y the CV property of d'? is also demonstrated using Theorem 1 of Chapter 4.

Below we present a2

of .
dP =123 —or, |,
o0F, — I,

where I, is the identity matrix of order m, J,, is the matrix of unity, 0/ is the
(m x 1) vector of 0’s and 7! is the (m x 1) vector of 1’s. The CV property is now

characterized by the projection matrix P. Below we present the matrices X7 and

P:
21, — J,,
Xi=1| g, —2I, |-
I, — 1,
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Table 5.3: (x; + Zmyi), 4 = 1(1)m and 377 z; for the 4 Interactions

BB, B?Bj3 B\B3 B?B,
S x| (—mA+6) | (—m+6) | —2(m—3)|2(m—3)
T+ T, 2 2 1 -1
To + Tm+1 2 2 1 -1
T3 + LTm+3 -1 -1 -2 2
Ty + LTmi4 -1 -1 -2 2
T + Totm -1 -1 -2 2
For real vector Xay = (T1us - - - T, Tt s - - > T2mas Tomtdus - - - 5 T3mu)  COTTE-

sponding to the u'* 2— factor interaction we get

% (xl,u + xm—l—l,u) - ﬁ (xl,u +...+ me,u)

% (x2,u + xm—i—?,u) - ﬁ (xl,u +...+ x?m,u)

% (:L‘m,u + x?m,u) - ﬁ (xl,u +...+ me,u)

(xl,u + xm—i—l,u) - ﬁ (xl u + ...+ $2m,u)

)

o=

% ($2,u + xm+2,u) - ﬁ (xl,u +...+ x2m,u)

% (xm,u + QO,u) - ﬁ ($1,u +...+ me,u)

0

We present (4 + Tmtin), ¢ = 1(1)m and Zf;”l x,; for the 4 interaction vectors

corresponding to the factors Byjand Bj in Table 5.3. Because of the symmetric
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Table 5.4: 32 Design: d3"

2101112012
012121012

structure of d'2 the interaction vectors corresponding to any two factors B; & B;
and hence the vector PXy,, u = B;B;, BZ-2BJ2, B,B]z, B?B;,i<j=1,...,mare
the same except for a permutation. From Table 5.3 we compute the vector P X,
which is found to be identical Yu corresponding to By and By. The P X, is given

below

3m—6) -
Gr-6) 5,

R [
PX2u = (3m—6) ./ , U= BlBg, B%B%, BlBQQ, B%Bg (56)

2m -72

3 4/
_Ejme

07
Identical result is obtained for any B; & B;, i < j=1,...,m. From (5.6) we get

X4, PX,, =9 (™=2) which is constant independent of u and hence from Theorem

1 of chapter 4 d'? is CV. The expression of CV becomes 9(72”‘_2).

5.4 Optimal CV Designs

The design d'y for n = 2m+2is an optimal CV design for m = 2 with the CV
value 0.4444 as this is the minimum value of CV in the class of all CV designs for
m = 2 and n = 6. Similarly the design d'? for n = 3m is an optimal CV design

for m = 3 with the CV value of 0.3333. We present the two optimum CV designs
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Table 5.5: 3% Design

dy
2[0J0J0[2]2]1[2]2
0[2]0[2]0[2]2[1]2
0jol2[2]2]0]2]2]1

d'y) for m = 2 and d'? for m = 3 in Table 5.4 and Table 5.5 respectively.

Now we present some more CV designs for 3", 4 < m < 7 with n = 2m + 2
in Table 5.6. Some of these designs are optimum CV designs. These designs have
a clear pattern in them, the first 2m — 1 runs are identical. All of these designs

have the similar structure of P as discussed in the next section.

5.5 The structure of P

In this section we analyze the projection matrix of the CV designs presented
in the earlier two sections. Both the designs are found to possess a particular
structure of P. The design matrix for the u/* model is X® = {X X 2u:|. The
projection matrix P is defined as P = I, — X (X7 X?) ' X¥ =1, —Q . After
rearranging the runs it can be seen that both the designs d'y and d? have the

following structure for P:

0 O I, O
P = , Q= 7A:In—m_A*-
0 A 0 A
X1
Partition the matrix X7 as X] = , where X corresponds to the m
X1z

runs giving 0’s in P and X 15 corresponds to the remaining (n — m) runs. Again

67



6and (d)m="7

Table 5.6: Some CV Designs: for (a) m =4, (b) m =5, (¢) m

— [— [N |CV [N
AN [~ [N [
oo |- |O
S | | [N | AN
S| |- ||
(e Ea\ RiatRiat R
[l jen ) fen )l fen ) fan)
AN [ [ | [
— Q[ | [
— [ O | [
— [ [ O [
— |||
N[~ (DA
o|l—H ||
O [~ ||V
OO ||
AN (AN [N (AN
(el lenl lan) lan)
AN [+ [ [
— [ [ |
— | | [
— | | |

— |
— [~ NN O
A [~ [ [N [ [
OH D[+ |D
SO [ [N AN (AN AN
O IO | [ ||
AN AN AN (AN AN (AN
[en) {en )l (el [anl) [an) jan)
A | [ [ [ [
— | [ [ [ [
— O [ |
— = O [ |
— [N |
— |

O | O |||
— [ [
— = NN OO
AN |~ | [ ||
O || OO D
O | | AN AN AN | AN
OO [ | [ |
AN [N AN (AN AN [N | AN
jen)l el (e ) [enl) [anl lan) fan)
A [ [ [ [ [ [
— (O [ [ [ [ [
— O [ [ [
— O [ [ [
— [ | [ | [ |
— [
— [ [

, where X 512) corresponds to the independent

(1)
12

X

partition X12 as X12

(2)
12

X
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runs of X {5. Therefore

=Q = Xj(Xyxp XY
Xll

* x\—1
= (X7X7) [ X, X ]
X2

I, O

0 A

Define V = X}, X1, + X5 XV
Theorem 6. The following characterizations hold true:

1. (X¥X%) ™" is a generalized inverse of X', X 1.

2. (X¥X*) " is a generalized inverse of X", X 1.

3. X (XYXHT'X, =0 X,V IXI, =0.
Proof. The proof follows from the structure of the projection matrix presented in
(5.7).

1. It follows from (5.7) by equating the first diagonal component of @ with I,,,:

X (XYX) Xy = I
= X0 X (XYXH T XX = X)X
2. It follows from (5.7) by equating the last diagonal component of Q with A:
X (XTX]) ' X, = A

= X1, X0 (X7X]) 7 XX = Xp,AX0,
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where A satisfies AX 15 = X 10 and A% = A.

3. Assume

which is equivalent to

X, VIiX,=0

X, VXY =0and X, VIXP =0. (5.8)

From Rao (1973) we have

Xn (XT/XT)A X/12 =

Again assume

—1
X1 (V + X/1(22)X§22)> X,
-1
L VX XxPv! ,
Xu |V Oy @ ) 2
1+ XPv1xC
X11V’1X/1(22)X(122)V*1X’12
1+ XPvxy

X, V1iX, -

0 from (5.8).

Xy (XYX)) X, =0

which is equivalent to

X (XYXH'X

W —0and X1 (X¥XH) ' XD =0 (5.9)
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From Rao (1973) we have

—1
Xy VX, = X (XX - xPxE) X,

= Xy |(xyx)

* #\—1 2 2 * s\ —1 -1
(XVX)XPXE XX
1+ X0 (XX T X N
= X (X7X) X,
X (XX XX (X X)X,

1+ X0 (x7x) ' X
= 0 from (5.9).
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Chapter 6

Special Properties of the Design
S

m, when m = 2

6.1 Chapter summary

In this chapter we present some properties of the optimal CV design with six
runs for a factorial experiment with two factors each at three levels we presented in
Chapter 5 when all the runs are replicated a number of times. We characterize the
CV property in terms of the determinant of the inverse of the variance-covariance
matrix of the parameter estimators for each model. Also we obtain the condition
of CV for a design with three factors from a CV design with two factors. Here is

the summary of what we present in each section:

e (Section 6.2): Upto and including Chapter 5 we presented and obtained CV
conditions for the designs with distinct runs. In this section we consider

designs for factorial experiment with two factors each at three levels with

72



replicated runs. We prove that for any number of replications of the six runs

of the optimal design, the replicated design satisfies the CV property.

e (Section 6.3): In this section we present some more CV designs with six
runs for factorial experiment with two factors each at three levels which also
satisfy the CV property w.r.t the general replication presented in section 6.2.
Among these CV designs some are balanced and isomorphic to the optimal
CV design discussed in the previous section. We also characterize the CV
designs in terms of the determinant of their variance-covariance matrices.
The constant determinant of the inverse of the variance-covariance matrix

of the parameter estimators for each model gives NSC for a design to be CV.

e (Section 6.4): In this section we demonstrate how the CV property can be
extended from a design for factorial experiment with two factors to a design
for factorial experiment with three factors. We obtain the condition of the
CV for a design with three factors whose every pair of columns contains
the runs of the CV design with two factors. The runs for both the designs
are replicated in the same way. So for a CV design with two factors these
conditions can be checked to see if it can be extended to a CV design with

three factors.

6.2 Replications of the Runs of dél)

In Chapter 5 we presented the design dﬁ}) for n = 2m + 2 which is an optimal

CV design for m = 2. In this section we consider the general replication of the
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Table 6.1: Replicated Design dgg

Runs | Replications
(2, 0) T1
(0,2) Ty
(2,1) r3
(1, 2) T4
(O, 0) Ts
(2, 2) Te

Table 6.2: Design Matrices

Design | With u'* interaction | Without u'* interaction

i) XM (6 x 6) X% (6 x 5)
A | X8 x6) | X[ (X8 x5)

design d'Y for m = 2 and show mathematically that it remains CV irrespective of
the number of replications of any of its runs. Also from the CV expression we will
see that it does not depend on the replications of the 2 runs which give columns
of zeroes in the projection matrix as presented in Chapter 5.

We present the different replications of the 6 runs of the design dgl) in Table
6.1 and the replicated design is denoted by dgl,%. The replications r1,7ry,...,7rg can
take positive integer values. When r; = 1,V7 then d&% becomes dgl). The total
number of runs for the replicated design dg]% is 320 7; (> 6). We present the the
notation of the design matrices for the two designs dgl) and dg% in Table 6.2. The

W For example if the

rows of X ’{(2) are formed by replicating the rows of X7
it" row of X" is replicated r; times it gives r; rows of X[®, i = 1(1)6. So

X® can be obtained from X by pre-multiplying the latter by the matrix R
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of order (Z?:1 r; X 6) obtained from an identity matrix of order 6. So we have

the following:

X*{(z) — f{){’{(l)7

where _ _
1 0 00 0 0| — replicated ry times
01 00 0 0| — replicated ry ttmes
001 0 0 0] — replicated rs times

R = ,

0 00 1 0 0| — replicated ry times
00 00 1 0| — replicated rs ttmes
00 0O0O0T1 — replicated rg times

and

X;k(l):
1 1 1 0 -2
1 -1 1 -1 1
11 1 1 1
This implies _ _
x;P'x® = x;{"RRXY, (6.1)

75



where

r. 00 0 0 O

R'R =

0 0 0 0 r O

0 0 0 0 0 g

Now we find the sufficient condition of CV for the replicated design d% in terms
of its projection matrix and the interaction vectors. Let the projection matrix
corresponding to dég be Pr. We write Pg in terms of X T(Q). The condition of
CV for the replicated design turns out to be same as that of the unreplicated

design dg) which is known to be CV. Hence the CV property of the replicated

design follows. The Ppg is given as
-1
Py = L- X% (x;%x1?)  x;@"

We express Ppr in terms of the design matrix X T(l)of dél) because we want to
obtain the condition of CV for dg% in terms of the CV design dg). From (6.1) Ppg

w,

. k
can be expressed in terms of X' as

-1
P,-I,- Rx|" (x{"RERX]") X{VR.

—1
Defining W = XV (X’;“)’R'RX’;“)) XV Py can be simplified as Py =
I,—RW R/, where all the elements of Py are in terms of the replications 71, . .., rg
and the elements of the design matrix of dél). Given the replications and the design

matrix of dg), Py can be easily obtained. The matrices W and RW R’ are given
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below:

W3 Weg 0 0 W19 W11

wy wr 0 0 wp wp

w1 Jrl w2']r1r2 0’(’17"3 Or1r4 w3J'r1'r5 w4']r1r6

w?']rgrl Ws JT’Q 07‘27“3 0r2r4 wGJr2r5 w7J7"27’6

, 0r3r1 0r3r2 w8']r3 0r3r4 07"37"5 0r3r6
RWR = ,
07‘47"1 0T4T‘2 07’47‘3 w9J7’4 07’47"5 07’47’6
w3Jr57“1 w6J1“5r2 07“57“3 0r5r4 wlOJr5 wllJT‘5T6
w4JT'67‘1 w?']r@rg 07"67“3 Or6r4 W11 Jr6r5 w12Jr6
where wis are functions of 7, ...,rg given at the end of this section. Hence the

matrix Pr becomes

IT1 - leTl _wQJ’I’sz 07“17‘3 01"1’)"4 _w3J’l"1T5 _w4J’I’1T6
_w2J7"2r1 Irz - w5JT‘2 07"21"3 07“27‘4 _w6J7'27"5 _w7Jr27'6
07"37‘1 07“37’2 I’r‘3 - wSJrg 07‘37"4 07‘37"5 07“37’6
Pp=
0’[‘47“1 OT4T2 07“47‘3 IT‘4 - w9JT4 0r4r5 07‘47”6
*w?)']rsrl 7w6J7’5T‘2 0r5r3 07’57"4 Irs - w10J7’5 7w11J’l"5'r’6
_w4JT6’I’1 _w7‘]’l”67“2 OTG’I"g 0"”67‘4 _w11JT6T5 I’l‘g - wlzJ’Fe

Now we express the u interaction vector of X“? in terms of the u* interaction
vector of X*Y and obtain the sufficient condition of CV for dgll_% in terms of
its projection matrix and the interaction vector of dgl). For real valued vector
Xow = (T1u, T2y - - - ,x67u)/ corresponding to the column of interaction vector of
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X" the interaction vector of X“® will be X% = RX, since the rows of X7},

are formed by replicating the rows of X5,. Thus X3, can be expressed as

le,u]m
‘1.2,11,.77‘2
X x3,u.77“3

2u T

-T4,u.7 T4

x5,u.7r5

:E6,u.7 6

From Theorem 2 of Chapter 4 we know that the sufficient condition for a design
to be CV is |PXy,| =constant,Vu, X5, being the ut? interaction vector. Below

we find the sufficient condition of CV for d%:

27576 o
k Jf’1
riT576

k -77‘2

. 07, 1
PRXQU - (xl,u + Loy — Ty — Iﬁ,u) s k=

} rorsre + 11 (r5re + 172 (15 + 76))
07+,

__Trirare
k -77"5

__rirars
k -77"6

So from the above expression we see that P X5, will be constant i f f
|14 + o — Tpy — Teu| = constant, Vau. (6.3)

So (6.3) is a sufficient condition for the replicated design dg% to be CV. In Chapter

5 we found the sufficient condition for the 3™ design d'¥) to be CV as

|T10 + Tou + o+ T — (M — 1) Zoi1,4 — Tomeo,u| = constant,Vu (6.4)
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Table 6.3: Interaction Columns of dgl) and the Condition

ti| b2 | Xop, | Xopzp | Xop 2 | Xopzs,
0 2 1 1 0 -2
2 0 1 1 1 1
1 2 -1 1 1 1
2 1 -1 1 0 -2
0 0 -1 1 -1 1
2 2 0 -2 -1 1
Condition 3 3 3 3
where Xo, = (21,4, Tou, - - - ,$m7u,x2m+17u7$2m+27u)/ is the u!” interaction vector.

