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Abstract

Quantum groups, character varieties and integrable systems
by
Gus Schrader
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Nicolai Reshetikhin, Chair

In this thesis we address several questions involving quantum groups, quantum cluster
algebras, and integrable systems, and provide some novel examples of the very useful inter-
play between these subjects. In the Chapter 2, we introduce the classical reflection equation
(CRE), and give a construction of integrable Hamiltonian systems on G/K, where G is a
quasitriangular Poisson Lie group and K is a Lie subgroup arising as the fixed point set
of a group automorphism o of G satisfying the CRE. As an application, we provide a de-
tailed treatment of the algebraic integrability of the XXZ spin chain with reflecting boundary
conditions.

In Chapter 3, we study doubles of Hopf algebras and dual pairs of quantum moment
maps. For any Hopf algebra A, we construct a natural generalization of the (quantized)
Grothendieck-Springer resolution; the standard resolution corresponds to taking A a quan-
tum Borel subalgebra. In this latter case, we apply the general construction to yield an
algebra embedding of the Drinfeld-Jimbo quantum group U,(g) into a quantum torus alge-
bra which is a central extension of the quantum coordinate ring of the reduced big double
Bruhat cell in the corresponding simply-connected group G.

Chapter 4 gives an alternative geometric description of this quantum torus embedding.
Namely, we construct an embedding of U,(sl,,) into a quantum cluster chart on a quantum
character variety associated to a marked punctured disk. We obtain a description of the
coproduct of Uy (sl,,) in terms of a quantum character variety associated to the marked twice
punctured disk, and express the action of the R-matrix in terms of a mapping class group
element corresponding to the half-Dehn twist rotating one puncture about the other. As a
consequence, we realize the algebra automorphism of U, (sl,)®? given by conjugation by the
R-matrix as an explicit sequence of cluster mutations, and derive a refined factorization of
the R-matrix into quantum dilogarithms of cluster monomials.

We conclude by mentioning some applications of our cluster realization of quantum groups
to the decomposition of tensor products of positive representations, and the construction of
a modular functor from quantum higher Teichmuller theory.
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Chapter 1

Introduction

In the present thesis we address several problems involving integrable systems, quantum
groups, and cluster algebras. The central strategy we pursue is to exploit the rich and fruit-
ful relationship between geometric objects such as moduli spaces and integrable systems,
corresponding algebraic ones, including Poisson-Lie groups, Hopf algebras, and quantum
groups. We begin in Chapter 2 by developing the theory of Poisson homogeneous spaces of
quasitriangular Poisson-Lie groups, which turns out to be governed by an algebraic struc-
ture called the classical reflection equation. From solutions of this reflection equation, we
explain how one can construct a general class of integrable Hamiltonian systems whose time
evolution is given by a Lax equation, and whose trajectories can be computed by solving
a certain factorization problem of Iwasawa type in the underlying Poisson-Lie group. This
class of integrable systems turns out to often admit a physical interpretation as models with
integrable reflecting boundary conditions. An example of particular interest, which is re-
lated to a homogeneous space for the the loop group LSLs, is the XXZ spin chain with
open boundaries, and we apply our formalism to give a complete treatment of the algebraic
integrability of this model.

In Chapter 3, we pass from classical to quantum and turn our attention to the the-
ory of doubles of Hopf algebras. Motivated by the Poisson geometry of the Grothendieck-
Springer simultaneous resolution of a complex semisimple Lie group, we explain how to
construct an analog of the quantization of that resolution starting from any Hopf alge-
bra. The Grothendieck-Springer resolution is recovered when the underlying Hopf algebra
is the quantum Borel subalgebra in the corresponding quantum group U,(g). The key to
the construction is the notion of a commuting dual pair of quantum moment maps. As
an interesting by product, we also obtain non-trivial homomorphisms of certain reflection
equation algebras, whose defining relations are given by the quantum analog of the reflection
equation studied in Chapter 2. In the case of the Grothendieck-Springer resolution, we are
able to combine our general algebraic construction with certain properties of the R-matrix
and quantum Weyl group of U,(g) in order to obtain an algebra embedding of U,(g) into a
quantum torus algebra; that is, an associative algebra generated by variables Xi™', ... ,XljEl
subject to the g-commutativity relations X; X; = ¢%9 X, X; for some b;; € Z. This embedding
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can be regarded as a g-deformation of the familiar realization of U(g) in terms of the Weyl
algebra of differential operators on the big cell of the flag variety.

Our goal in Chapter 4 is to provide an alternative geometric description of the quantum
torus embedding of U, (sl,,), using the tools of higher Teichmiiller theory and quantum cluster
algebras. More precisely, we construct an embedding of U, (sl,,) into a quantum cluster chart

~

on the moduli space of framed PG L,-local systems on a disk S with a single puncture p, and
with two marked points x1, x5 on its boundary. Our embedding has the property that for
each Chevalley generator of Uy(sl,), there is a cluster mutation-equivalent to D,, in which
the image of that generator is a cluster monomial. We also solve the problem of describing
the coproduct and R-matrix of U,(sl,) in geometric terms, this time involving the moduli
space of framed local systems on a twice punctured disk. Conjugation by the R-matrix is
realized as the element of the cluster mapping class group corresponding to the half-Dehn
twist rotating one puncture about the other.

We conclude in Chapter 5 by commenting on some exciting applications of our cluster
realization of quantum groups to the decomposition of tensor products of positive repre-
sentations, and the construction of a modular functor from quantum higher Teichmiiller
theory.

1.1 Introduction to Chapter 2

A large and well-studied class of integrable Hamiltonian systems consists of those whose
phase space can be realized as a Poisson submanifold of a quasitriangular Poisson-Lie group
G. In this situation, the conjugation invariant functions I C C(G) form a Poisson commu-
tative subalgebra, and particular integrable systems arise by restricting these functions to
symplectic leaves in G.

In this Chapter we construct integrable systems on Poisson homogeneous spaces of the
form G/K, where (G, r) is a quasitriangular Poisson Lie group and K is a Lie subgroup of G
which arises as the fixed point set of a Lie group automorphism ¢ : G — G. In this setting,
the condition for G/ K to inherit a Poisson structure from G is equivalent to the requirement
that the quantity

Cor) = (0@ 0) (1) +7— (6@ 1+ 13 0)(r)

be a Lie( K )-invariant in g®g. In the special case C,(r) = 0, we say that (r, o) is a solution of
the classical reflection equation (CRE). In this case, we construct a classical reflection mon-
odromy matriz T with the property that the classical reflection transfer matrices obtained
by taking the trace of T in finite dimensional representations of G form a Poisson commuting
family of functions in C(G/K) C C(G). These functions are no longer Adg-invariant, but
are instead bi-invariant under the action of K x K on G by left and right translations.

The motivation for our construction comes from the quantum spin chains with reflect-
ing boundary conditions introduced by Sklyanin [57]. It is known [7] that these quantum
integrable systems are closely related to coideal subalgebras in the quantum affine algebras
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U,(g). When g is a finite dimensional simple Lie algebra, coideal subalgebras in U,(g) have
been studied by many authors [44],[38],[18],[60] and may be regarded as quantizations of the
classical symmetric spaces G/K. Of particular relevance is the work of Belliard, Crampé
and Regelskis [11],[12], who introduced the notion of Manin triple twists to understand the
semiclassical limit of coideal subalgebras.

We will show that the semiclassical limit of Sklyanin’s quantum reflection equation co-
incides with the CRE for an appropriate choice of group G and automorphism o. We shall
also explain how to derive local Hamiltonians for the corresponding homogeneous classical
spin chain, the XXZ spin chain with reflecting boundaries.

Next, we proceed to a give a detailed analysis of the reflection XXZ chain. Namely, we
solve the following three fundamental problems

e Separation of variables on the system’s phase space
e Integration of the system’s equations of motion
e Construction of the system’s action-angle variables.

Crucial to our analysis is the so-called algebraic integrability of the system: the tori on
which the flows of the reflection Hamiltonians are linearized are in fact abelian varieties,
arising as Jacobians of the spectral curves of the reflection monodromy matrix. For general
background on the notion algebraic integrability and examples of its applications, we refer
the reader to the books and surveys [65],[64], [24].

Let us also say a word about the broader physical and mathematical context in which
the classical spin chains appear. On the one hand, they may be regarded as lattice versions
of Landau-Lifshitz type continuum models, see [48] and [58], [14]. On the other, they can
also be obtained as infinite spin or mean-field limits of lattice models in quantum statistical
physics, see [32]. We hope that the analysis presented here can also prove useful in the study
of the continuum and quantum systems related to the classical XXZ chain with reflecting
boundaries.

1.2 Introduction to Chapter 3

The Grothendieck-Springer simultaneous resolution of a complex simple Lie group G plays a
central role in the geometric representation theory. Recall that if B C G is a Borel subgroup
in GG, and we write g,b for the Lie algebras of G, B respectively, then the Grothendieck-
Springer resolution is the following map of Poisson varieties:

Gxpb—g, (9,2)B — gxg ' (1.2.1)

Indeed, the Poisson map (1.2.1) admits a quantization, yielding an embedding of the en-
veloping algebra U(g) into the ring of global differential operators on the principal affine
space G/N.
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It was shown in [49] that both sides of the multiplicative Grothendieck-Springer resolution
G xp B — G, (9,b)B — gbg™* (1.2.2)

admit natural, nontrivial Poisson structures such that the resolution map is Poisson. In [25],
we showed that the resolution (1.2.2) can be also quantized, this time to yield an embedding
of the quantized universal enveloping algebra U,(g) into a certain ring of quantum differential
operators on G/N.

One remarkable property of U,(g) is that it can be realized as a quotient of the Drinfeld
double D(U,(b)) of a quantum Borel subalgebra U,(b) C U,(g). In this note, we observe that
an analog of the quantization of the resolution (1.2.2) exists under mild conditions for the
Drinfeld double D(A) of a topological Hopf algebra A. The key to the construction of this
quantization is the existence of a pair pp, ur: D(A) — H(D(A)*°) of commuting quantum
moment maps from D(A) to the Heisenberg double of a certain Hopf algebra D(A)*°? oppo-
site dual to D(A). In this general setting, the role of quantum differential operators on G/N
is played by the quantum Hamiltonian reduction of H(D(A)*°?) by pur(A), and the resolution
map is given by the residual quantum moment map pg: D(A) — H(D(A)*P)//ur(A).

Although a similar construction has appeared before in the context of the quantum
Beilinson-Bernstein theorem, we believe that the following results are new. First, we show
that the quantum Hamiltonian reduction H(D(A)*P)//jr(A) is isomorphic to the Heisen-
berg double H(A). Recall [43] that the Heisenberg double H(A) of a finite-dimensional Hopf
algebra A is isomorphic to the algebra of its endomorphisms End(A). Thus, the natural
action of D(A) on A yields a homomorphism D(A) — H(A). We show that it coincides
with the map ur: D(A) — H(A) when A is finite dimsensional. Second, we provide an ex-
plicit Faddeev-Reshetikhin-Takhtajan type presentation of the map pg in terms of universal
R-matrices, which leads to a homomorphism between certain reflection equation algebras.

Having explained the general theory, we proceed to apply it in the important special
case of the quantized enveloping algebra U,(g), and as an application obtain an algebra
embedding of U,(g) into a quantum torus algebra.

1.3 Introduction to Chapter 4

In [23], an intriguing realization of the quantum group U,(sly) and the Drinfeld double of
its Borel subalgebra was presented in terms of a quantum torus algebra ©. Explicitly, the
algebra ® has generators {wy, wy, w3, wy}, with the relations

2
WiWip1 = ¢ “Wip1W;, and WiWiy2 = Wiy2W; (1.3.1)

where i € Z/4Z. In terms of the standard generators E, F', K, K’ of the Drinfeld double (see
Section 3 for the definitions), the embedding proposed in [23] takes the form
E — i(w; + wy), K — quows,

1.3.2
F — i(ws + wy), K' — quwy, ( )
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where i = v/—1.

The embedding (1.3.2) has some striking properties. Firstly, as proposed in [23], one can
use the Weyl-type relations (1.3.1) to define a modular double of U,(sly) compatible with
the regime |¢| = 1. Next, the image of the quasi R-matrix under this embedding admits a
remarkable factorization into the product of four quantum dilogarithms:

R =V (w; @ w3) U (w; @ wy) U (wy @ w3) VI (wy @ wy) . (1.3.3)

These properties have been exploited in [10], [9], [2] to define and study a new continuous
braided monoidal category of ‘principal series’ representations of U, (sls).

On the other hand, factorizations of the U,(sly) R-matrix of the form (1.3.3) have also
appeared in quantum Teichmuller theory. In [37], the action of the R-matrix is identified,
up to a simple permutation, with an element of the mapping class group of the twice punc-
tured disc. The mapping class group element in question corresponds to the half-Dehn twist
rotating one puncture about the other. After triangulating the punctured disc, this trans-
formation can be decomposed into a sequence of four flips of the triangulation, as shown
in Figure 4.8. One is thus led to interpret each dilogarithm in the factorization (1.3.3) as
corresponding to a flip of a triangulation. In [36], this observation was used to re-derive
Kashaev’s knot invariant.

In this chapter, we explain how to generalize Faddeev’s embedding (1.3.2) to the case of
the quantum group U,(sl,,+1) using the language of quantum cluster algebras. The key to
our construction is the quantum cluster structure associated to moduli spaces of PGL, -
local systems on a decorated, marked surface, see [63]. Cluster charts on these varieties are
obtained from an ideal triangulation of the surface by ‘gluing’ certain simpler cluster charts
associated to each triangle. In the case of moduli spaces of PGL, -local systems, a flip of
a triangulation can be realized as sequences of (";’2) cluster mutations.

Taking a particular cluster chart on the moduli space associated to a triangulation of the
punctured disk (defined precisely in Section 2), we obtain by this gluing procedure a quiver
and a corresponding quantum torus algebra ®,,. Our first main result, Theorem 4.4.4, is
to describe an explicit embedding of U,(sl,41) into ®,,. Our embedding has the property
that each Chevalley generator E;, F; of U,(sl,,+1) is a cluster monomial in some cluster torus
mutation equivalent to ®,,. In the simplest case n = 1, our result reproduces Faddeev’s
realization (1.3.2) of U,(sly) in terms of the quantum torus ©; associated to the cyclic
quiver with four nodes (see Figure 4.4). Moreover, our cluster embedding turns out to be
compatible with the action of U,(sl,11) in its positive representations [30], which are higher
rank generalizations of the principal series representations of U, (sly).

Next, we turn to the problem of describing the coproduct and R-matrix of U,(sl,.;) in
terms of our embedding. We formulate this description in terms of a quantum cluster chart
Z, from another quantum cluster variety, this time corresponding to a quiver built from a
triangulation of the twice punctured disk. As we explain in Remark 4.6.4, the coproduct
admits a simple description in terms of the cluster variables of Z,.

Finally, we prove in Theorem 4.6.1 that the automorphism P o Adg of U,(sl,1)®?, given
by conjugation by the R-matrix followed by the flip of tensor factors, restricts to Z, and
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coincides with a cluster transformation given by the composite of the half-Dehn twist and
a certain permutation. In the course of the proof, we obtain (Theorem 4.7.4) a refined
factorization of R with 4(”;:2) quantum dilogarithm factors, one for each mutation required
to achieve the half-Dehn twist realized as a sequence of four flips. In the case of U,(sly),
when each flip can be achieved by a single cluster mutation, we again recover Faddeev’s
factorization (1.3.3).



Chapter 2

Integrable systems with reflecting
boundary conditions

2.1 Lie bialgebras and Poisson-Lie groups

In this section we collect some standard definitions and facts about Poisson-Lie groups and
their Lie bialgebras that we shall use throughout this Chapter. For further details, see for
example [17, 22]. Recall that a Lie bialgebra is a Lie algebra g together with a linear map
0:g— gA g satisfying the following two conditions:

1. The dual mapping ¢* : g* A g* — g* defines a Lie bracket on g*
2. The map ¢ satisfies the 1-cocycle condition
X, Y])=X-6(Y)—-Y -§(X)
where the g acts on g A g by the exterior square of the adjoint representation.

We shall focus on Lie bialgebras for which the 1-cocycle § is actually a coboundary. This
means that there exists an element r € g ® g such that 6(X) = X - r. One checks [17] that
the induced bracket on g* will be skew and satisfy the Jacobi identity if and only if the
symmetric part J = 1(r + ro) of r as well as the quantity

[[r, 7] := [r12,713] + [113,723] + [r12, T23]

are g-invariants in g® g and g ® g ® g respectively. In the case that [[r,r]] = 0, we say r is a
solution of the classical Yang-Baxter equation, and that the Lie bialgebra g is quasitriangular.
If g is a quasitriangular Lie bialgebra and the symmetric bilinear form on g* defined by J is
nondegenerate, we say that g is factorizable.

A Poisson-Lie group is Lie group equipped with a Poisson structure such that the group
multiplication is a Poisson map. As is well known [17], the category of Lie bialgebras is
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equivalent to the category of connected, simply connected Poisson-Lie groups. The Lie
bialgebra corresponding to a given Poisson-Lie group is called its tangent Lie bialgebra. We
say that a Poisson-Lie group G is quasitriangular (resp. factorizable) if its tangent Lie
bialgebra is.

The Poisson bracket on a coboundary Poisson-Lie group (G, r) may be described quite
explicitly. If {X,} is a basis for g, let us expand

r= er’tXS ® X,

s,t

Then if f1, fo € C[G], we have

{1, f2} =D et (XELAIXE (o) = XELAXEfa)) (2.1.1)
where Y2 denote left /right derivatives with respect to Y € g:
d d
Y[ fl(g) = 7 tzof(etyg)a YE[f](9) = 7 tzof(gety)

2.2 Poisson homogeneous spaces and the classical
reflection equation

Let g be a Lie bialgebra, and let £ C g be a Lie subalgebra in g. We say that € is a coideal
Lie subalgebra in g if
) Cgt+Etxg

Our interest in coideal Lie subalgebras stems from the following fact, whose straightforward
proof may be found in [22].

Proposition 2.2.1. Let K C G be a closed Lie subgroup in G. Then the homogeneous
space G /K inherits a unique Poisson structure from G such that the natural projection
7 : G — G/K is Poisson if and only if ¢ = Lie(K) is a coideal Lie subalgebra in g.

Note that this condition is weaker than the condition that the subgroup K be a Poisson
submanifold of G, for which we require n(k) C TR K®?* C T,G®? for all k € K.

It is also worthing noting that Proposition 2.2.1 may also be stated in a dual form at
the level of function algebras; in this formulation, which goes back to [54], the subalgebra
C[G/K] of right K-invariant functions on G is a Poisson subalgebra in C[G] if and only if
the annihilator £ C g* of £ is a Lie subalgebra in the dual Lie bialgebra g*.
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Suppose now that (g, r) is a coboundary Lie bialgebra, and that o : g — g is a Lie algebra
automorphism. Then the fixed point set
t=g° = {x € glo(x) = 2}

is a Lie subalgebra of g. Our first goal is to characterize when £ is a coideal Lie subalgebra.
For this purpose, we shall introduce the quantity

Co(r)=(c@a)(r)+r—(c®@1+1®0)(r) (2.2.1)

Note that if 2 € g® g is any g-invariant, then C,(£2) is a &-invariant. In particular, we have
that C,(J) is a t-invariant, where J = (1 + r3;) denotes the symmetric part of 7.

Theorem 2.2.2. Let (g,r) be the coboundary Lie bialgebra determined by an element r € gRg.
Then the Lie subalgebra € = g° is a coideal Lie subalgebra in (g,r) if and only if the quantity
C,(r) is a t-invariant in g ® g.

Proof. The subspace g®@t+£® g C g ® g is the kernel of the vector space endomorphism
A= (c—1)® (0 —1). So tis a coideal Lie subalgebra if and only if Ao §(£) = 0. Let us
expand the r-matrix as r = ) . a;, ® b; for some a;,b; € g, and take = € €. Then we compute

Aod(x) = A(lzr,a;] @ by + a; @ [z, b;])
=olr,a;) ® ob; + [x,a;] @ b; — o[z, 0;]) ® b; — [x,0;] @ ob;
]

+oa; ®olx, b +a; @ [x,b;] —oa; @ [z,b } a; ® oz, b
= [z,00;] ® ob; + [1,0;] @ b; — [x,00;] ® [x a;) ® ob;
+oa; ® [x,0b;] + a; @ [x,b;] —oa; @ [z, b } ® [z, 0b;]
= [z, (c@o)r] +z,r] = [z, (0 @)r] = [z 7(1®0) ]
= [z, Co(r)]
This is zero if and only if C,(r) is a ¢-invariant. O

Corollary 2.2.3. If C,(r) is a t-invariant, the corresponding homogeneous space G /K in-
herits the structure of a Poisson manifold.

The simplest way to satisfy this condition is to demand C,(r) = 0. In this case, we say
that the pair (r,0) is a solution of the classical reflection equation

(c@o)(r)+r—(c@1+1®0)(r)=0 (2.2.2)

Additionally, it is important to note that, because of the g-invariance of the symmetric part
J of the r-matrix, the condition that C,(r) be a -invariant will also be satisfied if we assume
that the skew part 7 of the r-matrix satisfies the reflection equation C,(7) = 0.
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We will mostly be interested in the case when the automorphism ¢ is an involution, i.e.
0% = id. Then if p is the (—1)-eigenspace of o, we have the decomposition of &-modules
g =8P p. If we decompose the r-matrix as

T=Te+ Tep + Tpe + Tpp (2.2.3)
we find C,(r) = 4rp,. Hence, we have

Proposition 2.2.4. If o is an involution, € is a coideal Lie subalgebra if and only if ry, is
t-invariant. The pair (r,o) is a solution of the CRE if and only if rp, = 0.

Remark 2.2.5. In this work, we only consider Poisson structures on G/ K with the property
that the projection G — G/K is a Poisson map. In [20], Drinfeld classifies Poisson struc-
tures on G/K compatible with the Poisson structure on G in the sense that the mapping
GxG/K — G/K is Poisson. Such Poisson structures are shown to correspond to Lagrangian
subalgebras in the double D(g) = g @ g*, those under consideration in the present work be-
ing given by Lagrangians Ly = £€® £+. It would be interesting to try to construct integrable
systems on the more general class of Poisson homogeneous spaces classified in [20].

