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ABSTRACT OF THE DISSERTATION
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Professor Terence Tao, Chair

We establish several new results in incidence geometry and harmonic analysis. Each of the
problems we consider is about objects in Euclidean space, and we make essential use of
partitioning theorems that efficiently cut R? into pieces that have desirable combinatorial

properties.
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CHAPTER 1

Introduction

In this thesis we will discuss several results in incidence geometry and Kakeya-type maximal
functions. The latter type of problem can also be phrased as a incidence geometry-type
problem. A common theme for all of these problems is that they consider objects (points,
lines, surfaces) in R? and the properties of Euclidean space will play an important role in
the theorems that follow. One key property of R is that it is ordered—if we select a point
x € R, then R\{xz} consists of two distinct connected sets. This property does not hold for
either C or finite fields IF,,. This property of R is an important part of the discrete polynomial
partitioning theorem, which will be discussed further in Chapter 2, and which will play an

important role in each of the results below.

While the problems we consider originated in combinatorics and harmonic analysis, the
tools used to solve them rely heavily on real algebraic geometry, and these tools are discussed
in Chapter 2. In Chapter 3, we will discuss a bound on the number of incidences between
points and surfaces in R®. This is based on the author’s work in [Zah13a]. In chapter 4, we
will discuss an analogue of the Szeméredi-Trotter theorem for 2-flats in R*. This is based
on the author’s work in [Zah12b]. Finally, in Chapter 5, we will discuss a L* bound on a
variable-coefficient analogue of the Wolff circular maximal function. This is based on the

author’s work in [Zahl2a] and [Zah13b].



CHAPTER 2

Preliminaries

2.1 Notation

Throughout this thesis, ¢ and C will denote sufficiently small and large constants, respec-
tively, which are allowed to vary from line to line. We will write A < B to mean A < CB,

and we say that a quantity is O(A) if it is < A.

2.2  Graph theory

Throughout our arguments, we will frequently make use of the following Turan-type bound:

Theorem 1 (Kévari, Sés, Turan [KST54]). Let s,t be fized, and let G = G U Gy be a
bipartite graph with |G1| = m, |Ga| = n that contains no copy of Ksi. Then G has at most
O(nm'='* +m) edges. Symmetrically, G has at most O(mn'~'* + n) edges. All implicit

constants depend only on s and t.

In Chapter 4 we will require the crossing lemma. This is described below. Let G be a
graph, and let H be a drawing of G, i.e. a collection of points and curves in R? such that
every vertex of G' corresponds to a distinct point of H, and every edge of G corresponds to a
curve in H such that every two curves intersect in a discrete set, and no points (i.e. vertices)

are contained in the relative interior of any curve (i.e. edge).

Definition 2. We define V(G) to be the number of vertices of G and £(G) to be the number

of edges, and similarly for H. We define C(H) to be the crossing number of H, i.e. the



number of times two curves cross each other. Since the intersection of any two curves is a

discrete set, C(H) is finite.

Theorem 3 (Ajtai, Chvatal, Newborn, Szemerédi [ACN82]; Leighton [Lei83]; Székely [Sz97]).
Let H be a drawing of a graph. Then either E(H) < 5V(H), or

E(H)?

C(G) > T00V(H) (2.1)
2.3 Real algebraic geometry
2.3.1 Semi-algebraic sets
See e.g. [BPR06, BCR98] for additional information.
Definition 4. A set S C R" is semi-algebraic if it can be expressed in the form
S = O{x fii()=0,... fir,(x) =0,g:1(z) >0,...,Gim(x) >0} (2.2)
i=1

for {fi;} and {g;;} polynomials.

Definition 5. For S a semi-algebraic set, the complexity of S is

inf ( Z deg fi; + Z deg giJ—) , (2.3)

where the infimum is taken over all representations of S of the form (2.2).

Definition 6. For S a semi-algebraic set, we define the boundary 0(S) = S\S, where S is

the closure of S in the Euclidean topology.

Proposition 7. 0(S) is semi-algebraic, dim(9(5)) < dim(S) — 1, and the complexity of 9(5)

is controlled by a polynomial function of the complexity of S.

Definition 8. For S a semi-algebraic set, we define its Zariski closure Zar(S) to be the

closure of S in the (real) Zariski topology

Proposition 9.



(i) Zar(S) is an algebraic set.
(i) dim(Zar(S)) = dim(S).
(iii) deg(Zar(S)) is bounded by a polynomial function of the complexity of S.

Proof. Statements (i) and (ii) are standard. Statement (iii) follows from the standard prop-

erties of the cylindrical algebraic decomposition (see e.g. [BPR06, BCR98]). O]

Proposition 10 (Effective Tarski-Seidenberg Theorem [Col75]). Let S C R? be a semi-
algebraic set of complexity k and let 7: R? — R%! be the projection onto the first d — 1
coordinates. Then 7(S) is a semi-algebraic set of complexity at most £ for some constant

C that depends only on d.

2.3.2 Sign conditions

Definition 11. Let Q C R|xy, ..., z4] be a collection of non-zero real polynomials. A strict
sign condition on Q is amap o: Q — {£1}. If Q € Q, we will denote the evaluation of o at
Q either by og or (@), depending on context. If o is a strict sign condition on Q we define

its realization by
Reali(o, Q) = {r € R%: Q(x)og > 0 for all Q € Q}. (2.4)
If Reali(o, Q) # () then we say that o is realizable. We define
Yo = {o: Reali(c, Q) # 0}, (2.5)

and
Reali(Q) = {Reali(c, Q): 0 € Yg}. (2.6)
We call Reali(Q) the collection of “realizations of realizable strict sign conditions of Q.”
If Z C R?is a variety, and ¢ is a strict sign condition on Q, then we can define the

realization of o on Z by

Reali(o, Q,Z) = {x € Z: Q(z)og > 0 for all Q € O}, (2.7)



and we can define analogous sets
Yoz = {o: Reali(o, Q, Z) # 0}, (2.8)
and
Reali(Q, Z) = {Reali(0,Q,72): 0 € ¥g z}. (2.9)

We call Reali(Q, Z) the collection of “realizations of realizable strict sign conditions of Q
on Z.” Note that if some () € Q vanishes identically on Z then g, = @ and thus
Reali(Q, Z) = 0.

2.3.3 Algebra

All ideals and varieties will be assumed to be affine. Unless otherwise specified, all ideals are
subsets of R[x1, ..., 74], and all varieties are defined over R and thus are subsets of R?, though
sometimes we will specialize to the case d = 3. If P is a polynomial, (P) C R[zq,...,x4] is

the ideal generated by P.

Special emphasis will be placed on “real ideals.” These are described in Definition 12
below, and they should not be confused with ideals that are merely subsets of R[zy, ..., z4].

On the other hand, a “real variety” is merely a variety defined over R (as opposed to C).

If I is an ideal, we use
Z(I)={x € R*: P(zx) =0 for all P € I}

to denote the zero set of I. If P is a polynomial we shall abuse notation and use Z(P) to

denote Z((P)) = {z € R%: P(z) = 0}. If Z C R? is a real variety, then we define
I(Z) ={P € R[xy,...,z4]: P(x) =0 for all z € Z}
to be the ideal of polynomials that vanish on Z.

Definition 12. Anideal I C R[zy, ..., x,] is real if for every sequence ay, ..., ap, € Rlxy, ..., 24],

ai+...+aj € [ implies a; € I for each j =1,... /.



The following proposition shows that real principal prime ideals and their corresponding

real varieties have some of the “nice” properties of ideals and varieties defined over C.

Proposition 13 (see [BCRO8, §4.5]). Let P € Rz, ..., z4] be irreducible. Then the following

are equivalent:

1. (P) is real.

3. dim(Z(P)) = d — 1.

4. VP does not vanish identically on Z(P).

ot

. The sign of P changes somewhere on R? (i.e. from strictly positive to strictly negative).

While not every polynomial P € R[zy, ..., x4 is a product of real ideals, the following
lemma shows that for our applications, we can always modify our polynomials to ensure that

this is the case.

Lemma 14. Let P € Rlzy, ..., x4] be a real polynomial. Then there exists a real polynomial
P such that deg P < deg P, Z(P) C Z(P), and the irreducible components of P generate real

1deals.

Proof. Let @ = (). Write P = Py,..., P, as a product of irreducible factors. Place each
irreducible factor that generates a real ideal in Q. If P; is a factor that does not generate
a real ideal then consider V,P; for v a generic vector. We have degV,P; < deg P, and
Z(P;) C Z(V,FP;). Apply the above procedure to V,P;. This process will terminate after
finitely many iterations. Let P = HQEQ Q. O]

We will make essential use of the real Bézout’s theorem and a version of Harnack’s

theorem for space curves.
Proposition 15 (Real Bézout). Let Py, ..., Py C Rlxy,...,z4] be real polynomials of degrees

Dy, ..., Dy. Then the number of nonsingular intersection points of Z(Py) N ... NZ(F,) is at
most Dy ...Dy.



For a proof of this proposition, see e.g. [BPR06, §4.7].
We will also require a variant of Harnack’s theorem for space curves R%.

Proposition 16 (Harnack’s theorem for space curves). Let Pi, ..., Py 1 € Rlzy,...,z4], and
suppose that deg P; = O(1) for each 1 < j < d — 2, and that for each 1 < j < d —1,
codim(Z(P)N...NZ(P;)) = j. Then the number of connected components of Z(FP;)N...N
Z(Py_1) is O((deg Py_1)?).

This proposition is Theorem 11 of [BB13].

2.3.4 Real and complex varieties

If Z c R?is a real variety, then Z* C C? denotes the smallest complex variety containing

Z. Conversely, if Z C C? is a complex variety, then R(Z) C R? is its set of real points.

As noted in Section 3.1.3, the number of intersection points of a collection of real polyno-
mials may exceed the product of their degrees, even if those polynomials intersect completely.
Over C things are much better behaved, so there will be times when we will wish to embed
everything into C. The following proposition relates the properties of a variety defined over

R and the corresponding variety defined over C:

Proposition 17 (see [Whi57, §10]). Let Z C R? be a real variety and let (Z*)y,..., (Z*), be
the irreducible components of Z*. Then R((Z*)1),...,R((Z*),) are the irreducible compo-
nents of Z. Furthermore, for each j =1,...,¢, R((Z*);)* = (Z*);, so in particular R((Z*),)
is non-empty.

Corollary 18. If P,Q € Rlxy,...,z4] are irreducible and (P), (Q) are real ideals such that
dim(Z(P)NZ(Q)) = d — 2, then Z(P)* NZ(Q)* is a complete intersection.

2.4 Discrete polynomial partitioning theorems

Recall the discrete polynomial partitioning theorem from [GK11, Theorem 4.1]:

Theorem 19. Let P be a collection of points in R, and let D > 0. Then there exists a



non-zero polynomial P of degree at most D such that each connected component of RA\Z(P)

contains O(|P|/D?) points of P.

Remark 20. Without loss of generality, we can assume that P is square-free. Indeed if P is
not square-free then we can replace P by its square-free part, and the new polynomial still

has all of the desired properties.

After applying Lemma 14, we can ensure that the irreducible components of P generate

real ideals:

Corollary 21. Let P be a collection of points in R*, and let D > 0. Then there exists a non-
zero polynomial P of degree at most D such that each connected component of R*\Z(P)
contains at most O(|P|/D*) points of P, and each irreducible component of P generates a

real ideal.

Example 22. Consider the set of 24 points
Py = {(0,£1, £1), (0, £2, £2), (£1, £1, £1), (£2, £2, £2)} C R?,

and let D = 3. Then the polynomial P;(xy, s, 23) = 2127223 partitions R? into 8 octants,

each of which contains 2 points from P;.

Remark 23. Note as well that in the above example, the 8 points {0,+1, +1}, {0,+2, £2}
lie on the set Z(P;) and thus they do not lie inside any of the open components of R*\Z(P;).
This is not merely a consequence of us choosing P; poorly; it is an unavoidable phenomena
that occurs when performing the discrete polynomial partitioning decomposition. In order
to control the number of incidences between points lying on Z(P;) and surfaces in S, we shall
have to perform a second polynomial partitioning decomposition “on” the surface Z(P;). For
technical reasons, we cannot simply consider the complement of the zero set of our second
partitioning polynomial as a union of relatively open subsets of Z(P;). Instead, we need to
perform a somewhat more detailed decomposition that partitions Z(P;) into sets that are
realizations of realizable strict sign conditions of a certain family of polynomials. This is

made precise in the theorem below.



Theorem 24 (Discrete polynomial partitioning on a hypersurface). Let P be a collection
of points in RY lying on the set Z = Z(P) for P an irreducible polynomial of degree D such
that P generates a real ideal. Let p > 0 be a small constant, and let £ > pD. Then there

exists a collection of polynomials @ C Rlxy,. .., x4| with the following properties:

1. 1Q| < logy(DE*) + O(1).
2. ) odegQ S E.
3. None of the polynomials in Q vanish identically on Z.

4. The realization of each of the O(DEYY) strict sign conditions of Q on Z contains
O( [P ) points of P.

DEd-1

5. Fach irreducible component of each polynomial QQ € Q generates a real ideal.
All implicit constants depend only on p and the dimension d.

In our applications, we will always have d = 3 or d = 4.

Ezxample 25. Let us continue Example 22. The polynomial P; from Example 22 was not
irreducible, but we can factor it into the three irreducible factors 1, xo, x3. All of the points
lying on Z(P;) actually lie on the irreducible component Z(x1), so we let Po(z1, x2,x3) = 7.
Note that (P;) = (z1) is a real ideal, and D = deg(FP2) = 1. Select F = 2 (which is larger
than D). Then the collection of polynomials Q@ = {x9,x3} satisfies the requirements of
Theorem 24. The realizations of realizable strict sign conditions of Q on Z are the 4 sets of

the form

{(z1, 22, 23): 1 =0, £x9 >0, Lx3 > 0}. (2.10)

Note that each of these sets contains 2 points of Py N Z(Ps). Two coincidences occur in this
example that are not present in general. First, in this example the realizations of the four
strict sign conditions of Q@ on Z correspond to the four connected components of Z\ | J, Z(Q).

In general, each realization of a strict sign condition may be a union of multiple connected



components of Z\ | Jo Z(Q). Second, each of the polynomials in Q were irreducible factors

of P;. In general this does not occur.

The proof of Theorem 24 will be similar to the original proof of the discrete polynomial

ham sandwich theorem in [Gut10, §4], which can be stated as follows:

Proposition 26 (Discrete polynomial ham sandwich theorem). Let V' C Rzy,..., x4 be a
vector space of dimension ¢, and let Fi,..., F, C R? be finite families of points. Then there

exists a polynomial P € V such that
|F; N {x € RY: P(x) > 0}| < |F}|/2, and
;N {z € RY: P(x) <0} < |Fj|/2, =1,...,L

Proposition 26 is proved in [Gut10] only in the special case where V is the vector space
of all polynomials of degree at most e (where e is chosen large enough to ensure that V' has
the required dimension). However, the proof carries over verbatim to the general case where

V' is arbitrary. To prove Theorem 24, we will iterate the following lemma:

Lemma 27. Let Z = Z(P) C R? for P an irreducible polynomial of degree D such that (P)
is a real ideal. Let E > 0, and let Fy,...,F;, { = cmin(EY, DEYY) be finite families of
points in RY, with F; C Z for each j. Then provided c is sufficiently small (depending only

on d), there exists a polynomial Q) of degree at most E that does not vanish identically on

Z(P) such that
|F; N {x € RY: Q(x) > 0} < |Fy|/2, and
(2.11)
0 {z €R%: Q@) < O} < [Fyl/2, j=1,...,L

Proof. Let Rlxy,...,x4<g be the vector space of all polynomials in d variables of degree
at most F, and let (P)<g be the vector space of all polynomials in the ideal (P) that have
degree at most E (of course, if F < deg P then (P)<p = 0). We have

dim(R[z1, . .., 24)<p) — dim((P)<g) > cmin(E4, DEY)

for some (explicit) constant ¢ depending only on the dimension d. Thus, we can find a vector

space V C R[zy, ..., 24 <p with dim(V) > emin(E¢, DE?') such that V N (P)<g = 0. By

10



Proposition 26, we can find a polynomial () € V satisfying (2.11). Since Q € R[z1,...,z4)<p
but Q ¢ (P)<g, we have @ ¢ (P). Since P is irreducible and generates a real ideal, by Item
2 of Proposition 13, () does not vanish identically on Z(P). O

Proof of Theorem 24. Let Qy = {1}. For each i = 1,...,t, with
t = [logy(DE)], (2.12)
use Lemma 27 to find a polynomial (); with
deg(Q;) < max ((21'/D)1/(d’1), 2i/d)
(the implicit constant depends only on d) such that for each o € g, | we have

‘{:1: € R?: Q;(z) > 0} N (P N Reali(o, Q1) ‘ |73 N Reali(o, Q;—1)|,
(2.13)

‘{x e R Qi(x) < 0} N (P N Reali(o, Q;_y) ] |73ﬂReali(a, 0, 1)].