For m = 2 condition (6.4) becomes identical to (6.3). So the condition of CV
for both the designs dgl) and d% are identical. In Table 6.3 we give the four
interaction vectors corresponding to the four interaction effects along with the
value of |21, + 2, — 54 — Teu|, Vu for the design dgl). So from Table 6.3 we see

that for all the 2-factor interaction vectors of dél) we have
|$1u + Toy — Tsy — x6u| = Bavu (65)

which is constant independent of u. Hence given this 3> CV design we have
shown mathematically that if any of its run is replicated any number of times,
the replicated design also satisfies the CV property. The CV expression for the

replicated design is given as

Var(52u> o 1 _ TTeTs + TTele + T1T5T6 + T2T5T6
o? X;uPRX;u 9T1T2T5T6 '

(6.6)

From the variance expression in (6.6) we see that it does not depend on the
replication of the runs (1,2) and (2,1) which gives the columns of zeroes in the

. . . 1 . . .
projection matrix of dé ). Here are the expressions of wls in terms of the rls, i =
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r5r6 + 12 (15 + T6)

= rorsre + 11 (1576 + T2 (15 4 76))
B 576
w2 = Torsre + 11 (1516 + 12 (15 + 76))
N 7276
Ws = 25T —|—7”1 (7’57“6 —|—T2 (7“5 +T6))
. 7275
0 25T —|— 1 (7”57‘6 + D) (7“5 —|— 7”6))
W — 516 + 71 (15 + 76)
> rorsre + 11 (rs5re + 1o (15 4 16))
- 176
we = rorsre + 11 (1516 + 72 (15 + 7%6))
- T1T's
W= rorsre + 11 (1576 + T2 (15 4 16))
1
wg = —
T3
1
W9 = —
Ty
S rore + 11 (r2 + 76)
rorste + 11 (1576 + T2 (15 + 76))
. 172
Wi rorsre + 11 (r5re + 72 (15 + 16))
rors + 11 (19 + 75)
W12 =

rorsre + 11 (1576 + 12 (15 +716))

Theorem 7. The design dél) remains C'V after replicating any of its runs any

rirers5+ri1rare+rirsre+rarsre
9r1rorsre .

number of times with the C'V value

Proof. The Theorem follows from (6.2), (6.5) and (6.6). O
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6.3 Some More Balanced Designs Connected to
ds”

In this section we present some more designs which have similar CV property
as that of the design dg) w.r.t the general replications of the runs presented in the
previous section. Some of these designs are balanced and are isomorphic to dél)
w.r.t the runs. Also we characterize the CV property of these designs in terms
of the determinant of the inverse of the respective variance-covariance matrices of
the parameter estimators. So instead of calculating the variance of the 2—factor
interaction estimators only the determinant condition can be checked to identify
the CV design. We consider the balanced 3? designs for n = 6 and find out how
many of them satisfy the CV property by checking the determinant condition.

In Table 6.4 we present 30 more 3? designs all of which remain CV after
replicating any of their runs any number of times. So all of these 30 designs have
identical property as dgl) w.r.t the replication of the runs. From Table 6.4 we see
that the design # 30 can be obtained from the design dgl) by renaming "0” as ”1”
and 71”7 as 70”. The design # 2 can be obtained from dél) by renaming ”0” as
727 and "2” as "0”. The 27" design in the set is obtained from the design # 30
by renaming ”2” as "1” and ”"1”7 as "2”. So all these four balanced designs are
isomorphic to one another w.r.t the replications and the runs as well. In 32 factorial
experiment the three pairs of balanced runs are {(0,2),(2,0)}, {(0,1),(1,0)} and

{(1,2),(2,1)}. From computer check we found that 3* designs with distinct runs

are CV only for n = 6. We find out the balanced designs which are CV for n = 6.
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Table 6.4: 32 CV Designs Which Remain CV for Any Replication
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Table 6.5: Balanced 32 CV Designs

I 17 177
0]2 0]2 0]1
210 210 110
112 110 112
2|1 01 211
2|2 2|2 2|2
T | x T | T T |

We fix the run(2,2) and choose any two pairs from the three balanced pairs and
add one run from the remaining set {(0,0),(1,1)}. In Table 6.5 we present the
balanced designs with fixed (2,2) and the added run (z,z), x € {0,1}. We have

Var () 1xyx3)

= e ©.7)

where X7 is the design matrix corresponding to the general mean and main effects
and the design matrix X ) corresponds to the general mean, main effects and the
u'" 2—factor interaction effect, u = 1(1)4. From (6.7) we see that a design is CV
iff
| X @' X | = constant, Vu.

We present the | XX ®| Wy in terms of z for the three balanced designs in
Table 6.6. In Table 6.7 we present the determinant value of X ™' X ® vy for both
x =0 and x = 1. From Table 6.7 we see that for design I all the determinants
are equal to 11664. So both (1,1) and (0,0) gives CV design. For design I for
both x = 0 and = = 1 all the determinants are equal to 11664. So both (1,1) and
(0,0) gives CV design. For the design I for z = 0 all determinants are equal to
11664 and hence (0,0) gives a CV design. But for z = 1, | X P15 x (B1BD)| —
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Table 6.6: | X' X | for the Balanced Designs

I
X% 5. X poo] | 11664 — 699847 + 12830422 — 699842 + 116647
| X2 52 X p2sz| | 11664 + 116640z + 17496027 — 5832002 + 291600z

X'y 02X g g2 11664 + 116642 — 8748z — 5832x° + 2916z*
3132 109
[ X 525, X 52, 11664 + 11664z — 874827 — 58322% + 291627
I7

[ X", 5. X p,5,] | 11664 — 69984z + 12830427 — 6998427 + 116642
| X252 X p2pz| | 11664 — 699847 + 8164827 + 699842 + 116642
X5, 52X ] | 11664 — 349922 + 3790827 — 1749627 + 29162
X 25, X g, | 11664 — 349922 + 3790827 — 1749627 + 29162

117

X7 5. X 5,13, 11664 — 69984z + 12830427 — 699842° + 116642

| X 52 52 X p2sz| | 104976 — 769824 + 190123227 — 17962567 + 5715362
X5, 52 X 5,152 4665622 — 4665627 + 116642

X g2, X 525, 4665622 — 4665677 + 116642

Table 6.7: Value of | X' X ™| vy for z =0 and z = 1

Design [ Design 11

U r=0]|z=1 U r=0] z=1
BB, | 11664 | 11664 BBy | 11664 | 11664
B#B3 | 11664 | 11664 B?B3 | 11664 | 104976
By B3 | 11664 | 11664 BB | 11664 0
B?B, | 11664 | 11664 B?B, | 11664 0

Design 111
U r=0|z=1

BB, | 11664 | 11664
B2ZBZ [ 104976 | 11664
BBZ| 0 | 11664
BXB, | 0 | 11664

84




|X(B%BQ)’X(B%BQ)| = 0 and hence the design I7 with (1,1) does not satisfy the
design condition. Hence (1,1) does not give a CV design. For design II1 for
x = 0, | XBBY (BB — | x (BB x (BiB2)| — 0 and hence (0,0) does not
work. But x = 1 gives all the determinants equal to 11664 and hence this design
with (1,1) is a CV design. Thus we get four balanced designs which are CV
and these four designs are the ones isomorphic to one another already discussed.
The design I with x = 0 is the design dél), design I with x = 1 is the design
# 30 in Table 6.4, design Il with x = 0 is design # 2 in Table 6.4 and the
design II] with z = 1 is the design # 27 in Table 6.4. From Table 6.6 we
see that | X (BB x (B1B)| — | X (BiB2) X (BiB2)| for all the three designs. This
can be seen from the fact that the columns of XP1%2) are linear combinations

of the columns of X B152)

or vice versa and determinant does not change for
elementary operations on the columns of a matrix. For example the 6/ column of
X (BiB2) can be obtained by (2m — 3rd — 4th 4 5t — 6) columns of X153 and

this representation is unique since these matrices are full rank matrices. For any

w1 # uy and n x n design matrices X ™) and X 2
X)) — pxuw) |X(U2)'X(uz)| _ ‘X(UI)IDIDX(UI)| _ |X(“1)'||D/D||X(“1)|,

where D (n x n) is the matrix of elementary operations. Hence |D'D| = 1 =
Var(Ba,) = Var(Ba,). Thus for every pair (uy, us) if there exists a D such that
X2 = pX®) hoth X™) and X ™) being square matrices, then the design is

CV.
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Table 6.8: 3% Design Extended to 3% Design

D, D,
By, | By B, | By | Bs
210 21010
0| 2 01210
2 |1 211 2
1] 2 1122
010 00| 2
010 01070
2| 2 2121
2| 2 212 2

6.4 32— 3° Common Variance Design

In this section we present the conditions of obtaining a 3> CV design whose
every pair of columns is formed of the runs of a 32 CV design. So without even
calculating the variance of the 2—factor interaction estimators of the 3% design,
we can check its CV property by verifying these conditions obtained from the 32
CV design. Conditions are obtained by taking the example of the design dél) as
the 32 CV design and the design d'y) for m = 3 as the 3% design.

In a 32 factorial experiment denote the 3 factors by By, By and Bs. There are
one general mean, 6 main effects and 12 2—factor interaction effects. Consider
the model M, Vu in (1.3.1) for k¥ = 1 in Chapter 1 for 3* experiment. In each
model there are 8 parameters and hence we need designs with at least 8 runs in
order to estimate all of them. Consider the 3? design D; with n = 8 runs by
replicating the runs (0,0) and (2,2) twice which is extended to the 3* design D,
with n = 8 runs as presented in Table 6.8. From Table 6.8 we see that all the runs

of the 3% design are present in every pair of columns of the 3% design and also the
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runs are replicated in the same way in both the designs. We already know that
both of these designs are CV since D; is the replicated design obtained from dgl)
and Dy is the CV design dy for m = 3 presented in Chapter 5. Consider the
columns corresponding to the factors B; and B, of the 3% design D,. The runs
corresponding to B; and B, are identical to the runs of the 32 design. For the u!"
model let the design matrix of D; be X §“> whose columns correspond to u, By,
B2, By, B2 and u = B®BY, a, 8 € {1,2} and the design matrix of Dy be X{"
whose columns correspond to p, By, B?, By, B3, B3, B3 and u for the interactions
corresponding to By and By. Now we make some re-arrangements in the columns
of Xg“) and write them in the order: u, By, B?, By, B3, u, Bs, B3. Then Xgu)
can be written as
Xy = (Xé“)ixl),
where X consists of the columns corresponding to Bz and BZ. So we have

X(Qu)/X(Qu) XSA)IXl

X’1X§u) X1X
u u —1 Au Bu
o (xrx) ™ - ,
c., D,

where
A, = (ngxgu))‘l + (X§“>’X§“>)_1X§“)’X1 (X)X,
~x)x (ngxgu))” X§“>’X1] B X, x (" (ngxgﬂ)” . (6.8)
Writing W, = X (Xg“)’X§“>>1X§“>’, M, = [X,X, - X!W,X,]" and
Z,= (Xg")/X§")>_1 XX, (6.8) becomes
A, = (Xgu>'xgu>)1 v Z.M,Z.. (6.9)
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We are only interested in the last diagonal element of the matrix A, which is
proportional to Var (BQU) The last diagonal element of <X é“)/X §U)>_1 is inde-
pendent of u since the design D; is CV. So we need to show that the last diagonal
element of the matrix Z,M ,Z! in (6.8) is constant independent of u. The ma-
trix X; and hence (X} X)) are independent of u since X; does not contain any

interaction vector. For D; we have
W, = same, Vu.
From the expression of M, we have
W, = same = M, = same, Yu. (6.10)

Now the last diagonal element of Z,M ,Z' is the last row of Z, multiplied by
M, multiplied by the last column of Z! which is same as the last row of Z,.

Hence

Last row of Z, is same, Vu

= Last diagonal element of Z,M ,Z!, constant,Yu. (6.11)

For D, we observe that the last row of Z, is same in magnitude of its elements,

Vu. Hence we have

Last row of Z,, = same,Vu in absolute value of the elements and
W, = same,Vu
= Var (BQU) = constant,Vu. (6.12)

This result can be shown by taking any pair of columns of the design Dy and
rearranging the runs according to that of the design D; and forming the matrices
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X g“) and X, appropriately. In the following we present the matrix W, which is

same for all u:

000O0¢O05 05 0 0
000O0O05 05 0 0

0000 O 0 05 05

0000 O 0 05 05

We present the matrix M, and the vector Z, whose last row is constant in

magnitude of its elements in Table 6.9.

