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ABSTRACT OF THE DISSERTATION

Intermittency of the Malliavin Derivatives and
Regularity of the Densities for a Stochastic Heat
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by
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Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2012
Professor Thomas Liggett, Chair

In recent decades, as a result of mathematicians’ endeavor to come up with more realistic
models for complex phenomena, the acceptance of a stochastic model seemed inevitable.
One class of these models are Stochastic Partial Differential Equations (SPDEs).

The solution to a SPDE, considered as a Wiener functional, can be analyzed by means of
Malliavin calculus. Malliavin calculus, which is a calculus on the Wiener space, is becoming

a standard method for investigating the existence of the density of random variables.

In this thesis, we study nonlinear SPDEs of the form dyu(t,z) = Lu(t,x) + o(u(t,z))w
with a periodic boundary condition on a torus, where L is the generator of a Lévy process
on the torus. We used the technique of Malliavin calculus to show that when o is smooth,
under a mild condition on £, the law of the solution has a density with respect to Lebesgue
measure for all ¢ > 0 and € T. It turns out that the density of u(¢, x) has an upper bound
that is independent of z. We also prove that the Malliavin derivatives grow in time with
an exponential rate. This result, in certain cases, extends to the weak intermittency of the

random field of the Malliavin derivatives.
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CHAPTER 1

Introduction and main results

Let {w(t,x)}tzo,xe[ozﬂ] denote space-time white noise on the torus T, and let ¢ : R — R
be a nice function. For every T' € [0, 0], we define Er := [0,7] x T, and let E denote
Eo :=Upoo Er. We study the parabolic stochastic partial differential equation [SPDE]

Owu(t,x) = Lu(t,z) + o(u(t,x))w (t,x) € E,

u(t,0) = u(t,2m) t>0, (1.1)

u(0,x) = ug(x) z e T,
where £ is the L?(T)-generator of a Lévy process X := {X;};>0, and acts only on the variable
x, and ug is a bounded, measurable real function on T. We denote by Cy°(R) the space of all
smooth functions on R with bounded derivatives of all orders. Note that we do not require
o to be bounded, however, the bound on |¢’| requires o to be Lipschitz. Let ¢ : Z — C
denote the characteristic exponent of X normalized so that Eexp(inX;) = exp(—t®(n)) for
all n € Z and t > 0. In other words, @ is the Fourier multiplier of £ and £(n) = —&(—n)

holds for all n € Z ; see section 2.1 for details.

We show that (1.1) has a well-defined and unique solution and let u denote this solution.
The idea for the existence and uniqueness of the solutions to (1.1) come from [24] and [23].
A linearized version of (1.1) on R, with vanishing initial data, in which the noise is additive;

ie.,

Owu(t, ) = Lu(t,x) + w,
u(0,2) =0,

(1.2)

is studied by Foondun et al. in [24]. They have shown a one-to-one correspondence between

the existence of a unique random field solution to (1.2) and the existence of the local times



for the symmetrized underlying Lévy process Y, where
Y,=Y,-Y/ Vt>0, (1.3)
and Y’ = {Y/}:>0 is an independent copy of Y. Their result is the following:

Theorem 1.0.1 (Foondun-Khoshnevisan). The stochastic heat equation (1.2) has random

field solutions if and only if the symmetric Lévy process Y has local times.
In [23], the authors consider a multiplicative white noise and study the existence and
uniqueness of the mild solution to the equation

Owu=Lu+o(u)w t>0,zeR,
u(x,0) = ug(x) r € R,

(1.4)

with a nonnegative initial data ug. In this paper, Foondun and Khoshnevisan combine the
existence result of [24] with a result of Hawkes (see Theorem 2.1.1 below) to show that (1.4)

has a strong solution, whenever v(3) < oo, for some 3 > 0 where

_ 1= dg
vlB) =5 /oo 3+ 2Re (&)’

where ¢ denotes the characteristic exponent of Y. Therefore, it is natural to consider a

solution to equation (1.1) under a similar hypothesis. We define

1 & 1
T(F):=— -
(8) 47 ; B+ 2Re &(n)
Theorem 2.2.7, Lemma 2.2.4 and Lemma 2.2.5 deal with the existence and uniqueness of the
solution to Eq. (1.1). In Hypothesis H1 below, we will discuss briefly how the existence of a
mild solution imposes a restriction on the underlying Lévy process X and the corresponding

gauge function Y(03).

Let {f(t,x) }t>0zeT be a predictable random field. For each 8 > 0 and p > 2 define a

family of seminorms via

1/p
HfHﬁ,p::{ sup eﬁtE(If(t,ﬂf)!p)} : (1.5)

(t,)eR4 xXT



and let Dg, = {f = f(t,z) : ||fllsp < 0o}. Let LEP be the collection of all random fields
f € Dy, such that f(t,x) € D for all t > 0 and « € T. Define T}, f := || D¥ f(t, )| 27
and let

Disp = {f €L [T 5, < o0} (16)

Here D*? and the D* operator denote a Malliavin Sobolev space and the Malliavin derivative

operator of kth order respectively; for precise definitions see Chapter 2.3.

Fix p > 1, we will show that, for any k, there is 8 = ((k) so that G(k) > [(k — 1)
and u € Dy 3,. This property of u, when interpreted as a rate of growth for the Malliavin
derivatives with time, translates into the existence of an upper bound for the Liapounov
exponents for the field D¥u. We will show that, when w, is sufficiently large, under some
conditions on o, the Malliavin derivatives are intermittent. This property of the the random
filed describes the pronounced spatial structure of the field; for the precise definition and
more details we refer to Chapter 5. When ¢ is linear, this result holds for the derivatives of
all orders. For the general ¢ we will prove the intermittency for the Malliavin derivative of
the first and second order. To be more precise, let us define the upper pth-moment Liapounov
exponent % (p) of D*u(t,z) by

1
7*(p) = lim sup i In(E||D*u(t, z)||%,.) for all p € (0,00), (1.7)

H®k
t—o00

where H = L*((0,00) x T)). We say that D*u is weakly intermittent if
7(2) >0 and 7(p) < oo forall p > 2. (1.8)

If we interpret the Malliavin derivatives as derivatives with respect to w, then intermittency
implies an unusually big derivative with respect to path w. In this context, the following

two theorems show the sensitivity of u(¢,z) to the change of paths.

Theorem 1.0.1. Let u = u(t,x) be the solution of (1.1). If o € C°(R), then u € D*? for
allk>1andp>1, and

7*(p) < oo (1.9)

For the following theorem, we assume that ug > 0 is sufficiently large.



Theorem 1.0.2. 1. When o(x) = Az, then (1.8) holds for all k > 1.
2. Furthermore, assume qo := liminf, o |o(x)/x| > 0. Then

(a) If o is differentiable with a bounded derivative, then (1.8) holds for k = 1.

(b) If o is twice differentiable with bounded derivatives and inf, |o'(x)| > 0, then (1.8)
holds for k =1, 2.

Chapter 5 of this thesis is devoted to the proof of the existence of the Liapounov exponents
and the intermittency of the Malliavin derivatives D*u. These results can be interpreted as
an indication of a “chaotic” behavior of the system defined by (1.1). We also establish

sufficient conditions for the existence of a smooth density for u(t, x); see Theorem 1.0.2.

By replacing o with Ao, where A > 0, we compare the dependencies of the upper and
lower bounds of the Liapounov exponents on A\. We note that the upper and lower bounds

have the same forms of dependency on A. More precisely, we have

1 P 1
T s ) <) <Y
() =701 <2A2|supa'|2<1+z,%>)’

where T~ is the pseudo inverse of T, and defined by

T-10) :=inf{8 > 0: Y(B) < 0},
co € (0,q0) and z, is the optimal constant in Burkholder-Davis-Gundy inequality; see [23]
and the references therein for more details on the optimal constants z,.
The most common application of the Malliavin calculus is the investigation of the exis-

tence of the densities. The following result is in this direction.

Theorem 1.0.2. Let u be the mild solution to the equation (1.1), where o € Cy°(R) and
suppose that there is a k > 0 such that inf, o(x) > k > 0. Assume that there exist finite

constants ¢,C >0 and 1 < a < 3 < 2, such that

c|n|* < Re &(n) < Cn|?, (1.10)



foralln > 1. If a > 26/(8 + 1), then u(t,x) has a smooth density pi(x) at every t > 0 and

x € T. This holds, in particular when
cnit* <Red(n) Vn>1,
where 0 < € < %

We would like to remark that when (1.1) is linear, and a, 3 < 1, a solution does not
exist. This observation might explain why in the nonlinear case of (1.1) we considered o > 1;

see Theorem 1.0.2.

Some variants of this result can be found in the literature. For example the case of
L = A, Laplacian, which is the well-known Stochastic Heat Equation (SHE), is treated
in [4]. In that article, the authors considered the Neumann boundary condition and showed
that, if ¢ is infinitely differentiable with bounded derivatives, then the law of any vector
(u(ty,x), -+ ,u(ty,, x)) has a smooth and strictly positive density with respect to Lebesgue
measure on the set {o > 0}¢ . In [50] the authors studied (1.1), for £ = A on the interval
[0, 1], with Dirichlet boundary conditions. They showed that if o is Lipschitz, then the

following holds true.

Theorem 1.0.3. Let (t,z) € (0,00) x (0,1). The law of u(t, x) is absolutely continuous with

respect to Lebesgue measure if there exists xo € [0, 1] such that o(ug(xg)) # 0.

The regularity of the density, under the condition o (ug(zo)) # 0 for some x, is an open
problem [15, page 99]. For the same equation the smoothness of the density was proved
by Muller and Nualart [43]. They assumed that o is infinitely differentiable with bounded
derivatives. We also name [53, 33] as examples of Malliavin calculus for the SHEs on R?
with colored noise. In [33], Hu, Nualart and Song considered the solution to (1.1) in which
w(t,z) denotes a colored noise with covariance function Ew(t, x)w(s,y) = t A q(z,y), for
a Yo-Holder continuous function ¢ that satisfies |q(z1, z2)| < C(1 + |21]? + |22|?), for some

B €10,2). They further assumed that there is some 7 > —1 such that for each ¢t > 0,

Sup/ pe(, 21)pe(, 20)q( 22, 20)dzadzy > CU.
zeR4 JR2d



They proved the following result.

Theorem 1.0.4. Suppose there is xy € R such that ug(xo) # 0, and q(zo,x¢) # 0, where
ug 18 a bounded Holder continuous function. The following holds true: If o is infinitely
differentiable with bounded derivatives of all orders, then for any t > 0 and x € R?, the

probability law of u(t,x) has a smooth density with respect to Lebesque measure.

To the best of our knowledge, the case of the SHE with multiplicative white noise on R

is not studied yet. See section 6.0.1 for more details.

Proposition 4.2.1 below, allows us to find a bound for density in Theorem 1.0.2. To state
the result we define the following quantities. Let C' = 2C,,/c/®, where c is defined in (1.10)
(also defined as C; in Hypothesis H2 below), and C, = [* 125 = 7/acsc(n/a). Define v,
d, and b by

200 — 1
V:

b

a—1" T

Mip2 [ 2Lip2C\ a1 1—v
> 20y g d=-——" 1.11
( T ’ 4(byu)1/(u—1) ( )

Note that d < 0, as v > 2.

Corollary 1.0.5. Let p;,(x) denote the density of u(t,y) and let b and v be defined as above.
There are K > 0 and 3y > 0 such that

pry(r) < Kexp(fot + A(t, x)), (1.12)

where A(t,x) <0 uniformly int >0 and x € R, and is defined by

4D (el pm) D ] 2 m
Alt, ) = = (1.13)
0 lz] < m,

and m = 2sup, e |uo(x)| + 2|0 (0)/Lip,|.

Remark 1.0.6. Since v > 1, we have A(t,z) < 0. We can also define b > Ling_

(1—e)m
<M) “, for any e € (0,1).

€T

The proof of this corollary is in Chapter 4. The global nature of this estimate makes
it different from similar results in [17, 18, 20, 19]. In [17, 18], Dalang, Khoshnevisan and



Nualart study the stochastic heat equation with additive and multiplicative white noise
respectively. They find a Gaussian upper bound, which works only for ¢ and y in compact
subsets of Ry x (0,1). This is in contrast with our result which holds for all ¢ > 0 and
y € [0,1]. In [20], Dalang and Sanz-Solé investigate the hitting probability of a stochastic

wave equation with colored noise.

The Kardar-Parisi-Zhang (KPZ) equation [35, 5], d;h = —(9,h)? + 0*h + w, which is a
standard model for random interface growth, is related to (1.1). KPZ is ill-posed. However,
if we apply the Hopf-Cole nonlinear transformation [7], u(t,z) := exp{—h(t,x)}, then u
solves the well-posed SHE dyu = 9?u + ww. This is a special case of (1.1), in which £ = 9?

and o(x) = z. The Hopf-Cole transformation suggests that we can define the solution A to

KPZ via the well-defined random field u by
h(t,z) := —logu(t,x). (1.14)

For more details we refer to [7, 28]. If we start with ug(x) > 0 for all x € T, then u(t,x) >0
for all (¢,x) € E by the Mueller’s comparison theorem; see [15, Theorem 5.1] or [42, section
3]. Intuitively, when w is small, u(¢, x)w is small. Therefore, when u < 1, the effect of noise

become negligible and the equation behaves like the nonrandom heat equation.

