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Abstract

Randomized Pivoting and Spectrum-Revealing Bounds in Numerical Linear Algebra
by
Christopher Blake Melgaard
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Ming Gu, Chair

In the first part of this dissertation, we explore a novel randomized pivoting strategy to
efficiently improve the reliability and quality of the LU factorization. Gaussian elimination
with partial pivoting (GEPP) has long been among the most widely used methods for com-
puting the LU factorization of a given matrix. However, this method is also known to fail
for matrices that induce large element growth during the factorization process. We propose
a new scheme, Gaussian elimination with randomized complete pivoting (GERCP) for the
efficient and reliable LU factorization of a given matrix. GERCP satisfies GECP (Gaussian
elimination with complete pivoting) style element growth bounds with high probability, yet
costs only marginally more than GEPP in terms of algorithmic complexity and run-time.
Our numerical experimental results strongly suggest that GERCP is as reliable as GECP
and as efficient as GEPP for computing the LU factorization.

In the second part, this dissertation provides tighter and simplified analyses of various
popular low-rank matrix approximation algorithms included randomized subspace iteration
and column /row selection based methods. We derive new bounds and unify them with other
existing bounds under the title Spectrum-Revealing Bounds. These bounds demonstrate how
certain structure in the decay of the spectrum of a matrix help to “reveal” an increasingly
accurate estimate to the low-rank matrix approximation. We provide real world applications
that demonstrate the qualitative value of our bounds for anyone using low-rank matrix
approximations. In the case of randomized subspace iteration, we also dramatically improve
and simplify the probabilistic analysis from previous works [50, 47| using intuitive and concise
techniques.

Lastly, we apply the idea of efficient low-rank matrix approximation in the presence
of spectral decay to help speed up sparse principle components analysis (SPCA). We also
develop novel lower bounds on the variance captured by each sparse principle component
obtained after deflation.
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Chapter 1

Introduction and Motivation

Solving linear systems of equations
Ax =b, (1.1)

where A € R™" and x,b € R"”, is a fundamental problem in numerical linear algebra
and scientific computing. Gaussian Elimination with Partial Pivoting (GEPP) solves this
problem by computing the LU factorization of A and is typically efficient and reliable. Over
the years, GEPP has been repeatedly re-designed and re-implemented for better performance,
and is the backbone for generations of mathematical software packages, including LINPACK
[30], LAPACK [8], PLAPACK [5], SCALAPACK [24], PLASMA [3] and MAGMA [3]. GEPP
routines in today’s mathematical software libraries such as the Intel mk1 [58] are capable of
solving linear systems of equations with tens of thousands of variables at or near the peak
of the machine’s speed.

Efficiency aside, an equally important consideration is numerical reliability. While algo-
rithms for solving eigenvalue problems have become significantly more stable over the years,
GEPP was known to be, and remains, a method that is mostly stable in practice but un-
stable for many well-known matrices including some from common integral equations and
differential equations applications [38, 100].

Pivoting plays a crucial role in the reliability of Gaussian elimination (GE), which is
tied to element growth within the LU factorization process. The most naive version of GE,
Gaussian elimination without pivoting (GENP), does not perform any pivoting and only
requires 2n°® +O(n?) floating point operations with no entry comparisons [28]. However, this
method can suffer from uncontrolled element growth and is only known to be reliable in a
few instances like diagonally dominant matrices among others. The most popular version
of GE is GEPP, which limits element growth to at most exponential by swapping the rows
of A (i.e., partial pivoting) during elimination, and is numerically stable on average. The
additional cost, about %n2 entry comparisons and the associated data movement, is typically
a small fraction of the total GE cost. The most reliable version of GE is Gaussian elimination
with complete pivoting (GECP), which swaps both rows and columns for sub-exponential
element growth [97] and is universally believed to be always backward stable in practice [28].
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However, GECP is prohibitively slow with %n3 + O(n?) entry comparisons and relatively
little memory reuse [28, 51].

Rook pivoting [39, 80, 84] is an attempt to speedup complete pivoting while maintaining
the guarantee of sub-exponential element growth. Rook pivoting is part of the LUSOL pack-
age [40] for sparse LU factorization. Despite having better performance in the “average”
case, there are many matrices that still require O(n?) entry comparisons in the worst case,
providing a negligible speedup over complete pivoting [51].

In this thesis, we propose a novel pivoting scheme called Gaussian elimination with ran-
domized complete pivoting (GERCP). We show that GERCP satisfies a stability condition
similar to that of complete pivoting, suggesting that these methods share similar stability
properties. Yet, we also demonstrate that the cost of GERCP is comparable to GEPP in
terms of the total number of floating point operations and comparisons. Our numerical ex-
perimental results strongly suggest that GERCP is a numerically stable and computationally
efficient alternative to GEPP.

Randomization has been used to fix the numerical instability of GEPP in the literature,
through GE on the product of random matrices and A to avoid catastrophically bad pivots.
These methods are known to work well in practice in general, but they still lack effective
control on element growth, and can be much less accurate than GEPP.

In Section 2, we introduce the necessary notation and background for the first part of
the thesis. In Section 3, we introduce GERCP and state/prove some important properties.
In section 4, we talk about numerical experiments and implementations of GERCP. The
appendix has results needed by the proofs in section 3.



Chapter 2

The Setup and Background

In this thesis, we consider Gaussian elimination on an invertible square matrix A €
R™™ although our algorithms and analysis carry over to the cases of singular matrices and
rectangular matrices with few modifications.

2.1 Notation

We will follow the familiar slight abuse of notation from scientific computing and numer-
ical linear algebra, mimicking the way that LAPACK overwrites the input matrix with the
L and U factors. The diagonal of A becomes the diagonal of U because the diagonal of L is
always 1 and thus does not need to be stored.

Algorithm 1 Classical Gaussian Elimination in Matlab Notation
Inputs: n x n matrix A
Outputs: lower triangular L with unit diagonal, upper triangular U, row permutation IL,,
column permutation I, such that IT, AT} = LU.
1: set A=A
2: for k=1,--- ,n—1do (i.e. called k' stage of LU)
3: select column pivot (INSERT PIVOTING RULE).
swap (UPDATE A AND II. WITH PIVOT DECISION).
select row pivot (INSERT PIVOTING RULE).
swap (UPDATE A AND II, WITH PIVOT DECISION).
compute A(k+1:n,k)=A(k+1:n,k)/A(k, k),
8: compute A(k+1:n,k+1:n)=Ak+1:nk+1:n)—Ak+1:n,k)xA(k,k+1:n);
9: end for

Remark 2.1.1. While the working matrix A has been overwritten in Algorithm 2.1, in our
subsequent discussions we will refer L and U as the triangular matrices stored in A and still
refer A as the original input matrix. We will use Ay € R™*" to refer explicitly to the working
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matrix before the k™" stage of the outer most loop. Thus, A, refers to the working matrix
after the algorithm terminates, i.e. after the (n — 1) stage of the outer loop.

Remark 2.1.2. For ease of discussion, we have written Algorithm 2.1 in such a way that,
for each k, it performs possible column pivoting before any possible row pivoting. GENP,
GEPP, GECP and rook pivoting can all be written in this form.

For any appropriate dimension m, we denote e; € R™ to be the i*" standard basis vector,
i.e. a vector with all entries equal to 0 except for the i*" entry which equals 1; we also denote
e € R™ to be the vector with all entries equal to 1. Any permutation matrix IT € R"*" is
a square matrix with exactly one entry equal to 1 in each row and column, and all other
entries equal to 0. We refer to the permutation induced by Il as 7 : {1,--- ;n} — {1,--- ,n}
in the sense that (i) = j if and only if Ile; = e;. We will commonly make use of the swap
or 2-cycle permutation given by m(; ;) or Il; j) in matrix form defined by

W(z’])@) = j, W(i,j) (]) =1 and W(i,j)(k) = k, fOl" all k£ 7é Z,]

We denote the final row and column permutations of an algorithm as II, and II. respectively.
At the k™ stage of LU, Algorithm 2.1 will swap the &% column with the o column and the
k™ row with the B! row. As a result, we can write

I, =10, Ha) ,0r), W =Hpo1,0) e gy Ia,e)

as a product of the individual column/row swaps. Furthermore, we define the next
notation to give us the first £k — 1 swaps and the last n — k swaps

e = Hp-1,00 1) 2,00) H1,00)
I, = H(n—l,an—l) e 'H(k+17ak+1)H(k,%)

Also, we will use the analogous definition for II, ; and IL, _y.

In Figure 2.1, we describe the use of the MATLAB colon notation in combination with the
permutations above to explain our row and column reorderings of a matrix and its selected
submatrices.

Let 7. and 7, be the permutation of columns and rows performed by LU respectively.
We use the following notation to refer to matrices with the final pivoting applied apriori

AHC = HTAHZ — A(ﬂ-r<:)7 ﬂ-C(:))
AR =T ATy = Ag(mr 1 (2), ek (0))

We do this because all of the pivoting methods discussed in this thesis are top-heavy as
defined in Definition 3. The row pivots 7, of a top-heavy pivoting strategy are deterministic
given the column pivots 7. applied to A by the LU factorization because each row pivot
must satisfy equation (2.8). Therefore, when writing A it is understood that the row
pivots are the unique set of top-heavy row pivots.
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Common examples of Matlab notation for 1<i<p<m and 1<j <q¢<n
Notation Pivoted Notation | Dimensions Description
B(:,:) B(m(:), ma(:)) Rm*n Entire matrix B or IT; BITj
resp.
B(i,:) B(my(2), m(2)) row vector in R" | 1" row of B or II; BII resp.
B(:,7) B(m(:), ma(j)) column vector in | j column of B or II; BIIL
R” resp.
B(i,7:q) B(m1 (i), m(J : q)) row vector in | j through ¢ entries of i™"
R+l row of B or II; BIIL resp.
B(i:p,j) B(mi(i : p), ma(j)) column vector in | i"® through p' entries of ;™
Rp—it1 column of B or I1; BIIL resp.
B(i:p,j:q) | Bm(i:p),m(j:q) | RP=FDx@=+D | Submatrix from intersection
it" through p'* rows and j*
through ¢* columns of B or
11, BIIZ resp.

Figure 2.1: Table of Matlab notations

Schur complements form a crucial role in Gaussian elimination. We establish notation for
Schur complements as S, € REm**n) Notice the use of Matlab notation (k : n) x (k : n)
instead of (n — k 4+ 1) x (n — k + 1). The Schur complement S; will act like a normal
(n—k+1) x (n — k+ 1) matrix for most operations like matrix multiplication, matrix
addition and ect. However, when using the Matlab notation in Figure 2.1 to access entries
of Sg, we impose the abuse of notation that rows and columns are enumerated from & to n,
instead of 1 to n — k + 1. For example,

e top left entry of Sy is denoted as Sk(k, k), but NOT Sk(1,1).

e submatrix of last two columns of Sy is denoted by Si(:;,n—1:n), but NOT Si(:,n—k :
n—k+1).

This makes our analysis much cleaner and more straightforward because it synchronizes
the enumeration of columns/rows between the k' working matrix Ay and the k' Schur
complement Sy which is a submatrix for Ay, i.e. Sg(k:n,k:n) = Ag(k : n,k : n). Given
this notation for Schur complements, we formally define the working Schur complement at
the k' stage Sj, and the fully pivoted & Schur complement S}'*

Sp(k:n,k:n)=Ag(k:n,k:n)
Sle(k:n,k:n) = Al (k:nk:n)
where A, € R™" is the working matrix at the k' stage. This implies that S,?(k ko

n) = Sp(I, _1(k : n), 1. _x(k : n)), i.e. Sy has the pivots only up to the k' step and S} is
already pivoted into the final permutation so that no further pivots are required.
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Different A, L and U notations

Notation Dimensions | Description Algorithm Pivots

A AL S Rm™>" Unadulterated input matrix None

Alle Alle " Gle | Rrxn Pivoted input matrix All  pivots applied

apriori

A R Current working matrix. Over- | Pivots applied as de-
write triangular L,U factors | termined by algorithm
and Schur complement in place

Ag R Working matrix at k* stage. | Pivots applied as de-
Overwrite triangular Ly, Uy | termined by algorithm
factors and Schur complement
Sy in place

Al,;[c R Working matrix at k' stage, | All pivots applied
i.e. Hr,—kAkHZ,k apriori

S RF=n)x(kn) k'™ Schur Complement of | Pivots applied as de-
HMAHZk termined by algorithm

S,?C R (k) (kin) k" Schur Complement of | Al pivots applied
I, ATIY apriori

Figure 2.2: Table of Notations

The unit lower triangular matrix Lj,; € R™* and the upper triangular matrix U,y €

R**™ relate to the

U1 =

Lk+1 =

working matrices A4

A (L) Aga(1,2) - Apa(LK) Apa(1,n)
Ak+1(2a2) Ak—i—l(zak) Ak+l(2an)
Ak+1(k7 k) Ak+1(k7n)
1
Apa(2,1) 1
Apya(k, 1) Apy1(k,2) 1
Appa(b+1,1) Appa(k+1,2) -+ Appa(b+1,k)
Apia(n, 1) Apa(n,2) 0 Arp(ny k)

for 1 < k < n. Remember that L = L,,; € R"”*" and U = U,y € R™*".
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2.2 Useful Preliminary Tools

2.2.1 Tools from Matrix Analysis

In finite dimensions, it is well known that all normed vector spaces are topologically
equivalent. The following lemma gives the equivalence between the || - ||2 and || - || vector
norms, which is easily proven from the definitions of the norms. This result can also be seen
as a trivial application of the Fritz John Ellipsoid Theorem [59] for convex regions that are
symmetric about the origin.

Lemma 1 (Equivalence of £, and /., in finite dimensions). Let x € RZ. Then

Il < el <
— ||Ix X X
\/E 2 — co — 2
Definition 1 (Subordinate matrix norms [51, 53]). Let 1 < p,q < 0o and let B € R™*"™. A
subordinate matrix norm is a matrix norm of the form

IBx]l|,
IBll,, = sup = max ||Bx
P ogxern [IX[[,  Ixll,=

I,

Note that for normal matrix operator norms, we have that ||B|, = || B||,,. We make use
of a little known subordinate matrix norm by setting ¢ = 1 in the above as in exercise 6.11

of [51].
Lemma 2 (Maximum ¢, column norm ||-||; ). Let B € R™*". Then, we have

B, = max [Beill, = max [BG, i)

o
Proof. Let 0 # x = : € R"™. Then

Ln

IBx]|,, = ‘ > B, i)
=1

< Skl 1Bl < (max[BG. )1, ) I,
p =1

Dividing both sides by ||x||, and taking a supremum, we arrive at

def ||BX|| )
IBll,, = sup £ < m]aXHB(:,J)H

o#xern  ||%][4 P

Also, let j* = argmax; ||B(:, j) ||, and we arrive at our conclusion by observing

Be.- Bx
[Bey-|, Bl g

masx | B(: )|

P lejell; T ommern |IXI
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In particular, we make frequent use of the two following subordinate matrix norms:

1Bl o = max |Bej| ., = max. |B(i, 7)| (Maximum entry norm) (2.1)
1B, = max |Bejl|, = max IB(:, )l (Maximum /; column norm) (2.2)

The next lemma, from line (6.19) in chapter 6.3 of [51], will allow us to control each
operator norm || - ||, for 1 < p < oo of our residual error via the largest absolute column and
row sum of the residual error.

Theorem 1 (Special case of Riesz-Thorin theorem [51]). Let B € R™*" and let 1 < p < c0.
Then

1 1—1
IBll, < BT [Blleo ”

Setting p = 2 in the above theorem, we get a bound on the spectral norm of B. The
volume of a parallelepiped (parallelotope) formed from the columns of a matrix B is given
by the absolute value of the determinant of B. A rectangle is formed by forcing the paral-
lelepiped to have only right angles between each of its vectors. The next result states that
the volume of parallelepiped (parallelotope) is bounded above by that of the corresponding
rectangle (hyperrectangle). This result is crucial to deriving element and column growth
factors.

Theorem 2 (Hadamard’s Inequality [53]). Let B € R™*™. Then, we have that

|det(B H )l

2.2.2 Tools from Probability Theory

The union bound is a basic yet important result whose proof is typically left as an exercise
in most introductory probability textbooks. We will make use of it in combination with the
famous De Morgan laws to consider the probability of an intersection of highly coupled events
in the analysis of GERCP.

Lemma 3 (Union Bound or Boole’s Inequality). For events Ey, Fs, ..., E,,, we have that

o (0r) < S

As GERCP is a randomized algorithm, the factorization it produces will be random. The
Law of Total Probability below is the basis on which we analyze the reliability of GERCP
regardless of the column and row permutations chosen by GERCP.
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Theorem 3 (Law of Total Probability). Given m mutually exclusive events Ey,--- | Ep,
whose probabilities sum to unity, then

m

P(B)=) P(BIE)P(E),

i=1
where B is an arbitrary event, and P (B|E;) is the conditional probability of B assuming E;.

Next, we present a useful generalization to the Johnson-Lindenstrauss concentration of
measure. This will allow us to cheaply estimate the Frobenious norm of various matrices
within our algorithm.

Theorem 4. Let A € R™*™ and B € R be fixed matrices, along with the matriz ) €
R™*™ with #id Gaussian N(0,1) entries. Then, for any fized € > 0, we have the tail bounds

e Y A2 B
JAQBIZ > (1+ o)Al B] <exp( (———) ) (2.3)
P(lA2B] 2 rlBllk) 176) AR B2
and
e SN A2 B2
JAQBIZ < (1 - O AIL)B] <exp( (—+ ) ) (2.4)
P (14251 < rlBllk) 115 JaiR 1B
Proof. See section 5.1 for the proof O

The matrix generalization will be of particular use in Section 4.4 and in proving Theorem
9, but most applications of the above concentration of measure will be in the form of the
vector-version, which is commonly used to prove the Johnson-Lindenstrauss Theorem on
randomized embeddings from probability theory and theoretical computer science. Theo-
rem 5 has been the main theoretical foundation in the recent development of randomized
algorithms in numerical linear algebra and data analysis.

Theorem 5 (Random Projection Method (Johnson-Lindenstrauss) [92]). Let x € R? and
€ > 0. Assume that the entries in Q € R™? are sampled independently from N(0,1). Then

(H_QX 1+¢) qug> < exp <_<—T>)
(H_QX < e>\|x|r§>seXp<_@)

(( ) I < H—Qx

and

<(1+e) HxH;) >1—2exp <—(€%)T> . (2.5)
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Proof. Let A =1, € R"™*" be an identity matrix and B = x € R?*! be the vector. See that

-[m 2 2
il _ g IR
113 I3
Then applying Theorem 4 gives the desired result. O]

Due to the central importance of Theorem 5 in GERCP, we make the next definition

Definition 2. A given vector x € RY satisfies the e—JL condition under random mapping
Q if
< VI ellx]],.

2

1
VI=elxll < | -0

Remark 2.2.1. Despite its simplicity, Theorem 5 asserts the surprisingly strong norm-
preserving abilities under a random projection. For any given A € (0,1), x satisfies the
e—JL condition under random mapping €2 with probability at least 1 — A for any

4 2

In particular, for € = % and A = 107, r = 400 satisfies equation (2.6), regardless of d. In
practice, however, one can typically choose a much smaller value of r for z to satisfy e—JL
condition.

2.3 Numerical Error and Stability of LU Factorization

Computers make use of a set of real numbers known as floating point numbers [28] based
off of scientific notation in that they are made up of a (i) sign, a (ii) mantissa, a (iii) base
and an (iv) exponent, as shown by the example

+ 027183x 10 |
(i1) )

2.7183 =

The prolific IEEE standard for binary arithmetic, which includes a single precision with 32
bits and a double precision with 64 bits, provides our computers a way to represent floating
point numbers with base 2. When we approximating a real number x by a floating point
number fi(z) or Z, we either get a relative rounding approximation error within machine
precision €,,4., > 0, i.e.

fl(x) =2 (1+0) for some |§] < €nacn

or we get underflow or overflow when |z| is smaller or larger than the minimum or maximum
positive floating point number, respectively. Single precision floating point numbers have



CHAPTER 2. THE SETUP AND BACKGROUND 12

€mach ~ 1078 and double precision floating point numbers have €,,,., &~ 10716, Refer to [28]
for more on floating point numbers. With computer roundoff, Theorem 9.3 of [51] gives us
that our computed LU factorization obeys the relationship A + ' = LU such that

(L1101

|Ejk|§M

mach

where £ € R™ ™ and |-| denotes taking the absolute value of each entry of a matrix. For
linear systems LUz = b, the backwards stability of forward/backward substitution tells us
that our computer will calculate £ which satisfies the following approximation

(L+6L)(U+6U)z =b

Thus, Gaussian elimination for the linear system is backwards stable if we can provide a
tight bound on J A such that (A + JA)Z = b where

0A =0LU + LoU +0LoU + E

Theorem 9.4 of [51] tells us that A must satisfy

|5A| S 3n6mach
1 —3ne

mach

|L||U] (2.7)

Therefore, in order to bound dA, we need to simply bound L and U of our computed
factorization. Next, we define a property that some pivoting strategies enjoy.

Definition 3 (Top-Heavy Pivoting Strategies). A pivoting strategy for Gaussian elimination
or the LU decomposition is called top-heavy if the pivoting strategy leaves the first entry
of the leading column of each Schur complement to be the entry with largest modulus in the
leading column. In other words,

|S3e(k, k)| = max S (i, k)| (2.8)

k<i<n

or, in other words

| S (k)| = (155 (2, ) [l
foralll <k <n.

All of the methods discussed in this thesis (partial, complete, rook, ¢, complete and
randomized complete pivoting) are top-heavy pivoting strategies. Therefore, all of these
strategies enjoy the following property

Lemma 4. Let A € R™" and let the lower triangular matriz L be obtained by the LU
algorithm above with a top-heavy pivoting strategy. Then, we have

1L, <n

where 1 < p < oo.
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Proof. First, note that top-heaviness gives us that

Lyl = ——% <1
= Sl =
for k < j. Thus,
1 1—-1
Ll < n, [Llloo <nand [|L], <[ILIT (L] ” < m
where the last inequality was established by Theorem 1. O]

It is easy to see that all top-heavy strategies enjoy the bound [|L|, < n for 1 < p < oo
because all the entries below the diagonal in L will be between —1 and 1 in addition to
Lemma 1. Bounding U is a little trickier and historically, the element growth factor has
been used to do it.

Definition 4 (Element Growth Factor). Let n > 0 and A € R™*"

petom ( def MAXE 1Skl 0 ~maxg i |Sk(i, )]
l —_— — . .
o A} oo max; ; |A(4, j)]

In addition to the classical element growth factor, we define the new column growth
factor which will be central to our analysis.

Definition 5 (Column Growth Factor). Let n > 0 and A € R™"

def X, ||Sk||172 max;y, || Sk (s, 7) ||,

Peol (A) = = :
HA||1,2 max; [[A(:, 5l

These two definitions of the growth factor are related by the following lemma. It is
important to note that the column growth factor commonly attains the lower bound of
\/iﬁpelem as we will see with partial and complete pivoting, making p., a more informative

quantity to control than pe.., by a factor of \/n.

Lemma 5. Let n > 0 and A € R™", then

1
_npelem (A> S Pcol (A) S \/ﬁpelem (A)

NG

Proof. Easy consequence of Lemma 1. O]
Using the definition of element growth, we can bound U in the || - ||; and || - [|s norms as
U], < npeiem (A) Al o for n =1, 00
Plugging both of these estimates into Theorem 1, we get that
U, < npeiem (A) [|A]]; for 1 <p < oo

This gives us the following classical result
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Theorem 6 (Wilkinson [28, 51]). Let A € R™™ and let E and §A be given above, then for
any top-heavy pivoting strategy, we have

i))nemach 2

0A elem (A) [|A
AT, < e (A) Al
N€mach 2
E _ A) A
H ||77 = 1_n€machn pelem( )H Hl,oo

where 1 < p < o0.

The proof of the above is similar to the proof of the corresponding result for the column
growth factor.

Theorem 7 (Column growth control on backward error). Let A € R™" and let E and jA
be given above, then for any top-heavy pivoting strategy, we have

3n€mach 2

0A col (A) ||A

I6All, < o5 npe (A) AL
N€mach 2

HEHp > Témach” Peol (A) || A 1,2

where 1 < p < o0.

Proof. First, Lemma 5 gives use the desired bound on ||L||,. Next, please note that by the
definition of the LU algorithm, we have U(m,m : n) = Sp(Bm, Tm,am)(m : n)). Next, we
tackle the U matrix with pe;.

