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Heterogeneous materials under dynamic loading exhibit dramatic 

transformations resulting in self-organization and in situ microstructural changes 

due to the complex interaction of nonlinearity, dispersion, different mechanisms of 

softening, and fracture. We use numerical simulations to explain the diverse 

mechanisms of deformation, localization and in situ patterning exhibited by these 
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materials and compare them to experimental results and phenomenological 

models.  

In Chapters 2 and 3 we study dissipative Al-W laminates with unit cells 1, 2 

and 4 mm under high velocity impact loading of different durations. Depending on 

the duration of the loading pulse, a qualitatively new solitarylike wave, a train of 

such waves or a quasistationary shockwave is formed in these dissipative 

laminates. A phenomenological model based on the Korteweg-de Vries equation 

is formulated introducing important space/time scaling for solitary and shock waves 

depending on materials properties.  

In Chapter 4, Thick-Walled Cylinder experiments were conducted with 

highly heterogeneous porous mixtures of Al and W granular materials. Results 

were compared with numerical simulations to explore the effects of grain size and 

porosity on the mechanism of cavity instability. Numerical simulations 

demonstrated that a shear localization phenomena occurs along weak paths 

created by softer Al particles. The samples with initial porosity, delayed this 

mechanism of instability. Samples with grain sizes 400 and 100 micron 

demonstrated loss of cylindrical symmetry during collapse and sample with grain 

size 40 micron collapsed with mostly preserved cylindrical symmetry. This was 

consistent with experimental observation of cavity collapse in mixtures with 40 and 

1 micron W particles.  

In Chapter 5, explosively driven Thick-Walled Cylinder experiments were 

conducted with samples of 4340 steel having variable microstructures achieved 



xxvii 

through heat treatment. It was observed experimentally that the change in the 

initial microstructure resulted in completely different dynamic behavior and self-

organization of shear bands/cracks. The heat treated sample, catastrophically 

failed due the formation and interaction of shear bands developing into cracks. 

Numerical simulations are compared to the experimental results. It was shown that 

the inclusion of artificial defects is necessary to reproduce self-organized pattern 

of shear bands and cracks observed in experiments.  
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Chapter 1 : Introduction 

The objective of this dissertation is to explore diverse complex phenomena, 

caused by dynamic loading in heterogeneous materials (metal composites, 

metallic alloys with natural defects and porous heterogeneous mixtures) focusing 

on numerical simulations, and phenomenological approaches which are compared 

with experiments when available. The main goal of this work is to help elucidate 

the diverse mechanisms that are present in dynamic loading events and are 

involved in high amplitude pulse formation, propagation as well as the main culprits 

that determine the stability of collapse.  

The first part of this dissertation (Ch. 2 & 3) is focused on the study of the 

nature of short and long high amplitude pulses in a dissipative Al-W laminate 

material excited by high velocity impact. 

The study of material response to high amplitude shock loading is normally 

based on the assumption that the shockwave inside the material has reached a 

steady state. This is assumed to happen once the shock travels inside the 

materials at least a few shock widths [1,2]. When this condition is fulfilled, the use 

of conservation laws across the shock front result in the Rankine-Hugoniot 

equations. These equations connect the states in front and behind the stationary 

shock, when the pulse is long enough [1-3]. 

A much-accepted relation in shock physics developed by Grady, assuming 

a steady shock propagating in homogeneous materials, connects the stress and 

strain rate in the shock front in the form 𝜎 𝛼 𝜖̇4  [4,5]. Through experimental 
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observations, it was discovered, that laminate materials are better described by a 

relation of the form 𝜎 𝛼 𝜖̇2 [6]. This relation still assumes the existence of a steady 

shock propagating in the laminate. Nevertheless, in the latter case, we are 

presented with a challenge to assume the steady state of the shock propagation. 

Numerous studies have shown that the establishment of the steady state of the 

shock might be complicated to achieve due to the combination of material 

properties and characteristics of the loading pulse. Examples of loading conditions 

that never reach a steady state in laminate materials can be found, for example in 

short duration pulses as is the case in: extremely powerful lasers [7,8], loading by 

impactors comparable to the size of the laminate cell or contact explosion created 

by thin layers of explosive [2,9,10]. In all these cases, the stationary shocks are 

not formed in the investigated materials. Another observed phenomena, which 

contradicts predictions based on acoustic approximations is that, close to impact 

or loading zone the traveling pulse exhibits an increase in amplitude before start 

decaying [11]. 

Although the loading conditions are an important part of the establishment 

of a steady shock, it is important to mention the influence of the properties of the 

laminate material. Materials under high amplitude loading can observe nonlinear 

behavior and due to the periodicity of laminate and dissimilar speeds of sound; 

strong dispersive effects can be observed [12]. The balance of these mechanisms 

can result in solitary waves in diverse systems [13,14].  
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In the work presented in Ch. 2, it is shown that in the case of Al-W laminate 

material that have been loaded by a short high-amplitude pulse accompanied by 

significant dissipation; the balance of the nonlinear behavior of components and 

the periodicity of the material creates a new qualitatively solitarylike wave. This 

pulse was investigated numerically and a phenomenological approach, based on 

the Korteweg de Vries equation, was developed. A nondimensional quantity 

named “time ratio” is used as an indicator when to expect a solitarylike pulse, a 

train of solitarylike pulses or in some cases a quasistationary shock. 

In Ch. 3, the effects of long high amplitude stress pulses in the same Al-W 

laminate are explored. Through numerical calculations it was observed, that when 

the duration of the loading pulse is considerably longer than the characteristic cell 

size of the laminate (high time ratio), the establishment of a quasisteady shock is 

possible. The proposed phenomenological model from Ch. 2 is modified to include 

a viscous dissipation coefficient which allows for shock solutions. This shock 

solution can predict time and space characteristics of the quasisteady shock in the 

laminate. This could help with the design of layered composites with desirable 

tunable characteristics, e.g. pulse shaping to create shockless compression or 

amplitude mitigation of the shock. 

Ch. 4 & 5 are centered around experimental and numerical results of Thick-

Walled Cylinder (TWC) results with 4340 steel and Al-W granular composite.  

The explosively driven TWC technique, developed by Nesterenko and his 

collaborators [15-20], was created to investigate the generation of spontaneous 
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instabilities and the formation, interaction, and patterning of shear bands in solid 

and granular materials, in reproducible strain controlled conditions in three 

dimensional environment. This is accomplished using a tunable explosive that 

allows for the soft collapse of the assembly driven by a thick walled tube which 

prevents geometric instability. This allows to investigate shear instability caused 

by material behavior. This helps to dictate the dynamics of the collapse without 

having to retune the experiment when multiple samples want to be studied.  

Ch. 4 presents results of the investigation of the stability of cavity collapse 

in an Al-W granular material using the TWC technique. The main interest was to 

better understand what mechanisms are involved in the cavity collapse in granular 

materials, which could be relevant to the formation of hotspots in energetic 

materials or help elucidate mechanisms involved in cosmology [21,22]. 

Experiments revealed that for small grain sizes (less than 40 m) the cavity 

collapse was stable despite the high level of heterogeneity in the Al-W granular 

mixture. Numerical simulations were used to investigate of the effects particle size 

and porosity on the stability of cavity collapse. Voronoi tessellations were used to 

represent the Al and W particles with grain sizes of 400, 100 and 40 m. The 

smaller sizes of particles were impossible to investigate due to extremely long 

computational time. The results show that bigger grain sizes are responsible for 

bigger kinks at the interface of the sample and copper stopper tube. These kinks 

appear to be nucleation sites for instabilities that resemble shear bands observed 

in metals and uniform granular materials, e.g., SiC and Al2O3. The inclusion of 
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initial porosity in the numerical simulations prevented and/or retarded the formation 

of the shear instabilities observed in the samples that started as fully dense. 

In Ch. 5, using the TWC technique, a study of shear band formation and 

patterning in steel 4340 with different microstructures is carried on. In the 

experiments, it was observed, that as-received steel was resilient to the 

phenomena of shear localization within the explored levels of global strain. When 

the 4340 specimens were heat treated, a completely different behavior was 

observed. Catastrophic failure, through the formation and interaction of shear 

bands occurred. Numerical simulations were used to better understand the 

formation, self-organization and pattern of shear bands in this steel.  

It was found that material imperfections, modeled by the introduction of the 

right amount of “material defects” in numerical simulations, in combination with the 

right material constants in the frame of viscoplastic Johnson-Cook model, were 

sufficient to reproduce shear instabilities and post-critical behavior in this steel.  
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Chapter 2 : Nature of short, high-amplitude 

compressive stress pulses in a periodic 

dissipative laminate  

 

2.1 Introduction 

The response of materials to high-amplitude shock wave loading is usually 

analyzed based on the assumption that the shock wave has reached a steady state 

which is assumed to happen when the shock wave propagates a distance of a few 

shock front widths [1]. This assumption allows the use of the conservation laws 

across the shock front, resulting in the Rankine-Hugoniot equations connecting the 

states in front of and behind the stationary shock wave, if the duration of the pulse 

is long enough [1–3].  

The case of laminated materials presents a challenge for such an approach, 

and the first studies to characterize the behavior of these materials in the acoustic 

realm, including their dispersive properties due to periodic mesostructure, can be 

found in [4–6]. For example, in [6] the authors propose a one-dimensional lattice 

model that includes geometrical dispersion. Their model agrees with the results of 

ultrasonic experiments. The behavior of an Al-W composite (W fibers placed in Al 

matrix) under impact by a thick Al plate, generating a semi-infinite loading pulse to 

avoid the formation of release waves on the back of the flyer plate, was 

investigated in [7]. The experimental results related to shock rise time show good 
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agreement with the numerical modeling based on the lattice model and nonlinear 

elastic-plastic response. The structuring of the wave front occurred near the impact 

surface. The formation of a steady shock wave profile in laminate materials can 

require much longer distances because the establishment of steady state behind 

shock can be delayed due to the longer mechanical and thermal relaxation 

processes. This is clearly illustrated in periodic systems composed from metal or 

glass plates with gaps between them where establishment of the steady state 

behind the shock wave happened after about ten reverberations of waves behind 

the leading part of the pulse [8,9]. In the case when laminate materials are loaded 

by a long duration incoming disturbance (especially for small size of the cell in 

laminate material) the stationary shock wave can be formed, and the final state 

can still be described in the frame of Hugoniot approach if conditions of thermal 

and mechanical equilibrium hold. In this case the Hugoniot curve is not sensitive 

to the mesostructural properties of material, e.g., cell size.  

In some applications laminates are subjected to very short duration loading 

pulses, created, for example, by powerful lasers. But in the case of the short 

incoming pulse, caused by impact of a thin plate with thickness comparable to the 

thickness of a cell in the laminate or contact explosion of a thin layer of explosive 

[9], or by laser excitation [10,11], the stationary shock wave is not formed in the 

laminate. In this case the Hugoniot curve does not describe the states of 

dynamically compressed components and their response can be very sensitive to 

the pulse length and material mesostructure. For example, at short duration of 
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incoming pulse interesting phenomena such as anomalous dependence of leading 

shock amplitude on the cell size (increase of amplitude with decrease of cell size) 

were observed in experiments and in numerical calculations [9,12–14], being in 

contradiction with behavior expected from acoustic approximation [15]. 

Nonlinearity in the stress-strain relation was responsible for these deviations from 

linear elastic behavior.  

In the case of relatively short duration of loading pulse a combination of 

dispersive properties and nonlinearity in layered media give rise to a qualitatively 

new, solitarylike pulses numerically investigated in [16–22].  

The paper [16] considers the evolution of nonlinear elastic waves in a 

nondissipative layered media excited by the motion of the boundary and explores 

the effects of impedance mismatch between layers, which is a cause for a 

dispersion. They observed numerically that at the investigated boundary 

conditions the impedance mismatch coupled with the nonlinearities, introduced by 

nonlinear stress-strain dependence of components, resulted in a transformation of 

an incoming pulse into a train of localized pulses. The authors called them 

stegotons since it was not clear whether these localized pulses were formally 

solitons. They noticed that the width of each stegoton is about ten layers and it is 

independent of the size of the layers, but it depends on the wave amplitude. Their 

speed was equal to the effective sound speed for the linearized medium plus a 

term linearly depending on the amplitude. Their shape was roughly approximated 

by the sech2 function of time; both properties are characteristic for the Korteweg–
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de Vries (KdV) solitons. Two stegotons with different amplitudes were excited at 

the boundary and the stegoton with the higher amplitude travels faster and 

eventually overtakes the first one with a smaller amplitude. As in the case of an 

interacting solitary wave the colliding stegotons roughly assumed their initial shape 

after separation with some phase shift.  

In [16] the authors considered a comparison between a nonlinear laminate 

material with one of the layers having very small density and bulk elastic modulus 

(ratio of densities being equal to 10−3 and ratio of bulk moduli being equal to 2.5 × 

10−4) with the Toda lattice where particles of similar masses alternate with springs. 

They selected the unit cell in the Toda lattice being equal to the unit cell of the 

laminate (composed from the two different layers) and masses of particles being 

equal to the average density of the layered medium. The force in effective springs 

had exponential dependence on the strain mimicking force in the Toda lattice with 

the coefficient in exponent related to the smallest bulk modulus. This interaction 

force resulted in a correct effective sound speed in a linearized medium. In this 

special limited choice of parameters of laminate material, the authors found that 

solitarylike behavior of laminate can be modeled directly by the Toda lattice. The 

authors also introduce a set of homogenized equations which support the 

solitarylike solutions similar to the direct solutions of the original hyperbolic system.  

The paper [17] emphasized that the microstructure of materials 

characterized by intrinsic space scales, e.g., lattice period, size of crystalline grain, 

thickness of layers in laminates, and distance between microcracks, is responsible 
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for the effects of dispersion and being combined with nonlinear behavior results in 

phenomena like solitons. The authors considered a discrete and continuum 

approach for the modeling of the effects of microstructure and nonlinearity 

following the Mindlin analysis [18]. Depending on the initial and boundary 

conditions they demonstrated formation of a single solitarylike pulse or a train of 

these pulses. They obtained good agreement with experimental data [19] of the 

stress history in the laminate polycarbonate (layer thickness 0.39 mm)–stainless 

steel (0.19 mm) at the distance 3.44 mm from the impacted face using a finite-

volume algorithm and nonlinear parameter only for the polycarbonate. The 

simplified boundary conditions in calculations modeling plate impact in 

experiments, were given by a step function with the velocity amplitude equal to the 

velocity of the impacted plate (1043 m/s) with thickness 2.87 mm. However, the 

amplitude of the particle velocity in experiments on the interface with the laminate 

(having polycarbonate as the first layer) and polycarbonate impactor with velocity 

1043 m/s should be equal to half of this value—521.5 m/s. Also it is not clear what 

duration was selected of the used step function (the authors probably used a 

rectangular function) as a boundary conditions modeling impact by a plate with 

finite thickness, which was able to provide a good fit to experimental data.  

The propagation and head-on collisions of localized initial pulses were 

numerically investigated in [20] for microstructural materials with different values 

of microscale nonlinearity parameter. It was found that the interaction between 

localized waves is not completely elastic. The phase shift observed in such 
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interactions is increased when the amplitudes are dissimilar and with a longer 

observation time. Over short time intervals and small number of collisions the 

behavior of these localized pulses was close to the solitonic behavior in all 

considered cases.  

The emergence of two solitary trains from the localized initial condition was 

numerically investigated using a Boussinesq-type equation [21] for nonlinear 

microstructured solids also following the Mindlin approach [18]. On the long time 

scale they observed establishment of the stationary amplitudes of each emerging 

localized pulse in the train with linear dependence of their speed on the amplitude. 

The speed and amplitudes of localized pulses were traced after their multiple 

collisions. They display the main characteristics of classical soli- tons though their 

interaction is not fully elastic, especially at the low amplitudes. Thus the authors 

suggested using the term “quasisolitons” to distinguish them from “pure solitons” 

characteristic for highly idealized nonlinear dispersive systems.  

The propagation of nonlinear longitudinal strain waves in the case of 

uniaxial strain state in a layered material was studied using a macroscopic 

Boussinesq-type wave equation that has been derived in a long wave 

approximation through a high-order asymptotic homogenization method [22]. The 

derived coefficients in this equation are related to the linear and nonlinear elastic 

moduli, densities, and volume fractions of the components. The dispersion relation 

in the linearized Boussinesq-type wave equation was close to the exact dispersion 

relation obtained using the Floquet-Bloch approach for two laminate materials (a 
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low-contrast steel-aluminium laminate and a high-contrast laminate of steel and 

carbon-filled epoxy) at a ratio of cell size to characteristic wavelength less than 0.4; 

better agreement was obtained for high-contrast laminate. The authors also 

obtained the speed and width of the localized supersonic bell-shaped compression 

solitary wave as functions of nonlinear properties of materials and the amplitude 

of the solitary wave. In the case of physically linear elastic materials the geometric 

nonlinearity in combination with dispersion support only tension solitary waves.  

The authors of [22] numerically investigated the nonstationary dynamic 

processes integrating macroscopic Boussinesq-type wave equation focusing on 

the evolution of nonlinear waves caused by different initial excitations. The initial 

conditions were taken as a rectangular profile with different nondimensional width 

δ. In case of a relatively narrow pulse of compression (δ = 5) the nonlinear 

excitation with given amplitude resulted in two solitary waves propagating 

symmetrically in opposite directions with a scattering backward radiation. It is 

important that at given parameters of laminates and amplitudes of excitation the 

formation of steady-shape solitary waves required a spatial interval three orders of 

magnitude larger than the cell size. A wider pulse of initial compression (δ = 20) 

with the same amplitude resulted in a train of four solitary waves with noticeable 

amplitudes. The properties of these solitary waves emerging from the initial 

conditions were similar to the stationary solitary wave solutions of the Boussinesq-

type wave equation. The narrow pulse of tension (δ = 5) with the same amplitude 
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did not evolve into a steady-shape wave producing instead a delocalization of the 

initial excitation.  

In this paper we investigate the nature of relatively short pulses in the 

laminate Al-W (with the cell size equal to 1, 2, and 4 mm) generated by impact of 

8- and 2-mm impactors with velocity 2800 m/s, which created realistic initial and 

boundary conditions reproducible in physical experiments such as loading by short 

and powerful lasers [10,11], contact explosion [12,13], or impacts that could be 

expected from space debris. The dynamic response of materials at this level of 

stresses is characterized by significant viscoplastic dissipation which was not 

considered in the previous papers related to the propagation of solitarylike pulses 

(stegotons) in laminates [16–22]. The dissipation can suppress the formation of 

these solitarylike pulses because the disturbance must travel a relatively long 

distance from the point of excitation before this localized pulse is formed; e.g., in 

[22] the formation of steady-shape solitarylike waves in a nondissipative laminate 

required a spatial interval three orders of magnitude larger than cell size.  

We investigated the characteristic length traveled by the pulses when single 

solitarylike pulses (or their trains) were formed under realistic, experimentally 

reproducible plate impact conditions (at various thicknesses of impactor) and their 

subsequent rate of attenuation in the presence of dissipation.  

We also investigated the head-on collisions of solitarylike pulses impacting 

laminates from both sides. It was proven that after interaction the most prominent 
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change is a phase shift which agrees with the expected behavior of solitarylike 

waves.  

We introduce a phenomenological model combining the dispersive 

properties of laminates, due to their periodic structure, and physical nonlinear 

properties of materials based on their shock adiabat (Hugoniot) instead of using 

third order elastic constants as in [22]. The Hugoniot curve is representing inherent 

nonlinear behavior of materials in a stationary shock wave at a very broad range 

of pressures. The combination of dispersive and nonlinear properties resulted in a 

KdV solitary wave. Based on this approach equations relating speed and widths of 

these solitarylike pulses to the geometrical and physical properties of materials in 

laminates were presented. The shape of the KdV solitary wave provided 

satisfactory fit to the shape of the localized pulses observed in numerical 

calculations. The speeds of KdV solitary waves also were close to the speed of 

localized pulses in the laminate at similar maximum pressures.  

 

2.2 Simulations 

We apply LS-DYNA’s simulations to analyze propagation of high-amplitude 

dissipative nonlinear waves generated by plate impact in a one-dimensional (1D) 

laminate material. LS-DYNA is a general-purpose finite-element software [23]; its 

main strength is the capability to solve highly nonlinear transient dynamic problems 

by explicit integration. Figure 1 represents the geometry used in our numerical 

modeling, where 𝐿𝑐 is the total length of the laminate composite, 𝐿𝑖 is the length of 
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the impactor, and a and b are the respective thicknesses of the aluminum (Al) and 

tungsten (W) layers in the periodic composite material.  

In this paper, all layers have the same thickness (𝑎 = 𝑏). For the purposes 

of this study we selected 𝐿𝑐 = 280 mm for all cases. The duration of the incoming 

pulses was determined by the thickness of the impactor equal to 2 and 8 mm to 

produce stress waves with different durations and to investigate their properties. 

 

Figure 2-1: Geometry of the Laminate 

 

The impactor in the current study was an aluminum plate having high initial 

velocity of 2800 m/s in the X+ direction. In all cases, the layers of the laminate are 

perfectly bonded and the end of the composite is free. It is expected that the 

bonding between layers does not affect the compression stress wave structure and 

the properties of the final state behind them because we are considering only 

compression waves similar to [12–14].  
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The material model used to characterize the behavior is the well-known 

Steinberg-Guinan model [24,25] coupled with the Grüneisen’s equation of state; 

this rate independent model is described as follows:  

𝐺 = 𝐺0 [1 + 𝐴𝑃𝜂−1/3 − 𝐵 (
𝐸−𝐸𝑐

𝐶𝑝
− 300)],     (1) 

where 𝐺 and 𝐺0 are current and initial shear moduli, 𝑃 is the pressure, 𝜂 = 𝑉0/𝑉, 

𝑉 and 𝑉0 are current and initial specific volumes, 𝐴 is a coefficient in the pressure 

dependence of the shear modulus, 𝐵  is the coefficient in the temperature 

dependence of the shear modulus, and 𝐸  is the total internal energy per unit 

volume. The cold energy of the system per unit volume 𝐸𝑐 is defined as  

𝐸𝑐 = ∫ 𝑃𝑑𝑉
𝑉

𝑉0
− 300𝐶𝑝exp {𝑎 (1 −

1

𝜂
)} 𝜂𝛾0−𝑎,     (2) 

where the integral in the first term is along the 300 K adiabat [24].  

The melting energy (in the code it is used to check if material reached the 

melting conditions during the dynamic deformation) is defined as  

𝐸𝑚 = 𝐸𝑐 + 𝐶𝑝𝑇𝑚,         (3) 

The dependence of melting temperature 𝑇𝑚 on specific volume based on a 

modified Lindemann law is expressed as  

𝑇𝑚 = 𝑇𝑚0 exp {2𝑎 (1 −
1

𝜂
)} 𝜂2(𝛾0−𝑎−1 3⁄ ),     (4) 

where 𝛾0 is the original Grüneisen gamma, and a is the coefficient of the volume 

dependence of the Grüneisen’s gamma.  

The yield strength (Y) of the material including dependence on pressure and 

effects of strain hardening and thermal softening is given by  
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𝑌 =
𝑌0

𝐺0
[1 + 𝛽(𝜖𝑖 + 𝜖𝑝)]

𝑛
[1 + 𝐴𝑃𝜂−1/3 − 𝐵 (

𝐸−𝐸𝑐

𝐶𝑝
− 300)],   (5) 

where 

𝑌0[1 + 𝛽(𝜖𝑖 + 𝜖𝑝)]
𝑛

 ≤ 𝑌𝑚𝑎𝑥.       (6) 

In Eq. (5) 𝑌0 is the initial yield strength and 𝑌𝑚𝑎𝑥 is the value of saturated 

yield strength, 𝜖𝑖 is the initial plastic strain, 𝜖𝑝 is the equivalent plastic strain added 

under dynamic loading, and 𝛽 and 𝑛 are work-hardening parameters.  

Based on the Grüneisen’s equation of state the pressure can be expressed 

as  

𝑃 =
𝜌0𝐶0

2𝜇[1+(1−
𝛾0
2

)𝜇]

1−(𝑆1−1)𝜇
+ 𝛾0𝐸,        (7) 

𝜇 =
𝜌

𝜌0
− 1,          (8) 

where 𝜌0, 𝜌 refer to the initial and density in deformed state. 