One important feature of the KPZ equation is its scaling limit behavior and universal-
ity [1, 3, 22, 25] . A growth model which has a long time behavior similar to that of KPZ
is in KPZ universality class. Physicists employed the renormalization group method and
computed the dynamic scaling exponent z = 3/2; see [26, 5, 35]. This means that, under
the rescaling h.(t,z) = €/2h(e *t,e 'z), we have a nontrivial limit, as ¢ | 0. For a brief
introduction to KPZ, we refer to the unpublished survey [14].

Corollary 1.0.5 implies that a similar bound for the density of the KPZ equation might
hold true. Although, our result is not directly applicable to o(x) = z, it certainly covers the

case of o(x) = = + ¢, for all € > 0. This solution converges to the the Hopf-Cole solution of

KPZ as € | 0.

To elaborate more, let u(¢,y) and pf () denote the solution and density of the perturbed



equation respectively. We also let sup,cr |ug(z)| be a small positive number. If ¢ > 0
is sufficiently small, then we have m < 1, and by Remark 1.0.6, b = 1 is admisible. In

particular, we find an upper bound for pf (), which is independent of e,

(1.15)

1 3/2190
p:,y(x> < Kexp [ﬁot — C< H|JZ|) | >1] ,

Vit
where ¢ = (12v/3)7'. Ase | 0, we expect P(uf(t,2) < —e~*) | 0, by the Mueller’s comparison
theorem. Therefore,
iP(—lo lu(t,x)| < z) = iP(’Lf(t r)>e ")+ iP(zf(t xr)>e ")
dx & =T de T dx T
A —iP(ue(t x) <e ) < Kexp |fot — c(‘x|3/2
~ dz y = = p 0 \/E

Since the right-hand-side is independent of €, one might be able to take the limit as € | 0,

+ I)1x|>1:| .

and show that the density p;,(z) of KPZ satisfies

x|3/2

Vit

Pry(z) < Kexp {ﬁot = c(| + x)1|$|211 ,

for any bounded wug(x).

The technique of Malliavin calculus is normally implemented in two steps:

Step 1 is to prove that the solution is smooth; i.e., the existence of the Malliavin derivatives

of all orders, and

Step 2 is the proof of the nondegeneracy of the Malliavin matrix; i.e., the study of the

corresponding Malliavin matrix and existence of the negative moments.

In “Step 17 we offer a new method, which, in contrast to the other works [4, 50], does not
rely on the approximations that use the detailed features of the transition probabilities of the
Lévy process. This feature of our proof has enabled us to prove the Malliavin differentiability
of the solution for all Lévy processes for which the existence of the mild solution is proved.

To emphasize, we mention that, in this step we only require that Hypothesis H1 holds.



In “Step 2”7 we followed carefully [15, pages 97-98], and could find an “e-room” to extend
the results from Brownian motion to a large group of Lévy processes, characterized by the

rate of the growth of their Lévy exponents.

The rest of of this thesis is organized as follows. In chapter 2 we collect some results about
Lévy processes that are relevant to our study. We also discuss briefly the Walsh method of
integration. This discussion includes the result about the existence and uniqueness of the
solution to Eq (1.1). In Chapter 2, we also reviewed some elements of Malliavin calculus as
economically as possible. In Chapter 3 we show that the Malliavin derivative of u of all order
exists, i.e., the solution to (1.1) is smooth. In Chapter 4 we give a proof for Theorem 1.0.2
and its corollary, Corollary 1.0.5. Chapter 5 start with a short introduction to intermittency.
The proof of Theorem 1.0.2 is in this chapter. Finally, Chapter 6 is about the continuation

of this project.



CHAPTER 2

Preliminaries and background

2.1 Lévy processes on a torus

In this section we review some results about Lévy processes. This material will be used in

the sequel. Let {Y;} be a Lévy process on R. This means that

1. Yo =0 a.s.
2. Y has independent and stationary increments.

3. It is stochastically continuous; i.e., for all ¢ > 0 and for all s > 0,

}timP(|Y; — Y| >¢€)=0.

4. There is y € F with P(2) = 1 such that, for every w € Q, Y;(w) is right-continuous

in t > 0 and has left limits in ¢ > O.

Let ¢ denote the characteristic exponent of Y i.e,

EerYors=Ys) _ o—tp(A)

, s,t>0,A€R. (2.1)

The existence of the characteristic exponents for the rational numbers is a result of the
stationary and independent increments (property 2.) of the Lévy process. It extends to the

real numbers by the cadlag property (property 4) of the paths.

As we discussed before — see the paragraph before (1.3)— we assume the following:

H 1. Let Y, =Y, — Y/, where Y' is an independent copy of Y. Y; has local times.

10



Combining Theorem 1.0.1 with the following theorem from [32] and the fact that Y; is a

Lévy process with characteristic exponent 2Re ¢ imply that T(5) < oo, for all 8 > 0.

Theorem 2.1.1 (Hawkes [32]). Let X be a Lévy process having exponent p. Then a local

time exists if and only if

Re (ﬁ) c I'(R). (2.2)

Lemma 8.1 in [24] tells us that under hypothesis H1 process Y; has transition densities
{pi(z,y)} such that [ p;(z,y)* dy < oo for all € T. More precisely,

Theorem 2.1.2 (Foondun-Khoshnevisan-Nualart). If (1.2) has a random-field solution,
then the process Y has a jointly measurable transition density {p:(z)}t>0.cr that satises the

following: For all n > 0 there exists a constant C':= C,, € (0,00) such that for allt > 0,
7
t
/ 1ps[[72(myds < Ce™. (2.3)
0
Let T := [0,27). Define a process X; on T, via Y;, by

Xi:=Y;—2nm when 2n7 <Y, <2(n+1)r. (2.4)

Let {q:(z,-)}zer denote the transition probability densities for the process X. A simple

calculation shows that the transition densities of X are given by

[e.9]

a(z,y) = Y pla,y+2nr) Vo,yeT. (2.5)

n=—oo

Let us introduce a function @ : Z — C by
&(n)=p(n) new. (2.6)

As is shown below, @ is the characteristic exponent of the process X. It is clear from the
definition of @ that Y(3) < oo for all § > 0, when Hypothesis H2 below holds; i.e., H
2 implies H1. The function YT continues to have a crucial role in “Step 1”7 above. The

convergence of all Picard iterations relies on the fact that Y(5) — 0 as f — oo.

11



The L? generator of X is defined via the concept of the Fourier Multiplier. To explain

this, we start with the definition of the Fourier integrals. For every g € L?(T) we have

where

~ . 1 nT
() = 5- /T e g(z)d.

Here the convergence of the series holds in L?(T). Since ¢;(x,y) is a function of y — x for

each t > 0, we occasionally abuse notation and write ¢(y — ) instead of ¢;(z,y).

Lemma 2.1.3. Under Hypothesis H1, q(x,-) € L*(T) for all x € T and t > 0. Further-

more,
) = e, gy = g D) € 27
s 47 =
and o
qi(z,y) = % R_ZOO e re M ey, (2.8)

Proof. In order to show that ¢(z,-) € L*([0,27)) we need only to show that its Fourier

coefficients are in £2(Z). We can write §; in terms of @ as follows:

1 : 1 . o 1 .
Ge(z,n) / e™ gy — x)dy = —e”””/ eMipy(2) dz = —emTe M), (2.9)
T _

" or 2m . 2m
Therefore, @ is the characteristic exponent of the Lévy process X;. To prove the second
formula, we need only to show that the sum in (2.7) converges, because then this equation
would be the Parseval identity. An application of Fubini and H1 imply that

/ $ e (BRe 200 gt — 4r27(8) < oo, (2.10)
0

n=—oo

Therefore, by the continuity of the integrand,

Z e—(ﬂt-i—?tRe ®(n)) < 00 Vi > 0.

Therefore > >° e 2Re ®(n) < o for allt > 0. Finally, (2.8) is a consequence of the inversion

n=—oo

formula. O

12



The transition densities ¢; induce a semigroup 7; on L?(T) defined by

Tof(x) = B f(X,) = /T F(@)ae(z, y)dy.

Lemma 2.1.4. The semigroup operator defined in (2.11) is a convolution operator and

o0

Tif(e)= )

n=—oo

Proof. Since

/f ( zn:ce—t@( —zny) dy,

an application of Fubini gives us the result.

Let £ be the generator of X, in L? sense. This means

Lf(x)= lim

t—0t

Tif(x) — f(=)
t

in L*(T),

whenever the limit exists. It is natural to define

Dom[L] := {90 € L*(T) : L(p)

= lim

Tip —

t—0t

? exists in L2(T)} :

Next, we characterize Dom[L] in terms of the characteristic exponent.

Proposition 2.1.5. We have

Dom|[L] = {f € L*(T

Z@ )1’ f(n }

n=—oo

Proof. From the definition and the continuity of the Fourier transform,

Z}"(n) = lim

Then ®(n)f(n) € (2(Z). Since $(—n) =

prove.

T.f(n) — f(n) =
t

t—0t

= Lf(n) =

R e tP(-n) _ 1 R
f(n) lim —®(—n)f(n)

t—0t t

&(n), this is equivalent to what we wanted

Therefore £ can be viewed as a convolution operator with Fourier multiplier ﬁ(n)

—P(—

n). We state the result as follows.

13

(2.11)

e Tt Fp). (2.12)

to



Lemma 2.1.6. The L*(T) generator L of Ty can be written as

Lug(z) = — Z ™ P(—n)ig(n) = € [0,27), (2.13)

n=—oo

for all ug € L*(T).

We borrow the following lemma from [23]; it plays a key role in the proof of the existence
of Malliavin derivatives.
Lemma 2.1.7. For all 3 > 0,
t [e]
supe ™ [ alfands < [ e lalds = 10 214

Proof. Since e P < 7P for all s < t, then we have the inequality. The equality follows
from (2.7) and (2.9),

/0 €5 gu|Zaryds = / S ()
n=1

= > [T e Platenias = 1)

n=—oo

This finishes the proof. O

We refer the reader to[2, page 172] for further details. The following results are used in
“Step 2”7 of our proof, that is the existence of negative moments.

Lemma 2.1.8. Let 1 < o < 2. There is C € (0,00) such that

lim As Y e =C. (2.15)

n=1
A proof for the special case of @ = 2 is given in [15, pages 34-35]. We extend the result

to 1 < a < 2 by modifying the same idea. We start with the following lemma.

Lemma 2.1.9. There is ¢ < oo depending only on « such that

for every x € [n — 1,n] and for alln > 1.
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Proof. Since n® — z® < n® — (n — 1), by an application of the mean value theorem,
n® — % < an® 1.

Since limy, .o % )a 1 =1, there is N such that n®! < 2(n — 1)~ for all n > N. But for

every for every n < N, there is C), such that
n* !t < Cp(n—1)"1
Then, if we let C' = max{2,Cy,--- ,C,}, we get
n* < COn—1)*" n>1.
Therefore, the inequality (n — 1)*~1 < 297! completes the proof. O

Proof of Lemma 2.1.8. Let [ e dz = C. Then [;* e’ dx = )\% Let

T :/ e ™ Mr — ) e >0, (2.16
: > )

n=3

Since, 1 —e ? <1 A0,
[o¢] o

T = Z/ e M1 - e_’\(”a_xa)) dx < Z/ e M (1A NN — %)) da.
Then, by Lemma 2.1.9 followed by a change of variable,

o0 N 1 *
T< / e (LA Az ) da = )\—1/ eV (1A )\éy)dy.
0 «

Therefore, 0 < AaT < fo (1A N y)dy Since by the dominated convergence theorem
lim [ e ¥ (1AX ay)dy =0,

then by the squeeze theorem,

lim AT = 0. (2.17)

Since limy_o A& [, e ¥ Ady = C >0, (2.17) implies that
lim A& e A=,

A—0
n=1

15



Next we introduce the second hypothesis.
H 2. There are 1 <a< (<2 and 0 < C; < Cy such that
Ci|n|® < Re @(n) < Cy|n|® Vn > 1. (2.18)

Corollary 2.1.10. Let &(n) denotes the Lévy exponent of a Lévy process with transition
probability q = q,(x). If ¢ satisfies Hypothesis H2, then, fort € [0,T], there are constants

0 < Ay < Ay depending on T, such that

1. For allt >0,
_1 _1
At B < H%”%Q(T) < Aot™o; (2.19)

2. For every 0 € (0,T),

é
A < / ooyt < At (2.20)
0

Proof. We prove only the first part; the second part follows from the first part by integration.
It follows from (2.18) and (2.7) that

>2 O <y < YD O (221)

n=—oo n=—oo

The first inequality in (2.21) implies that

(2Cp)7 Y~ eI, (2.22)

n=—oo

1
1/8 2
M lallia 2 G

By (2.15) the right-hand-side of (2.22) converges to a number B; > 0. Therefore there is an
€; > 0 such that
tl/ﬁ”th%Z(T) > By/2 vt € (0, €).

