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ABSTRACT OF THE DISSERTATION

The Sample Complexity of Learning Dynamical Systems
by
Yahya Sattar

Doctor of Philosophy, Graduate Program in Electrical Engineering
University of California, Riverside, September 2023
Professor Samet Oymak, Chairperson

Machine learning has emerged as a leading force in revolutionizing technology,
education, and almost every aspect of our lives. Reinforcement learning is a sub-field of
machine learning that deals with the effects of dynamic feedback and systems that interact
with the environment. In these settings, classic statistical and algorithmic guarantees often
do not hold because of non i.i.d. data, dynamic feedback, and distribution shift.

We develop a framework for single trajectory learning of nonlinear dynamical
systems using mixing arguments. Our main result studies the landscape of empirical risk
minimization for learning nonlinear dynamical systems from a single trajectory, and provides
uniform gradient convergence guarantee, which is combined with novel one-point convexity
to facilitate the learning of nonlinear dynamical systems. Our proposed framework allows for
non-convex loss landscape and our sample complexity and statistical error rates are optimal
in terms of the trajectory length, dimensions of the system and input/noise strength.

Next, we study the problem of learning bilinear dynamical systems from a single

trajectory of the system’s states and inputs. Our main contribution is the application

viii



of martingale small-ball arguments to derive learning guarantees for non-mixing bilinear
dynamical systems. We further extend our analysis to time varying dynamical systems by
studying the problem of learning non-mixing Markov jump systems. Specifically, we learn
the dynamics in each mode and the Markov transition matrix, underlying the evolution of
the mode switches, from a single trajectory of the system’s states, inputs, and modes. Our
sample complexity and statistical error rates are optimal in terms of the trajectory length,
the dimensions of the system and the input/noise strength.

Lastly, as a preliminary to the problem of finding the best LTI dynamical system
that can minimize least-squares loss given a single trajectory of an unknown dynamical
system, we study the simpler problem of finding the best linear model in high dimensions,
given a dataset. Specifically, we analyze projected gradient descent algorithm to estimate
the population minimizer in the finite sample regime. We show that the nonlinearity of
the problem can be treated as uncorrelated noise and establish linear convergence rate and

data-dependent estimation error bounds for the projected gradient descent algorithm.
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Chapter 1

Introduction

Dynamical systems are fundamental for modeling a wide range of problems ap-
pearing in complex physical processes, cyber-physical systems, natural language processing,
and machine learning. Classical optimal control literature heavily relies on modeling the
underlying system as a linear time-invariant (LTT) dynamical system to synthesize control
policies leading to elegant solutions such as PID controller and Kalman filter [1-3]. Kalman
filters have been vital in the planning and control of vehicles, particularly aircraft, spacecraft
and ships. They have been used in the implementation of navigation systems of space-
crafts [4], and in the trajectory estimation for the famous Apollo program [5]. Reinforcement
learning (RL) is a sub-field of machine learning that studies how to use past data to enhance
the future manipulation of a dynamical system. Modern RL algorithms have attained
super-human level performance in playing Atari games from the pixels [6] to mastering the
game of Go [7,8]. They also find critical applications in many fields including robotics,

self-driving cars, finance and smart grids [9, 10].



Further, modern approaches for processing sequential data in natural language
processing (NLP), such as recurrent neural networks (RNNs), long short-term memory
networks (LSTMs), and transformers have connections to nonlinear dynamical systems [11,12].
RNNs and LSTMs are integral components in language modeling and NLP applications,
and they are inherently dynamical systems because they maintain hidden states. While
transformers are not dynamical systems, they are sequence models that infer the auto-
regressive nature of NLP tasks [13]. Thus, learning and decision-making with temporally-
dependent data represent a common challenge that connect transformers and dynamical
systems.

In many of the real world problems, we have to estimate or approximate the
underlying dynamical system from data, either because the system is initially unknown or
because it is time-varying. This is alternatively known as the system identification problem
which is the task of learning an unknown dynamical system from the time series of its
trajectories [14-18]. In this thesis, we aim to learn the dynamical systems which are governed

by a general nonlinear state equation,

Tti1 =¢(wt,ut;0*)+wt, tZO,...T—l, (101)

where 0, € R? is the system dynamics, x; € R" is the state vector, u; € R is the input
and w; € R" is the additive noise at time ¢. Our goal is understanding the statistical and
computational efficiency of square-loss empirical risk minimization algorithms for learning

the system dynamics from a single finite trajectory (z,u) "



1.1 Background

Learning dynamical systems has a long history, with major theoretical results
being related to asymptotic properties [19] under strong assumptions on persistence of
excitation [20]. More recently, the trend has been to move away from asymptotics [21]. There
is a recent surge of interest toward understanding the sample complexity of learning standard
linear time-invariant (LTI) dynamical systems from a single finite trajectory under mild
assumptions, using statistical tools like martingales [22—25] or mixing-time arguments [26,27].
Specifically, [28] provides precise rates for the non-asymptotic identification of standard
LTT dynamical systems using a single trajectory. Single trajectory learning of dynamical
systems is challenging because of temporally correlated data [22,23,29]. Moreover, if the
dynamical systems are governed by nonlinear, bilinear or time-varying state equations, then
deriving non-asymptotic learning guarantees is even more challenging. The reason is that, it
is not straightforward to extend the above mentioned statistical tools like martingales or
mixing-time arguments to nonlinear dynamical systems.

There has been some recent works on non-asymptotic learning of certain classes of
nonlinear dynamical systems. [30] proposes an active learning approach for non-asymptotic
identification of nonlinear dynamical systems whose state transitions depend linearly on
a known feature embedding of state-action pairs. [31,32] study theoretical properties of
nonlinear state equations with a goal towards understanding recurrent networks and nonlinear
systems. [33] provides theoretical guarantees for the recovery of generalized linear dynamical
systems and [34] provides the first offline algorithm that can learn generalized linear models

without the mixing assumption. In the non-parametric setting, [29] analyzes the performance



of the non-parametric least squares estimator (LSE) and shows that the non-parametric LSE
converges to the ground truth regression function at the minimax optimal rate. In a follow
up work, [35] provides a fast rate excess risk bound which shows that whenever a trajectory
hypercontractivity condition holds, the risk of the LSE on dependent data matches the i.i.d.

rate order-wise after a burn-in time.

1.2 Contributions and Thesis Outline

The main contributions of this thesis is to develop a framework for single trajectory
learning of dynamical systems beyond standard LTI dynamical systems, such as nonlinear,
bilinear and markov jump systems.

Chapter 2: In this chapter, we study the problem of learning nonlinear dynamical systems,
mt+1=¢(mt,ut;0*)+’wt, tZO,...T—l, (121)

where 0, € R? is the system dynamics, x; € R” is the state vector, u; € RP is the input
and wy € R" is the additive noise at time t. We assume the system is driven by inputs
uy = (@) + z¢, where m(-) is a fixed control policy and z; is excitation for exploration.

With our choice of inputs, the state equation (1.2.1) becomes,
@1 = (@, 250,) +w,,  t=0,...T-1, (1.2.2)

where ¢ denotes the closed-loop nonlinear system. Towards estimating 6, , we formulate an

empirical risk minimization (ERM) problem over single finite trajectory as follows,

R o R 1 T-1 - 9
0= argggﬂl@gﬁ(@), L£(6) = ) t; |zt — d(@e, 265 0) [, (1.2.3)



where L > 1 is the approximate mixing-time of the nonlinear dynamical system. To solve
(1.2.3), we investigate the properties of the gradient descent algorithm, given by the following

iterate
0.1 =0, -1VL(,), (1.2.4)

Our goal in this chapter is to study the statistical and computational efficiency of
the gradient descent algorithm (1.2.4) for learning 6, from a single finite trajectory. For
this purpose, first, we develop new statistical guarantees for the uniform convergence of
the gradients of the empirical loss, which is combined with a novel one-point convexity
and smoothness (OPCS) condition to estimate 6, with an error rate of O(\/m ), where
L > 1 is the mixing-time. While we focus on nonlinear state equations in this chapter, our
technical ideas (e.g., combining mixing-time and optimization landscape arguments) have
implications for richer class of dynamical systems. Finally, we specialize our main results to
two special cases of interest: (a) Standard LTI dynamical systems x;,1 = Ax; + Bu; + wy,
and (b) Nonlinear state equation @1 = ¢(Ax;) + uy + wy. This chapter is based on the

following publications:

[36] Yahya Sattar and Samet Oymak. A simple framework for learning stabilizable systems.
IEFEE 8th International Workshop on Computational Advances in Multi-Sensor Adaptive

Processing (CAMSAP), pages 116-120. IEEE, 2019.

[37] Yahya Sattar and Samet Oymak. Non-asymptotic and accurate learning of nonlinear
dynamical systems. The Journal of Machine Learning Research, 23(1):6248-6296,

2022.



Chapter 3: In this chapter, we study the problem of learning bilinear dynamical systems

which are governed by the state equation,

p
Tt =A0£L't+ Zut[k]Ak:z:t+wt+1, tZO,...T—l, (1.2.5)
k=1

where x; € R" is the state, u; € R? is the input, and w; € R™ is the process noise at time .
{Ag}]_, € R™™ are the state matrices which govern the dynamics of the system.

Our goal in this chapter is to analyze the performance of the least-squares estimator
for estimating the state matrices {Ak}z=0 given a single finite trajectory of (1.2.5). Specifi-
cally, we are able to show that the least-squares estimator converges to the true dynamics
with an error rate of O(y/n(p+1)/T"). We obtain this result by extending the martingale
small-ball argument to bilinear dynamical systems. This chapter is based on the following

publication:

[38] Yahya Sattar, Samet Oymak, and Necmiye Ozay. Finite sample identification of
bilinear dynamical systems. IEEE 61st Conference on Decision and Control (CDC),

pages 6705-6711. IEEE, 2022.

Chapter 4: In this chapter, we study the problem of learning Markov jump linear dynamical

systems (MJS) which are governed by the following state equation,
Tpi1 = Ay T + By u +wy w(t) ~ Markov Chain(T), t=0,...T-1, (1.2.6)

where x; € R", u; € RP and w; € R™ are the state, input, and process noise of the MJS at
time t. There are s modes in total, and the dynamics of mode 7 is given by the state matrix

A; and input matrix B;. The active mode at time ¢ is indexed by w(t) € [s].



In this chapter, we provide the first comprehensive non-asymptotic learning guar-
antees for MJS given a single finite trajectory of (1.2.6). We provide an algorithm (2) to
estimate the MJS dynamics with an error rate of O(W ). We obtain this result by
extending the martingale small-ball argument to MJS. This chapter is based on the following

publication:

[39] Yahya Sattar, Zhe Du, Davoud Ataee Tarzanagh, Laura Balzano, Necmiye Ozay, and
Samet Oymak. Identification and adaptive control of markov jump systems: Sample
complexity and regret bounds. IEEE Transactions on Automatic Control (TAC), under

submission, 2023.

Chapter 5: System dynamics often exhibit sparse structure which can improve sample
complexity. However we lack theory to estimate such sparse structures through nonlinearities.
Towards this goal, this chapter studies the simpler problem of finding the best linear model
that can minimize least-squares loss given the data (x;,y;); € RP x R. Specifically, we are
interested in the high-dimensional regime where we have fewer samples than the parameter
dimension, i.e., we assume n < p. In this case, the problem is ill-posed; however, if
the population minimizer 8, := E[yx] lies on a low-dimensional manifold, we can take
advantage of this information to solve a constrained empirical risk minimization problem.
Let R :RP - R be the regularization function, that promotes the desired structure, such as
sparsity or low-rank. Then, we are interested to solve the following constrained empirical

risk minimization (ERM),

A 1
0= argngn §Hy - X0||%2 subject to R(0) < R. (1.2.7)



where y =[y1 ... yo] T e R" and X =[z1 ... x,]" € R™P are the output labels and data
matrix respectively. To solve (1.2.7), we investigate the properties of the projected gradient

descent algorithm, given by the following iterate

011 =P (0- —nVL(Or, pir)), (1.2.8)

where Py projects onto the constraint set K := {6 ¢ RP | R(8) < R} and n is the step size.
The main contribution of this chapter is to study the statistical and computational

efficiency of the projected gradient descent algorithm (1.2.8) for finding the best linear model

0. given the data (x;,y;);. Our results in this chapter hold for both sub-gaussian and

sub-exponential data (x;,y;);~,. This chapter is based on the following publication:

[40] Yahya Sattar and Samet Oymak. Quickly finding the best linear model in high
dimensions via projected gradient descent. IEEFE Transactions on Signal Processing,

68:818-829, 2020.

Chapter 6: In this chapter, we present numerical experiments to verify our theoretical
findings from the previous chapters.

Chapter 7: In this chapter, we provide concluding remarks for the thesis and also discuss
possible future directions.

Lastly, the supplementary proofs for the results in Chapters 2 and 5 are presented in

Appendices A, B and C, respectively.



1.3 Work Outside the Scope of this Thesis

The following articles, while relevant to the theme of this thesis and completed

during our doctoral studies, are not part of this thesis:

[41] Zhe Du, Yahya Sattar, Davoud Ataee Tarzanagh, Laura Balzano, Necmiye Ozay, and
Samet Oymak. Data-driven control of markov jump systems: Sample complexity and

regret bounds. American Control Conference (ACC), pages 4901-4908. IEEE, 2022.

[42] Yahya Sattar, Zhe Du, Davoud Ataee Tarzanagh, Samet Oymak, Laura Balzano,
and Necmiye Ozay. Certainty equivalent quadratic control for markov jump systems.

American Control Conference (ACC), pages 2871-2878. IEEE, 2022.

The following article, while completed during our doctoral studies, is unrelated to

the theme of this thesis:

[43] Mingchen Li, Yahya Sattar, Christos Thrampoulidis, and Samet Oymak. Exploring
weight importance and hessian bias in model pruning. arXiv preprint arXiv:2006.10903,

2020.

1.4 Notations

We use boldface uppercase (lowercase) letters to denote matrices (vectors). For a
vector v, we denote its Euclidean norm by [vg,, its £1 norm by |v|,, and its fe norm by
|v]e.,, respectively. For a matrix M, p(M), |M| and |M|r denote the spectral radius,
spectral norm and Frobenius norm respectively. vec(M) € R™" denotes the vectorization

of a matrix M € R™" and mtx(-) denotes its inverse, that is, mtx(vec(M)) = M.



The Kronecker product of two matrices M and N is denoted as M ® IN. We denote
by Vi.s a set of s matrices {V;}7_; of same dimensions. We define [s] := {1,2,...,s} and
[Va:s|| == maxe[) [ Vi]. The i-th row or column of a matrix M is denoted by [M];. or [M].;
respectively. We use 1 to denote a vector of all ones.

¢,co,c1,...,C,Coy denote positive absolute constants. S¢! denotes the unit sphere
while Bd(a,r) denotes the Euclidean ball of radius r, centered at a, in R%. For ease of
notation, B%:= B%(0,1) denote the unit ball in R%. The normal distribution is denoted by
N(u,0?). For a random vector v, we denote its covariance matrix by X[v]. We use > and
for inequalities that hold up to a constant factor. We denote by a v b, the maximum of two
scalars a and b. Similarly, a A b denotes the minimum of the two scalars. Given a number
a, |a| denotes the largest integer less than or equal to a, whereas, [a] denotes the smallest
integer greater than or equal to a. Finally, orders of magnitude notation O(-) hides log(1/6)
or log?(1/6) terms.

Given a set S, let cl(S) and clconv(S) be the minimal closed set and minimal
closed-convex set containing S respectively. Let rad(.S) denote the set radius sup,.g |v|e,-

For closed sets, let Pg(-) be the projection operator defined as Pg(a) = argminges |a — v, .
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Chapter 2

Nonlinear System Identification

2.1 Introduction

Dynamical systems are fundamental for modeling a wide range of problems appear-
ing in complex physical processes, cyber-physical systems and machine learning. Classical
optimal control literature heavily relies on modeling the underlying system as a linear
time-invariant (LTI) dynamical system to synthesize control policies leading to elegant
solutions such as PID controller and Kalman filter [1-3]. Contemporary neural network
models for processing sequential data, such as recurrent networks and LSTMs, can be
interpreted as nonlinear dynamical systems and establish state-of-the-art performance in
machine translation and speech recognition [44-48]. In many of these problems, we have
to estimate or approximate the system dynamics from data, either because the system is
initially unknown or because it is time-varying. This is alternatively known as the system
identification problem which is the task of learning an unknown system from the time series

of its trajectories [14-18].
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We aim to learn the dynamics of nonlinear systems which are governed by following

state equation,

T = (T, ug; 04) + wy, (2.1.1)

where 0, € R? is the system dynamics, z; € R” is the state vector, u; € RP is the input
and w; € R” is the additive noise at time ¢. Our goal is understanding the statistical and
computational efficiency of gradient based algorithms for learning the system dynamics from

a single finite trajectory.

2.1.1 Relation to Prior Work

Nonlinear dynamical systems relate to the literature in control theory, reinforcement
learning, and recurrent neural networks. We study nonlinear dynamical systems from
optimization and learning perspective rather than control. While such problems are known
to be challenging (especially under nonlinearity), there is a growing interest in understanding
system identification and associated optimal control problems (e.g. LQR) in a non-asymptotic
and data-dependent fashion [21]. Recently [22-25,49-61] explore linear system identification
in great depth. [11] provides preliminary guarantees for recurrent networks (RNN) and [12]
shows the role of stability in RNNs. There is also a substantial amount of work on model-free
approaches [62—66] which avoid learning the dynamics and find the optimal control input by
directly optimizing over policy space. In a different line of work, [67] proposed a learning
framework for trajectory planning from learned dynamics. They propose a regularizer of
dynamics that promotes stabilizability of the learned model, which allows tracking reference

trajectories based on estimated dynamics. Also, [68,69] developed learning methods that
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exploit other control-theoretic priors. Nonetheless, none of these works characterize the
sample complexity of the problem.

More recently, [30] proposes an active learning approach for non-asymptotic identi-
fication of nonlinear dynamical systems whose state transitions depend linearly on a known
feature embedding of state-action pairs. [70] extends this to an online nonlinear control
problem, and provides the lower confidence-based continuous control algorithm, which enjoys
O(V/T) regret bound. [71] studies the problem of adaptive control of a known discrete-time
nonlinear system subject to unmodeled disturbances, and uses online least squares algorithms
to estimate the unknown parameter. In a similar line of work, [72] proposes an online model
learning predictive control framework to control unknown nonlinear dynamical systems, [73]
proposes a learning-theoretic framework for continuous control in which the environment is
summarized by a low-dimensional continuous latent state with linear dynamics and quadratic
costs, but the agent operates on high-dimensional, nonlinear observations, and [34] provides
the first offline algorithm that can learn generalized linear models without the mixing
assumption.

Closer to our work, [31,32] study theoretical properties of nonlinear state equations
with a goal towards understanding recurrent networks and nonlinear systems. While some
high-level ideas, such as mixing-time arguments, are shared, our results (a) apply to a broader
class of nonlinear systems (e.g. mild assumptions on nonlinearity), (b) utilize a variation of
the spectral radius for nonlinear systems', (c) account for process noise, and (d) develop

new statistical guarantees for the uniform convergence of the gradient of the empirical

'Rather than enforcing contraction (i.e. 1-Lipschitzness)-based stability which corresponds to using spectral
norm rather than spectral radius.
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loss. The concurrent work of [33] provides related results for the recovery of generalized
linear dynamical systems (z¢+1 = ¢(©.x;) + w;) using complementary techniques. [33] uses
martingale arguments and analyze GLMtron algorithm of [74], while we use mixing time
arguments and analyze gradient descent.

Perhaps the most established technique in the statistics literature for dealing with
non-independent, time-series data is the use of mixing-time arguments [75]. In the ma-
chine learning literature, mixing-time arguments have been used to develop generalization
bounds [27,76-78] which are analogous to the classical generalization bounds for i.i.d. data.
We utilize mixing-time for nonlinear stabilizable systems to connect our temporally-dependent
problem to standard supervised learning task with a focus on establishing statistical guaran-
tees for gradient descent.

Finite sample convergence of the gradients of the empirical loss (to the population
gradient) is studied by [79,80]. These guarantees are not sufficient for our analysis as they
only apply to problems with bounded nonlinearities and do not accurately capture the
noise dependence. We address this by establishing stronger uniform convergence guarantees
for empirical gradients and translate our bounds to the system identification via mixing-

time/stability arguments.

2.1.2 Contributions

Although system identification is classically well-studied, obtaining non-asymptotic
sample complexity bounds is challenging especially when it comes to nonlinear systems. We
address this challenge by connecting the system identification problem (which has temporally

dependent samples) to classical statistical learning setup where data is independent and
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identically distributed (see Figure 2.1). We leverage this connection to show that gradient
descent achieves stellar computational and statistical guarantees for nonlinear system
identification. We establish this under a novel one-point convezity and smoothness (OPCS)
condition (see Assumption 3) which allows for non-convex optimization landscape. Thus,
our central contribution is providing an analysis framework for system identification through
first-order methods with finite sample estimation guarantees. Specifically, we make the
following contributions.

¢ Learning nonlinear systems via gradient descent: We work with (properly
defined) stable nonlinear systems and use stability in conjunction with mixing-time arguments
to address the problem of learning the system dynamics from a single finite trajectory. Under
proper and intuitive assumptions, this leads to sample complexity and convergence guarantees
for learning nonlinear dynamical systems (2.1.1) via gradient descent. Unlike the related
results on nonlinear systems by [31,32], our analysis accounts for the noise, achieves optimal
statistical error rates in terms of the dimension d and the sample size IV, and applies to a
broader class of nonlinear systems.

o Accurate statistical learning: Of independent interest, we develop new
statistical guarantees for the uniform convergence of the gradients of the empirical loss.
Improving over earlier works of [79,80], our bounds properly capture the noise dependence
and allow for learning the ground-truth dynamics with high accuracy and small sample
complexity (see Section 2.3.1 for further discussion).

e Applications: We specialize our results by establishing theoretical guarantees

for learning linear (x¢1 = A, + Bouy + wy) as well as nonlinear (€41 = (O, xy) + 2 + wy)
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dynamical systems via gradient descent which highlight the optimality of our guarantees.
We verify our theoretical results through various numerical experiments with nonlinear
activations.

e Broader implications: Finally, while we focus on nonlinear state equations,
our technical ideas (e.g., combining mixing-time and optimization landscape arguments, see
Assumptions 1 and 3) have implications for richer class of systems. For instance, nonlinear
ARX form x; = ¢(Ajxi_1 + Asxy_o + - + Ap®im) + w1 is a powerful generalization
of the state equations that we investigate. Koopman lifting provides another class of
nonlinear problems. We anticipate that our framework (i.e., merging one-point convexity
and smoothness with mixing-time arguments to enable success of gradient descent) will also

find applications for these systems.

2.2 Preliminaries and Problem Setup

We assume the system is driven by inputs u; = w(x;) + 2¢, where m(-) is a fixed
control policy and z; is excitation for exploration. For statistical analysis, we assume the
id. id.

. . . i i
excitation and noise are random, that is, (2¢);0 ~ D, and (wy)esp ~ D, for some

distributions D, and D,,. With our choice of inputs, the state equation (2.1.1) becomes,
@i = Oy, (@) + 25 0,) + wy = G(xy, 245 0,) +wy, (2.2.1)

where ¢ denotes the closed-loop nonlinear system. Throughout, we assume the nonlinear
functions ¢(-,-;0) and ¢(-,-;0) are differentiable in 6. For clarity of exposition, we will
not explicitly state this assumption when it is clear from the context. To estimate 8, in

a non-asymptotic setting, we assume access to a finite trajectory (i, zt)glf)l generated by
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the nonlinear system (2.2.1). We also assume access to a stabilizing control policy m(-). A

special case of (2.2.1) is a linear state equation with 0, = [A, B.], w(x;) = -Ka; and
o e (A* - B*K)iﬂt + B*Zt + Wy, (222)

Towards estimating 6., we formulate an empirical risk minimization (ERM) problem over

single finite trajectory as follows,

A . . 1 -1 -
0 = argmin L£(6), subject to L(0):= ) t; |ia1 = G(we, 215 0) |17, (2:2.3)

where L > 1 is a churn period which is useful for simplifying the notation later on, as L will
also stand for the approximate mixing-time of the system. To solve (2.2.3), we investigate

the properties of the gradient descent algorithm, given by the following iterate
0.1 =0, -VL(,), (2.2.4)

where 7 > 0 is the fixed learning rate. ERM with i.i.d. samples is a fairly well-understood
topic in classical machine learning. However, samples obtained from a single trajectory of a
dynamical system are temporally dependent. For stable systems (see Definition 1), it can be
shown that this dependence decays exponentially over the time. Capitalizing on this, we
show that one can obtain almost i.i.d. samples from a given trajectory (cct,zt);f:al. This

will in turn allow us to leverage techniques developed for i.i.d. data to solve problems with

sequential data.

2.2.1 Assumptions on the System and the Inputs

We assume that the closed-loop system ¢ is stable. Stability in the case of standard

linear time-invariant dynamical systems is connected to the spectral radius of the closed-loop
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system [22,65]. The definition below provides a natural generalization of stability to nonlinear

dynamical systems.

Definition 1 ((C,, p)-stability) Given excitation (z:)i0 and noise (w0, denote the
state sequence (2.2.1) resulting from initial state o = o, (2,)2} and (w,)!Zh by x4 (). Let
Cy,>1 and p e (0,1) be system related constants. We say that the closed loop system b is

(C,, p)-stable if, for all o, (2¢)i0 and (wy)eso triplets, we have
|2¢(e) = 2:(0) e, < Cpp'[lx]ey (2.2.5)

Note that, for a stable LTI dynamical system (p(A.) < 1), as a consequence of Gelfand’s
formula, there exists C,, > 1 and p € (p(A.),1) such that (C,, p)-stability holds. A concrete
example of nonlinear stable system is a contractive system where ¢ is p-Lipschitz function
of x; for some p < 1. We remark that, our interest in this work is not verifying the
stability of a nonlinear system, but using stability of the closed-loop nonlinear system as an
ingredient of the learning process. Verifying stability of the nonlinear systems can be very
challenging, however, system analysis frameworks such as integral quadratic constraints [81]

and sum-of-squares [82] may provide informative bounds.
Assumption 1 (Stability) The closed-loop system ¢ is (Cp, p)-stable for some p < 1.

Assumption 1 implies that the closed-loop system forgets a past state exponentially fast.
This is different from the usual notion of “exponential Lyapunov stability” which requires
the exponential convergence to a point in the state space. On the other hand, in the case
of (C,, p)-stability, the trajectories x;(a) and «;(0) do not have to converge, rather their

difference |z;(a) — x4(0)| s, exponentially converges to zero (assuming ||y, is bounded).
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To keep the exposition simple, we will also assume xg = 0 throughout. For data driven
guarantees, we will make use of the following independence and boundedness assumptions

on excitation and noise.

Assumption 2 (Boundedness) There exist scalars B, cy,0 >0, such that (z¢)is0 Hdp

i

and (wg )0 Hd- D obey 160, 24;0.) e, < By/n and |wile., < cwo for 0 <t <T —1 with

probability at least 1 —py over the generation of data.

2.2.2 Optimization Machinery

To concretely show how stability helps, we define the following loss function,

obtained from i.i.d. samples at time L — 1 and can be used as a proxy for E[£].

Definition 2 (Auxiliary Loss) Suppose g =0. Let (z;)0 i D, and (w¢)s0 i Dy.

The auziliary loss is defined as the expected loss at timestamp L — 1, that is,

Lp(0) =E[L(0,(zL,x-1,2L-1))],
(2.2.6)

1 -
where  L(0,(xp,xp-1,21-1)) = §H€I3L - qS(a:L_l,zL_l;H)H%Z.
Our generic system identification results via gradient descent will utilize the one-point

convexity hypothesis. This is a special case of Polyak-f.ojasiewicz inequality and provides a

generalization of strong convexity to nonconvex functions.

Assumption 3 (One-point convexity & smoothness (OPCS)) There exist scalars 3 >

a>0,7>0 such that, for all @ € BY(0,,r), the auziliary loss Lp(0) of Definition 2 satisfies

(0-6.,VLp(0))>a|0-6.]7,, (2.2.7)

[VLD() e, < B0 - 0. |les (2.2.8)
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We emphasize that, as opposed to traditional strong convexity and smoothness
assumptions [83], Assumption 3 is fairly mild, as it only assumes strong convexity and
smoothness with respect to 0,. One-point convexity (OPC) is also known as restricted
secant inequality and implies Polyak-Lojasiewicz condition [84]. To our knowledge, ours is
the first work that use OPC with one-point smoothness (rather than global smoothness).
A concrete example of a nonlinear system satisfying OPCS is the nonlinear state equation
T = O(O,xy) + 24 + wy, with y-increasing activation (i.e., ¢'(x) > v > 0 for all z € R)
and Gaussian excitation/noise (see Lemma 65). We expect many activations including
ReLU to work as well. The main challenge is verifying OPCS of the population loss. For
ReLU, Lemma 6.1 of [85] shows this property for i.i.d. Gaussian features. Extending this to
subgaussian features would yield the ReLLU result. The OPCS assumption can also be verified
for nonlinear ARX x; = ¢(A1@1-1 + Aoxro + -+ + Ap®im) + w1 when the joint feature
vector [x; ; ®]_, - x;_]" has favorable covariance properties (e.g., positive definiteness)
and ¢ is y-increasing.

To proceed, if the gradient of £(8) is close to that of £p(8) and Assumption 3 holds,
gradient descent converges to the population minimum up to a statistical error governed by
the noise level. The following statement summarizes our main results in Theorems 12 and

13. Below g subsumes the logarithmic factors involving the problem variables.

Theorem 3 (Main result — informal) Suppose we run gradient descent algorithm (2.2.4)
to solve the ERM problem (2.2.3). Suppose Assumptions 1 - 5 hold. Suppose r 2 2, /ﬁ

and T 2 %. The following statements hold with high probability over the trajectory.
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e Uniform convergence of gradient: For all 0 < B%(0,,r), Vﬁ(@) satisfies

[VE(8) = VLp(8) |1y 5 (0 + 10— 6.1,y /ﬁ (2.2.9)

e Convergence of gradient descent: Set the learning rate n = of(163%) and fix

0o € B(0,,r). All gradient descent iterates 0, on L(8) satisfy

a? o d
0,-0.|s $(1- 716q - 0, —_ [ . 2.2.10
10011, 5 (1= 5710001+ Ty [ (2210)

Observe that, our bounds exhibit optimal scaling in terms of the dimension d, the noise

level o and the trajectory length T'. However, they degrade when stability parameter p
approaches to one. Also note that this behavior is common in stability /mixing-based learning
of dynamical systems [33,71,86]. We remark that finite time identification of nonlinear
dynamical systems without using stability arguments or establishing milder p-dependence is
an exciting direction. Finally, observe that the computational convergence rate of (2.2.10) is
1- %. This rate can be strenghtened to 1 - O(«/f) if one assumes the stronger condition
of global -smoothness of Lp (@) through existing arguments [84]. In contrast, we enforce
weaker local one-point smoothness at the expense of 3/a (condition number) times more
computation.

In the following sections, we provide our formal results on the uniform conver-

gence of gradient of the empirical loss ﬁ(0) and the identification of nonlinear dynamical

systems (2.2.1).
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Figure 2.1: We learn nonlinear dynamical systems from a single trajectory by
minimizing the empirical loss £(6). The idea is to split £(0) as an average of L
sub-trajectory losses as £(8) = % YL} 7.(0), through shifting and sub-sampling.
Observing that each sub-trajectory has weakly dependent samples because of
stability, we use a mixing time argument to show that |VZ-(0) - VZ"(8) |y, $
(0 + 0 -8.]6,)Cop"", where 7(0) is the loss constructed with finite i.i.d.
samples. Next, we show the uniform convergence of the empirical gradient as
V05 (0) = VLD (0)] 4, S (o + 60 -6, ]¢,)\/d/N, where Lp(0) = E[/*(8)] is the
population loss. Finally, we combine these with the local one-point convexity of
the population loss to get our main results.

