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ABSTRACT OF THE DISSERTATION

Shifting Hecke Eigensystems
in Positive Characteristic

by

Davide Alessandro Reduzzi
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2012
Professor Chandrashekhar Khare, Chair

We study congruences modulo p between modular forms arising from different contexts. In
the first part of the dissertation we use geometric methods to show that the (mod p) PEL
Hecke eigensystems associated to a reductive group G coincide with the (mod p) algebraic
Hecke eigensystems associated to an inner form of G. In the second part of the dissertation
we use cohomological methods to construct weight shiftings for (mod p) automorphic forms
associated to a definite quaternion algebra over a totally real field in which p is unramified.

In particular, we construct cohomological avatars of the partial Hasse invariants.
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Introduction

In the present work we study various techniques for producing congruences modulo p between

systems of Hecke eigenvalues arising from spaces of modular forms.

More precisely, in Part I we consider spaces of (mod p) PEL modular forms associated to
a reductive group G' and we show that, under suitable assumptions, the Hecke eigensystems
that they afford coincide with the Hecke eigensystems arising from algebraically defined
modular forms associated to an inner form of G. Our results generalize constructions of
Serre ([Ser96]) and Ghitza ([Ghi04a]) and can be interpreted as an instance of a global
Langlands correspondence, conjecturally relating (mod p) Galois representations arising from
geometric objects to Hecke eigensystems occurring in adelic spaces. Our proofs make use of

a uniformization result for basic isogeny classes of Shimura varieties due to Rapoport and

Zink ([RZ96]).

In Part II, we work with automorphic forms associated to some definite quaternion al-
gebras over a totally real field. In this context, we produce congruences modulo p between
eigenforms of fixed level and varying weights. These weight shiftings are obtained via co-
homological methods, generalizing constructions of Ash-Stevens ([AS86b]) and Edixhoven-
Khare ([EKO03]). In particular, we define cohomological avatars of the partial Hasse invariant
operators, geometrically constructed by Goren ([Gor01]) and Andreatta-Goren ([AGO05]) in
the context of Hilbert-Blumenthal modular varieties. The starting point of our constructions
can be found in a note of Serre on the existence of some differential operators intertwining

modular representations of GLy(F,) (cf. [Ser01] and [Red10]).



Part I

Hecke Eigensystems of PEL and
Algebraic Types



CHAPTER 1

Moduli of PEL type

1.1 Moduli of p-divisible groups

Let G be a p-divisible group over a scheme S (cf. [Dem72], [Fon77]) and denote by (' its
Serre dual. An S-polarization of G is an S-quasi-isogeny ) : G — G that is anti-symmetric
(i.e., A= —\). A Q,-homogeneous S-polarization of G is the set A= Q, A of Q,-multiples
of an S-polarization A\ of G; a principal S-polarization is an S-polarization that is also
an isomorphism. If (9;*) is a Zj,-algebra with involution, an action of (9;*) on G is a
homomorphism of Z,-algebras i : O — Endg(G); if G is endowed with the action i, G is
endowed with the dual action 7 given by setting i(a) :=i(a*)" for any a € O.

Let k be a perfect field of characteristic p > 0 and denote by W = W (k) the ring of
Witt vectors of k; let Ky = W[%] and denote by o the absolute Frobenius morphism of
Ky. An isocrystal (Do, F') over Kj is a finite dimensional Ky-vector space Dy endowed with
a Frobenius Kjy-semilinear automorphism F' : Dy — Dy. For n € Z, define 1(n) to be
the isocrystal (Kg,p™o). A polarization of Dy is a Ky-bilinear non-degenerate alternating
pairing of isocrystals {,) : Dy x Dy — 1(1), so that (Fz, Fy) = p(x,y)? for all x,y € Dy; a
Q,-homogeneous polarization of Dy is the equivalence class of Q-multiples of a polarization.
Let D be a Dieudonné W-module (i.e., a finitely generated left module over the Dieudonné
ring W[F, V]) that is finite free over W; a polarization of D is a W-bilinear non-degenerate
alternating form (,) : D x D — W such that (Fz,y) = (z,Vy)? for all x,y € D; a Z,-
homogeneous polarization of D is the equivalence class of Z;-multiples of a polarization. A
polarization is principal if it is a perfect pairing.

When £k is algebraically closed, denote by M (resp. M,) the contravariant (resp. covari-
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ant) Dieudonné functor, giving an additive anti-equivalence (resp. equivalence) between the
category of p-divisible groups over k and the category of Dieudonné W (k)-modules that are
free and of finite rank over W (k) (cf. [Fon77]). The functor M, preserves the dictionary
of (principal) polarizations between the categories of p-divisible groups and of Dieudonné

modules.

1.1.1 Local PEL data

Let k, W, Ky and o be as above, with k algebraically closed. Let B be a finite dimensional
semi-simple Q,-algebra endowed with an involution *, and let V' # 0 be a finitely generated
left B-module, endowed with a non-degenerate, alternating, Q,-bilinear form (,) : VxV —
Q, which is skew-Hermitian with respect to *. These objects define a reductive group G over

Q, whose R-points, for any Q,-algebra R, are given by:

G(R) ={(g,s) € GLB@)QPR(V ®Rq, R) x R : (gv, gw) = s (v,w) Yv,w €V ®q, R}.

The map G(R) — R* given by (g, s) — s defines a homomorphism of Q,-groups ¢ : G — G,,,

called the similitude character of G.

A Q,-PEL datum for moduli of p-divisible groups over k is the datum
D), = (B,",V,(,),08,A,b, ),

where: (1) (B,*,V,(,)) is as above; (2) Op is a maximal Z,-order in B stable under the
involution *; (3) A C V is an Op-stable Z,-lattice of V' which is self-dual with respect to (,);
(4) b is a fixed element of G(Ky); (5) p: Gk — Gk is a co-character of G defined over a
finite field extension K of K,. We require that the following four conditions are satisfied: (a)
(b, i) is an admissible pair in the sense of [RZ96]; (b) the isocrystal (N, F) := (V ®q, Ko, bo)
has slopes in the interval [0, 1]; (c) the weight decomposition of V' ®q, K with respect to
p contains only weights 0 and 1: V ®q, K = V5 @ Vi; (d) let D be the universal cover of
G, in the sense of quasi-algebraic groups ([Ser60], 7.3) and let v : Dg, — Gk, be the slope

morphism associated to b, as defined in [Kot85], 4 (for any algebraic finite-dimensional Q,-
4



representation p : G — GL(U) of G, let v, € Homy, (Dg,, GL(Uk,)) be the morphism for
which the action of D on the isotypical component of the isocrystal (U ®q, Ko, p(b)(idy ® o))
of slope A € Q is given by the character A € X*(D); v is the only morphism such that
pov = v, for any p as above); then we ask that cov : Dg, — Gy,/k, is the character of D,

corresponding to the rational number 1.

The reflex field £ of D, is the field of definition of the conjugacy class of the co-character 1.

1.1.2 The moduli functor for p-divisible groups

Let us keep the above notation, so that a local PEL datum D, with reflex field F is fixed;
write ¢(b) = p - uo(u)~! for some u € W*. Define a map ¥ : N x N — Kj by setting
U(v,w) = ut {v,w) for v,w € N. As U(Fv,Fw) = p¥(v,w)?, ¥ defines a polarization of
the isocrystal N. Any other choice of u gives rise to a Q,-multiple of ¥, so that D,, defines

a Q,-homogeneously polarized Kjy-isocrystal endowed with an action of B: (N, F,Q; V).

Fix a p-divisible group X over k whose K-isocrystal constructed via M, is isomorphic to
(N, F); by functoriality there is a Q,-algebra homomorphism ix : B — End(X)®, Q,. The
class Q¥ induces a Q,-homogeneous polarization Ax : (X, ix)— (X,ig) that respects the
action of B (this polarization need not to be principal). The triple (X, ix, Ax) is determined

up to quasi-isogeny, and it is assumed fixed.

Let £ = EK, and denote by O the ring of integers of E; let NILPo, be the category of
locally noetherian Spec O z-schemes (S, Og) such that the ideal sheaf pOyg is locally nilpotent;
for any such S, denote by S the closed subscheme of S defined by pOg. Following [RZ96],
3.21, let M be the contravariant functor NILPo, —SETS defined as follows: if S is a scheme
in NILPo_, M(S) consists of the equivalence classes of tuples (X, i, X; p) where: (1) X is
a p-divisible group over S; (2) i : Op — Endg X is a Z,-algebra homomorphism such that
deto(a, Lie X) = detg (a, Vo) for all a € Op (cf. [RZ96], 3.23); (3) A : (X,i) — (X,7) is a
principal polarization of (X,i); (4) p : (X,ix)g — (X,?)g is a quasi isogeny of p-divisible
groups over S that respects the Op-structure and such that po Agop € Q) (Ax)s. Two
tuples (X, i, \; p),(X/, i’,X,; p) € M(S) are equivalent if the S-quasi-isogeny p' o p~* lifts to



an isomorphism f : (X,i) — (X’,4’) of p-divisible groups over S with Og-action, such that
foXNofeZih
By [RZ96], 3.25, the functor M is prorepresentable by a formal scheme M which is

formally locally of finite type over Spf O,..

1.1.3 A variant of the moduli functor

Let us keep the above assumptions and further require that the polarization Ax is principal
and that ix comes from an action of Op on X (this will always be true in our applications).
Define the set M'(F,) := M/(X,ix,Xx)(Fp) to be the collection of equivalence classes of quasi-
isogenies p : (X, ix, A\x) — (X, ix, \x) of X over F, that respect the Op-structure and such
that po Ax o p € Q;Ax. Two quasi-isogenies p and p’ are said to be equivalent if the Fp—
quasi-isogeny f := p’op~!is an isomorphism (X, ix, Ax) — (X, ix, Ax) of p-divisible groups

over Fp with Opg-action, such that f olxo f€ ZyAx.

M'(F,) is a non-empty closed subset of M(F,). Let J(Q,) denote the group of quasi-
isogenies p : (X, ix)—(X,ix) over [, such that po Ax o p € Q) Ax, and let J(Z,) be the
subgroup of isomorphisms (X, ix)—(X,ix) preserving the polarization form up to a factor
in Z, . While the space M(F,) is somehow mysterious, by sending [p] € M'(F,) to the coset
p tJ(Z,) C J(Q,) we have:

Proposition 1.1.1. There is a natural bijection M'(F,) ~ J(Q,)/J(Z,).