Ul = mass [Um, ), < Vi mas [UGm,:) ], = Vi max [|Sm(5ms ),

Vi max [|Spllp <0 max max [[Sn(:,5)ll; = n max [1Snll

and

U1 = e (UGl < 0 e [0 )]

max =n max max |U(m,j)|

&0 1<j<n 1<m<j

n max max [Sy(m,j)| <n max max |[Sn(: ), =n max |ISnl,,

Thus, Theorem 1 gives us

1,2

’

1 1-1
p p
U1, < 0N 10l < mas 1S,

for all 1 < p < oco. Note that

maxi<m<n [|Sml; 2
max Sl = Al 5 = peot (A) |A

1<m< H Al

1,2

We arrive at our conclusion by combining this with equation (2.7). O
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2.4 Popular Pivoting Strategies

2.4.1 No Pivoting or Static Pivoting

The easiest and most computationally efficient strategy is not to pivot at all, which we
call Gaussian elimination with no pivoting (GENP). However, this method is not numerically
stable for a general A € R"*". To demonstrate this, we use an example from [51]

0 —1 1 0 ) -1
A= =LA L0 e
where 0 < €,,4en and €40, 18 machine epsilon. However, in floating point arithmetic, we have
fl(1+671) =671 where fI(-) represents evaluation in floating point arithmetic. Thus,

nen=nwaw = L5 A= 0 #a

which is the wrong computed LU factorization with backward error | A — fI(L) fl(U)|| = 1.
On the other hand, if A € R™*" is

e Totally nonnegative, i.e. the determinant of every square submatrix is nonnegative,
e Row or column diagonally dominant,
e Symmetric positive definite,

then it is proved in [51] that no pivoting is required for a stable computation. In fact, all of
these matrices have element growth p, = O(1).

2.4.2 Partial Pivoting

The most common version of LU is Gaussian elimination with partial pivoting (GEPP)
because it provides some stability at relatively cheap overhead. It is backward stable “in
practice” [28], meaning that this method provides a stable LU factorization for most but not
all matrices. For partial pivoting, please place the following pivoting rule in Algorithm 1:
At the k'™ stage, the k™" row is swapped with the 8" row, where

Br = argmax | Sy (i, k)|

k<i<n
This method requires a number of entry comparisons in addition to the floating point oper-
ations required by Gaussian elimination without pivoting. Specifically, it requires

n

_n(n—1)
Sy ="

k=1
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comparisons in total, which is one order less asymptotically than the %n?’ + O(n?) flops in
GENP. Each row swap requires n individual entry swaps, so the total number of entry swaps
required is bounded above by

—_

3

n=n(n-—1)

T

The element growth for partial pivoting is bounded by

piin (a) < 2

It is also easy to show that the column growth for partial pivoting is bounded by

1
9P (A} < _—_gn—1
Peol ( ) — \/ﬁ
Both of these bounds are attained by the Wilkinson matrix

1 0 0 -~ 0 1 r1r 0o 0 -~ 0 Offj2 00 -~ 0 1
-1 1 0 --- 0 1 -1 1 0 -~ 0 OfjO 2 0 --- 0 2
-1 -1 1 --- 0 1 -1 -1 1 -~ 0 OffOO 1 --- 0 22
_ =LU
-1 -1 -1 --- 1 1 -1 -1 -1 -~ 1 0|0 00 --- 1 272
-1 -1 -1 -+ =11 -1 -1 -1 -+ =1 1|0 0 0 --- 0 27!
2n71 1 e
where we see that the element growth in U is 2"~ and the column growth ” ”eHeHi;Sﬁ ) — 2 \/ﬁl.
2

Large element growth and unstable LU factorizations with partial pivoting also occur in
many applications. Wright [100] describes a family of two-point boundary value problems
that cause GEPP to fail via exponential element growth when attempting to solve the ODE
by discretizing it into matrix form. Liu and Russell [68] experience the same phenomenon
when attempting to solve the discretized Kuramoto-Sivashinsky PDE, which is used to model
laminar flame front propagation, phase dynamics in reaction-diffusion systems, fluctuations
in fluid films and instabilities in plasma physics [56, 64]. Foster [38] applies the Newton-
Cotes quadrature to discretize the Volterra Integral equation from many areas of applied
mathematics including actuarial science, viscoelastic materials and probability theory. This
reduces the Volterra Integral equation into a matrix equation that makes GEPP fail. As we
will discuss later, the Volterra example is among the most diabolical examples that break
GEPP because it induces passive aggressive element growth, i.e. barely enough element
growth to cause GEPP to fail.

The remainder of the partial pivoting section is spent discussing the generalized Wilkinson
Matriz, which is a more general class of matrices that can cause exponential element growth
in GEPP.
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Example 2.4.1. [Generalized Wilkinson Matrices GW [62]] For any integer r > 1, consider
a matrix A of the following form

where L is a lower triangular matrix with
Li,i = 1, and Li,j = _U?Wi—l—l s Wj_ﬂ)j, for any 1> j,

with u;,v; € R" being any vectors and W; € R™" being square matrices. The matrix A
reduces to the Wilkinson matrix for the special case r = 1, u; = v; = W; =1 for all ¢ and j.
It is straightforward to verify that L~! is a lower triangular matrix with

(L7, =1 and (L7 = uWigi - Wi_yv;, forany i>j,

1’7]

where W, = W, + viu] . Now we choose the vectors {u;}I" o, {v; ?:_1 and matrices {W;}"=)
to contain only positive entries and have 2-norm at most 1. This implies that

|Lij| = !UiTWz'H - Wisv; <1 forany @ > 5.

Consequently LU-factorizing A with GEPP will incur no row exchanges, and the resulting
matrix factorization has the form

A=LU, where U=1I+|L" 1 (0 -0 1).
0

This typically implies exponential element growth in U if the inequality ||/V‘71||2 > 1 holds for
most matrices W;.

In our numerical experiments, we use this to create a random matrix ensemble that causes
GEPP to fail with high probability.

2.4.3 Complete Pivoting

The most reliable version is Gaussian elimination with complete pivoting (GECP). Von
Neumann and Goldstine [94] referred to this as the “customary procedure.” For complete
pivoting, please place the following pivoting rule in Algorithm 1: At the k" stage, the k"
row and k' column are swapped with the 8" row and a!" column respectively, where

(Br, o) = arg max |Sk(i, j)|
(4,5)eN?
k<i,j<n
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Next, we consider the overhead of complete pivoting, which is broken into entry comparisons
and data movement. The number of overall entry comparisons is

- 1)(2n + 1 1 1
Z(kz_l):”(”+ )(n+)—n:—n3+—n2——n
6 3 2 6

k=1

In the worst case, the number of entry swaps (or data movement) is

n—1
Z 2n =2n(n — 1)
k=1

Therefore, despite the fact that each entry swap is more expensive on modern computers
than each entry comparison, the entry comparisons will form the bulk of the overhead when
n is large. This is different than partial pivoting because the total number of comparisons
in complete pivoting is O(n?) instead of the O(n?) comparisons in partial pivoting. In his
seminal work, Wilkinson [97] proves that the element growth in complete pivoting is bounded
above by

1/2
pgleec’ri(A) S \/ﬁ (2 . 3% e nﬁ) / ~ Cnl/zniln(n)
Our proof of Theorem 8 can be easily adapted to show that the column growth for complete
pivoting is bounded above by

1/2
plir(A) < (2-3% 07T 2t

These bounds are provably unattainable for n > 3 [97] because of their proof’s reliance
on Hadamard’s inequality of Theorem 2. It was incorrectly conjectured that p? " (A) < n
[35, 45]. Nonetheless, it is widely believed that the above element growth bound is wildly
pessimistic. However, this bound proves that exponential element growth is impossible as

nlog(™) is sub-exponential. Because of this, we call GECP backwards stable.

2.4.4 Rook Pivoting

An important attempt to speed up complete pivoting was introduced by Neal and Poole
[80] as Gaussian elimination with rook pivoting (GERP). Basically, one alternates between
partial pivoting on the rows and the columns until arriving at a Nash-equilibrium of sorts.
For rook pivoting, place the following pivoting rule in Algorithm 1: At k' stage, initialize
Br = k and ay = k. First, choose a new [ from (2.9) while holding oy, constant, and then
choose ay, from (2.10) while holding /5 constant. Repeat (2.9) and (2.10) until the current
choice (S, o) make (2.9) and (2.10) hold simultaneously.

Br. = arg max | Sk (i, ay)| (2.9)
k<i<n
Qp = argmax \Sk (5k,j)| (2-10)

k<j<n



CHAPTER 2. THE SETUP AND BACKGROUND 19

The number of entry comparisons required by rook pivoting depends on the matrix. For
example, a diagonally dominant matrix will require no swaps, which causes rook pivoting to
only check (2.9) once. This example gives >, (n—k) = @ = O(n?) entry comparisons
just like partial pivoting. In fact, there are a few probabilistic arguments [39, 84] that claim
for the “average” input matrix A, the user would expect to perform O(n?) entry comparisons
in total. However, the worst case needs a total of O(n®) entry comparisons (just as bad as
complete pivoting) as exemplified by any matrix of the form [51]

0, 0,
0s 0,
: , ’91’<‘02’<"'<’92n71’
‘92n73 921172
821@—1

The worst case data movement in terms of entry-wise swaps is the same as GECP at O(n?)
because both rows and columns are also being swapped here. It is not clear whether compar-
isons or swaps are to be considered the dominant overhead cost as it will depend on whether
the input matrix requires O(n?®) or O(n?) comparisons. Foster [39] proves that rook pivoting
element growth must obey

er 3 3 In(n

glerl:L(A) < 5”4 )

and he also shows that the bound is unattainable for n > 3. This suggests that this method
has similar stability properties to complete pivoting and should be considered as a less
expensive “cousin.”

2.4.5 Prior attempts at randomizing Gaussian elimination

Randomization in the context of Gaussian elimination based direct solvers has been
attempted in the past as a way to avoid pivoting altogether [81, 82, 12, 11]. It is important
to keep in mind that these methods serve a different purpose than our method GERCP. In
other words, prior attempts to randomize Gaussian elimination are meant to be faster that
partial pivoting, while our method GERCP is meant to produce high quality solutions that
partial pivoting at a marginal expense in run time. These methods pre/post multiply our
input matrix A by random matrices before applying Gaussian elimination without pivoting.
This can either be used to solve a linear system or compute the inverse of A. Unfortunately,
there are no theoretical guarantees of small backwards error. In fact, many examples cause
these methods to produce a large backwards error relative to partial pivoting from rounding
errors as shown in the numerical experiments section of [82]. One such linear system Ax = b

is given as
i+ g—2 o
aw—( i1 )andbz—l
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gives the exact solution x = e;. This matrix has a condition number of 24" is spectral norm,
so any linear solver will eventually have problems when this system as n — co. However,
GEPP is able to maintain accuracy for larger n as the performance of the randomized scheme
deteriorates almost immediately due to round off error as shown in the numerical experiments

section of [82].
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Chapter 3
Algorithm GERCP and Main Results

In this section, we first introduce Algorithm 3.1, a deterministic complete pivoting scheme
based on the ¢, norm; we then evolve Algorithm 3.1 into GERCP by significantly speeding
it up with randomization.

3.1 Deterministic /;-norm Complete Pivoting

To help motivate our randomized strategy, we propose an intermediate deterministic
strategy called Gaussian elimination with {5 complete pivoting (GE2CP).

Algorithm 2 Gaussian Elimination with ¢, norm Complete Pivoting (GE2CP)
Inputs: n x n matrix A
Outputs: lower triangular L with unit diagonal, upper triangular U, row permutation II,,
column permutation II..
1: fork=1,--- . n—1do
2: compute a = argmax;.;,, ||A(k : n, i)
3 swap columns k£ and « of A.
4: compute = argmax;.;, |A(j, k)|.
5: swap rows k and [ of A.
6
7
8:

compute A(k+1:n,k)=Ak+1:n,k)/A(k, k),
compute A(k+1:n,k+1:n)=A(k+1:n,k+1:n)—Ak+1:n,k)xA(k, k+1: n);
end for

Pivoting is done in two steps in Algorithm 3.1 for each k: Step 1 swaps the o column of
the trailing matrix A(k : n, k : n) with the k', where A(k : n,a) has the largest column 2-
norm among all columns of A(k : n, k : n); whereas Step 2 swaps the 3 row of A(k : n,k : n)
with the k*, where A(B, k) is the largest in absolute value among all entries of A(k : n, k).
Step 1 controls potentially harmful column norm growth in A through column interchanges,
and Step 2 performs standard partial pivoting to control potentially harmful element growth
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in the k-column A(k : n, k) through row interchanges. Step 2 makes the /5 norm Complete
Pivoting strategy (GE2CP) in Algorithm 3.1 a top-heavy pivoting strategy, which allows us
to apply Theorem 7 to bound the LU backward error.

In this method, the number of comparisons is reduced in favor of additional floating point
operations. The total amount of comparisons for this method is

n

> 2(n—k)=n(n—1)=0(n’).

k=1

The total additional floating point operations required to directly compute the 2-norms in
Step 1 of Algorithm 3.1 is about

[y

3

nin+1)(2n+1) 5 _ gn3

3

2ln—k+1)n—k+1)=

=
Il

The worst case for entry swaps in GE2CP is the same as in GECP at O(n?). The ¢, norm
complete pivoting strategy (GE2CP) in Algorithm 3.1 enjoys similar element /column growth
bounds to complete pivoting and rook pivoting. One of the main results of this thesis is an
upper bound on the element growth of our randomized pivoting algorithm in Theorem 8.
By omitting references and applications of Lemma 7 from the proof of Theorem 8, one can

easily show that )
227 < /et Db

The O(n?) flop overhead makes Algorithm 3.1 an impractical alternative to GEPP. In Section
3.2, we develop GERCP by randomizing Algorithm 3.1 to choose columns with sufficiently
large column norms at significantly lowered overhead costs. Furthermore, we will derive a
GECP style element growth upper bound for GERCP that holds with an arbitrary user-
defined probability § € (0,1) of failure.

3.2 Gaussian Elimination with Randomized Complete
Pivoting (GERCP)

Our randomized Gaussian Elimination algorithm, GERCP, is based, in principle, on
Algorithm 3.1. However, the key difference is we will replace the column pivoting step, Step
1, by a randomized alternative to significantly reduce its cost. At its core, GERCP relies
on a fast random projection scheme to reliably estimate the column norms of each observed
Schur complement required by line 1 of Algorithm 3.1, based on Theorem 5.

3.2.1 Successive Schur Sketching

We adapt the idea of a sketching matriz [99] in this section to speed up the column
selection procedure in GE2CP Algorithm 3.1. Let our sampling matrix 2 € R™" be a
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random matrix with iid standard normal A (0, 1) entries where r < n, and let ¥ = QA be
our first sketching matrix. We refer to the number r» € N as the sampling dimension. One
can also make use of a Fast Johnson-Lindenstrauss-like sampling matrix [4] as a sampling
matrix. However, we will stick with a Gaussian sampling matrix in this thesis for simplicity
of presentation. By Theorem 5, the column norms of A can be reliably estimated via those
of W for a large enough choice of r. In other words, we can perform Step 1 of Algorithm 3.1
for kK =1 by looking for the column with the largest column norm in W.

However, Step 1 of Algorithm 3.1 must be performed for every value of k. From the
single random matrix ©, below we will construct a collection of matrices {Uy};_, known as
the Schur sketching matrices, where ¥;, € R™*("=%+1) These matrices are constructed as

U Y mp(k in)) Sy, forall 1 <k < n. (3.1)

Remark 3.2.1. For randomized complete pivoting, the choice of the k'™ pivot column will
be based on column norms in the Schur sketching matriz V. Since all Schur sketching
matrices are based on the same random matriz ), the Schur complement S, € REm)x(kn)
for 1 < k < n will not be a deterministic matriz. Indeed, the observed Schur complement
Sk 1s determined by the randomized column pivoting decisions oy, - -+ ,ax_1 of GERCP from
the previous stages. Given that there are only a finite number of pivot decisions, we conclude
that Sy, must be a discrete random variable.

To efficiently continue with all other column pivoting work in Algorithm 3.1, we induc-
tively devise a scheme to use our current Schur sketching matrix W to produce our next Schur
sketching matrix ¥. Suppose that we have chosen p > 0 rows/columns from the remaining
Schur complement S), € RM—F+1)x(n—k+1)

S _ Sll Sl2 _ Lll Ull [/{12
k 521 522 L21 ] 522 ’

where S11, L1, Uy € RP*P) with Ly, lower triangular and gﬂ upper triangular, respectively;
521’ L21 c R(”_k+p+l)><p; 5127 U12 c Rpx(n—k—p—l—l); and 522’ 522 c R(n—k—p+1)><(n—k—p+1) with

§22 = Sog — 52151_11512 = Sog — Lo1Usz

being the Schur complement. We call p > 0 the pivot-block size, namely the number of
row/column pivots performed before each update to the Schur sketching matrix W. With
the notation established above, we have §22 = Sn—k—pt1-

Step 1 of Algorithm 3.1 requires that we perform column pivoting on §22. To do this
work, we need to multiply Ss by a random matrix. Instead of generating a new random
matrix, we introduce a simple and efficient procedure, Successive Schur Sketching (SSS).
We partition 2 and ¥ accordingly as €2 = ( Qp Qg ) and

— _ Sll Sl?
U= (Tp g )= (0 QR)(S21 522)

= ( QpSi + QrSar QpSiz + QS0 ) .
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Now we compute the next Schur sketching matrix U for the Schur complement §22 as

7 wf QR§22 = Qg (S22 — La1Uya) = (2pSia + QpSaa) — (2pSia + QrLoiUss)

- \IJR - (QPLll + QRL21) U12' (32)

Thus, in SSS we use (1, a submatrix of (2, for the new sample matrix U. If done
directly, it would take 2r(n — k — p + 1)? flops to compute ¥ as a matrix-matrix product
QR§22. However, since Wy is part of ¥ and was computed in the previous steps, U can
instead be computed via equation (3.2) in about 4rp(n — k + 1) flops, a very large savings
for p < n. Indeed, this random matrix reuse will prove critically important in reducing the
overall cost of computing all sample matrices by Algorithm GERCP. Later on we will further
show that Algorithm GERCP will be as reliable as sampling the Schur matrices Sss without
random matrix reuse. R

Given ¥, the new sample matrix ¥ can be updated in about 4rp(n—k+1) flops with the
above formula, which is much cheaper than the O(rn?) flops required for a direct computa-
tion. It costs another 2r(n — k + 1) flops to select a column with sufficiently large column
norm. If we perform a column pivot once every block elimination step, the total overhead
due to column pivoting includes the computation of the initial sampling matrix, its update
at every column pivot, and column selection based on the column norms of the updated
sample matrix. These costs add up to

n/p
4rn? + Z (4rp+2r) (n — (j — 1)p) = (6r +r/p)n?
j=1
flops, which is much smaller than the O(n?) additional flops required by GE2CP. One can

perform a floating point error analysis to show that successively updating ¥ at each stage
via equation (3.2) as follows.

Lemma 6. Suppose equation (3.2) is continuously used to produce each sketching matriz
V.. Then, each sketching matriz in floating point arithmetic is close to the corresponding
sketching matriz in real arithmetic as given by

|fl(‘/f’k+1) - {I\/k—&—l}
< €mach (1 + €mach) (Z|\If (k+ Dp:n)| + 519 | L] | Upsyp(c, (B + 1)p - n)\)

Remark 3.2.2. Later in the thesis, we will provide a probabilistic analysis of this lemma to
get rid of the randomness originating from the sampling matriz €.

Proof. A brief floating point analysis proceeds as follows

|fl((QPL11 + QRL21)U12) — (QpLy + QRL21)U12‘ < démach (|Qp| [L11| + [Qg| [ Lar]) [Urz]

L
:4€mach( ’QP| ‘QR‘ ) ( ILiiI ) |U12|
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Place this together with equation (3.2) in floating point arithmetic to arrive at
| F1(Whi1) = W]

L
S lfl (\Ijk,R) - qthJ(l + Emach) + €mach |\Ijk7R’ + 5emach ( |QP’ |QR| ) ( IL;H ) |U12|

~-
past update errors

Applying a simple induction argument to the inequality above gives the desired result. [

Remark 3.2.3. This rounding error analysis applies equally well to the L and U factors
computed in finite precision arithmetic. We did not make the distinction to avoid introducing
yet more notation.

When Uy, is well-conditioned, U can be updated by the more efficient formula

7 X QR§22 = Qpr (S22 — La1Ua) = (2pSia + QpSa2) — (2pS11 + QrSar) Sﬂlsu

=WUg — (‘PPUﬂl) Ui, (3.3)

which costs about 2rp(n — k+ 1) 4+ 2r(n — k + 1) flops.

3.2.2 Column pivot quality and column growth factor for
GERCP

We present classical Gaussian elimination with randomized complete pivoting (GERCP)
below as Algorithm 3.2.2. The section is primarily focused with the development of GERCP
from a theoretical perspective, while Chapter 4 will be focused on issues of practical im-
plementation. Provided that the sampling dimension r is large enough, we show that, with
high probability, each GERCP pivot column has an ¢, length within a constant factor of
the largest column, i.e. the GE2CP pivot column. Using this property, we then prove a sub
exponential upper bound on the column growth factor for GERCP that holds with proba-
bility not less than 1 — ¢ for any user-defined quantity 6 > 0. For the sake of simplicity and
theoretical guarantees, we will focus on the case with pivot-block size p = 1 for the rest of
the thesis. In line

For ease of notation, we consider a scalar version of GERCP where column pivoting
and row pivoting are done one column/one row at a time. Later, in Section 4, we write
this algorithm into a blocked version in Algorithm 4 in order to increase the amount of
locality in BLAS-3 operation. The column pivots II. are chosen from randomized column
pivoting. The row pivots I, are also random, but if we fix the column pivots II. then the
row pivots are deterministic and are uniquely determined by the top-heavy property (2.8).
Let S,?C e RE=mx(En) he the Schur complement after the first k — 1 steps of column and
row pivoting and Gaussian elimination, and let Q; = Q(:, 7,.(k : n)) € R™*(=F+1) he the
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Algorithm 3 Gaussian Elimination with Randomized Complete Pivoting

Inputs: n xn matrix A, sampling dimension r > 0, an optional column threshold 0 < g <1

Outputs: lower triangular L with unit diagonal, upper triangular U, row permutation II,,
column permutation II,

1: sample Q(i,j) ~N(0,1) forall 1 <i<rand 1 <j<n.
2: compute ¥ = QA.
3 fork=1,--- ,n—1do
4 compute ¢ = arg max || ¥(:, j)||

k<j<n
S S B2 = ¢ 1,018

¢, otherwise

6: swap columns k£ and « of A and W.
7 compute [ = argmax |A(i, k).

k<i<n

8: swap rows k and 3 of A.

9: compute A(k+1:n,k)=Ak+1:n,k)/A(k, k)

10: compute A(k+1:n,k+1:n)=A(k+1:n,k+1:n)—A(k+1:n,k)xA(k,k+1:n)
11: update V(:, k : n) with either (3.2) or (3.3)

12: end for

submatrix of {2 whose columns correspond to the rows of S};[C. We now define the following
events for 1 < k <i<n:

= { | ot
C?zz{\/l——eusﬂc Hz H_ansne( )

< VTEestG m} (3.4)

2} (3.5)
ot = {VI=elsitil, < | 5 VIRl 60

=GN Cl (37)

Qe S (:, 1)

By Definition 2, Cf,g describes the event where the i column of the £ Schur complement
S,?C satisfies the e—JL condition under random mapping QE We also define for each k

1,2}'

which describes the event where no column is swapped under randomized column pivoting
at step k& with column threshold 0 < g < 1. Remember if g = 1 there is no thresholding,

which makes o = ¢ from line 4 and 5 of Algorithm 3.2.2. We further define for k£ < ¢ and

||y

DI = {53 ), = o |25t

1,27

Dy = {15 G Rl < 9

%S ()], < e k<j<i<n,

(S ), = e}
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Thus, D?,j, is the event where columns k£ and i are swapped. Thus the event

p() e () D& (3.8a)

ag,k
1<k<n

uniquely defines the column permutation Il. and by extension, row permutation II,., and the
event

def . —I1lc
c() = N () C% | Cari (3.8b)
1<k<n k<j<n
JFou
defines the Gaussian elimination process where every column in every Schur complement
satisfies the e—JL condition for the column permutation II.; and the event

¢ (c (M) (D (Hc)> (3.8¢)

defines set of Gaussian elimination processes where every column in each Schur complement
produced by the algorithm satisfies the e—JL condition during the factorization process.
Note that event C describes the randomized Gaussian elimination process, whereas event
Ce) describes a particular incidence of C conditional on a particular column permutation
IL..

Since GERCP performs partial pivoting at every step of elimination, it will successfully
compute an LU factorization of any given matrix. Additionally, the events D) over the
set of permutations are mutually exclusive by definition. In other words,

P(Upm) - Srom -1 39)

where the set union is over all possible permutations II.. Lemma 7 below shows that with
large probability, in GERCP every column in every Schur complement satisfies the e—JL
condition during the elimination process regardless of which permutation II,. is chosen.

Lemma 7 (Randomized norm preservation). Given €,0 € (0,1) and g € (0,1]. Let ¥ be

4 1
defined by equation (3.1). Choose r > ———1In (n(nzg- )
2 _

€
1 /1+4¢€
1kll1 5 < Vi e 1Sk (2, )] (3.10)

for all 1 < k < n with probability no less than 1 — 9.

