UC Santa Barbara
Ted Bergstrom Papers

Title
Interrelated Consumer Preference and Voluntary Exchange

Permalink
https://escholarship.org/uc/item/1rv2c08K

Author
Bergstrom, Ted

Publication Date
1971-03-01

Peer reviewed

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/1rv2c08k
https://escholarship.org
http://www.cdlib.org/

INTERRELATED CONSUMER PREFERENCE
AND VOLUNTARY EXCHANGE
by

Theodore C. Bergstrom®
Washington Univeroity

It is traditional in the theory of economie choice to
aseume that an individual economic agent chooses his econo-
mic activities in such a way to maximize a preference order-
ing which depends only on his own consumption. This assump-
tion, while an immensely useful simplification, does cause
some embarrassment when economists desire to explain such
phenomena as gifts and inheritances, compulsory schooling,
forced savings plans such as Social Security. and even the
often discussed notion of a "household",

The first section of this Paper suggests some weaker as-
sumptions on the nature of individualism which preserve much
of the individualislic Flavor of western economics, yet allow
one to consider some of the effects of intevrelated consumer
preferences. These assumptions provide a useful taxonomy
for the analysis of econeumer interrelationchips.

In the second section we define an exchange equilibrium
which allows mutually voluntary bilateral gifts between in-
terrelated pairs of consumers. It is demonstrated that if
all interrelatedness iz between "monogamous™ palrs of con-
sumers who are ''benevolent" but somewhat "selfish", then
equilibrium exists and is Pareto optimal, These results may
provide a useful starting point for a theory of the "house-
hold",

Section I. Interrelated Consumer Preferences

There are assumed to be m commodities and n consumers.
Let N be the set of all consumers. Define the consumption
set, Mi, of Consumer i »u Lidi Xi 1s that subset ot Euclidean

m space which consists of all commodity bundles which could
be consumed by i. Define the allocation set, X, so that X =
i Xi' An allocation 1s a point ueX where u = (ul,...,un)

ieN

and ug is the commodity bundle allocated to Consumer i.
Lach consumer, ieN, is assumed to have a complete pre-

ordering, Ri’ defined on X. This is called the preference

ordering of i.l The relations, Pi and I are defined in
the usual way.

Two consumers are said to be interrelated if at least

i
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ane of them svpresces strict prefevence botween some pair
of allocations which differ only in what the other receives,

Definition 1. Consumer i is related to Consumer j if
there exists a pair of allocations u and v in X such that
o = v for all k # j and uPiv. Consumers i and j are inter-

related If either i is related to j, or j is related to i.

) Definition 2, Preferences of Consumer i are separable
with respect to Consumer 3 if for all allocations, u and v,
such that u = v, Tor every k # § and all allocations u' and

k

v' such that u'k = v' for every k # j and such that u'j = uj

and v‘j = Vj’ it is implied that uRiv if and only if u’Riv'.

Preferences of i are separable between individuals if pref-
erences of 1 are separable with respect to every consumer,
This is the notion of separability familiar in consumer
theory. 1IT can be shown that it preferences or i are separ-
able between individuals and representable by a continuous
utility function, Fi(x), then Fi(x) can be written as

Fi(gil(xl),...,gin(xn)). Separability between individuals

rules out such Veblenesque effects as the desire to imitate
the consumption of others or desire for a commodity sclely
because of its scarcity.
When preferences are separable between individuals, one
can define a private preference ordering, :,, on the con-
3

sumption set, Xi’ of each individual. In particular if uR.v
i

for some pair of allocations, u and v, which differ orly in
the consumptien bundles allocated to i, it will be said that

U oz vy It is easily verified that if preferences are sep-

arable between individuals, then the relation, 2., is a com-
plete quasi-ordering on X,. *
i

Definition 3. The private preference ordering, z., is
i

defined as follows. If u and v are allocations such that
u, = v, for all j # i, then u. 2, v, if and only if uR.v.

] ] ) 17301 i
The relations of striect private preference, >4 and private

indifference, ;o are defined in the natural way.