To extend the inequality to t € (0,T"), we note that by (2.15), ¢; # 0 and is continuous for

t > 0. Therefore, there is A; > 0 such that

0 el 320y = Ar vt € (0,7). (2.23)
Similarly, the second inequality in (2.21) implies that there is A such that

g2 emy < As vt € (0,7). (2.24)

Inequalities (2.23) and (2.24) imply (2.19). O
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2.2 A Stochastic Partial Differential Equation

Equation (1.1) is formal; we interpret it, in the Walsh sense, as the solution to the integral

equation
ult,z) = o(t,z) + /T / o (a5, 9)) sy — 2)w(dsdy), (2.25)

where v(t, x) = Tyu(z), and the integral on the right-hand-side is with respect to white noise.

The white noise also defines a filtration {F;}>¢ via
Fi =0 (w([0,s] x A), 0 <s<t,and A € B(T)),

where B(T) denotes the Borel o-algebra on T equipped with Lebesgue measure, normalized
to have mass 1. In (2.25) a solution u that satisfies (2.25) is called a mild solution to (1.1),
if

sup  B(Ju(t,z)*) < oo for all T' < oo;
(t,x)€[0,T]xT

see [23, page 4]. We assume F; satisfies the usual condition for all ¢ > 0. This means that

JF; is right continuous and contains all the null sets[51, page 22].

To better understand what this equation represents, consider the following noninteracting
particle system in a random environment. Particles are initially distributed on T according
to the initial density ug(x). At time ¢t = 0 particles start a continuous time random walk
on the torus. The motion of the particles is governed by the generator of the Lévy process.
At each time-point (t,z) € FE, particles either multiply or die at a rate proportional to
the amount of the noise at (x,t). This branching mechanism is responsible for the term
o(u(t,z))w in (1.1). In this model the diffusive effect of the operator £ competes with the

white noise. While the diffusion is trying to flatten the solution, the noise roughens it up.

White noise w is a continuous analogue of a sequence of i.i.d. Gaussian random variables.

Roughly speaking, it is a Gaussian process with covariance function,
Ew(s, 2)u(t,y) = 6(t — s)d(z — y)

More precisely, let B(E) denote the Borel o-algebra on F, and let | - | denote the product

Lebesgue measure on B(FE). White noise is a centered Gaussian process indexed by the
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elements in B(E), whose covariance function C': B(E) x B(E) — R is defined by
C(A,B)=|ANB|. (2.26)

Although w(A U B) = w(A) + w(B) a.s. for all disjoint A and B, white noise is not a o-
additive set function and fails to define a pathwise signed measure. However, for all disjoint

sets Ay, Ay, -+ € B(E),

=1

p {w(U A,) = Zw(An)} =1, (2.27)
n=1
where the infinite sum converges in L?(P). To define an It6 type integral against w, for every

A € B(E) we set
/lA(t, z)w(dt,dr) = w(A).
By linearity of integration, we can define [ f(¢,z)w(dt, dz) for every f of form
f(t7 I) = Z Ci]-Ai<t7 QJ),
i=1

where A; € B(E) for i = 1,--- ,n. Then the It6 isometry,

2@)

I fllz2z) = H/f(t,a:)w(dt,da:)

allows us to extend this definition to all functions in L?*(E). It remains to define the integral
for the random integrands, which will be discussed briefly next. Let A = [0,¢] x B, where
B C B(T). For sets of this form we define wy(B) = w(A). Then following lemma holds.

Lemma 2.2.1. {wy(B)}i>0,Ben(t) s a “martingale measure” in the sense that:

1. For all A € B(T), wy(B) =0 a.s.;
2. If t > 0 when wy is a sigma-finite, L*(P)-valued singed measure; and

3. For all B € B(T), {w(B)}+>0 is a mean-zero martingale.

Proof. See [15] page 15. ]
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Definition 1. A function f: Ry x T x Q — R is elementary, if for some X and A,

flt,z,w) = X (W)L (t)la(z), (2.28)

where X is bounded and F, measurable random variable, and A € B(T). Finite [nonrandom]|
linear combination of elementary functions are called simple functions. Let S denote the class

of all simple functions.

If f is an elementary function, then we define the stochastic-integral process of f as

/Ot /B f(s,z,w)w(ds, dx) = Xwipn(B N A) — wipna(B N A), (2.29)

for every B € B(T). This definition extends to S by linearity. The sigma algebra P generated
by & is called the predictable o-algebra. We restrict the time variable ¢ in a finite interval

[0,7] and let P, denote the collection of predictable functions f such that

o[ [ir6.orasis

where the index w in P,, emphasizes the dependency on the white noise. Let A, B € B(T).

< o0,

By Lemma 2.2.1, {w;(A)}+>0 and {w(B)}+>0 are martingales, and we have
(w(A),w(B)): = t{AN BJ, (2.30)

where (-, -); denotes the covariance process of the two martingales [36, page 205]. One way to

check (2.30) is to observe that w;(A)/+/|A| is a standard Brownian motion for all A € B(T).
(2.30) is best appreciated in view of the Burkholder inequality and (2.34), as it leads to the

following statement.

Theorem 2.2.2. Let f € P, and define (f-w) = [} [, f(s,2)w(ds,dz). For allt € (0,T]
and A, B € B(T),

<UMMfm»aAAuwmwwx (2.31)

Furthermore, we have the following Ito type isometry:

B[(f-w)’=F [/T /Ot |f(s,x)|2dsdx} | (2.32)
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Proof. A proof for a general martingale measure can be found in[15, page 21]. O

Let {f(t,2)}t>0zeT be a predictable random field. For any 7" > 0, § > 0 and p > 2
define

1/p
Hfllﬁ,p,Ti:{ sup €5tE(|f(taSU)|p)} : (2.33)
(t,z)€[0,T|xT

To analyze this family of p-norms we will need the following inequality. It is an LP(P)

version of (2.32), which can be proved by the It6 formula and Doob’s inequality.

Theorem 2.2.3. [Burkholder-Davis-Gundy Inequality[10]] Let (2, F, (Fi)i>0, P) be a filtered
probability space. Let p > 0. There exist two universal constants C, and c,, depending only
on p, such that for every (F;)i>o continuous local martingale M, with My = 0, and any

stopping time p, we have

B((M),?) < E(Ssgrg M) < C,E((M),?), (2.34)

where the optimal constant C,, when p =1, and p > 2 is given by

[Nl 2o (p)
(NS N2 Lorz

where 0/0 = 0, and M, denotes the collection of all continuous LP(P) martingales.

2, = optimal C), = sup{ :N € imp} , (2.35)

Most of above discussion is borrowed from [15]. For more details on the theory and
examples of the stochastic partial differential equations we also refer to [13]. We aim next
to prove the existence and uniqueness of the solution to (1.1). It is well-known that the
stochastic heat equation (1.1), in which £ = A, has solution {u(t,z)}¢>0.er that is jointly
continuous. The solution is unique up to modification. This result can be found, for example
in Walsh[55, page 312], see also [16]. This special case arises also in the study of stochastic
Burger equation[30], the parabolic Anderson Model [12] and KPZ equation [35].

In order to analyze the mild solution (2.25), we define an operator A by

(Af)(t.2) = / ” / Gos(29)(f (5, ) w(dsdy) Vi € [0,27),8 > 0, (2.36)

provided that the stochastic integral exists in the sense of Walsh [55].
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Lemma 2.2.4. If f is predictable and || f| s, < oo for a real 5 >0 and p > 1, then

A lsp < 2 (0(0) + Lip, || fllg) VT (26/p), (2.37)

where Y and q; correspond to the Lévy process X .

Proof. The integrand in Af(t,z) depends on t. Therefore, Af(¢,x) is not a martingale.

However, if we choose and fix r > 0, then the operator

Af(t,x) = / /T Gres(,9)0(f (5, 9)w(ds, dy)

is a martingale for all ¢ < r, with quadratic process,

(A, f(o.2)) = / [ ot (s Pys.

If we apply the Burkholder inequality to A, f(t,x), for t <r,

p/2

[Af () [0 p) < 2E qr Sz y)lo(f(s,y)*dyds

Now let t =7 to get

IAF ()| e) < qr (2, 9)o(f(s,y))]*dyds

Lp/2(P)

Minkowski’s inequality allows us to switch the norm [LP/2(Q)] with the integral [dyds],

JAF(t2) 2oy < / / (2, 9) 0 (F(5,9) 2o dydls.

Since o(z) is Lipschitz, |o(x)| < ¢+ c1]z|, where ¢o = |o(0)], and ¢; = Lip,. This combined

with inequality
(a+b?*<(1+eNa®>+(1+ebp* a,beR,e>0,
yields,

o (F(s,))* < (14 € e + (1+ ) f (s,

Therefore, by the triangle inequality,
lo(f (s, )Ty < (L + € eg + (14 e)cgllf (5, 9) 1)
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Then, by replacing |o|? in (4.1) by this upper bound, and using the fact that || (s, y)[|72py <

205/ f||2 5 we will arrive at

t
nAﬂammmmsﬁa+«*ka/n%ﬂmgn%

204G [ o ¥ ds (239

:zi(l —1—61)03/0 Hqu%Q(T)ds
t
+ 2L+ ORI [ ooy s,
0
We multiply the above inequality by e=2%/? and recall that by (2.1.7),
t t
0 [ alaayds < [ lalame ™ ds < 15/p)
to conclude that
e PP AF(t @)1 Toe) <21+ € GT(268/p) + (1 + €)ill 115, T (26/p).
From the definition of || - ||g,, we have

A£G, < [A+eDeg+ L+l f15,] 2T (26/p).

Finally, we choose

S it el fllgp > 0,

cil|fllg,p
e=<¢ 0 if ¢g = 0, (2.39)
| fllap =0
and the proof is complete. O

Lemma 2.2.5. Let p > 2. For every f > 0, and all predictable random fields f and g that

satisfy || fllp + 119]lgp < 00,

|Af — Agllsp < 2Lip, v/ Y(28/p)|lf — gllsp- (2.40)

Remark 2.2.6. This result obviously implies the uniqueness of the solution to Eq. (1.1).
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Proof. As we did in the proof of Lemma 2.2.4, we can apply the Burkholder inequality. Then
the Lipschitz property of ¢ yields,

p/2

E|Af(t,v) — Ag(t,7)|" < LlpaZpE‘/ /qt Sz, y)|f(s,9) — g(s,y)dyds

Then after raising the both sides to the power of 2/p we apply the Minkowski’s inequality

on the right-hand-side to conclude that
”Af(t? x)_Ag(t7x)|’%P(P)
t
< ivy 2)* [ [ ) 17(62) = 9660l dods
27
< (Lipz,)*|If - g”ﬁp/ / e @ (x,y)dsdy.

Then we get

IAf(t,2) = Ag(t, )| 2oy < (Lin,2)? | f = gll5, €71 (26/p).
This finishes the proof. O]

Now, we can prove the following existence theorem. We omit the proof of the L” conti-

nuity of v as it will not be used in the sequel.

Theorem 2.2.7. Under the hypothesis H1, (1.1) has a solution w that is unique up to
a modification. The solution is finite in || - ||g, norm, for some 8 > 0, and all p > 2.

Furthermore, when ug is continuous, u is continuous in LP(P) for all p > 0.

Proof. 1t is easy to check that, if we substitute ¢t = 0 in the mild solution given by (2.25),
then u(0, x) = up(x), and also, if the solution exists, then u(t, 2w) = u(t,0). Notice that if v
is defined by

v(t, ) = Tyo(x) (t,z) € E, (2.41)

then v satisfies dyv(t,x) = Lo(t,z) weakly. Furthermore, the periodic condition v(¢,0) =

v(t,2m) on T and the initial condition v(0, z) = ug(x) are satisfied. That is v is the Green’s
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function for the operator d; — L. We consider the following Picard iteration. Define vy(t, z) =

Tiup(x), and for n > 1 set

Upi1(t, ) = vo(t, x) +/0 /thr(:v,z)a(vn(r, 2))w(drdz). (2.42)

Then the existence of of the solution boils down to the convergence of v,,. We first show, by
induction, that ||Avy,|s, < oo for all n. Since ug is bounded, then ||vg]/g, < 0o and then,

by Lemma 2.2.4,

[ Avollgp < 2p(|o(0)] + Lip,[|volls.) /T (26/p) < 0.

