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Abstract

A new resampling procedure, the continuous-path block bootstrap, is proposed in the
context of testing for integrated (unit root) time series. The continuous-path block bootstrap
(CBB) is a nonparametric procedure that successfully generates unit root integrated pseudo
time series retaining the important characteristics of the data, e.g., the dependence structure
of the stationary process driving the random walk. As a consequence, the CBB can accurately
capture the distribution of many unit root test statistics. Large sample theory for the new
bootstrap methodology is developed and the asymptotic validity of CBB-based unit root
testing is shown via a bootstrap functional limit theorem. Applications of the new procedure
to least squares and Dickey-Fuller type test statistics of the unit root hypothesis are given.
Finite-sample simulations confirm a good a-level accuracy and an increased power associated
with CBB-based unit root testing.

Key words:  Autocorrelation, Hypothesis Testing, Integrated Series, Non-stationary Se-
ries, Random Walk, Resampling.



1 Introduction

Consider time series data of the form Xy, Xs,..., X,,, where {X;,t = 1,2,...} is a sequence
of random variables with mean zero; for convenience we assume that Xy = 0 although other
common choices of the initial value can be also considered. Following the seminal work of Fuller
(1996) and Dickey and Fuller (1979), statistical methods for detecting the possible presence of
a unit root in the time series { X;} have attracted considerable attention over the last decades.
In particular, assume that the time series {X;} is either stationary, or I(1), i.e., integrated of
order one; as usual, the (1) condition means that {X;} is not stationary, but its first difference
series {Y;} is stationary, where Y; := X; — X;_y. The hypothesis test of interest can then be
stated as:

Hy  {X.} is I(1)
versus
Hy : {X:} is stationary.

Throughout the paper we use the term ‘stationary’ as short-hand for ‘strictly stationary’.

A first step in carrying out this hypothesis test is to choose a parameter p with the property
that p = 1 is equivalent to Hg, whereas p # 1 is equivalent to Hy. A detailed discussion on
different choices for the p parameter is given in the next Section. After deciding on a particular
choice for the p parameter, consider the new series {U;} defined by the equation:

Ut = Xt — PXt—l (11)

fort = 1,2,... Equation (1.1) should be strictly considered as defining the new series {U,}, and
it is not to be thought of as the “model” generating the series {X;}. In this paper, we do not
assume a “model” for the {X;} series; the necessary technical assumptions placed on {X;} are
stated in detail in Section 2. Nonetheless, definition (1.1) is very useful as the new series {U,}
is easily seen to be stationary always: under Hy and/or under Hy.

Numerous alternative procedures have been developed over the past three decades for testing
the hypothesis that {X,} is integrated of order one (i.e., p = 1) against the alternative that it
is integrated of order zero (i.e., p # 1); cf. Hamilton (1994) and Stock (1994) for an overview.
The majority of these procedures employ certain estimators of the parameter p under different
specifications of the estimated equation and use limiting distributions to obtain the rejection
regions; cf. Fuller (1996) or Hamilton (1994). Nevertheless, the analysis is considerably com-
plicated due to the stochastic behavior of the random quantities involved. For instance, it is
well-known that the limiting distribution of the least squares (LS) estimator of the regression of
X; on X;_q is nonstandard even in the simplest case of a random walk with i.i.d. residuals; this
asymptotic distribution is shown to depend on the particular model fitted to the series, lead-
ing to different results for different specifications of a deterministic term. Moreover, allowing
for serial correlation in the stationary process {U;} affects the limiting distribution by means
of nuisance (and hard to estimate) parameters like the spectral density of the process at zero.
Finally, the quality of large sample approximations have been questioned in several simulation



studies where severe size distortions have been reported for some commonly used tests; see for
instance Schwert (1989) or DeJong et al. (1992).

In situations like the above, where the limiting distribution of a statistic depends on difficult-
to-estimate parameters, resampling methods have often in the past offered an alternative and
potentially more powerful way to estimate the sampling behavior of a statistic of interest. How-
ever, none of the existing nonparametric bootstrap methods is directly applicable to the unit root
nonstationary case considered here; this is true, for instance, for the block bootstrap (Kiinsch
(1989), Liu and Singh (1992)) and the stationary bootstrap (Politis and Romano (1994)) since
they are both designed for stationary weakly dependent processes—see Efron and Tibshirani
(1993) and Shao and Tu (1995) for an overview of bootstrap methods.

Furthermore, in designing a nonparametric bootstrap procedure for testing purposes, an
additional aspect must be taken into account which is important for good power performance.
For such purposes, the bootstrap procedure should be able to reproduce the behavior of the
test statistic under the null hypothesis (e.g., unit root integration) whether the observed series
obeys the null hypothesis or not. In this connection, recent fruitful attempts to approach the
unit root problem via bootstrap methods have been based on quite restrictive assumptions on
the parametric structure of the model generating the data, assuming—more often than not—an
AR(1) structure with i.i.d. residuals, i.e., equation (1.1) in connection to an i.i.d. sequence {U;};
cf. Bertail (1994) and Ferretti and Romo (1996).

In the present paper, a new nonparametric bootstrap procedure is introduced, and —for rea-
sons to be apparent shortly— is termed the Continuous-Path Block Bootstrap testing procedure;
by its construction, the Continuous-Path Block Bootstrap testing procedure generates unit root
time series while at the same time it manages to automatically (and nonparametrically) replicate
the important weak dependence characteristics of the data, e.g., the dependence structure of
the stationary process {U;}. The Continuous-Path Block Bootstrap (CBB) testing procedure is
a modification of a resampling algorithm introduced recently by Paparoditis and Politis (2000),
and it is based on the block bootstrap of Kiinsch (1989) and Liu and Singh (1992).

To motivate the CBB, let us give an illustration demonstrating the failure of the block
bootstrap (BB) under the presence of a unit root. Figure 1(a) shows a plot of (the natural
logarithm of ) the Dow Jones Utilities index series recorded daily from Aug. 28 to Dec. 18,1972,
while Figure 1(b) shows a realization of a BB pseudo replication of this series using block size
10. It is obvious visually that the bootstrap series is quite dissimilar to the original series, the
most striking difference being the presence of strong discontinuities (of the ‘jump’ type) in the
bootstrap series that—not surprisingly—occur every 10 time units, i.e., where the independent
bootstrap blocks join.

Please insert Figure 1 about here

Figure 1(c) suggests a way to fix this problem by forcing the bootstrap sample path to be
continuous. A simple way to do this is to shift each of the bootstrap blocks up or down with the
goal of ensuring: (i) that the bootstrap series starts off at the same point as the original series,



and that (ii) the bootstrap sample path is continuous. Notably, the bootstrap blocks used in
Figure 1(c) are the exact same blocks featuring in Figure 1(b).

At least as far as visual inspection of the plot can discern, the series in Figure 1(c) could just
as well have been generated by the same probability mechanism that generated the original Dow
Jones series. In other words, it is plausible that a bootstrap algorithm generating series such
as the one in Figure 1(c) would be successful in mimicking important features of the original
process; thus, the “Continuous-Path Block Bootstrap” of Figure 1(c) is expected to ‘work’ in
this case.

Of course, the actual daily Dow Jones data are in discrete time, and talking about continuity
is—strictly speaking—inappropriate. Nevertheless, an underlying continuous-time model may
always be thought to exist, and the idea of continuity of sample paths is powerful and intuitive;
hence the name “Continuous-Path Block Bootstrap” for our discrete-time methodology as well.
Note that the above discussion describes just the rudimentary notion behind the CBB; we have
here assumed that this series is indeed unit root integrated, and have postponed—until the next
Section—the discussion of some necessary technical details, including the modification of the
CBB that is required in the context of testing.

The paper is organized as follows. Section 2 describes in detail the CBB testing procedure and
states its main characteristics. A bootstrap functional limit theorem for partial sum processes
based on CBB pseudo-series is established in Section 3; consequently, the asymptotic validity of
the CBB in approximating the distribution of some commonly used test statistics is shown in
Section 4. Some extensions of the procedure are discussed in Section 5 while Section 6 examines
the small sample performance of the CBB method. Section 7 summarizes our findings while all
technical proofs are deferred to Section 8.

2 The Continuous-Path Block Bootstrap

As stated in the Introduction, we assume throughout the paper that the time series { X;} is either
stationary (hypothesis Hy), or it is not stationary but its first difference series {Y;} is stationary
(hypothesis Hyp), where Y; = X; — X;_1. Note that under Hgy (which is equivalent to p = 1),
it is obvious that the sequence {Y;} coincides with the sequence {U,} defined in equation (1.1).
For technical reasons, we strengthen the above set-up by requiring that the weak dependence
structure of {U;} satisfies one of two sets of conditions. The first one assumes that either {X;} is
stationary and linear, or it is not stationary but its first difference series {Y;} is stationary and
linear; as usual, linearity implies an MA(oo) representation with respect to some i.i.d. sequence
{e:}. The second condition replaces linearity by a strong mixing assumption. We are now able
to concisely state our assumptions in the following two conditions.

CONDITION A: {X,} satisfies one (and only one) of the following two conditions:

(i) (Casep=1). Xy = X;_1 + Uy where the process {U,} is generated by U, = Yoo YiEi—j
with 9o = 1, 37721 jl;] < o0, Cy = 22720 1; # 0 and {e;} a sequence of independent,
identically distributed (i.i.d.) random variables with mean zero, positive variance ¢2 and
E[e}] < 0.



(ii) (Case p #1). {X.} is stationary and generated by X; = 3772, ¢;e,; where the coeffi-
cients ?; and the sequence {g;} satisfy the same conditions as above.

Condition A simply states that the process { X} is either a stationary linear process (p # 1)
or it is generated by integrating such a linear process (p = 1). Note that in both cases the
process {U;} defined by U; = Xy — pX;_1 is always linear and stationary. For p = 1 this is so
by assumption while for p # 1 we have

Up= (1= pL)Xe = ¥ (L)

where UH(L) = (1 — pL)¥(L), ¥(L) = Y2 ¢;L7 and L is the shift operator defined by
LFX, = X,_}, for k € Z. Clearly, Z?’;0]|¢;’| < oo and 3272, zb]‘" #£ 0.