Definition 4. Consumer i is nonmalevolently related to
J 'IF‘I‘AT‘E'FFY‘PHC‘QS of i and j are separable between individuals
and if for every pair of allocations u and v in X such that

Uj 2j Vj and such that LRI for all k # §, it is implied

that uR,v.
1

If Consumer i is nonmalevolently related to j then for
any two allocations, u and v, which contain the same bundles

for everyone except j, if j privately prefers his bundle in

u to his bundle in v then i will consider u at least as good
as v. Nonmalevolence rules out the possibility that i dis-

agrees with j about what kinds of goods j should consume.

Definition 5. Consumer i is benevolently related to j
if preferences of consumers i and j are separable between
individuals and if for all allocations, u and v, such that

uk = vk for k # J3 uj >j v. it and only 1ir uFiv.

It can be shown that if preferences of i are separable
between individuals and representable by a continuocus util-
ity function and if consumer i is nonmalevolently (benevo-
lently) related to consumer j, then the utility funetion
of i can be represented by a function Fi(gl(xl),---,gn(xn)),

vhere gj(.) represents the private preferences, zj, of j

and Fi is a nondecreasing (increasing) function of gﬁ(.).

Definition 6. (Consumer i is iocally nonsatlared oun X,
if for all ueX, in every open neighborhood of uj in Xj

there is an x, € Xj such that vPiu where v is an allocation

such that Vk = uk for X # ] and vj = Xj.
Remark. If i has transitive and continuous preferences
and is locally nonsatiated on Xj’ then i is benevolently re-

lated to i if and only if i is nonmalevolemtly related to 3.

Proof: The only way in which a nonmalevolently retated
i could not be benevolently related to j would be if for some

ueX and some v, & X,, it is true that uj >j vj and (ul...u:.I

...un)Ii (ul...vj...un).
topology implies continuity of 2.. Hence if the uj >, Vj’

Continuity of Rj in the product

there is some open neighborhood, N(vj), of vj in X, s

that X5 € N(vj) implies that ay >, %.. By local nonsatiation

of i on X., there is some x. € N{v.) such that (W, Xy )
3 ] 1 ] n

P.(u....t....u_ ). Butu,>, X, ¢ N(v.). This contradicts
i "1 3 n 3 j

nonmalevolence. Therefore nonmalevolence implies benevolence.
That benevolence implies nonmalevolence follows trivially

from the definitions. The remark is now proved.

Definition 7. Consumer i is egncentric with respect
to consumer ] if preferences of 1 are separable between

individuals and if for any pair of allocations, u and v,

such that o= vy where k # i and k # J; if uij and uy Ty vy

then uR.v.
i



Rema?k. If censumer i is egocentric with respect to
consumer j, he is noumalevoleut with respect to j.
Proof: Simply apply the definition of egocentricity

where u, = v,.
i i

Theorem 1.

o (a) Cons?mer i is egocentric with respect to consumer
j if and only if for all allocations, u and v, such that

v = v where k # i and k # j; if Vpiu and uij then
v, >, U,.

1 1 1
. (b) 1If consumer i is egoceniric with respest to 3§ and
j is novmalevolent with respect to i, and if u and v are
allocations such that vPiu and uR.v, then u, 2, v, and
3 377

v > 1.
1 1 Ea

Proof:

.To prove Part (a), simply cbserve that since the relation,
P\i, io ¢omplete, the statement, "“If uij and u, 2. v. theu

uRiv“ is logically equivalent to the statement "If uR.v and

vPlu then v, 7y ui.” Therefore the statemesnt in Theorem 1(a)

is equivalent to the definition of egocemtricity.

Consider two allocations u and v such that u = Yy where

k # i and k # ] and such that vP.u and wR,v. Part (a) of

Theorem 1 implies that A >i u; - If consumer j is nonmale-

voleut, It is easily shown that if v, >, u. Then vF.u. But
301 3 ]

by assumpticn, uij. Therefore u. 2, v,. This proves Part
(h). R QED

) One's intuition about the nature of egocentricity is
aided by Theorem 1. If two persons are egocentric with re-
spect.to each other, then whenever they disagree about the
relative merits of two allocations, the disagreement is such
that each person prefers the allocation in which his own
bundle ranks higher in his private preferancas, N TF twa

persons disagree because each wants the other to have the
bgtter part, then they viclate the assumptions of egocentri-
city. (@ delightful fictjonal account of a pair of non-ego-
centric individuals is found in 0. Henry's short story, The
Gift of the Magi.) T

. To consider an example., suppose there were only one com-
modlty and two persons, an egocentric rich man and an ego-
:enFrlc poor man. If each prefers to have more of the com-
nodity rather than less, given the consumption of the other
then the rich man might give to the poor man, but one would,
aever find that the rich man wants to change places with the
soor man while the poor man is unwilling to do so.