2.3 Main Results

2.3.1 Accurate Statistical Learning with Gradient Descent

To provide finite sample guarantees, we need to characterize the properties of the
empirical loss and its gradients. Towards this goal, this section establishes new gradient
based statistical learning guarantees. Let S = (:I:l)fz 1 be N ii.d. samples from a distribution
D and L(-,x) be a loss function that admits a sample & and outputs the corresponding
loss. When learning the nonlinear system (2.2.1), the sample & corresponds to the variables
(xp,xp-1,z1-1) triple and the loss function £(0,x) is given by (2.2.6). Define the empirical

and population losses,

N
£(6) - % >-£(0.) and L(6) = ELL(0.7)) (2.3.1)
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Let 6, denotes the population minimizer which we wish to estimate via gradient descent.
Recent works by [79,80] provide finite sample learning guarantees via uniform convergence
of the empirical gradient over a local ball B4(0,,r). However these works suffer from two
drawbacks which we address here. To contrast the results, let us consider the following toy
regression problem which is a simplification of our original task (2.2.3).
Generalized linear model: Suppose labels y; are generated as, y; = ¢(2; 0.) +w; for some
activation ¢ : R — R where z; € R? is the input, w; is the noise and i = 1,..., N. Assume
2

N 2 d, z; is zero-mean subgaussian vector with identity covariance and w; has variance o°.

Consider the quadratic loss

N
£a(6) = 5 > (- 0(=10)" (2.3.2)

e The role of noise: Suppose ¢ is identity and the problem is purely linear regression.
Then, gradient descent estimator will achieve statistical accuracy Hé -0, J\/d/_N .
[79,80] yield the coarser bound |8 - 6., $ (o +rC)\/d/N for some scalars r,C > 0
coming from the uniform convergence of the empirical gradient over a local ball

B8, r).

e Activation ¢: Both [79,80] can only handle bounded activation ¢. [80] uses bound-
edness to control Rademacher complexity, whereas, [79] requires bounded activation
to make sure that the gradient of the loss is subgaussian. On the other hand, even
for pure linear regression, gradients are subexponential rather than subgaussian (as it

involves z;z;).

Below we address both of these issues. We restrict our attention to low-dimensional

setup, however we expect the results to extend to sparsity/¢; constraints in a straightforward

23



fashion by adjusting covering numbers. In a similar spirit to [79], we study the loss landscape
over a local ball B4(@,,r). We first determine the conditions under which empirical and

population gradients are close.

Assumption 4 (Lipschitz gradients) There exist numbers Lp,py > 0 such that with
probability at least 1 —py over the generation of data, for all pairs 0,0' € B4(0,,r), the

gradients of empirical and population losses in (2.3.1) satisfy
max(|VLp(0) = VLD () e, [VLs(0) = VLs(6)]1,) < L]0 - 6|, (2.3.3)

Observe that, by definition, the Lipschitz constant obeys Lp > 8 where § is the one-point
smoothness parameter in Assumption 3. However, Lp is allowed be much larger than j.
Specifically, Lp will only appear logarithmically in our bounds, hence, we can tolerate very
large values of Lp. On the other hand 8 controls the convergence rate of gradient descent,

hence, it must not be very large, compared to «, to guarantee fast linear convergence.

Assumption 5 (Subexponential gradient noise) There exist scalars K,o0 > 0 such
that, given x ~ D, at any point @, the subexponential norm of the gradient of single sample
loss L in (2.3.1) is upper bounded as a function of the noise level oy and distance to the

population minimizer via
IVL(O,x) -E[VL(O,x)]|y, <00+ K[|O-0.|,, (2.3.4)
: : : o (B[IX[*]'/*
where the subexponential norm of a random variable X is defined as | X ||y, = supgs; ~——F——
and that of a random vector x € R" is defined as x|y, = supyegn-1jyr

]

This assumption is an improvement over the work of [79] and will help us distinguish the
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gradient noise due to optimization (K6 -60.|s,) and due to noise oy at the population
minima.

As an example, consider the quadratic loss in (2.3.2). In the case of linear regres-
sion (¢(z) = x), it is easy to show that Assumption 4 holds with Lp = 2 and pg = 2 exp(-100d),
whereas, Assumption 5 holds with K = ¢ and o¢ = cyo for some scalars ¢, ¢y > 0. Moreover, in
Appendix B, we show that in the case of nonlinear state equations @1 = ¢(O.x¢) + 2 + wy,
Assumptions 4 and 5 hold as long as ¢ has bounded first and second derivatives, that is,
|¢'(x)],]¢" (x)| <1 for all x € R. Specifically, using z; - N(0,1,) and w; b N(0,0%1,), if
we bound the state covariance as X[x;] < 321, (see the proof of Lemma 68), then Assump-
tion 4 holds with Lp = ¢((1 + 0)8%n + |©, | p82n*?10g®?(2T)) and po = 4T exp(-100n),
whereas, Assumption 5 holds with K = ¢3? and o¢ = cof;.

The next theorem establishes uniform concentration of the gradient as a function
of the noise level and the distance from the population minima. To keep the exposition

clean, from here on we set Ciog = log(3(LpN/K +1)).

Theorem 4 (Uniform convergence of gradient) Suppose the gradients of Lp and Ls
obey Assumptions 4 and 5. Then, there exists co > 0 such that, with probability at least
1-po- log(f—g) exp(-100d), for all @ € B4(0.,7), we have

. d
IVLs(8) - VLp(8)], < co(o0+ K[6 - 0. ]4,)Clog/ = (2.3.5)

Proof sketch: Our proof technique uses peeling argument [87] to split the Euclidean ball
B(B.,r) into P + 1 sets {S;}1,. Given a set S; c B4(@.,r) and the associated radius 7;,
we pick an ¢;-covering of the set S;. We then apply Lemma D.7 of [86] (by specializing it

to unit ball) together with a union bound over the elements of P + 1 covers, to guarantee
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uniform convergence of the empirical gradient over the elements of P + 1 covers. Combining
this with Assumption 4, we guarantee a uniform convergence of the empirical gradient to its

population counterpart over all 6 € Bd(O*, ). [ ]

Theorem 4 provides a refined control over the gradient quality in terms of the
distance @ — 0. |s,. The reason why [79,80] are getting coarser dependence on the noise level
as compared to ours is their assumption that the gradient of the loss is subgaussian over all
0¢c Bd(e*,r) with subgaussian norm bounded by ¢ + rC, that is, there is a universal upper
bound on the subgaussian norm of the gradient of the loss function over all 8 € B4(,,7).

To show the uniform convergence of the empirical gradient, [79] requires the
following assumptions on the gradient and the Hessian of the loss over all 8 € B4(0,,r):
(i) the gradient of the loss is subgaussian, (ii) the Hessian of the loss, evaluated on a unit
vector, is subexponential, and (iii) the Hessian of the population loss is bounded at one point.
Comparing (i) with Assumption 5, we observe that Assumption 5 is milder and is satisfied
by a broader class of loss functions as compared to (i). For example, even for pure linear
regression, the gradients are subexponential rather than subgaussian (as it involves z;z]).
On the other hand, our uniform convergence result requires Assumption 4 which might look
restrictive. However, observe that the Lipschitz constant only appears logarithmically in our
bounds, hence, Assumption 4 is fairly mild.

Going back to the original problem (2.2.3), observe that Theorem 4 bounds the
impact of finite samples. In the next section, we provide bounds on the impact of learning
from a single trajectory. Combining them relates the gradients of the auxiliary loss Lp and

the finite trajectory loss £ which will help learning 0, from a single finite trajectory.
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2.3.2 Learning from a Single Trajectory

In this section we bound the impact of dependence in the data obtained from
a single trajectory. For this purpose we use perturbation-based techniques to relate the
gradients of the single trajectory loss £ and the multiple trajectory loss £ (defined below).

Before that, we introduce a few more concepts and definitions.

Definition 5 (Truncated state vector [31]) Consider the state equation (2.2.1). Sup-
pose (;3(0,0; 0)=0, zg =0. Given, t > L >0, for each state x;, we define its fictional prozxy
xy, 1, by resetting xi—r, = 0 but preserving the excitation z, and noise w; fromt—-L tot—1.
Alternately, xy 1, is obtained by driving the system with excitations z. and additive noise w..

until time t — 1, where

Oifr<t-L Oifr<t-L
2 = and w) = . (2.3.6)

z; else w; else

We call the obtained state x; 1, as the L-truncated (or simply truncated) state at time t.

The L-truncated state vector x; s, is identically distributed as xj. Hence, using truncation
argument we can obtain i.i.d. samples from a single trajectory which will be used to bound
the impact of dependence in the data. At its core our analysis uses a mixing time argument
based on contraction and is used in related works by [31,32]. The difference between

L-truncated and non-truncated state vectors is guaranteed to be bounded as

s < Cop™ @] e, (2.3.7)

s ~ Tt,LL

This directly follows from Definition 1. To tightly capture the effect of truncation, we also

bound the Euclidean norm of states x; as follows.
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Lemma 6 (Bounded states) Suppose Assumptions 1 and 2 hold. Then, with probability

at least 1 - po, we have |x¢|¢, < Bin/n for all 0 <t < T, where Sy = Cy(cwo + B)/(1 - p).

Following this and (2.3.7), we can obtain weakly dependent sub-trajectories by properly
sub-sampling a single trajectory (x, zt)f:f)l. For this purpose, we first define a sub-trajectory
and its truncation as follows.

Definition 7 (Truncated sub-trajectories [31]) Let sampling period L > 1 be an integer.
Set the sub-trajectory length N = [TL;LJ We sub-sample the trajectory (:ct,zt)tT:I)l at points

T+ L, 7+2L,..., 7+ NL and truncate the states by L—1 to get the 1y, truncated sub-trajectory

(D, 20NN defined as
(@D, 29) = (xryip 1, 2rair)  Jor i=1,...N (2.3.8)
where 0 <7< L -1 is a fizred offset.

For notational convenience, we also denote the noise at time 7 +iL by w®. The following

lemma states that the 74, truncated sub-trajectory (:E(i), z(i))f\:[ 1 has independent samples.

Lemma 8 (Independence) Suppose (z¢)i% "D, and (we) 2 “dp,. Then, the

Tin truncated states (i(i))f\zfl are all independent and are identically distributed as xp_1.

Moreover, ()N, (2N, (wD)N, are all independent of each other.

For the purpose of analysis, we will define the loss restricted to a sub-trajectory and show

that each sub-trajectory can have favorable properties that facilitate learning.

Definition 9 (Truncated sub-trajectory loss) We define the truncated loss in terms of
truncated (sub-sampled) triplets (Q(i),i(i),z(i))gl = (mT+iL+17L,mT+iL7L_1,zT+Z~L)f\:[1 as

1

0(0) := 5N

N . ~ . .
Mg - oz, 29 0)|2. (2.3.9)
=1
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Observe that the triplets (g(i),aﬁ(i),z(i))ﬁ , are independent and identically distributed
as (r,2r-1,z5-1). Therefore, we have Lp(8) = E[/¥(0)], that is, /" is a finite sample
approximation of Lp and we will use results from Section 2.3.1 to bound the Euclidean
distance between them. Before, stating our results on uniform convergence of empirical
losses, we want to demonstrate the core idea regarding stability. For this purpose, we define

the truncated loss which is truncated version of the empirical loss (2.2.3).

Definition 10 (Truncated loss) Let @11, = q@(mtvL_l,zt;O*) +w;. We define the trun-

cated (empirical) risk as

A 1 -1 ~ 1 L-1
Etr 0 =T s - — N 9 2 = — et?” 0 . 2310
( ) Q(T— L) t:ZL Hajt‘*LL ¢(wt,L 15 2t; )”62 L 720 T( ) ( )

Let X be the convex hull of all states ; and Z be the convex hull of all the inputs z; such
that Assumptions 1 and 2 are valid. As a regularity condition, we require the problem to
behave nicely over state-excitation pairs (x,z) c X x Z. Throughout, ¢ denotes the scalar
function associated to the ky, entry of @.

The following theorem states that, in the neighborhood of 6., the empirical risk L
behaves like the truncated risk £, when the approximate mixing-time L is chosen sufficiently

large.

Theorem 11 (Small impact of truncation) Consider the state equation given by (2.2.1).
Suppose Assumptions 1 and 2 hold. Suppose there exists r >0 such that, for all 0 € Bd(e*,r)
and for all (z,z) c X x Z, we have that |Vz¢(x, z;0)| < B, IVodr(x,2;0)|, < Cj and

IVeVedr(x,2;0)| < Dy for some scalars By, Cg, Dy >0 and 1 <k <n. Let By >0 be as
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defined in Lemma 6. Then, with probability at least 1 —po, for all @ € BY(0,,r), we have

1£(8) - £(8)] < 2n8.Cop" ' By (cwo + C30 = 0. ]1,), (2.3.11)

IVL(6) = VL (6) e, < 2n8,Cpp™ ' Dy(cwo + C56 - 0. ]1,). (2.3.12)

Proof sketch: To prove Theorem 11, we use the Mean-value Theorem together with

Assumptions 1 and 2. First, using (2.2.3) and (2.3.10), we obtain

~ ~ 1 ~ ~
£(0) - £7(O)] < 5| max | [[6(@r.20:6.) + we - S, 2O,

— | ¢(@s, L1, 25 0.) + wi - Sxe L1, 215 0)[17, - (2.3.13)

Suppose, the maximum is achieved at (x,Z, z,w) (where & is the truncated state). Then,
we use the identity a® - b% = (a +b)(a - b) to upper bound the difference |£(8) — £ (0)|
as a product of two terms |a + b and |a - b| with a = |¢(x, 2;0.) + w — ¢(x, 2;0) ¢, and
b= ||p(x,2;0,) +w - d(x,2;0) |, We upper bound the term |a + b| by bounding each
quantity ¢ and b using the Mean-value Theorem together with Assumption 2. Similarly,
the term |a — b| is upper bounded by first applying triangle inequality and then using the
Mean-value Theorem together with Assumptions 1 and 2 (to bound the difference ||z — |, ).
Combining the two bounds gives us the statement (2.3.11) of the Theorem. A similar proof

technique is used to upper bound the gradient distance |V£(0) = VL™ (8)]q,. [

Combining Theorems 4 and 11 allows us to upper bound the Euclidean distance between
the gradients of the empirical loss ﬁ(@) and the auxiliary loss £p(0) which is the topic of

the next section.
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2.3.3 Non-asymptotic Identification of Nonlinear Dynamical Systems

In this section, we provide our main results on statistical and convergence guarantees
of gradient descent for learning nonlinear dynamical systems, using finite samples generated
from a single trajectory. Before stating our main result on non-asymptotic identification
of nonlinear systems, we state a theorem to bound the Euclidean distance between the

gradients the empirical loss £(0) and the auxiliary loss Lp(8).

Theorem 12 (Uniform convergence of gradient) Fix r > 0. Suppose Assumptions 1
and 2 on the system and Assumptions 4 and 5 on the Auziliary Loss hold. Also suppose for all
0 € BY(6.,7) and (x,2) c X x Z, we have |Vodr(w,2;0)[s, < Cj and |V2Vodi(z, 2 0)| <
Dy for all 1<k <n for some scalars Cz, D> 0. Define Kj = (2/co)B+Dg(cwo/ogv C5/K).
Let B, >0 be as in Lemma 6 and N = |(T - L)/L|, where we pick L via

log(CpK gny/N/d)
+
L-p

L>Ly where Lg= [1 ] (2.3.14)

Then, with probability at least 1 —2Lp0—Llog(§—D7") exp(=100d), for all 6 € BY(0,,7), we have

N d
IVL(8) = VLD(O) e, < 2c0(00 + K6 = O4lle, ) Chog\ [ - (2.3.15)

Proof sketch: Theorem 12 can be proved by combining the results of Theorems 4
and 11. The idea is to split the truncated loss £ (Definition 10) as an average of L
truncated subtrajectory losses /% (Definition 9) as: £%(8) = %Zf;ol /(). Recall that
Lp(0) = E[/**(0)]. Then, we use Theorem 4 with a union bound over all 0 <7< L -1 to
upper bound | V7% (8) - VLp(8) |, which is used to show the uniform convergence of the
truncated loss £ as: |[VL™(8) - VLp(0)]ls, < iyl |V (0) = VLp(0)]s,. Combining
this with Theorem 11 and picking L via (2.3.14), we get the statement of the theorem. m
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Observe that K 3 depends on the system related constants and the noise level. For
example, for a linear dynamical system (2.2.2), we can show that K =c./n+p. Note that,
if we choose N 2 KQCﬁ)gd/aQ in Theorem 12, we get |[VL(0) — VLD (8) s, § 00Ciog\/d/N +
(a/2)]0 - 0., Combining this result with Assumption 3 gives our final result on non-

asymptotic identification of nonlinear dynamical systems from a single trajectory.

Theorem 13 (Non-asymptotic identification) Consider the setup of Theorem 12. Also
suppose the Auziliary loss satisfies Assumption 3. Let N = |(T-L)/L|, where we pick L as in
Theorem 12. Suppose N 2 KQCEOgd/OP. Given r > 0, set learning rate n = o/ (163%) and pick
0o € B4(O,,7). Assuming oo S K, with probability at least 1 - 2Lpg — Llog({f—o’") exp(-100d),

all gradient descent iterates 6, on L satisfy

Oé2

T coyp d
16-=6.]e, < (1- W) 180 = 0.fle + —=Chog\ [ - (2.3.16)

Proof sketch: To prove Theorem 13, we first show that, when (i) the auxiliary loss
Lp satisfies one-point convexity and smoothness (Assumption 3), (ii) for all 8 € B4(8.,7),
VL satisfies |[VL(0) = VLD()]e, < v+ (/2)]0 -0, ||¢,, and (iii) r > 5v/a; then, setting
learning rate n = a/(16532) and fixing 6 € B4(0,,r), all gradient descent iterates 8, on £
satisfy |6- — 0. [s, < (1- #252)7”00 =0 |e, + %” Combining this with Theorem 12, we get
the desired result. Specifically, we use Theorem 12 with N > K 2C’f)gd/ a?, to get the gradient

convergence in the form of (ii) with v = co¢Clogy/ % Plugging this back to the gradient

descent convergence result established above, we get the statement of the theorem. [ |

Observe that, Theorem 13 requires O(d) samples to learn the dynamics 6, € R?, hence, our
sample complexity captures the correct dependence on the dimension of unknown system

dynamics. Furthermore, it achieves o\/d/N error rate, which is optimal in both d and N.
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Recall that the gradient noise o is a function of the process noise o, and role of ¢ will be
more clear in Section 2.4. We remark that while this theorem provides strong dependence,
the results can be further refined when the number of states n is large since each sample in
(2.2.1) provides n equations. For example, we can accomplish better sample complexity for
separable dynamical systems (see Section 2.3.4) which is the topic of next section.

Lastly, observe that L is proportional to 1/(1-p). As a result, our sample complexity
bound degrades with stability. In the extreme case, when p = 1, the approximate mixing
time L goes to infinity, and our analysis does not hold. This has been previously observed
in stability /mixing-based learning of nonlinear dynamical systems [31,33,71]. In contrast, it
is well-known that this dependency (on p(A.)) can be avoided for learning linear dynamical
systems [22]. Recently, [34] showed, under a strong invertibility condition, that dependency
on the mixing time can be avoided for the generalized linear models @1 = p(A.xt) + wy.
This leaves open the question of whether learning without mixing is possible in situations

beyond the generalized linear models.

2.3.4 Non-asymptotic Identification of Separable Dynamical Systems

Suppose now that the nonlinear dynamical system is separable, that is, the nonlinear

state equation (2.2.1) can be split into n state updates via
xi1[k] = or(xs, 263 05) +wi[k], for 1<k<n, (2.3.17)

where x;[k] and w;[k] denote the ky, entry of z; and w; respectively while ¢;, denotes
the scalar function associated to the kg, entry of ¢. The overall system is given by the

concatenation 6, = [0;" --- 6;7]". For simplicity, let us assume 6; € RJ, where d = d/n. In
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the case of separable dynamical systems, the empirical loss in (2.2.3) is alternately given by,

1 T-1

3T-1) t;(wm[k] ~ (@i, z;01))2. (2.3.18)

n
E(B) = Z [,k(ek) where ﬁk(ek) =
k=1
As before, we aim to learn the system dynamics 6, via gradient descent. The gradient of
the empirical loss simplifies to VL(0) = [VL1(01)T -+ VL, (0,)7]". From this, we observe
that learning 6, via (2.2.3) is equivalent to learning each of its components 6} by solving n
separate ERM problems in RY. Denoting 6 to be the solution of the ERM problem (2.2.3),

we have the following equivalence: @ = [8] - 8117, where 8}, € R is the solution to the

following minimization problem,

0y, = arg min £;,(6;). (2.3.19)
erRd

Similarly global iterations (2.2.4) follows the iterations of the subproblems, that is, the GD
iterate (2.2.4) implies 0}(€r+1) = 9,(;) —nvﬁk(e,(j)). Before, stating our main result on learning
separable nonlinear dynamical systems, we will show how the Auxiliary loss Lp and its finite

sample approximation Ls can be split into the sum of n losses as follows,

A noo. R 1 N
£,5(0) = Z Ek,S(Hk) Where ﬁ]ﬁs(ek) = N Eﬁk(ek,ml),
ket =t (2.3.20)

n
Lp(0) =) Lrp(6r) where Lyp(0k)=E[Li(0k, )],
k=1
where L (-, @) is a loss function that admits a sample x and outputs the corresponding loss.
When learning (2.3.17), the sample @ corresponds to the variables (xy,®r-1,27-1) triple

and the loss function L£;(0,x) is given by
1 -
L (O, (zr, @11, 21-1)) = S (@L[k] = d(@1-1, 2013 01))°. (2.3.21)

The following theorem gives refined sample complexity for learning the dynamics of separable

nonlinear dynamical systems.
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Theorem 14 (Refined complexity) Suppose Assumptions 1 and 2 on the system and
Assumptions 3, 4 and 5 on the Auziliary Loss (2.3.20) hold for all 1 < k <n. Additionally,
suppose the nonlinear dynamical system is separable, that is, the nonlinear state equation

follows (2.3.17). Let K be as in Theorem 12. Let N = |(T' - L)/L], where we pick L via

1og(C'qu;n\/N/J)

I-p

L>Lo where Lo=[1+ | (2.3.22)

Suppose N 2 K?C?

log(f/aQ. Given r > 0, set the learning rate n = of(168%) and pick

0o € BY(0,,r). Assuming oo S K, with probability at least 1-2Lnpg—Ln log({f—or) exp(-100d),

all gradient descent iterates 0, = [OY)T H,ST)T]T on L satisfy

9 —
T * (07 T 0 « CcoQ d
HO,(C )—Ong2 S(l—m) Hol(c )—okH[2+?ClogV N fO’f’ all 1<k<n. (2323)

Proof sketch: The proof technique for Theorem 14 is similar to that of Theorem 13.
First, using Assumptions 4 and 5 on the Auxiliary loss (2.3.20), we get an upper bound
on |VLy.s(0k) — VLLD(Ok)|e, for all 1 < k < n. Next, using Assumption 1 and 2 on the
system, we upper bound [VLg(8,) - VLE(6)) e, for all 1 < k < n. Combining these two
bounds, we get an upper bound on the gradient distance |VLy(8x) — VLrp(6)) e, for all
1 <k <n. After picking N and L in the same way as we we did in Theorem 13, we use
Theorem 3 with Assumption 3 on the Auxiliary loss (2.3.20) and the derived bound on

IVLi (1) = VLLD(O1) e, to get the statement of the theorem. [ ]

Observe that, in the case of separable dynamical systems we require O(d) samples to learn
the dynamics 6, € RY. We achieve refined sample complexity because each sample provides
n equations and d = d/n. Common dynamical systems like standard LTT dynamical systems

and nonlinear state equations are very structured and have separable state equations. Hence,
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applying Theorem 14 to these systems results in accurate sample complexity and error rates

which is the topic of the next section.

2.4 Applications of Theorems 13 and 14

In this section, we apply our results from the previous section to learn two different

dynamical systems of the following form,
xii1 = O(Asxy) + Bozi + wy, (2.4.1)

where A, € R™", B, € R™P are the unknown system dynamics, z; i N(0,1,) and
wy oy (0,021I,). Specifically we learn the dynamics of the following dynamical systems:

(a) Standard LTI dynamical systems (¢ = I,); and (b) Nonlinear state equations
xii1 = P(O.xy) + 2 + wy, (2.4.2)

where the nonlinear function ¢ : R - R applies entry-wise on vector inputs. For the clarity
of exposition, we focus on stable systems and set the feedback policy w(a;) = 0. For linear
dynamical systems, this is equivalent to assuming p(A,) < 1. For nonlinear state equation,

we assume (C), p)-stability holds according to Definition 1.

2.4.1 Linear Dynamical Systems

To simplify the notation, we define the following concatenated vector/matrix:
h;:=[z; z/]" and ©, := [A, B,]. Letting ¢ = I,,, the state update (2.4.1) is alternately given
by: 411 = ©,hy +w;. To proceed, let 8, denotes the &y, row of @, then ©, =[6] --- 6;]".

Observe that the standard LTI dynamical system is separable as in (2.3.17). Therefore, given

36



a finite trajectory (x¢,2;)L,' of the linear dynamical system (2.4.1) (¢ = I,,), we construct

the empirical loss as follows,

. no R 1 T ]
L(O) = ;Ek(ek) where L (0y) = m t; (x11[k] - O he)?. (2.4.3)

Before stating our main result, we introduce a few more concepts to capture the properties

of gradient descent for learning the dynamics 6. Define the matrices,
G;=[A"'B, A"?B, ... B,] and F,:=[A"! A2 ..1,] (2.4.4)

Then, the matrices G;G| and F.F,’ are the finite time controllability Gramians for the
control and noise inputs, respectively. It is straightforward to see that the covariance matrix

of the concatenated vector h; satisfies the following bounds (see Section A for detail)

(1A Amin (GYGY + 2 FF ) sy < B[hye] < (1V Anax (GiG] + 02 F,F)1,,,,).  (2:4.5)

Define, v- = 1 A Amin(GL-1G]_| + 0°FL 1 F] ), v+ = 1V Apax(GL-1G]_| + 0?FL 1 F] )
and By = 1V maxicer Amax(G1G] + 0?F,F]). The following corollary of Theorem 14 states
our main result on the statistical and convergence guarantees of gradient descent for learning

the dynamics of linear dynamical systems.

Corollary 15 Consider the system (2.4.1) with ¢ = I,,. Suppose p(A.) <1. Let C, > 1 and
pe(p(A,),1) be scalars. Suppose z; il N(0,1,) and w, il N(0,0%1,). Let v, >~ >0

be as defined in (2.4.5) and set k =~,/y-. Let N = |(T - L)/L|, where we pick L via

. log(CC,B:N(n +p)/v+) ]

L>Ly where Lg= [1
l-p

(2.4.6)

Suppose N 2 k?log?(6N +3)(n+p). Set the learning rate n = vy_/(1672) and the initialization

Oy = 0. Assuming o S |O.|F\/F5, with probability at least 1 — 4T exp(-100n) — Ln(4 +
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log(”G*”TFﬁ))exp(—lOO(n +p)), for all 1 < k < n, all gradient descent iterates @, =

[9%7) (5’7(;)]T on L satisfy

2 CO' n+p

Observe that Corollary 15 requires O(n + p) samples to learn the dynamics A, € R™"™ and

167~ 07 e, < (1 -

B, ¢ R™P, The sample complexity captures the correct dependence on the dimension of
unknown system dynamics, because each sample provides n equations and there are n(n+p)
unknown parameters. Our sample complexity bound correctly depends on the condition num-
ber k of the covariance matrix X[hy_1]. Moreover, v_ = 1 A Apin(Gr-1G| | + UQFL_lFLTil)
is a non-decreasing function of the mixing time L. The intuition for this is that larger L
takes into account more long-term excitations to lower bound the size of covariance matrix
Y [hy-1]. Lastly, our statistical error rate JW is optimal in the dimension (n + p)
and sample size N. The logarithmic dependence on |@®. | is an artifact of our general

framework. We believe it can be possibly removed with a more refined concentration analysis.

2.4.2 Nonlinear State Equations

In this section, we apply Theorem 14 to learn the nonlinear state equation (2.4.2).
Observe that the nonlinear system (2.4.2) is separable because we assume that the nonlinear
function ¢ : R — R applies entry-wise on vector inputs. Let HI:T denotes the kg, row of ©,.

Given a finite trajectory (¢, 2;)iq" of (2.4.2), we construct the empirical loss as follows,

EA(Q):;ﬁk(ek) where ﬁk(ak)‘ 2T - L)Z(wtﬂ ~ (8 xt) — e[k ])2 (2.4.8)

The following corollary of Theorem 14 states our main result on the statistical and convergence

guarantees of gradient descent for learning the nonlinear system (2.4.2).
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Corollary 16 Suppose the nonlinear system (2.4.2) satisfies (Cp, p)-stability according to
Def. 1. Suppose ¢ is y-increasing (i.e. ¢'(x) > v > 0 for all x € R), has bounded first
and second derivatives, that is, |¢'|,|¢"| < 1, and ¢(0) = 0. Suppose z i N(0,1I,) and
wy R N(0,02I,). Let N = |(T - L)/L|, where we pick L via

| 10g(CC,(1+]O.[rCy(1 +0)/(1 - p))N1)
L-p

L>Ly where Lg= [1 ] (2.4.9)

Setting Diog =10g(3(1 + a)n +3C,(1 +0)| O, | Fn’/? log®2(2TYN /(1 - p) +3), suppose N 2

4
C, D2

A0 ond pick the initialization ©g = 0
74 (1-p)* ~log " g L

n. Set the learning rate n = 30170707
P

Cp(1+0)

Assuming o $ |©.| F, with probability at least 1 - Ln(4T + log( He*i’?l—p) )) exp(-100n),

for all 1 <k <n, all gradient descent iterates @, = [OY) 97(17)]T on L satisfy

41 -p)? co n
00 07, < (1- LU= yrg@) gy T Diogr [ —. 2.4.10
H k kHb = ( 5120;4)”2 ) H k k:”ez + 72(1 _p) pHlog N ( )

We believe that the condition of y-increasing ¢ can be relaxed and we expect many nonlinear
activations including ReLLU to work. The main challenge is verifying one-point convexity of
the population loss when ¢ is ReLLU. Lemma 6.1 of [85] shows this property for i.i.d. Gaussian
features. Extending this to subgaussian features, would yield the ReLU result. Theorem 16
requires O(n) samples to learn the dynamics @, € R™" since each sample gives n equations.
The sample complexity bound depends on the condition number of the covariance matrix
Y [x;], which can be shown to be bounded by Cg/(l - p)? (see Section B). Lastly, similar to
the linear case, our statistical error rate 0\/71/_N is optimal in the dimension n and sample

size N.

Remark 17 (Probability of success) For our main results, instead of achieving 1 -9

probability of success with variable 6 € (0,1), we are content with achieving 1 - Kjog exp(—cd)
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probability of success for an absolute constant ¢ >0, where Kiog is a fized constant which
depends either logarithmically or linearly on the values of n, L, T, N,09, K etc. Please note
that, the probability of success in Theorems 12, 18 and 14 is coming from an application of
Lemma 18 in Section 2.5. We simply apply this lemma using a fized choice of t = co\/d. This
gives the error bound @(00\/d/_N) and the probability of success 1 — Kjog exp(—cd). One can
also obtain 1 -9 probability of success by setting t = CO\/W (instead of t = CO\/E),
when applying Lemma 18 in Section 2.5. This gives the error bound @(Uo\/ W) In
this case, one can easily see the trade-off between the probability of success and the error

bound.