Apart from the linear class of stochastic processes, the CBB procedure can also be applied
to approximate the distribution of interest in case the dependence structure of the stationary
process driving the random walk is nonlinear but obeys a mixing condition. As usual, this is
defined by means of the strong mixing coefficients; see e.g. Rosenblatt (1985). In particular, we
say that the process {X;} is strong mixing if a(k) — 0 as k — oo where the mixing coefficient
a(k) is defined by

a(k)= sup  |P(ANB) = P(A)P(B)].
AeB?  BeBx

Here Bf"’m denotes the o-algebra generated by the set of random variables { X7, X;11,..., Xi4m}-
As an alternative to Condition A, we may impose the following condition on the process { X;}.

CONDITION B: For each value of p, the series {U;} is strong mixing and satisfies the
following conditions: E(U;) = 0, E|Us|® < oo for some 3 > 2, fi/(0) > 0, where fi; denotes
the spectral density of {U;}, ie., fu(A) = Y52 yuv(h)exp{iAh} and vy (h) = E(UUitr).
Furthermore, 372, a(k)'=2/% < oo, where a(-) denotes the strong mixing coefficient of {U;}.

If {X;} is unit root integrated then the above condition implies that the differenced process
Uy = Xy — X1 is strong mixing. On the other hand, if {X,} is stationary (p # 1), then {X,}
is a strong mixing process satisfying the conditions stated above. Since in this case {U;} is a
moving average of {X;},i.e., Uy = Xy — pX;_q, the process {U,} satisfies Condition B. Note that
Condition B does not imply A, i.e., there are stationary processes satisfying Condition A which
are not mixing; see Withers (1981) or Andrews (1984).

The Continuous-Path Block-Bootstrap (CBB) testing algorithm is now defined in the fol-
lowing six steps below. As before, the algorithm is carried out conditionally on the original data
{X1,X5,..., X}, and implicitly defines a bootstrap probability mechanism denoted by P* that
is capable of generating bootstrap pseudo-series of the type {X;,¢ = 1,2,...}. In the sequel, we
denote quantities (expectation, variance, etc.) taken with respect to P* with an asterisk *.

Continuous-Path Block Bootstrap (CBB) testing algorithm:



1. First calculate the centered residuals

1 n

ﬁt = (Xt — ﬁnXt—l) — —n ] Z(Xt - ﬁnXt—l) (21)
t=2
fort = 2,3,...,n where p, = p,(X1,X2,...,X,) is a consistent estimator of p based on

the observed data { X1y, Xs,..., X, }; see Remark 2.2 below.

Attention now focuses on the new variables )~(t defined as follows:

X1 fort =1
X, =
X1‘|‘Z§‘:2UJ‘ fort=2,3,...,n.
2. Chose a positive integer b(< n), and let ig,41,...,7k—1 be drawn i.i.d. with distribution

uniform on the set {1,2,...,n — b}; here we take k = [(n — 1)/b], where [-] denotes the
integer part, although different choices for k are also possible. The CBB constructs a

bootstrap pseudo-series X7,..., X[, where | = kb + 1, as follows.

3. Construction of the first bootstrap block of b+ 1 observations. Set X7 = X; and

X7 = Xo + [Xiggjo1 — Xy

for j =2,...,b+ 1. To elaborate:

X5 = X+ [Kigr1 — Xy

X3 = X+ [Kigp2 — Xy

Xg +1:=X1+ [Xio-l-b — Xio]-

4. Construction of the (m+ 1)-th bootstrap block from the m-th block for m = 1,2, ...

Let ~ -
Xopr14j = X1 + Xy — Xina]

for j =1,...,b. To elaborate:

Xopao = Xy + X1 — Xi]

XT*rLb-I—S = XT*rLb-I—l + [Xipt2 — X

Xovatas = Xy + [ Xy — Xi )

k1.



5. Finally, compute the pseudo-statistic p* which is nothing other than the statistic p; based
on the pseudo-data {X7,..., X[}

6. Repeating steps 2-5 a great number of times (B times, say), we obtain the collection of
pseudo-statistics g3, ..., p%5. As will be shown shortly, an empirical distribution (or just a
histogram) based on the pseudo statistics p7,..., 5 provides a consistent approximation
of the distribution of p,,(X1, ..., X,,) under the null hypothesis Hyo : p = 1. The a—quantile
of the bootstrap distribution in turn yields a consistent approximation to the a—quantile
of the true distribution (under Hg) which is required in order to perform an a-level test
of Ho.

An intuitive way to understand the CBB construction is based on the discussion regarding
Figure 1(c) in the Introduction and goes as follows: (i) construct a BB (block bootstrap) pseudo-
series { X/, 1 = 1,2,...} based on blocks of size equal to b+ 1 taken from the series Xy (ii) shift
the first block (of size b + 1) by an amount selected such that the bootstrap series starts off at
the same point as the original series; (iii) shift the second BB block (of size b + 1) by another
amount selected such that the first observation of this new bootstrap block matches exactly the
last observation of the previous bootstrap block; (iv) join the two blocks but delete the last
observation of the previous bootstrap block from the bootstrap series; (v) repeat parts (iii) and
(iv) until all the generated BB blocks are used up. Note that a CBB series using block size b
is associated to a BB construction with block size b + 1. This phenomenon is only due to the
fact that we are dealing with discrete-time processes; it would not occur in a continuous-time
setting. The reason for this is our step (iv) above: although we are effecting the matching of
the first observation of a new bootstrap block to the last observation of the previous bootstrap
block, it does not seem advisable to leave both occurrences of this common (matched) value to
exist side-by-side; one of the two must be deleted as step (4) suggests.

Remark 2.1 Note that the CBB idea is not applied to the {Xt} data; rather, it is applied to
{Xt} which is obtained by integrating the centered residuals U,. The reason for this centering
is that although the series U; = X; — pX;_1 has a zero mean both under the null and under
the alternative, the estimated innovations ﬁt = Xy — pp X1 will likely have nonzero (sample)
mean; this discrepancy has an important effect on the bootstrap distribution effectively leading
to a random walk with drift in the bootstrap world. Fortunately, recentering the innovations
yields an easy fix-up; a similar necessity for residual centering has been recommended early on
even in regular linear regression—see Freedman (1981).

Remark 2.2 The quantity p,, appearing in equation (2.1) is an appropriately chosen consistent
estimator of the parameter p based on the data { Xy, Xo,..., X,;}. In particular, for the validity
of the CBB we require that p,, satisfies

b = p+ Op(n-(1HE0)/2) (2.2)

where 6(p) =1if p =1, and 6(p) = 0if p # 1. Condition (2.2) is satisfied by many estimators;
we elaborate with three specific examples:



Example 2.1 Let the parameter p have the meaning of the asymptotic lag-1 autocorrelation
of series {X;}, i.e., let
p= fim ZXeXer
t—oo  EX?
Note that under Hy the series {X;} is stationary, and therefore the limit is unnecessary. Nev-
ertheless, the limiting operation is required under Hy (i.e., if the series {X;} is I(1)), in which
case we can easily calculate that

EXiXii1

under the sole assumption that the series {U;} possesses a spectral density (which is guaranteed
by either Condition A or B).

The above discussion showed that if the series {X;} is I(1), then p = 1. To show that Hy is
essentially equivalent to p = 1 in this case note that if p = 1, then either {X,}is I(1), or it is the
trivial stationary process with constant sample-paths (by the Cauchy-Schwarz inequality); but
even this latter case can be put in the I(1) framework: X, = X,_1 + U, where {U,} is stationary
but with Var(U;) = 0.

Let p, = prs be the (ordinary) least squares estimator obtained by regressing X; on X;_1
given by
Z?:Q XtXt—l

Yima Xiy
It is now well-known that the estimator prs above satisfies equation (2.2); see Brockwell and
Davis (1991) for the stationary case, and Fuller (1996) or Phillips (1987) for the integrated case.

prs =

Example 2.2 We can similarly consider the parameter p signifying the asymptotic lag-k auto-
correlation of the series {X;} for some fixed k£ > 0, i.e.,

e EXy Xy
P = lim Y va
t—00 EXt

Again under H; the series { X;} is stationary, and the limit is unnecessary. Similarly, under Hy,

we calculate that
EX X,y

EX?
using the fact that the series {U;} possesses a spectral density. Thus, it is apparent that H
implies p = 1; but is p = 1 equivalent to Hy? Technically speaking the answer is no, since a
value of one for the lag-k autocorrelation of a series {X;} may mean either that {X,} is I(1)
(as in Example 2.1 above), or that {X,} is periodic with period k. If, however, the periodicity
is ruled out, then p = 1 would effectively be equivalent to Hy.
Now let p, = prsi be the (ordinary) least squares estimator obtained by regressing X; on
Xi_p, ie., let

=1+ 0(1/1),

n
Dot XeXe—k
n 2
Zt:k-l—l Xt—k

PLSk =



It is now also true that equation (2.2) is satisfied; see Brockwell and Davis (1991) for the sta-
tionary case, and Hall (1989) for the unit root case where pr,5 has been used as an instrumental
variable estimator in the context of a specific model.

To introduce the next example we modify Condition A by restricting the class of linear
processes considered to those possessing an infinite order autoregressive representation.

CONDITION A~ The process {X;} satisfies Condition A and the power series ¥(z) =
L+ 3752, 927 is bounded, and bounded away from zero for [z| < 1.

Condition ¥(z) # 0 for |z| < 1 implies the existence of an infinite order autoregressive
representation for {U;} if p = 1. In particular, we have in this case that U; = X; — X;_y has the
representation U; = — Z?‘;l m;Ui_; + ¢ where

T(z) =14 iﬂjzj =1/¥(z).

i=1

Note that in this case the integrated process { X} can be expressed as (1—L)(1+>22; 7;L7) Xy =
e, i.e., T(2) = (1 — z)m(2) has a unit root. If p # 1 then Condition A" implies that X, =
=221 ™jX¢—j + & since in this case {X:} is by assumption linear and stationary, i.e., X; =
> 720 jei—; and the power series W(2) has no zeros for |z| < 1. Therefore, Condition A" states
that either is { X;} a stationary process possessing an infinite order autoregressive representation
(p#1)or {X,} is obtained by integrating such a process (p = 1).