Remark 2.2.6. Let us conclude this section by commenting on the relation between our
construction and the one outlined in [11] in terms of Manin triple twists. Suppose we have
a quasitriangular Lie bialgebra (g,r), with the corresponding Manin triple 9 = g ® g*, and
suppose also that we have a Lie algebra involution ¢ of g. We may then attempt to extend
¢ to an anti-invariant Manin triple twist simply by declaring that ¢ acts on g* by

(0(£), X) = = (& o(X))

where the round brackets to refer to the invariant symmetric bilinear form on 0 and the
angle brackets to refer to the canonical pairing of g with g*. What must be checked is
that this extension respects the Lie algebra structure on 0. In order for this to hold, we
require that (¢ ® ¢)(r) +r = 0. Note, by applying ¢ ® 1, that this condition also implies
(p®@1+1® ¢)(r) =0. Therefore, the Manin triple twist constructed in this fashion gives a
solution of the classical reflection equation. The solutions constructed in this fashion have
the special property that both ‘sides’ of the reflection equation vanish in their own right.

2.3 Construction of integrable systems

Quasitriangular Poisson-Lie groups play a prominent role in the theory of classical integrable
systems because of the following simple consequence of formula (2.1.1) for the Poisson bracket

on (.

Proposition 2.3.1. [48] If (G,r) is a quasitriangular Poisson-Lie group, then the subspace
I C C(G) of conjugation-invariant functions is a Poisson commutative subalgebra.
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Restricting this Poisson commutative subalgebra of functions to symplectic leaves of ap-
propriate dimension in G, it is often possible to obtain classical integrable systems. Examples
of integrable systems that can be derived in this framework include the Coxeter-Toda lattice
[61], its affine counterpart [67], and the classical XXZ spin chain with periodic boundaries,
see the survey [47] and references therein. We will now explain how to construct integrable
systems on the Poisson homogeneous spaces G/K described in the previous section.

In order to describe K-invariant functions on G explicitly, we introduce the classical
reflection monodromy matrix

T(g9) = go(9)™ (2.3.1)

Observe that if £ € K = G°, we have T (gk) = T(g). Hence matrix elements 7" of 7 in
any finite dimensional representation V' are elements of the ring of K-invariant functions
C(G/K). Taking the trace, we obtain the reflection transfer matriz

V(g) =try T (g) (2.3.2)

In contrast to those arising from the standard construction of integrable systems on G, the
reflection transfer matrices 7V (g) are not in general Adg-invariant. On the other hand,
observe that 7V (kg) = 7V(g), so the reflection transfer matrices lie in C(K\G/K), the
subalgebra of K-bi-invariant functions on G.

Theorem 2.3.2. Suppose (r,0) is a solution of the classical reflection equation. Then the
subalgebra C(K\G/K) is Poisson commutative. In particular, for any pair of finite dimen-
sional representations V,W of G, the reflection transfer matrices TV, 7V satisfy

(V. 7"} =0

Proof. If H € C(K\G/K) is a bi-invariant function, then for all X € € we have X1-2#[H] = 0.
Hence the result follows from the decomposition (5) of the r-matrix. O

Poisson commutativity of the reflection transfer matrices also follows immediately from
the following expression for the Poisson brackets of matrix elements of the reflection mon-
odromy matrix:

Proposition 2.3.3. Let r be the r-matriz of a quasitriangular Lie bialgebra, and let v denote
its skew part. If (r,0) is a solution of the classical reflection equation, matriz elements of
the reflection monodromy matrix satisfy

{Ti @ Ta} = [r, Thi'T2] + Ti[Ta, o17] + T[T, oar] (2.3.3)

Similarly, if (7,0) is a solution of the classical reflection equation, then matriz elements of
the reflection monodromy matrix satisfy

{Th @ Te} =7, Ti'Ta] + Th[Ta, 017 + T2[Th, 027 (2.3.4)
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Proof. Recall [17] that the matrix elements p(g) of g in a finite dimensional representation
have the Poisson brackets

{p1 ® p2} = [r12, p1p2]
= [f12>P1P2]

Now since ¢ is a group automorphism, we have

{p1oa,p} = [o1r, (p100)p2)

-1

et cetera. Moreover, since T (g) = p(g) - (p~"' 0 0)(g), applying the Leibniz rule yields

{Ti ® o} = pi{(p1' 0 0), p2}(p3' 0 0) + pipa{pi 00, p3 00}
+{p1,p2}(pr 0 0)(pyt 0 0) + pa{pr, p3t 0o} (pr ! 0 0)
=rTiTe+ TiTa(o109r) — Ti(o1r)Ta — Ta(o2r)Th

+ p1p2 (o1 + o9r — 1 — 01097) (py L 0 o) (py 0 0)
This expression may be rewritten as

{Ti @ T} = [r, \Te] + T[Tz, 017] + Ta[T1, oar] (2.3.5)
+ TiT:Co(r) — p1p2Co (1) (py ' 0 0)(pr ' 0 0)

Applying the CRE C,(r) = 0, one arrives at formula (2.3.4). Of course, the case in which it
is the skew part 7 that satisfies the CRE is treated identically. m

Let us conclude this section by observing that the commutativity of the reflection transfer
matrices continues to hold under the weaker assumption that C,(r) is a (possibly nonzero)
¢-invariant.

Proposition 2.3.4. Suppose o is an involution, and (r,o) satisfies the condition (2.2.1):
i.e. Cy(r) is a t-invariant. Then the reflection transfer matrices form a Poisson commutative
subalgebra.

Proof. As in the previous section, write g = € ® p for the decomposition of g into the +1
eigenspaces of 0. Recall [29] that we may take neighborhoods V¢, V; in & p such that the
map V, x Ve = G, (2,y) — exp(z)exp(y) is a diffeomorphism onto an open neighborhood
U of the identity in G. For g = exp(z) exp(y) =: pk € U, the K-invariance of C,(r) implies

tryew (9® 9)Co(r)(o(g™) @ a(g™")) = trvaw(p’ ® p*)Co(r)

Since go(g~!') = p?, the terms involving C,(r) in (2.3.5) cancel and we obtain the result.
[
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2.4 Twisting

The construction of the previous section also admits a twisted version, which we shall now
describe. Let o be an involution on (g,r) which is a solution of the classical reflection
equation C,(r) = 0, and suppose that ¢ are two automorphisms of g. As usual, we denote
the Lie algebra of fixed points of o by €, and the corresponding Lie group by K. The
automorphisms ¢ allow us to define twisted left and right actions of K on G:

keg=w¢i(k)g, gak=gp_(k) (2.4.1)

Proposition 2.4.1. Suppose that the involutions 0. = @4 o 0 0 L' are again solutions of

Cy. (r) = 0. Then the subalgebra C(K(\G/K_) of twisted K -bi-invariant functions on G is
Poisson commutative.

Proof. Since C,, (r) = 0, we have ry,,, = 0 in the corresponding decompositions (5) of r.
The o fixed-subalgebras £ are related to € by £1 = p.(8). But f is a twisted K-bi-invariant
function we have

P (X)Hf = 0= (X)"f
for all X € £, and from formula (2.1.1) for the Poisson bracket the result follows. O

Of particular interest to us is when the the automorphisms ¢, are of the form Ady, for
some hy € G. In this case, we may form the (right) twisted monodromy matrix

T(g) = gh-o(hZ'g™") (2.4.2)

whose matrix elements in any finite dimensional representation V' are invariant under twisted
right action of K. Then the twisted transfer matrices

7 =try (T(g9)o(hy)h") (2.4.3)

are twisted bi-invariant functions on G. Putting K, = o(h)h;' and K_ = h_o(h_)"!, we
may write the twisted transfer matrix more economically as

™V =try (9K_o(g”")K,) (2.4.4)

2.5 Factorization dynamics

We now proceed to the description of the dynamics of the systems constructed in the previous
sections. In the case of flows on factorizable Poisson-Lie groups generated by Adg-invariant
Hamiltonians, it is well-known that the dynamics is governed by the solution of a certain
factorization problem in G. The first statement of this result in the Poisson-Lie context
can be found in [54]; for further details see [48]. In the present case, we will show that the
solution of the reflection dynamics generated by K-bi-invariant Hamiltonians is related to a
factorization problem of Iwasawa-type.
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For simplicity, we shall work in the untwisted setting. Let us begin by writing down the
equations of motion generated by K-bi-invariant Hamiltonians.

Given a function H € C(G), its left and right gradients at a point g € G are functionals
V*H(g) € g* defined by

(VHH(), X) = L H(g), (VOH(g).X)

H tX
il . (ge™)

]

Let 7 = £ (r — r21) be the skew part of the r-matrix, and let J = 1 (r 4 ry;) be its symmetric
part. We may regard the tensors r, J,7 € g ® g as linear maps g* — g by contraction in the
first tensor factor.

In this section, we shall assume that we have fixed a finite dimensional representation

(p, V) of G, and to simplify notation we shall confuse group elements g € G with their images

p(g) € End(V). Now, it follows from formula (2.1.1) that the matrix g evolves under the
Hamiltonian flow of H by

gty =7 (V*H) g—gr (V H) (2.5.1)

Proposition 2.5.1. Suppose (7, 0) is a solution of the classical reflection equation, and that
H € C(K\G/K) is a K-bi-invariant Hamiltonian. Then the Hamiltonian flow of H takes
place on K x K-orbits in G, and the reflection monodromy matrixz evolves in time by the Lax
equation

T@) =[r (VYH) 1), T(t)] (2.5.2)

Proof. If H € C(K\G/K), then for X € ¢, (V*H, X) = 0, and so from the decomposition
(5) for the skew r-matrix 7, it follows that 7,, = 0 and #(V*H) € £. In view of the equation
of motion (2.5.1), this proves the first part of the proposition. The equation of motion for
the reflection monodromy matrix is obtained by straightforward calculation using formula

(2.1.1). 0

Let us now assume that (G, r) is factorizable, with r satisfying the classical Yang-Baxter
equation in the form

(712, 713) + [r13, 23] + [T12,723) = 0 (2.5.3)

and suppose that the skew part 7 of r satisfies C,(7) = 0 for some involution o. By the
Yang-Baxter condition (2.5.3), the linear map

rogt—g £r—(ER17r) (2.5.4)

is a homomorphism of Lie algebras, so its image b = r(g*) is a Lie subalgebra in g. We will
further assume that g admits an lwasawa decomposition g = b @ €. At the group level, this
means that in a neighborhood of the identity, each element of g admits a unique factorization
g=0bk"'withbe B, k€ K.
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Proposition 2.5.2. Under the above assumptions on (G,7,0), the time evolution of the
matriz g(t) under the Hamiltonian flow of H € C(K\G/K) is given for sufficiently small
time t by

9(t) = k5 () g0k (1) (2.5.5)
where the matrices ki (t) are solutions of the following factorization problems in G:

exp (tJ(VFH(g0))) = b(H)ki'(1)

Proof. For brevity, let us denote Q1+ = J(V*H(go)). By the Iwasawa decomposition, for
sufficiently small time we have a unique factorization

e'% = b(t)k' (1)
where b(t) € B, k+(t) € K. Differentiating with respect to time shows that
b — ki'ky = kI'Qky

Now set g(t) = ki'(t)gok_(t). By the bi-invariance of H and the Ad-invariance of J, we
have

K (OQks (1) = T (V2 H)
_ + (ot
=r (Vg(t)H) -7 (Vg(t)H)
But by the Iwasawa decomposition at the Lie algebra level this implies
ks =7 (Vi H)
and by comparison with the equation of motion (2.5.1) the result follows. [

Corollary 2.5.3. Under the above assumptions on (G,7,0), the isospectral evolution of
the reflection monodromy matriz under the Hamiltonian flow of H € C(K\G/K) is given
explicitly by

T(t) = k3 (0)Tak. (1) (25.6)

In particular, it follows that all spectral invariants of the reflection monodromy matrix
are conserved quantities for the reflection Hamiltonians.
2.6 Finite dimensional examples

We will now show how our construction may be applied to split real semisimple Lie algebras.
For simplicity, we will focus on the case of type A,, when g = sl,,11(R).
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Let us choose a triangular decomposition g = n~ @& h @& n', and a system of Chevalley
generators {E;, F;, H;} . We denote the set of positive roots by A*. The standard Lie
bialgebra structure on g is defined by

6(H;) =0, 6(E;) =EiANHi, 0(F)=F,NH,, (2.6.1)

or equivalently by the r-matrix

r = Z E,AF,

aEAT

The Cartan involution on g is the Lie algebra automorphism 6 defined by

This involution gives rise to a decomposition g = €@ p into its +1 eigenspaces known as the
Cartan decomposition. The fixed point set € = so,(R) is a Lie subalgebra in g, the anti-fixed
point set p consisting of traceless symmetric matrices is a &-module.

Proposition 2.6.1. The pair (r,0) is a solution of the classical reflection equation.

From this (or by inspection of the formulas for the cobracket), it follows that € is a coideal
Lie subalgebra in g. Note also that € does not satisfy §(¢) C £ ® £, so K is not a Poisson-Lie
subgroup in G.

Denote by A, B the analytic subgroups of G with Lie algebras h, b = hdn respectively. By
virtue (see [29]) of the Iwasawa decomposition G = BK, we may identify the homogeneous
space G/K with B. Observe that B C G is a Poisson submanifold.

Proposition 2.6.2. The Poisson structure on G/K coincides with the Poisson structure on
B coming from its inclusion into G.

Proof. Let m : G — G/K =~ B be the projection with respect to Iwasawa decomposition,
and ¢ : G/K ~ B — G be inclusion. We must show that ¢ is Poisson, where B ~ G/K is
equipped with the quotient Poisson structure. For b € B, we calculate 122 (ng/ x(bK )) By
definition of the quotient Poisson structure and the chain rule, we have

1% (nayx (bK)) = 12%72% (na(b))
= (tom)¥* (na(b))

Since B C G is Poisson, ng(b) C TB ® T'B. Moreover, we have (1o 7)|g = idg. Hence

(com)* (e (b)) = na(b)

which shows that ¢ is Poisson. O
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Remark 2.6.3. Recall [29] that we also have the global Cartan decomposition G = PK: any
element of g may be uniquely factored g = pk, where k € SO,, and p is a symmetric positive
definite matrix. This shows that we may also identify G/K with the space P of symmetric
positive definite matrices. The element p in the factorization of g is essentially the reflection
monodromy matrix, since it may be explicitly computed as p* = gg7 = gf(g71).

By the so-called K AK decomposition (see again [29]) , the reflection Hamiltonians may
be regarded as functions on K\G/K ~ A, where A is the n-dimensional Cartan subgroup of
unit determinant diagonal matrices. Thus in order to describe integrable systems on G/ K,
we must identify symplectic leaves of dimension 2n. Recall [61], [67] that the double Bruhat
cells G** are A-invariant Poisson subvarieties of G. Consider the 2n-dimensional double
Bruhat cell G%' C B where c is the Coxeter element ¢ = s, ---s; in the symmetric group

St

Proposition 2.6.4. The double Bruhat cell G is mapped isomorphically under the quotient
projection to a symplectic manifold M, C G/K of dimension 2n, to and the restriction of
C(K\G/K) to M, defines an integrable system.

Indeed, G%! consists of all upper triangular matrices X with positive diagonal entries
and with all entries of distance > 1 from the diagonal equal to zero. If we write

Qg :ka,k = 1,...,7’L+1, bk :Xk,k-i-h
the non-zero Poisson brackets of coordinates are given by
{ar, bp} = arby, {ar1,bk} = —ag41by

The coordinates (ax,br) can be expressed in terms of canonically conjugate coordinates
{pe, e} =1, k=1,...n by

ap = et—17% ph =€k k=1,...,n

where we understand ¢y = ¢,+1 = 0. The reflection monodromy matrix takes the symmetric
tridiagonal form

[ CL% + b% b1a2 0 0 0 0 T
b1a2 CL% + b% szLg 0 0 0
0 bgag CL% + b% b3a4 0 0
T = ‘
0 0 0 bu_1a, a2+ 02 byani
.0 0 0 0 bnni1  apyy
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Its trace is the quadratic local Hamiltonian

n+1 n
tr T = Z 62(%71*%) + e2pk
k=1 k=1

This system essentially coincides with the open Coxeter-Toda system with phase space
Goe' A [27]. Explicitly, G /A consists of the unit determinant tridiagonal matrices, mod-
ulo conjugation by diagonal matrices, where we equip SL,1(R) with the Poisson structure
defined by the scaled r-matrix 2r. Then under this normalization, the map

M, — G JA, T = [T] € SLy1/A

is Poisson, and carries open Coxeter-Toda Hamiltonians to reflection Hamiltonians. Hence,
our construction gives a “symmetric” Lax representation of the open Coxeter-Toda system.
This result is a non-linear analog of the fact that the phase space of the non-relativistic open
Toda chain with its linear Poisson structure may be realized in two ways: either as lower
Hessenberg matrices, or as symmetric tridiagonal matrices, see [55] and [28].

One may also restrict the reflection Hamiltonians to the 2n-dimensional symplectic leaves
of the double Bruhat cells G“¢, although we have been unable to identify the integrable
systems obtained in this fashion with those in the existing literature.

Remark 2.6.5. Although the restriction of the reflection Hamiltonians to symplectic leaves
of dimension greater than 2n cannot yield an integrable system, the explicit solution of the
equations of motion in terms of the factorization problem in GG given in Section 6 remains valid
on such leaves. This leads us to suspect that such systems may be degenerately integrable, as
their Adg-invariant counterparts were shown to be in [46]. We leave the detailed investigation
of this subject for a future work.

2.7 Classical XXZ spin chain with reflecting
boundaries

We will now apply our general scheme to the case of the formal loop algebra Lsly = slo,@C[2%1].
In doing so, we shall recover the semiclassical limit of Sklyanin’s XXZ model with reflecting
boundary conditions [57]. Let

0 1 1 0 00
e=[oa] m=lo A) =00
be the usual root basis of g = sl;. The infinite dimensional Lie algebra Lg has a basis

{z[n| =2z ® 2" |z € {E,H,F},n € Z}. It admits several pseudo-triangular Lie bialgebra
structures [17], the one of interest to us being determined by the (trigonometric) r-matrix
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w
S(E®F+F®E) (2.7.1)

(e w) = —

22 — w? 2

22 4+ w? (H@H) 2z
_l’_

Here we regard Lsly ® Lsly ~ (g ® g)[z*!, w*!] as being embedded in the larger space
(g ® g)(z,w) of g® g-valued rational functions of z and w. The cobracket is given by the
formula

0(x)(z,w) = (adye) @1 + 1 ® adyw)) r(z, w)

Setting m2(z/w) = r(z,w), we obtain a solution of the classical Yang-Baxter equation in
(g ® g)(z,w) with multiplicative spectral parameter:

[r12(2), r13(2w)] + [r12(2), r23(w)] + [r1s(zw), r23(w)] = 0
Observe that r(z) satisfies the ‘unitarity’ condition
7'12(271) = —T12<2)

Now let p : sl — End(C?) be the vector representation of sly, and consider evaluation
representations p, = C? ® C[z*!Y], p, = C?* @ Clw*!]. Again, we embed p, ® p,, inside
(C* ® C*)(z,w). Then the image of r(z,w) is

22+ w? 0 0 0
(o w) = 1 0 —(2% + w?) 4zw 0
’ 2(22 — w?) 0 4zw — (2% + w?) 0

0 0 0 2%+ w?

The classical monodromy matrix 7'(z) is defined as the matrix elements of LSL, in the
evaluation representation p,. Poisson brackets of its elements are given by

{T1(2), Ta(w)} = [r12(z,w), T1(2) To(w)] (2.7.2)

The loop algebra Lsl, has an involution 6 defined by (0z)(z) = x(z7!) for x(z) € Lsl,.
Conjugation by any element of the loop group LG Ly also defines an automorphism of Lsis.
Let us define a one-parameter family of loop group elements h(z; ) by

h(z7§) - < (1] 52_1 E 25—1 )

and consider the composite automorphism ¢ = Adp(z¢) o8 0 Adj-1(.,). Note that setting
& =i recovers o; = 0.

Proposition 2.7.1. We have
(0e @ og)r(z,w) +r(z,w) — (e @1+ 1®0¢)r(z,w) =0 (2.7.3)

so that o¢ defines a one-parameter family of solutions of the classical reflection equation.
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Introducing

K(z€) =h(z;h™ (271 ¢) = ( (1) gzﬂ?glz )

Ez—z—11

equation (2.7.3) may be written more explicitly as

r2(z/w) Ky (2) Ko (w) + Ki(2)r2(zw) K (w)
= Ky(w)rip(zw) Ky (z) + Ko(w) Ky (2)r12(z/w)
where we for brevity we have suppressed in our notation the £-dependence of the matrix

K(z).

Remark 2.7.2. This latter formula can be recognized as the semiclassical limit of Sklyanin’s
quantum reflection equation [57]

312(21/22)K1(21)312(2’122)—’(2(22) = K2(2’2)R12(2122)K1(Zl)R12(21/Z2)

where the quantum R-matrix

10 0 0
Rizy= | O bR cle) O gy o EmE o
10 e(z) B(z) O gz —gqlz gz gt

0 0 0 1

is related to r(z) by
f(2)R(2) = 1+ hr(2) + O(h?), g=¢€", h—0

where
y q_1/22_1

fz) =1

z—z"1

By virtue of Proposition 2.7.1, we may perform the twisting outlined in section 5. If
&, & are complex numbers, we shall twist on the left by Adh(z;gl), and on the right by

Adp(ze_). The corresponding twisted (right) reflection monodromy matrix is
T(2) =T(2)K_(2)T'(z7")
A simple calculation along the lines of the proof of formula (2.3.4) shows that

{T1(2) @ Ta(w)} = [r12(z/w), T (2) T2(w)]
+ Ti(2)ri2(zw) Ta(w) = Tao(w)riz(zw) Ti(2)

which coincides with the formula given in Sklyanin’s original paper [57].
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In order to describe particular finite dimensional systems, we must identify symplec-
tic leaves in LSL,. The leaves we will consider can be described in terms of (SLj)*, the
Poisson-Lie group dual to SLs with its standard Poisson structure. Explicitly, we have
C[SL3] ~ Cle, f, k'] with the Poisson brackets

{k,e} = ke
{kvf} = _kf
{e, [} =2(k" = k77

The function w = k% + k=2 + ef is a Casimir element of the Poisson algebra C[SL3], and it
is thus constant on symplectic leaves. We shall parameterize its value by w =t +¢t~2. The
generic level set w; is a two-dimensional symplectic leaf 3J; in SL3.