1.2 Moduli of abelian schemes

Let S be a locally noetherian scheme. If A is an abelian scheme over S, we denote by
A its dual and by A(p) its p-divisible group. Let (9;*) be a Z,)-algebra with involution.
The category of abelian D-schemes over S up to isogeny of order prime to p, denoted by
AbSCHY 4 or, when no confusion arises, by AbSCH*, is defined as follows: its objects are
pairs (A, i) where A is an abelian scheme over S, and 7 is a homomorphism of Z,)-algebras

i: 9D — End A ®z Zgy); a morphism f : (Ay,41) — (Az,iz) in ABSCHY g is an element of
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Homg (A, Az) ®z Z,). An isogeny in AbSCHY g is a quasi-isogeny of abelian S-schemes
which is a morphism of AbSCHY ; its kernel is the kernel of the corresponding isogeny of
p-divisible groups. A quasi-isogeny in AbSCHY ¢ is a quasi-isogeny of abelian schemes that
respects the action of O. If (A, i) is an object of ABSCH , its dual object is (A,7), where
i:9O — End A ®z Zy, is given by i(b) =i (b*) "~ (b€ D).

There is an obvious notion of polarization in AbSCHY ¢; a Q-homogeneous (resp. Zy)-
homogeneous) polarization A : (A,7) — (A, ) is the set of (locally on S) Q*-multiples (resp.
Ly
an element A" € X that is a principal polarization in AbSCHY . (Cf. [Lan08]).

multiples) of a polarization \ of (4,4) in AbSCHY g; ) is said to be principal if there is

1.2.1 Global PEL data

Let B be a finite dimensional semi-simple Q-algebra endowed with a positive involution *;
let V' 2 0 be a finitely generated left B-module and (,) : V x V — Q a non-degenerate,
alternating Q-bilinear form which is skew-hermitian with respect to *. These objects define
a reductive group G over Q whose R-points, for a fixed Q-algebra R, are given by G(R) =
{(9,5) € GLpgr(V@oR)x R* : (gv, gw) = 5 (v,w) Yv,w € V®gR}. The map G(R) — R*
given by g +— ¢(g) defines a homomorphism of Q-groups ¢ : G — G,,, called the similitude

character of G.

A Q-PEL datum for moduli of abelian schemes (at p) is a tuple
D= (Bv*a‘/a<7>70BaA>h7KpaV)

where: (1) (B,*,V,(,)) is as above; (2) Op is a Z,)-order of B stable under the involution
* and such that Op®zZ, is a maximal order in Bg,; (3) A C Vg, is an Op-stable Z,-
lattice such that the restriction of (,)q to A x A is a perfect pairing of Z,-modules; (4)
KP? is an open compact subgroup of G(A?); B)rv:Q— @p is an embedding of fields; (6)
h:C — EndpV ®g R is an R-algebra homomorphism such that: (a) h(z) = h(z)" for all z
in C; (b) the symmetric R-bilinear form (,) : Vg x Vg — R defined by (v, w) = (v, h(v/—1)w)

is positive definite.

The PEL datum D is said to have good reduction at p if the algebra B ®¢g Q, is unramified
7



and, in case Endp V ®g R has a factor isomorphic to M,,(H) for some n > 0, then p is odd
(here H denotes the division algebra of real quaternions). (Cf. [Wed99], 1.4). When we are
in the good reduction case, the algebraic group Gg, has a reductive model G over Z, whose

R-valued points for a commutative Z,-algebra R are given by:
g(R) = {(97 S) € GLOB@ZPR(A ®Zp R) X RX : (gv,gw) =S <U> w> V'U, w e A ®Zp R}

If D has good reduction, such a reductive model of G, will be considered fixed without

further mention.

The map h endows Vg with a complex structure. Let u : G,,,c — Gc¢ be the co-character
associated to h as in [RZ96], 6.1, and write Vi = Vi o @ Vi1, where Vi (resp. Vi) is the
subspace of V¢ on which G, c acts - via p - through the trivial (resp. identity) character.
We obtain a semi-simple representation p : B — Endc V¢ of the Q-algebras B. The reflex
field of the PEL datum D is the field of definition E of the isomorphism class of p. The

v-adic completion of E, denoted F,, is called the v-adic reflex field.

1.2.2 The moduli functor for abelian schemes

Let us assume a global PEL datum D for moduli of abelian schemes is fixed; let G be the
associated algebraic group, and E the reflex field; assume that D has good reduction at p.

Let S be a locally noetherian base scheme over O ®z Z,).

Let (A,i;\) be a principally polarized abelian scheme in AbSCH*; assume that S is
connected and let s be a geometric point of S. The Tate A’}—module H 1(AS,A§) of A, is
endowed with a continuous action of m(S,s). The action of Op on A endows H,(A,, A%)
with a structure of B-module, and the principal polarization A of (A,7) induces a skew-
symmetric A-linear pairing H, (A, A%) x Hy(A,, A%) — A%(1), which is non-degenerate and
skew-Hermitian with respect to *. On the other side, by definition of PEL datum, VA? is
endowed with an action of B and a skew-Hermitian non-degenerate Afc—linear pairing with
values in A’J’c. A level structure of type K? based at s on (A,i;\) is the left KP-orbit @ of
an isomorphism « : Hy(As, AIJZ) — VA? of skew-Hermitian B-modules such that @ is fixed by

7m1(S,s). Here by isomorphism of skew-Hermitian B-modules we mean an isomorphism of
8



B-modules carrying one alternating form into a (A?)X—multiple of the other. The choice of
s is immaterial in practice (and it will not be mentioned later): if s’ is another geometric
point of S, there is a canonical bijection between level structures of type K? based at s on

(A,i; X) and level structures of type K? based at s on (A,4;\) ([Lan08], Cor. 1.3.7.13).

Assume that G has a reductive model Gz over Z such that for any commutative ring R

one has:
G(R) ={(9,8) € GLoge,r(L ®z R) x R* : (gv, gw) = s (v,w) Vv,w € L ®z R},

where L is an Op-stable Z-lattice of V' which is self-dual with respect to (,) and such that
L®yZ, = A. (In our later applications such a choice for G over Z will always be possible and
it will be fixed without further mention). If N > 1 is an integer not divisible by p, a principal
level-N structure on (A, i; A) is a level structure of type U (N) := Ker(G(Z?) — G(Z? /NZr)).
If K* is a compact open subgroup of G(A") contained in U (N) for some N > 3 not divisible
by p, then K? is neat (cf. [Lan08], 1.4.1.9-10).

Define the moduli problem M := M(D) associated to the PEL datum D to be the
contravariant functor from the category SCH o7, of locally noetherian schemes over Op®z,
Zp) to the category of sets as follows: if S is an object of SCH gz, then M(S) is the set of
isomorphism classes of tuples (4,4, \, @) where: (1) (4,17) is an object in AbSCH* satisfying
Kottwitz determinant condition: for any locally noetherian S-scheme S’, deto,, (a, Lie Ag/) =
detg(a, Vo) (a € Op @ Og; cf. [RZ96], 3.23 or [Kot92], 5, for the precise definition); (2)
A (Ad) — (/1, 7) is a Q-homogeneous principal polarization in AbSCH*; (3) @ is a level
structure of type K? on (A,i, \). Two tuples (Ay,i1, A1, 1) and (Ay, iz, Ao, @) as above are
isomorphic if there is an isomorphism f : (A1,i1; A1) — (As,i2; o) such that ay o Hy(f, Aiﬁ) o
a;t € KP and c(ay) - (o)™t € r- ¢(KP), where r € Z(,y is such that r - folyof=A.

We assume from now on that the subgroup K is neat. We have the following result (cf.

[Kot92]; [Lan08], 2):

Theorem 1.2.1. The functor M(D) is representable by a quasi-projective smooth scheme

SD,KP over O ®7 Z(p).



Let k£ be an algebraic closure of the residue field of F,. Since the polarizations considered

in our moduli problem are separable, we have the following (cf. [Lan08], 2.2.4.16, 2.3.2.1):

Proposition 1.2.2. The canonical map Sp x» (W (k)) — Sp kv (k) is surjective.

If K7 C K3 are two neat open compact subgroups of G(A%), the transition map Sp gr —
Sp,kr induced by (A, i, \, Ka) — (A,i, )\, K}a) is a finite étale covering which is Galois if
K7 is normal in K%. Denote by Sp the projective system of the family of schemes {Sp x» } k»
where the K?’s are small enough; we define the Hecke action of G (A’}) on Sp as follows:
if g € G(A?), then g acts on the right on Sp via the isomorphism g : Spxr — Sp g-1kry
defined by [(A,i, X, @)] - g := [(A,i,\, gL o a)].

1.2.3 Modular forms of PEL type

For brevity, if we are given a group scheme X over Y with zero section e : Y — X, we set

)y = e* Q% Iy where QY Jy 18 the sheaf of relative invariant differentials of X over Y.

We keep assuming that D is a global PEL datum having good reduction at p, with associated
group G having a model over Z asin 1.2.2. Let E be the reflex field of D and let ¢ = dim¢ V¢ o;
fix an integer N > 3 not divisible by p and assume K? = U(N). Let S := Spy(v) be the
quasi-projective smooth scheme over Op ®z Z( representing M(D). Let 7 : X — & be the

corresponding universal abelian scheme, with zero section 0. Set E := 0*Q}, /s

Let p : GL; — GL,, be a morphism of algebraic groups defined over O ®z Z,. We
denote by E, the locally free sheaf of rank m on S obtained by twisting E via p. More
be an open cover of S trivializing [ via isomorphisms f; : ((93|Ui)g —

precisely, let {U;},,

Ey,; let g;; = fjfllmyj o fivinu; € GLy(Osju,nu;) so that gijgingri = 1 in GLy(Osv,nv;n0,)
for all indices 4,j and k. For any i € I define (E,), := ((93|U1)m; for indices 2,j € I the
element p(g;;) defines an isomorphism (Ep)z\UimUj — (Eﬂ>j|UjﬁUi' Since the p(g;;)’s satisty the

necessary cocycle identities, we can glue the (E,),’s to obtain a well defined sheaf E, on S.

For any O ®zZ,)-algebra R, the space of PEL modular forms over R of weight p relative
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to the moduli problem M(D) is the -module
M,(D;%R) = H0(8®0E®zz(m9‘i;EP ® R).
We have:

Proposition 1.2.3. An element of M,(D;F,) is a rule f that assigns to any F,-rational
tuple (A,4, \,@,n) such that [(A,4, X, @)] is an element of S(F,) and 7 is an ordered basis for

t*

W/E, over F,, an element f(A,i,\,@,n) € F; in such a way that:

(@) f(A i, N\ a,nM) = p(M)~*- f(A,i,\,a,n) for all M € GL,(F,);

(b) if (A, i, N, a,n) ~ (A, i", X, @, ) then f(A i\ a,n) = f(A4, i X, a, 7).