This can be illustrated by the figure below. There is
just one good to be ailocated beTween TWo Lousumers. Cach
consumer privately prefers more of the good. Both are beme-
volent. Possible allocations are represented by points on
the line © 1. The distance o the left of any polnt wmea-
supes the amount consumed by A. The distance to the right

Figure l: Egocentric preference

Figure 2: Non-egocentric preference

1

es1]

0 Ay x

of the point measures the amount consumed by B. Consumer A
prefers the point & to all other allocations on the line.
Consumer B prefers B to all other allocatiocns on the line.
Each ranks other allocations inversely with Thelr distauce
fprom his favorite point. We show That when A and B are lo-
cated as in Tigure 1, preferences are egocentric. Suppose

xRBy and Ky Zp Ve Then x must be to the right of y. The
only way this can happen when xRBy is if both points are to

the left of R. Rnt if this is the case. both points are also
to the left of A ana therefore, xRAy. Consumer A must be

egocentric with respect to B. Likewise one can show that B

is egocentric with respeet to Ao To cee that preferences are
not egocentric if A and B are located as in Figure 2, consid-
er points x and y between A and B such that x is to the right

of y. Then xRBy and Y >0 Ya but yPAx, which could not hap-
pen if A were egocentric with respect to B.

It is sometimes useful te have a slightly stronger ver-
aion of cgocentrieity.

Definition 8. Consumer i is strongly egocentric with
respect tc j if i is egocentric with respect to 5 and if in
zddition, for any allocations, u and v, such that u = vy

where k # 1 and kK # 3, uij and LA imply that u?iv.

I+ is net in general true that egocentricity, even with
continuity of preferences, implies strong egocentricity. If,
for example, two consumers are in complete agreement about
the relative merits of every pair of allocations, then they
are egocentric with respect to each other but neithier uced
be strongly egocentric with respect to the other.



It turns out that if preferences are egocentric and
continuous and if for any allocation. u, there is some alle—
cation, w, close to u (in a sense defined below) such that
Consumers i and j disagree about whether u is better than
W, then preferences are strongly egocentric. These notions
are made precise below.

Definition 9. There is local conflict of interest be-
tween Consumers i and j, if in every open neighborhood of
every allocation, u, there is an allocation, w, such that w
= uy where k # 1 and k # j, and such that iju and uPiw.

k

Theorem 2.
If preferences of Consumer i are continuous and ego-
centric with respect to Consumer j, and if there is local

conflict of interest between i and i, then preferences of i
are strongly egocentric with respect to j.
Proof:
Suppese that u and v are allocations such that U =V
where k # i and k # § and suppose that uR.v and u, >. v..
i i i1

Since preferences of i are continuous, there is an open
ueighborhood, N(u), ot u, such that it weN(u} then wi >i V..
. i
Since there is local conflict of interest, there is some
weN(u) such that iju and uP.w. Since weN(u), w, >, v,.
AL L

Since iju and uij, ijv. Egocentricity therefore implies

that wR,v. But uP.w. Therefcre uP,v.
i i i OFn
The following theorem states scme properties of strong-
ly egocentric preferences.

Theorem 3.

If preferences of Consumer j are nonmalevolent with
‘espect to Consumer 1 then the following statements are logi-
rally equivalent.

(a) Consumer i is strongly egocentric with respect to
lonsumer j.

(b) TFor any allocations, u and v, ench that N = v

there k # 1 and k # §; if vR.u and uij, then v, . u, and

Loz, V..
J J ]
(¢} Consumer j is strongly egocentric with respect to
‘onsumer i,
‘rocf:
Completeness of Ri implies that the statement, "If uij

ind u; > vy then uPiv”, is logically equivalent to the state-

ent, "If vRiu and uij then v, oz ui.” Nenmalevolence of j

toward i implies that if vRiu, uRﬁv, and viozouy then
Uy 2y Yy The equivalence of Statements (a) and (b) follows
immediately.