Some of the above sets may be empty, but this does not pose a problem. Let Q; = Q;_1U{Q;}.

None of the polynomials in @ = Q; vanish on P, so Item 3 of the theorem is satisfied.

Since £ > D we have

t t
> aexQ $ 32/ DPO 1 Y
Q i=1 i=1
< (DEdfl/D)l/(dfl) + (DEdfl)l/d
<E

~Y

which satisfies Item 2. By (2.13), for each 0 € X,

|P N Reali(o, Q)| < 27|P|

P (2.14)
~ DR
which satisfies Item 4. Finally, Item 1 follows from (2.12). O

11



2.5 Intersection theory

Definition 28. Let v € R? be an algebraic curve, and let + € R%. Then we define the
geometric multiplicity of the curve v at the point z, mult,(y,z), as follows. Let 7 be a
generic projection of v onto R?, let 2’ be the image of x under the same projection, and let
g be the square-free polynomial with Z(g) = +/. Then mult(y, z) is the order of vanishing
of g at o’. In particular, if = ¢  then mult(~, z) = 0, while if x is a smooth point of ~, then

mult(y, z) = 1.

Definition 29. An ideal I C Clzy, ..., zg4] is said to be radical if I =1(Z(1)).

Proposition 30. if [ = (f1,..., f¢) C Clzy,...,z4] is a complete intersection, then [ is radical
Vi

if and only if : has full rank at every smooth point of Z.
Ve

Proposition 31. If f1,..., fr € Clzy,..., x4 with £ < d, then for any € > 0, we can find a set

of numbers 0 <€; <€, j=1,...,¢s0 that (f1 +€1,..., fr + €) is a radical ideal.

We will need several elementary results from intersection theory. Further details can be

found in standard textbooks such as [Ful98, Har83].

We shall frequently make use of the embedding C¢ — CP%, (zy,...,1q) — [T1: ... 2q:
1]. This embedding allows us to identify points in C? with those in CP¢, and to identify

(complex, affine) polynomials with complex homogeneous polynomials.

Definition 32. If f € Clxy,...,z4], we will let Iy denote the projective ideal generated
by f (here as elsewhere, f is identified with its corresponding homogeneous polynomial).
If f € Clay,...,zq), let Z*(f) be the zero set of f (either in C? or in CP¢, depending on
context). If z € C?, then O¢pa,, is the local ring obtained by localizing CP? at the point x
(again, we have identified z with its image in CP?). If f, fo,..., fx are polynomials, we say

that fi,..., fi intersect properly if codim(Z*(f1) N...NZ*(fx)) = k.

If fi,..., fr intersect properly, and V' is an irreducible variety contained in Z*(f;)N...N

12



Z*(fy), then we define
mult(Z*(f1),...,Z"(fx); V) = dim Ocpa . /(If, + ... + Iy,),

where z is a generic point of V.
This definition of multiplicity has several useful properties.

1. If V4, V5 are irreducible varieties, V5 is a component of Z*(f1) N... N Z*(fx), Vi C Vs,
and ‘/1 §Z (‘/Q)Singv then

mult(Z*(f1), ..., Z°(fe); Va) = mult(Z*(f1), ..., Z7°(fr); V1)

2. Let V be a codimension—k irreducible variety contained in Z*(f1)N...NZ*(fx) . Then
if x is a generic point of V' and H is a generic hyperplane of codimension k such that
x € H. Then we can find a small ball B C C¢ containing = such that z is the only
point in BNHNV. Now, let f{ = fi+e€1,..., fl = fr+€r, where €, ..., €, are generic
real numbers with sufficiently small magnitude. Then BN HNZ*(f{)N...NZ*(f}) is
a union of mult(Z*(f1),...,Z*(fx); V) points. Informally, if B is a small ball centered
around a generic point of V', then if we perturb fi,..., f, the intersection “splits” into

mult(Z*(f1),...,Z*(fx); V) sheets.

2.6 Differential geometry

Definition 33. Let Gr(d, k; C) be the Grassmanian of (complex) k—dimensional subspaces

of C?. Note that this is a smooth manifold.

Definition 34. Let M C C% be a smooth manifold of dimension k. Then we define the

k—dimensional Grassmannian bundle over M as
G(M,k) ={(2,T.(M)): z € M}. (2.15)

Then G(M, k) is a smooth k-dimensional sub-manifold of C? x Gr(d, k;C) (here a k-
dimensional subspace I € Gr(d, k;C) is considered a 0-dimensional manifold, not a k-

dimensional manifold, since it is a “point” in II € Gr(d, k; C).)
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Definition 35. If M;, M, are smooth sub-manifolds of a smooth manifold M, and dim(M;)+
dim(M,) = M, we say that M, My intersect transversely at x € M; N My if T,(M;) +
T.(Ms) = T,(M). We say that M, M, intersect transversely if they intersect transversely

at every point x € My N Ms.

Definition 36. Let M C R? be a smooth manifold that is contained in a compact set. We
say that M’ is an e-perturbation of M if there exists a diffecomorphism : R? — R? with
Y(M) =M, and ||t — I||on < e If M C C? we define an e-perturbation similarly.

Proposition 37. Let My, My be smooth sub-manifolds of a smooth manifold M C R¢ or
M c C%. Suppose that dim M; + dim M, = dim M, and that M is contained in a compact
set. Then if M, My intersect transversely, there exists an ¢y > 0 such for all smooth sub-
manifolds M|, Mj C M, if M7 is an e-perturbation of M; and M) is an e-perturbation of
My, then |M; N M| = |M] N M}|. Note that since M is contained in a compact set and
M, My are transverse and have complimentary dimension (in M), the intersections have

finite cardinality.

Proposition 38. Let (f1, f2) C Clxy, za, 23, 4] be a (scheme-theoretic) complete intersection,
and let B C C* be a ball. Suppose that Z(f;) N Z(f2) N B is a smooth 2 (complex)
dimensional manifold. Then for every € > 0, there exists a 6 > 0 so that if 0 < d1,0 < 0,

then Z(f1 + 01) N Z(fa + 02) N B is an e-perturbation of Z(f;) N Z(f2) N B.
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CHAPTER 3

An improved bound on the number of point-surface

incidences in three dimensions

3.1 Introduction

In [CEGY90], Clarkson, Edelsbrunner, Guibas, Sharir, and Welzl obtained the following bound

on the number of incidences between points and spheres in R3:

Theorem 39 (Clarkson et al.). The number of incidences between m points and n spheres

in R3 with no three spheres meeting at a common circle is
O((mn)**B(m,n) +m + n), (3.1)

where B(m,n) is a very slowly growing function of m and n. In particular, f(m,n) <

20a(m®/n)* “where a(s) is the inverse Ackerman function and C' is a large constant.

We obtain the following slight sharpening:

Theorem 40. Let k > 3, and let P C R? be a collection of m points and S a collection of n
smooth algebraic surfaces of bounded degree (the degree is allowed to depend on k) such that
for some constant C' we have |SNS'NS"| < C forall S,5,5" € S, and for any collection
of k points in R3, there are at most C surfaces that contain all k points. Then the number
of incidences between points in P and surfaces in S is

O(m%n% +m+n), (3.2)

where the implicit constant depends only on k, C, and the degree of the algebraic surfaces.
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In particular, the number of incidences between m points and n spheres in R3 with no

three spheres meeting at a common circle is
O((mn)** + m +n). (3.3)

Remark 41. The requirement that every three surfaces meet in a complete intersection, or
some variant thereof, is necessary to prevent the situation in which all of the surfaces meet
in a common curve and all of the points lie on that curve, yielding mn incidences (i.e. if we
don’t place any restrictions on how the surfaces can intersect, then the trivial bound of mn

incidences is sharp).

Remark 42. When k = 2 and n = m, the following example shows that Theorem 40 is sharp.
Let P be the set [—2k,2k]* x [0, 2k?], and let

S:{Z:($—$0)2+(y—y0)2+201xo,yoz—k,--->k; 20207---7/42}“

Then |P| = 32k, |S| = k%, and we can verify that for every triple S, 5", S” of surfaces in S,
we have |S N SN S”| <8, and for every three points of P, there are at most four surfaces
from S that contain all three. Since each S € S hits > k? points from P. Thus there are

> k% incidences total.

Remark 43. The requirements that every three surfaces meet in C' points and that every
k points have at most C' surfaces passing through them are analogous to the definition of
“curves with k degrees of freedom” from [PS98], though in [PS98] the curves do not need to

be algebraic.

Remark 44. Theorem 39 can be extended to the more general case of bounded degree al-
gebraic surfaces using the decomposition techniques described in [SA96, §8.3] to obtain an

analogue of (3.2). Doing so yields a bound of
2k 3k—3

O(ms=Tnsi=1 §(m, n) +m +n),

where [ a slowly growing function.
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3.1.1 Previous results

Concurrently with (and independently of) this work, Kaplan, Matousek, Safernova, and
Sharir in [KMS12a] obtained results similar to the bound (3.3) using similar methods. Kaplan
et. al. are able to avoid some of the technical difficulties present in this paper by using an

explicit parameterization of the sphere by rational functions.

Similar results to Theorem 3.1 and 3.2 have been obtained by Laba and Solymosi in [IS07]
and by losevich, Jorati, and Laba in [IJL09]. In [IS07] and [IJL09], however, the authors
consider a more general class of surfaces (they need not be algebraic), but they require that

the point set be “homogeneous” in a suitable sense.

Our techniques do not work well when k£ = 2, i.e. for obtaining bounds on point-
hyperplane incidences, but this case has been studied by other authors (see e.g. [ET05],
where the authors obtain sharp bounds on point-hyperplane incidences under a slightly dif-

ferent set of non-degeneracy conditions).

3.1.2 Proof sketch

Clarkson et al. obtain Theorem 39 through their “Canham threshold plus divide and con-
quer” technique: the arrangement of spheres in R? is subdivided into smaller collections
through a careful partitioning of R3, and the number of incidences between these smaller
collections of spheres and points is controlled by a Turan-type bound on the number of edges

in a bipartite graph with certain forbidden subgraphs.

In this paper, we employ similar ideas, except instead of dividing the problem into smaller
subproblems by partitioning R? into cells using a decomposition adapted to the collection
of spheres (or more general nonsingular algebraic surfaces), we employ a partition adapted
to the collection of points. This partition is obtained from the discrete polynomial ham
sandwich theorem recently used to great effect by Guth and Katz in [Gut10] and more
recently by Solymosi and Tao in [ST12] and by Kaplan, Matousek, and Sharir in [KMS12b].

Specifically, we find a polynomial P such that the complement of the zero set of P consists
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of open “cells,” none of which contain too many points. We can then apply a Turan-type
bound to the points and surfaces inside each cell. However, some points may lie on the zero
set of P, and thus do not lie in any of the cells. To deal with these points, we perform
a second polynomial ham sandwich decomposition to find a polynomial ) whose zero set
partitions the zero set of P into cell-like objects, and we apply the Turan-type bound to each
of these “cells.” While it is possible that a point could lie in the zero set of both P and (@),

we can use Bézout-type theorems to control how often this can occur.

3.1.3 Some difficulties with real algebraic sets

There are several technical difficulties that have to be dealt with while executing the above
strategy. In contrast to the situation over C, there exist polynomials P, ..., P; € Rlzy,...,
xg4) of degrees Dy, ..., Dy such that {P, =0} N...N{P; = 0} contains more than D; ... Dy
isolated points, i.e. the naive analogue of Bézout’s theorem fails over R. To deal with this
problem, we will sometimes be forced to embed our varieties into C and use the (usual)
Bézout’s theorem (though we have to be careful that the intersection of the embedded

varieties does not contain new, unexpected components of positive dimension).

A second difficulty concerns the failure of the Nullstellensatz for varieties defined over R.
In contrast to the complex case, If (P) is a principal prime ideal and @) is a real polynomial,
it need not be the case that if Q vanishes identically on {x € R?: P = 0} then Q € (P).
Luckily, there is a special type of ideal known as a “real ideal” for which an analogue of the
Nullstellensatz does hold. Frequently we will be required to replace our polynomials with

new polynomials that generate real ideals.

Finally, if P € R[xy,...,z4] then the dimension of {x € R?: P = 0} may be less than
d — 1, and even if P is square-free, VP may vanish on {P = 0}. Again, we can remedy this

problem by working with (irreducible) polynomials that generate real ideals.
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3.2 Main Result

We are now ready to prove Theorem 40. For the reader’s convenience, we will restate the

theorem below.

Theorem 40. Let k > 3, and let P C R? be a collection of m points and S a collection of n
smooth algebraic surfaces of bounded degree (the degree is allowed to depend on k) such that
for some constant C' we have |[SN S NS"| < C for all S,5,5” € S, and for any collection
of k points in R3, there are at most C' surfaces that contain all & points. Then the number

of incidences between points in P and surfaces in § is

2k 3k—3

O(m3=Tn3k=1 +m +n), (3.2)
where the implicit constant depends only on k, C, and the degree of the algebraic surfaces.

Proof. We will begin with a few definitions that will be useful throughout the proof.

Definition 45. If S is a collection of smooth (real) surfaces and P a collection of points,
let Z(P,S) be the number of incidences between the surfaces in S and the points in P. If

S € S is a surface, then fg is the polynomial whose zero set is S.

In our case, we have that |S NS 'NS”| < C for every three surfaces 5,5, 5", and any k

points have at most C' surfaces passing through all of them. Thus we have the bounds

Z(P.S) SIPISIVE +18], (3-4)
Z(P,S) 5 [PPPIS| +|P|. (3.5)

From (3.4) and (3.5), we have that if n > ¢cm* or m > ¢n? for some fixed small constant

¢ > 0 to be specified later, then Theorem 40 immediately holds. Thus we may assume

n < emF,

(3.6)
m < cn3.
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We may also assume that the surfaces in S are irreducible varieties. Indeed, if this was
not the case then we could let 8’ be the set of all irreducible components of surfaces in S.
We have |S§’| < [S], and the surfaces in S’ satisfy the same bounds as the surfaces in S. We

could then run our arguments below with & in place of S.

Let P be a square-free polynomial of degree at most D (D will be determined later, but
the impatient reader can jump to (3.25)) that cuts R? into O(D?) cells with O(m/D?) points
in each cell, and let Z = Z(P). Let m; be the number of points lying in the i—th cell of the
above decomposition, and let n; be the number of surfaces that meet the interior of the i—th

cell.

Lemma 46.

Zni < D?n. (3.7)

Proof. Let S be a surface that is not contained in Z. Since there are finitely many cells, we
can select a large closed ball B C R? so that the number of cells that meet S is equal to the
number of cells that meet SN B. We can apply a small generic translation to .S, and doing so
can only increase the number of cells that meet SN B (and thus can only increase the number
of cells that meet S). Select a generic vector v € R® and let T'(z) = v AV fs(x) A VP(x), so
if v € SNZ and Vfg(x) and VP(x) are non-zero and non-collinear, then 7'(x) = 0 if the

curve S N Z is tangent at x to a plane with normal vector v.

For every cell ) that meets S, either €2 contains an entire connected component of S
(since S has bounded degree, at most O(1) cells can contain an entire connected component

of S), or there is a point z € 9 N S satisfying the following properties.
1. x is a smooth point of the space curve Z N S.
2. z is a non-singular intersection point of Z(T)NZ N S.

3. x is a smooth point of 0f2.

These three properties follow from the fact that v is generic and we picked a generic transla-

tion of S. From Item 3, each point = satisfying the above properties can be associated to at
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most two distinct cells. By Item 2 and the real Bézout inequality (see e.g. [BPRO6, §4.7]),
there can be at most deg(P)deg(T) deg(fs) = O(D?) such points, and thus S can enter at

most O(D?) such cells. Since there are n surfaces in S, the result follows. O

Using Lemma 46 and the bound from (3.4) we can control the number of incidences

between points not lying in Z and surfaces in S:

I(P\Z.8)=> I(PN;,S)
S oman T
l 1-1/k

S(Snt)" () e o 9

(2 K3

k
< <D3m—>l/ (DQn)lfl/k_i_DZn

We must now control Z(P N Z,S). We have
I(PNZ,S)=Z(PNZ S)+IZ(PNZS,), (3.9)

where S is the set of surfaces contained in Z, and Sy are the remaining surfaces. Since Z
has degree D, Z can contain at most D surfaces from S, i.e. |S;| < D. By (3.5),
(PN Z.8) SIS PP +|P|
(3.10)
< Dm?? +m.

Thus it remains to control Z(PNZ,S,). Write P = P ... P, where each P; is irreducible
of degree D;, and let Z; = Z(P;). Thus we have D1+...+ D, < D, and Z = |J Z;. We would
like to use Lemma 24 to perform a second discrete polynomial ham sandwich decomposition
on each variety Z;, but if (P;) is not a real ideal then we cannot apply the lemma. Luckily,

the following lemma lets us remedy this situation.