Similarly, if ||v, ||, < oo, then ||.Av,||g, < co. Then the triangle inequality on (2.42), would
give us ||vn11]|gp < 00, and hence || Av,i1|/g, < 00. Next we find a bound on Av, that is

uniform in n. If we let a, := || Av,||, then, by (2.37) and the triangle inequality,
Upi1 = &+ Bay, (2.43)

where a = 2,4/ Y (26/p)(|o(0)| + Lip, ||vo|lgp) and B = 2,4/ T (26/p)Lip,. Iterating (2.43)

yields
np1 < a(l4 B+ -+ ") + " a. (2.44)

Since limgyo Y(26/p) = 0, then we can choose 3 sufficiently large to have 3 < 1. Therefore,

< @
sup a, < .
nx1 . 1=p

Then sup,, [[Avy||g, < 00, and so is sup,,>; ||vnl|gp < oo. This is because Tiug is bounded

uniformly by sup,r |uo(z)|, and

o}
1-p

sup ||vnllgp < sup |uo(z)| + < 0. (2.45)
n>1 zeT

Therefore, by Lemma (2.2.5) for all n > 1 we have

11 = vallgp = [ AV = Avnallpp < 2Lipg v/ T (26/D) [ — vnalgp-

This proves that {v, }°°, is Cauchy in || - |5, norm, and so is convergent to some predictable

random field v with

|ullgp < 00,  |lvnllgp <00 ¥p>1, 3>0, n>1 (2.46)

24



This also shows that

lim ||v, (¢, ) —u(t,z)||, =0 V(t,z) € Ry x [0, 27]. (2.47)
This and Remark 2.2.6 together prove more than what we promised to show. O

2.3 Elements of Malliavin’s calculus

The Malliavin calculus is an infinite-dimensional differential calculus on the Wiener space.
It is an appropriate method for investigating the regularity of the law of functionals on
the Wiener space. Such functionals include the solutions to stochastic (partial) differential
equations. The integration by parts formula for an infinite dimensional space, against the
Gaussian measure is central in this calculus. Paul Malliavin[54] initially invented this method

to produce an alternative proof of Hormanders condition[38, 31].

Most of this section is borrowed from [47] and [53]. Let C3°(R™) denote the space of the
smooth real-valued functions f on R", such that f and all its partial derivatives have at

most polynomial growth.

2.3.1 The Wiener chaos
For every h € H := L*(Er) let w(h) denote the Wiener integral

w(h) = /0 ' /T h(t,2)w(dt, dz). (2.48)

We call W = {w(h)}hen a Gaussian process on H and we let G C F denote the o-algebra

generated by W.

For n > 0, let H,, be the Hermite polynomial of degree n. These are functions defined by

(e77) n>1.

We let Hy = 1. For each n > 1, let H,, denote the closed linear subspace of L?*(Q, F,P)
generated by the random variables {H,(w(h)),h € H,||h||g = 1}, and H, is the set of

25



constants. The space H, is called the Wiener chaos of order n. H, are orthogonal with
respect to P, and the space L?(Q, G, P) can be decomposed into the infinite orthogonal sum

of H,,[47, Theorem 1.1.1].

2.3.2 The derivative operator

Let . denote the class of smooth random variables. A random variable F' belongs to .7,
if there is n > 1 and a function f : R® — R such that F' = f(w(hy),--- ,w(h,)), where
f € Cr(R") and w(h;) is defined by (2.48) for 1 <4 < n. We initially define the Malliavin
derivative operator D : . — L*(Q); H) ~ L*(Q2 X Er) as the following: If F € . is of the

form above, then we define

Dk =37 2o twlhn). -+ wlh)it2) (2.49)

The following result is an integration by parts formula in its simplest form. As mentioned

before, It plays an important role in the theory of Malliavin calculus.

Lemma 2.3.1. If F € .¥ and h € H, then
E(DF, h)y = EFw(h). (2.50)
Proof. The proof follows from the definition. See [47, Lemma 1.2.1] for details. O

A consequence of Lemma 2.3.1 is the fact that the derivative operator D is closable.
The closure of the . under the closed graph norm is called D%2. To be able to investigate
the smoothness of a random variable X € L?(Q,G,P), we need to define the Malliavin
derivatives of higher orders. Let F' € .. For p > 1 and j € N, the Malliavin derivative
DI — L[P(Q; H®7) of order j is defined by

DIF = Z%(w(m),m ,w(ha))hiy ® -+ @ by, (2.51)
where the sum is over all j-tuples (iy,---,%;) € {1,---,n}. The operator D’ : .¥ —
LP(Q; H®7) ~ LP(Q x EJ) is closable for all p > 1 and n € N. The domain of the closed
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operator is called D#P. More precisely, D*? is the closure of .# under the || - ||, norm which

is defined by

k 1/p
1 k. = <E!FIP+ZE!\DjF|!Z®j) : (2.52)

Jj=1

Ezample 2.3.1 (Standard Wiener Space[21]). In some cases, the Malliavin derivative coincides
with the Frechet derivative. Let ) be the standard Wiener space of all continuous functions
on [0, 1] starting from zero. Let H be the space of all continuous functions w such that w(t) =
fo s)ds, where g € L*([0,1]). The space of all such paths is called the Cameron-Martin
space. The Cameron-Martin space and L?([0, 1]) are isometric via (w, \)y = (g, h)r2(j0.1]),
where A(t fo s)ds. We define the directional derivative of F' : Q@ — R at the point

w € € in direction of v € H by

D, F(w) == lim Flwte) = Flw)

e—0 €

where the limit is in L?(P). We say F is differentiable, if there exists ¥(s,w) € L*(P x \)
such that

t
D.F(w) = [ gls)u(s.w)ds,
0
and we set D, F(w) = ¢¥(t,w). We call DJF € L*(P,\) the Malliavin derivative of F. Now
assume f € L*([0,1]) and let F = fo s)dBs, then

F(w+67 / £(s

This implies that D;F = f(t). For example, since B(s) = fol 1po,5(s)dB,, s < 1, then

DtBs - 1[0’5} (t)

For a different approach on the definition of the integration by parts formula, based on the

Cameron-Martin space, and the Girsanov theorem see [6, Chapter 8].

2.3.3 The divergence operator

We start with an elementary result [53, page 2].
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Proposition 2.3.2. Let F' be an R-valued random variable. Assume there is a function
H € L'(2) such that
Eg'(F) = E[p(F)H], (2.53)

for all bounded and differentiable function o, whose first derivative is bounded. Then the

probability law of F' has density p(x) with respect to Lebesgue measure on R. Moreover,
p(x) = E[l,<rH].
Proof (non-rigorous). Loosely speaking, p(z) = E0(F — ). If we let ¢(z) = 1jo0)(2), then
p(x) = E(o(F — x)) = E¢'(F — 2) = E[Ljg0)(F — 2) H].

One can make this argument rigorous by approximating the delta function by smooth func-

tions. O

In this section, our goal is to characterize a large class of functions in L?(£2,G) for which

the random variable H in (2.53) is defined; as an example of such results see Theorem 2.3.3.

If F:=p(Xy, -+, X)), where p: R™ — R is a polynomial, ¢ : R™ — R™ is compactly

supported smooth functions, and {X;}7, are i.i.d. Gaussian random variables, then

E(Vp(X), o(X))r» = E[p(X)(6mp) (X)), (2.54)

where X = (Xy, -+, X,,) and (0,0) (T1, -+, Tm) = Y ovey (1, -+ - ,lfm)—%(Il,'” L)

After a simple computation we have,

(V(pop)(X), Vp(X))rm = &' (p(X))|VP(X) R,

where | - |gm denotes the Euclidean norm. Therefore, under the nondegeneracy condition
|IVp(X)|rm # 0 almost surely with respect to the m dimensional Gaussian measure, we have

Vp(X)

¢'(p(X)) = (V(pop)(X), Vol

)R

Therefore, if we take expectation, by (2.54), we arrive at the integration by part formula

Vp(X)

Ep'(p(X)) = E[(¢op)(X)dm( N

). (2.55)

2
R™
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We can extend the integration by parts formula (2.55) to the functions in DY := (1 55 451 DF»,

where the space D¥? is the finite dimensional counterpart of D*?; see [53, Chapter 2].

But the above analysis is not efficient for the investigation of the existence of the density,
when p(X) is replaced by the solution of a SPDE such as (1.1). This is because these
solutions are functions of infinitely many increments that are Gaussian and independent.
We define the infinite dimensional version ¢ of 9, abstractly via duality. We saw an example
of such duality in Lemma 2.3.1, where D is restricted to .. Generally, we can define an
adjoint operator for D : D'? — L?(Q2; H) through the duality relation (2.50). More precisely

we have the following definition.

Definition 2. An unbounded operator ¢ : L*(Q; H) — L*(Q) is called the divergence

operator if:

1. The domain of §, denoted by Domd, is the set of all u € L*(; H) such
[E(DF, )| < || Fl2, (2.56)
for all F' € D2, where c is constant depending only on u.
2. If u € Domd, then 6(u) is an element of L?*(2) characterized by the
E(DF,u)y = E[F5(u)],
for all F € D'2.

Now, we state the infinite dimensional counterpart of Proposition 2.3.2. The statement

of the theorem and its proof are from [15, page 83-84].

Theorem 2.3.3. Let F' be a random variable in the space DY2. Suppose that DF/|DF||%
belongs to the domain of the operator . Then the law of F has a continuous and bounded

density given by
DF

) = [1ro (e )| (257)
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Proof. Let ¢ be a nonnegative smooth function with compact support, and set ¢(y) =
J?__w(z)dz. A chain rule formula for the Malliavin derivatives implies that p(F) € D'?,
and (D(go(F), DF)y = ¢(F)||DF||%. Therefore, by duality,

Efw()] = B | D(e(F) %M — & (P8 ()|

By an approximation argument, the equation above holds for 1 (y) = 14 (y), where a < b.

We apply Fubini’s theorem to get

rior<n=e|([ o) ()| - [ o 1ot (o)

which implies the desired result. [

As we will see in the next two chapters, the solution to the SPDE (1.1) satisfies the
hypothesis of Theorem 2.3.3. In this thesis, we always apply 0 to an adapted processes.
A stochastic process v = {u(t,z),t > 0,0 < x < 27} is called adapted if u(t,x) is F;
measurable for any (¢t > 0,2) € Ep. Fix a (finite or infinite) time interval [0,¢], and denote
by L2([0,t] x Q) the set of all square integrable and adapted processes. The divergence

operator is an extension of the It6 integral in the following sense:

Proposition 2.3.4. L2([0,t] x Q) C Domd, and the operator § restricted to L2([0,t] x )

coincides with the Ito integral; that is,
t
= / / u(s, x)w(ds, dx). (2.58)
0o Jr
Proof. A proof can be found in [47, Proposition 1.3.11]. O

For the rest of this section, we state those theorems which will be used in Chapter 3.

Proposition 2.3.5. Suppose F € L*(Q), and let J, denote the projection to the nth Wiener
chaos. Then, F € D*? if and only if

> 0t F ) < oo (2.59)
n=1
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Proof. See [47, Proposition 1.2.2], and the paragraph after the proof of Proposition 1.2.2. [

Proposition 2.3.6. Let {F,,, n > 1} be a sequence of random variables that converge to F

in LP(QQ) for some p > 1. Suppose that,
sup || Fullkp < 00,  for some k > 1. (2.60)
n>1

Then F belongs to D*P, and the sequence of derivatives {D*F,, n > 1} converges to D*F
in the weak topology of L*(2; H).

Proof. A proof for this proposition can be found in [15, page 78] or [47, Lemma 1.2.3]. O

Remark 2.3.4. The space DV?(L*(T)), denoted by L2, coincides with the class of processes
u € L*(T x Q) such that u(t) € D2 for almost all ¢ € T, and there exists a measurable
version of the two-parameter process Dyuy verifying E [, [(Dgu,)*u(ds)pu(dt) < co. The

space L2 is included in DomJd.

To apply the Malliavin calculus to our problem, we usually need to compute the Malliavin
derivatives of the integrals. In this regard the following proposition [47, Proposition 1.3.8]

is useful.

Proposition 2.3.7. Suppose that v € LY2. Furthermore assume that the following two

conditions are satisfied:

1. For almost all (s,y) € E the process {D; u(r, 2), (r,z) € E} is Skorohod integrable;

2. There is a version of the process

which is in L*( x E).
Then 6(u) € D? and we have

D, (0(u)) = u(s,y) +/r/0 D yu(r, z)W(dr,dz). (2.61)
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If £ = (F',--- F") is a random vector with F* € D! then we define its Malliavin

matrix vg to be
v = ((F', F7))1<i j<m-

Before we state the main theorem we introduce the following definition from [15, page 86].

Definition 1. We say that a random vector F' = (F*,--- | ™) is non degenerate if it satisfies

the following conditions:

1. FPeD>®foralli=1,---,m;

2. The matrix r satisfies E[(det vz)™?] < oo for all p > 2.

The following is a key result and can be found in [15, page 86].

Theorem 2.3.8. If ' = (F',--- | F") is a non degenerate random vector, then the law of

F' possesses an infinitely-differentiable density.

