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ABSTRACT OF THE DISSERTATION

Spacetimes with Torsion
By
Helen Meskhidze
Doctor of Philosophy in Philosophy
University of California, Irvine, 2023

Professor James Owen Weatherall, Chair

How should we understand gravitational influence? In traditional formulations of Newto-
nian Gravity, gravitational influence is understood through forces; massive bodies attract
one another through gravitational force. Our current best theory of gravity, General Rela-
tivity (GR), presents a different understanding of gravitational influence. GR is thought to
have taught us that gravitational influence should be properly understood as a manifestation
of spacetime curvature. This lesson, however, is complicated by the existence of a gravita-
tional theory that is empirically equivalent to General Relativity and represents gravitational
influence again through forces: Teleparallel Gravity (TPG). In contrast to Newtonian Grav-
ity, the forces of TPG feature torsion (or, twisting). TPG raises both questions regarding
underdetermination and more fundamental conceptual questions: Which theory, General
Relativity or Teleparallel Gravity, describes our world? And how should we understand the

torsional forces posited by Teleparallel Gravity?

The first question mentioned above has been the subject of philosophical study (see, e.g.,
Knox 2011). Addressing the second question mentioned above will be the main goal of this
dissertation. Since we are familiar with how forces operate in the non-relativistic context,
Chapter 1 begins by formulating a novel non-relativistic theory of gravity that features

torsional forces. To build this theory, we discuss how to incorporate torsion in the non-

vil



relativistic context and what we would expect of such a theory. We state and prove a theorem

that establishes the relation between models of Newton-Cartan theory and torsional models.

With a non-relativistic, torsional theory in hand, in Chapter 2, I turn to consider the non-
relativistic limit of Teleparallel Gravity. I show how to take the classical limit using the
tetrad formalism of Teleparallel gravity. I prove that Teleparallel gravity reduces not to
the previously outlined non-relativistic, torsional theory but, rather, to standard Newtonian

Gravity.

In Chapter 3, I discuss and contextualize these results. I first present the similarities between
my results and those derived in the torsion-free context. Malament (1986b) shows that taking
the classical limit of General Relativity results in Newton-Cartan theory, a theory that is
spatially flat. In other words, taking the classical limit “squeezes out” the spatial curvature
of General Relativity. I discuss how my results similarly show that taking the classical limit

of TPG “squeezes out” the torsion.

Next, I consider recent efforts by physicists to develop classical, torsional theories of gravity.
It is commonly claimed in this literature that one cannot have both non-vanishing torsion
and a closed temporal metric. Having formulated a classical theory with both non-vanishing
torsion and a closed temporal metric, I reflect on why this claim is made and where the

argument went awry.

Finally, I discuss projects that use other methods of relating relativistic theories to classical,
torsional ones. Some argue that torsional gravity is the correct framework to describe the
non-relativistic limit of General Relativity while others claim it is the non-relativistic limit
of Teleparallel Gravity. I show how we might understand these projects so that their claims

are not inconsistent with one another or with the results presented here.
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Chapter 1

Torsion in the Classical Spacetime

Context

1.1 Introduction

How should we understand gravitational influence? In traditional formulations of Newtonian
Gravity (NG), gravitational influence is understood as a force. Gravitational force is medi-
ated by a gravitational potential, which is itself related to the distribution of matter. This
means that, in Newtonian Gravity, massive bodies exert attractive gravitational forces on
one another. Our current best theory of gravity, General Relativity (GR), presents a different
understanding of gravitational influence. GR is thought to have taught us that gravitational
influence should be properly understood as a manifestation of spacetime curvature. In par-
ticular, massive bodies curve spacetime, and gravitational influence is a manifestation of
this curvature. This means that, unlike the flat spacetime background of traditional New-
tonian Gravity, GR posits a curved spacetime that depends dynamically on the distribution

of matter.



Interestingly, the lessons of GR can be applied in the non-relativistic context. It is possible
to formulate a non-relativistic (i.e., classical) theory of gravity with curvature. This theory
goes by the name of Newton-Cartan theory (NCT; sometimes referred to as “geometrized
Newtonian gravity”) and, while space is flat in this theory, spacetime is curved. The curvature
in NCT is dynamically determined by the matter distribution, and gravitational influences
are a manifestation of the curvature of spacetime. Models of NCT are systematically related

to models of GR as well as Newtonian Gravity.

The above picture is complicated by the existence of a gravitational theory that is empirically
equivalent to General Relativity, but represents gravitational influence as a force and is set on
a flat spacetime background: Teleparallel Gravity (TPG). In contrast to Newtonian Gravity,
the forces of TPG feature torsion (or, spacetime twisting). TPG raises both questions
regarding underdetermination and more fundamental conceptual questions: Which theory,
General Relativity or Teleparallel Gravity, describes our world?! How should we understand
the torsional forces posited by Teleparallel Gravity? And what is the relation between TPG

and the other gravitational theories mentioned above?

Addressing these questions will be the goal here. We suggest that to better understand the
forces of TP@G, a natural place to begin is another gravitational theory that employs forces,
namely, Newtonian Gravity. Newtonian Gravity, however, is a non-relativistic theory and
gravitational force does not involve torsion. A classical theory of gravity with torsional forces
will prove to be a more informative comparison. Developing such a theory to address the

above questions will be the goal of this paper.

Beyond the motivations already outlined, formulating a classical spacetime with torsion will
also have implications for various projects in the physics literature. There have been propos-

als for torsional classical theories to describe the fractional quantum Hall effect (Geracie, Son,

IThis question has also been addressed by Eleanor Knox (2011). Our discussion here is influenced by
her insights about TPG.



Wu, and Wu 2015) and to serve as the lower-dimensional reductions to 5D quantum gravity
(Christensen, Hartong, Obers, and Rollier 2014b; Bergshoeff, Hartong, and Rosseel 2014;
Hartong and Obers 2015; Afshar, Bergshoeff, Mehra, Parekh, and Rollier 2016; Figueroa-
O’Farrill 2020). Though we will not discuss these projects in detail, we will discuss the
classical spacetimes with torsion that they develop. In so doing, we will trouble one assump-
tion they share and propose an alternative treatment of time. In particular, it is widely
claimed that a classical spacetime with torsion cannot have a temporal metric that is closed,
in the sense of differential forms. As we discuss, this is not true—or rather, it holds only in
the presence of a further condition that is motivated only by specific applications of classical

spacetimes with torsion.

To build a non-relativistic theory with torsion, we begin with some background on the
theories mentioned above. We then discuss how to incorporate torsion in the non-relativistic
context and what we would expect of such a theory in terms of how it represents space
and time, as well as how it treats sources and forces. We next consider the relation of the
proposed theory to other classical theories with torsion in the literature. Then, we finally
state and prove a theorem, analogous to Trautman’s (1965) degeometrization theorem, that
establishes that, associated with every model of Newton-Cartan theory, there exists a (non-
unique) model of Newtonian gravitation with torsion with the same mass density and particle

trajectories.

1.1.1 Background

Let us begin by making the claims of the introduction more precise. As mentioned, our
current best theory of gravity, General Relativity, represents gravitational influence through
the curvature of spacetime. We take a model of that theory to be a pair, (M, gq,) where

M is a smooth, connected, four-dimensional, paracompact, Hausdorff manifold, and g, is a



smooth, Lorentz-signature metric on M. As a relativistic theory, GR places an upper bound
on the speed of light. This feature of GR is formalized by the metric, g,,, which determines
a light cone structure. Light-like particles (i.e., photons) follow trajectories along the cone

while massive particles follow trajectories that lie inside the light cones.

In contrast, Teleparallel Gravity is set on a flat spacetime background and represents grav-
itational influence through forces using torsion. Like GR, TPG is a relativistic theory (it
posits a Lorentz-signature metric) and, as mentioned, TPG is empirically equivalent to GR,
at least locally. We present the formal apparatus for understanding torsion below, but let us
first develop an intuition for it. The torsion tensor characterizes the twisting of the tangent
space as it is parallel transported along a curve. One can imagine parallel transporting two
end-to-end vectors along one other. When the torsion is vanishing, this procedure yields a
parallelogram. However, in spaces with torsion, the parallelograms break because the vectors

do not end up tip-to-tip. As Cai, Capozziello, De Laurentis, and Saridakis put it:

...while in curved spaces considering two bits of geodesics and displacing one
along the other will form an infinitesimal parallelogram, in twisted spaces the
above procedure of displacing one geodesic bit along the other leads to a gap
between the extremities, i.e. the infinitesimal parallelogram breaks. This implies
that in performing the parallel transportation of a vector field in a space with

torsion, an intrinsic length—related to torsion—appears. (2016, 5)

A non-relativistic spacetime (i.e., that of Newton-Cartan theory and Newtonian gravity)
can, in general, be expressed as (M, t,, h®, @) M is, as before, a smooth, connected four-
dimensional, Hausdorff, paracompact manifold. The metric of GR, however, is replaced
by two degenerate metrics: the temporal metric, ¢,, and the spatial metric, h®. These
metrics are orthogonal to one another (i.e., h®t, = 0). If the temporal length of a vector

is non-vanishing, we characterize it as “timelike” (else, “spacelike”). Finally, we require the

4



derivative operator to be metric compatible (@atb = 0 and @ahbc = 0). These conditions

ensure that the metric and affine structures agree.?

1.2 A classical gravitational theory with torsion

We now describe the features of a gravitational theory set in (flat) spacetime with classical

metrics and torsion.

1.2.1 Torsion

We begin with the most pressing issue: how to represent torsion in a classical spacetime.
Since the displacement of vectors along one another is given by the derivative operator, to
derive a theory of gravity with possibly non-vanishing torsion in the classical context, we

must adjust the conditions on our derivative operator.

We define a generic (i.e., not specific to the classical context) derivative operator following
Malament’s (2012) conventions but drop the last requirement (DO6)—that the action of two

derivative operators on a scalar field commute—to allow torsion. This leaves:

DEFINITION 1. V is a (covariant) derivative operator on M if it satisfies the fol-

lowing conditions:

(D01) V commutes with addition on tensor fields.
(D02) V satisfies the Leibniz rule with respect to tensor multiplication.

(D03) V commutes with index substitution.

2In GR, the metric uniquely picks out a derivative operator and so it need not be explicitly specified.
Since this is not the case in classical spacetimes, one needs to specify the derivative operator explicitly.



(D04) V commutes with contraction.

(D05) For all smooth scalar fields o and all smooth vector fields, £
gnvna = f(a)

Instead of requiring that V commute in its action on scalar fields (D06), we set this to be

the torsion tensor.