Since Statement (h) is symmetric with respect to i and
j, it is immediate that Statement (c) is also equivalent to
Statements (a) and (b). QED

Section II. Households and Competitive Gift Equilibrium

It is well known that a competitive equilibrium as or-
Jdinarily delined will net in general be Paretc optimal if
there is consumer interrelatedness. Where all consumer in-
terrelatedness is nonmalevolent, it is of interest to consider
an exchange equilibrium in which bilateral gifts are allowed.
Such an equilibrium will be defined below.

Definition 10. A household is a set of interrelated
conoumers ouch that each member of the set is interrelated
with some other member and no member of the set is inter-
related with any consumer not in the set. (The definition
of interrelatedness is such that an individual is interre-
lated with himself. Therefore the set containing a com-
pletely "selfish' individual is a single member household.)

Definition li. If cach membor, i, of a heouscheld, H,
commands an 1initial vector, Vi of commodity holdings, then

the allocation, x, is a household equilibrium for H at the

orices, p, il p.Z xi s p~Z wi and 1f for every leH and for
ieH ieH

every allocation, x', such that p I x'. < p L Wi if x‘Fix

1eH + ieH

then px'i > Uy

If an allocation is a household equilibrium at the
prices, p, then it must be that the total waluc of goods con
sumed by members of the household does not exceed the total
value of the initial holdings of household members. If scme
member of the household prefers another allocation to a
household equilibrium, it must be either that the total cost
of goods consumed by members of the household exceeds total
household wealth or that the bundle preferred by that member
costs more than the value of his personal initial holdings.
It is possible that in equilibrium, some members of the
household consume bundles of higher value than their hold-
ings. If this is tv happen, other wenbers of Lhe household
must voluntarily consume bundles of lower value than their
initial holdings.

Definition 12. A competitive gift equilibrium {(c.g.e.)
for an exchange economy is an allocation X and a set of
prices, P, such that:
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(a)_ The allocation x is a household equilibrium at
Tires, p, for every hounsehold.

(b) % Qi = I wi, where N is the set of all consumers.

ieN ieN

Even if all consumer interrelatedness is nonmalevolent,
competitive gift equilibrium does not necessarily exist.
n fact there may be households for which there is no house-
old equilibrium at any price vector. Furthermore, a c.g.e.
zed not be Parelo optimal. (See Bergstrom [2]) A special
ase of interrelated preferences for which a c.g.e. exists
2d is Pareto optimal will be presented below.

Theorem 4.

Let the allocation, x, be a household equilibrium for
»usehold, H, at prices, p. Suppose that for all ieH, pref-
~ences of 1 are locally nonsatiated on Xi. Then 10 A'RiA
roall ieH, it must be that p £ x'i 2L ow,.

igH ieH
oof:
Suppose that X'Rix for all ieH and that p T x'i <
ieH
.ZHWi' Then for some jeH, px% < pwj. Since j is locally
e
>nsatiated on Xj there is an gj near x% such that ng < pwj,

2 -
.t Zox

S P I w;, and such tnat xij‘ where x is an al-

b e 1 ieH
1#3 R o R
eation such that xj = %_. and X o= %!  for all consumers,

# j. Since S'ij, it follows that ;ij. But this contra-
cts the assertion that x is a c¢.g.e. Therefore if x'Rix

T all ieH then p £ x', > p L w,.
jed * 7 qenm ?t QD

A1l easy consequence of Theorem 4 1s that If x is a nouse-

1ld equilibrium for household, H, at prices, p, then p & X,
Low,. ieh
e *

In the remainder of this section, attention will be con-
ned to the case where no consumer is interrelated with more
an one other cunsumer. In this cass, nu household cunsists

more than two consumers. Theorem 5 states a property of

uilibrium for a household which contains two benevclent and
ocentric memhers.

Theorem 5.