If the process {X;} satisfies Condition A’ , then an alternative representation (identity) of
X useful for testing purposes is given in the following lemma; cf. also Fuller (1996) for a similar
representation in the case that {X;} is a finite order autoregressive process.

Lemma 2.1 If {X;} satisfies Condition A~ then

Xi=pXy1 + Z a;(Xi—; — Xoojo1) + & (2.3)

J=1

where 372 |aj| < oo and the coefficients {a;} are defined as follows: If {X;} is unit root
integrated then p =1 and a; = w; for j = 1,2,..., while if {X;} is stationary then

o0 o0
pI—Zﬂ']‘ and a; = Z s for j=1,2,...

To see why the above statement is true note that in the unit root integrated case, repre-
sentation (2.3) is obviously valid for p = 1 and a; = 7;, since in this case X; = X1 + U;



and U; = — Z?’;l 7;Ui_; + & by assumption. On the other hand if {X;} is stationary then the
infinite order autoregressive representation of {X;} can be written as

Xt = —Z?T]‘Xt_]‘ +€t

i=1

- Z T Xeo1 + Z (X1 — Xi—2)

i=1 i=2

+ Zﬂ'j(Xt—2 - Xio3)+ ...+ ey

=3

from which the required representation follows by the choice of p and a; stated in the lemma.
Furthermore, since for p # 1 the process {X;} is stationary and Z?’;lj|7rj| < o0, we get by
simple algebra that

o0

Slal = SIS w)

=1 =1 s=it
o0

< Y glmil < e
7=1

Thus if the process {X;} is generated by a stationary infinite order autoregressive process,
then the parameter p appearing in definition (1.1) and equation (2.3)is given by p = — 3772 7;.
Furthermore, this parameter always satisfies

p<1. (2.4)

To see this, note that the condition 7(z) # 0 for |z| < 1 implies (by the continuity of the power
series 7(2) and the fact that 7(0) = 1) that 7(2) > 0 for |z| < 1. By continuity again we get
lim, .y 7(2) = 143252, 7; > 0 which is just (2.4). Note that p = 1 implies that 7(z) has a unit
root.

Example 2.3 Assume that the underlying process satisfies Condition A” and let p,, = ppr be
the so-called augmented Dickey-Fuller estimator of p and which is obtained by fitting a truncated
version of (2.3) to the observed series, i.e., by fitting the model

P
Xi=pXy1 + Z%(Xt—i — Xioiz1) + e (2.5)

=1

To ensure consistency of ppr the order p = p(n) in the above equation is allowed to increase
to infinity at some appropriate rate as the sample size n increases; see Said and Dickey (1984).
Note that for fixed p, equation (2.5) is the set-up considered by Dickey and Fuller (1979) for
finite order autoregressive processes of known order.

From the discussion following Condition A’ it is clear that p = 1 is equivalent to the null
hypothesis of unit root integration. Under some assumptions on the rate with which p increases,

10



Said and Dickey (1984) showed that in the unit root case ppr = 1+ O(n~!). In Section 8 we
extend their result by showing that if {X;} is a stationary process having the representation
(2.3), then ppr = p+O0p(n='/?), where p = — 3721 m;. Therefore, the estimator ppp considered
in this example obeys the stochastic behavior (2.2). Recall that for the choice of p discussed here
it follows from (2.4) that the value of p under the alternative is not necessarily in the interval
[—1,1]; whereas p < 1 always, it may be the case that p < —1. For instance, if the true process
{X:} is the first order moving average process X; = ¢; — fe;_1 with || < 1,0 # 0, then X; has
an autoregressive representation with 7, = 67, i.e., p = — Y52y ™ = —0/(1 —6) which is less
than —1 for every 6 € (1/2,1).

Note that while (2.3) is valid for all values of p considered, Condition A" does not necessarily
imply that the stationary process {U;} has an AR(o0) representation with absolutely summable
coefficients when the original process {X;} is stationary and possesses such a representation.
To see this recall that for p # 1 Condition A" implies that X; = -5 72, m;X;_; 4+ ¢;. Now, if
U, = Z?’;l c;Ui_; + ¢4 exists then using the definition U; = X; — pX;_1 and rearranging terms
it follows that ¢o = 1 and ¢; = 7; 4+ pcj_y for j = 1,2, ... which implies that |¢;| /A 0if p < —1.

What is apparent from the above three examples is that there are different possibilities for
the meaning we attach to the parameter p figuring in equation (1.1). Whereas p = 1 is equivalent
to an integrated (unit root) series in all examples above, the meaning of p = ¢ (where ¢ # 1
is some constant) is different; this is a most important point in order to understand how our
testing procedure behaves when the {X;} data are actually stationary.

Remark 2.3 Note that the estimator p,, used in calculating the residuals in step 1 of the CBB
algorithm is the same estimator whose distribution is required in order to perform the test of
Hy @ p = 1. In other words, the practitioner first selects a suitable statistic for the unit root
test (making sure (2.2) is satisfied), and then uses the same statistic in constructing the CBB
residuals. The reason this pairing is required can be better explained by the following simple
argument.

Having decided on using a particular estimator p, of the parameter p figuring in equation
(1.1), recall that our (ideal) objective is to approximate (by bootstrap simulations) the distri-
bution of p,, under Hgp; in other words, we would like to be able to simulate the distribution of
pn in the context of equation (1.1) with p = 1. To do this, we would like to simulate {X;} data
from the equation

Xe= X4+ Uy, (2.6)

and then use the simulated data to compute the distribution of p,,.
We now go back to the CBB testing construction to see how the CBB attempts to approxi-
mate the above simulation. First recall that step 1 of the CBB algorithm effectively sets

Xt = )}t—l + ﬁt-
But if we momentarily neglect the residual re-centering of equation (2.1) we see that

ﬁt ~ Xt — pnXi-1.

11



Combining the above two equations we get:
Xeo Xig 4 X; — pXi—1—(p— pn)Xi1

i.e.,

X X+ U + (Prn — p)Xi—1. (2.7)

Comparing equation (2.7) to our “target” equation (2.6), it is apparent that the only way
we will have our {X;} series mimicking correctly the {X,} series of equation (2.6), i.e., the {X;}
series under the null hypothesis Hy, is to have the term (p, — p)X;_1 be negligible under all
possibilities for the true value of p; this is actually guaranteed by our equation (2.2). To drive
this point further, note that for a successful unit root bootstrap test procedure it is not sufficient
to be able to generate unit root pseudo-data, given unit root true data; the successful procedure
must be able to generate unit root pseudo-data (with the correct dependence structure for the
residuals) even if the true data happen to be stationary—this is what the CBB testing algorithm
succeeds in doing.

Remark 2.4 The simple choice p,, = 1 in step 1 of the CBB algorithm was used in Paparoditis
and Politis (2000) in the context of series that are known to have unit root nonstationarity.
However, in the context of unit root testing discussed presently, such a choice of p,, is inappro-
priate. This is so because by (2.6) and (2.7), p,, must be a consistent estimator of p for all
possible values of this parameter; in particular, g, must satisfy eq. (2.2).

3 A Functional Limit Theorem for the CBB Partial Sum Pro-
cess

The asymptotic properties of the CBB testing procedure are largely based on the stochastic
behavior of the standardized partial sum process {S}(r),0 < r < 1} defined by

* 1 = * * «]_1 «] .
SI(T)IWZUt/U for ( 7 )§7‘<7 (j=2,...,0) (3.1)
t=1

and
{
Si(1)= = Y Ui o (3.2)

where Ur = Xy, Ur = X7 — X;_, for t =2,3,...,l and 0 = Var=(I=/2 Z;:l U*). Note that
S7(r)is arandom element in the function space D[0, 1], i.e., the space of all real valued functions
on the interval [0, 1] that are right continuous at each point and have finite left limits.

The following theorem shows that under a general set of assumptions on the process {X;},
and conditionally on the observed series Xy, Xs,..., X,,, the CBB partial sum process defined
by (3.1) and (3.2) converges weakly to the standard Wiener process on [0,1]. This process
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is denoted in the following by W. To clarify some terminology used here and elsewhere in the
paper we note that if 7, = T(X{, X3,..., X) is arandom sequence based on bootstrap sample
X7, X5, ..., X and G arandom measure, then the notation 77 = G in probability means that
the distance between the law of TF and the law of & tends to zero in probability for any distance
metrizing weak convergence.

Theorem 3.1 Let {X;} be a stochastic process, assume that the process {U;} defined by Uy =
X; — pX,_q satisfies Condition A or Condition B and let p, be an estimator of p such that
equation (2.2) is satisfied. If b — oo but b/\/n — 0 as n — oo, then

ST = W in probability.

This basic result together with a bootstrap version of the continuous mapping theorem will
enable us to apply the CBB-testing procedure in order to approximate the null distribution of a
variety of different test statistics proposed in the literature that correspond to different choices
of the parameter p and the estimator p,. By the above theorem, we expect that the CBB
testing procedure will succeed in approximating the distribution of any such statistic p,, under
the null hypothesis of unit root integration provided the following two conditions are fulfilled:
a) The choice of the parameter p is such that p = 1 is equivalent to the null hypothesis of unit
root integration, while p # 1 is equivalent to the alternative of a stationary process, and b) the
estimator p, of p satisfies equation (2.2). Such applications of the CBB testing procedure to
two popular statistics are given in the next section.

4 Applications to Unit Root Testing

In the first application we show consistency of the CBB in approximating the distribution of
the least squares estimator obtained by regressing X; on X;_q, i.., our Example 2.1. Interest in
the corresponding test statistic which has been investigated among others by Dickey and Fuller
(1979), Phillips (1987), Phillips and Perron (1988), see also Fuller (1996), occurs mainly because
of its simplicity and the fact that it allows for testing the unit root integrated hypothesis without
modelling the weak dependence structure of the process.

In the second application, validity of the CBB testing procedure in approximating the null
distribution of the so-called augmented Dickey-Fuller test statistic based on the regression (2.5) is
shown; cf. Fuller (1996), Dickey and Fuller (1991), Said and Dickey (1984) and our Example 2.3.
This test is considered here because of its popularity and because of its good power properties
reported in simulation studies; cf. Schwert (1989), DeJong et. al (1992)). See also Elliot et al.
(1996) for a theoretical discussion.