The hypothesis of Theorem 2.3.8 can be relaxed significantly, if we only demand the
existence of a density; see [9]. While Proposition 2.3.7 allows us to prove an integral is in
D'2 it falls short of telling us whether or not it belongs to D" for p > 2. The following
proposition, which is a result of Meyer’s inequality (see [47] page 72) states the required

conditions for going from p = 2 to p > 2, [47, Proposition 1.5.5].

Proposition 2.3.9. Let F' be a random variable in D**, where o > 1. suppose that D'F

belongs to LP(Q, H®Y) for i =0,1,--- ,k, and for some p > a. Then F € D*P,

Remark 2.3.10. We will frequently use two families of semi-norms, indexed by two param-
eters. One is defined in (2.33), which always comes with parameter 3, and the other one
is the norm || - ||k.p, on space D*? which is indexed by integers such as k,m,n etc., and p.
For the sake of clarity, in the sequel, when these two norms are both used, we will use a new

notation defined by (3.16).
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CHAPTER 3

Smoothness of the Solution

3.1 The Malliavin derivatives of the solution

In this section we assume that o € C;°(R) and the underlying Lévy process satisfies H1.

Remark 3.1.1. We occasionally use the symbol “ <7 in our proofs. By X <Y we mean
there is a positive C' such that | X| < CY. We might also subscript this by a parameter to

denote dependence on this parameter.

The main result in this section is the following theorem!. Before we state the theorem, we
introduce a notation. Let o« = ((s1,41), -+, (S, yx)) be a string of k pairs, where (s;,y;) €
Er. Such a is and element of EX. Let (8, ) denote the pair with the largest first coordinate,
i.e., § =35 V-Vs; Toeach a € EX we assign an element & € Eé“fl obtained by eliminating
the (8, ) from the string of the pairs that define a. We refer the reader to the section 3.1.2

for more details on this notation.

Theorem 3.1.2. If u is the solution to the Eq. (2.25) then u(t,z) € D> for almost all
(t,xz) € [0,T] x [0,27]. Furthermore

Drult, 2) = grs(w, §)DE o (u(3, ) + / / "oz, ) Do (u(r, 2))wldr,dz),  (3.1)

where o € EX.

We have a sequence of random functions v, defined through the Picard iteration (2.42),

which converge to w in || - ||g,, for 8 sufficiently large, and consequently in LP(Q2), for all

Most of the material in this chapter is from [37].
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(t,x) € Er and p > 1. We would like to use Theorem 2.3.6 to show that u € D*? for all
p>1and k=1,2,---. Therefore the first step is to show that v,’s are in D¥” for all k and
p. Then we need to show that D*v,’s are convergent weakly for all k& > 1; i.e., it is sufficient
to have

sup [[0at, )y < o0
n

where the || - ||z, is the norm of D*? space. To this end we need a quantitive bound on the
growth of Malliavin derivatives as well. We carry out this task by induction. The case n = 1;
i.e., v,(t,z) € D is the subject of subsection 3.1.1. The second subsection is devoted to
introducing a few notations and some technical lemmas that will allow us to go from the first
derivative to the higher-order derivatives in the upcoming subsection. The third subsection
deals with the k’th derivatives of v,,’s and the short final subsection concludes the this section

with proving main result of this section; i.e., Theorem 3.1.2.

3.1.1 The first derivative

The first Malliavin derivative is the only derivative that has o(x) in its formulation. Here,

as me mentioned before, we require o to be Lipschitz continuous.

Proposition 3.1.3. If the v, ’s are defined by (2.42), then v, € D for alln > 0, and:
1. Dvg =0 and
Dy v (t, 2) =q—s(x,y)o(va(s, y)) (3.2)
+ /t/ Qi—r (2, 2) Dy o (v, (1, 2))w(dr, dz).
o Jr
2. For allm >0, and T € [0,00),
IT w1150 < CoLing T(28/p) (1+ [T vall3,r) (3.3)

where L'y . f = |Df(t,z)||u, and

Lip,, = 2max {sup lo(z)[?, sup \0’(:1:)|2} :
zeT zeT
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Proof. We need to mention that D, ,o(v,(r,2)) = 0 when r < s; i.e., the integral vanishes

on the subinterval [0, s], [47, Corollary 1.21].

We proceed by applying induction on n. We will find that the proofs of these three
conclusions go hand in hand, i.e., we use (3.3) for n = ny to show that v,,,; is in D2  with

a derivative which satisfies (3.2). Then we use (3.2), to show (3.3) holds for n = ng + 1.

For n = 0 all these three conclusions hold vacuously. Next assume (3.3) holds for v, then
vpy1 € DY and (3.2) holds by Proposition 2.3.7. Here we will not go through the details
to show this, as we will do this later for the derivatives of higher order [see subsection 3.1.2

below|. Next, we show that (3.3) holds for v, 1. Since

Diytnss (:7) = Gos(, 1) (0a(5,9) (3.4)

/ /qt (5, 2) Dy (vn(r, 2))(dr, d),

then by the triangule inequality for the H norm

t 1/2
I} ,vns1 < Lip, < / / qf_s(x,y)lvn(s,y)IQdde)
0 T

. 9 1/2
+ dyds .
0

Take the LP(€2) norm from the both sides. Since, by the chain rule [47, Proposition 1.2.3]

Gt—r (2, 2) D o (v, (1, 2))w(dr, dz)

D o (v,(r,2)) = 0 (va(r, 2)) Dy yun(r, 2),

and by the Burkholder’s inequality for the Hilbert space-valued martingales,

Gt—r(, 2) Do (v, (1, 2))w(dr, dz)

E
0
t p/2
<, E ( / [ 2N Doe z))||?qdzdr>

t /2
< sup |o/()|E ( [ [ 2000, z>||zdzdr) |
xeT 0 T

35



we obtain

t
1T 00t 2o <p Lip? / / 2 (e 9)[on(s, ) |12, dyds

p/2Y 2/P
+sup |0’ (x { (/ /qt (z, 2)|T} vn|2dzd7’) } :
zeT

Now, apply Minkowski’s inequality [dP X dzdr] to the last term to switch the expectation

and the double integral, as follows

HF%,xanrl ”%p(m

t
o (nuné,p [ [t o perayas
0 T
t
+/ /th—r(I’Z)||F71~7zvn||%p(ﬂ)dZdT)
0 T

t
Sy (102 + [T 0l13,7) / /T 2 (),
0
where we used the trivial inequality
10 vallBogey < 7PN vl r  (r.2) € [0.7] % T (3.5)

Therefore if we change the variable ¢ —r — r in the last integral, and multiply the inequality

by e~2%/P we arrive at

e 2P|} ns 70

t
<, Liny: (lul%, + T vll3,) / lar 2o emye /P dr

Sp Co T(26/p) (1 + [T 0,12 ,7) »

where the last inequality follows from Lemma 2.1.7 and ¢, ,» = Lip2 + sup, |o(2)|? + ||u|| 5,-

By optimizing this expression over all (¢, z) € Er we arrive at

It 3 < Coor X (28/0) (14 [T 0n3r) (3.6)

This proves that ||Dv,,1]|g € LP(R2), and so v,11(t,z) € DY, for all (¢,x) € Er by Propo-
sition 2.3.9. ]
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Proposition 3.1.4. If u = u(t, z) denote the solution to (2.25), then u(t,x) € D" and Du
satisfies (3.1); i.e.,

t
Doyultin) = g p)ulsi) + [ [ amile)Duotulr utdrndz). (37)
0o Jr
Proof. The fact that u € D%? follows easily from the bound (3.6), because by iterating this
bound we get
HFlvnH%p <a+a’+---+a,

where a := C,Lip,, T (25/p). Since limg_,o, T(5) = 0, we can choose § > 0 sufficiently large

so that o < 1 and consequently we get
sup [T v, |13, 7 < ¢ < (3.8)
n ﬁ’pz - 1 —

Then u(t,x) € D2 by Proposition 2.3.6. Then Proposition 2.3.9 proves that u(t,z) € D'»
for all p > 1. Since the right-hand-side of (3.8) is independent of T, it holds for T' = cc.

Because of this, in the rest of the paper, we only work with the norm || - ||5,.
In order to derive (3.7), it suffices to show that
1T (v, — w)||gp — 0, asn — oo, (3.9)

where
Ol = || Du(t, 2)] .
By the triangle inequality, applied first to the H norm and then to the LP(2) norm, and

squaring both sides, we have

%Hfl(vnﬂ — W) 7o) < {Ellge— (@, %) [0 (vn(e, ) — o (ule, #))]|5 1"

+{E /0 t /T Gi—r (2, 2) D]o(vn(r, 2)) — o (ulr, 2))]w(dr, dz) :}%.

Since o is Lipschitz, by applying Minkowski’s inequality to the first term and Burkholder’s

inequality followed by Minkowski’s inequality to the second term, we get

t
2
O, (ver — )20y < / /T (5, 9) lom (5, 5) — (5, 9) ey Ayl

—i—/o /thz_r(x,z) T2 (o (vn) — a(u))Hip(Q) dzdr.
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Then, by (3.5) and Lemma 2.1.7 we obtain

Ol a(vnst = wllZr i) < v —UHfapewt/pT(Qﬁ/p)

+ [T (o (va) = o (@))[[3, €71 (28/p),

where C depends on Lip,, and C,, where C,, is the constant in Burkholder’s inequality. After

we optimize on ¢ € [0,7] and z € [0, 27, we have

2
I @ = % < Cpor (I =l + [P0 () — o)) (3.20)
where C ), — 0 as 3 — 00. Since

D(o(v,(r, 2)) — o(u(r, 2))] = o' (vu(r, 2))[Dv,(r, 2) — Du(r, 2)]

+[o' (v (1, 2) — o' (u(r, 2))] Du(r, 2),

then by applying the triangule inequality, and considering the boundedness and the Lipschitz

property of ¢’ we obtain the following:
CT, (0(vn) = o(u) < Ty, (vn — ) + [va(r, 2) — u(r, 2)|T; u
Therefore,
ClIT; (o (vn) = o(u)llgp < T (v — wllsp + | (vn — u)T ullg,p- (3.11)
By optimizing over (t,z) € E7 and substituting in (3.10) we obtain

T (Onsr = W5, < Copor(lvn — ullz, + I (on — w)ull3, (3.12)

+ T (v — w)l[3,)-

Consider the first two terms in the parenthesis in (3.12). From Theorem 2.2.7 we know that
Jvn —ull3, — 0 as n — oo, while the second term in (3.12) vanishes as n — oo, for example,

by the Cauchy-Schwarz inequality. Therefore (3.12) can be written as

T W1 = w)ll3, < Copor (A + T (0n — w)l3,) , (3.13)
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where \, — 0 as n — oo. Choose [ sufficiently large such that Cs,, < 1. Then (3.13)
implies that
T [0 (0,1 — )3, = 0.

This finishes the proof. O

To state and prove the result for derivatives of higher order, we need to introduce some

notations and prove some preparatory lemmas that will be stated next.

3.1.2 Preliminaries and notations

We know that the mth derivative of v, (¢, ), if it exists, belongs to the space L2(EZ T x Q).

Recall that LY? = DY2(EZH! x Q). Let o = ay,, denote an element in E7*. We can write

a=((s1,41), (Sm; Ym))-

Let § := max{sy, - ,Sn}. lf i € {1,---,m} is so that s; = §, then we let § denote y;
and @, = ((51,91), 5 (i-1,%i-1), (Si41,Yis1), -+ (Sm, Ym)). Note that G, € Ef'~.
If we think of o = «,, as a set of m pairs a = {(s1,¥1),"** , (Sm, Ym) }, instead of an or-

dered m-tuple, then the partitions of o are defined. Let P™ := the set of all partitions of av E7.

If deg = {deg;, - ,deg;} € P™, then let |deg;| denote the cardinality of deg;, where
j=1,--- 1. Clearly |deg,|+- - -+|deg;| = m. If deg = {deg;,--- ,deg;} € P™, then Dl p

deg;
makes sense for j = 1,---,l. For example if deg; = {(s1,41), (s3,¥y3)}, then Dlieg‘fllF =
D(QShyl)(S&%)F. Furthermore, if deg = {deg,,--- ,deg;} € P™, then we introduce the new
notation D8 F and define it by
DR = Dyl F x - x DisF, (3.14)
Notice that
1D? Fllzrem = THizy | D5 P | roacs. (3.15)

Fix | < m and let P;™ denote the set of all deg € P™ such that |deg| = . We have

P = UL P

39



We let T'3%v denote the H™ norm of DPu(t, x); i.e.,

[{%0 = || DYv(t, 7)) gom. (3.16)
If deg denotes the only member of Pj", i.e., deg = {{(s1,v1), -, (Sk,yx)}}, then write

' v instead of Ff;gv.
The following lemma allows us to approximate ||o (v, (t, )|, Where || - |5, denotes the

norm on D*?.

Lemma 3.1.5. Assume o is smooth and bounded together with all its derivatives. If F' €

Npeft,00) D™, then so is o(F). Furthermore, for o € K,

Dyo(F) =Y oW(F) Y  DIF, (3.17)
j=1 degeP™
where P} is the set of all partitions of o, comprised of j components deg,,--- , deg;, and o)

denotes the jth derivative of o.

