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Abstract

Correlation functions of the two-periodic weighted Aztec diamond in mesoscopic limit
by
Emily L Bain
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Nicolai Reshetikhin, Chair

A dimer model is a probability distribution on the set of perfect matchings on a planar
graph. In this thesis we study the two-periodic weighted dimer model on the Aztec dia-
mond graph in what we call the mesocopic limit.

In the thermodynamic limit when the size of the graph goes to infinity while edge weights
are fixed, the model exhibits three different regions characterized by the rate of decrease
of correlation functions. At the center is the ordered region, where two-point correlation
functions between dimers decrease exponentially. We show that in the mesoscopic scaling
limit, when weights scale in the thermodynamic limit such that the size of the ordered
region is of the same order as the correlation length inside the ordered region, fluctuations
of the correlation functions are described by a new process. We compute asymptotics
of the inverse Kasteleyn matrix for vertices in a local neighborhood in this mesoscopic
limit, and use this to find the one-point correlation functions. We then conclude with an
experimental study of two-point correlation functions between pairs of dimers that grow
further apart in the mesoscopic limit.
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Chapter 1

Introduction

1.1 Overview

A dimer configuration is a perfect matching on a graph. A dimer model on a weighted planar
graph is a probability measure on dimer configurations, such that the probability of a
dimer configuration is proportional to the product of its edge weights. Early work on
dimer models concerned counting the number of dimer configurations on a graph [23,
31, 22].

A tiling of a planar graph is a covering of the faces of the graph by tiles consisting of
two adjacent faces. Dimer configurations of a planar graph are in bijection with tilings
of the dual graph, and so for every dimer model there is an associated tiling model. We
will talk about a dimer model or the corresponding tiling model interchangeably as con-
venient.

The two most commonly studied classes of tiling models are domino tilings, which cor-
respond to dimer models on a square grid, and lozenge tilings, which correspond to dimer
models on a hexagonal grid. Here we focus on domino tiling models. For a thorough
discussion of lozenge tiling models and some general theory see [16].

An important tool in the study of dimer models is the Kasteleyn method. The Kaste-
leyn matrix is essentially a weighted oriented adjacency matrix for the dimer graph. The
absolute value of its determinant is the partition function of the dimer model [22]. For
the uniform weighted case, this is just the number of dimer configurations. We can also
use the Kasteleyn matrix to find the correlation functions between edges, where the cor-
relation function of a set of edges is the probability that a random dimer configuration has
dimers at each of these edges. These correlation functions can be written in terms of the
Kasteleyn matrix and its inverse [26]. As a result, finding the inverse Kasteleyn matrix for
a dimer model is of considerable interest.

Work on domino tiling models intensified after Thurston’s 1990 paper [32] on height
functions for dimer models on bipartite planar graphs. A height function assigns a height
to every face of the dimer graph, or equivalently every to vertex of the tiling graph. In this
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way, a tiling model can be considered as a random surface in three-dimensional space. In
[11] the authors proved a variational principle for domino tiling models that can be used
to find the limit shape of the associated random surface as the graph size tends to infinity.

The Aztec diamond graph is part of a square grid with a boundary at a 45 degree angle
to the grid (Figure 1.1). Domino tilings of the Aztec diamond graph were first studied in
[13, 14], and subsequently in [10, 17, 11, 19].

Dimer models exhibit up to three different phases: frozen (or solid), disordered (or liquid
or rough) and ordered (or gas or smooth) [28]. These are characterized by the rate of decay
of correlation functions between dimers when the distance between them is increasing, or
equivalently by the variance of the height function. The Aztec diamond tiling model with
uniform weights exhibits frozen and disordered regions. In [17], the authors showed that
the frozen-disordered boundary in the continuous limit can be described by an algebraic
curve — the ‘arctic circle’ — and in [19] it was shown that the fluctuations around the arctic
circle at the disordered-frozen boundary converge to the Airy process [30] under suitable
rescaling. See [18] for a survey of results on boundary fluctuations of dimer models.
Equations for phase boundaries for lozenge tiling models were studied in [27] using tools
from algebraic geometry.

Figure 1.1: The Aztec diamond of size n = 4.

The two-periodic weighted Aztec diamond [9, 15] is a probability measure on tilings on
the Aztec diamond graph with doubly-periodic weights and a 2 x 2 fundamental do-
main (smallest repeating block). An example is shown in Figure 1.2. It is one of the sim-
plest models to exhibit all three phases: frozen, disordered and ordered. There are phase
boundaries between the frozen and disordered phases, and between the disordered and
ordered phases. A formula for the entries of the inverse Kasteleyn matrix was found in
[9] and simplified in [8]. Recently, other approaches have also been used to find the corre-
lation functions; see [12, 5]. The behavior at the ordered-disordered boundary, where the
Airy kernel point process has been observed [8], is of particular interest [8, 18, 2, 3, 20].
These Airy kernel point processes are expected to be a universal phenomenon.
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Currently, most results are on the statistical properties of the ordered-disordered bound-
ary, but there has been some progress on finding a microscopic description of this bound-
ary in the form of lattice paths [3]. A generalization of the two-periodic weighted Aztec
diamond where there is a bias towards horizontal dominos has recently been studied in
[6].

In this thesis, we go in a different direction and look at the rough-smooth boundary
analytically in a particular scaling limit where the macroscopic size of the ordered region
tends to zero. We find new behavior not seen before in other scaling limits. A similar phe-
nomenon was observed numerically for the six-vertex model with A < —1 in [4] where it
was called the mesoscopic scaling limit. We expect other models to exhibit similar behav-
ior.
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Figure 1.2: Tiling of two-periodic weighted Aztec diamond with n = 64 and a = 0.8

1.2 Informal description of our results

We look at the limit when the size of the Aztec diamond graph tends to infinity and the
weights tend to the uniform weights in such a way that the correlation length inside the
ordered region is of the order of the linear size of the ordered region.
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More specifically, as in [8] we assume the edge weights for the dimer graph are 1
and a < 1. These weights repeat as shown in Figure 1.3. If n is the linear size of the
whole diamond we consider the limit when 1 — a is of order n~!/2. The region of the
Airy asymptotic of correlation functions found in [8] in this case is of the same order as
the width of the ordered region. We study the correlation functions in this “mesoscopic”
limit [4].

The ordered region macroscopically shrinks to a point in this limit and there is no
longer an ordered region as such. We show that the leading order term of the one-point
correlation functions along a diagonal at a distance of order n'/2 from the center of the
Aztec diamond is 1/4. This means that at any vertex, the probabilities of having a dimer
on the four edges incident to the vertex are equal. The subleading order term is a constant
term of order n1/21ogn. The next term has order n~1/2 and it depends on the rescaled
coordinates. This last term is the focus of our work.

We show that terms of order n71/2 in the one-point correlation function are no longer
described by an Airy kernel point process; instead they are given by another double in-
tegral. In Chapter 2, we give precise integral formulas for the subleading order terms,
which we prove fully in Chapters 3—4. We expect to see similar asymptotic behavior
away from the diagonal, except possibly on the horizontal and vertical lines through the
center, where for finite weights there are cusp points on the disordered-ordered boundary.
Chapters 14 are taken from [1].

We conclude in Chapter 5 with a numerical study of two-point correlations for dimers
that grow further apart microscopically as 7 tends to infinity and a tends to 1 in the meso-
copic limit, and provide a conjecture for the leading order asymptotics.

1.3 Definition of model

We study the limit shape for random domino tilings of an Aztec diamond with two-
periodic weights. Let I' denote the dimer graph, and let 'V denote the dual graph. Each
vertex of I’ marks the center of a face of I'V. The graph with its bipartite structure and
the structure of weights is shown in Figure 1.3. An example of a tiling of I and the
corresponding dimer configuration is given in Figure 1.4.

Because each fundamental domain [28] is a 2 x 2 square region, the linear size of the
diamond should be a multiple of 2. In this work for simplicity we only consider the case
where the linear size is a multiple of 4. Let n = 4m denote the linear size of I'.! So on
each slice containing either all black or all white vertices we will have either 4m segments
between vertices or 4m — 1 segments between vertices and two half segments at the sides.
We will use Euclidean coordinates (x1, xp) with x; € Z ranging from 0 to 2n = 8m as in
Figure 1.3, with the vertices being at points satisfying x; +x, =1 mod 2. Thus the linear
Euclidean length of the diamond along the axes x; and x; is 2n = 8m.

1We will mostly follow the same setup as Chhita and Johansson [8].



CHAPTER 1. INTRODUCTION 5

(0]
(o)
0]
(@)

SN S NN\ SN\ ety e=0D
NGNS NS
./a\./ \./a\./ \.
\o/ \o/ \O/ \o/ o Wy
./ \./a\'/ \./a\. o Wi

2 \O/ \o/ \o/ \o/ e By
./a\'/ \./a\./ \.
\o/ \o/ \O/ \o/ e B

Iy

Figure 1.3: The two periodic Aztec diamond graph of size n = 4 showing the subgraphs
Wo, W1, Bp and By. Edges surrounding a green square have weight a; other edges have
weight 1. Two fundamental domains are marked in blue.

We fix a bipartite structure on I' by coloring the vertices black and white (see Fig-
ure 1.3). We denote the set of white vertices by W and the set of black vertices by B where
we set

W={(x,x)el:xy=1 mod2 x=0 mod?2,0<xy,x <2n}
B={(y,y2) €ET:y1=0 mod2,y, =1 mod2,0<y,y, <2n}.

Then we split the white vertices W into two subgraphs Wy and Wy, and the black vertices B
into By and By according to the values of x; + x mod 4 and y; + vy mod 4 respectively
as follows (and as is shown in Figure 1.3).

We, = {(x1,x2) €EW:x;+xp =261 +1 mod 4}
B, = {(y1,42) €B:y1+y2=26+1 mod 4}

Lete; = (1,1) and e = (—1,1). There is a 2 x 2 fundamental domain which when
embedded in the graph consists of a vertex w € Wy along with w+ e, w+e; and w+e1 + €.

We assign a weight to each edge. The weights of edges connecting vertices in one
fundamental domain are a, and the weights of edges connecting vertices in neighboring
fundamental domains are 1. This is shown diagrammatically in Figure 1.3, where the
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Figure 1.4: The two periodic Aztec diamond graph of size n = 4 with a dimer matching,
and its dual domino tiling in blue. Weight 2 dominos are shaded in green.

edges of weight a are the edges surrounding a face labelled with 4, and the other edges
have weight 1.
Let () denote the set of all dimer configurations on I'. Define the partition function

Z=1Y JJw).

DeQecD

Then the Boltzmann measure is defined as

— HeeD w(e)

Prob(D) ~

for D € Q).
Lete; = (w;,b;), 1 <i < kbe edges of I'. The k-point correlation function is

p(w1,b1; W, by; ...; Wi, by) = ) Prob(D)ow, b, (D) ... 0w, b, (D)
De)
where
1 if (w,b)eD
0 otherwise.

Uw,b(D) = {

This is the probability of a random dimer configuration containing the dimers on edges
{eihi<i<k-
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1.4 Kasteleyn solution

Here we give a brief overview of the Kasteleyn method. The Kasteleyn matrix for the two
periodic Aztec diamond is defined as follows. For each edge e of I, let w(e) be the weight
of the edge e, as shown in Figure 1.3. We define a Kasteleyn-Percus orientation € on the
edges of I'. For (x,y) an edge of I with x € Wand y € B, let

1 y=x+te
€(X;]/)_{i yzx:lzez

This is shown diagrammatically in Figure 1.5. Then for x € Wand y € B we define the
Kasteleyn matrix K, 2 as having entries

w(x,y)e(x,y) if thereis an edge between x and y
0 otherwise '

Ko(y, x) = {

Explicitly, (

a(l—¢)+e¢ y=x+e, x €W,
(1—¢)+ae y=x—e, x €W,
Ko(y,x) =qi(a(l—¢e)+e) y=x+eyx W
i(1—¢e)4ae) y=x—ey, x €W,

0 if (x,y) is not an edge

\
This is shown diagrammatically for a fundamental domain in Figure 1.6. Let K, ! denote
the inverse matrix.

For edges ¢; = (w;, b;), 1 <i <k, the k-point correlation function has been shown [26]
to be

k
p(wi,by; wa, bo; ... wy, by) = (HKa(bizWi)) det(K; ' (wi, bj))1<i j<k
i—1

When we are looking at a single edge, we will denote this edge by (x,y), where x € W
and y € B. Then the one-point correlation is given by p(x,y) = K,(y, x)K; ! (x,y) . This is
the probability that a random dimer configuration contains the dimer (x, y).

1.5 Height functions

It is known that dimers on a bipartite planar graph can be described in terms of height
functions. A height function is a function on faces of the graph (vertices of the dual cell
complex). It can be defined relative to a reference matching. The height change between
adjacent faces is determined by whether there is a dimer between the faces. Figure 1.7
shows a height function on the faces of the Aztec diamond.

2In [8] K, 1 is used instead of K.
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Figure 1.6: The entries K, (v, x) of the Kasteleyn matrix for vertices x € W, y € B connected
by an edge, shown for a fundamental domain.

Figure 1.7: A height function for an Aztec diamond dimer configuration, determined by
the rules shown on the right. Heights have been multiplied by 4 for convenience



Chapter 2

Local correlation functions in the
mesoscopic limit

In this chapter, we state our main theorem on the inverse Kasteleyn matrix of vertices sep-
arated by a finite microscopic distance in the mesocopic limit, and an important corollary
on one-point correlation functions. We also state the main asymptotic results that we will
prove in Chapters 3 and 4, and use these to prove the main theorem and corollary.

2.1 Main theorem

We look at the inverse Kasteleyn matrix of vertices in a local neighborhood that is a Eu-
clidean distance of order m!/? from the center (4m,4m) of the Aztec diamond, near the
diagonal in the third quadrant (see Figure 2.1), in the limit where the weight 4 is given by
a = 1— Bm~'/2 for some constant B > 0. We define the asymptotic coordinate & < 0 as
follows. For e1,e5 € {0,1}, let x = (x1,x2) € We, and y = (y1,12) € B, be vertices of an
edge of the graph I', with

x; = [4m +2m'/?aB] + ¥

Xy = [4m +2m'/2aB] + %
2 =1 ” J+x 2.1.1)
y1 = [4m +2m/2aB] + 71
yy = [4m + 2m'/2aB] + 77,
where the integral parts x;, ; € Z do not grow with m.
Define the matrix { to have entries
(x,y) = (1) m)/2 2.1.2)
We also define the matrix X by
1 = 2k+1 2 Z
5(xy) = 4] y=x+ (2k+1)e; + 2ley, somek,l € 2.1.3)
i y=ux+2key+ (21 +1)ey, somek, | € Z



CHAPTER 2. LOCAL CORRELATION FUNCTIONS IN THE MESOSCOPIC LIMIT 10

O(ml/Q)

4m

Figure 2.1: We study the one-point correlation functions of the dominos in the area shaded
in gray.

Note that when (x,y) is an edge of T, this agrees with the Kasteleyn-Percus orientation
e(x,y).

In what follows, the square roots refer to the principal branch of the square root. Let
7 = 17(«) be defined to be the unique complex number with non-negative real part and
non-negative imaginary part that satisfies

1 1

= 2/ 2.1.4
\/1/2—2i17+\/1/2+2i17 & @19

When —1/v2 < a < 0, n € i(0,1/4); when a0 < —1/V2, n € (0,00); and when o =

Let 1 be the unique complex number that satisfies

1 1
— =2/u. 2.1.
V1/2=2iy"  \/1/2+2iy’ /o 215)

For all« < 0wehaver’ €i(0,1/4).
Let

fH(w) = V1/2 = 2iw +/1/2 + 2iw. (2.1.6)
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and for j,k € {0,1} and €1, ¢, € {0,1}, let

ik —(—1 €1+&n '
Al ey (w,z) = (1) (21(w —2z)

V172 = 2iw\/1/2 + 2iw\/1/2 — 2iz\/1/2 + 2iz
+ (—1)ate (\/1/2—2iw+ (—1) 1/2—21'2) ((—1)k\/1/2+2iw+ \/1/2+2iz>
+ ((—1)81\/1/2 —2iw+ (—1)2 172 + 2iw + (—1)2V/1/2 + 2iz + (1)1 V172 — 2iz>

x (\/1/2 —2iw/1/2 1 2iz + (1) 5172 5 2iw/172 = 21'2) ) . @217)

We define the following double integrals, where x = (x1,x2) € We, and y = (y1,¥2) € Be,
and « is as in Equation 2.1.1.

0,0
hiaere) = [ dw [ a2 2000 exp(e(-aiw —2) +alf () — (@),

1,0 w, z

haeye) = [ o [ a2 2800 exp(e(-aiw—2) +als () + £ (2)),
01 w, zZ

I3(a,e,6) = /C1 dw . dz %exp(Ez(—Zi(w —2) +a(fH(w) — f(2)),
Agi}sz(wfz)

exp(B*(=2i(w — z) + a(f* (w) + f*(2)))),
(2.1.8)

Iy(a,€1,€2) :/C dw . dz i(z—w)
1 1

where the functions A{;lk ¢, (w, z) are defined in Equation 2.1.7 and the contours are defined

below. We also define the single integral

h(we1,e2) /W) 14+ (=1)2y/1/2 = 2iw + (—1)81y/1/2 + 2iw
R V1/2 = 2iw/1/2 + 2iw

where 77(«) is defined in Equation 2.1.4. These integrals all evaluate to real quantities.

The contours Cy, C, C1 and C] are defined as follows. They are shown in Figure 2.3 for
some different values of «.

Recall that along a steepest descent contour of a holomorphic function (contour where
the real part decreases most rapidly), its imaginary part is constant. A function has a
saddle point when its second derivative is 0. The function —2iw + af~ (w) has saddle
points at w = 47 and the function —2iw + af " (w) has a saddle point at w = —7’.

All contours are oriented in the direction of decreasing real part.

For —1/v/2 < a < 0, let Cg be the steepest descent contour for —2iw + a, f~ (w) that

is contained in the negative half plane and passes through the saddle point w = —1.

dw (2.1.9)
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For & = —1/+/2let Cy be the steepest descent contour for —2iw + &, f~ (w) that passes
through the saddle point w = 0 and enters the negative half plane at angles of —7t/6 and
—57/6.

For &« < —1/+/2, let Cy consist of the steepest descent contour for —2iw + ayf~ (w)
that starts from the branch cut i(1/4, o), passes through the saddle point w = —# and
goes to infinity in the third quadrant; the reflection in the imaginary axis of this contour;
and a contour that goes around the branch cut i(1/4, o). This contour is shown in detail
in Figure 2.2.

Let C|) be the reflection of Cy in the real axis.

Let C; be the steepest descent contour for —2iw + ay f T (w). This passes through w =
—1n’ and goes to infinity in the negative half plane.

Let C] be the reflection of C; in the real axis.

Figure 2.2: The contour Cy for « = —3.

In the limit as m tends to infinity with a = 1 — Bm~!/2 we prove the following theorem
for asymptotic formulas for the inverse Kasteleyn matrix K, *.

Theorem 2.1.1. For —1/v/2 < a < 0, if x = (x1,x2) € We, and y = (y1,y2) € Be, with
e1,€2 € {0,1} we have

_ 1 Bm—1/2
Kal(x,y):m<co(y—x) <1+ > )

log(Bm~1/2)
27

+¢(x,y)Bm~1/2 ( +c(y —x) + l[J((X,Sl,Ez)) ) +0(m tlogm) (2.1.10)
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and for o < —1//2 we have

1 Bm~1/2 log(Bm~—1/2
K;l(x,y) = m(CO(y—x) <1+ mz ) _i_C(x,y)Bm—l/Z(%
+Q@—x%+&@£%QL+qu¢g))+om1quo (2.1.11)

where
1
Plaere) = o (hw e e2) — ba ey er) = bl erer) + Lu(a e, e2)).  (21.12)

and the integrals Iy(a, e1,€2), [1(a,€1,€2), Ip(a,€1,¢€2), Is(, €1, €2) and I4(a, €1, €2) are defined
above in Equations 2.1.8 and 2.1.9, and cq and c, are functions that depend only the vector y — x,
defined in Equations 2.3.6 and 2.3.8 respectively.

The proof is given in Chapter 2.4.

Remark 2.1.1. While it may appear from these formulas that there is a clear boundary
ata = —1/+/2 that appears to separate a ordered-like region and a disordered-like re-
gion, this is in fact not the case. Once the (€1, €2) term is taken account of, we see
that the first derivative K; ! at « = —1/+/2 is in fact continuous. Figure 2.4 shows
—Io(w,e1,€2)/(4) — (a,e1,€2) as a function of « for different values of (¢1,¢€7), where
Io(a, €1, ;) is taken to be 0 for —1/v/2 < a < 1/+/2.

From Theorem 2.1.1 we can find the asymptotics of the one-point correlation functions
P y).

Corollary 2.1.1. Let (x,y) be an edge of T. For —1/v/2 < a < 0, if x = (x1,x3) € W, and
Yy = (y1,Y2) € Be, with ey, &3 € {0,1}, we have

—1/2y _
)Bm1/2<10g(3m 272 Zlogz—i‘lﬁ(a,shsz)) +O(m™ " log m)

(2.1.13)

p@w)=%+€@#

and for o < —1//2 we have

_1 _1/2(log(Bm~'/?) —2log2
Io(x’y) - 4 + C(x’y)Bm ( 27T
10(“/81/82)

47 +¢(“'81f€2)) +O0(m logm) (2.1.14)

The proof is given in Chapter 2.5.
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10+ ' L
L C1 1.0 cr'

Co' Co'

-1.0+

(b)a=-1/v2

151 .
ct' ° C1

1.0

Co' /—gé-lr—\

0.5-

Co'

.// \\\
_____________ G =05 N
-7 ] RS 0 /'/ N Co
e - S // \\
///’ -0.5 \\\\ // -1.0 ~
R S // \\
Re ] S o1 , 15t N Cq
(ca=-1/v2-001 (d)a=-1.8

Figure 2.3: Contours Cy (blue), C (orange), C; (blue, dashed) and C; (orange, dashed) for
different values of «. Different scales are used to show the notable features of each.

Remark 2.1.2. For (x,y) an edge, we can show that the definition of {(x,y) in Equation
2.1.2 is equivalent to

1 if the edge (x,y) has weight a

C(x,y) = {_1 if the edge (x,y) has weight 1

The types of dominos with faces centered at x and y where {(x,) = 1 are shown in
Figure 2.5a and the dominos where {(x,y) = —1 are shown in Figure 2.5b.

The proof of Theorem 2.1.1 starts from the double integral formula for the inverse
Kasteleyn matrix in [8]. We then find the asymptotics of these integrals, using saddle
point analysis when required.

We used Markov sampling to sample a large number of tilings from the model. Fig-
ure 2.6 shows the empirical one point correlation of one type of domino in the mesoscopic
region. The green and blue lines in Figure 2.4 correspond to the two axis-parallel center
lines of Figure 2.6.
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05|
\x‘/_/—/—/ — (&1,62) = (0,1), (1,0)
. 2 L 2 4 (€1,£2) = (0,0)
(€1,£2) = (1,1)

Figure 2.4: M + ¢(a, €1, €7) as a function of a for different values of (&1, ¢,), where

In(a,€1,€2) is taken to be 0 for —1/v/2 < & < 1/+/2. Up to a sign {(x,y), these are the
parts of the coefficients of Bm~!/2 in Equations 2.1.10-2.1.11 that are not constant as a
function of a.

& &

(a) Weight a dominos, with (g1,€2) = (0,0), (1,1), (1,0) and (0, 1) respectively.

(b) Weight 1 dominos, with (e1,€2) = (0,0), (1,1), (1,0) and (0, 1) respectively.

Figure 2.5: Illustration of the eight different types of dominos. The boundaries of the
fundamental domains are marked by dashed yellow lines.
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Figure 2.6: Experimental one point correlation of one type of domino in the mesoscopic
region, for n = 512.

2.2 Definitions and inverse Kasteleyn matrix formula
from [8]

We will start our asymptotic analysis with a slight modification of the formula given in
[8]. First we make a few definitions. Let

- 1
Ca+a

Since we are assuming a € (0,1), we have ¢ € (0,1/2). For w € C \ i[—v/2c,v/2c] we

define

Vaw?+2c = i\/—i(w+i\/2_c)\/—i(w —iv2¢) (2.2.1)
where the square roots on the right hand side are the principal branch of the square root.
These have branch cuts for w = it with t < —v/2c and t < V2¢ respectively, but for

t < —+/2c the branch cuts cancel. Note that when we are using asymptotic variables as in
Chapter 2.1, we use the principal branch of the square root, not this branch cut. Define

(w—Vw?+20). (2.2.2)

G(w) =

9
(o}
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For even x1, xo with 0 < x1, xp < 2n define

me(_iG(w))Zm—xl/z
(iG(w—l))2m—X2/2

Hyy iy (W) = (2.2.3)
This is slightly different to the Hy, x, defined in [8] but will be more convenient for our
asymptotic analysis, since —iG(w) and iG(w ™) will be close to 1 near the saddle point.
Note that Hy, x,(w) depends on m both directly and through the dependence of G on c.
For j, k,e1,¢2 € {0,1}, define

5 1 ~ ,
Vi (w,w) = 5 Y (=1)"F(QI2 (w1, ws) + (1)1 Q52 (w1, —wn)) (2.2.4)
2 71,72=0

where the functions Q-2 (w1, w,) are defined as follows. Let

fap(u,0) = (2a*uv + 2b*uv
—ab(—=1 4 u?) (=1 + v*))(2a%uv + 2b*uv 4 ab(—1 + u?) (=1 + v%)). (2.2.5)

Now we define the following rational functions. We temporarily consider weights a2 and
b where b is not necessarily 1. Let

1
Yoo b %) = G )
— a®b*(1 + 3u® + 30% + 2u?0? 4 ute? + uPot — utot)
—ab®(1 + v + u® + 3uv?))
b? + a?u®)(2a%0® + b*(1 + 0% — u?® + u?v?))