Although large sample Gaussian approximations of their distribution under the null are well-
known in the literature for both statistics considered, there are several reasons for expecting the
bootstrap to perform better than such large sample approximations. First of all, we expect
the bootstrap to be able to mimic more closely the finite sample behavior of the test statistics
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considered under the null hypothesis. For instance, the bootstrap critical values are obtained
here without imposing any distributional assumptions on the stationary process {U;} driving the
random walk while the critical values commonly reported in the literature are based on Gaussian
process assumptions; cf. Fuller (1996), Hamilton (1994). Furthermore, it is well known that the
asymptotic distribution of the above statistics depends on nuisance (and difficult to estimate)
parameters like the spectral density of the process at the origin. The CBB procedure manages to
estimate such quantities automatically making an explicit nonparametric estimation superfluous.

Note that the asymptotic validity of the CBB testing procedure can be easily established
also for studentized versions of the statistics considered in this section, i.e., for statistics based
on the difference between estimator and hypothetical value of the parameter p divided by the
estimated standard error of the estimator. Such an extension of our procedure is straightforward
and we do not discuss it here in detail. Studentized versions of the statistics considered in this
paper have attracted attention in the literature mainly because the asymptotic distribution of
their ordinary (not studentized) versions depends on nuisance parameters.

4.1 Statistics Based on Ordinary Least Squares

Here we are concerned with the least squares estimator of the parameter p in the regression
Xt = PXt—l + €t. (41)

It is well known that, under the null hypothesis where { X} is unit root integrated, the asymp-
totic distribution of this estimator is affected if a constant term is included in the regression
(4.1) or not. Both cases are considered here, i.e., we show validity of the CBB procedure in ap-
proximating the distribution of the least squares estimator of the parameter p if the regression

Xi=0+pXi1+ e (4.2)

is fitted to the observed series. Let prg denote the least squares estimator of p in (4.1) and
prs,c in (4.2). To approximate the distribution of prs we apply the CBB algorithm given in
Section 2 by using the estimator prg in order to calculate the centered residuals ﬁt in the first
step. The pseudo-statistic p* computed in step 5 is then given by the least squares estimator of
the parameter of X ; obtained by regressing X; on X; ;. Similarly, in order to approximate
the distribution of prs c we use the same bootstrap variables as above but we include a constant
term in the regression of X; or X ;. The estimator of the coefficient of X} ; in this regression
is denoted in the following by p7 g -

The following theorem shows the asymptotic validity of the CBB testing procedure in ap-
proximating the distribution of both least squares estimators considered.

Theorem 4.1 Assume that the process {X;} satisfies Condition A or Condition B. If b — ~
but b/\/n — 0 as n — oo, then

(i) sup,cr ‘P* (l(ﬁzs -1)< x‘X1,X2, .. .,Xn) - Po(n(ﬁLs -1)< x)‘ — 0 in probability

and
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(i) sup,ep ‘P* (1(,67;570— 1) < x‘Xl,XQ, . .,Xn) ~ P (n(,aLS,C —1)< x)‘ — 0 in probability,

where Py denotes the probability measure under the null hypothesis that {X;} is generated by
integrating {U;}.

Note that in the above theorem we do not assume that the observed series is a realization
of a unit root integrated process, i.e., the CBB testing procedure approximates the distribution
of the least squares estimators considered under the null hypothesis of unit root integration
whether the observed process satisfies the null hypothesis or not.

Now, based on the above theorem, an (asymptotically) a-level CBB-based test of the null
hypothesis of unit root integration can be obtained as follows: Reject the null hypothesis if
n(prs — 1) < C} where C* denotes the a-quantile of the bootstrap distribution of {(p7 ¢ — 1),
ie., C% = inf{u; P*({(p7s — 1) < u) > a}. Similarly, a test based on the statistic prsc can
be constructed by rejecting the null hypothesis if n(ppsc — 1) is less than O, where C7 |
denotes the a-quantile of the bootstrap distribution of l(ﬁzs,c —1).

4.2 Dickey-Fuller Type Statistics

Consider now the problem of approximating the distribution of the estimator pppr under the
null hypothesis, where ppr denotes the least squares estimator obtained by fitting the regression
equation (2.5) to the observed series X1, Xy,..., X,,. To do this, define the centered differences
1 n
Dy=Xi= Xy = —= > (Xr = Xr),

t=2

t=2,3,...,n. To estimate the distribution of ppr we apply the CBB algorithm as follows: We
use the estimator ppg to calculate the centered residuals ﬁt in the first step of the algorithm and
then generate the CBB series X7, X5,..., X[ following steps 2 to 4. Additionally to the CBB
series X[, we also generate a pseudo-series of [ centered differences denoted by D7, D3,..., D
as follows: For the first block of b 4+ 1 observations we set D} = 0 and

D = Digyj
for j =2,3,...,b+ 1. For the (m + 1)th block, m =1,...,k — 1 we define

* —_ . .
mb+1+5 — Dlm-l-]v

where j = 1,2,...,b. We then calculate the regression of Xy on Xy andon D_, Df_o,..., Dj_.
The least squares estimator of the coefficient of X} | in this regression, denoted by p7 -, is used
to approximate the distribution of the estimator ppr under the null hypothesis.

To motivate the above use of the CBB algorithm to approximate the distribution of ppr,
recall our target regression (2.5) which relates X; on X;_; and on the lagged differences X,_; —
Xt—j—1, 7 = 1,2,...,p. Now, in the bootstrap world X, — Xi* . ; = U;_, which for large
n behaves like the random variable U;_;, i.e., the bootstrap differences Xt*_j — Xt*—j—l behave
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asymptotically like X;_; — pX;_;_1 and not like X;_; — X;_;_1. Thus regressing X; on X; ;
and on the lagged differences X7, — X, 1,7 =1,2,...,p, will mimic the regression of X; on
Xi—yand on U;_;, j = 1,2,...,p. This, however, coincides with our target regression (2.5) only
if p =1, i.e., only if the observed series is indeed unit root integrated. Furthermore, as we have
seen in Example 2.3, such an infinite order autoregressive representation for the process {U;}
may not exist if p # 1.

Now, to understand where the definition of the new bootstrap variables D} comes from, con-

sider the bootstrap observations in the (m+1)th block given by X*, ,  where s € {1,2,...,b}.
Here we have X7, .\, = X", . + U; +oy1 and U; L o1q behaves for large n like U;, 4,41 which
by (2.3) depends on the lagged differences X; ys41-; — X, 45—;, J = 1,2,...,. Thus the boot-
strap analogue of (2.5) will be to regress X, . on X*, —and on X; o1 5 — X 15,
Jj=1,2,...,p. Note that D; 414s—; is just a centered version of X;  tor1—5 — Xi,4s—j
To approximate the distribution of ppr ,, i.e., of the least squares estimator of p in
p
Xe=0B+pXen + Z%(Xt—i — Xiic1) + e, (4.3)
=1

we include a constant term in the corresponding regression fitted to the pseudoseries { X}, Dy, t =

1,2,...,1}. The so obtained least squares estimator of the coefficient of X | is denoted in the
following by ppp -
Since in both cases discussed here the pseudoseries X7, X3,..., X is generated in a non-

parametric way using the CBB procedure and not the parametric form given in (2.5), we expect
the bootstrap to be able to mimic correctly the ‘truncation effect’ on the distribution of ppg
and ppr,c which is due to the fact that only a finite order version of (2.3) is fitted to the series.
In other words, we expect the results based on the CBB testing procedure to be less sensitive
with respect to the choice of the parameter p.

Theorem 4.2 Assume that the process {X;} satisfies Condition A~ . Assume further that
p— 00 as n — oo such that p°/n — 0 and /nY 52 1 |a;| — 0. If b — oo such that b/\/n — 0
as n — 0o, then

(i) super | P~ ((1 = P)(pr — 1) < 2|X1, Xayo oo, X0 ) = Po((n = p)(ppr — 1) < )| = 0 in
probability.
and
(ii) super |[P*((1 = P)(Pprc — 1) < @[ X1, Xo, o, X)) = Bo((n = p)(ppme — 1) < @) — 0
in probability.

Here Py denotes the probability measure under the null hypothesis that {X:} is generated by
integrating {U;}.

Some remarks on the power of the CBB testing procedure are in order. By equation (8.18)
of Lemma 8.3 and the arguments used there we have that

ST — p) = ﬁtimw@m (4.4)
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where Viy = ¢{V7!(p)Yioa(p), €1 = (1,0,...,0), V(p) = E(Yia(p)Y,_y(p)) and Y;_4(p) =
(Xec1, Xpo1 — Xomoy oo, Xy — Xt—p—l)/- By (4.4) and along the same lines as in the proof of
Theorem 4 of Berk (1974) we get the following result.

Lemma 4.1 Assume that the process { X;} satisfies Condition A~ with p # 1 and that p —
as n — oo such that p°/n — 0 and \/ny 52 |a;| — 0. Then

n—p P2EZP o N(0,1), (4.5)
ODF

2 g2y
where 03, = oZe; V1 (p)ey.

For o € (0,1) let C,, and C}, be the a-quantiles of the distribution of (n — p)(ppr — 1) and
(I = p)(ppr — 1) respectively under the null hypothesis of unit root integration. By Theorem
4.2 we have that C% — C,, in probability and, therefore, that

— 0.

‘P((n —p)(ppr —1) < Cz) - P((n —p)(ppr—1) < Coz)

Now, since

P((n = p)(ppr = p) < Co— (n=p)p—1))

_ P(\/”—P(ﬁDF—P)< Ca _m(p—n)
ODF B AUV —POpF ODF

P((n —p)(ppr —1) < Coz)

we see —using (4.5)— that if p # 1 then

lim P((n—p)(ppr — 1) < C7) = (0) = 1, (4.6)
since p = =372, m; < 1. Here ® denotes the distribution function of the standard normal.

Thus, under our assumptions, the power of the CBB based Dickey-Fuller type test approaches
unity as the sample size increases.

In concluding this section we mention that the above consistency result of the CBB testing
procedure can be also established for the case of the ordinary least squares estimator prg dis-
cussed in the previous section. Furthermore, it is not difficult to show that the tests considered
have nondegenerate power against local alternatives converging to the null at the rate n=!
if the true parameter is given by p, = 1 — ¢/n for some ¢ > 0..