. Then we must have

Remark 3.2.4. The question of choosing € is a balancing act. If € — 0, then r > 4/(e* —
€3)log(...) = oo. But, on the other hand, if € — 1, the upper bound in (3.10) also becomes
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vacuous. For all practical purposes, we can think of € € [1/4,3/4]. Also, this lemma tells
us that the factor

two factors appear multiplied together in the same part of the above inequality. Therefore,

it 1s fruitful to view and label the term ,/}—J: from Johnson-Lindenstrauss as the artificial

column thresholding factor.

Proof. By equations (3.8), the event

1 /1
U( JOP L)) C {|Sk||12<§ =S ak)||2,f0ralll<k<n}

defines a superset of the set of outcomes that satisfies our desired result. To show this take

any fixed choice of column pivots II.. It is trivial to get ||Sk(:, ax)|| < 1,/”5 15k (25 ) I
always. If our outcome is in both C (Il.) and D (Il.), then for any 1 < k < j <mn and j # o

2

. 1 .
(1= 15 I < HW%(:,J) 2 (by event CT%)
101 2
< p W\Ifk(:, ag) 2 (by event D(I1,))
1 —~1lc
< 51 lSG a2 (by event C,’ )

Choosing j = arg max;.;, [[Sk(:, j) ||, gives us line (3.10) and our desired set containment.
Next, we must bound the probability of success from below. It follows from the definition of
conditional probability that

P(U(C(Hc)ﬂp(ﬂc))> = Z[P D (11,))
= ZP I1.)) P (D (IL.)) (3.11)

Below we derive a lower bound on the right hand side of equation (3.11). Consider
any given event D (Il.) for which P (D (Il.)) > 0. This implies that the permutation II. is
given. As before, for each 1 < k < n — 1, let S,?“ € REn)x(kn) ho the Schur complement
after the first £ — 1 steps of column and row pivoting and Gaussian elimination, and let
Qe = Q(:, IL(k : n)) € R™*(=*+D he the submatrix of © whose columns correspond to the
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rows of S,?C. With this notation, we can write

P(C(IL)[D(IL) =P | () M €% [N Curs

1<k<n k<j<n
JFag
.\ ¢ —TII. \¢
—1-p| | U €| U(Ch)
1<k<n | | k<j<n
JjFag

3

n

-3 | S E ey +E((S,))

k=1 \ j=k
JFay
n 2 3
>1-— (n—k+1)exp(—%)
k=1
1 2 _ 3
:1_@@@(_%)

where the third line comes from Lemma 3 and the fourth line is from the application of
Lemma 5. Plugging this into line (3.11), we have that

P (U (C(II,)ND (Hc))> > (1 - Wexp <—@)) ;P(D (1))

1. L n(n+1) e (_(62 —463)7")

where the last line is achieved by line (3.9). In order to bound the last line from below by

4 1
1 — 9, we require the r > oo In (n(nzg- )) n

Below is our main theoretical result on column growth upper bound for GERCP.

Theorem 8 (Column Growth Factor for GERCP). Choose €,§ € (0,1) and g € (0,1]. If

4 1
r>—-——=ln (n(n2; )), then the pivot growth factor of Algorithm 1.2 satisfies
€ —e€

—_

+ € /€(n+1)n1+ln<g %fz>n%1n(n)

PT(A) < gt

1
7

—_
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with probability greater than 1 — 9, otherwise

gercp L n
Peol (A> S \/EQ
Remark 3.2.5. What happens if we are extremely unlucky? There is a chance, not exceeding
the user-chosen positive probability &, that at least one column in some Schur complement
s not well-preserved. In this case, GERCP could end up picking the wrong column pivot.
This, however, is far from a disaster as we still perform the deterministic partial pivoting at
every step. Therefore, we can view these randomized column swaps as an “insurance policy”
against large element growth because with high probability we will attain the growth bounds
in Theorem 8, but we will definitely attain GEPP growth bounds.

Proof. At the k*" stage of randomized complete pivoting, our column pivot choice is given
by
0, = arg max || W(:, j) 3
k<j<n

e g, > 2R,
k k  otherwise

Then the row pivot at the k' stage is given as [3; where

By = arg max | Sk (7, ag)| (3.12)
k<i<n

At this point, we proceed in a fashion similar to Wilkinson’s element growth proof for
complete pivoting [97]. Let pr = |Sk(Bk, ax)| be the modulus of the pivot element of Sk.
Also, let ¢, = ||Sk(:, au) ||, be the fo-norm of the pivot column of Sy. It is important to note
that (3.12) along with Lemma 1 implies that ¢, < v/n —k + 1p; (i.e. the last line works
because py = U(k, k) from our a priori pivoting so p is an entry of S};IC.) Then, we have
that

m m 1
det (S¥e(k :m, k : = > —————c; 3.13
] e ( ek :m m))‘ jllpj qu (3.13)

which holds from the LU decomposition of S};IC since the L factor is unit diagonal and the U
factor has the p,’s as its diagonal. We can also apply Theorem 2 (Hadamard’s Inequality)
to the determinant of S;'(k : m, k : m) to get

|det (Spe(k = m k- m))| < H HS}}C(l{: : m,j)”2 < H HS,?C(:,j)HQ

j=k

m—k m—k
1 /1+¢ ka1 1 /1+4¢ k41
<|- Sk(: o =|- ek
< (g 1_6> 19k (5, o) Il V1 Ck

(3.14)
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where the last expression of the first line is achieved by taking the ¢, norm of the entire ;™
column instead of the first few entries of the j"* column. Also, the second line of the above
is achieved from Theorem 7 by applying (3.10) for each j # . Combining our inequalities
(3.13) and (3.14) for |det (Sk(k : m, k : m))|, we get

m—k
1 [1+e [(n—k+1)! . o
_ MM ) m > .
(g 1—6) (n—m)! Ck _jllcj

for all 1 < k < m < n. Define ¢4 = In(c;). Canceling one ¢, on both sides and taking
logarithms on both sides, we get

(m—k)ln(; 1_Z)+Zln\/n—]+1+(m—k)qk2qu
=k

j=k+1

Dividing by m — k, moving each term with any ¢; for k£ < j < m to one side and everything
else to the other,

m—1 m
1 1 1 1 /1+4e€
- > m — Iny/n—7+1—In| -
0 m—kz%_m—k‘q m k‘zn e n(g 1—6)

Jj=k+1 Jj=k

Next, we combine all the inequalities for each k between 1 < k < m to get

1 1 1 1 ! 1 1+e

1 _ml—l Tm—1 _ml—l T m—1 q1 mqm m—1 In (nfm)' In (E E)
1 1 1 1 1 (n—1)! 1 1+e€

0 1 Tm—2" T m—2 m-2 42 m—2dm m—2 In (n—m)! In <§ 1_—E>
1 1 1 1 (n—2)! 1 [1te

00 1 =imnm]|| 6 |o|matn || msy e | (5 1%)
1 (n—m+3)! 1 1+e

0 0 0 e 1 _% Qm—2 %qm 3 In (n—m)! In (E E)

00 0 -+ 0 1 Ngus) \ am N = In (3/5)

and we express the above matrix inequality as

def
B q > Vi — Vo — V3

Lemma 13 gives us a closed form expression for B~ which happens to be a non-negative
matrix. Since B~! only has non-negative entries, the vector inequality above is preserved
after multiplying B! on both sides. To complete this proof, we only need the top row of
this vector inequality. Since ¢ is the first entry of q, we also apply e to both sides of the
inequality to reduce it to a scalar inequality

n=elq>elB'vi—elB vy —el B vy (3.15)
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Lemma 13 also tells us that the first row of B~ is

e B =[1 35 55 5 5]

which we now use to compute/bound el B~'v,, el B~!v, and el B~lvs:

m—2
1 1
T n—1 _ =

j=1

where the last equality was achieved by Lemma 12. Next, we compute el B~!v, which we
call the Wilkinson term

_ 1 : 1 .
el B 1v2:m;1n n—m-+j ZmZm\/n—mﬂ
2

1 m m— m— 1
:mzmwn—m—%j—l— Z (k+1>kln\/n—m—|—j
j=1 j=1 k=max{j—1,1}
1 m—1 1 m—2 1
- 1 S SELI [ PO/ m—
m—1n‘/ﬁ+,Z m_1 Z Gk | mVromTd
Jj=1 k=max{j—1,1}
m—1
1 1 .
:m_lln\/ﬁ+zmln\/n—m+j (Lemma12)

=1

1
zln\/n—m—l—l—i—z 11n\/n—m—|—j
j=2

=
défln\/n—m+l+lnf(m,n—m)

where we define the generalized Wilkinson function to be

Fm ) @401 E+ A+ (m )

Next comes el B~1vs or the thresholding term

m—1
1 /1 1 1 /1
el B 'vi=In (— i 6) -<(1+In(m-1))ln (— + 6)

gV 1—e€ gV 1l—e

Plugging all of this into (3.15), we have

gV 1l—e

¢G> Gm—Invn—m+1—Inf(m,n—m)—(1+In(m—1))In <1 1+e>
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Taking the exponential of both sides and rearranging terms, we have that for all 1 <m < n

1 /1 o1, /ike
fm <vn—m+1f(m,n—m)- 1+€(m— 1)l (Vi) (3.16)
C1 9

— €

gercp

Next, we need to relate the ratio < to p7;
1

gerep _ A%k [|Sk], 2
<! 15111 2

1 /1 :
1 lte 15k (2, o) [l (Lemma 7)
gV 1—e & [Si(:; 1),
1 /1+e Ck
gV 1l—€ k&

< e Vi = 1. — m)(m =10V (Ean (3.16))
< /e = m 20—+ 1) — 1) (V)
ma () (n — 4 1) memE)
e (Ve 20 = mot - "GV
max (miln(”)miln(%)) mﬁx(n —m+ 1)i In(n—m+1) (Lemma 14)
< %1 i_ z e(n+ 1)n1+ln<%\/g> max (miln(”)miln(%» L

where the third to last line is from Lemma 14. Examining the following derivative

iln <m%ln(n)miln(%)> _ ln(n) o In (m)
dm m m

which equals zero only when m = n, and given the concavity, this point attains the max.
Thus, we plug this point in to get

e(n + 1)n1+1n<% 1) 3 ()

11+e€
—¢?1l—c¢

gercp
col

to get our desired result. O]

Next, we slightly add to the statement of the last theorem to add a probabilistic guarantee
on the floating point error of the sampling matrix ¥ under the sampling update formula (3.2).
The floating error analysis of the sampling matrix must be done under the objective that
rounding errors cannot corrupt the column lengths by too much, which is suggested by the
following result under small probability of failure. This shows that the floating point error
cannot grow quickly or exponentially under the given update scheme.
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Theorem 9 (Stability of unconditionally stable sampling update formula). For Gaussian
Elimination with Randomized Complete Pivoting, we have the two guarantees

1+eyr,

Peot T (A) < l Lren e(n + 1)n1+ln(q - eu)m In(n)
g l—ejr

and

| F1(@e) s

Lo < Gmach(1+€mach>k VEkr(1+esz) (\/E—|—5n )pngcp< )HA”LQ

with probability at least 1 — @ exp (—@) — exp <—@>

Proof. First, we apply the relevant norm to both sides to get

Hfl({l}k—i-l) - \/I}k+1H12 (3.17)
< €mach (1 + €macn) (ZII‘I’ $1) g + S QA Lerallly Uk G, (k+1)in)|||1,z)
< €mach (1 + €mach) <Z [ (: )2 SN I Lkl Uk G, (R £ 1) n)!|1,2>

where we bound the 2-norm of the entrywise absolute value by the frobenius norm to get

the last line. Next, Theorem 8 and the definition of the event Efgk from (3.4) give us both

our desired bound on p?7? (A) and

Wkl = VR ar)lly < V(L +esn) 1Skl o < V(1 +esn)ple ™ (A)[JA]l,  (3.18)

with probability of failure bounded above by * ”H) exp (—@). Since GERCP is a

top-heavy method from Definition 3, we have HLkHH r < Vkn because L1 is an x k
matrix with each entry bounded above by 1 in absolute value. Also, Theorem 7 gives us that

1Ukt1ll1,2 < nply ™ (A) |A]]} 5. Finally, use Theorem 4 to control the quantity ||| via

2 .3
]P){HQH% >nr (1 +EJL)} < exp (_W)

Then plug this and the inequality (3.18) into the first inequality (3.17) to arrive at our
desired conclusion with a union bound. O
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Chapter 4

Numerical Experiments

4.1 Block GERCP

Algorithm 3.2.2 was presented in a form for ease of presentation of Theorem 8. For effi-
cient numerical implementation, we need to develop a block version of GERCP in Algorithm
3.2.2 to increase locality and memory/cache re-use with more BLAS-3 calls. Algorithm 4
below is styled after dgetf2.f and dgetrf.f for block GEPP in LAPACK with double precision
floating point numbers. Instead of increasing the pivot-block size from p = 1, we introduce
a loop-blocksize parameter b > 1. It repeatedly performs b steps of randomized column
pivoting and partial pivoting followed by a blocksize b Schur complement update.

When evaluating the norms to make the column pivoting decisions, it is not necessary
to take the square root after computing the sum of squares. The motivation for using the
2-norm to make the column pivoting decisions comes from the use of a Gaussian sampling
matrix in combination with the Johnson-Lindenstrauss Lemma. As pointed out by Prof.
James Demmel, computing the 2-norm is more involved than computing the 1-norm (i.e.
sum of absolute values) in order to avoid overflow in floating point arithmetic with the
BLAS-1 function snrm2 [16]. This is an interesting direction for future research. For the
2-norm, one follow the example of snrm2 without the final square root in order to obtain
maximum reliability. However, given that we use r = 4 for all of our examples, we are able
to unroll the loops present in snrm2 in order to improve the algorithm runtime as done in
our code.

The main work of Algorithm 4 is in the last step, the repeated computation of the matrix
A(k+1:n,k+1:n). The outer loop for k is similar to the main loop in dgetrf.f, while the
inner loop for k is similar to the main loop in dgetf2.f. The main modifications occur on
lines 7,8 and the BLAS-3 Schur complement update after the end of the inner loop. Line 7
updates the U factor so that we can use it to update the sketching matrix on line 8. As in
dgetf2.f, the inner loop for £ is designed to work on a tall-skinny matrix, whereas the outer
loop for k performs fast BLAS-3 updates on the rest of the matrix. For practical reasons,
we stop using the sampling matrix once the dimensions of the Schur complement become
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Runtime for =4 and no thresholding

Random M0, 1) matrix
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Figure 4.1: Comparing the run times of GERCP and GEPP Fortran code each averaged
over 10 different trials

less than or equal to the sampling dimension r > 0. It is important to note that the proof
of Theorems 8 and 9 is easily modified to apply to this versions of the algorithm with the
exact same guarantees on element growth. We present the procedure for updating the Schur
sampling matrix W.

Remark 4.1.1. The first updating formula in Algorithm 5 is slightly more efficient than the
second one. While we have not observed it in our numerical computations, it potentially could
lead to inaccurate column selections for some highly ill-conditioned matrices in pathological
cases. QOur numerical experiments also suggest that the execution time of Algorithm 5 is
typically a small fraction of the total execution time of of GERCP. Thus, one might use the
second updating formula in Algorithm 5 for a more robust numerical implementation.

4.2 Numerical Results

We ran our experiments on two different machines. The runtime results were performed
on a single node of NERSC’s Carver machine with two quad-core Intel Xeon X5550 2.67 GHz
processors and 24 GB of RAM. This compute resource was courtesy of the National Energy
Research Scientific Computing Center, a DOE Office of Science User Facility supported by
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Algorithm 4 Block GERCP
Inputs: n x n matrix A, sampling dimension r > 0, block size b
Outputs: lower triangular L with unit diagonal, upper triangular U, row permutation II,,
column permutation II..
1: sample Q(i,7) ~N(0,1) forall 1 <i<rand1<j<n
2: compute ¥ = QA
3: fork=1:b:n—1do
4
5

set k=k+min{b,n —k+1} — 1

for k=Fk: %k do
6: compute o = { are MaXp<j<n H‘I]("DHg 2 ifn - k 2T
argmax i, [|[A(k :n, j)|l;  otherwise
7: swap columns k and a of A, ¥ and Q (*).
8: compute [ = arg max |A(i, k)|.
k<i<n
9: swap rows k and 5 of A (*).
10: compute A(k+1:n,k) = A(k+1:n,k)/A(k, k);
11: compute A(k+1:n, k+1:k) = A(k+1:n,k+1:k) — A(k+1:n, k) * A(k, k+1:k);
12: compute A(k,k+1:n) = A(k,k+1:n) — Ak, k:k—1)* A(k:k—1,k+1:n);
13: update VU(:, k:n) with Algorithm 5

14: end for B B B B B B L
15: compute A(k+1:n,k+1:n) = A(k+1:n,k+1:n) — A(k+1:n,k: k)« A(k:k, k+1:n);
16: end for

Algorithm 5 Update procedure for Schur sampling matrix ¥
Inputs: r x n matrix ¥, n x n working matrix A, » x n random matrix {2
Outputs: r x m matrix ¥
1: if pivot |A(K, k)| > /€macn | V1], , then apply Eqn (3.3) with then
U(:, k)A(k, (k+1):n)
Ak, k)

2

U (k+1):n)+—V(:, (k+1):n) —

@

. else apply Eqn (3.2) with
V(e (k+1)in)«—W(,(k+1):n)—[Q0E)+Q0,(k+1) :n) A((k+1) :n,k)|A(k,(k+1):n)
end if
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N 3000 | 5000 | 7000 | 9000 | 11000
trep (secs) | 2.250 | 9.623 | 25.506 | 53.607 | 96.662
t (secs) | 2.006 | 8.902 | 24.066 | 50.934 | 91.967
fre=top112.20% | 8.10% | 6.00% | 5.20% | 5.10%

tPP

Table 4.1: Average run times of GERCP and GEPP over 10 separate trials.

the Office of Science of the U.S. Department of Energy under Contract No. DE-ACO02-
05CH11231. The rest of the numbers are generated on a laptop with an Intel i7-3632QM
CPU and 8GB of RAM. All of the code here was run using the Intel MKL BLAS [16, 58]
version 11.0.1 with Intel Fortran compiler version 13.0.1. We used the open source Netlib
3.3.1 version of LAPACK GEPP [9]. Our version of GERCP was obtained by modifying the
Netlib GEPP Fortran code. This allows for an easy and fair comparison between GEPP and
GERCP by insuring that the version of GEPP used to compare against has similar cache
optimizations. It is worth noting that the Intel MKL version of GEPP is much faster than
both Netlib GEPP and GERCP because of superior cache optimizations. Figure 4.1 from
our runtime experiments shows that as the matrix size increases, the percent difference in
runtime decreases to a negligible amount. This agrees with our theory, which tells us the
O(n?) operations required to maintain the sampling matrix and pivot columns does not grow
as quickly as the O(n?) operations required to actually factor the matrix A. Even when the
relative time difference is high, the absolute time difference is a fraction of a second for a
single factorization as shown in by the run times for N = 3000 in Table 4.1 below.

In section 2.4.2, we reviewed stability issues associated with to most commonly used
Gaussian elimination pivoting strategy, partial pivoting. Now, we produce numerical exper-
iments showing the improved stability properties of GERCP. As described in section 2.3,
two metrics for judging the quality of an LU factorization are backwards error and element
growth , given as

max; j x [k (7, j)|
max; ; |A<Z’ ]) |

AT~ LU and g (A) =

The Wilkinson, Generalized Wilkinson and Volterra matrices that we use in Figures 4.2
and 4.3 are as described in Section 2.4.2. The Wilkinson-type matrices serve as the worst
case matrix for GEPP instability with entries that grow exponentially, where the standard
Wilkinson matrix has the quickest exponential growth with a base of 2. This is exemplified
by the dashed blue and red lines in the log-log plots of element growth and backwards error
of GEPP in Figures 4.2 and 4.3. However, GERCP fixes this by impeding element growth
with column pivots to leave the backwards error near machine precision. As far as Gaussian
elimination goes, the most pathological examples, that we characterize as passive aggressive
element growth, include the Volterra matrix. These matrices exhibit just enough element
growth, but no more, to cause an unacceptable level of backwards error. In contrast, the
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element /column growth for the Wilkinson-type matrices is so massive that the problem is
trivial to detect and fix for any GE algorithm with both row and column pivots to correct.
This case too is effortlessly corrected by GERCP as shown by our experiments.

)

I ! GERCP Wilkinsan

oo — — — GEPP Wilkinson
il S GERCP Gen Wilkinson |

|

r

|

r

/ ———GEPP Gen Wilkingan
f GERCP Yolterra
GEPPF “uolterra

[2x]
[=1

_—
=
T

s

=
(=]
=]
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Matrix size n

Figure 4.2: Element growth for diabolical matrices with GERCP and GEPP Fortran code

4.3 Backward error for random linear systems

Suppose we wish to solve the linear system Ax = b where A € R™™ iid N'(0, 1) standard
normal and b € R™iid N/(0, 1) standard normal. This system is known to be well conditioned
[23] and the LU factorization is stable under partial pivoting and complete pivoting [90]. We
measure the accuracy of a linear solve with the relative residual

|AX — b,
A 1%l

In Figure 4.4, we plot the relative residual error for GERCP with different sampling param-
eters r > 0, along with competing methods like GEPP, GECP, GERP (rook) and GE2CP.
While complete pivoting consistently obtained the smallest residual, GERCP, GERP and
GE2CP all produced similar relative residuals which were clearly better than GEPP and not
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Figure 4.3: Backwards error for diabolical matrices with GERCP and GEPP Fortran code

much worse than that of GECP. This shows that GERCP produces a better quality solution
than GEPP even when GEPP is given a well-conditioned system. The Figure 4.4 suggests
that the relative residual for the random normal linear system is improved by almost a factor
of 2. This savings becomes more important when you work with smaller precision floating
point numbers like single or half precision floating point numbers. These smaller precision
floating point numbers are becoming commonly used on co-processor platforms like GPGPUs
as result in dramatic run time improvements. Also, for different linear systems this improve-
ment in the relative residual can be much higher as in the case of the Wilkinson-type and
Volterra matrices.

We also look at the element growth within the LU factors for different pivoting strategies.
In [90], Trefethen and Schreiber study the element growth factors for GEPP and GECP
on standard normal matrices. They conjecture that E (p2%?) ~ O (n*?) and E (p%°?) ~
@) (nl/ 2). We plot the element growth for GEPP and GECP along with the element growth
for GERP (rook), GE2CP and GERCP with different values of the sampling parameter r > 0
in Figure 4.5.
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Figure 4.4: Average Relative Residual over 10 trials. This suggests that GERCP should
improve the relative residual of a linear solve over GEPP by at least half the improvement
that GECP would provide.

4.4 Incomplete LU with Randomized Complete
Pivoting

We can also rewrite our GERCP algorithm into a form that makes it more amenable for
low-rank incomplete LU factorizations. This actually allows us to use GERCP to produce
CUR-style decompositions [31], which are popular in machine learning and randomized nu-
merical linear algebra, as discussed in Part II of this dissertation. The pivoting decisions
of GERCP are used to select relevant rows and columns of A. Suppose we wish to per-
form ¢ steps of LU to form a low-rank approximation A"e¢ ~ L,U,. In machine learning,
researchers [27, 37, 13] have produced efficient algorithms for a similar problem in the con-
text of the incomplete Cholesky factorization for a symmetric n X n input matrix. The
incomplete Cholesky factorization enjoys an impressive complexity of O(nf?), i.e. linear in
n. They provide a version where the user stipulates a fixed desired ¢ parameter and an
adaptive version that chooses ¢ to be the first number that causes the residual to drop below
a user defined tolerance 7, i.e. ||AMet — L,U,||r < 7. In order to make our provably stable
GERCP algorithm competitive for this purpose, we must produce a left-looking version [87]
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Figure 4.5: Average element growth of iid standard Normal random matrix over 10 trials.

of GERCP as in Algorithm 6. Left-looking Gaussian elimination attempts to leave the Schur
complement untouched until it is absolutely needed. Lines 8 — 10 of Algorithm 6 are used to
update the borders of the Schur complement from scratch. Line 10 is especially needed to
update the sampling matrix ¥ for the next stage. The complexity of Left-Looking GERCP
is O (6nf? + 2nrf). If we strictly follow the requirements of Theorem 9 or Theorem 8, then
this becomes O(nlog(n)¢). However, if we let 7 = O(1) as done in the numerical experiments
then we also have complexity O(nf?). For the adaptive version, it is crucial complexity-wise
that we make us of the compressed r x (n — k+ 1) Schur sketching matrix instead of a larger
(n—k+1) x (n—k+1) matrix, otherwise we would need to replace an r term with an n term
in the above complexity. To further justify the use of ||U(:, k:n)||F in line 3 of Algorithm 6

k n—k k m—k k n—k k n—k
M., _ A Ap K Ly, 0 Ui Ui . 0 0
A o m—k‘(AQl AQQ)_ m—k(LQl I 0 Sg _LkUk+ 0 Sk
The application of Frobenious norms then gives ||A* — L, Ug||p = ||Sk||r. At this point, it

is useful to recall equation 3.1 that W, = Q (:, m,.x(k : n)) Sk, where  has iid standard normal
entries. This allows us to apply Theorem 4 to get

Corollary 1 (Scaled Frobenious norm of Schur Sketching Matrix approximates Frobenious
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Algorithm 6 Left-Looking GERCP

Inputs: n x n matrix A, sampling dimension » > 1 and either £ > 0 or tolerance 7 > 0

Outputs: lower triangular L with unit diagonal, upper triangular U, row permutation II,,
column permutation II,

1: sample Q(i,7) ~N(0,1) forall 1 <i<rand1<j<n
2: compute ¥ = QA
3: while k£ </ or |V(:;,k:n)||r <7 do
4: compute o = argmax ||V(:, 7).
k<j<n
5: swap columns k aild a of A and V.
6: compute [ = argmax |A(i, k).
k<i<n

7: swap rows k and 3 of A.