Proof. We can easily prove this for the smooth functionals by induction, and then extend

the result to F' € Npep1,00)D™? by approximation by the smooth functionals. O

Lemma 3.1.6. Let a € EJ', and deg = {deg,, - ,deg} € P™ denote a partition of «.
Choose and fix f > 0. Let U(t, z) and V(t,z) belong to Ny=1D™P for almost all v,z and
|T14e9:1V/ || 5,, < 00 for all p > 1. If o is bounded and smooth with bounded derivatives of all

orders, then

T (Vllsp SIT™VIsp+> ., > TLlIT* Vs (3.18)

J=2 deg, ---deg; EP™

Furthermore, if |T1%%1U|| 5, < oo for all p > 1, then we have

IT™(@(V) = o(U))llsp STV =Dllop+D > WDV = U) g (3.19)

J=2 deg,---deg;€EP™
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Proof. According to (3.17) we have
Iro(V)<Cy Y WDV (r,2)|| goe,
Jj=1 deg;---deg; €EP™
where C' = sup,{o(x),0'(x), -+ ,0™(z)}. Then
TNl SITEV @ +Y - Y LTV ).
J=2 deg,---deg;€P™
Therefore, by the generalized Holder inequality,
T ol SITEVie@ + >, Y, T TV ).
J=2 deg;---deg; EP™

Multiplying both sides by e?"/? we get
0o (V)| ooy

< eﬁr/pHF;?ZVHLp(Q) + Z Z H.gileﬁT/jpHI“;};gi'VHLjp(Q)

j=2 deg,-deg;€P™

SIT™Visp+Y. Y T TV,

J=2 deg;---deg; EP™

Therefore,

T (V)llp < C [ IT"Viigp+> - > WL lITIV]|s,,

J=2 deg,---deg;€P™

The proof of the second statement is similar, if we observe that,

Dio(V)=o(U) =) > VYDV 1)+ [0/ (V) ~ o (U)| DT

7j=1 degEPJm

In this case, the constant C' in (3.20), is replaced by C' = C'V Lip,, V - -+ V Lip (m) .

(3.20)

]

The following lemma must be known, but we could not find a reference for it. It explains

the method that we use to prove a random variable is in D**1?_ when we know it is in D*?.

Lemma 3.1.7. Let F € D*P satisfy DXF € DY for almost alla € Ep. IfE||DD*F||ger <

00, then F € DF+Lp,
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Proof. To make the notation simpler, we prove the lemma only for £ = and p = 2. In this
case we have F' € D2 and DF € DY?(L*(T)). By Proposition 2.3.5 we need only to show
that

> n(n = D|JnF |72 < oo (3.21)
n=1

Since DF € DV?(L*(T)), then

e}

ZnHJnDF”%Z(QXT) < 00.
n=1
Since F' € D2, then (DJ,F, h)p2¢r) = Jn—1((DF, h)12(1)), then
1 Ja D120y = ElJa DF I L2(r) = B Dot FllL2(ry = (n + DI 5.

For the proof of the last equality we refer the reader to [48], Proposition 1.12. n

Lemma 3.1.8. Let V(t,2) € Nys1 D™FP for almost all v,z and let |T1%%!V | 5, < oo for

all p > 1, where deg = {deg,,-- - , deg,} € P™*. For a € E let

fo(r,2) = qr(z,2) DYa(V(r, 2)). (3.22)
Then f, € LY2.
Proof. We need to verify that the three conditions mentioned in Remark 2.3.4 hold for f,.

1. By Lemma 3.1.6, [|[I™0(V)||2 < co. Then

t
| EltalBeada =B [ [ @2 [ 1020(V(r2)Pdadzar
B 0 JT Em

t
_/ /qgr(l'az)E[F,tan(V)szdr
0oJT '
t
< [ [ w2 sdedr < o
0 JT

This also means that || fo |72z, xq) < oc for almost all a € Er.

2. fa(r, Z) € D2 because V(t,x) c Dmt+1.2,
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3. Since || o(V)||s2 < oo,
| EIDL e (329
Ep
t
=B / / a4 (2, 2) / |D,, Do (V(r, 2))[*d\dzdr
0 JT EpH
t
:/ /qg—r('raZ)E[FT;_10<V)]2d2dT
0o JT '
t
< [ [ @t Tt pdzdr < o
0 T

where d\ = dadyds. The last result also shows that Df, € L*(EF x Q) for almost all

o€ ET-
Therefore f, € L*? for almost all a. O

Lemma 3.1.9. IfV and f, are defined as in Lemma 3.1.8 and satisfy the same conditions,

then Dy, fo € Domd.
Proof. Applying Fubini’s theorem to (3.23) yields,
| Dsy fallr2(mpxa) < oo for almost all ((s,y), a) € EFH.

Since D, fo is adapted and belongs to L*(Er x ) for almost all (s,y) and «, then the Ito
integral of D, f, is defined and coincides with 6(f,). ]

Lemma 3.1.10. IfV and f, are as defined in Lemma 3.1.8, and satisfy the same conditions,

then for each o € ET!

/Ot/era(r, 2)w(dr,dz) € L*(Er x Q). (3.24)

Proof. This follows from Burkholder’s inequality:

oy

t
<E / / 2 (2, 2)| DD™o vy (r, 2))|% dzdr.
0 T

2

/t/Dfa(r, 2)w(dr,dz)| dyds
0 Jr
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To show that the last expectation is finite for almost all a« € EF', we take integral with

respect «, and then Fubini’s theorem implies that
t
[ e[ [ @ walopzatotr 2 dzdrda
m o Jo Jr
t
< E/ / qng(I,Z)HDerlo'(’UN(T, Z))|’12q®m+1d2d7’
o JT
t
S/ /qt2—r($>Z)eﬁTHFmHU(UN)||%72dzdr < 00.
0oJT
Among other things, this proves that the integrand is finite for almost all a. O

Lemma 3.1.11. LetV and f, be as defined in Lemma 3.1.8, and satisfy the same conditions.
Define

Fi(a) = /0 t /T Fulr, 2)w(dr, dz). (3.25)
Then:

1. Fi(a) € DY for almost all o € EW;

2. DF} is given by
t
D, Fi(a) = fa(s,y)~|—/ /Ds,yfa(r, 2)w(dr,dz); (3.26)
0o JT

3. We have

E (| DE | emi) < oc. (3.27)

Proof. After proving Lemma 3.1.8, 3.1.9 and 3.1.10, we know that F} («) satisfies the assump-
tions of Proposition 2.3.7. Therefore, it is an immediate consequence of Proposition 2.3.7
that Fi(a) € D%? and (3.26) holds. We finally prove (3.27) as follows. By the Burkholder’s
inequality,

p

BARn) =B [ [ acrle D™ oV 2)uiar.dz

H®m+1

t p/2
<GE([ [ @ 00 oW o dzar)
0 T
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By Minkowski’s inequality we have

t
(E (VAo Y <0 [ (o B o) Py ddr.
T

0

Therefore,

{E (1 yoni) Y < P TG (V) 3, / o B grye . (3.28)

After rearranging and choosing a new constant, we arrive at
{7 EIE omi } 7 < GIT™ o (V)]0 /T(25/p). (3.29)
This ends the proof. n

Remark 3.1.12. If we define a random variable Fy := ||Fy||gem+1, then the (3.29) can be

written as

1F1]l5p < CollT™ o (V) |l55V/ T (28/p). (3.30)

3.1.3 The kth derivatives of the v,’s and the smoothness of the solution

Proposition 3.1.13. Let v, be defined by (2.42) forn = 0,1,---, where 0 € Cg°(R) and
q:(z) satisfies hypothesis H1. Then v, € D¥? for k = 1,2 - and p > 2. Furthermore if

a € EX then:
1. D*vy =0 and

Divnia(t, @) = (9, 2) D5 o (vn(3,9)) (3.31)

/ /qt (2, 2) Dk (v (r, 2))w(dr, d2):

2. For some C > 0 which only depends on p:
IT™ o[, < CT28/p)(1 + I vall3,); (3.32)
3. If deg = {deg,,- - , deg,}, then

10041l < T P95 044 15 < 0. (3.33)
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Proof. We proceed by applying induction on n and k. When k£ = 1 and o = (s,y) = &,
we have shown in Proposition 3.1.3 that all above claims hold. Next, by assuming that the
claims hold for all n > 0 and k = 1,--- ,m, we will prove that they also hold for m + 1 and
all n > 0. Since D™ vy = 0, (3.32) and (3.33) hold for n = 0. Suppose the claims hold for
n=20,---,N. To prove the claims for N + 1, notice that by Lemma 3.1.6,

I o () [l < 00
Then by Lemma 3.1.11, [} [ ¢i—r(2,2)DEo(va(r, 2))w(dr,dz) belongs to D2 If we let
v = ((s,y),) € E*™ then after relabeling v, we have
v=((s1,51) (Smt1s Yms1))-
We let § = max{si, -, Smyi1}, and define 4 and g accordingly. Then by (3.26),
DI oy (t, ) = q—s(a, ) DSon (5, 9) (3.34)

/ / G (2, 2) DT o oy (1, 2))w(dr, d),

where we applied the fact that D, fo(r,2) = 0 if s > r. By the triangle inequality for the

H®™+ norm,

m+1
Ft,az UN+1 <
1/2
m+41

L[ e

m+1 times

D U(UN(SvaJ)) 18 8( )dady;ds;

)

q?—r(x7 Z)Dm+10-(UN(Ta Z))U)(d?", dZ)
T

H®m+1

where ; = ((s1,91),- - ;(ijlyyjfl%(5j+1ayj+1>7“' , (Sm+41,Yms1)). Notice that § = j

when 5§ = s;. All the integrals inside the sum are equal, and by omitting the indicator

function 1, (a) we arrive at

t 1/2
T oy < (<m+ 0 / / 2o (@) [ D0 (on (51, 91) Eyom dyldsl)
0 T

Qi (2, 2) D™ o (on (r, 2)w(dr, dz)
T

H®m+1
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Then, by the triangle inequality for the LP(€2) norm, followed by Burkholder’s inequality
applied to the second integral on the right-hand-side,

1Ty oy o)

p/2) 1/P
( 1/2{ (/ /qt s x yl 81 " UN | dyldsl) }
t p/2) /P
C, {E (/ / ¢, (z,2) |FZLZ+10(UN)|2 dzdr) } .
0o Jr

If we square both sides of the last inequality and then apply Minkowski’s inequality to the

both integrals on the right-hand-side, then we obtain

t
APHFT;IUNH”;(Q) S/ /qg_sl(%yl)Hrz,yla(UN)Hip(Q) dyds;

//qt (@, 2) [T o UN)Hip(Q) dzdr,

where A, m By (3.5) we have

APHFTI—HUN‘HH;( Q) = (HFm (UN)”/jp‘f‘HFmH UN H,@p>

x/ /qf_r(x,z)ewr/pdzdr.
o Jr

By optimizing on all ¢ > 0, for some constant 5B, > 0 which only depends on p, we have

[T ol < B, (P70 x5, + [T en)|3,) T(25/p).

Therefore, (3.18), and the induction hypothesis (3.33) for n = N, imply that |[|[I"c(vy) ||27p <

00. Therefore, by choosing a constant C' > 0 sufficiently large, we obtain
[Tty alf5, < € (14 [0 ow 3, ) T(28/p).
This proves (3.32) for k =m+1 and all n > 0, in the sense that vy 1(t,z) € D™P_ for
all p > 2.

The proof is not complete yet, as we need to study the case that deg # «,,.1. Let
deg = {deg,, - ,deg;}. Since by definition

e de de
D%y (t,x) = D(ljeggl +1(t,93)"'D(lieggll‘UNﬂ(t,ﬂ?),
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then

E”D|deg|UN+1 (ta fE) Hi[@m-&-l

= B([D oy 1 (8 ) [ aesy) - 1D o1 (8 ) [ e

where, [ > 2, and |deg,| + - - - + |deg;| = m + 1. Then by the generalized Hélder’s inequality,

l
{BI D" oy 1 (8, 2) [Fomes } < B DBy (£, 2) )7

H®l|degy | X

><E”l)'deglIUN-&-l (tv SL’) ng@\dcgl\'

Equivalently,

=Bt . 1/
e {B| D1 lur (¢, 2)|[fomsn }

1 1
- d e - d w
S {6 ﬂtE‘F‘t,;gl‘v]\H*l’lp} XX {6 ﬂtE‘F‘t egl"l}N+1‘lp} .