Let H be a household with exactly two members, A and B.
sume that conoumersc A and B are benovolent and egoeentrie
th respect to each other, that preferences of A are locally

nonsatiated on XA and that preferences of B are lcocally non-

satiated on XB. Let x be a household equilibrium for H at
prices, p. If x'PAx and x'RBx, or if x'RAx and x'PBx, then

p(xA + Xy ) > p(wA + wB).
Proof:

T T Ll t
Suppose that x'P, x, x'Rpx, and that plx At X R) <

p(wA + wB). Since x is a household equilibrium, it must be

that px'A > pw Therefore px'B < pw But, since x is a

A’ B’
household equilibrium, this implies that xRBx'. Since con-
sumers A and B are egocentric with respect to each other, it

v t
follows from Theorem 1b that x A >a Xa and that e 2p ®lge

If px'B < Py then, since B is locally nonsatiated on
- e} 1l [0 o
XB’ there is an X, near x', such thatApr < Py, p(xA + XR) <

p(wA + wB), and such that QPBX where % is an allocation in

. ~ o .
which Ry = Xgs and xo= %y for all consumers, i, other than

B. But this cannot be if x is a c.g.e. Therefore px'B Z pwg-
Suppose that px'A < px,- Let ¥ be an allocation such that

ﬁA = X'A and such that ﬁi = Xi Tor all consumers, 1, other

than A. Then p(xA + xB) < p(wA + wB) and pxp < pwy. But

gince Consumer B is benevolent toward A, and since ;A =

>, X X, = it must be that xP_x. This cannot be
A Ta¥a and T it st be tha B )
since x is a c.g.e. Therefore px'A > px,. It follows that

x!

p(x'A + x'B) > p(xA + XB). Since x is a household equili-

N — 1 1
brium, p(x, + x.) = plw, + wy). Therefore p{x At X B) >

p(wA + wB).
If x'RAx and x'PBx, an analogous proof shows that p(x'A +
1
X B) > p(wA + wB). QED

Observe that in Theorem 5 it is assumed that both con-
sumers are benevolent. It might seem plausible that conlliu-
uity, interrelatedness, and egocentricity (which implies non-
malevolence) would be sufficient for the conclusion of Theorem
5. Thie *turnc cut not to be tha cace unless it is alen Ac-
sumed that there is some point in the consumption set of each
consumer which is cheaper at the equilibrium prices than his
equilibrium consumption.

Theorem 5 may be helpful for interpreting the meaning of
a household equilibrium for two-member households. If x is
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a household equilibrium at prices, p, then Theorem 5 implies
that fur any allocation, x', cuch that p(x'A + x'B) <

p(wA + wB); if »'Pyx then px'A > 0 and xPpx'. Thus, if the

total cost to the household of allocation x' does not exceed
the total wealth of the household and if Consumer A prefers
x' to x then it must be that the allocation x' is achieved
only if Consumer B makes a gift of value, px‘A, to Consumer
A. But B prefers not to make such a gift.

Theorem 6.

If no household containo more than twe conscumeres, if
members of each household are egocentric and benevolent with
respect to each other, and if preferences of each consumer,
i, are locally nonsatiated on X.. then a competitive gift
equilibrium is Pareto cptimal.

Proof:

Suppose_that X is a c.g.e. and suppose that x is Pareto
superior to X. Then x is a household equilibrium for every
household at prices, 5. If a consumer belongs to a single
member household, this means that at x he is maximizing his
preferences subject to an ordinary private competitive bud-
get constraint. Just as in the traditional proof of the
optimality of competitive equilibrium, it must be that when
i e the omly memher of a household. if lei then Bxi > Ewi

and if xPii then Exi > pH,.
Since xRii for all ieN and since xPj; for some jeN, it
follows from Theorem 4 that p I X, 2 pL Wy for every house-
ieH ieH
hold, H. From Thecorem 5. it follows that for some household,
H,pIx.>pl W Therefore p E R, > P z W, This cannot

ieH ieH ieN ieN ~
be if ® is a feasible allocation. Therefore x is Pareto
optimal. QED

It is, of course, not very useful to know that a com-
pletitive gift equilibrium if Pareto optimal unless we also
know that such an equilibrium exists. In the usual proofs
of the existence of competitive equilibrium, the crucial
step is to show that there is a nonempty, upper-semi-continu-
s aggregate demand correspondence. Theorem 8 states con-
ditions under which there if such a correspondence when
there if pairwise consumer interrelatedness. With the use
of Theorem 8, it is a quite mechanical exercise to adapt any
of the familiar proofs of Arrow and Debreu |1], Debreu {313,
McKenzie [4] or Rader [5], to prove the existence of a
competitive gift equilibrium.