The following materials parameters for Al and W used in calculations are 

presented in Table 1; they were taken from [25]. Another important variable to have 

in mind is the modification to 𝑌𝑚𝑎𝑥 in order to reduce material dissipation; the value 

used in that case was two orders of magnitude smaller than the real value.  
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Table 2-1: Material Properties 

Parameters Aluminum Tungsten 

𝐺0 (GPa) 27.6 160 

𝑌0 (GPa) 0.29 2.2 

𝑌𝑚𝑎𝑥 (GPa) 0.76 4 

𝛽 125 24 

𝜂 0.1 0.19 

𝐴 (GPa-1) 652 9380 

𝐵 (K-1) 6.16∙10-4 1.38∙10-4 

𝑇𝑚0 (K) 1220 4520 

𝐶𝑝 (J/kg∙K) 287.67 43 

𝛾0 1.97 1.67 

𝑎 1.5 1.3 

𝜌0 (kg/m3) 2785 19300 

𝐶0 (m/s) 5328 4030 

𝑆1 1.338 1.237 

 

The mesh size in all cases was equal 1×10-5 m = 0.01 mm and selected 

artificial viscosity resulted in a shock width in Al, W being at least ten times smaller 

than the smallest-layer thickness in the laminate (0.5 mm). This assures that a 

steady state is reached behind shock waves when they propagate inside each 

layer on the initial stage of pulse formation following the impact. Of course, it is 
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desirable that the shock width is similar to the one found in experiments [26–28], 

but the width of the shock front is not important for the parameters of the final state 

as long as the shock width is significantly smaller than the layer thickness. This 

ensures that the material reaches Hugoniot states at shock loading in each layer. 

The Hugoniot states are characteristic for stationary shocks and are independent 

of the specific mechanisms of dissipation defining resulting shock width. The 

plastic shock width (Δ𝑥) and the rise time (Δ𝑡) at a shock stress of 70 GPa were 

equal to Δ𝑡 = 3.72×10−9 and Δ𝑥 = 3.38×10−5m for aluminum and Δt = 9.69 × 10−9 

and Δ𝑥 = 4.79 × 10−5 m for tungsten. Both of the shock widths are about ten times 

smaller than the smallest-layer thickness in the laminate (0.5 mm), which assures 

that Hugoniot states behind the shock are reached inside each of the layers on the 

initial stage of pulse formation.  

We validated results of LS-DYNA calculations with selected material 

properties based on comparison of the final thermodynamic states behind shock 

waves with available Hugoniot data. The comparison demonstrated that the model 

used correctly predicts the stress and specific volume in the simulation of single 

shock in individual materials. Even more important is that the simulations correctly 

predict the temperatures on the Hugoniots and also the temperatures after 

unloading for Al and W. This numerical approach was used to investigate the 

nature of relatively short, high-amplitude stress pulses in the Al-W laminate.  
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2.3 Results of Numerical Simulations 

The nature of the short stress pulses of different durations excited by the 

impact of an Al plate with thicknesses of 2 and 8 mm propagating in the laminate 

materials with different cell sizes at various distances from the impact side is 

presented below. The main focus is on the nature of the pulses generated at 

various conditions of loading and to discover the nature of propagating pulses and 

scaling that might be generated by the interplay between duration of impact 

controlled by the thickness of impactor and cell in the laminate materials. The main 

characteristic time scaling is determined by the ratio (𝑡𝑟) of the duration of the 

incoming pulse and the duration of propagation time through the cell approximated 

by  

𝑡𝑟 =
2𝑑𝑖𝑚𝑝

𝐶𝑖𝑚𝑝

𝑑𝑙𝑎𝑚

𝐶𝑙𝑎𝑚
⁄ ,         (9) 

where 𝑑𝑖𝑚𝑝 and 𝑑𝑙𝑎𝑚 are the size of the impactor and size of the cell in the laminate 

respectively; 𝑐𝑖𝑚𝑝  and 𝑐𝑙𝑎𝑚  refer to the sound speed of the impactor and the 

laminate. For the sound speed in the laminate, we use the definition for the average 

sound speed in a laminate found in [16,29]. This definition is later used in the 

theoretical approach developed in this paper. The final expression for the time ratio 

is  

𝑡𝑟 =
2𝑑𝑖𝑚𝑝

𝐶𝑖𝑚𝑝
√

𝑑𝐴𝑙
2

𝐶𝐴𝑙
2 +

𝑑𝑊
2

𝐶𝑊
2 + (

𝑍𝐴𝑙

𝑍𝑊
+

𝑍𝑊

𝑍𝐴𝑙
) (

𝑑𝐴𝑙𝑑𝑊

𝐶𝐴𝑙𝐶𝑊
),     (10) 

where 𝑑𝐴𝑙 and 𝑑𝑊 refer to the Al and W layer sizes of the laminate, 𝑍𝐴𝑙 and 𝑍𝑊 

(𝑍𝑖 = 𝜌𝑖𝐶𝑖 ) represent the acoustic impedance of each layer, and finally 𝐶_𝐴𝑙  and 
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𝐶𝑊 are the corresponding sound speeds of each layer. For all our studied cases 

𝐶𝑖𝑚𝑝 = 𝐶𝐴𝑙 but 𝑑𝑖𝑚𝑝 has values of either 2 or 8 mm. From here on, the laminated 

materials are referred to as 2 + 2, 1 + 1, and 0.5 + 0.5 laminates, corresponding to 

4−, 2−, and 1-mm cells. All the laminates were loaded by impact of the Al plate at 

velocity 2800 m/s and FWHM refers to full width at half maximum.  

 

2.3.1 2 + 2 Al-W laminate, impact by 8-mm Al plate  

The impact loading of the 2 + 2 laminate by Al impactor with the thickness 

8 mm corresponds to the value of tr equal to 2.5. In these calculations real 

materials properties presented in the Table I were used. Figures 2(a)–2(d) show 

that these conditions of impact did not result in a steady state shock wave in the 

laminate because the duration of the incoming pulse was too short.  
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Figure 2-2: Stress pulse evolution in 2 + 2 laminate; data correspond to the interfaces of Al-W layers at 
different depths: (a) 0, 4, 8, and 12 mm; (b) 68, 72, 76, and 80 mm; (c) 140, 144, 148, and 152 mm; (d) 208, 
212, 216, and 220 mm. The pulse was generated by the impact of an 8-mm Al plate at velocity of 2800 m/s. 

 

Shock waves in each of the layers are clearly distinguishable at depths up 

to 8 mm from the impacted end. We observe the formation of a qualitatively unique 

pulse (not a shock wave) mainly formed at the distance 12 mm from the impacted 

end [Fig. 2(a)]. It has a width close to only three cell sizes with a small amplitude 

tail. It is clear from Figs. 2(a)–2(d) that formation of the main pulse is caused by 

multiple reflection of leading stress pulses on Al-W interfaces mostly balanced by 

nonlinearities of the Al and W behavior. The tail is due to the dissipative properties 
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of the materials.  The dispersion originates from multiple shock wave re- flections 

from interfaces clearly seen in Fig. 2(a). The main pulse propagates with 

decreasing amplitude being equal to 65 GPa at a depth of 12 mm and about 15GPa 

at a depth of 220 mm. This decrease of amplitude is accompanied by an increase 

of the main pulse space width (FWHM increased about 40%). At larger depths the 

main pulse is accompanied by an oscillatory tail and at the relatively short 

distances, e.g., from 68 to 80 mm, the whole pulse can be considered as 

quasistationary with a similar profile but decreasing amplitude [Fig. 2(b)].  It is very 

important to remark that the observed main localized pulse with characteristic 

length comparable to the cell size of the laminate was formed in dissipative media. 

The rate of dissipation in our calculations matches real losses of energy, unlike in 

previous papers where no dissipation was taken into account [16–18,20–22]. It is 

essential to point out that this “real” dissipation does not prevent formation of a 

prime localized wave in our conditions of loading, and it only results in its 

attenuation.  We can see that the mesostructure and nonlinear properties of a 

laminate resulted in dramatic transformation of the initial shock wave into a 

localized pulse with a different path of loading in comparison with the shock wave. 

As a result, temperatures corresponding to the maximum stresses are significantly 

different than at the same stresses in the shock wave. For example, a shock wave 

at a stress of 55 GPA in Al results in a temperature equal to 1471 K versus a 

temperature of 650 K in the localized pulse.  We conducted simulations at relatively 

small amplitude of stress pulses generated by impact of 280 m/s flyer Al plate in 
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Al-W laminate with “normal” dissipation. The propagating stress pulse generated 

by this impact exhibits a tendency to localize, but attenuates very rapidly 

developing an attached oscillating tail instead of a quasistationary pulse observed 

at higher amplitudes of the stresses [Fig. 2(b)].  

The formation of the localized pulse with a smooth front is beneficial for 

shock protection because it prevents spall on the free surface.  

 

2.3.2 2 + 2 Al-W laminate with artificially small 𝒀𝒎𝒂𝒙, impact by 8-mm Al plate  

We now investigate the laminate with the same mesostructure but with 

reduced maximum yield strength 𝑌𝑚𝑎𝑥 of the materials thus causing plastic flow to 

occur at lower stress levels reducing dissipation. This case helps us to clarify the 

role of plastic deformation on the formation of the pulse. It is possible to observe 

that close to the impacted side the same dispersion and nonlinearity shapes the 

leading wave as in the previous case [compare Fig. 2(a) with Fig. 3(a)]. 
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Figure 2-3: Stress pulse evolution in 2+2 laminate with artificially small 𝑌𝑚𝑎𝑥; data correspond to the 
interfaces of Al-W layers at different depths: (a) 0, 4, 8, and 12 mm; (b) 68, 72, 76, and 80 mm; (c) 140, 144, 
148, and 152 mm; (d) 208, 212, 216, and 220 mm.Pulse was generated by the impact of an 8-mm Al plate at 
velocity of 2800 m/s. 

 

Figure 3(a) shows the initial steps in development of the solitarylike pulse 

through multiple shock reflections. Figure 3(b) demonstrates the persistence of the 

kinks on the fronts of practically formed solitarylike pulses and their slow 

separation from their tails, and Fig. 3(c) presents solitarylike pulses separated from 

their tails with relatively slow disappearance of kinks on the fronts of stress profiles 

at appropriate distances from the entrance. Finally, Fig. 3(d) shows the stationary 
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solitarylike pulses completely separated from their tails and without kinks on the 

front parts. In the case of material with real properties we formed a quasistationary 

attenuating oscillatory wave profile [Figs. 2(a)–2(d)], unlike solitarylike waves at 

low dissipation (Fig. 3). 

It is interesting to compare pulses in material with real dissipative properties, 

near the impacted end; pulses with similar amplitude in artificially-low-dissipative 

materials; and pulses of similar amplitude where the laminate behaves elastically 

(Fig. 4). Figure 5 demonstrates that these pulses at similar maximum amplitudes 

(taken at different distances from the impacted side, 40 mm for real properties, 156 

mm for artificially low dissipation, and 80 mm for the elastic case) are almost 

identical. In the case of the material with artificially low maximum yield strength 

there is a slight difference in the pulse shape—the front of the wave has a clear 

kink that does not disappear until the pulse has traveled about 200 mm [Fig. 3(d)]. 

To understand how these pulses propagate in a pure elastic laminate, we ran 

calculations with real dissipative properties up to the propagation distance where 

the quasistationary pulse was formed after traveling the distance of 64 mm and 

after that it transmitted into the pure elastic material with identical mesostructure. 

The pulse in pure elastic materials propagated initially with relatively small changes 

(amplitude increase from initial value of 55–59 GPa), quickly approaching the 

steady state after a distance of about 11 cells (Fig. 4).  
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Figure 2-4: Stress pulse evolution in 2 + 2 laminate; data correspond to the interfaces of Al-W layers at 
different depths: (a) 0, 4, 8, and 12 mm; (b) 68, 72, 76, and 80 mm; (c) 140, 144, 148, and 152 mm; (d) 208, 
212, 216, and 220 mm.The pulse was generated by the impact of an 8-mm Al plate at a velocity of 2800 
m/s.Initial length of the laminate with real dissipative properties was 64 mm; it was in contact with a pure 
elastic laminate with identical mesostructure. 

 

Thus it is possible to conclude that the leading pulse in a dissipative material 

even at relatively large distances from the impacted end (Figs. 2–4) is dominated 

by the combination of dispersion and nonlinearity, and cell size dictates the spatial 

dimension of this stress pulse (FWHM of the pulse is equal to 1.17 cell sizes).  
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Figure 2-5: Comparison of wave shape at same stress amplitude of 58 GPa generated by the impact of an 
Al plate with thickness 8 mm for the case of a 2 + 2 laminate with real dissipative properties, laminate with 
an artificially small 𝑌𝑚𝑎𝑥, and laminate with elastic behavior. 

 

Despite the similarity of stress pulses (Fig. 5) we may observe different 

temperatures due to the difference in dissipative properties. The time dependence 

of the stresses and temperatures in the localized pulse propagating in the 2 + 2 

laminates with different dissipative properties is presented in Fig. 6. It is clear that 

the amplitude decrease in both cases (less in the material with an artificially small 

𝑌𝑚𝑎𝑥) did not significantly change the pulse duration time and in the case of the 

material with smaller dissipative properties the shape of the pulse was maintained 

practically the same, with the FWHM change being only about 3%. This agrees 

with the previous conclusion that the pulse shape is determined mostly by 

nonlinearity and dispersion with dissipation affecting mostly amplitude.  
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Figure 2-6: Comparison of attenuating stress traveling waves generated by the impact of an Al plate with 8 
mm thickness in a 2 + 2 laminate and their corresponding temperatures in Al layer: (a, c) Laminate with real 
material properties and (b, d) laminate with an artificially small 𝑌𝑚𝑎𝑥. 

 

Though nonlinearity and periodic mesostructure in real materials are able 

to support the localized pulse with the shape similar to the less dissipative case, 

the important feature in the former laminate is the significant residual temperature, 

about half of the maximum temperature [Fig. 6(c)]. This behavior emphasizes the 

difference of this localized wave with classical solitary wave in which material 

returns to its initial state after being dynamically compressed.  
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It is very important to emphasize that the maximum temperatures at these 

waves are significantly smaller than temperatures in the shock waves at the same 

amplitude. In the material with real dissipative properties at maximum stress of 55 

GPa in a quasistationary localized wave, increase of the Al temperature was 350 

K [Fig. 6(c)], which is more than three times smaller than the increase of 

temperature in the shock wave in Al at the same pressure (1171 K); the initial 

temperature was 300 K.  

The difference in temperature increase after unloading is also dramatic—

after unloading of the quasistationary localized pulse with amplitude of 55 GPa, 

the increase of residual temperature over initial temperature was about 150 K, 

versus an increase of residual temperature being 493 K after shock loading with 

the same stress amplitude and subsequent unloading.  

If we consider a whole pulse with leading amplitude of 55 GPa (including 

the tail) as a quasistationary shock wave then the estimate of the temperature 

increase at the tail with stress of 4 GPa [Fig. 6(a)] will be equal 30 K (corresponding 

to shock stress of 4 GPa), which is much smaller than 170 K in the tail of the 

localized wave [Fig. 6(c)]. Thus a complex quasistationary pulse with two maxima 

cannot be considered as a stationary shock wave.  

These comparisons demonstrate that under considered impact loading the 

temperature estimations based on the Hugoniot of components using dynamic 

pressures are not adequate. Because the localized pulses provide shockless 

compression of Al and W it is interesting to compare the maximum calculated 
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temperatures with the temperature corresponding to isentropic compression. For 

Al at 55 GPa the estimate of the isentropic temperature increase is equal to 227 K 

[30], which is smaller than the calculated temperature increase of 350 K in a 

localized wave [Fig. 6(c)]. The estimated temperature in isentropic compression is 

much closer to the calculated temperature in localized wave than temperature at 

shock loading at the same pressures. Thus temperatures under isentropic 

compression give the reasonable lower estimate of the maximum temperatures in 

localized waves.  

 

2.3.3 1 + 1 Al-W laminate, impact by 8-mm Al plate 

It is interesting to determine if the shape and amplitude of the localized 

pulse observed in previous calculations is scaled with the size of the cell in 

laminates or is simply determined by the incoming pulse. To clarify this point we 

calculated the wave evolution inside a 1 + 1 mm laminate with real dissipative 

properties generated by the same impact as in the case of a 2 + 2 laminate. The 

thickness of the impactor was the same, but the time ratio of the impactor to the 

cell was larger than in the previous case. This also allows us to investigate if the 

number of localized pulses depends on the time ratio. For example, in the case of 

strongly nonlinear waves in granular materials [9] a single solitary wave was 

excited when the mass of the impactor was equal to the mass of the particle and 

multiple solitary waves were generated at the larger mass of the impactor. 
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However, the nature of the propagating pulse can be strongly influenced by the 

dissipative properties of the dispersive media [9,31,32].  

 

Figure 2-7: Stress pulse evolution in 1 + 1 laminate; data correspond to the interfaces of Al-W layers at 
different depths: (a) 0, 4, 8, and 12 mm; (b) 68, 72, 76, and 80 mm; (c) 140, 144, 148, and 152 mm; (d) 208, 
212, 216, and 220 mm. The pulse was generated by the impact of an 8-mm Al plate at a velocity of 2800 
m/s. 

 

The impact of an 8-mm Al plate on this 1 + 1 laminate corresponds to the 

time ratio of the impactor to cell size being equal to 5.1, which is about two times 

larger than in the previous case of the 2 + 2 laminate. Also it is interesting to see if 

the decrease of the cell size at the same impactor mass results in faster formation 
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of localized pulses and if the corresponding distance for the formation of such 

pulses is scaled with the cell size.  

The evolution of the wave at different depths is presented in Fig. 7. The 

impact with this impactor to cell time ratio of 5.1 demonstrated a tendency to the 

formation of multiple pulses close to the impacted end. Nevertheless, the 

dissipative properties of the material prevent the formation of the train of solitarylike 

waves. Instead an oscillatory triangular profile was observed at larger depths [Figs. 

7(c) and 7(d)].  

There is a difference between maximum amplitudes of stress in these 

pulses at similar depths of 220 mm. For example, the amplitude of the leading 

pulse is equal to 15.2 GPa for the 2 + 2 laminate versus 9.8 GPa for the 1 + 1 

laminate, despite the same impact and the same average density of laminates. 

This difference is apparently due to the difference in their dispersive properties 

resulting in generation of multiple solitarylike waves in the laminate with smaller 

cell sizes. This demonstrates that amplitudes of the stress pulses can be 

decreased by decreasing cell size in laminates, which results in multiple solitarylike 

waves with small amplitude instead of a single one with a larger amplitude.  

At the depths where the quasistationary pulse is observed (68–80 mm), the 

ratio of its characteristic scales to cell size (FWHM/𝑑 = 1.25 and (0.1 − 0.9) Δ/ 𝑑 = 

1.15) are similar to those observed for the 2 + 2 laminate, demonstrating their 

scaling with the laminate cell size.  
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2.3.4 1 + 1 Al-W laminate with artificially small 𝒀𝒎𝒂𝒙, impact by 8-mm Al plate 

We saw in the previous section that dissipative properties may be 

responsible for the triangular oscillating wave profile preventing formation of a train 

of separate solitary waves. To clarify the role of dissipation we investigated the 

nature of the wave generated at the same impactor to cell time ratio (5.1), but 

introducing artificially small yield strength and the reduction of the dissipation. It is 

clear that reduced dissipative characteristics of the components facilitated the 

separation of the train of localized pulses (Fig. 8). They travel with different speeds 

depending on their amplitude and resemble a train of weakly attenuating 

solitarylike waves. This behavior is contrary to the previous case where a 

quasistationary strongly attenuating triangular oscillatory profile was formed at 

identical conditions of impact (Fig. 7).  

We consider the formation of a quasistationary solitarylike wave when the 

stress in the wave reached 10% of its maximum on the release part. Following this 

agreement, we observed that its formation occurs fairly fast (at about 26 mm in 

depth) after traveling 13 cells. The apparently longer distance for establishing a 

stationary solitarylike pulse in this case, in comparison with impact on a 2 + 2 

laminate, with the same thickness of impactor is due to the presence of the second 

wave following the first one.  
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Figure 2-8: Stress pulse evolution in 1+1 laminate with artificially small 𝑌𝑚𝑎𝑥; data correspond to the 
interfaces of Al-W layers at different depths: (a) 0, 4, 8, and 12 mm; (b) 68, 72, 76, and 80 mm; (c) 140, 144, 
148, and 152 mm; (d) 208, 212, 216, and 220 mm. The pulse was generated by the impact of an 8-mm Al 
plate at a velocity of 2800 m/s. 

 

The FWHM width of the localized pulse was equal to 1– 1.25 times the cell 

size depending on amplitude, which is similar to the width of the localized pulse in 

2 + 2 laminate in nondissipative and dissipative cases (Fig. 8).  

 

2.3.5 0.5 + 0.5 Al-W laminate, impact by 8-mm Al plate 

It is interesting to investigate the characteristic scale of localized pulses in 

relation to cell size and their number and distance at which they are formed in the 
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laminate with reduced cell size under the same impact (duration of incoming pulse). 

The impactor to cell time ratio was increased to 10.2 by reducing the cell size to 1 

mm (0.5 + 0.5 mm layered material) and keeping the duration of the incoming pulse 

the same (thickness of Al impactor, 8 mm). The results should be compared with 

the cases where 2 + 2 and 1 + 1 laminates were impacted by the 8-mm-thick Al 

plate at the same velocity (Figs. 2 and 7).  

 

Figure 2-9: Stress pulse evolution in 0.5 + 0.5 laminate; data correspond to the interfaces of Al-W layers at 
different depths: (a) 0, 4, 8, and 12 mm; (b) 68, 72, 76, and 80 mm; (c) 140, 144, 148, and 152 mm; (d) 208, 
212, 216, and 220 mm. The pulse was generated by the impact of an 8-mm Al plate at a velocity of 2800 
m/s. 



39 

In the case of the 0.5 + 0.5 laminate, an oscillating triangular pulse was 

formed indicating the tendency to create the train of five localized waves Fig. 9(a), 

instead of one pulse (in the 2+2 laminate, 𝑡𝑟 = 2.5) and three pulses (in the1+1 

laminate, 𝑡𝑟 = 5.1) in the previous cases, also with real dissipative properties of the 

components (Figs. 2 and 7). It should be mentioned that at a time ratio equal to 

2.5 a single quasistationary pulse was formed (Fig. 2) and at a time ratio of 5.1 an 

oscillatory attenuating triangular pulse was observed (Fig. 7). These results prove 

that there is a strong correlation between shapes of wave profiles generated by 

the same impact at different time ratios. The time ratio determines the ratio of the 

characteristic time of the incoming load and the time scale determined by 

mesostructure, e.g., the time of wave propagation through the cell or the time 

duration of corresponding quasistationary pulses.  

In weakly nonlinear and strongly nonlinear discrete materials there is a 

value of critical viscosity corresponding to the transition from oscillatory stationary 

shock profile to monotonous shock [33]. It seems that in the case of laminates 

there is a value of yield strength 𝑌𝑚𝑎𝑥 that will prevent splitting of the initial pulse 

into a train of solitary waves resulting in oscillatory or monotonous shocklike pulse.  

Because different wave profiles were formed in laminates with different cell 

sizes at the same impact, it is interesting to compare the effectiveness of each 

laminate to decrease the amplitude of the leading pulse (it should be mentioned 

that decrease of cell size may result in the opposing effect and cause an increase 

of the amplitude of the leading pulse [14] [see also Figs. 2(a), 7(a), and 9(a)]. The 
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amplitudes of the leading pulses in laminates with different cell sizes, at the same 

depth of 220 mm, were equal to 15.2 GPa (2 + 2 laminate), 9.8 GPa (1 + 1 

laminate), and 10.3 GPa (0.5 + 0.5 laminate). Although there is a small difference 

between the amplitudes for the 1 + 1 mm and 0.5 + 0.5 (with slight increase of 

amplitude in the latter case), the amplitude in the 2 + 2 layered composite is about 

50% larger. This difference in the amplitudes of the leading wave can be explained 

due to the changes on dispersive properties of the laminate without changing the 

dissipative and nonlinear properties of the components. These data also 

demonstrate that amplitude of the leading pulse cannot be reduced indefinitely with 

reduction of the cell size.  

Some very interesting phenomena of the increase of the duration of the 

triangular pulse in the 0.5 + 0.5 laminate should be mentioned (compare Figs. 7 

and 9). We will see later that this is directly connected to the dispersive properties 

of the laminates.  