Lemma 47. Let A C R[xy,...,xq4] be a collection of irreducible polynomials. Then we can

find a new collection A" of irreducible polynomials such that:
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1. UPGAZ<P) - UPG_A’ Z(P)'
2. Y peadeg P <3, degP.

3. (P) is a real ideal for each P € A'.

Proof. We shall proceed by induction on .., deg P. If the sum is 1 then the result is
trivial since in that case A consists of a single linear polynomial, so we can let A" = A.
Suppose the lemma has been established for all families A with Y peideg P < w, and let
Y peadeg P = w. If (P) is a real ideal for every P € A then the result is immediate.
If not, select Py € A such that (Fp) is not a real ideal. By Proposition 13 in Chapter 2,
V Py vanishes on Z(F). Let v € R? be a generic unit vector. Then Z(Py) C Z(V,FR)
and deg(V,Py) < deg Py. Write V,Py = Q1 ...Q, as a product of irreducible components,
and let A = A{P} U{Q1,...,Qu}. We have Y, 1deg P < sumpe mathcaa deg P = w,
and Jpc 4 Z(P) C UpegZ(P). Apply the induction hypothesis to A to obtain a family
A’ satisfying Properties 1-3 with A in place of A. We can verify that A’ has the desired

properties. ]

After applying Lemma 47, we can assume that each irreducible polynomial P; in the
factorization of P generates a real ideal. Write P N Z = | |P;, where P; consists of those
points lying in Z;. If a point lies on two or more such varieties, place it into only one of the

sets. We need to distinguish between several cases. Let
.Al = {] |Pj|k < Dfn},
Ay = {j: Din <|P;|* < D¥*"'n}, (3.11)
Az = {j: |P;|* > D;’k*ln}.

For each j € A; we have

I(Pj,SQ) SJ |Pj|n1_1/k +n
(3.12)
S Djna
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where the second inequality uses the assumption |P;| < D;n'/*. Summing (3.12) over all
j € Ay, we obtain

I( U Pj,SQ) 5 ZDJH

jEAY A (313)
< Dn.

Now we must control the incidences between surfaces and points lying on varieties Z;, j €
Ay or As. If j € Ay, use Theorem 19 to select a square-free polynomial @); of degree at most
Lj

|k 1/(2k—1)
_ ’PJ|) , (3.14)

i < nD}c
that cuts R? into O(E?) cells, each of which contains O(|P;|/E?) points of P;. Recall that
P; is irreducible, (P;) is real, and j € A, implies deg(Q;) < E; < deg(F;). Thus @Q); does
not vanish identically on Z;. Let Q; = {Q,} and let W; = Z(Q);).

If j € A3, let E; be as in (3.14) and use Theorem 24 (with £ = Ej) to find a family
Q; of polynomials satisfying properties 1-4 of the theorem. In particular, the realizations of
the realizable strict sign conditions of Q; on Z; partition Z; into O(DjEJZ) (not necessarily
connected) sets, each of which contains O(|P;|/D;E?) points, plus the “boundary” Z; N
Ug, Z(Q). Define W; = (Jg. Z(Q) (thus the definition of W; depends on whether j € A; or
Jj € A3).

Regardless of whether j € A, or As, have
I(P;,S) = T(PAW;,S) + I(P; N W, Ss). (3.15)

We shall begin by bounding the first term of (3.15). If j € Ay, then through the same

computation performed in (3.8) we have
[Pyt~ 2
Sy nk;
J
P i (3.16)
J
>~ —El_l/k + TLDjEj.

J

Z(PA\W;,S2) S
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If j € As, then let €;; be the realization of the i—th realizable strict sign condition
of Q; on Z;. Recall that there are O(DjEjZ) such realizable strict sign conditions. Let

m;; = |P; N Qyl, and let n;; be the number of surfaces in S, that intersect €2;;.

Lemma 48.

ni; < nD;E.. 3.17
Z J ~ ]

Proof. 1f a surface S € S lies in W then it does not contribute to the above sum, so we need
only consider those surfaces that do not lie in Z; or W;. First, we can replace each Q) € Q by
the polynomial Q+e€ for € > 0 a sufficiently small constant. If SN{z € R*: Q(z) > 0}NZ; #
0, then there must be a point on SN Z; where Q is positive, so SN {z € R*: Q(z) + € >
0} N Z; # 0 for e sufficiently small, and similarly for S N {z € R*: Q(z) < 0} N Z;. Thus
replacing each ) € O by ) + € does not increase the number of realizations of realizable
strict sign conditions that meet S. We shall select a small generic (with respect to S and

Z;) choice of e.

By Corollary 56 in Appendix A below, we can assume that each irreducible component

of each polynomial in Q; generates a real ideal.

Instead of counting ). n;; directly, we shall bound the number of times a surface S
enters a connected component of Z;\W;, as this quantity controls ), n;; (i.e. if the same
surface enters multiple connected components of the same realization of a realizable strict
sign condition then we will over-count, but this is acceptable). The proof is essentially

topological.

Let S € Sy with S not contained in W;. As in Lemma 46, we can select a large closed ball
B so that the number of connected components of Z;\W; that S enters is equal to the number
of connected components that S N B enters. Now, replace S by S" = Z((fs + €)(fs — €))
for € > 0 a sufficiently small generic number. Provided e is sufficiently small, if S meets a
connected component A of Z\W; then S” also meets A, since fg is a continuous function on
the (relatively) open set A, so fg vanishes somewhere on A but does not vanish identically

on A. Thus it suffices to count the number of times S’ meets a connected component of
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Z\Wj. After replacing S by S’ (and recalling that we applied a small generic perturbation

to each ) € Q), every point in Z; N W; NS’ is a point of non-singular intersection.

Now, if S meets a connected component A of Z;\W;, then one of the following two things

must occur:
1. A contains (all of) a connected component of S’ N Z;.

2. 8’ N A contains a (topological) curve that meets the boundary of A at a point = €
S"N Z; N W;. Furthermore, there is at most one other connected component A’ for

which Item 2 holds for the same point .

We will first bound the number of times Item 1 can occur by showing that S'NZ; contains
O(DJQ») = O(D;E;) connected components. Apply a generic rotation to the coordinate axes,
and consider the plane curve v = Z(res,,(fs/, P;)), where res,, is the resultant of fg and
P; in the x3 variable. Since neither of the (two) irreducible components of 5" are contained
in Z;, v is indeed a plane curve, and v contains the image of the projection of S’ N Z; in
the x5 direction. Thus, the number of connected components of S’ N Z; is bounded by the
number of connected components of v plus the number of singular points of v. Since v has
degree O(D;), both these quantities are O(D?) (this follows from Bézout’s theorem in the

plane and the Harnack curve theorem).

We will now bound the number of times Item 2 can occur. By the real Bézout’s inequality,
S'"NZ;NW; contains O(D, E;) points of non-singular intersection, and thus Item 2 can occur
at most O(D,E;) times.

Thus S’ can enter at most O(D;E};) connected components of Z;\W;. Since there are at

most n surfaces, the result follows. n

Remark 49. A similar result to Lemma 48 can be obtained from the recent work of Barone

and Basu in [BB12] and Solymosi and Tao in [ST12].
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Using Lemma 48, we have

I(PAW;, S2) = Y I(P; N, Ss)
N Z mijnilj_l/k + N

1/k 1-1/k
< (me (Zm) +ni (3.18)

|7>.’k: 1/k 3
< (DJEJQW> (nD;E;)' " + nD; E;
|Pjlnt 1/
- p 1k

J

+ nDjEj.

Our analysis of the second term of (3.15) will be the same regardless of whether j € A,

or Ajz. We shall express this bound as a lemma.

Lemma 50. For j € Ay U A3, let Z;, W;, Pj, and Sy be as above. Then
Z(P; N W;,8) S nD;E; + | Pyl (3.19)
Proof. We shall write
Z(P;NW;,82) = Ti(P; NW;, 8) + Tr(P; N W, Ss), (3.20)

where Z; counts those incidences between points p € P; N W; and surfaces S € S, such
that p* lies on a 1 (complex) dimensional component of S* N Z7 N W, and Z, counts the
remaining incidences. To control Z,, note that by Bézout’s inequality (over C), for each

S €8y, S*NZy NW} contains O(D;Ej) isolated points. Since |Sy| < n we obtain

IQ(PJ' N VV]‘, 82) S nDjEj. (321)

Thus it remains to control Z;. First, we shall replace Q; with a new family of polynomials

Qj with the following properties:
1. Zj N Wj C Zj N UQEQJ- Z(Q)
2. ZQer degQ < E;.
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3. Each Q € Qj is irreducible.

4. For each @) € Qj, every irreducible component of Z; NZ(Q)* that contains a real point

has (complex) dimension 1.

The procedure will be similar to that in the proof of Lemma 47: For each Q) € Q;, write ) =
Q1,...,Qq as a product of irreducible factors. Discard those factors @y, with Z(Q,)NZ; = 0.
Of the remaining factors, place each irreducible factor that generates a real ideal in Qj. If
Q) is a factor that does not generate a real ideal then consider V,Q), for v a generic vector.
By assumption, (), does not vanish identically on Z;, but it does vanish on at least one
point on Z;. Thus @) is not constant on Z;, so VQ; does not vanish identically on Z; and
hence if v is a generic vector then V,@), does not vanish identically on Z;. Thus we can
repeat the above procedure with V, Q) in place of (). This process will eventually terminate,
and the resulting collection of polynomials Qj has the desired properties; Properties 1-3 are
immediate. To obtain Property 4, suppose that for some @) € Qj, Z:N Z(Q)* fails to be a
complete intersection. Then there exists some variety Y that is an irreducible component of
both Z¥ and Z(Q)*. by Proposition 17 in Chapter 2, R(Y') is an irreducible component of
Z; and Z(Q), and thus either R(Y) = 0 or R(Y) = Z; = Z(Q). The latter is impossible

since Z; and Z((Q) have dimension 2, while Z; N Z(()) has dimension at most 1.

Let
W= | z().

QEQJ'
We can write

z:nwy =Jy; (3.22)

as a union of irreducible (complex) varieties. By Property 4 above, we need only consider
those components with (complex) dimension 1. We shall discard all components that have

dimension 2. Let

75]- = {p € P;: there exists a (Euclidean) neighborhood U C C* of p* such

that Z7 N Wf NU is a (topological) 1-complex-dimensional curve}.
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We shall establish several claims.
L Z:n W;‘ is a union of O(D;E;) irreducible varieties.
2. Ifpe 75j then p* lies on at most one of the irreducible components from (3.22).

3. Let Y be a variety from the above decomposition. If there exist three surfaces S7, S5, S3

in S; such that Y C S}, i =1,2,3, then |P, NR(Y)| < C.

4. If S € &, then there are O(D;E;) points p ¢ 75j such that p* is contained in a

I-dimensional component of S* N ZF N V.

For Item 1, see e.g. [Ful98]. Item 2 follows from the assumption that every variety in the
decomposition (3.22) has dimension 1. Item 3 follows from the requirement that any three
surfaces intersect in at most C' points. To obtain Item 4, suppose that D; < E; (if not, we
can interchange the roles of Z; and W;). Note that if p satisfies the requirements of Item 4,
then S* N Z: N W} fails to be a complex (C°) curve in a small neighborhood of p* (i.e. in
a small neighborhood of p*, 5* N Z7 N W} is a union of several complex curves all passing
though p*), and thus S* N Z7 fails to be a complex (C°) curve in a small neighborhood of
p*. Thus after a generic rotation of the coordinate axis, the image of p* under the projection
(1,29, 23) — (z1,72) is a singular point of the (complex) plane curve Z(res,,(fs, P;))",
where res,, is the bivariate polynomial obtained by taking the resultant of fg and P; in the

x5 variable. This curve has degree O(D;) and thus has O(D?) = O(D;E;) singular points.

Now, for each S € S,, at most O(D;E;) points p € P;\P; can contribute to Z;(P;, {S}),
so the total contribution from all surfaces in Sy is O(nD;E;). To control the remaining
incidences, use Item 3 to write {Y;} = {Y/} U{Y]"}, where the first set consists of varieties
that are contained in at most 2 surfaces S € S,, and the second consists of varieties that
contain at most C' points. Each point p € 75j with p* € | Y/ can be incident to at most two
surfaces, so the total contribution from such points is O(|P;]). On the other hand, by Item
1 at most O(D;Ej;) points can be contained in R({JY]’), so these points can contribute at
most O(nD;E;) incidences. O
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Combining (3.16), (3.18), and (3.19) and optimizing in E;, we see that our choice of E;
from (3.14) yields the bound

P
I(P;,8) S [P|% in# i DX 4 my. (3.23)

Summing (3.23) over all j € A;U. A3 and noting that Lk_l and 2:—_11 are conjugate exponents,

we obtain

_ k=1
I( J PSS Y [P nsSiDI 4Py
JEAUA3 A2UA3

§n3m<z|pj|>%"—l<z Dj)ﬁe‘—ﬂ e (3.24)
J

J

< k_ 2k—2 _ k-1
S m2kT n2k—1 D2k=1 4 .

Finally, selecting

k -1

D = m3-1n3-1, (3.25)

which by (3.6) satisfies D > (', and combining (3.6), (3.8), (3.10), (3.13), and (3.24), we

obtain
nl-1/k

DLk Dm?/?

Z(P,S) S D*n+m +

2k—2 kE—1

+nD +m+ mﬁnqu D2k—1

(3.26)

2k 3k—3 2
- — 3+
S m 3k—17,3k—1 +m3

k —1
3k—173k—1 + m _|_ n

< 2k 3k—3
N m3k—17,3k—1 + m + n.

3.3 Applications

In [Erd46, Erd60], Erdés asked how many unit distances there could be amongst m points
in the plane or in R3. Theorem 40 yields new bounds for the R?® version of this question.

Let P be a collection of m points in R3, and let S be a collection of unit spheres centered
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about the points in P. We can immediately verify that any three spheres have at most eight
points in common, so Theorem 40 tells us that there are O(m??) point-sphere incidences,

i.e.

Theorem 51. The maximum number of unit-distance pairs in a set of m points in R is

O(m3/?).

This is a slight improvement over the previous bound of O(m?*?3(m)) from [CEG90],

where (3 is a very slowly growing function.

As observed in [CEG90], Theorem 40, combined with the method outlined in [Chu88]
can be used to establish bounds on the number of incidences between points and spheres in

R?. Specifically, we have the following theorem:

Theorem 52. The mazimum number of incidences between m points and n spheres in R?
18
O(mA/ D pd/ @+ 4y 4 ), (3.27)

provided no d of the spheres intersect in a common circle.

Again, this is a slight improvement (by a (m,n) factor) from the analogous bounds
established in [CEG90]. See [CEG90, §6.5] for additional applications of Theorem 40. In
each case, we are able to slightly sharpen the bound from [CEG90] by removing the 5(m)

factor.

3.4 Generalizations to higher dimension

It is reasonable to ask whether Theorem 40 can be generalized to incidences between points
and hypersurfaces in higher dimensions. This task appears to be quite involved, as the
necessary algebraic geometry becomes more difficult. In particular, it appears that in order
to generalize the proof of Theorem 40 to (say) spheres in R%, we need to perform d — 1

polynomial ham sandwich decompositions, with each successive decomposition performed

30



on the variety defined by the previous decompositions. As d increases, the number of cases
to be considered increases dramatically, and certain difficulties such as the failure of the
connected components of a complete intersection to themselves be a complete intersection,
the failure of an arbitrary complete intersection to be a nonsingular complete intersection,

etc. become increasingly problematic.

One could also consider two dimensional surfaces in R?, d > 3, and this appears to be
more promising. However, the analogues of (3.10) and Lemma 50 become more difficult:
an algebraic variety of dimension d — 1 can contain many 2-dimensional surfaces without
obvious constraints being imposed on its structure, and in higher dimensions there are more
(and more complicated) ways in which varieties can fail to intersect completely. Nevertheless,

this is certainly a promising area for future work.

Appendix A: Removing non-real components from a polynomial

Definition 53. If P C R[zy,...,z4] is a polynomial and P = P, ..., P, is its factorization,
we define P to be the polynomial obtained by removing those irreducible components that
generate ideals that aren’t real. If every irreducible component of P generates an ideal that

is not real, then we define P=1.

Ezample 54. Let P = (22 4+ 22422 —1)(22+22). Then P = 22+ 22+ 22 — 1. Geometrically, if
P # 1, then Z(P) is a (d—1)-dimensional (real) variety, but some of the components of Z(P)
may have dimension less than d — 1. P keeps only those factors that generate components

that have dimension d — 1, and discards the rest. Note that Z(P) may still contain points

whose local dimension is less than d — 1.