Theorem 8. A 33 design whose every pair of columns contains a 3% CV design, the
runs being replicated in the same way, is CV if W, = X(zu) (X(Qu)/Xéu)>l Xé“)’
is same, Yu and the last row of Z, = (Xé“)/X§“)>_1 X' X is same in absolute
value of its elements, Yu, where X, corresponds to the ut" interaction of the 32
design and X corresponds to the main effects of the factor not present in the 3

design.

Proof. The Theorem follows from (6.9), (6.10), (6.11) and (6.12). O
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Table 6.9: M, and Z,

Interaction M, 7z,
—0.1667 1.5
0.3333 —0.5
05 —1.667 0 05
BB, (—1.667 2.778) 0.3333 —0.5
0 05
—0.8333 0.5
15 05
—0.5 0
BB < 0.5 —1.667) —0.8333 0
~1.667  2.778 —0.5 0
—0.8333 0
—0.8333 0.5
0.6667 1
0.3333 —0.5
) ( 0.5 —1.667) —0.8333 0
B, B3
—1.667  2.778 —0.8333 —0.25
—0.4167 —0.25
—0.8333 0.5
0.6667 1
—0.5 0
) 05 —1.667 0 —0.5
BiBs (—1.667 2.778) 0.75  —0.75
~1.25  0.25
0.8333  —0.5
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Chapter 7

2"Ma % 3" Factorial Experiment

7.1 Chapter Summary

In this chapter we consider mixed level factorial experiments where different
factors are at different levels. In the first two sections we express the treatment
effects in terms of the factorial effects for such factorial experiments. In the latter
sections we check for the CV property of the mixed level designs and obtain
conditions of CV on the replications of the design runs when unreplicated design
does not possess CV property. Also we obtain designs which satisfy the CV
property within groups of similar interactions. Here is the summary of what

we present in each section:

e (Section 7.2): Up to and including Chapter 6 we only presented designs
for factorial experiment with factors each at three levels. In many scientific
experiments it is necessary to consider designs with combinations of different

factors at different levels. A more general setting is an asymmetrical factorial
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experiment where some factors are each at two levels, some are each at three
levels and so on. In particular we consider a factorial experiment where some
factors are each at two levels and some are each at three levels only. In this
section we present the factorial effects of the mixed experiment and express

them in terms of the treatment effects.

(Section 7.3): In this section we illustrate the relations between the factorial
effects and the treatment effects with different examples. In particular we
present examples for factorial experiments with one and two factors each at

two or three levels.

(Section 7.4): The unreplicated full factorial design for factorial experiment
with one factor at two levels and the other factor at three levels gives differ-
ent values to the variance of its two-factor interaction estimators. Therefore
to obtain CV designs we consider different replications of the six runs of this
design. In this section we present some structured replications of this full
factorial design and for one particular type of replication we found condition
on the replications for the replicated design to be CV. If this condition is
satisfied by the replicated full factorial designs then variance calculation is
not needed to check for the CV property. For all other types of structured
replications it is found that the variances of the 2—factor interaction estima-
tors can never be equal. Also for each type of replications we compare the
variance of the 2—factor interaction estimators obtained from the separate

models with the ones obtained from the full model.
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e (Section 7.5): In this section we obtain the variances of the two-factor in-
teraction estimators expressesd in terms of the general replication of the six
runs of the full factorial simplest mixed design. But finding condition of CV
on the general replications is computationally very tedious. Hence we con-
sider different replications within a range and replicated designs are obtained
which are not CV but the variances of the interaction estimators are close to
one another with very small differences. For the general replication also we
compare the variances of the 2—factor interaction estimators obtained from

the separate models with the ones obtained from the full model.

e (Section 7.6): In this section we consider mixed designs for factorial exper-
iment with some factors at two levels each and some at three levels each
which are not CV but they give equal variance within the different groups
of 2—factor interaction estimators. The search of CV designs for different
number of runs for the mixed level experiment is computationally challenging
as the number of factors becomes large. So instead of finding designs giv-
ing equal variance to all 2—factor interaction estimators, we present designs

which give equal variance within groups of similar interaction effects.

7.2 Factorial Effects in Terms of Treatment Ef-

fects

Consider mixed level factorial experiment of the form s"* x s52 x ... x s,

where s; (s; > 2) is the level of the i* factor m;, i = 1(1)t and s;’s are all dis-
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tinct. In particular we take s = 2 and s = 3 and all s, = 0, i = 3(1)t,
i.e, some factors are at 2 levels and some at 3 levels only. Denote the m,
factors each with 2 levels by Ay, Ao, ..., A, and m, factors each with 3 lev-

els by By, Bs,...B,, . Denote the levels of the factors of the 2™« factorial ex-

be

periment by (z1, xa,..., x,,) and the levels of the factors of the 3™ experi-
ment by (y1, y2,..., Ym,) and thus a treatment of 2™ x 3™ experiment is of
the form (mla L2y -5 Tmgs Y15 Y2, -+, ymb)> Tp € {071}a Y; € {07172}a i =

1(1)mg,, j = 1(1)my. Any factorial effect of 2™« x 3™ factorial design can be
represented by AT A2 . Anme BRBP Bff;”, a; € {0,1}, B; € {0,1,2}, i =
1(1)mg, 7 = 1(1)mp. When m; = 0 we have 2™ factorial experiment and the
factorial effects are represented as AT AS? ... A, a; € {0,1}, i =1(1)m,. In
the following we define the factorial effects in terms of the treatment effects for a

2™ factorial experiment:

2ma*5aA?1A32 . Aﬂ{“j“ = {az1+... .+ am,Tpm, =1}

+ (—1)6a {alxl 4+ ...+ Am,Tm, = O} y

where

0, ag+as+...+ay, =0
50 = , (7.1)

1, 1§a1+a2+...—|—ama§ma

(alao@a"'a&ma)v 5(1:]-
(a1,a9, ... 0n,) =

(1—ap,l—ag,...;, 1 —ap,), 0,=0
The expression {a121 + ...+ tm, Tm, = Ca}, ca € {0,1} in (7.1) represents the
number of treatments satisfying the condition aix; + ... + ap,, 2, = ¢, under
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mod (2). If all o;’s are zero then the factorial effect becomes the general mean
denoted by p. Similarly, when m, = 0 we have 3™ factorial experiment and
the factorial effects are represented as Ble§2 . ..B,’?{:”, B; € {0,1,2},. In the
following we define the linear and the quadratic factorial effects for a 3™ factorial

experiment respectively in terms of the treatment effects:

Linear: 3™~ %BM" B . Bﬁfgb ={biys + ...+ by Ym, = 2}
-+ (1 - 51)) {b1y1 + ...+ bmbymb = 1}

+ (=) {biys + - . . + by, Yy, = 0}, (7.2)

Quadratic: 3™ % BB Bfnrzb ={biys + ...+ by Ym, = 2}
+(=2)" {bayr + .- + by Yumy, = 1}

+ {blyl 4+ ...+ bmbymb = 0} s (73)

where

0, fi+pBa+...4+Bm =0
(Sb: )

1, 1<Bi+B+...4 B, <2my

(617527"‘7/877’%)7 5[):1
(br,bo. ... b)) = .

(1=031,1=PB2,...,1=Pp,), =0

The expression {b1y1 + ...+ bmyYm, = ), & € {0,1,2} in (7.2) and (7.3) repre-
sents the number of treatments satisfying the condition biyy + ... + by, Um, =
under mod (3). For the linear effect the first non zero f, is 1, ie, f; = [ =
co. = Pu_1 =0, B, =1 . For the quadratic effect the first non zero 3, is 2, i.e,
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Bi=P0r=...=Bu1 =0, B, =2 If all §;’s are zero then both the linear and
the quadratic factorial effects become the general mean denoted by p. We define
the factorial effects of 2™+ x 3™ factorial experiment as follows:

Linear in B :

9ma—bagmy=ty A1 02 | A%mapOLpBz | pim
=[{aiz1 + ...+ amytm, = 1}
(=1 {aymy + . A Ay T, = O}]
Q@ [{biys + - - + by Yy, = 2}
+ (1= 0p) {brys + .. + by Y, = 1}

+ (—1)5" {biyr + ... + by Ym, = 0}] ,

Quadratic in B :

gma—dagmp=dy AN A%2 | A%ma BB gl
=[{az1 + ...+ apm,tm, = 1}
+ (—1)6“ {arx1 + .. 4 apm, T, = O}]
@ [{biys + - - + by Y, = 2}
+(=2){brys + ... + by Ym, = 1}
+{biys + ... + by Ym, = 0},
where {a1z1 + ... + Uy T, = Ca}@{b1Y1 + ... + by, Ym, = b} represents the num-

ber of treatments of the form (z1, ©2,..., Tm,, Y1, Y2,---, Um,), i € {0,1}, y; €
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{0,1,2}, 4 = 1(1)mg, 7 = 1(1)my for a 2™ x 3™ factorial design satisfy-
ing the conditions ayz1 + ... + Up,Tm, = CayCa € {0,1} under mod(2) and

biyr + - .. + by Ymy, = b, & € {0, 1,2} under mod (3) simultaneously.

7.3 Illustration

For the illustration of the expression of factorial effects in terms of the treat-
ment effects we consider four choices of (mq,mp) @ (1,1),(1,2),(2,1),(2,2).

Table 7.1 considers the case m, = 1 and m; = 1.

Table 7.1: Treatment Effects and Factorial Effects for 2 x 3 Factorial Experiment

2 Factors: A; at 2 levels and B; at 3 levels
Treatment/Treatment Effects | (0,0), (0,1), (0,2), (1,0), (1,1), (1,2)
Factorial Effects w, Ay, By, B, A|B,, A\ B?

The factorial effects for 2 x 3 experiment are represented in terms of the treat-

ment effects in the following:

6p=[{z1 =1} +{z1 =0}/ ® {y1 = 2} + {y1 = 1} + {y1 = 0}],
341 = [{z1 =1} —{z1 =0} @ [{ya = 2} + {y1 =1} + {51 = 0}],
2By = [{z1 = 1} + {21 = 0}] @ {1 = 2} — {y1 = 0}],
2B} = [{z1 =1} + {21 = 0}] @ [{yn = 2} = 2{y1 = 1} + {y1 = 0}],

A1Br = {1 =1} —{z1 = 0} @ [{yn = 2} — {y1 = 0}],

AiBf =[{z1 =1} —{z1 = 0}]® [{y1 = 2} — 2{y1 = 1} + {y1 = 0}].

In matrix notation the above expressions can be written as:
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6 1 1 1 1 1 1 (0,0)
34, -1 -1 -1 1 1 1 (0,1)
2B, -1 0 1 -1 0 1 (0,2)
2B2 1 -2 1 1 -2 1 (1,0)
AB, 1 0 -1 -1 0 1 (1,1)
A,B? -1 2 -1 1 -2 1 (1,2)

Table 7.2 considers the case m, = 1 and m;, = 2.

Table 7.2: Treatment Effects and Factorial Effects for 2 x 32 Factorial Experiment

3 Factors: Ajat 2 levels, B; and B, at 3 levels

(0,0,0), (0,0,1), (0,0,2), (0,1,0), (0,1,1), (0,1,2),
(0,2,0), (0,2,1), (0,2,2),(1,0,0), (1,0,1), (1,0,2),
Treatment Effects (0,1,0), (0,1,1), (0,1,2), (1,2,0), (1,2,1), (1,2,2)

u, A1, By, B% By, B§7 B1Bs, B%Bg, BlBg7 B%Bg, A1 By,
Factorial Effects A1B?, A1By, A1B%, A1 B1Bs, AyB?B2, A\BB3, A\ B} B,

The factorial effects are represented in terms of the treatment effects in the
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following;:

Bu=[{r1 =1} +{z1 =0} @ {1 +y2 =2} +{y1 +y2 = 1} + {y1 + 2 = 0}],
941 = [{z1 =1} {21 = 0} @ [{yr + 92 = 2} +{y1 +v2 = 1} + {1 + y2 = 0}],
681 = [{z1 =1} +{z1 = 0}] @ {1 = 2} — {1 = 0}],
687 = [{w1 =1} +{z1 = 0} @ [{yn = 2} — 2{y1 = 1} + {y1 = 0},
6Bz = [{z1 =1} + {z1 = 0}] @ [{y2 = 2} — {y2 = 0}],
683 = [{w1 =1} + {21 = 0} @ [{y2 = 2} — 2{y2 = 1} + {52 = 0},
34181 = [{z1 =1} —{z1 = O} @ [{yr = 2} = {yn = 0},
3B} = [{w1 =1} —{o1 =0} @ [{yn = 2} = 2{y1 = 1} + {31 = 0}],
341By = [{z1 = 1} — {21 = 0} @ [{y2 = 2} — {42 = 0},
3A1B3 = [{z1 =1} —{z1 = 0} @ [{y2 = 2} — 2{y2 = 1} + {32 = 0}],
681 By = [{z1 = 1} +{z1 = 0} @ [{yn + 42 = 2} — {51 +v2 = 0}],
6BYB3 = [{z1 =1} + {21 =0} @ [{yn + 2 =2} = 2{y1 + 40 = 1}
+{y1 +y2 = 0}],
68185 = [{z1 = 1} + {21 = 0}] ® [{yn + 292 = 2} — {y1 + 22 = 0}],
6BIB> = [{w1 = 1} + {w1 = 0}] @ [{y1 + 2y2 = 2} — 2 {31 + 2y2 = 1}],
3A1B1By = [{z1 =1} — {21 = 0} @ [{y1 +y2 = 2} — {y1 + 42 = 0}],
3A1BIB; = [{z1 =1} —{z1 = 0} @ [{yn + 92 =2} = 2{y1 + 52 = 1} + {y1 + 2 = 0}],
3A1B1B; = [{w1 =1} — {1 = 0}] @ [{n + 22 = 2} — {y1 + 22 = 0}],
BA1BIBy = [{w1 =1} — {z1 =0} @ [{yn + 252 = 2} = 2{pn + 22 = 1}