The characteristic (0.1–0.9) space scale of the main leading front of the 

oscillating triangular wave at large depths is scaled with the cell size being equal 

to about 1.1 cell sizes [Fig. 9(b)]. This scaling is similar to the size of the leading 

front in the 1 + 1 laminate [Fig. 7(b), 1.1 cell size]. It is interesting that in this 

laminate we observe the dispersive elastic precursor whose length is increasing 

with propagation distance [Fig. 12(d)].  
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2.3.6 2 + 2 Al-W laminate, Al impactor with thickness of 2 mm 

In the case of a 2 + 2 laminate with real material properties, under the impact 

of an 8-mm Al flyer plate, we observed that a slightly attenuating solitarylike pulse 

was generated from a relatively long incoming pulse (Fig. 2). It is interesting to see 

if a similar solitarylike wave could be generated in the same 2 + 2 laminate from 

different initial conditions (reduced duration of impact by using a 2-mm instead of 

8-mm Al flyer plate; in this case the time ratio between the impactor and the cell is 

0.6). We could expect that shorter duration impact may create a similar solitarylike 

pulse if the laminate under high- amplitude loading behaves as a classical weakly 

dissipative nonlinear dispersive medium.  

Figures 10(a)–10(d) show the evolution of the stress profile as a result of 

the impact of the Al plate with a thickness of 2 mm on the 2 + 2 laminate. It is clear 

that the localized pulse is also formed at the distance of about 24 mm from 

impacted end (not shown in the figures). This process required a considerably 

longer distance than 12 mm in the 2 + 2 laminate impacted by an 8-mm Al plate 

(compare Fig. 10 with Fig. 2).  

Contrary to what we observed in the case with an 8-mm impactor, the 

amplitude of the formed solitarylike pulse was smaller (compare Figs. 2 and 10). 

This could be due to the smaller linear momentum and energy in the case of a 2-

mm Al striker, but as soon as a solitarylike pulse was formed (with FWHM equal 

to about two cells and 0.1–0.9 ramp size being close to two cells also) it was 

practically identical to the leading part of the same amplitude (10 GPa) pulse in the 
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same laminate formed under impact by 8 mm (Fig. 11). It is important to remark 

that once the amplitude has been greatly reduced (below 5 GPa at the depths 

larger than 140 mm) an elastic precursor can be observed and the shape of the 

pulse does not resemble a classic shape of a soliton [Figs. 10(c) and 10(d)].  

 

 

Figure 2-10: Stress pulse evolution in 2 + 2 laminate; data correspond to the interfaces of Al-W layers at 
different depths: (a) 0, 4, 8, and 16 mm; (b) 68, 72, 76, and 80 mm; (c) 140, 144, 148, and 152 mm; (d) 208, 
212, 216, and 220 mm. The pulse was generated by the impact of a 2-mm Al plate at a velocity of 2800 m/s. 

 

In this case, the solitarylike waves with low amplitudes at depths 68–80 mm 

have a FWHM = 2 cell sizes and a 0.1–0.9 ramp size (Δ) equal to 1.9 cell size.  
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It is important to compare localized pulses with similar amplitude 

propagating in a laminate with the same mesostructure, but excited with different 

initial conditions (impact by 2-mm Al plate versus 8-mm Al plate).  

 

Figure 2-11: Comparison of shapes of solitarylike wave and leading part of the pulse both formed in 2 + 2 
laminates with real dissipative properties excited by impact of an Al plate with different thickness, 2 and 8 
mm, correspondingly. 

 

Figure 11 presents this comparison. It is evident that the resulting 

attenuating localized pulse has a direct relation to the laminate mesostructure. It is 

interesting that the rising parts of the localized pulses in the 2 + 2 laminate are 

almost identical though they were excited by impacts of 8- and 2-mm Al plates.  
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2.3.7 1 + 1 Al-W laminate, impact by 2-mm Al plate 

It is interesting to study if the localized pulses will be observed in laminates 

with different cell sizes under identical impact conditions (2-mm Al plate with 

velocity 2800 m/s) and if their space scale is scaled with the cell size also. The 

previous case with impactor to cell time ratio of 0.6 (2 + 2 laminate) resulted in a 

single solitarylike wave (Fig. 10).  

Based on what has been observed in the 2 + 2 laminates impacted by 2- 

and 8-mm Al impactors, we can expect the formation of one or more solitarylike 

waves. In the case with a 1 + 1 laminate, impacted by a 2-mm Al impactor, the 

time ratio is 1.3. Figure 12 demonstrates that this laminate indeed supports the 

single solitarylike wave. The localized pulse is completely formed at a depth of 

about 8 mm [Fig. 12(a)] compared to 24 mm in the case of a 2 + 2 laminate 

impacted by the same 2-mm Al plate [compare Figs. 12(a) and 10(a) at the similar 

depths]. It is interesting that decrease of cell size by two times resulted in the three-

times decrease in the travel distance required to form a solitarylike pulse.  

It is clear that the shape of the pulse closely resembles a classic solitary 

wave (bell shape) at a relatively high amplitude of the maximum stress. At lower 

stress levels [below 5 GPa, Figs. 12(c) and 12(d)], an elastic precursor can be 

clearly identified and the shape of the wave does not resemble a classic solitary 

wave and the pulse propagates as an attenuating oscillatory wave. This is 

consistent with what was observed in the 2 + 2 laminate at low stress levels [Figs. 

10(c) and 10(d)]. This occurrence can be explained by the unbalance that exists 
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between the nonlinearities and dispersion at low stress levels. Similar to what was 

observed before, at low amplitudes at depths of 68–80 mm, the FWHM = 1.8−2 

cell sizes and Δ = 1.7−1.9 cell size, which is consistent with the scaling phenomena 

observed in past cases impacted by a 2- or 8-mm Al plate.  

 

Figure 2-12: Stress pulse evolution in 1 + 1 laminate; data correspond to the interfaces of Al-W layers at 
different depths: (a) 0, 4, 8, and 12 mm; (b) 68, 72, 76, and 80 mm; (c) 140, 144, 148, and 152 mm; (d) 208, 
212, 216, and 220 mm. The pulse was generated by the impact of a 2-mm Al plate at a velocity of 2800 m/s. 

 

The incoming pulse was quickly transformed into a solitarylike wave at 

depths of 8 and 12 mm, and at larger depths we observe a leading solitarylike 

wave followed by a compression tail, if the amplitude of the former was above 10 
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GPa. This resembles the behavior of a discrete, strongly nonlinear granular chain 

[31,32] except that strong nonlinearity resulted in decoupling of the leading solitary 

wave from the compression wave, the latter being converted into a shock wave. 

The difference between the speed of a solitarylike wave and a compression wave 

with smaller amplitude in the Al-W laminate is not as large as in a strongly nonlinear 

granular chain preventing fast coupling of these waves before emerging of the 

elastic precursor. We can expect a similar behavior if one of the components in the 

laminate exhibits a strongly nonlinear behavior.  

 

2.3.8 0.5 + 0.5 Al-W laminate, impact by 2-mm Al plate 

Laminates (2 + 2 and 1 + 1) impacted by a 2-mm Al plate have shown the 

capability to form and propagate localized solitarylike pulses (Figs. 10 and 12). It 

is interesting to investigate if a 0.5 + 0.5 laminate will also support a single 

solitarylike pulse or their train and what is the travel distance necessary for their 

formation when impacted by a 2-mm Al flyer plate. In the case where the solitary 

wave is supported by this laminate, it is interesting to see its shape and 

characteristic space scale in relation to the cell size and rate of amplitude decay.  

The ratio of the characteristic duration of the incoming pulse to the laminate 

time scale introduced by the mesostructure for this case is 2.5 which is identical to 

the case of a 2 + 2 laminate impacted by an 8-mm Al plate (Fig. 2). Therefore it is 

natural to expect the formation of a single solitarylike wave with a small tail behind 
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if the mentioned time ratio is the main parameter determining the outcome of 

impact. Evolution of the generated pulse is shown in Figs. 13(a) and 13(d)].  

 

Figure 2-13: Stress pulse evolution in 0.5 + 0.5 laminate; data correspond to the interfaces of Al-W layers at 
different depths: (a) 0, 4, 8, and 12 mm; (b) 68, 72, 76, and 80 mm; (c) 140, 144, 148, and 152 mm; (d) 208, 
212, 216, and 220 mm. The pulse was generated by the impact of a 2-mm Al plate at a velocity of 2800 m/s. 

 

We can see that the incoming pulse was transformed into a fast attenuating 

leading solitarylike wave followed by a compression wave at a distance of about 4 

mm away from the impacted end [Fig. 13(a)]. It is interesting that the traveled 

distance required to form a solitarylike pulse at the same characteristic duration of 

the incoming pulse (thickness of impactor) is scaled with the cell size; compare the 
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shapes of pulses in the 0.5 + 0.5 laminate at a traveled distance of 4 mm [Fig. 

13(a)] in the 1 + 1 laminate at a distance of 8 mm [Fig. 12(a)], and in the 2 + 2 

laminate at a distance of 16 mm [Fig. 10(a)].  

This behavior resembles the formation of a two wave struc- ture in a discrete, 

strongly nonlinear granular chain [31,32] except that a strongly nonlinear 

interaction between grains resulted in the decoupling of a leading solitary wave 

from the compression wave, the latter being converted into a shock wave. The 

absence of separation of these waves in our case is probably due to a relatively 

small difference between the speed of a leading solitarylike wave and following it, 

a compression wave with smaller amplitude in the Al-W laminate in compar- ison 

with corresponding speeds in a strongly nonlinear chain. We can expect a similar 

behavior if one of the components in the laminate exhibits a strongly nonlinear 

behavior.  

The strong attenuation of the leading pulse and probably dispersion 

prevents the formation of a train of localized stress pulses and creates an 

attenuating oscillatory shock–like profile [Figs. 13(b) and 13(d)] already evident at 

distances of about 68 mm. At very low stress levels (around 4 GPa) an elastic 

precursor dramatically changing the shape of the propagating pulse can be 

observed [Fig. 13(c) and 13(d)], similar to a previous case [Figs. 12(c) and 12(d)], 

although in the case of the 1 + 1 laminate, the elastic precursor appears closer to 

the impacted end. In this laminate, the scaling of the characteristic sizes of the 
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localized pulse can be observed. At 68–72 mm depth, FWHM = 1.8 − 2.2 cell size 

and Δ = 2.1−2.2 cell sizes.  

 

2.3.9 Comparison of solitarylike wave shapes created by different initial 

conditions 

It is interesting to compare solitarylike waves with similar amplitudes in the 

same laminate resulting from different initial conditions caused by impactors with 

different thicknesses. If these waves generated by different initial conditions are 

quasistationary and similar then it may indicate that they are the result of balancing 

nonlinear and dispersive properties of the material, as in the case with true solitary 

waves.  

In Figs. 14(a) and 14(b)] normalized profiles of solitarylike waves with 

similar amplitudes propagating in the Al-W laminates (1+1 and 0.5+0.5) with 

different dissipative properties, excited by Al impactors with thickness of 8 and 2 

mm, are presented. The profiles and durations of the corresponding incoming 

stress are quite different; for example, the total durations of incoming pulses 

presented in Figs. 7(a) and 12(a) are 2.35 and 0.74 microseconds, correspondingly.  

Four solitarylike waves in normalized coordinates (distance divided by cell 

size) with very close stress amplitudes are shown in Fig. 14. Figure 14(a) 

represents the wave profiles propagating in 1 + 1 and 0.5 + 0.5 laminates with real 

dissipative properties and similar maximum stresses close to 35 GPa, which were 

generated by the impact of Al flyer plates with thicknesses of 2 and 8 mm. The 
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respective traveling distances to reach similar amplitudes in these pulses are 40 

and 104 mm (1+1 laminate) and 32 and 120 mm (0.5+0.5 laminate).  

 

Figure 2-14: Comparison between the profiles of stress in solitarylike waves with similar amplitudes in Al-W 
laminates with different cell sizes and dissipative properties generated by two different impactors with 
thickness of 2 and 8 mm, respectively. The stress is normalized by the following wave amplitudes: (a) 
Lamanites with real dissipative properties: 1+1 laminate, impacted by 2-mm Al plate, stress amplitude 34.9 
GPa; 1+1 laminate, impacted by an 8-mm Al plate, stress amplitude 34.8 GPa; 0.5+0.5 laminate, impacted 
by a 2-mm Al plate, stress amplitude 35.2 GPa; and 0.5+0.5 laminate, impacted by an 8-mm Al plate, stress 
amplitude 35 GPa. (b) Laminates with artificially low 𝑌𝑚𝑎𝑥. 1+1 laminate, impacted by a 2-mm Al plate, stress 
amplitude 35.2 GPa; 1+1 laminate, impacted by an 8-mm Al plate, stress amplitude 35.9 GPa; 0.5+0.5 
laminate, impacted by a 2-mm Al plate, stress amplitude 35 GPa; and 0.5+0.5 laminate, impacted by an 8-
mm Al plate, stress amplitude 35 GPa.  

 

Wave profiles with a stress amplitude of about 35 GPa are presented in Fig. 

14(b) corresponding to the laminates with reduced dissipative properties (smaller 

𝑌𝑚𝑎𝑥 ), but with the same mesostructure as in Fig. 14(a). These profiles were 

formed at depths of 182 mm (1 + 1 laminate), 90 mm (1 + 1 laminate), 60 mm (0.5 

+ 0.5 laminate), and 92 mm (0.5 + 0.5 laminate), correspondingly, where these 

quasistationary pulses had similar stress amplitudes.  

The comparison among the profiles of these waves demonstrates that they 

are similar in normalized coordinates despite differences in their dissipative 
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properties. For the case of the laminate with real properties, the FWHM = 1.3 and 

for the material with small 𝑌𝑚𝑎𝑥, FWHM = 1.3. This comparison confirms that these 

waves indeed are a result of the material properties (balancing dispersion caused 

by the periodic mesostructure and nonlinearity) and do not depend on the initial 

conditions that generated them, similar to properties of true solitary waves.  

 

2.3.10 Head-on collision of solitarylike waves 

One of the main properties of true solitary waves is that they preserve their 

shapes after collision [9,16]. It is interesting if the solitarylike waves described in 

the previous section behave in a similar way. To investigate collisions of solitarylike 

waves the 2 + 2 laminate with real material properties was impacted on both ends 

as shown in Fig. 15. The length was 𝐿𝑐 = 202 mm. The impactor’s thickness was 

𝐿𝑖 = 6 mm. They had velocities 𝑉𝑎 = 3500 m/s and 𝑉𝑏 = 3200 m/s  

 

Figure 2-15: Laminate impacted at both ends to investigate collision of solitarylike waves. 

 

Figures 16(a) and 16(b) show both localized waves before collision at 60 

mm from the impacted ends. It is clear that they have an almost symmetrical shape 
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with small amplitude tails. The difference in their amplitudes is caused by the 

different velocities of impactors on corresponding ends.  

 

Figure 2-16: (a) Traveling wave at 60 mm depth from the left end of the laminate with real properties. (b) 
Traveling wave at 60 mm depth from the right end of the laminate. Both waves are shown before collision. 

 

Figure 17 corresponds to the depths 101 mm from both ends of the laminate 

with real properties where the two waves propagating in the opposite directions 

meet. The amplitude of the resulting pulse is increased as well as the amplitude of 

the tail; its duration was close to the durations of the pulses before collision.  
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Figure 2-17: Resulting pulse due to collision of two waves propagating in the opposite direction at the middle 
of the laminate (at 101 mm depths from both ends). 

 

Pulses after their collision are shown in Figs. 18(a) and 18(b) at distances 

142 mm from the corresponding ends. We can see that after collision we have two 

localized waves with different amplitudes, which are smaller than the amplitudes 

before collision (Fig. 16), mostly because waves decay by traveling additional 

distances. It should be mentioned that the amplitudes of tails increased after 

collision due to dissipation.  

Collisions of true solitary waves result in a phase shift [9,16]. To investigate 

if the phase shift is also characteristic for the collision of solitarylike waves, we 

compare two initially identical solitarylike waves created by the impact on the left 

end [shown in Fig. 16(a)], but traveling the same distance without collision. Figure 
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19(a) presents a comparison of the same wave traveling without collision and after 

a head-on collision at 122 mm from the left end. These two waves are superposed 

in Fig. 19(b) to demonstrate their similar profiles.  

 

Figure 2-18: (a) Traveling wave at 142 mm depth from the left end of the laminate with real properties. (b) 

Traveling wave at 142 mm depth from the right end of the laminate. Both waves are shown after collision. 

 

From Fig. 19(a) it is clear that a phase shift has occurred after collision, 

similar to the phase shift observed after collision of true solitary waves. The two 

superposed waves in Fig. 19(b) demonstrate that they are very similar resembling 

the behavior of classic solitons, which completely reconstruct their shapes after 

collision. The difference between these solitarylike waves and true solitary waves 

is caused by the decay of the former due to the significant influence of dissipation 

at this level of stress.  
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Figure 2-19: (a) The phase shift between two initially identical solitarylike waves created by the impact on 
the left end traveling the same distance of 122 mm without collision and after head-on collision; (b) the same 
waves are superposed to demonstrate their similar profiles. 

 

2.4 Theoretical Approach 

The considered laminate material has a periodic structure and also exhibits 

significantly nonlinear behavior mostly due to nonlinearity in a constitutive equation. 

A combination of these properties supports the propagation of solitarylike waves 

under certain conditions of dynamic loading as observed numerically in the 

previous sections. The papers [16,17,20–22] introduce long wave approximation 

resulting in a Boussinesq-like wave equation to describe propagation of 

nondissipative solitarylike wave in laminates with relatively small dynamic elastic 

strains, about 10-2. Nonlinearity in these papers was introduced based on nonlinear 

elasticity.  

In this section we will combine dispersive and nonlinear properties of 

laminates incorporating them into a KdV-type equation, which supports solitary 

waves, and compare them with results of numerical calculations of a discrete 
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system. Of course this approach, especially when it results in a stress pulse with 

dimensions comparable to the cell size of the laminate, needs verification by 

numerical calculations of a real discrete system. But if successful, it provides the 

scaling dependence of the parameters of a localized solitarylike stress pulse of 

high amplitude on physical and geometrical parameters of laminates.  

The dispersion relation for laminated materials can be found in [29]; this 

expression considers the multiple reflections at the interfaces in the laminated 

material.  
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where 𝑘 is the wave number, 𝑤 is wavelength, 𝑑𝑎 and 𝑑𝑏 are the respective sizes 

of each layer, cell size 𝑑 = 𝑑𝑎 + 𝑑𝑏 , 𝐶𝑎 and 𝐶𝑏 refer to the respective sound speed 

in each layer, and 𝑍𝑎 and 𝑍𝑏 represent the respective impedances for each layer 

(𝑍𝑖  = 𝜌𝑖𝐶𝑖 ).In the limit of long wave approximation, 𝜆 ≫ 𝑑, we get the following 

dispersion relation:  
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The first term in Eq. (12) provides an explicit expression for 𝐶0  for the 

laminate material, which is equivalent to the averaging approach presented in [16],  

𝐶𝑜
2 =

𝑑2

𝑑𝑎
2

𝐶𝑎
2 +

𝑑𝑏
2

𝐶𝑏
2+(

𝑍𝑎
𝑍𝑏

+
𝑍𝑏
𝑍𝑎

)(
𝑑𝑎𝑑𝑏
𝐶𝑎𝐶𝑏

)

.        (13) 

In our numerical calculations, which included dissipation and more than one 

order of magnitude larger strains than in [16,17,20–22] (about 10−2) we also 
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observed solitarylike, slowly attenuating localized waves. But at these much higher 

strains it is more appropriate to introduce nonlinearity using the Hugoniot relation. 

Hugoniot parameters naturally reflect the nonlinear properties of materials 

because the shock wave is a typical example of the phenomena supported by a 

combination of nonlinear and dissipative properties. It should be mentioned that 

temperatures in solitarylike waves are smaller compared to shock temperatures at 

similar stress amplitudes, but because in- put of temperature to the stress at a 

given specific volume is relatively small, the use of the Hugoniot curve is 

appropriate. To introduce nonlinearity in the constitutive equation for each of the 

materials in the laminate we consider the Hugoniot curves [Eq. (14)] in stress 

versus strain coordinates for Al and W and their corresponding approximations 

using the second powers of strains [Eq. (18)]. The stress along the Hugoniot is 

defined as  

𝑃 =
𝐶𝑜

2(𝑉𝑜−𝑉)

[𝑉𝑜−𝑠(𝑉𝑜−𝑉)]2,         (14) 

where Vo and V correspond to the specific volume of the material at initial and 

deformed configuration, respectively, and s refers to the first coefficient of the 

Hugoniot curve on the D−u plane (shock-particle velocity relation) which has the 

form  

𝐷 = 𝐶0 + 𝑠𝑢.          (15) 

In this equation a single coefficient s is representing nonlinear behavior of 

the material in shock wave conditions. Strain in the shock wave in terms of specific 

volume can be written as  
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𝜖 =
𝑉𝑜−𝑉

𝑉𝑜
.          (16) 

By combining Eqs. (14) and (16) we obtain the Hugoniot stress-strain 

relation  

𝑃 =
𝐶𝑜

2

𝑉𝑜
[

𝜖

(1−𝑠 𝜖)2
].         (17) 

At relatively low values of strains (below 0.15 for Al and 0.1 for W) we can 

approximate the behavior of Al and W using the following equation with 

corresponding coefficients:  

𝑃 =
𝐶𝑜

2

𝑉𝑜
[𝜖(1 + 2𝑠𝜖)].         (18) 

The Hugoniot curves and their approximations by Eq. (18) are presented in 

Figs. 20(a) and 20(b). For comparison, zero Kelvin compression curves, isentrope 

(Al [30], W estimated from [34]), and curves based on third order elastic constants 

are also presented. The latter ones are described by the following equation:  

𝜎 = 𝛾𝜖 +
𝛽

2
𝜖2,         (19) 

where coefficients 𝛾 and 𝛽 are defined by  

𝛾 = 𝜆 + 2𝜇,          (20) 

𝛽 = 3(𝜆 + 2𝜇) + 2(𝐴 + 3𝐵 + 𝐶),       (21) 

where 𝜆 and 𝜇 are the Lamé parameters and 𝐴, 𝐵, and 𝐶 are the third order elastic 

constants [35].  
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Figure 2-20: Nonlinear stress-strain relations for Al (a), and W (b) based on Hugoniot curves, static 
compression based on third order elastic constants, zero Kelvin curves, isotherm and approximation of 
Hugoniot curves using terms only with second power law of strains, Eq(16). 

 

It is clear that using third order elastic constants in our range of stresses is 

not adequate. At the same time deviation of stresses on the Hugoniot curve from 

the values corresponding to zero Kelvin curve at the same strains are within a few 

percent for Al and W at stresses below 40 GPa (strains below 0.25 for Al and below 

0.1 for W). Thus we can use the Hugoniot curves approximated by Eq. (18) as a 

reasonable representation of isentropic behavior. It is appropriate taking into 

account that on the steady state of the propagation of localized stress pulses 

materials experience isentropic compression paths, which are between the zero 

Kelvin curve and Hugoniot states. It should be emphasized that we are looking for 

a nondissipative description of the single stress pulse despite existing dissipation 

at this level of stress. Results of numerical calculations presented above 

demonstrate that dissipation, resulting in the pulse attenuation, does not change 
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the nature of the pulse coming from a balance of nonlinearity and dispersion similar 

to the case of strongly nonlinear solitary waves in granular lattices [9].  

To find the nonlinearity coefficient in the stress-strain relation for the 

laminate material we consider its single cell with unit area as depicted in Fig. 21.  

 

Figure 2-21: Single cell with unit area made of material a and b. 