One can check that the Local Lax matrix

L(z) = < - ;_1,{_1 kel g ) (2.7.4)
satisfies {L1(2), Lo(w)} = [r12(z/w), L1(2)Lo(w)]. Hence the mapping

T(z) = Li(2)--- Lyn(2)

defines a Poisson embedding of the 2/N-dimensional symplectic manifold >, X --- x X, into
LSLs.

Let us conclude by deriving the local Hamiltonian of the homogeneous chain where
w; = w = t* +t2, using the technique explained in [47] and references therein. Note
that since
det L(z) = 2*+ 2% —w

when z = t*! the Lax matrix degenerates into the projector

Lt)=a® "

“= ( (th! —1t‘1k;)/e ) » A= ( " _ilkl )

We also have the identity

for

L(2)L(z7") = —det L(2)1d

To describe the local Hamiltonian of the chain, we introduce the regularized reflection mon-
odromy matrix

S(z) = ((-1)N det T(2)) T(z) = L1(2) - - - Ln(2) K_(2) Ly (2) - - - L1 (2)
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One then computes

N-1

tr S<t>K+<Z> = (K ( )O[NvﬁN) 617K+ H ﬁn,QnJrl ﬂnJrlaOén)

n=1

But

(ﬁmam—l)(ﬁn-&-laan) =tr (Ln(t)Ln+1<t>)
= enfnJrl + fnJrlen + w(knknJrl + k., lkn—il-l) (k kn—il-l + kn+1k;1)

and
(Ki(t)own, Bn) = const. x (Exk, — €'k,

Hence setting

Hypy1 = log (enfn—H + ent1fo + wW(knkni + kglk;iﬁ - Q(knk;il + kn—&-lk;l))
Ho = log(&ky — E7kTY), Hy = log(éky — €2'ky")

we obtain the local reflection Hamiltonian

N-1

H=Ho+ Y Hynsi + Hy.

n=1

2.8 Algebraic integrability of the XXZ model with
reflecting boundaries: preliminaries

We now proceed towards our goal of establishing the algebraic integrability of the XXZ
model with reflecting boundary conditions. Let us begin by making a few further general
remarks on the model that will prove useful in the sequel.

Firstly, we observe that the local Lax matrix (2.7.4) satisfies satisfies

det L(z) = 2>+ 272 —w (2.8.1)
as well as the identities
L(2)L(z71) = —det L(2)Id (2.8.2)
L(z ™1 = —oyL(2)05 " (2.8.3)
L(—2) = —o3L(2)o3 " (2.8.4)

where

(0 -1 (10
2=\V1 0 )= {0 41
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are the Pauli matrices. From the symmetries (2.8.2) of L(z), it follows that the reflection
monodromy matrix 7 (z) satisfies

T(—2) = 03T (2)o3 "
TN = —0,T(2)05 "

Later, we will need the following explicit formulae for the Poisson brackets of matrix elements

of T(z):

(A=), Alz)} = —— 2 (B@l)C(@) - 0(21)3(22)) (2.8.7)

2129 — 21_122

221

(23 —20)(2723 — 1)

222D (21)C(2) + 25D (21)C(22) — 210(21) A(22) + ZQA(Zl)C(ZQ))

{C(21), Az) } =

<zlz§C’(Z1)A(22) — 2228 A(2) 0 (22)— (2.8.8)

Note that unlike in the periodic case, the functions A(z) do not form a Poisson commutative
family.

The reflection transfer matriz is the Laurent polynomial ¢(z) defined by
t(z) = %tr T (2)
Proposition 2.8.1. ([57],[52]) The reflection transfer matriz satisfies
{t(z1),t(22)} = 0

and thus its coefficients generate a Poisson commutative subalgebra in C[My].

Proof. The commutativity of the reflection transfer matrices follows immediately by taking
the trace over C?> ® C? in formula (2.3.4) for the Poisson bracket of matrix elements of the
reflection monodromy matrix. m

Let us describe some properties of the transfer matrix. Firstly, by the symmetries (2.8.2)
of T(z), we have
t(—2) =t(2), t(z7") = —t()

The transfer matrix ¢(z) therefore a function of the variable w = 22, which admits an
expansion

t(z) =3 (ﬁ) (PN (T) + Pny <f) ot Po) (2.8.9)

Note also that
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with the function A(z) taking the form

PZ2N+1 4o — P_12_2N_1
1

A(z) =

z—Z

where the leading coefficient
N
P=¢ [[k
j=1

is proportional to the deformed total o*-component of spin. The leading coefficient of the
transfer matrix is

The following lemma, giving a linear relation between the reflection Hamiltonians, is a simple
consequence of formulas (2.8.1) and (2.8.2).

Lemma 2.8.2. The reflection transfer matriz t(z) satisfies

lim (2 — 2 )t(z) = Z Py = (& — &) [[wr — af — ;)

z—1
k=1

We also have the following proposition, which shows that the functions (P, ..., Py) form
a set of IV functionally independent Hamiltonians.

Proposition 2.8.3. For generic values of the constants &, w;, a;, the reflection Hamiltonians
Py, ..., Py are functionally independent.

Proof. Since the functional independence is an open condition, it suffices to consider the

case £ = a; = 1. We will prove the stronger statement that the P;,..., Py remain in-
dependent when restricted to the N-dimensional subvariety of phase space cut out by
{f; =0]j =1,...,N}. On this locus, the local Lax operators become upper triangular,
so the reflection monodromy matrix becomes

#(2) = (z - ;) (ﬂ(zkj — U2y ﬂ(zkjl _ zlkﬂ?)

Jj=1 Jj=1

Note that the reflection Hamiltonians P; are functions of the variables l;:j = k? explicitly,
for 1 < j < N, we have

p= Y (e i)

ri€{0,£1},ri+-+rp=5 =1
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To verify their algebraic independence, it suffices to check that the Jacobian J (/5) = det [%1
k» .

J
is not identically zero. Indeed, by counting degrees one sees that the Laurent monomial

NN ky—1 can only be obtained from the diagonal term in the expansion of the
determinant J(k), where it appears with coefficient (—2)NN+1/2,
O

This proposition shows that the classical XXZ spin chain with reflecting boundary con-
ditions is an integrable system. Note that the reflection Hamiltonians can be written

2-5 2= 2\
P = 2*7%Res,—q pnpel t(z)dz

Let us now write down the equations of motion generated by the P,. For this we need to
introduce some notations. Given any Laurent polynomial

f(z) = Zanz” € Clz, 27
neZ

we may uniquely decompose f as
=gt

where f, satisfies f7(2) = f7(27') and f* € 2C[z]. Let us also introduce the matrices

M) =20 ((5) 27

=2t (22 o710’

z+ 21

Taking the trace over the first space in equation (2.3.4), we find that the equations of motion
take the following Lax form:

ST () = {T(2), i = [T(2), ML) (2810
= [M;(2), T(2)] (2.8.11)

We therefore obtain the following corollary, which opens the door to studying the system
using the algebro-geometric techniques explained in [66],[45],[33],[48] and references therein.

Corollary 2.8.4. The spectrum of the reflection monodromy matriz T (2) is preserved under
the Hamuiltonian flows of the reflection Hamiltonians. In particular, the coefficients of the
characteristic polynomial det (( — T (z)) are invariant under these flows.
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2.9 Spectral curves
Motivated by Corollary 2.8.4, we consider the invariant spectral curve
M : det((—T(2)=0 (2.9.1)

cut out of C x C* by the characteristic polynomial of the reflection monodromy matrix 7 (z).
More precisely, we shall work with the compact Riemann surface obtained by adding four
points at infinity, two points over z = 0 and another two points over z = co. In what follows,
we will use the notation M to refer to this compact Riemann surface. Introducing

y=C_C—t(2) (2.9.2)

we have

y? =t(2)? — det T (2)

By (2.8.1), the coefficients of det 7 (z) are constant on a symplectic leaf, so that all degrees
of freedom for the moduli of M are in fact encoded by the transfer matrix ¢(z) and its
coefficients {P;}.

Let us introduce the notations A\ = 2? 4+ 272 and
Q(2) = t(2)* — det T(2)
Lemma 2.9.1. We have Q(z) = Qan () where Qan(N) is a polynomial of degree 2N in .

This fact has the following geometric meaning. Firstly, the curve M is a 4-fold cover of
a genus N — 1 hyperelliptic curve

Iy — Qon(N) =0
and a 2-fold cover of the intermediate genus 2N — 1 spectral curve

Y2 —Qw) =0

where w = 2? and Q(z) = Q(w) = Qun()\). The projection m : ¥ — T is given by
A =w+w™!. Note that I' = X /7, where 7 : ¥ — 3 is the involution 7(w,y) = (w™,y).

We now turn to the description of the holomorphic differentials on the various spectral
curves. The space H°(3, K) of holomorphic differentials on ¥ has dimension g(¥) = 2N —1.
We may decompose H°(X, K) into its +1 eigenspaces V. with respect to the induced action
of the involution 7. Bases may be chosen as

(w—w™) (w? +w™)

yw

VJr:spaun{wj+ dw’OﬁjSN—Q}
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(w* +wF)

_ = span {w,; =——"dw
yw

OSk:gN—l}

The subspace V coincides with 7* H°(T", K), and its elements may be regarded as holomor-
phic differentials on I'. The following basis for V. will prove well adapted to the description
of the flows of our chosen basis of reflection Hamiltonians P;:

1\ (wi +w™ —2
S Rt B e it P I e
w—1 Syw

We will also need the following differential of the third kind

dw

w—1

N -N _
QN:—(P+P1)(w+1) (W +w 2)
2yw

which has simple poles at the two points ooy lying over A = oo and is regular elsewhere. We
shall label the points oo, by

o) - (22

Observe that Qx is defined so as to have the normalization

Resso, S0y = 1 = —Reso_Qn

2.10 Separation of variables

The next step in our analysis of the model is to find a system of local Darboux coordinates
on the symplectic manifold My. To do this, we apply Sklyanin’s method of (classical)
separation of variables, as explained in [59].

From the symmetries (2.8.2) of T(z), we have that

Az ==D(2), C(z")=C(z) (2.10.1)

C(—2z)=—-C(z), A(—2)=A(2) (2.10.2)

which satisfies
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and is therefore a function of X. In fact, C (A) is a polynomial of degree N — 1, and following
Sklyanin [59], we may introduce coordinates (A1,...,Ay_1, Q) as its zeros and asymptotic
as A — oo:
N-1
Clz) =Q J[(x =) (2.10.3)
k=1

Note that in order to obtain a well defined set of coordinates in this fashion one must specify
a locally consistent ordering of the roots \;. However, the angle coordinates constructed
in Section 5 will turn out to be independent of this choice of ordering. Note also that the
leading coefficient @) is given by

Q= Z fj ((kj/%) 117 = kifa) ] ki2€1>

i>j i>j
We also introduce the corresponding multi-valued w-coordinates
w; +w; =\
J 7 J

Observe that since when C/(z) vanishes the reflection monodromy matrix becomes upper
triangular, the points (w, () = (wj, A(zjﬂ)) where 27 = w; lie on the curve X, and the points

(A, Q) = (N, A(zjﬂ)) lie on the curve I'.

1

Let us fix a particular branch of the equation w+w™" = A to give us a locally defined set

of functions wy, ..., wy_1. Again, the angle coordinates we construct will be independent of
this choice. We may then introduce a further (N — 1) local coordinates
G = A(wy) (2.10.4)

In terms of the function y defined by (2.9.2), we have

A(z) = D(%)
2

which by (2.10.1) is independent of our choice of branch of w.

yi =G —t(z) =

We now have the following proposition, which is proved by direct calculation using for-
mulae (2.8.7) for the Poisson brackets of reflection monodromy matrix elements.

Proposition 2.10.1. The coordinates (Q, w1, ..., wn_1; P,(1,...,(n-1) are log-canonical:
we have

{wr, G} = 20;0w;G, {Q, P} =2QP (2.10.5)
and the Poisson brackets of all other pairs of coordinates are zero.

To summarize, we obtain a system of log-canonical coordinates consisting of the asymp-
totics @, P of C()), A(z) respectively, together with a degree (N —1) divisor (w, ¢) = (ws, Cx)
on ¥ which projects onto the zero locus of the polynomial C'()).
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2.11 Linearization of flows and algebraic integrability.

In this section we explain how to construct affine coordinates on the Liouville tori in My
cut out by the reflection Hamiltonians {P;}, with respect to which the Hamiltonian flows
of the P; correspond to linear motion with constant velocity. To do this, we will use the
Hamilton-Jacobi method; for further details, see [8],[45],[33] and references therein.

The first step is to use the log-canonical coordinates constructed in the previous section
to write down a local expression for a primitive o for the symplectic form on My. We find

log P 1
a= 5542+ ?og(@)

We must now restrict o to the level sets of the reflection Hamiltonians P; and integrate
in order to form the Hamilton-Jacobi action. The final step consists of differentiating with
respect to the invariants P; to obtain the canonically conjugate angle variables F;. The
action is given by

S(Q7)\l7'”a)\N—lapla"wPN):w—F%Z/klog(C)dEw

dwk

— 2.11.1
- (2.111)

where the integral is understood as being taken on the spectral curve Y. We therefore find

(N-1 .,
Z/ Qf 1<j<N-1
_ A
szﬁz Rt T o (2.11.2)
OP; log(Q) 1 — /’\’“Q N
\iP+P ) AP &), Y T

where we may now regard the integrals as being taken on the genus N — 1 curve I'. The
symplectic form being written as

N
w:ZdFk/\de
k=1

the time evolution under the reflection flows becomes linear in these coordinates:
Fj(te) = F5(0) + tedji
Note that the coordinates Fi,..., Fiy_1 coincide with the Abel map applied to the degree
g(I') = N — 1 divisor
D=pi+-+pna
on I', where we write p; for the point (X, y) = (A;, y;). Hence the reflection flow is linearized

on the Jac(T"), the Jacobian variety of I', which establishes the algebraic integrability of the
system.
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2.12 Action-angle variables

In this section we explain how to construct complex action-angle variables for the system.
Let us choose a canonical basis

(A17 B 7ANflaBl7 .- ‘JBNfl)

for H,(T'y, Z), where 'y is some fixed spectral curve. By Gauss-Manin, this choice of basis
has a well defined propagation to a canonical homology basis for all nearby spectral curves
I'. We will also need to introduce v := Ay , a contractible loop on ¥ winding once around
the point oco;..

In order to define the action-angle variables, we must choose a lifting of Ay,..., Ay to
homology classes A1, ..., Ay on the curve X¢ obtained by deleting slits between the branch
points of the multi-valued function log(¢) on ¥. On the cut Riemann surface 3¢, we have a
well-defined meromorphic differential

n= log(C)%w (2.12.1)

Then the action variables J, ..., JJy are defined as the A-periods of the differential #:
Jjy = ]{ n, 1<k<N (2.12.2)
Ak
A priori, this definition of the action variables depends on our choice of lifting of the homology

classes A;. However, the following proposition shows that this dependence is of a tame nature.

Proposition 2.12.1. Let {Jx},{J.} be two sets of coordinates defined by formula (2.12.2)
for two different choices of sets of lifts { Ay}, { AL} of the homology classes {[Ay]} € Hy(T,7Z),
having the same winding numbers around ocoy. Then each difference Ji, — Jj. is a constant
function on M, and the map

(Pl,...,PN)'—>(J1,...,JN> (2123)
s a change of coordinates.

Proof. Let us first show that (2.12.3) is a change of coordinates. For this, note that

0J;
= Q 2.12.4
=9 o (2.12.4)

Since the pairing between H°(T', K') and the span of the A-cycles is perfect, and Qy is the
only differential of the €2; with nonzero residue at ooy, it follows that the Jacobian matrix
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of (2.12.3) is of full rank, which shows that (2.12.3) is a change of coordinates. Now to prove
the first assertion of proposition amounts to showing that

/ _ 8 AN
{Fp,(Ji = J)} = a—Pk(Jz Ji)=0

for all j, k. But since the differentials 24, ..., Qy_1 are well defined meromorphic differentials
on I'; and by definition Ay, A’y have the same winding number around oo, we have

0.J; oJ!
i 0= ¢ Q=2
0Py ﬁi : j{; "R,

Let us also note that , again up to a shift by an additive constant, the action variable
Jy is given by Jy = 2milog P.

]

With these results in hand we can proceed to the construction of the angle variables wy,
as the coordinates canonically conjugate to the J; by the Hamilton-Jacobi method:

_ o5
O,

Note that these coordinates are independent of our choices of representative for the homol-
ogy classes A, and the differentials dw; are 7T-invariant and thus descend to the curve I'.
Moreover, for 1 < k < N — 1 we have

0
dwp, = — ¢ dS
%‘h‘ ’ AJi A

0
= — F.dP,
8Jk A, (; prdQT + rd r)

B 0

- Oy A,

= O,
which shows that the angle variables are indeed normalized correctly with respect to the

A-cycles of I', and that all A-periods of the differential dwy vanish. Note that if p € {oco4},
and 1, is a contractible loop in I' with winding number 1 around p, we also have

0
dwk = —% dS
ﬁp aJk T
_ 8
B aJk Tp
= £opn

Wi (2.12.5)

«

n

which shows that the differentials dw;, ..., dwy_1 are holomorphic, and that

Resso, dwy = 1 = —Res,_dwy.
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2.13 Solutions in theta functions

We will now apply the geometric description of the system given in the previous sections
to write explicit formulas for the flows of the reflection Hamiltonians using Riemann theta
functions.

Let (A;, B;) be the canonical homology basis and {dw;} be the normalized abelian dif-
ferentials constructed in the previous section. The matriz of b-periods corresponding to this
data is the (N — 1) x (N — 1) symmetric matrix

Bjk:]{ dwp, 1<7,j<N-—1
B;

This matrix gives the rise to the model
Jac(T') = CN=1/(ZN7t + BZNTY)
for the Jacobian of I'. Expanding dw; =, N Qy where Ny, € C, we define the normalized

angle variables

E:ZNijk, j=1,....N—1

Fy =4(P+ P! (Z/\Gka)

Note that Ny =0 for j =1,...,N — 1 and Nyy = 1 so that we have

Ak
FN—logQ Z/ dwyn
Ao

In these coordinates the time evolution takes the form

Ey(ty) = Fy(0) + tyNi, i=1,...,N—1 (2.13.1)

Fn(te) = Fn(0) + it (2.13.2)

where ¢, = 4(P + P~1)Nys. If we define the normalized Abel map with base point pg

N1 opy
Aj(pr+ ...+ 1) = Z / dw; (2.13.3)
k=1 Y Po

we have

A(D(t)) = A(D(0)) + t,U®
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where the velocity vector U®) is given by

U® = N,

J
and B B
FN<t) = FN<O) -+ thk-

Let us now recall some background on theta functions. For a more detailed discussion of
this subject, see [66] and references therein. The Riemann theta function associated to the
spectral curve I' and its matrix of b-periods B is the following holomorphic function on CN=1:

Q(Z): Z 627ri(m,z)-i—7ri(Bm,m) (2‘13.4)
mezZN—1

The theta function is automorphic with respect to the lattice of periods of I': if n € ZN~1,
we have
0(z+n)=10(z)
0(z + Bn) = exp (—2mi(n, z) — mi(Bn,n)) 0(z) (2.13.5)
From these formulas, it follows that the divisor © of 6(z) is a well defined analytic subset
of the Jacobian Jac(T"). Let us fix a so-called odd non-singular point e € © C CV~1 of the

theta divisor. Then the third kind differential Qx can be expressed in terms of the odd theta
function 6.(z) ;== 0(z + ¢€) as

Qn(p) = dl Oel oo, )
NPp)=alog | ——Fp <

O[5, w)
where we use the shorthand notation

/q "= Ap) - Alg)

Hence from our formula (2.13.2) for the time evolution of Fy, we obtain the following expres-
sion for the time evolution of the observable ) under the Hamiltonian flow of the reflection
Hamiltonian P,:

T Ol e(fy0) @)
_ 06t 100O k 537 2.13.6

However this formula is of limited practical value, in that it requires knowledge of the points
pi(t) for all times ¢, whereas all we know explicitly is the (linear) time evolution of A(D(t)).
We may remedy this defect as follows. Let K denote the Riemann point for the based Abel
map (2.13.3). Consider two non-special effective degree g = N — 1 divisors

D:p1+...+pg7 D/:q1++qg
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and form the meromorphic function

which must be constant since it has no poles. We therefore obtain, for any point ¢ on the
curve,

ﬁ ey, ) _wmm—mm—mew—Aw»JQ
Oc( [y w)  O(A(p) — A(D) = K) 0(A(q) — A(D) — K)

Applying this formula to in the case D = pi(t) + -+ + p,(t),D" = p1(0) + --- + py(0),
p=004,q=00_, we find

B A(ooy) — AD(D) — K) B(A(se_) — AD(0)) — K)
Qltn) = QO G o) — AD(0)) — K) 0(A(oo.) —AD(D) — K)

(et MAGe2) = ADI0) — 60 — K)i(A(oe.) — A(D(O) ~ K)

- I Aloo_) — AD(0) — L,UT — K)8(A(o0s) — AD(0)) — K)

which is an explicit formula for the time evolution of ().

We now turn to the problem of reconstructing the full reflection monodromy matrix. For
this, we introduce the following meromorphic function on I':

. Q]gz++;__l) Y g(hZ()A) (2.13.7)
1 . Y+ h(N)

PP A+ TS - M)

(2.13.8)

where we write

The relevance of the function p to our problem is that the vector

o= (raesehr)

spans the eigenspace of T (z) corresponding to the given point on the spectral curve. We
have the following proposition characterizing the function p.