It is natural to ask what is the relation between the modular forms defined above and
those defined using the toroidal or minimal compactifications of the PEL Shimura varieties
under consideration. In the case of modular curves, there are "more" modular forms defined
using the open modular curves than those defined via the compactified modular curves. On
the other hand, for Siegel modular varieties (and other PEL Shimura varieties) the so-called
"Koecher’s principle" can be applied. As the open PEL varieties have no less global sections

than their compactifications, we content ourselves to work with non-compactified varieties.
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CHAPTER 2

Uniformization of the superspecial locus of PEL

Shimura varieties

2.1 A theorem of Rapoport and Zink

Let D = (B,*,V,{,),0p,A,h, K’ v) be a global PEL datum with good reduction at p,
and neat level KP. Let G be the associated group, and E the reflex field. In the rest of
the dissertation, unless otherwise stated, we assume G is connected and satisfies the Hasse
principle (the latter condition is required only for simplicity, as it is explained in the remark
at the end of 2.1.2). The completion F, of E at v coincide with the field of definition of
the G°(Q,)-conjugacy class of the co-character p associated to D; under the good reduction
assumption £, is an unramified extension of Q,. Let k£ = Fp be a fixed algebraic closure of

the residue field of E,, and let W = W(F,), Ko = W[%] and o be the Frobenius morphism of
W. Fix a finite extension K of K such that 1 and the weight decomposition Vi = Vi ¢® Vi1
are defined over K. Set E, = E,Ko(= Ko), B, = B®gQ,, V, =V ®0Q,, (, )y = () ®q Qp,

Gp = G@p, and OBP =05 Ry Zp.

2.1.1 From global PEL data to local PEL data

Let Sp k» be the Op®77Z,)-scheme representing the functor M = M(D) of Th. 1.2.1, and fix
a point [(Ay, ig, Mo, @)] € Sp kv (F,), where \q is a principal polarization. Correspondingly
we have a p-divisible group X = Ag(p) over F,, endowed with the action ix : Op, —
End X induced by 49, and with the principal polarization Ax : X — X induced by Ag. The

polarization Ax respects the Op,-action and it is well defined up to a constant in Q. The
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triple (X, ix, Ax) is determined modulo isomorphisms by [(Ag, o, Ao, @)]. We associate to
(X,ix, \x) the isocrystal (N := M, (X)[%],F) over Ky endowed with an action of B, and
with a non-degenerate bilinear form of isocrystals ¥ : N x N — 1(1) (well defined up to an

element of Q) that is skew-Hermitian with respect to *.

Fix an isomorphism of B ®g Ko-modules N ~ V ®q K| that respects the skew-symmetric
forms on both sides. Write the action of Frobenius on the right hand side as F = b ® o
for a unique element b € G,(Kp); by construction ¢(b) = p. The isocrystal V ®¢g Ky has
slopes in the interval [0, 1], and in the decomposition of the K-vector space V ®¢ K under
the co-character p only the weights 0 and 1 appear. Since )\, is a separable polarization,
Prop. 1.2.2 implies that the pair (b, 1) is admissible in the sense of [RZ96], 1. We conclude
that D together with the fixed point [(Ag, 10, Ao, @0)] € Sp xr (Fp) determines a local Q,-
PEL datum D, = (B,,",V,, (,),,OB,, A, b, i), having reflex field E,. Denote by M the
formally smooth scheme over Spf OEV that represents the functor associated in 1.1.2 to the
pair (D,; (X, ix, \x))-

Let J(Q,) be the group of Ky-automorphisms of the isocrystal (V ®q Ko; b®0) equivariant
for the action of B, and preserving the polarization form induced by (,) up to a non-zero
scalar in Q,. J(Q,) is the group of Q,-rational points of an algebraic group J defined over
Q, and it is isomorphic to the group J'(Q,) of quasi-isogenies f : (X, ix)—(X,ix) of p-
divisible groups over F, such that folxof € Q; Ax. Since a choice of b € G,(Ko) has
been fixed, we identify J(Q,) with J'(Q,). The group J(Q,) acts on M from the left by the
rule g - [(X,4, X p)] := [(X,i, X pog™1)], where [(X,i, X; p)] € M(S) for some scheme S in
NILPo, .

Denote by 1(Q) the group of quasi-isogenies of IF,-abelian variety (A, 7o) — (Ao, o) that
send ) into itself; I (Q) is the group of rational points of an algebraic group I defined over
Q. It acts by quasi-isogenies on the tuple (X,ix, Ax), hence on ((N,F),1, Q, V), defining
a morphism «g, : I(Q) — J(Q,) factoring through I(Q) — I(Q,). Since I(Q) acts by
skew-Hermitian symplectic B-equivariant similitudes on Hi(Ag, A%) ~ V ®q A}, there is a
homomorphism af : 1(Q) — G(A}) depending of the choice of a representative aq for the

class @;.
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Let Dg, be the universal cover of G,,,k, in the sense of quasi-algebraic groups and let
v: Dg, — Gk, be the slope morphism associated to b (cf. 1.1.1). Following [Kot85], we say
that the p-divisible group X of (Ag,io, \o) is basic if v factors through the center of G, .
This is equivalent to say that the algebraic group .Jg, is an inner form of G, (cf. [RZ96],
1.15).

2.1.2 Uniformization of basic isogeny classes

The formal scheme M is not in general defined over O, . There is a suitable completion of
M that can be written as M ®gp op, Spf O for a pro-formal scheme M over Spf(Op,) (cf.
[RZ96], 3.41). The action of J(Q,) on M descends to an action on M.

We let
Z([(Ao,io, Mo, @0)]) (Fp) € Spscr (F)
to be the set of points [(A,4,\, @)] € Sp x» (F,) such that there exists an isogeny (Ao, %) —
(A,4) in AbSCH* sending Ay into \. If the p-divisible group X of (Ay, 49, Ag) is basic in the
sense of 2.1.1, then Z([(Ay, io, Mo, @0)])(F,) is the set of F,-valued points of a closed subset
Z = Z([(Ao, i, Mo, @0)]) of Sp rr @ F,, (cf. [RRIE]).
We have the following result, due to M. Rapoport and Th. Zink (cf. [RZ96], 6):

Theorem 2.1.1. Let us fir [(Ao, 0, Mo, @0)] € Sp xr (F,) such that the p-divisible group of
(Ao,io,xo) is basic; denote by Z the closed subspace of Sp kr define above. Let S\D’KP/Z be
the formal completion of Sp x» along Z. Then there is a canonical isomorphism of formal

schemes over Spf Og, :
Ixer + I(Q)\M x G(AR) /K — Sp ko2,

where 1(Q) acts on M wvia agp, and on G(A%}) via ag. The system of morphisms {Ur»} kv
s equivariant with respect to the right Hecke G(A’})—actz’on on the projective systems of both

sides above.

The action of G(A%}) on {g'D’Kp/Z}Kp is the Hecke action defined in 1.2.2. If K{ C K¥

are open compact subgroups of G(A%), there is a transition map I(Q)\MxG(A})/ K} —
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I(Q)\MxG(A%)/K5. A projective system of formal schemes remains therefore defined and,
if g € G(A%), the map 2K? — g~ "2 K?g (v € G(A%)) induces a morphism

9: IQ\M x G(A?)/K? — [(Q\MxG(AY) /g K7g.

This is the Hecke G(A%)-action on I(Q)\M x G(A})/KP.

One also sees that [ is an inner form of G such that I(R) is compact modulo the center,
and there are canonical identifications I(A%}) = G(A%), J(Q,) = I(Q,): this is a consequence
of the basicity of X (cf. [RZ96], 6.30).

Assume from now on that X is basic. There is then a morphism of functors O, :

I(@)\M x G(A%)/K? — Sp kv ®oy, O, over NILPo, , such that:
Proposition 2.1.2. The morphism O g» induces a canonical bijection of sets:

On(F,) : I(Q\M(F,) x G(AD)/K? — Z(F,)

which is equivariant for the Hecke G/(A%)-action.

Since it will be needed later, we recall the definition of Og», that we shall call the

uniformization morphism for the isogeny class Z. We have the well known:

Lemma 2.1.3. Let S €NILPz,, and let A’ be an object in AbSCH*; set X' = A’(p). For
any quasi-isogeny { : X’ — X" of p-divisible groups over S that respects the Op -action,
there exists an element A” of AbSCH* whose p-divisible group is X” and a quasi-isogeny
£: A — A" of ADSCH* inducing ¢ : X’ — X”. Furthermore the arrow ¢ : A — A” in

AbSCH* is uniquely determined; we denote A” by £, A’. This construction is functorial, i.e.

(5251>* A= §ox (51*14,)-

Under the hypothesis of the above lemma, if A’ comes with a polarization A, then &
defines a polarization { \ := (f *1) " A~ on A”. If furthermore A’ comes with a rigidification
a: Hi(A'A%) — V ®@q A} (ie., a symplectic Op-equivariant isomorphism), then A” comes
with the rigidification &,o := avo Hy (€7, A%).

15



Let S be a fixed scheme in NILPo, . Denote by
(‘407 507 5\07 50)

a fixed lifting of (Ao, %0, Ao, @) over Oy (Prop. 1.2.2) and let (X, ZX,KX) be the correspond-
ing lifting of (X, ix,\x) to Oy, . Consider a p-divisible group with additional structure
[(X,i, % p)] € M(S), so that p : (X,ix)g — (X,i)g is an S-quasi-isogeny; by the rigid-
ity property of quasi-isogenies of p-divisible groups, p lifts uniquely to an S-quasi-isogeny
p: (X,ix)s — (X,4). By the above lemma, we obtain therefore an abelian scheme p.(Agss)
over S endowed with an action p,(ip) of Op, a polarization ﬁ*(io) and a level structure

p.(ap), such that

(7, (Aoss), Bu(i0), s (Mo), Pu(@0))] € Sp v (S).

We define a morphism of functors ©» over NILPo . by letting, for any S € Obj(NILPo, ):

Ore(S) 1 M(S) x G(A)/KP — Spxs(S),
[(X7 iu Xa p)] X ng = [(Z)*(AO/S)7 15*(50)7 p*(:\())v g_l : 15*(50))]
The family {Ok»} x» is equivariant with respect to the right G (A?)-action on the projective
systems of both sides above (this G((A’;)-action is what we refer to as the Hecke G/(A’;)-action

or, simply, as the Hecke action).

Fix S € Obj(NILPo, ), (X4, X p)] € M(S), g € G(A%) and € € 1(Q); we define
€ ([(X,4, X p)] x gKT) = [(X, i, A p o any(§)5)] X af(€)gK™.
As Oy is invariant under this /(Q)-action, it induces a morphism of functors
Oxr : I{Q\M x G(A)/K? = Sp.0 Gop, O
whose F,-points give the Hecke isomorphism of Prop. 2.1.2.