 

We need to find constants 𝐾𝑒𝑞 , 𝛼𝑒𝑞 describing the behavior of the unit cell 

under compression with effective total strain 𝜖𝑡. We define the total strain of the 

deformed cell as: 

𝜖𝑡 =
(𝑑𝐴𝑙+𝑑𝑊)−(𝑑𝐴𝑙𝑜+𝑑𝑊𝑜)

𝑑𝐴𝑙𝑜+𝑑𝑊𝑜

=
𝑑𝐴𝑙−𝑑𝐴𝑙𝑜

𝑑𝐴𝑙𝑜+𝑑𝑊𝑜

+
𝑑𝑊−𝑑𝑊𝑜

𝑑𝐴𝑙𝑜+𝑑𝑊𝑜

= 𝜖𝑎 (
𝑑𝐴𝑙𝑜

𝑑𝐴𝑙𝑜+𝑑𝑊𝑜

) +

𝜖b (
𝑑𝑊𝑜

𝑑𝐴𝑙𝑜+𝑑𝑊𝑜

) = 𝜖𝐴𝑙  𝜏 +  𝜖𝑊(1 − 𝜏),       (22) 
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where 𝑑𝐴𝑙𝑜
, 𝑑𝑊𝑜

 represent the original length of Al, W and the symbols 𝑑𝐴𝑙, 𝑑𝑊 are 

related to a deformed cell. For the system being in equilibrium, 𝜎𝐴𝑙 = 𝜎𝑊 = 𝜎𝑡 , 

where is the force applied to the cell.  The equation for a total strain including a 

nonlinear term quadratic with respect to ϵ2  is represented by the following 

expression 

σt ≈
K𝐴𝑙K𝑊

(1−𝜏)K𝐴𝑙+𝜏K𝑊
ϵ +

(𝜏K𝑊
3 α𝐴𝑙+(1−𝜏)K𝐴𝑙

3 α𝑊)

((1−𝜏)K𝐴𝑙+𝜏K𝑊)3
ϵ2,     (23) 

This gives us the expressions for coefficient of nonlinearity 𝛼𝑒𝑞 and linear 

elastic modulus 𝐾𝑒𝑞 representing the global response of the cell 

𝛼𝑒𝑞 =  
(𝜏K𝑊

3 α𝐴𝑙+(1−𝜏)K𝐴𝑙
3 α𝑊)

((1−𝜏)K𝐴𝑙+𝜏K𝑊)3 ,        (24) 

𝐾𝑒𝑞 =  
K𝐴𝑙K𝑊

(1−𝜏)K𝐴𝑙+𝜏K𝑊
.         (25) 

Apparently that coefficient of nonlinearity is the same for laminates with the 

same volume of components. The wave equation, being a long wave 

approximation of a discrete, nondissipative system and having the same dispersive 

relation and reflecting nonlinear behavior, is the Boussinesq equation  

𝑈𝑡𝑡 = 𝐶𝑜
2𝑈𝑥𝑥 + 𝛽𝑈𝑥𝑥𝑥𝑥 − 𝜓𝑈𝑥𝑈𝑥𝑥,       (26) 

where coefficients  and 𝜓 are related to materials parameters in the following 

way: 

𝛽 =
𝑑2𝐶𝑜

2

12
.          (27) 

Unlike the coefficient of nonlinearity and sound speed which is the same for 

laminates with the same volume ratio of components, the coefficient of dispersion 
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depends on the characteristic scale of laminate 𝑑. Parameter 𝜓 is the coefficient 

related to the nonlinear part of the force applied to the cell composed from the 

elements of the discrete system,  

𝜓 =
2𝛼𝑒𝑞𝐶𝑜

2

𝐾𝑒𝑞
.          (28) 

This equation can be converted to KdV equation in the same approximation: 

𝜁𝑡 + 𝐶𝑜𝜁𝑥 + 𝑆𝜁𝑥𝑥𝑥 + 𝜈𝜁𝜁𝑥 = 0,       (29) 

𝑆 =
𝛽

2
,           (30) 

𝜈 =
𝜓

2𝐶𝑜
.          (31) 

The KdV equation has a solitary wave solution of the form 

𝜁 = 𝜁𝑚 sech2 ((
𝜓𝜁𝑚

12𝛽
)

1

2
(𝑥 − 𝑣𝑡) ).       (32) 

The equation for the full-width at half-maximum (FWHM) of this pulse (𝑤) 

expressed in terms of the cell size, thicknesses of layers and linear and nonlinear 

properties of components as well as an amplitude of stress pulse is presented 

below: 

𝐹𝑊𝐻𝑀 =
1.76𝑑𝐾𝑒𝑞

1 2⁄

(2𝛼𝑒𝑞 𝜁𝑚)
1 2⁄ .        (33) 

It is interesting that though the FWHM of the pulse in laminate 𝑤 is scaled 

linearly with the cell size 𝑑 the individual thicknesses of layers are also affecting 

the size of the solitary wave present in the values of 𝐾𝑒𝑞 and 𝛼𝑒𝑞. It means that 

laminates with the same cell size 𝑑 will have different values of 𝑤 if the thicknesses 

of individual layers are different.  
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The speed of the solitary wave is given by  

𝑉 = 𝐶𝑜 +
𝜈

3
𝜁𝑚,         (34) 

𝜈 =
𝜓

2𝐶𝑜
=

2𝑑𝐶𝐴𝑙
2 𝜌𝐴𝑙𝐶𝑊

2 𝜌𝑊(𝐶𝐴𝑙
6 𝜌𝐴𝑙

3 𝐾𝑊𝑆𝑊𝑑𝑊+𝐶𝑊
6 𝜌𝑊

3 𝐾𝐴𝑙𝑆𝐴𝑙𝑑𝐴𝑙)

𝐾𝐴𝑙𝐾𝑊(𝐶𝐴𝑙
2 𝜌𝐴𝑙𝑑𝑊+𝐶𝑊

2 𝜌𝑊𝑑𝐴𝑙)(𝜌𝐴𝑙𝑑𝐴𝑙+𝑑𝑊𝜌𝑊)
.    (35) 

Now we explore if this approximation satisfactorily de- scribes the shape of 

solitarylike stress pulses and their speeds observed in numerical calculations.  

Figures 22(a)–22(d) present the shapes of stress pulse found in LS-DYNA 

numerical simulations and KdV solitary wave solution [Eq. (32)] for maximum 

stresses below 35 GPa where cold curve and isentropic compression are very well 

approximated by nonlinear equation (18). The pulse shapes generated in the 

numerical calculations performed with real material properties as well as the one 

with artificially small 𝑌𝑚𝑎𝑥 are shown in Fig. 22. 

We can see that space scales and shapes of stress pulses observed in 

numerical calculations are satisfactory described by long wave KdV solitary wave 

solution despite the charac- teristic width of the pulse being close to the cell size 

and dissipation present in numerical calculations. It should be mentioned that the 

full width at half maximum (FWHM) for these pulses is only about two cells. The 

pulse in numerical calculation is narrower than KdV solution, and the FWHM of the 

KdV solitary wave solution is about 12% larger than the corresponding pulse width 

in numerical calculations in the case of a solitarylike wave in a 2 + 2 laminate [Fig. 

22(c)].  

It is interesting to check if a presented solitary wave solution is also a 

reasonable approximation for a broader range of wave amplitudes, specifically for 
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significantly larger stresses where nonlinear behavior deviates more significantly 

from the approximation described by Eq. (18). The corresponding shape of the 

stress pulse at these stresses is shown in Fig. 23.  

 

Figure 2-22: Comparison of KdV solitary solution with nonlinearity parameters taken from Hugoniot curve 
(Eq.18) to the shapes of solitary like waves found on numerical simulations: (a) The wave in numerical 
simulation corresponding to the depth 72 mm in the 2+2 laminate with artificially small 𝑌𝑚𝑎𝑥 laminate 
impacted by a 2-mm Al plate with a velocity of 2800 m/s. (b) The wave in numerical simulation 
corresponding to the depth of 32 mm in the 1+1 laminate with artificially small 𝑌𝑚𝑎𝑥 impacted by a 2-mm Al 
plate with a velocity of 2800 m/s. (c, d) comparison of waves in corresponding laminates (2+2 and 1+1) with 

real properties.  

 

The value of FWHM in this case is about one cell size only. It is amazing 

that the KdV solitary wave, obtained as a solution of a wave equation being a 
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weakly nonlinear and long wave approximation of a discrete system, is still a 

satisfactory approximation for the shape of the very short localized pulse observed 

in numerical calculations. Thus Eq. (33) provides a correct scaling of the size of 

solitarylike pulses and a reasonable description of their shapes in a very broad 

range of stress amplitudes.  

 

Figure 2-23: Comparison of KdV solitary solution with nonlinearity parameters taken from an approximated 
Hugoniot curve [Eq. (16)] to the wave found on numerical simulations. The wave in the numerical simulation 
corresponds to the depth of 132 mm in a 2 + 2 laminate impacted by an 8-mm Al plate with a velocity of 
2800 m/s an artificially small 𝑌𝑚𝑎𝑥 (a) and in laminate with real material properties (b).  

 

Another property of KdV solitary waves is a linear dependence of their 

speed on the stress amplitude [Eq. (34)]. Figure 24 presents a comparison of the 

dependence of the speed of pulses on the stress amplitude found in numerical 

calculations for laminates with different cell sizes with a similar dependence for 

KdV solitary waves [Eq. (34)].  
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Figure 2-24: Dependence of the speed of the localized wave in Al-W 2+2, 1+1, and 0.5+0.5 laminates found 
in numerical calculations on maximum stress (on the interface between Al and W) and corresponding Eq. 33 
for the speed of KdV solitary wave. 

 

It is clear that the linear relationship between the speed of the pulse and 

maximum stress found for the KdV solitary wave is a satisfactory approximation in 

the whole investigated range of stress amplitudes for different laminates. It is 

important that the speed of the solitarylike wave in numerical calculations is not 

dependent on the cell size, as can be expected from the proposed analogy with 

the KdV soliton. It is interesting that at the same cell size, but at different individual 

thicknesses of layers (determining the relative volume of components) the speed 

of a solitarylike wave will be different. This dependence is represented by values 

of Keq and αeq depending on the volume fraction of the components. It means 

that laminates with the same cell size d will have different values of the slope of 
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the speed versus stress amplitude if the thicknesses of individual layers are 

different.  

It should be mentioned that sound speed for the laminate, based on Eq. 

(13), is 𝐶𝑒𝑞 = 3381 m/s. From the graph presented in Fig. 24 we can see that the 

speed of the solitary wave in the KdV approximation and also in numerical 

calculations is larger than the sound speed in the laminate in a long wave 

approximation; thus this pulse is supersonic with respect to the long wave sound 

speed in the laminate. However, its speed in the investigated range of stresses is 

smaller than the sound speed in Al, and at maximum stresses below 30 GPa is 

also smaller than in W. As a result short wave length disturbances with the space 

scale compared to the thickness of the layers can escape into the area in front of 

the propagating pulse leaking the energy from the pulse and contributing to the 

amplitude attenuation. This mechanism is additional to the dissipation and 

presents another reason that these propagating pulses are not truly solitary waves 

despite being satisfactorily described by the KdV soliton solution. This mechanism 

also contributes to the nonelastic collision of these localized pulses.  

 

2.5 Chapter conclusions 

The existence of solitarylike localized waves in lami- nate material Al-W in 

a broad range of stress amplitude (10–80 GPa) was demonstrated using numerical 

calculations.  
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It was shown that the dissipation due to viscoplastic behavior causes 

significant decay of amplitude of these solitarylike stress pulses, but their space 

scale and shape are closely approximated by KdV solution.  

These solitarylike waves exhibit behavior similar to classical KdV solitons, 

e.g., a dependence of speed and width on the stress amplitude. The different 

durations of incoming pulse, with respect to characteristic time scale of the 

laminate, result in either the formation of only one localized solitarylike wave, a 

train of such waves, or in an oscillatory shock–like wave. It has also been shown 

that interaction between these waves results in a phase shift, which is similar to 

behavior in classic solitons, although it also shows a nonelastic behavior.  

A theoretical framework based on a weekly nonlinear KdV equation 

supporting a solitary wave was presented. To introduce a nonlinearity parameter, 

readily available shock Hugoniot data were used together with the exact dispersion 

relation for a linear elastic laminate. The shape and speed of the localized waves 

found in numerical calculations are in satisfactory agreement with the KdV solitary 

wave in a broad range of stress amplitudes.  

This approach allowed us to arrive at the analytic equation for width and 

speed of the observed solitarylike stress pulses using nonlinear properties of 

components and geometry of laminate. It allows the design of layered materials 

for optimal protection, e.g., to prevent spall, and to understand the nature of pulses 

propagating under extremely short pulse loading, e.g., produced by powerful lasers.  
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Chapter 3 : Multiple scales of shock waves in 

dissipative laminate materials  

 

3.1 Introduction 

The response of nonlinear materials with periodic microstructure depends 

on the parameters of the incoming disturbance. For example, short-duration pulses 

result in solitary waves, longer pulses can produce a train of solitary waves or 

shocklike stress pulses, and periodic excitations result in strongly nonlinear 

periodic waves in granular chains [1,2]. The balance of weak nonlinearity and 

dispersion caused by a periodic microstructure results in small-amplitude 

solitarylike waves (stegotons) in nondissipative laminates [3]. In Ref. [4] incoming, 

short, high-amplitude pulses (with respect to the characteristic inner time scale 

determined by the cell size and the sound speed of components) generated weakly 

decaying compression solitarylike waves in the dissipative nonlinear Al-W laminate.  

In this paper we analyze the transient and quasisteady responses of 

dissipative Al-W laminates to long-duration, high-amplitude incoming pulses 

allowing the establishment of steady shock wave profiles and quasiequilibrium 

states behind the shock front. The response to high-amplitude shock loading of 

homogeneous materials is usually analyzed assuming that at high-amplitude 

loading, a steady state behind the shock exists. This approach ignores the 

transient stage necessary to establish a stationary shock front and does not 
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account for the possible maximum in stresses reached during the intermediate 

stages preceding a steady state behind the shock. The establishment of a steady 

shock wave is assumed to happen when it has propagated for at least a few shock 

front widths [2,5]. The assumption of a steady shock wave allows the use of 

conservation laws across the shock front, which results in the Rankine-Hugoniot 

equations connecting the states behind and in front of the stationary shock wave 

[5–7]. In laminate materials, the establishment of a steady state behind the wave 

and steady propagation regime might not occur, as can be seen in the case of 

short-duration incoming pulses. The examples include powerful laser loading, 

impact by small thickness plates, or contact explosion [8,9]. Some approaches to 

create Hugoniot curves for mixtures (with different degrees of success) are 

reviewed in [10], though they usually do not address the spatial scales of the 

shocked materials when they are applicable. The assumption that the shock wave 

has reached a steady state might be incorrect, at least in cases when characteristic 

duration of the shock wave is about the characteristic time of pulse propagation 

through the cell [4,11]. The shock wave propagation in finite nonlinear laminates 

can result in peculiar and counterintuitive effects such as the increase of amplitude 

of the wave with the decrease of layer thickness; this contradicts the behavior 

based on the difference of acoustic impedances of linear elastic materials [2,12,13].  

The dissipation processes during shock loading and nonlinearity of material 

behavior determine the width of the shock wave in homogeneous materials [14–

17]. In homogeneous materials for strong shock waves, the fourth power law was 
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established to relate the maximum strain rate and stress behind the shock in the 

form 𝜖̇ =  𝛼𝜎4, where 𝜖̇ represents the strain rate at the leading front and σ the 

maximum stress on the leading front. This result was introduced by Grady and a 

thorough explanation can be found in [18,19]. This fourth power law has been 

widely adopted in the shock physics community. Nevertheless, experimental 

results presented in the paper by Zhuang et al. [20] demonstrated that this law 

does not apply to laminate materials. Instead, a second power law, i.e., 𝜖̇ =  𝛼𝜎2, 

was proposed to connect the maximum stress and strain rate.  

It was shown in [4,11] that the nature of high-amplitude stress waves in 

dissipative Al-W laminate was determined by the ratio of the duration of incoming 

pulses to the characteristic time of pulse propagation through the cell ( 𝑡𝑟 =

 
2𝑑𝑖𝑚𝑝

𝐶𝑖𝑚𝑝
⁄

𝑑𝑙𝑎𝑚
𝐶𝑙𝑎𝑚

⁄⁄ ), where 𝐶𝑙𝑎𝑚 is the equivalent sound speed in the laminate; 

in this paper 𝐶𝑙𝑎𝑚  has a value of 3381 m/s, being the limit of the long-wave 

approximation expressed by Eq. (4). At small time ratios (𝑡𝑟  < 2.5), numerical 

calculations demonstrated that the incoming pulse was localized after a 

propagation distance of about four to five cells. Its properties (speed and shape) 

were similar to a weakly nonlinear Korteweg–de Vries (KdV) solitary wave. Longer 

incoming pulses (𝑡𝑟  > 5) were transformed into a train of separated solitarylike 

waves or into a triangular oscillatory shock profile depending on the level of 

dissipation. Preliminary results related to the scaling of the shock wave loading 

can be found in [11].  
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In this paper we investigate numerically the multiple scales of high-

amplitude shock waves generated by the plate impact in Al-W laminates with 

different mesostructures. We identify three different characteristic time scales 

presented in Fig. 25 related to the formation of the stationary shock: the time from 

the impacted end required to establish a stationary shock profile, the width of the 

leading front determining the maximum strain rate of loading, and the width of the 

shock wave identified as the time span from the initial state to the final equilibrium 

(quasiequilibrium) state (slowly attenuating elastic vibrations can still be present 

as well as differences in the temperatures of Al and W).  

The establishment of this stationary wave profile takes some propagation 

distance depending on the cell size and properties of components. In the first few 

cells, the leading pulse is still a shock waves in individual components [4,11–13] 

and not part of a stationary shock wave in the laminate. The transition from the 

initial to the final equilibrium state in the Al laminate with gaps (modeling porous 

materials) due to multiple reverberations of shock waves was numerically 

demonstrated in [14].  
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Figure 3-1: Three characteristic time scales related to the established stationary shock profile detected at 
some point inside the laminate far enough from the impacted end. The three time scales identified in the 
graph are described as follows: time of propagation t1 – t0 when shock excited by external disturbance at 
time t0 becomes stationary - it has achieved steady amplitude and width of leading front as well as oscillating 
profile of shock and final state; shock front width t3 – t1 determined by the time difference corresponding to 
0.1 of maximum stress amplitude and time when plastic deformation is replaced by slowly decaying elastic 
reverberations (quasi-equilibrium state); and leading front width t2 – t1 determined by time difference 
between point with 0.1 of maximum stress amplitude and point with 0.9 of maximum stress amplitude.  The 
latter time difference should be used to determine the maximum strain rate in the stationary shock. 

 

The establishment of this stationary wave profile takes some propagation 

distance depending on the cell size and properties of components. In the first few 

cells, the leading pulse is still a shock waves in individual components [4,11–13] 

and not part of a stationary shock wave in the laminate. The transition from the 

initial to the final equilibrium state in the Al laminate with gaps (modeling porous 

materials) due to multiple reverberations of shock waves was numerically 

demonstrated in [14].  
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The schematic of the shock wave structure presented in Fig. 1, strictly 

speaking, does not represent a final state due to presence of oscillating elastic 

waves that have not decayed; this state also has different temperatures in the 

components. We can characterize this final state as a frozen state with a time scale 

to reach equilibrium much longer than the characteristic times of wave propagation 

in practical devices. Nevertheless, the decay of the elastic reverberations and the 

equilibration of the temperature between the components will probably have only 

a slight effect on the final stress and particle velocity. The characteristic times 

related to the attenuation of the elastic oscillations and the even longer time 

required for thermal equilibrium are not shown in Fig. 1. These characteristic 

scales might be relevant for the nanolaminates.  

The state in the leading front is a transient state and should not be used as 

the final state of the laminate Hugoniot. It should be mentioned that the Hugoniot 

curve has no information on the type of dissipative processes leading to the 

establishment of the final equilibrium state. The parameters that the leading front 

depends on are the specific dissipative properties of individual components of the 

laminate and, depending on them, it can be different with the same final equilibrium 

state.  

It was demonstrated that in the investigated Al-W laminate that the width of 

the leading front (and subsequently time interval 𝑡2 − 𝑡1) is mostly determined by 

the laminate’s mesostruc- ture, nonlinear parameters of components, and 

amplitude of the shock. This time scale can be related to the characteristic scale 
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of the solitarylike wave observed in [4] that is satisfactorily de- scribed by the 

Korteweg–de Vries approximation [4,11]. The critical level of dissipation 

corresponding to the transition of an oscillatory to a monotonic shock (as in Fig. 1) 

is determined by the amplitude of the wave and the dispersive properties of 

laminates similar to the stress wave profiles in discrete dissipative granular chains 

[1,2]. The dissipation affects the width of the shock front, during which multiple 

loading cycles bring the laminate into a final quasiequilibrium state. This time scale 

is of the same order as the propagation time to form a stationary shock wave in 

the investigated Al-W laminate.  

It is appropriate to mention that the shock wave solution of the KdV equation 

with viscous dissipation has two space scales. For weak dissipation, the shock 

front width is determined by the nonlinear effects and depends on the shock 

amplitude and the dispersion coefficient, unlike the characteristic size of the shock 

front width that is determined by viscous dissipation and dispersion. The 

characteristic size of the oscillations behind the shock front is of the same order as 

the width of the leading front width.  

 

3.2 Simulations 

One-dimensional numerical calculations were performed using LS-DYNA, 

a general-purpose finite-element program [21] used in [4]. The material response 

was modeled with the Steinberg-Guinan plasticity model coupled with Grüneisen’s 

equation of state [22,23]. The experimental results of the homogeneous materials 
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(Al and W) were compared to the results of the numerical calculations to verify the 

agreement of temperature and stresses at the final state of the material behind the 

shocks with published Hugoniot data.  

 

Figure 3-2: Geometry of laminate Al/W material. Black dots indicate points in Al layers adjacent to the 
interfaces where the stress is calculated. 

 

The components in the laminates (see Fig. 2) had equal thicknesses (a = b) 

with values of a and b equal to 2, 1, and 0.5 mm. All the layers were modeled as 

perfectly bonded, which is an appropriate assumption for compression wave 

loading. In this paper striker plates with relatively large thicknesses (𝐿𝑖 = 80 and 

800 mm) were used to create long-duration incoming pulses with a time ratio tr 

ranging from 25 to about 1000.  

The mesh size in all cases was equal 1 × 10−5 m = 0.01mm and the selected 

artificial viscosity resulted in a shock width in Al and W at least ten times smaller 

than the smallest layer size (0.5 mm). This ensures that a steady state is reached 

behind the shock waves when they propagate inside each layer during the initial 

stage of the pulse formation following the impact. Of course, it is desirable that the 
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numerical shock width is similar to the one found in experiments [24,25], but the 

width of the shock front is not important for the parameters of the final state as long 

as the shock width is sufficiently smaller than the layer thickness. This ensures that 

the material reaches Hugoniot states at each shock loading. The Hugoniot states 

are characteristic of stationary shocks and are independent of the specific 

mechanisms of dissipation defining the width of the transient zone and the resulting 

final equilibrium state. In our calculations the plastic shock width (Δx) and the rise 

time (Δ𝑡) are: Aluminum Δ𝑡 = 3.72x10-9 s and Δx =3.38x10-5 m (at a shock stress 

of 70 GPa), and for Tungsten, at the same shock stress, the shock rise time is Δ𝑡 

= 9.69x10-9 s and Δ𝑥 =4.79x10-5 m. Both of the shock widths are about 10 times 

smaller than the smallest cell size (0.5 mm) used in the laminate and are much 

smaller than the characteristic scale of oscillations observed in the shock wave. 

 

3.3 Results of numerical calculations 

The results of one-dimensional numerical calculations related to the 

formation and propagation of stress pulses generated by a long duration of 

incoming disturbances, with time ratios 𝑡𝑟 between 25 and 1015, are investigated 

in this paper. At these higher time ratios, unlike in previous study [4], a stationary 

shock wave with an oscillating tail, where the frequency of the oscillations changes 

with the size of the cell, can be observed. We present results related to the 

formation and propagation of shock waves in 2+2 (2 mm Al plus 2 mm W layers), 

1+1 (1 mm Al plus 1 mm W layers), and 0.5+0.5 (0.5 mm Al plus 0.5 mm W layers) 
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laminates impacted by 80- and 800-mm Al flyer plates. The numerical data 

presented here correspond to a point in the Al layers right at the interface with the 

W layers and (Fig. 2) all the distances are measured from the impacted end.  

 

3.3.1 A 2+2 laminate impacted by an 80-mm Al flyer plate (𝒕𝒓=25) 

The stress evolution in a shock wave propagating in a 2+2 laminate 

impacted by an 80-mm Al plate is presented in Figs. 3(a) and 3(b). From these 

figures we can observe that at a depth of 12 mm, the duration of the leading front 

was already close to its stationary value (evident at a larger depths). We will later 

show how this corresponds to half of the duration of the stationary solitarylike wave 

presented in [4] and thus can be approximated by analytical equations presented 

in [4,11]; from these equations, the width of the leading part of the shock can be 

determined.  

It is clear that the relatively fast decaying stress oscillations, due to plastic 

deformation, exist immediately behind the leading front (four first pulses). The 

amplitude of these oscillations initially increases with the propagation distance until 

they become quasistationary at some depth, as shown by the leading oscillations 

in the stress profiles in Fig. 3(b). This is typical for the dispersive behavior of 

materials with periodic mesostructures and weak dissipation, e.g., granular chains 

[26].  
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Figure 3-3: Stress pulse evolution in 2+2 laminate impacted by 80 mm Al flyer plate at 2800 m/s at different 
distances from impacted end (a) 0, 4, 8 and 12 mm (b) 68, 140, 152, 220 mm. 

 

The mostly elastic oscillations behind the shock front attenuate very slowly. 

For this impact condition, they did not oscillate around an established mean value 

before the arrival of the release wave from the free surface of the impactor. It is 

interesting that the amplitude of elastic oscillations decreased with the arrival of 

the rarefaction wave due to their compressive nature. Thus the quasiequilibrium 

state, under this impact condition, was not reached and the use of the Hugoniot 

curve is not appropriate to describe the final states behind shock in the laminate.  