, l.e.,

5 Extensions: The Case of Nonzero Mean

In this section we briefly indicate how the proposed CBB testing procedure can be extended
to deal with the case where the observed process has a drift and the regression equation fitted
includes a constant or a (linear) time trend component. To elaborate, consider the situation
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where { X} is a stochastic process which is either stationary around a (possibly nonzero) mean
or its first difference series {Y;} with Y; = X; — X;_1, is stationary with a (possibly nonzero)
mean. Note that in the latter case (and if the first difference series is an i.i.d. sequence) we are
simply in the case of a random walk with drift.

To elaborate on the appropriate modification of the CBB procedure to deal with this case,
consider the process {U;} defined by

Ut = Xt — ﬁ — PXt—l (51)

where as before, p is a parameter such that p = 1 is equivalent to Hg whereas p # 1 is equivalent
to Hq, and the constant 3 is defined such that F(U;) = 0. The case 3 = 0 is the one considered
in the previous sections. To estimate the distribution of an estimator p, of p under the null
hypothesis that p = 1, our procedure should be able to generate unit root integrated pseudo-
series X, X3,..., X" with a nonvanishing drift component. To do this, the following more
general CBB testing algorithm can be applied:

1. First calculate the centered residuals

~ A 1 & A
Uy =(X¢ = B = pnXic1) — — Z(Xt — B = paXi1) (5.2)
t=2
for t = 2,3,...,n where ﬁ is \/ﬁ—consisteglt estimator of § and p, an estimator of p

satisfying (2.2). Define now new variables X as follows:

X1 fort =1
XtI
X1+Z§:2Uj fort=2,3,...,n.

2. Chose a positive integer b(< n) and k as in step 2 of the CBB algorithm for the case g = 0.

3. For the first block of b + 1 observations set X7 = X7 and

X=X+ (- 1B+ [Nigrjo1 — Xig]
forj=2,...,0+ 1.

4. To construct the (m 4 1)-th bootstrap block from the m-th block for m =1,2,..., k-1
let

Xobr1+j = Xopr1 + 3B+ [ Xipts — Xin]
forj=1,...,b.

5. Compute the pseudo-statistic p* which is nothing other than the statistic p; of interest
based on the pseudo-data {X7,..., X;}.

18



The above version of the CBB algorithm can be used, for instance, to approximate the
distribution of the least squares estimator of the coefficient of X;_; under the null hypothesis
that p = 1, if the model (4.2) or the model

Xt = Bo+ bt + pXi—1 + e (5.3)

is fitted to the observed series Xq, Xo,...,X,,. Similarly, the statistic of interest may be the
least squares estimator of p in (4.3) or in

p
Xi=0o+ bt +pXea + Z ai(Xe—i — Xi—i1) + &1 (5.4)

=1

Note that in all cases above we allow for a nonzero mean 3 in (5.1). Thus the situation is different
to that consider in the previous section since the distribution of the least squares estimators is
affected; cf. Hamilton (1994) or Fuller (1996). Nevertheless, the theory developed can be
easily extended to establish the asymptotic validity of the above generalized CBB proposal. For
instance, denote by prs 7 the least squares estimator of p in (5.3) and by pLsr the corresponding
estimator using the bootstrap series X7, X5,..., X generated according to the above CBB
algorithm. The following result can then be established.

Theorem 5.1 Assume that the process {X,} satisfies Condition B and assume that 3 in (5.1)
is different from zero. If b — oo but b/\/n — 0 as n — oo, then

sup [P~ (75— 1) < 2 X1, Xa,- ., X)) = Po(n(prsr —1) < )| =0

z€R

in probability, where Py denotes the probability measure under the null hypothesis that { X} is
generated by Xy = 04+ X1 + Uy

6 Small Sample Performance

A small simulation study was conducted to evaluate the finite-sample performance of our CBB
bootstrap testing procedure. The simple ARMA(1,1) model:

Xi—o0Xo 1 =Zi + 0724

was used to generate the observed series { X;} based on the i.i.d. Gaussian series {Z;} ~ N(0,1).
The case ¢ = 1 is the unit root case, whereas ¢ = 0.9 and ¢ = 0.85 corresponds to a stationary
series {X;}. Regarding the MA parameter 6, the values —0.8,0, and 0.8 were chosen; § = 0.8
corresponds to a positive dependence, which —in combination with our ¢ choices— can yield
data that could conceivably be mistaken for a unit root if the sample size is small enough; # = 0
corresponds to either a random walk with i.i.d. errors, or a stationary AR(1) model (according
to whether ¢ = 1 or ¢ € {0.85,0.9}). Finally, the case where ¢ = 1 (unit root) and § = —0.8
deserves special attention; here the MA polynomial has a root close to unity which for small

19



sample sizes yields series that can easily be mistaken for i.i.d., although in reality they are
integrated.

The simulations were performed by generating a number of M =1000 true {X;} series each
of length n 4200 where the first 200 observations were discarded; we chose n = 100 and n = 200.
From each generated data series the CBB was called to perform a a-level test of the unit root
hypothesis Hg. The test statistics that were used were based on the LS estimator n(prs — 1) of
Example 2.1, and on Dickey-Fuller estimator (n — p)(ppr — 1) of Example 2.3. The CBB was
conducted by generating B =1000 bootstrap series (for each true series) in order to perform the
required Monte Carlo approximations.

In Tables 1 we report the empirical rejection probabilities of the CBB unit root test based
on the least squares estimator prg with nominal level a = 0.05 under different settings of the
ARMA parameters ¢ and 6, different sample sizes, and different choices of the blocksize b. In
Table 2 similar results are reported for the statistic ppr where we now vary the order p of the
lagged differences and —for computational reasons— fix the blocksize at b = 8 for the sample size
n = 100 and b = 10 for » = 200.

The results of our small simulation are encouraging. Note that the case ¢ = 1 in both
Tables 1 and 2 correspond to rejections when Hg is true; thus, we expect the entries there to
be close to the nominal level & = 0.05 of the test. This is indeed what appears to be happening
with the exception of the case where # = —0.8. However, even in this case the size distortion
for the ordinary least squares estimator is less severe than the one based on the asymptotic
distribution; cf. Phillips and Perron (1988). Nevertheless, the case § = —0.8 is a well-known
problematic situation in which—as discussed above—a practical ‘cancellation’ of the AR unit
root with the MA ‘almost’ unit root occurs, yielding series with sample paths closely resembling
a white noise. As a matter of fact, many authors argue that in such a case the stationary model
obtained after the ‘cancellation” may provide a more parsimonious description of the data, and
that consequently (false) rejections of Hg are not necessarily a bad thing; see Campbell and
Perron (1991), and Hamilton (1994).

Returning to our simulation results, note that the cases ¢ = 0.9 and ¢ = 0.85 correspond to
rejections when Hy is not true and should be rejected; thus, the corresponding entries measure
the power of our test against specific alternatives, and we expect/hope the entries there to be
close to one. This is indeed what is happening: the test CBB has power which increases with
sample size n (as expected) when the alternative remains fixed. Quite remarkably, in the n = 200
case the power of our test is very high and quite close to one under all alternatives considered,
even in the # = 0.8 case which is a case with appreciable positive correlation. Comparing the
power results in both tables with those reported in other simulation studies for the same model
and the same parameters, see for instance Philips and Perron (1988), Schwert (1989), Ng and
Perron (1995), it seems that for both statistics considered here the power of CBB based tests
outperforms that of the same tests based on asymptotic critical values. Furthermore, compared
with the results of the aforementioned published simulation studies, the power of the CBB based
augmented Dickey-Fuller type statistic (n — p)(ppr — 1) reported in Table 2 seems to be less
sensitive with respect to the choice of the order p.

Please Insert Table 1 and Table 2 about here
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7 Conclusions

In this paper we have proposed a new resampling procedure, the continuous path block boot-
strap testing procedure, that generates unit root integrated pseudoseries which retain the weak
dependence structure of the observed series. The procedure manages to accurately capture the
distribution of several unit root test statistics used in econometrics. Although we have restricted
our considerations to two such popular test statistics, the theory presented is general enough
in that it allows the application of the new resampling methodology to other test statistics too.
Our theoretical results, as well as the limited empirical evidence presented in this paper, largely
support the hypothesis that the new CBB testing procedure is a useful alternative to large
sample Gaussian approximations commonly used in the econometric analysis of nonstationary
time series. Notably, the idea of generating continuous path pseudoseries underlying the CBB
methodology presented in this paper is not limited to the block bootstrap but can also be applied
to other resampling techniques designed for stationary weak depended processes. For instance,
preliminary results indicate that a continuous-path version of the stationary bootstrap of Politis
and Romano (1994) can also be successfully employed in the context of unit root testing.

8 Auxiliary Results and Proofs
Proof of Theorem 3.1 Recall the definition of U} and verify that the CBB random variable
X[ is given by

X = Uy+U;+U;+...4U;
[(t—2)/b] min{b,t—mb—1}
= X+ Z > Ui, ts, (8.1)

s=1

where ﬁt is defined in (2.1). For 0 < r <1 and by the construction of the CBB series, we have
1 [ir]
SHr) = — U* /o™
{ ( ) \/Z ]Z:; 7 /

= \}— Xi/o" + — ZZUzm—I—s/U

mOsl

where M, = [([lr] — 2)/()] and B = min{b, [lr] — mb— 1}. Recall that
. A IR A
U= Xt — ppnXiq — — Z(XT — pnXr21). (8.2)
T=2

By Lemma 8.1 we have that o = o2in probability where o2 = 27 fi7(0) and fi; denotes the
spectral density of {U;}. Because of this, the fact that

Sl ZZUzm-I-S/U _7 Z UZMT-I-S/U ‘I'OP(Z 1/2) (83)

mOsl s=B+1
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and

1s/07| = Op(k1?) (8.4)

sup
0<r<1

1 -
il U,
‘ \/Z s:%;l—l "

we consider in the following only the first term on the right hand side of equation (8.3). We first
show that uniformly in r

1 M, b R
‘W Z Z Uim+5 - Z tmts E*Uim+5) — 0 (85)
m=0s=1 m 0s=1
in probability. To establish (8.5) verify that

1 i3
ZZUmﬁs = ZZ imts = 12“)
m 0s=1 m 0s=1 =2

1 i3
ZO Z; im+s—1 — m Z_;XT—I)'