DEFINITION 2. Let V be a covariant derivative operator on the manifold M. Then,

there exists a smooth tensor field 7', the torsion tensor, which is defined by:
2V Vya =V, Viya - ViV,a =T, V.o
for all smooth scalar fields «.
Note, from the definition above, that 7%, is anti-symmetric in its lowered indices, b and c:
7% = —T"%

As in the torsion-free case, the action of any two (possibly-torsional) derivative operators, V
and V, can be related by a smooth tensor field C*%., with the property that for any smooth
vector field €9, V£ = V£ — C® ¢" (and likewise for other tensor fields). In this case
we write V = (V,0%,) Unlike in the torsion-free case, however, this field ¢, need not be

symmetric in its lower indices. Instead we have

2Cmt[bc] = Tabc - Tabc :



1.2.2 Time and space

We now consider how to represent time and space in a classical spacetime theory with tor-
sion. As in standard Newtonian gravitation, we will assume that spacetime has a temporal
metric t, and spatial metric A, both of which will be compatible with the possibly-torsional
derivative operator V. In standard models of Newtonian gravitation, without torsion, it fol-
lows from the compatibility of the temporal metric with the (torsion-free) derivative operator
that t, is closed, i.e., d,t, = 0, where d is the exterior derivative. This implies that ¢, is
locally exact, i.e., t, = V,t for some smooth time function, ¢. Physically, the availability
of a time function means that we can have a well-defined notion of the temporal distance

between points.

Indeed, if M is simply connected, then we will have a global time function, ¢t : M — R.
This means our spacetime consists of global simultaneity slices stacked through time and
any two global time functions will differ only in their assignment of the zero-point for the
time scale. Compatibility with a torsional derivative operator no longer implies that ¢, is
closed in general. However, we will assume ¢, is closed and we will only consider derivative

operators compatible with closed temporal metrics in what follows.

The curvature of a spacetime is formalized by the Riemann curvature tensor. Intuitively, the
Riemann tensor measures the degree to which a vector fails to return to its original value
when parallel transported around a closed loop. More formally, it measures the degree to

which the second covariant derivatives fail to commute. For a torsion-free spacetime, it is

defined as

Rpeql® = =2V V g&°.

In spaces with torsion, we adjust the definition of the Riemann tensor to include the contri-

bution from the torsion tensor. This yields



Rpeg€” = =2V Vg€ + T aVnl?,

(see Appendix §A.1 for a derivation). There is a valuable formula relating the curvatures of

two derivative operators with torsion. If V = (V,C%,), then

Ry = Rq +2VC%, + 207, Cp = T70q Cat

(see Appendix §A.3 for a derivation). Note only the torsion of V appears in this equation.

Let us compare the spatiotemporal geometry of NG and NCT. NG posits that space and
time are both flat (i.e., “spacetime is flat”), implying that the Riemann tensor, R%.q, vanishes
entirely. NCT, by contrast, only requires spatial flatness (i.e., “space is flat”). We formalize
this condition as R%®* = 0, where indices are raised using h®, and interpret it as saying
that the parallel transport of spacelike vectors in spacelike directions is, at least locally, path

independent.?

To develop a theory most like Teleparallel Gravity in the classical context, we will require the
curvature of our spacetime to vanish, R%.4.* This is because TPG is set on a flat spacetime

background, and we are seeking a classical theory analogous to it.

We have not, thus far, placed any constraints on the torsion tensor. Recall that in NCT, the
spatial curvature vanishes. Analogously, we propose that the spatial torsion of our spacetime
vanish (i.e., 7% = 0). The vanishing of the spatial torsion will yield a theory like NCT but

with torsion, not curvature, encoding gravitational influence.

30ften, a stronger condition is adopted in NCT, that R%.; = 0. R .4 = 0 is equivalent to R*°? = (
if and only if R*°? = 0 and there exists a local, unit timelike vector field £ that is rigid and twist-free
(Malament 2012, Proposition 4.3.1). Note that R%.; = 0 implies that R**“? = 0 as we can simply raise the
indices: 0 = R, hPched = Rabed),

4Allowing both curvature and torsion would allow one to consider the classical analog of a Poincaré
Gauge Theory, a worthwhile project in its own right but beyond our scope.



1.2.3 Sources and forces

Finally, let us consider how we expect sources to exert (torsional) force in our theory. It will
be instructive to consider the treatment of sources and forces in the non-torsional, classical
context first. In Newtonian Gravity, bodies are subject to gravitational forces and force is

mediated by a gravitational potential (¢). The four-velocity, £%, of a particle satisfies

—Va¢ = gnvné.m (11>

where ¢ is a smooth, scalar field and V denotes the flat, torsion-free derivative operator of
standard NG. The right-hand side of the equation describes the acceleration that the test
point particle undergoes in the presence of the gravitational potential, ¢. The gravitational

potential further satisfies Poisson’s equation, relating it to the distribution of matter

V.Ve = 4rmp, (1.2)

where p is the Newtonian mass density function.

In Newton-Cartan theory, like in GR, the curvature of spacetime means that inertial motion
is governed by the geodesic principle: in the absence of external (non-gravitational) forces,

bodies move along the geodesics of (curved) spacetime. The equation of motion is given as

"V, =0, (1.3)



where V is the curved derivative operator of NCT.

To account for spatiotemporal curvature, NCT adopts a geometrized form of Poisson’s equa-

tion, relating the distribution of matter to the curvature of spacetime,

Rab = 47Tptatb. (14)

As it turns out, models of NG and NCT are systematically related. The Trautman ge-
ometrization lemma and degeometrization theorem describe these relations. Let us consider
the recovery of models of NG from NCT. This is the direction in which force terms arise and
so it will be instructive in formulating torsional forces. To build up to the degeometrization
theorem, we will first consider the derivative operators of each theory. One can show that

in the non-torsional context, one has the following result.

PROPOSITION 1. (Malament 2012, Proposition 4.1.3) Let (M, t,, h*, V) be a clas-
sical spacetime. Let V = (V,C%.) be a second derivative operator on M. Then, V

is compatible with ¢, and h® if and only if C%, is of the form:

Cabc = 2hant(blic)n

where kg, is a smooth anti-symmetric field on M and the parentheses denote sym-

metrization.

If we permit derivative operators with torsion, a broader class of derivative operators are
compatible with the classical metrics. We now have the following generalization of the

preceding proposition (see Appendix B for a proof).

10



PROPOSITION 2. Let (M, t,, h®, @) be a classical spacetime with (possibly) non-
vanishing torsion. Let V = (V,C%.) be another derivative operator on M also with
(possibly) non-vanishing torsion (i.e., 2C%pq = 1%, — T“bc). Then V is compatible

with t, and h? if and only if C%, is of the form:
Che = 207 Kol
If, in addition, we require 7% = T% = 0, then
C%. = 20" (Typte + Yrcls)-

where x4, is an arbitrary smooth tensor field and y,. is any antisymmetric field.

As we can see, in the presence of torsion, there is considerable freedom to define metric-
compatible derivative operators. Below, we will limit attention to flat, metric-compatible
derivative operators whose torsion has the form 7%, = 2F%t, where F'%, is a smooth rank
(1,1) tensor field, spacelike in the a index. This is tantamount to stipulating that y,, in
the Prop. 2 vanishes. This restriction clearly satisfies the above-outlined general form and
ensures that the spatial torsion vanishes. Furthermore, as will be seen in the below theorem,
we can recover the standard, torsion-free connecting field assumed for the degeometrization

theorem as a special case of the above.

In describing the difference between the derivative operators, the connecting field is closely
related to the force field that arises in the degeometrization of a model of Newton-Cartan

theory. In the torsion-free context, one typically assumes a connecting field of the form

11



C%. = tbtc@agbﬁ The force term is then just the contracted connecting field: C%,, 7" =

Vao.

To adapt this to the torsional context, we want to consider the connecting field relating
a non-torsional, flat derivative operator to a torsional one. We will capture the impact of
the torsion on the trajectories of test bodies using the above-mentioned tensor field, F%,. In
other words, we want F'%, to play the role of a torsional force term. Given a timelike geodesic

of V with unit tangent field &%, the force equation we expect to be satisfied is

fnvnga — én@nga o Carnfrfn —_ _Fantc£n£C — _Fanén’ (15>

where V is the derivative operator of our torsional spacetime.

Finally, we want to relate the torsional force term to gravitational sources. In other words,
we want to formulate a field equation that is the torsional analog to Poisson’s Equation. It

will turn out to be

(SanV[nFab] = 2’/Tptb. (16)

Again, Poisson’s equation will be recovered as a special case of Eq. (1.6), but Eq. (1.6) more
generally establishes a relation between the first-derivative of the force term and the mass

distribution along the temporal direction.

5A connecting field of this form satisfies the more general constraint for the connecting field between
the derivative operators of any two classical spacetime models if we take k., from above to be ¢V .
That some ¢ exists with the necessary properties to make this derivative operator flat depends on several

background assumptions that we suppress for reasons of space.

12



1.3 Degeometrization with Torsion

We now state and prove a theorem analogous to the Trautman degeometrization theorem.
This result establishes that for every model of Newton-Cartan theory, there is a corresponding

model of the classical analog to teleparallel gravity described above.

THEOREM 1. Let (M, t,, h®, V) be a classical spacetime (without torsion) satisfy-

ing:

Rab = 47T,0tbtc (17)

R®.y=0 (1.8)

for some smooth scalar field p. Then given any point p in M, there is an open set O
containing p and a pair (V, F%) on O, where V is a derivative operator and F'%, is

a smooth rank (1,1) tensor field, which together satisfy the following conditions:
1. V is compatible with ¢, and h%;
2. V is flat;

3. V has torsion T%. = 2Ft;

4. For all timelike curves with unit tangent field &%, £"V,£* = 0 if and only if

gnvnga = _Fanfn; and

5. (Vq, F'%) together satisfy the field equations 0™,V , F'% = 27 pty.

The pair (V, F'%) is not unique. Moreover, there exist pairs (V, F'%,), satisfying the

conditions above, for which the torsion is non-vanishing.

13



Proof. Existence follows from the Trautman degeometrization theorem (Malament 2012,
Proposition 4.2.5). Fix any classical spacetime (M, t,, h®, V) satsifying R®,; = 0 and
Rab = 4npt,t, for some smooth scalar field p. Choose a point p and a rigid and twist-free
field n* defined on some neighborhood of p, and let ¢* = 1"V,,n® be the acceleration field
associated with n®. Then the pair (V, F%,), where F%, = %, and V = (V, F%t,), satisfies

conditions 1-5, with torsion T%,. = 2p%t, = 0, by arguments given in Malament’s proof.

Indeed, in this case, the field equation 6",V , "% = 27, reduces to
1 n a a 1 a
2mpty = 55 o (Vo@ty — Vipp't,) = itbvago

and the resulting structure is a model of ordinary Newtonian gravitation with gravitational
field ¢, (If one assumed further that R%¢; = Rcdab, one could conclude that ¢* = V% for

some smooth scalar field ¢, possibly on a subneighborhood of O.)