(27 u20? — PP (1 + u* + 120? — uto? + ot — uPoh)

0,0 _ a
yo,l (a/ b/ u, v) —4([12 + bz fa,b(u/ ,U) (

a
y%g(a, b,u,v) :4(a2 TS (0,0) (V% + a%0?) (2a%u® + b*(1 — u? + v* + u*v?))
a, ’
y11(a, b, u,0) :m(mzuzvz + 02 (140 +u? + uP0?)).
a, ’
(2.2.6)
For 71,72 € {0,1} we define
0,0 1
Vo, (b,a,u,07%)
YYan, (@, b,u,0) = =12 2
0,0 1
Vo, (b,a,u™",0)
Y50, (a,b,u,0) = 2 (22.7)
0,0 -1 -1
Vo, (@,b,u"", 07 )
Vi (a,b,u,0) = =22 02 :
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When b = 1, we write yo''2 (u,0) = y-'2 (a,1,u,v). Then define

G(w)G(w
K2 (o1, 03) = W1)G(W2)  yess (G(wy), Glwn))(1 - wr?wn?). (2.28)
\/w +26\/w + 2c

and
Q%%(wlzwz) (— 1)€1+82+€182+71(1+€2)+72(1+81)
X Hw1) Mt (wa )G (W) G(wa ), (wi, w7 h) (2.2.9)

where t(w) is defined by
Hw) = wV w2+ 2c. (2.2.10)

Now we define the following functions, which will be the exponential parts of our
integrands. For x = (x1,x2) € We,, and y = (y1,y2) € Be, with e1,&p € {0,1}, define

i
hop(wn, wn) = Tarttan(@1)
Hy1,y2+1 (w2)

H w
hl,o(wl,wz) = — x1+1,Xz( 1)
Hon—yy yp+1(w2)

H (W
h()’] (wllwz) — 9&1/“!‘1,21’[ XZ( 1)
Hyl,szrl (WZ)

H o (w
h1,1(w1,w2) _ ~x1+1,2n xz( 1)
HZn—y1,yz+1(w2)

(2.2.11)

where the terms Hx1+1,x2 (wl), Hyl,szrl (CUQ), HZn—yl,yz-H (UJQ) and Hx1+1,2n—x2 ((Ul) are as
defined in Equation 2.2.3.

Now we can define the main integrals that will appear in the formula from which we
start our asymptotic analysis.

Let C, denote a positively-oriented contour of radius r centered at the origin. For

a<1,V2c<r<landx= (x1,x2) € Wey, ¥y = (Y1,12) € B, withej,ex € {0,1} define

i k
_ e dwq Ve, (w1, wy)
T , X2, Y1, / Wy~ TV P (o, 2212
er,e2 (4, X1, X2, Y1, Y2) 2 Je, @ Cm pRA— jk(w,wp) - (2212)

where ng{]fgz (w1, wy) is defined in Equation 2.2.4 and hik (w1, wy) is defined in Equation 2.2.11.
Finally, we state a formula for the whole plane inverse Kasteleyn matrix in the pres-
ence of a magnetic field [28]. First, let

_ (ilatwl) as
Ka(z w) = (1 Z+,zzU*1 i(Z-l—ju))'
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This is the “magnetically altered” Kasteleyn matrix [28] for the fundamental domain with
weights a and 1 where 1/z is the multiplicative factor when crossing to a fundamental do-
main in the direction e; and 1/w is the multiplicative factor when crossing to a fundamen-
tal domain in the direction e; [8]. See Figure 1.3 for a diagram showing the fundamental
domains. The inverse (K,(z,w))~! appears in the formula for the whole plane inverse
Kasteleyn matrix ]Ku_,lli,v(x'y) (Theorem 2.2.1 below), which in turn appears in the for-
mula for the Kasteleyn matrix for the two-periodic weighted Aztec diamond K, !(x,y).
The characteristic polynomial [28] P,(z, w) is the determinant of K, (z, w), explicitly given
by
Pi(z,w) = —2—2a> —aw ! —aw —az"! — az. (2.2.13)
Let ]K;Ilﬂ/ (x,y) denote the whole plane inverse Kasteleyn matrix for the entries x and
y with magnetic field (H, V) and weights 2 < 1 and 1. Then, following from [28], we have
the following theorem.

Theorem 2.2.1 ([28]). Let C, denote a contour of radius r centered at the origin, traversed in a
counter-clockwise direction. Then for w = (w1, wp) € We, and b = (b1, by) € Be, in the same
fundamental domain, where €1,¢ € {0,1}, and u,v € Z we have

1 dz dw
]Ka,H,V(W’b + 2u€1 + 2062) = W /CEH ? /;EV E(ICQ(Z, ZU) )glgzz”wv (2.2.14)

where for convenience rows and columns of the 2 x 2 matrix K,(z, w) ! are indexed by 0 and 1.

Here we have

1 i(a+w) —(a+2z)
Kalzw)™ = s (—(a+z—1) i(a+w—1).) (2.2.15)

Now we can state the formula that forms the starting point for our asymptotic analy-
sis. This is a slight modification of the formula from [8], which is in turn a simplification
of the formula from [9].

Theorem 2.2.2. Forn =4mand 0 < a < 1, take x = (x1,x2) € We,, y = (Y1,Y2) € B¢, with
e1,€ € {0,1}. Then the entries of the inverse Kasteleyn matrix K; ! are given by

K ((x1,%2), (y1,92)) = Kool (x1,%2), (y1,92)) = (225, (8, %1, 32, 91,92)
- Igl{egz (ﬂ, X1,X2, yll ]/2) - Zgll,lgz (al X1, X2, ]/1/ yZ) + Z‘gl{,lgz (a/ X1,%X2, yll y2)> (2216)

where lKa_,é,o((xl, x2), (y1,Y2)) is defined in Equation 2.2.14 and IZ;’;Z (a,x1,x2,Y1,Y2) is defined
in Equation 2.2.12.

The proof of Theorem 2.2.2 is given in Appendix A.1.
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2.3 Statement of asymptotic results

First we state the asymptotic expansion for Ié’llfgz (a,x1,x2,Y1,Y2)- Recall the functions

FE(w) = V1/2 — 2iw £ V/1/2 + 2iw

defined in Equation 2.1.6. For fixed ay, ay < 0, define

g00(w, z) = B*(=2i(w — 2) + axf~ (w) — ay f(2))

g10(w,z) = B (=2i(w — z) + axf~ (w) + ayf*(2)) 2.3.1)
g01(w,z) = B (=2i(w — 2) + ax f " (w) — ayf~(2)) -
g11(w,z) = B*(—2i(w—z) + axf " (w) + ayf T (2))

We consider the case where ay = a;, = a is the asymptotic coordinate from Equation 2.1.1.
Our first important asymptotic result is

Theorem 2.3.1. Recall the integrals Ig’llsz(a, X1,X2,Y1,Y2) defined in Equation 2.2.12. Let the
contours Cy, C1, Cjy and C] be as deﬁned in Chapter 2.1. Recall the functions g;(w, z) defined in

Equation 2.3.1 and the functions ASl ', (w, z) defined in Equation 2.1.7. Then for —1/v/2 < a <
0,

-1/2 AOO
I€010£2(a/ X1, xzfl/l/]/Z) = g(x,y)Bm / dw c! dz Sl,EZ(ZU,Z) egO'O(W/Z) + O(mil)l

8(27ti)?%(x,vy) i(z—w)
(2.32)
and for o < —1//2,

C(x,y)Bm~ /2
8(27ti)?%(x,vy)

A0 w,z) _
(/Codw C/dz crez ) e800(W2) _ o7 / Aglgzwwdw>+0(m D, (2.3.3)

0,0
Igl £ (ﬂ, X1, X2, yll yZ) -

iz -

For (j, k) # (0,0) for any « < 0,

ik x,y)Bm~1/2 ALK
IL e, (a,x1, X2, Y1, Y2) = 275 5(x, 9] / dw// 81;2_ gfk(wz) +0(m™Y) (2.34)

The proof can be found in Chapter 3.9.
Now we state the asymptotic expansion for ]K;/SIO(x, y).For -1 <z < -3+ 2v/2, let

0(z) = % (i\/élz2 —(4z+22+1)2— (4z+22—|—1)) p
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and define ) Y
k(v) (Z) _ 9(2) +29(Z)
Also define
1 4/2(1 + z)
b(z) =—=1lo . 2.35
#)="3 g<1_z+m> 239

We define coefficients c;(pe; + gez) for p,q € Z. When p is odd and g is even, define

1 [3+2v2 5(Ir1=1)/21(a/2) ()
CO(pel +q62) - E/—l \/m dz (236)
1
ci(per +qe2) = 5 (2.3.7)
(—1)7/2 / 34212 (Ipl-1)/2 (Ip|=3)/ l. k0/2) (z)
— d
(pel +‘7€2) T 1 2( ) + Z ( Z) \/m z
(2.3.8)

| —3+2v2 (q/2) b\
—og2—/_1 e (z)b(z)dz |.

When p is even and g is odd, define

ci(per + ge2) = ci(qer + pea)
fori = 0,1,2. Our second important asymptotic result is

Theorem 2.3.2. Take x € Wand y € B. Let {(x,y) and X(x,y) be as defined in Equations 2.1.2
and 2.1.3 respectively, and c; as defined above in Equations 2.3.6-2.3.8. Then

IK;,(l),O(x'y) = ﬁ (CQ(}/ —x)+ CO(]/ _ x)Bm*1/2/2

1
X,y
+¢(x,y)(c1(y — x)Bm 12 1log Bm=1/% 4 ¢ (y — x)Bm_1/2)> +O(m tlogm).

The proof can be found in Chapter 4.2. This, together with Theorem 2.3.1 are all that
we need to derive the main result.

2.4 Proof of Theorem 2.1.1

Here we prove the main result.
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Proof. By Theorem 2.2.2 we have

1

K;l(‘x’y) - K{;,(%,O(x’ y) - Z ( 1)]+kz’-gl1 Ez(a/ x11x2/y1/y2)'
j,k=0

The asymptotic expansion of the first term is given in Theorem 2.3.2, and the asymptotic
expansions of the remaining terms are given in Theorem 2.3.1. Comparing the formulas
in Theorems 2.3.1 with the definitions of Iy(«, €1, €2) in Equations 2.1.8-2.1.9, and with the

formula for As1 e, (w, w) in Equation 3.9.12 we see that

2, (a, %1, %2, Y1, 42)
Bm /2 {(x,y)
3212 Ki(y,x)
Bm /2 {(x,y)

— ’ -1 . _
3072 Kl(y,x)(ll(“zglr‘%)‘|'87T10(0¢,€1,€2))+O(m ) ifa< —1/V2

I(x, €1, €2) +O(m™1) if —1/vV2<a<0

and

Bm~=1/2 {(x, _
I‘C—ll ) (ﬂ, X1,X2, y1/]/2) - — 3271_2 Kl((yy.x?) Iz((xlsll 82) + O(m 1)

Bm~12 7(x, ~
I (a,x1, %0, y1,¥2) = — o2 Kl((yyx)) I3(,€1,€2) +O(m™1)

Bm=1/2 {(x, _
Iglllgz (ﬂ, X1, X2, yllyZ) - - 327_[2 Kl((yyx?) 14(“/81/ 82) + O(m 1)

So we see that for —1/v/2 < a < 0, we have

x,y)Bm~1/2
§1(’>2732)Z(x Y) (h(a, 21, e)

1
k
Z ]+ Ié €2 a xl/xZIyllyZ) = -
jk=0

— D(a,e1,80) — I3(a,e1,€2) + Iy(a,e1,€2)) + O(m™1)

and for &« < —1/+/2, we have

g(x,y)Bm~'/2
( 1) +k:z‘£1 Sz(a/ xl/x2/y11y2) = - 327_[22(x’y) (877;[0(06181182)

TM~

Jk=0

+ Il (“/81182) - 12(06/81/82) - 13(“/81/82) + 14(06181/62)) + O(mil)
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From Theorem 2.3.2 we have

1
IK;,ol,o(xry) = £%,7) (co(]/ —x) +co(y — x)Bm 122
—1/2 ~1/2
+2(x,y) (Bm 1207§Bm +cz(y—x)Bm_1/2> ) +O(m ogm).

Putting together these two formulas and comparing with the definition of 1 (a, €1, ;) in
Equation 2.1.12 gives the result.
O

2.5 Proof of Corollary 2.1.1

We now give a proof of Corollary 2.1.1 on one-point correlation functions.

Proof of Corollary 2.1.1. We start from the formula in Theorem 2.1.1 and compute the coef-
ficients ¢o(y — x) and c2(y — x) when (x,y) is an edge. We have y — x = £e; or te,. It is
clear from the definitions that ¢;(e;) = c;(—e1) = ¢;(e2) = ci(—e2). So we compute c¢;(e7),
i.e. weset p = 1and g = 0 in Equations 2.3.6 and 2.3.8. We have

1 [-3+2Vv2 1 1
coler) = — dz = -
oler) 7T/—1 V—1—6z— 72 4

and
log 2

1 [ 322 1 i lown ) L
02(61)—E /_1 Wi g z—log2 | =go——".

Next we note that p(x,v) = K,(y,x)K;'(x,y), where K,(y,x) = w(x,y)e(x,y) with
w(x,y) the weight of (x,y) and €(x, y) the Kasteleyn-Percus orientation. We have e(x,y) =

Y (x,y), and
_Ja ifl(xy) =1
w(xy) = {1 if ¢(x,y) = 1"

So we can write

Bm—1/2

Ka(y, x) = 2(x,y) <1 - (1 +C(x,y))> +0(m™)
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So for (x,y) an edge of I', we have

—-1/2 —-1/2
ploy) = (1 $ 2 +c<x,y>>>

_ log(Bm=1/2) 1 log2
1/2 g 1 108
+{(x,y)Bm <—2n + 3 -

+ (a1, 82)) +O0(m ogm) (2.5.1)

—1/V2<a < 0and

|

~1/2 ~1/2
p(x,y): <1+Bm Bm

- <1+§<x,y>>>

log(Bm=12) 1 log2  Ip(a,e1,€2)
AL R
27 8 T 47

+ l[J(OC,El,Sz))
+0(mtlogm) (2.5.2)

+§(x,y)Bm_1/2(

for « < —1/+/2. We simplify to get the result. O
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Chapter 3

Asymptotics of Zé’llfez (a,x1,X2,Y1,Y2)

In this chapter, we compute the asymptotics of Ié’llfgz(a, X1,X2,Y1,Y2) in the limit m — oo,
with weights 1 and a = 1 — Bm~1/2. We finish with a proof of Theorem 2.3.1. First,
we must identify the main asymptotic term in m in the integrand of each integral. The
only term in each integral that depends directly on m is hj; (w1, wz) but we also have
Vg]{{;z (w1, w7) depending on m through a. However, this dependence is not exponential,
so this term is not relevant for our saddle point analysis. The dependence of & ; (w1, w>)
on m is a bit more complicated, and we will look at it more carefully.

3.1 Asymptotic coordinates

For x € Wand y € B we write

X1 = [4m +2m'/ %0, B] + X7
— [4m + 2m %0, B] + %
— [+ 202 B 17 (3.1.1)
y n
= [ ]

4m + 2m" %0, B] + 773,

where ay, ay <0 and the integer parts X7, X, 1 and 7, are order 1. Recall that B > Ois a
constant and 2 = 1 — Bm /2. For the results in Chapters 2, we consider ay = &, = & as
in Equation 2.1.1. In Chapter 5 we complete a numerical study of the case &y # «y. For
the moment, we will not assume that a, and &, are equal.

3.2 Approximate location of saddle points

Let x = (x1,x2) € Wand y = (y1,y2) € B be as in Equation 3.1.1. To find the con-
tours of steepest ascent and descent for the four integrals Ié’llfgz (a,x1,x2,y1,y2) with j, k €
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{0,1} we need to analyze the functions ﬁle,xZ(wl), ﬁyl,y2+1(w2), qu”_yl,yzﬂ(wz) and

Hx1+1,2n—xz (wl)' -
First we look at the function Hy, 41 x,(w).

Lemma 3.2.1. Let (x1,x2) € W be such that x; = [4m + 2m'/?aB] + x; with a < 0, and with
the integer parts X; of order 1. The saddle points of log Hy, 11 x,(w) that are bounded as m — oo
occur at w = +i+ O(m™1).

Proof. We have
5 B me(_iG(w))—aBml/erO(l)
n+n (W) = (iG(wfl))—thml/z-i—O(l)

So
log Hy, 11,1,(w) = m(2logw + m~Y?(—aBlog(—iG(w)) +aBlog(iG(w™1))) + O(m™1)).

Note that G(w) and G(w™!) also depend on m through ¢ = 1/(a +a~!). We want to find
the saddle points of this function that are bounded at m — oo. Let

Qu(w) =2logw + m_l/z(—sz log(—iG(w)) + aBlog(iG(w™1)))),

50 log Hy, +1,x,(w) = m(ga(w) + O(m™1)). Then log Hy, 14, (w) has a saddle point when

/ _ 1 ~1/2 ( w w™! )) _ -1
8alw) = — (Z—I—thm NEET + NAEEST O(m™1) (3.2.1)

recalling that the square roots are defined in Equation 2.2.1.
We are looking for saddle points w, that approach a finite limit as m — 0. So we need
solutions to

-1
2 +aBm~1/? < el I ) =0(m™1).
Vw?+2c Vw242

By exchanging w and w™!, it is clear that if w is a solution then so is w~!. We also see that
we must have either w? 4+ 2c = O(m~!) or w=2 +2c = O(m ™). We compute

2c = 2
a+a-l
_ 1 (3.2.2)
1+ B2m=1/2 4+ O(m—3/2)
=1—-B’m'/24+0(m™3/?),
Therefore the saddle points occur when w? = —1 4 O(m~!) (as this coincides with w2

O

~1+£0(m™1)),sow = +i+O0(m™1).
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We have a similar lemma for HZ”—]/l,yz-i-l (w).

Lemma 3.2.2. Let (y1,y2) € B be such that y; = [4m + 2m'/?aB] + y; with & < 0 and the
integer parts y; order 1. The saddle points of log Ha,—y, y,+1(w) that are bounded as m — oo
occur at w = +i+ O(m™1).

Proof. We have
me(_iG(w))aBm1/2+O(1)
(Z'G(wfl))—szml/z%—O(l) ’

HZn—yl,yz—i—l (w) =
So
log Hop—y, yo+1(w) = m(2logw +m~/?(aBlog(—iG(w)) +aBlog(iG(w™))) +O(m™1)).

Let
eV (w) = 2logw + m~V2(aBlog(—iG(w)) + aBlog(iG(w™))))

so log ﬁ2n_y1,y2+1(w) = m(g,gl)(w) + O(m™1)). Then log ﬁZH_y1,y2+1(w) has a saddle
point when

N7 0w w ! _ 1
) = (2+(me ( \/w2+26+\/w—2+2C>> Olm™)

The proof is finished in exactly the same way as Lemma 3.2.1. The only difference is the
sign of the first term. O

Finally we prove a similar lemma for Hx1+1,2n_ 5 (W).

Lemma 3.2.3. Let (x1,x2) € W be such that x; = [4m +2m'/2aB] + x; with & < 0 and the
integer parts X; order 1. The saddle points of log Hy, 11,0n—x,(w) that are bounded as m — oo
occur at w = +i+O(m~1).

Proof.
roof _ me(_iG(w))—aBml/z—i—O(l)
Hx1+1,2”—x2 (w) = (Z'G(w—l))ocBml/2+O(l)

So
log Hy, 112n—x,(w) = m(2logw +m~?(—aBlog(—iG(w)) —aBlog(iG(w™))) + O(m™1)).
We want to find the saddle points of this function that are bounded at m — co. Let

g&z)(w) = 2logw + mil/z(—ocB log(—iG(w)) —aB log(iG(afl)))),
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so log Hx1+1,2n—x2(w) = m(g,gcz)(w) + O(m~1)). Then log I’:le+112n_X2(CU) has a saddle

point when

() (@) = ¢ (2 amn 2 (S szlzc)) _ o)

The proof is finished in exactly the same way as Lemma 3.2.1. The only difference is the
sign of the second term. O

3.3 Basic asymptotic expansions

We have found that the saddle points are at a distance of order m ! from 4i. So we will
move the contours to pass through the appropriate saddle points in asymptotic coordi-
nates and locally follow a path of steepest descent. Hence we will need to find asymptotic
expansions of our integrands near +i. First we show that \/5;’,‘82 (w1, wa)hjr (w1, ws) is an
even function in each variable, so we only need to look at the asymptotics for w; and w,
both in a neighborhood of i.

First we note that by choice of branch cut we have

\ (—w)2+2c = —vw?+2c (3.3.1)

G(—w) = —-G(w) and t(—w) =t(w) (3.3.2)

Now we can prove the following lemmas.

and so

Lemma 3.3.1. Let ng{]fgz (w1, wy) be as defined in Equation 2.2.4. Then

.,k "k
Vé]l/‘gz(_wl’wz) = (_1)1+£1Vg1/£2(w11 wz)

k .
‘/8]1/52 (wll _wZ) = (_1)1+£2V€]1,€z (wlz CUZ)

Proof. The second equality is clear from Equation 2.2.4. For the first equality, note that
y52 (u,v) is a even function in each variable. Then from Equations 3.3.1-3.3.2 we see
that x0\'2, (—wy, wy) = —x4'2 (w1, w,), and using Equation 3.3.2 again we then obtain

QY2 (—wy, wy) = (—1)1F1Q72 (wy, ws), from which the result follows. O

Lemma 3.3.2. Tuke x = (x1,x2) € We,, and y = (y1,Yy2) € Be, with e1,e2 € {0,1} and let
hi (w1, w2) be as defined in Equation 2.2.11. Then we have

(—wi,wz) = (=1)Fhj e (wy, w2)

hix
hix(wy, —ws) = (—1)1+£2h]~,k(w1,w2)
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Proof. First we look at hg (w1, wz) = Hy 41,5, (w1) /ﬁy1,y2+1 (wy). We have
~ B w12m(_iG(_wl))2m7(x1+l)/2
Hx1+1,xz(_w1) - (iG(—wl_1>)2m_x2/2

(-1) —(xl+1)/2+x2/211~1x1+1/x2 (w1)

(_1)(x1+1)/2+x2/2ﬁx

1,1, (W1)
(_1)€1+1Hx1+1,x2 (wl)

where we use the fact that xq is odd since x is a white vertex, and x1 + x, = 2¢; + 1
mod 4. Similarly

Hy, y,11(—w2)

(1) R, L (o)

(_1)y1/2+(yz+1)/2ﬁy1/y2+1(wz)

= (=1)2"Hy, y,1(ws)

This proves the result for i = 0,j = 0. For the other cases, note that (—1)2"~%2)/2 =

(=1)*/2 and (—1)#*—¥1)/2 = (—1)%1/2, So we can prove these in exactly the same way.
[

Hence we have the following theorem.

Theorem 3.3.1. Tnke x = (x1,X2) € We,, and y = (y1,Y2) € B, with 1,2 € {0,1} and let

hi (w1, w2) be as defined in Equation 2.2.11. Let VS]{',‘EZ
Then

(w1, wy) be as defined in Equation 2.2.4.
” .
Ve, (—w1, )b (—wy, wa) = VI e, (w1, wa)hj(wr, wr)
. .
‘/8]1,82 (wll _w2)hj,k(w1/ _CUZ) - ‘/8]1,82 (wll wZ)hj,k(wll (UZ)
Now we will compute some asymptotic expansions that we will need later. Let
w =i+ B*m w (3.3.3)

for |w| < m° for some 0 < 6 < 1/2. First, we have the following lemma.

Lemma 3.3.3. Let the vV w? + 2c and \/w =2 + 2c be as defined in Equation 2.2.1 and w as in
Equation 3.3.3. Then

Vw? +2c = iBm V2172 = 2iw + O(m™'w), (3.3.4)
Vw2 +2c = —iBm~Y2\/1/2 + 2iw + O(m ™~ w). (3.3.5)
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Proof. We compute
Ve +2¢ = iy —i(w + iva0)\ —i(w — iv/2c)
= i\/—i(i + B2Zm—lw +i(1 — B2m~1/4) + O(m=3/2))
x \/=ili+ B2m—tw — (1 — B2m=1/4) + O(m~3/2))
=i(V2+0(m 'w)) \/1 — iB2m~1w — (1 — B2m~1/4) + O(m=3/2)
=i(V2+0(m™'w)) \/—iBzm‘lw + B2m~1/4 + O(m=3/2)

= B 2(1 4 O(m~'w))y/1/2 — 2iw + O(m~1/2))
= iBmY2\/1/2 = 2iw + O(m w12, m=3/243/2)
—= iBm~V/2\/1/2 = 2iw + O(m™'w).

For the second equation, we have w™ = —i + B?m~'w + O(m~2). By Equation 3.3.1, we
have

Vw242 = \/(—i + BZ2m~lw+ O(m=2))2 +2c
= —\/(i — B2m~lw+ O(m=2))2 + 2c

from which the result follows by a similar calculation. O

Then we have

—iG(w) = ( — Bm~V2\/1/2 = 2iw + O(m ™ 'w))

(1 —Bm~Y2\/1/2 + 2iw + O(m~'w)).

(3.3.6)
iG(w™!) = >

mw

Also,
logw = log(i + B*m ™~ 'w)
= logi + log(1 — iB?>m ™ 'w) (3.3.7)
7t

=7 — iB*m w + O(m*w?),

log(—iG(w)) = log —— \/_ +log(1 — Bm~Y/2\/1/2 = 2iw + O(m~w))
= —Bm Y2\/1/2 — 2iw + O(mflw)

(3.3.8)

and

log(iG(w™)) = —Bm~Y2y/1/2 + 2iw + O(m~'w) (3.3.9)
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3.4 Asymptotic expansion of exponential part of
integrands

First we will find asymptotic expansions for the terms h;; (w1, wz) in the integrands. Let
ay, &y < 0, x = (x1,x2) € We; and y = (y1,y2) € B, with eg, &2 € {0,1} be as in Equa-
tion 3.1.1. We define the asymptotic variables w and z near w; = i and w; = i respectively.

Definition 3.4.1. In a neighborhood of i, let
w;=i+B’mw and wy=i+B*m !z (3.4.1)
for |w|, |z| < m’ for some 0 < § < 1/2.
Then we can prove the following lemma.