The existence of polynomials that do not generate real ideals complicates our analysis,
but since the zero sets of such polynomials have codimension at least 2, we can ignore them
when we are computing the number of times a surface meets the realization of a realizable
strict sign condition of a family of polynomials. The following theorem helps make this

statement precise.
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Theorem 55. Let Q C Rlzy,...,x4), d > 3 be a collection of real polynomials and let
Q = {Q Q € Q}. Then there exists a bijection

7: Reali(Q) — Reali(@)

such that
X C 7(X) for every X € Reali(Q). (3.28)

Similarly, if Z = Z(P) where P € Rxy, ..., x4] generates a real ideal and no polynomial

Q € Q wvanishes identically on Z, then there exists a bijection
7: Reali(Q, Z) — Reali(Q, 2)

such that
X C 7(X) for every X € Reali(Q, 7). (3.29)

Proof. First, by Item 5 of Proposition 13, for each ) € Q we have that Q/Q >0or Q/Q <0
on all of R?. Choose g € {£1} so that 5QQ/Q > 0. Now, note that if there exist Q1, Q2 € O
with Q; = @, and if ¢ is a strict sign condition on Q, then either eo,0(Q1) = £0,0(Q2)
or Reali(o, Q) = (). Thus if o is a realizable strict sign condition on Q, then we can define

G: Q — {1} by 6(T) = ego(Q), where Q € Q satisfies T = Q, and & is well-defined.

We shall show that the map g — X5, 0 = & is a bijection. To prove injectivity, note
that if distinct 01,09 both map to the same element 7, then £go1(Q) = €go2(Q) for all
Q € Q, so clearly 01 = 0. To establish surjectivity, note that each o1 € X has a pre-image
under the map o + ¢. Thus every element of ¥5 may be written as ¢ for some strict sign
condition o on Q. All that we must establish is that o is realizable. For each Q) € Q, we
have

dim ({Q > 0}\{e0Q > 0}) < d — 2, (3.30)
(seei.e. [BCRIS] for the dimension of a semi-algebraic set). On the other hand, the realization
of each realizable strict sign condition of Q has dimension d. Thus if Reali(5, Q) # 0
then Reali(o, Q) can be written as a (non-empty) dimension d semi-algebraic set minus a

dimension d — 2 semi-algebraic set, and in particular, Reali(o, Q) # (.
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Thus the map Reali(Q) — Reali(Q) given by Reali(o, Q) — Reali(d, Q) is well-defined
and is a bijection. Now, note that by Items 3 and 5 of Proposition 13, {o@Q > 0} C {Q > 0},

and similarly with “>” replaced by “<”). Thus
Reali(o, Q) C Reali(d, Q),

so (3.28) holds.

The same arguments establish the second part of the theorem. The only new thing that
must be verified is that the map ¥g 7 — X4 ,, 0+ & is onto. However, this is established
by (3.30) plus the fact that the realization of each realizable strict sign condition of Q on Z

has dimension d — 1. O

Corollary 56. Let S C R? be a smooth surface, let Q be a collection of polynomials, and let
Q be as in Theorem 55. Then

{X € Reali(Q): X NS # 0} < |{X € Reali(Q): X NS # 0}. (3.31)

Similarly, let S C R3 be a smooth surface, let Z = Z(P) where P € R[xy, x5, 23] generates a
real ideal, let Q be a collection of polynomials, none of which vanish identically on Z, and

let Q be as in Theorem 55. Then

{X € Reali(Q,2): X NS # 0} < |{X € Reali(Q, Z): X NS +# 0. (3.32)
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CHAPTER 4

A Szemerédi-Trotter type theorem in R*

4.1 Introduction

In [ST83|, Szemerédi and Trotter proved the following theorem:

Theorem 57 (Szemerédi-Trotter). The number of incidences between m points and n lines

in R? is O(m?*n?3 +m +n).

Theorem 57 has seen a number of generalizations. In [T03], T6th generalized Theorem
57 to complex points and lines in C2. However, as of this writing (2013), T6th’s paper is still
in the midst of a lengthy review process while awaiting publication. Solymosi and Tardos
[STO7] gave a simpler proof of the same result in the special case where the point set is
a Cartesian product of the form A x B C C?. Edelsbrunner and Sharir [ES91] obtained
incidence results for certain configurations of points and codimension—1 hyperplanes in R?,
and Laba and Solymosi [IS07] obtained incidence bounds for points and a general class of
2-dimensional surfaces in R3, provided the points satisfied a certain homogeneity condition.
Elekes and Téth [ET05] and later Solymosi and Téth [Sol05] obtained incidence results
between points and hyperplanes in R?, again provided the points satisfied various non-

degeneracy and homogeneity conditions.

In [ST12], Solymosi and Tao used the discrete polynomial ham sandwich theorem to
obtain bounds for the number of incidences between points and flats. Aside from an € loss
in the exponent, Solymosi and Tao’s result resolved a conjecture of Téth on the number
of incidences between points and d-flats in R??. The discrete polynomial ham sandwich

theorem was also used by the author in [Zah13a] to obtain incidence results between points
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and 2-dimensional surfaces in R? (with no homogeneity condition), and by Kaplan et al. in
[KMS12a] to obtain similar bounds on the number of incidences between points and spheres
in R3.

Here, we combine the crossing lemma and the discrete polynomial ham sandwich theorem
to obtain a new result which can be seen either as a sharpening of the R* version of the
Solymosi-Tao result from [ST12] or a generalization of Téth’s result from [T03]. To the best

of the author’s knowledge, this is the first time these two techniques have been used together.

4.1.1 New Results

Definition 58. Let P be a collection of points in R* and S a collection of 2-flats. We define

the set of incidences of P and S to be

Z(P,S)=|{(p,S) e P xS:pe S}.

In [Zah12b], the author proved the following theorem.

Theorem 59. Let P C R* be a collection of points, with |P| = m. Let S be a collection of
2—flats, with the property that no two 2—flats meet in a common line. Suppose that m < n.
Then

Z(P,S) <Sm*3n*3 + m+n. (4.1)

In this section, we will give an abbreviated proof of the theorem (the original theorem in

[Zah12b| was more general).

4.1.2 Corollaries and applications of Theorem 59

We can use Theorem 59 to recover the Szemerédi-Trotter theorem for complex lines in C2,
which was originally proved by Téth in [T03]. Note that by point-line duality in C?, we can
always assume that the number of lines is at least as great as the number of points (i.e. we

can always assume p < 1). Thus we have:
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Corollary 60 (Complex Szemerédi-Trotter). Let P be a collection of m points and let S be
a collection of n (complex) lines in C2. Then the number of incidences between points in P

and complex lines in S is O(m?*n?3 +m +n).

4.1.3 Proof sketch

The basic idea is as follows. Since each pair of points has at most two 2-planes passing
through both of them, we can use the Cauchy-Schwarz inequality to obtain a rudimentary
bound on the cardinality of any collection of point-flat incidences. We will call this the
Cauchy-Schwarz bound. Using the discrete polynomial ham sandwich theorem, we find a
polynomial P of controlled degree whose zero set cuts R* into open “cells,” such that each
cell contains roughly the same number of points from P, and each 2-flat from & does not
enter too many cells. We can then apply the Cauchy-Schwarz bound within each cell. This
allows us to count the incidences occurring between flats and points in P\Z. In order
to count the remaining incidences, we perform a “second level” polynomial ham sandwich
decomposition on the variety Z. This gives us a polynomial () which cuts Z into a collection
of 3—dimensional cells, which are open in the relative (Euclidean) topology of Z. We then
apply the Cauchy-Schwarz bound to each of these 3—-dimensional cells. The only incidences

left to count are those between flats in § and points in PNZN{Q = 0}. Let Y = ZN{Q = 0}.

We can choose P and @ in such a way that Y is a 2-dimensional variety in R*. Let S be a
2-flat in S. Then S will intersect Y in a union of isolated points (proper intersections) and 1-
dimensional curves (non-proper intersections) (the case where S meets Y in a 2-dimensional
variety can be dealt with easily). The number of isolated points in the intersection can be
controlled by the degrees of the polynomials P and ) (we are working over R, where Bézout’s
theorem need not hold, so we need to be a bit careful), and thus the number of incidences
between points p € PNY and flats S € § such that p is an isolated point of S NY can be

controlled.

The only remaining task is to control the number of incidences between points of P NY
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and 1-dimensional curves arising from the intersection of Y and flats S € S. To simplify the
exposition, pretend Y is a disjoint union of N 2-planes, i.e. Y =1II; U ... UIly (of course,
we will not make this assumption when we prove the actual result). Then for each plane II;,
II; NS = Lg; is a line on II;. It remains to count the number of incidences between P N1I;

and {Lg,;}ses. The Szemerédi-Trotter theorem for lines in R? would give us the bound
I(P NI, {Lsi}ses) < C|P NILPP2IS|12 + PN IL| +|S], (4.2)

but if we sum (4.2) over the N values of i, we have only bounded the number of incidences
by N3|P|#3|S*/3 4+ |P| + |S|. Since N can be quite large, this is not sufficient. Instead,
recall Székely’s proof in [Sz97] of the Szemerédi-Trotter theorem, which uses the crossing
lemma (the crossing lemma and all other graph-related quantities are defined in Section 2.2).
Loosely speaking, we consider the graph drawing G; on II; whose vertices are the points of
P N1I;, and two vertices are connected by an edge if there is a line segment from {L; s}ses
passing through the two points. Then the number of edges of the graph is comparable to the
number of incidences between points and lines, and this is controlled by C(G;)/3V(G;)?/3,
where C(G;) is the number of edge crossings and V(G;) is the number of vertices of G;. Thus

in place of (4.2), we have
I(P NI, {Ls}ses) < CIP NILYPIC(GH)Y + [P N IL| + [S]. (4.3)

The key insight is that

Z C(Gl < ISI* (4.4)

Indeed, every pair of 2-planes S, S’ € S can intersect in at most one point, and since we
assumed the planes {II;} composing Y were disjoint, the intersection point of S N .S" can
occur on II; for at most one index . Summing (4.3) over all choices of i, applying Holder’s
inequality, and inserting (4.4), we obtain the correct bound on the number of incidences

between 2-flats in S and points lying on Y.

Unfortunately, the assumption that Y is a disjoint union of 2—planes need not be true.

Thus we must cut Y up into pieces, each of which behaves like a 2—plane, and we need to
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prove a more general form of the Szemerédi-Trotter theorem for families of curves and points
that lie on suitable domains. This is a purely topological argument, and it is done using the
crossing lemma. The decomposition of Y into suitable domains relies on results from real
algebraic geometry, and it works well provided Y is not of too high degree. The degree of Y
depends on the value of (log|P])/(log|S|). If |P] is too large compared to |S|, the degree of
Y is too big, and we cannot cut Y into suitable pieces without introducing error terms that
are larger than the bounds we are trying to prove. This is why we impose the requirement

m < n. In [Zah12b], we use more sophisticated techniques to get around this problem,

4.2 Proof of Theorem 59 step 1: cell partitionings

4.2.1 Initial reductions

We shall prove the statement by induction on m. Thus, we may assume that (4.1) holds for

all collections |P’|, |S" with |P’| < m. Let Cy be the implicit constant in (4.1).

From Lemma 1, we have

IZ| < mn*'? +n, (4.5)
IZ| <m?n+m (4.6)
Thus we may assume
n < em?,
(4.7)
m < cn?,

where ¢ is a small constant (we may make ¢ as small as we like by making the implicit

constant in (4.1) larger). Thus we may assume
m+n < com®3n?3, (4.8)

where we may make ¢y arbitrarily small at the cost of increasing the implicit constant in

(4.1).

38



4.2.2 First polynomial partition

Let
D =m!3p~1/6, (4.9)

which by (4.7) satisfies
C < D <n'/? (4.10)

Let P be a square-free polynomial of degree at most D such that Z = Z(P) cuts R?* into
O(D*) cells {Q;}, such that |P N Q| < m/D*. Let m; be the number of points in the i—th
cell, and let n; be the number of 2-flats in S that meet the i—th cell. We have m; < m/D*.

~Y

Lemma 61.

> n; S Dn (4.11)

Proof. The proof is similar to the proof of Lemma 46 in Chapter 3, so we will only give
a brief sketch here. Let S € S§. Select a large number R so that every cell that meets
S does so within the ball centered at the origin of radius R. Let P = P - fg, where
[B(71, 29, T3, 14) = 2% + 23+ 23 + 23 — R%. Thus the number of cells of Z(P) that S meets is
at most the number of bounded cells of Z(]5) that S meets. Since the property of S meeting
a cell is open, we can apply a small generic translation to S and a small generic perturbation
to P, and doing so can only increase the number of bounded cells that S meets. Now, we
can find f1, fo such that S C Z(f1) NZ(f2), (f1, f2) is a reduced ideal, and f; and f, are of
bounded degree. Let v be a generic vector in R*, and let T'(x) = v AV fy AV fy AVP. Then
deg T(x) < D. Now, the number of cells of Z(P) that S enters is controlled by the number

of (necessarily non-singular) intersection points of S, Z(P), and Z(T) (again, see Lemma 46

in Chapter 3 for details), and this is O(D?). O
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We have

YI(P N, S) <D (PN + )

% A

(o) e

A A %

1/2
S m;&) +nD?.
Selecting D as in (4.9), we have
> I(PNQ;,8) < m*Pn, (4.13)

4.2.3 Boundary incidences of the first partition

Let
S - Sl (] 82, (414)

where &) (resp. Sy) consists of those 2-flats that are contained (resp. not contained) in Z.

Lemma 62.

|I N ](7) N Zsmoothp Sl)l 5 m. (415)

Proof. Let p € P, and let H = T,,(Z). Suppose there existed flats Sy, 52 € Sy withp € S,p €
S’. Since S C Z, we have S C T,,(Z) = H. Similarly, S’ C H. Recall that T,(S)NT,(S") = p.
Thus we have two affine 2-planes, S and S” which meet only at the point p, but both are
contained in the affine 3—plane H. This cannot occur. Thus for each point p € P, there can

exist at most one flat S € §; with p € S. m

Thus it suffices to consider incidences between 2-flats and points lying on Zgn.. Let R
be the square-free part of |[VP|? ie. (R) is radical and Z(R) = Z(|VPJ?). Since P was
square-free, Z NZ(R) is a complete intersection. If we let S; C S; be those 2—flats contained

in ZNZ(R), then we must have |S;| < D? and thus applying Lemma 1, we have

Z(P O Zgng, S}) < D*m'? +m. (4.16)
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Let 8§ C S be those 2-flats (contained in Z) that are not contained in Z(R). We must now
control Z(P N Z,8Ss) and Z(P NZ(R),S}). But note that Z and Z(R) are both the zero-set
of polynomials of degree O(D), and thus the two collections of incidences can be dealt with

in the same fashion.

4.2.4 Second ham sandwich decomposition

We shall now control |ZNI(P N Z,S,)|. Factor P = Py ..., P, with each P; irreducible of
degree D;, and let Z; = {P;}. Let P; C Z; NP so that | |P; = P; if the same point p lies

on several Z;, place p into just one of the sets P; (the choice of set does not matter).

Let
Ao = {j: |P;? < einDSj},

Al = {j |Pj’2 Z clnD?}.
4.2.4.1 Incidences on varieties in A,

We have

U Pl <a) »D]

J€Ao Jj€Ao

< clnl/zD?’ (4.17)
< cim.

Thus by our induction hypothesis, we have

Z( U P;,S) < Coct*mP*n?? £ m +n
jedo (4.18)
< Coleg + e )m?3n?/3,

where ¢; is the constant from (4.8). If we choose ¢y and ¢; small enough, then the contribution

from (4.18) is acceptable.
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4.2.4.2 Incidences on varieties in A,

For each j € Ay, define
E; = |P;|Y*n V4D V2, (4.19)

Use Theorem 24 to find a collection of polynomials Q@ C Rlxzy,...,z4] whose strict sign
conditions partition Z; into O(D;E?) “cells” (note that a cell need not be connected), such
that each cell contains O(|P;|/ DjEJ:»)’) points from P. Let m;; be the number of points from
P; in the i—th strict sign condition, and let n;; be the number of flats from S, that meet the

1—th strict sign condition.

Lemma 63.

Proof. This proof is similar to the proof of Lemma 15 in [Zah13a], so we will only provide
a brief sketch here. Let S € §. Write S N Z as a union of irreducible curves, and denote
this collection of irreducible curves by I". By Harnack’s theorem (Proposition 16), Uyer’y
can have at most O((deg P)?) components. Now, for each irreducible curve v € T" and each
Q € Q, either v* C Z*(Q) or |[v*NZ*(Q)| < degydeg @, and thus [y NZ(Q)| < degydeg Q.
We will call intersections of this type “important” intersections between S, Z and Z(Q). If
v C Z*(Q), then since v* C Z*(Q), v C Z(Q), and thus v does not enter any realizations
of realizable strict sign conditions of Q on Z. Now, if ) is a realization of a realizable
sign condition of @ on Z, and SN # (), then we can associate to the pair (5,9) an
important intersection of S, Z, and Z(Q) for some @) € Q in such a way that every important
intersection is assigned to at most 2 pairs (.5, €2). Thus the number of realizations of realizable

strict sign conditions of Q on Z is at most O(deg P ). deg Q) = O(DE). O

Remark 64. A similar result to Lemma 63 can be obtained from the recent work of Barone

and Basu in [BB12].
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For each index j, we now have

ZIP N, Sy) <me 1/2+an

< <Z(%)2> (DjEjn>1/2 + D;Ejn (4.21)

1/2
EJ
Thus, if W, = UQer Z(Q), then
1/2

Pjln
Sz W8 £ (P b
j j I

< 34 P2 pL/2
< 3/ l/2 pl/2

< m2/3n2/3.