Non-uniqueness also follows from the Trautman degeometrization theorem. We wish to show,
however, that there exist pairs (V, F'%;) satisfying conditions 1-5 with non-vanishing torsion.
We do so by direction construction. Let V = (V, p%t.) be the flat derivative operator
(without torsion) considered above. Choose any spacelike vector z® at p, and extend it to
a neighborhood of p by parallel transport via V. Finally, let ¢ be any smooth scalar field
defined near p whose gradient is non-vanishing, spacelike, and normal to x®. Now define
Fo, = 2°Vy) and Fo, = Oy + F'%. Then the pair (V, F%), where V = (V, F“btc), satisfies

conditions 1-5 with torsion 1%, = 22 .V # 0.

To see that 1 is satisfied, observe that V,t, = t,F oty = 0; and V hte = FP .t h"+ F€,t, ho.
For 2, note that since V is flat and torsion-free, and x® is constant with respect to V, we
have

Rabcd = QJ}atbv[cvd]@/J + 2xptpx“tbv[c¢vd]¢ =0

14



where the first term vanishes because V is torsion-free and the second because z¢ is spacelike.
3 follows from the definition of V and the fact that V is torsion-free. 4 follows because for

all unit timelike vector fields £¢,

Snvnga -0 & Snvnga — _Fanfn = Snvnga — _gpa . Fangn — _Fangn.
Finally, 5 is satisfied because

8" NV F% = 6"V (0"t + 2°Vyab)
= 27pty + 0"V 2" Vi)
= 27mpty + 2"V, Vi
= 2mpty + %x"Tanbvaw
= 2mpty + 2"V V)

= 2mpty,

where in the first equality we use the facts that 0 = V,2° = Vb — a b tyx? = V,ab and
that V and V agree on scalar fields (because all derivative operators do); while in the final

equality we use the fact that V,1 is normal to z°. O

1.4 Discussion

The general proof strategy is to leverage the original Trautman degeometrization theorem
results. We show that NG can be recovered as a special (torsion-free) case of the theorem
presented above. By broadening the class of allowed derivative operators, the non-uniqueness

results establish the possibility of a classical spacetime with non-vanishing torsion.
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There are some important differences between our result and the Trautman theorem. We do
not give necessary and sufficient conditions to construct new pairs (V, F%,) from old ones
satisfying 1-5. This is because, unlike the situation with vanishing torsion, the derivative
operators associated with models of the torsional theory (for some model of NCT) do not
appear to form an affine space. Nonetheless, we are able to establish the non-uniqueness
of torsional models, and we give a general strategy for constructing alternative models with
torsion associated with a given model of NCT. It would be interesting to provide a complete
description of this space. To construct a new model, we can add the field F, to a flat
(degeometrized) derivative operator where Fo, = 2°V,1b. Here, 2% is a spacelike vector at
p; V is a flat, torsion-free derivative operator corresponding to a model of NG; and v is a
smooth scalar field near p whose gradient is spacelike and normal to z¢. Thus, we can derive

new torsional solutions by adding these spacelike fields to existing solutions of NG.

We also do not require our model of Newton-Cartan theory to satisfy R%,°; = R°;%, as the
Trautman theorem does This is because the role of that condition is to ensure that a certain
field ¢* is closed, and therefore locally exact. We do not invoke that field in the result,
and so we drop the condition. In that sense, we generalize the Trautman theorem. Finally,
we note that more general versions of the theory (and theorem) discussed here are almost
certainly possible. For instance, one might consider force fields for which y,, from Prop. 2

is non-vanishing, among other variations (Malament 2012, c.f. §4.5).
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Chapter 2

The Classical Limit of Teleparallel

Gravity

2.1 Introduction and Motivation

In Chapter 1, we developed a classical theory of gravity with torsion. The goal now is to
understand the classical limit of Teleparallel Gravity. As discussed, Teleparallel Gravity is a
relativistic theory of gravity with torsion.! Considering the classical theory of gravity with

torsion developed in the previous chapter and TPG together raises a natural question: what

!The first formulation of teleparallel gravity is often attributed to Einstein. In a paper published in
June 1928 (“Riemann-Geometrie mit Aufrechterhaltung des Begriffes des Fernparallelismus” or “Riemannian
Geometry with Maintaining the Notion of Distant Parallelism,” often called “Fernparallelismus” for short since
“Fernparallelismus” translates as either “distant parallelism” or “absolute parallelism.”), he begins developing
a gravitational theory with torsion using the tetrad approach. The motivation for the project was to unify
gravity and electromagnetism, the idea being that the (six) extra degrees of freedom afforded by torsion
could be used to represent the electromagnetic field. Just one week later, he publishes “Neue Moglichkeit fiir
eine einheitliche Feldtheorie von Gravitation und Elektrizitat” (“New Possibility for a Unified Field Theory
of Gravitation and Electricity”) which presents the field equations of the new theory. After corresponding
with Weitzenbdck and Cartan, Einstein abandoned the project, finding himself unable to attribute physical
meaning to the structures posited by the theory (see, especially, his 1932 letter to Cartan, reprinted in
Debever 2015, 209-10). The theory of absolute parallelism remained abandoned until it was taken back up
nearly 30 years later by Mgller in 1961, and, completely independently, by Hayashi and Nakano in 1967.
After some further work in this area, Hayashi and Shirafuji bring together these distinct projects in their
paper “New general relativity” published in 1979. The contemporary formulation TPG began to emerge in
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is the relation between these theories? In particular, is there a way to recover the latter from

the former in the non-relativistic limit?

Examining this relation will be instructive for a few reasons. First, such projects of in-
tertheoretic reduction have, historically, been instructive and explanatory. Understanding,
for instance, the non-relativistic limit of General Relativity helped us gain insight into the
similarities in structure between Newtonian Gravity and GR. Relatedly, such projects can
help us appreciate why the former theory was (empirically) successful. One way of doing
this is by showing under what circumstances—under what limiting conditions or in what
domain of application—one can recover the empirically successful but false theory from the
current one (see Fletcher (2019) for similar points and Weatherall (2011) for a project along

these lines).

In this context, understanding the limiting relation will be especially instructive as the
two theories are standardly written in different formalisms. TPG is formulated using the
tetrad formalism while the torsional classical theory was formulated using a differential
geometry approach. Thus, the conceptual similarities/differences between these theories are

not immediately obvious. Studying their relation formally will help clarify their features.

Finally, such a project will help us situate the theories, not only in relation to one another
but also in relation to other nearby gravitational theories. We know some aspects of the
conceptual landscape. We know, for instance, how to construct models of TPG from models
of GR. We also know that NCT is the classical limit of GR. We have shown how to construct
a classical torsional theory from NCT. By studying the classical limit of TPG, we will address
whether the theories form a commuting diagram. Specifically, we will address whether, if
one starts with GR, taking the classical limit and then allowing torsion commutes with first

allowing torsion and then taking the classical limit.

the 1990s with work by de Andrade, Pereira, Obukhov, and Aldrovandi (see especially (de Andrade and
Pereira 1997)).

18



To address these issues, I discuss the limiting behavior we are interested in by sketching the
limiting proof for GR. I then turn to the torsional context, presenting some preliminaries
about the tetrad formulation of TPG. I conclude with a proof of the limiting proposition for

the torsional context.

2.2 What does it mean to take the classical limit?

To relate a relativistic theory to a classical one, we must first formulate a limiting procedure.
Given that one of the differences between the relativistic and classical contexts is their
respective lightcone structure, it seems natural to develop a limiting procedure featuring
this lightcone structure. In particular, relativistic theories place a limit on the speed of light,
represented by the edge of the light cones. Classical theories place no such limit. Thus,
it seems natural to develop a limiting procedure that allows the speed of light to become
unbounded. We can visualize this as “opening up” the lightcones of a relativistic theory and

thus allowing the speed of light to become unbounded.

Allowing the lightcones to “open up” is the method adopted in Malament’s proof showing
the relation between GR and NCT (1986b). There, he writes:

...the work under discussion provides the means with which to make clear ge-
ometric sense of the standard claim that Newtonian gravitational theory is the
“classical limit” of general relativity. One considers an appropriate one-parameter
family of relativistic models (M, gqp(N), Tup(A)) satisfying Einstein’s equation, de-
fined for A > 0, and the proves that in the limit as A — 0 a classical model

(M, t,, h®, V,, p) satisfying (the recast version of) Poisson’s equation is defined.?

2The recast version of Poisson’s equation referred to here is geometrized Poisson’s equation (Eq. 1.4)
presented above.
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Intuitively, as A — 0, the null cones of the g, (\) “flatten” until they become
degenerate. (1986b, 182)

Some authors critique the procedure of “opening up the lightcones” on the grounds that it is
difficult to interpret physically (see (Fletcher 2019, §1) for discussion of various positions in
this debate). They question what it means to allow a constant of nature to vary and to study
the relation of counterfactual models. Especially if the limit is intended to do explanatory
work (i.e., explain how the classical theory was empirically successful), they question this

geometric approach.

Aside from the geometric approach, there are two other limiting procedures that have been
applied to this context: post-Newtonian (1/c or 1/c?) expansions and dimensional reduc-
tion. I will consider these limits, and the results obtained with them, in more detail in
Chapter 3 but briefly outline them now. For the case of 1/c or 1/c¢? expansions, the physical
interpretation is thought to be clearer and it does not require thinking of counterfactuals.
One typically expands the metric in powers of 1/c or 1/c? and rewrites the field equations
with these expansions. The result corresponds to the slow-velocity, weak-field limit. In the
case of dimensional reduction, one can formulate a (D + 1)-dimensional gravitational wave
solution of GR and show that it reduces to a D-dimensional solution of NCT. This is the

methodology adopted by Read and Teh (2018).

Overall, each approach seems to offer a different perspective on the relations amongst the-
ories. The post-Newtonian expansion of a relativistic theory is the most common method
encountered in the physics literature and does seem to provide the most explanatory upshot
regarding the empirical success of the non-relativistic theory. Nonetheless, I would argue
that the geometric approach taken here seems most suitable to consider the conceptual re-
lations amongst theories. Instead of considering the weak-field, slow-velocity expansion of

a particular model of the relativistic theory, we consider how a collection of models of a
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theory, parameterized by the speed of light, relate to one another and recover a model of the
non-relativistic theory in the limit. In so doing, we are considering the relations amongst the
structures of each theory and how those structures relate. Though, as its critics claim, it may
be less physically explanatory than the post-Newtonian expansion regarding the empirical
successes of the theory we reduce to, it still offers a valuable perspective about the structures
of that theory. For instance, as Malament (1986b) argues, we learn why Newtonian Gravity
was successful in positing that space is flat as we consider the classical limit of the theory.
Finally, dimensional reduction has been very useful for studying the symmetries of various
models of the theories it is applied to. However, it is unclear what the physical interpreta-
tion ought to be and what the corresponding explanatory upshot could be. The motivation
for considering a gravitational wave solution and dimensional reduction in general seems
to be lacking. Put differently, whatever the difficulties associated with explanations on the

geometric approach taken here, dimensional reduction seems to confront many more.