It is interesting that the amplitude of the leading pulse has reached 

practically steady values (which we define as a deviation from the mean value that 

is below 0.5%) at a distance of about 120 mm [Fig. 4(a)]. The stationary leading 

front width and the amplitude of the leading pulse were reached despite the fact 

that the quasiequilibrium state behind shock (Fig. 1) was not established due to 

the arrival of the rarefaction wave. The leading front [0.1–0.9 wide (Fig. 1)] of the 
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oscillatory shock wave approaches a stationary value at a distance of 25 mm [Fig. 

4(b)]. It seems that reaching the steady values of the leading amplitude is a slower 

process than establishing a leading front width. This is probably due to the different 

mechanisms determining their establishment, where the latter is mainly caused by 

the balance of the nonlinear and the dispersive terms and the former is due to a 

slower dissipation processes. We will illustrate that by using the KdV weakly 

dissipative approach it is possible to approximate the leading front width.  

 

Figure 3-4: 2+2 laminate impacted by 80 mm Al flyer plate at 2800 m/s (a) Maximum stress on the leading 
front of the shock versus distance from impacted end; (b) Leading front width versus distance from impacted 

end. 

 

The speed of the shock when the leading pulse reached its steady 

amplitude is equal to 4729 m/s. The nature of the shock wave and that of the 

solitary wave are qualitatively different. It is reflected in their different speeds of 

propagation; a solitarylike wave at the same stress level (∼70 GPa) in the same 

Al-W laminate has a speed of 4474.5 m/s [4].  
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Figure 3-5: Comparison of a solitary-like wave (solid line) and leading part of a shock wave (empty dots) in 
the same 2+2 Al-W laminate. The solitary-like wave was created by the impact of an 8 mm Al flyer plate [7,8] 
while the shock wave was created by the impact of an 80-mm Al flyer plate. 

 

Figure 5 presents a comparison of the solitary wave profile in a 2+2 laminate 

with the real dissipative properties [4] hit by the 8-mm Al plate with a velocity of 

2800 m/s and the profile of the shock wave with a similar stress amplitude 

generated in the same laminate by the impact of the Al plate with a thickness of 80 

mm. The comparison of the two stress profiles clearly shows that the shape and 

width of the leading stationary front of the shock are closely approximated by the 

solitarylike wave. Thus the strain rates in the leading part of the shock wave can 

be estimated based on the properties of the solitarylike waves presented in [4,11].  
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3.3.2 A 2+2 laminate impacted by an 800-mm Al flyer plate (𝒕𝒓=254) 

In the previous section we observed that the impact on a 2+2 laminate by 

an 80-mm Al plate did not form a stationary shock wave due to the relatively short 

duration of the incoming pulse in comparison with the characteristic time scale of 

the laminate. To increase the duration of the incoming pulse and explore its 

influence on the wave structure, an impact by an 800- mm Al plate with a velocity 

of 2800 m/s on a laminate with an identical mesostructure (2+2, as in the previous 

case) was in- vestigated. These impact conditions correspond to a time ratio of 𝑡𝑟 

= 254. The impact conditions were selected to remove the influence of the 

rarefaction wave in an attempt to reach a quasiequilibrium state behind the 

stationary shock front.  

 

Figure 3-6: Stress pulse evolution in 2+2 laminate impacted by 800 mm Al flyer plate at 2800 m/s at different 
distances from impacted end (a) 0, 4, 8 and 12 mm (b) 68, 140, 152, 220 mm. 

 

The evolution of the stress pulses is presented in Fig. 6. As in the case of 

the 2+2 laminate impacted by the 80-mm Al flyer plate, at a depth of 12 mm, the 
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leading front with similar amplitude was already close to its stationary value. 

Relatively fast decaying oscillations of the stress due to the plastic deformation 

exist right behind the leading front (the four first pulses), reflecting the dispersive 

behavior of the materials with periodic mesostructures and weak dissipation, e.g., 

granular chains [1,26].  

 

Figure 3-7: 2+2 laminate impacted by 800 mm Al flyer plate at 2800 m/s (a) Maximum stress in the leading 
peak vs. propagation distance (b) leading front width versus propagation distance. 

 

Despite a different duration of the incoming pulse between this case and 

the previous one (impact by an 80-mm Al plate), the establishment of the leading 

front width of the shock wave and a steady amplitude of the leading peak happened 

at similar distances (compare Figs. 4 and 7). This demonstrates that at the 

investigated ranges of time ratios 𝑡𝑟 = 25−254, a quasisteady shock front with an 

oscillatory tail can be expected, although reaching this quasisteady state takes a 

distance of about 120 mm (30 cells) or 25 mm (about 6 cells) for the leading 

amplitude and leading front width correspondingly. It should be emphasized that 
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at much shorter time ratios ( 𝑡𝑟  = 0.25) qualitatively different disturbances 

(solitarylike pulses) were observed [4].  

In contrast to the previous case with an impact by an 80- mm Al plate, the 

quasiequilibrium state was indeed reached behind the leading part of the shock 

front with mostly elastic, very slowly attenuating oscillations about an established 

mean value. The elastic nature of these oscillations is demonstrated in Fig. 8, 

which shows the evolution of the shock front width with the traveling distance [Fig. 

8(a)] and the stress history with its corresponding effective plastic strain at a depth 

of 100 mm from the impacted end [Fig. 8(b)]. The shock front width is determined 

by the distance from the leading edge of shock wave to the point where plastic 

strain is saturated.  

 

Figure 3-8: 2+2 Al laminate impacted by 800 mm Al flyer plate at 2800 m/s. (a) Shock front width vs. traveled 
distance (b) Superposition of stress profile and effective plastic strain, the inflection point on the plastic strain 

curve (right Y-axis) indicates the point where the oscillations become purely elastic. 

 

This quasi-equilibrium state behind the shock (there are still elastic 

oscillations and different temperatures in the components) and the established 
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mean value of the stress can be approximated using the equation for the normal 

stress (𝜎 = 𝜌0𝐷𝑢) based on the stationary conditions of the shock front and the 

assumption of a quasi-equilibrium state behind the shock front. Indeed, using the 

initial density of the laminate (𝜌0 =11043 kg/m3), the particle velocity (𝑢=827 m/s) 

and the shock speed (𝐷=4279 m/s), a normal stress behind the shock is calculated 

to be 43.2 GPa, compared to 43.42 GPa from the numerical simulations.  

The quasiequilibrium state was reached by a sequence of attenuating 

oscillations. These oscillations have a characteristic decay time that is determined 

by the dissipation mechanism. In our case, this is mostly plastic deformation. The 

structure of the stress pulse is qualitatively similar to the one expected for 

dispersive and weakly dissipative media described by the KdV equation with 

viscous dissipation. The characteristic scale in this approach is determined by the 

viscosity and dispersive coefficients [27,28].  

The oscillating behavior continues into the quasiequilibrium state 

characterized only by elastic deformation. When the 2+2 laminate has reached a 

quasiequilibrium state, the compressed cell thickness is 3.3 mm: 1.5 mm Al plus 

1.8 mm W. Sound speeds in the compressed components are 7942 m/s for Al and 

4700 m/s for W [5] compared to their original 5328 and 4030 m/s, respectively. By 

using the corresponding sound speed of each layer under compression, we 

calculate the new long-wave sound speed in the compressed laminate to be 4910 

m/s. The characteristic time of the sound propagation through the compressed cell 

is 6.7 × 10−7s, about two times smaller than period of the elastic oscillations in the 
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quasiequilibrium state. These oscillations are probably the remnants of the 

oscillations inside the shock front where the plastic deformation provides the 

mechanism of their attenuation. The period of the elastic oscillations is scaled with 

the thickness of the laminate cell; for example, in the 2+2 laminate, the period is 

15 × 10−7s and in the 1+1 laminate presented later (Fig. 9), the period is 7.4 × 10−7, 

about two times smaller at similar amplitudes of the leading wave and similar mean 

value of the stress in the quasiequilibrium state behind shock.  

 

3.3.3 A 1+1 laminate impacted by an 80-mm Al flyer plate (𝒕𝒓=51) 

In Sec. 3.3.1 it was demonstrated that the impact by an 80-mm Al plate on 

the 2+2 laminate did not generate a stationary shocklike stress pulse. The 

dispersive properties of the laminates depend on the cell size and it is expected 

that this parameter can influence the rate of the establishment of the stationary 

shock wave. To explore the effects that cell refinement might have on the length 

scales required for the establishment of a stationary front, a refined 1+1 laminate, 

impacted by an 80-mm Al flyer plate (as in Sec. 3.3.1) was investigated.  

Figures 9(a) and 9(b) show the results of the stress wave evolution inside 

this laminate. A few features should be emphasized. As in the previous cases, the 

stress waves have oscillatory profiles. However, in this case, the quasistationary 

stress wave (with elastic oscillations in the quasiequilibrium state) was formed, 

unlike the transient waves in the 2+2 laminate excited by the impact of the same 

80-mm Al plate.  
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Figure 3-9: Stress pulse evolution in 1+1 laminate impacted by 80 mm Al flyer plate at 2800 m/s at different 
distances from impacted end (a) 0, 4, 8 and 12 mm (b) 68, 140, 152, 220 mm. Compare these profiles with 
the waves structure in 2+2 laminate excited by the same Al plate. 

 

A difference in the frequency of oscillations behind the leading front of the 

wave can be observed by comparing the wave profiles presented in Figs. 3(a) and 

3(b) and Figs. 9(a) and 9(b). It indicates that cell size is directly related to the period 

of these oscillations.  

Another important feature of the stress waves in this refined 1+1 laminate 

is the faster establishment of the stationary leading front in comparison with the 

coarser 2+2 laminate [compare Figs. 3(a) and 9(a)]. In the former case, the 

stationary leading front and quasiequilibrium state behind, with oscillations 

fluctuating around a mean value of 43.6 GPa, were formed at relatively short 

distances from the impacted end (12 mm). At the same distance from the impacted 

end, in the 2+2 laminate, the stress wave did not have a stationary leading front 
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and the establishment of the quasiequilibrium state behind it was already 

influenced by the rarefaction wave.  

The following details of the establishment of the stationary state of the 

leading front should be mentioned. By inspection of Figs. 9(a) and 9(b), one can 

qualitatively observe that a maximum steady stress level of approximately 69 GPa 

has been reached. Figure 10(a) presents a detailed picture of this process, 

demonstrating that this steady stress level is reached relatively close to the 

impacted end (at about 60 mm), compared to the corresponding distance of 120 

mm in the case of the 2+2 laminate impacted by the 80- or 800-mm Al plates, 

where the same level of maximum stress in the leading front was observed.  

 

Figure 3-10: Establishment of the stationary amplitude in the leading front in the 1+1 laminate impacted by 
an 80-mm Al flyer plate at 2800 m/s: (a) maximum stress in the leading peak vs propagation distance and 
(b) leading front width versus propagation distance. 

 

The leading front width is scaled with the cell size and it is equal to 0.445 

μs (the 1+1 laminate [Fig. 10(b)]) compared to 0.89 μs in the 2+2 laminate. It is 
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important to analyze whether or not this 1+1 laminate has reached a 

quasiequilibrium state behind the shock front for these impact conditions (Fig. 11).  

 

Figure 3-11: Establishment of the stationary shock front width with traveled distance in a 1+1 Al laminate 
impacted by an 80-mm Al flyer plate at 2800 m/s. 

 

The formation of the quasiequilibrium state behind the shock front was not 

observed in the case of the 2+2 laminate, impacted by the 80-mm Al flyer plate 

(Fig. 3). Refinement of the cell size helped us reach a steady shock wave with a 

steady amplitude in the leading front; widths of the leading and shock wave fronts 

were established before the arrival of the rarefaction wave (Figs. 10 and 11). 
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3.3.4 A 1+1 laminate impacted by an 800-mm Al flyer plate (𝒕𝒓=508) 

We now explore if a longer duration incoming pulse than in the previous 

section results in the same parameters (amplitude of the leading shock front, 

leading front width, and shock front width) of the shock wave in the 1+1 laminate. 

To generate a longer incoming pulse in the 1+1 laminate, the numerical 

calculations were conducted with an 800-mm Al flyer plate having a velocity of 

2800 m/s. Figures 12(a) and 12(b) present the results of these numerical 

simulations.  

 

Figure 3-12: Stress pulse evolution in a 1+1 laminate impacted by an 800-mm Al flyer plate with a velocity of 
2800 m/s at different distances from the impacted end: (a) 0, 4, 8, and 12 mm and (b) 68, 140, 152, and 220 
mm. 

 

Figures 12(a) and 12(b) show that the final quasiequilibrium state (where 

elastic oscillations are present) was reached before the arrival of the release wave. 

It is interesting that these oscillations very quickly decay after the arrival of the 

release wave. The oscillations are around the same mean value of the normal 

stress (43.6 GPa) as in the previous cases (the 1+1 laminate impacted by the Al 
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plate with an 80-mm thick plate [Fig. 9(a)] and 2+2 laminate impacted by an 800-

mm Al plate [Fig. 6(b)]), where the quasiequilibrium state was reached behind the 

shock wave. The comparison of the final states behind the shock waves 

propagating in different laminates clearly demonstrates that the final 

quasiequilibrium state is not sensitive to the laminate’s mesostructure.  

 

Figure 3-13: (a) Maximum stress in the leading peak and (b) leading front width versus propagation distance 
in a 1+1 laminate impacted by an 800-mm Al flyer plate at 2800 m/s. 

 

It is interesting to find the distance where a steady shock front was 

established in this fine laminate. Figures 13(a) and 13(b) show the dependence on 

propagation distance of the stress at the leading peak and the leading front width 

of the shock. It is clear that they reached steady state values at differ- ent distances, 

which are the same as in the case of the 1+1 lam- inate impacted by the 80-mm 

Al plate [Figs. 10(a) and 10(b)].  

A comparison of Figs. 10 and 13 demonstrates that a longer impactor 

(bigger time ratio 𝑡𝑟) did not affect the distance from the impacted end necessary 

for the establishment of the leading front width and the maximum stress level at 
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the leading peak. This observation suggests that there is a critical time ratio at 

which a stress wave in a laminate will be able to reach a steady-state regime. The 

normalized propagation distance to establish the steady peak stress was similar in 

the 2+2 and 1+1 laminates [about 30 cells in both cases; compare Figs. 7(a) and 

13(a)]. The leading front width also scaled with the size of the cell, resulting in 

times equal to 0.45 μs in the 1+1 laminate vs 0.9 μs in the 2+2 laminate.  

 

Figure 3-14: Shock front width vs traveled distance in the 1+1 Al laminate impacted by an 800-mm Al flyer 
plate at 2800 m/s. 

 

Figure 14 illustrates the establishment of a steady shock front width in the 

1+1 Al laminate impacted by an 800-mm Al flyer plate. The shock front width also 

scaled with the laminate cell size, decreasing from 11.4 μs in the 2+2 laminate to 

6 μs in the 1+1 laminate [compare Fig. 14 to Fig. 8(a)]. The oscillations in the 
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quasiequilibrium state behind the steady shock front in the 1+1 laminate have a 

period half as large as the ones found in the 2+2 laminate (compare Figs. 6 and 

12).  

 

3.3.5 A 0.5+0.5 laminate impacted by an 80-mm Al flyer plate (𝒕𝒓=102) 

It was shown that the impact by the 80-mm Al flyer plate on a 1+1 laminate 

[Figs. 9(a) and 9(b)] resulted in a steady shock at a distance of about 30 cell sizes 

(Figs. 10 and 11), while at the same impact conditions, a steady shock wave was 

not formed in a 2+2 laminate at the same normalized distance from the impacted 

end [Figs. 3(a) and 3(b)]. We now explore if a steady shock is formed in a finer 

(0.5+0.5) laminate and how the main space-time scales change with the cell size. 

Figures 15(a) and 15(b) present the stress evolution in this 0.5+0.5 laminate 

impacted by an 80-mm Al flyer plate.  

 

Figure 3-15: Stress pulse evolution in a 0.5+0.5 laminate impacted by an 80-mm Al flyer plate at 2800 m/s at 
different distances from the impacted end: (a) 0, 4, 8, and 12 mm and (b) 68, 140, 152, and 220 mm. 
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From the evolution of the stress wave profile, it is clear that a steady 

shockwave is established. It is important to compare the distance to establish the 

steady shock with results for the 1+1 laminates impacted by the same flyer plate. 

Figure 16(a) shows that the stress at the leading front reached a stationary value 

at around 30 cells, which is consistent with the previously analyzed 1+1 laminate 

[Fig. 10(a)]. The leading front width has also scaled with the refinement of the cell 

size as can be observed in Fig. 16(b).  

 

Figure 3-16: A 0.5+0.5 laminate impacted by an 80-mm Al flyer plate at 2800 m/s: (a) maximum stress in the 
leading peak vs propagation distance and (b) leading front width versus propagation distance. 

 

The establishment of the shock front width is shown in Fig. 17. Contrary to 

other laminates, we observe bigger fluctuations before reaching a steady value 

close to 4 μs.  

It is interesting that the normalized distance for the establishment of steady 

shock front width in the 0.5+0.5 laminate is similar to the case of the 1+1 laminate, 

but variations of this parameter inside the transient range are much larger in the 

former laminate (compare Figs. 11 and 17). Thus, we can conclude that impact by 
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the 80-mm flyer plate resulted in the establishment of a steady shock wave at the 

same amplitudes and similar normalized space scales in the 1+1 and 0.5+0.5 

laminates. Similar impact conditions did not result in a steady shock wave in the 

2+2 laminate.  

 

Figure 3-17: Shock front width vs traveled distance in a 0.5+0.5 Al laminate impacted by an 80-mm Al flyer 
plate at 2800 m/s. 

 

3.3.6 A 0.5+0.5 laminate impacted by an 800-mm Al flyer plate (𝒕𝒓=1016) 

It is natural to expect that an increase in the duration of the incoming pulse 

in the 0.5+0.5 laminate, generated by impact of the 800-mm flyer plate, will also 

result in the establishment of a steady shock wave. Nevertheless, we want to 

check if the amplitude of this wave will be similar to the case of the impact by the 

80-mm flyer plate at the same velocity and if characteristic length scales for the 
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shock wave will be the same. In other words, we would like to explore if a steady 

shock wave in the 0.5+0.5 laminate does not depend on the relatively long duration 

of incoming pulse. Figures 18(a) and 18(b) present the profiles of the stress waves 

in the 0.5+0.5 laminate impacted by an 800-mm Al flyer plate.  

 

Figure 3-18: Evolution of stress wave profiles in a 0.5+0.5 laminate impacted by an 800-mm Al flyer plate at 
2800 m/s at different distances from the impacted end: (a) 0, 4, 8, and 12 mm and (b) 68, 140, 152, and 220 
mm. 

 

It is clear from Fig. 18 that these impact conditions resulted in a steady 

shock wave. Figure 19 demonstrates that the establishment of the maximum stress 

and the leading front width of the shock wave happen at the same normalized 

distances from the impacted end as in the 0.5+0.5 laminate impacted by an 80 mm 

Al flyer plate. This demonstrates that the establishment of a steady shock front is 

mainly the result of the laminate mesostructure and the properties of the 

components and the duration of the relatively long incoming stress pulse has 

almost no effect.  
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Comparing Figs. 6(a) and 6(b), Figs. 12(a) and 12(b), and Figs. 18(a) and 

18(b), we observe that the period of the elastic oscillations behind the shock front 

is equal to 0.37 μs for the 0.5+0.5 laminate, 0.75 μs for the 1+1 laminate, and 1.56 

μs for the 2+2 laminate. It is clear that the period of these oscillations is directly 

related to the laminate cell size.  

 

Figure 3-19: (a) Maximum stress in the leading peak vs propagation distance and (b) leading front width 
versus propagation distance in a 0.5+0.5 laminate impacted by an 800-mm Al flyer plate at 2800 m/s. 

 

Finally, Fig. 20 shows that the steady shock front width was reached at the 

same normalized distance (about 30 cells) from the impacted end as the case for 

the same laminate impacted by the 80-mm Al flyer plate (Fig. 17). It is evident that 

the cell refinement in the laminate has a direct influence on the establishment of 

steady shock waves and their characteristic space scales.  
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Figure 3-20: Shock front width vs traveled distance in a 0.5+0.5 laminate impacted by an 800-mm Al flyer 
plate at 2800 m/s. 

 

The results of the presented numerical simulations demonstrated that 

quasistationary shock waves are formed when the duration of incoming 

compression pulse is long enough. These shock waves had a stationary oscillatory 

profiles connecting the initial and final quasiequilibrium states (it has elastic slow 

attenuating strain oscillations). We have found that the characteristic cell size of 

the laminate affects the leading front width and shock front width (both linearly 

proportional to the cell size of the laminate), while the quasistationary state behind 

the shock front appears to be independent of the cell size.  

It is clear from Figs. 3, 6, 9, and 12 that two mechanisms are responsible 

for the formation of the stationary leading front: reflection of the leading wave at 
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interfaces, which widens the front (geometrical dispersion), and nonlinearity, which 

steepens it. The shock front width is influenced by the dissipation (in the case 

investigated mostly by the viscoplastic behavior of components) and it is an order 

of magnitude larger than the leading front width determined by the balance of the 

geometrical dispersion and nonlinear behavior of components.  

The observed properties of the quasistationary shock waves are 

qualitatively similar to the shock waves in the weakly dissipative dispersive system 

described by the KdV equation [27,28]. In the following section we will attempt to 

identify a scaling of the main shock parameters using the dissipative KdV approach.  

 

3.4 Scaling of shockwave parameters using the dissipative KdV equation 

Nondissipative elastic periodic laminates support weakly nonlinear small-

amplitude solitarylike waves (stegotons) [3]. It was also shown that short-duration 

high-amplitude stress pulses in the Al-W laminate have properties similar to KdV 

solitons despite the dissipation due to the plastic deformation. They attenuate while 

keeping their solitarylike identity deter- mined by the nondissipative KdV equation 

[4,11].  

The stationary solution of the nondissipative KdV equation (1) presented 

below provides a reasonable approximation for the properties of these solitarylike 

waves:  

𝜉𝑡 + 𝐶𝑜𝜉𝑥 + 𝑆𝜉𝑥𝑥𝑥 + 𝜈𝜉𝜉𝑥 = 0,       (1) 

𝑆 =
𝑑2𝐶0

24
,          (2) 
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𝜈 =
𝛼𝑒𝑞𝐶0

𝐾𝑒𝑞
,          (3) 

𝐶𝑜
2 =

𝑑2

𝑑𝑎
2

𝐶𝑎
2 +

𝑑𝑏
2

𝐶𝑏
2+(

𝑍𝑎
𝑍𝑏

+
𝑍𝑏
𝑍𝑎

)(
𝑑𝑎𝑑𝑏
𝐶𝑎𝐶𝑏

)

,        (4) 

The cell size 𝑑 and the long wave sound speed 𝐶0 in the laminate determine 

the dispersive coefficient 𝑆, and the coefficients 𝛼𝑒𝑞 and 𝐾_𝑒𝑞 are responsible for 

the nonlinear behavior of the laminate under compression. The parameters 𝛼𝑒𝑞 

and 𝐾𝑒𝑞 for the high amplitude stress pulses were found using the Hugoniot curve 

of the components (𝐷𝑖= 𝐶0𝑖 + 𝑠𝑖𝑢𝑖) allowing an approximation of the stress-strain 

relation of the laminate at high stresses (subscript 𝑖 identifies Al or W component). 

This approach results in the following expression for the parameters 𝛼𝑒𝑞 and 𝐾𝑒𝑞, 

details how to find them can be found in [4]. 

𝐾𝑒𝑞 =  
K𝐴𝑙K𝑊

(1−𝜏)K𝐴𝑙+𝜏K𝑊
,         (5) 

𝛼𝑒𝑞 =  
(𝜏K𝑊

3 α𝐴𝑙+(1−𝜏)K𝐴𝑙
3 α𝑊)

((1−𝜏)K𝐴𝑙+𝜏K𝑊)3 .        (6) 

where  is the volume fraction of Al. The coefficients 𝐾𝑖 and 𝛼𝑖 (i stands for Al or 

W) for each component are: 

𝐾𝑖 =
C0i

2

𝑉0𝑖
,          (7) 

𝛼𝑖 =
2s𝑖C0i

2

𝑉0𝑖
,          (8) 

𝑉0𝑖 represents the specific volume of Al or W. As mentioned before, K and 

 capture the linear and nonlinear stress-strain behavior under compression, these 
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coefficients have been determined using material’s shock Hugoniot, detailed 

explanation can be found in [4].  