+{y1 +2y2 = 0}].
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In matrix notation the above expressions can be written as:

18
9A;
681
2
687
632
2
682
3A1 B,
3A1B?
3A1B2
3A; B2
681 B2
2 p2
6B% B2
2
681 B2
2
6828,
3A1B1 B
22
3A1B}B?
3A1B1B2
3A1B%B;

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 (0,0,0)
-1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 1 1 1 1 1 (0,0,1)
-1 -1 -1 0 0 0 1 1 1 -1 -1 -1 0 0 0 1 1 1 (0,0,2)

1 1 1 -2 -2 -2 1 1 1 1 1 1 -2 -2 -2 1 1 1 (0,1,0)
-1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 (0,1,1)

1 -2 1 1 -2 1 1 -2 1 1 -2 1 1 -2 1 1 -2 1 (0,1,2)

1 1 1 0 0 0 -1 -1 -1 -1 -1 -1 0 0 0 1 1 1 (0,2,0)
-1 —1 —1 2 2 2 —1 -1 —1 1 1 1 —2 -2 -2 1 1 1 (0,2,1)

1 0 —1 1 0 —1 1 0 —1 —1 0 1 —1 0 1 —1 0 1 (0,2,2)
—1 2 —1 —1 2 —1 —1 2 -1 1 -2 1 1 -2 1 1 -2 1 (1,0,0)
—1 0 1 0 1 -1 1 -1 0o -1 0 1 0 1 -1 1 -1 0 (1,0,1)

1 -2 1 -2 1 1 1 1 -2 1 -2 1 -2 1 1 1 1 -2 (1,0,2)
-1 1 0 0 -1 1 1 0 -1 -1 1 0 0 -1 1 1 0 -1 (1,1,0)

1 1 -2 -2 1 1 1 -2 1 1 1 -2 -2 1 1 1 -2 1 (1,1,1)

1 0 -1 0 -1 1 -1 1 0 -1 0 1 0 1 -1 1 -1 0 (1,1,2)
-1 2 -1 2 -1 -1 -1 -1 2 1 -2 1 -2 1 1 1 1 -2 (1,2,0)

1 —1 0 0 1 —1 -1 0 1 -1 1 0 0 —1 1 1 0 -1 (1,2,1)
-1 —1 2 2 -1 —1 —1 2 —1 1 1 -2 -2 1 1 1 -2 1 (1,2,2)

Table 7.3 considers the case m, = 2 and m;, = 1.
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Table 7.3: Treatment Effects and Factorial Effects for 22 x 3 Factorial Experiment

3 Factors: A; and A, at 2 levels, Byat 3 levels

(0,0,0), (0,1,0), (1,0,0), (1,1,0), (0,0,1), (0,1,1),
Treatment/Treatment Effects (1,0,1), (1,1,1), (0,0,2), (0,1,2), (1,0,2), (1,1,2)
w, Ay, As, A1As, By, B?, A1By, A1 B?,
Factorial Effects AsBy, AyB?, A1 AsBy, A1 Ay B?

The factorial effects are represented in terms of the treatment effects in the

following;:

12p = [{a1 + 22 =1} + {21 + 22 = 0} @ [{yn =2} + {y1 = 1} +{m1 = 0}],
641 = {z1 =1} —{z1 = 0} @ [{yn = 2} +{y1 = 1} + {1 = 0}/,
64z = [{2 = 1} — {2 = 0} @ [{s =2} + {51 = 1} + {ws = 0}],
64142 = {z1 + w2 =1} — {1 + 22 = 0} @ {yn = 2} +{yas = 1} +{y1 = 0},
4By = [{z1 + 22 = 1} +{z1 + 22 = 0} @ [{y1 = 2} — {yn = 0}],
4B} = [{z1 + a2 = 1} + {z1 + a2 = 0} @ [{yn = 2} — 2{y1 = 1} + {1 = 0}],
241 By = [{z1 =1} — {1 = 0} @ {yn = 2} — {1 = 0},
2A4,Bf = [{z1 =1} — {z1 = 0}] @ [{y1 = 2} — 2{y1 = 1} + {1 = 0}],
2458y = [{xa =1} — {22 = 0} ® {yn = 2} — {y1 = 0}],
24,87 = [{we = 1} — {z2 = 0} © [{y1 = 2} — 2{y1 = 1} + {yn = 0}],
2414581 = [{z1 + 22 =1} — {z1 + 22 = 0}] ® [{y1 = 2} — {y1 = 0},

QAlAgB% = [{Il + 19 = 1} — {1171 +I9 = 0}] X [{y1 = 2} — Q{yl = 1} + {y1 = 0}] .
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In matrix notation the above expressions can be written as:

12u
6A,
6As
6A1 A
4B,
4B2
2A, By R
2A,B?
24,8,
24, B?
2A1A5B,
2A, A, B?

1 1 1 1 1 1 1 1 1 1 1 11/ (000
-1 -1 1 1 -1 -1 1 1 -1 -1 1 1 (0,1,0)
-1 1 -1 1 -1 1 -1 1 -1 1 -1 1 (1,0,0)

1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 (1,1,0)
-1 -1 -1 -1 0 0 0 0 1 1 1 1 (0,0,1)

1 1 1 1 -2 -2 -2 =2 1 1 1 1 (0,1,1)

1 1 -1 -1 0 0 0 0 -1 -1 1 1 (1,0,1)
-1 -1 1 1 2 2 -2 -2 -1 -1 1 1 (1,1,1)

1 -1 1 -1 0 0 0 0 -1 1 -1 1 (0,0,2)
-1 1 -1 1 2 =2 2 -2 -1 1 -1 1 (0,1,2)
-1 1 1 -1 0 0 0 0 1 -1 -1 1 (1,0,2)

1 -1 -1 1 -2 2 2 -2 1 -1 -1 1 (1,1,2)

Table 7.4 considers the case m, = 2 and m, = 2.
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Table 7.4: Treatment Effects and Factorial Effects for 22 x 32 Factorial Experiment

4 Factors: A; and Az at 2 levels, B1 and Bs at 3 levels
(0,0,0,0), (0,1,0,0), (1,0,0,0), (1,1,0,0), (0,0,1,0), (0,1,1,0),
(1,0,1,0), (1,1,1,0), (0,0,2,0), (0,1,2,0), (1,0,2,0), (1,1,2,0),
(0,0,0,1), (0,1,0,1), (1,0,0,1), (1,1,0,1), (0,0,1,1), (0,1,1,1),
(1,0,1,1), (1,1,1,1), (0,0,2,1), (0,1,2,1), (1,0,2,1), (1,1,2,1),
(0,0,0,2), (0,1,0,2), (1,0,0,2), (1,1,0,2), (0,0,1,2), (0,1,1,2),
Treatment Effects (1,0,1,2), (1,1,1,2), (0,0,2,2), (0,1,2,2), (1,0,2,2), (1,1,2,2)
p, A1, Aa, A1Az, B1, B}, By, B2, B1Bs, B?B2, B1B2, BB, A1B1,
A1B?, AyBq, A2B2, A1Ba, A1B2, A2Bs, AaB2, A1A2B1, A1A2B?
A1A2Ba, A1A2B2, A1B1B2, A1B?B2, A1B1B2, A1B?Bs, AyB1Bo,
Factorial Effects | AyB?B2, AyB1B3, A2B?Ba, AyA3B1Bs, A1 A3 BYB2, A1 A2 B1B3, A1 A2 BB

The factorial effects are represented in terms of the treatment effects in the

following;:

36p = [{z1 + 2o = 1} + {z1 + 22 = 0 @ [{y1 +y2 = 2} + {y1 +y2 = 1} + {y1 + 12 = 0}],
184; = [{z1 =1} — {21 = 0}] ® [{y1 + 92 =2} + {y1 +y2 = 1} + {y1 +y2 = 0}],
1843 = {zg =1} = {z2 = 0} @ [{y1 +v2 = 2} + {m1 + 42 = 1} + {y1 +y2 = 0}],
184142 = [{w1 + a2 =1} — {1 + 22 = 0} ® [{y1 + 42 = 2} + {y1 +y2 = 1} + {y1 + 2 = 0}],
12By = [{z1 + w2 = 1} + {1 + 22 = 0} ® [{yn = 2} — {y1 = 0}],
12Bf = [{z1 + w2 = 1} + {21 + 22 = 0} ® [{sn = 2} — 2{y1s = 1} + {0 = 0}],
12By = [{x1 + 20 = 1} + {21 + 22 = 0}] @ [{y2 = 2} — {y2 = 0}],
128 = [{z1+2p =1} + {z1 + 22 = 0} @ [{y2 = 2} — 2{n = 1} + {so = 0}],
64181 = [{z1 =1} — {21 = 0} @ [{yn = 2} — {xn = 0}],
6418} = [{z1 = 1} — {z1 = 0}] ® [{y1 = 2} — 2{y1 = 1} + {1 = 0}].
64281 = [{wy =1} — {22 = 0} @ [{yn = 2} — {xn = 0},

64287 = [{z2 = 1} — {22 = 0} ® [{y1 = 2} = 2{y1 = 1} + {51 = 0}],
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641 By = [{w1 =1} — {21 = 0} @ [{y2 = 2} — {12 = 0},
64183 = [{z1 =1} — {21 = 0}] ® [{y2 = 2} — 2{y2 = 1} + {12 = 0}],
6428y = {2 =1} —{z2 = 0}] @ [{y2 = 2} — {12 = 0}],
64283 = [{z2 = 1} — {z2 = 0}] ® [{y2 = 2} — 2{y2 = 1} + {32 = 0}],

6414281 = [{z1 4+ 2 = 1} — {z1 + 22 = 0}] ® [{y1 = 2} — {y1 = 0}],

64142 BF = [{z1 + 22 = 1} — {21 + 22 = 0} @ [{yn = 2} — 2{yn = 1} + {11 = 0},

641428 = [{z1 4+ 2 = 1} — {z1 + 22 = 0}] ® [{y2 = 2} — {y2 = 0}],

6414285 = [{z1 + 02 =1} — {21 + 22 = 0} @ [{yo = 2} — 2 {1y = 1} + {12 = 0}],
12B1By = [{x1 + w2 = 1} +{z1 + 22 = 0} @ [{y1 +v2 = 2} —{y1 + 32 = 0}],
12B1B3 = [{z1 + a2 =1} + {z1+ 22 = 0} @ [{y1 + 92 = 2} = 2{y1 + 12 = 1}

+{y1 +y2 = 0}],
12B1B3 = [{z1 + 22 = 1} + {z1 + 22 = 0}] @ [{y1 + 292 = 2} — {y1 + 2y2 = 0}],
12BB> = [{z1 + a2 = 1} + {21 + 22 = 0} @ [{yn + 22 = 2} = 2{yn + 22 = 1}
+{y1 + 292 = 0}],

64181 By = [{z1 =1} — {21 = 0}] ® [{y1 + 12 = 2} — {y1 + 42 = 0}],

6A;BiB; = [{r1 =1} —{z1 =0} @ {y1 + 2 =2} — 2 {1 + v2 = 1} + {y1 + 32 = 0}],

6418183 = [{z1 = 1} — {21 = 0}] ® [{1 + 22 = 2} — {y1 + 22 = 0},

641 BT By = [{w1 = 1} — {21 = 0} @ [{y1 + 2y2 = 2} — 2{y1 +2y2 = 1} + {1 + 292 = 0}],

6A2B1 By = [{zo =1} — {22 = 0}] ® [{y1 + 12 =2} — {y1 + 32 = 0}],

64 BYBY = [{z2 =1} = {22 = 0}] @ [{sn + 2 =2} —2{y1 +y2 = 1} + {y1 +y2 = 0}],

6A2B1B3 = [{z2 = 1} — {22 = 0}] ® [{y1 + 22 = 2} — {y1 + 22 = 0},

6A42B7By = [{x2 = 1} — {22 = 0}] ® [{y1 + 2y2 = 2} — 2{y1 + 2y2 = 1} + {y1 + 2yo = 0}],
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6A1A2B1By = [{z1 + a2 =1} —{z1 + 22 = 0} @ [{y1 +y2 =2} — {y1 + y2 = 0}],

641 A;BiBs = [{z1+ 22 =1} —{z1 + 22 =0} @ {y1 + 12 =2} —2{p1 + 1 = 1}
+{y1 +y2 =0}/,

6A1A2B1BF = [{z1 + a2 =1} — {21 + 22 = 0}] @ [{y1 + 92 = 2} — {y1 +y2 = 0}],

6A1A9BiBy = {1 + 22 =1} —{x1 + 22 =0} @ [{y1 + 92 =2} — 2{v1 + 2 = 1}

+{y1 +y2 = 0}].

The above expressions can be written in matrix notation like the previous cases.

7.4 2 x 3 Factorial Experiment with Structured

Replication

We consider mixed factorial experiment with one factor A; at two levels and
another factor By at three levels. All possible treatments of this experiment are

given in Table 7.5.

Table 7.5: 2 x 3 Full Factorial Design

0(0j0]1 |11
0(1]2]0|1]2

In this section we consider various structured replications of the runs of the 2x 3

VaT(/BQAlBl> Var(ﬁzAlBl)

design. Without replication we find = 0.25 and = (0.0833.
Thus we see that the 2 x 3 full factorial design is not CV. We are interested in
finding replicated 2 x 3 designs that would satisfy the CV property in this mixed

factorial set up. For 2 x 3 factorial experiment there are one general mean (),
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three main effects (A;, By, B?) and two 2-factor interaction effects (A, By, A;B?).
Here we consider two models each with the general mean, main effects and one
2-factor interaction effect. Our objective is to construct designs for which the
variances of the two 2-factor interaction estimators are equal. The u‘* model is

given below:

M,: E(y)=gp+ X161 + X2uBs,, Var(y) = o*I, u= A B, Ale, (7.4)

where3, is the vector corresponding to the main effects and 3,, corresponds to
the u'® 2—factor interaction effect. We construct the design by replicating all six

treatments as presented in Table 7.6.