2.5 Proofs of the Main Results

2.5.1 Proof of Theorem 4

Before we begin our proof, we state a lemma to bound the Euclidean norm of
a sum of i.i.d. subexponential random vectors. The following lemma is a restatement of
Lemma D.7 of [86] (by specializing it to unit ball) and it follows from an application of

generic chaining tools.

Lemma 18 Let C > 0 be a universal constant. Suppose N > d. Let (v;)¥, € R? be
i.5.d. vectors obeying p = E[v;] and subexponential norm |v; — pl|y, < K. With probability at

least 1 - 2exp(—cmin(tV/N,t?)), we have that

1 & Vid+t
— ) V; — <CK .

(2.5.1)
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Alternatively, setting t = /d for T > 1, with probability at least 1 — 2exp(—ctd), we have

1 N
”N > v - pfe, <CK(7+1)\/d/N. (2.5.2)
i=1

Throughout the proof of Theorem 4. we pick the constraint set C = B4(0,,r), however, these
ideas are general and would apply to any set with small covering numbers (such as sparsity,
{1, rank constraints).

Proof. Uniform convergence with covering argument: We will use a peeling
argument [87]. Split the ball B4(0,,r) into P+ 1 = [log(Kr/og)] + 1 sets via following

arguments,

B4(8,,00/K) if i=0,
BY(6,,r)=ul,S; where ;=
BY(0,, min(r,e'o9/K)) - BY(0,,e" Log/K) else.
By Assumption 4, with probability at least 1-pq, Vﬁg(@), VLp(60) are Lp-Lipschitz. Given
a set S; and the associated radius r; = min(r, e‘oo/K), pick an &; < r; < covering N; of the

set S; c BY(0,,7;) such that log|N;| < dlog(3r;/e;). Observe that over S;, by construction,

we have
max(oo/K, |0 - 0.,) <ri <max(oo/K,e|0 —0.]¢,). (2.5.3)

Applying Lemma 18 together with a union bound over the P + 1 covers and elements of the
covers, we guarantee the following: With probability at least 1 - Y2 exp(-100dlog(3ri/;)),

within all covers N;, gradient vector at all points 8 € N; satisfies

IVLs(0) = VLD(0)|e, $ (00 + K7;)log(3ri/ei)\/d/N. (2.5.4)
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Given both events hold with probability at least 1—pg - X2, exp(~100dlog(3ri/c;)), for any
0 €S, pick @' € N; so that |0 —6'|,, <e. This yields
|VLs(68) = VLD(0)]e,

< |VLD(68) - VLD(8)|e, + [ VLs(0) = VL5 () |e, + | VLD(O) - VLS (0") |y,

SEZ'LD+ (0'0+KT¢)1Og(3TZ‘/€Z‘)\/d/N. (2.5.5)
Setting &; = min(1, %\/d/N)m for 0 <i < P, for any 6 € S; (and thus for any 6 € B(0,,r)),
we have

IVLs(8) - VLD(8) e, S (00 + K7i)log(3(1 + LpN/K))\/d/N,
S (00 + K10 -6.10)1og(3(1 + LoNJK))WAIN,  (25.6)

where we used (2.5.3) to get the last inequality. Finally, observing that log(3r;/e;) > 1, the

probability bound simplifies to

P
K
1—po— ) exp(-100dlog(3ri/e;)) > 1 —po — log(—r) exp(-100d). (2.5.7)

=0 (o)

This completes the proof. m
2.5.2 Proof of Lemma 6

Proof. Suppose xo =0. We claim that |z||s, < B+v/n(1 - p') with probability at
least 1 - pg, where S, := C,(cywo + B)/(1 - p). Note that, using the bounds on z;,w;, the

state vector x; satisfies the following bound and obeys the induction

|z1]e, < BV/n+ cwon/n < Cpn/n(B + cyo) = Biv/n(1 - ph). (2.5.8)
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Suppose the bound holds until ¢ — 1, where t <T', and let us apply induction. First observe
that x|, obeys the same upper bound as |« s, by construction. Recalling (2.3.7), we

get the following by induction

| = @i etle, < Cop'Hailey, = laile, < Cop'™ aile, + @1t

@ . _
< Cppt 1”371”22 +ﬁ+\/’ﬁ(1_pt 1)7

(b) _ -

< NV(Cop' N (B + cpa) + B (1= p'h)),

< Biv/n(1-ph), (2.5.9)

where, we get (a) from the induction hypothesis and (b) from the bound on ;. This bound
also implies |x¢|s, < B++/n with probability at least 1 — pg, for all 0 <¢ < T, and completes

the proof. m

2.5.3 Proof of Lemma 8

Proof. By construction (¥ only depends on the vectors {z, wt}tfjf(’il_l) 1.1+ Note
that the dependence ranges [7+(i—1)L+1,7+iL—1] are disjoint intervals for each i’s. Hence,
{£}N are all independent of each other. To show the independence of {#(W}Y, and
{z(i)}fil, observe that the inputs z2(?) = z,,;;, have timestamps 7 + i L; which is not covered
by [7+(i-1)L+1,7+iL~-1] - the dependence ranges of {(V}¥ . Tdentical argument shows
the independence of {Zz(V1Y, and {w®}Y,. Lastly, {z1¥, and {w®}Y, are independent

of each other by definition. Hence, {2 }N, {0, {w®}N  are all independent of each

other. This completes the proof. m
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2.5.4 Proof of Theorem 11

Proof. Our proof consists of two parts. The first part bounds the Euclidean
distance between the truncated and non-truncated losses while the second part bounds the
Euclidean distance between their gradients.

e Convergence of loss: To start, recall £(0) and £ (6) from (2.2.3) and (2.3.10)

respectively. The distance between them can be bounded as follows.

1£(6) - L7(8)]

|2(T1 Iy 2 Z |1 — d(e, 243 0)|7, - 2(T—1L)Tzl |1, — G(®e,1-1,2:0) 7,1,
sy i - 8GO, - e - Hersor, 7 O |
<5 (Lo 20, -l - s 1,z 0)1

%|||¢(ilC z0.) +w - §(x, z;0)[7, - |6(2, 2:0.) + w - §(&, z;0) |,
S%(III&(%Z;G*)+w—<5(w,Z;0)Hz2—||q3(53,Z;0*)+w—<5(i',Z;9)He2|)

(I16(x,2:0.) +w = (2,2 0) ¢, + |$(Z,2;60.) + w - (2, 2,0)[,),  (2.5.10)

where, (z,x, z,w) corresponds to the maximum index and we used the identity a® -0 =

(a+Db)(a—-b). Denote the ky, element of ¢(x, z;0) by ¢p(x, z;0) and that of w by wy, for
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1 <k <n. To proceed, using Mean-value Theorem, with probability at least 1 — pg, we have

|, 2;0.) - P, 2;0) + wi| < cwo + sup | Vodp (e, z;6)] e, |6 - 040,
06[970*]

<cpo+C5[0-0.]¢, forall 1<k<n, (2.5.11)
e ||¢;(m7z;0*)+w—é($>z;0)”f2 < \/ﬁlrg?j;kgk(waz;e*)_(Z)k‘(m7z;9)+wk|>

< \/ﬁ(cw0'+c(£“9—0*ng). (2.5.12)
This further implies that, with probability at least 1 — pg, we have

%|||§5(maz70*) +'U]-(;§($,Z;0)Hg2 + Hqg(jazao*) +w—§5(jaz;0)”£2|

<Vn(ewo +Czl0 - 0. ]c,). (2.5.13)

To conclude, applying triangle inequality along-with the Mean-value Theorem, the difference
term A := || (@, 2;0.) + w - G(w, 2;0) |4, - | $(Z, 2;0.) + w - (&, 2;0) 1, is bounded as

follows,

A < H(g(xvza 9*) - &(az,z; 9) - qg(zi,z;O*) + é(iaZS 0)”@27
< |9(z,2:0) = (2, 20) [, + | d(z. 2:0.) — $(Z, 2:6.) |,
< sup |Ved(Z,2:0)||z~Z|e, + sup [Ved(Z,2:0.)]|z - |0,

Ze[x,x) Ze[x,z]

(a) _ _
< Bg)CpPL 15+\/E+B<ngPL 15+\/ﬁ’

=2B;C,p" "' i/, (2.5.14)
with probability at least 1 — pg, where we get (a) from (2.3.7) and the initial assumption

that |Vzo(x,2;0)] < Bj. Multiplying this bound with (2.5.13) yields the advertised bound

on the loss difference.
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e Convergence of gradients: Next, we take the gradients of £(8) and £"(0) to

bound Euclidean distance between them. We begin with

1
T-L

-1 .
|VL(8) - VLY ()], < > IVed(xe, z:0) (e, 2150) — w441)
-y

- T~
- V0¢(xt,L—1a Zt; 9) (<Z5(5L't,L—1, Zt; 9) - CCt+1,L)H122,

< 7 .9 T, ~ 0) -
_ng(ailzi—n IVod(zt, 21;0) (d(@1, 2, 0) — x141)

~Vod(®i 1 1,20) (e 1,250) — i1 6y,
< |Voo(z.2:0) (d(z, 2:0) - §(, 2:0.) - w)
- v@é(ia z; G)T(é(jv zZ; 9) - é("i') z; 0*) - w) Hf2 < \/EA7 (2515)

where (x,, z,w) corresponds to the maximum index (Z be the truncated state) and we

define A to be the entry-wise maximum
A = max | (G (2, 2;0) - dr(x, 2;0.) — wi) Vodi(x, z;6)
- (ék(ia zZ; 0) - qgk(jv z; 0*) - Wk)vng;k(fi, zZ; 0)”@2’ (2516)

where ¢y (, z; 0) denotes the kyj, element of é(x, z;0). Without losing generality, suppose k
is the coordinate achieving maximum value and attaining A. Note that A = a(x) — a(x) for

some function a. Using Mean-value Theorem, we bound A < supze[4 z] [ Voo (Z) ||z — e,
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A< sup [(Gu(&,2;0) - dr(Z, 2;0.) — wy) VaVodi (&, 2;0)

Ee[x,z]
+ VO(Z)k(j7 z; 0)(Vx€2~5k(537 z; O)T - vw&k(d}v z; 0*)T)” Hw - inw

< sup [|on(&,2;0) - di(&, 2;0.) — wi||[VaVedr(&, 2;0)|

Ze[x,z]
+ ||V9€5k(i', z; 0)”62 vaq;k(i'7 Z; 0) - qu;k(i'7 Z; 0*)”@]“33 - 53H€2’

() e oy
< sup [Dyldr(®, 2 0) - dp(&, 2 6.) —wy]

Ze[x,z]

+ O3 Vi (&, 2 0) = Vi (&, 2:0.) 6, ]|z — &, (2:5.17)

where we get (a) from the initial assumptions | Voo (x, z;0) |, < Cgand IVeVeor(x,2;0)| <

D e To proceed, again using Mean-value Theorem, we obtain

sup | Vo (@, 2:0) ~ Vadr(2,2:0.) e < sup |VoVadi(@,2:0)[16 - 0. e,
Ze[x,z] Ze[x,z]
0¢[6,6,]

SDQEHG—Q*”@. (2.5.18)

Finally, plugging the bounds from (2.5.11) and (2.5.18) into (2.5.17), with probability at

least 1 — pg, we have

IVL(O) = VLY (8) e, < VA < V/i(Dy(cwo + Cyl0 = 0.]e,) + C3D ;50 = 6. ey [ — 2.

<203, Cop" ' Dy(cwo + Cy|0 - 0. 1,), (2.5.19)

This completes the proof. m
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2.5.5 Proof of Theorem 12

Proof. Theorem 12 is a direct consequence of combining the results from Sec-
tions 2.3.1 and 2.3.2. To begin our proof, consider the truncated sub-trajectory loss @;r
from Definition 9 which also implies that £p(0) = E[£(8)]. Hence, /*" it is a finite sample
approximation of the Auxiliary loss Lp. To proceed, using Theorem 4 with Assumptions 4
and 5 on the Auxiliary loss Lp and its finite sample approximation gf, with probability at

least 1 — Lpg — Llog({f—g) exp(-100d), for all @ € B4(0,,r), we have
[VE(8) -~ VLD (0)]e, < coloo + [0 - 8. 1,) log(3(LoN/K + )WAIN,  (25.20)

for all 0 < 7 < L -1, where we get the advertised probability by union bounding over all
0 <7 < L-1. Next, observe that the truncated loss £ can be split into (average of)
L sub-trajectory losses via £%(6) = %Zf;ol l@r(B) This implies that, with probability at

least 1 — Lpg — Llog({f—or) exp(-100d), for all 8 € BY(0,,r), we have

At 1 L-1 A
[VLY(8) - VLD(6)]e, < 72 |V (8) = VLD ()],
7=0
< max VI (6) - VLD(O) e,

0<7<(L-1)

<co(op+ K0 -0.|4,)log(3(LpN/K +1))\/d/N. (2.5.21)
Combining this with Theorem 11, with the same probability, for all 8 € Bd(e*, r), we have

1£(8) = LD(0)[e, < |1£7(8) = LD(0) [, + [£(8) = L(6) e,
<co(o0 + K0 = 0.,) log(3(LpN/K +1))v/d/N

+2n3,Cop" ' Dy(cwo + 3|0 -0, 1,). (2.5.22)
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To simplify the result further, we pick L to be large enough so that the second term in the

above inequality becomes smaller than or equal to the first one. This is possible when

2n3,Cpp™ "' Dy < co(00/cwo A K[Cy)log(3(LpN/K +1))\/d/N,

colog(3(LpN /K +1))\/d/N
2n5+Cde~) ’

2n6+Cqu;\/N/d )
colog(3(LpN/K +1)) ) +log(cwo/oo v C&/K)]/l()g(ﬂ b,

N log((2/co)nB+CpD g/ N/d(cwo[og v C5/K))
I-p

— pl™ < (00/cwo ~NK[C5)

< L>1+[log

>[1

1. (2.5.23)

Hence, picking L via (2.5.23), with probability at least 1 —2Lpy — Llog({f—(:) exp(—100d), for

all 0 € B4(0,,r), we have
IVL(0) = VLD(0)], < 2¢0(c0 + K||0 - 6,]s,) log(3(LpN/K +1))\/d/N. (2.5.24)

This completes the proof. m

2.5.6 Proof of Theorem 13

Before we begin the proof, we state a theorem to show the linear convergence of
gradient descent for minimizing an empirical loss £ when the population loss Lp satisfies
one-point convexity and the Euclidean distance between the gradients of the two losses is

upper bounded as follows: |[VL(8) - VLp(0) e, <v + (/2)]0 - 6.4,

Theorem 19 (OPCS convergence) Suppose Assumption 3 holds. Assume for all 0 €
BY6,,r), VL satisfies [VL(O) = VLD(O)] e, < v+(/2)]|0 - 04|, and r > 5vja. Set learning

rate n = af/(1682) and pick 6y € B4(0,,r). All gradient descent iterates 0, on L satisfy

5v

Oé2 T
) 160 - 6., + — (2.5.25)

0. -0, <(1-—
” HZ2 ( 128/82
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Proof. Set §, =0, - 0,. At a given iteration 7 we have that d,,1 = §, — nVﬁ(OT) which

implies
1674117, = 16-17, = 20 (8-, VL(O:)) + | VL(O:) |7, (2.5.26)
Using Assumptions 3 and [VL(0) = VLp(0) |, < v+ (a/2)]|0 - 0. |¢,, we have that

(57‘? Vﬁ(o‘r)) 2 <5T> V£D(07')) - | <5T> vﬁ(aﬂ') - V‘C‘D(OT)) |>

> -7, = (v + (a/2)[0-]) 8- le, > (a/2)0-17, - v]dz[le,.  (25.27)
Similarly,
IVLO:) e, < IVLD(O) ey + [VL(O7) = VLD (O:) e, < (3/2)B]0x e, +v. (2.5.28)

Suppose [|0-[¢, > 4v/a. Then, (a/2)]6:(7, - v8-[e, > (a/4)]6:]7, and (3/2)B]6-|e, +v <

2[3|0+||¢,- Hence, using the learning rate n = we obtain

16627

1674117, < 16-17,(1 = ne/2 + 417 5%) < (1 - )H5 I7,- (2.5.29)

6452
Now, imagine the scenario |d- ¢, < 4v/a. We would like to prove that .1 satisfies a similar

bound namely [d7+1]¢, <5v/a. This is shown as follows.

1674117, < 18717, (L = na + (9/4)0* 82) + 200 |8+ e, + n* (3vB]8-]e, +12),

2
(1= SN, + A0l e (B0l 1),
16 1 3a a? |, 25,
(225 " eap "ot S a2” (2:5.30)

which implies ||d-11]|¢, < 5v/a. To get the final result observe that during initial iterations,

as long as || )¢, > 4v/a, we have

2

12832

6.2, < (1= )7 [60l, = 1. < (1= %) Aoy (2531)

6462

50



After the first instance |9, s, < 4v/a, iterations will never violate |d- s, < 5v/a, because
o If |d,]¢, <4v/o: we can only go up to 5v/a and d,41 < 5v/a.
o If 4v/a < |d-|¢, < 5v/a: we have to go down hence d-11 < 5v/a.

This completes the proof. m
The proof of Theorem 13 readily follows from combining our gradient convergence
result (i.e., Theorem 12) with Theorem 19. We begin by picking N > 16c3K? log?(3(LpN /K +

1))d/a? in Theorem 12 to obtain
IVL(O) = VLD(0)] e, < ()2)]0 = 0.4, + 2c00010g(3(LpN/K +1))\/d/N, (2.5.32)

with probability at least 1 —2Lpg — Llog({f—g) exp(-100d) for all @ € B4(0,,r). We then use
Theorem 19 with v = 2¢qog log(3(LpN/K + 1))\/d/_N and set ¢ = 10cy to get the statement
of the theorem. Lastly, observe that by choosing N > 16c3K?log?(3(LpN/K +1))d/a?, the
statistical error rate of our non-asymptotic identification can be upper bounded as follows,

Y% _ 10000’0

[0 o

log(3(LpN/K +1))\/d/N < oo/ K. (2.5.33)

Therefore, to ensure that Theorem 19 is applicable, we assume that the noise is small enough,

so that og $rK. This completes the proof.

2.5.7 Proof of Theorem 14

Proof. Our proof strategy is similar to that of Theorem 13, that is, we first show
the gradient convergence result for each component £, of the empirical loss £. We then
use Theorem 19 to learn the dynamics of separable dynamical systems using finite samples

obtained from a single trajectory.
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e Uniform gradient convergence: In the case of separable dynamical systems,
Assumption 4 states that, there exist numbers Lp,py > 0 such that with probability at least
1 - po over the generation of data, for all pairs 6,0’ € B4(0,,r), the gradients of empirical

and population losses in (2.3.20) satisfy
max (| VLyp(0k) = VLED(O) 6 VLS (Ok) = VL5 (0))0,) < Lo |0k = O [le,, (2.5.34)

for all 1 < k <n. Similarly, Assumption 5 states that, there exist scalars K, oy > 0 such that,
given x ~ D, at any point 8, the subexponential norm of the gradient is upper bounded as a

function of the noise level oy and distance to the population minimizer via
IIVLk(Bk,:c) E[Vﬁk(ok,m)nwl oo + KHOk 92“@2 forall 1<k<n. (2.5.35)

To proceed, using Theorem 4 with Assumptions 4 and 5 replaced by (2.5.34) and (2.5.35)
respectively, with probability at least 1 —npg — nlog({f—or) exp(-100d), for all 8 € B4(6,,r)

and 1 < k <n, we have

|V L1.s(0k) = VLED(Ok)| 1, < co(oo + K|, — 0} |6,) log(3(LpN/K + 1))\/d/N. (2.5.36)

e Small impact of truncation: Next, we relate the gradients of the single
trajectory loss £y in (2.3.18) and the multiple trajectory loss EA}f (defined below). Similar

0 (2.3.18), the truncated loss for separable dynamical systems is alternately given by

£ (8) = Z £ (),
(2.5.37)

where L (0;):= Z($t+1L — G(@r,L-1,215601))7,

2(T L) 2
where x; 1[k] denotes the ky, element of the truncated vector x; . We remark that

Assumptions 1 and 2 are same for both non-separable and separable dynamical systems.
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Therefore, repeating the same proof strategy of Theorem 11, with £ and £ replaced by ﬁ}f
and ﬁk respectively, with probability at least 1 — npg, for all 8 € Bd(G*, r)yand 1<k <n, we

have
IVLk(Ok) = VLI (8k) ey < 2n8,Cpp™ ' Dy (cuo + Cyll 0k — 65 [11,)- (2.5.38)

e Combined result: Next, we combine (2.5.36) and (2.5.38) to obtain a uniform
convergence result for the gradient of the empirical loss L. Observe that, similar to ﬁtr,
the truncated loss ﬁ}f can also be split into L truncated sub-trajectory losses (see the proof
of Theorem 12). Each of these truncated sub-trajectory loss is identically distributed as
EA;%S. Therefore, using a similar line of reasoning as we did in the proof of Theorem 12, with
probability at least 1 - Lnpg— Ln log(?—g) exp(~100d), for all @ € B(0,,r) and 1 <k < n, we

have

IVEE(8)) - VLED(Ok) e, < coo0 + K0k — 0} ],) log(3(LpN/K + 1))/ d/N.  (2.5.39)

Combining this with (2.5.38), with probability at least 1 — Lnpy — Ln log(f—(:) exp(-100d),

for all @ € B4(0,,r) and 1 < k < n, we have

|VLK(0k) ~ VLED(O) |6y < |VLE(O1) = VLED(Ok) |0y + | VLE(OK) = VLI (01) s
< co(oo + K6y — 65 ]¢,) log(3(LpN/K +1))\/d/N

+2n8.Cpp™ ' Dy (cwo + C50k = 65 ]1e,)- (2.5.40)

To simplify the result further, we pick L to be large enough so that the second term in the

above inequality becomes smaller than or equal to the first one. This is possible when

N log((2/co)n6+CpD¢~)\/N/J(cwa/ao vC3/K))

. | (2.5.41)

>[1
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Hence, picking L as above, with probability at least 1 —2Lnpy — Ln log({f—g) exp(-100d), for

all 0 € B4(0,,r) and 1 <k < n, we have

|VL1(B1) = VLLD(Ok) e, < 2¢0(00 + K6k = 07 ,) log(B(LpN /K +1))\/d/N,

Y (0/2)105 - 071, + 2c050 log(3(LoN/K + D)YWAIN, (2.5.42)

where we get (a) by choosing N > 16c¢2K2log?(3(LpN/K +1))d/a?.
¢ One-point convexity & smoothness: Lastly, Assumption 3 on the Auxiliary
loss L, p states that, there exist scalars 8 > o > 0 such that, for all 8 ¢ B.,r) and

1 <k <n, the auxiliary loss Ly p(6y) of (2.3.20) satisfies

(Gk -0y, Vﬁkjp(ek» > a6 - 05, ||§2, (2.5.43)

[VLkD(6k) e, < BlOK - Ok e, (2.5.44)

e Finalizing the proof: We are now ready to use Theorem 19 with gradient
concentration bound given by (2.5.42) and the OPCS Assumptions given by (2.5.43) and
(2.5.44). Specifically, we use Theorem 19 with v = 2¢yoglog(3(LpN/K + 1))\/J/_N, the
one-point convexity assumption (2.5.43) and the one-point smoothness assumption (2.5.44)

to get the statement of the theorem. This completes the proof. m
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Chapter 3

Bilinear System Identification

3.1 Introduction

Bilinear systems constitute an important class of nonlinear systems used in modeling
systems in a variety of domains from engineering to biology [88]. They, together with state
affine systems, also provide global approximators for more general nonlinear systems [89,90],
and have recently been invoked in the study of Koopman operators for systems with control
inputs [91-93]. Due to the ubiquity of bilinear models, identification of such models from
input-output data has also received interest in the literature both in continuous-time [94, 95]
and discrete-time [96]. However, a theoretical understanding of learning a bilinear model
from a finite noisy trajectory, and in particular, how the accuracy of the learned model
depends on the trajectory length is lacking. We aim to answer this question for discrete-time

bilinear models, learned from a single state-input trajectory using least squares.
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3.1.1 Relation to Prior Work

There is a growing body of literature on non-asymptotic properties and sample
complexity of learning dynamical systems. For linear systems, the recent results include
[22-25,28,50-52,54,55,60,97-99] that establish that accuracy of the learned models improve
at a rate O(1/V/T), where T is the trajectory length. These results are extended to certain
classes of switched [39,41,100] and nonlinear systems [29,31,34,101,102], where, with the
exception of [34], mixing-time arguments are used to ease the statistical analysis. One
shortcoming of such arguments is that while, in general, as the contraction rate or “stability"
of the system decreases, the signal to noise ratio increases and identification gets better due
to stronger excitation, mixing-time based arguments capture the opposite dependence [51].
By adapting the martingale small-ball condition as in [51], we show this shortcoming can

also be avoided for bilinear system identification.

3.1.2 Contributions

To summarize, we make the following contributions towards bilinear system identi-
fication: (i) For a bilinear system with state dimension n and input dimension p, the system
dynamics involve p + 1 matrices of size n x n. We estimate these dynamics with an error
rate O(\/W) Our error rate is optimal in terms of the trajectory length T" and the
dimension of the unknown matrices. (ii) Recently, [29] asked an important question, “Is
learning without mizing possible in situations beyond generalized linear models?” We provide
a positive answer to this by extending martingale small-ball argument to bilinear systems.

(iii) We correctly capture the dependence of random input and noise on the identification of
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marginally mean-square stable bilinear systems. Finally, we perform numerical experiments

to support our theoretical results.

3.2 Preliminaries and Problem Setup

3.2.1 Bilinear Dynamical Systems

We consider the identification of bilinear dynamical systems which are governed by

the state equation,

p
Tyl = Agmt + Z ut[kz]Ak.’L't + Wiyl (321)
k=1

Here x; € R" is the state, u; € RP is the input, and w; € R™ is the process noise at time ¢.
{Ax }ZZO e R™™ are the state matrices which govern the dynamics of the system. Throughout,

we assume that the input signal and noise are normally distributed.

Assumption 6 We have {u:};, “hd N(0,0621,) and {w;}{2, “E4 N(0,021,), where

Ou, 0w > 0.

Our primary goal in this chapter is to estimate the unknown state matrices { Ay }£=0 from
finite samples obtained from a single trajectory of (3.2.1). For this purpose, we introduce

the following concatenated matrix/vector notation,

A* = [Ao O'uAl UuAp]7
(3.2.2)

i
Z = [mz otu1]z] - o;lut[p]xz] =@,
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where A, e R+ 7, ¢ R"P*D) and we define 4 := [1 o3 'u] |7. With these definitions,

the state update equation (3.2.1) can alternately be written as,
Tyl = A*it + Wiy1. (323)

Suppose we have access to a single finite trajectory {(w, x¢, a:t+1)}tT=0 of the bilinear
dynamical system (3.2.1). Then, to carry out finite sample identification of A, using the

method of linear least squares, we define the following concatenated matrices,

T ~T T
Ty Ty wy

YTI

s XT = : 5 WT = : . (3.2.4)

T =T T
Triq Ly Wrq

To estimate the dynamics, we solve the following least-squares problem,

~ 1 .
A= argmin —| Yy - XrA"|%. (3.2.5)
AcRnxn(p+1) 2T

When the problem is over-determined, the solution to the least-squares problem (3.2.5) is
given by AT = (X7]X7) ' X] Y7 and the associated estimation error is given by, AT-AT =

(X}XT)_lX}WT. This implies that the estimation error can be upper-bounded as follows,

|A~ AL = |[(XFXr)  XEWr| < | XEWr| Auin(XFX 7). (3.2.6)

To make the problem (3.2.5) well-conditioned, we also need a stability guarantee on the
bilinear system (3.2.1). This will make sure that the design matrix X7 has smaller condition
number to help better estimation. However, because of the randomness in w;, the dynamical
behavior of the bilinear system (3.2.1) is also random. Therefore, it is common to define the
stability of bilinear dynamical systems in the mean-square sense [103], which is the topic of

our next subsection.
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Algorithm 1 Bilinear System Identification

Input: Trajectory {(u¢,®s, @41)}L, of bilinear dynamical system (3.2.1)
Estimate {A;}}_:

Construct {#;}L, according to (3.2.2)

Construct X7, Y7 according to (3.2.4)

Find the least-squares estimator A = ((X}XT)_lX}YT)T

We have Ag = A[:,1:n], and A, =0, ' A[: kn+1:(k+1)n]fork=1,...,p

Output: {A}7,

3.2.2 Mean-square stability of bilinear systems

Definition 20 ( [103]) The bilinear system in (3.2.1) is mean-square stable (MSS) if there

exists Too € R™ and X € RT*™, such that for any initial state xg, as t - oo, we have
|E[z:] - @oolle, > 0, [ E[ziz/] - Boo| > 0. (3.2.7)

Here the expectation is over the input sequence {u;};2,, the noise process {w:}yo, and the

initial state xg. In the noise free case (w; =0), we have Too =0 and o, = 0.

The mean square stability of the bilinear system in (3.2.1) is related to the spectral radius

of the following augmented state matrix [103],

p D
A=F@F+ Z Z'ykgAg@Ak,
k=1/¢=1

P
where F:= Ag+ > E[us[k]] Ay, (3.2.8)
k=1

and g = E[wg[K]ue[£]] - E[ue[F]] E[u.[]].

Moreover, under Assumption 6, this further simplifies to,

B D
A=Ay® Ag+0. Y Ap® Ay (3.2.9)
k=1
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From Proposition 3 in [103], A can be viewed as a mapping from E[z;2]] to E[zs2],,].
Specifically, in the noise-free case, we have vec(E[zi12],,]) = Avec(E[z;z]]). Therefore,
the bilinear system in (3.2.1) is MSS if and only if p(A) < 1. This leads to our second

assumption, which is stated as follows.
Assumption 7 The bilinear system (3.2.1) is marginally mean-square stable, i.e., p(A) < 1.

Using marginal mean-square stability, we can show that the second moment properties of

the states {x;};2, can be bounded as follows.

Lemma 21 Consider the bilinear system in (3.2.1). Suppose Assumption 6 holds and let A

be as in (3.2.9). Then, for all t >0, we have

-1
vec(E[z;x]]) = Alvec(E[zoz]]) + 05 > A'vec(I,),
i=0

-1
Bl < Cap(A) nElaol},] + o 3 Can(A)'
iz
Lemma 21 shows that if {w;}>1 = 0 and p(A) < 1, then starting from any initial state xg
with finite E[Hw()”?Q], the state ; exponentially converges to 0. This implies, when p(A) < 1,
the process noise can assist learning by providing excitation and not allowing the trajectory

to converge to 0.

3.3 Main Results

At the core of our analysis is showing that the random process {&; = U ® T4 }1>1

satisfies the martingale small-ball condition which is defined as follows.
Definition 22 (Martingale small-ball [22]) Let {F;}i»1 denotes a filtration and {Z;}i>1
be an {F}e1-adapted random process taking values in R. We say {Z; }+>1 satisfies the (k,v,q)-
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block martingale small-ball (BMSB) condition if, for any j >0, one has %Zf;l IP(|Z]-+¢| >
v ‘ .7:]-) > q almost surely. Given a process {xy}>1 taking values in R%, we say it satisfies
the (k,Tg,q)-BMSB condition for Ty > 0 if, for any fized v e ST, the process Z; = (v, ;)

satisfies (k,/v'T'gv,q)-BMSB.