Remark 2.1.4. If (G is connected but does not satisfy the Hasse principle, slight variants

of the above results can be proved: one replaces the closed set Z(F,) C Sp x»(F,) defined

above by the set of points [(4, 7, X, @)] € Sp k» (F,) such that the homogenously principally
16



polarized B,-isocrystal of (A, i, \) is isomorphic to ((N,F),1, Q). This set, that we still
denote by Z(TF,), defines a closed subscheme Z of Sp x» ® F,, if X is basic ([RZ96], 6.27).
The uniformization morphism associated to the fixed element [(Ag, o, Ao, @o)] gives now an

isomorphism of formal schemes over Spf Op, :
I(Q)\M x G(AR)/K? — Sp ko2,

for some Z C Z open and closed. If G satisfies the Hasse principle, Z = Z is an isogeny class

on Sp x» ® F,, and we recover the results stated above; in general Z(F,) = ! .7 (F,) is

the disjoint union of finitely many isogeny classes on Sp x»(F,) ([RZ96], 6.30). If we denote
by ©; the uniformization morphism associated to the ith isogeny class Z; contained in Z, we

have an isomorphism of formal schemes over Spf O
10 1@\ (1T M) x GAR)/K? — Spierj7 @ O,

where H?:1M is the sum of ¢ copies of M (notice in fact that M only depends upon
the quasi-isogeny class of the p-divisible group of (A, 49, \g), and this quasi-isogeny class is

constant along 7).

2.2 Restriction to the superspecial locus

2.2.1 Superspecial abelian varieties

Let G2 be the p-divisible group over F, having slope 1/2. An abelian variety A of dimen-
sion g over F, is said to be supersingular (resp. superspecial) if A(p) is isogenous (resp.
isomorphic) to GY /o OVer F,. An elliptic curve over F, is supersingular if and only if it is
superspecial (cf. [Dem72], page 92).

IftE /Fp is a supersingular elliptic curve, there exists a canonical [F2-rational model £’ of
E such that the geometric Frobenius E' — E'®*) = E’ equals [—p]. The association E +— E’
is functorial and End]Fp2 E = Ende E. Moreover, the cotangent space of E has a canonical

[F,2-structure and E’(p) is a canonical model of E(p) whose covariant Dieduonné module
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Al )y = M.(E'(p)) over W(Fz2) is isomorphic to:

<W(sz)2;F = (_pl) oV = <p _1> a"*1> ,

where ¢’ is the Frobenius morphism of W (IF2). One has Ay, := M, (E(p)) ~ %,
and the ring of Dieudonné module endomorphisms End A,/ = End A} /o 18 isomorphic to the
maximal order in the quaternion division algebra over Q, (cf. [GhiO4a], Cor. 7). Notice
F'+V =0in A}, and A;j5. By a result of Deligne and Ogus ([Ogu79], Th. 6.2, and
[Shi], Th. 3.5), if ¢ > 2 and E}, ..., E5, are supersingular elliptic curves over Fp, there is an

isomorphism E X ... X Ey ~ E 4 X ... X Fy, over F,,.

If A is an abelian variety over I, of dimension g > 2, then A is superspecial if and only
if A is isomorphic over Fp to EY9, for some supersingular elliptic curve F /Fp; this happens
if and only if M.(A(p)) ~ A, as Dieduonné W (F,)-modules (cf. [K Z98], 1.6.). It follows
that a superspecial abelian variety A/Fp of dimension ¢ > 2 has a canonical model A’ over

F,2, in which the geometric Frobenius equals [—p|. Furthermore the association A — A’ is

p
functorial. If A = E9 is a superspecial abelian variety over F, of dimension g > 1, then
A comes with a canonical principal polarization induced from the canonical polarization of
E. In the rest of the dissertation we will identify canonically F and E, so that A will be

endowed with the identity principal polarization.

2.2.2 Uniformization of the superspecial locus

Let us fix integers ¢ > 1, N > 3 and a prime number p not dividing N; let us denote by
Ag n the quasi-projective smooth scheme over Z, classifying prime-to-p isogeny classes of
tuples (A, A, @), where A is an abelian projective scheme of relative dimension g over some
S €5CHy,,, ) is a principal homogeneous polarization of A, and @ is a principal level N
structure on (A, )\) (this scheme is sometimes referred to as the Siegel moduli scheme of
principal level N). If ¢ = 1, A; x(F,) contains a finite number of supersingular elliptic
curves, which form an isogeny class; if g > 1, the supersingular abelian varieties in A, N(Fp)
define a closed subset of positive dimension (cf. [K Z98], 4.9). This situation also occurs for

other Shimura varieties of PEL type and motivates what follows.
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Fix D = (B,*,V,{,),0p,A,h, K, v) a global PEL datum with good reduction at p,
and neat level K?. Denote by G the associated algebraic group, assumed connected and
satisfying the Hasse principle. The objects E, F,, E,, F,, W, Ko, 0, K , i1, By, Vj, {, )p, Gp,

Op, are defined as at the beginning of section 2.1.

Let Spxr be the quasi-projective smooth scheme representing M(D) over Spec O .
Suppose the common dimension of the abelian schemes parametrized by Sp x» is g =
dime Vo > 2; fix a supersingular elliptic curve Ej over Fp, and denote its canonical model
over F» by E{. Let Ay = E{ be the corresponding superspecial abelian variety over Fp,

endowed with the identity principal polarization Ay = id%o.

Assume that Sp xr contains a point of the form [(Ag, 40, Mo, Wo)] € Sp kv (Fp) that we
fix (an obvious necessary condition for this to happen is the existence of a Q-algebra homo-
morphism B — M, (*B), where B is the quaternion Q-algebra ramified at p and oo). The
p-divisible group X = Ay(p) over Fp is isomorphic to GY /o and it comes with an additional PE-
structure (ix, Ax); by Dieudonné functoriality, we obtain an isocrystal (N := M, (X)[%], F)
over Ky endowed with an action of B, and with a non-degenerate bilinear form of isocrystals
U : N xN — 1(1). We define b as in 2.1.1, noticing that since N is isoclinic, the slope

morphism associated to G and b over K, has image contained in the center of GG, so that b

is basic by [Kot85], 5.

As in 2.1.1, a local PEL datum D, remains defined and we can consider the closed
subscheme M'(F,) := ./\/l’(x,ixjx)(Fp) of M(F,) as defined in 1.1.3. We identify M’ (F,)
with J(Q,)/J(Zy).

Definition 2.2.1. We let Z'(F,) = Z'([(Aq, i0, Mo, @)])(F,) € Spx»(F,) be the set of
points [(A,i,\,a)] € Z (Fp) such that the principally polarized p-divisible group (A(p), i, \)
of (A,i,\) is isomorphic to (X, ix, Ax). We call Z'(F,) the superspecial locus associated to
(X, ix, Ax)-

The set Z'(F,) is a closed subset of Z(F,); furthermore if the class [(4, i, \,@)] belongs

g

1/27 SO that A ~ A is superspecial.

to 7' (Eg), the p-divisible group of A is isomorphic to G
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Remark 2.2.2. In [Eke87], it is shown that the isomorphism classes of principal polarizations
on Ay form a single genus class, so that if A and \" are two principal polarizations on Ay, the
p-adic polarizations associated to A and )’ respectively on the Dieudonné module of Agy(p) are
isomorphic. Hence (Aq(p), \) =~ (Ao(p),xl) as principally polarized p-divisible groups over
Fp. Let us denote by A, x the Siegel moduli scheme over Z,) introduced at the beginning of

this paragraph. As a consequence of the cited above result of [Eke87], we have on A, N(Fp):

Z'(F,) = {[(Ao,\,@)] : A a principal polarization on Ay,

« a principal level N structure on Ap}.

Proposition 2.2.3. The uniformization morphism © g»(F,) of Prop. 2.1.2 induces a canon-

ical isomorphism:
Oy (F,) : I(Q)\M'(F,) x G(A’})/KP — Z'(F,),

which is equivariant for the Hecke G(A%)-action. We call O, (F,) the uniformization mor-

phism for the superspecial locus.

Proof. Under our assumptions on GG, and by the basicity of b, the map Og» (Fp) is a
well-defined Hecke equivariant isomorphism. The action of I(Q) on M(F,) determines an

action on M'(F,) € M(F,), so that we obtain a natural injective Hecke equivariant map:

HQ\M'(E,) x G(AD)/K? — I(Q)\M(F,) x G(A?) /K.

Define ©',(F,) by precomposing this map with ©x»(F,). In order to determine the image
of ©%,(F,), we follow the construction of the uniformization morphism over the field F,, (cf.
2.1.2).

Pick an element [p] € M'(F,); the quasi-isogeny p : (X, ix, \x) — (X,ix,Ax) deter-
mines, by Lemma 2.1.3, a principally polarized abelian variety (p, Ao, p,i0, p,Xo) in AbSCH*,
whose p-divisible group is isomorphic to (X, ix, Ax), so that the image of @,Kp (F,) is con-

tained inside the superspecial locus.
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On the other hand, let [(A,i,\,@)] € Z'(F,) and choose a quasi-isogeny of principally
polarized abelian varieties p : (Ag,ig, Ao) — (A,i,A). Then p defines a quasi-isogeny of
the corresponding p-divisible groups p : (X,ix, Ax) — (A(p),i,\). Precomposing p with
an isomorphism 1 : (A(p),4,A) — (X,ix,Ax) we obtain an element [y o p] € M'(F,) such
that (p o p).(Ao,d0, No) = (A, i, \) ~ (A,i,)). Let now g € G(A%) be defined by g :=
(o p), @ o @ !; the pre-image of [(A,i,\,a] € Z'(F,) under ©%.,(F,) is the I(Q)-class
represented by [ o p|] x gK?. R

We have seen that the group 1(Q) := (Ende, (Ao, A\o)®zQ)* acts on the left upon M'(F,)

through the map g, : I(Q) — J(Q,). We have therefore the canonical identification:

HQ\M'(Fy) = IHQ\T(Qy)/ I (Zy),

where the action of /(Q) on M'(F,) is the one described in 2.1.1, so that the action of 1(Q)
on the coset space J(Q,)/J(Z,) is given by x - gJ(Z,) = (M.(z) - g)J(Z,), for all x € I(Q)
and all g € J(Q,). We will write « - gJ(Z,) = xgJ(Z,) to shorten notation.

Corollary 2.2.4. There is a canonical isomorphism equivariant for the Hecke G (A?)—action:
,Kp(Fp) :1(Q)\ (J(@p)/J(Zp) X G(A?)/Kp) - Z,(Fp),

where the action of I(Q) on J(Q,)/J(Z,) is the one described above. Furthermore, Z'(F,)

is a finite set.