Now, if p # 1 then p — p = Op(n~'/?) and, therefore,

S 3 R st

mOsl

uniformly in 7, since { X;} is stationary. Furthermore, if p = 1, 1i.e., if { X} } is unit root integrated,
then p— p = Op(n~1) and

1 n
LS S (et = L ) = O (5.7

m 0s=1 T=2

uniformly in r since in this case we have that

1 n
n = Z Z imds—1 — m ZXT_I) = OP*(bkl/Q)

m 0s=1 T=2

To see the above statement note that

b 1 n

E*[Z(Xim-l—s—l P > Xr—l)]

s=1 T=2

b 1 n—b 1 n
= ;(n Iy ;Xt—l—s—l - m ZXT—I)

b

m[z( ZXt+ 5 X) +00- 1Y X ]

s=1 t=n—b+s T=2

= Op(b*(n—1b)""?) + Op(b2n1/2(n —b)™h (8.8)
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and that ,

B[S (Kot — ﬁ Zi: Xr1)|” = 0p(B2(n b)), (8.9)

s=1

Therefore, and because of the independence of the bootstrap blocks, we get

E*[Tg]z = = Z E*(Z tm+s—1 — ﬁ Zi:XT—l))z

s=1
r b 1 n
Y S (S0 - X))
m1=0mo= 0m1¢m2 s=1 T=

b n
XE* (32 (Kot = ﬁ > X))
T=2

= op(kb;n =)™ + Op(k*0"1 (n = 0)71)
= Op(b*k) + Op(kb*(n —b)™h).

From (8.6) and (8.7) it follows that uniformly r,

M, b
1 . ~
‘_ Z Z Uipts — Z Z tmts T T o Z U (8'10)
\/Z m=0s=1 m 0s=1
in probability. Now, by the same arguments as those leading to (8.8) and (8.9) we get
ZZ( 1ZUT—E*UZ»*M+S) 0
m 0s=1 T=2
in probability, uniformly in r. This together with (8.10) establishes (8.5).
We next show the convergence of the centered bootstrap partial sum process
Ll % Zb:(U E*U; 14) (8.11)
G tmts T tm+s /s .
g \/Z m=0s=1

to the Brownian motion W on [0, 1]. For this note first that [[{r]/b] = [kr] and therefore we can
consider instead of (8.11) the asymptotically equivalent statistic

11 B .
?sz:: Z:: im+s E Uim—l—s)-

Note that the above expression differs from (8.11) solely by the fact that the first sum is up to
[l7]/b instead of ([{r] — 2)/b terms. The above statistic can be written in the form

L Wl W]
— Unprs = EUipis) = —= > Vi, 8.12
- Tl ﬂ;;( mt +s) ﬂﬂ; (8.12)
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where the random variables
1 b
i

are independent and have mean zero under the bootstrap distribution. Note that by the defini-
tion of o** and because Var=(b=1/25°_ U; |,) we have that

s=1
Var*(V:) — 0| = 0 (8.13)

in probability. Consider now the partial sum

[kr]
Vi) = > Vi,
m=0

where {V*,m =0,1,2,...,[kr]} with

_ 1
Ve = v
R+ W Var (V) "

forms an array of independent random variables. Since by definition Var*(V*) = 1/([kr] + 1)
and

(k7] s
E* V* +
mZ::O | m| _ 1 %T:] E* VTZ 246
k]l oysye (k] 1)EFO2 = Var<(Vy)
{Var*( 3 v;)} m
m=0
[kr] +1 1

([Fr] + DOFP (Var (V)7
b

1 = 245
X —— SN (Uigs — E*Us, 14)
n—b; (\/(;Z i+ + )

s=1
= Op(([kr]+ 1)7?) —o,
we conclude by Liapunov’s Theorem (cf. Serfling (1980)) that

[kr]
S Ve o= N(0,1) (8.14)

m=0

in probability. (8.14) and (8.13) implies then since

(k7] P
ﬂlg* Z—:o Vi = ¢Vm‘ (Vm)wkr]; (), (8.15)

o*’
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that
1 [kr]

N ZV* = W(r) (8.16)

in probability. Similarly, if r2 > 71 we get (V*(r1), V*(re) = V*(r1)) = (W(r1), W(ry) — W(ry))
in probability. This implies (V*(ry),V*(r2)) = (W(r1),W(r2)) in probability and an easy
extension gives (V*(r1), V*(r2),....,V*(rm)) = (W(r1),W(ry),...,W(r,,)) in probability, for
nay fixed set of points 1y < 7o < -+ < 7, in [0,1]. To conclude the proof of the theorem
it remains to show tightness of V*(r). This, however, follows by a version of the functional
limit theorem for partial sums of triangular arrays of independent random variables given in

Billingsley (1999), p. 147, since ZEQT:]O ‘772 is a sum of independent random variables with mean
zero and

- 1
max Var® (V)= ———0
0<m<kr] [kT] +1
as n — 0o. Thus V* = W in probability which by (8.5), (8.12) and (8.15), implies the assertion
of the theorem. ]

Lemma 8.1 Under the assumptions of Theorem 3.1 and if n — oo, then

(i) 171 Z§:1 U —0,

(ii) o* = Var*[l™ 1/22] 1 Ur] — 0% := 27 fu(0)
and
(iii) o ="' U — of = E(UD),
in probability.

Proof: To prove (i) note that by (8.5) we have

k-1 b
FINUr = XYY s

7=1 m=0 s=1
k=1 b
= 1! Z Z Uipts + op(1)
m=0 s=1

and that the first term in the right hand side of the above expression is the sample mean of a
block bootstrap series which converges to F(U;) = 0 under the assumptions of the lemma.
Since the proof of (ii) and (iii) are very similar we show only (ii). For this recall that

l l 9 l 9
Var (723 o = B [P up) | - (B ur])

J=1 J=1 J=1
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and by (8.5)

I k-1 b
2307 17 3 S Wi = B (W) = 0
7=1

m=0 s=1

in probability. Therefore,
l
E* (1_1/2 Z Uj*) — 0 in probability.
7=1
Furthermore,
l 2 k=1 b 2
E*(l‘mz Uj*) — E*(l‘m % Uim+5) + op(1)

7=1 m=0s=1

— 0'2

because the first term on the right hand sight of the last equality above is nothing else that
the variance of the bootstrap sample mean based on a block bootstrap sample {U; .s,m =
0,1,...,k—1 and s = 1,2,...,b} which is known to converge to o?; cf. Kiinsch (1989). O

Lemma 8.2 Let the conditions of Theorem 3.1 be satisfied. If n — oo then
(i) 172N, X2 = o [y W2(r)dr,
(i) 17 Ti X7 U7 = 5(0?W2(1) — o).
(iii) 17312 X;y = oy W(r)dr,
w) 17V Ur = o W(1),
i=1 Y4
in probability, where joint weak convergence of the above limits also applies.

Proof: To prove (i) verify that

l l t—1 2
Py xS, = z—QZ(ZU;)
t=2 t=2 j=1



in probability, by Theorem 3.1 and Lemma 8.1.
To establish (ii) we write

I 1 l t—1
P XL X = Y ()
t=2 =2 j=1
1 l t -1 2
= - -]
t=2  j=1 J=1
2 1
= X [sPwm st -nm- U]
t=2
o’ 2

= EROEEEv) } ZU*
2

= %(02W2(1) — 012])

in probability, by Theorem 3.1 and Lemma 8.1.
Assertion (iii) follows because

l
l—3/2 Z Xt*—l — l—3/2 Z Z U]*
=2

[l
Q
*
~]| =
Ng
n
*

and (iv) because
l 1/2 Z U* . *Sl

The joint weak convergence to the above limits is established using the Cramer-Wold device;
cf. Serfling (1980). O

Proof of Theorem 4.1: To prove the first assertion of the theorem recall that

{
-1
l(pLS— 1 (l 2 § X ) l_l § Xt*—l(Xt* - Xt*—l)
t=2

and apply Lemma 8.2 (i) and (ii) as well as the §-method; cf. Serfling (1980). The second part
of the theorem follows because the least squares estimator (ﬁ*,ﬁz&c)/ obtained by regressing
X7 on X[ { and on a constant is given by

VI G 1 1=3/2 Ezlszz Xiq B 11/ Zzlszz Uy
Upise—1) )~ \ PR, Xy, 172yl Xy UYL, XU )
PLs.c D=2 Xig D=2 Xiq dot=a X1 Uj
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The desired result follows then by Lemma 8.2 and the same arguments as for the first part of
the theorem. |

Lemma 8.3 Let the process {X:} satisfy Condition A~ and let ppr be the least squares
estimator of the coefficient of X;_1 in the regression of X; on Xy_1 and on Xi_; — X4_j_q,
i=1,2,...,p. If the choice of p is such that p = p(n) — oo, p*/n — 0 and Vil lajl =0
as n — 0o, then

(n—p)" (550 — p) = 0p(1)
where p = — 3202 ;.
Proof: Note that under Condition A’ we have p < 1. Since for p = 1 the assertion has
been proved by Said and Dickey (1984), we need to consider only the case p < 1. For this let
6 = (PDF, 01 s - - ap,n) be the least squares estimator of 8 = (p, aq, .. .,ap)/ and recall that

0= (3 Vi) Y Vealpes (5.17)
t=p+2 t=p+2

where Yi_1(p) = (Xi—1, Xe — Xeo1, oo, Xoep — Xt_p_l)/ and e; = Xy — pXy_q — Z§:1 aj(Xi—j—
Xejr) Teb Vlp) = (n = p) Sl Vi (i), V(D) = E(Ver(p)Vin(p)) and € =
(1,0,.. .,0)/ we then have that

VvV —p(ppr — p)

(
[}
—
3
|
3
—~
e
|
e
~—

= vt Yi_q(

—|—e/1V Z Yi1(p)(er — &)
v pt =p+2

Z Yi_1(p)es. (8.18)
V pt =p+2

Let Vi_y = e,V (p)Y;_1(p). The desired result follows then because under the assumptions
made

Fe (Vi (p) — VY

1
mt%;rzw 1(es —e¢) = op(1). (8.19)

«/—P t Zp;z Vi_ies = Op(1), (8.20)