To show that {&;}+1 satisfies BMSB condition, let F; := o(xg, ..., &, Ug, . .., U, W1, ..., W)
denotes the filtration generated by the states, the input and the noise processes when
t > 1. Furthermore, let Fj := o(xg,up). Then, x;,u; and w; become Fy-measurable and,

recalling (3.2.2), &; is also Fy-measurable.

Theorem 23 (BMSB condition for {&;}:>1) Consider the bilinear dynamical system in
(3.2.1). Suppose Assumption 6 holds and let &; be as in (3.2.2). Then, the process {&}i>1
satisfies the (k,CQJiIn(pH),q)—martz'ngale small-ball condition, with the constants k=1,c=

1/2 and q = 9/320.

The theorem above uses martingale small-ball with k£ = 1. We remark that using k£ > 1 is
expected to help capture the role of additional excitation terms in the BMSB lower bound,
specifically, the dependence on A. However, this requires bounding higher order moments
that involve cross-products of the input signal and noise terms and is left as future research.

We are now ready to state our main result to estimate the dynamics {Ay}?_, from

a single finite trajectory {(u¢,®s, @41)}L, of the bilinear dynamical system (3.2.1).

Theorem 24 (Bilinear system identification) Fiz ¢ € (0,1) and suppose we are given

a single trajectory {(us, @i, ®141)} g of the bilinear dynamical system in (3.2.1). Suppose
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Assumptions 6 and 7 hold, and the trajectory length T satisfies the following lower bound,

T 2 n(p+1) +log(120/(02,6)) +log(3/0),
(3.3.1)

where, T = C4(nE[|ao[,] + o%nT)(p+1).

Then, with probability at least 1 -6, Algorithm 1 ensures

maX{HAo ~ Ao, {ou] Ax - Ax| }Zzl} S \/n(p D As log(IQFI{(J%é)) * log(3/5)‘ (3.3.2)

In words, (3.3.2) ensures the estimation of all state matrices as soon as the sample size
exceeds the effective degrees of freedom n(p +1). The estimation of {Aj}};_; naturally
depends on the input strength, as u,[k] is a multiplier of Ay in (3.2.1). Please note that
Theorem 24 only holds under the condition that p(A) < 1. This implies that we cannot
increase o, arbitrarily to obtain better estimation. This is because, under Assumption 6,
we have A = Ay ® Ag + 03 Zizl A ® Ap. Therefore, the largest possible o, is given by
Ou,max ‘= max{oy, >0: p(Ag® Ag + o2 Zi:l Ap® Ap) <1}

Our estimation error is independent of the noise variance 2. This is because the
size of the noise variance o2, directly influences the size of the states leading to a cancellation
in the signal-to-noise ratio. On the other hand the size of the input variance o2 indirectly
influences the size of the states by influencing the spectral radius of A. As a result, increasing
o2 helps learning. These observations are further strengthened by numerical experiments in
Section 6.2.

Unlike the existing results [29,33,71,101] on finite time identification of nonlinear
dynamical systems, the error bounds in Theorem 24 do not degrade with increasing instability.
We emphasize that, our result guarantees identification even in the case of non-mixing bilinear

systems. This shows learning without mixing is possible beyond generalized linear models.
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3.4 Proofs of the Main Results

3.4.1 Proof of Theorem 23

Proof. In this subsection, we will show that the random process {&;}>1 satisfies
(1,020121,In(p+1),q)—BMSB condition, for some constants c¢,q > 0. For this purpose, we
need to show that, for any fixed v € S"P*D1 the random process {Z;}is1 = {(v, %)} 21
satisfies (1,cow||v|s,,q)-BMSB condition, that is, for any j > 0, we need to show that
P(|Zjs1| > cowl|v|e, |.7-"j) > ¢ almost surely. To proceed, for any j > 0, consider the

concatenated state vector,

Tj+1 A*jj + Wiji1
~ 0;1Uj+1[1]$j+1 ’l_LjJrl[l](A*ij + 'wj+1)
Zj = = , (3.4.1)
olujpleia | [ [p](AE; + wji)
o iid.

where we set u; = oy, uy, so that {@;}52, "~ N (0,1,). To proceed, using (3.4.1), we have
that
Zj+1 = (’U, ij+1> = <’Uo + ﬁj+1|:1]’l)1 + -+ ﬁj+1 [p]’l)p, A*fj + 'wj+1) , (342)
T

where we set v = [vg v] - v,]" such that v; := v[ni+1:n(i+1)]. Next, we concatenate

v;’s to form the matrix,
V :=[v; --vp] e R, (3.4.3)

Combining this with (3.4.2), we have that Z;,1 = (vo + Vuji1, A.Zj + wjs1). Therefore, we

are interested in lower bounding the following probability,

=P (’ <’vo + Vﬁj+1, A*Cf:j + wj+1) ‘ > COy ”’ng2 ‘ f]) (3.4.4)
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To lower bound the probability in (3.4.4), we define the following three events,

£, = {] (v + Vi1, AuZj + wji1) | 2 cow|v]e, ‘ fj},

Ew = {[(vo+ Viij1, Acdij + wja1)| 2 owlvo + Vit e, | 75}, (34.5)

Eu = {|vo + Vajiile, 2 clvle, | F}-
Note that, &, n &, c &,. This implies that, we have, P(E,) >P(E,n &) =P(Ew | EP(EL).
Therefore, to lower bound the probability of the event &, it suffices to lower bound the
probability of these two events: &, ‘ &, and &,.

(a) P(E, | Eu): Given that, we have wj.1 ~ N'(0,021,), for any fixed vector g €

R", (q, A.Zj + wji1) |.7:j ~N({q, A.&;),02% ||q||%2) Therefore, integrating the probability

density function of a standard Gaussian random variable, it can be shown that,
P(|{g, A.Zj +wji1)| > owlale, | F;) > 3/10. (3.4.6)

We obtain the above result by integrating the probability density function of a Gaussian

random variable as follows,

VaeR Py o+ Z20)2Pzn002) 2] 20) = Prpnon) (1212 1),
=1 _PZ’NN(O 1)(|Z,| < 1) =1-2 [1 Le—za/gdz,,
’ 0 27

>1-2(7/20) = 3/10. (3.4.7)

To proceed, setting q = vo + Vu;1 and p = A, &; + wj,1, let fo(q), fp(p) denote the

probability density functions of the random vectors g ‘ Fj and p | Fj, respectively, under
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the event &,. Observe that g | Fj and p ‘ Fj are independent under &,. Therefore, we have

P(Ew | €u) = f f fo(@) fp(P)1((gp>0ulale,) P44,

- [ 10@) [ 1oV apsmataidpda 2 (310) [ fa(a)a=3/10, (3.45)

P({g:p)z0wlql¢,) for fixed geR™

where 1(.) denotes the indicator function, and we obtain (i) from (4.5.4). Hence, we showed
that P(E, | £,) > 3/10.
(b) P(€,): Next, to lower bound the probability of the event &,, we consider the

following,
[vo + V|7, = lvollZ, + IVl +2(vo, Vi),
(3.4.9)
= ||,U0H%2 + ||Vﬁ]+1||?2 + 2 <VT’UO’ ﬁj+1> ‘
Let &z = {H'UOH%2 + HV’EL]'+1||%2 >E} and & = {{(Vvg,uj.1) > 0}. Since uj,q is rotationally
invariant and VTwy is a fixed vector P(&,) = 1/2. More generally, &= and &, are independent

again due to rotational invariance (sign and magnitude of w;,; are independent). Combining

this with (3.4.9), for any =, we have

P(Jvo+ Vg7, > E) 2 P(E2nEx) = 0.5P(|vo|2, + |V |7, > E). (3.4.10)

Therefore, to lower bound the probability of event &,, it suffices to lower bound the probability
of the event {HVﬁjHHEQ > ¢|V||%}, for some constant ¢ > 0. Let V have singular value
decomposition V = QER" with |V |% = |£|% = ¥, 02, Furthermore, since ;41 ~ N'(0,I,)

i=1"1"

and @, R are orthogonal matrices, we have g := R'uj.1 ~ N (0, I,,). Therefore, we have

p
IVagal?, = QSR a3, = |SR ajnl, = |Sgl7, = Y o?glil. (3.4.11)
=1
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This further implies,

BV 3] - E[ S oflif] - 3 o2 Elali] - o2 - V3. (3.4.12)

Similarly, we also have,

p p p D
BlIVajali) =E[(Xofglil’)’] =B [ L olglil' + 32 3 ofofalilali’]
P PoE .2'2(01)41)1)22
=20l ZZ oiosElg[i]*g[i1’1 = 3) 07 + Y. Y 0707, (3.4.13)
=1 i=1;=1 i-1 i=1j=1
J#i i

p
2
<3(207) =3IV,
i=1
where we get (i) from E[g[i]*] = 3 and the independence of g[i] and g[j] for all i # j.
Combining (3.4.12) and (3.4.13) with the Paley-Zygmund inequality, for a fixed v € (0,1),

we have 5 19
i ] B[ Vi,
B (IValf, 2 7BV 1) 2 (-9 g
J+1lgy
_ 1 3.4.14
— P(IVagalf, 22IVIE) > (-9, (3419

= P(|Valz, > (1/9|V]E) = 3/16,

where we obtain the last line by setting v = 1/4. Finally, combining (3.4.10) and (3.4.14),

we have

P (|vo + Va7, 2 |vol7, + (1/4) i loil7,) > (1/2)(3/16) = 3/32. (3.4.15)

=1

Combining this with |v]7, = 7 |vs]7,, we obtain
P(Jvo+ Vjeile, > (1/2)|v]e,) > 3/32. (3.4.16)

Hence, setting ¢ = 1/2, we found that P(&,) > 3/32. Putting all together, we have
P(E:) > P(Ey | €4)P(E,) > 9/320. This verifies our claim that the process {&;}s;1 sat-

isfies (1, czavan(pH),q)—BMSB condition, with the constants ¢ =1/2 and ¢ =9/320. =
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3.4.2 Proof of Theorem 24

Proof. For the sake of completeness, before we present the proof of Theorem 24,

we present a meta result from [22] which will be used to prove Theorem 24.

Theorem 25 (Meta-theorem [22]) Fiz § € (0,1), T € N and 0 < T'y, < T. Then if

(mt,yt);‘il e (RYxR™)T is a random sequence such that (a) y; = A, + wy, where w; ‘ Fia

is 02 -subgaussian and mean zero, (b) x1,...,xr satisfy the (k,Tg,q)-small ball condition,

and (c) such that P( X, @] £ TT) < 6. Then if

T> f_zk( log(1/6) +2dlog(10/q) +log(det(TT))),

we have

9004, \/n +dlog(10/q) +log(det(TT})) +log(1/6) ) <35
q T)\min(rsb) B .

IP’(||A(T) -A >

Our proof strategy is to verify that the conditions (a), (b), and (c) of Theorem 25 hold for
the bilinear dynamical system in (3.2.1) and then apply Theorem 25 to estimate A..

(a) Sub-gaussian noise: Following the re-parameterization in (3.2.3), we have
X111 = ALy + w1 Moreover, under Assumption 6, the process noise wy|F;—1 is qu—
subgaussian and mean zero.

(b) BMSB condition: Theorem 23 proves that the random process {&;}»1 satisfies
(1, CQUZ,In(pH),q)-BMSB condition, with the constants ¢ = 1/2 and ¢ = 9/320.

(c) State correlation bound: Recall the definition of @, &; from (3.2.2) and X7z

from (3.2.4). We have

T T
| X7 Xr| =) (@) (a; ®x;)| = | ) (@i ®xix;)l,
= = (3.4.17)

1

T T
~ . ~ 12 2
< 2o laeag | ey | < 3 e, |7,
t=1 t=1

—~
=
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where we obtain (i) from the triangle inequality and the fact that |C ® D| < |C||D|. This

further implies,

L ro. (i) I
E[|X7Xrl] < Y Ellacz, =171 < 3 (p+1)C4(nE[|2olz,] + onnt),
t=1 t=1 (3.4.18)

<TC4(nE[|zo|7,] +opnT)(p+1),
where we obtain (ii) from the independence of u; and ;. Moreover, we have E[||u; H%Z] =
1+0,? E[HutHi] =1+p, and we use Lemma 21 along with Assumption 7 to bound E[ ||, ||?2]

Hence, setting
T:=Cz(nE[|zo|7,] + oonT)(m + 1), (3.4.19)
we have, E[| X7, #:#] ] = E[| X].X7|] < TT. Next, we use Markov inequality to show that

T T
P(Y @& £ (TT/6) 1, p1)) =P (Amax (D &:&] ) > TT/6),
= =t (3.4.20)

<E [Amax(i &,&])|s/(TT) <.
We are now ready to use Theorem 25 from [22] to obtain our final result.
(d) Finalizing the proof: In Theorem 25, we set T' = (1/5)CA(nIE[||:1:O||§2] +
o2nT)(p + DI, pe1y, Top = (1/4)03,In(p+1), k=1, ¢ =9/320, and d = n(p+1). This
gives,

LTy =40/ (03,0) L) = (4/6)C 5 (nE[|20|7,1/o% + nT) (p+ 1) Ly(pen)- (3.4.21)

Using this in Theorem 25, and replacing § with §/3, when the trajectory length T satisfies,

T 2 n(p+1)+log(12I'/(c26)) +1log(3/6), (3.4.22)
we have
IP)(||A—A*|| ) \/n(p+1)+1og(12fT/(agua))+1og(3/a) )2 s (3.423)
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Finally, using the fact that the spectral norm of a sub-matrix is upper bounded by that of

the original matrix establishes the statement of the theorem. This completes the proof. m

3.4.3 Proof of Lemma 21

Proof. To begin, consider the following
vec(E[zp1a7.,])

= VeC(E |:((A0 + i ut[k]Ak)a:t + wt+1)((A0 + i ut[k]Ak)act + wt+1)T])
k=1 k=1

: p
© vec(E [(AO + Z u[k]Ag)xixy (Ao + Z Ut[k]Ak:)T] + E[thrlw;rl])a

k=1 k=1
(ii) 2 D T 2
= E|(Ao+ ), wi[k]Ar) ® (Ag+ Y wi[k]Ap)vec(xpx; ) |+ vec(oyI,),

k=1 k=1
p
(i) (A() ® Ag+ 02 Y AL® Ak)vec(E[mtth]) + o2 vec(I,),
k=1

= Avec(E[z;z] ) + 02 vec(I,), (3.4.24)

where we get (i) from the independence of u; and @, (ii) from the linearity of vec(-) operator,
and (iii) from Assumption 6. Here we use the definition of A from (3.2.9). Repeating the

recursion in (3.4.24) till ¢ = 0, we have

~ t_l ~
vec(E[zz;]) = A'vec(E[zoz]]) + 05 ». A'vec(I,). (3.4.25)
i=0
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Next, using (3.4.25), we bound the expected squared Euclidean norm of the states {x:};5,
as follows,

n
E[Hth?Z] = E[z]z;] = E[trace(z;x; )] = trace(E[x;x/ ]) Z E[zx;])

w3 M(S[wa]]) = VilElza ]l = Vilvee(Elwa] D],

~ t_l ~
= \/ﬁ||Atvec(E[ac0:B8]) + J,Z, Z A'vec(I,,)|e,,
i=0

~ t_l ~
< V| A'vec(E[zozg)) e, + Vnllo, 3 A'vee(In)| e,

=0
At 2 (e
T
<Vl A vec(E[zozg]) e, + opv/n ) A vee(In) e,
=0

~ t_l ~ .
< Cap(A)'Vn|E[zozp ]| r + ogn Y. Cip(A)
=0

~ t_l ~ .
< Cip(A)nE[[|zol7,]+oon Y. Czp(A),
=0

where \;(E[z;x]]) denotes the j-th eigenvalue of E[a;x/ ], for j =1,...,n. This completes

the proof. m
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Chapter 4

Learning Markov Jump Systems

4.1 Introduction

A canonical problem at the intersection of machine learning and control is that
of adaptive control of an unknown dynamical system. An intelligent autonomous system
is likely to encounter such a task; from an observation of the inputs and outputs, it needs
to both learn and effectively control the dynamics. A commonly used control paradigm is
the Linear Quadratic Regulator (LQR), which is theoretically well understood when system
dynamics are linear and known. LQR also provides an interesting benchmark, when system
dynamics are unknown, for reinforcement learning (RL) with continuous state and action
spaces and for adaptive control [104-109].

A generalization of linear dynamical systems called Markov jump linear systems
(MJSs) models dynamics that switch between multiple linear systems, called modes, according
to an underlying finite Markov chain. MJS allows for modeling a richer set of problems where

the underlying dynamics can abruptly change over time. One can, similarly, generalize the
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LQR paradigm to MJS by using mode-dependent cost matrices, which allow different control
goals under different modes. For instance, a Mars rover optimally exploring an unknown
heterogeneous terrain, optimal solar power generation on a cloudy day, or controlling
investments in financial markets may be modeled as MJS-LQR problems with unknown
system dynamics [110-114].

While the MJS-LQR problem is well understood when one has perfect knowledge of
the system dynamics [115,116], in practice, such knowledge is not always possible, and one
may have to resort to adaptive control. Earlier works have aimed at analyzing the asymptotic
properties (i.e., stability) of adaptive controllers for unknown MJSs both in continuous-
time [117] and discrete-time [118] settings. However, despite the practical importance of
MJSs, non-asymptotic sample complexity results and regret analysis for MJSs are lacking.
When the Markovian modes switch in an i.i.d. fashion, and the Markov matrix is the only
unknown, recent works study data-driven stability verification [119] and stabilization [120]
with non-asymptotic guarantees. However, it is difficult to extend these works to more
general MJSs with completely unknown dynamics. One major challenge brought by MJSs is
that one needs to consider both the state/input in the continuous space and the Markovian
mode switching sequence in the discrete space. Furthermore, the state data generated by
the same mode are temporally separated with the mode switching, thus having time-varying
statistical properties and posing difficulties to sample complexity analysis.

One advantage of MJSs is that, stability is only required in the mean-square sense,
which relaxes the deterministic counterpart that is commonly needed for non-switched

systems. This, however, brings new challenges to the analysis since unstable realization is
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Average Over Realizations
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Figure 4.1: State trajectories for a two-modes MJS: Mode 1: x4 = 1.2ay,
Mode 2: z11 = 0.7z, Markov matrix [[0.6,0.4]7,[0.3,0.7]"]", and zo = 1. Blue
and red curves: mode switching sequences € = {1,1,...} and Q2 ={2,2,...}.
Yellow curve: average over all realizations. Gray area: region for all possible
trajectories.

possible with mean-square stability. Figure 4.1 shows an example (adapted from [116]) of an
MJS that is stable in the mean-square sense despite having an unstable mode. Clearly, under
an unfavorable mode switching sequence, the system trajectory can still blow up. Therefore,
statistical tools such as high probability light-tail bounds are not applicable without strong
assumptions on the joint spectral radius of the system (cf. [57]). Perhaps more surprisingly,
there are examples of MJS with all modes individually stable, however due to switching,
the system exhibits an unstable behavior on average, and the MJS is not mean-square
stable [116, Example 3.17]. Therefore, finding controllers to individually stabilize the mode
dynamics does not guarantee that the overall system will be stable when mode switches
over time. This more relaxed notion of mean-square stability presents major challenges in

learning, controlling, and statistical analysis.

4.1.1 Relation to Prior Work

Our work is related to several topics in model-based reinforcement learning, system

identification, and adaptive control.
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e System Identification: Learning dynamical models has a long history in the
control community, with major theoretical results being related to asymptotic properties
under strong assumptions on persistence of excitation [20]. The problem becomes harder
for hybrid and switched systems where the initial focus was on computational complexity
as opposed to sample complexity of learning [121,122]. There are some recent results on
asymptotic consistency [123] in the stochastic jump systems, a special case of MJSs where
the modes switch in an i.i.d. manner. Identification of MJSs with hidden mode sequence
has also attracted significant attention [124,125].

e Sample Complexity of System Identification: There is a recent surge of
interest toward understanding the sample complexity of learning linear dynamical systems
from a single trajectory under mild assumptions [61], using statistical tools like martingales
[22,24,25] or mixing time arguments [26,27]. Recently, [28] provides precise rates for the
finite-time identification of LTI (linear time-invariant) systems using a single trajectory. The
literature gets scarcer for switched systems. In [126], a novel approach based on Lyapunov
equation is proposed for systems with stochastic switches, yet theoretical guarantees are
lacking. [57] is one of the early works — and it seems to be the only work not assuming
persistence of excitation — to provide finite sample analysis for learning systems with
stochastic switches, yet with additional strong assumptions like independent switches and
small joint spectral radius. The proof techniques developed within our work aim to obviate
such assumptions. We tackle the open problem of learning MJS from finite samples, obtained

from a single trajectory, with theoretical guarantees under mild assumptions.
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4.1.2 Contributions

We provide the first comprehensive system identification and regret guarantees for
learning and controlling Markov jump linear systems using a single trajectory while assuming
only marginal mean-square stability (see Definition 26). Specifically, our contributions are
as follows': We provide an algorithm (Algorithm. 2) to estimate the MJS dynamics with an
error rate of O(W), where n and p are the state and input dimensions respectively,
and T is the trajectory length. Our error rate is optimal in terms of the trajectory length T°

and the dimensions (n and p) of the unknown matrices.

4.2 Preliminaries and Problem Setup

We consider the identification and adaptive control of MJSs which are governed by

the following state equation,

Tl = Aypy® + Bygyue +wy st w(t) ~ Markov Chain(T), (4.2.1)

where x; € R", u; € RP and w; € R™ are the state, input, and process noise of the MJS at time
t with {w;}52, i N (0,02 1I,). There are s modes in total, and the dynamics of mode i is
given by the state matrix A; and input matrix B;. The active mode at time ¢ is indexed by
w(t) € [s]. Throughout, we assume the state x; and the mode w(t) can be observed at time
t. The mode switching sequence {w(t)};2, follows a Markov chain with transition matrix
T € R such that for all ¢ > 0, the ij-th element of T' denotes the conditional probability
[T]ij =P (w(t+1)=j|w(t)=1) for all 4,j € [s]. Throughout, we assume the initial state

xo, the mode switching sequence {w(t)};2, and the noise {w;};°, are mutually independent.

Lorders of magnitude here are up to polylogarithmic factors
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We use MJS(Aq.s, Bi:s, T) to refer to an MJS with state equation (4.2.1), parameterized by
the matrix tuple (Aj.s, By, T). We call a sequence of controllers K5 := {K,..., K} a
mode-dependent state-feedback controller for the MJS if the input is given by u; = K1) @:.
Under K., the MJS becomes closed-loop with state matrices Lq.s where L; := A; + B; K.

Due to the randomness in the mode sequence {w(t)};2,, it is common to consider

the stability of MJS in the mean-square sense which is defined as follows.

Definition 26 (Mean-square stability [116]) We say the MJS in (4.2.1) is mean-square
stable (MSS) if when setting u; = 0, there exists oo, Xoo Such that for any initial state xg

and mode w(0), as t - oo, we have
|E[@] - oo, = 0, [E[@e]] - Deo| -0, (4.2.2)

where the expectation is over the Markovian mode switching sequence {w(t)}i2,, the noise
{w}i2, and the initial state xg. In the noise-free case (i.e., wy = 0), we have T = 0,
Yo = 0. We say the MJS in (4.2.1) is (mean-square) stabilizable if there exists mode-
dependent controller Ki.s such that the closed-loop MJS Ty = (A + Bu) Kuw)) Tt s

MSS. We call such Ki.s a stabilizing controller.

Similarly to the Lyapunov stability of LTI systems, MJSs also have the spectral
radius criterion to determine the MSS. For notation brevity, let Li.; denote the MJS
state matrices, where L; = A; + B; K, for the closed-loop case and L; = A; otherwise.
Define the augmented state matrix L e Rs"sn” with the ij-th n?xn? block given by
[L);j := [T);iL;j ® L;. Then, p(L) < 1 if and only if the MJS is MSS [116, Theorem 3.9].

This follows from the fact that the matrix L maps E[z:x; | to E[z12;, ] (see (4.4.5) in the

appendix). Particularly, when the MJS has p(L) < 1, we refer to it as marginally MSS. The
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notions of marginally (mean-square) stabilizability and marginally (mean-square) stabilizing
controller follow similarly.

e System Identification: System identification problems seek to estimate unknown system
dynamics from a single (or multiple) trajectory(ies) of the system’s states, inputs and mode
observations. In the MJS setting, our goal is to estimate the state/input matrices Aj.s, Bi.s
and the Markov transition matrix T' from a single trajectory of the system’s states, inputs
and mode observations {x;,u;,w(t)},, and provide finite sample estimation guarantees.

In this work, the main assumption for the MJS to be identified is as follows.

Assumption 8 The MJS in (4.2.1) has ergodic Markov chain and is marginally mean-

square stabilizable.

Ergodicity guarantees that the distribution of the mode sequence w(t) converges to a
unique strictly positive stationary distribution [127, Theorem 4.3.5]. Throughout, we
let o € RS denote the stationary distribution of T' such that wl, = w, T, and define
Tmin = MiNje[] Too (1), Tmax = MaX;e[s] Too (7). Ergodicity ensures that the MJS could have
enough “visits” to every mode i € [s], thus providing enough number of samples to learn
[T]i:, A; and B; for all i € [s]. We further define the mixing time [128] that describes how

fast a Markov chain converges to its stationary distribution.

Definition 27 (Markov chain mixing time) Consider an ergodic Markov matriz T €

RS with stationary distribution e € RS. For € > 0, define the mizing time as
. 1
tyc(e) =min{teN: max 5\\([Tt]i,;)T ~ ooy <€} (4.2.3)
€| S

Particularly, when the parameter € is omitted, ty;o = tMc(i).
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Algorithm 2 MJS-SYSID

Input:A marginally mean-square stabilizing controller Kj.,; variances o2, and o2; MJS

trajectory {x, z,w(t)}ly, generated using inputs u; = K ,(1yT; + 2z;; exploration niose
iid.

{ze}o ™ N(0,021,)
Estimate A;., Bi.s: for all modes i€ [s] do

Si={t]w(t)=14}

(-:)171-7 (:)271» = arg min ﬁ Ytes, |Tie1 — Or124 /00 — @ta/O'zH?Q

O 1eR"MX" @oeR"*P

Bz‘ = (:)271'/0'2 and Az = (':)l,i/gw - Bsz

Estimate T: [T]ij = S/ 1(w(-1)=iw(t)-j)/ Zie1 Lw(t-1)=0)

Output:fil;s, El:s7 T

As mentioned earlier, MJS presents unique statistical analysis challenges due to
Markovian jumps and MSS. In the following, Section 4.3 presents our system identification

procedures together with theoretical guarantees overcoming these challenges.

4.3 Main Results

Our MJS identification procedure is given in Algorithm 2. We assume one has
access to an stabilizing controller K15 to start the identification, which has been a standard
assumption in data-driven control of LTI systems [50,129-132]. Note that, if the open-
loop MJS is already marginally MSS, then one can simply set Ki.; = 0 and carry out
MJS identification. Given an MJS trajectory {w, z;,w(t)}l, generated using the input
Uy = Kw(t):ct + z;, we solve s least-squares regression problems to estimate Aj.s, Bi.s.

Moreover, using the empirical frequency of observed modes, we estimate T'.
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The following theorem gives our main results on learning the dynamics of an
unknown MJS from finite samples obtained from a single trajectory. One can refer to

Theorems 32 and 36 in Section 4.4 for the detailed theorem statements and proofs.

Theorem 28 (Identification of MJS) Suppose we run Algorithm 2 with the trajectory

length T > max {2TO,@(M)}, where Ty := tyro(Tmin/2) and 7 := @( 1 /ﬂ'm%chO)'

7T'min(l_’Y Tmin

Suppose, {z}L, il N(0,021,) and {w}L, i N(0,021,). Then, under Assumption 8,

with probability at least 1 -6, for all i€ [s], we have

max{—22— | A, - A, 22| Bi - Bi|y < O | L) os(D) )
w0z Ow Tmin (1 =7)T (43.1)
A (1 [log(T
ot |7 -7 0 Ly 5D
Tmin

Proof sketch: Let h; =[x} /oy 2/ /0.]" and O := [0y, (A; + B;K;) 0.B;] for all i € [s].
Then the output of each sample in {(@1, @, 2t,w(t)) }1es, can be related to the inputs as

follows,
Tip+1 = @:htk + Wy, for k= 1,2,..., |Sz|7 (432)

where we set S; = {t ‘ w(t) =i} = {t1,t2,, s, }. This shows that, for each i € [s], the
problem of estimating (A;, B;) is equivalent to the problem of estimating @; from the
sequence of covariate-response pairs (hy,, @y, +1)k21. Specifically, following Algorithm 2, we
solve a regression problem. For this purpose, we define the following concatenated matrices:
Y; has {x], | }tes, on its rows, H; has {h] }1es, on its rows and W; has {w] }ses, on its rows.

Observe that, we have Y; = H;® " + W; and the regression problem in Algorithm 2 becomes,

N 1
©] = argmin ——

Y, - H,O|>%. 4.3.3
i &meﬂ&ﬂz i0; |7 ( )
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When the problem is over-determined, the solution to the least-squares problem (4.3.3)
is given by (:)ZT =H j Y; = (H H;)"'H]Y; and the associated estimation error is given by,
@i—QZ = ((H;Hz)_lﬂjwl)T This implies that the estimation error can be upper-bounded
as follows,

| H Wi

©,-0|=|(H H)'H'W,;| <« ——"_
I i =1(H; H;)" H; Wi| N (FLTHL)

(4.3.4)

We upper bound the estimation error in (4.3.4) as follows: (a) First, we prove that the
covariates process {htk}fjl satisfies (k, In+p,q)-block Martingale small-ball condition, with
the constants k = 1 and ¢ = 3/10. (b) Next, we use Assumption 8 and Markov inequality
to show that P(H]H; % (|Si|l'/6)I,4p) < 6, for some T' = O(T). (c) Next, we use As-
sumption 8 (ergodicity) and Freedman’s inequality to show that, using T' > 2Tj, where

T := tpe (Tmin/2), we have IP’( N;_1{|Si| > Trmin(l—'y)T}) >1-0, where y := @(ﬁ\ / —”m;"TO).

Finally, we combine (a), (b) and (c) with Theorem 2.4 from [22] to obtain our main result

on single trajectory learning of A.s, B1:s. [ |

Our system identification result achieves near-optimal (@(W )) dependence
on the trajectory length T'. Note that the overall sample complexity grows as T' 2 (n+p)/Tmin-
A degrees-of-freedom counting argument would show that the dependency of T' 2 (1+p)/Tmin
is optimal. The reason is that, each vector state equation we fit has n scalar equations.
The total degrees of freedom for each dynamics pair (A;, B;) is n x (n +p). Additionally,
for the least-frequent mode, in steady-state, we should observe my,i, T equations. Putting
these together, we would minimally need n x T > n x (n + p), which means we need
T > (n+p)/Tmin samples to estimate the MJS dynamics (Aj.s, B1:s). Note that, our sample

complexity is not effected directly by the number of MJS modes s. However, s indirectly
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effects sample complexity via mmin, which is the probability of least-frequent mode in the
steady state.

It is well known that the least squares problem has a unique solution when the
regressor matrix has full rank. For the least squares problem in Algorithm 2, the unknown
input matrix B; has regressor given by the random exploration noise {z;}s,, which can
be guaranteed to be full-rank when z; has non-degenerate covariance. This ensures one
can uniquely recover B; thus is the reason we apply the additional z; to the input w;. On
the other hand, the regressor {x; }s, associated with the state matrix A; is automatically
guaranteed to be full-rank due to the presence of the additive process noise w; in the MJS
dynamics (4.2.1). This implies that, when Bj.s are known a priori, the exploration noise z;
is no longer needed, and one is still able to learn the remaining A1.s. The sample complexity

guarantee for this case is provided in Corollary below.