Lemma 3.4.1. For ay, oy < 0, x = (x1,x2) € We, and y = (y1,Y2) € Be, as in Equation 3.1.1,
and local coordinates w, z as in Defintion 3.4.1, we have

O 1)meB (—2iw e (VI/2=2R0—V1/25200)) O™ ) (3.4.2)
Hy, o1 (w2) = (— 1)meBz(*ZiZJF‘Xy(\/l/2*2i2*\/1/2+2iz))+O(m_1/zz) (34.3)

Hy, a1 (@2) = (— 1)meBZ(—Ziz—txy(\/l/2—2iz+\/1/2+2iz))+O(m*1/zz) (3.4.4)
x1+12n xz(wl) ( 1)meBz(—2iw+ax(\/1/2—2iw+\/1/2+2iw))+0(m*1/2w) (3.4.5)

Proof. We will look at these expressions one at a time. Firstly we have

2m(_; —m'/ 20, B+0(1)
_  w™(—iG(w1))
Hy 41, (wl) = (Z.G<w1_1)),m1/zax3+o(1)

log Huy, 1,1, (w1) = 2mewy — (m'?aB + O(1)) (log(—iG(w1)) —log(iG (w1 1))

From Equations 3.3.7, 3.3.8 and 3.3.9 we have

log 1,0, (wr) = 2m (% — B2 w + o<m—2w2>)

— (m'2a;B + O(1))(—Bm~2\/1/2 — 2iw + Bm~/?v/1/2 + 2iw + O(m ™~ 'w))
= mrti — 2iB?w + 0, B?(V/1/2 — 2iw — /1/2 + 2iw) + O(m ™' ?w)

where for the error term, we note that because |w| < m’ with 0 < § < 1/2, we can
consolidate the O(m ™ w?), O(m~1/2w!/?) and O(m~'w) error terms into one error term
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of order m~'/?w. Equation 3.4.2 follows. Equation 3.4.3 also follows by replacing a, with
ay and w with z.
Next we look at

cdzZm (_iG(wz))ml/zayB+O(1)

(iG(wz—l))—m1/2ayB+o(1)

ﬁzn—yl,yﬁ-l (wz) -

Again, using Equations 3.3.7, 3.3.8 and 3.3.9 we see that

l0g oy, g, 1(w2) = 2maw; + (m'/2a,B + 0(1)) (log(—iG (w3)) + og(iG (w> 1))
= mti — 2iB%z — ayB*(V/1/2 — 2iz + V/1/2 + 2iz) + O(m/%z)

from which Equation 3.4.4 follows. Similarly,

wlzm(_iG(wl))—ml/ZaxB+O(1)
(iG(wl—l))ml/zaxB—i-O(l)

ﬁlerl,anxz (wl) =

and so

10g Hy, 11,20, (1) = 2mewy — (m"2a,B + O(1)) (log(—iG (w1 )) + log(iG (w1 1))
= mmi — 2iB*w + 0, B>(v/1/2 — 2iw 4+ v/1/2 4 2iw) + O(m~?w)

from which Equation 3.4.5 follows. O

Recall the functions

FE(w) = V1/2 — 2iw £ V/1/2 + 2iw

defined in Equation 2.1.6 and g;x(w, z) defined in Equation 2.3.1. The following theorem
follows immediately.

Theorem 3.4.1. Let ay, &y < 0, x = (x1,x2) € We, and y = (y1,y2) € Be, be as in Equa-
tion 3.1.1. Let w and z be local coordinates for wy,w, near i respectively as defined in Defini-
tion 3.4.1. Let the functions hjy(wy,wy) be as defined in Equation 2.2.11. Let the functions
;k(w,z) be as defined in 2.3.1. Then

g (wr, wp) = eSik(wA) O P i122) (3.4.6)

These are the exponential parts of the integrands of Igfez (a,x1,%2,Y1,y2) near wy = iand wy = 1.
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3.5 Asymptotic expansion of pre-exponential part of
integrands

The integrand of each integral Zg’llfsz (a,x1,x2,Y1,Y2), defined in Equation 2.2.12, also con-
tains a pre-exponential term

ik
‘/8]1,82 (wll CUQ)
wi(wy — wr)

where nggz (w1, wy) is defined in Equation 2.2.4. We now state the asymptotic expansion
of this term near i.

Theorem 3.5.1. Let wy = i+ B?m~'w and wy, = i+ B>m™ 'z for |w|,|z| < m® for some
0 < 6 < 1/2as in Definition 3.4.1. Then we have

(_1)51821'81—52

ik _
g (Ate(w,2) +0(m1/%) (35.1)

ik
‘/51,82 (w]./ w2) = ml/z
jk

as m — oo, where Ag| ¢,

(w, z) is defined in Equation 2.1.7.

The proof is given in Appendix A.2.

3.6 Location of saddle points in asymptotic coordinates
and their properties

We will move our contours to contours of steepest descent for the functions in Theo-
rem 3.4.1 in a neighborhood of i, and symmetric contours in a neighborhood of —i. We
will show in Theorem 3.9.2 that outside these neighborhoods the contribution to the inte-
gral is exponentially small. Let

Pa, (W) = —2iw + ay(vV1/2 — 2iw — V/1/2 + 2iw) (3.6.1)
Gu, (W) = —=2iw + ax(V1/2 = 2iw + V1/2 + 2iw). (3.6.2)

We can write
Pa, (W) = 2iw+arf (w) and g4 (w) = —2iw + ocxf+(w),

where f*(w) are defined in Equation 2.1.6, and note that since f~(w) = —f~ (—w) and
fH(w) = f(~w), we have 2iz — ayf~(2) = —pa,(2) = pa,(—2) and 2iz +a,f"(z) =
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T, (—z). So from Theorem 3.4.1 we have

hoo(wi, wy) = exp(B?(pa, (w) + Pa,(—2)) +O(m V2 m=1/2z))
ho(wi, w2) = exp(B(Pa, (W) + o, (—2)) + O(m 2w, m~1/?z))

(3.6.3)
o (01,2) = exp(B2(qa, (W) + P, (~2)) + O(m ™V 20, m™1/%2))
1 (@1, w2) = exp (B (qu, () + a, (~2)) + O(m™ 2w, m™1/%2))

So it is sufficient for us to find contours of steepest descent for p,(w) and g,(w), where
a < 0. We first find the saddle points. These occur when p),(w) = 0 and g, (w) = 0
respectively. We compute

, Y 1 1
p“(w)—z( 2 a(\/1/2—2iw+\/1/2+2iw>> (3.6.4)

, A 1 B 1
q”"‘(w)_l( 2 “<\/1/2—2iw \/1/2+2iw))' (365)

To analyze the locations of the zeros of p; (w) and g} (w) we will first define a couple of
functions and prove some lemmas about them. For w € C \ i((—o0, —1/4] U [1/4,0)), let

and

) = et
V1/2 =2iw  /1/2+2iw
~ 1 1 (3.6.6)
V= A Vit aw
So we are looking for solutions to
pH(w) =—-2/a and P~ (w) = -2/« (3.6.7)

Lemma 3.6.1. Take a < 0. Solutions to the equations Y (w) = £2/a and ¢~ (w) = +2/a all
satisfy the quartic equation

256 w* — 16(a* + 242 — 2) w? 4+ (—2a% +1) = 0. (3.6.8)
Proof. This is just a computation. Start from

1 1 2

+ =+—.
JiZ—2 | Ji2sam o«

Squaring both sides, we obtain

1 1 2 4

. — £ = .
1/2—21;7+1/2—|—2117 V1/2=2in\/1/2+2iy o2
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Then we multiply by (1/2 — 2i)(1/2 + 2in) to obtain

1424/1/2 = 2in\/1/2+2in = % (}L+4;72)

and rearranging and squaring again, we obtain

4 1 2 2_ 2
(14 (1ear)) =1 e

Multiplying everything out and rearranging, we obtain Equation 3.6.8. O

Lemma 3.6.2. Consider the restriction of y*(w) tow € i(—1/4,1/4). Then ¢ (w) takes all
values in [2v/2,00), and p~ (w) takes all values in (—oo,c0).

Proof. Letw =it fort € (—1/4,1/4). Then

1 1
= + :
V1/2+2t 1/2-2t

These are continuous for t € (—1/4,1/4). We have

= (it)

lim1 P (it) = o0

t—>—1

lim ¢~ (it) = —o0

1

hence ¢~ (it) takes all values in (—oo, c0).

For i (it), note that for t € (—1/4,1/4), by the AM-GM inequality we have ¢ (it) >
2+/2, with equality if and only if t = 0. Since lim;_,1 /49" (it) =, we see that p* (it) takes
all values in (0,2+/2]. O

Lemma 3.6.3. Consider the restriction of Y (w) to w € R. Then ™ (w) takes all values in

(0,2v/2].

Proof. In the case that w is real, we have

P (w) = 2Re (ﬁ)

We have ¢ (0) = 2/2 and limg 00 % (w) = oco. Since ¥ (w) is continuous, it takes all
values in the range (0, 2\/5) O

Lemma 3.6.4. Tauke « < Q. Then
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1. There exists 5 € [0,00) Ui(0,1/4) such that ¢+ (w) = —2/a has exactly two solutions
w = £, unless « = —1/+/2 in which case the only solution is w = 0.

2. There exists i’ € i(0,1/4) such that Equation ¢~ (w) = 2/ has exactly one solution

w = i’ and Equation ¢~ (w) = —2/w has exactly one solution w = —y'.
Proof. First we look at solutions to ¢~ (w) = +2/a. By Lemma 3.6.2, we see that ¢~ (w) =
—2/wa has at least one solution ini(—1/4,1/4). Moreover, ¢~ (it) < 0fort > 0, ¢~ (it) > 0
fort < 0and ¢ (it) = 0 for t = 0, so since —2/a > 0, any solution to ¢~ (it) = 2/« has
t € (0,1/4). So we can take w = 7’ be a solution to ¢~ (w) = 2/a with 4’ € i(0,1/4).
Then it is clear that w = —7’' is a solution to ¢~ (w) = —2/a. Note that since —2/a # 0,
1’ is non-zero.

Now we look at solutions to ¢ (w) = —2/a. By Lemmas 3.6.2 and 3.6.3, we see
that ¥ (w) = —2/a > 0 has at least one solution in R U i(0,1/4). Moreover, it is clear
that the negative of a solution is a solution, so we can take w = 5 to be a solution to
Pt (w) = —2/ain [0,00) Ui(0,1/4). Then w = —7 is also a solution of ¢ (w) = —2/a.

So if 7 # 0, then we have already found four roots of Equation 3.6.8 (namely, £7,
+#’), so there are no more. If 59 = 0,soa = —1/ V2, then n = 0 is a repeated root of
Equation 3.6.8 and we have still found all of the roots. By Lemma 3.6.1, we have found all
solutions to ¥t (w) = £2/a and P~ (w) = +2/a. Note that the equation P (w) = -2/«
has two solutions while ¥ (w) = 2/a has no solutions. O

Recall that we are looking for solutions to p),(w) = 0 and g, (w) = 0 where p}(w) and

q,(w) are given by Equations 3.6.4 and 3.6.5 respectively. We can write

pa(w) =i(=2—ayp™ (w))
Go(w) =i(=2—ayp™ (w)).

We have the following lemma.

Lemma 3.6.5. For —1/v/2 < « < 0, p,(w) = 0 has two solutions, which are in the interval
i(—1/4,1/4). For« = —1/+/2, p'(w) = 0 has only one solution, w = 0. For « < —1/+/2,
pi(w) = 0 has two solutions, which are real. In all cases if w = 1 is a solution of p,(w) = 0
then so is w = —1.

Proof. We are looking for solutions to ¢+ (w) = —2/a. For —1/+/2 < a < 0, we have
—2/a € (2\/§,w). For « = —1/v/2, we have —2/a = 2+/2. For a < —1/+/2, we have
-2/ € (0,2\/5). The lemma follows from Lemma 3.6.4, Lemma 3.6.2 and Lemma 3.6.3.

O

We have a somewhat simpler lemma for solutions to ¥~ (w) = —2/«.

Lemma 3.6.6. For any a < 0, there exists n in i(0,1/4) such that Equation *(w) = =2/«
has exactly one solution w = —v’'.
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Proof. We are looking for solutions to ¢~ (w) = —2/a. The result follows from Lemma 3.6.4.
O
Now that we have found the solutions to ¢ (w) = —2/a and ¢~ (w) = —2/a we can

make the following definition.

Definition 3.6.1. Let 7 be defined to be the unique complex number with non-negative
real part and non-negative imaginary part that satisfies

1 1

+ = —2/a.
V1/2=2in ~ \/1/2+2iy
and let #" be the unique complex number that satisfies
1 1
— =2/u.
J1/2=2iy J1/2+2iy /
So 7 satisfies P (17) = —2/a and so also satisfies p, (1) = 0. Similarly 5’ satisfies

Y= (y') = 2/, hence ¢y~ (—4') = —=2/a, so q,(—n') = 0. This gives us the following
theorem.

Theorem 3.6.1. Tuke « < 0 and let yy and ' be as defined in Definition 3.6.1. Then
1. The saddle points of p,(w) are as follows.

~-1/V2<a <.

There are 2 distinct saddle points, at w = +n, where € i(0,1/4).
a=—1/v2.

There is only one saddle point, which occurs at w = 0.
a< —1//2.

There are 2 distinct saddle points, at w = £, where p € (0, 00).
2. The unique saddle point of g, (w) is at w = —n' with ' € i(0,1/4).

Proof. Saddle points of p,(w) occur where p),(w) = 0, and saddle points of g, (w) occur
where g}, (w) = 0. The result follows from Lemma 3.6.5 and Lemma 3.6.6. O

Now we follow with a lemma about the values of pJ(w) and g} (w) at the saddle
points. We will use this to find the direction of the steepest ascent and descent contours
at the saddle points.

Lemma 3.6.7. Tuke & < 0 and let y and n’ be as defined in Definition 3.6.1. Then

1. For —1//2 < a < 0, we have p!! () > 0 and p!!(—1y) < 0.
For « = —1/+/2, we have pl! () = 0, s0 5 = 0 is a double saddle point.
For a < —1/+/2 we have p' () € i(0,0) and p!(—n) € i(—,0).
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2. Forall « < 0, we have g} (—n") < 0.
Proof. 1. We compute

) = (i — e )
(1/2 = 2iw)3/2  (1/2+ 2iw)3/2

From Theorem 3.6.1 we know that if —1/v/2 < a < 0 then n €i(0,1/4). So1/2 —
2iw > 1/2 + 2iw. Then since « < 0, we have p}, () > 0 and py(—7) < 0. Also, if
a = —1/+/2 then 7 = 0s0 p//(17) = 0. Finally, if « < —1/+/2 then € (0,0) so

Mo 1
Po(w) = 2ai Im ((1/2 — 2iw)3/2) :

Then Im(1/2 — 2iw) < 0 which means that Im(1/(1/2 — 2iw)3/2) > 0. So, p! (1) €
i(—o00,0) and pl(—7) € i(0, o).

2. We compute

o 1 1
(W) =& ((1/2 2wy T 121 2iw)3/2) '

From Theorem 3.6.1 we know that 5’ € i(0,1/4). So both terms are positive, and
recalling that « < 0, we see that g, (—7’) < 0.
O

Finally, since when« = —1/ v/2 we have a double saddle point, we will need the third
derivative of p_, , 5(w) atw = 0. We find that

P 5(0) = —24i. (3.6.9)

3.7 Contours of steepest ascent and descent

Now we will characterize the contours of steepest ascent and descent of p,(w) and g, (w).
These are contours of constant Im(p,(w)) and Im(g,(w)). Contours of steepest ascent are
those where Re(p,(w)) and Re(gq(w)) increases from the saddle point along the contour
respectively, while contours of steepest descent are those where Re(p,(w)) and Re(g,(w))
decrease. Theorem 3.6.1, Lemma 3.6.7 and Equation 3.6.9 contain all the information we
need to find the directions of steepest ascent and descent contours at the saddle points.

Theorem 3.7.1. Tuke « < 0 and let yy and ' be as defined in Definition 3.6.1. Then

1. The contours of steepest ascent and descent near the saddle points w = 1 of p,(w) are as
follows.
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~1/vV2 <a <0.
At the saddle point w = n € i(0,1/4), the contour of steepest ascent passes through
the saddle point parallel to the real axis, while the contour of steepest descent is parallel
to the imaginary axis. At the saddle point w = —n € i(—1/4,0), the contour of
steepest ascent passes through the saddle point parallel to the imaginary axis, while the
contour of steepest descent is parallel to the real axis.

o =-—1/ \/§
There is a double saddle point at w = 0. There are contours of steepest ascent leav-
ing the saddle point at angles 7t/6, 51t/6 and —7t/2. There are contours of steepest
descent leaving the saddle point at angles —mt/6, =57 /6 and /2.

a < —1/2.
At the saddle point w = n € R, the contour of steepest ascent passes through the
saddle point at an angle of 7t/4, while the contour of steepest descent passes through
the saddle point at an angle of —t /4. At the saddle point w = —n € IR, the contour of
steepest ascent passes through the saddle point at an angle of — 7t /4, while the contour
of steepest descent passes through the saddle point at an angle of 7 /4.

2. The contour of steepest ascent of q,(w) passes through the saddle point w = —n' €
i(—1/4,0) parallel to the imaginary axis, while the contour of steepest descent is parallel to
the real axis.

Proof. 1. Locally we have

w— 2
patae) = paln) + g0 1 O — ).

So contours of steepest ascent are in the directions where (w — 1)?p% () > 0 and

contours of steepest descent are in the directions where (w — 7)?p%(7) < 0 as w —
0. Then the results for « # —1/ V2 follow immediately from Lemma 3.6.7. For
a = —1/+/2, which has a double saddle point at 0 we have
w? " 4
Poayva(®@) =P, 5000+ —p7, 5(0) +O?).

Then the result follows from Equation 3.6.9.

2. We follow the same steps as above.
O

Now we proceed to describe the contours of steepest ascent and descent of p,(w) and
ga(w). Note that writing w = wy + iw,, we have

pa(wl - iwz) = Ptx(wl + iwz)
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and
go (w1 — iwy) = qo(wy + iwy)

where the bar denotes complex conjugate. Also note that p,(—w) = —pq(w). So all con-
tours of steepest ascent and descent are symmetric under reflection in the imaginary axis,
and for p,(w), contours of steepest ascent are just reflections in the real axis of contours
of steepest descent.

First we look at p,(w). Note that the contours of steepest ascent and descent can only
cross at saddle points. Since the contours of steepest ascent are reflections in the real
axis of contours of steepest descent, this means that neither can touch the real axis except
where we have a saddle point. So the contours of steepest ascent and descent either go to
the imaginary axis or to infinity. For ¢t € R with it on the positive side of the branch cut,

we have
if [t <1/4

o
Im(pa(it)) = {_M/m if [t] > 1/4.

We consider different values of «.

~1/V2<a<0

For —1/v/2 < a < 0, both saddle points are on the imaginary axis between —1/4
and 1/4, so we have Im(p,(w)) = 0 on all contours of steepest ascent and descent.
So from Theorem 3.7.1 we must have a contour of steepest descent going from the
saddle point at w = 1 € i(0,1/4) to the other saddle pointatw = —y € i(—1/4,0)
along the imaginary axis, a contour of steepest descent going from the saddle point
atw = 5 € i(0,1/4) to the branch cut at i/4 along the imaginary axis, a contour
of steepest ascent leaving the saddle point at w = 5 perpendicularly into H' and
going to infinity in the positive half plane, a contour of steepest descent leaving
the saddle point at w = —7 perpendicularly into H™ and going to infinity in the
negative half plane, and a contour of steepest ascent going from the saddle point at
w = —1 to the branch cut at —i/4 along the imaginary axis,. There are symmetric
contours in the second and third quadrants. See Figure 3.1a.

a=-1/2
For « = —1/+/2, we have Im(p, (7)) = 0. The contours do not cross the real axis
except at the origin. So we see from Theorem 3.7.1 that we must have a descent
contour from 0 to i/4 along the imaginary axis, an ascent contour from 0 to —i/4
along the imaginary axis, ascent contours going to infinity in the first and second
quadrant, and descent contours going to infinity in the third and fourth quadrant.
See Figure 3.1b.

a < —1//2
For a < —1/+/2, the steepest ascent and descent contours that pass through w =

n € (0,00) have Im(p,(w)) = pu(n)/i = =251 —ia(\/1/2 = 2in — \/1/2+ 2in).

It can be shown using Definition 3.6.1 that this expression is strictly positive for



CHAPTER 3. ASYMPTOTICS OF I*,. (s, x1, 2,1, 1) 41

0.6

04F

041

0.2}
0.2

1 1 1 1 I I I I
-0.4 -0.2 0.2 0.4 -04 -0.2 0.2 0.4

-0.2}

—04F}

(a)a = —0.65 b)a=—-1/V2
0.2}
~0.29
0.‘2 0‘4 0.‘6 0‘.8 1‘0 1‘.2
-0.6}
-0.81
(c)a=-13 (d)a=-1.3

Figure 3.1: Steepest ascent and descent contours for p,(w) in orange and g, (w) in green
for different values of a. The value of Re(p,(w)) or Re(g,(w)) increases in the direction
of the arrows, i.e. ascent contours have arrows pointing away from the saddle point, and
descent contours have arrows pointing towards the saddle point.
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o < =1/ \/i So there is a point w = it with t > 1/4 on the positive side branch
cut such that Im(p,(it)) = Im(pa(n)) and Im(ps(—it)) = Im(pa(7)). So for the
ascent and descent contours from w = 1 we have one going to the branch cut in
the first quadrant, one going to the branch cut in the fourth quadrant, one going to
infinity in the first quadrant and one going to infinity in the fourth quadrant. From
Theorem 3.7.1, since the contours cannot cross, we see that the descent contours go
to the branch cut in the first quadrant and infinity in the fourth quadrant, while the
ascent contours go to the branch cut in the fourth quadrant and infinity in the first
quadrant. We have symmetric contours in the second and third quadrants, but note
that unlike in the —1/+/2 < & < 0 case they do not join up on the imaginary axis,
since they go to different sides of the branch cut. Indeed, the value of Im(p,(it)) at
the point that the contours hit the branch cut is non zero, and differs by a sign on
either side of the branch cut. In practice, we will have to join up these contours by
going around the branch cut. See Figure 3.1c for an example of the steepest ascent
and descent contours in the first and fourth quadrants.

Now we look at g, (w). We only have one saddle point, atw = —y" € i(—1/4,0). Here
we have Im(g,(—7")) = 0, so on the contours of steepest ascent and descent we have
Im(gq(w)) = 0. For t € R with it on the positive side of the branch cut, we have

—ay/—2t—1/2 ift < —1/4
Im(q.(it)) = { 0 if —1/4<t<1/4

a2t —1/2 ift >1/4.

Therefore the contours cannot go to the branch cut except at +i/4. For w € R, we have
Im(gq(w)) = —2w, so the contours do not touch the real axis except at 0. Then from
Theorem 3.7.1 we see that there is a contour of steepest ascent from —7’ to —i/4 along
the imaginary axis, a contour of steepest ascent from —#’ to i/4 along the imaginary axis,
and contours of steepest descent that go to infinity in the third and fourth quadrants, and
pass through the saddle point parallel to the real axis. See Figure 3.1d.

Now we look at the behavior of the contours as |w| — co. We will only look in the
third quadrant, since the contours in the other quadrants can be found by symmetry.

Theorem 3.7.2. Take & < 0. For w in the third quadrant with |w| >> 1, the contours of steepest
descent of both p,(w) and q,(w) that go to infinity can be parametrized as w = re'® where

0=——— thr_l/z +0(r ). (3.7.1)

2 V2
forr — oo.

Proof. For large |w|, we have

po(w) = —2iw + a(v/—2iw — V2iw) + O(w~1/?).
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and

gu(w) = —2iw + w (v —2iw + \/Ziw) + O(w‘l/z),
Letw = re?, with 6 € (—m/2,0). Then

VT = Va4,
V2iw = v/2re(8+1),
Letp = &+ %, 50/ —2iw = v/2r(—icos ¢ + sin ) and v/2iw = /2r(cos ¢ +isin ). Then
Im(pa(w)) = —2rcos 0 + av/2r(— cos ¢ — sin¢) + O(w™1/2) (3.7.2)
and
Im (g, (w)) = —2rcos 8 + av/2r(— cos ¢ + sinp) + O(w~1/?). (3.7.3)

First we look at contours of constant Im(p,(w)). Clearly we must have cosf — 0 as
r — 00,500 — —m/2and ¢ — 0. We have cosf = sin2¢. We must have ¢ = O(r~1/2).
Then the contour of steepest descent of p,(w) in the third contour satisfies

O(1) = =2r(2¢ + O(¢%)) + aV2y/r(—1— ¢* — p + O(¢*))
= —4rdp — av/2/r +O(1)

So ,
= ——wr V2100 (3.7.4)

2V/2

and from this we can deduce Equation 3.7.1. Note that since « < 0 we have 6 € (—7/2,0)
as required. The contour of steepest descent of g,(w) in the third contour also satisfies

Equation 3.7.4 and therefore Equation 3.7.1 since the /27 sin ¢ terms in Equations 3.7.2
and 3.7.3 are O(1). O

From this we can prove the following corollary.

Corollary 3.7.1. We have the following bounds on the exponential parts of the integrands as
stated in Equation 3.6.3. There exists Ag,co > 0 such that for |w| > m® on a contour of steepest
descent that goes to infinity,

| exp(Bpa(w))| < Age™ @l
| exp(B*qa(w))| < Age "

Proof. Parametrize w as w = re' so |w| = r. Then by Theorem 3.7.2 we have

0=——=— szr_l/z +0(r ).

22



CHAPTER 3. ASYMPTOTICS OF I*,. (s, x1, 2,1, 1) 44

Let ¢ = g + 7 as in the proof of the theorem. Then we have

Re(pa(w) = 2rsin + a(v/2rsin¢g — v/2r cos ¢)
=2r(=140(r ")) + a(V2rO(r V) = V2r(1+ 0(r 1))
= —2r —aV2r +0O(1)

So , ,
’€B p,x(w)| _ eB (721’70(\/?) + O(l)

Similarly, we find
|eBun(w)| _ 632(_2r+tx\/27) +0(1)

So there exists Ag, cg > 0 such that
|exp(B?py(w))| < Age " and | exp(B%q.(w))| < Age "

as required. O

3.8 Contours of integration

Recall that we need to evaluate the four integrals Ié’llfgz(a, X1,X2,Y1,Y2), for j,k € {0,1}
defined in Equation 2.2.12. These are double integrals in w; and w; over the contours
C; and Cy/,, which are circles centered at the origin of radius r and 1/r respectively, for
v2¢ < r < 1. The only singularities in the integrand are at 0 and at w = z, and there are
branch cuts on the imaginary axis at i(—oo, —1/\/%) U (—\/2_0, \/Z) U (v2, c0). We can
move the contours as long as we don’t cross the branch cut (which includes the origin). If
we cross the contours over each other we will pick up a single integral over the residues.