Eq. (1) has the following solitary solution propagating with speed 𝑣: 

𝜉 = 𝜉𝑚 sech2 ((
2𝛼𝑒𝑞𝜉𝑚

𝑑2𝐾𝑒𝑞
)

1

2
(𝑥 − 𝑣𝑡) ).      (9) 

Attenuating short-duration high-amplitude stress pulses at given strain 

amplitude 𝜉𝑚 can be approximated by this equation [4,11].  

The results of the numerical calculations presented above demonstrate that 

the incoming, long-duration, high-amplitude stress pulses generate stationary 

oscillatory shock waves (e.g., Figs. 6, 12, and 18). It is natural to explore if the 

parameters of these shock waves can be described by adding dissipation 

properties to the KdV equation (1).  

The KdV equation with a viscous dissipative term (where μ is the viscosity 

coefficient) is  

𝜉𝑡 + 𝐶𝑜𝜉𝑥 + 𝑆𝜉𝑥𝑥𝑥 + 𝜈𝜉𝜉𝑥 − μ𝜉xx = 0.      (10) 

Equation 10 predicts not only the attenuating quasi stationary solitary-like 

waves, but it also supports a new type of disturbance - a stationary shock-like wave 

[27-28].  

The shock-like strain wave supported by Eq. 10 has some specific 

properties that we will compare with the results of numerical calculations presented 

above.  
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First, the speed of propagation of this shock-like wave depends on its 

amplitude 

𝑉𝑠ℎ = 𝐶0 +
𝛼𝑒𝑞𝐶0

2𝐾𝑒𝑞
𝜉𝑓,         (11) 

where 𝜉𝑓 is the strain in the final state behind shock wave. 

It is important to note that the speed of the shock-like stress wave is 

independent on the nature of dissipation, for example, in the Al-W laminate, it is 

mostly due to the plastic deformation, and not due to the viscosity. Depending on 

the dissipation level, the shock structure in nonlinear materials with a periodic 

mesostructure can be oscillatory (weakly dissipative) or monotonic (strongly 

dissipative) [27,28], but in both cases, the speed of the wave can be found using 

Eq. (11).  

Second, the profile of shock-like solution for the weakly dissipative Eq. 10 

has three characteristic space scales. The shock-like strain wave profile can be 

described by the following equation in the reference system moving with speed of 

the shock wave 𝑉𝑆𝐻 [27-28], 

𝜉 = 𝜉𝑓 + 𝑐𝑜𝑛𝑠𝑡 𝑒𝑥𝑝 (
𝜇

2𝑆
𝑥)  cos (√

𝜈𝜉𝑓

2𝑆
𝑥),      (12) 

the leading shock front is at x=0, 𝜉𝑓 is the final strain behind shock and the shock 

wave propagates to the right, x<0).  

This equation clearly demonstrates the existence of three spatial scales: 

one is related to the leading front width (𝜋√𝑆/2𝜈𝜉𝑓). This scale is of similar order 

of magnitude to the scale of the solitary-like wave supported by the non-dissipative 
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KdV (Eq. (1)). It was demonstrated that this scale is related to the shape of the 

high amplitude localized waves in Al-W laminates having properties similar to the 

KdV solitary waves [4]. 

The larger scale ( 2𝜋√2𝑆/𝜈𝜉𝑓 ) is related to the period of decaying 

oscillations behind the leading front, where the plastic work is still present.  

The third characteristic scale (2𝑆/𝜇) is related to the spatial rate of decay of 

the oscillation amplitude, determined by the viscosity and the dispersion coefficient. 

It is important to note that first two scales depend linearly on the characteristic 

space scale of the mesostructure d. But the third characteristic scale, related to 

the oscillations amplitude decay, is proportional to d2. 

The change from oscillatory to monotonic shock-like profile, supported by 

weakly nonlinear KdV equation (Eq. 10), is determined by the critical value of 

viscosity 𝜇𝑐𝑟 given by: 

𝜇𝑐𝑟 = √2𝑆νξ.          (13) 

The critical value of viscosity can be also identified for strongly nonlinear 

periodic system of particles interacting by Hertz law [1]. It is expected that a 

monotonous profile will be observed in the case of the strongly dissipative wave 

propagating in periodic structures with other mechanisms of dissipation, e.g., 

laminates with layers of foam [2] or metal plates separated by rubber O-rings [29].  

Another important property of the stationary oscillating shock wave solution 

of weakly nonlinear dissipative KdV Eq. (10), is that the maximum amplitude of 
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strain in the leading pulse is equal to 1.5 of the final strain in the case when 

dissipation is very weak (and leading pulse is very close to solitary-like wave) [27].  

It is interesting to compare the presented properties of the shock-like 

solution of Eq. (10) with the results of numerical calculations demonstrating 

oscillatory shock profiles (Figs. 6, 12, and 18). 

Table 3-1: The speed of shock waves with different amplitude, strains in their leading maximum, a final 
mean strain in quasi-equilibrium states, their ratio obtained in numerical calculations, theoretical values of 
speed for shock-like stress wave and the difference between theoretical and numerical values of shock 
wave speeds. The data correspond to 2+2 laminate impacted by Al flyer plate of 800 mm thickness at 
different velocities 

2+2 Laminate 

Impactor 
Velocity 

(m/s) 

Shock 
speed 
(m/s) 

Max 
strain 

on 
leading 

front 

Mean 
final 

strain in 
quasi-

eq. 
state 

Max/Final 
strains 

Theoretical 
speed 
(m/s) 

Diff. between 
theoretical & 

numerical 
shock speed 

2800 4729 0.2762 0.2003 1.4 4605.4 2.7% 

2400 4542 0.2354 0.174 1.4 4445 2.2% 

2000 4363 0.1962 0.1473 1.3 4281.6 1.9% 

1600 4180 0.1541 0.1199 1.3 4114.2 1.6% 

 

The speed of the steady shock waves with different amplitude, strains in 

their leading maximum, the final mean strain in the quasiequilibrium state, and their 

ratio obtained in numerical calculations are presented in Table I. These data 

correspond to the 2+2 laminate impacted by an Al flyer plate of 800 mm thickness 

at different velocities. Table I also presents theoretical values of speed for the 

shocklike stress wave (corresponding to the final mean strains from a numerical 
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calculations) and the difference between theoretical [using Eq. (11)] and numerical 

values of shock wave speeds.  

We can see that the theoretical values for the speed of the shocklike stress 

waves obtained using Eq. (11) are close to their values in numerical calculations 

(the maximum difference is 2.7%). The ratio of the strain amplitude in the leading 

maximum and the mean strain at the final state for different amplitudes of shock 

waves is in the interval 1.3–1.4, being only slightly lower than the predicted value 

for weakly dissipative and weakly nonlinear KdV equations. This demonstrates that 

plastic deformation in Al-W laminates results in a weakly dissipative behavior of 

stress pulses.  

It is interesting to compare the shape of the localized stress pulses (excited 

by impact of an 8-mm Al flyer plate at 2800 m/s), leading fronts of the shocklike 

waves (excited by impact of 80 mm Al flyer plate and 800 mm Al flyer plate at 2800 

m/s) in numerical calculations, and the solitary wave solution of Eq. (1) with similar 

amplitude. This comparison is presented in Fig. 21, which clearly shows that the 

solitary solution of Eq. (1) provides a correct estimation of the spatial 

characteristics of the localized stress pulse and the leading part of the shocks at 

their similar stress amplitudes.  
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Figure 3-21: Comparison of KdV solitary solution to the shape of localized stress pulse (excited by impact of 
8 mm Al flyer plate) and leading part of the shock wave with similar amplitude excited by impact of 80 mm Al 
flyer plate and 800 mm Al flyer plate. All cases correspond to 2+2 Al-W laminate and velocity of impactor 

2800 m/s. 

 

The period of decaying oscillations on the back of the leading front of shock 

wave in the KdV approach is related to the amplitude and dispersive properties of 

laminate scaling linearly with the cell size (Eqn. 12). These periods (2𝜋√2𝑆/𝜈𝜉𝑓) 

for similar values of 𝜉𝑓 are equal to 0.0084 m, 0.0042 m and 0.0021 m for 2+2, 1+1 

and 0.5+0.5 laminates respectively scaling with the sizes of unit cells.  

From numerical simulations we obtain the following values for these periods 

of decaying oscillations: 0.0079 m, 0.0039 m and 0.0019 m corresponding to the 

2+2, 1+1 and 0.5+0.5 laminates. It is clear that the periods of the oscillations in the 

numerical calculations (Fig. 6, Fig. 12 and Fig. 18) are close to the data from 
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theoretical approach based on the KdV equation being close to be proportional to 

the cell size. This again demonstrates that the high amplitude oscillatory shock 

waves in the Al-W laminates are weakly dissipative and scaled with the cell size 

as in the theoretical approach despite the qualitatively different mechanisms of 

dissipation.  

The rate of the amplitude decay of the oscillations in the leading part of the 

shock wave in the weakly dissipative KdV approach is related to the viscosity and 

the dispersive coefficient (Eq. (12)) and it has a characteristic space scale (2𝑆/𝜇) 

that is proportional to the square of the cell size. The results of the amplitude decay 

of the oscillations for the different laminates are shown in Fig. 22. Fig. 22 compares 

the decay of the first four oscillations in different laminates (2+2, 1+1 and 0.5+0.5) 

under the same impact by 800 mm Al flyer plate with a velocity of 2800 m/s. It is 

clear that the space scale corresponding to their decay from the leading maximum 

to a point where only the elastic oscillations exist scales almost linearly with the 

cell seize (Fig. 22(a))). 

This scaling is different than expected from the dissipative KdV approach 

with a constant viscosity. It indicates that the mechanism of plastic deformation in 

laminates can’t be described by an effective viscosity coefficient that does not 

depend on the spatial scale 𝑑 . This is expected because attenuation in the 

laminate is also due to wave reverberations and at given distance the number of 

these reverberations depends on the cell size 𝑑. Based on the numerical results, 



112 

we can conclude that if the dissipative mechanism is to be described by the 

effective viscosity this parameter should be proportional to 𝑑. 

 

Figure 3-22: (a) Decay rate of the first part four oscillations on the leading shock on 2+2, 1+1 and 0.5+05 
laminate. (b) Oscillating shock on 2+2 laminate that shows the decay of the oscillations until a quasi-
equilibrium state has been reached. 

 

The elastic oscillations in the region behind the shock front width 

demonstrate a very low rate of decay [Figs. 6, 12, and 18). Their periods are equal 

to 0.0074, 0.0035, and 0.0017 m for the 2+2, 1+1, and 0.5+0.5 laminates scaled 

by their cell sizes. It is clear that these very slowly decaying oscillations are  

not described by the proposed KdV approach with a constant viscosity. It 

might be described with an effective viscosity vanishing or dramatically reduced at 

a certain level of stress below the yield stress.  

The nonlinearity taken into account in the proposed KdV approach for the 

Al-W laminates is based only on the nonlinear relation between stresses and 

strains for each component determined by the interatomic forces. The nonlinear 

parameters of the components and the subsequent nonlinear parameter of the 
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laminate under compression were found from their shock Hugoniots as most 

representative for the material behavior under the investigated stress amplitudes. 

The detailed explanation of the procedure used can be found in [4]. Numerical 

calculations include all mechanisms of nonlinearity (the nonlinear relation between 

stresses and strains and convective and geometric nonlinearities), but our 

simplified KdV approach still is able to provide a reasonable description of the 

numerical results and scaling of the leading front thickness responsible for the 

maximum strain rates in shocked laminates.  

 

3.5 Chapter conclusions 

Long-duration impulse loading (compared to the characteristic time scale of 

the laminate) of the Al-W laminate resulted in the formation of oscillatory steady 

shock waves in Al-W laminates with different mesostructure. The width of the 

leading front and the maximum strain rates due to shock loading are determined 

by the dispersive and nonlinear parameters of the laminate and not by dissipation, 

as is the case in uniform solids. The characteristic spatial scale of the leading 

shock front can be satisfactory described by the Korteweg–de Vries approximation 

as well as its speed and the ratio of the maximum to final strain. The dissipation 

determines a shock front width where multiple loading-unloading cycles bring the 

laminate into a final quasiequilibrium state. The period of the fast decaying 

oscillations is well described by the KdV approach and scales linearly with the cell 

size of the laminate. The rate of decay of these oscillations in the numerical 
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calculations does not scale with the square of the cell size, as expected from the 

dissipative KdV approach with a constant viscosity due to the different mechanism 

of dissipation in high-amplitude compression pulses.  
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Chapter 4 : Instability of cavity collapse in highly 

heterogeneous mixture granular Al-W 

 

4.1 Introduction 

The purpose of this chapter is to explore the possible self organization 

phenomena (e.g., shear localization and patterning observed in many materials in 

similar conditions of deformation) and stability of cavity collapse in highly 

heterogeneous samples made of Al-W powders using Thick-Walled Cylinder (TWC) 

experiments. Cavity collapse is important in many physical processes, e.g. 

generation of hot spots in energetic materials [1], cavitation, microstructure of 

meteorites who are in fact densified matter [2]. Cavity collapse is also used for 

strain controlled, high strain, high strain rate deformation in the TWC method [3-

10]. The former has allowed the investigation of materials instability in high strain 

rate plastic flow.  

In the case when materials are under shock or dynamic compression, it is 

observed that microcavities or pores are collapsed under relatively high pressures. 

A model proposed in [11, 12], included the dependence of the collapse on the 

temperature. During the process of shock consolidation of powders [3, 13-18], the 

creation of localized hotspots can occur due to the creation of microjets caused by 

cavities collapse, which is directly influenced by the initial shape of the grains [18]. 

A relative amplitude of the shock and the particle strength determines specific 
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regimes of deformation of granular materials: (a) a quasistatic regime of pore 

collapse where no jetting is observed and grains are deformed as in a quasistatic 

process despite shock loading and (b) a dynamic regime where microjetting is 

generated during the process of pore collapse. The difference between these two 

regimes is important. The dynamic regime facilitates a bonding process between 

particles and chemical reactions during the shock loading of granular materials. In 

[19], it was reported that jetting formed during shock-induced loading of 

nanometer-scale voids, was the reason for detonation initiation. It was recognized 

that void filling in granular materials by a liquid may serve as an effective 

mechanism of energy dissipation [20].  

The dynamic pore collapse for all materials is unstable at some strains due 

to strain softening mechanisms. These mechanisms are very different depending 

on the materials micro/meso structure. In small grain size copper, Ti, 4340 steel 

and SS304L (Fig. 1(a)), [7,21-23], the main mechanism is shear instability resulting 

in shear bands with their subsequent self organization creating a regular pattern 

of localized shear bands. In monocrystals (Fig. 1(b)) [24, 25] and large grain size 

materials [5], this pattern of localized shear bands is suppressed by instability 

caused by mechanisms of deformation related to crystal plasticity anisotropy.  



119 

 

Figure 4-1: (a) Failure of SS304L through shear band formation and interaction as presented in [22] and (b) 
Optical micrograph of collapsed Cu showing suppression of shear band formation through deformation along 
crystal orientation as presented in [24]. 

 

In granular materials, such as SiC and Al2O3 (Fig. 2(a)) [26] the regular 

pattern of localized shear bands is due to a microcracking softening mechanism. 

In the case of laminates, the shear localization due to thermal softening is not a 

dominating mechanism. Instead, the cooperative buckling is the preferential 

mechanism of instability flow in the collapse of laminate cavities [27] (Fig. 2(b)). 
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Figure 4-2: (a) Failure through microcracking in TWC collapsed SiC specimen (b) Mechanism of cooperative 
buckling in Al-W laminate cylinder. Pedro, replace (a) with pattern of shear bands.  

 

The goal of this chapter to explore and help identify, using numerical 

modeling and experiments, mechanisms of instability that dominate in the process 

of pore collapse in highly heterogeneous mixture of ductile, low density (2.7 g/cc) 

and strength (7-11 MPa) Al and high strength (750 MPa), high density (19.3 g/cc) 

W particles with different porosity. It is shown that the grain size of W has a 

significant influence on the mechanisms of instabilities during cavity collapse. The 

weak deformation “paths” along clusters of Al grains, which are oriented 

approximately under 45 degrees to radius, appear to be nucleation sights for 

localized shear deformation.  

 

4.2 Experiments 

Al-W granular/porous composite tubes were prepared from elemental Al 

powder (Alfa Aesar, -325 mesh), coarse W powder (Alfa Aesar, -325 mesh) and 
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fine W powder (Alfa Aesar, <1 µm) . The volume ratio of Al to W, in Al-W samples 

was approximately 70% to 30%, corresponding to a theoretical density of (7.665 

g/cm3) for a solid sample close to density of steel as required for specific 

applications. Mixtures of the Al W components were first ball-milled to prevent the 

agglomeration of particles using a SPEX 800 for 10 minutes with a 1:5 mass ratio 

of 4 ceramic balls to powder. The mixture was then placed in a cylindrical stainless-

steel assembly encapsulated in a rubber jacket (Figure 3).  

 

Figure 4-3: Schematic configuration used to create high accuracy Al-W powder samples using Cold Isostatic 
Pressing with oil as pressurizing media.  The base was attached to the SS tube by six screws. Top and 
bottom rubber plugs were secured by clamps to prevent oil penetration inside assembly during CIPing. 

 

Densification of the sample was accomplished by the axial movement of the 

top SS plug axially pushed by deformed rubber plug inside during pressurization 
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in the CIPing cycle. After CIPing and disassembling of the base plate from SS tube 

the sample was pushed away from the assembly. 

All samples were CIPed at 345 MPa under room temperature for 10 min. 

The high accuracy ring shaped sample of densified powders is shown in Fig. 4. 

 

 

Figure 4-4: Sample after CIPing. The scale on the bottom is in millimeters. 

 

The initial properties of rings after CIPing are presented in Table 1.  

 

Table 4-1: Experimental results of sample properties after processing. 

Sample 
Length 
(mm) 

O.D. (mm) I.D. (mm) 
Weight 

(g) 
Density 
(g/cm3) 

Porosity 
(%) 

Al-cW 11.62 19.18 12.95 12.06 6.60 13.9 

Al-fW 11.84 19.29 13.02 12.00 6.36 17.03 

 

The samples were enclosed in a copper assembly for the explosively loaded 

TWC test as show in Fig. 5.  
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Figure 4-5: Thick Walled Cylinder test assembly 

 

The copper stopper tube had an inner diameter of 11 mm and an outer 

diameter of 12 mm. The thick walled copper driver tube had an inner diameter of 

about 19.2-3 mm and an outer diameter of 30 mm. In both cases the copper was 

selected due to its resistance to shear localization. The toroidal cavities on the 

bottom and top plugs served for self-sealing of the samples during the test [28] 

and axial cavity was necessary to avoid trapping of the central jetting.  

The explosive driver for the TWC test was a gelled nitromethane (96% 

nitromethane, 4% PMMA) diluted 5% by mass with glass micro balloons that 

allowed for the fine tuning of the dynamic loading (explosive density=0.82 g/cc, 

detonation velocity = 4.8 mm/s). The diameter of the explosive charge was equal 
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to 58 mm and thickness of PVC container was 7.4 mm. Further details about the 

experimental set-up can be found in [9]. 

After the test, samples were cut using electrical discharge machining to 

prevent intermetallic reaction between Al and W and the sections are shown in Fig. 

6. No shear localization was observed in the tested samples and they are mostly 

uniformly collapsed unlike in the samples of solid steel and sic granular material 

(Figs. 1 and 2).  

 

Figure 4-6: (a) Al-coarse W sample and (b) Al-fine W sample. The central copper rod was created by the 
collapsed copper stopper tube. The collapse in both samples is quite stable and the cylindrical symmetry of 
the sample has been preserved in both inner and outer surface (compare with Figs. 1 and 2. 

 

Scanning Electron Microscope (SEM) was used to investigate the 

microstructure before and after tests in the samples with coarse (40 micron) and 

fine (1 micron) W particles. 
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Figure 4-7: Al-coarse W sample before (a) and after (b) TWC tests, on right is the interface between the 

sample and copper driver tube.  

 

From Fig. 4.8 we can see that initially equiaxed Al particles become 

elongated flowing between mostly underformed W particles and accumulating 

most of the plastic strain.  

 

 

Figure 4-8: Plastic flow of Al particles between Al grains 
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The fine W particles (Fig. 9(a) and 9(b)) become more agglomerated during 

the deformation, in comparison with the coarser W particles (Fig. 8) and their 

clusters (white in the picture) seem to be radially oriented.  

 

Figure 4-9: Al-fine W sample before (a) and after (b) TWC test. 

 

The coarse, high strength W particles were not plastically deformed in 

comparison with low strength Al particles during the collapse process.  Thus the 

overall plastic deformation of the sample was accommodated by plastic flow of Al 

particles between W particles (Fig. 8).  This phenomenon is comparable to the one 

observed in experiments of granular Al-W expanding rings, where Al flows in-

between W fibers [28]. 

In case of fine W particles the flow only of Al particles was not sufficient to 

accommodate a global plastic deformation of the sample. Radial alignment of fine 

W particles (Fig.9), requiring their displacements and reordering during 

deformation, was probably necessary to accommodate the global plastic 

deformation of the sample. 
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A closer look at the interface between the sample with fine W particles and 

Cu stopper tube demonstrates relatively smooth boundary (Fig. 10,a,b).  Fine W 

particles probably flow with Al particles during cavity collapse (despite the very 

large difference in their strength) resulting in relatively smooth interface of the 

sample with copper stopper tube. 

Fig. 10(c,d) corresponding to the experiments with coarse W particles 

reveals a small scale irregularities/instabilities at the sample interface with copper 

stopper tube, though they did not resulted in a regular pattern. The size of these 

instabilities is comparable to the size of W particles. It seems that flow of Al 

particles between coarse W particles has caused a jetting phenomenon resulting 

in kinks at the interface with a Cu stopper tube. This phenomenon was also 

observed in the numerical simulations. 
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Figure 4-10: Closer look of the Al-W composite microstructure after TWC tests: (a)-(b) Al-fine W, (b) Al-
coarse W. During the collapse, soft Al particles flow around the coarse,hard W particles and they are heavily 
deformed between W particles. This is like what it is observed in expanding geometry. On the other hand, 
fine W particles flow with Al particles during collapse. 

 

4.3 Numerical Simulations 

Numerical simulations were executed LS-DYNA, a general-purpose finite 

element code. To represent the grains used in experiments, an appropriate mesh 

was created utilizing Voronoi partitions as presented in [30]. The tessellations of 

the circular area are then adapted for analysis in LS-DYNA and an example is 

shown in Fig. 11. 
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Figure 4-11: Sample mesh on quarter circle with particle size 100 m. In this case the sample is fully 
densified (no porosity). 

 

Particles of size 400, 100 and 40 m were explored to investigate their 

probable influence on mechanisms of cavity collapse in this highly heterogeneous 

mixture.  The effects of porosity were also explored by creating meshes that were 

fully dense and with initial porosity 13.9% as in the experiments. 

TWC experiments are specifically designed to provide conditions of 

collapse that are almost radially symmetrical giving us the advantage to run 

calculations using a quarter of a circle. The dynamic behavior of all the elements: 

Al, W and Cu were modeled using Johnson-Cook [30] constitutive model with 

failure, the flow stress is described as:  

𝜎𝑦 = (𝐴 + 𝐵𝜖̅𝑝𝑛)(1 + 𝑐 ln 𝜖̇∗)(1 − (
𝑇−𝑇0

𝑇𝑚−𝑇0
)

𝑚

).     (1) 
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In this model, 𝐴, 𝐵 , 𝑐 , 𝑛, and 𝑚 are model constants, 𝜖̅𝑝  is the effective 

plastic strain, and 𝜖̇∗ is the normalized effective total strain-rate, 𝑇𝑚 is the melting 

temperature, and 𝑇0 refers to the room temperature.  

 𝜖𝑓 = [𝐷1 + 𝐷2 exp(𝐷3𝜎∗)][1 + 𝐷4𝑙𝑛𝜖̇∗] [1 + 𝐷5 (
𝑇−𝑇0

𝑇𝑚−𝑇0
)

𝑚

],   (2) 

 𝒟 = Σ
Δϵp

𝜖𝑓 .,         (3) 

𝜎∗ is the pressure divided by the deviatoric stress, and 𝒟 is the damage parameter, 

the material is considered fully damaged and unable to support shear when the 

parameter is equal 1. The Grüneisen equation of state was used in conjunction 

with the Johnson-Cook constitutive model,  

 𝑃 =
𝜌0𝐶2𝜇[1+(1−

𝛾0
2

)𝜇−
𝑎

2
𝜇2]

[1−(𝑆1−1)𝜇−𝑆2
𝜇2

𝜇+1
−𝑆3

𝜇3
(𝜇+1)2]

+ (𝛾0 + 𝑎𝜇)𝐸,    (4) 

where 𝐶 is the sound speed in the material, 𝑆1, 𝑆2, and 𝑆3 are coefficients in the 

shock velocity-particle velocity equation. All the required values for the calculations 

are presented in Table 2 and were obtained from [32-35]. 
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Table 4-2: Material parameters used in numerical simulations [32-35]. 