Corollary 29 (Identification with known By.;) Consider the same setting of Theo-
rem 28. Additionally, suppose Bi.s are known. Then, setting o, = 0 and solving only

for the state matrices, with probability at least 1 -0, for all i € [s], we have ||Az - A <
A / (n+p) log(T)
O( Wmizn)(l—g’y)T )

In Corollary 29, we show that, when Bj.s is assumed to be known, Ai.s can be estimated
regardless of the exploration strength o,. This is because the excitation for the state matrix

arises from noise wy.
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4.4 Proofs of the Main Results

4.4.1 MJS Covariance Dynamics Under MSS

Consider MJS(Ay:s, Bi:s, T') with process noise w; ~ N (0,X,,) and input u; =
Kw(t)mt + z; under a stabilizing controller K7.; and excitation for exploration z; ~ N'(0,3,).
Let L; := A; + B;K; be the closed-loop state matrix. Let L e R*">*7” be the augmented
closed-loop state matrix with ij-th n?xn? block given by [L];; = [T];;L; ® L;j. Let 13 >0
and p; € [0,1] be two constants such that | L] < Tip% By definitions of 7(L) and p(L), one

can choose them for 7; and pj, respectively. Let 3;(t) := E[xix{ 1(y1)=) ], 2(t) = E[zix] ],

vec(X1(t)) i1 me-1(3) T (B © By)

St = , Bt = 5 and ].:_[t = 7Tt ® In2. (441)

vec(S,(t)) 5y m1()Ts(B; © By)
The following lemma shows how s; depends on sy, ¥, and ¥,,, which will be used to upper

bound E[H%Hi] in Lemma 31.

Lemma 30 The vectorized covariance s; has the following dynamics,
si=L'sy+ (B;+ LB;_1 +--+ L' 'By)vec(Z,) + (IT; + LII;_; + - + L' 'TI; )vec(Zy,).

Proof. To begin, we evaluate X;(¢), from the equivalent MJS dynamics @1 =

L, yxt + By,1) 2t + wy, as follows,

M«

El@i121 1 (w1)=i)] = ‘ E[Ljx:x; Lil(e(141)=iw(t)-5)]

J

' (4.4.2)

™

+ E[sztz;rB]T1(w(t+1):i,w(t):j)] + E[wtwgl(w(t+1):i)].

1

J
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Since wy ~ N(0,X,,) and z; ~N(0,X,), we get
S S
Ei(t + 1) = Z EZLJEJ(t)L; + Z ﬂ't(])fTﬂB]EzB;— + 7Tt+1(’i)2w. (443)
j=1 j=1
Vectorizing both sides of the above equation, we have
S
VeC(Ei(t + 1)) = Z T’]Z(Lj ® Lj)vec(Ej(t))
j=1

+Z7Tt(j) ji(Bj ® Bj)vec(X,) + w1 (i) vec(Zy). (4.4.4)

Stacking this for every i € [s], we obtain

vec(X1(t+1)) vec(X1(t))

Il
[l

+ Bt+1vec(2z) + 1:It+1vec(2w). (4.4.5)

-vec(Es(t+ 1)) -vec(ES(t))‘

Propagating this dynamics from t to 0 gives the desired result. m
We next provide a key lemma that upper bounds E[|z|7,] and |2(¢)]r, which

are later used extensively in system identification analysis.

Lemma 31 For E[Hthi] and |X(t)||r, under MSS given in Definition 26, we have
¢
Elllze]7,] < vnsty (g Ellzolz,] + V| B *[ 2] Z P+ V]S let{t ), (4.4.6)
=
¢
IS F < Vo (p% EllzolZ,] + Vil Bus|*[[ 2] Z prt VNSl Y pp"). (447)
t'=1 t'=1

Proof. First we derive an upper bound for E[|a]7,]. The upper bound for

|3(t)| r follows similarly. For state x;, we have

DIEAAE

™

~
1l
—_

Ell2tl7,1 (=] = thﬂce (Bl L@y-p]) = Ztrace(Ei(t))v

S YA(EAD) < [ns D0 Y AAE(D) < nsz 122 (4.4.8)

15=1 i=1j=1

Mm

7
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Then, by definition of s; in (4.4.1), we have

Ellzl7,] < vns|sie,- (4.4.9)

Now, applying the dynamics of s; from Lemma 30, we have

t t N , N
Elllz:l7,] < vas(IL[solle, + Y0 IL™" [1Bevec(E:)le, + 3 ILT" || Hevec(Sw)le.)
t'=1 t'=1

¢ t ~
<vnsti(ppllsole, + 3 pp " [ Bevec(E2) e, + 3 o7 " [Tlrvee(Sw)le, ),
t'=1 t'=1

(4.4.10)
where the second line follows from |L!| < Tip%.
Now, we evaluate |sg|g,, | Brvec(3,)]s,, and |[IIyvec(Ey) |, separately. For the

first term, we have

1=1

Isolle, = Z 12 (0) [ = \/ZS: 0 (i)?|Elzoxg] | < [E[zoxg]|r <E[l@of7,].  (44.11)

Let [By]i denote the ith block of By, i.e., [Btr]i =i m-1(j)Tj(Bj ® Bj), then

S - S
| Birvee(E:)le, =/ I[Brlivee(E:)[F, < Z I[Brlivec(E:) e,
L s

I}
S Mm

D13 e ()T(B; & By)vee(S2)l

1l
i Mm

Z w1 () T5i(B;=B]) | F
<[ Brsl?=-] - ZHZW (D Tjiln|
=1 j=1

S
= |Bus* =] 3 7w (D Lnl
i=1

< V| Bus *[ 2.

(4.4.12)
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Lastly, we have

S
TLvec(Sw)le, = /3 Ime(ivee(Suw)I2, < Ivee(Su) i, = [Zulr = VillSul. (14.13)
i=1
Plugging (4.4.11)—(4.4.13) into (4.4.10), we obtain
t t
Ellz:l7,] < Vst (of Ellzol7,] + vl Brs |2z t; SRRRVA M t; P, (44.14)

which gives the bound for E[ |z ||%2] in (4.4.6). To obtain the bound for |%(t)|r in (4.4.7),

note that |X(¢)|r = | X5, Zi(t)|F < \/s Y21 12 ()% < /5| stle,- We then follow a similar

line of reasoning as above to get the statement of the lemma. This completes the proof. m

4.4.2 Estimation of T

The following theorem adapted from [133, Lemma 7] provides the sample complexity
result for estimating Markov matrix T', which is a corresponds to the sample complexity on

|T - T| in Theorem 28.

Theorem 32 Suppose we have an ergodic Markov chain T € R**® with mizing time tyc
and stationary distribution Te, € R®. Let Tmax = MaX;e[5] Too (1) and MTmin = MiNje[] Moo (7).
Given a state sequence w(0),w(1),...,w(T) of the Markov chain, define the empirical

estimator T of the Markov matrixz as follows,

_ Yt Lw(t)=iw(tr1)=5)

[T, , (4.4.15)

S Ly =
Assume for some § >0, T > T 01 (Cuc, %) i= {68CHCTmaxT ooy log(%s)}% where Cyro =

tye - max{3,3 — 3log(mmax log(s))}. Then, we have with probability at least 1 -0,

T -T| < (4.4.16)

4|T| \/177TmaxCMc log(T") log(4sChrc log(T)/6)
Tmin T '
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Proof. We first consider estimators computed using a sub-trajectory of w(0),w(1),...,w(T),
then combine them together to show the error bound for T in the claim. For Cyc =

tyve - max{3,3 - 3log(mmax log(s))}, let L = Cpeolog(T). Then, for ¢ = 0,1,...,L -1,

£(0) srs #(0) ) L(w(kL+0)=i,w(kL+1+£)=5) (0)
define T € R**® such that [T'"];; = =k=L SUOR ’ 2. In other words, T
fet L(w(kL+0)=i)

is the estimator computed using data with sub-sampling period L. Following the proof

of [133, Lemma 7], we know for any € < myuin/2, suppose L > 6tpsc log(e™!).

~ T 2
P{IT ~T| < dmpfy | T} > 1 - dsexp{-7 < . (4.4.17)

min
T T max L

By setting § = 4s exp{—%}, one can also interpret the above result as: for all § > 0,

suppose
L>3tyce log( I 1 ) ) (4.4.18)
17T max L log ()
then when
T > 68 LT maxTaay 1og(%3), (4.4.19)

we have with probability at least 1 -§

17O -7 < (4.4.20)

47| \/177TmaxCMC log(T) log(4s/6)
Tmin T

One can verify (4.4.18) holds by plugging in L = Cys¢ log(T') and using definition Cys¢ = tyic-
max {3, 3-310g(mmax log(s))}; (4.4.19) holds under the premise condition T'> T’ 1 (Cumc, %) =
{680M07rmax7r1;2m log( % ))2.

Note that by definition, T can be viewed as a convex combination of T'® for all

£=0,1,..., L, thus by triangle inequality and union bound, we have with probability 1 — L,

4|T| \/177TmaxCMC log(T") log(4s/9)
Tmin '

IT-T] < £

(4.4.21)

Finally, by replacing Ld with §, we could show (4.4.16) and conclude the proof. m
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4.4.3 Estimation of A, and B,

In this section, we estimate the unknown MJS dynamics Ay.; and By from finite
samples obtained from a single trajectory of (4.2.1). Given a stabilizing controller Kj.g,

under the input u; = K@t + 2¢, the MJS state equation (4.2.1) becomes,

xis1 = Ly @ + Bz + we, st w(t) ~ Markov Chain(T), (4.4.22)

where L) = Ayr) + Bu)Ku(r) denotes the closed-loop state matrix, and {2} e

N(0,021,) is the i.i.d. excitation for exploration. To estimate the unknown system dynamics
(Ays, By.s), we run the closed-loop MJS (4.4.22) for T time-steps and collect the trajectory
(x4, 21,w(t))L,. Then, we run Algorithm 2 on the collected trajectory to obtain the estimates
(Alzs,ﬁl;s). To proceed, let hy := [x] [0y 2z[[0.]" and O := [0y L; 0,B;] for all i € [s].
Then the output of each sample in {(@1, @, 2, w(t)) }res, can be related to the inputs as

follows,
Tt +1 = @:htk + Wy, for k= 1, 2, ey |Sz|, (4423)

where we set S; := {t | w(t) =i} = {t1,t2,-,tj5,/}. This shows that, for each i € [s], the
problem of estimating (A;, B;) is equivalent to the problem of estimating @; from the
sequence of covariate-response pairs (hy, , @+, +1)k>1. Specifically, following Algorithm 2, we

solve a regression problem. For this purpose, we define the following concatenated matrices,

T T T
wt1+1 h'tl wtl
T T T
wt2+1 h'tg wtz
Y, = , H;= , W;= , (4.4.24)
T T T
T h w
| s, L | e E
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that is, ¥; has {x], }ses, on its rows, H; has {h] };es, on its rows and W; has {w] }¢es, on
its rows. Observe that, we have Y; = HZ-@;T + W, and the regression problem in Algorithm 2

becomes,

A 1
T _ . -
®, = argmin oIS
©;eRnx(n+p) 2|95

Y, - HO! |} (4.4.25)
When the problem is over-determined, the solution to the least-squares problem (4.4.25)
is given by (:)ZT =H J Y; = (H] H;)"'H]Y; and the associated estimation error is given by,
é)i—@; = ((HZTHl)_lHZTVV,)T This implies that the estimation error can be upper-bounded

as follows,

| H Wi

©,-O;| = |(H H) " HW;| <« —*+——_,
161071 = I(HTH) Wil < - =

(4.4.26)

To make the problem (4.4.25) well-conditioned, we also need a stability guarantee on the
closed-loop MJS (4.4.22). This will make sure that the design matrix H; has smaller condition
number to help better estimation. Specifically, we will use the notion of mean-square stability
introduced by Definition 26 to achieve this.

At the core of our analysis is showing that the process {h; := [/ /0w 2/ [02] }tes;

satisfies the martingale small-ball condition (for each i € [s]), which is defined as follows.

Definition 33 (Martingale small-ball [22]) Let {F;}4»1 denotes a filtration and {Z; }4»1
be an {Fy }>1-adapted random process taking values in R. We say {Z; }1>1 satisfies the (k,v,q)-
block martingale small-ball (BMSB) condition if, for any j >0, one has %Zle P(|Zj1i| 2
v ‘ fj) > q almost surely. Given a process {x;}is1 taking values in RY, we say it satisfies
the (k,Ty,q)-BMSB condition for T, > 0 if, for any fived v € S¥1, the process Z; = (v, ;)
satisfies (k,~/v Tgyv,q)-BMSB.
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To show that the random process {h; := [&] /0w 2] /0] }tes, satisfies BMSB condition, let
Fi = 0(@, .o &ty 20, -5 26, W0, . .., wi—1,w(1),...,w(t)) denotes the filtration generated
by the states, the excitation and the noise processes, and the mode switching sequence when
t > 1. Furthermore, let Fy := o(xo, z0,w(0)). Then, x, z; and w(t) become Fi-measurable

and wy is F;1-measurable.

Theorem 34 (BMSB condition for {h;}:»1) Consider closed-loop MJS (4.4.22). Sup-
pose {zi}52 b N(0,021,) and {w:}2, b d N(0,0621,). Then, the covariate process
{h = [x]/ow 2/ [02] }151 satisfies the (k, L+p, q)-martingale small-ball condition, with the

constants k=1 and q = 3/10.

The theorem above uses martingale small-ball with k£ = 1. We remark that using k£ > 1 is
expected to help capture the role of additional excitation terms in the BMSB lower bound,
specifically, the dependence on L. However, this requires bounding higher order moments
that involve cross-products of the input signal and noise terms and is left as future research.

Next, under the ergodicity of Markov chain (Assumption 8), we establish a high
probability lower bound on the cardinality of the set S; := {t | w(t) =i} = {t, s, g )
Our result is stated in the following theorem, which plays a critical role in establishing finite

sample learning guarantees for the unknown MJS state and input matrices Aj.s, By:s.

Theorem 35 (Lower bound on |S;|) Let {w(t)}2, be an ergodic Markov chain with the

transition matriz T € RY®. Let tyic(e) be as in Definition 27, and define Ty = tyic (Tmin/2) -

Let S; be as in Algorithm 2. Fix § € (0,1), such that \/lhma";ﬂg}go(‘s%/g) < Tmin/2. Then,
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choosing T > 2Ty, we have

]ID( ﬁ{|s1| 5 ﬂm:inT(l 3 1 \/177TmaxT0 log(STO/(S) )}) >1-96. (4427)

i=1 Tmin T - 2T0

The theorem above states that, choosing T > 2tyic(7min/2), an ergodic Markov chain is

guaranteed to visit each mode i € [s], at least @(ﬂ'minT ) times. We remark that, our estimate

177 maxTo log(sTo/d)
T-2Ty

is consistent with the asymptotic case when 7' — co. Note that, the term \/
in (4.4.27) can be made arbitrary small by choosing sufficiently large trajectory length T
Finally, we combine Theorems 34 and 35 with Theorem 2.4 from [22] to obtain our main

result on single trajectory learning of Aj.s, By:s.

Theorem 36 (Identification of MJS) Fiz € (0,1), such that,

1 \/ 17max To log(25To/0) _

1
<. (4.4.28)
T - 2Ty 2

=

Tmin

Suppose we run Algorithm 2 with the trajectory length T satisfying the following lower bound,

T max{QTo, (n +p) +log(6s'/8) +log(6s/5) }’ (4.4.29)

Tmin (1 =)
where Ty = tme(Tmin/2) and T := \/nsti (E[| 2o 17,1/ 0% + (02 ]02)/nl| Brs|*T + VnT) +p.
Suppose {z}L, i N(0,021,), {w}L, i (0,05,I,,). Let Ck = max(s) | K|. Then,

under Assumption 8, we have

P(ﬁ {|Ai Al (Cxow+0z) [(n+p)+log(6sT/5) +10g(65/5)}) S1-6

i=1 Oz Tmin (1 _7)T

IP( N {||B’Z- _ By g Q| () +10g(GsT/0) + log(6s/9) }) >1-6, (4.4.30)

i=1 z Tmin (1 =7)T

Here, a few remarks are in place. First, the result appears to be convoluted however most of

the dependencies are logarithmic (specifically, the dependency on the failure probability §
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and log(7T') terms). Besides these, the dominant term, when estimating A;.s, Bi:s reduces to

(Cxow+02) n+p Ow n+p
and — ,
Oz Tminl’ Oz Tminl

respectively, which is identical to our statement in Theorem 28. Note that the overall sample

complexity grows as T 2 (n + p)/mmin- A degrees-of-freedom counting argument would show
that the dependency of T' 2 (n + p)/mmin is optimal. The reason is that, each vector state
equation we fit has n scalar equations. The total degrees of freedom for each dynamics
pair (A;,B;) is n x (n +p). Additionally, for the least-frequent mode, in steady-state,
we should observe 7y, T equations. Putting these together, we would minimally need
N X Tmind > n x (n + p), which means we need T > (n + p)/mmin samples to estimate the
MJS dynamics (Aj.s, B1:s). Note that, our sample complexity is not effected directly by the
number of MJS modes s. However, s indirectly effects sample complexity via mnin, which is

the probability of least-frequent mode in the steady state.

4.5 Proofs of Intermediate Theorems and Lemmas

4.5.1 Proof of Theorem 34

Proof. In this subsection, we will show that the process {h; = [/ /0w 2[[02] }i21
satisfies (1, In+p,q)-BMSB condition, for some constant ¢ > 0. For this purpose, we need
to show that, for any fixed v € S**P71, the random process {Z; };>1 = {{v, h¢)}is1 satisfies
(1, |v] ¢y, ¢)-BMSB condition, that is, for any j > 0, we need to show that P(|Zj,1] >

|v]l¢, | F;) > q almost surely. For any j >0, consider the concatenated state vector,
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xji1/ow| | (Lo + Buy2zj + w;)/ow

h]+1 = (4.5.1)

zj+1/Uz zj+1/Uz

For any fixed v € 8"~ let v € R" and vy € RP such that v = [v] v;]7. Combining this

with (4.5.1), we get

Zjs1 = (v, hj1) = 0;,1 (vl, L, jyzj + By)zj + 'wj) + 0;1 (v2, Zj41) . (4.5.2)
To proceed, let {F;}>1 denotes the filtration as defined before Theorem 34. Then, it is easy
to see that a;,l ('vl,Lw(j)mj + Byj)zi + 'wj) | Fj~ /\/'(U;,1 (vl,Lw(j)mj + Bw(j)zj>  |lv ||§2)
This is because x;, z; and w(j) are Fj-measurable, whereas, w; is Fj,i-measurable. Simi-
larly, o7t (v2, zj41) | Fj ~ N(O, |va ||§2) Furthermore, since w; and z;,1 are independent,

Zj | F; has the following distribution,
Zjw | Fj ~ N(og (01, Lugymj + Bugyz4) » |1z, + [v217,). (4.5.3)

Therefore, integrating the probability density function of a standard Gaussian random

variable, it can be shown that,
P (| (v, hje1)| 2 [v]e, | F5) 2 3/10, (4.5.4)

where we obtain the above result by integrating the probability density function of a Gaussian

random variable as follows,
VaeR Pror(la+Z]20) 2Pz (2] 20) =Pripon(Z]21),

=1-Py.non(2]<1),

1 ]_ 2
:1—2/ e Pay,
0 27

>1-2(7/20) = 3/10.  (4.5.5)
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This verifies our claim that the process {h; = [/ /0w 2[[0.]" }+>1 satisfies (1, In+p, 3/10)-

BMSB condition. This completes the proof. m

4.5.2 Proof of Theorem 35

Proof. To begin, recall that tyc(e) := min{t € N: max;e(s 3| ([T%]5:)7 = Moo g, <
e}, and ([TF];.)1=n11=1, for all i € [s]. Therefore, choosing L > tyjc(Tmin/2), we have

Tmin

masc|([T7;,)7 - e < (4.5.6)

Jels] 2
To proceed, let Z* :={1,2,3,...} denotes the set of positive integers. Then, to lower bound
|S;| in Algorithm 2, we split the set S; := {t ’ w(t) =i} into L > 1 subsets via S; = UL S(g)

7

such that
SO =t | w(t) =i, (t-0)/LeZ*|}, (4.5.7)

where 0 < ¢ < L -1 is a fixed offset. Let {F;}s»1 denotes the filtration as defined before
Theorem 34. To ease the notation, we let (k) := w(¢ + kL), and Fy, := Fpepp, for all k e Z7.

Then, one can see that @(k) is Fr-measurable. To proceed, define 8y, Ay, € R® such that

85(1) = (o= — B[ (o)) | Fr-1],
. (4.5.8)
A(i) = 3 8,(i).
j=1

Note that for all i € [s], the random process { Ay (%) }xez+, adapted to the filtration {Fj }rez+,

forms a martingale, that is, we have

k+
E[Aki1 (i) | Fi] = 215 (3) | Fi

e

=2 0; (1) + E[1(g(ks1)=i) ~ E[L(@(k+1)=) | Fil | Fi] (4.5.9)

<
Il
—_

M=

15j(i) = Ag(i).

<.
Il
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Therefore, dx (i) = Ag(i)—Ag_1(i) can be viewed as the martingale difference sequence. Since
E[6k(i) | Fi-1] = 0, we have E[6x(i)? | Fr-1] = Var(x(i) | Fr-1) = Var(1g=i) | Fr-1) <
E(13, 0= | Fo1] S B[L(ay=iy | Far] = P@(K) =i | @(k = 1)) = [T"]5(k-1);- When L >
i (i /2), then using (4.5.6), we gt [T ], 1), < oo (1) 41y [((T]30)T - ol <
2Tmax- Therefore,

T
Z E[ék(2)2 | ]:—k—l] < 27TmaxTa (4.5.10)
k=1

where we use the definition 7" := [TT_KJ Combining this with the observation that |dx(7)| < 1,

we have
T T ~ €.\ (i) . €~
P{| 2 Y=y = 2 B[L@w)=iy | Fe1l| 2 5T | 2 P(|Az(D)] 2 5T),
k=1 k=1 2 2
11 2
D exp(-— L8y (4.5.11)
2T max + €/6
(i) Te?
< -
< exp( 177TmaX),

where (i) follows from the definition of A (), (ii) follows from Freedman’s inequality [134],

and (iii) follows from picking € < mpin/2. Moreover, when L > tnjc(7min/2), we also have

T
S P(w(k) =i|@(k-1)) - 7o (i),

T
Z E[l(@(k):i) | fk—l] - Tl'oo(i)T‘ =
k=1 k=1

T
< Z ‘[TL]UD(k—l),i - 7"oo(i)|a
=1 (4.5.12)

< Tm?>]< [T 15)7 = 7ooloo:
jels

Combining (4.5.12) with (4.5.11), and union bounding over 0 < ¢ < L — 1, we obtain

L-1 B o ~ L-1 Tre2
P SO > qoo ()T - minp - Spb) s - -
(A {1z mecrr - g 3 exp(-

). (4.5.13)

To proceed, define the events &7 := ﬂé::_ol {]Sz-(é)| > (Tmin/2 — 6/2)T} and & = {\SZ| > (min/2 —
€/2)(T - L)}. Note that & c & because, |S;] = ¥/ |SZ.(€)| and 10 T =Y =T - L.
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This implies that P(&) > P(&1). Combing this with (4.5.13), and union bounding over all

i€ [s], we have

S ) 62
IP( O{ISZ-I > (Tmin/2 — €/2)(T - L)}) >1-sLexp (- (Tl/?Lﬂ—Q) ’

1=1 . max ) (4514)
— P( m{|SZ| 2 (Mmin/4 - 6/4)T}) (Q 1-sLexp (- (T1/7L—_2)6 :
o ﬂ-max

where (i) follows from choosing T' > 2L. Finally, setting § = sL exp(— M) and replacing

€ with \/ 177rmaxL10g(SL/ %) , we obtain the statement of the theorem,

P( ﬁ{l&l i WminT(l 1 \/177rmaxTL_1<;i(sL/5) )}) S1-5 (4.5.15)

i=1 Tmin

This completes the proof. m

4.5.3 Proof of Theorem 36

Proof. For the sake of completeness, before we present the proof of Theorem 36,

we present a meta result from [22] which will be used to prove Theorem 36.

Theorem 37 (Meta-theorem [22]) Fiz § € (0,1), T € N and 0 < Ty, < T. Then if
(mt,yt);‘il € (Rd x R”)T is a random sequence such that (a) y; = A.xy + wy, where wy ‘ Fi
is 02 -subgaussian and mean zero, (b) x1,...,x7 satisfy the (k,Tgy,,q)-small ball condition,

and (c) such that P( X, @] £ TT) < 6. Then if

T3 1q—k( log(1/8) +2d10g(10/q) +log(det(ITy}))),

we have

< 34.

. ( A Yo \/n+dlog(10/q)+log(det(f‘I‘s‘b1 )+10g(1/(5))
q T/\min(rsb)
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Our proof strategy is to verify that the conditions (a), (b), and (c¢) of Theorem 37 hold
for the MJS in (4.4.22) and then apply Theorem 37 to estimate (Aj.s, Bi.s). Before that,
let S; be as defined in Algorithm 2, that is, S; = {¢ ‘ w(t) = i}. Then, the samples

{(xt+1, 1, 2t,w(t)) }res, used to estimate (A;, B;) are related as follows,
Tt +1 = @:htk + Wy, for k= 1, 2, ey |Sz|7 (4516)

where we set S; := {t |w(t) = i} = {t1,ta, b5}, Py, = (z] [ow 2] [0:]" and ©] :=
[owL; 0,B;]. This shows that, for each i € [s], the problem of estimating (A;, B;) is
equivalent to the problem of estimating @} from the sequence of covariate-response pairs
(ht,, Tt +1)k>1- Moreover, let {F;}s>1 denotes the filtration as defined before Theorem 34.
(a) Sub-Gaussian noise: Following the re-parameterization in (4.5.16), the covariate-

response pairs (hy, , @, +1) k1 are generated from a linear response time series @4, .1 = O hy, +

wy, for k=1,2,...,|S;|. Moreover, under the Assumption that {w;}., i N(0,021I,) and

that wy, is Fi, +1-measureable, wy, ‘ Fi,, ~/\/'(O,cr12ﬂIn).

(b) BMSB condition: Theorem 34 proves that the covariates process {htk}LS:z'l

satisfies (k, I+p, q)-BMSB condition, with the constants k =1 and ¢ = 3/10.
(c) Covariates correlation bound: Recalling the definition of hy, and H; from

(4.4.24), we have

|Si] |Si]

|Si|
E[|H]H;|]=E[| ¥ ke hi 1< X E[lhe b 1< Y B[Ry, 7,1,
k’=1 k}=1 ]{3:1
|Si‘ 2 2 2 2
= > (Ellzi Iz, /0w + Ell 24, 17,1/0%2),
k=1 (4.5.17)
() ISl |Si]

< Z \/nSTi(]E[H$0”?2] + aitk\/ﬁHBlstQ + ai,tk\/ﬁ)/az, + Z D,
k=1 k=1
< Vst (Ellzol2,1/0% + (0203 Wil BisT + VaT)|Si + piSi
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where we obtain (i) from combining Lemma 31 with Assumption 8 (which says p(L) < 1).

Hence, setting

[ = /sty (El|2ol7,1/o% + (02/0w)V/nl Bus|°T + /nT) + p, (4.5.18)

we have, E[|| Z!,illl hi ki |1 =E[|H] H;||] < |S;|T. Next, we use Markov inequality to show

that
|Si| B 1S5 _
P( Z htkhgk % (|Si|r/5)In+p) = IP)(>‘maX(Z: htkh;—k) N |Si|r/6)a
k=1 k=1

4.5.19
IS4 ( )

< E[Amax( ) hi hi)]6/(1SiIT) < 6.

We are now ready to use Theorem 2.4 from [22] to obtain our final result.
(d) Finalizing the proof: We use Theorem 37, with T' = (f/d)In+p, Ly, =Inip, k=1,
g =3/10, and d = n + p to upper bound the estimation error (4.4.26) with high probability.

Suppose the cardinality of the set S; = {t | w(t) =i} satisfies,
1Si| 2 (n+p) +log(3sT'/8) +1og(3s/d), (4.5.20)

for each i € [s]. Then, using Theorem 37, we have

IP’( N {||(3)i 0] S 0wy | D 10g(3|3;"/5) + log(35/9) }) >1-4. (4.5.21)
i=1 A

Combining (4.5.21) with Theorem 35, we fix § € (0,1), such that \/17”““""‘77:25(;%0(8T0/6) < Tmin/2,

and choose the trajectory length T satisfying

(4.5.22)

T > max {QTO, (n+p) +1log(3sT'/6) +log(3s/6) }7
)

1 \/177rmaxT0 log(sTp/d)
T-2Ty

Tmin ( 1-

Tmin

then, we have

IP( N {ué)i NN aw\/ (n +p) +log(35T/0) + log(35/%) }) >1-25.  (4.5.23)
=1 )

) 1 177 maxTo log(sTo/d)
Tmin(1 \/ T—-2T,

Tmin
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To proceed, using standard result from linear algebra that the spectral norm of a sub-matrix

is upper bounded by the spectral norm of the original matrix, we have

P(m{”Ai—Ai S

i=1 Oz

(Crow +02) ¢ (n +p) + log(3sT'/5) + log(3s/9) })21_25
)

. _ 1 177 maxT0 log(sTo/d)
Tﬂ-mln ( 1 Tmin \/ T—2T0

]P’( ﬁ {”Bz P a_w\/ (n +p) +log(3sT'/8) +log(3s/6) }) 51926,
i=1 )

2 ) 1 \/ 177 maxTo log(sTo/d)
T'Tmin ( 1 T-2T,

Tmin

(4.5.24)
where we used the relation |A; — A;| < |L; - L;| + | B; - B;|| K;| and | K;| < Ck to upper
bound the estimation error of the state matrices {A;}; ;. Finally, replacing § with /2, we

get the statement of the theorem. This completes the proof. m
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Chapter 5

Finding Best Linear Model

5.1 Introduction

Supervised learning is concerned with finding a relation between the input-output
pairs (x;,y;)i-; € RP x R. The simplest relations are linear functions where the output y; is
estimated by a linear function of the input, that is, §; = (x;,0). Using quadratic loss, we

can find the optimal @ with a simple linear regression which minimizes

1

Z -(0,z;))

[\D

(5.1.1)

If the samples are i.i.d. and input has identity covariance, the minimizer of the population

loss (n — o0) is simply given by

0. =arg mginE[ﬁ(G)] =E[yx]. (5.1.2)

where (@,y) is drawn from same distribution as data. We will refer to this population
minimizer as the best linear model (BLM). In many applications, we operate in the high-

dimensional regime where we have fewer samples than the parameter dimension i.e. n < p. In
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this case, the problem is ill-posed; however, if 6, lies on a low-dimensional manifold, we can
take advantage of this information to solve the problem. We assume 6, is structured-sparse,
for instance, it can be a signal that is sparse in a dictionary or it can be a low-rank matrix.
If R : RP - R is a regularization function, that promotes this structure, we can solve the

constrained empirical risk minimization (ERM)
A 1
0= arg min 5”?/ - X 0|7, subject to R()<R. (5.1.3)

where y = [y1 ... yn]" e R" and X =[x1 ... x,]" € R™P are the output labels and data
matrix respectively. This problem is well-studied in the statistics and compressed sensing
(CS) literature. However, much of the theory literature is concerned with the scenario where
the problem is realizable i.e. the outputs are explicitly generated with respect to some
ground truth vector a. In the simplest scenario, input/output relation can be y = (x,a) + 2z
where 2 is an independent zero-mean noise variable. In this case, one simply has 0, = a.
Realizability also appears in the literature on semi-parametric single-index models [135-137]
where the conditional expectation satisfies E[y | x] = g(x"a) for some a. Interestingly, as
discussed in (5.3.3), these works often assume problem setups to ensure BLM coincides with
the ground truth parameter a. We remark that the realizability assumption is typically more
suitable for signal processing applications where the task is reconstructing a ground truth
signal or image. In contrast, machine learning (ML) aims to find a model minimizing the test
error however exact model parameters are not the primary concern. Our work is closer to
ML and analyzes constrained ERM problem (5.1.3) while circumventing realizability issue.