We want to move the contours of integration so that in a neighborhood of i they are
steepest descent contours for the exponents in Equation 3.6.3, and away from this neigh-
borhood the contribution to the integral is negligible.

We define the following contours of integration, based on the contours described in
detail in Chapter 3.7. They are shown for different values of « in Figure 2.3. First we
repeat the definition of the contours Cy, Cj, C1 and C; from Chapter 2.1.

Definition 3.8.1. Let p,(w) and g,(w) be as defined in Equation 3.6.1 and Equation 3.6.2
respectively. Let 77, ' be as defined in Definition 3.6.1.

For —1/v/2 < & < 0, let Cg be the steepest descent contour for p,(w) that is contained
in the negative half plane and passes through the saddle point at w = —#. For a =
—1/+v/2 let Cy be the steepest descent contour for p,(w) that passes through the saddle
point at w = 0 and enters the negative half plane at angles of —7/6 and —57t/6. For
a < —1/+/2,let Cy consist of the steepest descent contour for p, (w) starts from the branch
cut i(1/4, o), passes through the saddle point at w = —# and goes to infinity in the third
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quadrant; the reflection in the imaginary axis of this contour; and a contour that goes
around the branch cut at i /4. This contour is shown in detail in Figure 2.2.

Let C|) be the reflection of Cy in the real axis.

Let C; be the steepest descent contour for g,(w). This passes through w = —#" and
goes to infinity in the negative half plane.

Let C] be the reflection of C; in the real axis.

Now we define finite restrictions of these contours. Fix 6 with 0 < é < 1/2.

Definition 3.8.2. Let C~0, 51’ C~0/ and C~1/ be the restrictions in the w—plane of Cy, C;, Cy and
C} (defined in Definition 3.8.1 above) to the region |w| < m°.

Finally we define contours Co,m, C1,m, C;,, and C; , in the w-plane that the contours C,
and C; /, will be deformed to.

Definition 3.8.3. First we define Cy,, and C;,,. Near w = i, specifically for |w —i| <
B?m’~lw, we can write w = i+ B*m~'w for |w| < m’. Let the w-contour Cp,, in this
region agree with the w—contour C;, and let the w-contour C; ,, in this region agree with

51 . . .
the w-contour C; . Near w = —i, define the contours so they are symmetric in the real
axis. Outside of the regions defined by |w 4 i| < B?m°~!, join up the contours by arcs

of constant radius R;. Note that by Theorem 3.7.2, when |w| = m? is on C; or ¢, we

have w = —m% £+ am®/?/y/2 +0(1), so w = i(1 — B?m®~1) 4+ O(m®/?>~1), and hence
Ry =1— B*m® 1 +0O(m®/?71). N
We define C; ,, and C] ,, similarly, so that in a neighborhood of i they agree with C; and

52/ respectively, are symmetric in the real axis, and are joined by arcs of radius R, outside
of the regions defined by |w + i| < B?m’~1. Here Ry = 1+ B?m®~1 4+ O(m®/?71).

Figure 3.2 shows the contours Cp, in blue and Cj, in orange for B = 1, « = -3,
m = 64,5 =9/20.

3.9 Integral formulas

For e1,e5 € {0,1},let x = (x1,x2) € We;, ¥ = (Y1,42) € Be,, ax < 0and ay < 0 be as in
Equation 3.1.1. From now on we will assume that a, = ay. In Chapter 5, we look at the
case where a, # a,,. We will deform the contours to the contours Co ,, C1,m, C(’)/m and C{,m
in Definition 3.8.3 as appropriate. We will show that on the arc segment away from the
saddle points, the contribution is negligible. Then we are left with integrals Cy, C;, CNOI and

(,71/. We will show that the difference between these and the integrals Co , C1 1, C(’),m and

C{ ,, is also negligible. In some cases, we need to cross the contours, and in these cases we
will pick up a single integral from the residues. First we make some definitions.
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Figure 3.2: The deformed contours for the integral B, ¢, (a,x1, x2,y1,¥2) with B =1, & =
—3,m = 64.

Definition 3.9.1. Let Co,, C1,m, Cy ,, and C7 ,, be as defined in Definition 3.8.3. Define

e ik
ik i dwq Ve, (w1, w2)
Dél,SZ (ﬂ, X1, X2, yllyZ) — /C da)zlz—

. h'k w1, Wy
(27ti)? wr Jey, wy —wy ( )

jm

Note that the integrand of Dé’lklgz (a,x1,%2,Y1,Y2) is the same as Z;x(a, x1, x2, y1, y2), but
the contours are different.

Definition 3.9.2. Let Co, C1,m, Cj ,, and C{’m be as defined in Definition 3.8.3. Let 7 be
as in Definition 3.6.1, so the contours Cp and C|, cross at w = i+ Bm_lq. Let yoo be any
contour in the w-plane from w = i + Bm ™1 to w = i — Bm 1y that crosses the imaginary
axis in the interval i(v/2c,1/v/2c). Let zg = xq + iyo be the point in the first quadrant
where the contours Cy and Cj cross. Let 19 be any contour in the w-plane between i +
Bm~(xg +iyo) and i + Bm~!(xg — iyp) that crosses the imaginary axis in the interval
i(v/2c,1/+/2c). Let g1 be any contour in the w-plane between i + Bm~!(—xo — iyg) and
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i+ Bm~(—xq + iyg) that crosses the imaginary axis in the interval i(v/2c, 1/v/2c). Define

0,0 B yi—x1 0,0 dw
Eele(a,X1,%2,Y1,12) = p LOO Vel e, (@, w)hop(w, w)— » (3.9.1)
yi—x1 dw
8811082(al X1, x2/y1/y2) = ; / Vellgz(w Cd)]’ll 0((,0 a]) (3.9.2)
7Tl 710 w
yi—x dw
5s01 & (3,X1,X2,Y1,12) = - / Vglgz w,w)hoq(w,w)—. (3.9.3)
7t Y01 w

We now prove the following theorem.

Theorem 3.9.1. Let Com, C1,m, Cy ,, and C1 ,, be as defined in Definition 3.8.3. Recall the double

integrals Ig’llsz(a, X1, X2,Y1,Y2) defined in Equation 2.2.12. Let Dé’lklgz(a, X1, X2,Y1,Y2) for j,k €
{0,1} be as in Definition 3.9.1. Then for —1/+/2 < a < 0 we have

ik ik
Tier(a,%1,X2,y1,¥2) = Diye, (4, %1, X2, Y1, 2) (3.9.4)
i.e. we can deform the contours of integration to these contours without changing the value of
the integral. However, for & < —1/ V2, in all but the last case we pick up an extra term when
deforming the contours. Let Sé’llfgz(a, x1,%2,Y1,Y2) for (j, k) = (0,0), (0,1) and (1,0) be as in
Definition 3.9.2. Then for « < —1/+/2 we have

e Sz(a X1,X2,Y1,Y2) = Dgl e, (@,%1,X2,Y1,Y2) + & 81 gz(a X1,X2,Y1,Y2) (3.9.5)
Igllogz(a, X1,X2,Y1,Y2) = 81 82(a x1,%x2,Y1,Y2) + & 81 EZ(a X1,X2,Y1,Y2) (3.9.6)
e 82(a X1,X2,Y1,Y2) = 81 gz(a, x1,%2,Y1,¥2) + &, SZ(a X1,X2,Y1,Y2) (3.9.7)
Islllgz(a, x1,%2,Y1,¥2) = D, €2(a X1,%X2,Y1,Y2) (3.9.8)

Proof. First deform Cy,, to Ck -

contour, that agrees with C as appropriate on the circular arc section, and is symmetric
in the real axis. Under this deformation the contours do not cross the branch cut or each
other. Now we consider different cases corresponding to different values of a.

If —1/v/2 < a < 0, then Ck " lies entirely outside the unit circle, and C] m lies entirely
inside the unit circle. So we can deform C to C;,, without crossing the contours. In this
process we also do not cross any branch cuts. ThlS proves Equation 3.9.4.

If « < —1/+/2, then the contours Co,m and C(’)’m cross the unit circle, but the C; ,,, and
C{,m do not. For Zgl’,lsz(a, X1,X2,Y1,Y2), we can move the w;—contour C to Cy ,, without
crossing the contours, which proves Equation 3.9.8. In the other cases the contours will
Cross.

First we look at the integral Igol’?gz (a,x1,x2,Y1,Y2). Note that we have

y1i—x1 dwq V. OO w1, w?
:Z'-Slogz(a/ xl/xZIyllyZ) — 7~ _ o /C/ de/(; 178 82( - )h0,0(w1/w2)
0,m

and deform C, to a contour C lying entirely inside this

(27ti)? W]  wy—wq
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The contour Cp,, — C has two components, near w = =i respectively. Let A be the com-
ponent that is near 7, so Cp, = C + A + (—A) and hence

fo = ke o Ly

So writing IS{?Q (a,x1,x2,y1,Y2) as in Equation 3.9.5 we have

Yyi—x1

5501',082(‘1/ X1,%2,Y1,Y2) = _W/C

dwi VOO (wq,
wz/ CU1 €1,€2 (wl wZ)hO,O(wllwz) (3.9.9)
At(=A) W1 W =W

/
0,m

Let 7o be the segment of Cj ,, that is inside the contour A, which is exactly the segment

Figure 3.3: The contours Co y, C(’)’m, C and A. The branch cut is shown in black.

of Cj,,, near i that is inside C ;. These contours are shown in Figure 3.3. Let w;, € 7y, 50
w> is inside the contour A. By the residue theorem we have

,VO’O wy, W»
hoo(wi, wy) = —Zﬂl%ho,o(wszz)

0,0
/ dwl ‘/81,82 (wlle)
A W1 Wy —wq
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and similarly

dw; VO° (wy, —w ,VO’O —Wy, —W
/ w1 81,82( 1, 2) h0,0(wL _wz) — 2 81,82( 27 2) h(),()(—wz, _wz)
A W (~w2) —wy —w?

— 271i Vsollgz (('UZ’ CUZ)
%)

hoo (w2, wy)

where we use Theorem 3.3.1 in the last line. Then from Equation 3.9.9 we have

/ dwr Vel (w1, w))
? (-

hoo (w1, wy)
w1 Wy — w1y

£00 ¢ ) i /
A (a,x1,x = -3

ere2 B X1, X2, Y112 (27ti)2 Jey,
y1—x1 dwq %2’22(601, wz)

T (2mi)? / A2 w) Wy —w
Yoo+ (—00) A W1 2 1
o 0,0
lyl i d(&) ‘/81,82 (wZI w2)
7Tl Y00 (%)

ho,o(w1, wy)

ho,0 (w2, wy)

Equations 3.9.2 and 3.9.3 are obtained in a similar fashion.
O

First we will find the asymptotics for the double integrals, and then we will look at

the integrals 82’1’;2 (a,x1,x2,Y1,Y2). First we prove the following theorem that bounds the
integrand away from the saddle points.

Theorem 3.9.2. Let Hy, v,(w) be as defined in Equation 2.2.3. Let C(m) denote the part of the
contour Cy ,,, that has constant radius Ry as defined in Definition 3.8.3. Let C| . denote the part

(m)
of the contour C,i,m that has constant radius Ry as defined in Definition 3.8.3. Then there exists
d > 0 such that when m is sufficiently large, for all wy € C,,) we have

~ s

|[Hoy 41,5, (w1)] < e,
~ _ )
|Hx1+1,2n—xz(w1)| < e m

and for all wy € sz) we have

~ 5
|Hy1,yz+1 (w2)| > edm ’

~ 5
[ Han -y g1 (w2)| > €™

The proof can be found in Appendix A.3.

Theorem 3.9.3. Let ngilfgz (w1, w2) be as defined in Equation 2.2.4 and h; (w1, wy) as defined in
Equation 2.2.11. Let 5] and C~k/ be as defined in Definition 3.8.3. Let C(,, denote the part of the
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contour Cy ,, that has constant radius Ry as defined in Definition 3.8.3. Let CE ) denote the part

of the contour C[  that has constant radius Ry as defined in Definition 3.8.3. Then there exists
A1 >0,c1 >0 such that

. ik
Yi—x dw VI (w , Wy s
: 2/ ! da)zwhﬂ((a)l,wz) < A1€ cm
(27ti)? Je,, w1 Jey wy —wy 7
Jm
and ’
Y171 dw VI (w , W) s
- ! dw lel (wl,wz) < Aqe am
2 jk
(2mi)? Je;,, w1 Jc wy — w1

(m)

Proof. This follows from Theorem 3.9.2 since the dependence of V81 ¢, (w1, wy) on m is not
exponential, and |wy — wy | is bounded below by B2m®~! 4 O(m®/271). O

Then we are left with integrals over the parts of the contour corresponding to 50, 51,
~/ ~/
Cp and Cq .

Next we do a change of variables as in Definition 3.4.1 and substitute the asymptotic

expansions in Theorem 3.4.1 and Theorem 3.5.1. We will need the following lemma to
bound the error terms in the exponent after substituting the asymptotic expansions.

Lemma 3.9.1. Let Aélk e, (W,2) be as /deﬁned in Equation 2.1.7 and g;(w, z) be as defined in
Equation 2.3.1. Let the contours C;, Cy be as defined in Definition 3.8.2. Then

jk
/ dw d A£1 gz(w Z) g]-,k(w,z)—&—O(m’l/zw,m*l/zz)
Ck z—w

zZ—w

jk
_/ Juw d A£1€2( ) g]k(wz)+o( 1/2)
¢

Proof. The proof can be found in Appendix A .4. O

Now we move to asymptotic coordinates to approximate our integrals.

Lemma 3.9.2. Let Dé’ﬁsz(u, X1,X2,Y1,Y2) be as defined in Definition 3.9.1. Let the contours

Co, C1, C~0/ and C~1/ be as defined in Definition 3.8.2. Recall the functions gj(w,z) defined in
Equation 2.3.1. Then

172 y1—x—1 (—1)8182i&1—€
8(27i)?

A]
/ dw/ dz e, \Wr =) w Z) 3f/k(w’z)—|—O(m_1) (3910)

ik _
Dél,sz (ﬂ, X1, X2, ]/1/ yZ) = Bm
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Proof. Recall from Definition 3.4.1 the change of variables for w;, w; near i

w;=i+B’mw and wy;=i+B*m 'z
for |wl, |z| < m® for some 0 < & < 1/2. Near —i, we use variables —w;, —w>. By The-
orem 3.3.1, and since our contours are symmetric in the real axis, we can just integrate
over w, in the upper half plane and double the result. Note that dw; = B?>m~'dw and
dwy, = B*m~1dz. Then by Theorem 3.9.2 we have

y1—x1 dw V]"k (w1 w2)
D] s ’ Y1, =2 . / B2 -12= BZ d ROV A hak.l4 h; ,
£ 22(11 X1,X2, Y1 ]/2) (27_”)2 5] m é w0y — w1 ],k(wl w2)
Y11 —dw Vf' (—wr, w») 5
+2 , /~ B*m'—— [  B?m ldz 512 hir(—wq,wy) + O(Ae 1™
(27ti)? Je; —w1 JG' wy + wq ji(—w,w2) (A )

Call these two terms S; and S; respectively, so we have Dﬁ_.’lk,gz (a,x1,x2,¥1,Y2) = S1+ Sa+

O(Are~™"). Substituting the expansions in Theorem 3.4.1 and Theorem 3.5.1, the first
term becomes

hi—x1 (_1)81821'81*82

S, = i
1 16022
" )
X / d—ZU/ dz A{;J,Ez (w, Z) + O(m 1/2)eg]-,k(w,z)—l—o(m—l/zw,m_l/zz)
¢ i+ B2m~lw Jg/ —
where A (1,2) is defined in Equation 2.1.7. Since [w] < m® with 0 < 6 < 1/2, we have

1/(i+B?m~'w) = =i+ O(m°~ 1) = —i 4+ O(m~1/?). So we can write

y1—x1—1 (—1)a€2if1—¢€2

S1=2
! 16(27i)2

Bm_l/z(l + O(m_l/z))

/ dw/ dz A‘]c"l £2 (w, Z) gj,k(w,z)+O(m‘1/2w,m‘1/2z)

By Lemma 3.9.1, the error term in the exponent gives rise to a global O(m~/2) error, so
we have

—a-l(—q)aea-—a Ak

_ -1/2 €1 82( ) Sik(w,z) -1
S1=2 T6(2mi2 Bm /('wa @'d —z—w eSi +0O(m™ )

Using Theorem 3.3.1, we can write the S, term as

yi—x dw _ (w1, wy)
g, —o " " [ g2, —10W / B2m—14 v, ez
2 (27Ti)2 / it @, w1 + (%) h] k(wllwz)
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so using the same substitutions as above, but noting that 1/ (w; + w,) = —i/2+O0(m 1),
we see that Sy = O(m=3/2). So this term is negligible and the result follows. O

Now we prove that we can replace the contours 50, C~1, CNO/ and C~1/ by Co, C1, C} and C}
with exponentially small error.

Lemma 3.9.3. Let the contours Co, Cy, C~0/ and C~1/ be as defined in Definition 3.8.2 and the
contours Co, C1, Cfy and C{ be as defined in Definition 3.8.1. Then there exists co > 0 such that,

ik ;
/ dw | dz 81 82( z) e8ik(wsz) / dw |, dz Ag) e (w, z) eSik(w2) 4 O(e—com")
¢ z—w ¢, z—w

Proof. Recall from Equation 3.6.1, Equation 3.6.2 and Equation 2.3.1 that we can write

800(w1, w2) = B (pa(w) + pa(—2))
g10(w1, w2) = B (pa(w) + qu(—2))
801 (w1, wa) = B*(ga(w) + pa(—2))
811(w1,@2) = B*(4a(w) 4 qa(—2))
By Corollary 3.7.1, there exists Ag,co > 0 for w € C’]- \ CN]', we have
|exp(B%pa(w))| < Age™ "l and | exp(B2qq(w))] < Age !?!
and for z € C; \ G, we have
| exp(Bpa(—2))| < Age 1" and | exp(B?qa(—2))| < Age !
First we show that

ik
/ ] dzf‘%?z—“;’)fz)egj,k<w,z> _ o)
A\, . —

We have

ik
/ dw dz As1,€z (w/ Z) egjlk(w,z)
NG Jg zow

< Ao/ ~e‘CO'“’Idw|/
Ci\C;j C

Note that the integrand has no singularities on these contours. By the bounds above, the
inner integral converges. By Theorem 3.7.2 we can write

i,k
A]€1,82 (w, z) B Qiztaf*(-2)) g
zZ—w

z

w=—ir+ szrl/z +0(1)

V2
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where r = |w|. Then

dw| = '—idri 12

Wi = (14+ 0~ Y2))dr

so we have

ik
[ aw [ a2l gm0
C\C; c zZ—w

<2A0/ e "1+ 0(r _1/2))dr> sup

weCj\C

ik
A]€1/€2(w/ z) eBZ(Ziz—I-txfi(—z))d
zZ—w

Z|.

C/

This is O(e~0™"). Similarly, we have

jk
AE1 e (W,2)
c\ck zZ—w

dw e8ik(W2) | — O(e*COm‘S).

The result follows. [

Putting Lemma 3.9.2 and Lemma 3.9.3 together we obtain the following theorem.

Theorem 3.9.4. Let Dél e,(a,%1,%2,Y1,Y2) be as defined in Definition 3.9.1. Let the contours

Co, Cy, C{y and C; be as defined in Deﬁnition 3.8.1. Recall the functions g;(w,z) defined in
Equation 2.3.1 and the functions A€1 ¢, (W, z) defined in Equation 2.1.7. Then

1/2 y1—x1—1 (—1)a182451¢2
8(27ti)?

ik _
DL, (a,x1,%2,y1,y2) = Bm

/dw dz Al (@, )8k(wz>+0( -1y (3.9.11)
C/ zZ—w

Proof. This follows directly from Lemma 3.9.2 and Lemma 3.9.3. O
Now we find the asymptotic behavior of the integrals EZ;I;Z (a,x1,x2, Y1, ]/2)-

Theorem 3.9.5. Let 52;’;2(11, x1,%2,Y1,Y2) for (j, k) = (0,0),(1,0) and (0,1) be as defined in
Definition 3.9.2. Then

Y1—x1— 1( 1)&182481—€2
167t

gglo‘ez(a'xlfoyl/yZ) Bm_l/z / A€1 ez(w,w)derO(m_l)
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where

(0,10) = —4(1+ (=1)2V1/2 = 20w + (-1)1VT/2 + 2iw) (39.12)

AO’O
V1/2 — 2iw\/1/2 + 2iw

€1,€2

Furthermore, we have
8,}1’982(11, X1, X2, y1,y2) = O(m™1)  and 521',182(01, X1, X2, y1,y2) = O(m™1).

Proof. From the definition of Sgilfgz (a,x1,%2,Y1,Y2) we can choose the contours yj; so that
they are at most a distance of O(m 1) from i. Then we can apply the change of variables
w = i+ B>m lw from Equation 3.3.3. Let ['jx be the image of <y in the w-plane. De-
form T so that it consits of vertical segments from the endpoints to the real axis, and a
segment along the real axis. This does not depend on m. Then using Theorem 3.4.1 and
Theorem 3.5.1 we have

dw

j,k i]/lfxlfl ],k
ggl,Sz(az xl/ x21y1/y2) - 7_[1 /)/]k ‘/“jl,gz(wla])hjlk(w/W)U

y1—x1 (_1)81821'81 —&
167t
[ (AL (w0, 0) + O 1/2)esislwmr =0l gy
T

jk

— Bm~1/2

where Aélk e,(w,z) is defined in Equation 2.1.7 and g;«(w, z) is defined in Equation 2.3.1.
We compute

4(1+ (—1)2 /172 = 20w + (—1)81/1/2 + 2iw)
V1/2 —2iw/1/2 + 2iw
(w,w) =0 and A%}

€1,€2

A0,0

€1,€2

(w,w) = —

7

Al,O

£€1,€2

Since I'jx does not depend on m, it is clear that

(w,w) = 0.

EX (a,x1,x0,y1,y2) = O(m™") and EXL (a,x1,x2,y1,2) = O(m™ ).

€1,€2

Moreover, the contour Iy is just a straight line along the real axis from 7 to —#, and we
have g o(w, w) = 0, hence

yi—x—1(_1)e1e2je1—€2  p—y
0,0 _ —1/21 (—1)c1¢24 0,0 ~1
E98,(a,x1,32,y1,2) = B/ oni ), AMa(ww)de s O,
We reverse the orientation of the contour to obtain the result. O]

Now we prove a lemma to make sense of the quantity i¥17*1(—1)1¢2{*17¢2 that appears
in many of our formulas.
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Lemma 3.9.4. Fore1,ep € {0,1}, let x = (x1,x2) € We,, ¥ = (Y1,Y2) € Be, be vertices that are
joined by an edge. Let {(x,vy) be as defined in Equation 2.1.2. Then

C(x/y) (y1—x1—1 eq—
= (1) D/2(_q)aeE—atl (3.9.13)
SRR -
Proof. Firstly, if ¢ = €3 then X(x,y) = i, and if &1 # &, then X(x,y) = 1. Recall that
Z(x,y) = (—=1)¥27%1)/2, We have

(_1)(yl_xl_l)/z(_1)8152i51_52+1€(x,y)_l (_1)(—y2+x2—1)/2(_1)€1€2i€1—€2+1

(_1)8182—£2+1i£1 —er+1

—1 if €1 =&
1 ife; # €

Now we are ready to prove Theorem 2.3.1.

Proof of Theorem 2.3.1. Combining Theorem 3.9.1, Theorem 3.9.4 and Theorem 3.9.5, we
have the following formulas. Then for —1/ V2<a<0,

y1-n—l(q)aea—E

y
— 172!
" 8(27i)2

0,0
Igl £ (ﬂ, X1, X2, Y1, yZ)

AO'O ,
X /C dw [, dz#egoﬂ(w’z)—I—O(m_l), (3.9.14)
0 0

and fora < —1/v/2,
1=l (—1)a82i8—€
8(27i)?

_1/21'}/1*?5

Igl ) (Cl, X1, X2, Y1, yZ) = Bm

400
X (/ dw dzM goo(wz) _ 2711/ AS1 e, (W, w)dw> +0(m™1). (3.9.15)
Co ch z—w
For (j, k) # (0,0) for any « < 0,

1/2 y1—x—1 (—1)a1€2451—¢€2
8(27ti)?

7k . _
1-81,82 (a/ X1, X2, ]/1/ yZ) = Bm

jik
/dw a2 202 (©2) g0 | o1y (39.16)
C’ zZ— W

Then we use Lemma 3.9.4 to finish the proof. OJ

This concludes the asymptotic analysis of I,{;’fez (a,x1,%2,Y1,Y2)-
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Chapter 4

Asymptotics of IK;& o(x,y) in local
neighborhood

In this chapter we find the asymptotics of IK;S,O(x,y), for vertices x € Wand y € Bin a
local microscopic neighborhood as @ — 1. We finish with a proof of Theorem 2.3.2.

4.1 Derivation of real integral formula

For e1,e5 € {0,1}, take w = (wy,w2) € We; and b = (by,bp) € Bg, in the same funda-
mental domain, and u,v € Z. Recall thate; = (1,1) and e; = (—1,1). Let C; denote a
contour of unit radius centered at the origin, traversed in a counter-clockwise direction.
Let K;(z,w) ! be as defined in Equation 2.2.15. From Equation 2.2.14 we have

_ 1 dz dw _
:[Ka,&,o(w’ b + 2”61 _|_ 2062) = W /C ? /C E (ICa (Z, w) 1)£1£2Zl/lwv (4.1.1)
1 1

where for convenience rows and columns of the 2 x 2 matrix K, (z, w) ~1 are indexed by 0
and 1.
Recall from Equation 2.2.13 the characteristic polynomial

Pi(z,w) = =2 — 202 —aw ' —aw —az7 ' —az,

which is the determinant of &, (z, w) and appears in the denominator of the integrand.
First we will prove some symmetry relations.
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Lemma 4.1.1. Let wy € Wy, wi € Wy, bg € By and by € By, be vertices in one fundamental
domain, and take u,v € Z. Then

IKE,_,&,O(WOIbl + 2uey +2vey) = ]K;,&O(wo,bl + 2ue; — 2vey)
= ]K;&O(wl,bo —2ueq +2vep) = ]K;’&'O(wl,bo —2ue; — 2vey)
= i][(;&o(wo,bo + 2vey 4 2uep) = i]K;,é,O (wo, bg — 2vey + 2ue;)
= i]Ka_,&,o(lebl + 2ve; — 2uey) = iIKa_,&O(wl,bl — 2ve; — 2uep) (4.1.2)
Proof. The first, third and sixth equalities follows from applying the change of variables
w — w! to the integral in Equation 4.1.1. The second, fifth and seventh equalities fol-

low from applying the change of variables z — z~!. The fourth equality follows from
exchanging the variables z and w. O

Hence it suffices to compute K;&O(wo, by + 2ue; + 2ve;) for u,v € Z withv > 0.

