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In the first section of this paper, we generalize results of Sonnenschein
{18] and Ky Fan [ 8] on the existence of maximal elements for non-transitive
binary relations, 1In the second section we prove a natural extension of Nagh's
theorem on the existence of equilibrium for non-cooperative games 113] to the
case of preferences which need not be transitive, In the third section we
offer a proof of the existence of competitive eguilibrium without assuming either
transitivity or free disposability. The theorems of the latter sections show
the existence of squilibria as consequences of the existence of maxima for appro-
priately chosen binary orderings. In fact both Cournct-Nash equilibrium and
competitive equilibrium can be treated as maximal elements of binary relations

satisfying the conditions of our first section.!

Our theorem on the existence of competitive equilibrium is sdmdlar to
those of Gale and Mas Collel [ 9 ], Sonnenschein and Shafer [16], and Shafer
{17] and draws heavily on certain technical devices which were first brought
to the author's attention in the paper of Gale and Mas Collel. The trick used
to eliminate the assumption of free disposal first appeared in Bergstrom [ £ ]
and was later applied by Shafer [17] and Bergstrom [ 3]. In all of the other
papers cited, the assumption is made that individual preferences have open
graphe. This continuity assumption is in general stronger than the assumption
that both upper and lower contour sets are open. (For a discussion of this
matter see Bergstrom, Rader, and Parks [ 4 ].) Our theorem shows the existence
of quasi-equilibrium where preferences exhibit a continuity property weaker
than the assumption that lower contour sets are open, Of course to show
by usual methods that a quasi-equilibrium is a competitive equilibrium requires

the additional assumption that upper contour sets are cpen,



I. The Existence of Maximal Elements for Non-transitive Binary Relations

Let 5 be a set and PC 5%S a binary relation, If (y,x)eP, we write yPx.
Where xeS, let P(x) = {y|yPx} and P_l(x) = {y|xPy}. Where X<S§, x*¢X is a
maximal element for P on X 1if P{x*)N\X = 3,

Sonnenschein {18] and Ky Fan [ 8 ] have proved the following results on
the existence of maximal elements.

Sonnenschein's Theorem Let PCEPXE™ be a binary relation such that:

(i) P is asymmetric,
(11) For all xeEM™, P(x)} is convex or empry,
(1ii) For all xeEM, P~l(x) is apen.
Then if XCEP is non-empty, convex and compact, there exists a maximal element
x* for P on X.

Ky Fan's Theorem Let P< SxS be a binary relation where S is a linear topo-

logical space and where
(1) P is irreflexive,
(1i) For all xeX, ¥P(x) 1s convex or empty,

{(1ii) P is an open set in SxS.

Then if X< 5 1is non-empty, convex, and compact, there exists a maximal element
for P on 8.

Although neither result dtrectly implies the other, we can by a method of
proof very similar to that used by these authors, generalize both theorems.
Theorem 1 Let P 5x5 be a binary relation where 5 is linear topological
space and where:

1.A} TFor all xeS§, xfconP (x) .2

1.B) For all xeS, Plx) 1s open.

Then if X5 is non-empty, convex, and compact, there exists a maximal element

for P on X,



To prove Theorem 1, we use a lemma due to Ky Fan which extends the well-
known theorem of Knaster, Kuratowski, and Mazurkiewicz to topolocigal linear
spaces of arbitrary dimension.

Lemma 1 (Ky Fan) Let S be a linear topological space and X< S. For each xeX,
let F(x) be a closed set in S such that:
{1} The convex hull of any finite subset {xl,....xn} of X is contained
U
in F(x;).
1=1 (x4)
{i1) F(x) is compact for at least one xeX.
Then M\ F(x) # @,
xeX

Proof of Theorem 1

LI
,xn}C;X. If ze PHP l(xi), then by Assumption 1.A,
i=

Let [xl,...

n .
zf con{X 4449s%x_}. Therefore MNP l(x Y (con{x, ,...,x_})" and hence
1 n j=1 i 1 n

no-1 ¢ n -1 c
con{x. ,...x JCE{ M\ P ~(x )) = J (P "(x;)) . For all xeX, let F(x) =
1 n (1"1 ( i i\=}l( X4 xeX,

(P”l(x))°r1x. Then the sets F(x) satisfy condition | of Lemma 1, Also,
since P~Ll(x) is open {(by Assumption 1.B) and X is compact, F(x) is compact

for all xeX. Therefore according to Lemma 1, (\ F(x) # ¢. Where xke [\ F(x),
xeX XEX

it must be that x* 1ls a maximal element for P on X, G.E.D,.
For finite dimensional spaces, Assumption 1.B of Theorem 1 can be

weakened in a useful way. The following definitions are required.