2.2.1 The classical limit of GR

Let us begin by considering what the limiting process looks like with GR (for the complete
proofs, see Malament 1986b; the propositions are reproduced in §3.1). Here, we proceed in
two steps. The first step involves specifying the process of opening up the light cones and
showing that, in the limit, the metric and derivative operator of GR converge to those of
NCT (i.e., the GR metric converges to the temporal and spatial metrics of NCT and the
derivative operator convergences to the classical derivative operator with vanishing spatial
curvature). More specifically, we allow gq,(\) to be a one-parameter family of non-degenerate
Lorentz metrics where A\ ranges over some interval (0, k). Given that a classical spacetime
has a temporal and spatial metric, we will require the metric of GR to reduce to these in

the limit. Thus, we place two conditions on the limit:
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1. gap(A) = taty as A — 0 for some closed field t,;

2. A\g®®(\) = —h? as X\ — 0 for some field h* of signature (0,1,1,1).

where \ is c% To understand the scaling in the second condition, consider that as the light

cones open up, spacelike vectors will begin to diverge. Thus, we must “rescale” the spatial

metric with C% to ensure convergence.

To show that the derivative operator converges to one of NCT, we use the connecting fields.
Consider the derivative operators in the limit, %a. We want to show that these derivative
operators converge to V,, the spatially flat derivative operator of NCT. To do so, we will
consider an arbitrary, intermediary derivative operator, V., that relates any two derivative
operators “along the way,” i.e., as the light cones are opening up. Specifically, we take
%a = (@a,é'“bc) and V, = (@G,C’“bc). It suffices to show that C/\)’“bc — (C%, in order to
demonstrate the convergence of the derivative operators. Finally, we demonstrate that the

recovered spacetime model is a model of NCT by showing it satisfies the curvature conditions

required (i.e., conditions placed on the Riemann tensor).

The second step in the process involves considering how the matter content behaves in the
limit. Here, we consider the limit of Einstein’s equation and want to show that Einstein’s
equation will reduce to the geometrized Poisson’s equation in the limit. Placing conditions

on the behavior of Einstein’s equation for each step of the limit will ensure this:

A A
3. Rap = 8m(Tup(N) — 39an(A)T) holds for all A;

4. T®(N) — T as X — 0 for some field T,

Here, the second condition arises from the requirement that the limiting process assigns
limiting values to various components of the energy-momentum tensor (i.e., the mass-energy

density, three-momentum density, and three-dimensional stress tensor).
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2.2.2 Teleparallel Gravity

Before considering the classical limit of Teleparallel Gravity, let me first sketch the formalism.
The tetrad approach used for TPG generalizes the coordinate basis approach: instead of
requiring (holonomic) coordinate bases as the bases for the tangent bundle, one only requires
a locally defined set of linearly independent vector fields as the basis for the tangent bundle.
When the vector bundle has four-dimensional fibers, it is referred to as a “tetrad” or a
“vierbein” (where “veir” means “four”). Though in general, there may not be such bases (also

called “frames” or “frame fields”) across all the manifold, they do always exist locally.

Formally, let us fix an arbitrary manifold, M, and let £ = M be a vector bundle over the
manifold with n—dimensional fibers. We denote elements of the bundle with capital Latin
indices. We can define a frame field (and coframe field) as follows:
DEFINITION 3. A frame field for £ on a neighborhood of the manifold (O C M) is
a collection of n vector fields {(e;)}, (i = 1,...,n), that form a basis for the fiber
at F at each point p € O. A coframe field on O is a collection of n covector fields

{(e") 4} forming a basis for the dual bundle at each point p € O.

Note that the lowercase indices are counting, not abstract, indices. Taking i to range from

1 to n = 4 yields the tetrads.

From the above definition, we have the proposition:

PROPOSITION 3. Given any frame field {(e;)*} for E on O C M, there exists a

unique coframe field {(e?)a} such that (%) 4(e;)* equals 1 if i = j and O otherwise.
In TPG, the metric is standardly expressed in terms of the tetrads as

Gab = Z ij(@i)a(@j)b = Znii<€i>a(ei)ba (2.1)

i=1 j=1
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where 7;; are the Minkowski metric components and the second equality follows because
n;; = 0 when ¢ # j (c.f., Aldrovandi and Pereira 2013, Eq. 1.27). For the metric with raised

indices, we have

0" = 30D () = o e (e (22)

Finally, let us also consider the torsional derivative operator. Assume that 0 is a coordinate
derivative operator relative to some local coordinate system on M; we know O is both flat
and torsion-free (symmetric). Next, consider any frame field, {(e;)*}, as defined above. It
turns out that there always exists a unique derivative operator D relative to which all n
frame elements are constant: D,(e?)® = 0. This derivative operator can be defined relative

to 0 by taking D = (9,C%.), where for each i = 1,... n:

Cabc<€i)c = ab(ei)av

or, equivalently,
n

Cabc = Z(ei)cab(ei)a-

i=1

The torsion of this derivative operator is given in terms of the tetrads as

n

T% = (€)1 (e:)" (2.3)

=1
2.2.3 Tetrads in the Limit

Let us now consider the tetrad expressions of the metrics of a classical spacetime. The

goal is to mimic the decomposition of the standard metric into the temporal and spatial
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metrics of a classical spacetime with tetrads. On the tetrad formalism, we have, at each
point, a collection of four orthonormal vector fields. Suppose that we fix the first “leg” of the
cotetrad to correspond to the temporal metric of a classical spacetime. Then, we require it
to be closed. The remaining cotetrad elements will vanish for a classical spacetime while the
other tetrad elements (besides the first) will compose the spatial metric. Let us call such a

tetrad a “classical tetrad.”

DEFINITION 4. Call a tetrad {(f;)*} a “classical tetrad” if and only if an element
of its cotetrad is closed.? If this is the case, then classical metrics ¢, and h% can
be defined such that the cotetrad element that is closed corresponds to ¢, and the

following conditions are satisfied:

1. (fl)ata = 1,
2. (fi)*, =0 fori=2,3,4,
3. (fHalfHeh® =0, and

4. (fHa(f)ph® =1 for i = j = 2,3,4 and 0 otherwise.

With this understanding of a classical tetrad in hand, we now we turn to the desired limiting
behavior. We want to consider the limit of a family of tetrads, {(e;)*(\)}, on a manifold,
M, as the speed of light, ¢, is allowed to become unbounded (i.e., ¢ — oc). Allow A to
range over some interval 0 < A < k. To recover a “classical tetrad,” we will consider the
convergence of the tetrad components. We need the first “leg” of the cotetrad to yield the
temporal metric in the limit, i.e. (e!'), — t,. We will need to appropriately rescale the
tetrad components yielding the spatial metric to ensure that they converge in the limit. We
rescale these components with 2 = /X so the desired limiting behavior is v/A(e;)* — (f;)?

for i = 2,3,4. We formalize these considerations with the following conditions.

3From the fact that a cotetrad element is closed, we know that it is locally exact. So taking the first
cotetrad element to be V|, (fl)b] = 0 implies (f!), = Vt for some smooth function t. Contracting this with
the spatial metric would yield 0 since (V,Vt)h®® = 0.
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C1 Z?Zl(/e\i)a = 3 (e = (fYa = ta as A — 0 for some closed field t,.

C2 VAYL ()" = S0, (f) as A = 0.
For C1, the equality follows because only the first “leg” of the cotetrad (i.e., i = 1) is non-
vanishing since {(f*),} is a classical tetrad. For C2, we will take
S0 (f)(fi)b = —he for some field h® of signature (0,1,1,1). This condition ensures

that we can recover the spatial metric in the limit. These two conditions recover Malament’s

(1986b) limiting conditions as follows.

C1, Malament g,,(\) = 3.+, mi(éi)a(éi)b = (fHa(fYy = taty as X — 0.

€2, Malament Ag?(A) = A S0 nii(€,)2(6:)" — oL, nfi(£:)2(f;)? = —hab as A — 0.

2.3 The Classical Limit of TPG

We are now in a position to prove the classical limit of TPG.

THEOREM 2. Suppose that {(e;)*(\)} is a one-parameter family of tetrads on a
manifold, M. Suppose {(f;)*} satisfies conditions C1 and C2 from above and that

A
there is a derivative operator V, on M satisfying V, — V, as A — 0. Then

1. V, is such that (M,{(fi)*}, Va.) is a classical spacetime model where {(f;)*}

is a classical tetrad and V, is flat.

2. For any derivative operator, V,, satisfying the above, the torsion vanishes.

Proof. Suppose, for the sake of contradiction, that the torsion does not vanish in the limit

A=0 ,
(i.e., T %% # 0 ). We know that {(él)a}) — (f1), smoothly. Like Malament, let us require
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that the limit be twice differentiable. This means that there must exist smooth fields m,,

nq(\), and n, satisfying

Al

(€)a = (fNa=Amg + XNna(N), (2.4)

Ng(A) = ng as A — 0.

Similarly, since \/X{(éz)a} — {(f:)*} for i = 2,3, 4, there must exist some smooth fields %,
s%(\), and s* satisfying
4

3 V@) - (Z( fi)“) — A AZs0(N), (2.5)

i=1 =2

s (A\) = s®as A — 0.

We begin by fixing some flat, torsion-free 0 on M. (The existence of such a 0 is always

guaranteed locally; for more, see the discussion above.) Now suppose

¥ = (0, C%(N)

for all A. The expression for the torsion in terms of the tetrads and this derivative operator

is given as
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for all A\. Since we are providing a proof by contradiction, we assume that the torsion is

non-vanishing for all \.

Relative to 0 and for each A, the C-fields defining the tetrad derivative operators can be

expressed as?
1
CelN) = 56°(N) [Dugie(N) = Dugic V) — Do)

= Tu(N) + Toae(N) + Tean(N)|.
Rewriting the last three terms using Tipe(A) = Gam(A)T™e(N) yields the expression

C0eN) = 200 [0ue (V) — hgac) — D (V)

= Gam(N)T" 5(A) + Gom(AN)T™ ac(A) + Gem (M) T ap(A) |-

We now consider each (set of) terms and their tetrad formulations. Using C2, we rewrite

g%4()\) in terms of the tetrads as

3&
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>
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o
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> =
| — |
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4C.f. Jensen 2005, Eq. 3.1.27.
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Next, let us consider the first three terms inside the square brackets. In the limit, we have

0aGbe(AN) —0pGac(A) — Ocgan(N)
=01y 7 (€)6()e — B > 0 (€)a(€)e — O, meéi)d(éi)b
o 0d<(f1)b — Ay + )\an()\)> ((fl)c — A + A2no(N)

. ab(( P — Nmg + >\2nd()\)) (( e = Ame + A2n,

W)
- 8C<(f1)d — Amg + A%d(x)) <(f1)b — Ay + )\an()\)).