Lemma 4.1.2. Let wg € Wy and by € By be vertices in one fundamental domain. Take u,v € Z
with v > 0. Then we can write

1 / dz (a+z)z" wy(z)? 41.3)

K} (wo, by + 2ueq + 2vep) = ——
200 ) 2riJoy z a/(2a+a ) +z+z1)2—4

where

w(e) =3 (Yeara ) TR 4= @ara )+ G+ )

and where the square root in the denominator refers to the principal branch of the square root.

Proof. We have

Z4dz (a + zZ)w
Ko, 0(wo, by + 2uey +2vep) = Zm /C /c (4.1.4)
1 1

We can use the residue theorem to evaluate the inner integral. Note that since we have
limy, 0 wP,(z, w) = —a, the integrand does not have a singularity at 0 for any v > 0. Also
note that for a < 1, P,(z, w) does not have any zeros with (z,w) € C; x C;. We want to
find wy(z) where P;(wy(z),z) = 0 and |wy(z)| < 1 for z € C;. The quadratic formula
gives

an(z) = 3 (Va4 Era )P a- Qata )+ @+

Note that since z € C;, wehavez+z! € R. Sincea < 1and z+z~1 > —2, we have
a+a!>2andso2(a+a ')+ (z+2z!) > 2. Hence wy(z) is real for z € C;. It is clear
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that |wo(z)| < 1. Since P,(z, w) is invariant under w — —w, it is clear that the other root
of the quadratic equation is wy(z) ~!, given by

w(a) =5 (V@) G- a- Qe ta ) ).

To find the residue at wy we first calculate

aPa _ -2
%(z,w) =a(w 1)
So
1 . wo
9P, 1

SE(z,wo) B a(wy —wp)

Since we have |wg(z)| < 1 for z € Cj, this is always finite. Also note that we have

wo(z) ' —wo(z) = —v/(2(@+a1)+ (z+2z71))2 — 4. So we can write
1 / —(a+z)wdw _ wo(z) —(a+z)wy(z)"?
2rtiJo, Pa(zw) w o a(wy'(z) —wo(z)) wo(z)
(a +z)wo(z)°
a\/ (a+a )+ (z4+2z1))2-4
Substituting this expression into Equation 4.1.4 gives the required result. O

Now we will deform the contours to write this as a real integral. This requires some
care with the square root. We first consider the case where u +v > 0.

Theorem 4.1.1. Let wy € Wy and by € By be vertices in the same fundamental domain. Take
u,ve Zwithov>0andu+v > 0. Fora < 1, let

21:—(a—i—a*1—1)—|—\/(a—l—a—l—l)z—l

(4.1.5)
zy = —(a+a‘1+1)—|—\/(a—i—a—l—l—l)z—l.
Also for z € Rwith zy <z < zp let
0,(z) = % (i\/élzz —a+aVz+224+1)2—-2a+a Hz+22+ 1)) . (4.1.6)

Then we can write

(a+2) 2" (6a(2)” + 6a(2)")
K- (wo, by + 2ue; + 20ey) / dz (417
2,0,0(Wo, b1 1 2) =5 — o VA (Qata Nzt 21 (4.17)
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Proof. From Lemma 4.1.2 we have

) 1 dz (a4 z)z" wo(z)”
K, 3 o(Wo, by +2 20e7) = —/ 7
a,O,O(WO 1+ 2ueq + 062) 27ti Jo, z a\/(Z(a+u_1)+Z+Z_1)2—4

where wy(z) is defined in the statement of Lemma 4.1.2. Since z + z~! is real and greater
that —2 on the torus, we have (2(a +a~1) + (z+z71))2 —4 > 0 for z € Cy, so there are
no branch cuts on the contour of integration. Let

$a(z) = \/Z(Z(a +a1-1)+z+ z—l)\/z(2(a +al+1)+z+2z71) (4.1.8)

where these square roots are the principal branch. Note that2(a +a~ ! —1) +z4+2z71 -2
and 2(a +a~! +1) + z + z~! are both real and positive for |z| = 1. Then for z € C; we
have

¢a(z) = z\/(Z(a +a ) +z+2z71)2-4
and therefore

w0(z) = 52 (¢a(0) ~ 2l +a ) + (z+271))

for z € C;. We can extend z+/(2(a +a~1) +z +z71)2 — 4 to the disk {|z| < 1} by ¢,(z),
except where ¢, (z) has branch cuts. There are branch cuts when

z2a+a ' —1)+z+z 1) €Rgorz2(a+at+1)+z+z1) € Rep.

Ifz2@a+a'+1)+z+z!) € RthenIm(z>+2(a+a'+1)z) = 0,50 (z—2)(z+
Z+2(a+a141)) = 0. Hence either z € Ror Re(z) = —(a+a14+1) < —1. So
inside the unit disk the only branch cuts are on the real line. We find 2> + 2(a +a~! +
)z+1 < Owhen —(a+a14+1)—/(a+a1£1)2-1 < z < —(a+al+1)+
V(a+a14+1)2 —1. We have

—(a—l—a_1+1)—\/(a+a*1+1)2—1<—(a—l—a‘l—l)—\/(a—f—a*l—l)z—l

<—(a—i—a*1—1)+\/(a—l—a*1—1)2—1

<—(a+a*1+1)+\/(a+a—1+1)2—1.

For —(a+al-1)—/(a+al1-12-1<z< —(a+al-1)+(a+tal-1)2-1
the branch cuts effectively cancel. Forz < —(a+a ! —1) —/(a+a1—-1)2—-1wedo
not have |z| < 1. So the only branch cut inside the contour is along the real axis between
z = z1 and z = zp with

21:—(a+a_1—1)—|—\/(a—i—a—l—l)z—l

22:—(a+a_1+1)+\/(a—i—a—l—l—l)z—l.
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We have

dz.

K 5.0(Wo, b1 + 2ue; + 2vey) = 1 / (a+z)z" (5 (pa(z) —2((a+a 1)z +22+1)))°

2mi Jo, ada(z)
The 1ntegrand is meromorphic in the unit disk except when z; < z < z;. We can show
that (% (¢a(z) —2((a + a7 1)z + 22+ 1)))? has a zero of order vatz = 0. Since u + v > 0
and (])a( ) has no zeros in the unit disk except on the branch cut, the integrand has no
poles outside of the branch cut, and so we can deform the contour to surround the branch
cut. As z tends to the branch cut in the upper half plane, we have

$a(2) :\/Z(Z(a +a1-1)+z +z—1)\/z(2(a +al+1)+z42z71)

:i¢4ma+a4 +z+z4)¢ z2(a+a 1 +1)+z+z71)

\/2 (a4+a1Yz—-2z422+1) \/ 2@+a Yz —-2z—22-1)

= i\/4zz— 2@+aYz+22+1)2

while for z tending to the branch cut in the lower half plane we have

z) = —i\/422 —(2(a+a1)z+2241)2
Let

0,(z) = ( \/422 2a4+aV)z+22+1)2— (2(a+a1)z+zz+1)> :

So we obtain

K, 30(W0,b1 + 2uey +2vep) =

s (a+2) 2 (6a(2)° + 6ul2)')
V422 — (2(a+a 1)z 422+ 1)2
as required. O

For the case where —u + v > 0, we have a similar result.

Theorem 4.1.2. Let wyg € Wy and by € By be vertices in the same fundamental domain. Take
u,v € Zwithv > 0and —u+v > 0. Fora < 1, let z1,zp and 0,(z) be as in Theorem 4.1.1.
Then we can write

— 0

zZ —u (%

/2 atz )z 62" T0(z) ) g (419
\/422 a—i—a*l)z—l—zz%—l)z

Proof. As for the proof of Theorem 4.1.1, we start w1th the integral formula from Lemma

4.1.2. Then we apply the change of variables z — z~!. Noting that wy(z) and the denom-
inator of the integrand are invariant under this change of variables, we obtain

1 / dz (a+z7 Yz % wy(z)?
27ti Je, z ay/(2a+a 1) +z4+z1)2-4
The proof is completed in the same way as for Theorem 4.1.1. O

]Kaéo(wo, b1 + 2ueq + 2vey) =

K, 010(W0,b1 + 2ue; +2vey) =
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4.2 Asymptotics

Now we find the asymptotics of these integrals as a tends to 1 from below. First we find
the asymptotics for u = v = 0. We will use this in the computation of the asymptotics for
the other cases.

Theorem 4.2.1. Let wyg € Wy and by € By be vertices in the same fundamental domain. Let
K 3 o(Wo, by) be as defined in Equation 4.1.1. Then

aK_ 5 o(wo, by) = 411 - %Bm_l/z(— log(Bm~'/?) 4+ 210g2) + O(m ™" log m).

Proof. From Theorem 4.1.1 we have

a—+z

1 (=
K} (wo,b1) = —/ dz 421
w00(Wo.b1) ma )z \/422 — (2(a+a 1)z 422 +1)2 .
Let
5(51):/22 atz iz 4.2.2)
21 /422 — (2(a+a 1)z + 22 4+ 1)2 o

SO a]K;,(},O(wO,bl) = S(a)/ . First we make the substitution z = (t —1)/(f+ 1) and set
ti = (14 z;)/(1 — z;) to obtain
ta t—1 1
S(a):/ <a—|—t+1) dt.
g V-la+al+2)(@+a (2 - B)(2 - 8)

We split this integral into two integrals S(a) = S1(a) + Sy(a) where

b ot 1
c _ dt.
1(a) ﬁl(ﬂ—l)wﬂ4a+a1+2ﬂw+alﬂﬂ—%ﬂﬂ—ﬁ)

and

ty 2 +1 1
Sy(a) = a dt.
A /“ < +t2_1> \/—(a+a—1+2)(a+a—1)(t2—t§)(t2_t%) t

We will deal with these separately. First we look at S1(a). We make a change of variables
u = t? to obtain

g/ 1 1
o d
1@ = J, (i) J@ra )@t a - B 1)
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and another change of variables u = 3(#2 + £3) + 1 (5 — t2) 20 7 to obtain

0 Vata 12 -1
w0 [ T

Now welet§ = (a+a~! +1)~! and set y = v — 8. Then we obtain

=0 \/1—62 s
Si(a) = ————dy = —.
_1-4 yZ +1-62 2

For S;(a) we make the substitution t = t1t,/ \/ t5 — (2 — t3)y? and note that we have
t2=(a+a1-2)/(a+at)andt5 = (a+a')/(a+a"!+2) to obtain

1 -1
&w):A G_J+¥ii? 2) ! dy.
T )y (1 ) G- 2)

Recall that c = 1/(a+a~'). Let k = 2c. We can write

a—1/ J
a+a-l ,¢1—W 1—y)y

a+al-2 /1 1
atal /o<1—ky2>¢<1—k2y2><1—y2>

Sz(a

dy.

The first term is an elliptic integral. To deal with the second term we first compute

1 1 1 1
| s b vemsa—™

1 2
- () v

= [T u? - !

N ( ”¢w+nl—w—n%2

:/G% 1 1 -
1
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where we use the substitutions u = (1 + ky?)/(1 — ky?) and v = u?. Therefore, noting
thatl —k=(a+a1—-2)/(a+ a‘l) we have
a—a- T

200 = 3 / \/1—k2 1—y)dy_4

So recalling that a]Ka_,g,O(wo, by) = (S1(a) + Sz(a))/ 7 we have

1 a—a-

-1
alKa,o,o(WO’bl) 4+27T (ata1) / \/ 1_4C2 )(1 =12 )dy.

(4.2.3)

This integral is a complete elliptic integral of the first kind and its asymptotics are well
known. We find that

1 h
aK 50(wo,b1) = 7 — 5—(~ logh +2log2) + O(W*log ).
where a = 1 — h. The result follows. O

We thank Zitong Cheng for the computations to pass from Equation 4.2.1 to Equa-
tion 4.2.3 in the above proof.
We now make the following definitions. Let

: at+6 dz
o VAT — 2 +a DE+ 2+ 17

Note that S(a,z2) = S(a), defined in Equation 4.2.2, and S(a,z1) = 0. Also note that
S(a, z) is continuous in z. For z; < z < zp, let

S(a,z) = (4.2.4)

u v o v ol
g(u,v)(alz) _ Z (Qa(z) ;'Gu(z) ) _ Z ( ( )| |2+9 ( ) ) (4.2.5)

where 6,(z) is defined in Equation 4.1.6. Note that g(*?)(a,z) = ¢(*~?)(g,z), and that
g(”'v)(a,z) is real for z; < z < z5.

Below we prove a lemma that will allow us to find the asymptotics of IK,;SIO(WO, by +
2ueq + 2vey) for general u, v, from the asymptotics of ¢(*?)(a,z) and S(a, z).

Lemma 4.2.1. Let wy € Wy and by € By be vertices in the same fundamental domain and take
u,v € Z with u + |v| > 0. Then we have

Zy (

1
K. 0,0(Wo, b1 + 2ue; + 2ve;) = — <g(”'”)(a, z2)5(a,z2) — & ) (a,2)S(a,z)dz
(4.2.6)

wheregé”’v)(a,z) agg >(a z).
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Proof. Let
a-+z

- V422 — (2(a+a 1)z +22 +1)?

so S(a,z) = fzzlz r(a,z")dz'. Then from Theorem 4.1.1 and Lemma 4.1.1 we have

r(a,z)

1 /=
K, 5,0(Wo, b1 + 2ue; + 2vey) = %/ g (a,z)r(a,z)dz.
0, :

We know that ¢(*?)(g,z) is a polynomial in z for u — |[v| > 0 and z; < z < z,. Then
integration by parts gives

/Zz g(”'v)(a,z)r(a,z)dz = g(”'”)(a, 27)S(a,z2) — g(”'”)(a,zl)S(a, Z1)
21
2

_ gé”’v)(a,z) /Zr(a, Z')dz' dz
1

z Z1

_ (up) 2 (up)

= ¢\"")(a,2zp)S(a,zy) — 8 (a,2)S(a,z)dz
1

z

as required. m

We are almost ready to complete our asymptotic analysis. First we state a lemma about
the asymptotics of a particular elliptic integral which will appear in the computation of
the asymptotics of S(a, z).

Lemma 4.2.2. For —1 < z < =3+ 2+/2, let

a+aly2z(a+a1-1)+22+1
AZ:
2 1+2z

for a sufficiently close to 1 such that the argument of the square root is positive. Let k = 2¢ =
2/(a+a"1). Then

Az 1
0 /(1K) —y?)

ash — 0, wherea =1 — h and

4v2(1+z)
1—z+\/—1—6z—z7-> R(k2)

dy = —logh+log<

IR(h,z)| < A(z+1)"2h*logh+ A'(z — (=3 +2V2)) V212 + A"hlogh
as h — 0 for some constants A, A" and A" not depending on z or h.

The proof can be found in Appendix A.5.
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Theorem 4.2.2. Let wy € Wy and by € By be vertices in the same fundamental domain and take
u,v € Zwithu+ |v| > 0. Then

1 —342V2 (u,v) 1,z
“IKa_,ol,o(Wozh + 2ue; + 2vey) = _/ gLz 4o

)1 V—1—6z— 22 27
—3+2f u )
(=3 +2v2)"log2 + / (1,2)b(z)dz | h+ O(Hlogh) (4.2.7)

(1)t

hlogh

where ¢?)(a, z) is defined in Equation 4.2.5 and

1 4v2(1+ z2)
b(z) = 5 log (1 v \/m) (4.2.8)

Proof. Leta =1 — h. We start from Equation 4.2.6 and ompute the asymptotics of

(1,0) 2 (up)
g (a,22)5(a,z2) — g ' (a,2)S(a,z)dz.

Z1

First we compute

z1 = —1+V2h + O(h?)
zp = =3+ 22+ O(h?)

andz, > -3+ 2\/§ for 0 < a < 1. First we note that since from the proof of Theorem 4.1.1
zyisarootof 2(a +a~' +1)z 422 +1 = 0, we have 6,(z2) = 51 (222) = 1,50

g(”'v)(a, z) = 2§ = (=3+2V2)" + O(h?).
So from Theorem 4.2.1 we have

g (a,25)S(a,z0) = (—3 +2V/2)" (——g(—logh+210g2)>+O(h2108h)- (4.2.9)

For the integral term in 4.2.6, note that gé”’v) (a,z) is a polynomial in z,z™ ", a and a1,
and S(a, z) is continuous on [z1, zp| with S(a,z1) = 0, so the integrand is continuous and
evaluates to zero at the lower limit. Also note that the integrand r(a,z) is positive on
(21,22),50 S(a,z) < S(a,zp) < 7/4 for h sufficiently small. Also ¢(“?)(a,z) is bounded in
a for a in a closed interval not containing 0 and z in a closed interval not containing 0. So,
since —3+2v2 < zyand zp = -3+ 2v2 + O(h?), we have

1

’/34—2\[ (a,2)S(a,z)dz| = O(K?)
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and so

—342V2
” g0 (a,2)8(a, 2)dz = / 8" (a,2)S(a,z)dz + O(H?) (4.2.10)
1

z 21

Since ¢("?)(a,z) is a function of a +a~1 = 14 O(h?), we see that gé”’v) (a,z) = ggu’v) (1,z)+
O(h?). We must find the asymptotics of S(a,z) as h — 0. To do this we follow the same
procedure as in the proof of Theorem 4.2.1, but keeping track of the upper limits in each
integral. We use Lemma 4.2.2 to deal with the elliptic integral. We omit the details. We

find that for z; < z < —3+2v/2,

1 1 (AV2z+3(1+2)V-1—62—22 . (1+2)? _
_ (s 1 1 1
S(a,z) 2( tan ( 3121137 + sin e +2tan"1 V2
h 4/2(1+z2)
+ = | logh —lo +T(h,z
2( & gl—z—{—\/—1—6z—zz> (h,2)
where

IT(h,z)| < C(z4+1) 2k logh + C'(z — (=3 +2v2))V21% + C"1*log h
as h — 0 for constants C,C’, C". We write

hlogh

S(a,z) = byo(z) + +by(z)h+ T(h,z).

Combining this asymptotic expansion with Equation 4.2.10, and integrating the parts of
T(h,z) that depend on z, noting that z; +1 = O(h), we have

hlogh

22 (u,0) ~3+2V2 (u,0)
025tz = [ 6,2 (le) +
1

Z1

+ bz(z)h) dz+O(h*logh)

zZ

We look at these terms one-by-one. Clearly since géu’v)(l,z) is a polynomial in z and

z~ 1, it is bounded with bounded derivative on [~1, —3 + 2\/5] Firstly, we can show that
bo(z) is bounded on [—1, —3 + 2/2] with bounded derivative on [—1,z;]. Furthermore
bo(—1) = 0. Hence

21 (u,v) o 2
o S (1,2)bo(z)dz = O(h7)
SO

T2 () O [TERV2 ) >
80 (1,2)b (2)dz = &) (1,2)bp (2)dz + O(R).

Z1 -1
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For the order /1logh term, we have

hlogh

323 ()
/ % (1,22)hloghdz _ (g(u,v)(L —3 4 2\/5) _ g(u,v)(ll Zl))
71

= (-3 +2v2)" - (~1)w+e) BT

+ O(K*logh)
noting that g(*?)(1,z;) = z4(—1)°.

For the the order & term, we calculate that b,(z) = O(log(1 + z)) as z — 1. From this
we can show that

/ " ) (1, 2)by(2) dz = O(hlog h).
~1

Putting these together, we have

N gé )( z)S(a,z)dz = /_3+2\/§g§”’v)(1,z) (bo(z) + ba(2)h) dz

-1
hlogh
2

Z1

+ (g9 (1, 2) — (—1)4+7) +O(h*logh) (4.2.11)
We can now simplify this further by using integration by parts again on the constant term.
We have

dby 1

E(z) = \/m = 7’(1,2)

Then

/ _Mﬁgé”'”)(l,z)bo(z)dz=g<”'v><1,—3+2ﬁ>bo< 3+2v2) — g")(1,—1)by(-1)

-1
—342V2 (u,0)
_ / g (1’ Z) dZ

-1 V—1—6z—22
N L A Tl
4 -1 —1—6z—z2

(4.2.12)

We are unable to simplify the order & term in the same way, as by(z) is undefined at
z = —1. Combining Equations 4.2.9, 4.2.11 and 4.2.12 we have

. —3+2v2  (u0)
(12) R B UL
g uo (a, Zz)S(ﬂ, ZZ) 2 82 ( )S(a,z)dz o /1 \/mdz

(_1 u+ov

M

—3+42V2
hlogh— ((—3 +2v2) log2 + / 1 g (1,z)b2(z)dz> h+0(hlogh).
(4.2.13)
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By Equation 4.2.6 to find alKa_/&o (wo, b1 + 2ue; 4 2vey ) we just divide this by 77, then noting
that b(z) = by(z), the proof is complete. O

We can prove a similar result for when —u + |v| > 0.

Theorem 4.2.3. Let wy € Wy and by € By be vertices in the same fundamental domain and take
u,v € Zwith —u+ |v| > 0. Then

IK;,(l),O(WOIbl +2uey + 2vey) = — dz

T J-1 V—1—6z—22

3+2v/2

: / v gt )

(_1)u+v

1 J—
+-———hlogh+ p <(—3—|—2\/§)_”_1 log2—|—/
-1

e gé“'”(l,z)b(z)dz) h
+O(h?logh) (4.2.14)

where g7 (a,z) is defined in Equation 4.2.5 and b(z) is as in Equation 4.2.8.

Proof. From Theorem 4.1.2 we can write

2 (z+a )z (0a(2)° + 6a(2) )

1 V422 — (2(a+a )z +22+1)2

In the same way as Lemma 4.2.1 we can write

1
K, 5,0(Wo, b1 + 2uey + 2ve;) = o / dz  (4.2.15)
z

1
K 5,0(Wo, b1 +2ue; +20ep) = = <g(”1”’)(a, 2)8(a" 1, zp)

%2 (—u—1,0) -1
— ) (a,2)S(a"",z)dz | (4.2.16)
21
We find that breaking down S(a~!,z) as in Theorem 4.2.1, the elliptic integral term has
the opposite sign from S(a, z), which is responsible for the order & and hlogh terms in the
asymptotic expansion. So we have

S(a™1,z) = 4 E(— logh + 2log2) + O(h*logh)

4 2
and 2 los h
S(a~L,z) = by(z) — ‘;g — by(2)h + O(K*logh).
The theorem follows from Theorem 4.2.2 by changing the signs of the order & and hlogh
terms and replacing u with —u — 1. O

Now we prove some relations between the coefficients in these asymptotic expansions.
We write

]Ka_,g,o(wo, by + 2ue; +2vey) = so(u,v) + 51(u,v)hlogh + s2(u,v)h + O(h*logh). (4.2.17)
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Lemma 4.2.3. Let so(u,v), s1(u,v) and sy(u,v) be as in Equation 4.2.17. Then for all u,v € Z
we have:

1. si(u, —v) =si(u,v) fori =0,1,2.

2. so(—u—1,v) =sp(u,v)

3. s1(—u—1,v) = —s1(u,v)

4. sp(—u—1,0) = —sp(u,v) + so(u,v)

Furthermore, we have
so(u+1,v) = —sp(u,v) +so(u+1,0).

Proof. The first relation is clear from Lemma 4.1.1, where we show that I[(;&O(wo,bl +
2uey +2vey) = IK;,&O(WO, by + 2ue; — 2vey). From Theorems 4.2.2 and 4.2.3, we have

132 gt if i >
so(u,v) = ! Vol e =20 (4.2.18)
ol Bl SURLITE PR -
-1 et HEsU
(_1)u—|—v
— A 4.2.19
Sl(u/v) 27 ’ ( )

and

—1((-3+2v2)"log2+ [Vl (1, 2)b(2)dz

_ —342v/2  gmo)(1, .
so(u,v) = -5 \/g_l_—(Ti)zde> ifu>0

L((-3+2v2) " o2+ [ - 312V2 o= (1, 2)b(z)dz) ifu <0,

noting that there is a factor of a on the left hand side of Equation 4.2.7 but not Equa-
tion 4.2.14. Relations 2—4 in the lemma are clear from these formulas.
For the final relation, we note that géwr v)(l z) = L(zg0)(1,2)) = ¢go)(1,2) +

zgé”’v) (1,z) and )

—1—6z—22

A 14 2)b(z) =

dz( +b(z).
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We compute

3422 —3+2v2
[ e+ [ g (1,2)b()d

—3+2v2 (1) —3+42V2
:/ Uﬁ¢kﬂ”LﬂMﬂﬂ+/‘ 20 (1,2)b(2)dz
-1 -1

~ [+ g, z)]

—3+2v2 -1
(u,0)
Jr/1 (\/—1—62—22 +b(z)) & (L 2}z
—3+2v2
+ /1 g (1,2)b(z)dz

—3+2V2 (u,0)
= —(-242V2)(-3+2v2)"log2 - | gLz 4,
-1 V—1—6z—22

Also we have
(=3 +2v2)" M log2 + (=3 +2v2)"log2 = (-2 +2v/2)(—3+2v2)"log 2.

Putting these together we see that for u > 0, we have

1 r-3+2v2 o(u+lo) 1,

=so(u+1,0)

as required. For u < —2, we have
so(u+1,0) = —sp(—u—2,0) +so(u+1,0)
=sy(—u—1,0) —so(—u—1,v) +so(u+1,0)
= —sp(u,v) +so(u,v) —so(—u —1,v) +so(u+1,0v)
= —sp(u,v) +sg(u+1,0)
Now all that remains is the # = —1 case. Relation 4 followed by 2 gives s5(0,v) =

—s3(—1,v) 4+ s0(0,v) as required. This proves the lemma.
U

Now we prove some corollaries.
Corollary 4.2.1. Let sy(u,v) be as defined in Equation 4.2.17. Then for all u,v € Z we have
so(u,v) = sp(—u—2,0).