Definition 13. The joint household demand correspondence,

EH’ of household, H, is a correspondence fH:Em + I X. such
ieH

that for peE', fH(p) ={z xilx is a household equilibrium
ieH
for H at prices, p}. Let H be the set of all households.
Then the aggregate demand correspondence, f, is a corres-
pondence such that for peEM, f(p) = & fH(p).
He#
The set, fH(p), will be nonempty if at prices, p, there

is a household equilihrinm for H. Tf consumers are not ego-
centric, fH(p) may be empty at some prices. In the example

illustrated in Figure 2 of Section I, if the initial allo-
cation of wealth is reprcoented by a point botueen A and R,
then there is no household equilibrium when the price of the
good is positive:. The only point which A likes at least as

well as every x such that px, < pw, and plx, + xg) < plw, +

wg) is A. The only point which B likes at least as well as

every x such that px, < pwy and plx, + XR) < p(wA + wB) is B.

Theorem 7.
If household, H, has exactly two members, A and B, with
compact, convex consumption sets XA and XB respectively, if

preferences of A and B are weakly convex, continuous and ego-
centric and if preferences of A and B are locally nonsatiated
on XA and XB respectively, then fror any price vector, p, sucl

that PR, £ PV, for some x, € XA and such that pxp € Pwy for

A

some x_ € the sct fH(p) is nonempty.

B ® *ps
Proof:
The set fH(p) will be nonempty if there exists a house-

hold equilibrium for H at prices, p. Since Consumers A and

B are interrelated with no consumers outside the household,
the level of preference of A and B depends only on what is
consumed by A and B. One can therefore treat prererences of
A and B as if they were defined only on (XA, XB). Let x4(p) =

(xi(p), xg(p)) be an allocation such that xA(p) maximizes

B -
RABon theBset {(xA, xB)|p(xA + xE) < p(wA + wB)}. Let x (p} =
(xA(p), XR(D)) be an allocation such that xB(p) maximizes

Ry on {(x, XB)|p(XA + xp) < plw, + wpil.

Suppose that pxi(p) < pW,. It will be shown that in

. A . P ,

this case x (p) is a household equilibrium at prices, p. Con-
1 1 v | 1

sider (xA s %y g such Xhat p(xA t Rp )< p(wA + wB) and

(%", %g") Pplxp(p), x3(p)). The definition uf xA(p) implieo

that XA(p) RA(XA', XB'). Since preferences are egocentric,
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A A :
it must be that xp' >, x(p). If pxp' < pxg (p), then continu-

ity of preferences together w1th Assumption 5, ensure that

O
for some QB near XB s % 7p B(p) and PRy < PXp (p) But

since A is nonmalevolent, (x (p), xB)R (x (p), xp (p)) Since

A is locally nonsatiated on XA’ there is an gA near xA(p)

sueh that (x B)PA(XA(D) xA(p)) and such that D(x + xD) <

p(wA + WB) This contradlcts the definition of xA(p) There-
fore if (x,', x ") F ¥ (p) and if plx,' + x, ') S plw, + oWy )

px, (p) But since pr(p) < prys PXg (p) > pg-

v

then pxpt 2

Therefore pr' > pup. It follows that when pr(p) < PW,s
xh(p) is a household equilibrium at prices, p. An analogous
proof shows that if pxg(p) < pwy, then xB(p) is a household
equilibrium at prices, p.