Proposition 2.13.1. The meromorphic function p has exactly N poles, N — 1 of them at
the divisor D, and one at the point g7 = (=2, h(—2)) lying over A = —2. In addition, p has
a zero at co_. Its value at oo, is

plooy) =1
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Proof. The assertion about the pole at ¢* follows from the identity

1#(-2) = Qun(-0) = (£ [T+ + a2

k=1
[l

By the Riemann-Roch theorem there is generically a unique such p, which can be written
as

0.(J2 w)8(A(p) — AD) — K + W) Ge(fq°f+ w)f(A(oos) — A(D) — K)

07 BAW) — AD) ~ K)  6.(J2 @)B(Aloo,) — A(D) — K +7)

xO—

p:

where the vector W is defined as the vector of b-periods of the unique normalized third kind
differential €0, ,+ with residue 1 at co_ and residue —1 at qt:

- f
B;

Hence the time evolution of p under the flow of the reflection Hamiltonian P; is given by the
explicit formula
7 w)O(A(p) — A(D(0)) — UM — K + W)
Oc([]: w)B(A(p) — A(D(0)) — t,U® — K)
(fq+ W)0(A(ooy) — A(D(0)) — t, UM — K)
0. W)B(A(o0r) — A(D(0) — t,U® — K + W)

From this we can reconstruct the eigenvector ¥ (p) and therefore the full reflection mon-
odromy matrix 7 (z).

p(p,tr) =
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Chapter 3

Doubles of Hopf algebras and
quantization of the Grothendieck-
Springer resolution

3.1 Poisson geometry

Preliminaries

Recall that a Poisson-Lie group is a Lie group G with a Poisson structure such that the
multiplication map G X G — G is a morphism of Poisson varieties. Let G* be the (connected,
simply-connected) Poisson-Lie dual of G, and D(G) be the double of G. The Lie algebra
0 = Lie(D(G)) can be written as 0 = g® g*. We will say that there exist local isomorphisms

DG)~GxG ~G xG.

Let us consider a pair of dual bases (z;) and (z°) of the Lie algebras g and g* respectively.
Then the element r € 0 A 0 defined by

r %Z(xi,O) A (0, 2)

is independent of the choice of bases. Let X, X* denote respectively the right- and left-
invariant tensor fields on a Lie group, taking the value X¥(e) = XL (e) = X at the identity
element of the group. Then the bivectors

mp =rf4 ok

define a pair of Poisson structures on the Lie group D(G). We abbreviate the resulting
Poisson manifolds by D4 (G). In fact, D_(G) is a Poisson-Lie group, while D, (G) is only a
Poisson manifold.
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Remark 3.1.1. As a manifold, the group D_(G) is locally isomorphic to D_(G)*. In general,
however, this is neither an isomorphism of Lie groups, or of Poisson manifolds.

The action of a Poisson-Lie group G on a Poisson variety P is said to be Poisson, if so is
the map G x P — P. Given a Poisson map P — G*, one can obtain a local Poisson action
G x P — P using the group-valued moment map. Recall that the group-valued moment
map is defined (see [40]) as follows.

Definition 3.1.2. Let 7 be the Poisson bivector field defining the Poisson structure on
the manifold P. A map pu: P — G* is said to be a moment map for the Poisson action
G x P — P, if for every X € g one has

Hx = <7T7:U’*XR & _> )
where px is the vector field on P generated by the action frexp(tx)-

Remark 3.1.3. A moment map is Poisson, if exists.

Remark 3.1.4. Recall that there are open subsets of factorizable elements G*- G and G - G*
in the double D_(G). Hence we may regard G* as a submanifold in D_(G)/G, and may
regard the moment map p in Definition 2.2 as taking values in D_(G)/G or G\D_(G).

The following theorem is well-known (see e.g. [54, 40]).

Proposition 3.1.5. Let G be a Poisson-Lie group, and Di(G) its double with Poisson
bivectors my. Then

1. the actions of D_(G) on Dy (G) by left and right multiplications are Poisson;

2. the moment map for the Poisson action of the subgroup G C D_(G) on DL(G) by
left (resp. right) multiplication is the natural projection D(G) — D(G)/G (resp.
D(G) — G\D(Q)).

Remark 3.1.6. Let P be the category of Poisson-Lie groups. Consider a Poisson-Lie group
GG and its connected, simply-connected Poisson-Lie dual G*. Then the assignment G — G*
defines a functor P — P. Therefore, any Poisson-Lie subgroup H C G induces a map
p: G* — H*. Now consider a Poisson action G x P — P with the moment map ug. It gives
rise to the Poisson action H x P — P with the moment map ug = p o ug.

Double of the double construction

Now, let us start with the Poisson-Lie group D = D_(G) and consider its double D(D) = D(D(G)).
The Lie algebra © = Lie(D(D)) may be written as ® =0 @& 0 = 0 @ 0* where

0a ={((z,a),(z,0)) EgDg" DgD g}
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is the diagonal embedding of ? into 0 6 0 and

0" ={((y5,0),(0,8) egbg' Dg®g}.

Using the local isomorphism D(D) ~ Da x D* we may coordinatize the moment map v, for
the right Poisson action of Da C D_(D) on D, (D) as

v.: Dy(D) — D*, (dg,da) — a™lg

for any triple of elements g € G, o € G*, d € D(D(G)). Similarly, using the local iso-
morphism D(D) ~ D* x D we write the moment map v; for the left Poisson action of
DA CD_(D) on Dy (D) as

v;: Dy (D) — D", (gd, ad) — gat.

Hamiltonian reduction

Consider the Poisson action of the subgroup Da C D_(D) on D (D) by left multiplications
and the Poisson action of G C Da C D_(D) on D, (D) by right multiplications. Clearly,
the two actions commute, because so do the left and right actions of D_(D). We illustrate

these actions as follows
Da ~ Dy (D) Da DG.

By Remark 3.1.6, the moment map pu, for the right action of GG is given as
pir: Di(D) — (G x D)\D(D).
The Hamiltonian reduction of Dy (D) by the moment map u, becomes
py'(e)/Ga = {(dg,d)|d € D,g € G} /Ga.
Therefore, we can identify
wt(e)/Ga ~ D x¢q G,
where D x4 G denotes the set of G-orbits through D x G under the right action

(DxG)xG—DxG,  ((dg),h) —s (dh,h"'gh)

with g,h € G and d € D.
On the other hand, since the left and right Da-actions on D(D) commute, the variety
D X G admits the residual Da-action by left multiplication. The corresponding moment
map is
JUR D Xa G — D(D)/DA

As explained in Remark 3.1.1, we may use local diffeomorphism of D with D* to write a
local expression for the map y; as p; ((¢,9)G) = qgq~* € D.

The following Proposition follows easily from considering Poisson bivectors for the Poisson
varieties under consideration.
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Proposition 3.1.7. There is a local Poisson isomorphism
D.(G) — D xqG, ag— (a, 9)G,
where g € G, a € G* and we identify D(G) ~ G* x G.
Under this identification, the moment map p; becomes

D,(G) — D_(G), ag — aga” ! (3.1.1)

3.2 Reminder on Hopf algebras

To fix our notations, we will recall some standard notions from the theory of Hopf algebras.
In what follows, we choose to work in the setting of topological Hopf algebras over the ring
k[[h]] of formal power series over a ground field k. In particular, all tensor products are to
be understood as completed in the hA-adic topology.

Basic notations.

Let A be a topological Hopf algebra over K := k[[A]], with the quadruple (m, A, €, S) denoting
the multiplication, comultiplication, counit, and antipode of A respectively. We say that a
pair of topological Hopf algebras A and A* form a dual pair if there exists a non-degenerate
Hopf pairing (—, —): A® A* — K, that is a non-degenerate pairing satisfying

1. (ab,z) = (a ® b, A(z))
2. (a,zy) = (Ala), 7 @ y)

3. (14, —) = e and (—, 14.) = €4
4. (S(a), z) = {a, S(x))

for all a,b € A and x,y € A*. In fact, condition (4) follows from the other three, see [6,
Section 1.2.5, Proposition 9]. We will also use the notation A’ for the Hopf algebra
(A,m° A, S71), and AP for the Hopf algebra (A, m, AP, S1).

Module algebras.

The category of modules Mod 4 over a Hopf algebra A has a monoidal structure determined
by the coproduct A: A - A® A. We say that M is an A-module algebra if it is an algebra
object in the monoidal category Mod 4, that is

a-1ly =e€(a)ly and a-(mn) = (a;-m)(ag-n)

for any a € A and m,n € M.
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A Hopf algebra A can be naturally regarded as a module algebra over itself using the

adjoint action
ad: A A — A, a®b+—arb:=abSas.

A Hopf algebra A* dually paired with A can also be regarded as a module algebra over A
using the left coreqular action

coreg: A®@ A* — A", a®r— a—x:=(a,r)T.
There is also a right coreqular action of A°? on A*, defined by

a®r+— x+— a:={a,r)s.

The Drinfeld double

Suppose A, A* is a dual pair of Hopf algebras. In what follows, we assume that the pairing
(-,-) is such that a topological basis {a;} for A gives rise to a dual topological basis {z'} in A*
with the property that (a;, z7) = 5{ , and there is a well-defined element ), a; ® 2" € A® A*,
where as usual tensor product is completed in the h-adic topology. For instance, this hy-
pothesis will be satisfied whenever A and A* are a dual pair of QUE-algebras in the sense
of Drinfeld [19], and of course whenever A is finitely generated and projective over k[[R]].

Under the above assumption, there exists a Hopf algebra D(A) called the Drinfeld double
of A, with the following properties:

1. as a coalgebra, D(A) ~ (A*)*“? ® A;
2. the maps a — 1 ® a and x — = ® 1 are embeddings of Hopf algebras;

3. let (a;) and (z') be dual bases for A and A* respectively. Then the canonical element

R=Y (18a)® (@ 1) € D(A)™,

called the universal R-matrix of the Drinfeld double, satisfies
RAp(d) = AP (d)R
for all d € D(A).

From the above properties one derives the following explicit formula for the multiplication
in D(A):
(z®a)(y ®b) = (a1, ys)(as, S™'y1)xys @ ash. (3.2.1)

It also follows from the definition of the double, that the R-matrix is invertible, with inverse

R = (Sp @id)(R)
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and that the Yang-Baxter equation
Ri3Ri3Rs3 = Rz Ri3Ri € D(A)®*
holds in the triple tensor product D(A)%3.

Proposition 3.2.1. If A is a Hopf algebra and D(A) its Drinfeld double, the following
formula equips A with the structure of a D(A)-module algebra:

(1®a)-b=abSay

2.2
(z@1)-b=b+ S 'z (82.2)

In the action (3.2.2), the Hopf subalgebra A C D(A) acts adjointly on A, while the Hopf
subalgebra (A*)®? C D(A) acts by its right coregular action.

The dual of the Drinfeld double.

In addition to the Drinfeld double, we will also make use of another Hopf algebra T'(A) = D(A)*
dually paired with D(A). As an algebra, we have T(A) ~ A” ® A* and the pairing
((-,)) : D(A) @ T(A) — k[[h]] is defined by

((zr®a,b®y)) = (b,x){a,y). (3.2.3)
The formula for its comultiplication can be found by dualizing (3.2.1) and reads
Ar(a®@z) = (0 @ 2"212") @ (S avaza, @ x5) € T(A)®2.
Similarly, the antipode in T'(A) can be written as

Srla®z) = a5 (a)S  (a;) ® 2" S(z)z".

The Heisenberg double

Given a Hopf algebra A and its module algebra M, one defines their smash-product M+#A
as an associative algebra on the vector space M ® A with the multiplication given by

(m#x)(n#y) = m(xq1 - n)#y2b

for any elements x,y € A and m,n € M. Recall [41], that the Heisenberg double H(A) of
an associative algebra A is the smash product H(A) = A#A* with respect to the coregular
action of A* on A. Thus, the multiplication in H(A) is determined by the formula

(a#tz)(b#ty) = a(z1 — b)#x2y = (21, by) abi# 12y
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for any a,b € A and z,y € A*. Note that one has the following inclusions of algebras

A — H(A), a s a#tl,
A" H(A), o 14

By construction, the Heisenberg double H(A) acts on A via
(a#z) -1 (b) = a(x — b) = (z,be) aby (3.2.4)
In fact, H(A) also acts on A via
(a#tx) g (b) = (b~ S™'2)Sa = (x,Sb;) b,S 'a (3.2.5)
The Heisenberg double H(A) has the following well-known properties:

Proposition 3.2.2. [56] The antipode St of T(A), when regarded as an operatorv: H(A) — H(A)
via

t: H(A) — H(A), a®x+— a,S " (a)S " (a;) ® ' S(x)a", (3.2.6)
defines an algebra automorphism of H(A).

Note that the automorphism ¢ intertwines the two actions 3.2.4,3.2.5 of H(A) on A.

Corollary 3.2.3. One has the following inclusions of algebras

A— H(A), a s t(a#l) = a,S(a)S (ay) @ 2'a",
A* — H(A), x> 1(1#2) = a,S  (a;) @ 2'S(z)x".

Since the actions (A#1, 1), (A#1,-g) commute, we have
Proposition 3.2.4. [56] The maps

A@A— H(A),  a®b—s (a#1)u(b#1),
A*@ A" — H(A), 1@y — (a#1)(1#y)

are homomorphisms of associative algebras.

Quantum Hamiltonian reduction

Let us briefly recall the notion of quantum Hamiltonian reduction. Suppose that A is a Hopf
algebra, V' is an associative algebra, u: A — V' is a homomorphism of associative algebras,
and [ is a 2-sided ideal in A preserved by the adjoint action of A. Then, by the ad-invariance
of I, the action of A on V defined by the formula

aov = plar)vp(Saz)



CHAPTER 3. DOUBLES OF HOPF ALGEBRAS AND QUANTIZATION OF THE
GROTHENDIECK- SPRINGER RESOLUTION 43

descends to an action of A on the V-module V/u(I), where we abuse notation and write u(1)
for the left ideal in V' generated by (7). The quantum Hamiltonian reduction V//u(A) of V
by the quantum moment map p: A — V at the ideal [ is defined as the set of A-invariants
V//u(A) = (V/Vu(D))"
={aeV/Vu(l)|aov=c¢(a)v forall aec A}

One checks that V//u(A) inherits a well-defined associative algebra structure from that of
V, such that V//u(A) is an A-module algebra.

3.3 Construction of the quantum resolution

The double of a double

Suppose that A is a Hopf algebra, and let D(A),T(A), and H(A) be its Drinfeld double,
dual to the Drinfeld double, and the Heisenberg double respectively. Consider the Heisenberg
double

H(T(A)?) = T(A)"#D(A)™,

of the algebra T'(A)°. One has an algebra embedding
pr: D(A) — H(T(A)P), u s 1#u € H(T(A)P)

which may be regarded as the quantum moment map for the following D(A)-module algebra
structure on H(T'(A)):

uor (¢p#v) = (ug — gb)#ugvSB%A)ul. (3.3.1)
As in Corollary 3.2.3, there exists another algebra embedding defined by
pur: D(A) — H(T(A)?), u s (1), (3.3.2)

It generates the following D(A)-module algebra structure on H(T'(A)P):
uor (##v) = (¢ — Spayw)#v (3.3.3)

By Proposition 3.2.4, the subalgebras p(D(A)) and ur(D(A)) commute with each other
in H(T(A)). This forces the actions (3.3.1) and (3.3.3) to commute as well.

Dual pairs of quantum moment maps.

We shall now restrict the action (3.3.1) to the Hopf subalgebra A C D(A), and consider
the quantum Hamiltonian reduction of H(T'(A)°?) at the augmentation ideal 14 = ker(e,)
of A. We denote the algebra obtained as a result of the quantum Hamiltonian reduction by
H(T(A)Y®)//11(A)

We also have the moment map pg: D(A) — H(T(A)) given in (3.3.2), and the ac-
tion (3.3.3) of D(A) on H(T(A)°) that it defines.
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Proposition 3.3.1. The action (3.5.3) of D(A) on H(T(A)?) descends to a well-defined
action

DAY x H(T(AY?)/Jun(A) — H(T(AY)fus(A) (33.4)

In turn, the map pr descends to a well-defined homomorphism of D(A)-module algebras
pr: D(A) — H(T(A)?)//nL(A)
which is a moment map for the action (3.3.4).

Proof. The Proposition is a simple consequence of the fact that the subalgebras i (D(A))
and pg(D(A)) commute with one another. Indeed, this commutativity implies that for all
a€ A, ue D(A), one has

aop (pr(w) + pr(la)) = arpr(u)Saz + pr(la)
= pr(w)arSaz + pr(la)
= e(a) (pr(u) + pr(la))

which shows that

pr(u) + pr(La) € (H(T(A)YP) /e (10))" =t H(T(A))// s (A).

It follows from the definition of the algebra structure of the quantum Hamiltonian reduc-
tion H(T(A)P)//ur(A) that pug: D(A) — H(T(A)?)//ur(A) is a homomorphism of alge-
bras. Regarding this homomorphism as a quantum moment map, we obtain an action of
D(A) on H(T(A)®?)//pur(A) which by construction descends from (3.3.3), and such that
pur: D(A) — H(T(A)P) is a morphism of D(A)-module algebras. O

H(A) from quantum Hamiltonian reduction

We now examine the algebra structure of the Hamiltonian reduction H(T(A))//u(A) in
more detail.

Proposition 3.3.2. There is an isomorphism of algebras
o HT(A)?)//pL(A) — H(A) (3.3.5)

Proof. Let us begin by making explicit the structure of the Hamiltonian reduction H(T'(A)%)//ur(A).
Firstly, note that we can identify the quotient H(T'(A)°) /I with the vector space T'(A)P® A*.
It is easy to check that induced action of A on T'(A)” ® A* is then given by

aoy ((b®y)®$) = (b®ay —y) ®ady, ()

where
ad’(z) = (a1, 13) (S ay, z1)7s.



CHAPTER 3. DOUBLES OF HOPF ALGEBRAS AND QUANTIZATION OF THE
GROTHENDIECK- SPRINGER RESOLUTION 45

Hence the algebra H(T(A)?)//ur(A) of A-invariants in H(T(A)?)/I4 may be identified
with H(A) = A#A*, as a vector space, under the map

p: H(A) — H(T(A)?)//nL(4), a#r — (a ® x1573) @ Ta. (3.3.6)

Finally, we claim that the map (3.3.6) is in fact an isomorphism of algebras. Indeed, in
H(T(A)?)// 1 (A), one computes

pla#tz)p(bfty) = ((a @ 71573) @ 22) ((b® y15Y3) @ Y2)

<I‘2, Sflatbgaﬁ(abl & xTylSyga:txleg) &® T3Y2
(23, b2)(aby ® a1 SysS ™ waw1Sw6) @ T5Y2

(

Ty, b2>(ab1 & $2y15y335(74) & T3Y2

((x1, ba)aby @ zay)
((a#tx)(b#y))

which completes the proof. O]

¥
4

Corollary 3.3.3. Under the isomorphism ¢ defined in (3.3.5), the moment map
i D(A) = H(T(A))Jus(A) ~ H(A)
takes the form
pur: D(A) — H(A), by — bya,Sbya,#S ™ 'a' S tya”. (3.3.7)

Using the homomorphism pg, one can pull back the defining representation (3.2.4) of
H(A) on A to obtain a representation of D(A). A straightforward computation establishes

Proposition 3.3.4. The pullback under pugr of the action (3.2.4) coincides with the repre-
sentation (3.2.2) of D(A) on A.

Remark 3.3.5. In [39], the formula (3.3.7) is derived in the finite-dimensional setting from
the action (3.2.2) of D(A), together with the fact, see e.g. [43], that H(A) ~ End(A) as
algebras.

Example: quantized Grothendieck-Springer resolution

Suppose now that g is a complex simple Lie algebra, and denote by Uj(g) the quantized
universal enveloping algebra of g, see [19, 17]. Recall that U,(g) may be regarded as the
quantized algebra of functions on a formal neighborhood of the identity element e € G*,
where G is a simple Lie group endowed with its standard Poisson structure. Let us apply
our constructions to the case A = Uy(b), where U,(b) is the quantum Borel subalgebra
in Upn(g). Then there is an isomorphism of algebras D(A) ~ Uy(g) ® Un(h), where b C g
is the Cartan subalgebra of g, see [19]. The restriction of the homomorphism (3.3.7) to
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Un(g) € D(A) defines a map of algebras ®: Ux(g) — H(A). In [25], it was shown (in the
setting of the rational form U,(g)) that @ is injective, and that its image is contained in a
certain subalgebra H(A)" of Uy (h)-invariants.

In the above setup, the semiclassical limit of the map ® is closely related to the well-
known Grothendieck-Springer resolution

G xg B — G, (9,0)B —> gbg™!

where G is a complex simple Lie group, and B C G is a Borel subgroup. More precisely,
the algebra H(A)" can be regarded as the quantized algebra of functions on a formal neigh-
borhood of (e,e)B € G xp B. The Poisson geometric structure is exactly the one described
in [49].

3.4 R-matrix formalism

In this section we rewrite the homomorphism (3.3.7) in terms of canonical elements of the
algebras D(A) and T'(A). As before, let

R=Rip=) a;®a' € D(A)® D(A)

be the universal R-matrix of D(A). In what follows we make use of elements
Ry = Z 7' ® a
and
[, - R21R12 S D(A) X D(A)
Recall [56] that the element £ satisfies the reflection equation
L1R195LoRs = Ri9LoRo L1 € D(A)®3 (341)
where £1 = R31 R13, L2 = R32Ro3. Let us also introduce canonical elements ©,Q € D(A)®H (A)

defined by
@:Zai®xi and Q:in®ai.

These elements satisfy the relations
R12®1@2 = 62@1R12
RlQQlQQ == QQQlng (342)
R12@192—1 = 92_1@1

If ¢ is the automorphism of H(A) defined by (3.2.6), we write

O = (id®¢) (©) and Q= (id®¢) ().

The following proposition is straightforward.
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Proposition 3.4.1. Let pr: D(A) — H(A) be the homomorphism defined by (3.3.7). Then
one has

(ld ®,UR) (R12) = @,

(id ®@ur) (R21) = Q4

and hence

(id @pur) (£) = QQO.
Recall [6, Section 8.1.3, Proposition 5] that the element u € D(A) defined by
u = Sa;Sx" € D(A)

satisfies
udu™ = S%(d) for all de D(A).