Proof. We just need to show the finiteness of Z'(F,). By [RZ96], 6.29 and the basicity
of X, we have canonical identifications /(A%) = G(A}) and J(Q,) = 1(Q,), so that we can

rewrite the domain of the morphism ', (F,) as:

HQN (1(Qp)/1(Zy) x I(A})/C7) = H{Q\I(A)/C,

where C? is the image of K7 in I(A%) and C' = I(Z,) x C?. By the proof of 6.23 in [RZ96],
1(Q) is a discrete subgroup of I(Ay); by Prop. 1.4 of [Gro99], the quotient space I(Q)\Z(Ay)
is therefore compact, so that 1(Q)\I(A;)/C is finite. B
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CHAPTER 3
Comparison of Hecke eigensystems

We apply the results of the last section to study systems of Hecke eigenvalues coming from

unitary modular forms.

3.1 Swuperspecial points on unitary Shimura varieties

3.1.1 PEL data of type A

Let us fix from now on embeddings Q — C and v : Q — @p; we assume the notation of 1.2.1.
Fix a choice ¢ of square root of —1 in C. Let B = k = Q(y/«) be a quadratic imaginary field
(o € Z,a < 0). Fix an embedding 7 : k < C such that 7(\/a) = iv/—a (where /—a > 0)
and identify k ®g R and C via 7. Assume that p # 2 is a prime which is inert in k/Q.
(The fact that p is odd is used in the proof of Lemma 3.1.3. Moreover, in order to work with
PEL data having good reduction at p, we require that p is unramified in the extension k/Q.
We exclude the case of p split in k£ in order to guarantee that k£ embeds in the quaternion

Q-algebra ramified at {p, oc}: cf. the beginning of proof of Prop. 3.1.1).

Let © — T denote the non-trivial field automorphism of k. Set V = k9 for a positive

even integer ¢ = 2n; fix two non-negative integers r and s whose sum is g and let H =

<_\/EIT \/&Is>‘ Let us denote by (,) : V x V — Q the map defined by setting (v,w) =

T'ryq (0" Hw) for every v,w € V: (,) is a Q-bilinear non-degenerate skew-Hermitian pairing.

Let o : C — End;, V ®g R = M, (k) ®g R be the R-algebra homomorphism defined by

a+bi—1®a—-H® (a,b € R).

b
Ve
g
Set O = Ok,(p) = Z(p)[@? and A = (OB ®Z(p) Zp> .
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The algebraic group G associated to the datum (B,*,V,(,)) as in 1.2.1 is GU,(k;r, s):
for a Q-algebra R, GU, (k ®g R;r,s) = {A € GL,(k®g R) : A HA = ¢(A)H,c(A) € R*}.
Notice that G is connected and it has a reductive model over Z as defined in 1.2.2; such
a model will be from now on considered fixed and denoted by the same letter G. Observe
that G(Z,) can then be canonically identified with the group of unitary similitudes on A,

endowed with its Z,-valued Hermitian pairing induced by (, ).

The group ker ¢ = Uy(k; H) is an inner form of the quasi-split unitary group over Q associated
to the extension k/Q, hence it is a group of type A,_; when viewed over Q; being ¢ even, G

satisfies the Hasse principle ([Kot92], 7).

If {ea, fo}1<ape , denotes the standard ordered basis of C?9,

Veo = (e, ®1 — e, ®@14,ify, @ 1+ fp @ i) 1<a<r
1<b<s

and the corresponding representation p : B — Endc(Vep) ~ M,(C) is induced by the
assignment /o —— H. The field of definition of pis E = Q if r = s, and E = k otherwise;

furthermore the determinant polynomial is:
f(Xl,Xg) = det(X1 + \/&XQ, V(C,O) = (Xl — \/&XQ)T(Xl + \/&XQ)S € OE[Xl,XQ].

Let N > 3 be an integer prime to p and let K? = U (N) (notice that, instead of working
with U (), we could work more generally with a neat open compact subgroup of G(A%)).
We have so far defined a Q-PEL datum D4 with good reduction at p and reflex field F.

If p: GL;, — GL,, is a rational Z,)-representation and if R is any Z)-algebra,
M,(Da;fR) is the space of unitary (or Picard) R-modular forms of signature (r, s) for the
field k, having level N and weight p (cf. 1.2.3).

Let u be the co-character associated to h. Let I, be a fixed algebraic closure of the
residue field of B, C Q,; set W = W(F,), K, = W[%] C Q, and denote by o the Frobenius
morphism of W. Fix a finite extension K C @p of Ky such that u is defined over K; set

E, = E,Ky(= Kj). Define B,, V,,, (, )p, Gy, Op, as before.
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3.1.2 Choice of a superspecial point

The embedding v : Q — @p identifies k, with the degree two unramified extension of Q,

inside @p; if > denotes the residue field of k,, we obtain an embedding [F,> C Fp.

Proposition 3.1.1. There is a supersingular elliptic curve Fy over Fp whose endomorphism

ring End Ej contains an element ¢, such that:

L ¢l =q

2. the tangent map Lie p,, : Lie Ey — Lie Ey is multiplication by the scalar y/a(mod p) €

Fp C Fp, where /o € k is viewed as an element of k, via v.

Proof. Let E be any fixed supersingular elliptic curve over Fp. Since p does not split
in k/Q, Th. 3.8 at page 78 of [Vig80] implies that there is an embedding of Q-algebras
j : k — End’ E; there is a maximal order R of End’ £ containing j(y/a): in fact we can
write End” E = j(k) @ j(k)u for some u € End® E (cf. [Vig80], Cor. 2.2, page 6), and the
left order of the ideal Z 4 Zj(\/@) 4 Zu + Zj(y/a)u of End® E clearly contains j(y/a). By
work of Deuring, there is a an elliptic curve Fy over Fp and a quasi-isogeny f : EFy — FE such
that R = foEnd Eyo f~1, so that End Fy contains an element ¢/, whose square equals «

(cf. [Wed07], 2.15).

The tangent morphism Lie ¢/, can be canonically identified with an element of [F,; since
(Lie ¢,,)* = amod p, we have Lie !, = ++v/a(mod p) € F,2. We define ¢, := +¢/, depending
on Lie ¢!, being equal to ++/a(mod p) respectively. The pair (Ey, ¢,) we just constructed

satisfies the requirement of the proposition. l

Fix a pair (Ey, ¢, ) over Fp as in the above proposition (the choice of isomorphism class
of Ey will not be relevant later on, since g > 2); let E{ denote the canonical model of
Ey over 2. Denote by R the Z-algebra End Ey = Endlgp2 Ej: R is a maximal order in
B := End’ Fy = End E, ®7 Q, and B is a quaternion algebra over Q whose ramification set
is {p, 00}. If n is a place of Q, we denote by B, the Q,-algebra B ®g Q,; we also denote by

~ the canonical involution of ‘B.
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Set Ay = Ef, Ao = id%,. We obtain canonical isomorphisms End 4y = M,y(R) and
End® A, = M,(%8). Under this identification and the canonical isomorphism Ay = Ay, the
principal polarization Ay = idj, of Ay coincides with the identity matrix I, € My(R), so
that the auto-quasi-isogenies of the principally (homogeneously) polarized abelian variety

(Ao, Xo) are identified with the elements of the unitary quaternion similitude group:
GU,(B; 1)) ={X € GL,(B) : X' X =¢c(X) - I, ¢(X) € Q*},

where X* := X . Similarly, the automorphisms of the pair (Ag, \) are given by GU,(R; I,),
and the automorphisms of (Ag, \g) viewed as a polarized abelian variety up to prime-to-p
isogeny are given by GUy(R ®zZ,); I,). Notice that GUy(B; 1,) defines a reductive algebraic
group over Q, and that U,(B; I,) is compact at infinity, since U,(Boo; 1) C O(4g).

Let ¢ : k — B be the Q-algebra homomorphism such that ((/a) = ¢,. Define a
Zp)-algebra monomorphism iy : Oy (= End(Ag) ®z Zgy = My(R @z Zg) by requiring
that /a +— (7%” o Ig). On the dual variety Ao = Ay we have the dual action 7y :
O (=M, (R ®z Zy)) defined by i9(b) = ig(b)* for any b € Oy (. Since k is embedded

into B by ¢, the conjugation on 9B induces on ¢(k) the only non-trivial automorphism; we

therefore have:
io(ﬁ) = —ig(Va) = ip(va)",

so that Ag 0 dg(b) = @(b) o Ao for any b € Oy, and Ao is a principal polarization for
(Ao, o) (equivalently, io(b*) = io(b)" for any b € Oy, (), where T denotes the Rosati involution

associated to Ag).

Fix an ordered basis {ti,...,t,} for the F,-vector space Lie Ay = (Lie Ey)? such that
{t;} is (the natural image of) a basis for the Lie algebra of the simple ith factor of Ay =

E§ (1 < i < g). With respect to {t1,...,t,}, Lieig(y/a) acts on Lie Ay via the matrix
(—ﬁ(modp)-u

\/a(modp)-ls> € GLy(F,2) C GL4(F,).We conclude that the fixed pair (Ao, o)
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satisfies Kottwitz’ determinant condition, since we have the following equalities in [F.:

det(X; + vaXy; Lie 4yg) = det (%1 = vaxa)l, (mod p)
(X1 + VaXs)l,
= (X —VaX,y) (X; 4+ VaX;)*(mod p)

= f(X1,X32) (modp).

We fix a U(N)-orbit of an isomorphism «g : Hi(Ao,A}) — V ®q A} of skew-hermitian
modules with k-action. Let Sp, () be the quasi-projective smooth scheme over O, defined

in Th. 1.2.1; by definition of our moduli variety, we have determined a point:
[(A()a 7;07 XO? a())} € SDAaU(N) (FP)

that we consider fixed for the remaining of this section. Correspondingly we have associated

the closed subspace Z'(F,) = Z'([(Ao, io, Mo, @0)])(Fp) of Sp, v(n)(Fp) as in Def. 2.2.1.