It remains to control the incidences that occur between flats in Sy and points that lie on

U iea, Pi N W;. We will do this in the next section.

4.3 Proof of Theorem 59 step 2: incidences on a surface in R*

Let
U znw,. (4.23)
jEAIUA,
Recall that
degZ; = Dj, degW; < Ej, (4.24)

where > D; < D (D is specified in (4.9), and Ej is specified in (4.19)). Our task is now to
establish the bound
I(PNY,S,) <m**n? +m+n. (4.25)

Once this has been done, Theorem 59 will be complete.
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Remark 65. Before we begin, let us first recall Székely’s proof in [Sz97] of the Szemerédi-
Trotter theorem, which uses the crossing lemma. Let P be a collection of points and £ a
collection of lines in R2. Let I(P, L) be the number of incidences between points in P and
lines in £. Suppose that all of the points (and thus all of the incidences) are contained in
some large disk U C R2. Consider the following graph drawing H: the vertices of H are
the points of P and the points where a line from £ meets OU. The edges of H are the line
segments connecting two vertices that arise from lines in £. To each incidence (p, L) € I,
we can associate an edge of H in such a way that the same edge is assigned to at most two
incidences. Thus I(P, L) < E(H). Now, delete all of the edges involving a vertex on dU,
and delete the vertices on OU. We have deleted at most 2|L| edges. Let H' be the resulting
graph drawing. Then I(P, L) < E(H') + 2|£|. By the crossing lemma,

E(H SV(H') + C(H)Y3V(H?/?
S|P+ L3P 3.
Thus I(P, L) < |P3IL)123 + |P| + |L).

We wish to do the same thing on a 2-dimensional real algebraic variety in R*. In this

section, we will develop the tools to do this.

Definition 66. Recall that Y; = Z; N W,. We define

Zo={(p,S) € P x Sy: p €S, there exists an index j such that p
is an isolated point of S NY;}, (4.26)

7, = I\TLo. (4.27)

Note that since S ¢ Y; for any S € S, Z; consists of those pairs (p, S) such that for each

index j, either p ¢ SNY; or p lies on a 1-dimensional component of S NY;.

We shall first deal with Zy. Fix a choice of S and j. Since S ¢ Z;, SN Z; consists
of 0 and 1-dimensional irreducible components. By Harnack’s theorem (Proposition 16),

SN Zj can contain at most DJQ- O—dimensional components. Now, consider the collection T
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of 1-dimensional irreducible components of S N Z;. We have Z,YGT degy < D;. For each
curve v € T, either v* C W7, or " N W is a discrete set. Let T; and T denote those sets
where the former (resp. latter) occurs. If v € T, then we must have v C Yj, and thus for
any point p € P that lies on 7, we must have (p, S) € Z; (we will deal with these incidences
later). If v € Ty, then by Bézout’s theorem (over C), [y* N W[ < degy - Ej, and thus there
are at most O(deg~y - E;) points p € P for which p € v and (p, S) € Zy. Summing over all

curves in T, we conclude

> {(p.S) €Ty: p €~} < DIE;. (4.28)

YET2

Summing (4.28) over all indices j and all choices of S € S and adding back the incidences

that lie on 0-dimensional components of S N Z; for al choices of S € S, we obtain

ol Sn (DF + D;E;)
j (4.29)

5 m2/3n2/3.

It remains to control |Z;|. We will do this in the next section.

4.3.1 Building an incidence model: R—Alg — C°

Lemma 67. Let Y, {Y;}, P, Ss, and Z; be as above.

Then there exists an “error set” I} C Iy and an “incidence model”
M = {(Us, Ai, By, i) YL,
where for each 1,
o U; C R* is homeomorphic to an open subset of R2.

e A; is a collection of open curves (homeomorphic to (0,1)) contained in U;.

e B, C U; is a collection of points.
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o 1;: U — R* is an embedding.
M and I' have the following properties:

(i) M does not increase crossing number:

YD Jand|< Y |Sns. (4.30)

i o,/ €A; S,5'eS

(i1) M counts incidences: If (p,S) € Z1\Z], then there exists some index i, some p € B;,

and some a € A; such that 1;(p) = p, p € 1i(a), a =;1(S), and p € @.

(i1i) The curves in A; are quasi-lines: For each indez i, and for pair of points py,p2 € By,

there is at most one curve in A; passing through both p; and ps.

(iv) M does not contain too many curves:
> Al SISI) DiE;. (4.31)
? J

(v) ' is not too big:
1Z'| < m?3n?3. (4.32)

Proof. We shall begin by constructing the “error set” Z:

I, ={(p,S) € Z: p € Yaing, p lies on a 1-dimensional
(4.33)
component of SN Yying}.

First, note that Y, is an algebraic curve, and
2

deg(Yiing) < (Z DjEj>

Now, if p € (Yiing)smootn and there exist two distinct flats S, 5" € S such that both (p,.S)
and (p,S’) are in Z7, then S N S’ must contain a 1-dimensional component of Y,e, so in

particular SN S’ is not a discrete set, which contradicts the requirement that every two flats
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meet at a single point. Thus for each p € (Yiing)smooth, there exists at most one S € S for

which (p, S) € Z;. Thus it suffices to control

Z # of curves of Yy, passing through p. (4.34)

pe(ytqing)sing

However, (4.34) is bounded by the degree of (Ysing)sing, which is
4
O ( ( 3 DjEj) ) .
J

Since m < n, this establishes (4.32).

Now for each S € S, we shall partition the curves of SNY that do not lie in Y, into
classes I'g ;. Write S NY as a union of irreducible real curves and isolated points. For
each irreducible real curve v, either v C Y, or there is a unique index j for which every
1-dimensional connected component of v lies in Y; (note that v may have 0-dimensional
components, which need not lie in Y}, but since we are only counting incidences in Z;, we do
not care about incidences involving 0-dimensional components). If v ¢ Y., place v in I'g ;

for this choice of ;.

Similarly, partition P into collections {P;}, where p € P; if j is the minimal index for
which p € Y;. Thenif p e P, S € S, (p,S) € T)\Z}, then there is a unique index j such that
p € P; and there exists a curve v € I'g; with p € 7. Indeed, the only way this can fail to be
the case is if p € P; and every irreducible curve v C SNY containing p lies in I'g ;» for some
index j' # j. But this would imply that p is an isolated point of S NY}, and by assumption

7, does not contain any pairs (5, p) for which this can occur.

Thus

T)\7Z; C UL N{(p,S): p €~ for some v € I'g;}. (4.35)

J

We wish to consider each variety Y; and the associated points and curves on that variety
separately. However, before we do this we need to ensure that the same intersection S NS’

does not get counted as two distinct “crossings” on two different varieties (say Y; and Yj/).
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To prevent this from happening, we will keep track of the points where such an accident

might occur. To this end, for each S € § and each index j let

Egj = U {z € ~: there exists an index j' # j such that
7€l s, (4.36)

x is a discrete point of vy NY;}.

Recall the definition of the geometric multiplicity of a curve at a point (Definition 28)

By the same arguments used above to obtain (4.29),

Z Z mult,(y, ) < E; Z deg~. (4.37)

JJEES,]' "/EFSJ ’YEFSJ’
Once we have removed the points Zg;, we can control the number of times two curves

intersect:

DD INEs ) N(N\Esy)l < Y 1SN S, (4.38)

Jj 8,8 ~v€ls,; S,S’
’YIEFS/J

Indeed, the only way (4.38) could fail is if the following occurs—there exist:

e Two flats S and 5,
e A pointx e SNY,
e Two indices j and 3,
e Four curves v € I'gj, 7 € I'g;, and vV els;7 € %
such that
reEYNY, z€FNY, (4.39)

and

¢ Es;UEg;UEs j UZg 5. (4.40)

But if (4.39) holds then z is an isolated point of ¥ NY5, so x € Zg; and thus (4.40) fails.
This establishes (4.38) .

Thus, we can consider each variety Y; and its associated point and curve sets P;, {I's ; }ses

individually. We are reduced to proving the following lemma.
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Lemma 68. Suppose we are given the following data:

o A 2-dimensional real variety of the form Y, = Z;, N W; with Z; = Z(P;), W; =
Z(Q;), deg(F;) = D;, deg(Q;) = E

o A collection of points P, a collection of 2-flats S, and for each S € S, a collection I'g ;

of irreducible curves in S NY; such that for each v € I'gj, v € (Y )sing-

o A collection of incidences T C {(p,S): p € S} such that for each (p,S) € I, there

exists v € I'gj with p € .
e [For each S € S, a finite collection of “bad” points Zg.
Then there exists an incidence model M; = {(U;, Ai, B, 1) }}1, satisfying:

(i) For each i, A; is a collection of simple open curves, B; is a collection of points, U; is

homeomorphic to a open subset of R?, and 1;: U; — R* is an embedding.
(i)
> 2 land|

i o,/ €A;
<> ( U V\Es>r1< U ’V\Ey),
~v€ls j v €lgr

S,8’eS

(4.41)

i.e. the number of crossings between pairs of curves in the incidence model is controlled
by the number of crossings of the curves from I's; and I'ss ; that do not occur on the

“bad” sets =g or Zg, as S and S’ range over all pairs of flats.

(i) If pe P, S €S, and v € I'sj, then there exists some index i, some p € B;, and some
a € A; such that 1;(p) = p, a = 1;'(S), and p € @, i.e. the incidence model counts

curve-point incidences.

(iv) For each i, the curves in A; are quasi-lines (in the sense of Item (iii) from Lemma 67).

(v)
DA SR+ DEY R+, 3 S multy(r,2), (4.42)

SeS xeXis vel's;
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where mult, (v, z) is as defined in Definition 28.

Once we have Lemma 68, we can prove Lemma 67 as follows. For each index j, apply
Lemma 68 to each collection (Y;,S,{I's;}ses, ZNI(P;,S), {Zs;}), and denote the resulting
incidence model M; = {(Ui(j), AW B9, Ll@)}. From (4.38) and (4.41), we have

7 K3

ZZ Y lend| ISP (4.43)

i OleEA(J)

If (p, S) € Z, then as noted above there exists a unique index j and a curve vy € I'g ; with
©))

p € P; and p € . But then by Property (iii), there exists some index 4, some p € B;”’, some
a € AY such that p € ng)(a).
Finally,
DN SEIRES o
5es (4.44)

<n Z D, E;
J
where on the final line we used the fact that D; S Ej.

Thus the incidence model M = |J; M; verifies the requirements of Lemma 67. This

concludes the proof of Lemma 67, modulo the proof of Lemma 68. O

Proof of Lemma 68. We shall select a very large ball By containing all of the points from P,
and we shall decompose By N (Y )smooth iito a union of 2-dimensional C'*° manifolds. The

manifolds will have the property that for a suitably chosen 2—plane
Hg = <€17 62), (445)

any affine translate of ITy will intersect a given manifold at most once (such manifolds are

called “monotone” in the computational geometry literature).

Indeed, let
= {2 € (Y})smootn: dim(Ilo N T,(Y;)) > 1}. (4.46)
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Figure 4.1: Here, Y; is a 2-torus in R*. In the figure, we have projected Y into R® with a
projection 7 chosen so that m(Ilp) is a vertical line passing through the origin. The set X;

is denoted by the blue line.

If our choices for e; and ey in (4.45) are generic, then X; may be empty or it may be
a union of isolated points and 1-dimensional curves. We can see that each (necessarily
smooth) connected component of (Y;)smootn\X; is monotone: First, let 7: R* — R? be a
generic projection in the direction of some vector v € Ily, so w(Ily) C R3 is a line passing
through the origin (see Figure 4.1). Let e be a vector so that (e¢) = w(II). Then if U is a
(necessarily bounded) connected component of By M (Y} )smootn \X; then m(U) is also bounded
and connected. It suffices to show that for any z € 7(U), z is a smooth point of 7(U), and the
line z + (e) meets 7w(U) solely at the point z. First, suppose 7(U) is not smooth, and let z be
a singular point. Then since U is smooth and 7 is a local diffeomorphism in a neighborhood
of each pre-image point of 771(2), in a small neighborhood of z, 7(U) is a union of distinct,
smooth 2-manifolds, each of which contains z. Thus, we can find a nearby point 2z’ for which
2" 4+ (e) meets w(U) in at least two distinct points, call them 2] and 2. Now, let 5 be a
smooth path in U connecting a pre-image of z] to a pre-image of z,. Then 7 (/3) is a smooth
curve in 7(U), and d(w(8)) always lies in T'Cy(m(U)), the geometric tangent cone of w(U).
But TC,y(n(U)) never contains (e), which is a contradiction. Thus each compact connected

component of (Y;)smooth \X; is monotone.

We must now count how frequently a curve v € I's ; intersects (Y;)sing U X;. This will be

done in the next two lemmas.

Lemma 69. Let P, S, Y;, Z;,W;, P;,Q; and {I's;}ses be as in the statement of Lemma 68.
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Select v € I's; and let X; be as in (4.46). Then

17N X5 N0 (Y] )smootn| S degy - (D; + Ej). (4.47)

Proof. First, note that if our choices of e; and ey in (4.45) are generic, then for each curve
v € UgT'sj, we have that X; N~y will be a discrete set of points. Thus, we can guarantee

the following things:

1. Every point of X; N (Y;)smooth N7y is a smooth point of v and a smooth point of X;. In

particular, no point of X; N (Y})smootn M 7y is an isolated point of X;.

2. At every point z € X; N (Y} )smooth N7, we have the following property: let B C C* be

a sufficiently small ball centered at z*, then
G(B* N Z; N W}.2) = (2. T.(¥))): 2 € B (Y, )amoorn)
is a smooth 2—(complex)-dimensional sub-manifold of C* x Gr(4,2;C). Let
J=C*x {Il € Gr(4,2;C): dim(IT N II,) > 1}. (4.48)

Then if 2 € X; N (Y)smootn Ny, we have that T'(B N Z; NWF) and J intersect trans-
versely at the point (z,T,(Y;)) € C* x Gr(4,2;C). Thus (since e; and ey were chosen
generically), T(B N Zy NW}) NJ is a smooth curve in C* x Gr(4,2; C). Furthermore,
if we apply a small C! perturbation to the surface BN Z *NW;, then the image of the

perturbed surface in C* x Gr(4, 2; C) will still intersect J transversely.

First, observe: If (P;,Q;) is a radical ideal (which by Proposition 30 is equivalent to
dim (vpj) =2on (Yj)Smooth)7 then

VQj
(Y})SingUXj = Y}'HZOII(PJ'?QJ;'))» (4'49)
where ) )
€1
€2
(P, Q) 2) = det (2) (4.50)
vF,
| V@Q; |
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Then, to compute |yN(X;U(Y;)sing)|, it suffices to count the number of intersection points
in v N Z(Y(P;,Qj;-)), and this is a (set-theoretic) complete intersection. We are working
over R, so we cannot appeal directly to Bézout’s theorem, but we can use arguments similar

to those used to obtain (4.29).

In order to make this argument work, we will need to perturb P; and ), to make (P}, Q;)
a radical ideal. Doing so will cause Z(P;)* NZ(Q,)* to “split” (in a small neighborhood of a
smooth point) into several sheets, and (locally) there will be one or more copy or copies of

~ on each sheet. Through careful counting, we can recover the above result.

The first difficulty is that S NY; is not a proper intersection; S and Y; each have codi-
mension 2, so we would expect S NY; to have dimension 0, but instead it has dimension 1.
This will complicate our attempts to use tools from intersection theory. To deal with this,
we will replace S with a larger variety that does intersect Y; properly. We will then recover

the intersection properties of S from those of the larger variety.

Let S be the 2-flat and let v € I's; be the curve in the statement of Lemma 69. We
define

St={J@+ (e)), (4.51)

zE€S

where e is a generic vector in R*. We can verify that ST is an irreducible 3-dimensional
variety of bounded degree: in short, select a rotation of R* so that e is the x;-direction. By
the Tarski-Seidenberg theorem (see e.g. [BCR98]), the projection 7, (S) is a bounded degree
algebraic variety, with ideal I C R[zy,x3,74). Let ST = Z(IT), where IT € Rlxzy,..., 4] is
the canonical embedding of I into R[zy,...,z4). ST has codimension 1, so we can write

St = Z(fs) for some polynomial fg that generates a real ideal.