Proposition 3.4.2. The following identity holds in D(A) ® H(A)
00! = 4,00,
where u; =u® 1 € D(A) @ H(A).
Proof. We have
070" =" 84,827 ® a'a,
= Z S(apa;)S(x"2%) @ (a,#a")
= Z aur” @ (Sa,#Sz")
= uy Z a; 7" ® (Sa,#S'at).

Using the formula
ar = (aq), 7S a@), 1)) ® ae)
for the multiplication in the Drinfeld double D(A), we arrive at
oot =y Z a; 2" @ (Sa,#S'ah)
= Uy Z 2Pa, ® (aaSaqulag#xﬁS’prxa)
= Ulﬁé
which completes the proof. O]

Corollary 3.4.3. One has
(id ®@ug) (£) = Quy o0 (3.4.3)
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Remark 3.4.4. Since the first tensor factor in £ runs over the basis of D(A), the homo-
morphism ppg is completely defined by the formula (3.4.3). The latter can be thought of as
a quantization of the map (3.1.1), where w; is a quantum correction, invisible on the level of
Poisson geometry.

Corollary 3.4.5. The element
L=0u]'00"" € D(A) @ H(A) (3.4.4)
provides a solution to the reflection equation (3.4.1).

Remark 3.4.6. In fact, one can check using the relations (3.4.2) that the element
L =000 € D(A) ® H(A)

obtained from (3.4.4) by omitting u; !, also satisfies the reflection equation (3.4.1). In general,
however, the linear map D(A) — H(A) defined by £ +— £’ will fail to be a homomorphism
of algebras. On the other hand, suppose that R € End(V ® V) is a scalar solution of
the Yang-Baxter equation. Then, following Faddeev-Reshetikhin-Takhtajan, one can define
a reflection equation algebra A as the algebra generated by entries of £L € A ® End(V),
subject to the defining relations (3.4.1). Similarly, one can define an algebra H generated
by entries of the elements ©,Q € H ® End(V') subject to the relations (3.4.2). Then we get
a well-defined homomorphism of algebras

A— H, L— Q0!

3.5 Application to the quantized
Grothendieck-Springer resolution

We now consider in detail the application of the general formalism developed in this chapter
to the important special case of the Grothendieck-Springer resolution. We begin by recalling
the definitions and various well-known properties of the quantum groups that will be used
extensively in the sequel. Our conventions match those of of [35]. We refer the reader to [42,
35, 6] for further details and proofs of many of the results in this section.

Conventions

In what follows, g will denote a finite-dimensional complex simple Lie algebra of rank 7,
equipped with a choice of Cartan subalgebra b and a set of simple roots {ay,...,a,}. We
write P, () for the weight and root lattices associated to the corresponding root system II,
and denote the fundamental weights by wy,...,w,. Denote by (-,-) the unique symmetric
bilinear form on h* invariant under the Weyl group W, such that (a, o) = 2 for all short roots
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a € II. Let k = C(¢*/") be the field of rational functions in a formal variable ¢/~ where
N € N is such that %()\, W) € %Z for any pair of weights A\, u € P. If A is a Hopf algebra, we
denote by A° the Hopf algebra with the opposite multiplication to A, and denote by AP
the Hopf algebra with the opposite comultiplication to A. We will use the Sweedler notation

Ala) = Z a1  as
to express coproducts. Throughout the paper, all modules for the quantum group U,(g) are
assumed to be of type L.
Quantized enveloping algebras

The (simply-connected) quantized universal enveloping algebra U o U,(g) is the k-algebra

generated by elements
{E,F;,, K |i=1,...,r,\€ P}

subject to the relations

K/\EZ' _ q()\,ai)EiK)\’ K)\K,u — K)\-‘r,u’
K, — K;!
K Fy = ¢ M EEK, (B, Fj] = 06—
q; — q;

together with the quantum Serre relations (see [35], p.53). In the relations above we have

set K;  Kei and ¢ = ¢(**)/2_ The algebra U is a Hopf algebra, with the comultiplication
AN =K'0 K,  AB)=E®l+K®E, AF)=FoK'+10F
the antipode
S(K*) = K, S(E;) = —K; 'E;, S(F) = —FK;

and the counit

(KN =1, €E)=0, ¢€F)=0.

Let Usq denote the subalgebra of U generated by all K*, E;, and U<, denote the subal-
gebra generated by all K*, F;. We also write U, for the subalgebra generated by K*, X € P.
The algebras Usg, U<q, Uy are Hopf subalgebras in U. Recall that (U<o)“” stands for the
co-opposite Hopf algebra to U<y. There is a non-degenerate Hopf pairing

() 1 Uso x (U<o)™ — k (3.5.1)
defined by
G —q

<K)\7Ku> = q*()wu), <K)\7Ei> =0= <K)\’Fi>v <E17FJ> = -
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Let UT and U~ denote the subalgebras generated by all E; and by all F; respectively.
Then the quantum group U admits a triangular decomposition: the natural multiplication
map defines an isomorphism of C(g)-modules

UreUyU- —U (3.5.2)
The algebra U is graded by the root lattice ). Indeed, setting
U,={uel|Ku=¢*uK"}, (3.5.3)

we have U = @, U, lf weset U = UTNU, and U, = U~ NU,, then the pairing (3.5.1)
has the orthogonality property

(U5, U7,) =0 if p#w. (3.5.4)

Remark 3.5.1. The Hopf algebra U can be described as a quotient of the Drinfeld double
of the dual pair (Uso, USY), which in particular implies the relation

xy = (x1,y1) (w3, Sys)yaxe for all z € Usg, y € Uxo. (3.5.5)

Quantized coordinate rings.

Let GG be the connected, simply connected algebraic group with Lie algebra g. The quantized
algebra of functions on G, which we denote by O,[G], is defined to be the Hopf algebra of
matrix elements of finite-dimensional U-modules. For a finite-dimensional U-module V' of
highest weight A\ and a pair of elements v € V and f € V* we denote the corresponding
matrix element by c?’v, or simply by c¢, when it does not cause ambiguity. By construction,
there is a Hopf pairing

((,)): O,G] U — k (3.5.6)

defined by evaluation of matrix elements against elements of U. Pairing (3.5.6) is non-
degenerate, since no non-zero element of U acts as zero in all finite-dimensional representa-
tions [35].

The algebra O,[G] is a left U @ U®? module algebra via the left and right coregular
actions

(x ®@y) o) (u) = (Syux) where  z,ue U, ye U“? ¢ € O, G]. (3.5.7)

As a U ® U®P-module, O,[|G] admits the Peter-Weyl decomposition

0,161 = @ L) © L)

AepPt

where L(A) is the finite-dimensional U-module of highest weight A\, and L(\)* is its dual.
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The algebra O,[G] is graded by two copies of the weight lattice P as follows

0,G] = B 0,(Gl,

A\ueP

where
O,[Glay = {0 € O[G] | (K¥ @ KP)yp = ¢+ o)y,

If V is a representation of U and v € V satisfies K*v = ¢M#o for all A € P, we say that v
is a weight vector of weight y, and write wt(v) = p. The subspace O,[G], , is spanned by
matrix elements cf, with wt(f) = A, wt(v) = p. Note that S(O,[G]x,) = O,[G]. and for
x, € Uy, ¥y, € OyGla, we have

Urulz,) #0 = v+A+p=0

Moreover, if 1) € O4[G],,, its coproduct takes the form

A@W) = try, @Yy, where o5 € Oy[Glas.

Quantum Weyl group

Let U be the completion of U with respect to the weak topology generated by all matrix
elements of finite-dimensional U-modules (see [34, Section 3]). As an algebra U, is isomorphic
to [[yep, Ende(g) L(A). We will also regard an element u € U as a functional on 0,|G] via
the evaluation pairing ((cf.,, u)) = f(uv).

Definition 3.5.2. [42] Define an element T; of U which acts on any weight vector v by

L) = > (0 EVEVE (@)

a,b,c=0
a—b+c=(wt(v),a;)

By [42, Theorem 39.4.3], the elements T; generate an action of the braid group on any
finite-dimensional U-module. The subalgebra of U generated by U together with the 7T; is
often referred to as the quantum Weyl group, and it is known [5] to in fact be a Hopf algebra.
Moreover, let wy be the longest element of the Weyl group, and w = s;, ...s;, any of its
reduced decompositions into simple reflections. Then the element T,,, defined by

Tw, =15, ... T,

i

(3.5.8)

is independent of the choice of reduced expression for wy.
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Quantum minors

We now recall the definition of certain elements of O,[G] that will prove useful in the sequel.
For each dominant weight A € P, we fix a highest weight vector vy € L()). Then, as in
[34], we define the corresponding lowest weight vectors vy, € L(A) by

— (_ 1)<2>\,pv>q—2(>\,p)v

T’wo Uwo ()\) - A

Proposition 3.5.3. [34, Comment 5.10] The vectors vy, vy, (x) satisfy
TowoUx = Vug(n)-
For each A € P, there is a unique pairing
(—, —)x: L(—wo(N)) ® L(A) — k
satisfying conditions
(v_x,v0), =1 and (zw,v), = (w, Szv),

forallz € U, v € L(\), and w € L(—wy(\)). The following definition coincides with the one
given in [1].

Definition 3.5.4. The quantum principal minor A* is the element of O,[G] whose value on
any x € U is given by
AMa) = (vsz0n),
Given (u,v) € W x W we choose reduced decompositions u = s;, ---s; and v = s, -+ -5,
and set
Ng = <3i1 T Sik—l(a;i)7 )‘>a my = <Sj1 T Sjkfl(a’xi;)? /\>'

Then the quantum minor A} | is defined by

AL e) = 80 (B B Er) )

11 1] i J1

where a(™ stands for the n-th ¢g-divided power of a.

0,|G] as a co-quasitriangular Hopf algebra

Write O, for the canonical element in U} ® U with respect to the pairing 3.5.1. If V. W are
two finite-dimensional representations of U, then the action of the formal sum © = ZVEQ 0,
is well defined in the tensor product V- ® W. Let fyw be the operator in V ® W defined by

fV,W(U ® w) — q—(wt(v),wt(w))(v ® w)
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for any weight vectors v,w € V,W. Then define Ry to be the following operator in V@ W
RVW(U ® w) = @ @) fVW
The operator R gives rise to a bilinear form r: O,[G] x O,|G] — k defined by

r(Cro, Cgu) = (f ® g)(va(v ®w))
= Z @) £(0,0)g(O_qw).

The form r equips O,[G] with the structure of a co-quasitriangular Hopf algebra [6, 51]. This
means that, for all triples ¢, v, p € O,[G], we have

(@1, Y1) Pathe = 1¢17(da, ¥o), (3.5.9)
(¢, p) = (o, p)r(¥, pa), (3.5.10)
r(p, ) = r(p1,)r(p2, 9)- (3.5.11)

As the following Proposition shows, the form r is closely related to the longest element T,
of the quantum Weyl group.

Proposition 3.5.5. [5, 34/ Let C' be the element of U defined by

C(v) = gUtl)o)—(wt)wi)/2,
where p is the half-sum of positive roots. Then setting
Y = CT,,. (3.5.12)
we have the following equality in O,[G]* @ O,|G|*
r=Y"T@Y HA®Y). (3.5.13)
[-operators
Let O,|G]* be the full linear dual of O,[G], and define maps
=, 1% 0,]G) — O,G)*

by
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Lemma 3.5.6. [51, Lemma 1.4] The maps I* : O,|G] — O,[G]* are anti-homomorphisms
of algebras, while the maps 'lI* are homomorphisms of algebras. Additionally, we have

1,17 O4[G) — Usy, [7,'17: O,|G] — U<
with explicit formulas given by

erw) Zf av@K‘”t)
'l cfv Zf (O,v)0_ KWt

We also have
Lemma 3.5.7. Let A, Sy denote the coproduct and antipode in U. Then
=Sy ol*
and

Ao l¥(¢) = I*(¢1) ® I (¢2),
A o /li((b) — /li(¢2) ® Ili(¢1>-

Proof. These identities follow directly from the properties (3.5.10), (3.5.11) of r, together
with the non-degeneracy of the Hopf pairing between U and O,[G]. m

We will make frequent use of the following lemma relating the universal r-form to the
Hopf pairing (3.5.1).

Lemma 3.5.8. Let (-,-) be the pairing (3.5.1) of Uso with U<y. Then
("(¢), T"(¥) =r(¥, 9)

Proof. We verify the claim for any pair of matrix elements cy.,, ¢y, € O4[G]. Let us expand

© =) .04 ®06_; where (0,;,0_;) = §;;. Then using the relation
(04K 0_;K") = ¢~ M5,
from [35, p. 6.13] we compute

<l+(ng 'l Cfv Zg @+] )<@+iK*Wt(w),@in7wt(v)>

= Z q (wt(v),wi(w) [(O4v)g(0_w) = T(Cf,vv Cg,w)-
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The ad-integrable part of U
Consider the left (right) adjoint actions ad; (respectively, ad,.) of U on itself defined by

ad;(x)(y) = z1ySzs (3.5.14)
ad,(z)(y) = Sxiyxs (3.5.15)

Definition 3.5.9. The left ad-integrable part of U is defined as the subset
F(U)={zeU| dimad;(U)x < oo}

Similarly, the right ad-integrable part of U is defined as the subset
F.(U)={z €U | dimad,(U)z < oo}

Proposition 3.5.10. [6] The ad-integrable parts F}(U), F.(U) are subalgebras in U. More-
over, they are left and right coideals respectively:

ABU)) cUe /),  A(FU)) C FU)eU.

Now consider the maps

I: OQ[G] — UZO X U§U7 I = (l+ ®/l_) oA (3516)
and
J: O,|G] — U, J=mol (3.5.17)
where
m:U20®US0—>U, u+®u_l—>u+u_

is the multiplication in U. Note also that the action (3.5.15) induces a coadjoint action
ad;: U ® O,|G] — O,4|G] given by

(ady(z) (), y) = (¥, S(z1)yzz),  my €U, ¢ € OG]. (3.5.18)

The following theorem was proven by Joseph and Letzter in [4], building on results of Caldero

[16].

Theorem 3.5.11. [4] The map J is an injection of U-modules, with respect to the ac-
tion (3.5.14) on U and the action (3.5.18) on O4[G]. Its image is

F(U) = P (ad, U)(K ) (3.5.19)

Aep+
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Since S(F;(U)) = F,(U), the theorem implies that the map
J S50 0,[G] — F.(U)
is also an isomorphism of U-modules. Indeed, for all z € U, ¢ € O,[G| we have
2o ($)S™ ay = J' (ad’(S %)) (3.5.20)

Despite being a morphism of U-modules, the map J is not a morphism of algebras. However,
as explained in [51], one can equip O,|G| with a twisted algebra structure so that J becomes
an algebra homomorphism:

Proposition 3.5.12. The following formula defines an associative product ep in O4[G]

¢ o) =1(d1,V2)r(P3, VY1) D213
= 7”(¢2, ws)r(ﬁbs, Sw1)¢2¢1

If we write ¥ O,[G] for the algebra obtained by equipping O4[G) with the product ep, then the
map J: YO,[G] — F,(U) is an isomorphism of U-module algebras.

Similarly, the map J’ is an isomorphism of algebras (¥O,[G])” ~ F,(U).

The Heisenberg double of U

We define the Heisenberg double of U to be the smash product H, = Uso#U<( of the dual
pair of Hopf algebras Usg and UZy with respect to the pairing (3.5.1). The product in H,
can be written explicitly as

(a#tz)(b#y) = (b, x2)ab; ® 21y

Let us make a few remarks on the structure of H, that will prove useful in the sequel.
Consider the torus
T=Uy,® U, C Hq

and the following three subtori
T, =Uy®1, T =1® Uy, and T.=(1®S) o A(Uy).
The Heisenberg double H, has the following T"_-module algebra structure
(1® K*) o (a#tz) = (I#KY) (a#tz)(1#K ) = (K, ag)a # K o K,
It also admits a T',-module algebra structure given by

(K" ®1) o (a#tx) = (K", x1)aftzy
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Since the actions of 7'y and 7" commute, we may combine them into an action of T on H,,.
Using the grading (3.5.3), the restriction of this T-action to the subalgebras T and 7T, can
be computed explicitly as

(1® K?) o (2, K #ya K") = ¢ N, Ky K"
(K? @ K°) o (2, K #ya K") = ¢ M, Ky, K"
for any x, € US and y, € U;. Therefore, we have
Proposition 3.5.13. The T_ invariants in H, coincide with the subalgebra
T_ —v —
M- = @ UK #U,T,
VvEQ+

the T invariants coincide with the subalgebra

Hir= @ UK U KM, (3.5.21)

q
AEP,veQ+

and the T-invariants coincide with the subalgebra

Hy,= @ UK #U,

AEP,veQ+

Note that, the subalgebra of T_ invariants Hg* commute with the subalgebra 1#T.
Hence we obtain

Corollary 3.5.14. Multiplication in H, yields an algebra isomorphism
H, T — H. | (a#tz) @ (1#KP) — a#zK".

Remark 3.5.15. The torus T(A) is naturally embedded into the Drinfeld double of the dual
pair (Uso, USY). The action of T used in this section arises from the action of the Drinfeld
double on the Heisenberg double considered in [41].

The following formula defines an action of H, on Us
(a#tz) o b= (x,by)ab, (3.5.22)

where a#x € H, and b € Usg. We have the following lemma regarding the restriction of
this action to the subalgebra HqT— C H,.

Lemma 3.5.16. As ”HqT— -modules, we have

Uso =P UK

AEP
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Proof. 1t suffices to check that K="#y_, € HqT‘ preserves U K*. This follows from the or-
thogonality property (3.5.4) of the pairing (-, ) and the fact that given = € U}, its coproduct
can be expanded as

Az) = Z:ca,gKﬁ ® xp
B

where 25 € U; and x,_p € U;—B' O

3.6 Embedding F;(U) into the Heisenberg double H,,.

In the language of l-operators, Corollary (3.3.7) specializes to the following statement in the
present case.

Proposition 3.6.1. The maps
(T O[G] — Hy, ¢ 1T (S 3 )#'17 (S ¢) (3.6.1)
C:RU) —H, (=CoJ! (3.6.2)
are homomorphisms of algebras.
Proposition 3.6.2. The image of ¢ is contained in the subalgebra HqT* of T_ invariants.

Proof. Suppose that ¢ € O,[G], . Then we may expand

A (W) = i @ Py @ Yosy

V1,2

with 1,3 € O,4[Gla,s. Note that
STy uthrin € O Glatpn—ve and  S™'_,, ., € OG-0,

and recall that ¢, g(x,) is non-zero only if p + a + § = 0. Therefore we have

C(y) = Z (Silwﬂfz,uw/\,m)(@fa)@aKﬂ/lHQ#(571¢7V1,V2)(@B)@*ﬁKﬂjl

V11V27Q7B

= (S W putrin ) (O a u-p) (ST W0 -5)(O5)Onspi s K P H#O 5K
v1,B

which implies (1)) € H]-. H

Recall the defining representation (3.5.22) of H, on Uso. Pulling this representation
back under the algebra homomorphism (3.6.2), we obtain an action of the algebra F;(U) on
Usp. In studying this representation, it will be convenient to describe Usq by means of the
surjective homomorphism [7: O [G] — Usq. The following formula is easily deduced from
the formula (3.6.1) for ¢, the coquasitriangularity of r, and Lemma 3.5.8.
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Lemma 3.6.3. The action of J(¢) € Fy(U) on [T(p) € Usg induced by C is given by

J@W) - I (p) = r(S7 s, 01) 1H(S™ haipathy)

Since ¢(FO,|G]) C HqT—, it follows from Lemma 3.5.16 that the space Us( decomposes as
an F(U)-module as
Uso = P UK (3.6.3)
AeP
We will now identify the Fj(U)-modules Ut K*. Recall the definition of the contragredient
Verma module M (u)Y for U. Let C, be the one-dimensional Us¢-module with basis w,, and

Uso-module structure defined by

a-w, = (a, K",
which is a slight abuse of notation for y ¢ P. Regard U as a Usy module via the action
a-u=uS(a). Then

ef
M ()" < Homy, (U, C,)
where Homy, denotes the restricted (graded) Hom of Usg-modules. The action of U on
M ()Y is then given by
(u-¢)(v) = ¢(Suv).

Note that because of the triangular decomposition of U, elements of M (u)
determined by their values on U<, C U.

V- are uniquely

Proposition 3.6.4. The F;(U)-module UTK* in the decomposition (3.6.3) is isomorphic to
the restriction to Fi(U) of the contragredient Verma module M(\/2)".

Proof. Given a € UTK?*, define an element ¢, € M()\/2)V by declaring

Galy) = (aK 2 y)

for all y € U<g. We claim that the map a — ¢, is an isomorphism of Fj(U)-modules. By the

non-degeneracy of (-,-), it is an isomorphism of linear spaces. To show that it respects the

F,(U)-module structure, we compute the action of the subalgebras Usq and U<y on M (A\/2)".
Suppose first that z € U<y, with Sz € U7 K”. Then for all y € U<, we have

(2 0a)(y) = Ga(S2y) = (aK 2, Szy) = (a1 K2, S2)(ax K2 y) = 2 (ay, S2) 6, (y)
At the same time, for b € UTK?, we have

(b~ ¢a)(y) = Ga(Sby) = (Sbs, ys) (b1, Y1) Pa(y2Sba) = (Sbs, ys) (b1, y1) (Sba, KNV (aK 2 y,)
— (byaK28bg, y) (Sby, KM?) = 23 gy a1, (1).
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Here we used formula (3.5.5) for the product in U, together with the homogeneity of the
coproduct in Usq. Now given ¢ € ¥'O,[G], ., we compute the action of J(v) = [T (1)1~ (¢9)
on ¢, € M(A/2)Y with the help of Lemma 3.6.3. Note that in the expansion

Ap) = by, @Yy,

we have

T (S_,,) €eUKY and It (¢y,,) e UTK™.
Then

W)+ b0 =1 (1) - (@301, 1 (S 02 ) = 0,1 (87" 00)) 00 et (514
Therefore taking a = I*(y), we find

J(W : ¢a = T(5_1¢3, @1)(?1*(5*1102%21/11) - ¢¢NI
which shows that the map a — ¢, intertwines the two actions of Fj(U). O

Corollary 3.6.5. The homomorphisms Z and E are injective.