While linear models find ubiquitous use due to their simplicity and interpretability,

their performance might be non-ideal if the input/output relation is highly nonlinear. In
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these instances, linear models can be used as building blocks for more complex machine
learning models by employing boosting [138]. Essentially, after learning the BLM, one can
fit a more complex model on the residual to further capture nonlinearity. This approach has
the potential to improve the model interpretability [139] and it can also reduce the sample
complexity required for fitting the more complex model thanks to the reduced residual
variance [140-142]. Indeed, residual learning is very popular in deep learning applications
thanks to the success of residual networks [143]. We also remark that problem might be fully
nonlinear and (5.1.3) might be non-informative. A classic example is quadratic dependence
(e.g. phase retrieval problem) where y = |a"z| so that E[yz] = 0 for normally distributed
inputs. Finally, we remark that even if BLM estimator may fail to achieve small population
loss (test error) single-handedly, it can be used for determining useful input features which
is critical for interpretability. In the small sample regime, this is facilitated by using ¢; or
sparsity constraints.

Bias in the data can negatively affect the estimation quality. Assuming input is
zero-mean, instead of solving (5.1.3) we can solve a modified problem which accounts for
the mean of the output as well. Again, denoting the regularization function by R, we shall

consider the intercept-enabled problem

A

0,/ =arg rgin L(0,1) subject to R(O)<R. (5.1.4)
M

0
where the loss is given by L£(0,u) = %Hy - [X 1] HZ. We will show that solving

]
problem (5.1.4) is essentially equivalent to solving (5.1.3) with debiased output hence it will

result in more accurate estimation. The goal of this chapter is studying problem (5.1.4)
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under a general algorithmic framework, establishing finite-sample statistical and algorithmic
convergence, and addressing practical considerations on the data distribution. In particular,
we are interested in how well one can estimate the best linear model (BLM) given by the
pair (0, = E[yzx], u. = E[y]). For estimation, we will utilize the projected gradient descent

algorithm given by the iterates

0,1 = PK(OT - 77V»C0(07'7 MT))?
(5.1.5)

Hr+1 = Hr — nv‘cu(eTa N‘r)a

where Py projects onto the constraint set K = {6 e RP | R(6) < R} and 7 is the step size.

5.1.1 Relation to Prior Work

There is a significant amount of literature on nonlinear (or one-bit) CS [136,144-153].
[145,154-157] study algorithmic and statistical convergence rates for first order methods
such as projected/proximal gradient descent. For nonlinear CS, [145,146,148,158] provide
statistical analysis of single index estimation with a focus on Gaussian data. Recently,
one-bit CS techniques have been extended to subgaussian distributions using dithering trick
which adds noise before quantization [137,159-161]. Dithering is introduced to guarantee
consistent estimation of the ground-truth parameter. The papers [162-166] address non-
gaussianity by utilizing Stein identity which requires access to the distribution of the input
samples. Closer to us [167] studies the constrained empirical risk minimization with linear
functions and squared loss with a focus on convex problems. In comparison our analysis
applies to a broader class of distributions and focus on first order algorithms. Much of
our analysis focuses on addressing subexponential samples, which requires tools from high-

dimensional probability [86,168,169]. [170] similarly studies high-dimensional estimation
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with subexponential design matrix for a planted linear model where y = X0, + w. In
contrast to [170], we consider the more general setup of (5.1.3) which allows for arbitrary
input/output relations and explore the properties of gradient descent rather than convex
programs.

Our results apply to general regularizers and borrow ideas from [145-148]. Similar
to these, we view the nonlinearity between input and output as an additive noise. The
convergence analysis of projected gradient descent is a rather well-understood topic and we

utilize insights from [154-157] for our analysis.

5.1.2 Contributions

At a high-level our work has three distinguishing features:

e Projected gradient descent to find BLM: Nonlinear CS literature is typically
concerned with a ground-truth vector to be recovered. For instance, one-bit CS aims to learn
0 from samples of type y = sgn(a'x). Unlike these, our approach applies to arbitrary input
/ outputs with subexponential tails, hence the results apply under much weaker assumptions.
For instance, closely related work [145] analyzes PGD for nonlinear compressed sensing
however their results are only valid for normally distributed inputs.

e Subexponential samples: Most nonlinear CS results apply to Gaussian or
subgaussian data when dithering trick is utilized [137,159-161]. We take advantage of
the recent techniques for subexponential distributions to provide statistical /computational
guarantees for heavier-tailed distributions.

e Analyzing the intercept-enabled design matrix: Intercept term is commonly

used in regression analysis to estimate the output bias [171]. We analyze the intercept-
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enabled problem (5.1.4) by studying the statistical properties of the concatenated design
matrix [ X 1]. Empirically this modification leads to a substantial performance improvement

when labels are not zero-mean.

5.2 Preliminaries and Problem Setup

In this section we introduce statistical quantities which are utilized to characterize
the benefits of the regularization R.

Suppose we are given n i.i.d. samples (x;,v;)i-; ~ (x,y). To keep the exposition
clean, we assume that x is whitened, that is, it has zero-mean and identity covariance. Our
goal will be finding a linear relation between the modified input-output pairs ([@] 1], y;)7 ;.

In the population limit, optimal model parameters are given by

6., p = arglgLnE[E(O, 1)) =Elyz],E[y].

Thus, in the limiting case, u. captures the mean of the output and 6, is the population
minimizer of £(0). Our goal is estimating the population minimizers 6.,y using finite
samples (x;, ;). As discussed in Section 5.1, assuming 6, is structured sparse, we consider
a non-asymptotic estimation of 6., u. via problem (5.1.4). To proceed with analysis, we

assume R is a proper function (i.e. closed sub-level sets) and set

K={0ecR"|R(9) <R}, (5.2.1)

Kext = {[07 pu]" e R | R(6) < R}. (5.2.2)
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We investigate the PGD algorithm (5.1.5) which can be written as

0T+1 07‘ 07-
:P;cext( +n[X 1]T(y— [X 1] )) (5.2.3)
/’LT+1 ,Uz'r IU’T

where 7 is a fixed learning rate and [X 1] € R™(®*1) s the intercept-enabled design matrix

constructed as follows

(x1]=| : | (5.2.4)

.
xz, 1

Following [145,172] PGD analysis can be related to the tangent ball around the population

parameter 8, which is given by
C=cl({av |v+0. €K, a>0})(\B". (5.2.5)

Similarly, we define the extended tangent ball as follows
ov
Cextz{ ‘aZO, veC, ’76R}ﬂ8p+1. (5.2.6)

We remark that our (extended) tangent ball definition is the intersection of the
(extended) tangent cone with the unit Euclidian ball. While related literature mostly uses
tangent cone [172,173], we introduce the tangent ball for notational convenience.

The two definitions above (C and Ceyt) are closely related. For any vector v € C
and scalar |y| < 1, we have that [\/1-~2v" 4] € Cexi. In the following we will express the
convergence rates and residual errors of the PGD algorithm (5.1.5) in terms of the statistical

properties of the tangent balls.
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e Technical approach: To keep the discussion focused, throughout we assume
that R is correctly specified i.e., R = R(6,). Denoting the parameter estimation error in
(5.2.3) by hy = [0;7 p:]" - [0." p.]", and the effective noise by w =y - [X 1][0." u.]",

the PGD update can be shown to obey [155] (see Eq. (VI.10))

|hriille, < 5 ([hrle,p(C) +m(C)) (5.2.7)

where x is a numerical constant which is equal to 1 for convex regularizer R and 2 for

arbitrary R and

p(C) = sup [u' (I -n[X 1]"[X 1])v], (5.2.8)
v(C) =vsegp v [X 1] w|. (5.2.9)

Here p captures the algorithmic convergence and v captures the statistical accuracy in
terms of regularization. To achieve statistical learning bounds, we need to characterize the
quantities above in finite sample. Existing literature provides a fairly good understanding of
the related terms when X has subgaussian rows or w is independent of X. The technical
contributions of this work are i) extending these results to subexponential samples, ii)
allowing for nonlinear dependencies between the noise and data, and iii) addressing the bias
term by studying the concatenated matrix [ X 1]. To proceed with statistical analysis, we

introduce Gaussian width.

Definition 38 ((Perturbed) Gaussian width [86]) The Gaussian width of a set T c BP

1s defined as
w(T) = ngm,rp)[su%) v'g]. (5.2.10)
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Let C > 1 be an absolute constant. Given an integer n > 1, the perturbed Gaussian width

wn(T) of T c B is defined as

. 71(5)
« ( ) clcoinv%g)QTw(S)-'_ \/ﬁ (5 )
rad(S)<C

where v1(S) is Talagrand’s ~1-functional (see [168]) with {a-metric. Note that one can

always choose S =T.

Gaussian width helps to quantify the complexity of the regularized problem and determines
the sample complexity of the linear inverse problems i.e. high-dimensional problems become
manageable in the regime n > w?(C) [172,173]. Perturbed width is introduced more recently
in [86] to address subexponential samples. [86] shows that, for standard regularizers such as

£y, ¢1, subspace, and rank constraints, one has
w(C) ~ W2 (C) (5.2.12)

in the interesting regime n > w?(C). For these regularizes, perturbed width leads to a similar
statistical accuracy as Gaussian width but also applies to subexponential samples. For
general sets C, the ratio w,(C)/w(C) may be large however it can be upper bounded by
using 71(C) § w(C)v/plogp.

As illustrated in Table 5.1, square of the Gaussian width captures the degrees of
freedom for practical regularizers [172,173]. Table 5.1 is obtained by setting R = R(0,) in
(5.2.1). In practice, a good choice for R can be found by using cross validation or based on
the characteristics of data (e.g. [174]). We remark that setting R > R(60.), leads to a large
tangent ball, specifically C = BP. This can be addressed by using the fact that PGD output

is robust to the choice of R around R(6.) (see Theorem 2.6 of [155]). Alternatively, one can
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utilize the proximal variation which solves the regularized problem ming |y — X 6’||?2 +AR(0).
To keep our discussion focused, we (implicitly) assume R is correctly specified throughout.

The next statistical quantity required in our analysis is the Orlicz norm defined as follows.

Definition 39 (Orlicz norms) For a scalar random variable Orlicz-a norm is defined as
Iy, = supp (B[ X )
p>

Orlicz-a norm of a vector € R? is defined as |||y, = Supyepa |V x|y, . Subezponential and

subgaussian norms are special cases of Orlicz-a norm given by ||y, and ||y, respectively.

Based on perturbed Gaussian width definition, we will show that one can upper bound
the critical quantities (5.2.8) and (5.2.9). In return, this will reveal the statistical and
computational performance of the PGD algorithm. This is the topic of the next section

which states our main results.

Constraint | Parameter vector model w?(C)
None 0, ¢ RP P
Sparsity | - ¢, s non-zero entries slog(6p/s)
¢1 norm | - g, s non-zero entries slog(6p/s)
Subspace 0, ¢S, dim(S) =k k
Matrix rank rank(mtx((60,))) <r rp'/?

Table 5.1: List of low-dimensional models and corresponding Gaussian widths
(up to a constant factor) for the constraint sets K = {6 | R(0) < R(6.)}. If
constraint is set membership such as subspace, R(€) = 0 inside the set and
oo outside. Furthermore, we represent the vector 8, € RP in matrix form as

mtx (6, ) € RVP*VP,
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5.3 Main Results

In this section we estimate the convergence rate and the statistical accuracy of the
PGD algorithm as a function of sample size, complexity of the parameter (e.g. sparsity level),
and the distribution of the data (whether subgaussian or subexponential). Our main theorem
establishes a linear convergence rate of PGD and shows that PGD achieves statistically

efficient error rates. We first describe the data model.

Definition 40 (Isotropic vector) x € RP is called an isotropic Orlicz-a vector if it is
zero-mean with identity covariance and if its Orlicz-a norm |||y, is bounded by an absolute

constant.

Definition 41 (o-noisy datasets) We call a dataset S with i.i.d. samples (i, y;)l, o-
Orlicz-a if for all pairs (x,y) € S, the input x is isotropic Orlicz-a vectors and the residual
at the BLM obeys |y —x" 0. — fi]ly, < 0.

We call o-Orlicz-1 dataset o-subexponential and o-Orlicz-2 dataset o-subgaussian.

Note that the residual at the BLM corresponds to the noise in our problem which may may
depend on the input in a nonlinear fashion. If we solve (5.1.3) rather than (5.1.4), the noise
term o will essentially grow to o + u, since zero-mean input features x cannot explain the
label mean. This highlights the advantage of (5.1.4). Our main results capture the PGD

performance for different dataset models described below.

Theorem 42 (Subgaussian) Suppose (i, ;)i is a o-subgaussian dataset. Assume n 2
(w(C) +1t)? and set learning rate n = 1/n. Let R be an arbitrary reqularizer. Starting from
an initial estimate (8] po]" obeying R(6y) < R, with probability at least 1 — 6 exp(—cot?/2) —
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4n~190 qll PGD iterates (5.2.3) obey
|
Hr = P

We remark that R(6y) < R is not a major assumption since one can first project 8y to the

6y - 0.

Cw(C) +1

< ( ) + 0o WE) D) Vlog(n) (5.3.1)
l vn n

& v

*

constrained set before starting PGD. For subexponential samples, we have the following

theorem which applies to convex regularizers.

Theorem 43 (Subexponential) Suppose (x;,y;)i-, is a o-subexponential dataset. Set
q=(n+p)log®(n+p). Set learning rate n = co/q, suppose R is convex and n 2 (wn(C) +1)2.
Starting from initialization [0 po]" satisfying R(6p) < R, with probability at least 1 —

9 exp(—comin(n, tv/n,t2)) = 5(n +p) 1%, all PGD iterates (5.2.3) obey

0. -0, T
L)
q
Hr = t2

Both of these results show that PGD iterates converge to population parameters

0 - 0. o (wn(C) +t)log(n) '

ls Vn

(5.3.2)

*

0., u. at a linear rate. The subexponential theorem requires a more conservative choice
of learning rate. The statistical estimation error grows as w(C)/\/n for subgaussian and
wn(C)/+/n for subexponential. Since our results apply in the regime n > w?(C), following
(5.2.12), statistical errors associated with subgaussian and subexponential are same up to a
constant for typical regularizers.

Our main results follow from Theorems 44 and 45 which are the topics of the

following sections.
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5.3.1 Controlling the Convergence Rate of PGD

In this section, we study the convergence rate characterized by the p(C) term. The
challenges we address are (i) characterizing the restricted singular values of the subexponential

data matrices and (ii) addressing the concatenated all ones vector.

Theorem 44 (Convergence rate) Suppose (x;,y;)i, is a o-subgaussian dataset and
[X 1] is the intercept-enabled design matriz, where 1 is a vector of all ones. Let C and C oy
be the tangent balls as defined in (5.2.5) and (5.2.6) respectively. Assume n 2 (w(C) +1)2.

Setting n = 1/n, with probability at least 1 — 4e~t we have

< w(C)+t.

p(C) NG

(5.3.3)

If the dataset is o-subexponential, then setting n = co/(n+p)log3(n+p) and assuming

n 2 (wn(C) +1)2, with probability 1 - 5exp(—cmin(n, t/n,t?)) = 3(n +p) 1%, we have
p(C) <1-Conn. (5.3.4)

Note that, subexponential requires a smaller choice of learning rate which results

in slower convergence.

5.3.2 Bounding the Error due to Nonlinearity

Next, we provide a bound on the effective noise level v(C); which is crucial for
assessing statistical accuracy. This term arises from the nonlinearity and noise associated
with the relation between input and output. For example, for single-index models, we
have E[y | ] = ¢(2"0¢1) for some link function ¢ and ground truth O, and ¢ becomes

the source of the nonlinearity. Our approach is similar to [145-148,167] and treats the
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nonlinearity as a noise. The finite sample noise is captured by the residual vector
w=y-X60,-1pu,. (5.3.5)

Following the v(C) term in (5.2.9), The contribution of the residual w to the estimated

parameter is captured by the vector

n T
e=[X 1]"w= > (y; - px — 2 0.) . (5.3.6)
i=1
1

Our key observation is that the properties of e can be characterized under fairly general
assumptions compared to the existing literature; which is mostly restricted to zero-mean

subgaussian samples.

Theorem 45 (Statistical error) Suppose (xi,yi)i, ~ (x,y) is a o-subgaussian dataset.
Let the tangent balls C and Cey be as defined in (5.2.5) and (5.2.6) respectively. Assume

n 2 (w(C) +t)2. Then, with probability at least 1 — 2exp(~t?/2) — 4n~1, we have

v(C) < o(w(C) + t)\/log(n)' (5.3.7)
n vn
where v(C) is the effective noise given by (5.2.9). If (z;,y;)i-, is a o-subexponential dataset

and n 2 (w,(C) +t)2, with probability at least 1 — 4exp(—c min(t\/n, %)) - 2071, we have

v(C) < o(wn(C) +t)log(n)
n " vn '

(5.3.8)

This theorem establishes the crucial finite sample upper bounds on v(C) for both subgaussian
and subexponential data as a function of Gaussian width of the tangent ball. Combining
our bounds on p(C) and v(C) and utilizing the recursion (5.2.7), we can obtain the PGD

convergence characteristics and prove the main theorems.
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5.3.3 Discussion on Realizability

Consider a single-index model where our dataset satisfies y = ¢(a'x). For simplicity
assume |allg, = 1. As mentioned in the introduction, if we wish to recover a, it would be
ideal to ensure BLM 8, corresponds to a. Below we highlight the two established ways of

achieving this [135-137,146,159-161].

e Gaussianity assumption: Suppose x ~ N (0,I,). In this case, we use the indepen-
dence of orthogonal projections of x. Specifically, g :=a'x ~ N(0,1) is independent of

x — aa'z. This yields
E[yz] = E[¢(a"@)2] = aE[¢(a"x)a"s] = aE[g(g)] (5:3.9)
Hence 6, is related to a by a simple scaling of E[g¢(g)].

e Dithering can be used in quantization to prevent the bias in the quantization error.
Suppose the quantization function ¢ rounds its input to the nearest discrete level
(¢0)22_o- We can apply dithering during signal acquisition via y = ¢(a’x+w) where w
is independent and uniformly distributed over [-§/2,/2]. The application of dithering

guarantees that BLM is an unbiased estimate of @ by noticing E,,[¢(c+ w)] = ¢. This

gives

Elyz] =Eyz[é(a’'x +w)x] = Ex[az'z] = a. (5.3.10)

5.4 Proofs of the Main Results

This section proves our main results and outlines the proofs of Theorems 42, 43,

44 and 45. Throughout, we use the same notation as described in Section 5.2.
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5.4.1 Proof of Theorem 43

Proof. We provide our analysis for subexponential samples. The extension to
subgaussian samples is accomplished in an identical fashion. Set the estimation error at
iteration 7 to be h, = [0,7 u;]" - [0." p.]". Note that, when p(C) <1 and R is a convex

regularizer, then the recursion (5.2.7) can be iteratively expanded as

71
[rlle, < [Rolle,p(C)T + 1 (C) kZ_Oﬂ(C)’“
)

< [hole,p(©) + % (5.4.1)

With the advertised probability, subexponential statements of Theorems 44 and 45 hold.
Hence, for some constants, we have that p(C) <1 - conn, v(C) < C/no(w,(C) +t)log(n)
and 1 = ¢/q with ¢ = (n + p)log®(n + p). Plugging these in (5.4.1), we find the following

upper bound on the right hand side,

IAritlle, < (1= conn) | holle, + Co?mCﬁa(wn(C) +t)log(n)
cocn - C (wp(C) +t)log(n
0 ) ||hOHZ2+U ( ( ) ) g( )

= 1— —_ s
( q Co Vn

(5.4.2)

which is the desired bound. The case of subgaussian samples is again a corollary of Theorems

44 and 45. This concludes the proof of our main result. m

5.4.2 Proof of Theorem 44 for subgaussian samples

Proof. We start our proof with the following lemma.

Lemma 46 Let (x;)}, ~ x € RP be i.i.d. isotropic subgaussian samples. Let X € R™P be

concatenated data and [ X 1] is the intercept-enabled design matriz, where 1 is a vector of
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all ones. Let T be a closed set with Euclidian radius bounded by a constant and
Tewt={0 | 5=[Bv" 7]" where veT, |B]<C1, |y]<Cal. (5.4.3)

for some positive constants C1,Co. Assume n 2 (w(T) +t)%. Then, with probability at least

1- 2€_t2 we have

w(T)+t'

~T _l T ’ﬁ
sup [5°(1 - ~[X 1]'[X 1])3| 5 N

667—61}15

(5.4.4)

The proof of Lemma 46 is deferred to Section C.1. To proceed, we apply the result of
Lemma 46 over the sets Toxt = Coxt — Cext and Toxt = Cext + Cext, to control u —v and u + v
vectors. Controlling these helps us bound the cross-product |u' (I - %[X 1]'[X 1])9|. In

Section C.2, we use this argument to show that with the desired probability we have

w(C)+t

sup |a'(I-—=[X 1]'[X 1])9| S NG

1
(5.4.5)

ﬁfaeccxt n
Using the fact that left-hand side is the rate of convergence p(C) concludes the proof for

subgaussian samples. =

5.4.3 Proof of Theorem 44 for subexponential samples

Proof. Let (x;)!", ~ « € RP be i.i.d. isotropic subexponential vectors and X be
the associated design matrix as previously. Let C and Cext be as defined in (5.2.5) and
(5.2.6) respectively. Assume n 2 w2(C). Our proof strategy is based on the observation that,
we can bound the (restricted) singular values of [X 1]7[X 1] with high probability for
subexponential data as follows.

e Upper bounding the singular values: In this section we will upper bound

the largest eigenvalue of the matrix [X 1]7[X 1] with high probability. Towards this goal,

115



we utilize Matrix Chernoff bound from [175]. For the sake of completeness, we present the

Matrix Chernoff Theorem in the following.

Theorem 47 (Matrix Chernoff [175]) Consider a finite sequence {X;}?, of indepen-

dent, random, positive semidefinite matrices with common dimension d. Assume that
|Xill<L fori=1,...,n. (5.4.6)

Define the sum M = Y1 X; and let (max be an upper bound on the spectral norm of the

expectation E[M] i.e. (max 2 | E[M]| = | Xiv E[X;]|. We have that
Smax
€

e L
,e€>0. (5.4.7)

PAMI> (14 Ome) S| (g o2

We will use Theorem 47 to bound the largest eigenvalue of [X 1]"[X 1]. Observe that

(X 1]7[X 1] =i “ar 1. (5.4.8)
=1

Clearly this matrix is positive semidefinite. To bound |[z] 1] [ 1]|, we use the following

lemma.

Lemma 48 (Spectral norm bound) Let (x;)]; be i.i.d. isotropic subexponential sam-
ples in RP. Then, with probability at least 1 —2(n + p)1% the spectral norm of all x;x]

matrices can be bounded as
|zix] | < |7, < cplog®(n + p). (5.4.9)

The proof of lemma 48 is deferred to Section C.3. Lemma 48 guarantees that ||[«] 1]"[2] 1]|| <
[[] 117|7, = |lz:]7, + 1 < Cplog®(n + p). Hence, we do satisfy the conditions required by
Theorem 47. Before using Theorem 47 we will upper bound the spectral norm of the

expectation E[[X 1]T[X 1]] as follows.
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Lemma 49 (Spectral norm bound of expectation) Let x € RP be an isotropic subez-
ponential vector, & = [x7 1]7 and let B = Cplog?(n + p) for sufficiently large constant C' > 0.

Then we have
E[zz" | |2[7, < B] < 21I,. (5.4.10)

The proof of Lemma 49 is deferred to Section C.4. Thus, applying Lemma 49 on the set
of all [z] 1]7 satisfying |[z] 1]7[z] 1]| < Cplog®(n + p), we find that with probability

1-2(n+p)~1% the following holds

[BIX 17X 1) = ELY| |27 1001 < 1 3520, -2n. (5.4.11)
=1 1 i=1

Hence, we can pick (max = 2n to upper bound the largest eigenvalue of E[[X 1]'[X 1]].

Now, using Theorem 47 with Cpax = CoC(n + p)log®(n + p), L = Cplog?(n+p) and e = e — 1

we get

66_1 Co% log(n+p)
P(JIX 171X 1]] > eCoC(n + p) log*(n + 1)) sp[ ]

66

_ pe—CQnTtp log(n+P) < (n + p)—lOU' (5412)

Union bounding, with probability at least 1 —3(n +p) =%,
I[X 1]7[X 1]| S (n+p)log®(n+p). (5.4.13)

e Lower bounding the singular values: In this section we will lower bound
the gain of [ X 1] restricted to the tangent ball Cext. We will utilize the notion of restricted

singular value (RSV) to proceed.
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Definition 50 (Restricted singular value) Given a matric M and a closed set C, the

RSV of M at C is defined as

o(M,C) = minM

vl vlg,

(5.4.14)

In the following, we will lower bound mingec, |3(,,=1 |[[X 1]9[¢, which is the RSV of [ X 1]
at Cext- Observe that any 9 € Cext with unit Euclidian norm obeys © = [{/1 - ~2v" v]T for

|y|<1and veC, |v|s =1. Consequently

I[X 1]8l7, = |V1-72Xv +71]7,

= (1-9%) [ X[, +7°171 +27/1 - 121" X v
n
> (1-~7) HXUHZ+72n+27\/1—72vTZ:c,'. (5.4.15)
i=1
Setting @ = % >, @; and minimizing both sides over ¥ € Cext, |0]¢, = 1, we get

min ||[X 1]6\\?2 2m|in((1—ny) miél ||Xv||?2 +79°n)-2n sup |v'Z|
Ve

D€Cext [v|< veC
19lley=1 [olley=1 lv]ley=1
> min( min ||X'UH§2,n) - 2nsup|v'Z|. (5.4.16)
\|’01H]EC 1 veC
o=

In essence, (5.4.16) bounds RSV of [ X 1] in terms of the RSV of X and some simpler terms.
The following theorem from [86] (Theorem D.11) gives a lower lower bound on the RSV of a

matrix X with i.i.d. subexponential rows.

Theorem 51 (Bounding RSV [86]) Let X € R™? be a random matriz with i.i.d. isotropic
subexponential rows. Let C be a tangent ball as in (5.2.5) and suppose the sample size obeys

n 2 (wn(C) +t). Then with probability at least 1 — 3 exp(—cmin(n,t\/n,t?)), we have that

min HXUH%2 > con. (5.4.17)
veC

lvlle,=1
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Next, we shall state a lemma from [86] (Lemma D.7) to upper bound the term involving the

sample average .

Lemma 52 (Bounding empirical width [86]) Suppose C is a subset of the unit Euclid-
ian ball and (x;)}, are i.i.d. zero-mean vectors with bounded subexponential norm. Define

the empirical average vector x = % Y.ix;. We have that

_ C)+1t)
P(suplu'z SC’L
(Jf' | n

) > 1 - 2exp(—c-min(t+/n, t?)). (5.4.18)
Plugging the bounds of Theorem 51 and Lemma 52 into (5.4.16) we find that, there exist
constants ¢, cg, Cg > 0 such that with probability at least 1 — 5exp(—cmin(n,t\/n,t?)), we

can lower bound the RSV of [ X 1] as,

C)+t
min [[X 1]6]2, > con - Con (L

> 2 4.1
o, N con/2, (5.4.19)

where the last line follows from the assumption that n 2 (w,(C) +t)2.

e Upper bounding the convergence rate: Union bounding the events (5.4.13)
and (5.4.19), we obtain upper and lower bounds on the singular values of [ X 1] with the
desired probability. Hence, we can bound the convergence rate of PGD as follows. Setting
q = (n+p)log®(n+p), we have (5.4.13) |[X 1]'[X 1]| < Cq. Therefore, choosing learning

rate n = 1/Cq, the matrix I —n[X 1]7[X 1] is positive semidefinite (PSD). Hence, applying
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the generalized Cauchy-Schwarz inequality for PSD matrices, we find
p(C)= sup [a"(I-n[X 1]'[X 1])9|
ﬁ,f)ECext

= sup |a'(I-n[X 1]'[X 1])9|
ﬁ,ﬁecext
Il ey =]®]ey=1

< _sup [a"(I-n[X 1]7[X 1])al' /8" (1 -[X 1]7[X 1])3|"/?]
liile, =15]e, =1

= sup [0"(I-n[X 1]'[X 1])7|
DeCoxt
[9]ley=1

=1-7 min |[X 1]5[F,
DeCoxt
18] e5=1

<1-conn/2. (5.4.20)

Here the last inequality follows from (5.4.19). This completes the proof for subexponential

samples. =

5.4.4 Proof of Theorem 45 for subgaussian samples

Proof. Suppose the dataset (x;,y;)i~; ~ (x,y) is o-subgaussian. Let X,[X 1],C

and Cey be as defined in Section 5.2, recall w from (5.3.5) and assume n 2 (w(C) +1)2.
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Representing a vector © € Cext as © = [\/1 —~2v" v]" for v € C and |y| < 1, we have

v(C) = sup [o7[X 1] w|

'Eecext
=sup [\V1-720" X w + 1 w)|
eC
i1
<sup [v/1-920" X w| + sup |[y1 w|
veC lyl<1
lvl<1
<sup o' X Tw|+ 17w (5.4.21)
veC

In the following we will upper bound the terms sup,.c |[v" X Tw| and |1Tw| separately and
will combine them to get an upper bound on the residual error.
e Upper bounding the first term in (5.4.21): In order to upper bound the

first term in (5.4.21), define the clipping function

aif la|< B
clip(a, B) = . (5.4.22)

sign(a)B else
The following lemma immediately follows from union bounding the large deviations of
subgaussian and subexponential variables X and shows that X = clip(X, B) with high

probability.

Lemma 53 Let (w;)}, be i.i.d. subgaussian random variables with |w;|y, < o. There exists
a constant C > 0 such that picking B = C\/log(n), with probability 1 —2n~'% for all i, we

have
w; = clip(w;, o B). (5.4.23)

If instead (w;), are i.i.d. subexponential with |w;|y, <o, then picking B = C'log(n) leads

to the same result.
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Using Lemma 53, |w|. < 0B with probability 1 —2n7'%. Conditioned on this event, we

have

sup [v' X Tw| = sup v’

veC veC i

clip(w;, o B)x;)|. (5.4.24)

n
-1
Setting z; = clip(w;, 0 B)x; = w;x;, (5.4.24) can be re-written as
1 n
sup|v' X Tw| = —supv’ ) z|

veC veC i=1

<suplv’ ) (z - E[z;])| +sup|v’ ) E[z]]
1

veC i=1 veC i=
n
< Sug [v" > (i —E[z])]| + n|E[z1]]e,. (5.4.25)
ve i=1

Note that z; = w;x; is subgaussian since w; is bounded. The subgaussian norm obeys

|2i = E[zi]lly, S [2illy, S ov10g(n)|@ily, $ ov/log(n). (5.4.26)

Define the average vector Z = n~ /2 Y% (2; - E[2;]) which is still subgaussian with same
norm (up to a constant). Standard results from functional analysis (specifically generic

chaining) [168] guarantee

n

1 T . _ Tz =Lsu vz
ﬁsﬁ?'” ;(Zz E[z])| \/ﬁv£| |
< o(w(C) +t)y/log(n)
~ \/ﬁ N

with probability at least 1 - 2¢~t*/2. This bounds the first term of (5.4.25). Next, we address

(5.4.27)

the expectation term |E[z;][¢, via following lemma.