 A 

 [Mbar] 

B  

[Mbar] 

n C m 𝐶0  

[cm

/μs] 

Al 3.24x10-3 1.114x10-3 0.42 2x10-3 1.34 0.52 

W 1.506x10-2 1.765x10-3 1.00 1.6x10-2 1.00 0.40 

Copper 0.9x10-3 2.92x10-3 0.31 2.5x10-2 1.09 0.394 

 Density 

[g/cm3] 

G 

[Mbar] 

Specific 

Heat 

[J/gK] 

Melting 

Temp [K] 

𝑆1 𝛾0 

Al 2.7 0.26 0.89 930 1.4 1.97 

W 18.3 1.24 0.13 3640 1.24 1.67 

Copper 8.92 0.44 0.385 1356 1.489 2.02 

 D1 D2 D3 D4 D5  

Al -0.77 1.45 -0.47 0.000 1.60  

W 0.00 0.33 1.50 0.000 0.00  

Copper 0.54 4.89 3.03 0.014 1.12  

 

The explosive is simulated using the John-Wilkins Lee (JWL) equation of 

state.  

𝑃 = 𝐴 (1 −
𝜔

𝑅1𝑉
) 𝑒−𝑅1𝑉 + 𝐵 (1 −

𝜔

𝑅2𝑉
) 𝑒−𝑅2𝑉 +

𝜔𝐸

𝑉
    (5) 



132 

where A = 78.69 GPa, B = 1.92 GPa, ω = 0.36, R1 = 4.61, and R2 = 1.06. These 

constants were obtained using CHEETAH 2.0 [36]. It is assumed that the explosive 

in the plane of interest detonates instantaneously, since the velocity of collapse, 

due to the relatively large thickness of copper, is significantly smaller than the 

detonation speed. 

Fig. 12 show the results of simulations with Al-W sample where size of 

particles was 400 m. The collapse of the cavity has lost its cylindrical symmetry, 

mostly in the inner surface of the sample being in contact with coper stopped tube.  

This behavior is contrary to results of experimental tests (Figs. 6), which were 

conducted using particles ten times smaller.  In numerical calculations Al particles 

(depicted in red) have been squeezed between W particles (depicted in blue) 

indenting into copper stopper tube distorting its interface with sample and breaking 

axial symmetry of cavity collapse.  Fig. 13 shows the plastic strain field 

corresponding to the calculations with particle size 400 m.  Figs. 12 and 13 allow 

to observe that the Al particles have accommodated most of the plastic strain with 

elongation in radial direction without significant deformation of W particles.  Mostly 

radial plastic flow of Al particles caused W particles to rearrange themselves 

reducing distance between them in circumferential direction.  
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Figure 4-12: Simulation of quarter circle Al-W powder of 400 m in size, 70% Al 30% W by volume, sample 
was initially fully dense. Multiple instances of collapse are shown. 

 

Fig. 13 helps to emphasize the plastic strain distribution in this fully dense 

sample demonstrating that global strain is mainly accommodated by the 

deformation and flow of softer Al particles. It is clear that on later stages of 
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deformation network of highly localized regions of plastic flow appear along paths 

created by Al particles. 

 

Figure 4-13: Plastic strain field of quarter circle Al-W powder of 400 m in size, 70% Al 30% W by volume, 
initially fully dense. Multiple instances of collapse are shown. 

 

Influence of the grain size on the mechanism of cavity collapse can be 

observed by comparing figures 12 and 14.  The bigger particles have caused 
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bigger kinks in the inner surface that resulted in a significant distortion of axial 

symmetry, compared to the results with finer (100 m size) grains. 

 

Figure 4-14: Simulation of quarter circle Al-W powder of 100 m in size, 70% Al 30% W by volume, sample 
was initially fully dense. Multiple instances of collapse are shown. 

 

The plastic strain filed reveals a similar phenomenon to observed in Fig. 13 

with particle size (400 m), where most plastic strain has been accommodated by 
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the softer Al particles while W particles have moved without experiencing high 

levels of plastic strain. In both cases (400 and 100 microns).  Irregular pattern of 

localized shear bands following weak paths created by Al particles can be 

observed in the plastic strain field (Fig. 15), although they have not evolved into 

cracks. 

 

Figure 4-15: Plastic strain field of quarter circle Al-W powder of 100 m in size, 70% Al 30% W by volume, 
initially fully dense. Multiple instances of collapse are shown. 



137 

To clarify this observation numerical simulations of a cavity collapse in the 

sample with size 40 m were carried on. These calculations are computationally 

expensive, and in this dissertation, only partial results of an initially fully dense 

sample are showed (Fig. 19 and 20).  

Fig. 16, shows the cavity collapse in a sample with grain size 40 micron in 

numerical simulations, similar to grain size in experiments. It is possible to observe 

how the kinks created in the Cu stopper interface with the sample are smaller in 

size, reinforcing the idea of a direct relationship between size of instabilities and 

grain size.  
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Figure 4-16: Simulation of quarter circle Al-W powder of 40 m in size, 70% Al 30% W by volume, sample 
was initially fully dense. Multiple instances of collapse are shown. 

 

Figure 17 corresponds to the plastic strain field of the sample with real grain 

size (40 m). It is important to remark, that even at finer grain sizes, the same 

shear band phenomena can be observed, these shear bands are finer and seem 

to scale with particle size. Even at this particle size, no fracture can be observed.  
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Figure 4-17: Plastic strain field of quarter circle Al-W powder of 40 m in size, 70% Al 30% W by volume, 
initially fully dense. Multiple instances of collapse are shown. 

 

To study the effects that porosity on mechanisms of cavity collapse, a 

sample with 100 m particles and initial porosity 13.9%, similar to the experiments, 

was created by numerical modeling. An initial larger sample with larger porosity 

was designed which was quasistatically compressed to the right size of the sample 
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with required porosity. Fig. 18 represents the process of quasistatic collapse of the 

sample resembling the real cold isostatic compression of the samples. 

 

Figure 4-18: Illustration of process utilized to create a sample with initial porosity 13.9% that resembles 

samples utilized in experiment. 

 

After the sample has been fictitiously “CIPed” or quasistatically driven to the 

desired sample size, a TWC numerical simulation is conducted.  Figures 19 and 
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20 represent the results of the numerical calculations of samples with initial 

porosity. 

 

Figure 4-19: Simulation of quarter circle Al-W powder of 100 m in size, with initial porosity 13.9%. Multiple 
instances of collapse are shown. 

 

Comparison of Figs. 14 & 19 demonstrates a small differences in the 

collapse process. First, the shock loading wave fills out the pores which results in 
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a different state at comparable times. For example, at same instant in time, the 

porous sample has not fully collapsed unlike the fully dense sample. More 

interesting differences can be observed comparing the plastic strain fields 

demonstrating a different accommodation of strain.  

Fig. 15 and 20 both depict that most of the plastic deformation is 

accommodated by Al particles, but also demonstrate a significant difference in the 

global strain accommodation.  We can observe some effects of initial sample 

porosity.  For example, the localization of plastic strain in a shear bands like pattern 

is retarded or alleviated.  This can be explained due to some of the energy being 

spent to fill the pores in the porous sample compared to a shock pulse that is less 

dissipative traveling in a fully dense sample.  Nevertheless, the instabilities 

observed in the inner surface are comparable.  This might indicate that grain size 

is a more important variable in the initiation of instabilities. 

Comparison Fig. 20 and Figs. 12, 14 and 16 demonstrate that reducing 

particles sizes by order of magnitude from 400 micron to 40 micron reduced sizes 

of “kinks” on the sample/copper stopper tube interface at similar final diameters of 

the latter. Strain localization is present with shear bands selecting paths of less 

resistance made of Al particles close to 45 degrees in both samples. 
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Figure 4-20: Plastic strain field of quarter circle Al-W powder of 100 m in size, with initial porosity 13.9%. 
Multiple instances of collapse are shown. 

 

4.4 Chapter Conclusions 

Stability of cavity collapse in a highly heterogenous Al-W granular solid and 

porous samples was studied in numerical simulations and in experiments. 
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Numerical calculations demonstrated that cavity collapse with initial 

diameter 11mm in highly heterogeneous solid mixture of Al and W is destabilized 

by instability of plastic flow due to significant difference in strength of randomly 

distributed components – Al and W particles despite that the diameters of particles 

(400 microns) being significantly smaller than cavity diameter.  

The mechanism of instability during cavity collapse in investigated highly 

heterogeneous mixtures of particles is different with shear instability caused by 

thermoplastic softening typical for solid metals (e.g., Ti and Ti64, Cu, SS304); 

instability due to microfracture softening observed in brittle granular materials (SiC, 

Al2O3) and in some steels (4340) with randomly distributed “defects”; or caused by 

cooperative buckling in laminates or crystal plasticity in monocrystals.  

Reduction of particle size to 40 micron in solid and porous mixtures 

dramatically reduced a role of strain localization and enhanced the stability of 

cavity collapse. The initial porosity was eliminated on the stage of wave 

propagation in the sample and large strain plastic flow continued as in the initially 

solid sample. Nevertheless, initial porosity reduced effects of strain localization in 

the mixture with 40 micron particles.  

Final geometry of explosively collapsed samples with initial particle sizes of 

Al and W particles being 40 microns and in mixture with sizes of W particles 1 

micron and Al particles 40 microns was similar to observed in numerical modeling. 

Thus, collapse of macroscopic cavities in highly heterogeneous samples can be 

stabilized by relatively small particle sizes. 
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Chapter 5 : Shear band patterning and post-

critical behavior in AISI 4340 steel with different 

microstructure 

 

5.1 Introduction 

Shear localization is an important deformation and failure mechanism for 

materials that have been subjected to high strain rate de- formation, e.g., high-

velocity impact and penetration, in high-speed metal cutting, and during collapse 

of cylindrical cavities [1–5]. Shear bands have been extensively studied starting 

with the paper by Zener and Hollomon [6], which introduced adiabatic shear bands 

(ASBs). It was recently brought to light [7] that Tarnavskii in 1928 [8] and Da- 

videnkov and Mirolubov in 1935 [9] gathered the first evidence of ASBs in steels.  

In this paper, we focus on the pattern of multiple shear bands in AISI 4340 

steel (as-received vs. hardened) using the Thick-Walled Cylinder (TWC) method. 

This post-critical behavior is important in many applications, it being responsible 

for the material's ability to dissipate the mechanical energy due to viscoplastic 

deformation. The explosively driven method was proposed by Nesterenko et al. 

[4,10–16] to investigate spontaneous shear instability, patterns of shear bands in 

solid and granular materials, and buckling of laminates (inert and reactive). It also 

was used by other researchers [17,18] and later modifications of this method 

employed electromagnetic drive [19–23], Hopkinson bar [24], and gas gun [25].  
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Analytical approaches to describe the thickness and spacing of adiabatic 

shear bands have been developed starting with the paper by Grady and Kipp [26] 

and detailed explanations can be found in [2,27–29]. Nevertheless, these models 

describe only qualitative results and fail to capture both length and spacing 

observed in experiments. Although results are in the same order of magnitude, 

they are off by a factor of 3–4 [21].  

Numerical calculations were used to study formation and evolution of ASBs 

and their emerging self-organized patterns in the geometry corresponding to the 

TWC test in different materials such as Cu, Ti, and AISI 304 L in [19–21,30–33]. 

The difference in these approaches lies in the failure criteria that give a positive 

feedback mechanism for the strain localization. These authors invoked energy or 

strain criteria [21–23] weakening the material and resulting in nucleation of a shear 

band. In [22] the authors connected rapid development of localization in Ti6Al4V 

to dynamic recrystallization and delay in shear localization in CP-Titanium and in 

MgAM50 to a significant twinning absent in Ti6Al4V. The highest number of shear 

bands in SS304L is attributed to both twinning and martensitic transformation 

being active.  

In [31], the authors emphasized a need of defects to nucleate shear bands 

in their numerical approach. The interplay between the number of shear bands and 

its propagation is directly related to the initial defect distribution. In [32,33], the 

authors reproduced the nucleation of strain localization and generated a pattern of 

shear bands without the introduction of any defects in the materials or the meshes. 
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The authors employed a temperature perturbation that helped break the 

homogeneity and cause localization.  

AISI 4340 steel has unique properties and applications related to high strain 

rate deformation of penetrators and armor plates. Extensive research has been 

conducted to understand its response to shear band nucleation and propagation 

[34–36].  

The failure mechanism of AD95 ceramic/4340 steel composite armor during 

the impact of a tungsten projectile at a velocity of about 820 m/s was studied in 

[34]. Different failure modes corresponding to various target configurations were 

observed.  

In [35], the authors study penetration of ogive-nose steel projectiles made 

from 4340 (Rc 45) on concrete targets. The projectiles had a speed of either 400 

m/s or 1200 m/s. In experiments, it was shown that penetration depth increased 

with speed, but once the data were normalized by a length scale determined by 

the model of the authors, the data collapsed on a single curve.  

The authors of [36] conducted a study of penetration in semi-in- finite 4340 

targets by tungsten-alloy projectiles at 1500 m/s. In this study, experimental results 

are compared to numerical simulations that use the Johnson–Cook material model; 

this is analogous to what is done in this work. The authors found that when the 

ratio of target diameter to projectile diameter is below 20 the target resistance 

rapidly de- creases. With the use of simulations, the authors found that penetration 
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increases when the region of plastic flow is close to the radial boundary of the 

target.  

Numerous studies have focused on understanding the formation of multiple 

shear bands in the machining process of this steel at various cutting speeds, 

ranging from 100 m/min to 3000 m/min [37–39]. The main interest of understanding 

shear band formation in the cutting process is related to the surface finish, which 

could greatly affect the performance of the finished part. It was found that, in 

general, cutting speeds as well as characteristics of the steel, like hardness, dictate 

chip formation. Specifically, in [37], the authors conducted a computational study 

using the Johnson-Cook material model with damage to simulate chip morphology. 

This approach is similar to what we present in the present paper.  

The single shear band formation in AISI 4340 steel due to high velocity 

impact was investigated in papers [40–44]. Different techniques, like Hopkinson 

bar tests or expanding cylinder tests, are used to produce strain rates in the range 

102–105 s−1, without the control of the total global strains. It was concluded that 

initiation sites for the formation of shear bands occurred at the interface of the 

carbide inclusions and the matrix. In [42], the authors used numerical calculations 

to reproduce adiabatic shear observed in experiments using a Hopkinson bar. 

Their simple criteria to predict the onset of instabilities is based on a maximum 

shear stress under a minimum critical shear strain rate. It proved to be capable of 

predicting the start of the in- stability, but not its evolution on the post-critical stage.  
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The previous research has been focused on understanding the 

development of single shear bands through experiments and numerical 

simulations and understanding the mechanism of their formation and propagation 

in AISI 4340 steel. At the same time, in many applications a pattern of shear bands 

is generated, which determined the performance of the devices or quality of the 

machining. In this paper, we generated a pattern of shear bands in a plane strain 

controlled environment using the Thick-Walled Cylinder (TWC) method to 

understand the interplay and propagation of multiple shear bands in AISI 4340 

steel under a controlled global strain. Two types of AISI 4340 steel with different 

initial microstructure were explosively driven with identical conditions of the 

dynamic deformation. These specimens had different mechanical properties (e.g., 

strength and ductility) due to a heat treatment described below. They had similar 

thermophysical properties (e.g., density, heat capacity, and thermal conductivity), 

which favorably restricts the number of variable properties of the samples. 

Numerical simulations were conducted to understand the influence of the material 

mechanical properties on the generated pattern of self-organized shear bands. A 

different distribution of defects was introduced in the material to better replicate the 

experimental results.  

 

5.2 Experimental procedures and results 

Cylindrical samples were machined from the cold-drawn AISI 4340 steel rod 

processed by air melt (McMaster-Carr) and had an initial outer diameter (O.D.) of 
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17.02 mm, inner diameter (I.D.) of 12.07 mm, and height of 20 mm. They were 

used as inserts in the TWC method and were dynamically collapsed under plane 

strain conditions. The details of the method can be found in [14]. The explosive 

driver was a gelled nitromethane (96% nitromethane, 4% PMMA) diluted 5% by 

mass with glass microballoons. The same driver was used in [15] and [16] and 

allowed for the fine tuning of the explosive loading.  

As-received AISI 4340 steel has proeutectoid ferrite and pearlite 

(alternating layers of ferrite and cementite). Some specimens were austenized at 

845°C, oil quenched, and tempered at 205°C for two hours to increase its hardness. 

During the first austenizing stage of hardening, the steel was completely 

transformed to austenite. In the next stage, during fast oil-quenching, the steel was 

transformed to a martensite microstructure resulting in a very hard and brittle 

material. To enhance its ductility and toughness, tempering was carried out at 205 

C to produce a tempered martensite structure, which consisted of thin precipitated 

platelet and spherical carbides immersed in the tem- peredmartensite lath matrix 

[45,46]. The microstructure of as-received and hardened AISI 4340 steel are 

presented in Fig. 1.  
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Figure 5-1: The microstructure of as-received AISI 4340 (ferrite is white and pearlite is dark gray) - (a) and 
hardened AISI 4340 steel with martensite microstructure- (b). 

 

The properties of the investigated steels are presented in Table 1. The 

microhardness of as-received and hardened AISI 4340 steel before testing was 

measured according to ASTM E92 Standard. A LECO Model M400-H1 hardness 
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tester with a diamond-shaped indenter was used and a load of 500 gf was applied 

on the samples for 15 s. After the heat treatment, the microhardness of AISI 4340 

steel increased significantly from 2789 ± 23 MPa to 5420 ± 45 MPa. The ultimate 

tensile strength (𝜎𝑢), 0.2% yield strength (𝜎0.2), elongation (𝛿), true strain at fracture 

(𝛿𝑓), thermal conductivity at 100 °C (𝑘), specific heat (𝑆), and plane- strain fracture 

toughness (𝐾𝐼𝐶 ) are taken from [47], where corre- sponding properties of as-

received and hardened AISI 4340 steel were reported.  

Table 5-1: Mechanical properties of as-received and hardened AISI4340 steels [47] 

Sample 
Type 

σu
 47 

(MPa) 
σ0.2

47 
(MPa) 

δ 47 

(%) 

δf
 

47 

(%) 

k47 

(W/m·K) 
S47 

(J/kg·K) 
KIC

47 

(MPa√m) 

Microhardness 
(MPa) 

As-
received 

745 470 22 21 42.7 475 110 2789±23 

Hardened 1980 1860 10 10 42.7 475 48 5420±45 

 

The TWC experiments were conducted on the steel specimens with two 

different wall thicknesses of copper stopper tubes: 1 and 0.5 mm. These stopper 

tubes were collapsed into rods with different diameters; tubes with 1 mm wall 

thickness resulted in a “small global strain” and tubes with 0.5 mm wall thickness 

produced a “large global strain” in the samples. Strains were calculated assuming 

the global cylindrical symmetry of the deformation and using the initial radii (𝑟0) and 

final radii (𝑟𝑓) of the corre- sponding points per Eq. (1), and the results are shown 

in Table 2,  

𝜀eff =
2

√3
ln (

𝑟0

𝑟𝑓
)         (1) 
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Images of the samples after tests are presented on Figs. 2–7. Fig. 2 

presents the case of as-received AISI 4340 samples corresponding to small (Fig. 

2(a)) and large (Fig. 2(b)) global strains. It is clear that the global cylindrical 

symmetry of the specimens was preserved and thus global strains in the inner 

surfaces of the collapsed samples are computed: 𝜖𝑒𝑓𝑓= 0.53, for the case of small 

global strain, and 𝜖𝑒𝑓𝑓 = 0.80 for the large global strain. The small-diameter hole in 

the center of the collapsed copper stopper corresponds to the axial jetting 

removing only small amounts of the copper, which was verified by comparison of 

the final diameter of the copper stopper tube in experiments and based on mass 

conservation.  

Table 5-2: Final diameters of the AISI 4340 samples, which have identical initial O.D. (17.02 mm) and I.D. 
(12.07 mm), and the corresponding effective strains (εeff). 

 

Final O.D. 
(mm) 

Final I.D. 
(mm) 

εeff 

(on the inner 
surface) 

εeff 

(on the 
outer 

surface) 
as-

received 
(small ε) 

14.22 7.63 
0.53, start of 

shear 
localization 

0.21 

as-
received 
(large ε) 

13.44 6.05* 
0.80, slight 

grow or shear 
localization 

0.27 

hardened 
(small ε) 

14.11 7.42* 

0.56, 
developed 

shear bands 
pattern 

0.22 

hardened 
(large ε) 

13.36 5.86* 
0.83, 

fragmentation 
of the sample 

0.28 

*Estimated values used initial and final radii of copper stopper tube based on mass conservation 
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A pattern of nucleated shear bands can be observed in the case of small 

global strain (Figs. 2(a) and 3(a)). In the case of larger global strain (Figs. 2(b) and 

3(b)), the pattern of longer shear bands has developed closer to the inner surface 

of the sample. Thus, a reasonable estimate of the nucleation strain for the 

formation of shear band pat- terns in as-received AISI 4340 steel is 𝜖𝑒𝑓𝑓 = 0.53. 

This value is close to the strain value of 0.5, sufficient to induce a shear instability 

in pearlitic AISI 4340 steel in dynamic punch-impact tests at an average strain rate 

of 18,000 s−1 [48]. It seems that the spacing along the inner radius between 

nucleated shear bands is smaller in the sample with smaller global strain (about 

200 μm, Fig. 3(a)) compared to the spacing between longer shear bands (with 

lengths > 100 μm) in the sample with larger global strain (about 300 μm, Fig. 3(b)). 

This behavior is similar to that observed in AISI 304 steel, where the development 

of some shear bands arrests the growth of others due to unloading [13]. In both 

collapsed samples, no catastrophic failure occurred.  
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Figure 5-2: Pictures of the collapsed AISI 4340 samples (as-received) at a different strain in the inner 
surface: (a) strain 0.53, initial wall thickness of the copper stopper tube 1 mm and (b) strain 0.80, initial wall 

thickness of the copper stopper tube 0.5 mm. 

 

The dramatically different behavior of the hardened AISI 4340 steel is 

presented in Fig. 4. At both tests with different wall thickness of copper stopper 

tubes (used to generate different global strains), well-developed shear bands are 

evident. From Fig. 4 it is possible to conclude that the difference in microstructure 

and change of the mechanical properties resulted in the creation and propagation 

of shear bands throughout the entire steel sample. As a result, the symmetry of 

the collapsed steel samples has been lost and catastrophic failure of the steel 

specimen happened. Still, the collapsed sample at small strains in Fig. 4(a) mostly 

preserved a cylindrical symmetry and thus Eq. (1) can be used to estimate the 

global strains in the inner surface of the sample as 𝜖𝑒𝑓𝑓  = 0.56, which can be 

considered as being close to the nucleation strain for the formation of shear bands 
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in hardened AISI 4340. But comparison between Figs. 2a, 3a, and 4a demonstrate 

that critical strain for shear band propagation is smaller in hardened AISI 4340.  

 

Figure 5-3: Pattern of nucleating shear bands in the vicinity of the contact with copper stopper tube in 
collapsed AISI 4340 (as-received) samples at different values of strain in the inner surface: (a) strain 0.53, 

initial wall thickness of the copper stopper tube 1 mm and (b) strain 0.80, initial wall thickness of the copper 

stopper tube 0.5 mm. 

 

Figure 5-4: Pictures of the collapsed AISI 4340 samples (hardened) at a different strain in the inner surface: 
(a) strain 0.56, initial wall thickness of a copper stopper tube 1 mm and (b) collapse steel sample 
corresponding to the initial wall thickness of a copper stopper tube 0.5 mm. 
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Microstructures of the collapsed AISI 4340 (hardened) samples are shown 

in Figs. 5 and 6. White-etching or transformed bands were revealed by etching 

with 2% nital. A just-nucleated shear band without microcrack and a well-

developed, partially cracked and bifurcated shear band are shown in Fig. 5(a). A 

larger magnification of the former is presented in Fig. 5(b) and segments of 

developed shear bands are shown in Figs. 5(c) and (d). The bifurcation of the shear 

band presented in Fig. 5(c) seems due to its interaction with the weak interface 

between the inclusion and the surrounding matrix. Several microcracks inside a 

white-etching band were observed in Fig. 5(d), which can be precursors for 

macrocracks. We can also observe the microcrack present between segments of 

white-etching band (Fig. 6), which was probably originated from an initially 

transformed segment of shear band.  
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Figure 5-5: Microstructures of the collapsed AISI 4340 (hardened) sample with strain 0.56 in the inner 
surface (initial wall thickness of the stopper copper tube 1 mm). Just nucleated and well-developed shear 
bands are presented in (a); a white-etched nucleated shear band without microcrack shown in (b). 
Bifurcated shear band developed probably due to the weak interface between inclusions and the matrix, is 
shown in (c). The coalescence of microcracks into macrocrack in a white-etching band is shown in (d). 