8: compute A(k:n, k) = A(k:n, k) — A(k:n,1:
9: compute A(k+1:n,k) = A(k+1:n,k)/A(k,
10: compute A(k,k+1:n) = A(k,k+1:n) — A(k
11: update V(:, k:n) with Algorithm 5

12: end while

kE—1)xA(l1:k—1,k);
k);

k,1:k—1)x« A(1:k—1,k+1:n);

norm of Schur complements). For each LU stage 1 < k < n we have that the Frobenious
norm of \/L;\Ilk approzimates the Frobenious norm of the corresponding Schur complement Sy

1 €3, + €51 |1Sk]I3
P (1—es)lSel% > [—=Ui]l% ) < exp | —p LT L IOMLE
(( il kHF—H\/— kHF> —eXp( TSR

P ((1+ el < [0l ) < exp (S 2B
EJL)PklF = Ellp | > exXp | —r
\/_ 4 |ISkl3

There are a few interesting observations here. The probability of failure does not depend
upon the dimension n of the original matrix! This is because we did not do any union
bounding of column norm estimates to arrive at this. Also, these bounds suggest that a
larger numerical rank of Sy provides for a more accurate estimate. Even more surprising is
that if our adaptive algorithm terminates after ¢ steps, then we know that %\Ifk provided
accurate approximations to the Frobenious norm of the Schur complement all ¢ required
steps with probability at least

! €5~ € || Skl
P{(1—esn) ISell7 <l —=Pel% < (1+€s2)[1S 2,v1§k§€) > 1-20ex (—r JL_ TJL F)

This means that the ability to accurately estimate the Frobenious norm for ¢ stages only re-
quires the sampling dimension 7 to be O(log(¥)) instead of O(log(n)). We test this estimation
technique of the Frobenious norm of the Schur complement at each step of an imcomplete

LU factorization for the KOS blog dataset from the UCI Machine Learning Repository [67].
This dataset gives the standard term-document matrix with rows that represent documents
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Figure 4.6: One trial incomplete factorization for each value of the sampling dimension r

and columns that represent the number of times a particular word was used in a document.
This dataset has 3430 documents and a vocabulary of 6906 words. We run incomplete LU
factorizations for 250 steps and Figure 4.6 shows how well the randomized Schur complement

1 2
norm estimate in terms of the ratio %
Future Work. One direction is to study and provide guarantees for variants of GERCP
that allow for a large pivot-block size p > 1. We believe that such a method could be much
faster due to an increase in BLAS-3 operations, and could also provide rank-revealing style
guarantees for low-rank approximations generated by incomplete LU factorizations [77]. It
will also be important to develop a cache optimized version if this code to be competitive to
Intel MKL LAPACK GEPP. Another important avenue for future research is to use these
techniques to make communication avoiding tournament pivoting LU (CALU) more stable
by adding randomized column pivots [29, 46].

Acknowledgments. I thank my adviser and co-author Prof. Ming Gu for helping
me with this work and for give me permission to include this co-authored material in my
thesis. We also wish to thank James Demmel and Laura Grigori for many helpful and fruitful
discussions.

for different values of r.
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Chapter 5

Additional Lemmas and Proofs

5.1 Matrix version of Johnson-Lindenstrauss
Concentration of Measure

Let A € R™*™ and B € R™ "2 be fixed deterministic matrices, where r; < m and ry < n.
Let © € R™ ™ have iid entries distributed standard normal N(0,1). In this section, we will
derive a general concentration of measure result for the random quantity

1AQB%

which not only generalizes the Johnson-Lindenstrauss concentration of measure result, but
is proved using similar methods. First, we start by specifying the SVD for A = U;XV{! and
B = U,0Vy where

Ory 67‘2

Lemma 8 (Rotational invariance and Orthogonality). We have that

re T
dist
IAQBIE =) ) ot
i=1 j=1
where ™ denotes equality in distribution and where each w; ; is independent and identically
distributed as w; j ~ N(0,1) for all1 <i<ry and 1 < j <rs.

Proof.
IAQB|% = [0SV QU:0V, |7
= |IZViiQu,0|% (Unitary invariance of F-norm)
= |00
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where () = VIQUS, is also distributed iid A(0, 1) by the rotational invariance of that random
matrix. Let w; ; denote the entry of Q in the it" row and 4 column. Computing the triple
product in the Frobenious norm on the last line and applying the entrywise orthogonality of
the Frobenious norm, we arrive at our result

T1 T2

1AQBIE =D > otbii,

i=1 j=1
]

To produce our tail bounds, we will rely on Chernoft’s inequality, which comes from
applying Markov’s inequality on the exponentiated version of our random variable. To do
this, it is useful to define the moment generating function of a random variable.

Definition 6 (Moment Generating Function). Let X € R be a random variable. Then, we
define the moment generating function to be

MX (t) = EX [etX}

Lemma 9 (MGF for linear combinations of independent RVs). Let a,b € R be constants
and let X, Y € R be two independent random variables with Mx(t) and My (t) as moment
generating functions respectively. Then we have that the moment generating function of
Z =aX +bY is given as

Mz<t) = Mx(at)My(bt)

Next, we compute the moment generating functionod a squared standard normal random
variable

Lemma 10 (MGF for squared standard normal RV). Let w be a N(0,1) random variable.
Then the moment generation function for w? is given as

for allt < %

Proof. We have that w? oc X7 is chi-squared distributed with the PDF f,(z) L_e—37,
With this, we compute the moment generating function

© 1, 1 3 [ ., 1
Maa(t) = [ e e by = | L \ﬁ/ gy) =
®) /0 © Vora M 1—2t< ), ¢ y) 1—2t

where y > 0 is the change of variables such that y* = (1 — 2t)x. O

Before continuing, we need to prove the following technical lemma
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Lemma 11. Let 0 <y <1 and let |t| < 3. Then, we have

1 1/2 1 v/2
< -
1—2yt) ~—\1-2¢

Proof. Fix v and let us Taylor expand the following function around ¢y = 0

(1—26) =1—2y(1—2t)) "t + /t_ (t—x)y(y—1) (1 —22) 2 da

¢
=1—-29t+~y(yv—1) / (t —z) (1 — 22)" " dzx (non-positive integral)
x=to

<1-—-24
By division, we can rewrite this as 17127t < (ﬁ)7 We arrive at our result by taking
square-roots on both sides. O]

Now, we can present the proof of the generalization of Johnson-Lindenstrauss concen-
tration of measure. We wish to prove the following statement of Theorem 4. For any fixed
e > 0, we want the tail bounds

MBI > (1+ ANAIBIBIR) < exp (= (< — ) LAIEIEIE .
P (JARBI3 2 (1+ AR IBI3) < exp 2IBIEY (s
175 ) A3 IBI3
and
2N AR B3
P (||AQBI2 < (1 — )| A||12||B|%) < (€ L€ 1Al 1Bk 2
(14981t < 1 - ol IBI) <eo (- (5+5) GEIDE) 62

Proof of Theorem 4. Lets consider the probability

AQ B2
P (JAQB|Z > (1 + || A2 BI%) = B (wzue)

14|17 ||B||%
T1 T2
wi;>1+e
<Zl; HAHFHBHF “hd
2
For convenince, we refer to Z = Y1, 772 Nipjw;;, where \; = HAHQ and p; = T

Proceding with the standard Chernoff inequality trick to get a moment generating function
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for Z via Markov’s inequality, we get

P(Z>1+¢) =P (e > 1)

_ —(1+e)t o
=e H H M. (Aifsst) (Lemma 9)
i=1 j=1
o TTT 1 ’
__—(14e)t
=e H H (1 — 2)\z,u]t) (Lemma 10)
i=1 j=1
where A\t < % Let s = A\juqt and replace t with s.
1
(AH‘) r1 2
P(Z>1+4¢) <e *m IIH 2/\ T
i=1 j=1 A1 ,ul
- 12 Ky
(1+6) 2 1
<e Mim HH (1 — 23) 1 (Lemma 11)

=1 j=1

™LA T2 My

1
_ Qe 1 3 2= 5y 251y
= e MH1
1—2s

Next, we optimize in s by setting the logarithmic derivative in s of the above line to zero.
Preforming this calculation, we get s = 2(116). Plugging this in to the above line along with
the definitions of A\; and pu; yields

2 2
lANE I1BllE

P(Z>1+4¢) < ( (1+ 6)6_6> a1z 1513

1A1% 1B1%
— 2 2
— (e e/2+1n(1+e)/2) 1Al2 1813

A Taylor expansion gives us that In(1 +z) < = — % + ””—; for all |x| < 1 because its an
alternating series when x > 0 and each additional term is negative when x < 0. Plugging
this in to the above, we get

e Al 1B
P(Z>1+¢€) <exp (‘ (Z ) IAl3 || B Hg)
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A similar argument gives

P (|AQB|% < (1=l AlFIBlF) =P(Z <1—¢)
—P (e—tZ Z e—(1—6)t)

re T 1
< (17€)t

where the last line comes from Markov’s inequality in combination with Lemmas 10 and 9.
As before, we apply the transformation of variables s = Ayt along with Lemma 11 to get

1
2

Then, we minimize the upper bound by setting the logarithmic derivative to zero, which

gives s = IR Plug this in to get

1A% 1812 e &\ ||A|% B3
P(Z<1—e) < e te/2+In(1=€)/2\ a3 BI3 < exp (— <— + —) 5 F)
( ) 176 ) A B3

where the last line makes use of the Taylor expansion of In(1 + €) from above. O

5.2 Generalized Wilkinson Function

Lemma 12 (Partial fraction telescoping sum). Let ¢ > r > 0 be positive integers. Then we
have

Proof. Let s € N such that r < s < g. We use common denominators to subtract the two

following fractions
1 1 1

s_s—l—lzs(s—i—l)

Then we take the telescoping sum to arrive at our result

-1

1 1 i 1 g 1
FRtrD Bl ) Db ey

sS=r S=Tr
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Lemma 13 (Special Matrix Inverse). Let B = (b;;)
matriz given by

1<ij<n € R"™*™ be an upper triangular

0 ifi>y
—1 i<y
or in other words
1 -1 _1 1 1
" T T T
o o T Tm A
s 0 w3 T
0 0 0 -1
0 O 0 0 1
Then the inverse B~' = (€i)1<ij<n € R™™ is given by
0 ift >3
i i<
or 11 11
N
pi_ |00 1 11
00 0 1L
00 O 0 1

Proof. Rewrite B into the product of elementary matrices or atomic triangular matrices

100 0 0 10 0 0 0 1 -1 -1 -1 1

010 0 0 01 —-2% ——4= —4llo 1 o0 0 0

001 0 0 00 1 0 0 1 0 0

000 1 -3 00 0 1 0 0 0 0 1

000 0 1 00 0 0 1 0 0 0 0 1
def

te) M, .. M, 4 M,,
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Taking the inverse, we see that

B—l — M—l M_11 . M2_1
1 11 1 1N/1 0 0 0 0 100 0 0
010 0 o0lfo1 -4 L L 010 00
00 1 0 0llo o0 1 0 0 001 ---00
o000 --10Jloo0o 0o --- 1 0 000 - 11
o060 --071/\ooO 0 --- 0 1 000 ---0 1

We leave computing this product as an exercise to the reader. Lemma 12 will be useful. [J

Lemma 14 (Generalized Wilkinson function bound). Let the generalized Wilkinson function

be given as f(m,t) := \/(2 +t)(3+t)%---(m+t)m%1. Then, we have

Fm,t) < Ve(t + 2)(t + Lyma 0y n(55) (¢ 4 1) 7 m(t+D) (5.3)

Proof. We have

3
L

In(t+k+1)

| =

n (f*(m,t)) Zk: In(t+k)=

k=2

TT

1

Observe the identity ; — k+1+1 = k(ktjtﬁrl) and note that the function +In(t+k+1) is

decreasing in k. We use the integral approximation along with integration by parts to get
our desired result

m—1

In (f2(m,t)) =In(t+2)+ > %ln (k+t+1)
k=2

m—1 1
< ln(t—{—2)+/ Eln (x+t+1)dx
1

m—1 m—1 1
—/ In (z) dz
1 1 r+t+1
m—1 m—1 m—1
1 t+1
—/ —1In (x) d:v—i—/ _ In(z)dz
1 1 x L x(z+t+1)

1 mel ]
= In(t+2)+In(m+1) In(m-+t) — §1H2 (m+1) +/ x(x—:_t%—l) n
1

In(z)dz

=In(t+2)+In(z) In(t+x+1)

= In(t+2)+In(z) In(t+x+1)

1 o0 t+1
< In(t+2)+In(m) In(m+t) — 5 In* (m) + /1 w(z+t+1)

_ ln(t—|—2)+%ln(m) In(m-+t) + %m (m)In (m+t)+ /1 Tl e

m r(x+t+1)
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where the second to last line follows from the fact that

d 1 1 t 1
. In(z) In(m +t) — 5 In? (r) = n(n;—l— ) _ ni:z:) >0
for all x < m +t. The inequality (5.3) follows from lemma 15. O

Lemma 15 (Useful inequality for improper integral). We have the following inequality

< t+1 L.,
/1 mln(m)d$§§ln (¢)+In(c)+1 (5.4)

Proof.

/fomln(x)dx:lcmln(x)ddwa/cmmln(x)dx
S/jiln(x)dwr/:oéln(g)dx
1

=3 In? (z)

Cc o0

—g(ln(x)+1)

1 c

1
:§1n2(c)+ln(c)+1
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Chapter 6

Introduction

The efficient approximation a matrix by another matrix of lower rank is a fundamental
problem of numerical linear algebra and matrix computations with applications in machine
learning and computer science. Applications include principle components analysis in statis-
tics [60], eigenfaces for facial recognition [91], speeding up support vector machines [98]
and speeding up PDE and integral equation solvers [75, 85]. In addition to the large num-
ber of applications, there are many different algorithms for performing a low-rank matrix
approximation. One’s choice of method is extremely important given the application and
the user’s constraints on speed, accuracy, cache space and amount of computer memory
(RAM). Among the methods that we will study in this thesis are (i) Gaussian randomized
subspace iteration, (2) Column/row selection based methods like C X decompositions, CUR
decompositions and the Nystrom method.

Let A € R™*" be our input matrix and let & < min{m,n} be the target rank. We
write the Singular Value Decomposition (SVD) of A = ULV’ = Z;“:hi{m’”} oju;v]. where
the singular values oy > 02 > -+ > Opinfmmy = 0 are in decreasing order such that
Y. = diag (01,02, e ,O'min{m,n}) and the vectors u; and v; are the columns of U and V/,

respectively. We define the rank-k truncated SVD of a matrix (A), = Zi‘f:l oju;v], which

satisfy the optimal rank-£ approximation condition under the two following norms:

Theorem 10 (Eckart-Young Theorem [34]). Let A € R™*™ be any matriz and let 1 < k <
min(m,n). Then, the rank-k truncated SVD Ay attains the minimum of the following two
problems

min(m,n)
i A-Bl.=]|A-A = 2(A
A Bl = IA = Al = | 3 ()
i A= Bl = 1A = Aul, = ou (A

Computationally, in order to attain a residual error similar to the optimal Eckart-Young
error for the rank-k approximation, we allow our fast-approximation algorithms a little wiggle
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room in the form of oversampling. This means that our algorithms will produce a slightly
larger rank-¢ matrix A € R™*", but will still be judged relative the the quality of the
optimal rank-£ Eckart-Young Truncated SVD. Specifically, we refer to oversampling as the
difference ¢ — k > 0. While condoning a small amount of oversampling, the accuracy of
our approximation when compared against the best rank-k£ improves dramatically as we can
prove.

We present powerful spectrum revealing bounds for low-rank matrix approximation
algorithms. These bounds show that increased amounts of spectral decay help these algo-
rithms to “reveal” the true spectral structure of the rank-k truncated SVD. Let A be a
candidate low-rank approximation to our input matrix A € R™*". We can evaluate the
residual error of our approximation in two ways: (i) the weak-form residual error and (ii)
the strong-form residual error

0)a-&] < @rorn)a- A (6.1)
(i || A - (A)kHZ < (1+0(m)) |A — Ay (6.2)

respectively with ¢ = 2, F'. In addition, we also evaluate the accuracy of the weak and strong
form problems with singular value lower bounds as in [47] to guarantee that capturing at
least a fraction of the directions of largest variance as in

< 0; (A)
(&)= rom

where k is the user’s target rank and 7 is a quantity that depends on the rate of singular
value decay in A between the target rank k and oversampling parameter ¢ > k. Much work
has been done on error bounds that depend solely on the dimensionality of the problem—
avoiding the incorporation of spectral decay entirely [18, 32, 50]. Most of these bounds lead
to the conclusion that the amount of required oversampling scales with the target rank k and
the matrix dimensions m and n. However, the spectrum-revealing bounds show that only a
constant amount of oversampling ¢ — k = O(1) is needed for matrices with a small enough
spectral decay parameter 7 < 1. We will produce results of this type for various low-rank
approximation algorithms and then show these results in data science type applications.

The main contributions of this part of the thesis are (i) improved rates of spectral decay 7
for the residual-type error bounds, (ii) a simplified and tighter analysis of subspace iteration
removing annoying logarithms from the required amount of oversampling in [50, 47] and
(iii) applying these spectrum revealing bounds to a broader class of algorithms involving
column /row selection based algorithms.

for j <k (6.3)
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Chapter 7

Randomized Subspace Iteration

7.1 Basic Setup

First, we fix the desired target rank k£ < min{m,n} and the amount of oversampling
¢ —Fk > 0. Next, we define a parameter p that varies between 0 < p < ¢ — k. This parameter
p is not known to or involved in the execution of these algorithms-it is merely for the benefit
of analysis. We let 0 € R™*¢ be the starting sampling matrix and we let Q = V7Q € R™*¢
denote the starting sampling matrix rotated by the right singular values V7 of A. In order
to state our results, we need the following partition of our rotated starting matrix and our
singular values

G yrod v [h (7.1)
n—~0+p QQ
and
L—p n—4L+p
wid v (21 (7.2)
n—~0+p EB
where
k (—p—k E n—f+p—k

ok > kK Y3
ZT__Zpk( 22 ) and§h3_>n€+pk( 24 ) (73)

here, we refer to Y7 as the top singular values and X g as the bottom singular values. With
regards to the partition of ¥ g, we will make use of the matrix Z{ = diag(ok, ok—1," -+ ,01)
which is ¥; = diag(oy, 09, ,0%) except with the singular values in reverse or ascending
order.
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Figure 7.1: The visualization of singular value decay along with our partitions. The entire
Y1 and X3 components in green of the spectrum contribute to the accelerated decay rate

T}(;4q) as opposed to T:q where only two singular values o}, and oy_,; contribute

Next, we introduce the iteration parameter ¢ > 0. This parameter is only valid for
subspace iteration, where it controls the number of power iterations used to improve con-
vergence of the algorithm. All other algorithms must have ¢ = 0 because they do not allow
this functionality. Then, define the following spectral decay rates

k

Of—p+1 (q) _ 1 o7 +j [ Ot—p+j i
sza—é forall1<j <k and T :Ez(ﬂpj o p]‘ (7.4)
J j=1 f—p+1 k+1—j

where we have that

4q
4q [ Oe—p+1 .
Tk - - -
Ok

The reason that 7'1(;4(1) is less that T:q has to do with a pigeonhole principle for singular value

triplets (o;,u;,v;) called Lidskii’s Theorem as stated in Theorem 17. Essentially, it states

S|
>

2

1 —2q
(E%) E?;H—l

1 —2q 2
(2{) y20+!
O¢—p+1

4
— 7_( )
O¢—p+1 F




CHAPTER 7. RANDOMIZED SUBSPACE ITERATION 58

that each singular value triplet is only allowed to occupy one direction or dimension. In the
circumstance of the residual error, the spectral decay is a bound of the decay of error over
a rank-k space. Thus, a pigenhole principle would tell us that the slowest decay rate m
can only occupy one of the k£ dimensions, while the rest of the directions will enjoy faster

rates —=2%1 for each direction 1 < j < k.
k+1 J
To exemplify this, consider the synthetic experiment of geometric singular value decay.

Let 0; = a~y’ where o > 0 is a fixed constant and 0 < v < 1 is the geometric decay rate.

0_ 4q k—1
. l—p+j [ Ot—p+j _ 4qe p—k+1) (8¢+2)j
Jj=0

JZ p+1 \Tk+1—j

8¢+2)(k—1
_ 4 1 1+,y(8q+2)1_7(q )(k—1)
k' k 1 — ~(Ba+2)

< 7l <1 I %7(8%2)) k large )

k

Thus, using the accelerated spectral decay rate 7'1(74q) is less than the spectral decay rate T,fq

( )

from prev10us works by a significant amount. If v = 0.75, ¢ =1 and k = 11, would be

less than 7 by an order of magnitude with TF4) ~ 0.09647; independent of the users choice
of ¢ and p. R

When it comes to the rotated starting matrix Q € R™**, the bounds for matrix approx-
imation algorithms also depend on the spectral norm of the so-called sketching interaction

Qf L= tan (€2, V1) is the tangent

matriz, i.e. ?22@1 It can be shown that this quantity H(AZQ

of the largest principle angle between the column space of €2 and V; = [ Vi Vg o Vi }
as done by Gittens et. al [42]. Typically, we try to bound this quantity by the surrogate

interaction quantity ‘ﬁg
2

7.2 Algorithm: Randomized Subspace Iteration

Orthogonal iteration or Subspace Iteration is a popular algorithm for low-rank matrix
approximation [44, 50, 47]. In Randomized Subspace Iteration, we sample the entries of
the starting matrix  as standard normal N (0, 1) random variables and we perform power
iterations on it. The algorithm is presented as follows

When computing Y and @ in steps 2 and 3 of the above Algorithm 7 in floating point
arithmetic, we want to use the following procedure in Algorithm 8 to orthonormalize Y at

each application of A or AT as mentioned in [50]. If we do not use Algorithm 8, then all of

1/(2¢+1)
mach

the singular values o; below a certain level (about e o1) can be totally corrupted by
floating point rounding errors.
The rotation invariance of random matrices with iid standard normal N (0, 1) entries [50]

gives us that Q = V7Q, as defined in (7.1), is also distributed as random matrix with iid
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Algorithm 7 : Randomized Subspace Iteration

Inputs: m x n matrix A with n < m, integers £k > 0 and ¢ > k.
Outputs: a rank-k approximation.

: Draw a random n X £ test matrix  with iid A(0,1) entries.
. Compute Y = (AAT)? AQ.

: Compute an orthogonal column basis () for Y.

. Return QQT A.

N N

Algorithm 8 : Orthorgonalization with QR

Inputs: m x n matrix A, n x £ start matrix €2, and integer g > 0.
Outputs: Q € R™* with orthonormal columns.

1: compute Y = AQ, and QR factorize QR =Y.

2: for i=1,---,qdo

3: Y = AT Q; QR factorize QR =Y;

4: Y = AQ; QR factorize QR =Y.
5
6

: end for
. return Q and QT A

standard normal entries. One of the main contributions of this thesis for Randomized Sub-
space Iteration is the simplified tail bound for the surrogate sketching iteration in Theorem

2 2

p+1

where & = \/n — {4+ p++/{ is a function of p < ¢ < n and B < 3.0237 is a universal constant.
This random variable has a large tail especially when p is small. As discussed in Section

7.6, prior works [47, 50] use a long analysis with separate tail bounds for HQQH and HQIH
2 2

instead of taking advantage of the natural independence between the two variables.
It is important to keep in mind that the the strong-form residual error will always be
larger than the weak-form residual error, i.e.

[4—-QQ A < [|[A-Q (Q"4),|;

because of Lemma 16 and Theorem 19. To make use of our new spectral decay rate, we

0.2
introduce the following new structural result from Corollary 5 with oz?7 = lﬁi—ﬁ;
k F
N2 a 112
. ) , ) T}4Q) Qs ) Qi )
HA—Q(Q A)ngg ”A_Ang"‘kae—pH S o lla P Al
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which is tighter than competing bounds [47] due to the small spectral decay rate T} ) <

k
We will show in numerical experiments, both from synthetic and real data, that 7'1(F 9 is often

much smaller than Tlfq.