Lemma 54 Suppose x is an isotropic Orlicz-a vector and |wl|y, < o where w =y—aT0, — 1.

Let B = Clogl/a(n) for sufficiently large constant C > 0. For a=1,2, we have that
|E[wz ‘ lw| < oB]|l¢, § op*n 2"t (5.4.28)
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The proof of Lemma 54 is deferred to Section C.6. Combining (5.4.27) and Lemma 54 into

(5.4.25), with probability at least 1 — 2e~t12 — 2n 190 we find that,

%i’}:g W X Tw| < o(w(C) ‘t/t%\/ log(n)
- o(w(C) +t)y/log(n)
" vn

which is the desired bound for the first term in (5.4.21).

4 aan_QOO

(5.4.29)

e Upper bounding the second term in (5.4.21): The vector w is zero-mean

with |w]y, < o. Hence, |17w]y, < oy/n which implies that with probability 1 —2n71%9,

11Tw| S ov/nlogn. (5.4.30)

Combining the bound above with (5.4.29), we get the advertised bound on the residual,

namely

%V(C) ‘ o(w(C) Jr\/t%\/log(n)’ (5.4.31)

with probability at least 1-2exp(—t2/2) —4n~1%. This completes the proof for o-subgaussian

data. m

5.4.5 Proof of Theorem 45 for subexponential samples

Proof. Suppose the dataset (xz;,v;)}"; ~ (z,y) is o-subexponential. Let X, [X 1],C
and Cey be as defined in Section 5.2, recall w from (5.3.5) and assume n 2 (w,(C) + ).
Similar to the subgaussian case, we split the residual into two terms via (5.4.21) and bound
each term separately to get a final bound.

e Upper bounding the first term in (5.4.21): Let z; = w;a;. With probability

1-2n71% we have that |w|,, S ologn. We continue the analysis conditioned on this event.

123



With bounded w;, z; — E[2;] is subexponential via
|zi = E[2:]llys S 2illyy S ologn|zi]y, S ologn. (5.4.32)

Combining this with Lemma 52, guarantees that

%S“p o7 3z - Bl z:])| s Zn(€) * Dog(n)

veC =1 Vn

(5.4.33)

with probability at least 1-2exp(~O(min(ty/n,t?))). Next, using Lemma 54, we also upper
bound |E[21]]¢, by Cop*n~2!. Combining this with (5.4.33) and substituting into (the
deterministic inequality) (5.4.25), with probability at least 1 - 2exp(-O(min(ty/n,t?))) -

2119 we have,

n 1
L o X ] < 7€) D lox(n)

. 5.4.34
n veC \/ﬁ ( )

e Upper bounding the second term in (5.4.21): Using |w;y, $ o and applying
Lemma 52 (over one-dimensional R), we find that [1Tw| < o(1 +t)\/n with probability
1 - 2exp(—c min(ty/n,t?)). Combining this with (5.4.34) and plugging into (5.4.21), we get

the advertised upper bound

o(wn(C) +1t)log(n) . (1+1t)o
vn vn

< o(wn(C) +1t)log(n)

N vn

lIJ(C) <
n

(5.4.35)

which holds with probability at least 1 — 4 exp(—cmin(t\/n,t?)) —2n1%. This completes

the proof for o-subexponential data. m
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Chapter 6

Numerical Experiments

6.1 Nonlinear System Identification

Leakage | [A.| | [AL] | p(As) | p(AL) | supjg), -1 [9(A.@)]e, | supjay, -1 |9(ALT) ],
A=0.00 | 2.07 1.85 1.12 0.65 1.79 1.56
A=0.50 | 2.07 1.85 1.12 0.65 1.84 1.60
A=0.80 | 2.07 1.85 1.12 0.65 1.92 1.70
A=1.00 | 2.07 1.85 1.12 0.65 2.07 1.85

Table 6.1: This table lists the core properties of the (random) state matrix in
our experiments. The values are averaged over 1000 random trials. For linear
systems, the state matrix A, is unstable however the closed-loop matrix A’
is stable. We also list the nonlinear spectral norms (i.e. supyz, _1 [¢(A.x)e,)

associated with A, and A’, as a function of different leakage levels of leaky-
ReLUs, which are all larger than 1. Despite this, experiments show nonlinear
systems are stable with A, (some even with A.). This indicates that Definition
1 is indeed applicable to a broad range of systems.

For our experiments, we choose unstable nonlinear dynamical systems (p(A) > 1)
governed by nonlinear state equation @1 = p(Ax; + Buy) + wy with state dimension n = 80
and input dimension p = 50. A is generated with A(0,1) entries and scaled to have its

largest 10 eigenvalues greater than 1. B is generated with i.i.d. A'(0,1/n) entries. For
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Figure 6.1: We run gradient descent to learn nonlinear dynamical system
governed by state equation @11 = ¢(Axs + Buy) + w;. We study the effect of
nonlinearity, noise variance and trajectory length on the convergence of gradient
descent. The empirical results verify what is predicted by our theory.

nonlinearity, we use either softplus (¢(x) = In(1 + €”)) or leaky-ReLU (max(z, Ax), with
leakage 0 < A < 1) activations. We run gradient descent with fixed learning rate n =0.1/T,
where T' denotes the trajectory length. We choose a noisy stabilizing policy K for the linear
system (ignoring ¢) and set u; = —-Kx; + z;. Here K is obtained by solving a discrete-time
Riccati equation (by setting rewards Q, R to identity) and adding random Gaussian noise
with zero mean and variance 0.001 to each entry of the Riccati solution. We want to
emphasize that any stabilizing policy will work here. For some nonlinear activations, as
shown in Figure 6.2, one can learn the system dynamics using a policy which is unstable for
the linear system but remains stable for the nonlinear system. Lastly, z; M (0,1I,) and
w; Y N(0,0%1,,).

We plot the normalized estimation error of A and B given by the formula
|A-A|%/|A|% (same for B). Each experiment is repeated 20 times and we plot the
mean and one standard deviation. To verify our theoretical results, we study the effect of
the following on the convergence of gradient descent for learning nonlinear state equation

xi11 = O(Axy + Buy) + wy.
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Figure 6.2: For a properly chosen random unstable system the state vectors
diverge for LDS while they stay bounded for leaky ReLLU systems with small
leakage.

e Nonlinearity: This experiment studies the effect of nonlinearity on the con-
vergence of gradient descent for learning nonlinear dynamical system with leaky-ReLLU
activation. We run gradient descent over different values of A\ (leakage). The trajectory
length is set to T = 2000 and the noise variance is set to o = 0.01. In Figure 6.1a, we plot
the normalized estimation error of A over different values of A. We observe that, decreasing
nonlinearity leads to faster convergence of gradient descent.

e Noise level: This experiment studies the effect of noise variance on the conver-
gence of gradient descent for learning nonlinear dynamical system with softplus activation.
The trajectory length is set to 7' = 2000. In Figure 6.1b, we plot the normalized estimation
error of A over different values of noise variance. We observe that, the gradient descent
linearly converges to the ground truth plus some residual which is proportional to the noise
variance as predicted by our theory.

e Trajectory length: This experiment studies the effect of trajectory length on
the statistical accuracy of learning system dynamics via gradient descent. We use softplus

activation and the noise variance is set to o = 0.01. In Figure 6.1c, we plot the normalized
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estimation error of A over different values of T'. We observe that, by increasing the trajectory
length (number of samples), the estimation gets better, verifying our theoretical results.
We remark that, we get similar plots for the input matrix B. Lastly, Figure 6.2 is
generated by evolving the state through 100 timesteps and recording the Euclidean norm
of x; at each timestep. This is repeated 500 times with p(A) > 1 and using leaky-ReLLU
activations. In Figure 6.2, we plot the mean and one standard deviation of the Euclidean
norm of the states x; over different values of A (leakage). The states are bounded when we
use leaky-ReLLU with A\ < 0.5 even when the corresponding LDS is unstable. This shows
that the nonlinearity can help the states converge to a point in state space. However, this is
not always true. For example, when A = 2I and xy has all entries positive. Then, using

leaky-ReLLU will not help the trajectory to converge.

6.2 Bilinear System Identification

For our experiments, we choose a bilinear dynamical system (3.2.1) with state
dimension n = 8 and input dimension p =4. Ag is generated with N'(0,1) entries and scaled
to have its largest eigenvalues equal to 0.6. Similarly, {A}}_, are generated with A/(0,1)
entries and scaled to have their largest eigenvalue equal to 1/p. Using xg b N(0,1,),
{ue}52, b N(0,021,) and {w;}, i (0,02 1,,), we generate a single finite trajectory
{(ws, ¢, 141) } L of the bilinear dynamical system (3.2.1), which is given as an input to
Algorithm 1.

We plot, (i) the normalized estimation error of Ay given by |Ag — Aol /| Ao, and

(i) the average normalized estimation error of {A},_, given by (1/p) ¥7_, | AL - Agl/| Azl
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Figure 6.3: Identification with varying input variance o;,

Fach experiment is repeated 20 times and we plot the mean and one standard deviation. We
also plot, (iii) the Euclidean norm of the states {|@|s,}.q, and (iv) the condition number
of the design matrix Xy. To verify our theoretical results from Section 3.3, We perform the
following two different types of experiments.

e Input strength: In this experiment, we run Algorithm 1 with different values
of oy, and T, while setting the values of n,p, p(A) and p(Ay) as described above. We also
set gy = 0.3. The results of this experiment are plotted in Figure 6.3. As predicted by our
theory, the estimation errors of {Ak}£=0 converge to 0 with the increasing trajectory length.
Another important observation is that the estimation errors also decrease with increasing
0y. This is more prominent in the case of { Ay}, _,, which is consistent with the message of
Theorem 24. Furthermore, Table 6.2 shows that increasing o, results in an increase in the
spectral radius of the augmented state matrix A. This also implies that we cannot increase
0y above a certain threshold. Otherwise, the bilinear system might become unstable and we
might not be able to learn the dynamics {A}}_,.

e Noise level: In this experiment, we run Algorithm 1 with different values of
ow and T, while setting the values of n,p, p(A) and p(Ay) as described above. We also

set gy = 1.5. The results of this experiment are plotted in Figure 6.4. Larger trajectory
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length helps here as well. Interestingly, the estimation errors are independent of the noise

strength o,,. This is as predicted by Theorem 24. From Figure 6.4, we also see that, when

the trajectory length is sufficiently large, the condition number of X7 is similar for different

noise levels. When the trajectory length and the noise level are very small, X has larger

condition number because of the random initialization of g and the decrease in Euclidean

norm of x; with time (see Figure 6.4). If the noise is 0 and the unknown bilinear system

has p(A) <1, then as shown in Lemma 21, the states will converge to 0 exponentially fast.

Therefore, most of the samples in the collected trajectory {(uy, wt,$t+1)}z;0 will be zero.

Ou

0.3

0.6

1.0

1.2

1.5

p(A

0.369

0.402

0.509

0.995

0.764

Table 6.2: p(A) increases with increasing oy,

6.3 Finding Best Linear Model in High Dimensions

We consider a standard single-index model where for some ground truth vector

a and link function ¢, the input/output relation is given by y; = ¢(a’x;). We pick a
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Figure 6.5: We run PGD with leaky-ReLU activation (max(z,cz)) using
subexponential design matrix [X 1]. We plot the normalized estimation error
|6, —6* ||%2/ |6~ H?Q with varying degree of (a) nonlinearity, (b) sparsity and (c)
sample size. (c) also shows the bias estimation error |, — p* H?z/Hu* H?Z. The
estimation error decays quickly however the eventual error varies as a function
of the nonlinearity, sparsity and sample size as predicted by Theorem 43. (d)
PGD with bias estimation outperforms vanilla PGD (using X alone).

to be an s sparse vector with i.i.d. A/(0,1) nonzero entries and set the dimension to be
p = 800. Based on the sparsity prior, we run PGD as iterative hard thresholding where 8 is
projected to be s-sparse after every iteration. As a link function, we considered leaky-ReLU
(i.e. max(z,ax) where 0 < a < 1); which is of interest for deep learning. We generate x;’s
with i.i.d. exponentially distributed entries (with parameter A = 1) and then remove the
mean and normalize the covariance to identity. We pick a learning rate of n = 0.5/(n + p)
in all experiments, where n is the sample size and p is the dimension of parameter. The
shaded areas in the plots correspond to one standard deviation.

To assess the performance of PGD, we use the following metrics at a gradient

iterate 0;:

e normalized estimation error: |0, - O*H%Q/HH*H%Q,

e normalized training error: |y - X6, - /LTlHé/HyHZ.

e normalized test error: similarly defined but evaluated on a fresh dataset of size n.
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The population BLM 6~ is estimated using 100,000 samples by solving a linear regression.
To verify our theoretical results, we study the effect of the nonlinearity, sparsity, and sample
size on the quality of the PGD estimate. Figures 6.5, 6.6, and 6.7 plot the estimation error,
training error, and test error for the same set of configurations described below. For Figures
6.6 and 6.7, the PGD errors are compared to the BLM baseline |y - X0* - pu*12 /[y|?
which is the error at the BLM 6*, u* (highlighted as the dashed green line).

e The degree of nonlinearity: Figures 6.5a, 6.6a, 6.7a plot the errors over
different degrees of nonlinearity (quantified by the parameter o) with s = 20 and n = 500. The
estimation error grows with the increase in the degree of nonlinearity and we almost perfectly
recover * for the linear case. We also state the effective noise level o = E[ (y—(0*, )—u*)?]"/2.
o is zero for the linear case (o = 1) and it increases with decreasing the value of «, resulting
in larger estimation error as predicted by our theory. Note that if nonlinearity is mild, BLM
can achieve good test accuracy (Fig. 6.7a). At a = 0.8 normalized test error is around
0.0043.

e Sparsity: Figures 6.5b, 6.6b, 6.7b plot the errors over different levels of sparsity (s)
while setting n = 500 and using ReLU function (o = 0). The estimation improves with
increasing sparsity (smaller s) which is consistent with Table 5.1 where larger s leads to
larger (perturbed) Gaussian width. Hence, these figures are consistent with Theorem 43,
which states that the statistical estimation error grows as wy, (C)/v/n. Sparsity s = 20 achieves
same training error as the BLM baseline and has good test performance. As sparsity grows
(s =60,120), PGD achieves lower training error than the baseline. This implies that PGD is

overfitting as verified in Figure 6.7b.
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Figure 6.6: Normalized training errors |y - X0, - u-1[7,/|y|7, associated with
the same set of experiments in Figure 6.5. Errors are plotted by varying (a) the
degree of nonlinearity, (b) sparsity, (c) sample size, and (d) the design matrix.

e Sample size: Figures 6.5¢, 6.6¢, 6.7¢ plot the errors over different sample sizes n
while setting s = 20 and using ReLU function (« = 0). Figure 6.5¢ also plots the normalized
estimation error of the output mean defined as |, — p*|*/|n*|2. The estimation improves
with increasing sample size. This is again consistent with Theorem 43. Note that both
n = 250,n = 500 achieve similar training errors as the BLM baseline however n = 250 has
noticeably larger test error which can be anticipated from Figure 6.5c.

o Effect of debiasing: Figures 6.5d, 6.6d, 6.7d compare the errors over the design
matrices X and [X 1], setting s = 20 and n = 500 and using ReLU function (« = 0). We
observe that the design matrix [X 1] yields much better performance compared to the
original matrix X. While in theory the design matrix [X 1] has a similar convergence
guarantee to X, in practice it improves the estimation significantly thanks to addressing
the output mean and reducing the output variance. Finally, perhaps not surprisingly, we
remark that 6* is not equal to the ground truth parameter a and it is not perfectly s

sparse. Measuring the correlation coefficient p = % for varying sparsity s reveals
2

le,

that p » 0.969 for s = 20, p » 0.982 for s = 60 and p ~ 0.991 for s = 200. Here p is obtained by

averaging over 20 realizations of random a and 6* is empirically found from 10° samples.
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Figure 6.7: Normalized test errors ||Ygest — XtestOr — uTIHZ /| Ytest Hi associated
with the same set of experiments in Figure 6.5. This is same as Figure 6.6
however evaluations are done on a test dataset (Yest, Xtest)

Increased correlation with larger s is previously pointed out by the interesting work [176].
Per discussion in Section 5.3.3, Gaussian samples are guaranteed to be consistent and achieve
correlation of 1. Indeed, repeating the same experiments with Gaussian data results in
p > 0.995 for all choices of s where 0.995 (rather than 1) is due to estimating BLM with

finite samples.
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Chapter 7

Conclusions and Future Directions

In this chapter, we present the conclusions of this thesis and discuss some possible
future directions. Specifically, we get the following conclusions:

e Nonlinear system identification: We can learn nonlinear dynamical systems by
utilizing stability and mixing-time arguments. We show that, under reasonable assumptions,
one can learn the dynamics of a nonlinear stabilized system from a single finite trajectory.
We find that, we can combine stability with one-point convexity and smoothness condition to
learn the nonlinear dynamical system (2.2.1) with an error rate (’)(\/m ), which is optimal
in terms of trajectory length 7" and the dimension of the unknown dynamics. Our general
approach can treat important dynamical systems, such as standard LTI dynamical systems
and the setups of [31-33] as special cases. We provide both sample size and estimation error
guarantees on standard LTT dynamical systems and certain nonlinear state equations.

¢ Bilinear system identification: We provide finite sample analysis for learning

discrete-time bilinear systems. We find that: (i) under marginal mean-square stability, we can
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estimate the bilinear systems of the form (3.2.1) with an error rate O(y/n(p +1)/T"), which
is optimal in terms of trajectory length 7" and the dimension of the unknown matrices, and

(ii) the estimation gets better with increasing input variance cri, whereas, it is independent

2
w:

of the noise variance o

e Markov jump system identification: Markov jump systems are fundamental
to a rich class of control problems where the underlying dynamics are changing with time.
Despite its importance, statistical understanding (sample complexity and error rates) of MJS
have been lacking due to the technicalities such as Markovian transitions and weaker notion
of mean-square stability. At a high-level, this thesis overcomes these challenges to provide
finite sample system identification guarantees for MJS. Notably, the resulting estimation
error O(W) is optimal in the trajectory length and coincides with the standard
LTI system identification up to polylogarithmic factors.

e Finding best linear model: We study the problem of finding the best linear
model high dimensions. We analyze the projected gradient descent algorithm and show its
fast convergence as well as statistical accuracy in a data-dependent fashion. Our results
hold for sub-exponential data as well which is heavier tailed compared to well-studied
sub-gaussian. In both cases, we prove that nonlinearity of the problem can be treated as
uncorrelated noise, and we establish favorable statistical guarantees to estimate the best

linear model. Our bounds have a similar flavor to guarantees known for regularized linear

regression with independent noise.
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7.1 Future Directions

In this section, we discuss some possible future directions. Specifically, our technical
tools and ideas from Chapters 2, 3,4 and 5 can be extended or improved to solve the following
research problems:

e Learning nonlinear ARX models: While we focus on nonlinear state equations,
our technical ideas (e.g., combining mixing-time and optimization landscape arguments)
have implications for richer class of systems. For instance, nonlinear ARX form x; =
fe(@io1, @2y, T4—m) + wy—1 is a powerful generalization of the state equations that we
investigate. Koopman lifting provides another class of nonlinear problems. It would be
interesting to extend our framework (i.e., merging one-point convexity and smoothness with
mixing-time arguments to enable success of gradient descent) to provide non-asymptotic
learning guarantees for these systems.

¢ Learning non-mixing nonlinear models: It will be interesting to explore
alternative approaches to mixing-time arguments for learning nonlinear dynamical systems.
Martingale based arguments have the potential to provide tighter statistical guarantees
and mitigate dependence on the spectral radius [22]. It will be interesting to extend these
arguments to provide non-asymptotic learning guarantees for nonlinear dynamical systems.

e Adaptive control for nonlinear systems: It will be interesting to extend our
nonlinear system identification framework to nonlinear adaptive control. One can analyze
the nonlinear control problem in both model-free and model-based settings. In these settings,
one can analyze the Koopman operator theoretic framework as well as the model predictive

control framework to provide end-to-end guarantees. Combining learning and control in
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the nonlinear setting is challenging. A major challenge is the distribution shift induced by
deploying the learned policy. Mitigating the distribution shift in nonlinear adaptive control
is itself an interesting research direction.

e Learning bilinear systems with control: Our analysis from Chapter 3 can be
extended to estimate a more general bilinear system @1 = Aoz + Yjrq [ k| Apz, + Buy +
wyr1. In this case, because of the additional Bu; term, the estimation gets better with
increasing input variance o2 or decreasing the noise variance 2. In the future, we would
like to apply these results for learning more general nonlinear systems by learning a bilinear
or state-affine approximation in a higher dimensional space using Koopman operator-like
techniques, with the main challenge being the need to jointly learn a lifting and the dynamics
in the lifted space.

¢ Finding best LTI model in high dimensions: It would be interesting to
extend our results from Chapter 5 to finding the best LTI dynamical system that can

minimize least-squares loss given a single trajectory of an unknown dynamical system.
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Appendix A

Proof of Corollary 15

A.1 Verification of Assumption 1

The following lemma states that a linear dynamical system satisfies (C,, p)-stability

if the spectral radius p(A.) < 1.

Lemma 55 ((C,, p)-stability) Fiz excitations (2¢);2, and noise (w;);2,. Denote the state
sequence (2.4.1) (¢ = I,) resulting from initial state o = o, (2,)L_, and (w;)i_, by
xi(a). Suppose p(A.) < 1. Then, there exists C, > 1 and p € (p(A.),1) such that
|ze(a) = :(0) e, < Cop’ [l
Proof. To begin, consider the difference,
zi(a) —x(0) = Avy1(a) + Bozio1 — Avxy1(0) = Bozi1 = Ay (-1 () — x4-1(0)).

Repeating this recursion till £ = 0 and taking the norm, we get

|ze(@) ~2:(0) e, = [ AL (= 0)]e, < |AL[[ x|, (A.1.1)
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Given p(A.) < 1, as a consequence of Gelfand’s formula, there exists C,, > 1 and p € (p(A.),1)
such that, |AL| < C,pt, for all t > 0. Hence, |z:(c) — 2:(0) e, < Cpp'|et]s,. This completes

the proof. m

A.2 Verification of Assumption 2

To show that the states of a stable linear dynamical system are bounded with high
probability, we state a standard Lemma from [31] that bounds the Euclidean norm of a

subgaussian vector.

Lemma 56 Let a € R" be a zero-mean subgaussian random vector with |aly, < L. Then

for any m >n, there exists C >0 such that
P(ale, < CLVm) > 1 -2exp(-100m). (A.2.1)

To apply Lemma 56, we require the subgaussian norm of the state vector x; and the
concatenated vector ;. We will do that by first bounding the corresponding covariance

matrices as follows.

Theorem 57 (Covariance bounds) Consider the LDS in (2.4.1) with ¢ = I,,. Suppose

z Mt N(0,1,) and wy il N(0,0%1,). Let Gy and F; be as in (2.4.4). Then, the covariance

T

matriz of the vectors x; and hy = [x] z[]" satisfies

Amin (GG + 0*F,FN) I, <X[x] < Max(GiGT + 0> F,F)) I, (A.2.2)

(1 A Anin (GG + P FyF) ) Ly <S[ht] < (1V Anax (GYG] + 0> FLE) ) Ly, (A2.3)
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Proof. We first expand the state vector x; as a sum of two independent components g; and

w; as follows,

ZAf B, zﬁZAt M (A.2.4)
=0

gt Wt

Observe that, g; denotes the state evolution due to control input and w; denotes the state
evolution due to noise. Furthermore, g; and w; are both independent and zero-mean.
Therefore, we have

lx;] = B[g; + wi] = B[ge] + B[w:] = E[grg) | + E[wiw; |

t—1t-1

ZZ ADB. L=z BI(A) + 3 3 (A1) Blwiw] (4D
Zl ADBLBI(AD) + 0”3 (AL) (ALY, (A.2.5)

i=0
where we get (a) from the fact that E[z;z]] = I, and E[w;w;] = oI, when i = j, and
zero otherwise. To proceed, let Gy := [AT!B, A12B, --- B,] and F;:=[A"1 A2 ... I,].
Observing G4G] = Y10 (AV)B,BI(A')™ and F,F] = Y2} (A%)(AL)T, we obtain the fol-
lowing bounds on the covariance matrix of the state vector x; and the concatenated vector

he = [x] 2]
Amin(GiG] + 02 F,F) I, <X[x4] < Amax (Gi G} + 0*F,F))1I,, (A.2.6)
(1 A Ain (GG + P F,F ) Ly <Z[hy] < (1V Anax (GYG] + 0 FLF) ) L,hp,  (A2.7)

where to get the second relation, we use the fact that 3[z;] = I,. This completes the proof.
]

Once we bound the covariance matrices, using standard bounds on the subgaussian

norm of a random vector, we find that ||y, $ /E[2:] < \/Amax(GiG] + 02 F,F]) and
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1Rty S VE[R] €1V Amax(GiG] + 02F,F,;"). Combining these with Lemma 56, we find
that, with probability at least 1 — 47T exp(-100n), for all 1 <t < T, we have |z¢|s, < cv/Bin

and |k, < con/B+(n+p), where we set S = 1V maxiq<r Amax(GiG| + O'QFtFtT). This

verifies Lemma 6 and consequently Assumption 2.

A.3 Verification of Assumption 3

Recall that, we define the following concatenated vector/matrix for linear dynamical
systems: h; =[x} 2z/]" and ©, =[A, B,]. Let ;" denotes the ky, row of ©,. Then, the

auxiliary loss for linear dynamical system is defined as follows,
L 1
ﬁp(@) = Z Ek,D(ek)a where Ek,’D(Ok) = §E[(wL[k] - GZhL_1)2]. (A.3.1)
k=1

Using the derived bounds on the covariance matrix, it is straightforward to show that the

auxiliary loss satisfies the following one-point convexity and smoothness conditions.

Lemma 58 (One-point convexity & smoothness) Consider the setup of Theorem 57
and the auxiliary loss given by (A.3.1). Define T'y := GthT+02FtFJ. Let y- == 1A Amin(Tr-1)

and vy = 1V Amax(Tr-1). For all 1 <k <n, the gradient VL, p(0)) satisfies,

(0x - 65,V LLD(Ok)) > 1[0k - 0517,

IV Le(Ok) e, <46k = O |-

Proof. To begin, we take the gradient of the auxiliary loss Ly p (A.3.1) to get VL p(0)) =
E[hL_lhz_l(Hk - 9]:) - hL_le_l[k:]]. Note that, E[hL_le_l[k]] =0 for linear dynamical

systems because wy_; and hy_; are independent and we have E[wy_1] = E[hy_1] = 0.
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Therefore, using Theorem 57 with ¢t = L — 1, we get the following one point convexity bound,

(6, - 67, VLLD(O))) = (01— 0}, E[h_1h]_,1(0x - 6;)),

> [0k - 6; 7, (A.3.2)
where y_ := 1 A Apin (T'z-1). Similarly, setting 74 := 1V Apax(T'z-1), we also have
IVLED(Ok) e, < | E[hr-1hy ][0k = 07, < 74l 0k — 05 les- (A.3.3)

This completes the proof. m

A.4 Verification of Assumption 4

Let S := (azL ,:cL)l,z](-f)l it; be N ii.d. copies of (xr,xr-1,21-1) generated from
N ii.d. trajectories of the system (2.4.1) with ¢ = I,,. Let h(Lizl = [a:(LZ)I zg)I] and

© := [A B] be the concatenated vector/matrix. Then, the finite sample approximation of

the auxiliary loss Lp is given by
Ls(©®) = Lys(0y), where L s(6):= Z(m@ —0,n\) )2, (A.4.1)
k=1
The following lemma states that both V£ p and V[Aikjs are Lipschitz with high probability.

Lemma 59 (Lipschitz gradient) Consider the same setup of Theorem 57. Consider
the auziliary loss Ly p and its finite sample approximation EA;%S from (A.3.1) and (A.4.1)
respectively. Let v, > 0 be as in Lemma 58. For N Z n + p, with probability at least

1—2exp(-100(n + p)), for all pairs ©,0" and for all 1 <k <n, we have
max(|VLyp(0k) = VLED(04) ey | VLEs(Ok) = VL5 (1)) < 27410k — Op ]y (AA42)
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Proof. To begin, recall the auxiliary loss from (A.3.1). We have that

VLo (Or) = VLeD(O) e, = [E[hr-1h]_]1(0k — 6;) —E[hr_1hy_11(6} - 6})l,,
<|E[hr-1h]_,]6k - 6]e,,

<Y+ HOk - 0,2”[2. (A43)

To obtain a similar result for the finite sample loss EA&S, we use Corollary 5.50 from [177] which
bounds the concentration of empirical covariance around its population when the sample size
is sufficiently large. Specifically, applying this corollary on the empirical covariance of hgzl

with t = 10,e = 1 shows that, for N 2 n + p, with probability at least 1 —2exp(-100(n + p)),

we have
L&) 6) T
” N Z hp (k) —Elhr b ]| <vs (A.4.4)
i=1

Thus, the gradient Vﬁk73(0k) also satisfies the Lipschitz property, that is, for N 2 n + p,

with probability at least 1 —2exp(-100(n +p)), we have

|VLk.5(Ok) = VL1s(67) e,
1 N, i i * 1 N 7 i *
< Iy L i (W) (0= 00) = 7 ki (k)T (6~ 60

L& Gy @)y ,
HNZth(thl) H”Ok—%“em
=1

<

13 G i
<[IE(h k] ]|+ 15 2R (B )T ~Elhr1h] 1116k - 6}
i=1

<27, [0k - O e, (A.45)

for all 1 < k < n. Combining the two results, we get the statement of the lemma. This

completes the proof. m
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A.5 Verification of Assumption 5

Given a single sample (x,x1_1,27-1) from the trajectory of a linear dynamical

system, setting hy_q := [x] ; 2] ;]', the single sample loss is given by,

L(O,(zr,hr1)) = i Li(O, (xr[k],hr-1)),
p

1
where ﬁk(ek, (CCL[/{?], hL—l)) = §($L[k] - O,ZhL_l)z. (A.5.1)
The following lemma shows that the gradient of the above loss is subexponential.

Lemma 60 (Subexponential gradient) Consider the same setup of Theorem 57. Let
L0k, (xp[k],hr-1)) be as defined in (A.5.1) and v, >0 be as in lemma 58. Then, at any

point O, for all 1 <k <n, we have

IVLy(Ok, (xr[k],hr-1)) —~E[VLL(Ok, (xL[k], hr-1))]ly, S 74160k = Ok e, + 0 /s

Proof. Using standard bounds on the subgaussian norm of a random vector, we find that
lhr-1]y, S V/E[hr-1] < /7%, where v, >0 is as defined in Lemma 58. Combining this with

|lwr-1[k]|y, < o, we get the following subexponential norm bound,

|VLK(Ok, (xLk], 1)) - E[VLL(Ok, (L[], hr-1)) ]l
= [(hrhp_y - Elhr1h] 1)(0k = 6;) - hoywra[K]]y,
<[[(hr-1hp s ~Elhr-th] D)0k = 0;)ly, + [hrrwra[k]]y,,
S Y+l 0k = Ok lley + 0/ (A.5.2)
where we get the last inequality from the fact that, the product of two subgaussian random

variables results in a subexponential random variable with its subexponential norm bounded

by the product of the two subgaussian norms. m
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A.6 Finalizing the Proof of Corollary 15

Proof. Our proof strategy is based on verifying Assumptions 1, 2, 3, 4 and 5 for a
stable linear dynamical system and then applying Theorem 14. Since, we already verified all
the assumptions, we are ready to use Theorem 14. Before that, we find the values of the

system related constants to be used in Theorem 14 as follows.