The p-divisible group X :=Aq(p) over Fp is isomorphic to GY /2 and is endowed with the
action ix of Op, induced by ¢y and the principal polarization Ax : X — X ~ X. We
associate to (X, ix,Ax) the Dieudonné module M := M, (X) over W, endowed with an
action iy of Op, and a principal polarization eps : M x M — W of Dieudonné modules,

*

which is skew-Hermitian with respect to *, and well defined only up to a scalar factor in
Z). By inverting p, we obtain an isocrystal (N := M[%],F) over Ky endowed with an
action of B, and with a non-degenerate bilinear form of isocrystals ¥ : N x N — 1(1). We
fix an isomorphism of B ®q Kyp-modules N ~ V ®q K, that respects the skew-symmetric
forms on both sides and we then write the action of Frobenius on the right hand side as
F = b® o for some b € G,(K,) (recall that since NN is isoclinic, b is basic). We have a Q,-
PEL datum for moduli of p-divisible groups D,= (B,,*,V,, (, )p ,Og,, A, b, ;1) having reflex
field E,. Associated to D, and (X, ix, A\x) we have the moduli functor M and hence the

closed subspace M'(F,) € M(F,) (cf. 1.1.3).
Cor. 2.2.4 gives a canonical isomorphism (equivariant with respect to the Hecke G/(A%)-

action) associated to (X, ix, Ax):

v (Fp)  HQN (J(Q)/ J(Z,) xG(A}) /U(N)) — Z'(F,).
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Recall that both sides above are finite sets.

3.1.3 The groups [ and J

We now describe the groups appearing in the domain of @’U( ) (F,). As we saw above, G =
GU,y(k;r,s) and
U(N) = Ker(G(ZP) — G(Z* /NZP))

is a compact open subgroup of G/(A%) (recall that in 3.1.1 we have fixed a specific integral

model over Z for the unitary group GU,(k;r, s)).

By definition, /(Q) is the group of auto-O, (,-quasi-isogenies of the homogeneously prin-
cipally polarized abelian variety (Ao, Ao), so that if we let ® := &, = (_%[T o IS> € M,(R),
then I(Q) = {X € GU,(B;1,) : X® = ®X}, and for any Q-algebra S we have I(S) = {X €
GU,(B ®g S;1,) : X = DX},

On the other side, J(Q,) is the group of Kj-automorphisms of the homogeneously prin-
cipally polarized isocrystal with k-action ((N,F);i,Q, V¥); it has a compact subgroup J(Zp)
that is given by the W-automorphisms of the homogeneously principally polarized Dieudonné
module (M,ing, €v). Since M = M, (Ao(p)) =~ A?/gZ as principally polarized Dieudonné mod-

g

ules, where A, /o is endowed with the product polarization coming from the polarization

(31 (1)) on Aj s, one deduces ([Ghi0O4a], Cor. 10), keeping track of the action of Oy, (,):

J(Q) = {X €GU,(By1,): XO=2X} =1(Q),
J(Z,) ~ {X e€GU,(Ry;1,): XP=dX}=:1(Z,),

where R, denotes the unique maximal order of the skew-field 8,. The above isomorphisms

are canonical.

We deduce from Cor. 2.2.4:

Proposition 3.1.2. There is a canonical isomorphism equivariant with respect to the Hecke
G(A%)-action:
Opw) ([Ep) : IQNI(Ay)/Un — Z'(F,),
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where Uy = J(Z,) x U(N) is viewed as an open compact subgroup of I(As) = J(Q,) x
G(AY).

If I, is a finite field of cardinality ¢, there is, up to isomorphism, a unique Hermitian
space of dimension m > 1 associated to the quadratic extension L /L, (cf. [Lew82]). We
denote the associated unitary group - defined over L, - by U,,; in particular GU,,(L2) =
{X € GLn(Lg2) : X*X = ¢(X) - Iy, ¢(X) € L }. (Notice we do not denote this group by
GUn(Ly)).

We will also need to consider the algebraic group G(U,,, X Up,,) C GUyp, X GU,p,, defined

over IL;, whose LL,-points are:

X Oy mo
G(Upy X Upy)(Lp2) = <g= 19 € GUpymy (Lyg2) p =
Orng.ma Y
X Oy X*X=c
= 0 v S Yry=clp, €€ Lg

Via the embedding ¢ : k — B that we fixed, we obtain a natural epimorphism R, — F,,
indeed we can write R, = Z,[¢,| ® Z,|p,]I1 for a choice of uniformizer IT of R, such that

12 = p, so that:

Ry ~ Lplp,) = Zp[\/a] —F.,
= =F,..
IR,  pZylps]  PZy[Va]

Lemma 3.1.3. Let G := G(U, x U)(F,2); there is a short exact sequence of groups (defining
Up,):
1—-U,— J(Z,) 5 G—1,

where the map 7 : J(Z,) — G is induced by the canonical epimorphism R, — F, arising

from the fixed embedding ¢ : k — *B.

Proof. By previous considerations, we have a natural identification J(Z,) = {X €
GU,(R,; 1) - X = ®X}. Via the embedding ¢, we identify ¢, (modII) with /a(modp) €
F2; if X € J(Z,), then m(X) € GUy(F,2) and the equation X® = ®X for an (r, s)-block

matrix X = (é g) € GU,(R,; 1) reduces to the equation in M, (F,2):

(A7) (mod 1) - (—\/&b ﬁls) (mod p) = (—«m JM> (modp) - (43) (mod ).
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We deduce that B(modIl) = 0, , and C(mod II) = 0, ., since p # 2, so that 7(X) € G.

On the other side, if Y = (01 Ogs> € G, then we can lift Y to a matrix in G(U, xU,)(O,),

and we can see G(U, x U)(Oy,) C J(Z,) via ¢, so that 7 is onto. B

3.2 Unitary Dieudonné modules and invariant differentials

We have the following general fact:

Lemma 3.2.1. Let L be a subfield of F, and let o denote the restriction of the Frobenius of
W to W(L). Let M be a Dieudonné module over W (L) endowed with the Z,)-linear action
of a Zy)-algebra with involution (O;x); assume M is endowed with a principal polarization
e : M x M — W(L) that is skew-Hermitian with respect to the O-action. Then the

assignment:

M M

(,): Favi X v L, (z,y) — e(x, Fy)(mod p)

is a well-defined perfect pairing which is L-linear in the first variable and L-semilinear (with
respect to o) in the second variable. Furthermore, (,) is skew-Hermitian with respect to the

action of 9.
If furthermore F 4+ V =0 on M, then (,) defines a o~ '-alternating pairing $1; X 37 — L.

Proof. For z,y,m,m' € M we have:

e(x+ Fm,F(ly+Vm')) = e(z,Fy)+e(Fm, Fy)+e(x+ Fm, FVm/)
_ ofa,Fy) + elm. VEy) + e(w+ P, pn)

= e(x, Fy)(modp),

so that (,) is well defined; it is clearly L-linear in the first variable, and o-semilinear in the
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second since F' is o-semilinear. If b € O and x,y € M we have:

<bE7 g> = <%7 y> = e(bx, Fy)(mOdp)
= e(z,b"Fy)(mod p)
= e(x, Fb*y)(mod p)

= (7,b'7).

To show that (,) is non-degenerate we need to show that the L-linear map ¢ : 2o —
Homg_semi_hn(vﬂM, L) induced by (,) is an isomorphism of L-vector spaces. Let x € M such
that (z,7) = 0 for all y € M. By assumption we have e(y, V) € pW (L) for all y € M. If we
denote by u : M — Homyy (M, W) the isomorphism defined by p(m) := e(-, m), we have that
(V) has image contained inside pWW (L), so that there is z € M such that %,u(Vm) = u(2);
we obtain Vx = pz, so that px = FVx = pFz, hence x = Fz € FM. We deduce that ¢ is

injective. Similarly one can show that (,) induces an injective o-semilinear map of L-spaces

2 — Homy(£5, L). We conclude that dimy, - = dim;, 21 and ¢ is forced to be an
isomorphism.

Finally, if '+ V =0, we have FFM =V M and if x,y € M one computes:

(7,7) = e(z, Fy)(modp) = —e(z, Vy)(mod p)
= —e(Fz,y)” (modp) = e(y, F)” (modp)

—1

= (¥ E>U
This says that (,) is o~ '-alternating. W

Fix a point [(Ag, i, A\, @)] € Z'(F,). By 2.2.1, (A, 4, A) has a canonical F.-structure, that
we denote by (Aj, i,X/); by functoriality, the various object that we associated to (Ag, i, \)
(as p-divisible groups, Dieudonné modules, polarizations, actions of algebras) are obtained

as base changes to I, (resp. W) of analogous objects defined over F,2 (resp. W (F,2)).

Let X' = A{(p) be the p-divisible group of Aj: it is defined over F2; its covariant Dieudonné
module is M’ = (A} 5)? (cf. 2.2.1). Denote by im the action of Op, on M’ and by en :
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M’ x M’ — W(F,2) the principal polarization of Dieudonné modules which base change to

im and ey respectively over W.

By [P 82] 3.3.1, there is a positive integer m such that the canonical map of cotangent
spaces (at the origin) tza[p’"] — %, is an isomorphism. As a consequence, the closed im-
mersion Ag[p™] — Aj of F-group schemes induces an epimorphism of [F2-vector spaces
’L*A6 — t,. Since Aj is superspecial, dim X' = ¢g = dim Ajf,, so that we obtain canonical
identifications t},, = tx, and Lie Aj = LieX'.

By covariant Dieudonné theory, we have a natural isomorphism of F2-vector spaces:

M/
VM

Lie(X")

All the above isomorphisms respect the actions of Oy, (,,) on the modules considered, and also

the polarizations induced by A.

By the explicit description of A} /2 given in 2.2.1, we have F'+V = 0 on M/, so that by
Prop. 3.2.1, the principal polarization eny : M’ x M’ — W (F,2) induces a non-degenerate

pairing of IF2-spaces:
M’ M
<,> : VM X —VM/ — sz

which is linear in the first argument, o-linear in the second argument, and o-alternating (i.e.,
(z,y) = (y,z)°, as 0> = 1 on F,2). Hence (VLNII,;Z'M/, (,)) is a Hermitian space over F,2 of
dimension g = 2n, endowed with an action of Oy, with respect to which the pairing (,)
is skew-symmetric. Since epy is determined only up to a constant in Z), the pairing (,) is

determined up to a constant in F.

Via the fixed embedding v we obtain the decomposition:
M =M oM,
where:
L= {meM i (Va)m = £vam};  tkwe,) ML =g .
It is easily seen that VM, C M, FM/, C M, and that e (M, M,) =0,epy(M_,M_) =
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0 (i.e., M’ and M/_ are totally isotropic with respect to the principal polarization). We have:

M M. M,
VM VM, C VM

This is a decomposition as [F2-vector spaces with action of Oy (), where y/a acts as the
element —/a(mod p) of F,2 on the first summand, and as \/a(modp) on the second. Fur-

thermore:

: M_ . M’
dlIIle2 V—M_ =, dlrmpp2 VTJ“/

= S.