Proof. From the lastrelation in Lemma 4.2.3 wehave sy (1 +1,v) = —sp(u,v) +so(u+1,0)
and from relation 4 we have sp(u +1,v) = —sy(—u —2,v) +so(u + 1, 7). Combining these
proves the corollary. O
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Corollary 4.2.2. Let so(u,v) and sy(u,v) be as defined inEquation 4.2.17. For u # 0, we can
write

|u+1]—1 '
sa(u,v) = (=1)" < Y. (=1)'so(i,0) +52(0,U))

i=1

Proof. For u > 0, we use the relation s;(1,v) = —sy(u — 1,v) + sp(u,v) repeatedly to
obtain

so(u,v) = (=1)" (f(—l)iso(i,v) —1—52(0,0)) .

i=1
The u < 0 case follows from Corollary 4.2.1. O]

We can use this to write s, in a more symmetric form.

Corollary 4.2.3. Let sy(u,v) be as defined in Equation 4.2.17. For u,v € Z, we can write

(= perave (TN (01(2)7 + 1 (2) )
so(u,v) = - (/1 ( ;) (—2) Wi g dz

—3+2v2
“log2 - / ggo'”)(l,z)b(z)dz> (4.2.20)
1

where

01(z) = 21—2 (i\/422 — (4z+22+1)2— (4z—|—zz+1)) ,

g1,z = 22" _916 <(> ) )61 (2)

and b(z) is defined in Equation 4.2.8.

Proof. We start from Corollary 4.2.2, and substitute the formulas for sy (7, v) and s,(0, v)
stated in the proof of Lemma 4.2.3, and the definition for g(”'v) (1,z) from Equation 4.2.5,
to obtain the formula in the statement of the corollary. It is clear that this formula also
holds for u = 0. 0

Now by Lemma 4.1.1, we can find the asymptotics of ]K;/&/O(wgl, be, + 2ue; + 2vey) for
€1,€2 € {0,1} and u,z € Z. In the following lemma we collect these formulas together
for IK;I&/O(x,y) where x € Wand y € B.

Lemma 4.2.4. Take x € Wand y € B. Write y — x = pey + gep. Let {(x,y) and X(x,y) be as
defined in Equations 2.1.2 and 2.1.3 respectively. When p is odd and q is even, define

co(per +qe2) = so((p—1)/2,q/2),
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c1(per +qex) = (=1)P17 V251 ((p — 1)/2,9/2),
and

1
ca(pey + gep) = (—1)(P—a-1)/2 <Sz((p ~1)/2,q/2) = 550((p - 1)/2,q/2)) :
When p is even and q is odd, define

ci(pe1 + ge2) = ci(ger + pe2)
fori=20,1,2. Then

K;&,o(xrl/) =5 <Co(]/—x)+co(y—x)h/2

(x,y)
+C(x,y)(c1(y — x)hlogh + co(y — x)h)) + O(h*logh).
Proof. First we note that for w,, € We; and b, € B, in one fundamental domain, we have
by —wg=e¢e1, bp—wy = —e1, bp — Wy =¢, and b; —w; = —ey.

Now suppose that p is odd and g is even, so X(x,y) = 1. Then either x € Wy and y € B;
or x € Wy and y € By. In the first case we have

K, 00(%y) =K, 3 o(Wo, b1+ (p — 1)er + gea)
=s0((p—1)/2,9/2) +s1((p —1)/2,q/2)hlogh
+5((p—1)/2,9/2)h + O(h* logh).
In the second case we have
Ko 00(% ) =K, g (w1, bo+ (p+ 1)er +ge2)

= ]K;,(%,O(W(),bl —(p+1)er +4ge2)

=so(—(p+1)2,9/2) +s1(—(p+1)/2,q/2)hlogh
+82(—(p+1)/2,9/2)h + O(h*logh)

=so((p—1)/2,9/2) —s1((p — 1)/2,q/2)hlogh
—s2((p—1)/2,9/2)h +s0((p —1)/2,9/2)h 4 O(h*log h)

where we use Lemma 4.1.1 in the second line and Lemma 4.2.3 in the fourth line. Now
note that for x € Wy and y € By we have {(x,y) = (—1)(P~971)/2 and for x € W; and y € By
we have {(x,y) = (—1)(P~9-1/2, S0 we can write

1
K, 50(xy) =so((p—1)/2,q/2) + 550((p—=1)/2,q/2)h

() (~1) a2 (s1<<p ~1)/2,4/2)hlogh

+(al(p = 1)/2.9/2) = 3ool(p = 1)/2,0/2)1) + O g ).
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Now suppose that p is even and ¢ is odd, so X(x, y) = i. Then either x € Wp and y € By
or x € Wy and y € By. In the first case we have
Ko o0(x ) = Kgg0(wo, bo + per + (g — 1)e2)
= —i]Ka_,ollo(Wozbl + (g —1)eg + per).

In the second case we have
K, 00(xy) =K, (w1, b1+ per + (9 + 1))
= —i]Ka_’&’O(wl,bo + (g +1)eg + per).

In the first case we have {(x,y) = (—1)P~9+t1)/2 = (—1)(@=P=1)/2 and in the second case
we have {(x,y) = (—=1)(P=9-1/2 = (—1)(@—p- 1)/2 So we can write

. 1
IKa_,ol,o(x/y) = 1 (50((q -1)/2,p/2) + ESO((Q —1)/2,p/2)h

() (~1)a P2 <S1((q 1)/2,p/2)hlogh
+o2((0-1)/2,p/2) ~ Ssol(g - 1)/2,p/2))h)> +O(I? logh).

Comparing with the definitions of ¢;(pe1, .2) we see that we have proved the result.
O

Now we are ready to prove Theorem 2.3.2.

Proof of Theorem 2.3.2. We need to show that the definitions of c;(pe; 4 ge;) in Lemma 4.2.4
agree with those in Equations 2.3.6-2.3.8. We start from Lemma 4.2.4. Firstly, note that
S (l,z) = z'k(®). Consider p odd and g even. The case p even and g odd follows
immediately from this case.

For cg, by Equation 4.2.18 we have

—342V/2 g(\P|/2—1/2/U) (1’ Z)

1
= — d
co(pe1 + qe2) n/_1 =

from which Equation 2.3.6 follows.
For c1, by Equation 4.2.19 we have

_1)(p*1)/2+q/2 1

cr(per +gez) = (~1) 02 EDT T L
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For ¢y, it is a little more complicated. By Corollary 4.2.3 we have

ca(per +gez)

N (p—q-1)/ (—1)p-1)/2 —3+2V2 |P+1|/2—1_ N (61(2)72 + 0,(2)7972)
_(1)pq12< - /_1 i;o(z) P gy dz

~3+2v2 1 -3+2v2 o(l(pl/2-1/20) (1
_ (0.4/2) _ _/ 8 (1,2)
log2 /_1 &2 (1'Z)b(z)d2) 2 ) —1—6z— 22 &

_ (=2 (/—3+2\/§ ('“12/:21(_2)1') k(@) (z) dz —log?2

& -1 i=0 1—6z—22
e =3+2v2 (—1)(p=1)/24lpl/2-1/24(2)
_/ g§014/2)(1,z)b(z)d2_1/ (-1) z Koz
B 2J V-7

from which we can show the formula in Equation 2.3.8 by considering p > 0 and p < 0
separately. This completes the proof. O
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Chapter 5

An experimental study of two-point
correlation functions of mesoscopically
separated dimers

In this chapter, we do an experimental study of two-point correlation functions of dimers
e and ¢’ along the leading diagonal in the third quadrant, which are a microscopic distance
of order m'/? both from the center of the Aztec diamond and from each other. We make
a conjecture for the two-point correlation functions in the mesoscopic limit, and compare
this to experimental results. As in previous chapters, we use the Kasteleyn method.

5.1 Conjecture and sketch proof

We look at the inverse Kasteleyn matrix K; ! (x,y) for x = (x1,x3) € We, and y = (y1,y2) €
B, with asymptotic coordinates ay, ay as in 3.1.1 with ay # ay.

We define the following double integrals. These extend the definitions in Equation 2.1.8
and 2.1.9 to when a, # ay.

0,0
I (ax, &y, €1, €2) = /Co dw . dz %%expwz(—zi(w —z) +acf (w) —ayf (2))),

A0 (o o
IZ(“x,le,Sl,sz) :/ dw dZM
Co ¢, i(z—w)

A% (w2
I (ax, ay 1, €2) =/ dw dzM
Ci cy i(z—w)

A‘},Ilﬁ (wlz)
I L0y, €1, = d dz —172% " 7
4oy, 0y, €1,€2) /C1 w . z i(z—w)

exp(B?(—2i(w — z) + ax f~ (w) + ayf(2))),
exp(B*(—2i(w — z) + ax f+ (w) — ay f~(2))),

exp(B*(—2i(w — z) + ax f+ (w) + ay f 7 (2))),
(5.1.1)
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where the functions A{glk ¢, (w, z) are defined in Equation 2.1.7 and the contours are defined
below. When either ay < —1/+/2 or ay < —1 /+/2, we also define the single integral

1+ (=1)2y/1/2 = 2iw + (—1)81/1/2 + 2iw
Io(ax, 0y, a,€1,€2) = / : .
pe V1/2 —2iw/1/2 + 2iw

dw. (5.1.2)

The contours Cy, C), C1, C; and 7y are defined as follows. Again, they are basically the
same as for the a, = a; case.

For —1//2 < ay < 0, let Cy be the steepest descent contour for —2iw + a, f~ (w) that
is contained in the negative half plane and passes through the saddle point w = —7.

For ay = —1/+/2let Cy be the steepest descent contour for —2iw + a, f~ (w) that passes
through the saddle point w = 0 and enters the negative half plane at angles of —7t/6 and
—5mt/6.

For ay < —1/+/2, let Cy consist of the steepest descent contour for —2iw + ayf~ (w)
that starts from the branch cut i(1/4, o), passes through the saddle point w = —# and
goes to infinity in the third quadrant; the reflection in the imaginary axis of this contour;
and a contour that goes around the branch cut i(1/4, o).

For —1/v2 < ay < 0, let C}, be the steepest descent contour for 2iz — ayf~(z) thatis
contained in the positive half plane and passes through the saddle point z = 7.

For ay = —1/ V2 let C}) be the steepest descent contour for 2iz — ay f~(z) that passes
through the saddle point z = 0 and enters the positive half plane at angles of 7t/6 and
5m/6.

For ay < —1/+/2, let C}y consist of the steepest descent contour for 2iz — a, f ~(z) that
starts from the branch cut i(—co, —1/4), passes through the saddle point z = # and goes
to infinity in the second quadrant; the reflection in the imaginary axis of this contour; and
a contour that goes around the branch cut i(—oco, —1/4).

Let C; be the steepest descent contour for —2iw + a, f*(w). This passes through w =
—1n’ and goes to infinity in the negative half plane.

Let C{ be the steepest descent contour for 2iz + a, f(z). This passes through z = 7’
and goes to infinity in the positive half plane.

Note that for ay = ay, C}, is the reflection of Cy in the real axis, and Cj is the reflection
of C; in the real axis.

When either oy < —1/+/2 or ay < =1/ V2, let the intersection points of Cy and C(’] be
denoted £y with Re(p) > 0. Let y be the contour composed of straight lines from —u to
—Re(p) to Re(p) to p.

In the limit as m tends to infinity with a = 1 — Bm~1/? we make the following conjec-
ture for the entries of the inverse Kasteleyn matrix K, ! when ay # a,,.
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Conjecture 5.1.1. For —1/V2 < ay, ay < 0,ifx = (x1,x2) € Wey and y = (y1,Y2) € Be,
with €1, € € {0,1} we have

K;l(x,y) Bm— 1/25((9; :;)) ((_ %KO(\/EBZ‘“y _“xl)

+ (e2 — 1) sgn(ay — Dcx)ﬁKl(mBZMy — ocx|)>
+ p(az, fxy,sl,ez)> +o(m~?) (5.1.3)

and for ay < —1/V2o0r ay < —1/+/2 we have

- _p —1728(%Y) 1
) = B 2 S K(V2B iy — )

+ (€2 — £1) sgn(ay, — (xx)ﬁKl(\/Elezxy - (xx])>

+ IO((XX/ (Xy, €1, 82)
47

+ P(ax, wy,el,ez)> +o(m~?) (5.1.4)

where

1

(ax, ay, €1,€2) = 2

——5 (I (ax, a0y, €1, €2) — I (aty, a0y, €1, €2)
— Ig(lxx, ny, €1, 82) + I4(0(x, ocy,sl,sz)). (5.1.5)

We provide a sketch proof of this conjecture. The reasoning is complete, but a rigorous
error analysis is lacking.

As for the case covered in Chapters 2-4 where a; = «y, we start from Theorem 2.2.1
and Theorem 2.2.2. .

We conjecture the following asymptotics for the integrals Ié’llfgz(a, x1,%2,Y1,Y2). The
derivation of these formulas is essentially the same as for the case where a, = ay, but we
do not provide rigorous error bounds.

Conjecture 5.1.2. Forn =4mand 0 < a < 1, take x = (x1,x2) € We,, y = (Y1, Y2) € B, with
e1,€0 € {0,1}. For —1//2 < ty, 0y <0,

— 0,0
0,0 _ G(x,y)Bm 12 / Agre,(w,2) 80,0(w,z) —1
ZSl €2(a,x1/x2/y1/y2) - 8(2 )22 x y CO dw CI d —i(z_w) e +O(m ),

(5.1.6)
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and when oy < —1/\/§0rzxy < —1/v2,

I20 (a,x1, 2,51, y2) = ((27”; (x, )

i(z—

AOO
X (/ dw | dz—2=2 )) g00(w72) 27T/Ag1 e, (W, w)dw> +0(m™). (5.17)
Co ch

For (j, k) # (0,0) for any « < 0,

ik Z(x, y YBm~1/2 (w,z)
Iéll,SZ (al X1,X2, ]/1/]/2) ZZ x y / dw C/ dz ;1;2_ '(,U) g]k(w Z) + O( ) (518)

where we have

800(w, z) = B*(=2i(w — z) + axf~ (w) — ay f~(2))

g10(w,z) = B (=2i(w — z) + axf~ (w) + ayf T (2)) (5.1.9)
g01(w,z) = B (=2i(w — z) + ax f " (w) — ayf~(2)) o
g11(w,z) = B*(—2i(w—z) + axf T (w) + ayf T (2))

For the asymptotics of ]Ka_,ol,o((xlf x2), (y1,Y2)), we start from Equation 2.2.14. We note
that if x = w, we can write y = b + 2ue; + 2vep for some b in the same fundamental
domain as w, with u ~ 2Bm!/2(a; — ay) and v = O(1). We repeat Theorems 4.1.1 and
4.1.2 for convenience below.

Theorem (Theorems 4.1.1,4.1.2). Fora < 1, let

zlz—(a-i—a_l—l)—i—\/(a—l—a*1—1)2—1

zzz—(a+a*1+1)+\/(a+a*1+1)2—1.

Also for z € Rwith z1 < z < zp let

0,(z) = % (i\/422 —(a+aVz+22+1)2—-2@a+a Hz+22+ 1)) :

Let wg € Wo and by € By be vertices in the same fundamental domain.
Foru,v € Z withv > 0and u + v > 0, we can write

/ a+z " (0a(2)° +0a(2))
27a Jzy (/422 — (2(a+a1)z + 22+ 1)?
Foru,v € Z withv > 0and —u + v > 0, we can write

(a+z )z " (0u(2)° +6(2)) |
V422 — (2(a+a 1)z +22 4+ 1)2

Ko, 0(wo, by + 2ue;y +2vep) =

dz  (5.1.10)

(5.1.11)

k%)
]KaOO(WO’bl + 2ueq +20€2) 5 (Z/
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Since we have my = 0,(z) 77, Equations 5.1.10 and 5.1.11 are invariant under v <>
—v. Using the same method we can also find the following formulas for ]K;,&IO(WO, by +
2ue1 + 2vey) that are more useful for our asymptotic analysis.

Foru,v € Zwithv > 0and u + v > 0, we can write

— 0 —F0v+1

1 2 —i(a(0,(z)” + 6 0,(z)"*1 + 0 u
K o(Wo, b +2ue; +2vey) = / Ha(0a(2)” +6(2) ) & Ba&)"" +6ulz) )z dz
w7 2mta Jz V422 — (2(a+a 1)z + 22 +1)2
(5.1.12)
Foru,v € Z withv > 0and —u + v > 0, we can write
]Ka_,&o(wo, bo + 2ueq + 2vep)
—0 v—1

1 /22 —i(a(02(2)° + 04(2) ) + (02(2)° "1 + 04(z)

_ )2 (5113)
27ta Jz V422 — (2(a+a 1)z +22+1)2 o

From Lemma 4.1.1 and Equation 3.1.1 we see that it suffices to compute the asymp-
totics of Equations 5.1.10-5.1.13 in the limit u ~ Bm!/?a with « fixed as m — co. Here
o= E(ay — ay).

Leth = Bmn~2s0a=1—hand u ~ B?h~'a. We make a guess for these asymptotics
by using the substitution z = hx — 1, expanding the integrand and limits of integration,
and keeping only leading order terms. This leads to the following conjecture.

Conjecture 5.1.3. Let K, (x) denote the modified Bessel function of the second kind. Then we
have

-1 u-+v 1 1
IK;,&,()(WOIbl + 2uey + 2vey) = h% (—EKO(\/EBZMD + sgn(oc)EKl(\/EBZMD)

+o(h) (5.1.14)

and

_1\u+v
K 3.0 (Wo, bo + 2uey 4 2vey) = h% (—%KO(\/EBHM)) + o(h) (5.1.15)

ash — O withu = B2h'a +O(1) € Z, withv € Z and a # 0 fixed.

Remark 5.1.1. In [29], these asymptotics were proven rigorously using a different method
for the case v = 0.

Furthermore, we can show that if x = w and y = b + 2ue; + 2ve; with w € W and
b € B in the same fundamental domain, then (—1)**? = {(x,y). Using this fact together
with Lemma 4.1.1 and Conjecture 5.1.3, we obtain the following conjecture.
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Conjecture 5.1.4. For x = (x1,X2) € W, and y = (y1,y2) € Be, with e1,e2 € {0,1} and
ay, oy < 0 with ay # &y, we have

_ _ X, 1
Kio(w) = B 2000 (L Ko(VEBay — )

+ (2 — €1) sgn(ay — ax)LKl(\/EBZMy - ocx|)> +o(m~?) (5.1.16)

V27

Putting together Conjectures 5.1.2 and 5.1.4 we obtain Conjecture 5.1.1.

5.2 Numerical study of K (%,o(x/ Y)

For the numerical parts of the paper we will take B = 1.

We numerically verify Conjecture 5.1.3 by using Mathematica to numerically evaluate
the integral given in Equation 2.2.14, and comparing to the conjectured asymptotics. In
Figure 5.1 we plot (—1)”*”11(;/3/0 (wo, by + 2ueq + 2ve;) against h(—1)"+%(—Ko(v/2B%x) /2 +
sgn(a)Ky(v/2B%x)/~/2)/ 7, and in Figure 5.2 we plot (—1)”+U]I<;(%,O(wo, by + 2ue; + 2vep)
against ih(—1)“+?(—Ko(v/2B%«))/2) /7, where h = 1 —a and & = hu, for a = 0.999 and
a = 0.875,withv = —2,—1,0,1 and 2. The latter value of a = 0.875 is what we use for the
simulations in Section 5.3. The range of « shown here is [—1, 1].

We see that for a = 0.999, the conjectured asymptotics agree closely with the exact
integral, but for 2 = 0.875 there are some fairly large discrepancies in some of the plots.
Unfortunately we are not able to run simulations large enough that this error is negligible.
As a result, in the next section, we will present two-point correlations corresponding to
pairs of dominos where the discrepancy between the exact value of H(;&O(x,y) and the
conjectured asymptotics are not too big, as in Figures 5.1h, 5.2g and 5.2h.

5.3 Comparison with simulations

We used Markov chain sampling to produce a large number of sample tilings (which
are in bijection with dimer configurations) from the correct probability distribution. We
used the source code developed by Keating and Sridhar [24] described in [25], with some
modifications. We ran our code on a GTX 1080 Ti GPU.!

Here we will show the experimental two-point correlations for pairs of dimers along
the diagonal with one fixed and one variable, for some different types of dimers.

I This research used the Savio computational cluster resource provided by the Berkeley Research Com-
puting program at the University of California, Berkeley (supported by the UC Berkeley Chancellor, Vice
Chancellor for Research, and Chief Information Officer).
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O%ﬂl) 0%]10 O%ﬂﬂ
,‘0005 ',Konos j ,l{ooos
-0.0010 // -0.0010 // -0.0010 //
-0.0015 / -0.0015 / -0.0015 /
(@a)a=0.999,v=-2 (b)a =0.999,v = -1 (c)a=10.99,v=0
o;’awo— 0?610,
,60005— /60005,
-0.0010} // -0.0010 //
-0.0015 / -0.0015 /
(d)a=0999,v=1 (e)a=0.999,v=2
(fla=0.875,v= -2 (g)a=0.875v= -1 (h)a=0.875,v=0
(i)a=0.8750v=1 (G)a=0.8750v=2

Figure 5.1: The blue line shows (1 — a)(—1)“t?(—Ko(v2B%x)/2 +
sgn(a)K;(v/2B%x)/+/2)/ and the orange points show (—1)”+”]I<a_,&,0(w0,b1 + 2ue; +
2vey), both plotted against o, where « = (1 — a)u, for various values of a and v.
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\(0\0002— //’ \\0\;002;» //,/ \Yi:oz— //,/
mﬁﬁoa— / -0 03:» -0.0003
-0 UOX/ -0 OO\4§/ -0 D(XA— /
-0.000% -0 ooow -0 noo\—/
(@)a=0.999,v=-2 (b)a =0.999,v = —1 (c)a=0.999,v=0
A \*3 0002 // ’ N \—\o 0002 /, 4
o&)\o\s // 0.0
(d)a=10999,v=1 (€)a=0.999,v=2

Figure 5.2: The blue line shows (1 —a)(—1)*"°(—Kq(v/2B%x))/2)/m and the orange
points show i (—1)”+UII<;3,0(W0, bo + 2ue; + 2vey), both plotted against «, where a =
(1 —a)u, for a = 0.875 and various values of v.
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To simplify notation, we make the following definition. Take x = (x1,x2) € W, and
y = (y1,42) € B, with ey, 5 € {0,1}. For —1/v/2 < ay, ay < 0 define

1
Geqen (“x/ “y) = ( - EKo(\/EBzwy — Dcx|)

1
+ (82 - 81) Sgn(“y - ‘Xx)EKl(\/ileay - ‘XXD) + lP(D‘xr &y, €1, 82) (56.3.1)
and for ay < —1/V2 or ay < —1/+/2 define

1
Geqen (lxx/ “y) = ( — EKO(\/EBZMy — Déx|)

+ (€2 — £1) sgn(ay — ax)ﬁKl(\/Elezxy — (xx])>

I 7 7 7
T
Then Conjecture 5.1.1 can be written
— — x/ —
K y) = B 2850 0wy 4 o(m 172, (5.3.3)

Z(x,y)

Now consider two edges e = (x,y) and ¢ = (X, ) with x,X € Wand y,j € B. Recall
that the two-point correlation p(e, ) between these two edges [28] is given by

p(e,) = Ka(y, )Ka(7, %) (K (x, K (%, §) — K ' (6, KT (T y)),

and the covariance between the two edges is given by

cov(e,e) = p(e, ) — p(e)p(e) = —Ka(y, x)Ka(7, )K" (x, 1) K7 (%, y)

where p(e) is the one-point correlation function of e, i.e. the probability that a randomly
chosen dimer configuration contains edge e. We compare the experimental covariance
between edges to our conjectured asymptotics.

Suppose e = (x,y) and ¢ = (X,y) with x € We,, X € Wg; and y € Be,, ¥ € Bg;. Suppose
further that these dimers lie near the diagonal as in Equation 3.1.1. Let « be the asymp-
totic coordinate of x and y, and let « be the asymptotic coordinate of X and y. We recall
that K, (v, x) = X(x,y) + O(h) where h = 1 — a. Then from Equation 5.3.3 we have the
conjecture

cov(e,E) = ~Bn ! S o )R, ) 08 8,0 + o),
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/ \ 041 04+

%27 — goola,) ¥l — qulaa)
N Q. \ qoi(a,&) qot(a,&)
AL ‘

/\\
E 7 - ] - - qio(Q,@) }/ S ~ = = A qro(a,@)
€\V/\§/\\/ ST —1 anlad) DNF — en(ad)
—02} 0.2}
—04l ~olal
6

@a=-3 (b) & = —0.

Figure 5.3: Plots of g¢,¢, (%, &) against « for fixed @ and €1, & € {0,1}.
We can show that qOo(DC,bZ) = qOo(bz, 06), qn((x,bi) =qn (&,zx), Jo1 ([X,b?) = qlo(b?,zx) and
g10(e, @) = qo1(, ). In Figure 5.3 we plot these quantities for &« = —3, —0.6.