We now consider the terms arising from the torsion. Let us just consider the first of these

terms. The expansion of the first torsion term yields

Jam(NT" e =Y 7id()a()m Z(éj)[bac](éj)m~

i=1 j=1

In the limit, we would have

Gim T = (1) = A+ Xna(0)) (/) = A + A (3))

((fl)[b — Amy, + A2n[b(A))ac] L (i(fi)m — g A%m(x))

S

2.3.1 Simplifications

With the expression for the connecting fields expanded, we now consider the behavior of all
the relevant terms in the limit. Since A — 0 in the limit, any terms that are multiplied by
VA, A, or higher orders of A will vanish. Any terms divided by v/, A, or higher orders of
A will become unbounded. Let us work from left to right of our expression. The first term

yielded an expression with a % term, a term with no A dependence, and terms with A and

29



higher-orders of A dependence. When these terms are multipled through and the limit is
considered, the % term and the term with no A dependence will remain. The remainder will

vanish since the only term in the rest of the expression with an inverse A dependence is just

% which will not be enough to keep the other terms from vanishing. Thus, all that we will

need to consider from the first term in the limit is 37, [% ((fi)a’(fi)d> — ((fi)“rd—i-(fi)dr“)} :

Consider the limiting behavior of the next three terms. There, we have terms that have no A
dependence, some with A dependence, and some with higher-orders of A dependence. Only
terms with no A dependence or just A dependence will remain (the latter because one of the

terms from above has a A™! dependence). Removing the A\? terms yields

0 (£ = 2 ) (F)e = Ame ) = 04((M)a = Xma) ((F)e = Am.)
- 8C<(f1)d - /\md> ((fl)b - )\mb)-

We multiply through, again dropping the \? terms

=0a(f1)o(f)e = Op(F)alf)e = Oe(F1)alf )

= 200a(f ) o) + 22005(f1) @me) + 220e(f1) arm).-

Consider just the first three terms in each expansion above (i.e., all the terms without A in
front). Let us use the Leibniz rule to expand these terms. Then, we can use the fact that, in

the limit, the temporal metric will be closed (i.e., 9 (f')y = 0) to simplify this expression.

0a(f1)o(f1)e = Bu(f1)a(f1)e = De(f)alf 1)
= (f160a(f)e + (f1)eBa(f)s
= (f1a0(f1)e = (F1)eO(f1)a = (f1)a0(f1)o = (f)s0(f1)a
= —2(f1a06(f)e) = =2(f)adb(f")e-
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To move from line two to three, notice that the first and last terms cancel and the second and
fourth terms cancel. This leaves only the third and fifth terms. Then, since Jj,(f*)y = 0,
we can drop the symmetrization parentheses. (One can see that this is the corresponding

tetrad expression to Malament’s —2td@btc).

The three terms we have been considering simplify in the limit to

_2(f1)dab(fl)c —2A <3d(f1)(bmc) - 3b(f1)(dmc) - 6)c(fl)(d77”tb)>-

Finally, we consider the limiting behavior of the terms corresponding to the torsion. We
expanded only one of these terms and the expansion yielded some terms will have a %
dependence, some just V), some )\%, and others with higher orders of A dependence. All
these terms are then multiplied by the expression out front which has a A=! and a term with
no A dependence (again, all terms of higher-order in A\ are disregarded in the limit). Thus,
when multiplied through, we have terms with ,\3_1/2’ \L& dependence, v\ dependence, and

higher-orders of A dependence. To show that the torsion must vanish in the limit, it suffice

to consider the ﬁ terms. These are

(= (Pl T S8

> =

2
P i S ™ + Dl e 3"

The first term in the parentheses above will vanish as Z?:z( )4 fY)g yields 0. Similarly,

when the anti-symmetrization yields (f1)4, it will mean that the whole term vanishes. How-

1

1oz dependence means that they

ever, we have no way of constraining the remainder: the
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will become unbounded in the limit. Specifically, let us define

4 4

2= S UG (G W ()00 34"
Pl >bad§4;<fz> )
Or,
2= am f;w <fi>d<f1>b<f1>m<f1>cadi(f»m.

Recall that we require that the derivative operators converge in the limit. Since the C-
A
fields relate the derivative operators, for them to converge in the limit, we require that Z%,.
A
be bounded. The only way for it to be bounded is if it vanishes. If Z%,., we find that

C%(\) = C%. as A — 0 where

O =3 [ (0) (5 + )]

[ —2(f1)ads(f1)e — 2X (ad(fl)(bmc) — ab(fl)(dmc) _ ac(fl)(dmb))} .

A
If Z¢,. vanishes, then the torsion will also vanish since it is the only remaining contribution

to the torsion. Thus, we find that torsion must vanish in the limit. O

2.4 Discussion

The proof strategy here was to consider the behavior of the tetrads in ¢ — oo limit. It turned
out that this behavior, together with the required convergence of the derivative operators,
was sufficient to demonstrate the vanishing of torsion entirely in the limit. In other words,

any derivative operator that the limiting process convergences to has vanishing torsion. The
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proof does not demonstrate uniqueness of the limiting model; rather, it shows that for any
derivative operator that the one-parameter family of tetrads convergences to, the associated
torsion must vanish. Unlike the case of curvature, we cannot maintain any torsion in the

limit.

One important and striking aspect of the reduced theory is regarding the behavior of test
bodies. In TPG, the trajectories of massive test particles are influenced by the presence of

mass. Their acceleration is given as

£Vl = KL, (2.6)

where £ is tangent to the particle’s trajectory, K“.4 is the contorsion tensor which relates any
metric-compatible connection to the unique Levi-Civita connection,® and V is the torsional
derivative operator. (This expression is sometimes given in terms of the torsion tensor
instead of the contorsion tensor as in (Knox 2011, Eq. 28); see (Aldrovandi and Pereira

2013, Comment 6.4) for further discussion.)

Recall that in Newtonian gravity, the trajectories of massive test particles are also influenced

by the presence of matter. The acceleration is governed by

£V, = —V%, (2.7)

where £% is again tangent to the particle’s trajectory, ¢ is the gravitational potential, and V

is flat.

The torsion vanishing in the classical theory means that the contorsion, too, will vanish. This
means that Eq. 2.6 will reduce simply to "V, = 0. One can think of this reduced theory

as a special case of Newtonian gravity where the scalar field ¢ representing the gravitational

5(On the conventions adopted throughout, K%, = 1(T%. + Tep® — Tjc"))
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potential vanishes. This means that in the reduced theory, particles are not accelerated in

the presence of matter. Put simply, in this reduced theory, there are no gravitational effects.
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Chapter 3

Alternative Formulations and

Approaches to the Limit

The literature discussing torsional theories of gravity contains many claims that may strike
one as surprising given the results of Chapters 1 and 2. Some claim that a classical theory
with both torsion and a closed temporal metric cannot be constructed (Christensen, Hartong,
Obers, and Rollier 2014a). Others argue that a particular form of Torsional Newton-Cartan
geometry is “the correct framework to describe General Relativity (GR) in the non-relativistic
limit” (Hansen, Hartong, and Obers 2020, 1). And, finally, some claim to show that a
teleparallel formulation of Newton-Cartan theory is the large-speed-of-light limit of the TPG
(Schwartz 2023). These claims are surprising because in Chapter 1, we have constructed a
classical theory with torsion and a closed temporal metric and, in Chapter 2, I have shown
the vanishing of torsion in the non-relativistic limit. So how are the results here consistent

with the claims made in the literature?

In this chapter, I discuss and compare the results presented in the previous two chapters to

the aforementioned projects. I begin by comparing the results of the first two chapters to
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Teleparallel
General P

Relativity Gravity
Newton-Cartan Newtonian
Theory Gravity

Torsional classical
gravity

Figure 3.1: The relationships amongst the theories discussed above. The vertical arrows
depict the procedure of taking the classical limit. The top-most horizontal arrow shows the
process of “teleparallelization.” The middle horizontal arrow shows the result of the Traut-
man degeometrization theorem while the bottom-most horizontal arrow shows the result of
the more general degeometrization procedure outlined in Chapter 1. As depicted, the clas-
sical limit of GR is NCT. Introducing torsion allows one to formulate TPG from GR and
a torsional classical theory from NCT. However, NG is the classical limit of TPG, not this
torsional classical theory.

standard results in the torsion-free context. I then turn to various proposals in the litera-
ture, some that offer alternative classical theories of gravity and others that use alternative
methods for taking the classical limit. In each instance, I show how to reconcile their claims

with the results shown here.

3.1 Comparison to the torsion-free context

In Chapter 1, we constructed a classical theory of gravity with a closed temporal metric and
non-vanishing torsion. In Chapter 2, I showed that torsion vanishes in the classical limit
of Teleparallel Gravity and one recovers standard Newtonian Gravity. In other words, the
theory from Chapter 1 is not the classical limit of TPG: teleparallelization does not commute

with taking the classical limit (see Fig. 3.1).
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The inability to preserve torsion in the classical limit seems quite surprising, especially
considering that we have shown it is possible to construct a classical theory of gravity with
torsion. One might have expected the theory developed in Chapter 1 to arise as the classical
limit of TPG; after all, if it is possible to construct a torsional classical theory, why would
such a theory not arise in the classical limit of TPG? In light of the results presented in
Chapter 2, let us reconsider this expectation. Indeed, I hope to show how this expectation

was unfounded. First, let us consider the classical limit of GR.

What happens when one takes the classical limit of GR by allowing the speed of light to
become unbounded? As is well-known, the limiting procedure forces the curvature to vanish
and one recovers flat space. As Malament puts it, “...the limiting process which effects the
transition from general relativity to Newtonian gravitational theory ‘squeezes out’ all spatial
curvature” (Malament 1986a, 406). The spacetime recovered in the limit is Euclidean, i.e.,

spatially flat.

Two propositions are required to formalize the above. First, Malament proves a proposition
about the existence of a classical spacetime model that satisfies the requirements of the
limiting procedure as well as the requirements required of a model of NCT (1986b, 194).

Formally, the proposition is as follows.

PROPOSITION 4. (Malament 1986b, Proposition on Limits (1)) Suppose gup(A) is
a one-parameter family of Lorentz metrics on a manifold, M. Suppose also that ¢,

and h satisfy

C1l gap(A) = taty as A — 0 for some closed field t,;

C2 A\g?(\) — —h® as A — 0 for some closed field h* of signature (0,1,1,1).
Then

A
1. There is a derivative operator V, on M satistying V. — V, as A — 0.
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2. (M, t,, h® V,) is a classical spacetime model satisfying R[“(bdd) =0.