Theorem 11 (Large Deviation: Normed Residual Errors and Singular Value Lower Bounds).
Let the SVD of A and the sampling matriz  be given as above. Also, let 0 < p < {. Let the
spectral decay rates 1, and rf;*q) be as defined in Equation (7.4). In real arithmetic, the output
of Randomized Subspace Iteration in Algorithm 7 must also satisfy the following bounds

(49) -2

T KA 2
oy (7.5)

(X%Tglq)]cz {—p+1

14— Q™A < A~ @ (Q"4), [l <114~ Adlg + &

where either £ = 2, F and

T 4112 2 q’C2 o2
A= QQTA|, §0k+1+W 1—pt1 (7.6)
as well as,
o, (QQTA) > 97 for1<j<k (7.7)

A1+ Tl-lq“lC?A
with probability 1 — A where Ka B‘[g (A)pH with € = \/n — T+ p++/{ and the universal

constant B < 3.0237, and where a% = 1ﬁz—p\+\é and a3 = %
ElI=LlF 1

Proof. Apply Theorem 29 to Corollary 5, Lemma 20 and Theorem 21, respectively. O]

Due to the large tail of ||§\22||2||§AZ§||2 from Theorem 29, the expected residual errors and
singular lower bounds become loose and complicated to calculate when p = 0,1. The work
of Gu [47] shows that tractable bounds do exist for p < 2 and the smaller spectral decay
rate T( 9 can also be applied in this case. However, we choose not to go into this here for
smlph(:lty Instead, we present the bounds in expectation for p > 2 as follows

Theorem 12 (Expectation: Normed Residual Errors and Singular value lower bounds).
Let the SVD of A and the sampling matriz ) be given as above. Also, let 2 < p < (. Let
the spectral decay rates 7, and 7'}4(1) be as defined in Equation (7.4). In real arithmetic, the
output of Randomized Subspace Iteration in Algorithm 7 must satisfy

(49) 42
T 7112 T 2 2 v K 2
E[A-QQ"All; <E[[A-Q(Q"A),[|; < A — Aul + kmaﬁ—p+l (7.8)

where either £ = 2, F and

q’C2

E[A-QQTAll; < oy + W f-pe

(7.9)
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name: Koizumi name: Powell name: Bush name: Bush

apprax eigenface 1 apprax eigenface 2 apprax eigenface 3 apprax eigenface 4

Figure 7.2: This figure shows some example faces from the test set and some example
approximate eigenfaces produced from using Algorithm 8 with ¢ = 150 and ¢ = 3 on the
training set

as well as,
Eo; (QQTA) > 95 for1<j<k (7.10)
W1+ qu+2lC2
in expectation, where K = % with € = \/n — L+ p+ V/{ and the universal constant
p b=
0'2 0'2
B < 3.0237, and where o = =25 and of = =5
E”ElllF 91

Proof. For bounds (7.8) and (7.9), apply Lemma 23 to Corollary 5 and Lemma 20, respec-
tively. For the lower bound (7.10), use Lemma 24 on Theorem 21. O

7.3 Experiment

In this section, we make use of the dataset Labeled Faces in the Wild (LFW) [55] by
selecting all the images of people with at least 60 images in the LFW dataset. This gives
1,348 different images of 8 different people. Each image has 1,850 grey-style degrees of
freedom. We made use of Python’s scikit-learn package [83] to efficiently and conveniently
load and work with the LEF'W data. They also provided interesting examples of using LFW
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Log-Spectrum of LFW Data
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Figure 7.3: The log-spectrum of the data matrix X of images

data that was useful. The typical goal for a data scientist using this dataset is to produce a
classifier for the identities of the people in each picture. The novelty of this dataset comes
from the fact that it was automatically produced from webscraping images and running
the Viola-Jones face detector. Practically speaking, this means that we have no guarantee
that our faces will be centered and such for a classification algorithm, as one can see by
looking at the pictures in Figure 7.2. Therefore, this will require more sophisticated methods
than those proposed in [91]. As per the example implemented in the scikit-learn library, an
efficient way to produce accurate classifications on the identity of images is to use randomized
subspace iteration —RandomizedPCA and/or TruncatedSVD functions in scikit-learn — to
reduce dimensions before using a Radial Basis Function (RBF) Kernel SVM to perform the
classification. We are interested in the performance of the randomized subspace iteration
step in this context. Let X € RY8%0x1348 he the data matrix of images where each column
represents the pixels of a particular image. The true eigenfaces are given by the columns
of the matrix U, where X = UXV7 is the SVD of X. Figure 7.3 gives the log spectrum
diag (log;(X)) of this matrix. Let X ~ QQT X be the result of Algorithm 8. Taking the SVD
of the short fat matrix QTX = U §]‘~/T, we set the approximate eigenfaces to be the columns
of QU € RY9%¢ Figure 7.2 gives some approximate eigenfaces from the LFW dataset. In
this example, we are interested in demonstrating that our new matrix approximation bound
involving the accelerated spectral decay rate TF4q) is a significant improvement in practice.
Table 7.1 shows that this new spectal decay rate 7'}(74(1) can be more than an order of magnitude
better than the rate 7.9 used in prior works [47].
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! 71(10) T 7‘}(74) s 7‘}8) T2 7'}12)
k=10,l=151| 1.0 | 0.87412 | 0.35983 | 0.10788 | 0.12948 | 0.02542 | 0.04659 | 0.00719
k=10,1=20| 1.0 | 0.88187 | 0.19464 | 0.05950 | 0.03789 | 0.00761 | 0.00737 | 0.00116
k=20,l=25] 1.0 0.82198 | 0.55295 | 0.12188 | 0.30576 | 0.04148 | 0.16907 | 0.01768
k=20,l=301| 1.0 | 0.86206 | 0.32015 | 0.07995 | 0.10249 | 0.01590 | 0.03281 | 0.00386
k=40,1=45| 1.0 | 0.82446 | 0.74128 | 0.15004 | 0.54950 | 0.06601 | 0.40733 | 0.03611
k=40,1 =50 | 1.0 | 0.83360 | 0.58878 | 0.12187 | 0.34666 | 0.04293 | 0.20411 | 0.01883
k=40,l=551| 1.0 | 0.84104 | 0.47417 | 0.09890 | 0.22484 | 0.02751 | 0.10661 | 0.00952
k=60,l=65| 1.0 | 0.80158 | 0.81309 | 0.15845 | 0.66111 | 0.07474 | 0.53754 | 0.04376
k=60,l="701] 1.0 | 0.80498 | 0.68826 | 0.13490 | 0.47370 | 0.05386 | 0.32603 | 0.02672
k=60,l=80| 1.0 | 0.81785 | 0.48473 | 0.09900 | 0.23496 | 0.02826 | 0.11389 | 0.00997

Table 7.1: Comparison of spectral decay rates T:q

Faces in the Wild (LFW) dataset.

7.4 The Setup

Let A = UXVT € R™"™ be the SVD where m > n.

presentation
¢
n—t+p\ (o
and
t—p n—"L+p
sdef £-p (ET )
n—£f+p >XB
where

and 7}4‘1) for 0 < ¢ < 3 on the Labeled

Suppose you want a rank-k
approximation to A for k < n. Instead of calculating the Eckart-Young solution, you want
a quicker/faster approximation. So choose an oversampling parameter ¢ > k. Then let
Q) € R™ be the starting sampling matrix. We repeat the following partitions for ease of

(7.11)

(7.12)
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here, we refer to Y7 as the top singular values and Xz as the bottom singular values. Let
0 < q € Z. We are interested in the column space of

21 2g+1 .
210y, < Yy h
qu+1§2 =U 20+1 (7-14)
B

23
(Fn) o
As done in [47], we define a matrix X € R**

L o L o) 0 .
X—(Q}ZT@Q*”X)—(QI( "o O 5 (G X

where X € RP satisfies ﬁl)A( = 0. This allows us to represent the column space of
(AAT)q A€ as the span of the following columns

(AAT) AQ=U (

I 0 0
(AATYA0x =U( 0 I 0
o, H, Hy

where

o —(2¢+1)
Hy = S2710,0! (21 ) )

~ 0
H2 = 2?+1QQQI <Z(2q+1)>
2

Hy = $26H10,01 X

We can also apply the QR factorization to (AAT)7AQX = @ﬁ in order to produce a column
orthogonal matrix @) that spans the column space of (AAT)7AQ

I 0 O A L §11 §12 §13
vl o 1 0 ) =QR=(Q @ Q)| 0 Rn By
Hy, H, Hi 0 0 Ry

which allows us to represent the span of the first k& columns of (AAT)?AQX by the column

orthogonal matrix ()4, i.e.
I

C/Q\I/RSH =U 0
H,

There is also a lesser known matrix decomposition that can also fulfill this purpose called
the Polar Decomposition, which is given as
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Theorem 13 (Polar Decomposition [54] Theorem 7.3.1 pg.449). Let A € R™ "™ with m > n.
Then, there exists a column orthonormal matriz U € R™*™ and a positive semidefinite matrix
P e R™™ such that A = UP. Also, the matriz P is unique and is given by

P=(A"A)? =vzvT
where the SVD of A =UXVT.

Now, we use the polar decomposition to produce another column-orthogonal representa-
tion @Q; of the first k& columns of (AAT)74QX

I I
O (I+HIH)>=U| 0 |, wheree Qi=U| 0 |(I+HIH)
H, H,

7.5 Preliminaries

In this section, we review technical results that will be crucial in our analysis of subspace
iteration. For the most part, these preliminaries are rooted in the studies of either random
Gaussian matrices or deterministic matrix analysis. Our plan of attack will be to (1) apply
results from matrix analysis to get tractable bounds in terms of our random start matrix.
Then, (2), we will apply results about Gaussian random matrices to arrive at tractable
bounds.

7.5.1 Preliminaries from Matrix analysis
7.5.1.1 Inequalities

The singular value version of the Cauchy interlacing theorem shows us that the j™* sin-
gular value of a projected or “compressed” matrix QQT A must lie between two different
singular values of the original matrix A.

Theorem 14 (Singular Value Interlacing). Let A € R™ ™ be a symmetric matriz, and let
Q € R™(m=k) be column orthogonal. Then

0 (A) 2 0, (Q"A) = 041, (4)

Proof. Immediate consequence of applying the Cauchy Interlacing theorem (Corollary I11.1.5
of [14]) to the symmetric matrix AT A. This is also given as Theorem 3.1 of [47]. O

Next, we cover two different singular value bounds which allow us to bound the singular
values of sums and products of matrices that appear in our analysis.
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Theorem 15 (Weyl’s Inequality and sub-multiplicativity for Singular Values (Problem
II1.6.5 of [14])). For any two matrices A, B € R™ ™ and any two indices i,j such that
i+ j <min(m,n)+ 1, we have

Oirj-1 (A+B) < 0i(A)+0;(B)
0irj-1(AB) < 0i(A)o; (B)

The following theorem allows to bound the difference in singular values between two
different matrices A, B € R™*™ by the Frobenious norm of their difference, which is usually
easier to bound.

Theorem 16 (Hoffman-Weilandt [52]). For any two matrices A, B € R™*™, we have

min(m,n)
Z (0i (A) = 0:(B))” < | A~ B}

The following version of Weyl’s Inequality for Hermitian matrices is frequently used to
control individual eigenvalues of A 4+ B in terms of eigenvalues of A and B

Ni(A) + A (B) < XA+ B) < \(A) + M(B)

for A and B Hermitian. If we wanted to bound the sum of different eigenvalues of A + B,
we could apply this result multiple times to get

k k k

DA +RA(B) <Y N (A+ B) <Y N (A) + kM(B)

j=1 7j=1 7=1

However, a deep result from matrix analysis states that one does not need to reuse the same
A1(B) and A, (B) for each term in the sum.

Theorem 17 (Lidskii’s Theorem (Theorem II1.4.1 of [14] pg.69)). Let A,B € C™™ be
Hermitian matrices and let 1 < k < n. Then for any choice of indices 1 < i1 < g < -+ <
ir < n, we have

ST (A) + Ay (B gz (A+ B) gz (B)

If the eigenvalues B of rapidly decaying (i.e. Ai(B) > X(B) > -+ > \(B) and so
on), then Lidskii’s theorem is a huge improvement over blindly reapplying Weyl’s Theorem
k times. We will exploit this observation to great effect in the development of our spectrum
revealing bounds. In the same way that Lidskii’s theorem improves the analysis of sums of
multiple eigenvalues of A+ B, the following trace inequality of John von Neumann improves
the analysis of sums of multiple eigenvalues of AB over the repeated application of the
submultiplicativity of singular values in Theorem 15.



CHAPTER 7. RANDOMIZED SUBSPACE ITERATION 67

Theorem 18 (John von Neumann’s trace inequality [78]). Let A, B € C"™ " be square
matrices. Then, we have that

[t (AB)| < sup [tr (AUBV)| = }_0; (4) 0 (B)

j=1
where U,V € C™"™ vary over the set of Unitary matrices.

A orthogonal projection matrix P € R™™" is a symmetric matrix that satisfies the equa-
tion P? = P. This implies that the eigenvalues of P must be A = 0,1, or in other words,
satisfy the equation A = X. Therefore, by the spectral theorem for Hermitian matrices [10],
if P has 0 < k < n unit eigenvalues then the orthogonal projection matrix can be represented
by

P =QpQp

where Qp € R™* is a column-orthonormal matrix. The following Lemma will be useful in
analyzing orthogonal projection matrices that show up in the analysis.

Lemma 16 (Orthogonal Projector Lemma (Proposition 8.5 of [50])). Let P, Py € R™™ be
orthogonal projection matrices. Suppose range(Py) C range(Ps). Then, for each matriz A,
it holds that

HPlAHg < HPZAug
(1 = P)Alle < (I = P)A],

for both the spectral norm & = 2 and the Frobenius norm & = F

Next, we review a clever generalization of Theorem 10 due to Ming Gu [47]. Suppose we
want to restrict the range of our rank-k approximation to live within a particular subspace
spanned by the orthonormal columns of @ € R™*‘. In other words, we want the best
approximation A ~ QB, where B € R*™ is a rank-k matrix. Then, the following theorem
tells us that the best choice is given by B = (QTA) ., under the Frobenious norm measurement
of approximation error. This theorem also comes with a tractable bound on the optimal
choice of the matrix B

Theorem 19 (Generalized Eckart-Young Theorem (Theorem 3.5 of [47])). Given any matriz
A € R™" and any column-orthonormal matriz Q € R™*¢, let B, € R™™ be the rank-k
truncated SVD of QT A. Then By, is an optimal solution to the following problem

min [[A - QBlp = [[A— QB

rank(B)<k

In addition, we also have

n

1A= QBillz < > o2+ [|(1 - QQ") Ailf;

j=k+1
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Another result of Ming Gu is the Reverse Eckart-Young Theorem. This allows us to take
the bound from the last theorem and extends it to the spectral norm.

Theorem 20 (Reverse Eckart-Young (Theorem 3.4 of [47])). Assume that B is a rank-k
approzimation to A satisfying

I4-B|; < ZU +7’
Jj=k+1

for some n > 0. Then we must have

IA=Bl; < ofy+7°
k
> (o0j—0i(B)?* < 7’
j=1

The last inequality comes from a clever application of the Hoffman-Weilandt Theorem
16. Next, we present the singular value lower bounds from [47], which guarantee that we
capture at least a fraction of the true singular values.

Theorem 21 (Gu’s Deterministic Singular Value Lower Bound [47]). Let 2 < p < ¢ and
let Q € R™ be an orthogonal matriz with the same column space as above. Then, for all
;(4)

1 <5< /{l—p, we have
12 2 dg+2
el (=)
2 2 i

7.5.1.2 Basics of Majorisation and Doubly Stochastic Matrices

0; (QQ"A) >

~

1

This introduction to majorisation and double stochastic matrices is presented in a similar
fashion to [14]. Let x = ( X1, T, Ty ) denote a vector in R™. Define x+ € R" to be the

x vector with the coordinates permuted so that x% > :B% >0 > xi

Definition 7 (Majorisation). Let x,y € R". We say that x is majorised by y, or x <y in

symbols, if we have that
Zx Zy forall1 <k <n.

and . .
IR N
j=1 j=1

are both satisfied.
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It is important to note that if x < y the definition above implies the following about the
smaller coordinates of these vectors

ijzz:yj forall 1 <k <n.

=k =k
Definition 8 (Doubly Stochastic Matrix). Let S € R™™. We call S a doubly stochastic
matrix if
sij >0 forall 1<i,j<n (7.15)
Zsijzl forall 1 <i<n (7.16)
i=1
ZSU =1 forall 1<j<n (7.17)
j=1

The concepts of majorisation and doubly stochastic matrices are related by the next
result from Theorem I1.1.10 of Bhatia [14]

Theorem 22 (Doubly stochastic characterization of majorisation [14]). For any x,y € R™.
We have x <y if and only if x = Sy for some doubly stochastic matriz S € R"*".

We end this discussion of doubly stochastic matrices with a deep and powerful charac-

terization of double stochastic matrices as the convex combination of permutation matrices
from Theorem I1.2.3 of [14]

Theorem 23 (Birkhoft’s Theorem [14]). The set of n x n doubly stochastic matrices is a
convex set whose extreme points are the permutation matrices. In other words, any doubly
stochastic matriz S € R™"™ can be written as a convexr combination of the n X n permutation
matrices.

Let A, B € C"™" be Hermitian matrices and let A(A), A\(B),A\(A + B) € R" be n-
dimensional real vectors of A, B and A + B, respectively. Each A vector is in R" instead of
C" by the spectral theorem for Hermitian matrices. Here, we restate Lidskii’s theorem in
terms of our new notation and tools.

Corollary 2 (Lidskii’s theorem [14]). We have that
M(A) + AT(B) < AM(A+ B) < AH(A) + \H(B)
In other words, there exists two doubly stochastic matrices S1, Se € R™™ such that
M(A) +A1(B) = SIA (A + B)
A(A+ B) =S5 (M(A) + X(B))

Proof. The first line comes from applying Lidskii’s Theorem 17 with i; = j. The last two
lines come from applying Theorem 22. O
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7.5.2 Useful probability results

The probabilistic analysis of randomized subspace iteration depends largely on two ran-
2l

these random variables.

and [|Qs]],. We will use the following preliminary results to control

dom variables: )

Theorem 24 (Density function bound for smallest singular value of Gaussian matrix [23]).
Let G € R™™ be a standard Gaussian random matriz with n > m and let f,2 (x) denote

the probability density function of o2, (G) = HGTHj, then fy2 (x) satisfies

min

L,, ne’%x%("’mfl) <f

— g

> (2) < Ly e 2220 (7.18)

min

where

2T (o42)

I'(Z)C(n—m+1)

(7.19)

Lm,n -

Next, we introduce the framework use to bound the variable ||€2]|, in our randomized
subspace iteration analysis.

Theorem 25 (Concentration of measure for Lipschitz functions of a Gaussian matrix [65]).
Suppose that f(x) is a Lipschitz function on matrices:

f(A)— f(B)| <Ly |A—B|l,  for all A, B € R™"

mxn

Sample a matriz G € R with independent standard Gaussian N'(0,1) entries. Then, for

allt >0,
P{f(G)>E[f(G)+ Lt} <e =
P{f(G)<E[f(G)] - Lt} <e %

The Lipschitz maps of interest for our analysis will be the singular values of a matrix—
most importantly the largest singular value ||€2],. Next, we produce a concentration of
measure for matrix singular values.

Corollary 3 (Concentration of measure for singular values of a Gaussian matrix). Sample a
matriz G € R™™ with independent standard Gaussian N'(0,1) entries. Then, for all t > 0,
we have

P{o; (G) 2 E[0; (G)] +1} <e =
P{o; (G) <Elo;

for each 1 < j < min(m,n).
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Proof. The Hoffman-Weilandt theorem 16 gives us

min(m,n)

05 (A) =3 (B) < | > loi(A) =0 (B) < | A= Bl g

=1

for each 1 < j < min(m,n). As a result, we have that each map o;(A) is Lipschitz with
constant Ly = 1. Thus, we apply Theorem 25 to get the desired result. O]

In order to make use of the above concentration of measure, we need to bound the
expectation E ||| as follows

Theorem 26 (Expected value of norms of scaled Gaussian matrix [50]). Let A € R™*",
B € R**"™ be fized matrices and let Q) € R™° be an id Gaussian matriz. Then, we have

EAQB], < [[All¢[|Blly + [[Ally 1Bl
1
(E[AQBI[7)* = Al p 1Bl

Next, we introduce a fundamental result from probability theory and machine learning in-
volving taking the expectation of convex or concave functions. We will make use of it to both
simplify our analysis and to improve the rate of convergence of our low-rank approximation
methods.

Theorem 27 (Jensen’s Inequality). Let X be a random variable. If ¢ : R™ — R is a concave
function, then we have

Ef¢(X)] < ¢ (E[X])
Also, if ¥ : R® — R is a convex function, then we get

¥ (E[X]) <E[¢(X)]

An important application of Jensen’s Inequality in this work is towards passing discrete
arithmetic averages inside concave/convex functions. This will help give spectral decay an
even larger impact in our error bounds. This scenario will be handled by the following
corollary of Jensen’s inequality for the discrete uniform probability measure over a finite
outcome space.

Corollary 4. Let z; € R" be a fized number for each 1 < j < k. If ¢ : R" — R is a concave
function, then we have that

k k
1 1
2D 0(w) <9 <EZ%~>
j=1 j=1
Also, if ¥ : R" = R is a convex function, then we have that

¢<%Z> s%;w)
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Proof. Define the uniform random variable X € R such that P (X =z;) = % for each
1 < j < k. Then apply Jensen’s inequality 27 to arrive at the result. Another common proof
would be to recursively apply the standard definition for concave/convex function for two
points. ]

7.5.3 Miscellaneous

Lemma 17 (Gamma function identities and inequalities). Let I'(z) = [~ e~"t*~dt be the
Gamma function where x > 0 then we have that

['(z+4+1) =al'(2) (7.20)
along with the following inequalities
]. 1 1 1
r (x + 5) < Val(z) and V2rax™ 2e™ < T (z +1) < V2ma*t2e "1 (7.21)

7.5.4 Matrix Approximation Error Bounds

We consider the Generalized Eckart-Young Theorem 19 in combination with the Reverse
Eckart-Young Theorem 20 [47], which gives the bound

[4-@ @A), ]l < 14— Adlig + (7 - QQ") Aully

where ¢ = 2, F. Therefore, controlling the magnitude of H (I — QQT) Ak||2F is a rigourous
way of bounding the error of low-rank matrix approximation algorithms. Before proceeding
to study the term H (I — QQT) Ak”fw we prove this important technical lemma

Lemma 18. Let A, B € R¥** be symmetric positive definite (PD) matrices. Then, we have
that

tr <(A*l + B*l)‘l) <

£ (A)N(B)
Z 0 (A) + A(B)

7j=1

Proof. Corollary 2 gives us that there exists a doubly stochastic matrix S € R"*" such that
MN(ATT+B ) =5(MA )+ A(B™Y)

By definition, the row sums of a doubly stochastic matrix all equal one and each entry of a
doubly stochastic matrix satisfies 0 < s;; < 1. Thus, by matrix-vector multiplication, the
above line gives that the i*" largest eigenvalue of A + B is given as

MAT BT =3 sy (A7) + A (B7)
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a convex combination of the entries of the vector (/\i(A) + )&(B)). Next, we note that the
function f(t) = % is convex for ¢ > 0, which is seen easily by inspecting the second derivative.
Therefore, we have

((A +B! ) ZA (A 1+B*1)‘1>

Z 1
LN (AT BY)

1
:sz L (0 (A- >+Aj<B*>>
<33 T

’Lljl

(A;-(A) Ty (B))
where the last line is acheived by the fact that the column sums of a doubly stochastic matrix
equal one, i.e. > 1 s = 1. O
Now, this lemma allows us to get a strong control on the quantity H (I QQT Ak” P
Theorem 28. Given the setup described in Section 7.4, we have that
Sl [ Hi S 7
A=Q(QTA),|IZ < 1A - A+ (7.22)
| (@A), COSE
Proof. First, apply Lemma 16 to get
2 2
17 = QQ") Al < |(7 = @ @T) Aell-
I , I\" 2
=\{I-| 0 |(I+HH) | 0 0
H,y H, 0
F
_ _ 2
HY (I+HH) " H 0 —HT (I+HHD) "\ /%
= 0 I 0 0
~(I+HH)"H o (I+HH) 0/,

= tr (SyHY (1 + HHT) ™ HiS)

Massaging the expression within the trace gives

3 B -1 -1 -1
S HY (I+ HHY) ' HSy = 3 ((HlTHl) 1+I> 9, = (((lel)T (H121)> +212>
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Combine this with the trace expression and apply Lemma 18 to get

|KI_QQ?%MMiStr((UHQHVYHQHU3+2ﬁ)1)

0'2-(21)0']2-(H121)

J

0'12(21) -+ U?(le}l)

IN

<.
<. I o~
Il ol
—

=

le f

f (0]2,0]2 (HlEl))

where the function f: R — R is defined as

zy
T,Y) = . 7.23
fly) =~ (7.23)
This function is concave and monotonically increasing in both variables. This is seen by
inspecting the first derivatives of f(z,y)

of y? of x?