 

In tests with as-received AISI 4340, only deformed shear bands were 

observed (Fig. 7). Hardened AISI 4340 steel showed the segments of transformed 

(white-etching) bands presented in Figs. 5 and 6, corresponding to different global 

strains in tests with the wall thickness of the copper stopper tube equal to 1 and 

0.5 mm. A controlled heating and cooling process of 4340 steel was used to 

change the microstructure and obtain higher strength and lower ductility. During 

this treatment, the martensite phase transformation was completed before TWC 
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tests. It is possible that inside well-developed shear bands, initial martensite phase 

was transformed to austenite due to localized heating and re- turned back to 

martensite with much smaller grain sizes than in the initial material due to 

subsequent fast quenching. This resulted in a white transformed shear bands with 

different appearance than the surrounding martensite matrix.  

 

Figure 5-6: Microstructures of bifurcated shear band split into two transformed shear bands and later into 
crack, at different magnifications in the collapsed hardened AISI 4340 sample at strain in the inner surface 
0.83 (initial wall thickness of the copper stopper tube 0.5 mm). Sample was etched with 2% nital. 

 

The dependence of the types of shear bands on steel microstructure was 

observed in [49], where white-etching shear bands were only found in quenched 

and quenched-and-tempered steel.  

We can observe microcracking inside a shear band in the area adjacent to 

the copper stopper tube (Fig. 7), which probably initiated at the interface between 

the matrix and inclusions, extending into the deformed shear bands.  



164 

 

Figure 5-7: Shear bands in the collapsed AISI 4340 (as-received) sample etched with 2% natal at different 
values of strain in the inner surface: (a) strain 0.53, initial wall thickness of the copper stopper tube 1 mm 
and (b) strain 0.80, initial wall thickness of copper stopper tube 0.5 mm. 

 

The microstructure of the shear bands in Fig. 5 suggests that the 

propagation mechanism of shear bands in the hardened AISI 4340 sample is 

related to the interfacial microcracking between the inclusions and matrix similar 

to [50,51] (the authors of [51] mentioned that voids are nucleated at the interface 

of large MnS inclusions and matrix, which then nucleated a sheet of voids on the 

much smaller cementite particles between the large voids formed at the MnS 

particles). Coalescence of voids and microcracks at the interfaces between the 

inclusions and matrix in the shear band can result in void sheet formation [50,51]. 

A similar mechanism is probably responsible for the propagation of shear bands 

and their bifurcation as well as a zig zag shape of bifurcated shear band in 

hardened AISI 4340 steel (Fig. 5(c)).  

The authors of [52] emphasized that the presence of hard particles or 

secondary precipitates in the ferrite matrix of steel facilitates the occurrence of 
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ASBs. In comparison to pearlitic steels of similar hard- ness, martensitic steels 

have a greater tendency to form localized shear bands [53]. Different mechanical 

properties, owed to different micro- structures (pearlite or martensite, 

concentration and shape of cementite inclusion) of as-received and hardened AISI 

4340, are responsible for their different behavior in our experiments.  

We can speculate that the difference in post-critical behavior of as- received 

and hardened AISI 4340 steel results from the difference in dissipation of 

mechanical energy in the bulk of the samples. In the latter case, global strains are 

accommodated mostly by the pattern of shear bands with low shear strength inside 

the bands, resulting in reduced dissipation. This may explain a larger area of the 

central melt in the collapsed copper stopper tube caused by the concentration of 

the kinetic energy of the collapsing tube and axial micro jetting (compare Figs. 2 

and 4).  

It is interesting that spontaneous shear bands developed in hardened AISI 

4340 created the forced shear bands in the copper stopper tube, evident in Fig. 

4(b). In general, copper is very resistant to spontaneous shear localization due to 

its low strength and high heat conductivity.  

 

5.3 Numerical calculations 

Numerical calculations were performed using LS-DYNA with the Johnson-

Cook [54] material model coupled with the Mie-Grüneisen equation of state. In the 

Johnson-Cook material model, the flow stress is given by: 
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𝜎𝑦 = (𝐴 + 𝐵𝜖̅𝑝𝑛)(1 + 𝑐 ln 𝜖̇∗)(1 − 𝑇∗𝑚).      (1) 

In this model, 𝐴, 𝐵 , 𝑐 , 𝑛, and 𝑚 are model constants, 𝜖̅𝑝  is the effective 

plastic strain, and 𝜖̇∗ is the normalized effective total strain-rate. The action of the 

explosive was modeled using a pressure boundary condition similar to [21,30] that 

collapses the central cavity in about 10 s. To capture damage, we used the 

approach presented in [54]: 

𝐷 = ∑
Δ𝜖

𝜖𝑓,          (2) 

where Δ𝜖 is the increment of equivalent plastic strain during an integration cycle 

and 𝜖𝑓  is the equivalent strain at fracture, when 𝐷=1, fracture occurs and the 

element is eroded. The general expression for the strain at fracture is given by: 

𝜖𝑓 = [𝐷1 + 𝐷2exp𝐷3𝜎∗][1 + 𝐷4 ln 𝜖̇∗][1 + 𝐷5𝑇∗],     (3) 

with 𝜎∗ = 𝑃/𝜎eff, i.e., pressure divided by the effective stress, and D1 – D5 are 

experimentally determined parameters [54]. 

The geometry used in the numerical calculations is similar to the 

experimental set up and it is shown in Fig. 8(a). As mentioned before, we use a 

pressure boundary condition (Fig. 8(b)) to replace the ex- plosive used in the 

experiments; a separate calculation with the Jones- Wilkins–Lee equation of state 

for the explosive was made to assure a good reproduction of the experimental 

conditions. The process of the collapse of the steel sample was driven to the same 

outer radius of the samples as observed in the experiments. The mesh size used 

in the numerical calculations of the collapse of the AISI 4340 steel sample (shown 

in red in Fig. 8(a)) was about 10 μm, for the copper stopper (inner blue circle), and 
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the mesh size was about 15– μm and for the copper driver (outer blue circle) about 

50 μm. This mesh size was selected to approximate correctly the characteristic 

size of shear bands observed in the experiments. All the numerical calculations 

were executed in plane strain conditions that correspond to the experimental 

conditions.  

 

Figure 5-8: (a) Geometry of the Thick-Walled Cylinder method (b) Pressure dependence on time 
corresponding to the boundary conditions used in numerical calculations. 

 

The mechanical properties of AISI 4340 steel and copper were taken from 

[54,55], for both cases, the reference strain rate is 1 s−1. It is important to remark 

that the constants used in the Johnson–Cook model are selected to fit 

experimental stress-strain curves at different strain rates and temperatures.  
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Table 5-3: Material parameters for Johnson-Cook material model [54,55]. 

 A 
[GPa] 

B [GPa] n C m 

AISI 4340 
 

792 510 0.26 1.4x10-2 1.03 

4340 
Hardened 

2100 1750 0.65 2.8x10-3 0.75 

 
Copper 

 
90 

 
292 

 
0.31 

 
2.5x10-2 

 
1.09 

 Density 
[kg/m3] 

Elastic 
Modulus 

[GPa] 

Poisson’s 
Ratio 

Specific 
Heat 

[J/kgK] 

Melting 
Temp [K] 

AISI 4340 
 

7830 207 0.29 477 1793 

4340 
Hardened 

7830 207 0.29 477 1793 

 
Copper 

 
8960 

 
124 

 
0.34 

 
383 

 
1356 

 D1 D2 D3 D4 D5 

AISI 4340 
 

0.05 3.44 -2.12 0.002 0.61 

4340 
Hardened 

 

0.05 3.44 -2.12 0.002 0.61 

Copper 0.54 4.89 -3.03 0.014 1.12 

 

At first, simulations were conducted with nominal material properties 

corresponding to AISI 4340 and no defects were introduced. The result presented 

in Fig. 9 corresponds to a uniform collapse of the steel specimen without the 

initiation of shear localization, even though the model had softening mechanisms 

related to the thermal softening and damage accumulation. The same uniform 

collapse was observed for hardened AISI 4340. Fig. 9 shows that the inner surface 

was naturally subjected to the highest level of strain with the width of the heavily 

deformed zone increasing with decrease of the final diameter.  
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Figure 5-9: Collapsed AISI 4340 steel cylinder at (a) small global strain (1 mm wall thickness copper 
stopper) and (b) large global strain (0.5 mm wall thickness copper stopper). The colors on right correspond 
to different level of effective plastic strains. 

 

The TWC test was designed in a way wherein the massive copper driver 

tube collapses the samples having different strengths with a similar strain rate. To 

illustrate, this point we a conducted numerical calculation of the collapse process 

with different strength of the samples. Fig. 10 shows the total velocity of the inner 

surface of the col- lapsing samples for AISI 4340 and for hardened AISI 4340.  
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Figure 5-10: Total velocity of inner surface in numerical simulations of steel specimen on Thick-Walled 
Cylinder experiment of AISI 4340 (blue line) and heat treated 4340 (red line). 

 

It is clear that the dynamics of collapse of these two samples with 

dramatically different strength are practically identical in the geometry of the TWC 

test.  

 

5.3.1 Influence of the number of defects on shear localization and post-

critical behavior of AISI 4340 

The results of the numerical calculations demonstrate that high strain plastic 

flow, even with a softening mechanism incorporated, does not result in shear 

instability (Fig. 9) contrary to the experimental observations (Figs. 3–7). It should 

be mentioned that steel samples do have a significant number of inclusions (Figs. 
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5–7) whose interfaces with the surrounding matrix are potential sites for 

microcracking serving as a softening mechanism essential for shear localization 

[50,51]. This mechanism should be taken into account to explain the observed 

phenomena of shear instability and the pattern of shear bands.  

It has been shown that the “defects” introduced in the numerical calculations 

have a direct effect on the number of nucleated and evolved shear bands in the 

steel specimen corresponding to the TWC experimental set up [31]. The authors 

of this paper found that smaller scatter of material properties effectively increases 

the number of gen- erated shear bands, but their length decreased. Thus, the 

interplay of material imperfections and instabilities plays a critical role in the final 

pattern of shear bands.  

To explore the role of initial defects on nucleation and propagation of shear 

bands, we performed calculations corresponding to collapsed AISI 4340 samples 

with nominal properties (Table 3) in the majority of mesh elements and variable 

percentages (5%, 2.5%, 1.5%, and 0.5%) of mesh elements that have a different 

initial yield strength scaled by the nominal yield strength:  

𝜎𝑦𝑆𝑐𝑎𝑙𝑒𝑑
= 𝜎𝑦 ∙ 𝑃.         (5) 

The “defects” are randomly distributed through the steel specimen and the 

scaling factor P follows the following normal distribution 𝒩(0.1, 0.0025), the first 

number corresponds to the mean value of the scaling factor and the second to the 

square of the standard deviation. The purpose of these calculations was to 

determine which “defect” content is sufficient to describe the patterns of shear 
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bands observed in our experiments. The selected mean value of the scaling factor 

ensured that the results of numerical calculations were close to the experimentally 

observed patterns of shear bands. Fig. 11 presents the results of these 

calculations.  

 

Figure 5-11: Fringe plots of effective plastic strain in the collapsed AISI 4340 samples with nominal 
properties in the majority of mesh elements and variable percentages (a) 5%, b) 2.5%, c) 1.5%, and d) 
0.5%) of mesh elements with a different initial yield strength. Data correspond to large global strain (the test 
with 0.5-mm-wall copper stopper tube),  outer diameter in all figures is 13.44 mm. “Defects” are randomly 
distributed through the specimen and follow a normal distribution 𝓝(𝟎. 𝟏, 𝟎. 𝟎𝟎𝟐𝟓). 

 

From the presented results, it is clear that the number of “defects” 

introduced in the calculations directly related to the number of nucleated shear 
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bands and the length of the evolved shear bands. Fig. 11(a), with 5% of mesh 

elements with “defects” shows a large number of shear bands that have evolved 

in the specimen in both clockwise and counter clockwise direction, which is 

contrary to what is observed in the experiments where a dominant direction is 

exhibited. Similarly, with 2.5% and 1.5% of “defects” (Fig. 11(b) and (c)), one 

cannot observe a dominant direction of shear band propagation and the number 

of shear bands is obviously greater then was observed in experiments.  

The case with 0.5% “defects” present shear bands with significantly smaller 

lengths than in previous cases shown in Fig. 11(a)-(c). In Fig. 11(d), the developed 

shear bands only go through about one third of the specimen, and we can see 

much of the localization contained within this area. In the other cases, Fig. 11(a)–

(c), we can see how shear bands propagate more than half way through the 

specimen or all the way to the outer surface. We consider that the case with 0.5% 

“defects” is the closest to the observed experimental behavior of AISI 4340 (Fig. 

2(b))  

It is important to emphasize that symmetrically-nucleated shear bands 

propagating in both directions at 45° to the radius lose symmetry while they 

propagate, with some of the shear bands developing faster, which in turn blocks 

shear band propagation normal to these.  

We conducted numerical calculations at two different strain levels of 

collapsed samples by using different wall thickness of copper stopper tubes, 0.5 

mm and 1 mm. The results of these calculations are presented in Fig. 12. Copper 
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is simulated defect-free (it is resistant to shear localization at these strains) while 

defects are introduced in 0.5% of the elements in AISI 4340 steel to initiate the 

localization process (Section 4.3.2).  

 

Figure 5-12: Fringe plot of the effective plastic strain in AISI 4340 Steel with (a) 1 mm and (b) 0.5 mm wall 
thickness of copper stopper tube corresponding to similar outer diameter of samples to experiments (see 
Table 2), percentage of elements with the scaled strength 0.5%.  Outer diameter in (a) is 14.22 mm and in 
(b) 13.44 mm. 

 

Figs. 12(a) and 12(b) represent the results of numerical calculations that 

correspond to similar outer diameters to those observed in experiments (Table 2). 

These figures should be compared to the pattern of nucleated shear bands in the 

experiments shown in Fig. 2. In the case of 1 mm wall thickness copper stopper 

tube (Figs. 2(a) vs 12(a)), the final outer diameter of steel sample in the 

experiments (14.22 mm) corresponds to a final inner diameter of 7.75 mm in our 

calculations. The measured inner diameter results in an equivalent effective strain 

of 0.208; this effective strain is close to the effective strain found in experiments of 

0.21. The distance between shear bands that can be identified in the specimen in 
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the numerical calculations, denoted by red zones in Fig. 12(a), are in the range 1-

1.1 mm.  

For the case of 0.5mm wall thickness of copper stopper tube (Figs. 2(b) vs. 

12(b)), the final diameter in experiments is 13.44 mm (Table 2), which corresponds 

to the final inner diameter in calculations 5.991 mm. This inner diameter is related 

to an effective strain of 0.2744 compared to 0.27 from the experiments. In this case, 

the well-established shear bands (the ones that have reached a quarter of the 

specimen) are spaced about 0.75 mm apart. The decrease of spacing is due to the 

reduced radius of the inner surface of the sample and not related to the increase 

of the number of shear bands. In numerical calculations, we see that some shear 

bands are developing faster as we observe in experiments (Fig. 2(b)).  

In these numerical calculations, no clear preferential direction of the bands 

has been observed. Shear bands nucleated in both counter and clockwise 

directions, but some of the shear bands stop growing once they interact with each 

other.  

 

5.3.2 Shear localization and post-critical behavior of heat treated AISI 4340 

The patterns of shear bands in AISI 4340 and in the hardened AISI 4340 in 

the experiments were dramatically different at similar strain and strain rates. The 

heat treatment significantly changed the micro- structure and steel properties. In 

our numerical calculations, we used experimentally identified material constants in 

the Johnson-Cook model for hardened AISI 4340 [53]. We retained percentage of 
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defects equal to 0.5%, which resulted in good agreement with the observed 

experimental behavior of AISI 4340 (Fig. 2(b)). This allowed us to minimize the 

number of variable initial properties of the samples, focusing instead on the role of 

material constants on the pattern of shear bands.  

It is important to notice, that the damage constants D1-D5 (which determine 

the deletion of elements) were selected the same for both steels. In a separate set 

of numerical calculations, we explored the case with the values of these constants 

being half, double, and four times larger than used in this paper. It resulted in no 

significant changes of the pattern of shear bands other than less or more 

accentuation of the shear bands. In the numerical model, these constants are used 

to estimate the damage on each element and to trigger their erosion (deletion), but 

this will not effectively cause major changes of the location of the bands. This 

reinforces the fact that the bands are mainly dictated by the initial number and 

location of defects.  

Fig. 13 show the fringe plot of the plastic strain for the case of small global 

strains (1 mm wall thickness of the copper stopper tube) at different times. It is 

clear from the comparison of Figs. 12 and 13, that changing material properties 

resulted in the dramatic change of shear band patterns in the numerical 

calculations (compare Figs. 12(a) and 13(b)) taken at the similar inner diameters 

of the samples.  
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Figure 5-13: Fringe plot of the effective plastic strain on hardened 4340 Steel (percentage of defects 0.5%) 

with 1 mm wall copper stopper tube at different stages of collapse (a) 5 s (b) 7.88 s (same effective strain 

as Fig. 12(b)) (c) 10 s. Outer diameters in (a)  15.71 mm, in  (b) 14.22 mm and in (c) 13.28 mm. 

 

We also observe that changes in the shear band pattern in the numerical 

calculations for hardened samples are similar to those observed in experiments 

(compare Figs. 13 and 4(a)). But in numerical calculations shear bands 
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propagating through the whole sample have been formed more uniformly through 

the sample bulk in both directions compared to the ones observed in the 

experiment. The possible ex- planation can be a slight asymmetry of the collapse 

in experiments and fast growth of individual shear bands that arrest development 

of more symmetric shear band patterns that are observed in numerical calculations.  

If we measure the spacing between bands considering the bands that have 

reached or almost reached the outer surface in Figs. 12(b) and 13(b), we obtain a 

spacing approximately equal to 1.1 mm. The main difference between AISI 4340 

as-received vs. hardened specimen was observed in their post-critical behavior. 

The results of numerical cal- culations coincide with catastrophic failure observed 

in experiments (compare Figs. 13 and 4(a)). It should be mentioned that Figs. 13(c) 

and 14(c) correspond to the final stage of the simulation; the boundary conditions 

were imposed such that the complete collapse of the specimen would take about 

10 μs. 

Fig. 14 presents the case of large global strain (0.5 mm wall thick- ness 

copper stopper), which corresponds to experimental results de- picted in Fig. 4(b). 

The number and location of the initial defects in- troduced in the calculations are 

identical to the ones corresponding to the smaller global strain (Fig. 12(b)).  
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Figure 5-14: Fringe plot of the effective plastic strain on hardened 4340 Steel (0.5% defects) with 0.5 mm 

wall copper stopper tube at different times (a) 5 s (b) 8.74 s (same effective strain as Fig. 10(b)) (c) 10 s.  
Outer diameters in (a) 15.58 mm, in (b) 13.44 mm and in (c) 12.7 mm. 

 

As in the case of the small global strain, the number of observed shear 

bands is larger than observed in the experiments. The number of shear bands 

formed at earlier stages are similar to the number of shear bands in the later stages. 
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Thus, initially created shear bands are able to accommodate the global shear 

strains without generation of additional shear bands (Figs. 13 vs. 14). This means 

that shear bands formed at small strains dominate the final stage of collapse and 

post-critical behavior similar to that observed for other materials in [21]. At the 

same time, some shear bands in the numerical calculations propagated faster, 

arresting development of the neighboring shear bands and breaking a symmetric 

pattern on the earlier stages of collapse (Fig. 14(b)). It is important to remark that 

even if shear bands resulted in fracture, no preferential direction of the shear bands 

can be observed.  

In experiments (Fig. 4) and in numerical simulations (Figs. 13, 14), 

corresponding to the hardened 4340 steel, secondary bands were ob- served on 

the post-critical stage of sample deformation probably due to violent bending of 

dislodged material pieces between the original shear bands. The fact that we 

observed it only in hardened 4340 is probably due to its lower ductility than in as-

received 4340 and in other in- vestigated ductile materials, e.g., in [13,20–22]. The 

generation of additional damage due to bending on post-critical stages of 

collapsing SiC cylinders with the pattern of shear bands was reported in paper [56].  

 

5.4 Chapter conclusions 

The role of the initial microstructure, resulting in different microhardness and 

ductility on shear band patterning in AISI 4340 steel in the plane strain geometry 

of the TWC method was investigated at practically identical conditions of dynamic 
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deformation. It was observed that the initial hardening dramatically changes the 

nucleation and pattern of developed shear bands in the post-critical stage in AISI 

4340 steel, mostly due to the change of material properties. The softening 

mechanism in both materials is probably caused by microcracking at interfaces of 

inclusions with the matrix. The hardening due to heat treatment of 4340 steel 

results in the dramatic difference in the pattern of shear bands because the initial 

stage of their nucleation is sensitive to material properties. A well-developed 

pattern of shear bands results in the reduced ability to dissipate energy on post-

critical stages of high strain deformation due to low shear strength within them. 

Numerical modeling in the framework of the Johnson-Cook model with damage 

incorporating the random distribution of initial defects (by random scaling of initial 

yield strength in some elements) reproduced most qualitative features of the shear 

band patterning and its change with variation of the initial properties of materials. 

It is important that the material parameters of both steels were taken from 

independent experiments. The only fitting variable was the initial concentration of 

defects randomly distributed through the steel specimens modeled by mesh 

elements having a different initial yield strength scaled by the nominal yield 

strength.  

The presented models verified in the experiments can be used to describe 

post-critical behavior of AISI 4340 steel with different initial microstructures at other 

dynamic conditions of loading, e.g., in target or penetrator deformation and 

fragmentation or in machining.  
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Chapter 6 : Conclusions 

Numerical simulations of diverse dynamic events of heterogeneous 

materials, such as impact loading of an Al-W laminate and Thick-Walled Cylinder 

experiments of an Al-W granulate material as well as for 4340 steel with different 

microstructures were conducted to help explain the mechanisms of localization. 

Numerical simulations were compared to experimental results or developed 

phenomenological models when possible.  

For the case of the Al-W laminate, numerical simulations revealed that a 

new qualitatively phenomenon of solitarylike waves, that arises from the balance 

of nonlinearities and dispersion, is possible when the duration of the loading pulse 

is comparable to the size of the unite cell in the laminate. These qualitatively new 

waves can be described by a phenomenological approach developed based on 

the weekly nonlinear Kortweg-de Vries equation. With the analytical solutions of 

the approach, important space scale characteristics of the wave can be 

approximated, and important information can be obtained, e.g. maximum 

amplitude, rise time and width of the wave. It was also demonstrated, that when 

the duration of a high amplitude loading pulse is much longer compared to the unit 

cell size, the resulting pulse in the laminate can be a train of solitarylike waves or 

a quasisteady shockwave. When the latter one is observed, the inclusion of a 

dissipative viscous term to the phenomenological model allows to determine 

characteristics of the quasisteady shock, such as the shock front width and period 

of oscillations behind the front.  
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The explosive collapse of Al-W granular material in Thick-Walled Cylinder 

experiments showed a stable cavity collapse within the explored grain sizes. 

Numerical simulations helped explore the influence of porosity and grain size in 

the stability of collapse. It was shown, that bigger grain sizes helped create kinks 

that promote instabilities of the collapsing cavity, these kinks seem to be the result 

of softer Al jetting through harder W particles. More importantly, fully dense 

samples showed the formation of strain localization that closely resemble shear 

bands. This strain localization is observed to occur mostly in the Al particles. 

Moreover, porous samples showed the advantage to delay the localization of strain 

in these shear instabilities. 

Explosively driven Thick-Walled Cylinder tests in steel 4340 with different 

microstructures, revealed the importance of material microstructure in post-critical 

behavior. It was shown, that 4340 in as-received conditions was resilient to shear 

band formation, while the heat-treated sample catastrophically failed at same 

levers of global strain. The main cause appeared to be appearance of inclusions 

which promoted the concentration of strain and serving as nucleation sites for 

shear band formation. Numerical simulations showed that the proper consideration 

of these inclusions, coupled with right material constants are necessary for the 

reproduction of experimental results and that the development of complex failure 

criteria is not always necessary. These results can be used to help tune numerical 

simulations of projectile penetration or other shear intensive phenomena. 
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