As is evident in the above proposition, all that is known about the curvature at this point is
that it satisfies R%;; = 0. In this context, conditions (C1) and (C2) are not sufficient to
show that the resultant spacetime is spatially flat. Spatial flatness is only shown with the
second proposition; this second proposition considers the behavior of the material content

of the spacetime in the limit.

PROPOSITION 5. (Malament 1986b, Proposition on Limits (2)) Suppose gup(A) is
a one-parameter family of Lorentz metrics on a manifold, M which, together with
the symmetric family T,,()), satisfies conditions (C1) and (C2) as well as (C3) and

(C4) given below.

A A
C3 Rap = 8m(Top(N) — %gab()\)T) holds for all \

C4 T®(\) — T as A — 0 for some field 7%

Further suppose (M, t,, h®, V,) is the classical spacetime model described in the

previous proposition. Then there is a function p n M satisfying

1. Tab<>\) — ptatb as A — 0.

2. Rab = 47T,Otatb.

As it turns out, Einstein’s equation reduces to the geometrized formulation of Poisson’s
equation in the limit. Poisson’s equation, in turn, is what ensures that space is flat (see
(Malament 2012, Proposition 4.1.5) for detailed discussion on this point). In other words,
the behavior of the matter fields is what entails that space is flat in the classical limit of GR.

Malament writes:
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If at every intermediate stage of the collapse process [i.e., the opening up of the
lightcones| spacetime structure is in conformity with the dynamic constraints of
general relativity (as embodied in Einstein’s field equation), then the resulting
induced hyperspaces are necessarily flat, i.e., have vanishing Riemann curvature.

(19864, 406).

From the perspective of the reduction of GR to NCT, one can argue that the result derived in
Chapter 2 is unsurprising. Since the classical limit squeezes out curvature, it is unsurprising
that it would squeeze out the torsion as well. Put differently, the two results seem consistent:
the limiting procedure applied to General Relativity returns a spatially flat theory. When
applied to Teleparallel gravity, it returns a torsion-free theory. Notably, in the context of the
reduction of GR to NCT, the spacetime is not flat; while the spatial curvature is squeezed
out, one does still find temporal curvature. In the classical limit of TPG, we find that the

torsion vanishes entirely.

One might find it more surprising that, in this context, the failure to derive a classical
torsional spacetime was not a result of the behavior of matter fields, but arose from the
requirement that the derivative operators converge. Furthermore, this requirement had to be
made independently. These features seems to set the two classical limits apart: in Malament’s
proof, the recovery of flat space came from considering the behavior of Einstein’s equation
in the limit and the convergence of the metrics entailed the convergence of their associated
derivative operators. Here, we independently require the derivative operators to converge

and that constrains the allowed tetrads in the limit.!

! Another way of understanding the disanalogy between the two situations is in terms of the strength
of the requirement that the C-fields be symmetric. The symmetric components of the C-fields have a well-
behaved A — 0 limit while the anti-symmetric components turn out not to. Therefore, taking the limit
requires that those anti-symmetric components—here, the torsion—vanish entirely.
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3.2 Classical torsional theories of gravity

How do the results of Chapters 1 and 2 compare to other projects in the literature that
focus on torsional theories? There are two main avenues of comparison here: projects aimed
at developing classical torsional theories and projects studying the limit(s) of relativistic

theories. Let us begin by discussing approaches to constructing classical torsional theories.

A small literature has recently emerged in physics surrounding torsional classical spacetime
theories (generally referred to as “torsional Newton-Cartan” theories). Many in this litera-
ture are interested in incorporating torsion in the classical context to address the different
notions of time proposed by GR and Quantum Gravity (QG): though GR does not admit
a global notion of simultaneity, in some formulations, QG does. To resolve this difference,
some authors have proposed taking the notion of time presented in QG as fundamental and
allowing relativistic time to emerge at large distances. Then, motivated by the holographic
principle (i.e., that a volume of space can be thought of as encoded in the lower dimensional
boundary of that volume),? this literature considers 5D QG and its 4D reduction. The
holography considered is between Horava—Lifshitz gravity and a specific type of torsional

Newton-Cartan theory: twistless torsional Newton-Cartan (TTNC) theory.?

Typically in the classical spacetime context, we take ¢, to be closed (i.e., d,t, = 0), which
means it is locally exact and determines a local time function. We adopted this assumption
in the torsional gravitational theory developed in Chapter 1. The torsional Newton-Cartan
theory formalism, and TTNC in particular, starts with NC theory but claims that taking

Out, = 0, where 0 is a (torsion-free) coordinate derivative operator will always result in a

2The projects in this literature are also sometimes motivated as attempts to find further holographic
correspondences beyond the AdS/CFT correspondence (see (Christensen, Hartong, Obers, and Rollier 2014b,
1)).
3The first paper developing this theory was (Christensen, Hartong, Obers, and Rollier 2014a). A slew of
others followed including (Christensen, Hartong, Obers, and Rollier 2014b; Bergshoeff, Hartong, and Rosseel
2014; Hartong and Obers 2015; Afshar, Bergshoeff, Mehra, Parekh, and Rollier 2016; Figueroa-O’Farrill
2020).

40



torsion-free spacetime. Those working in this literature do not require temporal metrics to
be compatible with any torsion-free derivative operator; more generally, they do not require

that t, is closed. Consider the following characteristic passage:

The absence of torsion implies that the temporal vielbein* 7, corresponds
to a closed one-form and that it can be used to define an absolute time in the
space-time... TTNC geometry is characterized by the fact that the temporal viel-
bein is hypersurface orthogonal but not necessarily closed. (Bergshoeff, Hartong,

and Rosseel 2014, 3)

In order to derive a hypersurface orthogonal temporal metric, such authors appeal to Frobe-
nius’ theorem. This allows them to argue that a spacetime admits a foliation with a time flow
orthogonal to the Riemannian spacelike slices if and only if it satisfies the hypersurface or-
thogonality condition (i.e., t[,Oytq = 0). Notably, the “hypersurface orthogonality condition”

is a weaker condition than the condition that the temporal metric be closed.

A series of questions emerge from the above discussion: Why does the TTNC literature
claim that closed temporal metrics, and metric compatibility more generally, are in tension
with torsion? And how does the theory described above incorporate torsion and a closed
temporal metric, and thus a notion of absolute time? The answers lie in the form of the

connection assumed by the TTNC literature.

Geracie and collaborators define a spacetime derivative operator V = (9,1'%,.), where they

require the form of the connecting field I'*;. to be

1 ~ ~ R
Fabc - Uaabtc + §han<abhcn + achbn - anhbc)a

4Tt is common to see formulations of classical gravity with torsion presented with the vielbein formalism
typical of presentations of TPG. One can simply think of the temporal vielbein here as the temporal metric.
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where v® is a unit timelike field, and iALab is a spatial projection field determined by v*, such
that h®h,;, = 6% — v, (2015, Eq. 77).5 This definition is motivated by the standard
definition of a Levi-Civita derivative operator, and the terms in the parentheses are always
symmetric in b, c. It follows that the torsion is given by T%,. = 2", = 20Ot (see, e.g.,
Geracie, Son, Wu, and Wu 2015, Eq. 79). (Indeed, the name “twistless torsional NCT,” then,

comes from the fact that torsion vanishes on spacelike hypersurfaces but not in general.)

And so it is true that if ¢, is closed, the torsion of this derivative operator would vanish.
However, this is only because they have adopted such a strict definition for their connection.
Put differently, their connection ensures that the only way to allow torsion is to sacrifice
having a closed temporal metric. But there are many other torsional derivative operators
that are compatible with a closed temporal metric. Once we allow for a broader class of
connections, as is done in the present paper, we recover metric compatibility and a notion
of absolute time. In particular, Chapter 1 shows how to construct a torsional classical
theory of gravity with the assumption that the temporal metric is closed. This claim, that
a closed temporal metric is incompatible with torsion, is also found in discussions regarding

the classical limit of relativistic (torsional) theories which I discuss next.

3.3 Alternative limits

Finally, we turn to projects considering the limit(s) of relativistic theories. There are a couple
of approaches to consider here, as mentioned in §2.2: post-Newtonian expansions—1/c? as
well as 1/c—and dimensional reductions. Let us now turn to investigating each limiting
approach and reconcile some of the seemingly surprising claims in this literature with the

results presented in Chapters 1 and 2.5

5Their formalism has been adapted here to match the notation used throughout this dissertation.
6This section has benefited immensely from discussions with James Read. Needless to say, any errors in
the below presentation are my own.
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3.3.1 1/c* expansion

Let us begin by considering the claim that torsional Newton-Cartan theory is “the correct
framework to describe General Relativity in the non-relativistic limit” (Hansen, Hartong,
and Obers 2020, 1). This claim is made by a series of papers (see, e.g., Van den Bleeken
2017; Hansen, Hartong, and Obers 2020; Hartong, Obers, and Oling 2023), all of which
perform a 1/c¢* expansion to derive a non-relativistic theory. Considering the results from
Malament discussed above—that standard NCT is the non-relativistic limit of GR—, how

can such a claim be substantiated?

These results are based on Van den Bleeken’s (2017) paper. There, he considers the non-
relativistic limit of GR and, as claimed above, argues that one recovers a torsional theory in
the limit. His project differs from ours in methodology. He is considering the Ciz expansion
of GR. On this approach, one typically allows the metric to diverge in the large ¢ limit but

the associated Levi-Cevita connection remains finite. However, Van den Bleeken takes this

approach further, allowing the connection to diverge as well. As he puts it

[In previous work,| it is assumed that the relativistic metric is such that the
associated Levi-Cevita connection remains finite in the large ¢ limit. Although
this might appear a natural assumption at first, one should keep in mind that the
metric is allowed to diverge as ¢ — 0o. So why not the connection one could ask.
In this work we relax this assumption and find that it leads to rather interesting

observations, both mathematically and physically. (2017, 2)

Allowing the connection to diverge, he argues that the standard connection of NCT is not “the
most natural connection for the expanded theory, as it is not compatible with the structure
provided by the [spatial and temporal metrics|” (2017, 6). The connection he advocates ends

up being that of twistless-torsional Newton-Cartan theory, discussed above. Thus, the failure
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of the temporal metric to be closed is what allows for torsion in the recovered spacetime.
As Van den Bleeken puts it, the torsion corresponds to “a non-trivial timelike warpfactor

already at the leading ¢* order” (2017, 2).

There are two things of note here. First, the different methodology used allows Van den
Bleeken to derive torsion in the limit. On the methodology used by Malament, one considers
a sequence of models, parameterized by A, but all of one theory. This means that if one begins
with GR, the limiting spacetime cannot have torsion as, at each step along the limit, one
still has a model of GR. Put differently, insofar as the sequence of models we are considered
are models of GR, their connections—and, correspondingly, the connection of the recovered
spacetime—are required to be symmetric. Thus, Malament’s methodology cannot yield a
torsional spacetime model from one without torsion. On the other hand, Van den Bleenken’s
style of 1/c? expansion seemingly does allow one to recover a spacetime with torsion from
one without. This is because one does not require a sequence of models of a theory at all.
Van den Bleenken does not impose the constraints one does when considering the limit of one
theory and whether its models converge to a model of another theory in the limit. Instead,

one simply expands the relevant equations or quantities of interest in powers of c.