Proposition 3.2.2. Let (4,4, \) be a triple over Fp such that for some level structure @

we have [(Ag,i, A\, @)] € Z'(F,); let (Ag,@',X’) be the canonical Fz-structure of (Ag,i,\).

!

The automorphism group of the F,2-Hermitian space with O (,-action (%;iM/, (,)) is

isomorphic to the finite group G = G(U, x Uy)(F,2).

Proof. Let £, := % Let BT (resp. B™) be a fixed ordered basis of £, (resp. £_). If
:F
X is an automorphism of Vilvi, which commutes with the action of Oy (), we have X £, C £,

so that the matrix representing X with respect to B := B~ U B* is of the form:

X_ OT,S
0s, X4

X = < GLg(Fp2).

Any such matrix represents - with respect to B - an automorphism of VLNII’ commuting with

the action of O ().

Since FM/, € M’ and ep/(M_, M_) = 0, we deduce that (£_, £,) = 0, by definition of

the pairing (, ). This implies that (,) is represented, with respect to B, by a Hermitian diag-
0y, Uy
M/

of (yap: imr, (,)) with respect to B if and only if:

onal matrix ( ) € GLy(F,2), so that if X is as above, it represents an automorphism

X:T: : Ui 'Xi = CUi,

where ¢ € F is a scalar depending only on X.
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We conclude that the automorphism group of ( VLNII,; im, (,)) is isomorphic to:
g = {(X_,X+) S GUT(FPZ; U_) X GUS(FPZ; U+) . C_<X_) = C+(X+)},

where ¢_ and ¢, are the similitude factor homomorphisms of the two unitary groups above.
The unitary spaces (F;z; U_) and (IF;’Q; I,) are isomorphic, hence we can find an isomorphism
GU,(Fp2;U_) ~ GU,(F,2) preserving the similitude factor of corresponding matrices in each

group; we can proceed similarly for GU,(F,2;U;). We obtain therefore an isomorphism

G~G. 1

3.2.1 Invariant differentials

We now work with cotangent spaces. As usual, t*6 denotes the cotangent space (at the

origin) of Aj. As vector spaces over F,2, we have a canonical identification:

M/
tj:% = HOHIFP2 (m,ﬂ?lﬂ) .

!

Let £:= M. — ¢ & ¢, where £, := VM—NEF,

va so that t*6 = £*. The action of Oy ) on £

induces by functoriality an algebra homomorphism:

i’ 06y = Ok — Endy , (£7)

defined by i¥(b)(n) :=noi(b) for all b € Oy () and 1 € - Notice that Vva € Oy ) acts on
1 as £y/a(mod p), via iV.

The non-degenerate Hermitian pairing (,) on £ induces a o-semilinear isomorphism of .-

spaces € : £ — £" by setting ¢, : w — (w,v) for all v,w € £. This allows us to define

a pairing (,) on £* by setting (&,,,64,) := (v1,v2) for all v1,v3 € £. We have obtained

a non-degenerate pairing (,) : £* x £ — F,2, which is o-semilinear in the first variable,

linear in the second, and such that (n,,7m,) = (175,7,)7 for all n,,n, € £*. Furthermore
(1V(b)ny, my) = (1,1 (b)n,) for all b € Oy, ), and (L7, £%) = 0. We have that

(t*Ag = 2*; iv? (a ))
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is a F,2-Hermitian space of dimension g, endowed with an action 7* of Oy, () with respect to

which the pairing (,) is skew-Hermitian.

Lemma 3.2.3. There is an isomorphism of groups:

G.

12

AutFPQ (tj(467 iva (7 ))

Proof. The result follows from Prop. 3.2.2, since the map X ~—(X*)~! defines an iso-

morphism of groups Autg , (tj%; iV, (,)) — Autp , (Lie Ag; i, (,)). B

We can now give the following;:

Definition 3.2.4. Let (Ag,i,\) be a triple over Fp such that for some level structure &
we have [(Ao, i, \,a@)] € Z'(F,); let (Ag,i,xl) be the canonical Fz-structure of (Ag,i,A). A
basis of invariant differentials of (A, i,X) (over [F,2) is a choice of an ordered (similitude)

Hermitian basis = (n_,n,) of the Hermitian module ( " iV, (,)) such that 7 is a basis

* M, *
for (t,)s = (ﬁ) .

For (Ajp, 1, X/) as above there is a basis B of tj‘% with respect to which the automorphisms
of ( y iV, (,)) are represented by the matrices of G = G(U, x Uy)(F,2). Let n € F?, be the
coordinate column vector of a basis of invariant differentials for (Aj, 4, X/) with respect to B.
Then any other coordinate vector (with respect to B) of a basis of invariant differentials for

(A, i,XI) is of the form Mn for a unique M € G.

3.3 Superspecial modular forms

We assume fixed from now on a basis 7, of invariant differentials for (A, Z'O,X:)). We de-
note by 77, (F,) the set of equivalence classes of tuples (A,i,\,@,n), where (A4,i,\, @) is
a representative for an equivalence class [(A, i, \,@)] € Z'(F,), and 7 is a choice of basis of
invariant differentials for the triple (A’, i,xl) defined over F,2. Two tuples (A,i, A\, @, n) and
(Ay,i1, A1, @y,n,) are equivalent if there is an isomorphism f : (4,4, A\, @) — (Ay, 41, A1, a1)
such that f*(n,) = n, where f* : t}; — t} is the cotangent map induced by f.
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We remark that if g € J(Z,) C GLy(R,) and v € Lie Ay ~ %, w € ty, = (Lie Ap)", then

g acts on v and on w as follows:

g-v : = g(modIl)v

g-w : =wog(modIl),

where II is a uniformizer for R,.

Proposition 3.3.1. The uniformization map Oy (F ) induces an isomorphism © dlﬁ( )

equivariant with respect to the Hecke G (A?)—actlon:
wr (Fp) - HQ\ (J(Q)/Up x G(AD)/U(N)) — Ziy (Fy).

Proof. (In this proof, for £ € I(Q) we will sometimes write £ to denote ag,(§) € J(Q,),
if no ambiguity arises). Fix a left transversal ) (resp. G) of J(Z,) in J(Q,) (resp. of U, in
J(Zy)). Let I(Q) - (p~*U, x zU(N)) be a fixed element in the left hand side above; there are
uniquely determined y~! € Y and g~ € G such that p~'U, = y~'¢g~'U,. By the definition of
@’ ( ,) (cf. 2.2.2), we obtain a well defined tuple (y. Ao, Yuio, Y« Ao, 71 - y«0p) representing
a class in Z'(FF,). Since the p-divisible group of (y.Ag, ¥io, Y« Xo) coincides with (X, ix, Ax),
1o is a basis of invariant differentials for the F,2-model of (y. Ay, y.io, Y. \o), via the canonical
identification:

(Liey.Ap)” = (LieX')";
then 7,¢ is also a basis of invariant differentials for the model of (v, Ag, Yxio, Y« Ao) Over F.

We set:
dzﬁ(F ) 1(Q) - (y_lg_lUprEU(N» — [(y« Ao, Yuio, Yuro, 271+ Yo, 199)]-

As we fixed the transversals ) and G, to show that the above assignment is well defined
we only need to check that the map constructed factors through I(Q). Let £ € 1(Q), so that
!¢ Yandg;' €.
Write y; = f-y& ' with f = g7 ug € J (Z,), for some u € U,. The isomorphism f induces

¢, A = Ag. Then &y~tg7tU, = y;'g; U, for uniquely determined y;

an isomorphism:

Jab (y*Ao, Yo, ?J*)\o) (yl Ao, Y1, 10, Y1, *)\0)
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By definition of the action of 7(Q) on G(A%)/U(N) we have:

£-a2U(N) = a(&)zU(N) = ago Hi(§) o ag* o zU(N).

The level structure on (y; . Ao, Y1470, Y1..\o) associated to y; gy *U, x o (€)xU(N) is therefore

induced by:

x_lag(ﬁ_l)yl,*(ao) = 2 'agH (& )% aoHi(y )
= o lagHy(y~ ' f7Y)

= 2 'yu(a0) - Hi(f71),
so that f,, is an isomorphism
fab (Y Ao, ysio, Ysho, o1+ yul0) = (Y14 A0, Y1480, Y140, 2 (€ yr, (o).
The cotangent map induced by f,;, gives:

fan(M091) = nog1.f = noug = 1049,

so that f,, preserves the choices of invariant differentials.

The map @ﬁﬁﬁ(Fp) is surjective: let [(A, i, \, @, n)] € Zdlﬁ(IF ); we can find y~! € Y,
g ' € J(Zy) and & € G(AY) such that (4,4, X, @,n) is isomorphic to a tuple of the form:
(y*A07 y*i07 Z/*Xoy mil " Ys O, 7705)
Let g~ € G such that g~'U, = ¢g7'U,; then

(A3, X, )] = O (F)(I(Q) - (y~'g ™ UpxaU(N))).

The map ©/,5(F,) is injective: let us fix y=', 5" € ¥, 97", 9" € G and z,21 € G(A})

such that there is an isomorphism:
fab = (Y Ao, Yt Yo, @1 - 40, 1M09) = (Y1040, Y10 Y1400, 1 '+ Y1400, 001 ).
Denote by f € J(Z,) the automorphism induced by f.;, on (X, ix, \x) and let

§= (y_lf_lyl)ab
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be the auto-quasi-isogeny of (Ay, i, Ao) inducing y~'f~'y; on (X,ix, \x). Since f is an

isomorphism, we have:

(1) 27 Y1 (@) Hi(f) = 27y (@), so & = agHi(y f~y1)ag 21 (mod U(N));
(ii) nyo1f = nog, hence g1 f = g(mod U,).

Then we have:

1Q) (v 91 'Upx a1 U(N)) = I(Q)- (€yy g1 ' Upx b (&)1 U(N))
D 1Q) (y g Upx o Hy(y~ " yn) g as U(N))

=1(Q)- (y "¢ 'U,xaU(N)).