Table 7.6: One Kind of Stuctured Replication

A/BTO[1]2
T | T2 | T3
1 T T2 T3

The replications r1, 7o and r3 in Table 7.6 are positive integers and we see
that those runs where B; is fixed are replicated equal number of times. The total
number of runs in the design is n = 2 (11 + 73 + 73). The design matrix of the u'"

model can be expressed as X = [janlegul ’. The order of X® is (n x 5).
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The two design matrices are as follows:

— -1 -1 1 1 | — replicated r; times

1 -1 1 -1 — replicated ry times

By _ -1 0 -2 0 — replicated ry times
10 -2 0 — replicated 7y times

-1 1 1 -1 — replicated r3 times

1 1 1 1 — replicated r3 times

- -1 -1 1 -1 - — replicated r; times

1 -1 1 1 — replicated rq times

(B _ -1 0 -2 2 — replicated ry times
1 0 =2 =2 | — replicated ry times

-1 1 1 -1 — replicated r3 times

11 1 1 — replicated r3 times

where the first two rows of the matrices are replicated r; times each, the third and
fourth rows are replicated 75 times each and the fifth and sixth rows are replicated
rs times each. To obtain the variance of the two-factor interaction estimators

we need to obtain (X'(“)’X(“)> , u = A By, A|B?. To present the matrices
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<X<A131)'X(A131)) and (X(AIB%)'X(AlB%)> define the following;:

p = 2(ri+ro+r3),
q = 2(rz—m1),
r = 2(r;+1r3) — 4ry,
s = 2(r; +rs)+ 8ry,
u = 2(ri+r;).

Hence we have

X (A1B1) x(A1B1) _

X (A1B?) x (A1BY) _

r 0 g s 0

0 g 00 s

Now, the variance of the u'* 2—factor interaction estimator is proportional to
—1
the last diagonal element of the variance-covariance matrix (X Wy x (“)> U =

AlBh AlB% We have

Var (52A131> (ri+ 712 +13)
02  2(ryrg +rors + dryrs)’

Var (52A13%> _ (7"1 +7r9 + 7'3) (7 5)
o? 18y (1 1) '
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We want to find condition on rq, ro and r3 that will give CV designs. The two

variances presented in (7.5) will be equal iff the following condition holds:

(T1+T’2+7’3) . (7”1"‘7"2"‘7’3)
2 (7"17”2 —+ 973 + 4T1T3> 187"2 (7’1 -+ 7”3)
T3
S 2ry = ——, 7.6
2 (7’1 + 7”3) ( )

Any ry, ro and r3 satisfying (7.6) gives CV design. We obtain solutions of (7.6).
The 79 is a positive integer equal to k (say), which implies ity = 2k from (7.6).

However taking r3 = ary, where a (> 0) is any number satisfying o = :—f, we get

173 o

— = =2k
(ri1+1;3) (1+a)
=>r = 2]€<1+a)
«

(1+a)

Since ry is a positive integer, 2k should also be a positive integer. The Table
7.7 shows some possible solutions of (7.6) along with the values of a and the

number of runs in each case.

Table 7.7: Possible Replications to have Equal Variance

a |1 |re|rg | n=2(r1+re+73)
1 4 |11 4 18
1 8 12| 8 36
1 121 3 |12 54
1 16 | 4 | 16 72
1 20| 5 |20 90
2 31116 20
2 6 | 2|12 40
2 91 3|18 60
4 51 2 1|20 54
/42025 54
126 |1]3 20
121226 40
121839 60
2/3 15| 3 |10 56
3/2 10| 3 |15 56
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Now if we consider equal replication of all the runs, i.e, r; = ro = r3 = r, then

Var <32A131> B i

o2 4y (7.7)
Var <52A135> 1
o2 12r°

(7.7) implies that equal replications cannot make the two variances equal. The
equal replication case is presented later in detail. The design with smallest number
of runs satisfying (7.6) has r; = 4, 7, = 1 and r3 = 4 and is presented in Table

7.8.

Table 7.8: Replicated CV Design with n = 18

ojojojoy1j1rj1rj1y041j{0{0j01011J1{1]1
0/0j0J010]0O]jOJO}T|1]|2]|2]|2|2|2]2

. ) L Var(
The total number of runs in this design is n = 18 and we get % =
Var (BQA1 B%) . . . .
———% =0.0625. Next we compare the variances of the interaction estimators

o

already obtained from the separate models with the ones obtained from full model
and check if the condition of CV on the replications remain same in both the cases.

We consider the full model of the 2 x 3 experiment as follows:

M: E(y)=j,p+ X118, + X8, Var(y) = oI, (7.8)

where 3, is the vector corresponding to the three main effects and 3, is the vector

corresponding to the two 2—factor interaction effects. From the model in (7.8) we

write X = [jan 1: X 2]. Using the replications given in the Table 7.6 we want

to obtain (X'X )_1 to get the variances of the interaction estimators. We present
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the matrix (X'X) in the following:

2(r1 +r2+1r3) 0 2(rs—mr1) 2(r1+r3) —4rs 0 0
0 2(T1+7‘2+T3) 0 0 2(7‘3—7’1) 2 (r1 +7’3)—47'2
2(T3—7‘1) 0 2(T1 +7‘3) 2(7‘3—7“1) 0 0
X'X =
2(7"1—‘,—7’3)—47‘2 0 2(7‘3—7’1) 2(7‘1+7’3)+87‘2 0 0
0 2(7‘377’1) 0 0 2(T‘1+T3) 2(7"377‘1)
0 2(7’1+T‘3)74T2 0 0 2(7‘377‘1) 2(T‘1+7‘3)+8T2 ]

The variance-covariance matrix of the estimators of the two interaction effects is_

7"187‘2—1—7‘27”3 0
the last 2x2 block diagonal matrix of (X’ X) ™" which is e
0 r1ra+rors+4rirs
24rirors
Thus we have
Full ( A
Var <52A131) . r17ro -+ T2T3
02 87“1’/“2’/’3
Full { A
Var (521413?) _ miry +rers + 4 (7.9)
o2 N 247”17“27"3 . '

From (7.5) and (7.9) we see that the variances of the interaction effects estimators
obtained from the full model are different from those obtained from the separate
models. But if we equate the two full model variances we end up getting the same
relation among the s which is 2ry = ﬁ that makes the replicated design

CV. So the CV condition remains same in both the cases. Next we consider the

structured replication presented in Table 7.9.

Table 7.9: Another Kind of Structured Replication

A/BTO[1]2

0 T T T

1 T T2 D)

From this table we see that the replications for the runs are same where level

of A is fixed. The total number of runs is n = 3 (r; 4+ r3) . Again our objective
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is to obtain condition of CV for this particular replication considering both the
separate models and the full model. From the separate models in (7.4) we get the

following matrices:

_ 3(r1+72) 0 0 0 0 _
0 3(r1 +r2) 0 0 0
XWB x (B - 0 0 2 (r1 + o) 0 2(ro—r1) |
0 0 0 6 (r1+172) 0
0 0 2(rqg —11) 0 2(r1+r2)
_ 3(r1+r2) 0 0 0 0 _
0 3(r1 +r2) 0 0 0
X (AB) (A BY) 0 0 2 (r1 +72) 0 0
0 0 0 6(r1+r2) 6(ro—rm)
0 0 0 6(ro—1r1) 6(r1+12)

The variances of the interaction estimators are proportional to the last diagonal

element of the inverse of the matrices presented above. These are given below:

Var <B2A131> (r1+12)
o2 8y

Var (BQAle> (ri+r) (7.10)
0'2 N 247’17“2 ’ ’

From the variance expressions in (7.10) we see that they can never be equal for any
values of r1 (> 0) and ry (> 0). We want to compare these CV expressions with

the ones from the full model. Considering the full model M for the replications
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given in Table 7.9 we get the following matrix:

3(1"1 +T2) 0 0 0 0 0
0 3(r1 +r2) 0 0 0 0
0 0 2(’/“1 +’I“2) 0 2(7“2 —7“1) 0
X'X =
0 0 0 6 (Tl + 7'2) 0 6 (7’2 — 7‘1)
0 0 2(7“2 —7"1) 0 2(7“1 +’I“2) 0
0 0 0 6(re —ry) 0 6(r1 4+ r2)

The variance-covariance matrix of the estimators of the two interaction effects is

ri+re 0
proportional to the last 2x2 block diagonal matrix of (X'X ) 'whichis | *"
0 g
Hence we have
VCLTFUU (6214131) _ 8 _|_ )
o2 C 8rry
Full {3
o? 24y '

From (7.10) and (7.11) we see that the variance expressions are exactly identical.
Also from (7.11) we see that for the particular replication presented in Table 7.9
the replicated design can never be CV. Next we consider the equal replication of

all the six runs as presented in Table 7.10.

Table 7.10: Equal Replication for All Treatments

A/B
0
1
ar( B Var B 2
Considering the separate model we already had % = i and M =
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o= in (7.7). Considering the full model we have

X'X =

0 0 0 0 0 12r

~ Full | 3
Varful(Bys. g Var (BQAlBQ) ;
—(2 i) o and —2 = L which
o 4r o 12r

From (X'X)”" we have
exactly coincide with the variances obtained from the separate model. So for
equal replication of the six runs the replicated design can never be CV.

Again we consider the replication structure given in Table 7.6. Without im-
posing any condition on the replication of the runs we consider 71, rq, r3€ [1,5]
and search for the designs which may not be CV but the difference between the
variance of the 2—factor interaction estimators is as minimum as possible. The dif-
ferent replications along with the variances of the 2—factor interaction estimators

are given in Table 7.11.

Table 7.11: Replicated Designs

Var(AB) | Var(AB?)

Difference |7y |79 | 13| n . u
0 18] 0.0625 | 0.0625
(0,0.004) 18] 0.0662 | 0.0625

18 | 0.0662 0.0625
20 | 0.0562 0.0617
20 | 0.0562 0.0617
16 | 0.0727 | 0.0635
16 | 0.0727 | 0.0635

(0.004, 0.006)

(0.006,0.01)

= Q| O x| O Q| i~
e Y (Y IS (S Y S
o x| x| ot wol o i
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From Table 7.11 we see that the replication in the first row satisfies the con-
dition in (7.6) and hence the variances are equal. For all other replications the
condition is not satisfied and hence they do not give equal variance but the differ-

ence of the variances are very small.

7.5 2x3 Factorial Experiment with General Repli-

cation

In the previous section we considered structured replication of 2 x 3 full factorial
design. In this section we consider general replication for the runs of the design

without any condition on the levels of any factor. The replications are given in

Table 7.12.

Table 7.12: General Replication

A/BTO[1]2

0 T T2 T3

1 T4 | Ts Te

We want to find condition for the replicated 2 x 3 design to be CV for this

general replication. Considering the models in (7.4) we get the following two
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design matrices respectively:

1 -1 -1 1 1 — replicated r; times
1 -1 0 -2 0 — replicated ro times

1 -1 1 1 -1 — replicated r3 times

X (A1B1) _ 7
1 1 -1 1 —1 | — replicated r4 times
1 1 0 -2 0 — replicated rs times
1 1 1 1 1 — replicated rg times
- 1 -1 -1 1 -1 - — replicated r; times
1 1 -1 1 2 — replicated ro times
(B _ 1 -1 0 -2 -1 — replicated r3 times,

1 1 0 -2 1 — replicated r4 times

1 -1 1 1 =2 — replicated r5 times

11 1 1 1 — replicated rg times

where the 1" row of each of the two matrices is replicated r; times, i = 1(1)6. To ob-

—1
tain the variance of the interaction estimators we need to compute (X (wy x (“)>
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To present (X(“)’X(“)) ,u= ABy, AB}. we define the following:

a = (m4ro+rs+ra+rs+rg),

b = (ra+rs+re—ri—re—13),

c = (rs+re—r1—r4),

d = {(ri+rs+ra+re) —2ro—2rs},
e = (ri+reg—rs—ry),

f = {(ra+re—r1—r3)+2ry — 215},
g = (ri+r3+ry+re),

h = (ra+re—m —r3),

k= (ri+4rg+rs+14+4rs+76),
I o= {(rat+rg—ri—73) +drs —4ra}.