Second, it is unclear how to understand Van den Bleeken’s methodology in light of Mala-
ment’s results. Malament’s (Malament 1986b) proofs demonstrate that if one has a sequence
of metrics of GR parameterized by A and these converge, their derivative operators converge
as well. In the above quotation, Van den Bleenken suggests that one can consider allowing
the connections to diverge. However, given Malament’s results, if the metrics converge, then
their connections must as well. Thus, it seems that Van den Bleenken is entertaining a

contradictory methodology.
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3.3.2 Null Reduction

Another limiting procedure, one that has received philosophical treatment, is null reduction.
In their (2018) paper, James Read and Nicholas Teh develop a method for “teleparallelizing”
in the classical context and show the relation between teleparallel gravity and their classical,
teleparallelized theory using null reduction. Their argument draws on a notion of “extended

torsion” which I describe next.

The notion of “extended torsion” was introduced by Geracie, Prahbu, and Roberts (2015)
but the general approach dates back to the 1980s (see, e.g., Duval and Kiinzle 1984). One
standardly takes the symmetries of Newton-Cartan theory to be those described by the
Galilean group. Recent projects have argued that, properly considered, the symmetry group
of NCT is not the Galilean group, but rather the Bargmann group. The (inhomogenous)
Galilei group (IGal) includes space and time translations and rotations as well as Galilei
boosts. The Bargmann group is the one-dimensional central extension of inhomogenous
Galilei group
Barg = Gal x (R* x U(1)).”

Using the Bargmann group as the symmetry group of NCT yields an “extended vielbein™
e,! = (74,e,%,m,) where 7, is dubbed the clock torsion, e,* is the spatial torsion,® and m,
is the mass torsion (see, e.g., Geracie, Prabhu, and Roberts 2015, Eq. 2.14). As explained by
Geracie, Prabhu, and Roberts, the mass torsion introduces “an additional gauge-field which
couples to the mass of matter fields” (2015, 4). Importantly, the mass torsion cannot be

converted into spacetime torsion, as noted by Read and Teh (2018, 2).

"The unitary extension, U(1), corresponds to “translations along a ‘mass dimension” (Read and Teh
2018, 2).

8Note that though the terminology is shared, this notion of “spatial torsion" is not the same as that used
in Chapter 2.
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With this broadened notion of torsion, Read and Teh construct the teleparallel equivalent
of Newton-Cartan theory. They then study the relation between this theory and TPG using
null reduction. Null reduction is a limiting procedure outlined in Duval (1985) wherein one
considers the reduction of a (D + 1)-dimensional gravitational wave solution of a relativistic
theory. Read and Teh show that the null reduction of TPG is their teleparallelized Newtonian

Gravity.

These results offer another way of investigating the relationships amongst these theories. By
broadening the notion of torsion that is at play to include “mass torsion,” Read and Teh
show that a commuting diagram can be constructed. Namely, either one can start with GR,
teleparallelize to get TPG, and null reduce to get NG; or one can start with GR, null reduce

to get NCT, and teleparallelize to get NG.

The methods adopted in this dissertation are more continuous with those typically used in the
torsion-free context (e.g., those of Wald 2010; Malament 2012). With such methods, we have
shown that a commuting diagram cannot be constructed; in other words, if one only allows
spacetime torsion and considers the classical limit as the speed of light becomes unbounded,
the addition of torsion in the classical context does not commute with the classical limit of
TPG. Taking the classical limit of GR yields NCT and allowing torsion yields the classical
theory with torsion outlined in Chapter 1. However, starting with GR, allowing torsion to
get TPG, and then considering the classical limit yields standard Newtonian Gravity. Each

proposal and set of methods is, of course, interesting in its own right.

3.3.3 1/c expansion

The final comparison is to a recent paper by Philip Schwartz (2023). Like the present
dissertation, Schwartz is interested in investigating the limit of Teleparallel Gravity but

his project combines the two methods discussed above: he constructs the classical limit
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by performing a 1/c¢ expansion while also considering the ‘gauge-theoretic’ description of
Newton-Cartan gravity in terms of the Bargmann group.® In the end, Schwartz claims that
teleparallel Newton-Cartan gravity is the large-speed-of-light limit of TPG. Let us next turn

to his approach.

The classical, torsional theory developed by Schwartz closely resembles that developed by

Read and Teh but is intended to be more general. As Schwartz puts it

[Read and Teh’s theory]| is constructed only in a restricted ‘gauge-fixed’ situ-
ation; in the present paper, we develop instead a completely general teleparallel
description of Newton-Cartan gravity, without introducing arbitrary assump-

tions on the connection or the frame. (2023, 2)

The gauge-fixing indicated by Schwartz is regarding the so-called spatial torsion of the ex-
tended vielbein (i.e., e,%). Whereas Read and Teh assume that this quantity vanishes for

the torsional Newton-Cartan gravity they construct, Schwartz does not.'°

Notably, in contrast to the typical approach taken by those performing a 1/c or 1/c? expan-
sion, Schwartz adopts a notion of absolute time in the classical context. The form for the
connection that he adopts is more general and so he can assume both torsion and a closed

temporal metric (see his discussion in §2, especially his expression for the connection in Eq.

2.13).

9The salient difference between this methodology and the 1/c? expansion presented above is not in what
powers of ¢ are used to expand the quantities of interest. Rather, I hope to present the salient differences in
the discussion below.

10Though he does not assume it at the outset, Schwartz does ultimately take the spatial torsion to vanish.
As he puts it

Let us stress here again that this ‘gauge-fixing’ assumption of vanishing purely spatial torsion
is, differently to the situation considered in [Read and Teh|, not part of the formulation of the
theory, but only added afterwards for the recovery of standard Newtonian gravity. (2023, 20)

Given that the spatial torsion ultimately does not seem to play any meaningful role in the theory, it is not
clear what the significance of this generalization to the theory is supposed to be.
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With this torsional equivalent to Newton-Cartan theory in hand, Schwartz turns to the 1/c

expansion of TPG. The tetrads are expanded as follows (see 2023, Equations 3.2a and 3.2b)

Eg =c7,+ ¢ la, +O0(c?), Bl =cel + O(c™?), (3.1)
and

EY =c Wt 4+ 0(c™?), EF =el 4+ 0(c?). (3.2)

Here, a, is eventually related to the mass torsion, 7, corresponds to the temporal metric,

and the spatial metric is defined as h := §%e, ® ey.

With these expansions in hand, Schwartz claims to recover a torsional classical theory from

TPG. As he writes

This means that as the formal ¢ — oo limit of the Lorentzian manifold we started
with, we obtain a Galilei manifold with a Bargmann structure. We stress again
that the only assumption that is needed for this result is an expansion of the
Lorentzian tetrad and dual tetrad as in [(3.1-3.2)], with a nowhere vanishing 7.

(2023, 15)

Using this limiting procedure, Schwartz claims to recover teleparallel Newton-Cartan theory
from TPG and, eventually, shows how one might derive the field and force equations of

standard Newtonian gravity in the recovered theory.

One can understand his project as another way of capturing the results of Read and Teh.

On the one hand, Read and Teh use null reduction to show how to recover a torsional
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classical theory from TPG. On the other hand, Schwartz shows how this theory arises as
the large-speed-of-light limit of TPG. In a sense, then, the two methods converge on similar
results. Importantly, however, both proposals require generalizing the notion of torsion
with the extended vielbein formalism. Indeed, the results in Chapter 2 indicate that one
must generalize the notion of torsion to recover a classical spacetime with torsion from TPG.
Without this more general notion, the torsion is proven to vanish in the limit. That said, once
you do generalize the torsion, the limiting methods (1/¢ expansion and null reduction) seem
to agree. This helps make sense of the seemingly surprising claim that torsional Newton-
Cartan theory is the large-speed-of-light limit of the TPG. Only once allows this extended

notion of torsion is such a claim plausible.

3.4 Conclusion

In this chapter, I have demonstrated how to reconcile the claims made in the literature with
the results presented here. First, I outlined some key similarities and differences between the
limiting results with and without torsion. I showed that those claiming the incompatibility of
torsion and a closed temporal metric do so on the basis of their chosen connection. Once one

allows for a more general form for the connection, this purported incompatibility disappears.

Next, I discussed various other means for taking the classical limit of a relativistic spacetime.
This discussion was fruitful for understanding how the various methods complement one
another. The discussion highlighted that without extending one’s notion of torsion beyond
standard spacetime torsion, it is impossible to maintain torsion in the classical limit. Other
projects performing a 1/c expansion or a null reduction have all adopted a notion of “extended

torsion,” which is what has allowed them to maintain torsion in the limit.
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Naturally, some open and interesting questions still remain. One might wonder: Is there
a relativistic theory for which the classical spacetime developed in Chapter 1 would be the
classical limit? Is there a way of performing the geometric limiting process with the extended
notion of torsion proposed in the literature and would the results of this limiting procedure
then agree with the others? And, finally, were one to begin with a relativistic theory featuring

both curvature and torsion, is there a way to maintain spacetime torsion in the limit?
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Appendix A

Curvature with Torsion

A.1 Generalizing the Riemann tensor definition

The Riemann curvature measures the failure of successive differentiation operations to com-
mute. When there is torsion present, the torsion will contribute to this failure.! In the
absence of torsion, the action of the Riemann tensor on any smooth field £ is given by:
R%q€ = —2V.Vg€®. In the absence of torsion, this quantity vanishes when {* vanishes.
To derive the expression for the Riemann tensor in the presence of non-vanishing torsion, we

follow the same methodology as Wald (see Eq. 3.2.1). Let « and £ be smooth and consider

—V Vg (af?) = — aVVge® — £V Vga — Vil Vo — VieaVge”.

T begin by following Jensen’s derivation of the Riemann curvature tensor in the presence of torsion but
use Malament’s conventions.
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The last two terms cancel and the second term on the right-hand side is just the expression

for torsion (see Defn. 2). This leaves
a a 1 n a
—V[Cvd](a£ ) = — aV[ch]f — §(T Cdvna)£ .

Using the Leibniz rule, we know T" 4V, (a&?) = (T"qV,a)&® + aT"qV €. Substituting

this into the above, we have
(=2V Vg +T" 4 V) (") =a( =2V Vg€ + T" gV in&?).