Proof. For any A € P7T, the contragredient Verma module M(\)Y contains the finite-
dimensional U-module L()A) as a submodule. Hence the corollary follows from the fact
[35, p. 5.11] that no non-zero element of U acts by zero in all finite-dimensional representa-
tions. [

As in Corollary 7?7, we may extend E to obtain a homomorphism of algebras

C:RU)®zUs— M, udt— pu). (3.6.4)
Proposition 3.6.6. The homomorphism Z 18 1njective.

Proof. Since Uy ~ C[P] we may regard U o F,(U) ®z Uy as a quasi-coherent sheaf on
SpecC[P], whose stalk at A € C[P] we denote by (U),. We may similarly regard ]~ as a
sheaf over SpecC[P] and denote its stalk at A € C[P] by (H{ ),. Let r ((7))\ — (HI),

be the induced map. Then ker Z is a subsheaf of U , and ker E,\ is its stalk at point A. Thus,
it is enough to show that ker ¢y = 0 for any \.
Let Z,, C U denote the ideal generated by <1 ® KH — q<’\’“>>uep and J, C "Hg* denote

the ideal generated by <1#K“ — q<’\’“>>H€P. Let U* be the quotient of U by the central

character of the Verma module of weight A\. Note, that ﬁ/I,\ ~ U*. Set H, o Hi= /T

and let @: U — 7-[[1\ be the induced homomorphism. By quantum Duflo theorem, we
know that U* acts faithfully on the Verma module M (\). In view of Proposition 3.6.4 and
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the existence of a nondegenerate pairing between a Verma module and the corresponding
contragredient Verma module, we obtain ker ?‘ = 0.
Now, let C[P], denote the local ring at A and m, be its maximal ideal. Then one has

U = (U),/ma () and 7—[{1\ = (HqT‘)/\/mA(HqT_)A>

A

so that B B
m,, ker ¢, = ker (.

At this point the Proposition would from Nakayama’s lemma if ker ZA were a finitely-
generated C[P], module. Therefore, it remains to filter ker ¢, by finitely generated sub-
modules. There is a natural filtration on (U )A (by the sum of modulus of exponents in

the Poincaré-Birkhoff-Witt basis), so let ker, g,\ denote the intersection of the n-th filtered

component with ker ZA- Then the submodules ker,, ¢\ are finitely generated (as submodules
of a finitely generated module over a Noetherian ring) and deliver the required filtration on

ker C). O

3.7 The R-twisted quantum coordinate ring

In this section we introduce the R-twist #O,[G] of the quantum coordinate ring O [G], and
explain its relation with the Heisenberg double H,.

The Heisenberg double and %0, [G]

Proposition 3.7.1. The following formula defines an associative product e in O,4|G]|

¢ or Y =1(d1, Y1) P2ty (3.7.1)

Proof. This follows straightforwardly from the co-quasitriangularity properties (3.5.9) of
the universal r-form. O

Definition 3.7.2. We define #O,[G] to be the associative algebra with multiplication defined
by (3.7.1).

Proposition 3.7.3. The map I given by (3.5.16) defines an embedding of algebras
I: R0,[G] — H,.

Proof. That I is injective follows from the injectivity of the map J = mo I. To prove that
I is a homomorphism of algebras, we compute

I(¢p or ) = 1(p1, 1) (d2th2) = 7(¢n, wl)ﬁ(%%)#/r(%%)
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On the other hand, in H, we have

I(¢) - 1(4) = (I (S0)#'1 (¢2)) - (I (0)# 1 (¢2)
= <lJr V1)2," 17 (¢2)2 >l+(¢1)l+(¢1)1#/r(¢2)1/17(1/12)
= (" (), 1" (¢2) ) U (1)1 (001)#' 1 (03)'1 (3)
= 7(¢a, Vo)1 (1¢1)#' 1™ (¢3¢3)
= (1, V1) (Got2) #' 1™ (d31)s)
=1(¢or )

62

O

Proposition 3.7.4. The image 1(®O,[G]) C H, is contained in the subalgebra HqTC of Te-

mvariants.

Proof. Suppose that ¢ € O,[G], ., and
¢) = Z w)\ﬂl & ¢—V,u

Then
I) = Uru(O-a)toyu(05) O K " H#O_s K"

The only non-zero terms in the sum must have 4+ pu—v =0, A+ v —a = 0. Hence we find

L) = Y orput(Onmump)¥p,u(O)Ontyus s K HO_s K" €

]

Although I : 2O, |G] — HTC is an embedding, it is not surjective. In order to obtain an
isomorphism, we must locahze at certain elements of O [G]. We define elements ¢ € O,[G]

by
Qsj_ = (qi_l - ql) IA;)ZD
¢ = (q; " — @) AT,
Lemma 3.7.5. The following equalities hold

[(A%) = K~ ¥4 K,
I(¢]) = B K14t K ™,
I(6]) = K “igF K%,

Proof. One can see that

of =(1—¢ ) adi(E)(A%)  and  ¢7 = (¢ —q) ad;(F;)(A%).

The rest of the proof is a straightforward calculation using the U-equivariance of J.

]
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Proposition 3.7.6. The algebra HqTC 1s generated by I (R(’)q[G]) together with the elements
K@igt K@i = qowd [ (A9~

Hence, we have the isomorphism
I: RO GY(A) iy — Hy (3.7.2)

Proof. Existence of the map and its injectivity follow from the fact that I(A“#) is invertible
in H,, with inverse given by

](Awl)—l — q—(wi,wi)Kwi#Kwi
The surjectivity follows from Lemma 3.7.5 together with the description (3.5.21) of HqTC. m

Set .
O,[G°] = O,[GI(A*) L,

and let
0,JG°/H] ¥ {p € 0,[C°]| (K*@1)-¢=¢ forany e P}.

be the subalgebra of Up-invariants in O,[G°] under the coregular action defined by (3.5.7).
Corollary 3.7.7. The restriction of the map (3.7.2)
1:"0,|G°/H] — H,

s an isomorphism of algebras.

Images of the Chevalley generators under Z

By Lemma 3.7.5, it suffices to calculate ((A%),((¢F). First, suppose that ¢ € O,[G]\,
satisfies ¢p(zu) = €(x)¢p(u) for all z € U=, u € U. Then we have [7(¢) = e(¢) K*, so

() = (I#KNI(S'9)
which implies
C(A) = g 1) - (57 A,
C(o7) = q eI I(A%) - I(S™op )t

where t* stands for 1#K".
In order to calculate ((¢; ), suppose that ¢ € O,[G],,, satisfies ¢(ua) = e(a)p(u) for all
a € Ut and u € U. Then we have J(¢) =" (¢)K*, and hence

Ay(J(9) =1 (¢1) K" @ J(d2), (3.7.3)

where Ay denotes the comultiplication in U. In turn, this implies
o) = a0 (I(07) - T(ST A=) 4 gl T(Al ) 1A% 1(57 g7 ),

where [o;]_ € PT is defined by o; = 2w; — [av] -
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Corollary 3.7.8. We have
Z(K 2‘*}1) _ q—(wi,wi) I(A%) - (S_lAwi>twi’
Z(FKQZ 2wl> _ q wz wz II(Awl) . (S_IQb;)twi,

~

(BJC20) = g (o) ( (6F) - T(STH A=) 4 gl F(Ald) 1A%~ (57 g ).

An isomorphism between "0, [G] and O,[G]

We now explain how to use the quantum Weyl group to construct an isomorphism between
R0,|G] and O,[G]. Recall the element Y defined by (3.5.12). Then the identity (3.5.13)

implies the following proposition.
Proposition 3.7.9. The element Y defines an isomorphism of algebras
iy O4[G] — RO,G], 6 (Y, 1)y
Proof. Using the relation (3.5.13), we compute
by (@) or ty (¥) = (Y, 1) (Y, ¥1)d1 0 2 = (Y, d1)(Y, Y1) (2, th2) dstfs

= (Y, o) (Y, o) (Y @ YTHA(Y), do @ tha) paihs
= (A(Y), 1 @ Y1) arha = (Y, 0191) Patba = 1y (¢0).

O

Definition 3.7.10. Let ¢ be the Dynkin diagram automorphism such that wgs; = sg()wo
holds for all simple reflections s;.

Using the definition of Y one obtains the following explicit formulas for ¢y in terms of
generalized minors.

Lemma 3.7.11. One has
(y) HA%) = g DA
(ty)7H(S7TA%)
(g7 = a) ()" (o) =
(g = a) ()7 (S 1<Z>T)
(@' —a)(ey) " (S7107) =
Corollary 3.7.12. The map vy establishes an isomorphism between the localizations

vy = Og[GI[(A,

wo, 1/ =1, q i=1,..., N

(— )<2w1 p\/)q(wz o+wi[2) Aéluem

, WO

wz P+W1/2 sz 1
wo S,

(— 1) (2wi,p¥ )+ qi q(wup-ﬁ-wz-/?)Aw"(“

1,s;w0

(1) (2w;,p¥ )q,q(wi,ﬁwi/?)A“"(i)

50(3) W0

As explained in [1], the algebra Oy[G][(A}! )~ i=1,..» can be regarded as the quantum
coordinate ring O,[G"°] of the big open Bruhat cell G*° = B,w,By C G.
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3.8 Main results

Let us introduce the notation

0,G"/H ¥ { € 0,]G™] | (K*@1)-¢p=¢ forany A€ P}

for the subalgebra of Up-invariants in O,[G"°] under the coregular action defined by (3.5.7).
By Corollary 3.7.7 and Corollary 3.7.12 the map

(ol M @id: Hy @ T~ HI~ — O [G™/H] & T (3.8.1)

is an isomorphism of algebras. Combining this isomorphism with Corollary 3.5.14, we arrive
at

Theorem 3.8.1. The map ® obtained by composing the homomorphism Z defined in (3.6.4)
with the isomorphism (3.8.1) is an embedding of algebras

O: F(U) @z Uy — O,[G™/H] @ T.

Remark 3.8.2. Note that by Corollary 3.7.8, in order to extend the homomorphism ® to the
entire quantum group U,(g), we must localize further by inverting the products A;’]OlATZLD)

for all ¢ = 1,---7. Hence the target of the homomorphism becomes O,[G"*"°/H], the
quantum coordinate ring of the reduced big double Bruhat cell in G. In fact, we must also

adjoin the square roots (Aﬁ;,lAfm)lm to O,[G">"° /H], although this poses no difficulties.

This phenomenon is related to the fact that the maps n;: G* — G, in (?7?), (??), while local
diffeomorphisms, are in fact 2"-fold coverings.

Notation 3.8.3. O [G"*°/H] denotes the algebra obtained by adjoining (A‘”" Awe(i))l/z

wo,1 1w
fori=1,...,7 to O [G""°/H|. Similarly, 7" stands for C[P/2] D T. i i

Corollary 3.8.4. Let x: T'— C be a character of the torus T'. Denote by the same letter the
induced character of the center Z C U,(g) coming from the embedding &|z: Z — T. Then
® extends to an embedding @ : Uy(g) — O [G**° [H] @ T" such that the following diagram
commutes

Uy(g) —2—= O)[Goo0 JH| @ T"

S e

Uq(9)/Zy OqlG™oe [H]
where I, is the ideal generated by the kernel of x.

Corollary 3.8.5. One has the following explicit formulas for ®’
@/(Kwii) _ (_1)(2w¢,pv)q2(wi,p)Aw¢ Awe(i)twi’

wo,1 = 1,wo
~ _ ) =1
qy(ﬂl(al) = QiALSU;((;)),wo (Awgm) ’

1,wo
¥'(E;) = — <A%5i,1 (Ai‘;@,l)_l + g Al AT (Aw‘)(“)_1 (Aﬁé,1)_2 t*“i> :

wo,1 —1wosg(s) 1,wo
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where E; = (¢ — @) E; and F = (¢ — @) F:.
Proof. This follows from combining Corollary 3.7.8 with Lemma 3.7.11. O]

Remark 3.8.6. As mentioned in the Introduction, the Feigin homomorphisms [13] allow us
to further explicitize our formulas for ®" and compare our realization of U,(g) to those of
(30, 53]. While we save the full details of this comparision for the forthcoming paper [26],
let us present the essential idea in the case g = sl,,. In [53], the quantized moduli space of
decorated PG L,-local systems on a punctured disk with two boundary marked points was
used to construct an embedding of U,(g) into a quantum torus. That quantum torus arises
as a quantum cluster chart on the moduli space, corresponding to an ideal triangulation of
the punctured disk in which two triangles are glued by two sides. In [31], it was checked
that this geometric approach reproduces the embedding of [30]. On the other hand, one
can consider the quantum cluster chart corresponding to a self-folded triangulation of the
punctured disk; this quantum torus is related to the original one by an explicit sequence
of (";’1) quantum cluster mutations. Now recall that to specify a Feigin homomorphism
amounts to picking a pair of reduced expressions 41, 15 for the longest element wgy of the Weyl
group; for an appropriate choice of i1, i, one verifies that ®' coincides with the embedding
of U,(g) into the quantum cluster chart corresponding to the self-folded triangulation. Thus
the quantum torus realization of U,(g) presented here is mutation equivalent to those of [30,

53].
We end this section with the following conjecture:
Conjecture 3.8.7. We have an isomorphism of non-commutative fraction fields
Frac (Fj(U) ®z Uy) = Frac (O,[G/H|®T).

In particular, Frac (Fi(U) @z Uy) coincides with a non-commutative fraction field of a quan-
tum torus algebra, i.e. the quantum Gelfand-Kirillov property holds for F}(U) ®z Up.

3.9 Example for g = sl

We conclude by providing a detailed example of our construction for the case g = sly. Let
us write E, F, K'/? for the generators of the simply-connected form of U,(sly). Recall that
the fundamental representation of U,(sly) on C? is determined by

01 00 1/2 a7 0
E»—>(O ()>’ F»—>(1 O)’ K n—><0 q_1/2 )

The Hopf algebra O,(SLs) is generated by the matrix coefficients of the fundamental repre-
sentation. More explicitly, O,(SLs) has generators (11, 12, Ta1, T22) subject to the relations

L11T12 = qT12711 T12T22 = qT22X12 T12T21 = T21T12

-1
T11T21 = qT21T11 T21T22 = (T22T21 [$117$22] = (q —q )$12$21
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as well as the quantum determinant relation
T11T92 — T12%21 = L.
The coalgebra structure of O,(SLy) is given by
A(xij) = 2 ® 115 + T2 @ X9 and €(ij) = 0y
while the antipode is given by
S(z11) = w0, S(z12) = —q_1$127 S(xa1) = —qra, S(x92) = 711.
The quantum coordinate ring of the big Bruhat cell BwyB C SLs is
Oy[SLy"] = Oy[SLy][z5;]
while the quantum coordinate ring of the big double Bruhat cell BwyB N B_wyB_ C SLs is

given by
Og[SLy"] = Oy[SLo][z15 w5 ]-

The quantum coordinate ring of the reduced big double Bruhat cell O,[SLy*"/H] ® T
embeds into the quantum torus algebra

A = Clu* vt zi1>/(uv = ¢*vu, 2u = uz, 2v = vz)
via the identification
U= —q*T0To, v=—q oy, z=1.
As in Corollary 3.8.5, we introduce the normalized generators of U,(sls)
E=(q'-9FE and F=(g'-qF

Then the values of the [-operators on the matrix coefficients x;; are easily computed to be

l+(l'11) = K_1/2 /l_(fﬂll) = K_1/2
" (213) = 0 1 (215) = FK'?
IT(zg) = EK /2 17 (291) = 0
l+<$22) = K1/2 /l_(ZEQQ) = K1/2

It follows that the isomorphism J: O,(SLs) — F;(U,(sl2)) is given by

J(zy) = K1, J(z12) = ¢F, J(x9) = EK Y, J(z2) = K + qEF.
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The homomorphism ¢: Oy(SLy) — H]~ takes the form

)

T1) = —q(K’l#ﬁ) -t
)
)

where we write t = 14#K/? ¢ HqT—.
The isomorphism ty: O,(SLy) — #O,(SLy) is given by

/4
/4

by (T11) = —q 14y, vy (z91) = q¢7°

by (x12) = —q

Z11,

T2, Ly (Z92) = q ryy.

and the isomorphism I: OF(SLy)[A7'i_, — HIF is

[(5511) _ K71/2#K71/2 [(l‘m) _ EKil/Q#K’l/Q
I(xu) _ K—l/z#ﬁKlm I(x22> _ K1/2#K1/2 + E\K—I/Q#F\Kl/Q

The algebra embedding ®: Fj(U,(sly)) — O,[SL5°/H] ® T in Theorem 4.6.1 takes the

form )
K™ = —qria791t,

F\ — —qziCQQCCQlt, (391)
EK_l — qr11T12t + $11.I2_1t_1.

As explained in Remark 3.8.2, in order to embed U,(sly) we must localize further at x1o29
and adjoin (x19791)'/2. Therefore let A’ be the quantum torus algebra obtained from A by
adjoining the elements v'/? and z'/2. Then we obtain the following quantum torus algebra
realization of U, (sly):

Q' Uy(sly) — A

K2y 12,712, Fs uz, B Z*lufl(qvl/2 — qilv*1/2)(v*1/2z — 01/2271).
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Chapter 4

Quantum character varieties, cluster
algebras and quantum groups

4.1 Quantum cluster X-tori

In this section we recall a few basic facts about cluster X-tori and their quantization follow-
ing [63]. We shall need only skew-symmetric exchange matrices, and we incorporate this in
the definition of a cluster seed.

A seed i is triple (1, Iy,e) where I is a finite set, Iy C I is a subset and € = (g;5);jer
is a skew-symmetric! Q-valued matrix, such that e;; € Z unless 4,5 € I,. To a seed i we
associate an algebraic torus &X; = (C*)/l, equipped with a set of coordinates {X,... , X}
and a Poisson structure defined by

{Xi,Xj} = 2€inin, Z,j el

We refer to the torus A as the cluster torus and to the matrix € as the exchange matriz.
The coordinates X; are called cluster variables and they are said to be frozen if i € I.

Given a pair of seeds i = (I, Iy, ¢), i = (I', I}, €'), and an element k € I\ I, we say that
an isomorphism py: I — I’ is a cluster mutation in direction k if . (ly) = I} and

—Eij ite=korj==F,
€ij if EikEkj < 0, (411)
€ij + |5z‘k~|5kj if Eik€kj > 0.

/
Cle (i) =

A mutation py, induces an isomorphism of cluster tori p: &3 — Xy as follows:

X! if i =k,

X i) — N\ ki

lin general, the matrix ¢ is allowed to be skew-symmetrizable.
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Note that the data of a cluster seed can be conveniently encoded by a quiver with vertices
{v;} labelled by elements of the set I and with adjacency matrix €. The arrows v; — v,
between a pair of frozen variables are considered to be weighted by ¢;;. Then the mutation
1y of the corresponding quiver can be performed in three steps:

1. reverse all the arrows incident to the vertex k;
2. for each pair of arrows k — ¢ and j — k draw an arrow ¢ — J;
3. delete pairs of arrows ¢ — j and j — 4 going in the opposite directions.

The algebra of functions O(A;) admits a quantization Ay called the quantum torus algebra
associated to the seed i. It is an associative algebra over C(q) defined by generators Xiﬂ,
1 € I subject to relations

X X; = ¢ X;X;.
The cluster mutation in the direction k induces an automorphism g of XY called the quantum
cluster mutation, defined by

(X, 1, ifi=k,
= -1 .
i (Xi) = Xi rl;ll (1 +q” 1X1<; 1) , ifi#kand e >0,
—Eki
Xi IT A+ ¢*1Xy), if i # k and g4; < 0.
\ r=1

The quantum cluster mutation pj can be written as a composition of two homomor-
phisms, namely
pl = pif, o i

where g, is a monomial transformation defined by

X ifi =k,
Xi — quk€kiXiXZki’ if 7& k and Eri 2 O,
X if i £ k and g;; < 0.

and
1, = Adga(x,)

is a conjugation by the quantum dilogarithm function

1
(1+qx)(1+¢x)...

Vi(x) =

Mutation of the exchange matrix is incorporated into the monomial transformation y;. The
following lemma will prove very useful.
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Lemma 4.1.1. A sequence of mutations ,ugk ... pif can be written as follows
pi, - pif, = P o My,
where
b, = Ad Ady,(. JAd ,
k wa (X, ) M (X4,)) wa (e (X))
and
/ /

Proof. We shall prove the lemma by induction. Assume the statement holds for some
k=r—1. Then
P - - 1y, = Adwaa, o, (x,,0)) i, ProaMyoa.

Now the proof follows from the fact that the homomorphisms j; and ®,._; commute and
the following relation:

Adyaa, (M, (x:,)) Pro1 = @r1 Adwoqu, i (x;,)) = Po.
Il

We conclude this section with the two properties of the quantum dilogarithm which we
will use liberally throughout the paper. For any u and v such that uv = ¢~?vu we have

U (u) U (v) = ¥ (uv)
W (0) W (u) = W (u) U (quu) W (v)

The first equality is nothing but a ¢g-analogue of the addition law for exponentials, while the
second one is known as the pentagon identity.

4.2 Quantum character varieties

We now recall some elements of the theory of quantum character varieties as defined in [63].
Let S be a decorated surface — that is, a topological surface S with boundary 0, equipped
with a finite collection of marked points z1,..., 2, € S and punctures py,...,ps. In [63],
the moduli space Xg p,; of PGLy-local systems on S with reductions to Borel subgroups
at each marked poinf x; and each puncture p;, was defined and shown to admit the structure
of a cluster X-variety. In particular, suppose that 7" is an ideal triangulation of S: recall
that this means that all vertices of T" are at either marked points or punctures. Then it
was shown in [63] that for each such ideal triangulation, one can produce a cluster X'-chart
on Xg pgp . Moreover, the Poisson algebra of functions on such a chart admits a canonical
quantfzation, whose construction we shall now recall.