Definition 1: Let X and Y be topological spaces and 2Y the set of all subsets

of ¥ (including the null set), The correspondence ¢:X+2Y 1s lower semi-

continuous (l.s.c.} 1f for every set V which is open in Y, the set
{xeX|6 (x)\V # ¢} is open in X,?
Definition 2: Let S be a topological space, PC 5x5, and XS, The relation

P is lower semi-continuous on X if the correspondence ¢:X>2x




where ¢(x) = P(x)/1X is l.s.c. (where X is endowed with the relative topology).
Remark 1l: Let S be a tepological space, P<SxS end X< S. If for all XS,
P'l(x) is open, then P is l,s.c. on X.

Proof: Lat V be an open subset of €, Then {anIP(x)f}V 2} = \J (P_l(y)r\x)
veV

which 1is the union of sets which are open in X and hence is open in X, There-
fore P is l.,s.c. on X, Q.E.D,.
Theorem 2 Let PC E"E" be a binary relation and let X EY bhe non-empty,
convex and compact where:

2.4 Tor all xeX, x¢ conP(x).

2,8 P 18 lower semi-continuous on X,
Then there exists a maximal element for P on X,

To prove theorem 2, we use a lemma which is a special case of a selection
theorem proved by Michael [12, Theorem 3,1"'],
Lemma 2 (Michael) Let XCE" and d::x—>2x a l.s.c. correspondence such that
for all xeX, ¢(x) is a non-empty convex set, Then there exists a continuous
function f:X+X such that for all xeX, f(x)ed (x).

Proof of Theorem 2

Suppose that for all xeX, P(x)\X # ¢, By Assumption 2.B, the correspon-
dence ¢:X+2X where ¢ (x) = P(x)(VX is l.s.c. Then the correspondence ‘¥:X+2X
where ¥(x) = cond(x) for all xeX is also l.s.c, (Proposition 3, the Appendix)
and ¥(x) is non-empty and convex for all xeX. By Lemma 2, there exists a
continuous function [£:X+X such that for all xeX, f(x)e¥(x). Since X is non-
empty, convex, and compact, by Brouwer's fixed point theorem there exists
xeX such that X = £(X)e¥(X). But then Xe corP(X) which is contrary to Assump-

tion 2.B. Therefore it must he rhat Pi{x*}{\X = & for some x¥eX.
Q.E,D,



According to Remark 1, P will be l.s.c., on any set XC§ if Pﬂl(x) is
open for all xeS. Thus for finfte dimensional spaces, Theorem 2 generalizes

Theorem 1. In the next two sections we show applications of Theorem 2,

II. The Existence of Cournot-Kash Equilibrium

Definition 3: A society (Pi,X ) consists of an index set I = {1,...,m}

171eT

and for each iel, a set X; and a relaticn P4C XxX where X = iHIXi' For each
£

iel, define the correspondence $4:X+¥; so that where x = (xl,,..,xm)sx,

¢i(x) = ‘:y1€Xi|(xl,....yi,...,xm)Pix}.

Definition 4: A Cournot-Nash equilibrium for the society (Pi’xi)iel is a

point XeX such that ¢i(§} = & for all iel,

Theorem 3 Let (Pi’Xi) be a society such that XiCEn is non-empty, convex

iel
and compact for all i¢l and:

3.A. For all x=(x1,...,xm)ex and all iel, x4¢ con¢i(x).

3.B. For all icI, b4 is l.s.c.
Then there exists a Cournot-Nash equilibrium for (Pi’xi)iEI'
Proof:

For all iel, define Wi:X+2X so that where x = (X],...,%)eX, Wi(x) =
CO“{(xl--"-yi-"'-xm]|Vi£¢i(x)}' From Assumption 3.B and Propositions 6
and 4 of the Appendix, it foliows that ¥; is l.s.c., Let y:X+2% where
¥i{x) = ;glwi(x). Then ¥ is l.s.c., by Proposition 5, 1If yecon¥(x), then
y = ngAij where J<CI, where nglj = 1 and for all jel, Aj 2 0 and Yjﬂwj(x).
Then y-x = ngAjzj where zj=yj-x. Assumption 3,A requires that zj#O for jed.
Also, the correspondences wj are constructed so that the zj's are linearly
independent. Therefore y-x#0 and hence for all xeX, xfcon¥(x), Let PC XxX

be the relation such that P(x)=¢¥(x) for all xeX. Then P is l.s.c. on X and

for all xeX, xfconP(x). From Theorem 2 it follows that P(x)=¢ for some xeX.