Let ~
(00, 50) = SRS e L),

which takes values in {—1,1}. For our simulations we take B = 1, and plot the exper-
imental covariances against the theorized asymptotic covariances. We fix a and take a
increasing from —6 to 0. We use a size of n = 256, and present results for x = —3 and
& = —0.6. We present results for the six pair of types of dimers shown in Figure 5.4. Plots
of the experimental covariances against —m~!s(x,y, X, §)qe,5 (%, &)qse, (&, &) are shown
for x = —3 in Figure 5.5 and for « = —0.6 in Figure 5.6. We see that the conjectured
leading order covariances agree well with experiment when « is sufficiently far from «.
As discussed in Section 5.2 and illustrated in Figures 5.1-5.2, we would not expect very
good agreement when « is close to « for tilings of this size.
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PN SO RN
Ny N\ SNy N\ NN\
./\/;\./\ NN N 2 WO NN
SNy N\ Ny SN N\ N\ /N /\/ Ny’
NN N\ NN\ NN\ N\
N N\ Ny AV AYE N
N N A\./ NV NG N\
\o'/\/ NS\ N7

(@e1=1e=0e=1e=0(0)e =16=0,&=06=1(c)e=0,e=0=1a=1

P \o/a o N\ /:\o o \o/a
NN AN\ VAN
W N W WZAN NN N
NN Ny NN\ VYNV N
N AN NN NV AN
N A VaYaE N NN
N\ NN\ N O\
N N NN\

(d) & = 1182 = ]-/gi = Olé\é = (e) €1 :0182 :Olé\i = OISE =0 (f) & = 1182 = 1151 = 1/5& =1
0

Figure 5.4: Six different choices for ¢, shown in navy, and ¢, shown in orange. Note that ¢
is fixed while e moves along the diagonal. Vertices in Wo U By are colored in yellow, while
vertices in Wy U B; are colored in pink.
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0.005
0.004
0.004
0.002}
0.003
0.002f oY 3 20 50
0.001 -0.002¢ \J
el o N/ \l ----- , -0.004
10 20 30 40 50
(@e=1ea=0=16=0 b)e1=1e=0¢=0,=1
0.0030 0.0030
0.0025 0.0025F \
0.0020 0.0020 F
0.0015F 0.0015F
0.0010F 0.0010F
0.0005 . 0.0005 /\}
POUGEUN «r\./’\,/ /- \.\.. | — /\/\/ ‘ \ e = N
10 20 30 40 50 10 20 30 40 50
(C)Elzozf«z:o;gl:l,évz:l (d)€1:1/€2:1/év1201é\é:0
0.004 0.004
0.002 - / \ 0.002
/ \ /
\ /
A7 . ™ \ 4l | Sy
10 20 30 40 50 10 20 30 40 50
~0.002 -0.002}
~0.004 -0.004

(€) &1 = 0182 = Olévl = 0,55 =0

(f) &1 = 1182 - 1/€~l — 1/év2 =1

Figure 5.5: & = —3. The blue solid lines show —m~!s(x,y, X, §)qe,5 (¢, @) g, (&, «). The
orange markers connected by dashed lines show the experimental covariances cov (e, ¢),
for edges ¢, e as shown in Figure 5.4. Here, n = 256 and a = 0.875.
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0.0030 | 0.0030 -
0.0025F 0.0025F
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0.004 0.004
0.002} 0.002f
10 20 30 40 50 10 20 30 40 50
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~0.004 | ~0.004

Figure 5.6: & = —0.6. The blue solid lines show —m~!s(x,, X, §)qe,5 (%, @)qze, (&, «). The

(€) &1 = 0182 = Olévl = OISE =0

(f) &1 = 1182 - 1/€~l — 1/év2 =1
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orange markers connected by dashed lines show the experimental covariances cov (e, ¢),
for edges ¢, e as shown in Figure 5.4. Here, n = 256 and a = 0.875.



88

Bibliography

[1]

2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

Emily Bain. “Local correlation functions of the two-periodic weighted Aztec dia-
mond in mesoscopic limit”. In: Journal of Mathematical Physics 64.2 (2023), p. 023301.

Vincent Beffara, Sunil Chhita, and Kurt Johansson. “Airy point process at the liquid-
gas boundary”. In: The Annals of Probability 46.5 (2018), pp. 2973-3013.

Vincent Beffara, Sunil Chhita, and Kurt Johansson. “Local Geometry of the rough-
smooth interface in the two-periodic Aztec diamond”. In: Ann. Appl. Probab. 32.2
(2022), pp. 974-1017.

Pavel A. Belov and Nicolai Reshetikhin. “The two-point correlation function in the
six-vertex model”. In: Journal of Physics A: Mathematical and Theoretical 55 (2022),
p- 155001.

Tomas Berggren and Maurice Duits. “Correlation functions for determinantal pro-
cesses defined by infinite block Toeplitz minors”. In: Advances in Mathematics 356
(2019), p. 106766.

Alexei Borodin and Maurice Duits. “Biased 2 x 2 periodic Aztec diamond and an
elliptic curve”. In: Probability Theory and Related Fields (2023).

B. C. Carlson and John L. Gustafson. “Asymptotic Expansion of the First Elliptic
Integral”. In: SIAM Journal on Mathematical Analysis 16.5 (1985), pp. 1072-1092.

Sunil Chhita and Kurt Johansson. “Domino statistics of the two-periodic Aztec di-
amond”. In: Advances in Mathematics 294 (2016), pp. 37-149.

Sunil Chhita and Benjamin Young. “Coupling functions for domino tilings of Aztec
diamonds”. In: Advances in Mathematics 259 (2014), pp. 173-251.

Henry Cohn, Noam Elkies, and James Propp. “Local statistics for random domino
tilings of the Aztec diamond”. In: Duke Mathematical Journal 85.1 (1996).

Henry Cohn, Richard Kenyon, and James Propp. “A variational principle for domino
tilings”. In: Journal of the American Mathematical Society 14.2 (2000), pp. 297-346.

Maurice Duits and Arno B. J. Kuijlaars. “The two periodic Aztec diamond and
matrix valued orthogonal polynomials”. In: J. Eur. Math. Soc. (JEMS) 23.4 (2021),
pp. 1075-1131.



BIBLIOGRAPHY 89

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]
[25]

[26]

[27]

[28]

[29]

[30]

Noam Elkies et al. “Alternating sign matrices and domino tilings 1”. In: Journal of
Algebraic Combinatorics 1 (1992), 111-132.

Noam Elkies et al. “Alternating sign matrices and domino tilings II”. In: Journal of
Algebraic Combinatorics 1 (1992), pp. 219-234.

Philippe Di Francesco and Rodrigo Soto-Garrido. “Arctic curves of the octahedron
equation”. In: Journal of Physics A: Mathematical and Theoretical 47.28 (2014), p. 285204.

Vadim Gorin. Lectures on Random Lozenge Tilings. Cambridge Studies in Advanced
Mathematics. Cambridge University Press, 2021.

William Jockusch, James Propp, and Peter Shor. “Random Domino Tilings and the
Arctic Circle Theorem”. In: (1998).

Kurt Johansson. “Edge fluctuations of limit shapes”. In: Current developments in
mathematics 2016 (2017), pp. 47-110.

Kurt Johansson. “The arctic circle boundary and the Airy process”. In: The Annals of
Probability 33.1 (2005), pp. 1 -30.

Kurt Johansson and Scott Mason. “Dimer-dimer correlations at the rough-smooth
boundary”. In: Communications in Mathematical Physics (2023).

D. Karp and S.M. Sitnik. “Asymptotic approximations for the first incomplete el-
liptic integral near logarithmic singularity”. In: Journal of Computational and Applied
Mathematics 205.1 (2007), pp. 186-206.

P. W. Kasteleyn. “Dimer Statistics and Phase Transitions”. In: Journal of Mathematical
Physics 4.2 (Feb. 1963), pp. 287-293.

P.W. Kasteleyn. “The statistics of dimers on a lattice: I. The number of dimer ar-
rangements on a quadratic lattice”. In: Physica 27.12 (1961), pp. 1209-1225.

David Keating and Ananth Sridhar. https://github.com/GPUTilings. 2018.

David Keating and Ananth Sridhar. “Random tilings with the GPU”. In: Journal of
Mathematical Physics 59.9 (2018), p. 091420.

R Kenyon. “Local statistics of lattice dimers”. In: Annales de I'Institut Henri Poincare
(B) Probability and Statistics 33.5 (1997), pp. 591-618.

Richard Kenyon and Andrei Okounkov. “Limit shapes and the complex Burgers
equation”. In: Acta mathematica 199.2 (2007), pp. 263-302.

Richard Kenyon, Andrei Okounkov, and Scott Sheffield. “Dimers and amoebae”.
In: Annals of Mathematics 163.3 (2006), 1019-1056.

Scott Mason. Two-periodic weighted dominos and the sine-Gordon field at the free fermion
point: I. 2022.

Michael Prahofer and Herbert Spohn. “Scale invariance of the PNG droplet and the
Airy process”. In: J. Stat. Phys (2002), pp. 1071-1106.


https://github.com/GPUTilings

BIBLIOGRAPHY 90

[31] Harold William Vazeille Temperley and Michael E. Fisher. “Dimer problem in sta-
tistical mechanics-an exact result”. In: Philosophical Magazine 6 (1961), pp. 1061-1063.

[32] William P. Thurston. “Conway’s Tiling Groups”. In: The American Mathematical Monthly
97.8 (1990), pp. 757-773.



91

Appendix A

Some more proofs

Here we provide some proofs that were omitted from the main text.

A.1 Proof of Theorem 2.2.2

This is a fairly trivial proof starting from the results stated in [8].
For x1, x even with 0 < x1,x2 < 2n

meG(w)Zm—%l

Hxl,XZ(CU) - G(w_l)Zm_XTZ

(A.1.1)

where G(w) is defined in Equation 2.2.2. Let C, denote a positively oriented contour of
radius r centered at the origin. Forn = 4m, 0 <a <1, x = (x1,x2) € We,, y = (Y1, 12) €
Be, with e1,&5 € {0,1},0 < x1,%2,y1,¥2 < 1, and v/2c < r < 1, define

j(e—x14+y1-y2)/2
(271)2

dwq wy  Hy 410, (w1)
x / TNy o Z Q2 (wi,wn), (A12)
CV CUl Cl/r (UZ —(Ul y1/y2+1( )')/1 Yo= 0

B, e, (a,x1,x2,Y1,Y2) =

i(xi—x2=y1-y2)/2

-1 -1
a Bl—sl,Ez(a Izn - x11x2/2n - }/1/]/2) - -

(27t)2
dw, Wy Hyy 11,0, (w1) 1
' —1)2R QS (Wi, W) (A3
/7 w1 Cl/y o~ Hon—yyp+1(w2) vwzz:—o( ) Qi (w1, w2) ( )
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4 . i2—y1—x2—x1)/2
a le,l—sz(a lelzn — X2, yllzn - yZ) - -

(271i)?
dwq wy Hy 410n—x (wl) ! £1,€
x / el N 11,207 (1) MO (w1, wy) (A14)
¢ wi Joy, Tw? —wi? Hyyyy i (w2) fmZz::o e
i(2ty1+xo+x1)/2
Bi_g1-¢,(a,2n — x1,2n — x2,2n — y1,2n — yo) = — i)
dw w H (W 1
% / uun dw7_ > 2 . x1+1,2n xz( 1) (_1)81+’Y1+£2+72Q:€yl{,‘5’%2 (w1’w2)
C W1 JCyyy Wy — w1 Hanyl,szrl (WZ) 71,72=0

(A.1.5)

where Q2 (w1, wy) is as defined in Equation 2.2.9.
Then we have the following formula for the entries of the inverse Kasteleyn matrix.

Theorem A.1.1 (Chhita and Johansson [8]). Forn = 4m, 0 < a < 1, x = (x1,x2) €
We, and y = (y1,Y2) € B, with e1,e2 € {0,1}, 0 < x1,x2, 1,2 < n, the entries of
K, Y ((x1,x2), (y1,v2)) are as follows.

K;l((xj, xZ)/ (]/1/ ]/2)) — K;&O((xll x2)/ (]/1; yZ)) - <B£1,€2 (Ll, X1,X2, yll ]/2)

i
— E(—l)gﬁgz(Bl—el,ez(l/ﬂ, 21— x1,%2,2n — Y1, Y2) + Bey1—e,(1/a,x1,20 — X2, y1,2n — y2))

+ Bi_g;1—¢, (8,21 — x1,2n — x2,2n — y1,2n — y2)> (A.1.6)

where K;,&,o((xlf x2), (y1,Y2)) is defined in Equation 2.2.14 and the other terms are defined in
Equations A.1.2-A.1.5.

Now we prove Theorem 2.2.2.

Proof of Theorem 2.2.2. First, we follow the procedure used in [8] to rewrite the wy /(w3 —
w%) parts of the integrands of B, ¢,(a, X1, X2, y1,Y2), Bi—ee,(1/a,21 — x1,%2,20 — Y1, Y2),
Bei—e,(1/a,x1,2n — x2,Yy1,2n — y2)) and B¢, 1-¢,(a,2n — x1,2n — x2,2n — y1,2n — )
in a way that is more convenient for asymptotic analysis.

Observe that

wo 1 1 N 1
wzz—wlz_z Wy — W1 Wy + wq '
We can substitute this expression into the integrands and separate each integral into two

double integrals. Then we want to do a change of variables wy, — —w, for the second
integral. Note that by choice of branch cut, we have

V(W) 420 = —Vw?+2c (A.1.7)
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and so
G(—w) = —G(w) (A.1.8)

Using Equation A.1.8 and the fact that y; +y> = 2¢ +1 mod 4, y; = 0 mod 2 and
y2 =1 mod 4 we have

wz’"G(—w)zm’L1

G(—w 1=

(1) FURH, ()
= (-1)WFU2H, ()

(

—1)82+1Hy1,yz+1(w)-

Hyl,y2+1 (—w)

Similarly we have

wsz(_w)Zm—4m+y71

Hz”—ylfyz-ﬂ(_w) Yo+l

G(_w—l)szT
= (-1) (y1+y2+1)/2H2n7y1/y2+1 (w)

= (_1)82+1H2n—y1,y2+1 (w)

So we find

j(2=x1+y1-y2)/2 dw; 1 1 1
le,Ez(a/ X1, x2/y1/y2) / /C Wz +
r 1/r

(271i)2 2\wry—wp  wy+w
H, (w
1+1 X2 1 51152
X ﬁ Z Q’h Y2 (1]1, C(JZ)
yiya+1\W2) 4 =0
B ie—x+y1—y2)/ dawy 1 Hygiml( ee (
- (271i)2 w —w H ( Z Orim (w1, 2)
, Wi Cl/r 2wy —w a1 (wa) 2 =0
dw1 1 Hy 41, (w1) 1 1
(27ti) / / H — E 1=t Z Q37 (w1, w2)
, Ci/r —wz w1 Hyyp+1 (“’2) 11,72=0
B 1(x2 X1+y1—Y2 /2/ dWl/ HX1+1,x2(w1)
(271i)2 . Ci/r w1 Hy, y,+1(w2)
1 e e 1 £1,€
X E Z (Q”Yll,”?z(wler) + (_1) +SZQ“Ylll’iz(wl’ wz))
r1,72=0
0,0
B 1(x2 X1+y1—y2)/2 / dwr Vsl,sz (w1/w2) Hx1+1,x2 (wl)
(27i)2 . W cm wy —wr Hy, yp1(w2)
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Similarly we find

-1 —1
A Bi_g e, (07,20 — x1,Xx2,20 —Y1,12)

_ (—1)821'(261*362*3/1*%)/2 dws / deos Vgll’gz (wl,wz) Hx1+1,x2 (wl)
(27ti)? ¢ W1 JCyyy wy — w1 Hop—yy yp41 (w2)

a 881,1—82({’1 ,x1,2n _x2/y1/2” —yz)

(—1)€1i(]/2y1X2X1)/2/ dwl/ dwzvg',lgz(wl,wz) HlerLG,xz(a)l)
(27-”)2 C W1 JCyyy Wy —wq Hyl,szrl(wZ)

and

Bie1-¢,(a,2n — x1,2n — x2,2n — y1,2n — )
_ (— 1)81+821(y2+y1+x2+x1 )/2 / dwn Vglllg2 (w1, W) Hy, 41201, (wn)
(27ti)? ;Wi Cl/r wy = w1 Hapy, yr1(w2)

Now we want to replace the Hy, y, terms with their H,, ,, equivalents. From Equa-
tion A.1.1 have

Hyy 41,6, (w1) _ j—(tx-yi—1)/2 I;leﬂ'xz_(wl) (A.1.9)
Hyl,yz+1(w2) Hyll}/zH(WZ)
Hy 11,5, (1) — j—(atxty1—y2)/2 NHlerl'xZ (wi1) (A.1.10)
H2n7y1,y2+1 (w2) HZn—yl,yz—&-l(wZ)
Hx1+1,2n—x2(w1) — i—(xl—xz—yl—yz)/zHXN1+1,2”—X2 ((Ul) (A111)
Hyl,yz+1(w2) Hy1,y2+1<w2)
Hx1+1,2n—xz(w1) _ i_(xl_x2+y1—y2)/2Ijx1+1,2n—x2 (wl) (A1.12)
H2nfy1,y2+1 (WZ) H2n—y1,y2+1 (w2)
So we can write
zyl . dw, VO'0 w1, W) Hy 11 v, (w01
Bel £ (61 X1, x2/y11y2 27_[1 / 81(;8]2 (_ w ) ~x1+ IxZ( )
. Wy cl/, 2 1 Hy, yyp1(w2)
=125, (a,x1, X2, y1,2),
a‘131_gl,gz(a‘1 21 — x1, 2,21 — Y1, Y2)
_ £21 2 yl/ da)1 ‘/811,,?;‘2((‘}1/6‘-)2) ﬁxl—i—l,xz(wl)
27—” r W1 Cl/r W2 = W1 Hyp oy yp+1 (w2)

= _( 1)52173(2 2y1+X1IE}1(,)S2 (a/ X1, x2/]/1,]/2),
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-1 -1
a " Bei—e,(a x1,2n — X2, Y1,21 — Y2)
0,1 ~
B 1)ai2—n / dwq Vel,ez(wlzwz) Hy +1,20—x, (w1)
27—” W1 C1/r Wy — w1 Hy1,y2+1 (a)z)

= _(_1)8113/2_]/1]:801’,82 (El, X1, %2, Y1, yZ)

and

Bi_g1—¢,(a,2n — x1,2n — x2,2n — 1,21 — )

_ (—=1)& +e25Y2+x2 / dwq Vgll 152 (w1, wn) ﬁx1+1,2n—x2 (w1)
(271i)? r W1 Cl/r wz — w1 H2nfy1,y2+1 (w2)
= _( 1)€1+€21y2+x2 ler)qIS 182(0, x11x2/y1/y2>'

So substituting into Equation A.1.6 we have

K ((x1, x2), (y1,v2)) = K o ((x1, x2), (y1,42)) — (IS{Oez(a X1, %2, Y1, Y2)
+( 1)8117)(2 2y1+X1+118110£2(a/xl/xZIyllyZ) ( 1)821y2 lerlIOllgz(a/x11x2/]/1,]/2)

0,1
_( 1)£1+€2ly2+xz y1+x11£1 gz(a/xlrxbyl/]/Z))

So all that remains to be shown is that the coefficients of Ig’llfgz(a, X1,X2,Y1,Y2) are 1, —1,
—land 1 for (j, k) = (0,0), (1,0), (0,1) and(1,1) respectively. The first is trivial. For the
others, we need to state a few equations. From the definition of ¢; and ¢, we have

(1) =Tl and  (—1)%2 = iyl (A.1.13)
Also x1,y2 = 1 mod 2 and x,y; = 0 mod 2 so = 1,2 =1, % = 1 and
i%¥2 = —1. Hence we find

(_1)81 i—x2—2y1+x1+1 — ile -2y

= -1
(—1)82i¥2-tl — 20
= -1
_(_1)81+£2iy2+x2—y1+x1 — _i2x1+2x2+2y2—2
=1
as required. This concludes the proof of Theorem 2.2.2. O

A.2 Proof of Theorem 3.5.1

First we will rewrite Vgilfsz (w1, wy) in a way that is easier to work with.
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Define rational functions z-"2 (u,v) as follows. First define
zgjg(a, u,0) :—(a2 i g (2a%u?0? — a*(1 + u* 4+ u?0? — u*o® + vt — u?v?)
— a?(1 + 3u® + 30% 4 2u?0? 4+ utv? + uPvt — utot)
-1+ v +u?+ 3u202))
zgig(a, u,v) :—4(a2a+ 1 (14 a?u?)(2a%0* + 1+ v* — u? + u?v?) (A21)
z%g(a, u,v) :—4(a2a+ 1 (1+ azvz)(Zazuz +1—u?+0*+ uzvz)

0,0

a
zm(a, u,v) =-

4
Then for 7y, 72 € {0,1} define

(2a%u%0* — 1+ 0* + u® + u?0?).

290 0 (a,u,0) = (20, (a™ u,071))
20, (a,1,0) = @ (20, (", u"1, 0)) (A.2.2)
ZlYlllﬁz (a,u,0) = 2%10,72 (a, u—l/ 0_1)-

We write z71'2 (1,v) = 2212 (a,u,v). Note that we have

0,0
z:(a,u,v)
0,0 ok AT
(a,1,u,0) = Lo A23
YJ,k ( ) fa,l (l/l, U) ( )

and 00
Z 7

37)k

faa(u,v)
where y?l’,? (a,b,u,v) is defined in Equation 2.2.6 and f, ;(1,v) defined in Equation 2.2.5.
We will also make use of the following lemma.

Lemma A.2.1 (Chhita and Johansson [8]). The function f, 1 satisfies

(a_l, u,v)

y?’]?(l, a,u,v) =a (A.2.4)

1 — wi2wy? 1

fa1(G(w1), G(w2)) - 4(1+ a2)2G(w1)2G(w, )2 (A.2.5)

Now we can prove

Lemma A.2.2. For j,k,e1,€; € {0,1}, we have
(_1)81+82+€182 G(w1)3£1—1 G(w2—1)382—1

ik
VSJ{,Sz (wlle) =
41+ a2)? 11 \/wlz + ZC\/(,UZ-_Z +2c

1 .
Y (O ) Ty ) 2, (Gwn), Glan ) (A26)
Y1,72=0
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Proof. Recall the definition of nggz(wl, wy) from Equation 2.2.4. First we will show that

X7/2 (w1, wy) (defined in Equation 2.2.8) is an odd function in each variable. Recall from

Equations A.1.7 and A.1.8 that we have /(—w)?+2c = —Vw?+2c and G(—w) =
—G(w). From Equation A.1.7 we also see that

tH(—w) = t(w) (A.2.7)
where t(w) = wvw™2 + 2¢ is defined in Equation 2.2.10. So

Xfrll,f’?z (wlr _C‘JZ) =

—G(w1)G(w
(1)Glen) Y2 (Glwr), = G(w2)) (1 = wi’ws?).
2 2 24 ’
IIi——l \/wi 2C\/wi 2c
€1,€2

It is clear that z K (u,v) is an even function in each variable, since it only contains terms
of even order. We also see that f, 1 (1, v) defined in Equation 2.2.5 satisfies

fap(u, —0)
= (—2a%uv — 2uv — a(—1+ u?)(—1+ v?))(—2a*uv — 2uv + a(—1 + u?) (1 + v?))
= (20%uv + 2uv + a(—1 + u?) (=1 + v?)) (2auv + 2uv — a(—1 + u?) (=1 + v?))
= fan(u,0)

and similarly for the first variable. So yjlk’gz(u, v) is an even function in each variable.
Hence

€1,€2 — €1,€2
XrYl/'YZ ((Ul, —(Uz) - _X’)/l,’)’z (wll wZ)
and similarly x3V2 (—wy, wy) = —x7Y2 (w1, —ws). So we see that

Q‘%’ﬁ%z (w1, —wy) :(_1)€1+€2+€1£2+71(1+€2)+72(1+€1)t(wl)%t((_wz)—1)72
X G(w1)7G((—w2) )23, (Wi, (—w2) ™)
:(_1)81+82+€1€2+71(1+€2)+’Yz(1+81)t(wl)%t(wz—l)’n
X G(w1) (=1)2G (w2 )2 (x5, (w1, w2 7))
=(-1)2" Q5% (W, w2)
where Q%2 (w1, wy) is defined in Equation 2.2.9. So VY2 (wy, ws) can be simplified to
1
Vi (wyw) = Y (F1)PHNEQUE (wr,ws) (A28)
71,72=0

Now we introduce the notation

b(e) = {1 ife=0 (A.2.9)
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and
0 if &1 =&

h(e1, e2) =
(El 82) {1 if€1 7&82

So we can write Equation 2.2.7 as

00(,1—h(e1,62) phlerea) 1,9(e1) oP(e2)
y. (a ,a U ;0 )
Yk (a,1,u0) = 2

u2€1 '0282

3i( )Z?f(“‘P(El)q’(SZ)Iu"’(sl),v"”(”))
= €1,€2 ’

u2e 02€2fa,1 (u‘P(Sl), U‘P(Sz))
1,6
_ z (,0)
u2€1 vzezfa,l (u‘P(El), U‘P(EZ)) '

(A.2.10)

where we use Equations A.2.3-A.2.4 and Equation A.2.2 in the second and third lines

: €1,€2 )
respectively, and recall that z.7 (u,v) = z.7 (a,u,v). Now we have

far(w, o) = (2aPuvt 4+ 2uv ! —a(—=1+u?) (-1 +0v72))
x (2a%uv !+ 2uvt +a(—14+u?)(~14+072))
= v 4(2a%uv + 2uv — a(—1 4 u?)(—1 + v?))
x (2a%uv + 2uv + a(—1 + u?) (=1 4 0?))

= U_4fa,l (u,0)

and similarly f,1(u=',0) = u=*f,1(u,0). So fo1(ufE),v?E)) = y—4ap=4af, (4, 0).
Therefore we can simplify Equation A.2.10 to

s B u%e vzszzilk’g2 (u,v)
Yj,k (l/l, U) - fa,l (1/[, ,0)

(A.2.11)

Now using Equation A.2.5 we have
o2 (Glwr), G(w2)) (1 = wi*ws?) = G(w1)*1G(w2) 22} (G(wr), G(w2))
" (1- wlzwzz)
fa1(G(w1), G(w2))
G(w1)*1G(w2)*27; (G(w1), G(w2))
41+ )G (012G (wy)?
G(w1)*172G(w2)*2 7?25} (G(wn), G(w2))
4(1+ a2)?
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So x72 (w1, wy) defined in Equation 2.2.8 can be written as

G(w1)?*1 71 G(w2)*2 712512 (G (w1), G(w2))

4(1+a2)2[T~, \/wlz + ZC\/w;Z +2c

X€711 8’?2 (wll wZ)

and Q7% (w1, w) defined in Equation 2.2.9 can be written

Q€1 £2 (w1IW2) ( 1)81+€2+€1€2+71(1+€2)+72(1+€1)t(wl)'ht(a&*l)’rz

Y172
) G((Ul)381_1G(w2_1)382_1Z;,1k,82(G(C()l), G(w2—1))

4(1+a2)2TT, \/wlz + ZC\/wi_z +2c

Hence we have

1
Vséllszz(CUL(Uz): Z ( 1)72(51+7152Q81€2 (wl,wz)
’71/')’220
1
— Z (_1)81+€2+€1€2+71(1+€2+52)+72(1+81+51)t(wl)ﬁt(wal)yz

71,72=0

. G(W1)381 1G(w2 1)382 1 ;1}{82(G(w1) G(w2—1))

4(1 4 a?2)? \/w —|—ZC\/w +2c

as required. m

Write

wi=i+Bm'w and w, =i+ B*m 'z

as in Definition 3.4.1. From Lemma 3.3.3 we have

Vw2 4 2c = iBm~V2/1/2 = 2iw + O(m~'w),
Vw1724 2c = —iBm~Y2\/1/2 + 2iw + O(m™'w),

\/m — iBm Y2\/1/2 — 2iz + O(mflz),
Vs 2+ 2 = —iBm V212 + 2iz + O(m~12).

and from Equation 3.3.6 and the fact that 1/v/2c = 14+ O(m~!) we have

G(wy) =i—iBm Y2/1/2 = 2iw + O(m ™ tw)
G(wy ™) = —i+iBm™Y2\/1/2 4+ 2iz + O(m™'z).
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Also we see that

t(wr) = Bm~Y2\/1/2 + 2iw + O(m™'w)
Hawo 1) = BmY/2/1/2 = 2iz + O(m ™ 1z).