%(fﬂ;y) = (r +y)? >0 and a—y(m,y) - (r 4+ y)?

>0

to get monotonicity and by looking at the second derivative Hessian

92 o S
H— ( o aw@) 2 (y2 wy) _ 22?4y | Ve

y x
9% f 92 f (l’ + y)3 Ty 22 z [\/zeryz \/x2+y2]

3
dxdy  dy? (I + y) 12 +y2

to see that it has a zero eigenvalue and another non-positive eigenvalue. Next, we apply
Jensen’s inequality 4 to get

03 (%1)o (Hi %) IS5 3 1S S [ H S

k
1
(- Al <kY ¢ <k =
O D T i RN SN Y VT AT A TR T

]

Remark 7.5.1. Given the monotonicity of f(x,y) in equation (7.23) and the fact that
IC|1% < E||C||3 for all C € R¥* the above result implies

(F11Z7) (% HiZ[7) 1 1
1-0q) AP < kUl Zl) G2l :kf(—nzln?,wwlzlnz)
H( ) HF %||21||§7+%||H121||§7 k "k F
ko? | H, S |5

o + | Hi S I3

<kf (o}, |HiZ|l2) =

where the last expression is equal to the bound in Theorem 4.4 of [47].
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In addition to being tighter than previous work in the literature, this result also implies
a tractable and easy to understand bound

Corollary 5.

2 2

22 (7.24)

-~

Q]

Q]

2

0

7_2
2

Q

4= Q@A) < 1A - Al + ke,
1+ o272

2 2

4q 2
2 _ 1%k Ol p+j (W—pﬂ') ; 2 _ Ti-p+1
where i = 13 5 T o is the spectral decay rate and where o = TS
%
0
employ the cyclic permutation invariance of the trace (a.k.a. “trace trick”) and John von
Neumann’s trace inequality from Theorem 18 to get

Proof. Observe that H;X¥; has the structure H;¥; = EZBEHQQQI < . Therefore, we

|H\ 1|7 = tr (S HY Hi%h)

(] (% ) @)
0']2- (E;HﬁQ) 032 <§1 ( 262q ))

4q 2
o2 O¢—p+j ﬁ
L—p+j 2

Ok+1—j

M-

<
1

J

~

Q]

E

2
2

2
1

<.
Il

[]

In the case of the 2-norm non-truncated matrix approximation error, we can produce a
tighter bound using the following lemma, which is similar to the Matrix Pythagoras result
of [25].

Lemma 19 (Quasi-Polarization Inequality for Spectral Norm). Let A, B € R™*™ be any two
matrices, then

IA+ Bll; < [|All; + 2min {|| BT 4],

BAT|,} +|1Bll; (7.25)
Proof. Theorem 15 gives us that
|4+ Bl =01 ((A+B)" (A+B))
=0, (ATA+ A"B+ B"A+ B"B)
< 0 (ATA) + o (ATB) + 0y (BTA) + o (BTB)
= |lAll; + 2| B A, + 1B,
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A similar argument gives
|A+ Bl =01 ((A+B) (A+ B)) < |43 +2 | BA"|, + | BJ;

O

For the weak-form low rank approximation problem in the 2-norm, we can remove the
factor of k in the last term of inequality (7.24) at the expense of a slower spectral decay rate
by the following result.

Lemma 20 (Deterministic Non-Truncation Structural Result for Spectral Norm). Given the
setup described in Section 7.4, we have that

| H, %[5 02
oF + | Hi S |I5

~ 12 || ~2112
] 1]
2 2 2

~ 2~ 127D+
%, 4
2 2

14— QQTA|[; <o}, +

4q
Ty

<o+
>0k
* 2,-4q
1+ a57,

O0—p+1
o

and oy =

Op—
where T, = ==

Proof. By Lemma 19, we have that
14=QQ"A|l; = (T - QQ") (A= A + (I - QQ") Adl;
< [[(1-QQ") (A= A3+ 2| (1-QQ") A(A- a0 (1-QQ")|

+[[(1-QQ") Al
= [[(1-QQ") (A= 4[5 + |(T - QQ") Al

where the last line is achieved by the fact that Ay (A — A;)" = 0 from the properties of the
SVD. Next, we apply Lemma 16 twice to arrive at

(7= QQTY A7 < |4 — AW+ || (T — QT Ail|’
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Then, we bound the last term of the above

2
I I\’ X
[(T-QQD) Adlo={1-| o J(T+HTH) | 0 0
H H, 0/
HY (I+ HHY) " H 0 —HT (I+ HHD) ™\ (5 i
- 0 I 0 0
~(I+HH)"H 0 (I+HH) 0 /1,

= ||SuHT (1 + HHT) S|

< | H\ %[5 02
T oot | Hi Sl

Putting this all together, we arrive at our result. O]

7.6 Revised Probabilistic Analysis of Subspace
iteration: Independence is King

Controlling the magnitude of ||| and ||Qf |5 is a critical part of the analysis of random-
ized subspace iteration as in the seminal work of Halko, Martinsson, Tropp [50] as well as the
seminal work of Gu [47]. Both of these works bound the size of |||z and || [|s individually
as two separate random variables. First, conditioned on ||Q ||l2, both works apply Corollary
3 to bound ||Qg”2 either in expectation or large deviation. Then, they apply the following
result to bound the remaining terms with ||Qf||,.

Lemma 21 (Large deviation for pseudo-inverted Gaussian matrix [23, 50, 47]). Let G be an
(¢ — p) x £ Gaussian matriz where p > 0 and £ —p > 2. Then G has full rank with probability

1 and we have that for allt > 1,
{HGTH > /L t} < ¢y
27 p+1

But, why do all of this? All that truly matters for randomized subspace iteration is
the product of these two independent factors. The work of Chen and Dongarra [23] produce
results for a similar random variable, the condition number ||Q2||o]|27||2 of a Gaussian random
matrix 2 € R™*" which is a similar product—except that the two matrices are the same,
thereby inducing a natural coupling between the two terms of the product (i.e. the condition
number of Q). In a way, the case that we are faced with is much easier and more tractable
because the two terms of the product ||Q||2||Q}||> are independent of each other. The works
of Halko et. al. [50] and Gu [47] do not take full advantage of this fact by making excessive
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and unnecessary usage of union bounds and conditioning instead of exploiting the inherent
structure between these two random variables.

Theorem 29. Let Q; € REPXE gnd Qy € ROHPXE be independent random matrices, each
with iid standard Gaussian N(0,1) entries. Then, we have that

P (H@ > B\/th)

2 p+1
where € = \/n— 0+ p + V0 is a function of p < £ < n and B < 3.0237 is a universal
constant.

< ¢~ (pF1)

Q]

2

Proof.
o (o[04, ) = (Jo > P ()
:/ooo t: foz, (@) () foz (0,) () dydz

min
oo
= f02

o) )P (Hﬁz
= /Ooo 20f2 (@) (z) P (HQ2

where the 2z in the integrand comes from the Jacobian for the change of variables z = 2.
Next, we apply Theorem 24 to upper bound the probability density function f.» from

min

2
> t22> dz
2

2
> t2x2> dx
2

above.
P <HQ2 af Zt) < 2Lz_p,e/ e 2 aPP (HQQ 2t2x2> dz  where Ly_pi=—7 2
2 2 0 2 F(Tp>r (p+1)
(7.26)

Next, we employ Theorem 25 in order to bound the tail distribution for H@QH . To be able
2

to use this, we rely on Theorem 26 to bound the expected value of

~ de
Lerp oLt < Mcespll Pl ells + 1 En-esplallZelle = v/ — £+ p+ Ve €

so that we can actually use the tail bound from Theorem 25. The spectral norm is a Lipschitz
map with Lipschitz constant equal to 1. Thus, Theorem 25 gives

P{]:

for all w > 0. Using this result, we construct the following upper bound to the entire tail

distribution ,
~ _ (tz=&)* TN
P<HQ2H Zt$> < exp( 5 ) ,1fx_Ct
2 1 , otherwise

B].], =
2

225+u}§PH@2

ZEHQQ
2

w2
+ u} <e 2
2
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where C > 1 is a constant to be determined later. We now apply this to equation (7.26) to
get

(e
2

Ct .2 © .2 2 £\’
U = ) <2Li s / e 2 xPdr +/ e~ 7 2P exp —§<x——) de| (7.27)
2 0 c% t

First, we tackle the first integral

Next, comes a delicate computation for the second integral, which effectively reduces to
bounding a truncated moment of a Gaussian random variable.

e e (L ae (1) [T (45T Yar o

Now, we employ a technique from [26] to bound this integral. Consider the following in-
equality

aP = ePN@) — (CE)P exp (p In (é)) < (CE)P exp (p% —p)

where we use the first order condition for a concave function [19] to get that In (&) < & —1.
Applying this to equation (7.28), we see that the new integral is more malleable

1\ o (z — &)
L<|(-= y e L E
< (3) ey [ exp< Ll )
h OO (x-E-&)" » P’
p _ ce £
(€&) /c,s eXp( > e TPt oeege |
2 [e%e]
P P =&
(Cg)pexp (E —-p+ 2C252) /nge > dx
g p+1eX g_ N pQ
t P\ec P a0

(Cf)wexp (@ [e-e=3))

x2
where the second to last line was achieved by using the identity f_oooo e 2dr = /27 and
the last line comes from applying & = vVn — 0+ p + V1 > 2,/p. By applying the quadratic

I

7~ N N
[—

\_/v

IN

o3

IN

C

O
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equation, we deduce that if C = \/g;ff < 1.1124 then C — C? + % = 0, which results in
\/_ A
hs e < t )
Placing this together with equation (7.27) followed by equation (7.19), we get

W%HWH)>Q<2MP4}+1 J—_)(%vﬁl

p+1

L (55T (p+ t

where we use the Gamma function identity zI'(x) = I'(x + 1) of Lemma 17 on the last line.
Next, we employ the inequalities (7.21) from Lemma 17 to get

r(lod .2 < gy (1) ()

I'(p+2) t
1
1 +\/—p—i—1> ccvie]” (1)”1
¢
pt1 NG
(5)

IN

2r(p+1) ce p+1

eC\lE
+1

IN

1
_ + —
21(p+1) %>
_ec\/zg p+1 (l)erl
t

p+1
In the line above, we use the strict inequality assumption between p < ¢ < n to get that
n—+{¢>1and ¢ —p>1, permitting us to bound

E=vVn—Ll+p+/(l—p)+p>2yp+1

We define B = eC < 3.0237 to arrive at our conclusion
1 p+1
5)

N B\/ZE p+1
o, Jl =) <[22
7.6.1 Average Case Error Bounds for Subspace Iteration

<

p+1

We develop a fundamental lemma for the analysis of normed residual matrix approxima-
tion bounds and singular value lower bounds, which is to bound the second moment of the

random variable HQQH HQIH in Lemma 29
2 2
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Lemma 22. Let ﬁl e REPXL gpd @2 € R—E2)XE pe o independent random matrices
each with 1id N'(0,1) standard normal entries. Also, let £ > p > 2. Define

def &2
K‘5¢@+nm—n

where § < 3.0237 is a universal constant. Then, we have the bound on the second moment

2 2
‘2 - B2E def yoo
2~ (p+1)(p—1)

Proof. Apply the law of the unconscious statistician with an arbitrary fixed constant ¢ € R

to get
2 )~y (]2 o0 —
T =
il = [ 2w e,
[ o) p+1 —(p+1) 2 /B\/Zg p+1
S/ Zxdx—i—/ 2x <—gj) =21+ - (22£= (D)

Let ¢ = 2V and proceed

~ 12 ||~
0] o
2

EHQZ

QJ{H > x} dz
2

pt1
N2 2 2p02 1 2902
E [0 |01 < 5&92(p+ ): PIE ke
27 = (p+ 12 \p—-1/  (p+1(p-1)
O
Let us define two functions g : Ry — R, and h: Ry — Ry
1
x
= — h r) = —F/———
90 = T o= s
g =y O P—
(1+ d2:r)2 and (z) = _2 (1+ d2w)(3/2) (7.29)
2d2 3d4
" €T = ——m—m—— " o
g ( ) (1 +d2l‘>3 h (x) - 4(1 +d2x)(5/2)

with d > 0 fixed. From the above, we conclude that g(-) and h(-) are monotonically increasing
and decreasing, respectively, by the first derivative test. Also, we deduce that g(-) and h(-)
are concave and convex, respectively, by the second derivative test. The function g(-) is
important in the analysis of normed residual matrix approximation bounds, while A(:) is
fundamental to the analysis of singular value lower bounds. The identity d*g(z) + h?*(z) = 1
is important to understanding the trigonometric structure and relationship between normed
residual matrix approximation bounds and singular value lower bounds.
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Lemma 23. Let b,d > 0 and let @1 e REPXL gnd QQ e RO=2)XE pe fypo independent
random matrices each with iid N(0,1) standard normal entries. Let £ > p > 2 from the
Setup section, then we have

e o [0t
T
~ |2 2 = 2K°2
1+ d? |0y Q]; 1+d*K
2 2

where K = 3 #(;1) and 3 < 3.0237 is a universal constant.

Proof. Note that g(-) from equation (7.29) is concave, which allows us to apply Jensen’s

inequality to get
2 ~
) < B (E [
2

where the last inequality comes from the monotonicity of ¢(-) and the application of Lemma
22. [

2

25 = Bl (Hﬁg
Ql

Q]

2
2

o[

2
2

2

2 2
Of Ot
2 h 2 h

~

Qs

2

) <t ()

1+ d?

2

Lemma 24. Let d > 0 and let O € REPXE and Qy € RO—EPXE pe 10 independent
random matrices each with iid N(0,1) standard normal entries. Let £ > p > 2 from the
Setup section, then we have

1 1
>
g PUNTERTOURTERR ) O
1+ a2 || ||QF
2 2
where K = 3 #&)_1) and B < 3.0237 is a universal constant.

Proof. We start by applying Jensen’s inequality of Theorem 27 to the convex function h(-)
from equation (7.29) under the random variable of interest to get
E — Eh (H@

2 ~
)zh(EHQ2
12 |~ 12 9
\/1+d2HQQ QJ{

where lemma 22 is invoked along with the monotonicity of A(+) from equation (7.29) to arrive
at the last inequality. O]

1

2 (] ~ 2 (] ~ 2
Qf Qf
2 1 2 1 2

) > 1 (K2)

2 2
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Chapter 8

Spectrum Revealing Bounds for

Column/Row Selection Based
Methods

8.1 Introduction

This work originates from a collaboration with Dave Anderson, Simon S. Du, Kunming
Wu, Michael W. Mahoney and Ming Gu [6]. We credit them for their contributions to
this work and thank them for allowing us to publish this work in this dissertation. The
CUR matrix decomposition approximates an arbitrary data matrix by selecting a subset
of columns and a subset of rows to form a low-rank approximation [32, 72]. This method
overcomes a fundamental drawback of standard PCA analysis: that the principal components
and the loading vectors are dense. Dense components and loadings suffer from two main
disadvantages: a loss of sparsity and reduced interpretability. The CUR decomposition is a
product of three matrices: two (C and R with ¢ sampled columns and 7 sampled rows of
A respectively) are tall and skinny and preserve the sparsity of the data matrix, while the
third (U) is a relatively small dense matrix. Thus the CUR approximation is cheaper to
work with and to store.

Notable applications of CUR include bioinformatics, document classification, image and
video processing, securities trading, and web graphs [15, 72, 74, 89, 96]. The Nystrom method
is a special case of CUR decomposition for symmetric matrices where R = C” so that the
same rows and columns are selected. The Nystrom method approximates large kernel ma-
trices that are used for kernel methods, manifold learning, and dimension reduction [31, 96,
95, 98, 103, 104]. In particular, the recent work of [42] introduced an efficient leverage-based
random sampling algorithm for Nystrom approximation that is analyzed simultaneously for
both the spectral and Frobenius norms, while other recent work requires separate algorithms
depending on the choice of norm. CUR is also a natural extension of the CX decomposition,
which selects either columns or rows, but not both, of the data matrix, and which has been
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studied in [17, 48]. The CX decomposition is formed by selecting a subset of columns ¢ to
form a tall-skinny matrix C' and forming a short fat matrix X to get A ~ C'X. In general,
these works seek to obtain improved multiplicative error bounds, which are of the form

HA - CURH£ < f <m7n7kacv T) HA - AkHﬁ?

where £ € {2, F}, and where f is a polynomial function and Ay is an optimal rank-k
approximation to a given A € R™*"”. When f does not depend on m and n, these bounds
are called constant factor bounds [71]. Recent works have also established relative error
bounds, where f ~ 1+ € for a selection of roughly O(k/e) rows and columns [18, 32, 42, 71,
96, 95].

Regardless of the form of the guarantee, there are two main drawbacks to the practical
use of these existing approaches to column/row selection methods: choosing ¢ 2 O(k/e)
columns/rows is often not practical, and thus one typically chooses ¢ = k4 O(1), i.e., many
fewer columns/rows than the sufficient conditions required by the worst-case theory; and,
additionally, no known results adapt these methods specifically to matrices with rapidly
decaying singular values. Because most data matrices to which CUR decompositions have
been applied have decaying singular values, and because a decaying spectrum facilitates
better approximations, CUR decompositions would greatly benefit from analysis comparing
the quality of the approximation to the rate of spectral decay.

In this thesis, we introduce powerful spectrum revealing error bounds that solve these two
related problems. This method performs a more refined analysis based on the spectrum of
the input data, and it can achieve bounds of the form

|A = CURJ < (1+0 (7)) A — Allz,

for £ € {2, F'}, where k is the target rank and 7 is a quantity that depends on the singular
value rate of decay of A and the amount of oversampling. For matrices with rapidly decaying
singular values, and as a function of the amount of oversampling, 7 < 1. Thus, unlike
previous work, our error bounds are near-optimal for matrices with rapidly decaying spectra,
and the approximations achieve optimality in the limit as the rate of decay of the spectra
increase. (Such a result is a natural requirement for a good approximation method, but none
have proved this.) These bounds also help explain why it is acceptable to use a constant
O(1) amount of oversampling, i.e., why, given a desired rank k, one can sample ¢ = k+ O(1)
columns and/or r = k + O(1) rows.

We also show that CUR can be unstable, and we develop a novel algorithm, StableCUR,
that completely avoids this instability. This algorithm accepts any C and R matrices from
any row and column selection algorithm, and avoids calculating U, which we show can be
ill-conditioned. We apply the column selection algorithm from [7] to determine C and R, and
then we apply our algorithm to compute a CUR decomposition in a stable form. Also, we
compare the performance of the combination of these two algorithms to existing randomized
CUR algorithms. We also provide a brief empirical illustration of how deterministic and
randomized CUR decompositions perform as a function of the oversampling parameter for
matrices for which the spectrum decays quickly, as well as when it decays slowly.
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8.2 Preliminaries

In this section we review previous results and important theorems to be used in our main
results.

8.2.1 The CUR, CX and Nystrom Decompositions

Given a matrix A € R™*" with rank p and a target rank k, we choose a subset of columns
C € R™*¢ a subset of of rows R € R"™" and compute a matrix U € R**" to form the CUR
decomposition A = CUR that approximates A, where k < ¢ < n and k < r < m. Thus
only C, U, and R need to be stored, which are much smaller than the original matrix A.
Additionally, C and R retain the sparsity of the original matrix.

We could also take the subset of columns C € R™*¢ and compute a short-fat matrix
X € R to form the CX decomposition A = CX that approximates A, where k < ¢ < n.
The CX decomposition can also be formed using the subset of rows instead of columns. When
the input matrix A € R™" is symmetric, the Nystrom method is formed by A = CUCT
where C' = RT and where U € R°*¢ is a matrix chosen to make A ~ A.

8.2.2 Notation

In this chapter, we adopt slightly different notation than the previous Chapter 7 in order
to present results easier. The main difference is the parameter p which serves a similar
purpose as before, but now varies between k£ < p < ¢. This parameter p can also be an
input variable into some subset selection algorithms. We also consider the possibility of a
low rank input matrix with rank p < min{m,n} as it improves the guarantees given by some
column/row selection methods. As before, we exploit the potential decay in the singular
values of A for better computational efficiency and decomposition reliability. Consider a
parameter p such that & < p < min(c,r). In the SVD of A = UXVT, we partition U and
V as

p  p—p p  p—p
U=mn (Ul UQ),V:n (V1 Vg). (8.1)
Let ¥ = diag(oy, -+ ,0,), 01 > -+ > 0, > 0 with
D pP—p k. p—k

by k by
Ezp T 2 — 1 ]
p—p( 23)’ r p—k( 22)

We can also use Figure 7.1 to visualize this partition in the singular values.

In equation (8.1), U; and V; comprise p orthonormal columns spanning the leading p-
dimensional row space and column space respectively. The largest k singular values of A
are contained in the diagonal matrix ¥, which in turn is contained in 37; the (p + 1)-th
through the p-th singular values of A are contained in Xg. The value of p is chosen to



CHAPTER 8. SPECTRUM REVEALING BOUNDS FOR COLUMN/ROW
SELECTION BASED METHODS 86

create a “spectrum gap” between the kth and (p + 1)th singular values of A. To the best
of our knowledge, such a partition was first introduced in [47]. Section 8.3 will show that if
this gap is large, then the rank-£ CUR approximation differs from the best possible rank-%
approximation by a negligible amount.

Based on the SVD, the row statistical leverage scores and the row coherence relative to
the best rank-p approximation to A are defined through the p leading left singular vectors
in Uq:

=[0G, = — X max I (8.2)
J PR Ty T elemy

Similarly, the column statistical leverage scores and the column coherence relative to the
best rank-p approximation to A are defined through the p leading right singular vectors in
Vi:

1= [Vi(G,)I?,  pe= = x max [ (8.3)
J A T

The Moore-Penrose inverse of A is denoted by AT = VX ~1U7.

Finally, we discuss the time complexities of the matrix operations. For A € R™*"(assume
m > n) it takes O(mn?) flops to compute the full SVD and QR decomposition and O(mnk)
to compute the truncated SVD of rank-k. Computation of AT takes O(mn?). Leverage
scores can be computed in approximately O(mn lnn)[33].

8.2.3 The Sketching Model

Let IL, € R™*" and II. € R™*¢ be row and column sketching matrices. Examples include
sampling matrices that select a subset of columns and rows of A and Gaussian matrices
which produce matrices C and R that are Gaussian mixtures of columns and rows of A.
Take C = AII, and R = ITZ A and U = C'AR'. Then the CUR approximation is defined
as A = CUR, and A, = (CUR), is an approximation to A with rank at most k. Following
[42], and for completeness, we formulate our main theoretical result in terms of arbitrary
“sketching” matrices.

Note that by equations (8.1)

¥, :=UJM, and W¥,:=ULTI,

capture the intersections of the space spanned by the columns of the left sketching matrix
with the top and bottom column spaces of A, respectively; and Wo \Il; defines the tangents of
the angles between the spaces spanned by U; and IT, [42]. These angles should be sufficiently
acute for I, to be a good sketch matrix. Similarly,

Q:=VII, and €,:= VIII,

capture the intersections of the space spanned by the columns of the right sketching matrix
with the top and bottom column spaces of AT, respectively; and QQQ; defines the tangents
of the angles between the spaces spanned by V; and II..



CHAPTER 8. SPECTRUM REVEALING BOUNDS FOR COLUMN/ROW
SELECTION BASED METHODS 87

When considering the modified Nystrom method for positive semi-definite A instead of
the CUR approximation, we will only use IT. and €2, and we set the other side by R = C7.
This sketching gives the Nystrém method the approximation A ~ CUC? where U =
CTA (CT)T. Theoretically, the C'X decomposition is the same as letting R = I, or R = A
in the CUR decomposition to get the desired sketching X = CTA for the approximation
A ~ CX.

8.2.4 Deterministic Column-Selection

In this section we describe the deterministic Unweighted Column Selection (UCS) algo-
rithm of [7], which will be used in our main results. Applied to a given a matrix VI € RP*"
with orthonormal rows, this greedy algorithm attempts to choose a subset 7 of columns
to maximize oy, (V7 (:,m)). The previous column selection algorithm of [17] requires two
input matrices and outputs a weighted column selection, for which the weights could be ar-
bitrary. The algorithm of [7] requires a single, relatively small input matrix and outputs an
unweighted column selection, while also proving tighter error bounds. The fact that column
selection algorithm of [17] requires two matrices to work on makes it less efficient than UCS
in complexity and memory use. Consider the matrix VI in equation (8.1). We refer to the
i'" column of VT as i; € RP. Then the UCS algorithm is summarized as follows: starting
with a p-by-p matrix B = 0 and a parameter T' > 0, the UCS algorithm iteratively selects ¢
columns of VT by iterating:

e solve for the unique A < Apin(B) such that

tr(B-\)"'=T, (8.4)

e solve for the unique N < A that satisfies

~ p —\:
(A—A) (”H;LX)

_ X G

= i , (8.5)
2 A=V (A=)
where )\; is the j™ eigenvalue of B,
e find an index 7, not already selected, such that
tr <B M+ MT> <tr(B— )" (8.6)

e reset B := B + ;i .
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Theorem 30. An index i ¢ 11 can always be found to satisfy condition (8.6).