Now, ST has codimension 1, Y; has codimension 2, and SN Y; is a 1-dimensional curve.
Thus ST NY; is a proper intersection (this is the entire point of introducing ST). We also
have (ST)*NZrNW is a 1-dimensional (complex) curve and so (ST)*N Z¥ N is a proper
intersection. Since v C S NY; we also have v C ST NYj, so there exists an irreducible

component ' C ST MY} such that (as sets) 4" = . We define (77)* c (ST)*n Z; nWr
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similarly. We define
mult(Z;, W7 (V1) = dim Opa ./ (Ip, + Ig,), (4.52)

where z is a generic point of (y7)*. By Proposition 17, (y7)* is irreducible, and thus
mult(Z*, W7, (S1)*; (1)*) is well-defined.

Since (77)* lies generically in (Z i ﬂWj)Smooth, there exists a unique irreducible component

V of (Zf N W} )smootn that contains (y7)*, and
(2, W) = mule(Z3, W3 V),

where the latter multiplicity is given by Definition 32.

Let P; = P; — €1, Q) = Qj — €, where €1, €2 are chosen generically from the interval

(0, €); e will be chosen later. Then by Proposition 31, (P, Q) is a radical ideal.

We claim: Suppose z and B satisfy the following:

e 2 is a smooth point of v (and thus z* is a smooth point of (y7)*),
e 2z is a smooth point of Y},

e 2 is a smooth point of STNY],

e B C C*is a sufficiently small ball centered at z*

then:

e BN(Zj)* N (W))* is a union of mult(Z;, W7; (v')*) smooth disjoint 2-manifolds, and

each of these 2-manifolds is a O(e)-perturbation of BN Z; N W7.

BN (Z))* N (W))* N (S is a union of mult(Zr, W, (S7)*; (v1)*) smooth curves, and
each of these curves is a O(e)-perturbation of BN (y")*. These curves lie on the various

connected components of BN (Z})* N (W))*.

The key observation is the following.
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Lemma 70. Select z € v N X; N (Y])smooth and let p > 0. Let B be the ball centered at z of
radius p. Then provided € is sufficiently small (depending on p), we have
[BN(Z)" 0 (W)'N(ST) NZ*((P}, Q)
(4.53)
> mlt(Z, W7, (1) (41)°).

Proof. The idea is to show that each of the 1-dimensional curves in BN (Z})* N (W})*N(ST)*
(there are mult(ZF, W7, (S7)*; (77)*) such curves) intersects some 1-dimensional curve from
BN (Z;) N (W) NZ*(Y(Pj,Q%-)). We expect this to happen because the (unperturbed)

curves intersect transversely, and the perturbation is very small.

Indeed, let ¢ C B be a simple curve from B N (Z})* N (W))* N (ST)*. Then since y N B
is smooth, ¢ is a O(e)—perturbation of v N B, in the sense of Definition 36. Let U C
BN (Z;) N (W))* be the smooth 2-manifold containing ¢. Then since B N Xj is smooth,
UNZ(Y(P,Qj-)) is a O(e) perturbation of BN X;. Now, z is one of finitely many
intersection points of v and Xj;, and each of these intersections are transverse. Thus if
we select € sufficiently small (depending on both the transversality of the intersection and
p), then ¢ and U N Z*(W(P;,Q%;-)) must intersect. Thus in particular, ¢ intersects B N
(Z)* N (W)*NZ*(¥(P},Q);-)). But there are mult(Z;, W7, (ST)*; (v1)*) such curves ¢. This
establishes Lemma 70. ]

We claim: if € is sufficiently small, then there exists a curve ¢, C (Z})* N (W))* N (ST)*
which is the “image” of (77)* under the above perturbation. Indeed, we can select a small
constant ¢ so that if G C (y7)* is the set of points that are distance at least 2¢ from any
point of Z¥ N W7 N (ST)* that does not lie in (y")*, then G contains an open interval. Let
2 € GN (Y ootn N (Z; N W )smooth be a point contained in the relative interior of this
open interval, and let B; be a small ball centered at z. Then if we select € sufficiently small,
then By N (Z))* N (W))* N (ST)* is a union of curves, each of which is a ¢-perturbation of
Bi N (v1)*. Let ¢, be the smallest algebraic set containing By N (Z;)* N (W))* N (ST)*. We
have ¢, C (Z})* N (W))* N (ST)*. ¢, corresponds to the intuitive notation of the “image” of

(v")* under the perturbation.
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We can now bound the degree of (,. Let H C C* be a generic 3-plane. Then |H N~| =

deg~. But by the definition of multiplicity above, to each point x € H N+, we can find a

small ball B centered at x such that

BN¢NH =mult(Z;, W, (5% (1))
Thus

deg ¢, = degy - mult(Z;, W}, (1) (+1)").

Lemma 70 can be rephrased as the statement
|GNZH (2P, Qs 0))
> h/ N Xj N <Y}>smooth| ’ mult<Zj*? VV;: (ST)*7 (7T>*)7

ie.

G, NZH(B(P}, Q) )]
mult(Z7, Wy, (ST)%5 (1))

h/ N Xj N (E)smooth’ S
But this and (4.54) imply that

h/ N Xj n (Y})Smooth‘ < deg~ - deg CI)(P]’, Q;7 )
S degy - (D + Ej).

This concludes the proof of Lemma 69.

(4.54)

(4.55)

(4.56)

(4.57)

[]

We can now complete the proof of Lemma 68. Fix a choice of S € S. For each v € I'g;,

Delete the following points:
e The points that lie in =g,
e The points of ¥ N (Y} )sing,
e The points of v N Xj,

e The points that lie on some ' # 7.
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We can verify that after these points have been removed, the remaining set is a disjoint

union of connected 1-dimensional manifolds. Furthermore, the number of 1-manifolds is

O((Dj + Ej;) Z degvy + Z Z mult(~, z)

’YEFS,j 'YEFS,]' xe"/m(}/j‘)sing (4 58)
) .
+ ( Z degv)” + Z Z mlﬂt(%@)
Y€l ; TEZES YEYS,j

Indeed, every time a point = is removed, the number of manifolds can increase by at most
> erg, mult(y,z). If 2 € v N (Y))smootn M X, then mult(y,z) = 1, so the number of
curves added by removing points of this type is at most O((Dj + Ej) Z’YEFS,J‘ deg 7) =
O(D? + D;Ej).

The only term remaining to bound is the following

Lemma 71. Let I's; and Y be as above. Then

Z Z mult(y,z) S D;E; + DJQ-. (4.59)

’YEFSJ IE’YO(Y}‘ )sing

Proof. Let ST be as defined in (4.51). For each v € I's;, let 47 and (y7)* be defined as
above. Then if x € v N (Y])sing, there must be smooth points of Y; in every (Euclidean)
neighborhood of z (v € I's; implies v lies generically on (Y})smootn). Thus z* is a singular

point of Z7 N W, so
dim Ocpa o/ (Iss + Ip, + Ig,) > mult((ST)*, Z3, W75 (41)"). (4.60)

From this we can conclude that z* is a singular point of the (not necessarily irreducible) curve
(S)*N Z; N W, Furthermore, the number of intersection points of (y')* with (Z; N W/ )ging
(counting multiplicity) as 7 ranges over all curves in I'g; is controlled by the number of
singular points of (ST)* N Z; N W that occur on S* (again, counting multiplicity). Let
¢ C (S8T)* N Z; N W be the union of all irreducible curves in (ST)* N ZF N W7 that are not
contained in S*. Then the number of singular points of (ST)* N Z¥ N W that occur on S*

is at most the number of singular points of S* N Z7 N W plus the number of intersection

2
70

the latter is at most D, E;. O

points of ¢ with S* (again, counting multiplicity). The former quantity is at most D7, and
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After the points described above have been deleted from v, we are left with a collection
of 1-manifolds. Each of these manifolds is homeomorphic to either the interval (0,1) or
the circle S'. For those manifolds that are homeomorphic to circles, remove two points at
random to obtain two curves homeomorphic to (0,1). Our new collection of simple curves
has the same cardinality (up to a factor of two), and each curve lies entirely within a single
component of (Y;)smootn \X;. Let {U;} be the connected components of (Y;)smootn \-X;, and
let A; consist of those simple curves lying in U;, as «y ranges over | Jg s 'sj. Let B; = U; N'P;

and let ¢;: U; — R* be the canonical embedding of U; into R*.

From (4.58) we have

SIS DI+ DB +> ) 0 > mult(y, x), (4.61)

A SeS ze€=g v€Ys, 5

so Requirement (v) is satisfied. In order to verify the remaining requirements we shall

introduce some notation.

Definition 72. Let o € A; for some index ¢. Then there exists a unique 2-flat Sy € S and
a unique curve v € I'g,; such that o C ¢; (). We will define S(a) to be Sy and we will

define y(«) to be 7.

We can verify that P; = |J; B;, i.e. that X; NP; = 0, since the vectors e; and ey from
(4.45) were chosen generically. Recall as well that by assumption, P; N (Y))sne = 0. If
v€Tls;,p € P, p € v, then we can immediately verify that either there exists an index ¢ and
a curve a € A; with y(a) = v and p € 9(¢;(«)), or there exists an index i, a curve o € A;,
and a point p in B; with ¢;(p) = p, 7(a) =7, and p € a. Thus Requirement (iii) is satisfied.

To verify Requirement (ii), note that if o,/ € A; and # € aNa’, Then ¢;(x) € ;(a) N
vi(a)', and © ¢ Zga) U Eg(ary. Furthermore, (a, o) are the unique pair of curves in {A4;}
corresponding to the triple (¢;(z),v(a), v(c)).

To obtain Requirement (iv), we shall apply a slight perturbation to the curves of {4;} as
follows: for each curve a € A; and point p € B;, if p € a but (S(«),t(p)) ¢ Z, modify « in a

small neighborhood of p so that p ¢ a. We can always do this in such a way that the number
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of crossings between o and the other curves is not affected, and o remains unchanged in a
small neighborhood of every point p’ € B; distinct from p. After this perturbation has been
performed for every curve, then the collection {(A;, B;)} satisfies Requirement (iv). Indeed,
since Z is k—admissible, if there exists an index i, a collection of k points py,...,pr € B;,
and a collection of Cjy + 1 curves in A; such that each curve is incident to each of py, ..., px,
then there must exist two curves «, o from this collection of curves such that S(a) = S(o).
However, this implies that ¢;(«) either contains a singular point of v(«), or it contains a
point of v(a’) (if y(a/) # v(«)). But by our construction of A;, no such points may lie on

any curve in A;. Thus Requirement (iv) is satisfied.

Finally, recall that we already established Requirement (i) above (in the discussion pre-

ceding Lemma 69). O

4.3.2 Szeméredi-Trotter on a domain

Use Lemma 67 on the data (Y,P NY,S,Z;). Denote the resulting incidence model M and

the resulting error set Z'. We have
> (A By = |1, (4.62)

Do IBI<Y IR, (4.63)

? J
D 1Al <ISI) DiE;, (4.64)
i j

Y ey <) 1sns. (4.65)
i S,S!

(4.62), (4.63), and (4.65) follow from the definition of M; and the observation that if o € A;,

|0a| = 2, i.e. an open curve only has two ends.

We will now control the number of incidences that occur on the surfaces {U;}.

Definition 73. Let A be a collection of simple curves (i.e. homeomorphic images of (0, 1))

and B a collection of points on a planar domain U C R2. Then we define the number of
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incidences between curves in A and points in B to be
I(A,B) = {(a,p) € Ax B: p € a},
and we define the number of crossings of curves in B to be
C(U) = {(a,d/,p) € A>xU:peandl.
Lemma 74. Let:

U be a smooth 2-dimensional manifold that is homeomorphic to an open subset of R2.

A be a collection of 1-dimensional open curves lying on U.

B be a collection of points on U.

Let Cy be a constant so that for any two points p1,ps € B, there are at most Cy curves

from A that contain py and po

Then
[I(A, B)| < |BI*C(U)"? + |B| + |A]. (4.66)

where the implicit constant depends only on Cy.

Remark 75. Note that in Definition 73, a point is incident to an (open) curve if it lies on the
closure of that curve. On the other hand, a crossing of two curves is a point common to the
relative interior of both curves. Similarly, in Lemma 74 we require that for any two points,
there are at most O(1) curves which contain those points in their relative interiors—there

may be arbitrarily many curves whose closures contain the two points.

Proof. Since all of the quantities we wish to consider are invariant under homeomorphism,
without loss of generality we can assume U is an open subset of R2. Now, replace each curve
v € A with a slightly “shrunk” curve 7/, so that d(7’) does not meet any point from B nor
any curve from A. If A’ denotes the set of shrunk curves, then |[(A’, B)| > |I(A, B)| —2|A|.
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Delete from A’ those curves 7/ that are incident to fewer than 2 points from B, and denote

the resulting set of curves A”. Then |I(A”, B)| > |I(A, B)| — 4|A|.

Consider the drawing H of the graph whose vertices are the points of B and where two
vertices are connected by an edge if the two corresponding points are joined by a curve from
A”. Then H is an admissible graph drawing. Note that £(H) > 1[I(A”, B)|, so by Theorem
3,

I(A, B)| < |BI**C(U)Y* + | B| + 4|Al. O

By Lemma 67, Item ii, we have
I < m*Pn’P 4 T I(A;, B), (4.67)

where the indices ¢ run over the elements of the incidence model M. Applying Lemma 74,

we thus have
Ty < mn?P Y BPEC(U)YE + Y B+ A
< m?B3p?3 4 (Z |Bi|)2/3 < Z C(Ui)> - +m?* 3?3 (4.68)
< m2/3p23, Z Z

This establishes the bound (4.25), and thus concludes the proof of Theorem 59.
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CHAPTER 5

A variable coefficient Wolff circular maximal function

5.1 Introduction

In [Wol97a], Wolff considered the following maximal function:

1
M°f(r) = sup ———
( ) zeR? |C(5(‘7;7T)‘ Co(z,r)

|F(y)ldy, (5.1)
where C?(x,r) is the J-neighborhood of a circle centered at z of radius r. This maximal
function has the same relationship to Besicovich-Rado-Kinney (BRK) sets (compact subsets

of the plane containing a circle of every radius 1/2 < r < 1) as the Kakeya maximal function

has to Kakeya sets. In particular, a bound of the form

1M £ ooy < Ced™ Nl oz (5.2)

for some value of p and all € > 0 would imply that every BRK set has Hausdorff dimension
2. See [Wol99] for further details. By considering the examples where f is the characteristic
function of a ball of radius § and a rectangle of dimensions & x /8, we can see that p = 3 is

the smallest value of p for which (5.2) can hold. In [Wol97a], Wolff proved (5.2) for p = 3.

In a similar vein, Wolff and Kolasa considered the more general class of maximal functions

1
Mg f(r) = sup —5——
’ vety [ (2, 7)) Jrs(ar)

|f(y)ldy. (5.3)

Here, U, is a sufficiently small neighborhood of a point a € R2, and F‘S(x,r) is the 60—

neighborhood of the curve
Fle,r) ={y € Uy: ®(x,y) =1}, (5.4)
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where U, is a sufficiently small neighborhood of a point b € R? and
d:R*xR* > R

is a smooth function satisfying Sogge’s cinematic curvature conditions at the point (a,b):

[ ]
V,®(a,b) # 0. (5.5)
° e-V,P(z,
det (Vm y_v(q)(y)) ) #0, (5.6)
e Vy(hea) | l@n=tn

where e is a unit vector orthogonal to V,®(a,b).

See [Sog91] for further discussion of cinematic curvature and its properties. Cinematic
curvature was first introduced when studying the Bourgain circular maximal function (see
e.g. [Bou86]), and it appears that replacing the circles C'(z,7) in (5.1) by families of curves
satisfying the cinematic curvature condition is the most natural variable-coefficient general-
ization of the Wolff circular maximal function. In particular, geodesic circles for a Rieman-
nian metric satisfy the cinematic curvature condition provided that the injectivity radius is

larger than the diameter of the circles.

In [KW99], Wolff and Kolasa established the bound
5 ~3(-1) 8 /
“MCI’f”Lq([l/Q’l]) < Cpgd 2w HfHLp(W)» p< 3 q<2p. (5.7)

In particular, (5.7) implies that any compact set containing a curve of the form {y:
O (z,y) = r} for each 0 < r < 1 must have Hausdorff dimension at least 11/6. We shall call

such sets Cinematic BRK sets.

5.1.1 New results

In [Zah13b], the author proved the following theorem:
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Theorem 76. Let ® satisfy the cinematic curvature conditions (5.5) and (5.6). Then for

all € > 0 there exists a constant C. such that

6 —€
HM<I>fHL3([1/2,1]) < Ceo Hf”L‘“’(R?)' (58)
In particular, every cinematic BRK set must have Hausdorff dimension 2.
Corollary 77. Equation (5.2) holds with p = 3.