B
The remaining case is where pxi(p) z pu, and pr(p)

AR

Consider an allocation, (x ;B)’ such that x, maximizes

A’ A A
4 S pr} and Ry TaxlTlZeS 2y on {xBipr < pr].
Suppose that (XA. XB) PA(XA' XB)' D(XA + XB) < D(WA + WD) and

on {xA|px

DX, < W, Then x (p) RA(xA, xB). Since preferences are
weakly convex, if (.v, () *p ()) = )\(XA(p) XA(D)) + (1-2)
(XA, %, } for A such that 0 < X < l, then (x (1), x (A))RA(XA,
B) PA(XA: XB). But PRy (D) > W, and PX, < Y- Thefefore
for some A such that 0 < A <1, pr(X) = pvy and PXy (x) < pWg
But this implies that fA 25 XA(A) and XB g xB(A) Nonmale-
volence implies that (XA, xB) RA(XA(X), xB(A)). But this is
a contradiction. It follows that if p(xA + xB) < p(wA + wB)
and if prp < pw,, then (QA, QB) RA(XA, xB). An analogous
proof shows that if p(xA + XB) < p(WA + WB) and if px, 2 pug,
- - = ooy 1
Then (XA’ xB) KB(XA’ xB). Therefore (xA, xB) is a houselivld
equilibrium at prices, p. QED
Theorem 8.

If the following assumptions hold:
(1) For all ieN, X, is a convex, compact subset of

Euclidean m space.
(2) TFor all ieN, R, is a weakly convex, continuous

qasi-ordering on X = 1 X,
ieN

¥y -

(3) For all i¢N, Consumer i is locally nonsatiated on
K. aud preferences ul Cousumer I are gpucentiic

with respect to every other consumer.

(4} No household contains more than two consumers.

(5) The set of prices, P, 1s a closed convex set not
containing zero, such that for all ieN, and for all

peP, there exists an %5 € X.l such that 2 < PW, -

then the aggregate demand correspondence £ : P » I Xi is up-
ieN
per semi-continucus and for every peP, f(p) is a nonempty
convex setT.
Proof:
Since Xi is compact and Ri is continuous for all ieN,

it must be that if H has only one member then fH(p) is non-

empty for all peP. According to Theorem 7, if H has two
members, fn(p) is nonempty for all peP.

If a household has only one member, one can immediately
apply the method used by Debreu {3, p. 63] to show that fH

is upper semi-continuous. Suppose that a household has two
members, A and B.
N s
Let gA(p) = {x|p(xA + xB) < p(wA + wB) and xR x' if

p(xA' + xB‘) < p(wA + wB) and px,' < pr}. Let gp(p) =

'
A

[ 1 1) <

{x!p(xA + xB) < p(wA + wB) and xRBx if p(xA * Xy ) <
P(WA + NB) and pKE' N pwE}. Assumptiun 5 aund the continuity
of R, and Ry ensure that g,(p) and gB(p) are upper semi-continu-
ocus correspondences. Since FH(p) = gA(_p)ﬁgB(p), F“ is also
u.s.c.

Weak convexity of preferences guarantees that fH(p) is a
convex set for every peP, Since fi(p) = L fH(p), £ is u.s.c.

. HeH

and has nonempty convex image sets for evéry peP. QED

The final theorem and its corollary are counterparts to
the "Second Optimality Theorem of Welfare Iconomics". It is
shown ‘that when comnsumer interrelatedness is restricted to
monogameus paire and is cgoccontric that a large claco of
Pareto optima can be sustained as competitive gift equilibria.

Theorem 8.

If % is a Pareto optimal allocation for an exchange
economy with an aggregate vector of commodity holdings, w,
and if

(L} Ftor all ieN, K 1s a convex guasi-ordering on x

and Consumer i'is locally nonsatiated on X



(2) No household contains more than two consumers.
(3) All comsumer intercelateduess is egocentric.
then there exists a price vector p and budgets, (bl,...,bn),

such that: if i belongs to a single member household and if
xPixi then P > bi; if A and B belong to a two member house-

hoid then for x such that p(xA + xB) < b, + by, if xPAi then

%, > d 1f =P _x > .
Py bA, and if B then prp T bB
CoPollary.a

If the assumptions of Theorem 9 are true. if preferences

are continuous, and if for every ieN, there exists an X. £ X,
1 1

-0 ~= = : . -
such that pX, < pxi where p is a price vector satisfying

Theorem ¢, then X 15 a competitive gift equilibrium at prices

p where for all ieN, consumer i is given a budget, bi =Py

Proof of Theorem 9:

Since preferences are convexr, the set, VE{ I x,|x is

ieN T
Pareto superior to x} is convex. Since X is Pareto optimal,
w¢gV. Minkowski's separation theorem implies that there
exists a (non-zerc) p such that if I x, ¢ V then p I x, »
ieN ien * T
Eu = E T ;i It is easily shown, sinee prefercnces arce non
ieN

malevolent, that for all ieN, if x, >, ;i then ﬁxi > Eii.
If consumer i belongs to a single member houschold it Is
immediate that if xPi;, then ﬁxi > 5§i'

Suppose that A and B belong to the same two member
household. Since A and B are interrelated with no consumers
outside the household, it follows that if p(xA + xB) < p(xA +
iB) then ;PAX or QPBX. Suppose p(x, + xp) < ﬁ(ih + ;D) and

xPAi. Then QPBX. Since preferences are egocentric Xy > %A.
But it was shown above that this implies that EXA > 5§A.
Likewi . == = - .

_1 ew1§? if p(xA +oxp) < p(xA + xE) and xPx, it must be that
Pxg 2 Pxp. Therefore if each consumer ieN, is given a budget

b, = 521, the conclusion of the theorem holds.

1 QED

Proof of Corollary:

If consumer i belongs to a single member household, the
proof that x is a household equilibrium at p for his house-
hold is the same as that offered in Debreu [3, p. 95]

Suppose that A and B are members of a two person house-
hold and that_p -is a price_vector satisfying Theorem 9.

Suppose that p(xA + XB) < p(xA + xB), px, < PX, and xP x.

. e ) ==
By assumption there is an Ry € XA such that PRy < P¥,- Con-
sider the allocation, x(X) where XB(A) = %y and xA(A) = Axy ot
(l—A)ﬁA. Continuity implies that for ) close to one,
X D pX D < plr, + %)
X(X)PAX. But pr(A) < p%, and p(xA(X) + xB(X)) p(xA XB)

This contradicts Theorem 8. Therefore if ﬁ(xA + xB) < ﬁ(;A +

;B) and EKA < E;A then ;RAN. An analogous statcment can be
made for B. The corollary follows immediately. QED
Leneusion:

The purposes of this paper have been twofold. Restric-
tions on the nature of consumer interrelatedness such as
separabllity between individuals, nonmalevolence, and ego-
centricity (in decreasing order of generality) are suggested.
The relations between these assumptions are explored, as are
some of Lhelr impllcations for individual behavior. Perhape
the most interesting and least intuitively understandable of
these assumptions is that of egocentricity which limits the
degree of generosity of our consumers. Theorems 1, 2, and 3
help to clarify the meaning of this assumption.

It is established that a competitive gift equilibrium
can be shown to exist when the only consumer interrelatedness
is between pairs of egocentric consumers. In this case there
is also a two way correspondence between the set of competi-
‘tive gift equilibria and the set of Pareto optima.

Things become more difficull (and perlaps more interest
ing) when preferences are less monogamous. An allocation
mechanism which is Pareto efficient when there are large

notworke of intermalated consumere ie discnssed in Bergstrom

[2]1.
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FOOTNOTES

1 Implicit in the interpretation of R; as the preference re-
lation of consumer i is that his ranking of situations de-
pends only on the quantities of commcdities consumed by
each consumer. If there is more than one way in which the
same commodity bundle can be used by a given consumer, the
traditional theory is salvaged by arguing that the Ry's
are derived trom the solutions of the underlying problem
of how best to use each commodity bundle. This underlying
problem 1s solved unambiguously by each consumer and the
rcoultant activities are compared. If there is consumer
interrelatedness, and if two consumers disagree about how
one of them should consume a particular bundle, more care
is required in the interpretation of Ri'

Here and in the sequel we deal only with an exchange eco-
nomy. This theorem and subsequent theorems can be extended
to a production economy of the sort described by Debreu [31.
Attention is restricted here to an exchange economy solely
as a matter of notational convenience.

An alternative and perhaps more satisfactory theorem on
the correspondence between Pareto optima and competitive
equilibrium is proved hy Rader [4]. Rader's assumptions
and method of proof can be readily adapted to this problem.
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