Thus (X(“)’X(“)) ,u= ABy, AB} becomes

X (A1B1) x(A1B1)
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b a e [ d
X (1B x (A1BY) _ c e g c e
d f ¢ k 1
fd e | k

-1
The variances are obtained from the last diagonal element of (X () x (“)> which

are presented below:

Var (ﬂQAlBl) rirers (T4 + 75 + 76) + 117375 (T4 + T6)
o2 {4 {(r3rars + r3rsre + r4r576) + 1213747576 F + 192 (rrorsrars + r1r3rarsre)
+r17rere (T4 + 75) + T1TATETG
4{(rgrars + r3rsre + rarsre) + rorsrarsre} + 192 (r1rarsrars + r1rsrarsre)
+rorary (s +16) + rarsre (ro +173)
4{(rgrars + r3rsre + rarsT6) + rarsrarsre} + 192 (r1rersrars + r1r3rarsre)

Var (BzAle) B {{m (rarsre + 1o (rsre + 13 (15 +76))) } + 71 [r5 (rare + 73 (ra + 16))]
o

2 o 367o75 {7"37"4’/‘6 +1r1rare + 73 (7”4 + ’I"G)}
+ro{(ra+rs)rg +r3(ra+rs+16)} }
367975 {T‘3’I“47"6 +rirare + 73 (T4 + Tﬁ)}

The design with general replication of the six runs is CV iff

Var (BQAIBI> _ Var <32Ale>

2

(7.12)

o 2

o
But (7.12) does not simplify to a descent expression and thus finding the values
of r;’s satisfying (7.12) would be a tedious task. Hence computationally it is
challenging to obtain the condition of CV for the general replication of the 2 x 3
design. Instead of solving for r;’s we consider r,...,7¢ € [1,5]. In this range we
search for the replicated 2 x 3 designs which may not be CV but gives very small
difference among the variances of the two 2—factor interaction estimators. The
replicated designs with the variances are given in Table 7.13 with the smallest

possible difference among the variances which is less than 0.004.
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Table 7.13: 2 x 3 Full Factorial Design with General Replication in the range

with Variance Difference< 0.004

1 o T3 T4 5 T6 %1 Va

3 3 1 1 5 5 0.0662 0.0625
3 4 1 1 4 5 0.0645 0.0626
3 4 1 1 5 4 0.0645 0.0626
3 4 1 1 5 5 0.0612 0.0621
3 5 1 1 3 5 0.0667 0.0630
3 5 1 1 4 4 0.0646 0.0627
3 5 1 1 4 5 0.0614 0.0623
3 5 1 1 5 3 0.0667 0.0630
3 5 1 1 5 4 0.0614 0.0623
3 5 1 1 5 5 0.0582 0.0619
4 3 1 1 4 5 0.0645 0.0626
4 3 1 1 5 4 0.0645 0.0626
4 3 1 1 5 5 0.0612 0.0621
4 4 1 1 3 5 0.0646 0.0627
4 4 1 1 4 4 0.0625 0.0625
4 4 1 1 4 5 0.0594 0.0621
4 4 1 1 5 3 0.0646 0.0627
4 4 1 1 5 4 0.0594 0.0621
4 5 1 1 3 4 0.0645 0.0626
4 5 1 1 3 5 0.0614 0.0623
4 5 1 1 4 3 0.0645 0.0626

[1, 5]

T1 r2 T3 T4 5 76 1 Va

4 5 1 1 4 4 0.0594 0.0621
4 5 1 1 5 3 0.0614 0.0623
5 3 1 1 3 5 0.0667 0.0630
5 3 1 1 4 4 0.0646 0.0627
5 3 1 1 4 5 0.0614 0.0623
5 3 1 1 5 3 0.0667 0.0630
5 3 1 1 5 4 0.0614 0.0623
5 3 1 1 5 5 0.0582 0.0619
5 4 1 1 3 4 0.0645 0.0626
5 4 1 1 3 5 0.0614 0.0623
5 4 1 1 4 3 0.0645 0.0626
5 4 1 1 4 4 0.0594 0.0621
5 4 1 1 5 3 0.0614 0.0623
5 5 1 1 3 3 0.0662 0.0625
5 5 1 1 3 4 0.0612 0.0621
5 5 1 1 3 5 0.0582 0.0619
5 5 1 1 4 3 0.0612 0.0621
5 5 1 1 5 3 0.0582 0.0619
5 5 1 2 5 5 0.05 0.0472
5 5 2 1 5 5 0.05 0.0472

Var(BQA1 B2 )
o2 ’

In table 7.13 by V; we denote % and by V5, we denote

Also we replicate 5 out of 6 runs of the 2 x 3 design in the range [1, 5] and obtain

replicated designs which give small difference among the variances of the 2—factor

interaction estimators. We present the 2 x 3 designs with 5 replicated runs with

smallest possible difference among the variances in the range [1,5] in Table 7.14.
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Table 7.14: Replicated 2 x 3 Designs with 5 Distinct Runs

Delete | 71 [ 19 | 73 | 74 | 75 | 76 Var(iQQAlBl) var(iZQAlB%) Difference
1155|515 0.2 0.2222 0.1778
215|555 0.2 0.2222 0.1778

0,0 315|555 0.2 0.2222 0.1778
4 1515|515 0.2 0.2222 0.1778
515|555 0.2 0.2222 0.1778

0,1 4 51111415 0.0563 0.0384 0.0179

51 5 515 |1 0.2 0.2222 0.1778
515 51 5| 2 0.2 0.2222 0.1778
0,2 515 515 1|3 0.2 0.2222 0.1778
515 515 1| 4 0.2 0.2222 0.1778
515 515 1|5 0.2 0.2222 0.1778
1]15|5 515 0.2 0.2222 0.1778
21515 515 0.2 0.2222 0.1778
1,0 31515 51 5 0.2 0.2222 0.1778
415 |5 515 0.2 0.2222 0.1778
51515 515 0.2 0.2222 0.1778
1,1 514115 4 0.0562 0.0384 0.0179
5155|511 0.2 0.2222 0.1778
515155 2 0.2 0.2222 0.1778
1,2 5155|513 0.2 0.2222 0.1778
515|554 0.2 0.2222 0.1778
515|555 0.2 0.2222 0.1778

7.6 Other Mixed Designs

In this section we consider different mixed designs which do not satisfy the CV
property but they possess a particular structure of the variance of their 2—factor
interaction estimators. For a general 2+ x 3" factorial experiment there are four

different kinds of 2—factor interactions which are presented in Table 7.15
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Table 7.15: Different Types of 2—Factor Interactions

Type Notation
Pure in A’s A A
Pure in B’s B;B;, B?BJQ-, BiBJZ, B?B;
Mixed linear in B’s A,B;
Mixed quadratic in B’s AZBJZ

. We did computer search to obtain CV designs for 2™ x 3™ factorial ex-
periment for small values of m, and m;,. We did not find any CV design with
distinct runs. Searching for higher values of m, and m; was beyond the scope as
computationally it is very challenging. Hence we start searching for designs whose
2—factor interaction estimators possess common variance within each group of
interactions as presented in Table 7.15.

We consider mixed designs for 2" x 3 and 2™ x 33 factorial experiments, m > 2.

Consider the following CV design for 2™ factorial experiment with (m + 2) runs:

0/

dia=1 g,

Consider the following:

dyp = 1

2

Each row of dy4 is mixed with each row of dyp to form the design for 2™ x 3

experiment. This design satisfies the CV property within each type of its 2—factor
interaction. In Table 7.16 we give the variance of the estimators of different types
of 2—factor interactions for m = 2, 3 and 4.
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Table 7.16: Variance of 2—Factor Interaction Estimators for Different m for 2™ x 3

m | Interaction type | Variance
A As 0.0833
2 A;B 0.125
A, B? 0.0417
A As 0.1667
3 A;B 0.1042
A, B? 0.0347
A A, 0.2917
4 A;B 0.0938
A,;B? 0.0313
Again consider the following:
2J3 — I
d5B = 213
2Js — 215

Now each row of dy4 is mixed with each row of dsp to form the design for 2™ x 33

experiment. This design also satisfies the CV

property within each type of its

2—factor interaction. In Table 7.17 we give the variance of the estimators of

different types of 2—factor interactions for this
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Table 7.17: Variance of 2—Factor Interaction Estimators for Different m for 2™ x 33

m Interaction type Variance
A1 A, 0.0278
9 A;B 0.0331
A;B? 0.0313
BBy, BiB3, B\B%, BiB, | 0.0833
A1 A, 0.0556
3 A;B 0.0276
A, B? 0.0260
BBy, B?BZ, BB, B?B, | 0.0667
A1 Ay 0.0972
4 A;B 0.0248
A;B? 0.0234
BBy, B?B2, B,B3, B?B, | 0.0556

From both Tables 7.16 and 7.17 we see that as the number of factors m gets
large the difference between the variances of the mixed interaction linear in B and

the mixed interaction quadratic in B is getting smaller.
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Chapter 8

Replicated 3° CV Designs and

Comparisons

8.1 Chapter Summary

In this chapter we present replicated CV designs for 3% factorial experiment for
different n and make comparisons among few 3% CV designs w.r.t some optimality

criteria. Here is what we present in each section:

e (Section 8.2): In this section we present replicated 3% designs which are CV
for n > 12. In Chapter 2 we obtained CV designs for 3 factorial experiment
through complete computer check for n =8, 9, 10 and 11. We did not find
any CV design beyond n = 11 with distinct runs for 3? factorial experiment.
Thus to obtain CV designs for n > 11 we replicate one or more runs of the
3% designs which are already found to possess the CV property. Also we

compare the CV values of the mixed and pure replications.
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Table 8.1: 3% CV Design for n = 9

t1 | 1o t3
0102
0121]0
21010
022
21012
21210
1122
21112
2121

e (Section 8.3): In this section we compare the five 3% CV designs for n = 10
presented in Chapter 2 w.r.t different optimality criteria like AD, AT, AE,

GD, GT and GE and their CV values.

8.2 Replicated 3° CV Designs

Consider the 3% CV design for n = 9 in Table 8.1 which is the design d'? for

m = 3 presented in Chapter 5. We add the runs (0,0, 0) twice and (2,2, 2) twice
separately to this design and obtain the respective CV designs for n = 11. Also if
both the runs are added simultaneously once the design is CV for n = 11. Since
the two runs worked for giving CV designs we replicate them a couple more times
and obtain 3% CV designs for n > 12. The replications along with the variances
are presented in Table 8.2. From Table 8.2 we see that the mixed replications
(where both the runs are replicated) give smaller variance as compared to the

pure replications (where one run is replicated a couple of times) for different n.

125



Table 8.2: Replicated 33 CV Designs

n Runs added to déZ) Ccv
(0,0,0) twice 0.2889
11 (2,2,2) twice 0.2889
(0,0,0) once and (2,2,2) once | 0.2222
(0,0,0) thrice 0.2857
12 (2,2,2) thrice 0.2857
(0,0,0) once and (2,2,2) twice | 0.2051
(0,0,0) twice and (2,2,2) once | 0.2051
(0,0,0) 4 times 0.284

(2,2,2) 4 times 0.284

13 | (0,0,0) once and (2,2, 2) thrice | 0.1975
(0,0,0) thrice and (2,2,2) once | 0.1975
(0,0,0) twice and (2,2,2) twice | 0.1852

Next we consider the 32 CV design for n = 11 with all distinct runs as presented
in Table 8.3. We want to see if replicating the existing runs of this design give
CV for n > 12. Hence we replicate the existing runs one at a time and obtain CV
designs with pure replications which are presented in Table 8.4. From Table 8.4
we see that by replicating any of the first 9 runs of Dén) CV designs for n > 12
are obtained. The replication of (0,0,0) and (2,2,2) gives CV that is already
presented in Table 8.2. Interestingly we see that the replication of any of the runs
from the set {(1,2,2),(2,1,2),(2,2,1)} always gives CV = 0.2222 irrespective of
the number of replication. Although in Table 8.4 we have presented the replicated
designs for n = 12,13 and 14 only but through computer check we found that these
replications can be extended to any number r > 1. So given the CV design Dén)

for n = 11 any of the existing runs can be replicated any number of times (pure

replications) and in all the cases respective CV designs are obtained for n > 11.
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Table 8.3: 3% CV Design Dén) for n =11

~
=

~~
[\&)

~
w

N OINN NN OO
N OIN NN OO N
N OO N DO N

Table 8.4: Replicated 3% CV designs for n > 12

n Runs added CvV
(0,0,2)/(0,2,0)/(2,0,0) once | 0.2051
12 [ (0,2,2)/(2,0,2)/(2,2,0) once | 0.2051
(1,2,2)/(2,1,2)/(2,2,1) once | 0.2222
(0,0,2)/(0,2,0)/(2,0,0) twice | 0.1975
13 [(0,2,2)/(2,0,2)/(2,2,0) twice | 0.1975
(1,2,2)/(2,1,2)/(2,2,1) twice | 0.2222
(0,0,2)/(0,2,0)/(2,0,0) thrice | 0.1932
14 [(0,2,2)/(2,0,2)/(2,2,0) thrice | 0.1932
(1,2,2)/(2,1,2)/(2,2,1) thrice | 0.2222

We presented one CV design for n = 11 from which several replicated designs are
obtained. Similar replicated designs can be obtained from several other 3% CV

designs.
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8.3 Comparison of the Five 3° CV Designs for
n = 10

In Chapter 2 we presented five 32 CV designs for n = 10 from five groups of
different CV value in Table 2.4. We make comparisons among them w.r.t different
optimality criteria like the arithmatic and geometric average of the determinant,
trace and the maximum eigen value of the variance-covariance matrices, average
being taken over all the models. We define these optimality criteria in the follow-

ing:

1. Determinant: For a model having full rank design matrix, the variance-

covariance matrix of the estimators of the parameters is given by

Var(B)

o2

= (X'X)7". (8.1)

The D—Optimal designs are those obtained by maximizing the determi-
nant of the information matrix, i.e, maximizing | X’'X| or equivalently by
minimizing the determinant of the variance-covariance matrix given in (8.1)
among the possible designs in a particular class of m and n. Lowering the
| (X'X)""| is an optimality criteria because it is directly proportional to
the volume of the confidence region of the parameters. Hence designs giving

smaller value of | (X'X) " | are better.

2. Trace: Trace of any matrix is defined as the sum of all the diagonal elements
of the matrix. Optimal designs can be obtained by minimizing the trace of
(X'X )_1. This is an optimality criteria because smaller the value of the
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average variance of the parameter estimators better is the esimation.

3. Eigenvalue: Eigenvalues of a matrix are obtained from solving Ax = Ax, A is

the Eigenvalue and @ is the Eigenvector. Maximum Eigenvalue of (X'X )_1is

a'Var(B)a

o Hence minimizing the maximum Eigen-

proportional to Maxacgr
value is an optimality criteria since it minimizes the maximum value of

Var(a'B) over all real vector a € RP.