T

We optimize, first the right-hand-side and then the left-hand-side of the latter inequality
over all t > 0 and x € T in order to find that

TR P | YT LT [P

If we replace 3 by (3, then we have

P01 llsp < T on g1 i - - T4 0N 150
= I [T oy flig.p < o0 (3.35)
Therefore, v,, € D™"? for all n. This finishes the proof. O

Remark 3.1.14. As in Proposition 3.1.4, we can iterate (3.32), and choose 3 > 0 suffi-

ciently large to obtain
sup E|| D™ v, (t, 2)||%em < 00.
This in turn implies that

sup ||vp (t, @) || mp < 00. (3.36)
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3.1.4 Proof of the Theorem 3.1.2

We prove Theorem 3.1.2 by applying induction on the order of the derivative k. In Propo-

sition 3.1.4 we showed that v € D'? and its derivative Du satisfies (3.1) for k = 1.

Assume now that u € D*? < oo for all k < m — 1, p > 1 and the kth derivative D*u
satisfies (3.1) for k = 1,--- ,m — 1. This together with (3.36) imply that u(¢,z) € D"™P.
Next we show that (3.1) also holds for k = m. This proof is basically repeating what we

did for the proof of (3.32), and therefore we avoid going through the details. Define

1 m
E(t,2) = 5 I8 (01 =) [y

02 (t,2) = {E [|gio (@, ) DI (0 (va(0, %)) — o (u(o, %)) | Drom + 77

/Ot /T Qv (2, 2) D™ (0 (0n (1, 2)) — o (u(r, 2)))w(dr, dz) Hw}?/p‘

Our goal is to show that lim,, . SUPy_ <7 SUP,er €4 (¢, ) = 0. By the triangle inequality,

a’(t,x) = {E

cp(t x) < U(t, @) +ap(t, x),
A similar argument as the proof of Proposition 3.1.13 leads to the following bound on b,,:

e b, (t, ) < mI|T™ (o (va) — o(w))I[3, Y (25/p).

Finding an upper bound for a,(t,z) is similar to what we have done for Fj, which led

to (3.29). For a, we have
e 2P (¢, x) < Gyl|IT™ (0 () — o(w))[3,7(26/p)-
Another application of (3.19), together with the induction hypothesis shows that
e Pl (t,x) < Cp (A + [T (vn — w)|13,) T(25/p),
where )\, is independent of ¢t and x, and A\, — 0 as n — oo. Therefore

e 2P (1, 2) < Ky (0 + [T (vy — U)H%m)T(Qﬁ/p)’
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where K, ,, = max{C,, m} and 6, is independent of ¢t and z and 6, — 0 as n — oo.

Therefore, by choosing [ sufficiently large so that K, ,,Y(208/p) < 1, we have

L™ (0ns1 = w5 < Crmyp(On + L™ (0n — u)lI3,)-

The latter inequality implies that || (v, — u)||3, — 0 as n — oo which is equivalent to

what we wanted to prove.

Remark 3.1.15. The value of B transfers through the induction steps; i.e., its value in the

mth step must be at least as large as its value in (m — 1)th step.
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CHAPTER 4
Analysis of the Malliavin Matrix

In this chapter, we study the LP()-integrability of the inverse of the Malliavin matrix. Here
is the first place where we use the second assumption, Hypothesis H2, of this paper, which

asserts that there are 1 < a < 4 <2 and 0 < (7 < (s, such that
Ci|n|* < Re &(n) < Cy|n|”.

When (1.1) is linear, we know that if 5 < 1, then a solution does not exist. In this section,

we want to show that for every (t,z) € Er, and p > 2,
E([|[Du(t, z)||7?) < oo. (4.1)

This will finish the proof for the existence of the density. We will also find a bound for the

density pi(z).

4.1 Existence of a density

We start with the following lemma.

Lemma 4.1.1. Let u be the solution to Eq. (1.1). Let p > 1.

t p/2
V(t)= sup E (/ / |Ds,yu(t,x)|2dyds> ,
z€[0,27] 0 JT

V(t) < Crpt @2 i e [0,T).

1. If we define

then
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2. If we fixt € [0,T] and for any § € (0,t) define

t p/2
W) = sup E( / / |Ds,yu<t,x>|2dyds> |
z€[0,27] t—6JT

W (8) < Cppote—te/2e,

then

We prove only the first part in detail, as the second part can be proved similarly. We
will only mention the minor changes. But before starting the proof, we state the well-known

Bellman-Gronwall’s inequality, which will be used in our proof.

Lemma 4.1.2 (Bellman-Gronwall’s Lemma). Let \(t) be a nonnegative piecewise continuous

function of time t and C' > 0. If the function y(t) satisfies the inequality

ywsxw+cll@w,

then
t
y(t) < A(t) + C/ A(s)eCt =) ds.
0

Proof. See[34, Lemma A.6.1.]. O

Proof of Lemma 4.1.1. We start with the expansion of D, u(t, z). Because, by (3.7),

Doyu(t, ) = gos(z, y)o(u(s, ) //%wzsmvauww

[ Du(t, )| m <Lip, {/t/ q,?_s(x,y)dy}m (4.2)

qt r(z, 2) Do (u(r, z))w(dr,dz)

it follows that

H

Then, by (2.20),

|Du(t, x|l <Cot = (4.3)

A Gi—r(z,2)Do(u(r, 2))w(dr, dz)
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By raising to the power of p and taking expectation,

p
EllDu(t, o)l Spa t™5 +E Ge—r (0, 2) Do (u(r, 2))w(dr, dz)
T

H

Next, the Burkholder’s inequality yields,

p/2

t
pla—1)
El|Du(t, 2)[Iy Spat 2= +E 4 (x, 2)|| Do (u(r, 2)) |7 dzdr
T

Then

p/2

E||Du(t, )|} Spager t 3 +E

t
6 (x, 2)| Du(r, 2) |} dzdr
T

Next, by observing that

2p—4

a; (2, 2) [ D(ulr, )5 = ¢ (2, 2) <qg'_r(w, 2)|| D (ur, Z))H?{) :

we may apply the Holder inequality to obtain

t t (r=2)/p
[ [ etz < ([ [ o)
0 JT 0 JT

t 2/p
([ [ teoiptueniydear)
0o JT
This yields

(/ot/TQt?r(x,Z)“D(U(T, Z))||§{dzdr)p/2 < (/Ot/qum,Z)dsz) (p—2)/2 )
( /0 t /T ¢;—(x, 2)|| Du(r, z)ugczzdr) .
</ot/th2—r<w,z>llD<u<r, z>>||§,dzdr>p/2 < o
(/Ot/TCJ?_T(w,Z)I|Du(r, Z)II’}{dzdr) .

(a—1)

pla—1)
E[[Du(t, 2)|l} Spenor £°5

== 2)/ /qt (z, 2)E||Du(r, 2)|| dzdr.

Another application of (2.20) yields

Therefore,
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Then, for a new constant C', we have

1
SElIDutt, )

¢
< tmt e / sup E||Du(r, 2)||%,(t — )~ ar.
0 z€[0,27]

We write everything in terms of V (),

(a=Dp (p=2)(a=1)

V(t)SC(t 2+t 2a /OtV(r)(t—T)_l/o‘dr).

Next, apply Holder’s inequality to the integral on the right in order to find that

/0 V) - ) Yedr < ( /0 t V(r)pldr> o ( /0 . r)_ql/o‘> " ,

where p; = (o +1)/2 and ¢; = (a+1)/(a — 1). Because ¢;/av < 1,

- 1
—q q1
( / (t— T)al) < 00.
0
Therefore there is C such that

(a—1)p (p—2)(a—1) ¢ 1/p
V() <O [ £ 4 (/ V(T)mdr) |
0

Consequently for some C' > 0,

t
V(P < C (t("zll"“ 4 / V(r)pldr).
0

Again, since 0 < t < T, then we can choose C such that

—1)ppy t
V(P < c(t‘ g / V(r)pldr).
0

Then by the Gronwall’s lemma we have

(a—1)p

V()< Ct = .

This finishes the proof of (1). Next we prove the second claim. If we proceed as what we

have done for part 1, we will get
t
IDutt. o)l < [ [ e p)otuts.n)dyds

t—5JT

/Ot / G-+ (2, 2) Do(u(r, 2))w(dr, dz)

+

Y

H*
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where H* denotes L*([t — §] x T). We change the variable ¢t — s — r on the first integral on
the right and apply (2.20) to find an upper bound for it. Then we continue similar to our

previous proof with H replaced by H* to arrive at

W) < C((S(azal)p (r-2)(a-1) / W(r 1/adr>

Then an application of Gronwall’s lemma finishes the proof. O

The following corollary is an estimate on the Malliavin’s derivative of the solution of the

equation (1.1).

Corollary 4.1.3. Let u be the solution to the equation (1.1), and ® the Lévy exponent
corresponding the differential operator L. Define

2
Is = Qi—r(x, 2) Dgyo (u(r, z)w(dr,dz)| dyds, (4.4)

t—6 JT

where ¢ = qi(x) is the transition density corresponding to L. If the @ satisfies Hypothesis H
2, then

E (|]5|p) < C§2rla—1)/a

Proof. By the Burkholder’s inequality

E(|I5]") = (

< ¢,Lip?’E

qt +(z,2)Ds yo(u(r, z))w(dr, dz) dyds

qt2—r<$’ Z) (/ / |Dsyu<T7 Z)|2dyds) dzdr
T t—6 JT

Raising to the power 1/p and applying Minkowski’s inequality gives us

t r
{E<|15\P>}”ps(:;/pLipz{E || ( /| |Ds,yu<r,z>>|2dyds) dedr
t—6 JT t—6 JT

t t
< ¢}/PLip, < / / qz(z,x)dzdr) sup {E / / | D, u(r, 2))|*dyds
t—§ JT (r,2)€[0,6]x[0,27] t—6 JT

t—6

)

p}l/p
p}l/l?
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Then, by (2.20), and Lemma 4.1.1,

5 P
E(|L5)7) < C </ / qf(z,x)dzdr)
0o Jr
t p
Bl [ [ 1Duutr ) Pays
t—sJT

< ¢§la—bp/agla=lp/a

X sup
(r,2)€[0,5] x [0,27]

The proof is complete. O

Finally we quote from [15, page 97| a lemma which allows us to put together the results

of Lemma 4.1.1 and Corollary 4.1.3 and prove the existence of the negative moments (4.1).

Lemma 4.1.4. Let F be nonnegative random variable. Then property (4.1) holds for all

p > 2 if and only if for every q € [2,00) there exists eg = €o(q) > 0, such that
P(|Du(t,=)|l3; <€) < Ce,
for all € < €.

Proof of Theorem 1.0.2. We need only to show that (4.1) holds for every (¢,x) € Er and

all p > 2. Let ¢ = ¢;(x) be the transition density corresponding to @ and L. Since
t
q—s(y, x)o(u(s,y)) = Dyu(t, z) —/ /th(x,z)Dsyo(u(r, 2))w(dr, dz),
0o Jr
considering the fact that ¢ > x > 0, then

| Dayu(t, z)|* = —qt s,z | G=r (@ 2) Doyor(ulr, z))w(dr, dz)

Therefore

t
IDutta)lfy = [ 1Dulta)fayas
t—

HQ t )
> 5 / / G—s(y, x)dyds —
t—6 JT

If we let 7 =t — s in the first integral on the right, then we get

2
dyds.

A Qi—r(x, 2) Dgyo (u(r, 2))w(dr, dz)

t—6 JT

[ Du(t, =)|[5 > J5 — Is Vo € (0,1),
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where 5 is defined in (4.4) and

/€2 4
Js ;:5/ lull 22y dc
0

If we choose § > 0 such that Js — e > 0, then by the Chebyshev’s inequality

E|I5|P
P(IDeyult, )l <€) <PUs L <€) < 2=

Then, by Corollary 4.1.3 and (2.20) we have
Cl 52(a71)p/a

2
<
PDult. 2l < ) < oG g

Take 6 = (46/O>% to get

P(|| Du(t, 2)|IF < €) < Cape™, (4.5)
where 6 = 25 ((g‘:ll)) — 1 > 0. Combine this with Lemma 4.1.4 to complete the proof of the
existence of the a density. m

4.2 Upper bound for the density

Next, we prove the last claim of Theorem 1.0.2. We first mention the following result which
is a consequence of Eq. (2.57). Then come a few lemmas, which pave the road for applying

that result.

Proposition 4.2.1. Let ¢, ., \ be three positive real numbers such that ¢ ' +a 1+ 171 =1.
Let F be a random variable in the space D*®, such that E|DF||** < co. Then the density

p(z) of F can be estimated as follows.

p() < caapP(F| > 2" x (BIDF|! + |1 D*Fllromem [[IDFI,) (4.6)

Proof. See [15] page 85. ]

Lemma 4.2.2. We have

IT(28/1) < Siﬁ

12 2%
3 + Cﬁl—_;] . (4.7)

where C' = 20, /c"®, ¢ = C} is defined in Hypothesis H2, and C,, = [~ %2 = m/acsc(n/a); see[29].