Carried out efficiently, each i can be computed in O(p®n) operations. We summarize the
above procedure in Algorithm 9. It can be shown that

(V- yp)’

Yo B0 2 = VI + (TP

(8.7)

Algorithm 9 Unweighted Column Selection (UCS)

Inputs: Row-orthonormal matrix VI € RP*" T e RT /,pe Ns.t. k<p </
Outputs: Index set II and matrix B.

1: Set BO = Op><p; HQ = ¢

2: fort=0,--- ,/—1do

3: Solve for A using equation (8.4)

4: Calculate X using equation (8.5)

5: Find i ¢ 1T such that inequality (8.6) is satisfied with ;
6: Update By i := B; + t;a; and IT:= TT U {i}.

7: end for

8.3 Theoretical Results

In this section, we present our StableCUR algorithm and our spectrum revealing error
bounds.

8.3.1 The StableCUR Algorithm

Directly computing A by multiplying C, U, R together is not numerically stable. Each
step of this procedure is numerically stable, and standard libraries exist for both QR and
SVD.

In Figure 8.1 we compare the naive procedure and our stable procedure on a synthesized
matrix whose it singular value is 27%. Note that we are evaluating these methods in the
weak-form of the low-rank approximation problem so that CUR is allowed to have a rank
larger than k, i.e. % — 0 as ¢,r — oo. The naive computations could lead to
inaccurate results because as the number of columns and rows in C and R increase, these
matrices capture a greater amount of the singular values of A, and so U = CTAR' can
be ill-conditioned. Although the algorithm above performs QR on both C and R, QR for
either C or R is all that is necessary to make it stable. We define both StableNystrom and

StableCX in a similar manner.
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Algorithm 10 StableCUR

Inputs: A ¢ R™" R € R™", C € R™*, target rank k

Outputs: INE Rmxn and Ak e Rmxn

: Do QR factorization on R” to obtain a basis of rows of R, R = R, Q,

Do QR factorization on C to obtain a basis of columns of C, C = Q.R.
= QIAQ

Z& - Q.BQ,

Do SV D on B to Compute By.

Ak = QchQT

)

2
=

—Naive CUR | |
—StableCUR | |

log(|A-CURIIZ/|A-A,

1‘0 2b 36 4‘0 50 éO 7b Sb 90

number of columns and rows (c=r)
Figure 8.1: Stability comparison of the naive CUR algorithm and our proposed stable sketch
algorithm for the weak-form residual error, i.e. CUR can have rank ¢ > k. Also, we use the
natural logarithm.

Algorithm 11 StableNystrom

Inputs: A € R™" symmetric positive semi-definite, C € R"*¢, target rank k
Outputs: A € R™" and A, € R™*"

Do QR factorization on C to obtain a basis of columns of C, C = Q.R.
B =QJAQ.

A =Q.BQ!

Do SV D on B to Compute By.

Ak = QchQZ

8.3.2 Deterministic Structural Results

Here, we introduce theorems about accuracy in the individual singular values and error
bounds in the spectral and Frobenius norms for the CUR sketching model. Theorems 31
and 32 below are stated in terms of the following upper bounds:

Co > Hﬂzsz}

, Cy > H%\IJ
2

(8.8)

2
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Algorithm 12 StableCX

Inputs: A € R™*"  C € R™*, target rank k

Outputs: A € R™*" and A, € R™*"

Do QR factorization on C to obtain a basis of columns of C, C = Q.R.
B=Q'A

A=QB

Do SV D on B to Compute By.

Ay = Qch

We start by examining bounds on individual singular values of the low-rank matrix approx-
imations.

Theorem 31 (Singular Value Bounds). Let 7; = 0,+1/0;. Then, the output of the CUR
Algorithm 10 must satisfy

(1—7’3696\1;)

\/1%—7'262\/1—1-7'2@7

Also, the output of the Nystrom Algorithm 11 must satisfy

;(CUR) forall1 < j<k.

(CUCT) foralll < j <k

R
In addition the output of the CX Algorithm 12 must satisfy

7;(CX) > L7
\J1+ TjQC?2

Proof. For the CX Decomposition, the lower bound is a simple application of Theorem
21 from Chapter 7. The CUR and Nystrom decomposition lower bounds result from an

oralll <j<k.
[ J

application of Theorem 37. O]
Next, we present error bounds in the Spectral and Frobemus norms. Remember that
2 k k
1217 = ZJ 19; ;< kgl =k HQ and HE3HF Zj 1 p+] < k0p+1 =k HESH2

Theorem 32 (Residual Error Bounds). Assume the notation setup above and let & = 2 or
F. The CUR Algorithm 10 must satisfy

2

|A — (CUR),I? < [|A — A7

c c
1l le+ Z 2 i ||Z 2
3llp 2 3llp 2
VI Vi 1= Cu

2
123l
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Also, the Nystrom Method in Algorithm 11 must satisfy

2 C3
| = (CUCT), |, <A = Al +4 | — 3t | 1507
DA Rat

In addition, the CX Algorithm 12 must satisfy

2
G
12502
2
BAEAE

1A = (CX)lls < A — Axllg + 153117

Proof. We start with the structural result of Theorem 8.5.1 for the CUR and Nystrom
Decompositions. We then use the work of Theorem 28 and Corollary 5 in order to bound
H([ - Q.QF) AkHF and HAk (I —Q.QF) HF in the desired way with ¢ = 0 as column/row
selection based methods do not have the iteration feature of randomized subspace iteration.
The result for the CX decomposition is a straightforward application of Theorem 28 with
Q. and g = 0. O

Discussion
A good CUR decomposition heavily depends on how the sketch matrices are chosen; The-
orems 31 and 32 point out the connection between sketch matrices and the quality of the
CUR decomposition through quantities Cq and Cy.

Theorems 31 and 32 also exhibit a surprisingly strong connection between the rate at
which the singular values of matrix A might decay and the quality of the CUR decomposition.
For the sake of argument assume for the moment that Co = O(1) and Cy = O(1). When
singular values of A decay rapidly, as they often do in many large data matrices, we can
expect 7; < 1 for a choice of p that is somewhat larger than k. Theorem 31 suggests that
the leading singular values of A, Uj(l&) for 1 < j <k, differ from the corresponding singular
values of A by a negligible relative amount. Similarly, since

0
2 2 2
(3 )z atma,

j=k+1

when singular values rapidly decay, Theorems 1 and 32 suggest that the approximation error
in A differs from that in Aj, the best rank-k approximation, by a negligible additional
amount in both the Frobenius norm and spectral norm.

In the remainder of this section, we show that the UCS algorithm from [7] and two sam-
pling algorithms are able to bring both Cq and Cy under effective control in their magnitude,
leading to high quality CUR decompositions. It is important to note that when using the
modified Nystrom method, the above bounds still hold with Cy := Cq.
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8.3.3 Bounds of the Deterministic Unweighted Column Selection

We apply Theorems 31 and 32 to bound the singular value errors and the low-rank
approximation error in the spectral and Frobenius norms for the matrix constructed by
Algorithm 9.

Theorem 33. (Unweighted Column Selection)
Let II,. and I1, be constructed with Algorithm 9, then Theorems 31 and 32 hold with

Ve P
V=4 vo? + (V- v

VTP |
VW=DV + (VF = V)

Cq' =

Cy' =

When applying the result above to the Nystrom method (i.e. R := CT), one simply
needs to ignore the discussion of sampling rows. Simple algebra reveals as ¢ and r increase,
Cq and Cy will decrease as well. This suggests a tradeoff between controlling the C terms
and improving the spectral gap 7i11.

8.3.4 Stochastic Bounds of Sampling Based Algorithms

We apply Theorems 31 and 32 to bound errors in the random sampling methods. pu,
and /. in Theorem 34 refer to the row coherence in equation (8.2) and column coherence in
equation (8.3). The failure probabilities below are squared for the CUR because the rows
and columns are sampled independently. When applying the two theorems below to the
Nystrom method (i.e. R := CT), one needs to ignore the discussion of sampling rows and
to take the square root of the failure probability by the point above.

Theorem 34. (Uniform Sampling) [41]. Let IT, € R™™ II. € R"*¢ be sketching matrices
corresponding to sampling rows and columns uniformly at random, respectively. Fix a failure
probability 0 < 6 < 1 and an accuracy factor € € (0,1). If

r> 2 ppln (p/d), ¢ > 2 upln(p/d),

then Theorems 31 and 32 hold with

with probability at least (1 — 0)2.
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Theorem 35. (Leverage Score Sampling) [32] Let II, € R™™ TI. € R™*¢ be generated with
probability distributions based on the row leverage scores {I%} in equation (8.2) and column
leverage scores {I$} in equation (8.8):

Prj = and  pej =

= S
= S

for an accuracy factor € € (0,1). If
r > 400 *pIn(p), ¢ > 400¢ *pIn (p),

then Theorems 31 and 32 hold with

1 1
Cy =

Co —
@ 1—¢€’ 1—¢€

with probability at least 0.9% = 0.81.

8.4 Numerical Results

In this section, we provide a summary of our empirical evaluation. We start in Sec-
tion 8.4.1 with a description of our data sets and our evaluation metrics; then, in Sec-
tion 8.4.2, we show how oversampling affects reconstruction error for deterministic and ran-
domized CUR/Nystrom on two data sets with different spectrum properties; and then, in
Section 8.4.3, we compare our Stable algorithms using input matrices determined by the
deterministic UCS algorithm with other related decompositions.

8.4.1 Data Sets

We used data sets from the recent analysis of [42]. The data sets include matrices con-
structed from bag-of-words data (Dexter) and dense matrices constructed from a Gaussian
Radial Basis Function (RBF) Kernel (Abalone). The description of data sets is presented
in Table 8.1. Here, m and n are numbers of columns and rows of the data matrix, %nnz is
the percentage of number of non-zero entries, k is the target rank, and p. and p, are the
coherence of the rows and columns of A respectively. Recall that, for a set of data points

—lxi—x;13

X1,...,Xn € R% the Gaussian RBF Kernel matrix A is given by A7 = exp ( —

These data matrices are chosen because of their different spectral decay properties. In
particular, by adjusting the o in the Gaussian RBF Kernel, we can change the speed of
the decay in a controlled manner. Observe that (’2’“((:)) increases from 0.156 to 0.801 as o is
decreased from 5 to 0.1. In more detail, Figure 8.2 shows that for Abalone kernel matrix,
decreasing values of ¢ from 5 to 0.1 slows down the singular value decay, reducing the

domination by the top-k eigenspace; and Table 8.1 shows that when o = 0.1, best rank-20
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Table 8.1: Dataset Summary.
A2 _ oy
Data Set m n Y%nnz k |||| A“‘é 100 HAHA% Lbe Ly U:((:))
Abalone(c = 5) 4177 4177 100 20 1.09 0.17 10.6 10.6 0.156
Abalone(o = 2) 4177 4177 100 20 1.88 4.39 2.67 267 0.285
Abalone(c = 0.2) 4177 4177 84.6 20 149 79.6 176 17.6 0.62
Abalone(c = 0.1) 4177 4177 40.74 20 174.7 97.47 59.9 599 0.801
Dexter 2000 20000 0.48 10 7.16 88.6 197.2 1945 0.806

approximation is far from the original matrix (and thus low-rank approximation cannot be
expected to yield good results), while for ¢ = 5, the matrix is very well approximated by a
rank-20 matrix.

Since the RBF Kernel matrices are postive semi-definite, we apply STABLENYSTROM
to the Abalone data in kernel form. Next, we apply the STABELCUR algorithm to the
Dexter data as the data matrix takes the form of a general non-symmetric matrix. In our
empirical evaluation, we consider the following measures to compare different approximation
algorithms:

e 0,(A)/or(A), k™ singular value ratio

|A — A|r/||A — Ay||lF, weak-form Frobenius norm error

|A — Ayll#/||A = Ay r, strong-form rank-k Frobenius norm error

|A — Alls/||A — Aylls, weak-form spectrum norm error

|A = Agll2/|A = Aylls, strong-form rank-k spectrum norm error

In addition, the legends in the following plots correspond to the four CUR algorithms we
consider:

RANDLEVERAGE: CUR/Nystrom Decomposition of [32] constructed from Leverage
Score Sampling

RANDUNIFORM: CUR/Nystrém Decomposition constructed from Uniform Sampling

NEAROPTIMAL: CUR/Nystrom via the Near-Optimal Column Selection Algorithm
of [17, 96]

DETUCS: Deterministic Unweighted Column Selection (UCS) algorithm of [7].
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0.2f—>0=02
=2
c=5

Figure 8.2: Singular value decay of Abalone kernel matrices with different o’s. The reported
value is the ratio between o, and oy, where k£ = 20 and p varies from 20 to 40.

8.4.2 Oversampling Experiments

Here, we test how the spectrum gap can affect the performance of DETUCS and RAN-
DLEVERAGE. Our main results are presented in Figures 8.3 and 8.4. We choose target rank
k =20, c =r = 80 and vary p from k to 2k. Recall from our deterministic structural results
from Section 8.3 that increasing p will decrease 0,41 (A) and thus improve the approximation
accuracy. However, in Theorem 33 and 35, we showed that increasing p may increase Cq and
Cy. By our bounds, for matrices whose singular values decay rapidly, increase in p could be
beneficial.

Figure 8.3 shows the effects of different values of p on the Frobenius norm reconstruction
error. For Abalone kernel matrix with ¢ = 5, both DETUCS and RANDLEVERAGE behave
better as p increases. On the other hand, when o = 0.1, the reconstruction error is much
larger and there is no systematic evident performance improvement as p increases.

Figure 8.4 shows the effects of different values of p on the spectral norm reconstruction
error. These plots are qualitatively similar to the Frobenius norm error: for Abalone kernel
matrix with ¢ = 5, increase in p reduces reconstruction error for both algorithms; while,
when o = 0.1, increase in p would not improve DETUCS. Interestingly, however, for RAN-
DLEVERAGE, increase in p may even decrease the reconstruction accuracy. The reason for
this is likely that we do not have control on C and Cy as we increase p.

8.4.3 Comparing Different CUR/Nystrém Methods

We now compare the performance of different CUR/Nystrom algorithms (RANDLEVERAGE,
RANDUNIFORM, NEAROPTIMAL, and DETUCS) with same number of columns and rows.
To take advantage of the spectrum gap, we choose oversampling parameter p = k£ + 10 for
matrix (Figure 8.5) with rapid singular value decay. While for matrices (Figures 8.6 and 8.7)
with slow singular value decay, there is no need to oversample and to decrease Co and Cy we
choose p = k.
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Figure 8.3: Reconstruction error in Frobenius norm for DETUCS and RANDLEVERAGE
running on Abalone kernel matrix with ¢ = 5 and 0.1. When ¢ = 5, both algorithms
perform better as we increase p. When o = 0.1, the reconstruction errors are less consistent.
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Figure 8.4: Reconstruction error in spectral norm for DETUCS and RANDLEVERAGE run-

ning on Abalone kernel matrix with ¢ = 5 and 0.1. The results are very similar to figure
8.4.

Figure 8.5 shows the performance of different Nystrom algorithms on Abalone matrix
with ¢ = 5, whose singular values decay rapidly. Since Ay contains most of the information,
low rank approximation is a reasonable model. The reconstruction matrix is able to capture
most singular values and the residual errors in both spectral and Frobenius norm decrease
rapidly as more columns and rows are sampled. Since the leverage scores are fairly uniform,
i.e., the coherence is fairly small, RANDUNIFORM performs well in this case, even though it
is still worse than other algorithms.

Figure 8.6 shows the performance of different Nystrom algorithms on Abalone matrix
with ¢ = 0.1, whose singular values decay slowly. Since Ay only contains a small portion of
information of A, the curves are flatter in this case. Since the coherence is large, RANDUNI-
FORM performs poorly and RANDLEVERAGE performs best under most metrics. However,
sampling with more columns and rows only increases approximation accuracy marginally,
because the leverage score distribution is extremely imbalanced due to the high coherence
of the matrix.

Figure 8.7 shows the performance of different CUR algorithms on non-symmetric Dexter
data matrix. This data set is “worse” than Abalone kernel matrix with o = 5, because of its
slow decay in singular values and large coherence, and our empirical results are consistent
with this.
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Figure 8.5: Results of algorithms comparison on RBF kernel(c = 5) of the Abalone data set.
In this matrix, singular values decay very fast, which results in rapid decrease in residual
errors and rapid increase in singular value ratio for all algorithms.
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Figure 8.6: Results of algorithms comparison on RBF kernel(o = 0.1) of the Abalone data
set. In this matrix, singular values decay very slowly. All curves are flatter than the ones in

Figure 8.5.
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Figure 8.7: Results of CUR algorithms comparison on Dexter data matrix. This is a non-
symmetric matrix with slow decay in its singular values. The performance of algorithms are

similar to the ones in Figure 8.6.

8.4.4 Experiments with CX Algorithm

We test our algorithms on the Jester Joke Data [43], a data matrix containing numeric
ratings from 24,983 people for 100 jokes. Each row corresponds to a person; each column
a joke. We have removed its first column, which represents the number of jokes rated, and
we have changed any NA value, indicated by 99, to 0 (meaning neutral) in order to make
it consistent with other entries. Therefore, the size of the matrix is 24,983 by 100, and the
entries are ratings ranging from —10.00 to 10.00. Positive ratings indicate the joke is favored,
while negative ratings indicate the opposite. Additionally we test on a second data matrix,
which comes from the Reuters bag of words data [21]. The matrix is modified into a sparse
matrix of size 8,293 by 21,578 with binary entries, with “1” meaning the word is present in
the document and “0” meaning the word is absent. For each target sparsity value, we let
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the number of selected columns, ¢, range from k + 1 to k + 20. In these experiments, we let
p=kands=/
Our tests exhibit rapid decay of the error ratio. Figure 8.9 shows heat maps of the
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Figure 8.8: Real Data Matrices

Jester jokes data matrix A, and the columns subset C' with [ = 10, and the reconstruction
A = CX. Green corresponds to a positive rating, while red a negative rating. The map
in 8.9(a) shows the original data matrix, 8.9(b) shows the columns selected from this data,
and 8.9(c) shows the reconstruction A = CX. While the reconstruction loses some data as
expected, it preserves the structure and the pattern of the original matrix A. Also, the heat
maps suggest that the algorithm chose mutually independent and informative columns.
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Figure 8.9: Heat Maps of Jester Joke Data Matrix

8.5 Proofs

8.5.1 Preliminaries

First we prove a useful theorem, which is similar to [47] Theorem 3.5.
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Theorem 36. Let (). be an m X ¢ column-orthonormal matriz matriz. Let (), be an X r
column-orthonormal matriz. Let By be the rank-k truncated SVD of QT AQ,. We have:

i (14— QeBQTl = |4 - QBQ! |, (8.9)
In addition:
14— QBT |7 < 1A= Al + (| (1 = QeQT) Aell o + [ Ak (T — @@ ,)° (8:10)

Proof. We start by taking column-orthogonal matrices of dimensions m x (m—c) and nx (n—
r) labeled Q. and Q,, respectively, so that (Qc QC) and (Qr QT> are both orthogonal
matrices. Then, the unitary invariance of the Frobenious norm and orthogonality give

TA r B ZA AT 2
14— Q.BQT | = H (QCQC%QT gcTAgr)

= [|4 - Q. (QTAQ,) QT3 + |QTAQ, — B|%

Thus, the last term in the expression above is minimized when B = By, which gives us (8.9).
Since By, is the minimizer, we can replace it with Q7 A4,Q, to get the inequality

A = QBiQy |7 < (|14 — Qe (Qc ArQy) Q7 [
= |4 — Q.QF Ay + Q.QI Ar — Q. (QF 4:Q,) QF |17

+ 2tr ((A — A" Q.QT A (I - Qer))

= ||A — A% + 2tr (A — A AT (T — Q.QD))
+[1(1 = QQF) Al + 1Q.QF (Ax — ArQ,QT) |13
+otr ((A— AT QT AL (1-Q.QT))

<A = A3+ 11 (1= QeQY) Axlly + 1Ak (I - Q:QF) 13
=2t (A= 40" (I - QQF) 4 (1 - Q,QF))

which is (8.10). In the last inequality, we have used once the fact that Q.Q7 is an orthogonal
projection and twice the fact that (A — Ay)AL = 0 via the SVD. Now, use the identity
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AkALAk = A;, from the definition of the Moore-Penrose psuedo-inverse to get

tr( (1= Q@D Ak (1-Q,01) (A= 4)" ) =tr ((1-Q.QF) AxAL A (T-Q,QF ) (A= 4)")
< [[(7 = QeQc) Ak HALAk (1 - QQr) (A Ak)THF

<17 - Q@I Al 4 (1 = QD) |l | AL
= 17— QuQE) Aull |4 (7 - @D 72

< ||(7 = QQ2) Akl [|[Ax (1 — @:Q7) ||

Putting everything together, we arrive at our desired result. O]

A-A
1A= Al

8.5.2 Deterministic Analysis

We begin with some notes about partitioning A by columns and rows. Let II, € R"*¢
and II, € R™*" be matrices that represent the column and row choices, respectively, of our
algorithm such that (Hc HCL) € R™™ and (H,, Hﬁ) € R™*™ are a permutation matrices.

(M, 04" AL 0 = (1, 1) UsvT (L )

(5 (%) o (Vi )
Un U o oy, ) \Vib Vi

@)% ()
2 Via
() ()
\]:12 U12
We change notation at this point because these principles go far beyond column and row
selection. For example, if either II. or II, were an iid Gaussian matrix, the following results

will still hold.
By definition, the matrix C' € R™*¢ produced by our algorithm is AII,.

20
C=All,=U ( 0 22) 0 (81)
0 Sp ?

From this point on, we refer to

Now, we are interested in the matrix CX = CCTA In order to get a grip on the orthogonal
projector CC', we will study the column space of C' via post-multiplying by a judiciously
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chosen square invertible matrix Y. € R (cf. [47].) This may change the matrix, but it
preserves the column space.

v, 0\ ',
— t 1
Y, - C[Ql(o 22> ZC]

=U <201 202> " (&) [ () ( 201 Z02 >_1 “ }

0 I8
Li 0 0

U0 I 0
H, Hy Hj

where we assume that ; € RP is full rank and Z, € R P is a matrix such that
01 Z.=0. This gives us that

DI 0
Hy = S50 ( i ) , Hy = Bp0Q (2_1) , Hy =S,
2

By the same procedure we can select rows from A to form R = IT1Z A. As before, there is an
invertible matrix Y, € R™*" such that

I, 0 o0\"
VVR=|0 I, 0] V7T
Gy Gy Gs

where

»t 0
G, = ZB‘I/z‘lq < (1) ) , Gy = EB‘IQ‘I’I (21) , Gz = XV,
2

Following [47], we are interested in upper bounds on ||H,||, and ||G1]|,.

. 1
||H1||2§“”“HQZQI . and H(I+H1TH1) 1/2‘ >
7k ’ ’ \/1+<UP+1 ZHQ TH2
OL 2 1
Opti1 ~1/2
Gill, < 2 qu \IJTH d H [+G7G > .
Iully < 22| and [[(7+67G) ™ 2 :
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To develop lower bounds on computed singular values, let

I, 0 0 A R Ry R Iag

Ul 0 Lx O0]=0QR= (Ql Q2 Qs) 0 R 523 ) (8.11)
Hy Hy Hj 0 0 Rss
Iy, 0 0 e L fiu Eu §13

V10 L 0]=QR= (Ql Q2 Q:s) 0 Ry Ras |- (8.12)
Gl GQ G3 0 0 R33

It follows from (cf. [47]) that
QQ! =0Q", @.QF = 0Q".
Consider the first £ columns of the above expression, i.e.