It P(x)=¢, then for all iel, ¥;(X)=¢ and hence ¢4 (X)=¢, Q.E.D.
Corollary 1: If (Pi'xi)isl is a society such that XiCZEn is non-empty, convex,
and compact for all 1gl and:

1.A'" For all xeX and all ieI, xfconPi(x).

3.,B' For all iel and all x4eXy, ¢i-l(xi) is open in X,
then there exists a Cournot-Nash equilibrium,

]

Proof: 1If x;econ¢i(x) than (xl....,xi,....xm)sconPi(x). Therefore xfconPy(x)
implies xifcon¢i(x). Thus 3.A' implies 3,A of Theorem 3. From Proposition 2
of the A ppendix it is apparent that 3,B' implies 3,B of Theorem 3, Thus the

corollary follows, Q.E.D.

III, Existence of Equilibrium in an Exchange Economy

An Exchange economy is described as follows, There are m consumers,
indexed by the set I={1,...,m}. For each icI, there is a consumption set
X;CE® and an initial endowment w;eE™. An allocation is a point
n o= (xl....,xm)egxi = X, Each consumer has a preference relation P C XxX,
As in the previous section, the correspondence ¢;:X+Xj is defined so that
¢4 (x) = {yisxi|(xl,...,yi....,xm)Pix}.

Definition 5: A price vector p and an allocation X constitute a quasi-

equilibrium (p,X) if P#0 and:

(1) For all ieI, E§i=pwi.

H
£r
L

(i1) PFor all ieI, @i(i)(\{xiexilﬁxi < ﬁwi}
(1i1) IR; = Iwy.
rtort
Dafinition 6: A price vector p and an allocation X constitute a competitive

equilibrium if conditions (i) and (iii1) of Definition 5 are satisfied as well as:

(44)" For all iel, Qi(E)[\{xicXilﬁxi < ﬁwi} = ¢,



Theorem 4  There exists a quasi-equilibrium for an exchange economy if:

4,1} For all icI, X; 1s a convex, compact set and wieX{.

4,2) For all icI, the correspondence ¢; is l.s.c. and for all xeX,

xléconzj;i(x).

4.3) 1If x is an allocation such that %xi = %wi, then for all eI,

¢(x) # &,

Our strategy for proving Theorem 4 will be to construct an artificial
society which satisfies the conditions of Theorem 3. It will be shown that
a Cournot-Nash equilibrium for this socieLy is a quasi-equilibrium, To this
end we state the following definitions and lemmas.

For all 1icl, let ¢;:X+Ki be the correspondence such that ¢:(x) =
{xg"|xy" = ay; + (1-)\)x; where y,e¢,(x) and 0 < A ¢ 1},

Lemma 3 If xtccn¢i(x), then xfcondy*(x). 1If ¢i*(x) ¥ ¢, then xyeBoundary

¢i*(x). If ¢; is l.s.c., then ¢i* is l.s.c.

Proof: 1If xac0n¢i*(x). then x = Ax + (1-A)y where yEcon¢i(x) and 0<A<l,

Therefore x=y and hence xecon¢i(x). The first statement in the Lemma then

follews. The proof of the second statement is trivial. The third statement

is proved as Proposition 7 of the Appendix, Q.E.D.
Let Xo ="{peE®| {|p|| & 1}, let I = {0}UI = {0,1,...,m}, and let

X = XXX = gxi. Let $o:i+xo be the correspondence such that for all {p,x)eX,

L

¢, (pyx) = {p’cX°|p'z(xi—wi)->p£(xi-wi)}. For all iel, define $;:X>X as
1 I
follows, If (p,x)ei and pxy > pwy + %(l-]|p||), then ¢4(p,x) =

pwy + %(1'||pll)9 then $i(p1x) bl

¥

{xi'exi|pxi‘ < pxi}. If (p,x)eX and PXy

£

o, {xy"exy [pxg' < pwy + w@-]Ip| D).



Lemma 4 For all isi, $i is l.s.c.

Proof: Let (p,x)si and p'edn(p,x). Then p'I{x,~w.) > pL(xj-w;), Let
FRACLLS 0 T i 7 1 i1
(p(n),x(n))+(p,x). Then there exists an interger N>0 such that for all n]N,

p'%(xi(n}—wi) > p(n)%(xi(n)—wi). For every interger k>0, let p'(k) = p'.