By the same reasoning as in the torsion-free case, the expression in the parentheses on the

right-hand side defines a tensor. And since a was arbitrary, we have:
R%a€” = =2V Vg€ + T V" (A1)
For a covector field «,, we have

R“bcdaa = ZV[CVd}ab — T”Cdvnab. (AQ)

A.2 Symmetries of the Riemann Tensor
We next consider the symmetries of the Riemann tensor in the presence of torsion. Some of
the symmetry properties are retained while others need to be adjusted.?

Skew Symmetry To begin, note that it is still the case that R%.; = —R%q. as the torsion

tensor is also anti-symmetric in ¢,d. In GR, Ruped = — Rpaca €ven when the torsion is non-

2T again loosely follow Jensen’s approach in this section. Note, however, that Jensen is working in the
context of GR with non-vanishing torsion and thus has a metric to raise and lower indices. This will not
hold in the context of classical spacetimes, so I adjust some of the derivations accordingly.
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vanishing (Jensen 2005, 7). In the classical spacetime context, we cannot lower indices with
the temporal metric but we can raise them with the spatial metric. Thus, instead of Rgp.q we
will be considering R®.; and whether it is equal to —R" .4 (i.e., R 4 = 0). Here I follow

the derivation given in Malament (Eq. 4.1.26) adding the contribution from the torsion:

1 1
R(ab)cd :§<Rabcd + Rbacd) — §<Ramcdhmb + Rbmcdhma)
1 1
=~V Vgh + ETmcdvmhab — Vi .Vgh™ + ETmchmhb“
= -2V .Vy h + T™ 4V, h°

=0.

where the final equality holds (i.e., both terms drop out) due to the compatibility condition:

Voh = 0. Thus, we have confirmed that even with non-vanishing torsion, R, = 0.

Bianchi symmetry Though the skew symmetries still hold, R%.q # 0. To derive R%ppq]
in the case of non-vanishing torsion, we begin by noting that any covariant vector can be

realized in the form V,a and so we replace o, in Eq. A.2 with V,a:3

Rabcdvaa = QV[CVd]Vb@ - Tncd anba

Anti-symmetrizing on b, ¢, d yields

R“[bcd]Vaa =2V Vg Vya — Tn[cd Vi Vya.

3See (Malament 2012, Proposition 1.8.2(3)) for a derivation of the below in the context of vanishing
torsion.
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Since 2V[[0Vd]vb]a = ZV[CVdVb}a = QV[CV[dvaOz = V[CTndb]Vna, we have

= V[CTndb} Vna - Tn[cd vab]oz

We expand the first term using the Leibniz rule

= (V[CT”db])Vnoz + T"[deC]Vnoz — Tn[cd VWVb]a (A?))

To simplify, consider the following expression: T",7¢ V.o = T" ,(V,V,, — V,V,)a =
1" ViyVpaa —=T" ,V, Vya. Note that the last term in this expression is the same as the last
term in the previous equation. Adding in the appropriate anti-symmetrization brackets, we

replace the term in Eq. A.3

= (VI a) Voo + T, Vo Ve + T T, Vea = Ty Vg Vinar.

The second and last terms cancel one another leaving

Ra[bcd}vaoé = (V[cTndb])Vna + Tn[cd Teb]n Vea.

Finally, we have?

Rpeay = VT an) + T"eq T,

In sum, the symmetry properties of the Riemann tensor in the presence of torsion are

R%eq = —R%ac, (A.4)

4C.f. 4.2.39 in Penrose and Ridler or 3.2.14 of Jensen, though both have a different sign convention.
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Rabcd = _Rbacda (A5>
and

Rpea) = VeI o) + T"ea T%n - (A.6)

A.3 Relating Riemann tensors

The relation between two derivative operators with possibly non-vanishing torsion can still
be expressed with a smooth tensor field C'%,. but this field will no longer be symmetric in b, ¢
as it is in the torsion-free context. Instead, given two derivative operators V and V' with

associated torsion tensors 7"%,. and T%,, we have that
C’a[bc] = T/abc — T%e. (A7)

PROPOSITION 6. Let V and V' be derivative operators on a manifold M with
V' = (V,C%.). Suppose that V and V' both have possibly non-vanishing torsion.
Suppose also that they have curvatures R%,., and R'%,.q respectively. The relation

between R%.qy and R'%.q is given as

R/abcdaa = Rabcdaa + 2aav[ccad}b + 20Z(JLC’a[d|n|Cmc}b - Caanncdaa' (Ag)

Proof: To derive the relation between the Riemann tensors of each derivative operator, we
will need to derive the expression for V'.V’'4a3. To do so, substitute S, in for the right-hand

side of V'yap, = Vyap + a,C%, (i-e., suppose Bgp = Vaap +a,C%,). Then, using Proposition
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1.7.3 (Malament 2012),
V' N g, = V' o(Bap) = VeBar + BavC" ca + BanC™ b

Substituting the expression for Sy back in:

V' Vg, = Vo (Vaay + 0C%) (Vinay + 0aC%p ) C" g
+ (Vdan + aacadn)cncb
= vcvclo‘{b + C’adbch‘a + aavccadb + Cmcdvnab

+ aacanbcncd + Cncbvdan + aacadncncb-

Anti-symmetrizing this expression in ¢ and d yields

V'V =V Vg, + CUupVaaa + o VieCp + C"ea Vi ay

+ aaCuC" cq) + C"ep Vg + aC%apmn C" gp,

where the second and sixth terms on the right-hand side cancel each other since their order
of antisymmetrized indices is reversed. We know V.V ga;, = %Rabcdaa + %T " eaVno, and

C"ca) = %T/"Cd — %T"cd. We thus have

1 1
V' Vg = iRabcdaa + §Tncdvnaa + aqVi.Cpp
(A.9)

1 1 1
+ §T/ncdvnab - §Tncdvnab + §aacanb(T/ncd - Tncd) + aaca[d|n|cnc]b-

Using the expression for the Riemann tensor with torsion (Eq. A.2), we have

R%ecq g =2V 1V oy — T caV'
=2V .V'gay, — T q(Vinan, + CPrpoy)

= QV,[cvld} ap — T/ncdvnan - Tmcdcpnbap'
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Substituting the above in for the left-hand side of Eq. A.9, we have

1 1 1 1
R,abcdaa = §Rabcdaa + _Tncdvnaa + aav[coad]b + _T,ncdvnab - ETncdvnOéb

2 2
1 a m mn a n 1 m ]' n
+ 505510 nb(T cd — T cd) + OéaC [d|n|C cjb — §T cdvnan - §T chpnbap-
Canceling terms and simplifying the above leaves
R'%catta = R%eqttq + 206V .C% gy + 206, C% i) C" p — Crp T et (A.10)
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Appendix B

Connecting Fields

Let us begin by noting a few conditions on the connecting fields (fields that relate deriva-
tive operators) in the presence of torsion. Suppose that we have a classical spacetime
(M, t,, h®*, V) with (possibly) non-vanishing torsion and let V' = (V,C%,) be another
derivative operator on M also with (possibly) non-vanishing torsion. We know 20 =
7. + T%., where T%, and T'%,. are the torsion tensors associated with V and V' respec-
tively. We require V' to satisfy the metric-compatibility conditions and thus for C'%,. to be

compatibility preserving. This means
0=V'uty=Vautp + C"yt, = C" 1, (B.1)

where the final step follows from the fact that since (M, t,, h%, V) is a classical spacetime,
we know V is compatible with t,. The above indicates that the first index of the torsion
tensor must be spacelike since

T%¢t, = 0. (B.2)
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We also require compatibility with A%

0= V/ahbc — Vahbc o Cbar hre — C«caT hbr — _Cbar hre — Ccar hbr, (BS)

where we have again used the known compatibility of V with A*. This indicates

Ct hTC=—C° h'. (B.4)

We are now in a position to prove a proposition about the general form of the connecting

fields.

PROPOSITION 7. Let (M, t,,h® V) be a classical spacetime with (possibly) non-
vanishing torsion. Let V' = (V,C%,) be another derivative operator on M also with
(possibly) non-vanishing torsion (i.e., 2C%g = T"%c 4+ T%., where T, and 7", are
the torsion tensors associated with V and V' respectively). Then V' is compatible

with t, and A% if and only if C%, is of the form:

Cabc = Qhar/{[rwc} (B.5)

Proof: Since (M, t,, h® V) is a classical spacetime, V is compatible with ¢, and hy, i.e.,
Vaty = 0 and V,ht¢ = 0. We also know that the relations expressed by Eqs. B.1 and B.4

must hold.

Consider the raised index tensor field C%¢ = C¢_ h™h"¢. We no longer have the symmetries
expressed by Malament’s equations (4.1.18) since the C-field is not symmetric in its last two
indices. Instead, we have

Cabc — Cacb + (T/abc o Tabc). (B6)
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However, Malament’s equation (4.1.19) stays intact. Based on Eq. B.4
Cbac — _Ocab. (B?)

We thus require that our C* be orthogonal to ¢, (as described by Eq. B.1) and that it
satisfies the symmetry property expressed by Eq. B.6. By repeated application of these two

relations, we have

Cabe — (ocb 4 (rabe _ abey — _crbea 4 (abe _ abe)
— _(bee 4 (Trabe _ qabey _ (pbea _ beay _ (yeab | (vabe _ abey _ (vbea _ beay
— (cba 4 (Uabe _ qabey _ (qbea _ pbea) 4 (ricab _ reaby
— Qe 4 (Trebe _ abey _ (vbea _ beay 4 (icab _ rpeab)

We know that the torsion tensor is anti-symmetric in its last two indices. Let us define

another tensor, K%, as

1
Kabc = E(Tabc + cha - TbCUL)-

Or,
1
K’bac 5 (Tbac Tcab Tacb) )

This tensor is anti-symmetric in its first and last indices (K¢ = —K%). We will use this

tensor to simplify the above expression. First, we note
Cabc — _Cabc + (_T/acb i leac + T/cab) o (_Tacb + Tbac T Tcab).

Using K¢, we have

Crabc — _Crabc + 2(K/bac . Kbac)‘ (B8)
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The field does not vanish in the presence of torsion. Rather, C9¢ = (K% — %), Since K%
is anti-symmetric in its first and last index, we have shown that C®° must be anti-symmetric

in @ and ¢. This concludes the “only if” direction of the proof.

For the “if” direction, suppose that we have a tensor of the form indicated above—namely,
C%. = 2h" K pg. We want to show that it is sufficient that C'%, take this general form
for it be to compatible with ¢, and h*. We know that ¢,C%_ = 0 from the orthogonality

condition.

From equation B.4, we know

v/ahbc _ _vaaT hre — Cvcar hbr (Bg)

Hence

V/ahbc — _2hbn Fnar hre — 9pcn Enar hbr’

and

V' b = —2(x° 4+ Kk°%) = 0.

Where the last expression follows because k is anti-symmetric in its first and last index.
Thus, we have shown that C%, = 2h" k[ is sufficient for V' to be compatible with ¢, and

h*¢, concluding the proof.
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