0 14z«
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Proof. Starting with the definition of Y(3), we have,

1 > 1 1 < dr 1 20
87T (20) = =+ 2 §—+2/ =—+ -
(20) I} ;54—671“ 15} o B+cxr [ Bl=a

This will give us the result. [l

Lemma 4.2.3. Let C' be as in Lemma 4.2.2, and define,

20 — 1 oLip2 [/ 2Lip2C\ a1
="t ps oy ( 1p00) . (4.8)
a—1 T T
If B > bl”, then
2 Lip2 Y (26/1) < 1/2. (4.9)

Proof. By combining (4.7) and the fact that z; < 21'/2 (see [11]), we only need to show that

It is sufficient to show that each summand on the left is smaller than %Li’; >. The first

summand is [2/bl”. Since v > 2, we only need to have b > 2Lip? /7, which holds true.
A simple computation shows that, if b > (%)ﬁ, and v as given above, the second

summand is also smaller that

%Lf;g- [
Lemma 4.2.4. Let v and b be as in (4.8). For |x| > m we have
P(lu(t, y)| > |2]) < exp(A(t, x)), (4.10)
where
A(t,2) = d 470 (In(lalm)) /@ (L11)

Proof. From (2.45) we know that

Elu(t, )|’ < (’“ ¥ alo Oy 126/ ”)leﬂt,

1 — zLip,/Y(28/1)
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where k = sup, . uo(z). Then, from (4.9), we conclude that
Elu(t,y)|' < m'e™, (4.12)

where m = 2k + 2|0(0)/Lip,|, and k = sup,cpuo(x). Since by Chebyshev’s inequality,
P(u(t,y)] > |]) < Elu(t,)l/|]' for every I > 1, then

P(lu(t,y)| > |z|) < exp[thl” — lIn(|z|/m)] vi> 1. (4.13)

Therefore,
P(lu(t,y)| = [z]) < inf exp[thl” — [n(|z|/m)]. (4.14)
We can solve this optimization problem as follows: let A(l) := tbl” — lIn(]z|/m). Then

1/(v—1)
A (lnin) = 0, if and only if I, = (%) . We have where the last inequality

follows from the fact that v > 2. m
Proof of Corollary 1.0.5. In (4.6) let F' = u(t,y), g =X =4 and o = 2, to get the bound,
(P(IF| > |z[)"* x (B DF |l + ID*Fll 2 @uen | IDFII,) (4.15)

Jensen’s inequality followed by (4.5) implies that E|DF|; < (E||DFHI’1,2)1/2 < 00, uni-
formly on # € T and ¢ > 0. With the same argument, we have ||[|[DF||;’||, < co. Choose

(4 € (0,00) such that

Iy

EIDF| v [[IDFI, < Cr.
From (3.32) we conclude, when 3 > 0 is sufficiently large,

_ CY ()
Bt 2 2

sup e P'E||Du(t,y < .
(£.2)€(0.50)xT || ( )||H®H 1 — CT(B)

Therefore, there are a constants 3, C' > 0, such that || D*F|| 20, mem < Ce”'. Therefore, by
choosing 3y = (3, the parenthesis on the right is bounded by C (1 + Cefot/ 2) . Now, apply
Lemma 4.2.4 to finish. O]
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CHAPTER 5

Intermittency and Malliavin Derivatives

In this chapter we investigate the intermittency of the random field D*u(t, z) for k = 1,2, -,
which is an asymptotic property of the these random fields. Roughly speaking, an intermit-
tent random field is distinguished by its sharp peaks. The following three examples will

illustrate the concept.

Ezample 5.0.1. consider a triangular array {X,n > 1,9 = 1,--- n} of Bernoulli i.i.d.
random variables with P(X" = 1+ a?) = P(X! = 0) = 1/2. Let Y,, = II"_; X". Then the
function

v(p) :== %log EY? = plog(1 + a*) — log 2 (5.1)

satisfies 0 < y(1) < @ < ---. We also have v(p) < oo for all p > 1.

If we let a®> = 2, then the random field Y, is zero with a large probability, and takes
a large value with a small probability. Nevertheless, an application of the Borel-Cantelli
lemma shows that P(Y,, = 0 i.0.) = 0. This means that the large peaks will eventually occur
for almost all paths. The next example is from the theory of stochastic ordinary differential

equations.

Ezample 5.0.2 (Exponential Martingale). Consider the stochastic differential equation
dXt - XtdBt, XO - 1 (52)

We know that X; = exp(B; — t/2) is the solution to (5.2). We also know that X; — 0 a.s.
as t — oo, and EX} = exp(@). We can check that the map p — ~(p)/p defined by (5.1)

is finite, positive and strictly increasing.

Our next example from|[40] is more sophisticated.
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Ezample 5.0.3 (Anderson parabolic problem). Consider the following parabolic anderson

equation on Z¢.
O = kAu+ &(x)u t > 0,2 € Z4, (5.3)
uw(0,z) =1 r € Z%,
where A(z) := 37, [¥(2') —¥(2)]; Le., kKA is a generator of the homogeneous random
symmetrical walk z; on Z¢ with continuous time and the rate of jumps  in all directions
r — o, |[r —2'| = 1. Then ¥(p) = p?/2, and (5.5) below holds. If u(t,z) is the density

of particles, the intermittency of the solution fields indicates a highly nonuniform, i.e., as t

goes to oo, there are times at which most of the mass is concentrated at on the peaks.

To define the intermittency, we choose and fix some xy € R. Define the upper pth-
moment Liapounov exponent 5(p) of u as

1
7(p) = limsup — log E|u(t, xq)|? p € [1,00). (5.4)

t—o0 t

When u(t, x) is ergodic this limit is independent of x¢. If u(¢, z) is the solution to (1.1), then
7(p) is independent of xq if ug(x) is a constant. We say u is intermittent if regardless of
value of xg,

(2)

0<7(1)<T<---<oo. (5.5)

This implies a progressive increase of the moments. For example the second moment increases
faster than the square the second moment. To quote from[27],“When a random field is
intermittent, asymptotically as t — oo, the main contribution to each moment function is
carried by higher and higher and more and more widely spaced “overshoots” (“peaks”) of
the random field.” In this thesis, we consider a variant of the above intermittency; i.e., the

weak intermittency. This means that we only require that
7(2) >0, and H(p) <oo, Vpe€ [2,00). (5.6)

In some situations, the weak intermittency may imply the full intermittency; i.e., (5.6) may
imply (5.5). Since ¥ is convex and 7(0) = 0, then the map p — 7(p)/p is nondecreasing. It
is also easy to check that the map p — (p)/p is strictly increasing if 23(1) < 4(2). We also
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observe that convexity implies that if (1) = 0, then the weak intermittency implies the full

intermittency.

There is a big body of works on this intermittency. We refer to[12, 40, 41] for more
details. In[12], the authors device a probabilistic method for proving the intermittency. This
method employs the Feynman-Kac formula to formulate (1.1). Here, we borrow the idea of
our analytical approach from [23], in which the authors introduced this technique to prove

that the solution u(t,x) to (1.1) is intermittent.
Proof of Theorem 1.0.2. When o(x) = Az, by (3.1), we have
27
DEu(t, x) = A\g_s(z, 9) DE (3, 9) —1—)\/ / Gi—r(z, 2) DXu(r, 2)w(dr, dz).
s Jo

Therefore,

/ |DEu(t, z))| doz—)\g/ (z,9)E|DE (3, 9)2da

E/ A2
Ek

2
G—r (2, 2) DXu(r, 2)w(dr, dz)| do.

This yields
B[ D u(t, o) yer > N7, ) EDE  u(o, )[4

To show that [° e P E| D*u(t, z)||30.dt = oo, it is sufficient to show that

%) t t
[ [are [asie [Cas (@ e aBIDE s )R) = o
Tk 0 0 0

where d€ = dy, - - - dyi. Consequently, it is sufficient to show that

S t
/ eﬁt/ (2, ) |ED* " u(s, )| 2o dsdt = oo
0 0

for almost all y € T*. Therefore, after a change of the variables [t — s; — 7], we should show

([ ratanae) [ BID s s =
0 0
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We conclude that [~ e *E||D¥u(s, y)||}er—1ds = oo implies that

| BID s ) s = o
0
Therefore, if we prove the claim for £ = 1, then, by an application of induction on £k, we can

finish the proof. Next, we prove the case k = 1 for general 0. By squaring (3.7) we obtain

t 2
B Du(t, o) > / / P2 (&, y)Elo(u(s, y))Pdyds.
0 0

If we assume ¢ := liminf|, o |o(2)/x| > 0, then for every ¢y € (0, c), there is A such that

lo(z)| > co|z| for |z| > A. Therefore
Elo(u(s, y)I* > gE(|Ju(s, y)[*; A) > gElu(s, y)|* — A”. (5.7)
Therefore,

/ || Du(t, 2)||2 dt
0

o0 t
> 03/ B_Bt/ /th_s(x,y)EIU(s,y)lzdydsdt
— 5 A? / / /qt s(z,y)dydsdt.

We know that the last integral is less than or equal to T(3)/3 € [0,00). An application of

Fubini’s lemma followed by a change of variable ¢t — s — 7 yields

/ / /qt o(2,y)Elu(s, y)[*dydsdt
L[ smarea) ([ )

From [23, proof of Theorem 2.10] we know that [~ E|u(s, y)|*e~?*ds = co, when the initial

profile vy is sufficiently large. Here we summarize their proof. From (5.7) we conclude that

—c2A?
g

Fy(x) = (HFp)(x) = Gp(x) + T(5), (5-8)

where

Fg(x):/ e P E|u(t, r)|dt,

0

Golz) = / e P Efug(z + X,)2dt,
0

H(z) = / B2 ) dt,
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where J f(x) := Hg % f(x). Therefore, by linearity and positivity of .72,

242
HEy(x) — (A E) () > ACylx) + AT CgA T(8).
Let us assume that vy > k. Then J#Gg(x) > CgﬁkQT(ﬁ). Therefore,
k2 — A262Y
HEy() — (A E) (@) oY) 2y

g

Summing this inequality from n = 0 to n = oo yields

]{]2 — A222Y o
Ry > B0 B > 147

(5.10)

given k2 > A2 (), and Y(B) > c;2. Such 3 > 0 always exists, because X is a Lévy process

on a compact set and so is recurrent (see, for example,[39, page 144]); i.e., T(0) = oo; see

Port-Stone [52] and Bertoin [8, page 33]. Therefore [~ e E|Du(t,z)||};dt = oo for all

x € T. This implies that ¥*(3) > a > 0 for any a < 3. To see this, assume to the contrary

'(2) < a. Then

log E||Du(t 2
lim sup 28 | u(,w)HH<a

t—o0 t

This means that E||Du(t, z)||% < e, and contradicts the fact that

/ P Dut, 2)||%dt =
0

Similarly, if we assume that o’(z) > ¢ > 0, then

BID?u(t. o) > [ 52 (e D)EIDso(u(s,5))da
Et

t 2m s 27
02/ / / / 107%—5(%?J)]iﬂ4|D7~,vu(s,y)|2dvdrdyal37

Therefore,

/ e B[ D*uft, $)||%®2dt>/ pi-s(2,9)E[Dao (u(s, §))[*do

2m 2
22 / / / / / Py (2, y)E| Dy yu(s, y)[* dvdrdydsdt
202 [ [T EIDuts e s [ e i paay
0 0 0

which is infinity, by the first part.
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CHAPTER 6

New directions and further developments

6.0.1 The Malliavin calculus on R

Consider the parabolic Anderson model on R; i.e.,

Owu(t,z) = Lu(t,x) +o(u(t,x))w (t,x) € (0,00) x R,
u(0,2) =1 z € R,

(6.1)

The existence and uniqueness of the solution to this equation is illustrated in [23]. Intuitively,

the solution should admit a density at all (¢, z) € Ry x R. But the lack of the integrability

t
E/ / lu(s, z)|* drds < oo,
0o JR

causes a challenge. This is because Proposition 2.3.4 does not hold and the stochastic

condition

integral in the formulation of the mild solution no longer coincides with the divergence
operator. This means that the commutative relation between the Malliavin derivative and
the divergence operator will not hold. There are two ways of overcoming this challenge: We
can approximate the solution on R by the solution to the truncated equation (truncated
on the intervals [—n,n], and then keep track of the their Malliavin derivatives. The other
possible approach is through the method offered by the recent paper [33]. The authors
were able to use a Feynman-Kac representation for the SHE driven by a non homogeneous
Gaussian noise, which allowed them to write an explicit formula for the Malliavin derivatives.

There is a possibility that their method could be adapted to the white noise case.
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6.0.2 Estimates on the densities

Finding an upper and lower gaussian bound for the density of the solution to (1.1) is another
direction for further research. A new method for obtaining such estimate is developed by
Nourdin and Peccati [44, 45], which is rooted in the interaction between the Stein’s method
and the Malliavin Calculus. In this context, Nualart and Quer-Sardanyons in [49] have

applied a result by Nourdin and Viens [46] to find such gaussian bounds.

6.0.3 Existence of the joint densities

There is also an interest in the existence and regularity of the joint density. Bally and
Pardoux proved such result [4] for (1.1), when £ = A. The case for general L is yet to be
proved. The main challenge of this problem is the analysis of the Malliavin matrix and the

prove of the nondegeneracy.
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