Then p'(k)zéo(p(N+k),x(N+k)) for all k>0 and p'{k)>p'. Therefore, by Propo-
sition 3, $o is 1l,s.c,

Let (p,x)cX and x'eb;(p,x) where icl. If pxy > puy + Laa-|lel]), then
pxy' < PXy . Let (p(n),x(n))+(p,x). Then for some N>0, and for all integers
nZN, p(n)xy(n) > p(n)wy + %(l-llp(n)ll). and p(n)x;' < p(n)x;(n). For each
integer k>0, let x3y'(k) = x4'. Then xi'(k)e$i(p(N+k), x(N+k)) for all k>0
and xq"(k)?*x;'. Therefore $i satisfies the convergence property of Proposition
3 at (p,x), Dow let xi'e$i(p,x) and pxj 5 pwi + %(1—||pl|). Then xy'ed *(x)

1

and px;' < pwy + %{l—llp||). Let (p(n}),x(n))+(p,x). Since ¢4* is l.s.c,,
there is a subsequence (x(my)) of (x(n)) and a sequence (xi'(k)) such that
xi‘(k)s¢1*(x(nk)) for all k>0 and xi'(k)+xi'. For some integer K>0,
ploy)x, " (k) < plmydwy +-%(1-]]p(nk)|i) for all kzK. Therefore for all kX,
xi'(k)e$1(p(nk),x(nk)). Since xi'(k)+xi', the convergence property of

Proposition 3 is satisfied at {(p,x). 1t follows that $i is l.s.c.
Q.E.D.

Define the relation ﬁoClﬁxi so that for (p,x);ﬁ, ﬁo(p,x) =
{(p',x")|p'ed (p,x) and x"=x}. For icI, define the relation P;C XxX so that
ﬁi(p.x) = {(p',x')|xi'eai(p.x), p'=p, and xj'-xj for all j#il.
Lemma 5 1If for all iel, Pi,Xi and ¢; satisfy the assumptioms of Theorem 4,
then there exists a Cournot-Nash equilibrium for the soclety (%i'xi)iei'
Proof: From the definitions of Ei for iei, it follows that $o(p,x) =
. L) ~ [] .
1p'EX0](p'.x)ePi(p,x)} and that for all icI, ¢4(p,x) = {xiaXii(p,xl,.,..xi,...xm)

aPi(p,x)}. Thus the @i's are related to the Pi's in the same way as the



w]l =

of conditions are sufficient to guarantee the existence of competitive
equilibrium,

The assumptian that the consumption sets Xj are compact could be replaced
by the weaker assumption that for all ieIl, Z; 1s closed and hounded from
below. The truncation technique devised by Debreu [7], can be édapted in
in straightforward fashion for our proof of the existence of guasi-equilibrium,
Production can also be incorporated intc the model with little difficulty.
This can be done either using the model of firms presented in Debreu [6], or
the theory of induced preferences expounded by Rader [l14] and extended to the

case of non~transitive preferences in Rader [15].
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Appendix - Properties of Lower Semi-Continuous Correspondences

Here we report several useiul properties of l.s.c. correspondences,
Propositions 1, 4, and 5 have simple proofs and are reported elsewnere, See

Berge [ 1] and Michael [12], Proposition 2 is immediate from Proposition 1.

Proposition 1 The correspondence ¢:K+2Y is l.s.c, 1ff for all xeX, yed(x)

implies that for every open neighborhood V of y in Y there exists an open

neighborhood U of x in X such that for all x'sU, ¢(x')NV # 9.

Proposition 2 Let ¢:X+2Y. If for all ve¥, {xlye¢(x)} is open in X, then

¢ is l,e.c.

Proposition 3 Where X and Y satisfy the first axiom of countability,s the

following property is necessary and sufficient that ¢:X+2Y be 1l.s.c, If
yed (x} and x(n)»x, there exists a subsequence x(nk)+x such that for some

sequence, y(k) in Y, y(k)»y and y(k)e¢(x(nk)) for every integer kB
Proof of Proposition 3

Suppose that ¢ is l.s.c. Let ye¢(x) and let {Vkik-l,z....} be a

countable base at y, For each k, let Gk -\ Vi{. S5ince ¢ is l.s.c,, for
igk

each k there exists a neighborhood Uk of x such that for all x'eUk,

Gk(\¢(x'}f¢. Let Gk -il Uj. Since x{(n)*x, there exists a subsequence

(x(n,)) such that for every k, x(m )elUy. Then there exists y(k)cﬁkf\¢(x(nk)).
Since (Gk|k-l,2,...} is a baae at y, y(k)+y. Thus (x(nk)) is a subsequence

of x(n) such that there exists a sequence (y(k)) in Y where y(k)+y and

y(k)sé(x(nk)) for all k. This proves necessity,

Suppose that ¢ 1s not l.s.c. Then there exist xeX, yeY and a neighbor-
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hood Vv of y such that for every neighborhood U of x, thare exists x'eU such

that ¢(x') V=¢, Let {Un|n-l,2,...} be a countable base at x and for each k,

let Un=;} Uj. Then there exists a sequence (x(n)) such that for all n,
v ¢ |

x(n)cﬂn and $(x{(n))11V=¢, Clearly x{n)+x., But there is no subsequence

(x(n,)) of (x(n)) for which there exista a sequence (y(k)) where y(k)+y and

y(k)e¢(x(nk)} for every k. This proves sufficiency. Q.E.D.