I —~ —~
U 0 = QlRll
H,

Since RT, Ry = I + HI Hy, the polar decomposition tells us that Ry; can be written in the

form
1/2

Ry =W, (I+HIH)

for some orthogonal matrix W, € R¥**¥. Thus, we can write

I
Q=U| o0 | (+HH) W
H,
By the same reasoning, we also have
~ [ 1/2
Qi=V|o|(F+cra) *wr
G

for some orthogonal matrix W, € RF*F,

Theorem 37 (Two-Sided Singular Value Lower Bounds). The CUR Algorithm 10 must

satisfy
Uyl

Q.01

2
Op+1
Ok — Opt1 ( o )

2
Tpt1
Vi (22)

2

V)

2

2\/ 2
()
2 Tk

2

Q.0

2
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However, the Nystrém Decomposition Algorithm 11 satisfies a slightly better guarantee due
to the symmetric positive semi-definite input and output

O

O (CUOT) Z P 2
Lo (%2) floucil]

Proof. Next, by the interlacing theorem for singular values, we have

o, (CUR) = oy, (@TA@)
> O, (@fAQVO
= o ((1+ HTH) ™ (504 HISaGh) (T4 6i6T) ™)

2
e own (52) [l [l

>
Op+1 2 2 Op+1 2
()| ()

However for the Nystrom Decomposition we get

5
2

QQQI‘

‘\112\1/{‘

o (CUCT) 2 oy (1+ HY H) ™ (51 + HI S ) (T+ HyH!) ™)
— o ((1+ H H) S (14 50 2 HT Sl e ) 202 (14 ) ™)

> oy ((1+ H H) ™5y (14 HHT) )

where the last line is achieved by noting that the matrix 21_1/ QHI‘F EngEl_l/ ? is symmetric
positive definite matrix, i.e. ([ + E;lﬂHlTZngZfl/Z) > I in the sense of Loewner ordering.
This gives the desired result. [l
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The influence and work of my co-authors was invaluable in researching and exploring these
methods.
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Chapter 9

Sparse PCA via Secular Backwards
Elimination

9.1 Background and Motivation

This work originated as a collaboration with Dave Anderson, Luming Wang and my
adviser Ming Gu. Principal Component Analysis (PCA) is widely used in many areas of
data analysis as an effective tool for dimensionality reduction. Performed via SVD, PCA
extracts orthogonal linear combinations of the data variables that best explain the variance in
the data. However, the principle components are typically dense, even when the data matrix
is sparse. For a high dimensional data set, a dense loading vector may not be sufficiently
informative to meet application needs. Motivated by this, sparse PCA algorithms impose
sparseness on the loading vectors so that the user can see which individual variables play a
role in principal directions of high variance and thus interpret data better. These directions
give an intuition as to which variables are principal variables [76].

Early work to promote sparsity includes [61], which suggested using rotations to facilitate
understanding of the principal components. A simple thresholding approach was discussed
in [20], whereby small elements of the loading vectors are set to 0. The idea of restrict-
ing the loadings to a small set of values, including 0, was discussed in [63, 93]. The CUR
decomposition is proposed in [73] to create sparsity by expressing the decomposition as a
combination of a small number of columns and rows of the data matrix. SCotTLASS was
introduced in [57] to enforce sparsity through a LASSO penalty function approach. Addi-
tional research into penalty functions to create sparsity includes sPCA-rSVD [86]. Sparse
PCA (SPCA), [49], finds sparse approximations of the loading vectors by reworking PCA
as a regression-type optimization problem. The Generalized Power Method [69] recasts the
optimization of a non-convex function as an optimization problem on a Euclidean sphere or
Stiefel manifold. The largest eigenvalues and corresponding eigenvectors are then calculated
by using a gradient-type scheme. Deflation algorithms for sparse PCA have been discussed
in [101, 102, 70].



CHAPTER 9. SPARSE PCA VIA SECULAR BACKWARDS ELIMINATION 105

A seminal work on sparse PCA appears in [2], which formulated DSPCA, a convex
relaxation to convert the highly non-convex sparsity enforcing problem into a semi-definite
program. The resulting problem benefits from the well-researched area of interior point
methods, which can be used to solve the semi-definite program. More recently, a block
coordinate ascent variant of DSPCA algorithm has been developed in [105] to approximately
solve DSPCA much more efficiently. The authors of [1] additionally study forward-searching
greedy algorithms and provide optimality conditions. These greedy algorithms allow one
to build approximations of increasing rank, but the sequential nature of forward building
algorithms implies they will miss possible optimal combinations of the loading vectors. A
related work [79] suggested that backwards elimination algorithm has the ability to find
sparse approximations that the forward search may miss. By eliminating rows sequentially,
unobvious groups of loading vectors that are near-sparse will remain in consideration. But
it is also claimed that the computational complexity is O(n?*), which makes the backward
algorithm prohibitively expensive for large n. Thus, that work focused on forward column
selection instead, where a simple implementation yields an O(n?) algorithm.

We propose an efficient backwards elimination algorithm which exploits accurate low rank
matrix approximations and secular equations for rank-1 updates to eigenvalue or singular
value problems. To further improve the performance, a root test is introduced to bypass
solving many unnecessary equations. We also provide theoretical bounds for explained vari-
ances (sparse singular values). A number of numerical tests show that compared with various
competing approaches, our method can efficiently generate local optima to effectively explain
the variances, often better than competing SPCA algorithms.

The rest of the chapter is organized as follows: Section 2 outlines notation and briefly
reviews linear algebra preliminaries. Section 3 presents our efficient backwards elimination
algorithm, along with theoretical bounds. The efficacy of the our algorithm is illustrated
with numerical tests in Section 4, using both artificial and real-world data sets.

9.2 Problem Formulation

9.2.1 Sparse PCA

We denote X € R™" to be a given centered data matrix with m experiments and n
variables. The corresponding covariance matrix is A = X7 X. Given a user defined degree
of sparsity ¢, the first sparse principal component or loading vector is commonly defined as
v € R™ such that

arg maxg;egn 17;? or equivalently —argmaxg;cpn ”)H(;}IQ
s.t. card (V) </, s.t. card (V) < /.

where card(?) is defined to be the number of non-zero entries in the vector v € R". We can
use this to define the corresponding sparse singular value o® = || X4/||,. Also, note that there
exists a unit vector @ = XU € R™ such that @’ X¢' = || X 0|, := o°. After finding the first
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principal vector with X = X, we then deflate X in the following way
XD — X O _ o7

and solve the same maximization problem on the deflated data matrix X®, X® and so
on. A systematic study of deflation schemes is done in [70]. The deflation method used in
this thesis is equivalent to projection deflation because we are deflating directly on the data
matrix. An advantage of this approach is that the covariance matrix A® = XOT X0 jg
always positive semi-definite.

9.2.2 Accurate Low Rank Truncation

There are many efficient SVD-based low-rank approximation methods [44, 50]. Perform-
ing a rank-£ SVD truncation A ~ Ay = UkEkaT will reduce the computational complexity
of backwards elimination algorithm by trying to sparsify ¥V, € R™** instead of from a
potentially much larger matrix A € R™*™. We propose choosing k based upon the spectral
decay of the data matrix X, which is typically very rapid for real-world data. The following
theorem guarantees that the solution will keep almost the same accuracy with a judicious
choice of k.

Theorem 38. Let X = UXV7T be the SVD of our data matriz. Let 0 < 7 < 1 be a user
defined tolerance and £ a user defined sparsity. Now, select k such that

Opr1 < TOY \/Z (9.1)
n

Let X7 = o*uv" be the outpul of the greedy backwards elimination algorithm on Xj.
Then

9 -

‘HX o AX—zparseH2 o HXk o X;parseHQ‘ S T HX;parseH

Theorem 38 ensures that the additional error introduced from an accurate low-rank
matrix trunction on the data matrix can be negligible. However, this matrix truncation can
significantly speed up the work of backwards elimination. We will prove Theorem 38 at the
end of Section 9.3.

9.2.3 The Secular Equation

The secular equation is based on a formula for rank-1 updates of spectral problems,
which, in turn, relies on the well-known determinant formula in Lemma 25.

Lemma 25 (Determinant Lemma [28]).

det (A + puv”) = det (A) (1 + pv" A7) .
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Given the SVD of matrix X € R™*", we are interested in the top singular value of the

matrix X with the j* column removed or zeroed out, i.e. X=X — xje]T, where z; is the

5" column. Thus, we need the top eigenvalue of X\jX\Tj = X X" — z;27. Its characteristic

polynomial satisfies
Px,(0%) = det (XX" —zjz] —0’I)
= det (XXT = 0?1) (1= af (XXT = 0?1) ')

By setting PX\j(a2) = 0, we arrive at the secular function

si(0®) = 1—a] (XXT - Ny =1— (UTz)" (357 — o%1) " Uz,
— (U"))7
= 1-) Sy =0,

The roots of s; (02) give us each oy, (X\;), which is known to satisfy
ori1 (X) <oy, (Xyy) < o (X).

Many efficient solvers for the secular equations, such as " The Middle Way” [66], dramatically
reduce the bottom line running time of our algorithm over naive solvers. An important
note about the secular equations is that s; (0?) is increasing between the intervals and
asymptote off to —oo and +oo. Therefore, by intermediate value theorem, we have that
for o) (X) > 0 > op11(X),

55 (02) <0 ifand onlyif o > oy (X\j) )

This fact will be used in our algorithm to skip solving many secular equations when we try
to find

= X\i) .

j* = argmaxoy (X)

Roots of Px(0?) correspond to eigenvalues that have not changed, and thus need not be
considered.

9.3 Algorithm and Main Results

The rank-k truncated SVD and the secular equations for rank-1 updates motivate Algo-
rithm 13.

9.3.1 Singular Value Bounds

Next, we talk about theoretical guarantees.
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Algorithm 13 SPCA via Secular Backwards Elimination (BEPCA)
Inputs: m x n data matrix X, sparsity ¢, 7 tolerance
Outputs: U,,Y, and V; s.t. UB, VI ~ X
1: Let I ={1,--- ,n}
2: Compute a rank-k truncated SVD s.t. U,V ~ A, with k chosen according to (9.1).
3: Set Wy, Ek‘/kT
4: fori=n:—-1:/do
5: Find j* s.t. 7% = argmax;es o1 ((Wk)\]> (Note: each secular eqn solve costs O(k))
6
7
8
9

Set I« I'\{j*}
Zero out column j* of Wy, i.e. Vi(5*,:) =0
: end for
: Solve for top singular value/vector pair of remaining matrix U Wj.

Theorem 39 (Existence of Special Sub-matrices). Let FF € R™" and F; € R™*®=1 pe
the matriz F with the j column removed. Then we have that for each i € {1,--- ,n}

n—1 , {

1I£1Ja<}$bo- (F\]) - n n

A sketch of the proof is as follows.
Let u; denote the j™ column of F. Using Lemma 25, we examine

det (FyF — 1) = det (FF" = o°1) (1= ol (FF" - 0*1) ™" ;)
= det (FF" —0%I) f; (0?) .
We look for the roots of f;, which correspond to eigenvalues that have changed. Using the

trace trick on f;, we average over j

0.2

2
0'
sls

Javg (0 Z £ (0?) = —tr (1 — (FTF - o? FTF>

o2

IN

Now, let j* = argmax;<;<p 0; (F\]) By 1nter1acmg, we have 0,1 F) o; (F\]) < g; (F\j )
o; (F). Thus, each secular equation has 0 = f; (o ( : (F\])) > fj (o ( (F\J )) So averaging over
7 yields

o
2
0 > fav a; (K= - T
g(z( \J)) n 02 — g2
s=1 S
This implies
0<1Z o? +1 o? o noi o? +z o?
— n 4~ og2—-0g2 n 02—02 = n o02—02 no?—o2
s=i+1 $ s=1 $ n v

which simplifies to the desired result.
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Corollary 6. Let F' € R™*™ be a matriz. Let the set J* = {jf, e J.;fe} Cc{1,---,n} be
defined as the set of n — £ columns removed by Algorithm 13, i.e.

-
f=arg max oy |Fir.. .. >
Ji Ticientin 1( Wit i}

Let I\ j- € R™*¢ be the matriz with the columns removed. Then, we have that

o1 (F\J*) = o0 (F\{jff"vj;;_g}) > \/gal (F).

Corollary 6 follows by applying Theorem 39 n — ¢ times with ¢ = 1. Next, we highlight
an important tool before proceeding:

Theorem 40 (Weyl’s Inequality for Singular Values). Let Y, Z € R™*" be any matrices and
1,7 € N such that v+ 37 <n-+1. Then

Oivj1 (Y +2) <0 (Y)+0;(Z)

This is exercise I11.6.5 in [14]. Theorem 40 will be used in our final Theorem concerning
sparse singular values. The following theorem is particularly important because it gives
us theoretical guarantees of using the orthogonal deflation process in [70] with backwards
elimination for the every sparse principle component instead of the simply the first one. To
the author’s knowledge, this is the first theoretical guarantee of its kind in the literature for
SPCA.

Theorem 41 (Sparse Singular Value Bounds). Let X € R™ ", Then, the r'* sparse singular
value obeys the following inequality

S E — S
o5 > \/;11251; (aj (X) — Zaz) :
i=j

Proof. We apply Corollary 6 to the sparse singular value found by Backwards Elimination

r—1 r—1
14
o, =01 [X - E OfutvtT] > \/;01 X — E ofuv]
t=1 t=1

The remainder of the proof will be done by induction on r. The base case of r = 1 is
immediate, i.e. 01(X) = 01(X). For the inductive step, we simply need to prove that

r r—1
o1 (X — ZafutvtT> > max (01 (X - Z afuw?) — 0y, 0rt1 (X))
t=1

t=1

\J*
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However, this is just two simple applications of Weyl’s Inequality. The first one set Y =
X =5 oiuw! and Z = ofu,v! with i = j =1 to get

2 (X - a) = ()20 (Y +2) -0 (2)
t=1
r—1 r—1
= 0 <X—Z afutvtT> -0 (afurv;‘r) =0 (X—Z afutvtT> —o;
t=1 t=1

The second set Y = X — Y7 ofuvf and Z =Y, ojuww! withi=1and j=r+1
- s T o
o1 (X =) ojuf ) = o (Y) > 0,1 (Y+2) =001 (2)
t=1

= 01 (X) =0 (Z UfUtUtT) = 041 (X)
t=1

Taking the maximum over the two lower bounds establishes the recursion. O

An important corollary is the sparse singular values always capture at least a fraction of
the true ones.

Corollary 7 (Sparse o at least a fraction of true 0,(X) ). Let X € R™". Then, the r'
sparse singular value obeys the following inequality

14
S> _ .
O'T_\/;O',«(X)

We are now ready to prove Theorem 38 as a Corollary of Theorem 41.

Proof of Theorem 38. Consider r = 1 in Theorem 41, we have
sparse s ¢
IXE™ My 2 0% 24/~ o1 (X))

X = X7y = X = Xi+ X = X7y < opn + | Xk — X7

It follows that

14
< 7'0'1\/;4_ ||Xk _ X;ParseHg <7 H‘X'ijarse||2 + ”Xk B )(ZparseH2

Analogously,

Xk = X", < TG + X = X

2 2"
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9.4 Numerical Experiments

We compare our sparse PCA algorithm with four other popular methods: the DSPCA
algorithm (DSPCA) [2], the approximation greedy forward-search algorithm (FSPCA) [1],
and the single-unit generalized power methods with £y (PowerL0) or £, penalty terms (Pow-
erL.1)[69]. Both DSPCA algorithm and approximation greedy search algorithm are imple-
mented by using the software package from http://www.di.ens.fr/~aspremon/software.
html. Given covariance matrices, we construct the artificial data matrix via Cholesky fac-
torization or the matrix square-root using eigenvalue decomposition.

Table 9.1: Results for synthetic test 4.1.

X X X3 X4 X5 X X7 Xg X X1 X1 X1  Variance
BEPCA, PC1 0 0.4082 0 -0.4082 -0.4082 -0.4082 0 0 0.4082 0 0 0.4082 90
FSPCA, PC1 | -0.6220 0 0 0.0399 -0.4295 -0.2487 -0.5595 0 0 0 -0.2284 0 88.68
DSPCA, PC1 | -0.7706 0 0 0 -0.2310 -0.0856 -0.5878 -0.0001 0 0.0003 0 0 87.19
PowerL0, PC1 | 0.5774 0 0 0 0.2887 0.2887 0.5774  0.2887 0 -0.2887 0 0 90
PowerL1, PC1 | 0.5774 0 0 0 0.2887 0.2887 0.5774  0.2887 0 -0.2887 0 0 90

9.4.1 Synthetic Example with Dense Leading Eigenvectors

We choose 4 mutually orthonormal vectors {v;, Uy, U3, U4} whose entries are either 41 or
—1 (i.e. rows of Hadamard matrix):

) Y Y ) Y Y ) Y

U3 = (1,-1,-1,1,—-1,1,1,1,-1,-1,-1, )", &, =(1,1,-1,-1,1,-1,1,1,1,-1, -1, -1)T

6 =(1,1,1,1,1,1,1,1,1,1,1,1)7, Gy =(1,-1,1,-1,1,1,1,—-1,-1,-1,1,-1)7

We generate another 8 random vectors {05, ¥, . .., 012} whose entries are drawn from uni-
form distribution U(0, 1), and form a matrix V= {v1,0a, ..., 012} with full rank. Then, we
compute an orthonormal matrix V' = {vy, va,...,v12} by applying Gram-Schmidt orthogo-
nalization to V. Using columns of V as eigenvectors, we obtain the covariance matrix with
the eigenvalues as 90, 90, 90, 90, 80, 79, 70, 50, 20, 18, 15, 15.

We test all 5 methods by generating the primary loading vector with cardinality 6. Note
that all eigenvectors are dense in this test, but the linear combination of the first 4 eigen-
vectors is sparse. As the first 4 largest eigenvalues are all equal to 90, an ideal sparse PCA
algorithm should be able to detect the implicit sparsity and return a linear combination of
the first 4 eigenvectors.

In table 9.1, BEPCA and the generalized power methods with L penalty or £; penalty
successfully identified the potential sparsity pattern and return the first loading vector as a
linear combination of {v, v, v3,v4} with explained variance 90 (e.g. the first loading vector
for BEPCA is actually v/2(vs — v5)). However, FSPCA and DSPCA fail to recognize the
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Table 9.2: Results for synthetic test 4.2.

First Loading Vector Second Loading Vector
Median Median Median Median
Angle(®) Variance(%) Correct(%) Incorrect(%) || Angle(°) Variance(%) Correct(%) Incorrect(%)
Sample Size 50
BEPCA 4.89 47.55 98.75 0.83 13.34 24.48 84.0 10.67
FSPCA 5.17 47.51 93.25 4.50 13.75 24.44 76.5 15.67
PowerL.0 4.98 47.55 96.75 2.17 13.53 24.48 79.75 13.50
PowerL1 4.99 47.55 96.25 2.50 13.37 24.48 79.63 13.58
Sample Size 200
BEPCA 2.36 47.86 100 0 5.11 23.86 94.87 3.42
FSPCA 2.48 47.86 96 2.67 5.33 23.86 91.50 5.67
PowerL0 2.44 47.86 98 1.33 5.35 23.86 92 5.33
PowerlL1 2.44 47.86 97 2 5.32 23.86 92.63 4.92

linear combination over 4 different eigenvectors and produce a sparse loading vector with
the same cardinality but less variance.

If the leading eigenvectors are sparse, BEPCA and FSPCA can both recover the sparsity
pattern and output the same accurate solution. However, when the leading eigenvectors are
dense, FSPCA shows less accuracy than BEPCA. In this example, FSPCA looks for addi-
tional columns to maximize the leading eigenvalue of its selected sub-matrix and wrongly
chooses columns from the last 8 random eigenvectors—giving a sub-optimal explained vari-
ance. By eliminating columns iteratively, BEPCA retains the first 4 eigenvectors and then
achieves the largest possible eigenvalue. This illustrates that the backward elimination is
able to obtain more accuracy than forward selection.

9.4.2 Synthetic Example for Data Matrices

This test was proposed by [86], where two sparse eigenvectors were chosen as

vy = (0.422,0.422,0.422,0.422, 0,0,0,0,0.38, 0.38)”
vs = (0,0,0,0,0.489, 0.489, 0.489, 0.489, —0.147, —0.147)"

and then use the same trick from last numerical test finding the 8 random vectors and obtain
an orthonormal matrix V' = {v1,vs,v3,...,v10}. We choose covariance matrix ¥ = V.SV7T
with 10 eigenvalues as 200, 100, 50, 50,6,5,4,3,2,1. We generate sample data matrices of
size 50 from the artificial covariance matrix above and calculate the first two sparse loading
vectors with cardinality 6. Such a test is simulated 200 times, and then we investigate the
medians of explained variance and the angles between the extracted loading vectors and the
corresponding real eigenvectors, as well as the percentage of correctly/incorrectly identified
zero loadings for loading vectors.
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We perform this test on all sparse PCA algorithms except for DSPCA because the penalty
parameter was unable to achieve a cardinality to 6 every time. Table 9.2 shows that BEPCA
returns the smallest median angles, the best percentage of correctly/incorrectly identified
zeros. We repeat the same test 100 times but with sample size 200 at each time, and the
results are significantly improved for every algorithm. BEPCA identifies the zeros perfectly
when recovering the first sparse eigenvectors. Based on this test, we can see that BEPCA
quickly figures out the sparsity pattern of loading vectors with much fewer samples than any
of the other methods.

9.4.3 Pit Props Data

Pit Props data is a classic benchmark example to test sparse PCA algorithms due to the
difficulty of interpreting principal components and lack of sparsity. It consists 180 observa-
tions and 13 measured variables. We apply all the candidate methods to extract the first 6
loading vectors with similar cardinality restriction.

Table 9.3 shows that compared with DSPCA and FSPCA, BEPCA explains the most
cumulative variance using the same number of sparse loading vectors and the same cardi-
nalities. As for generalized power methods, BEPCA can interpret nearly the same variance
for the first few loading vectors but with less cardinality. The cumulative explained variance
exceeds those of generalized power methods as more loading vectors are generated.

Table 9.3: Results for PitProps test.

Cumulative Cardinality Cumulative Explained Variance
1PC 2PCs 3PCs 4PCs 5PCs 6PCs || 1PC 2PCs 3PCs 4PCs 5PCs 6PCs
BEPCA 6 8 11 12 13 14 29.01 43.48 56.12 63.81 71.50 79.19
FSPCA 6 8 11 12 13 14 29.01 39.23 54.10 61.79 69.48 77.18
DSPCA 6 8 11 12 13 14 26.60 41.08 54.23 61.92 69.61 77.30
PowerLO | 7 8 10 13 14 15 30.74 3843 5291 63.63 71.32 79.02
PowerL1 | 7 9 12 13 14 15 30.74 4522 55.94 63.63 71.32 79.02

9.4.4 Gene Expression Data

We examine our algorithm on a large gene expression data matrix obtained from Gene
Expression Omnibus with GEO accession number GSE10006 [36, 88]. The data was originally
used to study the effect of smoking on the gene expressions of the intestinal lactoferrin
receptor in a particular tissue of the human airway [22]. The matrix has 87 samples and
54,675 measured variables. We test BEPCA by generating the first sparse loading vector
with cardinality 200, based on the truncated SVD with rank k& = 10, 30,50, 70 and 87 (i.e.
full SVD). For each k, the run-time and explained variance are compared in the left plot of
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Fig 9.1. As k decreases, the explained variance only gradually decays. The performance,
nevertheless, benefits remarkably from small values of k. This corroborates Theorem 38 and
allows us to apply BEPCA efficiently to large data.

We want sparse principle components that can explain the variance based on different
small groups of variables and avoid the appearance of collinearity and linear dependence
among loading vectors [69, 105]. Therefore, for the second part of this test, we extract the
first three loading vectors {vy, v9, v3} and the corresponding right singular vectors {uy, us, us}
based on BEPCA, and compute the angles between them. From table 9.4, we can clearly
see that both u’s and v’s are almost orthogonal with each other, which means that multiple
principal components can interpret the original data from different directions.

Table 9.4: Angles between singular vectors (degree)

1st vs 2nd  1st vs 3rd 2nd vs 3rd

Loading
Vectors v 89.7797 87.6663 87.3315

Right Singular
Vectors u 88.5587 86.4175 85.8174

Various tests suggested that PowerLL1 turns out to be more efficient algorithms but suffers
from at least two shortcomings: first, penalty parameters in PowerLL1 must be tuned to obtain
the desired cardinality of loading vectors, which reduces the performance by repeating the
program a number of times; second, as showed in most of tests, PowerLLl is less accurate
than BEPCA and BEPCA can select better variables (See the result of synthetic test 2).
Therefore, we can use PowerLi1 as a preprocessor to zero out a fair amount of components and
continue to run BEPCA until achieving the desired degree of sparsity. By this, no parameter
tuning is required. We test this hybrid algorithm still by extracting the first loading vector
with cardinality 200. The right plot of 9.1 reports the run time and variance for different
sparsity levels induced by PowerLL1. We can see from the plot that the hybrid algorithm is
able to explain more variances with almost no extra cost on time.

9.5 Conclusion

We have presented a sparse PCA algorithm using backwards column selection. Utilizing
a low rank truncated SVD and solving the secular equations for eigenvalues significantly im-
proves performance. Also, several singular value bounds were derived to guarantee accuracy.
Numerical experiments demonstrate that our algorithm is also able to extract more accu-
rate sparse loading vectors and explain more variances comparing with some other popular
techniques.

Acknowledgments. I would like to thank my co-authors Dave Anderson, Luming Wang
and Ming Gu for giving me permission to use this work in my thesis.
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