VeV ) = V)| = op(1), (8.21)

and

Zn: Yi_1(p)e: H < Cp(n - Z?TZ. (8.22)

=P
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Here, [|z|| denotes the Euclidean norm of a vector & while for a matrix A, [[A[| = sup,)<1 [|Az]]-
We proceed by showing that assertions (8.19) to (8.22) are true.
We first show that

1 n 2 o0
Z Viciler —eg)|| < C(n—p) Z a’. (8.23)
VIt TP mpto H i=p+1

From this and the assumption that /n 3272 ., |a;| — 0 the validity of (8.19) is established. To
see (8.23) note that ||[V=!(p)|| is uniformly bounded above by a constant C for all p, which is
given by one over the smallest eigenvalue of V(p); cf. Berk (1974), p. 493. Furthermore, for
v=e,VUp) = (v1,v9,...,0p11) we have

£

, p+1
Vici=0Y1(p) =D exXip
k=1

where ¢; = v1 +v2, ¢; = vj41 —vjfor j =2,3,...,pand cpy1 = —vp41. Using Xy = Z?’;O Yiei;
we then get
o0
Vici = bjer_1—; (8.24)
7=0
where
min{j,p+1}
b= Y. et
=1

We next show that Var(V;_1) < C,ie., 372, b? < (. To see this note that

Var(Vi1) = €,V 1{p)e

= (’Yo - C1,2F1_)102,1)_1 (8.25)

where T'p = E[Y,.1(p)Y,_1(p)), Yica(p) = (Xem1 — Xi—2y Xe—2— Xy—zy ooy X4—p— X p—1) and
€12 = 0/271 =(Yo— V1,71 — V25> Yp — Yp—1)- (8.25) follows using the partition

Yo €12
V(p) - ( 6271 FD )
of the matrix V(p), the fact that I'p is nonsingular and well-known results for partitioned
matrices. The nonsingularity of I'p is a consequence of Lemma 5.1.1 of Brockwell and Davis
(1991) since Var(X; — Xy—1) = 2(70 — 71) > 0 and Cov(X; — Xy—1, Xign — Xegno1) — O
for h — oo. Note that v¢ — 0172F510271 > 0 because this quantity is the mean square error
E(Xt — Xt)2 of the best linear predictor Xt of Xy, i.e., Xt is the projection of X; on the closed
span Sp{Xy—1 — X0, Xy—o — Xy—3,..., X4p — Xy—p—1}. Lemma 2 of Berk (1974) and the
established properties of V;_; give then the desired result (8.23).

29



(8.20) follows since by (8.24) and straightforward calculations we get

E| S Vs = —— 3 Y E(ViaVioises)
(LR L s P
= EB(e}) Z b2
J=0
To prove (8.21) note first that by equations (2.10) and (2.11) of Berk (1974) we get
1 - 2
(n=pE[—— 3 Xia(Xemj = Xemjor) = 2(3jm1 = vj-2)] <€,
=PI
and
1 - 2
(n— P)E[n — D (Ximi = X)) (X — Ximjoa) = (—Yimjgr + 29imj — 72'—]‘—1)] < Ca.
t=p+1

Using the above bounds and the fact that the squared Fuclidean norm of a matrix is bounded
by the sum of its squared elements we have

B - voo < (3.26)
Therefore, ,
PE|Va(p) = V(p)| =0 (8.27)

because by assumption p>/n — 0 as n — co. Now,

|V (Vip) = Valm)) Vip) ™!

[Vt |[Vate) = vin) | [V ()7
= gnGng

Vap) ™ = vn)™

IN

with an obvious notation for ¢, G, and g. Recall that ¢ is bounded, let ¢, = ||V,.(p) "=V (p)7!|
and verify that ¢, < ¢, + ¢. Since GG,, — 0 in mean square and ¢ is bounded, we can choose n
large enough so that gG,, < 1 which leads to the inequality

Va(p) — V(p)H
Va(p) = V(p)|

IVa(p)™ = V(p) 7'l < ; (8.28)

1|

g

from which /p||V,.(p)~' = V(p)~!|| — 0 is concluded using (8.27).
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To see (8.22) let X,(p) = (X,_1, Xs_2,..., Xs_p) and write

Hmtz Yioa( H < QEH "—Ptzp;_z (Xiot, Xi_q(p)'e Hz
-I-QEH n—Pth;_QOXt 2P Hz
and argue as in equation (2.13) of Berk (1974). O

To proceed with the proof of Theorem 4.2 we fix some notation. Let D, be the (p41)x(p+1)
diagonal matrix D, = <(l —p)Vl—p, .. V= p>, and let C(p) and é(p) be the block matrices

~ ~ !
11 ¢z O

C 0/ ~ ~ ]
C(p) = ( (1)1 r ) and C(p) = Co1 €239 0 5
b 0 0 Tp

where 0 is a px 1 zero vector, ¢y = ég9 = (I—p)~2 lef:p-I—Q X7, 691 = 12 = (I—p)~! lef:p-I—Q X7y
and ¢y = 1. Furthermore, let Y2, (p) = (X/_y, Dy, ...,D;p)/ and Y2 (p) = (1, X{_1, D1,
.,D;p)/. The following lemma is then established.

Lemma 8.4 Let the assumptions of Theorem 4.2 be satisfied. If n — oo then

(i) VPFT| Du( Shepia Vi 0V (0) ™ Do = €)Y =0,

! -1

(i) VPFI| Do (Ll Va(p)Vma(p)) D= Cp) ! | = 0,

(i) (1= p) " Shopa Xy (U7 = S0y a3 D7) = So2Ca (W2(1) = 1),
and
(i) (1= p) Y2 Shpys (U7 = S0y a5 Dyy) = oW (1),
in probability, where joint convergence of the limits in (iii) and (iv) applies.
Proof: Consider (i). Let D} (p ) (Dr_y,Di,,.. .,Dt*_p)/ and

Cx(p)= D'yl p2 Y1 (p )Yt_l(p)D;1 be the block diagonal matrix

c;<p>:( (1= 1) T X (l—p>-3/zzi:p+zX:_1Di§'<p>).
(1=p) 2 iy Xia Di(p) (1= )™ Sl Di()DS (p)
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Verify first that for i,7 € {1,2,...,p},

{
2
(=) B ((=p)™ D DDy = (=% + 27— %imje1)) <O (8.29)
t=p42
and l
2
(=) E((I=p)™* 3 X7 Dr) <0y (8.30)
t=p42

in probability, where the constants C; and C3 do not depend on p. To see (8.29) recall that
E(Xy =X )Xo j— X 521) = —vimj41+27i—j—7Yi—j—1 and that the D} are block bootstrap
replicates of centered differences of the original observations. Let 5(7,j) = —vi—j41 + 27vi—; —
Yi—j—1 and note that

l k-1 b
Z Dy, Di_; = Z Z Divs—iDipys—j.
t=p+2 m=[(p+1)/2] s=max{1l,p+1—mb}

For computational simplicity we consider in the following the asymptotically equivalent quantity

k=1 b )
(l-pE” ((l —p) YD DipysmiDio—j — i(i,j))

m=0 s=1
which equals
k-1 b 2
(I (D S CURIORD SY S SURRETN)))
m=0 s=1
k-1 b 2
P (=)™t YD (570 Y Digpomi Doy — (i)
m=0 s=1
n—>b b
CE (=) Y (7Y Devei Dy — W’j))z'
t+1 s=1

Now, b=1 50, Diys—iDiys_jis a Vb-consistent estimator of 5(4,7) and, as in Berk (1974), we
have

b
bE(b_1 Z Diys_iDipsj — ’NV(iaj))z <
s=1

where the constant C' does not depend on ¢ and j. We therefore get

n—>b b N2
PE 1 =p) ™ (57 DigaciDersny — 3(6,5)) = Op(BR77(1 = p)™)
t=1 s=1

= Op(1)

uniformly in ¢ and j.
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To see (8.30) note that

k=1 b )
)_ZE*( > ZXim+s—1Dim+s—j)
m=0s=1
k-1 b )
Y E*(ZXim+s—1Dim+s—j)
m=0 s=1
n—>b b
k(l=p)2(n—0)> (ZXt+s—1Dt+s—j)2-
=1 =1

The desired result follows then since as in Said and Dickey (1984), p. 601/602, we have

b_2 Z Z (Xt+51 1Dt+51 ZXt‘I‘SQ lDt-|—52 2) < C

81 =1 52 -|—1

where the constant C' does not depend on ¢ and j.
By (8.29) and (8.30) we have that

E|crm) - Ccl* < C

(p+1)?
I _

and, therefore,
Vo 1CE(p) = Cp)l| =0 (8.31)

in probability by the assumption that p®>/n — 0. To show that (i) is true we use

VPG () - )| Ic: (mllCip) — Cllle w)l
alICH(p) = C(p)llg”

with an obvious notation for g% and g*. Verify that g% < ||C=7 (p) — C~(p)|| + ¢*. Since

<
<

E*||Cx(p)— C(p)]|* — 0 and g~ is bounded in probability, we can choose n large enough so that
g*|Cx(p) — C(p)]] < 1 in probability. Thus we have the inequality

g ICa(p) = C)|

62700 = 0N < s e —cle

from which assertion (i) follows by (8.31).
Since assertion (ii) can be proved using the same arguments, the details are omitted.
To prove (iii) we first show that

p
‘l_ Z X Za] ZZsz—I—s 1 2 +5 Za] tmts—1—j ‘_>0
7=1 m 0

pt =p+2 s=1
(8.32)
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in probability, where U;" (Xt pXi_1)—(n—1)7'"_,(X, — pX,_1) and X' is the series
obtained by replacing U, by U} in the first step of the CBB algorithm. To see (8.32) note that

P
T Z X t*_zath*—] Z Zsz-|—s 1 Zm-l—s Zay imts—1—j) (8.33)

_pt =p+2 7=1 m 0s5=1

and consider the term

— Z ZXZm-l'S Ui 4. (8.34)
m 0

s=1
For this term we have

. Z Zsz—I—s lem—I—s = —Xl Z Z Uzm—l—s

m 0s=1 m=0s=1

mi1—1 s1—1

+— Z Z ( Z Z UZM2+52 + Z U2m1+52) tmy +51
m1 051 1 mgo=0s=1 so=1
= —Xl ZZUzm—I—s
m=0s=1
[( ZZ 2m+5) __ZZ 2m+5:|'
m 0s=1 m=0 s=1