Since we consider a class of models with general mean and main effects as the
common parameters and the 2—factor interaction as the uncommon parameter,
the design matrices vary from one model to the other and hence the values of
the criterion functions are different for different models. But optimality criteria
should not depend on any model as all the models are being treated equally. So we
take the average of all the criterion functions over all the models to get one value
of each of the functions from one design. The average is taken by arithmatic mean
as well as geometric mean. The average arithmatic mean of the three criterion
functions are denoted by AD, AT and AE whereas the geometric mean of the
functions are denoted by GD, GT and GE respectively. In Table 8.5 we present
the values of the different criterion functions for the five CV designs along with
their CV values. So from the table we see that although design I is an optimal 33
CV design for n = 10 because of the the minimum CV value but it is not optimal
w.r.t the other criterion functions. Design I11 which is the third best design w.r.t
the CV, is optimal w.r.t all other criterion functions. Also we see that there is not

much difference between the optimal CV design (/) and the second best CV design
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Table 8.5: Criterion Functions

Design | CV Determinant Trace Max Eigen Value
AM=GM(x10%) | AM | GM | AM GM
(1) 0.2564 6.10 1.957 | 1.944 | 1.007 0.98
(II) | 0.2667 5.95 1.959 | 1.938 | 1.03 0.988
(I1I) | 0.2837 5.07 1.742 | 1.717 | 0.897 0.838
(IV) | 0.2963 19.85 2.5 | 2.462 | 1.467 1.402
(V) 0.4 15.88 2.619 | 2.516 | 1.603 1.413

(II) w.r.t the CV value as well as all the criterion functions since the values of
the functions are very similar for these two designs. Design IV followed by design
V are the worst among all w.r.t any of the optimality criteria as well as the CV

value.
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Chapter 9

Dose Finding Experiment and

Simulation

9.1 Chapter Summary

In this chapter we present an example of a dose finding experiment where
factorial designs are widely used to identify the optimal potential drug dosage
combinations to treat any disease. Also we do a simulation study using two CV
designs to compare the class of models to identify the true interaction. Here is

what we present in each section:

e (Section 9.2): In this section we present the dose finding experiment where
both two and three level experiments are carried out sequentially to identify
the optimal drug dosage combinations for treating the Herpes Simplex Virus.
For the three level experiment an 81-run resolution IV design is used which

can estimate the general mean, all main effects and some of the two-factor
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interactions along with the block factors. From the significance test of the
parameters only one two-factor interaction is found to be significant along

with general mean, some of the main effects and the block parameters.

e (Section 9.3): In this section for the three level factorial experiment a class
of models is considered each with general mean, all main effects and the
block factors as the common parameters and the two-factor interaction as
the uncommon parameter. All the models are fitted and the sum of squares
due to error is calculated for them. The model with the minimum error sum
of squares contains the possible non negligible two-factor interaction. The
result exactly matches with the one obtained in section 9.2 for the three level

experiment.

e (Section 9.4): In this section we do a simulation study using two CV designs
for 33 factorial experiment. We generate artificial data from an assumed true
model and compare the error sum of square values for all the fitted models

in the class to identify the true interaction.

9.2 Dose Finding Experiment

9.2.1 Introduction

In USA, UK and other western countries one of the very common virus called
the Herpes Simplex Virus type 1 (HSV-1) causes various severe diseases like

mucocu-taneous diseases, neonatal herpes and herpes encephalitis and it can even
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lead to the increasing risk of HIV infection. Many therapeutics have been devel-
oped to treat HSV infections but the drug resistance and toxicity have always been
concerns. Often times instead of using the individual drugs the combination of
different anti viral drugs are preferred as their low dosage combinations are found
to be more effective as well as reduce the cytotoxity. But it is huge time, cost and
labor consuming to test for every possible combination when various dosages of
multiple drugs are considered. Factorial designs have been widely used to find the
optimal drugs and their interactions and also predict the optimal combination by
building statistical models. Since often times in most of the scientific experiments
the three factor and higher order interactions are found to be non important so
using a full factorial design is just waste of most of the degrees of freedom to
estimate the non important higher order interactions. Hence a more practical and
economical approach is to use fractional factorial designs which use much smaller
number of runs that allows estimation of the lower order interactions. Differ-
ent combinations of the six different anti viral drugs: (1) Interferon-alpha (A),
(2) Interferon-beta (B), (3) Interferon-gamma (C), (4) Ribavirin, (5) Acyclovir
and (6) TNF-alpha are used to treat HSV-1 and then two level and three level

experiments are carried out sequentially.

9.2.2 2—level Experiment
9.2.2.1 Design and Model

In the two level experiment a half fraction of 26 design is used which is a

resolution VI design and hence can estimate the general mean, all main effects
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Table 9.1: Dosages for 26 Experiment

Levels (ng/mL
Factors T ow ( Ig-I/igh )
A 3.12 50
B 3.12 50
C 3.12 50
D 1560 | 25000
E 31 om
F 0.31 5

and all 2—factor interaction effects under the assumption that the four factor and
higher order interactions are negligible. The half fraction design with 32 runs is
obtained from the generator F' = ABC'DFE. Along with these 32 runs three center
points are also added to estimate the pure error and carry out the lack of fit test
to check for the model adequacy. From the pilot study the minimum response
dosage and the plateau dosage of each drug are determined. In the study the
plateau dosage is chosen as the high level (coded as 1) and the minimum dosage
which is 16 times diluted than the plateau dosage is chosen as the low level (coded
as -1). The high and low dosage levels of different drugs are given in Table 9.1. The
different combinations of the six drugs are added to the host cells simultaneously
with HSV-1. The virus are engineered to carry the green fluorescent protein (GFP)
gene which serves as a biomarker to measure the percentage of infected cells. The
readout of the percentage of infected cells along with the design with 35 runs are
given in Table 9.2. The distribution of the readouts is positively skewed and hence
the logarithm of the readouts with base 10 are considered as the response. The

model with general mean, main effects and the two and three factor interactions
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Table 9.2: 2° Resolution VI Design

31.6

32.6

13.4

13.2

27.5

32.5

11.6

20.8

37.2

51.6

14.1

19.9

27.3

40.2

19.3

23.3

31.2

32.6

14.2

224

32.7

41.0

20.1

18.7

29.6

42.3

18.5
20.0

30.9

34.3

194
234

16.8

17.5

16.2

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

1
1

-1
-1

1

-1
-1
1

-1

-1
-1

-1

-1
-1
-1
-1

1

1

1
1
1

1

-1
-1
-1

1

-1
-1

-1
-1
-1
-1
-1

-1

1

1
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are given below:

E(yi) = Bo+ bixii + Bowai + Baxsi + Paxai + Bssi + Pexes + Z BikTjiT ki

i<k
+ Z BiikTiThiTls,
j<k<l
Var (y;) = o Vi,

where 3; is the response variable corresponding to the i** run of the design, /3, is
the general mean, f3;, i = 1(1)6 are the main effects, B, j < k = 1(1)6 are the
2—factor interaction effects, fju, j < k <[ = 1(1)6 are the 3—factor interaction
effects, x,, s = 1(1)6, i = 1(1)35 is the i'" level of the s factor, the levels are

coded as -1 and 1. The least square estimates of the factorial effects are twice as

that of the corresponding f's.

9.2.2.2 Results

The resolution VI design used in the experiment can estimate the general mean,
all six main effects, all fifteen 2—factor interaction effects and ten pairs of 3—factor
interaction effects. Table 9.3 presents the scaled estimates (estimates/SE) along
with the sum of squares and the p-values for each of the parameter in the model.
From this table we see that the overall sum of squares for the main effects is
maximum followed by that of the 2—factor interactions followed by the ten pairs
of 3—factor interactions. Also we see that the sum of square due to the main effect
of the drug D is maximum followed by that of the drug F. The significance test
also gives the minimum p-value for the coefficient of the drug D which shows that

the drug D is highly significant as compared to the other drugs used in treating
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Table 9.3: Estimates and p-values for 2° Experiment

Effect Estimates | % Sum of Squares | p—value
A 0.02 1 ~1
B 0.04 3.1 ~1
C 0.01 0.2 ~1
D -0.20 68 ~1
E 0.06 7.3 ~1
F 0.03 1.9 ~1
AB -0.03 1.6 ~1
AC 0.008 0.1 ~1
AD 0.03 1.2 ~1
AFE -0.01 0.3 ~1
AF 0.007 0.1 ~1
BC -0.01 0.3 ~1
BD 0.01 0.2 ~1
BE 0.01 0.2 ~1
BF -0.01 0.2 ~1
CD 0.03 1.9 ~1
CFE 0.003 0 ~1
CF 0.005 0 ~1
DFE 0.002 0 ~1
DF 0.02 0.7 ~1
EF -0.002 0 ~1
ABC + DEF -0.003 0 ~1
ABD + CEF 0.002 0 ~1
ABE + CDF -0.008 0.1 ~1
ABF +CDFE -0.002 0 ~1
ACFE + BDF -0.02 0.9 ~1
ACF + BDFE -0.02 0.8 ~1
ACD + BEF -0.02 0.5 ~1
ADE + BCF -0.005 0 ~1
ADF + BCFE -0.01 0.2 ~1
AFEF + BCD 0.02 0.7 ~1

Residuals 8.3
Total 100
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Table 9.4: Lack of Fit Test

Source DF SS MS F P
Model 31 0.858 0.028 1.08 > 0.5
Error 3 0.077 0.026

lack of Fit 1 0.0766 | 0.0766 | 272.46 | 0.0037

Pure Error 2 10.00056 | 0.00028
Corrected Total | 34 0.935

HSV-1. Moreover the negative estimate of the coefficient associated with drug
D suggests that high dosage of this drug has the capability of lowering the viral
infection. All other drugs A through F' except the drug D have positive coefficients
which implies that if the dosages of all the drugs except drug D are lowered and
the dosage level of drug D is increased then the minimum viral infection can
be achieved. But increasing the dosage level of a drug can simultaneously bring
toxicity to the subjects. So in the follow up experiment all drugs are set at lower
dosage level to avoid unacceptable toxicity.

Using the three independent center points in the design the lack of fit test is
carried out to check for the non linearity in the response. The result is presented
in Table 9.4. From this table we see that the lack of fit is very significant with a
p-value of 0.0037. This clearly shows that the relationship between the response
and the drug dosages is non linear. Hence to study this non linear relationship
additional levels and runs are required and this is the motivation for the follow up

3—level experiment.
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Table 9.5: Dosages for 3% Experiment

Factors Levels (ng/mlL)

Low | Intermediate | High
A 0 0.78 12.5
B 0 0.78 12.5
C 0 0.78 12.5
D 0 390 6250
E 0 80 1250
F 0 0.08 1.25

9.2.3 3—level Experiment
9.2.3.1 Design and Model

In the 3—level experiment the drug dosage levels are lowered from the previous
2—level experiment to screen for less toxic drug combinations. The high dosage for
the 3—level experiment is the intermediate dosage level for the 2—level experiment,
the intermediate dosage for the 3—level experiment is 16 times diluted than the
high dosage and the low dosage is set at no drug. The dosage levels of the six drugs
are given in Table 9.5. The design used in this experiment is a one-ninth fraction
of 3% factorial experiment and is obtained from the generators: ABCD = E and
AB?C = F. This is a resolution IV design which can estimate the general mean,
all main effects and some of the 2—factor interactions assuming that the 3—factor
and higher order interactions are negligible. In practice it is not feasible to carry
out the experiment with 81 runs in a single batch and hence they are divided into
three batches of homogeneous experimental runs. Blocking factor is incorporated
in to the model to reduce systematic sources of variation. Blocking was done

using the generator block = AC?D. The response is again the logarithm of the
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percentage of infected cells. We denote the factors A through F' by 1 through 6.
Consider the following linear model:
E(y;) = Bo+ Z BsTsi + Z Bes 2, + Z Bk ki + Y1215 + Y2221, Var (y;) = o, Vi,
5 Z - (9.1)
where y; is the response variable corresponding to the " run, i = 1(1)81, 3 is
the general mean, f;, s = 1(1)6 are the linear main effects, S, s = 1(1)6 are
the quadratic main effects S, 7 < k = 1(1)6 are the linearxlinear 2—factor
interaction effects, x4, s = 1(1)6 is the i’ level of the s factor, the levels being
coded as —1, 0 1, 2% is the quadratic term corresponding to the i’ level of the

st factor, x;, is the i component of the two-factor interaction corresponding to

the j' and the k' factor. For i = 1(1)81, the z;; and zo; are defined as

z1; = 1, if the it" run is in block 1

= 0, otherwise.

zy; = 1, if the ¢*" run is in block 2

= 0, otherwise.

The ~; and v, are the coefficients corresponding to the two blocks respectively.

The block 0 is taken as the reference.