Remark 61 Consider the same setup of Theorem 57. For a stable linear dynamical system,
with probability at least 1 — 4T exp(-100n), for all 1 <t < T, the scalars C’J),Dd; take the

following values:

[Ve, (0xhi)lles = [ tlle, < co/B+(n+p) = Cj, (A.6.1)
[Vh: Vo, (8phe)] = [Tnsp| <1 = Dy, (A.6.2)

where f, = 1V maxi«<r Amax (GG} + UQFtFtT). Furthermore, the Lipschitz constant and
the gradient noise coefficients take the following values: Lp =2v,, K = ¢y, and o¢ = co/7+-

Lastly, we also have py = 2exp(-100(n + p)).

Using these values, we get the following sample complexity bound for learning linear

dynamical system via gradient descent,
N 2 k210g%(3(274 )N /74 +3)(n+p) < N 2 k*log?(6N + 3)(n + p), (A.6.3)

where k =7, /v- is an upper bound on the condition number of the covariance matrix X[ hy].

Similarly, the approximate mixing time for the linear dynamical system is given by,

L>1+[log(co(n+p)\/BeCo/N/(n+p)) +log(c//75 v ey/Be(n +p)[7:)]/ log(p™")

. log(CC,B:N(n +p)/7+)]

= (A.6.4)

— Lz[l
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where, C' > 0 is a constant. Finally, given the trajectory length T'> L(N + 1), where N and
L are given by (A.6.3) and (A.6.4) respectively, starting from ©(?) = 0 and using learning
rate = y_/(1672) (in Theorem 14), with probability at least 1 — 47 exp(~100n) — Ln(4 +
log(w)) exp(=100(n +p)) for all 1 < k < n, all gradient descent iterates @) on £

satisfy

2
(1) _ g 1= e _ pr be [n+p
165" = Orlle, < (1- @) 1657 = 6klles + RAAE log(6N +3)y/ —— (A.6.5)

We remark that, choosing N 2 x%log?(6N + 3)(n + p), the residual term in (A.6.5) can be

bounded as follows,

5c n+
7—0\ /7+10g(6N +3)y/ Np S o/ +-
Therefore, to ensure that Theorem 14 is applicable, we assume that the noise is small enough,

so that 0 S /7:]|©.|r (we choose ®®) =0 and r = |©,||r). This completes the proof. m
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Appendix B

Proof of Corollary 16

B.1 Verification of Assumption 2

Lemma 62 Let X be a non-negative random variable upper bounded by another random
variable Y. Fix an integer k > 0. Fix a constant C > 1+ klog3 and suppose for some B >0

we have that P(Y > B(1+t)) < exp(~Ct?) for all t > 0. Then, the following bound holds,
E[X*] < (2F +2)B".

Proof. Split the real line into regions R; = {z | Bi<x < B(i+1)}. Observe that P(Y €

Ro) +P(Y e R1) <1 and P(Y € Riy1) < exp(~Ci?) for i > 1. Then,

E[Y*] < i(B(z‘ +1)*P(Y € Ry,
1=0

< (2" +1)B" + 3 (i + 2)F BY exp(-Ci?).
=1

Next, we pick C' > 0 sufficiently large to satisfy exp(~Ci?)(i +2)* < exp(=i?) < exp(—i). This
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can be guaranteed by picking C' to satisfy, for all ¢

exp((C =1)i?) > (i+2)* «— (C-1)i® > klog(i +2),

— C’Zl+sup%;+2)
i

i>1

I

— C>1+klog3.

Following this, we obtain Y52 (i + 2)* B¥ exp(~Ci?) < B¥. Thus, we find E[Y*] < (2¥ +2) B*.

Lemma 63 (Bounded states) Suppose, the nonlinear system (2.4.2) is (C,, p)-stable and
#(0) = 0. Suppose, z i N(0,I,), w; i N(0,0%1,) and let By = Cy(1+0)/(1 - p).
Then, starting from xg =0, for all 0 <t <T, we have:

(a) B(|zile, < cfor/) 2 1 - AT exp(~100n).

(b) E[|2[7,] < 8in.

(c) Elllz:]7,] < C5(log(2T)n)*>.

Proof. (a) Given |2y, <1 and |wy||y, < o, we use Lemma 56 to obtain P(|z¢]|e, $ /1) 2
1-2T exp(-100n) and P(||w||e, S ov/n) >1-2T exp(-100n) for all 0 < ¢ < T'—1. Using these
results along-with (C),, p)-stability in Lemma 6, we get the desired bound on the Euclidean
norm of the state vector x;.

(b) Recall that zo = 0. We claim that E[|z|7,] < 8in(1 - p')?, where g, :=
C,(1+0)/(1-p). Note that, using standard results on the distribution of squared Euclidean

2

norm of a Gaussian vector, we have IE[Hth?Q] =n and ]E[Hwtﬂi] = o°n, which implies

E[|zt]e,] < /1 and E[||wt|s,] < ov/n. Using this results, we show that x; satisfies the
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following bound and obeys the induction
E[ll21]7,] = E[|¢(0) + 20 + wol7,] < (1+0%)n < CF(1+0)*n = Bin(1 - p')*.

This implies E[|21]¢,] < B++/n(1 - p') as well. Suppose the bound holds until ¢ - 1, that
is, B[ |1 7,] < B2n(1 - p'™")* (which also means E[|&;1]ls,] < Siv/n(1 - p'")). We now
apply the induction as follows: First observe that E[|x; [¢, ] obeys the same upper bound as

E[|lzLlle,] by construction. To proceed, recalling (2.3.7), we get the following by induction

|~ @t4-1]e, < Cpp' ™ 1],
= 2l <Cop il + 2]
= Ja&lf, < (Copaille + l2ei-1]e)?,
— E[|@:]7,] < C; oV EL21 |7,] + B[l @s-117,] + 2Co0 " El |21 |6, E[|@e-1 e,
¢ C2p* D (1 +0)n+ B2n(1- p' )2 + 2nCpp (1 +0) B (1 - p7),
E B DA () w2 (0 (- ),
= Bin[p* 2 (1+p* = 2p) + 1+ p* 2 = 29"+ (20" = 20%72) (1 - p)],
= Bin(1+p* - 2p"),
- Bn(1-p), (B.1.1)
where we get (a) from the induction hypothesis and (b) from the bound on x;. This bound
also implies E[Hthi] < #%n and completes the proof.

(c) Recall that, we have [z¢[y, <1, [|we|y, <o, E[|2¢]e,] < /1 and E[|w;|e,] <

ov/n. Combining these bounds with standard concentration inequalities of a Guassian
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random vector, we have

P(lzele, > E[[|2t]e,] +8) <exp(~t?/2) and  P(|wile, > E[Jwile,] + ) < exp(=1?/(20%)),

— P(||z¢]¢, > V2en(1 +1)) < exp(-cnt?), (B.1.2)
and  P(|wy|e, > 0v2en(1 +1)) < exp(—cnt?). (B.1.3)

To proceed, let X = |x]s, and Y = 2124 C,p7 (| 2¢]le, + |we]le,) and note that X <Y. Now,
using (B.1.2), (B.1.3) and union bounding over all 0 <¢ < T -1, we get the following high

probability upper bound on Y, that is,

t-1
P(Y > > Cpp™V2en(1 +0)(1+1)) < 2T exp(-cnt?),
7=0

= P(Y >C,\/10nlog(2T)(1+t)(1 +0)/(1 - p)) < exp(-5nt?), (B.1.4)

where we choose ¢ = 5log(2T") to get the final concentration bound of Y. Finally using this

bound in Lemma 62, we get
EfJa:]3,] < 3262 (log (217)n) 2, (B.1.5)

where 3, =C,(1+0)/(1-p), as defined earlier. This completes the proof. m

B.2 Verification of Assumption 3

Theorem 64 Suppose the nonlinear system (2.4.2) satisfies (C,, p)-stability. Suppose z; i
N(0,1,) and w; i N(0,6%I,). Let By be as in Lemma 63. Then, the matriz E[z:z]

satisfies
(1+ 01, <E[xx]] < fnl,. (B.2.1)
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Proof. We first upper bound the matrix E[z;x;] by bounding its largest singular value as

follows,
Elz,x]] < E[| 2] |11, < E[|@|7,]1. < SinI,, (B.2.2)

where we get the last inequality by applying Lemma 63. To get a lower bound, note that
Y[x] = E[zix] | - E[x] E[z]". Since, all of these matrices are positive semi-definite, we

get the following lower bound,
E[zx]] > B[x;] = B[o(O,xi_1) + 2oy +wi1] = Bz +wi1] = (1+02)I,. (B.2.3)

Combining the two bounds gives us the statement of the lemma. This completes the proof.
|
To verify Assumption 3 for the nonlinear system (2.4.2), denoting the ky, row of ©

by 6/, the auxiliary loss for the nonlinear system (2.4.2) is given by,

ﬁp(@) = éﬁk’p(ek) where ﬁk’p(gk) = %E[(a}L[k] - gb(B;wL_l) —ZJ-1 [k‘])Q] (B24)

Using the derived bounds on the matrix E[a;x/ ], it is straightforward to show that the

auxiliary loss satisfies the following one-point convexity and smoothness conditions.

Lemma 65 (One-point convexity & smoothness) Consider the setup of Theorem 6/
and the auzxiliary loss given by (B.2.4). Suppose, ¢ is y-increasing (i.e. ¢'(x) >~ >0 for all
x € R) and 1-Lipschitz. Let By be as in Lemma 63. Then, for all 1 <k <n, the gradients

VL p(0k) satisfy,
* 2 2 * 112
(6, - 67, VLLD(Ok)) > (1+07)] 0k - 647,
|V Lep(Ok) ey < B0k — 05 e,
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Proof. Given two distinct scalars a,b we define ¢'(a,b) := %' Observe that 0 <y <

¢'(a,b) <1 because of the assumption that ¢ is 1-Lipschitz and 7-increasing. Now, recalling

the auxiliary loss Ly p from (B.2.4), we have

VLp(Ok) = E[(¢(0yx-1) = (0} @ 1-1) —wr-1[k])¢' (Opzr1)2L-1],
=E[¢'(0yxL-1,0; @L-1)¢" (02 L-1) (021 - 0 @ 1)@ 1]
~Efwy1[k]¢' (O 1)@ 1],
=E[¢' (651,60, @ 1) (0w 1)wr 2] 1 (6) - 6)], (B.2.5)

where E[wr_1[k]¢' (0 xr-1)xr-1] = 0 because 11 and wr_; are independent and we have

E[wr-1] = 0. Next, using y-increasing property of ¢, we get the following one-point convexity

bound,

(0 - 01, VLLD(6r)) = (01 - 07, E[¢ (01,0 @ 1) (02 1)L 12 1 (0 - 6;)]),
>y (O - 05, B[z 1zp 1](0x - 6;)),

>7*(1+0%)6) - 6;]17,. (B.2.6)
Similarly, using 1-Lipschitzness of ¢, we get the following smoothness bound,

VLo (Ok) ey = [E[¢' (6gL1,0; @r 1) (8L 1)xr 121 1 (0 — 0})] e
<E[|¢'(0rxr-1,0; ®L1)d" (Opxr-1)xr 12 _[]]6k - 0% e,
<E[|xr-12r |16k - e,

< Bn|| 0k - 05 |es, (B.2.7)

where 3, is as defined in Lemma 63. This completes the proof. m
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B.3 Verification of Assumption 4

Let S = (£UL >w§:)1’zg)1 ity be N ii.d. copies of (xr,xr-1,21-1) generated from

N ii.d. trajectories of the system (2.4.2). Then, the finite sample approximation of the

auxiliary loss Lp is given by,

£5(©) =Y Lis(8r) where Ly.s(6)) = Z DIk] - p(op2)) - 27, [K])%. (B.3.1)
k=1 =1

The following lemma states that both V£ p and Vﬁkﬁ are Lipschitz with high probability.

Lemma 66 (Lipschitz gradient) Consider the same setup of Theorem 64. Consider
the auziliary loss L, p and its finite sample approximation ﬁk,g from (B.2.4) and (B.3.1)
respectively. Suppose, ¢ has bounded first and second derivatives, that is, |¢'|,|¢"| < 1. Let
B+ be as in Lemma 63. Then, with probability at least 1 — AT exp(—=100n), for all pairs

0,0 € B"(O,,r) and for 1 <k <n, we have

max(| VL p(0r) = VL. (0}) | es, [V LEs(Or) = VLis(01) )

S((1+ U)5+n + 7“53 32 log3/2(2T)) 16 - 01{: “52'

Proof. To begin recall that, VL p(6x) = E[(¢(0)xr-1) - ¢(0; xr-1))d" (0] xr-1)TL 1]

To bound the Lipschitz constant of the gradient V.Ly p(6}), we will upper bound the spectral
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norm of the Hessian as follows,

|V?Lep(0)] = | E[(¢(8ar1) - ¢(6; @ 1))¢" (0L 1)L, ]
+E[¢'(0rxr-1)¢ (8pxr-1)Tr 12 ]|,
E[|¢"(0rxr-1,6; 1) (0,211 -0} ®r1)¢" (0,2 1)z 12 4]
+E[¢"(0gxr1)¢" (0pxr1)xr 12 4[],
<E[|(0gxr1 - 05 wr1)zr 1z |+ Eleaz ],
< 6% - 030 B[ &1 [7,] + E[|lzL1 7, ],

$ B2 (1og(2T)n)*2 |6y, - 65 e, + Bn, (B.3.2)

where we get the last inequality by applying Lemma 63. Similarly, to bound the Lipschitz
constant of the empirical gradient

Viks(0y) = — zw 0;2)) - 6(6; 2 ) - [K]) (B2 )2l

we upper bound the spectral norm of the Hessian of the empirical loss ﬁk73 as follows,

A 1 N ) *T (3 ) " T (3 (3 T
1V°Lrs(O0)] < 7 22 1(6(8f}) = 606"l — wily (kDo (8w el (212

kTr 1

+—Z||¢<0,I o' (o1 Ha? (@)1,

(a) 1 1 * 1 1
<NZ[||<e;w21 6; 2 N2 (@) + (1 w2 k]2, (2 )7,
=1
1 N * 7 7
<= 1165 - 65 e 12,12, + (1 + |0l (KD 1287, 12,1,
=1

2

S Bin™2 |0k = 0; e, + (1 +0)Bin, (B.3.3)

with probability at least 1 — 47 exp(—100n), where we get (a) by using a similar argument

as we used in the case of auxiliary loss while the last inequality comes from Lemma 63.
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Combining the two bounds, gives us the statement of the lemma. This completes the proof.

B.4 Verification of Assumption 5

Given a single sample (¢, xr-1,2z7-1) from the trajectory of the nonlinear sys-

tem (2.4.2), the single sample loss is given by,

L(O,(xr,xr-1,21-1)) = i Li(Ok, (zL[k],x1-1,20-1[k])),
k=1

where Ly (0, (zr[k], x1-1,20-1[k])) = %(wL[k] -¢(0[xr-1) - zL_l[k])Q. (B.4.1)

Before stating a lemma on bounding the subexponential norm of the gradient of the single
sample loss (B.4.1), we will state an intermediate lemma to prove the Lipschitzness of the

state vector.

Lemma 67 (Lipschitzness of the state vector) Suppose the nonlinear system (2.4.2)
is (C,, p)-stable, z il N(0,1,,) and w; i N(0,0%1,). Let v :=[2] 1Jow]]" and x = 0.

Fizing all {v;}isr (i.e., all except v;), xTyiq is C'ppt_T(l + 02)1/2 Lipschitz function of v, for

0<T<t.

Proof. To begin, observe that x;.1 is deterministic function of the sequence {UT}';:O. Fixing

all {v;};sr, we denote @11 as a function of v, by @.1(v,). Given a pair of vectors (v, d;),
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using (C,, p)-stability of the nonlinear system (2.4.2), for any ¢ > 7, we have

|2041(vr) = @101 (87) ey < Cop’ T 2711 (07) = 211 (87) |1
<O Td(Ouxy) + 27 + Wy — P(Ouy) = £r — Wr |1y,
<Cpp' " (|27 = 27|y + |1 owr ~1/ot- |ey),
D (14 V(3 - 212, 1o o - i 2)12,
<Copt™ T (1+ 02w, = D0y, (B.4.2)
where we get (a) by using Cauchy-Schwarz inequality. This implies @41 is Cpp" 7 (1 + o?)/?
Lipschitz function of v, for 0 < 7 <t and completes the proof. m
We are now ready to state a lemma to bound the subexponential norm of the

gradient of the single sample loss (B.4.1).

Lemma 68 (Subexponential gradient) Consider the same setup of Lemma 67. Let
Ly (O, (xr[k],xr-1,z1-1[k]) be as in (B.4.1) and . = C,(1+0)/(1-p). Suppose |¢'(x)| <1
for all x e R. Then, at any point O, for all 1 <k <n, we have
|VLE(Ok, (®L[k], @1, 2L-1[K])) — B[VLE(Ok, (zL[k], 211, 2L-1[F]))] ],

SB|Ok - O5le, + 0B (B.4.3)
Proof. We first bound the subgaussian norm of the state vector x; following [31] as follows:
Setting v; = [2] 1/ow]]", define the vectors g; := [v§ -+ v] ]7 € R*" and §; := [9] -+ 0] ] €
R2™ . Observe that x; is a deterministic function of gy, that is, z; = f(q;) for some function

f. To bound the Lipschitz constant of f, for all (deterministic) vector pairs q; and G;, we

find the scalar L; satisfying
1/ (ae) = f(@e) e < Lyllae = dille,- (B.4.4)

171



For this purpose, we define the vectors {b;}!_, as follows: b; = [§] - 0 | v] = vi_1] .

Observing that bg = g; and by = §;, we write the telescopic sum,

t-1
|f(q) = f(@)]e, < Z(:) |f(Bis1) = f(0i) e (B.4.5)

Observe that f(b;11) and f(b;) differs only in v;, ¥; terms in the argument. Hence, viewing

x; as a function of v; and using the result of Lemma 67, we have

t-1 )
1£(a) = F(@)]es < Cop'™ 7 (1 + 0*) 2 s = B4,
=0

(a) D N Y 2 \1/2
< C(1+0) P PN (S o - i)
=0 =0
llat—atle,
(b) Cy(1+ 0?)H/? R
< —p( ) la: = atle, (B4.6)

(1-p2)1/2
where we get (a) by applying the Cauchy-Schwarz inequality and (b) follows from p < 1.
Setting fx = Cp(1 + 02)1/2/(1 - p)Y2 we found that @, is Sx-Lipschitz function of g;.
Since v; i N (0, I,), the vector g b N (0, I,;). Since, x; is Sx-Lipschitz function
of q;, for any fixed unit length vector a, a'x; is still Sx-Lipschitz function of q;. This
implies |x; - E[a¢]|y, S fx. Secondly, Bi-Lipschitz function of a Gaussian vector obeys
the variance inequality var[a'z,] < 8% (page 49 of [178]), which implies the covariance

bound E[z;] < f%I,. Combining these results with [w[k]|y, < o, we get the following
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subexponential norm bound,

|VLe(Ok, (zL[k], 21, 2-1[k])) ~ E[VLK(Ok, (xL[k], L1, 20-1[K]))] ],
<|¢'(Opxr-1,0; 1 1)¢" (O xr-1) T 1] (O - O})
~E[¢"(0gzr-1,0; wL1)8 (OpzL-1)Tr12] 1 (O) - 0;)]],
+ ¢ (0L 1)wr a1[k]er 1]y,
S B0k = 6; e, + 0Bk,
S B30k = Opley + 0, (B.4.7)
where we get the last two inequalities from the fact that the product of a bounded function (¢

is 1-Lipschitz because |¢'(x)| < 1 for all z € R) with a subgaussian/subexponential random

vector is still a subgaussian/subexponential random vector. This completes the proof. m

B.5 Finalizing the Proof of Corollary 16

Proof. We have verified Assumptions 2, 3, 4 and 5 for the nonlinear system 2.4.2.
Hence, we are ready to use Theorem 14 to learn the dynamics ®, of the nonlinear sys-
tem (2.4.2) . Before that, we find the values of the system related constants to be used in

Theorem 14 as follows.

Remark 69 Consider the same setup of Lemma 67. Let 8. > Bx > 0 be as defined in
Lemmas 63 and 68 respectively. Then, with probability at least 1 — 4T exp(—-100n), for all
1<t<T, ®@ e BY"(O,,r) and 1 <k <n, the scalars Cy, Dy take the following values.
[Ve,8(05me) e, = 6" (Or )i, < |2ile, S Bin/n = Co,

[V, Vo, 6(0pxe) | = [6'(Ogxe) In + &" (O ) 210y | S 1+ Ban/n|Ok |, S 1+ (O] pBev/n = Dy
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where without loss of generality we choose @) = 0 and r = |©,|p. Furthermore, the
Lipschitz constant and the gradient noise coefficients take the following values: Lp =
(1 +0)B%n + O, | pB3n*210g®?(2T)), K = ¢8% and oo = coB.. Lastly, we also have

po = 4T exp(-100n).

Using these values, we get the following sample complexity bound for learning nonlinear

system (2.4.2) via gradient descent,

4
Nz =Pt 1o (3((1+ 0)82n + [©. | og? 2 (2T)) N/ 62 + 3)m,
Y41+ 02)2
C4
— N3 4(1—P)4 log?(3(1+0)n + 3| O, | p B0 1og® > (2T)N + 3)n, (B.5.1)
Y -p
2 270112 2
where 1?52 < % (1(:1()7)/2(/12 P _ (12_05)2 is an upper bound on the condition number of the covari-

ance matrix X[x;]. Similarly, the approximate mixing time of the nonlinear system (2.4.2)

is given by,

L> 1+ [log(coCpBs(1+ O] pBsv/n)n/N [n) +log(c/Bs v ev/nfB:)]/ log(p™),

4 IOg(CCp(I +[©.|FB:)Nn)

— LZ[I
I-p

1. (B.5.2)

where C' > 0 is a constant. Finally, given the trajectory length 7' > L(N + 1), where

N and L are as given by (B.5.1) and (B.5.2) respectively, starting from @(®) = 0 and

2 2 2/1_ 14

using the learning rate n = 71(5,;22) > 32348 +Z ))QHQ, with probability at least 1 — Ln(4T +
+ P

( 1©+]rCp(1+0)

o (1) )) exp(-100n) for all 1 < k < n, all gradient descent iterates o on L

log
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satisfy

74(1 + 02)2

(1) _ p*

)16 - 65 1,

5c

D) 2)0ﬁ+10g(3(1+a)n+3\\® ||Fﬁ+n3/210g3/2(2T)N+3)\/ .

4
(1 -p)? 0© _ g
<(1-———% -0
<( 512C4n? )'l6; kles

10cC,
+ %alog(?)(l + o) +3C,(1+0) O, | rn®?log*?(2T)N /(1 - p) + 3)4 /
Y(1-p
where we get the last inequality by plugging in the value of 8, = C,,(1+0)/(1 - p) and using
the inequality (1 +02) > (1+20) We remark that, choosing N > ( )4 log?(3(1 + o)n +

3C,(1+0)|O©, ] rn*1og®?(2T)N/(1 - p) + 3)n, the residual term in the last inequality can

be bounded as,

10cC),

m1og(:),(1+o)n+30 L(1+0)] 0, Fn?1log®?(2T)N /(1 - p)+3)\/7<0

Therefore, to ensure that Theorem 14 is applicable, we assume that o S ||©.|F (where we

choose ®® =0 and r = |©, | ). This completes the proof. m
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Appendix C

Remaining Proofs from Chapter 5

C.1 Proof of Lemma 46

Proof. We start by expanding the convergence term by substituting v = [fv" v]"

as follows,

61~ —[X 1]°[X 1])3] ==X a2, - ol

1
= |~18Xw +1)7, - 1[Bv" 177,
1
- |5<52\\Xv||%2 +7%171 + 28717 Xv) - B2||v[7, -+
1 2 2 2 2 1 2 2 1 = T
= |=B%| X 0|7, - B |v]f, + =7*n -2 +28y= > v'z;
n n n .3

1 D
<SP X 0], - ol + T 22

1
ST -=X"X)v|+ vz, (C.1.1)
n
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where, T = % Yitq @i is the empirical average vector of i.i.d. subgaussian rows (z;);. Thus,

using (C.1.1), we can write

1 1
sup [0'(I - —[X 1]'[X 1])®| Ssup|v' (I - =X X)v| +sup|v'Z|. (C.1.2)
veT n veT

ﬁe7‘ext n

Given X € R™? is isotropic subgaussian, Lemma 6.14 in [155] guarantees

1
suplv'(I - =X "X)v| g , (C.1.3)
n

w(T)+t
veT n

with probability at least 1 — et Furthermore, since (x;);";’s have bounded subgaussian

norm, & is also bounded and standard generic chaining bounds guarantee that [168]

; +t
sup [v" == = sup o' E| S W)+t

veT veT \/ﬁ ’

with probability at least 1 —e~*". Combining the results (C.1.3) and (C.1.4) into (C.1.2), we

(C.1.4)

Tl T
n

find that

sup 15" (I-L1x 177[x 1])9] ¢ L+

C.1.5
'5€7::xt n \/ﬁ ( )

holds with probability at least 1 - 2¢7t. This completes the proof of Lemma 46. m

C.2 Proof of Equation 5.4.5

Proof. Let the tangent balls C and Cext be as defined in (5.2.5) and (5.2.6)

respectively. Define the sets

T = Cext - Cext and 7:_ = Cext + Cext (C21)
and note that
w(C-C)=E[sup g' (u-v)] <E[supg'u + sup g'v] = 2w(C). (C.2.2)
u,veC ueC ve-C
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Similarly, w(C + C) < 2w(C). Applying Lemma 46 on 7, and 7_, with advertised probability

of 1 -4exp(~t?), we have

w(C)+t
sup |A(a,a)| s ——— Cc.2.3
s A(aa) s (C23)

where A(a,b) = a”(I - 1[X 1]'[X 1])b. Now, for any u,v € Cex, picking u + v €

T: and u —v € T_, we have

t
[A(u+v,u+v),|A(u-v,u—-v)|S % (C.2.4)
To proceed, note that
A(u”v):A(u+v,u+v)—A(u—v,u—v). (C.2.5)

4
Hence, |A(u,v)| = [u"(I - L[X 1]"[X 1])v| § (w(C) +t)/\/n holds with the advertised

probability. m

C.3 Proof of Lemma 48

Proof. Let (x;)]"; ~ « € RP be i.i.d. isotropic subexponential samples and X € R™P
is the corresponding design matrix. Let x;; denotes the i7" element of the matrix X . Since
each x;; has subexponential norm bounded by a constant, there exists a constant C' > 0 such
that |z;;| < C'log(n + p) holds with probability at least 1 —2(n + p) 192 using subexponential
tail bound. Union bounding over all entries of X yields that |z;;| < C'log(n +p) holds for all
i, with probability at least 1 —2(n + p)~'%. Hence, we can bound each row z; of X with

probability at least 1 —2(n +p)~% via
|2i]e, < C\/plog(n + p), (C.3.1)
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or equivalently, we have
|z | < |27, < cplog®(n +p). (C.3.2)

This completes the proof of Lemma 48. =

C.4 Proof of Lemma 49

Proof. Recall that (z;)]; ~ « € RP are i.i.d. isotropic subexponential vectors and
@ =[x" 1]7. We can estimate the covariance matrix of & given H:iH?z < B using law of total

probability as follows
E[zz"]|=E[zz" | |2|;, < B]|P(||;, < B) +E[z&" | |z|;, > B]P(|2];, > B). (C.4.1)

Since a covariance matrix is positive-semidefinite, each term in (C.4.1) is individually positive
semidefinite. Hence, we will drop the second term in (C.4.1) to get the following lower bound

on the covariance matrix
El@a"] = E[#a | |&]7, < BIP(|[% < B) (C.42)

Using Lemma 48, it follows that ||a?:||(?2 = |[xT 1]T||§2 < Cplog?(n +p) = B holds with
probability at least 1 —2(n +p)~1%°. Hence, following (C.4.2), we get

E[z&"]
P (||, < B)

1
< I,<2I,. C4.3
1-2(n+p)-to07P = =7P ( )

Elzz" | |Z|;, < B] =

This completes the proof of Lemma 49. =
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C.5 Proof of Lemma 53

Proof. Subgaussian case: Using subgaussian tail, for large enough constant
C >0, for each i, we have |w;| < Ca\/m = 0B with probability at least 1 -2n7101. This
implies clip(w;,0B) = w;. Union bounding over all entries of w, we find the result which
holds with probability at least 1 —2n =190,

Subexponential case: follows similarly with B = C'log(n). =

C.6 Proof of Lemma 54

Proof. We prove the result for subexponential samples. Subgaussian case follows
similarly. Without loss of generality, let ¢ = 1 as everything can be scaled accordingly.
Defining clip function as previously, set z = clip(w, B)x. Furthermore, let w,; denote the

tail of |w|, such that,

|w| if |w|> B
Wtail = . (061)

0 otherwise

Wiail i an upper bound on the error due to clipping, that is,
|w — clip(w, B)| < wyaj- (C.6.2)

We proceed by upper bounding |E[z][s, in terms of wiag, using subadditive property of

¢3-norm and the orthogonality of w and x (i.e., Elwz] = E[z(y - 270, — )] = E[yz] -
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E[xx"]0, — 1+« E[x] = 0), as follows

|E[z]]e, = [Efclip(w, B)x]|e,
= |E[(w - clip(w, B))x]]e,
<E[|w - clip(w, B)|||e,]

< Elwgan max(|z||e,, /PB)]. (C.6.3)

Using subexponentiality, for some constant ¢ > 0, we have that, P(w; > v/ct) < 2¢™ and
P(|lz|¢, > /cpt) < 2pe”t, where, the latter follows from union bounding over all entries of .

Union bounding these two events, we get the following tail bound for their product,
P(wiail| e, > c/pt?) < 4pe”. (C.6.4)
For notational convenience, set

g = Weait max(||x|e,, V/PB), (C.6.5)

and note that g satisfies the following property due to (C.6.1)

either g> \/1_932

(C.6.6)
or g=0
Furthermore, from (C.6.4) we get the following tail distribution
,[4]1/2
Qq(t) =P(g >t) <dpe “ovP (C.6.7)
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for t > a := \/pB?. Combining (C.6.5), (C.6.6) and (C.6.7) into (C.6.3) and denoting

probability density function of g by f,, we get

IE[=]le, <Elg) = [ tfa(t)dt = [ tdQq(t)
= —1Qq ()| + [aw Qq(t)dt
= /BB2Q,(\/pB?) + /a T Q,(t)dt

© 42 B2eBIVE 4 4 f T A (C.6.8)
N

where, (a) follows from (C.6.7). To bound the term on the right hand side, we do a change

of variable in (C.6.8) by setting 7 = [t/(c\/z_))]l/2 to get,

0o rt / )
4p ,€ [Cﬁ]lzdt380p2 fB Te Tdr
vPB NG
< 8cp2[ -Te T‘% + /£ B_TdT]
B B
= 8cp2[—e Ve t+e Ve
c
B _B
<8cp?(—=+1)e Ve, (C.6.9)
Ve
Combining this with (C.6.8), we get
E[2]|s, < 4p*(B? +2¢(B/\/c +1))e B/IVe (2) Cop*n~ 201, C.6.10
2

where, we get (a) by picking B = C'log(n) with sufficiently large C' > 0. Finally, note that

conditioned on |w| < B, z = wx and

|E[=]]le, > [E[wz | [w| < B]|e,P(lw] < B). (C.6.11)
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Since P(lw| < B) > 1/2, this yields |E[wz | |w| < B]|¢, $ p?n ?°! which is the advertised

result with ¢ = 1. Similarly for subgaussian samples, one can show that
|E[2]le, 5 p?B?e P, (C.6.12)

Picking B = C+/log(n) with sufficiently large C' > 0, we get the same result, concluding the

proof of Lemma 54. m
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