The first step is to describe the quantum cluster A'-chart associated to a single triangle.
To do this, consider a triangle ABC' given by the equation z +y + 2z = m, z,y,z > 0 and
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intersect it with lines x = p, y = p, and z = p for all 0 < p < m, p € Z. The resulting
picture is called the m-triangulation of the triangle ABC'. Let us now color the triangles of
the m-triangulation in black and white, as in Figure 4.1 so that triangles adjacent to vertices
A, B, or C are black, and two triangles sharing an edge are of different color. We shall
also orient the edges of white triangles counterclockwise. Finally, we connect the vertices
of the m-triangulation lying on the same side of the triangle ABC' by dashed arrows in the
clockwise direction. The resulting graph is shown in Figure 4.1. Note that the vertices on
the boundary of ABC' are depicted by squares. Throughout the text we will use square
vertices for frozen variables. All dashed arrows will be of weight %, that is a dashed arrow
v; — v; denotes the commutation relation X;X; = q_lXjX,-.

B

A

Figure 4.1: Cluster X-coordinates on the configuration space of 3 flags and 3 lines.

Now, let us recall the procedure of amalgamating two quivers by a subset of frozen
variables, following [62]. In simple words, amalgamation is nothing but the gluing of two
quivers by a number of frozen vertices. More formally, let ()1, Q2 be a pair of quivers, and
I, I5 be certain subsets of frozen variables in ()1, ()2 respectively. Assuming there exists a
bijection ¢: Iy — I, we can amalgamate quivers ()1 and ()2 by the subsets I, I along ¢.
The result is a new quiver () constructed in the following two steps:

1. for any i € I; identify vertices v; € Q1 and vg(;) € Q2 in the union Q; U Q;

2. for any pair ¢,5 € I; with an arrow v; — v; in @; labelled by ¢;; and an arrow
Vg(i) — Vg(j) in Q2 labelled by €4(;) 4(;), label the arrow between corresponding vertices

in Q by i + €401),6(5)

Amalgamation of a pair of quivers )1, () into a quiver () induces an embedding X — X;®X,
of the corresponding cluster X'-tori:

X1®17 lflte\Ib
X; — ]_(8)(,7 ifieQQ\]Q,
X; ® Xgy, otherwise.
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An example of amalgamation is shown in Figure 4.2. There, the left quiver is obtained
by amalgamating a triangle ABC' from Figure 4.1 with a similar triangle along the side BC
(or more precisely, along frozen vertices 10, 11, and 12 on the edge BC). Another example
is shown in Figure 4.7 where a triangle ABC' is now amalgamated by 2 sides. Finally, the
process of amalgamation is best shown in Figure 4.6.

As explained in [63], in order to construct the cluster X-coordinate chart on Xg pe; -

corresponding to an ideal triangulation T' of S , one performs the following procedure:
1. m~triangulate each of the ideal triangles in T

2. for any pair of ideal triangles in 7" sharing an edge, amalgamate the corresponding pair
of quivers by this edge.

In general, different ideal triangulations of an S result in different quivers, and hence different
cluster X-tori. However, any triangulation can be transformed into any other by a sequence
of flips that replace one diagonal in an ideal 4-gon with the other one. Each flip corresponds
to the following sequence of cluster mutations that we shall recall on the example shown
in Figure 4.2. There, a flip is obtained in three steps. First, mutate at vertices 10, 11, 12,
second, mutate at vertices 7, 8, 14, 15, and third, mutate at vertices 4, 11, 18. Note, that the
order of mutations within one step does not matter. In general, a flip in an m-triangulated
4-gon consists of m — 1 steps. On the i-th step, one should do the following. First, inscribe
an i-by-(m — i) rectangle in the 4-gon, such that vertices of the rectangle coincide with
boundary vertices of the m-triangulation and the side of the rectangle of length m — i goes
along the diagonal of a 4-gon. Second, divide the rectangle into i(m — i) squares and mutate
at the center of each square. As in the example, the order of mutations within a single step
does not matter.

Figure 4.2: A pair of triangles amalgamated by 1 side.
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4.3 Quantum groups

In what follows, we consider the Lie algebra sl,,; = sl,.1(C) equipped with a pair of
opposite Borel subalgebras by and a Cartan subalgebra h = by N b_. The corresponding
root system A is equipped with a polarization A = A, U A_, consistent with the choice
of Borel subalgebras by, and a set of simple roots {ay,...,a,} C A;. We denote by (-, )
the unique symmetric bilinear form on h* invariant under the Weyl group W, such that
(a, ) = 2 for all roots o € A. Entries of the Cartan matrix are denoted a;; = (ay, ¢j).

Let ¢ be a formal parameter, and consider an associative C(g)-algebra ©,, generated by
elements

{EZ,F“KZ,K”Z:L,’I’L},

subject to the relations

KiEj = ¢" EjK, KiE; = q " E; K, KK = KK, (4.3.1)
K;F; = ¢ F,K;, K{Fj — qaz-]-FjKl{, KZ-K} = KJ’.]@ e
the relation
(B, Fy) =05 (0 —q7") (Ki — K}) (4.3.2)

and the quantum Serre relations

E’Eiv1 — (q+ ¢ EEm E; + B E? = 0,
Fz’2Fii1 - (q + q_1>Fz‘FiilFi + E:I:1Fi2 =0, (4_3.3)

The algebra ®,, is a Hopf algebra, with the comultiplication

AF)=FeK +10F, A(K)) = K] ® Kj,
the antipode
S(E) = -K;'E;, S(K;) = K; ',
S(Fz) = - K, S<Kz{) = (Kz{)_la

and the counit

e(K;) = €e(K]) =1, e(E;) = e(F;) = 0.
The quantum group U, (sl,+1) is defined as the quotient
Uy(slhy1) =D,/ (KK =1|i=1,...,n).

Note that the quantum group U,(sl,,+1) inherits a well-defined Hopf algebra structure from
©,,. The subalgebra U,(b) C D,, generated by all K, E; is a Hopf subalgebra in ©,,. The



CHAPTER 4. QUANTUM CHARACTER VARIETIES, CLUSTER ALGEBRAS AND
QUANTUM GROUPS 75

algebra U,(b) is isomorphic to its image under the projection onto U, (sl,,+1) and is called the
quantum Borel subalgebra of U,(sl,,+1). Note that ©,, is nothing but the Drinfeld double of
U,(b).

Let us fix a normal ordering < on A, , that is a total ordering such that o« < a4+ 8 <
for any o, 8 € A;. We set B, = F;, F,, = F;, and define inductively

E.Es — ¢ “PEE,
q—q!
F3F, — ¢“PF,Fy
q—q* '

Eoip = : (4.3.4)

Then the set of all normally ordered monomials in K,,, K/, E,, and F, for « € A, forms a
Poincaré-Birkhoff-Witt (PBW) basis for ©,, as a C(g)-module. In what follows, we denote

EZ] = Qa1+ Fag a’nd Fl] = Fai+a¢+1+...+a]~-

Finally, let us introduce for future reference the automorphism 6 of the Dynkin diagram of
U,(sl,11) defined by
0(i)=n+1—4i, 1<i<n. (4.3.6)

4.4 An embedding of U,(sl, 1)

Let us now explain how to embed U,(sl,+1) into a quantum cluster X-chart on the quantum
character variety of decorated PG L, 1-local systems on an disk S with a single puncture p,
and with two marked points x1, 22 on its boundary.

We consider the ideal triangulation of S in which we take the pair of triangles from
Figure 4.1 and amalgamate them by two sides as in Figure 4.6. The resulting quiver is
shown on Figure 4.3. Note that the vertices in the central column used to be frozen before
amalgamation. We shall refer to this quiver as the D,,-quiver and denote the corresponding
quantum torus algebra by D,,. The D, -quivers for n = 1, 2, and 3 are shown on Figures 4.4,
4.5, and 4.7 respectively.

Let us explain our convention for labelling the vertices of the D,-quiver. We denote
frozen vertices in the left column by V; _; with ¢« = 1,...,n counting South to North. Now,
choose a frozen vertex V; _; and follow the arrows in the South-East direction until you hit
one of the vertices in the central column. Each vertex along the way is labelled by V,,,
r = —1%,...,0. Then, start from the central vertex V, and follow arrows in the North-East
direction labelling vertices V;,, r =0, ..., 7, on your way until you hit a frozen vertex in the
right column, which receives the label V; ;. This way we label all the vertices except for the
upper half of those in the central column. Now, let us rotate the D,-quiver by 180°, and
label the image of the vertex V;, by A;,. Now, we have labelled every vertex twice by some
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Figure 4.3: D,-quiver.

V and some A except for those in the central column. This way to label vertices, although
redundant, will prove very convenient in the sequel. The following relation is easy to verify:

Vitr = No(r) 700)» I<r<i<n

In the above formula, 6 denotes the diagram automorphism defined in (4.3.6). Finally, we
refer to the subset of vertices {V,,| —i <r < i} as the V;-path. Similarly, the A;-path is
{A,L’r’ —1 <7’<'l}

Example 4.4.1. Let us refer to the i-th vertex in Figure 4.4 by X;. Then the labelling
suggested above is as follows:

Vi1 =Xy, Vio = Xy, Vi1 = X,
Al,fl = X37 Al,O = X47 Al,l = Xl-
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Example 4.4.2. Similarly, we refer to the i-th vertex in Figure 4.5 by X;. Then, one has
Vl,fl = X17 vl,O = X27 Vl,l = X37 V2,72 = X47
Vo1 = X5, Voo = Xo, Va1 = Xy, Voo = X,

Al,—l - X87 AI,O = X97 Al,l - X47 AQ,—2 = X37

Aoy 1 = Xy, Ag o = X, Aoy = X, Ao = Xi.

Remark 4.4.3. As shown in [25], for any semisimple Lie algebra g the algebra U,(g) can
be embedded into the quantized algebra of global functions on the Grothendieck-Springer
resolution G xg B, where B C G is a fixed Borel subgroup in G. On the other hand, the
variety G X g B is isomorphic to the moduli space of G-local systems on the punctured disc,
equipped with reduction to a Borel subgroup at the puncture, as well as a trivialization
at one marked point on the boundary. Classically, this moduli space is birational to Xz .,
and it would be interesting to understand the precise relation between the correspondfng
quantizations.

We now come to the first main result of the paper.

Theorem 4.4.4. There is an embedding of algebras v: D, — D, defined by the following
assignment fori=1,... n:

i—1

Ei—iY ¢"Vi Vi Vi, (4.4.1)
K, — q’;?\_/;_ivm_i Vi, (4.4.2)
Fyy — i i G N iMNia i A (4.4.3)
Ky — JQTAZJA@” .V (4.4.4)

Remark 4.4.5. The algebra embedding (4.4.1) — (4.4.4) turns out to be equivalent to the
homomorphism from U,(sl,) into an algebra of difference operators used to constuct the
positive representations introduced in [30]. We thank I. Ip for pointing this out to us.

Remark 4.4.6. Formulas (4.4.1) and (4.4.3) can be rewritten as follows:

Ei — iAd\pq(vi,i_l) R Ad\pq(v ) Vi’,i,

1,1—1

Fg(i) — iAd\I}q(Ai,i—l) .. 'Ad\I}q(Ai,lfi) Az‘,—i~

Note, that the right hand side of the formula (4.4.1) coincides with the cluster X-variable
corresponding to the vertexV; _;, in the cluster obtained from the initial one by consecutive
application of mutations at variables V;,, where r runs from 7 — 1 to 1 — 4. Similarly, the
right hand side of the formula (4.4.3) coincides with the cluster X-variable for vertex A; _; in
the cluster obtained from the initial one by consecutive application of mutations at variables
A; -, where r runs from ¢ — 1 to 1 — 4.
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Example 4.4.7. For n = 1, in the notations of Figure 4.4, the embedding ¢ reads

E— in(l + qX2)7

K — ¢*X; X2 X3,
F— ng(l + QX4),

K q2X4X3X2.

Figure 4.4: D;-quiver.

Example 4.4.8. For n = 2, in the notations of Figure 4.5, the embedding ¢ reads
E1 — 1X1(1 + qX2)7
Fl — ng(l + qX7(1
FQ — ng(]. + QXg),

Ky — ¢" X3 X4 X5 X6 X7,

’ Kl = q2X1X2X37
+¢X10(1 + ¢X5))), Kj v ¢° X5 Xo Xy,
Ki —> q4X7X4X10X5X1.

Figure 4.5: Dy-quiver.

The proof of Theorem 4.4.4 will follow from Propositions 4.4.9 and 4.4.10 stated below

Proposition 4.4.9. The formulas (4.4.1) — (4.4.4) define a homomorphism of algebras.
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Proof. In what follows we abuse notations and denote an element of the algebra ®,, and its
image under ¢ the same. For any 1 < i <n and —i < r < 1, let us define

ro__ s i+r
w,; = 1q Vi,—i ce Vi,’r‘v

i
ro__ s i+r
m; =1q Ai,*i c Ai,r'

Then, the formulas (4.4.1) — (4.4.4) can be rewritten as follows:

Bomwi' ool Ky = —qui~my .
o —i i— i—1, —0(i
Foy =m;" + - +m, Koy = —qm; 1we(i)( g

It is immediate from inspecting the quiver that the relations (4.3.1) hold, as well as
|E;, E;] = [F;, Fj] = 0 for |t — j| > 1. To verify (4.3.2) it suffices to notice that i < 6(j)
implies w]m? = miw], while

J AR
( . . .
q2m§wf if r=—,s=5-1,
. . r._s __ —2, 8, : — 4 — )
i=20(j) — wim; = q¢ miw; if r=i-15=—j,
S T 1
[ mjw; otherwise,

¢gmiw; if r=%6(j),s = F(i) — 1,
i>0(j) = wimi = ¢ *miw; if s =+0(i),r = F0(j) — 1,

 mjw; otherwise.

Let us now check the Serre relation

Ei2+1Ei + EiEZ‘2+1 = (¢+ ¢ YE1EiEiy.

Suppose — <t <i—1and —i — 1 < r <i. We write

1

: T t _ - [
t<ar if Wi Wy = ¢ WWi,q,

s r t t .r
t>r i Wi Wy = qQU;W, .

It is easy to verify that

t<r if r<o,
t<r if =0

t>r if r<o,

tdr < .
t>r if r>0.

and t>r < {



CHAPTER 4. QUANTUM CHARACTER VARIETIES, CLUSTER ALGEBRAS AND
QUANTUM GROUPS 80

We can now express

2 _ r S t
Bl Ei = E W Wi Wy

r,8,0

o r s t T s t
= E Wi Wi Wy + E Wi Wi Wy

t>rit>s t>rtds

r S t T S t
+ E Wi Wi W, + E Wi Wi Wy

t<ar,t>s t<r,t<ls

_ r t .8 —1 r t s
=q E Wi W Wi + ¢ E Wy W Wy

t>rit>s t>r,t<ls

r t s —1 r t s
+q E Wi W Wiy +q E Wy W Wy gy

t<ar,t>s t<ar,t<s

Analogously, we have

2 _ r t s -1 r t s
BB, =q E Wi W; Wit +q E , Wi W; W, q

tart>s t>r,t>s

4 wr wtws 4 —1 wr wtws
q i+1WiWip1 T ¢ i+1 W Wit
t<r,t<ls t>ritds

Observe that if t>r and t < s, then one necessarily has r < s, which in turn implies
wi wiy = ¢ *wi,wl,,. Similarly, if t<r and t>s, it follows that r > s and wl  wf,, = ¢*wi W, .

Hence
r t s _ s t r
W; W Wiy = Wi W Wiy q5

t>r,t<ls t>r,tls
r t s _ s t .r
Wi W Wiy = Wi W Wiy g
tart>s tart>s

It therefore follows that

Ei2+1Ei + EiEz‘2+1

) (T T e z)

t>rt>s t>r,tls t<ar,t>s t<ar,t<ls

- z+1E EH—I
The other nontrivial Serre relations are proved in an identical fashion. O]
Proposition 4.4.10. The homomorphism v: ®, — D,, is injective.

Proof. 1t will be convenient to choose a different PBW basis of ©,, from the one we consid-
ered in Section 4.3. Namely, for any simple root « we set I = F,, then define inductively

FlF,—q = f‘)FﬁF’
q—q-

Forp =
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By the PBW theorem, the set Monpgy of all normally ordered monomials in K,, K/,
E,, and F!, o € A, forms a basis for ©,, over C(q). Let us now fix a degree-lexigocraphic
order on the set of all monomials in the quantum torus D,,, taken with respect to any total
order on the generators {X;}. To establish injectivity of ¢, it will suffice to show that there
are no two PBW monomials my, my € Monpgy, such that ¢(m;) and ¢(msy) have the same
leading term with respect to our chosen monomial order for D,,. Indeed, if this is true, our
monomial order induces a total order on Monpgy with respect to which the map ¢ becomes
triangular. In fact, given a monomial X € D, that arises as the leading term of some PBW
monomial, one can reconstruct the unique PBW monomial m 3 such that the leading term

of t(mg) is X as follows. In the cluster monomial X, let Nij, Sijs €ij, and w;; be respectively
the degrees of the cluster variables corresponding to North, South, East, and West nodes of
the rhombus labelled by ¢j in the right triangle in Figure 4.6. Let us also declare wy, = 0.
Then the degree of E;; in mg is equal to n;; + s;; — e;; — w;; and the degree of K; is equal
to e; — Nin.-

To see this, first observe that the leading term of «(m) for m € {E,, F,, K;, K/} will
contribute one to the power of a cluster variable in X iff the corresponding vertex of the
quiver appears in ¢(m). Hence, the quantity N + S — E — W for any rhombus will be
an integer combination of exponents of the {E,, F,, K;, K/}. Now, the SE and NW edges
of any rhombus in the right triangle form part of some V,,V, i-paths respectively. Note
that N appears in K; iff E' does, and S appears in K] iff W does. Hence ng: contributes
nothing to N + S — F'— W. Similar arguments apply to show ng; also contributes nothing
to N+.S — E—W. Moreover, since we are in the right triangle, exactly the same arguments
also apply to ng, for any root .

Now ,suppose we have a root F; ;. Then if ¢ > r+1, or j < r, none of the rhomus vertices
appear in ¢(E; ;). If i <r and r+ 1 < j, then S appears in E;; iff W does, and E appears
in Ey; iff N does. Hence ng,;, the power of E;; in a PBW monomial makes no contribution
N+S—FE—W. Similarly, if i = r +1, then W appears in E; ; iff N does, since N can never
be a frozen vertex. The only remaining case is when j = r: in this case, we see that E; ; will
contribute to N +5 — E — W iff S is the last vertex in V, appearing in £; ;. The formulas
for the exponents of F,, K;, K| are proved by similar arguments.

Now, let n;;, s, €;5, and w;; denote the degrees in m ¢ of the cluster variables correspond-
ing the North, South, East, and West nodes of the corresponding rhombus in the left triangle
in Figure 4.6, where we set ey, = 0. Then the degree of Fel(i)e(j) equals n;; + si5 — €5 — Wjj
in the left triangle where we set ey, = 0 and the degree of Ké(i) equals w; ; — S;p- ]

Corollary 4.4.11. The homomorphism v induces an embedding of the quantum group U,(sl,,+1)
into the quotient of the algebra D,, by relations

"V i Vi Ny~ - - Moo = 1

forall1 <i<n.
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Figure 4.7: Ds-quiver.

4.5 The Dehn twist on a twice punctured disk

In order to describe the coalgebra structure of U,(s(,+1), we will need to consider the moduli
space X§27 PGLnit of PGL, 1-local systems on §2, a disk with two punctures p1, po, and two
marked points xq,xs on its boundary. To obtain a quantum cluster chart on this moduli
space, we consider the quiver corresponding to the (n + 1)-triangulation of the left-most
disk in Figure 4.8. Note that this quiver is formed by amalgamating two D,,-quivers by one
column of frozen variables, see Figure 4.3. An example of two amalgamated Dy-quivers is
shown in Figure 4.9, where one should disregard the gray arrows. We refer to the result of
this amalgamation as the Z,-quiver and denote the corresponding quantum torus algebra
by Z,.

Figure 4.8 shows four different ideal triangulations of a twice punctured disk with two
marked points on the boundary; the arrows correspond to flips of ideal triangulations. Note
that the right-most disk may be obtained from the left-most one by applying the half-Dehn
twist rotating the left puncture clockwise about the right one. Hence this half-Dehn twist
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may be decomposed into a sequence of 4 flips. Let Z! be the quiver obtained from the
(n + 1)-triangulation of the right-most disk. It is evident from inspecting the corresponding
(n 4+ 1)-triangulations that there exists an isomorphism o between the Z,- and the Z/-
quivers that preserves all frozen variables. On the other hand, since there is no nontrivial
automorphism of the Z,-quiver fixing its frozen variables, we conclude that the isomorphism
o is unique.

Let us now describe o explicitly. Recall that each (n 4 1)-triangulated triangle contains
exactly n solid oriented paths parallel to each of its sides. For example, in the 4-triangulation
shown in Figure 4.1, one sees paths 1 — 2,3 -4 — 5, and 6 — 7 — 8 — 9, parallel to the
side BC'. Now, consider the second disk in Figure 4.8, recall that the (n+ 1)-triangulation of
the pair of triangles in the middle is shown in the right part of Figure 4.2. Fort=1,...,n
we define the i-th permutation cycle to

follow the i-th solid path parallel to the side a in the triangle A, along the orientation,

follow the i-th solid path parallel to the side d in the triangle Ay in the direction
opposite to the orientation,

follow the i-th solid path parallel to the side g in the triangle A.f, along the orientation,

follow the i-th solid path parallel to the side d in the triangle A.4 in the direction
opposite to the orientation.

Now, the isomorphism o is defined as follows: each vertex in the i-th permutation cycle is
moved ¢ steps along the cycle, frozen variables are left intact, the rest of the vertices are
rotated by 180°. In Figure 4.9, the 2 cycles in the quiver Z, and the rotation of vertices 9
and 11 are shown by gray arrows; the action of ¢ reads

— (27151713 4) (3 16 18) (8 10 12) (9 11),
where the 2nd permutation cycle breaks into (3 16 18) (8 10 12).