9.2.3.2 Results

The estimates of the coefficients of the model (9.1) depend on the type of coding

of the quadratic and the interaction terms. We consider two types of coding: (1)
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used in the paper (2) used in my research. The two types of coding and the results

are illustrated in the following:
e Coding Used in the Paper

The " level of the s factor is z, € (0,1,2), s = 1(1)6, i = 1(1)81 which
is coded as -1, 0, 1 respectively. Now the quadratic term % is calculated by
squaring the coded x’s, i.e., the coded 22, € (0,1), s = 1(1)6. The i*" component
of the linearxlinear interaction corresponding to the j™ and the k™ factor, x;;,
is computed by multiplying the coded z;; with xy,;, i.e, zjz € (—1,0,1). In
this setting the design matrix X (81 x 30) is formed with the first column as the
vector of unity and the remaining columns correspond to the 6 linear main effects,
6 quadratic main effects, 15 linear xlinear 2—factor interactions and the two block
variables. The initial analysis identifies the 80" run as an outlier and thus it is
deleted and the model is fitted again without the outlier. The scaled estimates
(estimates/SE) of the coefficients along with the p values for their significance tests
are given in Table 9.6. From the p values we see that the linear main effects of the
drugs B, C, D and F are significant at 5% level of significance and the linear main
effect of drug A is significant at 10% level. But the linear main effect of the drug
F'is not significant implying that it is inert in minimization of the viral infection.
Also the coefficients of the drugs A through E are negative indicating that the
high dosage of these drugs have the potential to lower the viral infection. The
quadratic main effect of drug D is very significant but that of the other drugs are

not. Among the fifteen 2—factor interactions only AD is found to be significant.
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Table 9.6: Estimates and p—values for 3% Experiment Following the Coding in the

Paper
Effects | Estimates | p—values

Bo 12.45 0

71 -8.45 0

Yo -4.47 0

A -1.87 0.067
B -2.82 0.007
C -2.32 0.024
D -25.94 0

E -6.17 0

F 0.58 0.563
A? 0.83 0.409
B? 0.31 0.758
C? -0.77 0.446
D? 4.95 0

E? 1.58 0.119
F? 1.52 0.135
AB 0.37 0.715
AC 0.18 0.858
AD 3.21 0.002
AFE 1.52 0.134
AF -0.46 0.646
BC -0.22 0.824
BD -0.74 0.46
BE 0.84 0.404
BF -0.73 0.468
CD 1.14 0.261
CE -1.22 0.229
CF 0.64 0.525
DE 0.23 0.815
DF 1.29 0.202
EF -1.40 0.166
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Figure 9.1: Contour Plot of the Drugs A and D
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Although the drug A is not significant at 5% level we still keep it in the model as

the interaction AD is significant. So the final fitted model is given as:

g; = 0.761 — 0.037x1; — 0.05429; — 0.04623; — 0.50924; — 0.119z5; + 0.16727,

To identify the potential drug dosage levels of A and D the contour plot of these
two drugs are drawn for the predicted response from model (9.2) given the drugs
B, C' and E are set at high dosage level. The plot is shown in figure 9.1. The
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Table 9.7: Coding of Linear and Quadratic Terms

Level | z; | 2?
0 -1 1
1 0] -2
2 1 1

coordinates of the contour plot has the values of the two drugs respectively. The
contour plot indicates that the high dosage of drug D combined with the low
dosage (no drug) of drug A would produce the maximum viral infection minimiza-
tion. So the final optimal potential drug dosage combination would be to set the
drugs B, C, D and FE at high dosage level and the drug A at low dosage level

which is no drug.
e Coding Used in my Research

The levels (0,1,2) of the factors are still coded as -1, 0, 1 respectively. The
quadratic terms are coded as given in Table 9.7. The linearxlinear interaction

terms are calculated as sji; = (2 + Tk;) 3y Tiis Thi € (0,1,2). This will make

mod
siki € (0,1,2) and then xj;’s are obtained by following the coding in Table 9.7.
The z1; and zy; corresponding to the blocks remain the same. In this setting the
model is again fitted without the outlier and the scaled estimates (estimates/SE)
of the parameters along with the p values are given in Table 9.8. Because of this
coding and the generators defined earlier the interaction BF and AC are aliased
with each other and hence both can not be estimated separately. Again BE and
DF are aliased with each other. The Table 9.8 shows the estimates of BE and

AC but the estimates of BF and DF can not be obtained. The estimates get
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Table 9.8: Estimates and p—values for 3% Experiment Using the Coding in my

Research
Effects | Estimates | p—values

Bo 32.27 0
" -7.85 0
Yo -4.27 0

A -1.85 0.0697
B -2.61 0.0116
C -2.27 0.0272
D -24.21 0
E -5.73 0

F 0.66 0.5150
A? 0.71 0.4830
B? 0.42 0.6766
C? -0.78 0.4386
D? 4.53 0
E? 1.6 0.1147
F? 1.34 0.1854
AB 0.26 0.7993
AC 0.41 0.6865
AD -1.6 0.1147
AFE -1.24 0.2204
AF 0.86 0.3912
BC 0.03 0.9796
BD 0.83 0.4130
BE -2.12 0.0388
BF NA NA
CD -0.97 0.3387
CE 1.02 0.3136
CF 0.72 0.4718
DE 0.034 0.7376
DF NA NA
EF 1.32 0.1941
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slightly changed along with the p values but the overall significance remain the
same as compared to the previous coding. The linear main effect of the drugs B
through D are very significant followed by that of the drug A and drug F' is again
insignificant. The quadratic effect of only drug D is significant. Because of the
negative coefficients of drugs B through F they are set at the high dosage level
to minimize the infection. The interaction BE is significant at 5% level while the
interaction AD is insignificant unlike the previous coding. The intercept and the
blocks are very significant and hence are kept in the final model. Since the drug
A is not significant at 5% level and no interaction is significant where drug A is
present so it can be considered an inert in minimizing the viral infection like the
drug F' and hence can be removed from the model. Again since both drugs B and
E are significant with negative coefficients and their interaction is also significant
so the optimal potential drug dosage combination would be to set the drugs B

through E at high level to minimize viral infection. Here is the final fitted model:

Ui = 0.951 — 0.054x9; — 0.04823; — 0.5112y4; — 0.11925; + 0.055273,

9.3 Class of Models to Identify the True Inter-

action

For a 3% factorial experiment there are one general mean, twelve main effects
and sixty 2—factor interaction effects. We consider the class of models M, Vu in
(1.3.1) in Chapter 1 for &k = 1 for a 3% experiment. Thus there are 60 models
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in the class. However in the 3—level experiment of the dose finding example
only fifteen linearxlinear 2—factor interactions are considered and hence there
are 15 models in the class each with one linear xlinear 2—factor interaction along
with the general mean, all main effects and the two block parameters which are
the common parameters. Thus each of these fifteen models in the class has 16
parameters. In this case the 81— run design without the outlier can estimate all
the parameters in all the models since no 2—factor interaction is aliased with any
main effect or general mean. Using the 3% design these fifteen models are fitted
and the parameter estimates for all models are found to be identical with those
of the bigger model. Also the significance of the common parameters for each of
the models remain the same as that of the previous model. To identify the true
model containing the true 2—factor interaction we compare the class of models

w.r.t their SSE values. Write the u* model as

E(y) = X", (9.4)

/

!/
where X® = |:anX1§X2u:| . BW = |:Jn,61ﬁ2u:| . Under (9.4) the least square
estimator of 8™ and the sum of squares due to error 52 for the u'® model are

given as

-1
3" - (X(“)’X(“)> X Wy,

—1
20— gy {In_Xw) (xtx) X(")’] ”.

We calculate sg(u),Vu. Let (5, be the 2—factor interaction such that sz(u*) is
minimum for some u*. Then [+ is the possible non-negligible 2—factor interaction
effect. In the following we present the results for the 3% experiment using both
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Table 9.9: 2 Following the Coding in Research

uw | s2®
AB | 1.56
AC | 1.56
AD | 1.50
AE | 1.52
AF | 1.54
BC | 1.56
BD | 1.55
BE | 1.46
BF | 1.56
CD | 1.54
CFE | 1.54
CF | 1.55
DE | 1.56
DF | 1.46
EF | 1.52

types of coding.

9.3.1 Coding Used in the Research

Following the coding used in my research we get 520 for all the fifteen models.
We present the values of 520 in Table 9.9. From the table we see that the values of
52 are almost identical for all the models. Comparing the values we get minimum

52 for uw = BE and DF. This result is consistent with that of the bigger model

which yielded BE (aliased with DF') as the most significant interaction.

9.3.2 Coding Used in the Paper

Following the coding used in the paper we get the values of s2® for all u

which are presented in Table 9.10. From this table we see that si‘“) is minimum
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Table 9.10: s Using the Coding in the Paper

uw | s2®
AB | 1.55
AC | 1.56
AD | 1.35
AE | 1.52
AF | 1.56
BC | 1.56
BD | 1.51
BE | 1.50
BF | 1.55
CD | 1.54
CE | 1.53
CF | 154
DE | 1.56
DF | 1.47
EF | 148

for u = AD. From the bigger model also we obtained AD as the most significant
interaction and hence the results are consistent.

We also note that if we would have considered all sixty 2—factor interactions
then the 80—run 3° design can estimate all the parameters in all sixty models. Us-
ing the bigger model the design can not estimate all 2—factor interactions because
of the aliases and hence if any interaction from the set of 2—factor interactions that
can not be estimated is the true interaction then it can not be identified. On the
contrary using the class of models all sixty 2—factor interactions can be estimated

and hence by comparing the models the true interaction can be identified.
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9.4 Simulation Study

In this section we do a simulation study using two CV designs to compare the
class of models for the identification of the true interaction. Consider the two 33
CV designs for n = 10 with C'V = 0.2564 (designl) and CV = 0.2667 (design2)
presented in Table 2.4 in Chapter 2. For a 33 factorial experiment there are one
general mean, six main effects and twelve 2—factor interactions. We consider the
class of models each with the general mean, six main effects and one 2—factor
interaction effect. Thus there are twelve models in the class. We assume that
the three factor and higher order interactions are negligible and out of the twelve
2—factor interactions AB is the true non negligible one. Hence the true model

becomes

Yy = J,Bo+ X181 + Xoapfoan + € Var(y) =1, (9.5)

where y (10 x 1) is the vector responses, j,, is (10 x 1) vector of unity, [y is the
general mean, B, (6 x 1) is the vector corresponding to the 6 main effects, foap
corresponds to the 2—factor interaction AB and X; (10 x 6) and X945 (10 x 1)
are the corresponding design matrices. We simulate the artificial data y under the
model (9.5), generating error from Normal distribution with o2 = 0.5,1.0, 1.5 and
2 one at a time for the two designs. The parameter values for the true model are

taken as

Bo=32, B, =(522513,2.8,351817), foup = 6.7. (9.6)

150



The design matrix X 45 = {jan 1: X5 AB} for the two designs are given below:

1 -1 1 -1 1 0 =2 -1

Xglfj’;nl = )
1 0 -2 0 -2 1 1 1
1 0 -2 1 1 0 -2 -1
r1r 1 -1 1 -1 1 1
1 1r 1 -1 1 0 -2 1
11 1 1 1 1 1 O
_ 1 -1 1 -1 1 0 =2 —1_
1 -1 1 1 1 -1 1 1
1 -1 1 1 1 0 =2 1
1 0 1 0 -2 0 -2 1
Xéfjg)m _ 1 0 -2 0 -2 1 1 1

11 1 0 -2 1 1 -1

11 1 1 1 1 1 O

The data y is used to fit all twelve models in the class. After fitting the models

2(u)

se' ~ 1s calculated for all w. The sz(u

) values are compared to identify the true
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Table 9.11: Average Proportion of Times the Correct Model is Identified

) . No. of Iterations No. of Iterations
Design | 02 | Average Proportion ] )

for one proportion for average proportion

0.5 0.988 1000 100, 000

1 1.0 0.912 1000 100, 000

1.5 0.827 1000 100, 000

2 0.747 1000 100, 000

0.5 0.986 1000 100, 000

5 1.0 0.903 1000 100, 000

1.5 0.826 1000 100, 000

2 0.752 1000 100, 000

2(u)

model. The model with minimum s. " is the true model containing the possible
non negligible parameter among all 2—factor interactions. We repeat this process
of identifying the true model 1000 times, i.e, we generate generate the error vector
from Normal distribution 1000 times and using the error vector, design matrix
X “B) and the true parameter values in (9.6) we generate the data vector y 1000
times and after fitting the models calculate 33(“),Vu for 1000 simulations. Out
of 1000 times we calculate the proportion of times the true model is identified.
We repeat this whole process 100, 000 times, i.e. such proportion of identification
of the correct model is calculated 100,000 times. We report the average of these
proportions in Table 9.11. From Table 9.11 we see that the proportions are very
similar for both the designs. For ¢ = 0.5 the correct model is identified almost
all the times since the proportion is close to 1. The proportion is decreasing as

o? is increased. In the following we give the detailed algorithm for obtaining the

average proportion:

1. Given a design calculate the design matrix and fix the parameter values

152



assuming a true model.

. Generate sample of size 10 from Normal distribution with mean 0 and vari-

ance o2, 0% € {0.5,1.0,1.5,2}.
. Generate the data (y) under the true model.

. Fit all the models in the class using y and calculate 52 for all u. Find the

(u)

model with minimum sz I sz(u) turns out to be minimum for the true

model assumed in the beginning then the correct model is identified.

. Repeat (2)-(4) 1000 times and calculate the proportion of times the correct

model is identified.

. Repeat (2)-(5) 100,000 times and calculate the average proportion.
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Chapter 10

Conclusions

In this dissertation we obtain series of CV designs for 3" factorial experiment
and characterize the CV property in terms of the projection matrix and the design
runs for general fractional factorial designs. Also we obtain designs satisfying a
particular structure of the variance of the interaction estimators for 2™« x 3™
factorial experiment. We conclude by presenting the most important contributions

of this thesis.

10.1 3™ Factorial Experiment

1. The two series of CV designs d'Y and d'? are obtained for general 3™ factorial
experiment. The design iy for n = 2m+2, m > 2 gives optimum CV design
for m = 2 and the design d? for n = 3m, m > 3 gives optimum CV design
for m = 3. The projection matrices of these designs are found to possess
a particular structure giving columns and rows of zeros corresponding to a

particular set of m runs of the respective CV designs. Most of the CV as
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well as optimal CV designs satisfy this structure of the projection matrix.

2. A class of fractional factorial designs with n runs possessing the common
variance property are characterized for general m. Several sufficient condi-
tions are obtained by using pairs of interaction effects (null space and per-
mutation matrix), independent columns of the projection matrix and runs

of the designs.

3. The condition of obtaining a CV design for (n £ 1) from a CV design for n

is derived in terms of the design matrix and the runs of the design.

4. Replicated designs give smaller CV as compared to the designs with distinct
runs. The optimal CV design dy for m = 2 always remains CV after
replicating any of its six runs any number of times. Many more such designs

exist for 32 experiment for n = 6.

5. The condition of obtaining a 3% CV design from a 3% CV design is derived
where every pair of columns of the 32 CV design consists of the same runs

as that of the 32 CV design and the runs are replicated in the same way in

both.

10.2 2™ x 3™ Factorial Experiment

1. For the simplest 2 x 3 factorial experiment no CV design exists with distinct
runs and hence we consider a very structured replication of the six runs

and under a particular condition of replications CV designs are obtained for
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different runs.

. For higher values of m, and m,, it is computationally challenging to obtain
CV designs. We obtain designs that give common variance within each of the
groups: (1) the pure interaction estimators between the factors with same
levels, (2) the mixed interactions linear in both factors and (3) the mixed

interactions quadratic in the factor with 3 levels.
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