Now, by lemma 8.3 and the definition of ﬁt we have that ﬁim“ = U;;_I_S + Op(n_l/Q) uniformly
in m and s. Thus

—X1 Z Z Uipits = —X1 Z Z F s Op(nT), (8.35)

m=0 s=1 m=0 s=1

Similarly, we get

Z Z imbs = 7 Z Z F) 0= )T H0p(nT). (8.36)

mOsl s=1

Furthermore, using

zm—l—s
m 0s=1 m 0s=1

and (8.6) and (8.7) we get

2m+s - Zm_|_5 (8.37)

=0 s=

mOsl

3
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in probability. From (8.35), (8.36) and (8.37) we obtain (8.32).
We next show that

—ZZ FoaUF =3 Do) = SatCy (W2(1) - 1). (8.38)
m=0s=1 7=1

For this note that by (2.3) and the definition of D;_; we have

b

k—1
T_ Z ZXZm-I—S 1 zm-l—s Za] im+s—1— ])

m 0s=1
1 b 1 s
- 71—, Z Zsz-I—s 1 62m-I-S T a—1 Zeﬂ')
m=0 s=1 T=2
b p 1 n 1 n—p
+— Z ZZaJ e 1( -1 Z(XT - XT—l) - m Z (Xq—_]‘ - XT—j—l))
m 0s5= 1] 1 T=2 T=p+2
1 X
+— Z Z Z a;j X Zm-l—s 1 ((Xim-l-s—j — Xipts—j—1) — — Z (X, — Xq—_]‘_l))
m 0s5=1j=p+1 r=p42

= Tl,n + T2,n + T3,n

with an obvious notation for Ty, , Ty, and T3,. The proof of assertion (iii) of the lemma is
then concluded from

1
Ti, = 50:Cy (w2(1)-1), (8.39)
5, — 0 (8.40)
and
75, — 0, (8.41)

in probability. We proceed by showing that (8.39) to (8.41) are true.
Consider 17, and let e =&, — (n—1)7' 3 7_,e,. We have

1 k-1
Tl*,n = Tp ZXZ'—:L—I—S—le;'I—m—I—s
m=0s=1
1 k—=1 b m—1 b
- fp ZX1+ZZ ir+3 sz-I-J im+s
m=0s=1 r=0 s=1
1 k=1 b m-1 b
B I—p Z Z Z irtj +Z +] 2 +s —I'Op(ll/z(l_p)_l)' (8.42)

Using the polynomial decomposition given in Phillips and Solo (1992) we can write

UFr =9(1)ef — (1 - L)¥(L)ef (8.43)
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where [ is the shift operator, ¥(1) = Cy = > 52 %5, (L) = 220 ;L7 and ;= Yot it Vi
Note that Z?’;szlbz < oo implies that 3772, |4bi| < co. Substituting (8.43) in (8.42) we get

m—1

R S S ICE

mOslTOsl

zi

mOslTOs
m—1

b -1 b
I, ZOZ(ZZ(l_L) Z+]+Z (1-1 Zm+]) Z-I_m-l—s

s=1 r=0 s=1

m—1 b

_|_
62 +J5 + Z€Zm+] tm+s
1

= LT,n + L2,n
with an obvious notation for L}, and L3 .
Now,
1 k=1 b m—-1 b
L1, = \I’(l)lT Z( Z%ﬂ + Zewn-l-] im+s
pm:O s=1 r=0 s=1 7=1
k—1 k=1 b
1 1 2 1
_ + + 2
= \11(1)5[( — Z€Zm+s) R oD (e ) ]
m=0 s=1 m=0 s=1
and because
1 k=1 b )
_|_
€ = N(0,07)
d
at 1 k=1 b
R DI C IR
pm:Os:l

L, = Lo2cy, (w2(1)-1).

We next show that L3, — 0 in probability. For this let V¥ = U(L)e} and note that

1 k=1 b m—1 b
L;n = — Z Z[ Z(V:-I-J V:—I-J 1)] Z—l—m+5
pm:Os:l r=0 j=1
1 k=1 b s—1
+l— Z[ (Vij;ﬂ sz;-l-J—l)]ezm-l—s
pm:Os:l 7=1
1 k=1 b m-—1
- 7 ZZ (Vz:-b_vzr )€Z+m-|—s
p m=0s=1 r=0
1 k=1 b
+ _ Z(‘/zj;—l—s 1 zj;) z—l—m-|—s
pm:Os:l



Since z’;;g(vi;b -V = Op(k'/?) uniformly in 7 and S°FZ1 520, ef = Op(I'?) we get

2 2 2 Vil = ViDet = Op(R PR = p)7

and
1 k—1 b
1/2
=5 2 2 Vi = VinJelh o = Op((1=p)'2),
m=0s=1
which shows that L7, — 0 in probability.
Consider the term T3, and verify that

LS X - S (K - Xy = Op(p (0 — p)

=2 n—p t=p+2

n—1

uniformly in j. Since (3281 520, X .1 = O0p(1) we get

m=0 s
1312312
175, =0pl———) —0
B ((l—p)(n—p))
for p*/n — 0.
Finally, to see why 75, — 0 in probability, note that
1 k=1 b
[—p Z ZE*(X{I,—ﬁ-s—l)z = Op(n—b)
m=0 s=1
and
1 k=1 b 0 1 n 9
—— SN B (Y 4 [(Xiprens = Xippgayjo1) — — > (X - X))
pm:Os:l j=p+1 t=p+42
= Op( Z a?)
J=p+1
By the Cauchy-Schwarz inequality with then get
T3, =0p(Vn—=p ) la])
J=p+1
which goes to zero under the assumptions of the lemma. O

Proof of Theorem 4.2: We give the proof of the first part of the theorem since the second
part is proved along the same lines.

37



Let 8 = (1,a4,.. .,ap)/ and note that
(l=p)ppr—1) = e Du(6"—06)

l
® L — *
= 0, (P)Dnl Z Y7 (p)e;

t=p+2
where
€ = — 0" Y, (p)
p
- Z a; D

i=1

and l
1 !
Ci(p) = Du( X Y (V) D
t=p+2

Write

l
(I=p)ppr—1) = «CT (DT Y Yi(p)e]
t=p42

l
A G RS O DR O

t=p+2

and verify by straightforward calculations that

|p7 i Yiu(p)er]| = Op (Vi F 1) (8.44)

t=p+2

This together with lemma 8.4 (i) implies that

{
(p) = C7HP)) DY Y0 Vi(p)er| = 0

t=p+2

(8.45)

—1

€ (C;

in probability.

Now, since C' .,0) we get

~1(p) is a block diagonal matrix with first row given by (¢!, 0,0, ..

l

I _
D Y Y = (0-p) Y X)) Z X7 e
t=p+2 t=p+2 TP ispte
Thus l
== D= (-9 3 XE) Z Xpyef| —
t=p+2 TPyt
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in probability. Because of this and the fact that

(I—p)—? lellep-I—Z Xt*fl - IU%C\QD / W;Q(T)dr
(I=p)* Di=pt2 K16} 30:Ce(WH(1) - 1) )~

in probability, ¢f. Lemma 8.2(i) and Lemma 8.4 (iii), we conclude that

(1= )i = 1) = 5= (WA = 1)/ [War

2Cy

in probability. The assertion of the theorem is then established by the observation that the right
hand side of the above expression is the asymptotic distribution of (n — p)(ppr — 1) under the
hypothesis that {X;} is unit root integrated; cf. Said and Dickey (1984). O
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CAPTIONS FOR FIGURES

Figure 1 (a) Plot of the natural logarithm of the Dow Jones index series recorded daily
from Aug. 28 to Dec. 18, 1972; (b) plot of a BB pseudo-series with block size 10; (c) plot of a
CBB realization with block size 10.
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n=100 n=200

Blocksize Blocksize
10 0 b=4 b=6 b=8 b=5 b=7 b=10
1.0 0.8 0.046 0.053 0.049 0.049 0.041 0.050
0.0 0.045 0.058 0.061 0.056 0.047 0.056
-0.8 0.437 0.377 0.371 0.495 0.462 0.469
0.9 0.8 0.603 0.637 0.614 0.986 0.984 0.981
0.0 0.753 0.773 0.773 0.998 0.997 0.997
-0.8 1.000 1.000 1.000 1.000 1.000 1.000
0.85 0.8 0.876 0.859 0.860 1.000 1.000 0.999
0.0 0.960 0.961 0.951 1.000 1.000 1.000
-0.8 1.000 1.000 1.000 1.000 1.000 1.000

Table 1: Empirical rejection probabilities of the CBB unit root test with nominal level
a = 0.05 under different settings of the ARMA parameters ¢ and 8. The test statistic used here
was n(prs — 1) of Example 2.1.
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n=100 n=200

Blocksize=8 Blocksize=10
¢ 4 p=4 p=6 p=8 p=5 p=7 p=9
1.0 0.8 0.010 0.012 0.012 0.055 0.054 0.055
0.0 0.032 0.033 0.026 0.058 0.061 0.063
-0.8 0.170 0.141 0.126 0.218 0.187 0.165
0.9 0.8 0.292 0.299 0.300 0.982 0.966 0.965
0.0 0.583 0.569 0.546 0.995 0.983 0.979
-0.8 1.000 0.999 0.997 1.000 1.000 1.000
0.85 0.8 0.567 0.563 0.541 0.998 0.998 0.997
0.0 0.844 0.814 0.792 1.000 0.999 0.999
-0.8 1.000 1.000 1.000 1.000 1.000 1.000

Table 2: FEmpirical rejection probabilities of the CBB unit root test with nominal level
a = 0.05 under different settings of the ARMA parameters ¢ and 8. The test statistic used here
was (n — p)(ppr — 1) of Example 2.3; the chosen CBB block sizes were: 8 (case n = 100), and
10 (case n = 200).
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Figure 1a: Dow Jones Series (logarithm) Figure 1b: Dow Jones BB pseudo-series

4.82

R

oAl

476
476

470

| 2
|

Figure 1c: Dow Jones CBB pseudo-series
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