4.6 Cluster realization of the R-matrix
Recall that the universal R-matrix of the quantum group U, (sl,11) is an element

e~ —

R € Uy(shyi1) @ Uy(shysy)

DR~

Figure 4.8: The half Dehn twist as a sequence of 4 flips.
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Figure 4.9: Permutation on the Z;-quiver.

of a certain extension of its tensor square, and gives rise to a braiding on the category of
finite dimensional U,(sl,11)-modues. The universal R-matrix admits decomposition

R =RK.

where
K= qu,j cij o Hj

(i) is the inverse of the Cartan matrix, and H, H' are defined from the relations

/

K=q" and K' =¢%.

The tensor R is called the quasi R-matrix and is given by the formula

Q:Iiw%4%®ay (4.6.1)

OCEA+

where the product is ordered consistently with the previously chosen normal ordering < on
Ay

Let Adx and Ads denote the automorphisms of ®,, ® ©,, that conjugate by K and R
respectively. It is clear that both Adx and Adi extend to automorphisms of D,, ® D,, defined
in the same way. We write P for the automorphism of D,, ® D,, permuting the tensor factors:

PX®Y)=Y ®X.

Recall the isomorphism of quivers described in the previous section. It defines a per-
mutation of cluster variables X; — X;; which we also denote by o with a slight abuse of
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notation. Note that each of the 4 flips shown in Figure 4.8 corresponds to a sequence of
("+2) cluster mutations, as explained at the end of Section 4.2. Let

3
N——4-<n 2)
3

and py . .. p1 be the sequence of quantum cluster mutations constituting the half-Dehn twist.
Now we are ready to formulate the next main result of the paper.

Theorem 4.6.1. The composition
PoAdgr: D, ® D, — D, ® D,
restricts to the subalgebra Z,. Moreover, the following automorphisms of Z, coincide:
PoAdgr =pun...p1oo0,
where the sequence of quantum cluster mutations iy ... p1 constitutes the half Dehn twist.

Proof. By Lemma 4.1.1 we have

Uy - pr = Py oMy,

where My is a monomial transformation, and ® is a conjugation by a sequence of N quan-
tum dilogarithms. The result of the theorem then follows from Propositions 4.6.2 and 4.6.3
below.

O

Proposition 4.6.2. The following automorphisms of Z,, coincide:
PoAdx =Myoo. (4.6.2)

Proof. We define the AV;-path in the Z,-quiver as the concatenation of the Ag;-path in
the left D,-quiver with the V;-path in the right D,-quiver. For example, in the notations
of Figure 4.9, the AVi-path consists of vertices 1, 7, 16, 9, 3, 4, 5. Each mutation from the
sequence [y ... 1 happens at a vertex that belongs to a certain AV;-path, has exactly two
outgoing edges within this path, and has exactly two incoming edges from vertices that do
not belong to the path. This claim can be easily verified by inspecting the Z,-quiver and the
sequence of mutations under discussion. In turn, it implies that the monomial transformation
My restricts to each AV-path. The action of My on the AV;-path is shown in Figure 4.10,
where

Z_ = q%(i) X1 Xy 'X29(i)+1 - Y7,
Zy=q7"" Xppyy - - X X7 Yy LYY
Z, = q% - X1 - YYs . Yo
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X20(:)+1X20(1) Xo X111 Yo Y3 Yoic1  Yo;  Yaipa

—O— +~—0O0+—0—0—-0——0—0—U1

y

—O—"0O— OO0 —-0——0—

Z- Ys Y3 Yoi—1 Yo Zo  Xoo(i) Xo  Zy

Figure 4.10: Action of My on the AV;-path.

On the other hand, it is easy to see that the automorphism P o Adx acts as P on all
nonfrozen variables in the product ®,, ® ©,,. It is a matter of a straightforward calculation
to verify that P o Adx acts on the frozen variables of Z,,, and on those variables that used
to be frozen before the amalgamation, as follows:

XNy

Now we can see that under the action of P o Ady, the initial cluster X of the quiver Z,
is transformed into a different cluster X’ with the underlying quiver isomorphic to Z,. At
the same time, My also turns & into X', but the corresponding quiver is Z/,. Since there
are no nontrivial automorphisms of the quiver Z, fixing the frozen variables, we conclude
that the permutation o satisfies (4.6.2). O

Proposition 4.6.3. The following automorphisms of Z,, coincide:

Proof. Consider the factorization (4.7.18) of the quasi R-matrix obtained in Theorem 4.7.4.
On the other hand, we have a different factorization of the R-matrix from inspecting the
sequence of flips realizing the Dehn twist along with the corresponding sequence of mutations.
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The latter factorization reads

n—1 n+1 O(k+1)
R=TT IT IT »(m=" e wiyy)
k=0j=60(k) i=1
n—1 nt1 O(k+1)
TLIT OO0 v (i ewlyy)

(4.6.3)

k=1 j=k+1 =1
n n+l

1111 Hw( iy © W)

k=1 j=k+1 i=1

where all three products are taken in ascending order and expanded from left to right. Now,
it suffices to show that formulas (4.7.18) and (4.6.3) coincide.

Let us write (aj,...,ay) for the sequence of dilogarithm arguments appearing in the
factorization (4.7.18), read from left to right. Similarly, we write (by,bs,...,by) for the
sequence of dilogarithm arguments appearing in the factorization (4.6.3), again read from
left to right. It is easy to see that the underlying sets (ay,...,ay) and (by,...,by) coincide.
Moreover, we claim that for every pair (b;, b;) with i < j such that (b;,b;) = (ax, a;) for some
k > 1, we have [b;,b;] = 0. This follows from commutation relations
2sgn(r—s)

S T
=dq ’LUZ-U)“

wl i |i— g > 1,

S s -
v s ) quiw; it r<s,
¢ lwiqwl i r>s,

and similar relations for variables m/, all of which can be read from the D, -quiver. Hence
one can freely re-order the dllogarlthms ¥ (b;) to match the order arising in (4.7.18), and the
Proposition is proved. O

Remark 4.6.4. The homomorphism (¢t ® ¢) o A: ®,, — D,, ® D,, given composition of the
comultiplication map with the tensor square of ¢ factors through the subalgebra Z,,: we have

(t®1)oA: D, — 2, CD,®D,.

Let us refer to the concatenation of the two V;-paths in a pair of amalgamated D,,-quivers
as a VV;-path. Then, the formula for A(F;) is obtained by conjugating the first (frozen)
variable in the VV;-path by quantum dilogarithms with arguments running over consecutive
vertices in the VV;-path not including the last (frozen) vertex, and multiplying the result
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by i. In particular, in the notations of Figure 4.9 one gets

A(Ey) =1iX1(1 4+ ¢Xo(1 + ¢X5(1 4+ ¢Xy))),
A(Es) =iX6(1 +¢X7(... (1 + ¢X2(1 + ¢Xi3)) .- )).
The coproduct A(Kj;) is equal to the product of all the variables along the VV;-path multi-
plied by ¢*. Again, in the notations of Figure 4.9 one gets
A(K1) = q4X1X2X3X4X5,
A(Ks) = ¢* X6 X7 Xs Xo X10X11 X12X13X 14,
Formulas for A(Fy(;)) and A(Kp(;)) can be obtained from those for A(E;) and A(K;) via

rotating the Z,-quiver by 180°. Similarly, one can get formulas for iterated coproducts
AF(A), A € D, by amalgamating k + 1 copies of the D,,-quiver.

4.7 Factorization of the R-matrix

In this section, we show that the embedding (4.4.4) gives rise to the refined factorization of
the R-matrix of U, (sl,+1) used in the proof of Theorem 4.6.1.

We begin with some preparatory lemmas and remarks. It follows from formulas (4.3.4)
and (4.4.1) that for every —i <7 < i and —j < s < j there exist unique decompositions

Jr— Ir R 1Ts
Ei g EH—IJ Ez+L= Ei,jfl - Ei,j Ezj+1
where the summands satisfy

w” Tt il Tt w” TS+ +1 s+
E2+1] El-l—lj i w ij—1 — 4 E] 1w

In a similar fashion, formulas (4.3.5) and (4.4.3) imply decompositions

FH‘I Jo Fvli-:li] ‘szi—:-ﬂf]? FZJ 1= ET571 FZT;+1
where the summands are defined by
4 +1 ol Ik +1 ot
My Fiit; = ¢ Fi1,Mew, mo i Fo = ¢ FiEimgy.-

It is also evident that £j;; and Fj; can be decomposed as

j—1
s s ls— s s_
EU = —q Z ET +1w - q Z i,r— lerr—i-l] —q Z w; Ej—&—lw (471>
s=—j s=—r s=—1
0(j)—1 0(r)—1
Ts Ts ls— ls—
Fy= Y F5tmig = Y Frmy,Fi, = Z myo Fiit (4.7.2)
s=—0(j) s=—0(r) s=—0(i)

for any ¢ < r < j. We say that formulas (4.7.1) show decompositions of E;; with respect
to the V;-, V,-, and V;-paths. Similarly, formulas (4.7.2) show decompositions of F;; with
respect to the Ag)-, Noir)-, and Ngjy-paths.
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Lemma 4.7.1. For all a < b, we have
(Eltw) (BN ywt) = a7 (Bl wt) (Bl ws) (4.7.3)
a a b — b a a
(F;Tjjlme(j)> (F @jilmg(j)) =q” (Ffjilm’é(j)) (Fijflm%)% (4.7.4)
and
Ta a a— 1h 1o
(Ei,jile Ej+17k> (Ei,jilw?Ej—H,k)

27.7_1 J J+17k 27.7_1 J

_ q—2 <ETb+ UJZ?EU)_ > <ETa+ quj—T-I,k> . (475)

Proof. We shall only prove the first relation as the proofs of the other two are similar. First,
note that since a < b we have

w;»‘EZ?il = qEZ?-tlw? and w;‘w? = q_2w§?w;,
therefore
W (Ej?tle =q" (Efi’ilwf) wj.
Let us set

ayb _ rta 1
Then by definition we have
b b_ —1, bgTh
B jfawy =g wil ity

and it only remains to commute E’Wb1 through E" 1w?. For this, is enough to show that

,)— 1,]—
avb by 2 by phavb
BB D =q R L E (4.7.6)
since
aszb b bpazb
Bijowj = qujiB 7.

We finish the proof by induction on j. Assume that equalities (4.7.3) and (4.7.6) hold for all
j < k. To prove the base of induction, it is enough to note that if j = i+1, the relation (4.7.6)
follows readily from inspecting the quiver, which in turn implies (4.7.3). In order to make

the step of induction, we decompose both Eza ,Y_bl and EZZ*_I with respect to the Vi_;-path
and apply (4.7.3) for j =k — 2. O

Lemma 4.7.2. For i < j we have
¢ 'EyE;;  ifk =,
Ei;Ey = S qEE;;  ifk =1, (4.7.7)
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Proof. The proof follows from the decomposition (4.7.1) and considerations similar to the
proof of those in the proof of Lemma 4.7.1. O

For any 7 < j let us declare

> tr
Fi, ; Z I J+1mg(J

=8
Note that N
E if s<0
Pl N (4.7.8)
’ F, +1m9( y BT i s >0
In what follows we use the following shorthand:
U(z) = Wi(—x)
Note that the pentagon identity (4.1.3) now reads
P()p(u) = P(u)(—quv)i(v) (4.7.9)
for any u and v satisfying vu = ¢*>uv.
Lemma 4.7.3. We have
0 (Biy @ FI3) 0 (Busor @ FZfn) ¥ (B @ i) o

=Y ( s e me(]ﬂ)) v <E” ® ET?) (G (Ei,j—H ® Fisjll)

Proof. By equality (4.1.2) and Lemma 4.7.1, there exists a factorization

r>s

where the product is taken in ascending order. Note that by Lemma 4.7.2, the dilogarithm
Y (EjH ® My +1)> commutes with all but the left-most factor in this product. Hence the

left-hand side of (4.7.10) may be re-ordered so that we have a triple of adjacent factors

Now, using (4.7.1) we get similar factorizations

i—1
(G (Em ® Fff) = ][ ( gE" w0 @ Fff*) (4.7.11)

r=—1
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and

i—1
Ts S Try - Ts S

(8 <Ez'7j+1 ® F’i,j+m6(j+1)> = H (G < By Wi B @ Fi,fme(jﬂ)) ; (4.7.12)

with the products again being taken in ascending order. By Lemma 4.7.1, the rightmost

factor 9 ( Ejg’ 11)+ "l FT5+> in (4.7.11) commutes with all but the rightmost factor
n (4.7.12), so we can re-order again to get a triple of adjacent factors

w( quT(z D+ i'—l ®ET;+>¢< QET(l D+ z lEJ,(’L 1)- ®FT5+m9(]+1)>

b 7 (4.7.13)
Y (Ejp1 ® me(j+1)) :
On the other hand, we can factor
s i—1 s i—1 s
U (Ej @ M) = ¢ (Ej—(‘rl " ® me(j+1)> (8 <E;TJ(F1 " ® me(j+1)> ; (4.7.14)
and then apply the pentagon identity (4.7.9) to (4.7.13), yielding

(0 (Ej& V- g My ‘+1)> (G ( Ejgz 11)+ “l® FTS+>

(4.7.15)

T(i—1 s
X (E]-(i-l @ mH(j+1)> :

Note that the right two factors in the product (4.7.15) commute, so it can be re-expressed
as

U (Byr @ mipp) ¥ (—aBID ol @ BT (4.7.16)
Repeating the same procedure for each of the remaining factors in the product (4.7.11), one
arrives at (4.7.10). O

Theorem 4.7.4. The quasi R-matriz of Uy(sl,41) can be factored as follows:

R, =¢ (Ey @m,") ¢ (Ex ® m};q) o (B @mph)
Y (Ey@m) )¢ (Ba@m2h) - (Bpoy @my ")

(4.7.17)

P (Enfl ® mg) (% (En,Q ® mé) et (El ® mZ*Q)
X (En ® m(l)) (0 (En,l ® m%) et (E1 ® mzﬂ) .
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Equivalently, we have
n 0(k) j—1
R = H v (w; ® mlg(ﬁ(]) 1)
k=1j=1i=—j
o)-1 (4.7.18)

where in the above formula, the products are taken in ascending order® and expanded from
left to right, that is one should first expand the formula in k, then in j, and then in i.

Example 4.7.5. In the case of U,(sl3), formula (4.7.18) yields a factorization of the quasi
R-matrix into the following 16 factors:

R =¢ (w;' @my?) ¥ (w) @my?) ¢ (wy® @my ") ¢ (wy' @ my)

W (wy @mi") ¥ (wy @my) ¢ (wi' @my!) o (w] @ myt)

W (wit @mg) ¥ (w) @md) ¢ (wy? @ mY) Y (wy ' @m)

) (wy @m) ¢ (wy @ mY) ¥ (wi @my) ¥ (w) @my).
Proof. Choosing the normal ordering

g <(ag+tag)<(ag+-Fa,) <a<-<(at+-+a,) < <a,
in the formula (4.6.1), we can write
ﬁn—&-l =90 (E1QF) Y (E12® Fi2) - (Eips1 @ Fingr) - R (4.7.19)

where we may assume by induction that R, factors as follows:

R =t (By @ my") ¢ (By @ mi23) - (Bugy @ my”)

Ey ®m)) (4.7.20)

X% (En ® mg) P (En71 ® mé) ce) (E2 ® m272)
W (Epp1 @m)) ¥ (B, @my) - (B, @ml ).

2In fact, one only needs to order the product over k, for the reason that all factors with a fixed k commute.
However, it is slightly easier to check that formulas (4.7.18) and (4.6.3) coincide if all three products are
ordered.
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By Lemma 4.7.2, we may shuffle the prefix of (4.7.19) and the first row of (4.7.20) into the
following form:

V(E1®@ )Y (B ® Fio) v (Ba@my™) - (B @ Fip) ¥ (B, ® my?)

4.7.21
Y (Erng1 @ Fipng1) ¥ (E”+1 ® ml_l) : ( |

We can then apply Lemma 4.7.3 to write
V(B @ F1) Y (B2 ® Fio)t (EQ & m;n)
— ¢ (B om i) 6 (Bre FICV ) v (B @ Fio) v (B @ m,”)

=v(Bromiye (Bomr) v (Be )0 (Bee ).

After repeated applications of Lemma 4.7.3, the last of these being to write

¥ (B ® I ) 0 (Brnn © Frasn) ¥ (Bun i)
= By @mi ') 6 (B @ FLTV ) 6 (Br @ FEo)
we arrive at the following form of (4.7.21):

Y (Bv@mi ) v (Br@my™) - (B @my)
¥ (Br o F ) ot (B @ FIO) 0 (Bupa @ Fi).

We can now repeat this reasoning for each of the next n — 1 rows in the product (4.7.20).
This results in an expression for R, 1 of the form

Ry =t (Er@mi7h) v (BEy@my") - (Bppr @ my)
U (BEr@m,2y) ¢ (B @m,"™) - (B @my)

b (Br@my i) ¥ (Br @ m, )

X (E1 ® mn+1)

X (E1 ® mn+1)

¥ (B @ FI* ) 0 (Era ® F73) -+t (Bron © Fi2,)
W (B @ my)

@ (B o) (Eom)
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Note that the first n+ 2 rows of factors in this product are now in the desired form. Now
we need to focus on the following factor:

U (Bi@ B ) 6 (Bia @ FE8) -+ (Buan @ Fioy)
v (B @ my)
X0 (Ez @ mg,l) (0 (E2 ® mi)

Y (Bnsr @ mY) ¢ (Bn @my) - (B2 @)
By Lemma 4.7.2, we can reshuffle this block so that it begins with an adjacent triple of terms
" <E1 ® ij) ¥ (Brs ® F2) ¥ (By @ m?)
= (E2 ® mg) (G <E1 ® F1TO+) v <E1,2 ® F1T,3+)
=y (Bomd)v(Brom,)v(Be ™) v (Bne ),

where we once again used Lemma 4.7.3. Note that now this recovers the correct form of row
(n+3) in (4.7.17), continuing in a similar fashion one arrives at the desired expression for

R. ]

4.8 Comparison with Faddeev’s results

We conclude by comparing the rank 1 case of our results with Faddeev’s embedding (1.3.2)
as promised in the introduction. Consider the quiver in Figure 4.4. The corresponding
quantum cluster D; has initial variables (X7, X5, X3, X4) subject to the relations

XiXiv1 = ¢ ?Xi1 X and X;Xi0 = X;0X; where i€ Z/AZ.
In this case, the embedding (4.4.4) takes the form
E—iXi(14¢X5), K X1 XX,
FrsiX;(14¢Xy), K = ?X3X,X1,

while our formula (4.7.17) for the universal R-matrix reads R = RK, with

R = w? (Xl (%9 Xg)\pq (le X X3X4) :
U7 (g X1 X2 @ X3) U (P X1 X, ® X3Xy) .

Hence, Faddeev’s formulas (1.3.2) and (1.3.3) are recovered from ours under the monomial
change of variables

(4.8.1)

wy — Xl, Wo +> QXlXQ, Wws +— X3, Wy — qX3X4. (482)
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Chapter 5
Outlook

The results obtained in this thesis suggest several interesting directions for future research.
First, the explicit formula for the images of the Chevalley generators of U,(sl,,) under the
embedding described in Chapter 5 turns out to be compatible with their action under the
positive representations of U,(sl,,) defined by Frenkel and Ip in [30]. These representations
are obtained from representations of the quantum cluster torus in which the quantum cluster
variables X; act by positive, essentially self-adjoint operators, and can be regarded as the
quantum analog of the celebrated totally positive part of the underlying cluster variety.

In the case of sly, a remarkable theorem of Ponsot and Teschner [9] asserts that the
category of positive representations is in fact closed under tensor products in the sense of
a direct integral, and thus forms a ‘continuous tensor category.” In higher rank, however,
the establishing the closure under tensor product has remained an important open problem.
Thus, it is natural to pose

Problem 5.0.1. Using the cluster embedding constructed in Chapter 5, apply the tools
of quantum Teichmiiller theory to equip the positive representations of U,(sl,) with the
structure of a continuous tensor category.

In ongoing work [26] with A. Shapiro, we have developed a novel approach to Problem
5.0.1, which turns out to be closely related to the quantum analogs of classical integrable
systems like the ones studied in Chapter 1.

The essential idea is that the decomposition of the tensor product Py ® P, of two positive
representations arises from the isomorphism of quantum higher Teichmiiller spaces corre-
sponding to cutting along the simple closed curve v shown in Figure 25. The right hand
side of Figure 2 corresponds to a ‘fiber product’ of two quantum Teichmiiller spaces: the
diagonally acting copy of U,(sl,,) corresponding to a punctured disk with two marked points
on its boundary; and the quantum Teichmiiller space for a thrice-punctured sphere with two
specified monodromies A, . The fiber product is taken over the unspecified monodromy v
around the loop v, which is associated to the remaining third puncture of the sphere, and
parameterizes the central characters of U,(sl,). Moreover, the quantum Teichmiiller space
for the thrice punctured sphere on the right corresponds to the endomorphism algebra of the
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Figure 5.1: Teichmiiller theory interpretation of the decomposition of the tensor product of
positive representations P\ ® P, into positive representations FP,.

multiplicity space MY,. Thus Problem 5.0.1 reduces to the problem of understanding the
spectrum of the commuting quantum Hamiltonians determining the monodromy v. However,
it turns out that these Hamiltonians can be identified, after a natural sequence of cluster
transformations, with those of the g-difference open Toda chain [21]. The eigenfunctions of
these operators are the celebrated g- Whittaker functions, which have been extensively stud-
ied [21, 50, 3, 15]. In fact, we are confident that the analytic properties of the ¢-Whittaker
functions can be used to complete the solution of Problem 5.0.1.

Somewhat more ambitiously, one can hope to generalize our results to the infinite dimen-
sional setting of affine Kac-Moody algebras. This would represent a major advance for the
field, since the definition of positive representations of a quantum affine algebra U,(g) has
so far been unclear. So we conclude by posing the challenging

Problem 5.0.2. Generalize the results of [53] to give a quantum cluster realization of the
quantum affine algebras U,(g), and use this to define a category of positive representations
of U,(g).
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