Theorem 76 improves upon a previous result of the author in [Zah12a] in which a similar
statement is proved under the additional restriction that the function ® be algebraic. We
follow a similar proof strategy in this proof as in [Zah12al, but at a key step we use the discrete

polynomial ham sandwich theorem rather than the vertical algebraic decomposition.

5.1.2 Proof sketch

Through standard techniques, it suffices to obtain certain weak-type bounds on > xps for a
collection of curves {F'} with d—separated “radii.” The main difficulty arises when many pairs
of curves are almost tangent, and indeed a result due to Schlag in [Sch03] shows that we can
obtain the desired bounds on Mg if we can control the number of such almost-tangencies.
More specifically, if W and B are collections of curves such that all curves in W (resp. B) are
close to each other in a suitable parameter space, and all curves in WV are far from curves in B
(again in a suitable parameter space), then we need to control the number of near-tangencies

between curves in VW and curves in B. We shall do this with an induction argument.

First, we shall use Jackson’s theorem to replace the curves {F'} by algebraic curves that
closely approximate them. The degree of the algebraic curves will depend on 9, but the
dependence is mild enough to be controllable. We will then identify the curves in W with
points in R? (if the curves were actually circles, we could use the center and radius of the
circle to perform this identification). We then use the discrete polynomial ham sandwich
theorem to find a low degree trivariate polynomial P whose zero set partitions R? into open

“cells,” such that the points are evenly split up amongst the cells. To each curve ' € B we
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associate a semi-algebraic set Q(F) C R? (of controlled degree), such that if F € B is almost
tangent to I € W, then Q(F) must intersect the cell containing (the point associated with)
. The bounds on the degree of P and Q(F) yield bounds on the number of cells that Q(F)
can intersect. We then apply the induction hypothesis within each cell. Summing over all
cells, we obtain the desired bound on the total number of almost-tangencies between curves

in W and B.

The key innovation is the use of the discrete polynomial ham sandwich theorem. While
the partition of R? described above could be done with the vertical algebraic decomposition
instead of the polynomial ham sandwich theorem, the resulting control on the number of
cells that Q(F) can intersect is so poor that we cannot run the induction argument except
in the special case where the defining function ® is algebraic (and thus the algebraic curves

F have degree that does not depend on 0).

5.2 Proof of Theorem 76

5.2.1 Initial reductions

The first step will be to replace the defining function ® by an algebraic approximation. This
idea was suggested to the author by Larry Guth, and it appears in a similar form in [BG11].
Throughout the proof, we shall assume that & satisfies the cinematic curvature conditions
at the point (a,b) = (0,0) and that Uy, U, are small balls centered at 0. By Jackson’s
theorem (see e.g. [BBLO02|), for each K > 0, A > 0, and 6 > 0, we can find a polynomial
U(x,y): R? x R? — R such that

deg ¥ < CroVE, (5.9)

19 — @]l o000y < 0/, (5.10)

where C'x depends on K, A, and ®. If A is chosen sufficiently large depending on the infimum
of the quantities in (5.5) and (5.6), then ¥ satisfies (5.5) and (5.6).

Since ||V, ®|| and ||V, ¥|| are bounded from below for y € U, (after possibly shrinking U;),
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we have that if A is chosen sufficiently large in (5.10) then for each zy € Uy and 1/2 <1y < 1
we have that {y € Uy: ®(zg,y) = ro} and {y € Uy: Y(zo,y) = ro} are contained in 6/100
neighborhoods of each other. Thus if f is supported in B(0,1) then MJf ~ Mg f, so it

suffices to obtain bounds on M f.

Remark 78. If the reader is only interested in the original Wolff circular maximal function,
then this step can be omitted, and every instance of ¥ can be replaced by ®(x,y) = ||z — y||.
In this case, U—circles are arcs of genuine circles. Throughout the proof, we shall refer to

this situation as the “circles” case.

Fix a > 0 sufficiently small depending on the quantities appearing in (5.5) and (5.6) and
on || @l cs(p(,100))- For € B(0, ) and r € [1/2,1], we define

D(xo,r0) ={y € B(0,): ¥(zg,y) =70} (5.11)

We shall call these sets ¥ -circles, and if T' is a W—circle then I'’ will denote its §-neighbor-
hood. If I',T, etc. are W—circles, then unless otherwise noted, zq,7o and o, 7o will refer
to their respective centers and radii. The W-circles defined here are strict subsets of the
analogous sets I' defined in the introduction. However, if the function f is supported on a
sufficiently small neighborhood of the origin then we can define a maximal function analogous
to (5.3) with I' in place of F, and the two maximal functions will agree. Thus we shall

henceforth work with curves I' defined by (5.11).

We shall restrict our attention to those W—circles I' with zp € B(0,a1), a; = Cy o,
and ro € (1 —7,1) where C) and 7 are sufficiently small constants that depends only on
the quantities appearing in (5.5) and (5.6) and on [|®|| o2 p(o100))- By standard compactness
arguments, we can recover L”([1/2,1]) bounds on My from those on the “restricted” version

of My by considering the supremum over a finite number of scaled versions of the function.

Using standard reductions (see e.g. [Sch03], §4), in order to prove Theorem 76 it suffices

to prove the following lemma:

Lemma 79. Forn > 0 and § sufficiently small depending on n, let A be a collection of ¥—

circles with d—separated radii, with each radius lying in (1 — 7,1). Then there ezists Ac A
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with |A| > | A| such that for allT € A and § < A <1,

B(0,a1) N{y €T > xpaly) > 6 "A} < ALY (5.12)
reA

5.2.2 Schlag’s reduction

We shall recall a result due to Schlag that shows that Lemma 79 is implied by a combinatorial
lemma controlling the number of almost-incidences between W—circles. In order to state

Schlag’s result, we will first need several definitions.

Definition 80. Let I and T be two W circles. We define

A(LT) = inf ly — |+ V¥ (z0,y) V, U (Zo,7)

yeB(0,01): ¥(zo,y)=ro IV, @ (o, ) [V, ¥ (0, §)I
gE€B(0,a1): ¥(Z0,7)=T0

(5.13)

Informally, if A(T,T) is small then there is a point y € B(0, a;) where I' and T pass close

to each other and are nearly parallel (i.e. they are nearly tangent).

Let
d(T,T) = |zg — Zo| + |ro — Fol. (5.14)

d(-,-) is a metric on the space of curves.

Definition 81. Let W and B be collections of W—circles. We say that (W, B) is a (d,t)—

bipartite pair if

Iro — 7| > 6 for all I, T € WU B, (5.15)
dT,T) e (t,2t)if T e W, T € B, (5.16)
dT,T) € (0,t)if I, T e Wor I,T € B. (5.17)

Definition 82. A (§,t)-rectangle R is the d—neighborhood of an arc of length /d/t of a W—
circle I'. We say that a W—circle I is incident to R if R is contained in the C6 neighborhood
of I'. We say that R is of type (2 p, 2 v) relative to a (0, t)-bipartite pair (W, B) if R

is incident to at least p curves in VW and at least v curves in B We say that R is of type
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(~ p,~v)if it is of type (Z p, 2 v), but is neither of type (2 Cu, 2 v) nor (2 p, 2 Cv) for
some absolute constant C' which shall be determined later. We say that two (0, t)-rectangles
Ry, Ry are comparable if Ry is contained in a Agd—neighborhood of Ry and vice versa, where

Ag is an absolute constant. Otherwise, we say R; and Ry are incomparable.

We are now able to state Schlag’s result.

Proposition 83 (Schlag). Let A be a family of W—circles with d—separated radii that satisfy
the following requirements:

(i) 52
d(T,T) + 0)Y/2(A(l,T) 4 6)1/2

TN N B(0,0)] < : (5.18)

(ii) Fix € > 0. Then there exists a constant C. so that for any (d,¢)-bipartite pair (W, B),
with ¢ > C¢ for an appropriate choice of C; W, B C A; |W| = m; and |B| = n, the
maximum number of pairwise incomparable (, t)-rectangles of type (2 i, 2 v) relative

to (W, B) is at most

0656((%)3/4 + % + g) (5.19)

Then Lemma 79 holds for the collection A.

Remark 84. Schlag uses the stronger bound

C’e(mn)€<<%>3/4 + % + g) (5.20)
in place of (5.19). However, an examination of the proof in [Sch03] reveals that the bound
(5.19) suffices. If we restrict our attention to the original Wolff circular maximal function
(i.e. if we are only concerned with the circles case), then we obtain the bound (5.20), so

Schlag’s result can be used as a black box.

Property (i) follows from [KW99, Lemma 3.1(i)], but if the reader is only interested
in the original Wolff circular maximal function, a shorter proof can be found in [Wol99,

§3]. Property (ii) follows from the following lemma, which is an analogue of Lemma 1.4 in

[Wol97b]:
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Lemma 85. Let U: R? x R? — R be a (multivariate) polynomial of degree k satisfying the
cinematic curvature requirements. Then for every e > 0 there exists a constant C, such that
if W, B) is a (6, t)-bipartite pair of V—circles with |W| = m, |B| = n, and if R is a collection
of pairwise incomparable (§,t)-rectangles of type (2, u, 2 v) relative to (W, B), then

IR| < C.kC (mn)€<<%>3/4 + % + g) (5.21)

To obtain Property (ii) from Lemma 85, select K > C./e in (5.9) and note that (mn)® <
62¢. In the case of circles we have k = O(1), and (5.21) becomes (5.20).

Thus all that remains is to prove Lemma 85. First, we shall recall several properties of

curves satisfying the cinematic curvature condition.

5.3 Cinematic Curvature and its Implications

Many of Wolff’s arguments from [Wol97a] rely on the local differential properties of families
of circles. The relevant properties are captured by the notion of cinematic curvature defined
in the introduction. In [KW99], Kolasa and Wolff establish several key properties of families

of curves with cinematic curvature which we shall recall below.

Property 86 (Straightening out). Let xy € U;. Then we can find a diffecomorphism v, : U} —

U, and a choice of ry = rg(xp) such that

\I’(ﬁoa QZ)z() (y)) —To= y(2)

where U} is an appropriately chosen domain (which may no longer be a disk). Furthermore
for fixed yo,

o (Y0) and ro(xg) are continuous functions of z. (5.22)

This is discussed in [KW99, p 136]. To simplify notation, we shall say that ¥ has been
straightened out around z, if we (temporarily) replace the function W(zg,-) with W(xo,
buy(+)) — To(w0), i.e. in “straightened out” coordinates, W(xg,y) = y». Note that if we

straighten out around x( then in this new coordinate system ¥ might no longer be algebraic.
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This will not pose any problems to our analysis below; we shall only be straightening out
to simplify the proofs of certain diffeomorphism-invariant statements, and the statement
can then be “pulled back” to the original (algebraic) W. This process may change some of
the constants involved in the relevant statements. However (5.22) will guarantee that the

constants are worsened by at most a bounded amount so we can safely ignore this problem.

Property 87 (Derivative bounds). If we straighten out ¥ at z, then for y € B(0, ),
’ay(l)‘ll<x7y)| + |a§<1>\11(13,y>’ ~ |I - x0|7 (523>

[0y U (@, Yoo ()] ~ 1, (5.24)

where 0, denotes the partial derivative in the y(M-direction, etc. The constants in the
quasi-equalities above are uniform in all variables. Indeed, since the cinematic curvature
condition is diffeomorphism invariant, (5.23) and (5.24) are equivalent to the cinematic
curvature condition. This is addressed in Equation (21) of [KW99] and the surrounding

discussion.

Property 88 (Unique point of parallel normals). Let ', T be ¥—circles with
AL, T) < ¢ g — o
for a sufficiently large constant C’. Then there is a unique point

5 = 5(1’0,7’0,@0) € 'n B(O,CK)

such that
V,®(x0,&) AV, P(Z0,&) = 0. (5.25)
Furthermore,
B (%0, &) — 7ol S AT, T, (5.26)
and -
NN BO,a) C B<§,O(ﬁ>m). (5.27)

Equations (5.26) and (5.27) are Equations (26) and (27) in [KW99].
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Property 89 (Appolonius-type bounds). Let t > C¢. Fix three W—circles I';,T'9, T3, let
By = B(b, ), and let
Y = {r; AL, Ty) < Ci8, i =1,2,3;
d(FﬂBo,FiﬂBo) >t 1=1,2,3;
(5.28)

FémeQBO 7é®7 L= 172737

dist(T7° N T By, T N T8 M By) > Cy\ /o1, i # j}.
Informally, Y is the collection of curves that are almost tangent to each of the curves
'y, Ty, '3, with the additional requirement that the three regions of almost-tangency not

be too close to each other. If we identify W—circles ' with points (zg,79) € R? then
Y is the union of two sets, each of diameter < ¢. (5.29)

This is is Lemma 3.1(ii) in [KW99].

Property 90. For three fixed curves I'1,T'5, '3, and a given curve I' = I'(xg,79), we say that

VU is I'~adapted if there exists points a1, aq, as, with a; € I'; such that

la; — &(z0)| < CTH/O/t,
and

O(x,a1) =0,

V. ®(z,a0) = (e (az —a1))p

for all z, where e is a unit tangent vector to I'; at a;, £ is a vector independent of y with
18] ~ 1, and

&i(wo) = &(wi, 73, 20).-
Remark 91. Informally, the notion of a I'-adapted defining function is a way of getting
around the problem that we are forced to work with a defining function ¥, but we are
actually interested in its level sets {W(x,-) = r}. Thus we are free (within certain constraints

to be dealt with below) to modify W provided that our new defining function has the same
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level sets as the old one. Choosing a I'-adapted defining function (provided a suitable one

exists) simplifies many of the technicalities in our estimates.

Lemma 3.6 in [KW99] tells us that if I' € Y then by pre-composing ¥ with suitable
diffeomorphisms, a I'-adapted defining function ¥ exists which satisfies uniform derivative
bounds, and this function W has the same level sets as our original ¥ (i.e. it gives rise to the
same W—circles), so the corresponding maximal functions are identical (the adapted defining
function may not be algebraic, but this will not affect our analysis).

Now, if ¥ is I'-adapted, define

V.V (x,&(x) —1
)= V,¥(z,&(2) -1 |- (5.30)

V. U(z,&(x)) —1
Informally, if we fix a choice of I" and select a defining function adapted to I', then for x in
a neighborhood of xy, T'(x) describes how changing z affects how close I'(z,79) is to being

tangent with each of I';, 'y, I's.

Lemma 3.8 in [KW99] tells us that when restricted to each connected component of Y
(individually), 7" is boundedly conjugate to its linear part, i.e. if I'; and [ lie in the same

connected component of Y, then
T(x0)T(Z0)"" = I + E(&), (5.31)
where (say) ||E(Zo)|| < 1/100. Furthermore, for the same choice of T', T,

1€1(F0) — &1(20)| S VO /1. (5.32)

Equation (5.32) is a consequence of Equation (45) in [KW99] once we note that if I' € Y
is in the same connected component as I' € Y, then since T' is boundedly conjugate to its
linear part, |T'(zo)(Zo — o, 7o — 70)| < CO.

Property 92 (Bounds on intersection area). Let I',T be ® circles. Then

52

T NT° N B(b,C2%a)| < ~ 7 ~
(d(r> F) + 5) (AB(b,C’—la) (F7 F) + 5)

(5.33)

1/2°

This is Lemma 3.1(i) in [KW99].
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5.4 Some elementary incidence bounds on bipartite pairs of curve

families

Recall the definition of a t-bipartite pair (W, B), a (4, t)-rectangle, and a rectangle of type
(Z p, 2 v) relative to (W, B) (Definitions 81 and 82)

Definition 93. If (W, B) is a (4,¢)-bipartite pair, then we define R,, (W, B) to be the
maximum cardinality of a collection of pairwise incomparable rectangles of type (2 u, > v)

relative to (W, B). Define R(OW, B) to be Ry (W, B).
Definition 94. If (W, B) is a (4, t)-bipartite pair, then we define

IOW,B) = |{(R,I,T): T e W, I € B, R is incident to I" and T'}|.
We shall state and prove a series of lemmas that are analogous to Lemmas 1.5-1.16
in [Wol97b]. If the proof of a lemma is the same as that of the corresponding lemma in

[Wol97b] we shall omit it. Throughout the discussion below, (W, B) is a t-bipartite pair
with |W| =m, |B| =n.

Lemma 95.

(i) If A(L,T) < &, then there exists a (5,t)rectangle R C B(b, ) such that T and T are
tangent to any (0,t)-rectangle in the 2—fold dilate of R.

(ii) Conversely, if T, T are tangent to a common (8,t)-rectangle R € B(b, ), then A(T',T") <
C6, and if I, T are tangent to comparable (8,t)-rectangles R, R’ € B(b, o) then A(I',T) <
J.

Lemma 96. Let T € W,T € B. Then there are at most O(1) incomparable (6,t)-rectangles
R C B(0,a) tangent to both T' and T".