Recall that
a=1—Bm 12
Let
o(w,z) = V1/2 = 2iwv/1/2 + 2iwv/1/2 — 2iz+/1/2 + 2iz.
So the part of ng{]fgz (w1, wy) that is not dependent on 71, v, can be written

_1)é1te2t€1€2 3e1—1 —1\3ep—1
(-1) G(w1)*1 ™ G(wy ™)
4(1+a2)?[Ti=1 \/wlz + 2c\/wl._2 + 2c
(_1)sl+sz+sls2i3sl—1(_i)3€2—1 + O(m—l/Z) (A.2.12)

42+ 0(m=1/2))2(B*m—20(w, z) + O(m—5/2w5/2))
B—4m2(_1)£1+82+£1£2i—£1+£2

160 (w,z)

(1 + O(m—l/Zwl/Z))

Now we look at the terms z52 (1, v) where u = G(w;) and v = G(w;,!). We have

u? = G(w1)? = =14 2m 12B\/1/2 = 2iw 4+ O(m~w),
0? = G(wy; 2 = =1+ 2m V2B\/1/2 + 2iz + O(m ™ 'z).

Write u2 = —1 — s and v?> = —1 — t where

s = —2Bm~Y2\/1/2 = 2iw + O(m~'w) and t = —2Bm~Y/2\/1/2 + 2iz + O(m ™ 'z).
Then u?v? = 1 + s+t +st. Also
u?=—-1+s+0(mw)andv 2 = -1 +t+0(m 'z2). (A.2.13)
Write h = Bm~1/2 so

a=1-—h.

+1

First we look at 28’8(a ,u,v). Itis defined as

1
Zg:g(ail, u,0) = T (2a70020% — a4 (1 4+ ut + uP0? — uto? + ot — uPod)
— a®2(1 + 3u® + 30% + 2u*0? 4 utv® + uPvt — utot)

— (1 +0* + u? + 3u%0?))
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It turns out that we will need the order m3/2w3/2 terms. We have

W o> =1+s+t+st
- (1+S+t)+5t/

14 u* + u?o®—uto? 4+ vt — Ut
—14+1+425+5>+1+s5+t+st— (1425452 (—-1—1t)
1426+ 12— (=1 —3s)(1+2t+12)
= 6 + 65 + 6t + 252 + 2t + 5st + s>t + st? + O(m>w?)

= 6(1+5+1t) 4 252 + 21> 4 5st + 52t + st2 + O(m>w?),

14 3u? + 304+ 2u%0? + utv? + u?o* — u'o?
=1-3-35s—3—-3t+2+2s+ 2t + 2st
+ (1425 +83) (=1 —t)+ (=1 —s)(1+2t+ %)
— (142542 (1 +2t 4 2)
= —6 — 65 — 6t — 65t — 2% — 2t* — 35t — 3st* + O(m *w?)
= —6(1+s+1t)— 65t —25* — 21> — 35>t — 3st> + O(m2w?),

1+0*+u?+3u?v* =1—-1—t—1—5+3+3543t+3st
=2+ 2s + 2t 4 3st
=2(1+s+1t)+ 3st
and also
20%6 = 2 12k + 30K% F 40K + O(m>w?)
—at = —1 4 4h — 60 £ 4h% 4+ O(m>w?)
—a? = —14+2n—K?

-3/2

Multiplying and adding up, everything up to order m cancels, and the h?s, h%t terms

also cancel. We are left with /3 terms:
+(—4013 + 6 x 4h%) = F16K°
= Flom /2B
the hs?, hst, ht? terms:
+h(—12st+4(5st 4 252 + 2t%) + 2(—6st — 252 — 212))
= 4h(—4st + 4s® + 412)
= +16m 3/2B3 (—\/1 /2 — 2iw\/1/2 + 2iz + (1/2 — 2iw) + (1/2 + 2iz)) ,
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and the s2t, st? terms:
—s%t — st? — (=3)s%t — (—3)st? = 2(s?t + st?)
— _16m~32B3/1/2 — 2iw/1/2 + 2iz (¢1/2 " 2iw+ 172+ 2iz> .

Putting these all together we obtain

298(a*,u,0) = m~%/?B3 <i (—1 V172 = 2iw/1/2 + 2iz + (1/2 — 2iw) + (1/2 + 2iz))
V172 = 2iw/1/2 + 2iz (\/1/2 2w+ 172+ 2iz>> +O(m™2)

= m 2B (& (~2iw +2iz) + V1/2 — 2iwV1/2+ 27z F 1

—V1/2—2iw—1/2+ 2iz>> + O(m2w?, m=222).

Next we look at 2%8 (u,v).

(14 a*20?) (2a72u? + (1 — 0% + u? + u?v?))
4at2(a*? 4+ 1)

1+ (A F2n+h)(—=1—1)2(1F2h+h?*)(—1—5)

z(l)jg(ail,u,v) =
- 1
 4(1E£h)2(2F 2k + h?)
+(14+1+4t—1—s+1+t+s+st))
14+ 0(m Y2
B 8
(420 — t)(£2h + t —5) + O(m =3/ 2w3/2, m=3/253/2)

(42h —t +O(m'z))(4h 4 2t — 25 + O(mtw, m'z))

(4h2 — 4+ s(F2h+1t)) + O(m_3/2w3/2,m_3/2z3/2)

ST ST,

211 (1 — (1/2 4 2iz) £ V172 — 2iw + V/1/2 — 2iwV/1/2 + 2iz)
4+ O(m_3/2w3/2,m_3/223/2)
— Bm! (1/2 —2iz + V172 — 2iw + V1/2 — 2iwV/1/2 + 2iz)

+ O(m_3/2w3/2, m—3/223/2).

Similarly,

zgjg(ail,u,v) = B?m~! <1/2-|—2iw:l: V1/2+2iz+ \/1/2—2iw\/1/2+2iz>

+ O(m_3/2w3/2, m—3/223/2).
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Finally,
1
z%?(aﬂ, u,v) = 4a?(mﬂuzvz + (=14 0% + u? 4 u?v?))
1
= Z(1:Fh)(z(l:th+hz)(1+s+t+st) —1—1-s—1—t+1+s+t+st)
1
= 1(1 T h)(2s + 2t F4h 4+ O(mtw,m™'z))
1
= E(s +t F2h) + O(m tw,m™1z)

=m /2B (—\/1/2 —2iw—/1/2+42izF 1) +O0(m ™ w,m™z).

Now from the definition of z7\'? (u,v) in Equation A.2.2 and Equation A.2.13 we see

that

2% (u,v) = B¥m=3/2 ((—1)€1+82(—2iw +2iz) 4+ (—1)71%%2y/1/2 — 2iw/1/2 4 2iz

x (= (=172 = (<1)V1/2 = 2iw — (~1)2V1/2+2iz) )

+ O(m™2w?, m—222),

2502 (u,0) = B2m ! (1 /2 — 2iz + (—1)2V/1/2 — 20w + (—1)87¢2/1/2 — 2iwy/1/2 + 21'2)

+ O(m_3/2w3/2, m—3/223/2)’

252 (1, 0) = B2m (1/2 + 2w + (—=1)1V1/2 + 2iz + (—1)717¢2/1/2 — 2i0V/1/2 + 2iz>

4 O(m*3/2w3/2,m*3/zz3/2)
and

20117 (u,0) = B~V (= (=1)"1V1/2 = 20w — (=1)2V/1/2 4 2iz — (~1)"172)

+O0(m tw,m'z).
So the terms of the sum in the definition of Vg;’;z (w1, wy) are

26 ?(G(w1), G(wy 1)) = B3m™3/2 ((—1)£1+€2(—2iw +2iz)
+ (_1)€1+€2\/1/2 - 2IW\/1/2 + 212( — (_1)€1+€2
— (~1)1V1/2 = 2iw — (=1)2V/1/2+2iz) ) + O(m2w?, m222),




APPENDIX A. SOME MORE PROOFS 104

(=)'t (wy) 2152 (G (wr), Glwy 1)) = BPm2(—1) 2 8/1/2 + 2iw (1/2 —2iz

+ (=1)2v1/2 — 2iw + (—1)"1782y/1/2 — 2iw\/1/2 + 2iz> + O(m2w?, m—222),

(D) wr ) 2g5 2 (G(wr), Glwy 1)) = BPm3/2(—=1)1 T 141/1/2 — 2iz (1/2 + 2iw

+ (=1)EV1/2 + 2iz + (—1)572/1/2 — 2iw/1/2 + 2iz> +O(m™2w?, m22?),

(D) ™) (Gln), Gleog ™)) = Bom3/2(— 1otk
x /1/2 + 2iw/1/2 — 2iz (—(—1)81\/1/2 —2iw — (—1)2/1/2 + 2iz — 1)81+€2>

(—
+ O(m2w?, m—2z?)

Summing these and simplifying we obtain,

1 o
Z (_1)71(1+52+k)+'72(1+51+])t(wl)')’l t(wz_l)”z?l’,% (G(w1), G(wz_l))
71,72=0

= B¥m3/2(—1)ate ( —2i(w — z)

— (—1)ate (\/1/2 —2iw+ (—1)V1/2 - 2iz> ((—1)’<\/1/2 F2iw+V1/2+ 2iz>
- ((—1)El V1/2 = 2iw + (—1)2 /172 + 2iw + (—1)2V/1/2 + 2iz + (1) H/1/2 — 2iz)

X (\/1 /2 — 2iw/1/2 + 2iz + (— 1) V1/2 + 2iw0v/1/2 — 2z'z) ) +O(m2w?, m222).

So together with Equation A.2.12 we have

16B\/1/2 — 2iw+/1/2 + 2iw\/1/2 — 2iz\/1/2 + 2iz
F(—1)ate (\/1/2 —2iw+ (—1)V1/2 - 2iz> ((—1)"\/1/2 F2iw+V1/2+ 2iz>
n ((—1)51\/1/2 —2iw + (—1)2 172 + 2iw + (—1)2V/1/2 + 2iz + (1) H/1/2 — 2iz)

ik —(—1)6182782— &1 .
Vs]l,sz(wllwz) = m!/? (=1) 2i(w —z)

X (%1 /2 — 2iw/1/2 + 2iz + (—1)**/1/2 + 2iwy/1/2 — 2iz> ) +0(1).
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Comparing with the definition of Aélk ¢, (w, z) in Equation 2.1.7, and noting that i*27%1 =
(—1)5a1te2i€ 1722 we see that

_1 €1€245€1—€2 .
ml/z( )E1e2 (A]’k

16B e (w,z) +0(m~1/2))

ik
‘/8]1,82 (wll (1)2) —

as desired.

A.3 Proof of Theorem 3.9.2

Recall the definitions of C(,,) and sz) from the statement of the theorem. We need to

bound the exponential parts of the integrands |Hy, 1 1,x,(w1)], |Hy,+1,20—x, (w1)| for w; €
C(my, and [Hy, y,+1(w2)|, [Han—y, yp+1(w2)| for wy € CEm) for m sulfficiently large. First we

prove a few lemmas.

Lemma A.3.1. Let w = Rye’ where Ry = 1 — B?m®~ 1 + O(m®/?71) for 0 < § < 1/2 with

6 € [0,71/2), so w is in the first quadrant. Then the square roots v/ w? + 2¢ and \/w=2 + 2¢
defined in Equation 2.2.1 agree with the principal branch of the square root.

Proof. The arguments of w + iv/2¢c, w — iv/2c, w™! +iv/2c, and w™! + iv/2c are all in the
interval (—7t/2,7t/2). Comparing the arguments of the square root in the expression in
Equation 2.2.1 and for the principal branch gives the result. O

Lemma A.3.2. Let w = Ry’ where Ry = 1 — B?m®~1 + O(m®/?71) for 0 < § < 1/2 with
0 € [0,71/2). Then |G(w)| and |G(w™1)| both increase with 6.

Proof. 1t is equivalent to show that the logarithms of the above quantities are increasing.
We compute

A4 G(w) = 1
dw 8 Vw?+2¢c
d 1
—log G(w™h) =
dw 86l ) w2V w? +2c

So

%| log G(Rye®)| = Redile log G(Rye™)
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Similarly we can show

60_1

Vw2+2

We have 0 < arg(w?) — arg(w? + 2¢) < arg(w?) < wso 0 < arg(w/vVw? +2c) < 71/2
and hence Im(w/+/w? +2c) > 0and so | log G(Rye~")| is increasing as required. We also
have — 7 < arg(w™?) < arg(w™?) —arg(w 2 +2c) < 0,50 —7 < arg(w 1 /Vw2+2c) <
0 and hence —Im(w™1/vw=2+2c) > 0so |log G((Rie~))~1| is increasing as required.

[

d o
%Hogc((Rle )| = —Im

Since we will have a lot of error terms of different orders to deal with, we state the
following inequalities for 0 < § < 1/2.

§—2<2(6-1)<-1<6/2-1<6—-1<-1/2<(6-1)/2 (A.3.1)

Lemma A.3.3. Let w = Rye’ where Ry = 1 — B?m®~ 1 + O(m®/271) for 0 < § < 1/2 with
6 € [0,7/2). Then
|w? +2¢| > 2B*m® L +O(m™Y).

Proof. Note that R < 2c. It is clear (e.g. by geometry) that |w? + 2c| approaches its
infimum as w — i. So we have |w? +2c| > 2c — R?> = 2B*m®~' + O(m~1). O

Lemma A.3.4. Let w = Rye’ where Ry = 1 — B?m®~ 1 + O(m®/?71) for 0 < & < 1/2 with
6 € [0, 71/2). Then for m sufficiently large we have

V2-14+0(m’ 1) <|G(w)| <1

Proof. From Lemma A.3.2, the infimum of |G(w)| on this interval occurs at w = Ry, while
the supremum occurs in the limit w — Ryi. Recalling that 2c = 1 + O(m~!), we compute

G(Ry) =1—vV2+0(m 1)

which shows the lower bound for |G(w)|. For the upper bound, the limit of v/ w? + 2c¢ as
w — Ryi along the contour w = Rye? is y/2¢ — R%, since Ry < v/2¢. So

1 .
IG(w)]* < ‘2_0 (Rlz— \/ZC—R%)

=1,

2

which proves the upper bound. O
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Lemma A.3.5. Let w = Rye®® where Ry = 1 — B>m®~1 + O(m®/>71) for 0 < & < 1/2uwith
6 € [0, 7t/2). Then for m sufficiently large we have

V2-1+0(m* ) <|Gw™)| <1

Proof. From Lemma A.3.2, the minimum of |G(w™')| on this interval occurs at w =
Ry, while the supremum occurs in the limit w — Rji. Recalling that 2c = 1+ O(m™1),
we compute

G(R{Y) =1—vV24+0(m’1)
which shows the lower bound for |G (w™!)|. For the upper bound, the limit of v/« =2 + 2c

as w — Ryi along the contour w = Rieisiy/ R1—2 — 2c¢, since Rl_1 > /2c. So

Glw™)| < ’% (Rlli—i,/Rlz —2c)

— 1 _|_ B2m5—1 _ \/EBm((s—l)/Z _|_ O(m—5/2—1/2)
=1—v2Bm1/2 4 O(mfl/z)

where we have made use of the inequalities in Equation A.3.1 to deal with the error terms.
So for m sufficiently large, we have |G(w™!)| < 1 as required. O

Lemma A.3.6. Let w; = Rye®® where Ry = 1 — B?m®~ 1 + O(m®/?271) ¢ Rfor 0 < 6 < 1/2.
Then there exists c; > 0 such that for m sufficiently large

G(w1) (6-1)/2
—_— 1 B
‘G(wll) <1l4cybm
forall® # /2 +km, k € Z.
Proof. First note that
’ Glw) | _ ‘ G(w) | _ ‘ G(-w) | _ ' G(-w)
Glw |~ [e@ |~ let=w |~ leta D
it is sufficient to consider 6 € [0, 71/2). Also note that since |G(w; 1| = |G(w;~1)| we
have
‘ Glw) | w1 —vVwi2+2
Gl ™) @' -V 2+2c

After some rearrangement, we obtain

‘ G(wy) | _ 1_|_(wl_w_l_l)_(vw12+2c—\/w_l_z"'zc) (A32)
G N ow
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Now, w; —w; ! = (Ry — Rl_l)ei" SO
w1 @ | = (R~ Ry) = 282" 4 O(m?/27),
Also wy? — w1 % = (R? — R;%)e?® = 4B2m®~1 + O(m®/?>~1). Hence
(w1 +2¢) — (@1 % +2¢) = (R} — R{?)e*® = 4B?m’ ! + O(m®/*71)

and so we have

(Vwi2+2c — /@1 2 +2¢)(Vwi? +2c + \/ @1 2 +2¢) = 4B?m’ ! + O(m®/?71).
(A3.3)
Now note that since we are assuming 6 € [0,71/2), we have arg(\/w1? + 2¢) € [0,71/4)

and arg(+/w; 2 +2c) € [0,71/2) so
|\/m+ \/ﬁ| > |\/6012+2C‘ > \/EBm(fS—l)/z

by Lemma A.3.3. Thus by Equation A.3.3 we have

Vw2 +2c —\Jar 24 2c < 2v/2mP V2 L o(m~1/2).

Also, by Lemma A.3.5 we have

o7t — @i 2+ 2] = [2¢G(wr Y| > V2 —1+0(m ).

Putting these together we see that

(w1 —@1 1) — (Vw2 +2c — Var *+2c)
W ' — Vw2 + 2
_ B2y 1 +O(m5/2*1) +2\/§m(‘5*1)/2+0(m*1/2)
N V2 —1+0(mé1)
2\/§m((5—1)/2
L E—
V2 -1

where again we have used the inequalities in Equation A.3.1 to deal with the error terms.
Hence, from Equation A.3.2 we see that there exists some c; > 0 such that

+ O(m_l/z)

‘ G(wy) <14 B2

G(wi™1)

for m sufficiently large as required. O
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Now we look at the contours C/ ,, and Cj ...

Lemma A.3.7. Let wy = Rpe®® where Ry = 1+ B?m®~ 1+ O(m?/>71) for 0 < 6 < 1/2. Then
there exists co > 0 such that for m sufficiently large

‘ G(w>)

_—\"s) 5—1)/2
G(a)zfl)

>1-— czBm(

forall® # /2 +km, k € Z.

Proof. Note that @, ! = (1 — B?m®~! + O(m®/271))e~. So we can write @, ! = w; for
w1 as in Lemma A.3.6. So we see that we have

Géc(u;azj_;)l) <1+ cBm—1)/2
for m sufficiently large. Since
‘ G(wz) | _ ‘ G(@2)
Glw2 D) [G(@2™)
the result follows. O

Now we are ready to prove Theorem 3.9.2

Proof of Theorem 3.9.2. Let C(,,) and sz) be as in the statement of the theorem. On C,,

we can parametrize wj as wy = Rqe and on Cgm) we can parametrize wy as wy = Rye®

where
Ry =1-Bm’ '+ 0(m’/>1)
Ry =1+ B?m’~ '+ O(m’/>71)
and
0c|—m/2+4 6y, 7/2— 00 U|[rm/2+6y,371/2— 6

for some 6y > 0. We can show using Theorem 3.7.2 that 6y = —B2/\2am®/2-1 + O(m_l).
The contours C,,y and C Em) do not touch the imaginary axis so we can apply the preceding

lemmas. First we look at ﬁlle,xZ (w1). Recall that & < 0. We have

2m(__; —aBm'/24+0(1)
~ Wy ( lG(CUl))
Hy\ 11,0, (w1) = (iG(CUl_l))_[XBml/z—'_O(l)

For w; € C(,,) we have

G(wn)

log |ﬁxl+1’x2(w1)| = 2mlog |w;| — aBm'/?log ’ Gl D) +0(1)
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since by Lemma A.3.4 and Lemma A.3.5, G(w1) and G(w; ') are bounded for wy € C,).
We have log |wi| = —B*m®~1 + O(m®/?~1) and log |G(w1)/G(w; ™ 1)| < caBm®=1D/2 for
some cp > 0, by Lemma A.3.6. So

log |y, 41,5, (w1)| < —2B*m’ + O(m®/?) — aB*cym®/* + O(1)

which simplifies to
log | Hy, 41,5, (w1)| < —2B*m® + O(m®/?).

Hence there exists ¢, > 0 such that for all w; € C(m),

~ _ 1)
[Huey 1,0, (w1)] < e

for m sufficiently large.
Next we look at Hy, 1,0,—x,(w1). We have

T . _ _ 1/2
Hx1+1,2n—x2(w1) :Hx1+1,xZ((U1)(lG(a)1 1)) 20Bm™/“+0(1)

Since from Lemma A.3.5 we have |G(w;~!))| < 1, and we have a < 0 we see that for m
sufficiently large and w; € C(,,) we have

~ ~ P
|Hx1+1,2nfxz (w1)| < |Hx1+1,x2 (wl)| <e oM

for the c, that we found above.
Now we look at |H,, y,11(w2)| for wa € CEm)' As above, we have

G(ws)

log |Hy, y,+1(w2)| = 2mlog |ws| — aBm'/?log

We have log |wy| = B>m®~1 4+ O(m?/?>~1) and log |G (wy)/G(ws™1)| > —caBm®~1/2 for
some cp > 0, by Lemma A.3.6. So

log |Hy, y,+1(w2)| > 2B*m® + O(m’?) + aB*cm®’? + 0(1)

which simplifies to
log|Hy, y,+1(w2)| > 2B*m’ + O(m’’?).

Hence there exists ¢, > 0 such that for all w, € Cz )7

~ 5
|Hy1,y2+1 (C()z)| > ecym

for m sufficiently large.
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Next we look at ﬁzn_ywﬁl (wo). We have

] 7 . 1/2
oy, +1(w2) = Hy 1 (@3) (=G cp) 2P 400,

Since from Lemma A.3.5 we have |G(w;))| < 1, and recalling that « < 0 we see that for

m sufficiently large and w; € sz) we have

1
Cym

|Hon—y, yo1 (w2)| > [Hy, o1 (w2)| > e

for the ¢, that we found above.
Taking d = min(cy, ¢y) completes the theorem.

A.4 Proof of Lemma 3.9.1

Proof of Lemma 3.9.1. We can write the O(m~/?w, m~1/2z) error term as m~'/2R(w, z)
where R(w,z) = O(w,z) and does not contain any singularities. Recall that on C;, we
have |w| < m’® and on C; we have |z| < m° for some 0 < § < 1/2. Then there exists

5 A 172 6-1/2
c1 > 0 such that on C; x i, we have |e™ R@zw)| < ¢a1m” " Then we have

e PREW) _ | < 2R (2, w)er™

Let
ik
E= / dw/ dzA81 e\ W Z) 8j,k(w,2)(em*1/2R(z,w) —1).

We want to show that E = O(m~1/2). We have

E</ |dw|/ dz|

Jk
A€1 €z(w z) |eg]-,k(w,z)| |em*1/2R(Z,w) —1]

—w
ik
< ml/Zeclm‘s_l/z/~ ]dw!/~, ’dZ’ A£1,€2(w’Z)R(Z'w) |eg]-,k(w,z)
- C] Cx zZ— W
jk
< w12 [ [ (o] | Al O EIRED )
C; C, z—w

By Lemma 3.9.3 and the bounds found in Corollary 3.7.1, and because A81 & (W0, 2)R(z, w)

6—1/2
has no singularities, we see that the double integral converges. Moreover e de-
creases as m — 0. So E = O(m~1/2) as required.

]
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A.5 Proof of Lemma 4.2.2

Proof. Let

A 1
0 /0 V-2 (1 - ol
denote the incomplete elliptic integral of the first kind, for A, k € (0,1).

Wehave 0 < A, <1forz; <z <z withA, =0and A, =1forall0 <a < 1. Letz
and z; be as defined in Equation 4.1.5, and consider z with —1 < z; <z < -3+ 2V2 < zo.
Note that z; = —1 + v/2h + O(h?) so for any z € (—1, —3 + 2+/2), by taking h sufficiently
small, we have z > z;.

We use the following asymptotic formula proven in [7] and stated in more convenient
notation in [21]:

F(A,k) = Alog +6,F(A, k) (A5.1)

V1— A2 4+ /1 —k2)2
with relative error bound
(2= A%(1+k?))log(1 — k?A?)
4log((1—k?A2)/16)

2 — A2(1 + k2
<6 < EL * ). (A.5.2)

In our case, we have

A2 2 2
2 AZELHk - 8a(a +(1a—1;121+z)2(2(1_2)2—2Z(f1+ﬂ‘1)2— (142)%(a+a"1))
< ﬁlﬁ + Ah

for z € (z1,2p), for some constant A which does not depend on z (we note that z; + 1 =
V2h + O(h?) and z > z;). We can also show that (2 — A%(1 4 k?))/4 > 0, so the lower
bound in Equation A.5.2 is positive. Now we compute

4 \/<%> (2(a+a"1—1)z+1+22)
Mog i 1+z
% log 4ava+a=1(1+z)
(1—a)((1—z)+ \/(%1) (—2(a+a-141)z—1—22)
We can show that

\/(%1) Qa+al—1)z+1+22)

=14+R
112 + 1(]’1,2)
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where |Ry(h,z)| < A1h?/(1+ z)? as h — 0 for some constant A;, and

1 dav/a+a-1(1+z2)
08
(1—a)(1-2)+ \/<%> (—2(a4+a14+1)z—-1-22)
4v2(1+2) h
= ~logh-log (1 —z+V-1-6z —ZZ> —3 T R(h2)

where |Ry(h,z)| < Ash?/v/—1—6z —z2 as h — 0 for some constant A,. Putting these
together and again noting that 1+ z > 1/2h, we have

4 4/2(1 + z) h
Alo = —logh+1lo — —+ R3(h,z
g\/l—)»2+\/1—k2)tz 8 g(l—z+\/—1—6z—zz> 2 3(h.2)
where
h?logh ; h?

|R3(h,Z)| < A3

w5 T

A+22 SV a-e-2

as h — 0 for some constants A3, A;. Now using Equation A.5.1 and noting that 61| <
Ag(h?(z +1)72) + A}h for constants Ay, A}, the result follows.

O
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