Proposition &4 If Y 1s a linear topological space and ¢:X+2Y is 1l.s.c., then

the correspondence, ¥, x+2¥ where ¥(x) = conp(x) is l.s.c,

Proposition 5 Where & 1s an index set, let $,:X»Y be l.s.c, for all aed.

Then ¥:X+Y is l.s.c., where ¥(x) =/ ¢a(x).
el

Proposition 6 Let I = {1,,,,,m} and X = lglxi where each X; is a topolegical

X
space, Let ¢i:X+2 i pe 1,5.c. for all iel., Let ?i:X+2X where Wi(x) =

{ysxlyis¢i(x) and y,=x, for all j#i, jeIl., Then ¥, is l.s.c. for all iel.

Proof: Let yc?i(x) and #({n)+x. Then yis¢1(x) and since ¢i is 1.,s.c., there

exists a subsequence x(nk)+x and a sequence yi(k) in Xi such that yi(k)vyi
and yi(k)e¢i(x(nk)) for all k. For all k, let y(k) = (xj(m),.ue,yy(K)yuuu,xp(mp)).

Then y(k)c?i(x(nk)) and y(k)»y. Therefore by Proposition 3, ¥, 1s l.s.c,

Q.E.DI

Proposition 7 Let ¢i:nxi»xi be 1l.s.¢c, and define ¢i*:HXi+Xi s0 that

$,*(x) = {ze¥;lz = Ay;+(1-A)x; where v4eé,(x) and 0<A%l}. Then ¢,® is l.s.c,
If zye¢y*(x), then there exists yje¢{(x) and a scalar i such that 0<xrgl

and z; = Ayi + (l—A)xi. Let V bte a neighbornood of z; in Xy and choose e>0

so that V' = {zj'eX;| ||z4"-z4|} < €}CV. since ¢4 1s l.s.c., there exists

a neighborhood U of x in X such that for all x'eU, there exists
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yi'(x?)ecbi(x')ﬂ‘u". Let U' = UN{x'ex| ||x"~x}]| < €}. For all x'eU', let
zi'(x') = Ayi'(x') + (l-)\)xi'. Then zi'(x')e¢i*(x') and ||zi'(x') - xill <
Apfygtx') - yi|| + =0 x;" - x| < e, Therefore zy' (x")ep ¥ (x' )NV,

It follows from Proposition 1 that ¢i* is l.s.c. Q.E.D.
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Footnotes

Borglin and Keiting (1), attempt a demonstration of the existence of
equilibria by a similar strategy.

For any set, 5, con S denotes the smallest convex set containing 3.

Several properties of l.s.c. mappings are studied in the Appendix of t
this paper.

The mapping ¢4 for iel, is motivated as follows. The use of
pwy +,%(l-||p]|) rather than pwy as a "budget constraint” is a technical

device which enables us to deal with economies in which there is neither
monotonicity of preferences nor free disposal (see Bergstrom (3)). It
will turn out that in "equilibrium", !|p||=L. Where p and x are such
that consumer i can "afford" x;, we map to consumptions which are both
"better than" x4 and can be afforded with less than consumer i's full
budget, Where p and x are such that consumer i cannct "afford" xy,

we map to all points "cheaper than" x4.

A topolagical space satisfies the first axiom of countability if the
neighborhood system of every point has a countable base. This 1s true of
all metric spaces, If X and Y lack this property, then lower semi-
continuity may be characterized by the convergence of nets rather than
sequences, The situation is in close analogy to the characterization of
continuous functions by sequences or nets. See Kelley [10].

The reader may be familiar with the following characterization of lower
semi-continuity, Where ye¢(x) and x(n)-x, there exists a sequence
y{(n)+y such that y(n)e¢(x(n)) for all n. Tf the image sets are always
non-empty and X and Y satisfy the first axiom of countability, then this
property is necessary and sufficient that ¢ be l.s.c. as defined here.
If $(x) can be empty this property is not necessary. (In particular it
may be that ¢(x(n))=¢ fox some n,)