Proof. Since d(T,T") ~ t, (5.33) gives us the bound
|B(Y,0n) NI NT| < 032712 (5.34)
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Each (6,t) rectangle has area ~ 6*2t~'/2 and incomparable (4,t) rectangles are pairwise

disjoint. O

Lemma 97. There exists a collection R of pairwise incomparable (§,t)-rectangles R €

B(b, ) such that
IOW,B) < {(R,I,T) e Rx BxW:T and T are tangent to R}|.

Proof. This can be proved in the same way as Lemma 1.7 in [Wol97b] with (5.25) and (5.26)

used in place of the analogous equations in [Wol97b]. O

Lemma 98. Let I'y,1'5, '3 be three ¥ —circles. Let R be a collection of pairwise incomparable
rectangles R € B(b, «) with the property that for each R € R there is a ®—circle T such that:
o A(I\Ty) >t, i=1,2,3.
o [''I'y are tangent to R.
o There exist two (0,t)-rectangles Ry, R3 € B(b, ) such that T' and T'; are tangent to

R;, 1= 2,3 and such that Ry, Ro, R3 are pairwise incomparable.

Then |R| < 1.

Proof. We shall establish the proof with the additional restriction that R must lie in B(b,
C~2a) for b in a sufficiently small neighborhood of 0. Once this has been established, we
can recover the full result by selecting O(1) choices of ¥’ such that B(0,a) C |, B(b, C~2a).

Let R € R and let I" be a W-circle satisfying the above conditions. Then we must have
[' € Y, where Y is as defined in (5.28); indeed the above requirements on I' are precisely

those needed to ensure that I' € Y. By (5.33),
I' Ny N B(b,C %) € B(&(xo, 70, 1), OOV, (5.35)

Now, let Ty € Y and let ¥ be a ['y-adapted defining function with the same level sets as

T. Since U has the same level sets as U and the gradient of U is comparable to that of ¥,
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it suffices to prove the lemma for W. However, by (5.32) we have that if T is in the same

connected component of Y as I'y then

(21,71, 00) — E(21, 71, 2)| S V//1. (5.36)
Since Y contains only two connected components, (5.35) and (5.36) imply that

U F(Ig, 7”0) N Fl N B(b, O_QOZ)
(zo,r0)€Y (537)

C (B(Z[), 051/2t71/2) N F1> U (B(Zl, 051/27571/2) N F1>,

where 2y, z; are points in the two connected components of Y respectively. In particular, the
set on the right hand side of (5.37) has measure < 6%/2¢71/2. Since every R € R must lie in

this set, and pairwise incomparable rectangles must be disjoint, we obtain |R| < 1. ]

Lemma 99. Let I',T be U-circles with d(I',T) =t > C§ and ro > 7. Let R,R € B(0, )
be comparable (9, t)-rectangles with T, [ tangent to R, R respectively. Then

(i) T N B(0, ) is contained in the CS-neighborhood of

{y € B(0,): ®(xg,y) < 1o}

(i) For any constant A there is a constant C(A) such that the cardinality of any set of
pairwise incomparable (6,t)—rectangles R € B(0,aq) each of which is tangent to T and

intersects the Ad—neighborhood of
{y € B(0,a): ®(Zo,y) <70}

does not exceed C(A).

Proof. Straighten ® around z,. By Lemma 95.(ii), with a replaced by Cj'a, we have
A(l,T) < CCy'5. Thus if we choose the value of C'(A) in the statement of the Lemma
99.(ii) to be sufficiently large (depending on C"), then |zq — Zo| > C”A(T,T), so by Property

88 of cinematic curvature, there exists a unique point &(&o, 7o, o) € I satisfying (5.25), i.e.
vy‘ll(i‘07£) = (07 il)a
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so €M) is the point where the function 3™ — (&, (y™,y?)) achieves its maximum in the

domain (y™,y®) € B(0,a), where y? = 3 (yM) is implicitly defined by (y™, 5 (y1)) €

I' (we can verify without difficulty that this is well-defined). By (5.26) (noting that in the

straightened out coordinate system, I' = {y® = 0} N U3),

U(Zo,€) S AT

AN

0,
and thus for an appropriate choice of C,

I'nuy c {y® < C6}.

Returning to our original coordinate system, this is Statement (i) of the lemma.

To obtain the second statement, note that by the same reasoning as above,
A ({y € B(b,a): ®(Fo,y) < o} + B(0, A(S))

C T ATCNI N B(b, a)

(5.38)

for a suitable constant C'(A), where the 4+ in the above equation denotes the Minkowski

sum. The result then follows from (5.33) and the fact that incomparable rectangles are

disjoint.
Lemma 100.

(i) The cardinality of any set of (~ p,~ v) rectangles is

mn2/3

O(m)

(i) The cardinality of any set of (Z u, 2 v) rectangles is

mn?3 n. m
Ot pv?/3 * ;log E)

]

(5.39)

(5.40)

Remark 101. Recall that a rectangle of type (2 u, 2 v) is a rectangle that is incident to at

least C'p curves in W and at least C'v curves in B for some absolute constant C' (a rectangle

of type (~ p,~ v) is defined similarly), so the statement of the lemma is well defined.

76



Proof. Combined with the previous lemmas, Statement (i) is just the graph-theoretic state-
ment, due to Kévari, Sés, and Turan in [KST54], that a m X n matrix with entries 0 and
1 which has a forbidden 2 x 3 sub-matrix of 1s has < mn?? 1s in total. Statement (ii) is

obtained from Statement (i) by dyadic summation. O

If every U—circle from W and B are incident to some common rectangle R then Z(W, B) =
IW||B|. However, if neither W nor B contain large clusters then this cannot occur. The
following lemma (which is an analogue of Lemma 1.11 in [Wol97b]) is a quantitative version

of this statement.

Lemma 102. Let (W, B) be a t-bipartite pair that has no (Z 1,2 vg) or (2 o, 2 1)
rectangles R € B(b,«). Then

W, B) < Bam?3log vy + vom log puo. (5.41)

Definition 103. We define a cluster of U—circles analogously to Wolff’s definition in [Wol97b]:
A cluster is a subset C C W (or B) with the property that there exists a (d,t)-rectangle R

such that every I' € C is tangent to a (, t)-rectangle comparable to R.

Lemma 104. Let C C W be a cluster and let I' € B. Then then any set of pairwise
incomparable (0,t)-rectangles each of which is tangent to some circle in C and to I' has

cardinality O(1).
Remark 105. Lemma 99 is used to prove this lemma. See Lemma 1.14 of [Wol97b] for details.

Lemma 106. Given a value of g, we can write
W=W,UW, (5.42)
where
(1) W, and B have no (6,t)-rectangles of type (2 po, 2 1).

(ii) W is the union of < IW‘(log m)(logn) clusters.
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5.4.1 Algebraic considerations

We shall identify the U—circle I’ with the point (zg,r9) € R? (actually in B(0,a)x (1—7,1) C
R3). Thus if W is a collection of ¥—circles, we shall abuse notation and simultaneously

consider W as a subset of R3.

Lemma 107. Let U: R? x R? — R be a (multivariate) polynomial of degree k that satisfies
the cinematic curvature conditions. For each U—circle T, there erists a set Q(T') C R® with

the following properties:

(i) 0Q(T) is contained in an algebraic set Sr of dimension 2 and complexity O(k®) (see
Appendiz 2.3 for relevant definitions).

(i) Let T be a U-circle with d(I',T') > AS for A a sufficiently large constant. If T € Q(T")
then A(I',T') < 1008. Conversely, if A(T,T') < & then T € Q(T).

Remark 108. Informally, Q(I") can be understood as follows. If vy = C(xy1,7r1), 72 = C(x2,12)
are two circles, then v, and 7, are tangent if and only if (25, 72) lies on the right-angled light-
cone Z,, = {(y,t): |[r —t| = ||z — y||}, and 1 and ~, are almost tangent if (xq,73) lies in the
d-—neighborhood of Z,,. Q(I) is the analogue of the é—neighborhood of the light cone Z,, for

general curves I'.

Proof. Define
Ve=VirNnVarnNVzrNVyr, (5.43)

where

Vir = {(&0,70,9,9): Foll* <o®, 0 <1 =7 <7, |yl <a® |7 <},
Var = {(Zo, 70,9, 7): ¥(x0,y) = 10, ¥(Z0,7) = To},

Var = {(Z0, 70, 4,9): lly — 9lI* < 8},

Vir = {(&0, 70,4, 9): V¥ (0, ) AV, ¥ (&0, 7)1

<48 ||V, ¥ (o, )1 V¥ (Z0, 9) |}
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Each V;r, j = 1,2,3,4 is a semi-algebraic set of complexity O(k®) (see Appendix 2.3 for

relevant definitions), and thus so is V. Let
Q) = (TG0 Ve) N {0 [l — & > A%}, (5.44)

where 7(z,.70): (Zo,T0,Y,7) — (To, 7o) is the projection map.

An examination of the definition of A(T,T") verifies that Q(I') satisfies Property (ii), so
all that remains is to verify Property (i). Since Vr is a semi-algebraic set of complexity
O(k%), by the Tarski-Seidenberg theorem (see Proposition 10 in Appendix 2.3), so is Q(T').
Thus by Proposition 7 in Appendix 2.3, either Q(I") is empty or (Q(I")) has dimension at
most 2 and complexity O(k), so by Proposition 9, its Zariski closure, Zr = Zar(d(Q())), is
an algebraic set of dimension at most 2 and degree O(k®). If dim(Zr) = 2 then let Sp = Zr.
If not, we can find an algebraic set of dimension 2 containing Zr whose degree is controlled

by a polynomial function of the degree of Zr and we shall let this set be Sr. O

Definition 109. Let W C RY be a finite collection of points. We say that W is hypersurface

generic if for every polynomial P € Rzy,...,zx] of degree D we have

o< (7)1

Lemma 110. Let W C R3 be finite. Then after an infinitesimal perturbation, VW is hyper-

surface generic

Proof. Identify the space of all sets H C R? of cardinality ¢ with (RV)’. Let |W| = m. Then
the subset of (RY)™ corresponding to sets of cardinality m that are not hypersurface generic

is Zariski closed—it is a finite union of determinantal varieties. O

5.4.2 Proof of Lemma 85

In order to prove Lemma 85, it suffices to consider the case where © = v = 1 and establish

the following bound:
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Lemma 111. Let (W, B) be as in Lemma 85. Then for all e > 0, there exists a constant C.
such that
ROW, B) < C.k%(mn)*((mn)¥* +m +n). (5.45)

To obtain (5.21) from (5.45) we apply a random sampling argument. The details can be
found in [Wol97b, p1253], so we shall not reproduce them here.

Proof of Lemma 111. We shall proceed by induction on the quantity [W||B|. To handle the
base case, we may assume
mn > C.kY, (5.46)
since otherwise we can use the trivial bound R(W, B) < mn. Now suppose Lemma 111 has
been established for all (0, )-bipartite pairs (W', B') with |W'||B'| < mn.
We may assume

Am3re < n < m, (5.47)

for a large constant A (depending on €) to be determined later, since if the first inequality

fails then the result follows from (5.40) (and after selecting a sufficiently large value of C.,

depending on A), while if the second inequality fails we can reverse the roles of W and B.
Let y1p = (mn)*%, and use Lemma 106 to write W = W, UW, and similarly B = B, LI By.

Using Lemma 104, we have

1

R(W,, B) < m(mn)3/4+€, (5.48)
1 ,

R(W, B,) < m(mn)5/4+€. (5.49)

See [Wol97b, p1251-2] for details. Thus in order to prove Lemma 111, it suffices to establish

the following bound:
1
ROW,,B,) < §C€KCE (mn)¥/*¢ 4 C. K% (mn)*(m + n). (5.50)

Use Proposition 19 to select a polynomial P € Rz, x5, 7] of degree at most D (D shall
be chosen later, but it should be thought of as 6~¢) so that the set R*\{P = 0} is a union of

< D? cells, each of which contains < |W,|/D? U—circles ' € W,.
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Lemma 112. Let Q) be a cell from the above decomposition. If I' € B, L € Q, and
A(T,T) < 8, then at least one of the following must hold.

(i) 0Q(T) N # 0.
(i) Q C Q).

Indeed, since A(I',T) < 4, by Property (i) of Q(I') from Lemma 107, T' € Q(T') and thus
QN Q) # 0. Since Q is an open connected set, it must either be contained in Q(T') or it

must meet the (topological) boundary of Q(T').

Now, for each cell €2, let
B, =BUBY UBY,

where Bf* (resp. B) contains those I' € B, for which Item (i) (resp. Item (ii)) occurs, and

I'eBYif AT,T) > ¢ forallT € Q
We shall first consider incidences involving B

Lemma 113. Suppose D satisfies
D < nf/S. (5.51)

Then if m and n are sufficiently large, at least one of the following must hold:
s
Q

IW,| < m,/1000. (5.53)

< n,/1000, (5.52)

Proof. Suppose (5.53) fails. By (5.47), (5.51), and the fact that W is hyperplane generic, we

have that for each cell (2,
(W, N Q| 2 [W,| D™
>mD™3,

Thus each T' € g, BY is incident to > mD 3 U—circles from W,, so

I(W,. By) 2 mD™*

LJB?W (5.54)
Q
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On the other hand, by Lemma 102 (with o = vy = (mn)'/4),
T(W,, B,) < m®*n'*logm +m3/4n'3121og n. (5.55)
Combining (5.54), (5.55), and (5.47), we obtain
s
Q

This and (5.46), (5.51) gives us (5.52). O

< D*n'~“logn. (5.56)

If either (5.52) or (5.53) holds, then we can apply the induction hypothesis to the pair
Wy, Uq BS) and conclude that

1
ROy, (JB]) < 1550k (mn) (mn)*/* +m + n)
. (5.57)

1
< 1—OC€kC€(mn)3/4+e,
where on the second line we used (5.47).
Remark 114. Lemma 113 is an analogue of Equation (5.23) from [Zah12a]. In essence, both
state that if WW,| were too big then that would force an illegally large number of incidences to
occur. However, the current formulation is much simpler. In [Zah12a], the analogue of Q(I")
was defined differently and thus we needed statements of the form “if two curves I';, 'y are
almost tangent then after a slight perturbation they are exactly tangent.” Making statements

such as this rigorous introduced many technical difficulties that have been avoided in the

present proof.

We shall now control incidences involving BS. Let
ng = [{T" € By: 0(Q(I)) N Q2 # 0.
Since d(Q(T")) C Sr, we have
ng < {T' € B,: SrNQ # 0}

By a Thom-Milnor type theorem (see e.g. [BB12, Theorem 1.1]), we have that for each
I € B,, St\{P = 0} contains O(k“D?) connected components. Since the number of cells
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that intersect d(Q(I')) is bounded by the number of connected components of Sp\{P = 0},
we have

> ng < C1D%n. (5.58)
Q
Let mq = |[W, N Q|. Applying the induction hypothesis,

> RW, NQ,BY)
Q

< HEC Y mifnif ™ () Y e+ () S

< CekCe ( m512_446(3/4+6)> 5t ( Z nQ>3/4+6 . (mn)e Z ma + Z(mn)eng} (559)

r 1—4e
3+4e _9+412e > 1

< CJ{CE <D3m1—4eD T—4e

(C1D%kCn)>/4*€ + (mn)°m + (mn)eClDzk'Cn]

01 (mn)3/4kc

= k% (mn)° [ T

+m + C’1D2kcn] )
Finally, since the points of W are hypersurface generic, we have that
(W, n{P =0} < D7,

and thus
R(W,N{P =0},B,) < CyDn. (5.60)

We have

ROW,,B,) =Y RW, NQ,BY) +> RW,NQBY) +RW,N{P=0}8,). (561)

Q Q

Combining (5.57), (5.59), and (5.60), we conclude that there there exists an absolute

constant Cy such that

./ C1(mn)3/4kCo

ROW,, B,) < C.kS(mn) (T 4 D3 + m) (5.62)
Now, select D > 1 satisfying (5.51) and also
Cik® 1

_— 5.63
D> < 100° (5:63)

3/4
DKo < 1) 5.64
2S00 (5.64)
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The existence of such a D is guaranteed by (5.46) and (5.47) provided we select the constants
C. (from (5.46)) and A (from (5.47)) to be sufficiently large (depending on the constant Cy
from (5.62) and the € that appears in the statement of Lemma 111). With such a choice
of D, (5.50) is satisfied. This completes the proof of Lemma 111 and hence also Theorem
76. [

Remark 115. The use of a “low degree” partitioning polynomial to prove incidence theorems
was first introduced by Solymosi and Tao in [ST12]. What we do here is very similar,
except instead of using a bounded degree variety and the general heuristic that operations
such as projection, etc. send bounded degree varieties to bounded degree varieties, we use a
variety of “sub-polynomial” degree, and we rely on the heuristic that projections, etc. send

sub-polynomial degree varieties to sub-polynomial degree varieties.
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