The Hecke G/(A;)-equivariance of {0+ 1 (F,)} k» (with respect to the projective systems
of domain and codomain obtained by varying the prime-to-p level structures) is a consequence
of the definition of the Hecke operators in this context: for v € G(A%) let us denote by H., the

corresponding Hecke operator acting on the domain or codomain of ©},4(F,), for a suitable

level subgroup. For y~' € ¥, g=' € G and 2 € G(A%) we have:

Hy

1Q)- (y 'g7'Up x 2U(N)) —> I(Q) - (y "¢~ 'U, x v 2y -y 'U(N)y)

e/i (Fp) . -~ _ _ 1
BT (e Ao, Ynlo, Yo, 7121y -y (V1 @0), m09);

Ot (Fp)

1(Q) - (?J_lg_lUp X $U(N)) AN (Y. Ao, Yuio, Ysro, " v (@), 109)

H. . -~ _ _ _
— (Y« Ao, Yudo, Yo, v 2 - (@), 109).

and 7oy gL (v ia) =y (@) B

The isomorphism O}, (FF,) described above depends on the choices of transversals G and

Y. We assume from now on that such transversals have been fixed.

For an algebraic F,-representation p : GL, — GLg of the group GL,, denote by M,(N; F,)
the FF,-vector space M,(Da;F,) of unitary modular forms (mod p) of signature (r, s) for the
field k, having level N and weight p. Let ¢ : Z' — Sp, yn) ® Fp be the closed immer-

sion of F,-schemes giving on geometric points the inclusion Z'(F,) C Sp, u(w)(F,). Let
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7 : G(U, x Us) — GL,, be an algebraic F,-representation of the F,-group G(U, x Us). We

consider restrictions of modular forms to the superspecial locus, as in [Ghi04a]:

Definition 3.3.2. The space M?**(N;TF,) of unitary superspecial modular forms (mod p) of
signature (r,s) for the field k, having weight 7 and level N is the finite dimensional Fp-
vector space whose elements f are rules that assign, to any tuple (4,14, \, @, n)/Fp such that
[(A,i,\,@)] is an element of Z'(F,) and 7 is an ordered basis of invariant differentials for

(A, i,X/), an element f(A, i, A\, @,n) € FZ in such a way that:

(a) f(Ai,\@nM)=7(M)"f(Ai,Xan) forall M € G =~ Autg ,(t5;7", (,));
(b) if (A,Z',X,a, T]) = (Alailaxlaalanl) then f(A,Z',X,a, 7]) - f(AhZ’l?Xl?alanl)‘

One reason for which the restriction of modular forms to the superspecial locus Z'(F,) is

of interest to us is the finiteness of the set Z'(F,) (Cor. 2.2.4). We have the following

description of the space of superspecial modular forms:

Proposition 3.3.3. For any algebraic F,-representation p : GL, — GLg4, denote by Resp

its restriction to G(U, x Us). Then:

ss
M, Resp

(Néﬁp) = HO(Z/(FP)7 UEp).

Proof. If f € H°(Z'(F,),.*E,), then f satisfies (a) and (b) of Def. 3.3.2 (cf. Prop. 1.2.3).

On the other hand, let f € Mgi,,

(N;TF,) so that f is an assignment on tuples (4,4, \, @, n)/F,
as in Def. 3.3.2; in particular n here is a basis of invariant differentials for (A’ i,XI). If w
is any ordered basis of t, there is a unique X, € GL,(F,) such that w = nX,,, and we
define f(A,i,\, @, w) := p(Xu,) " f(A,i,A,@,n). This assignment is well defined as p is a

representation of GL,, and allows us to view f as an element of H*(Z'(F,),*E,). B

The definition of M* (N;F,) depends upon Z'(F,), hence upon the choice of ( Ay, ig, Ao, @)

that we have fixed at the beginning. The Hecke operators act upon M*(N;TF,).
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3.3.1 Algebraic modular forms

Recall that we have identifications 1(Q,) = J(Q,) and I(A%}) = G(A%). Set U := U, x U(N)
and view it as an open compact subgroup of I(As). The group I(Q) is discrete inside
I(Ay), by [RZ96], 6.23, so that the double coset space [(Q)\I(A;)/U is finite, because
I(Q)\I(Ay) is compact (cf. [Gro99], Prop. 1.4). Assume fixed an algebraic F,-representation
7 :G(U, x Us) = GL,,. Following [Gro99|, we define the space of algebraic modular forms
(mod p) for the group I, having level U and weight 7 to be the finite dimensional Fp-vector

space:

MM (N;F,) : ={f:I(Q\I(A;)/U—F,

flaM) = 7(M)"'f(z), M € G, x € I(Q\(A;)/U},

where the right action of G on I(Q)\I(A;)/U is induced by the identification G' = J(Z,)/U,,.

The space M2$(N;F,) is endowed with a natural action of the Hecke algebra and our

previous computations give:

Proposition 3.3.4. There is an isomorphism of finite dimensional F,-vector spaces endowed

with the Hecke G/(A%)-action:
M™&(N;F,) ~ M*(N;TF,).

Proof. By Prop. 3.3.1, we have an isomorphism of M2$(N ;Fp) with the space of
functions Z&iﬁ(Fp) — F:L satisfying condition (a) of Def. 3.3.2. (Note that if g7' € G,
mU, € J(Z,)/U, then by definition 1,9 - mU, = nym='g). R

3.4 The correspondence between Hecke eigensystems

Set for convenience of notation S := Sp, y(n) @ Fp. Let 7 be the ideal sheaf associated to
the closed immersion of F,-schemes ¢ : Z' < S (recall that Z’ is discrete), so that T is a
coherent ideal sheaf on § and we have the following exact sequence:

0— HS,IT®E, — H(S,E,) — H*(S,1.02 @ E,).
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The projection formula gives 1,.*E, = 1.0z ®E,, so that H*(S, 1.0z RQE,) = H*(Z',.*E,).

The above exact sequence of vector spaces can therefore be written, by Prop. 3.3.3, as:

0— HO(S,I®EP) - Mp(N;Fp> — Mfsisesp

(N;Fp)a

where the map r need not to be surjective. Recall that Res p is the restriction of p to the

algebraic group G(U, x Us). Furthermore, observe that r is equivariant with respect to the

Hecke G/(A%)-action.

Proposition 3.4.1. There exists a positive integer mg such that the map r induce a surjec-

tion M gqeem (N;F,) — Mﬁses(@detm)(N;Fp) for any m > my.

Proof. The invertible sheaf of Os-modules A\’ E = Eq is ample over S by [Lan08], Th.
7.2.4.1. The proposition then follows in the same way as [Ghi04a], Prop. 24. (The reader
should be aware of some typos contained in the proof of Prop. 24 of loc.cit.: in line 3 of the

proof of the proposition, "locally free" should be changed into "coherent"). W

We have:

Theorem 3.4.2. Let p be an odd prime and k/Q be a quadratic imaginary field extension
wn which p is inert. Let n be a positive integer and let r, s be non-negative integers such that
r+s =g := 2n. Let furthermore N > 3 be an integer not divisible by p. Denote by I the
reductive Q-group whose Q-rational points are given by 1(Q) = {X € GU,(*B;1,) : X® =

O X}, where B is the quaternion algebra over Q ramified at p and oo, and ® is as in 3.1.3.

The systems of Hecke eigenvalues arising from (r, s)-unitary PEL modular forms (mod p)
for the quadratic imaginary field k, having fized level N and any possible weight p : GLy, —
GLyy ) defined over IF,, are the same as the systems of Hecke eigenvalues arising from
(mod p) algebraic modular forms for the group I having level U = U, x U(N) C I(Af) and
any possible weight p' : G(U, x Us) — G Ly (yy defined over Fy,.

Proof. We first show that any system of Hecke eigenvalues occurring in the spaces

{M,(N;F,)}, for variable weights p : GL, — GL,,,) defined over F, also occurs in the
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spaces {M?**(N;F,)}, for variable weights 7 : G(U, x Us) — GL,(, defined over F,. Then
we follow the proof of Th. 28 in [Ghi04a] to show that the converse is also true, and finally
we apply Prop. 3.3.4. Notice that the first part of this proof is different from the one given
in [Ghi04a).

For any integer ¢ > 0 we have an exact sequence of Og-modules:
0T LT T+
giving rise to the exact sequence in cohomology:
0— HYS, T @&, — HS,T' ®E,) % H(S, T /T ®E,),

which defines the homomorphisms 7; for any ¢ > 0 (ro = r in the previous notation).

For any 7 > 1 we also have the exact sequence of sheaves of Os-modules:
IRQT )T - O0s T )T — 1,0, T /TP — 0.

The image of the first map is zero, so that we obtain isomorphisms of Os-modules Z7 /Z7 1 ~
1Oz @ 7 /T7 for any j > 1. In cohomology we have therefore isomorphisms &; for any
Jj>1

¢ HY(S, T/ /T ®E,) = HY(Z' (T /T @ E,)).

Let 0 # f € M,(N;F,) = H°S,E,) be a Hecke eigenform of some fixed weight p :
GLy, — GL,, defined over F,,. If r(f) # 0 then the system of Hecke eigenvalues associated to

f occurs in Mg, (N;F,), since r is Hecke equivariant. If 7(f) = 0, then f € H*(S,ZQE,).

Res p
We claim that in this case there is a positive integer h such that f € H°(S,Z" ® E,) and
ro(f) # 0. Assume not: then 71(f) = 0 and f € H°(S,Z?° ® E,), so that we can compute
r2(f) and we have ry(f) = 0; therefore f € H°(S,7° ® E,), etc. Reiterating this procedure
we deduce that f € H°(S,7' @ E,) for all integers i > 0, so that f = 0, contradicting our
assumption 0 # f. Then there exists a positive integer h such that f € H*(S,Z" ® E,) and
rn(f) # 0. Let:

[ =& ra(f) € HY(Z' (T4 /T @ Ey)).
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Since &, is injective, f* is non-zero. Observe that Z"/Z"*' = Sym"(Z/Z?) and that
(Z)Z?) = 1*(Q}) (cf. [Har77] 11, 8.17). Notice that the Hecke operators act on

H0<ZI, L*(Ih/Ithl ® Ep))

by definition of the G (A?)—action on S (cf. also the identification made below of this space

of sections with a space of superspecial modular forms).

Let X denote the universal abelian scheme over S, endowed with the principal S-
polarization A, : X — X and the action tuniv Of the ring Oy ). By Prop. 2.3.4.2.

in [Lan08], the Kodaira-Spencer map induces an isomorphism of Og-sheaves:

A~

E E
KS: ©0s

I— !

1
— Q,

where B = 0*OL d:

x/8’ an

)‘Zniv @z — Afmw Z) & i
J = () () @y rx €8 y,z € By b€ Oy

*
univ

(Here X} B E; tuniv(b)*, resp. luniy(b)*, denotes

univ

denotes the pull-back morphism A
the endomorphism of [, resp. IE, induced by 7yniy(b), r€SP. Zuniv(b)). Precomposing K S with
id® N . we get the isomorphism of sheaves:

univ

Sym?E

— Q!
S
where J = (iuniv(0)* (%) ® Y — T ® Guniw(0)*(y) : 7,y € B, b € O p)). Write

Sym?E

Sym?E := 7

and notice that while J is not preserved by the group GL, (if s > 0), it has nevertheless
an action of GL, x GL,, because of the determinant condition imposed in the definition of

the moduli problem.

We have:
HY(Z' ,»(T")T"" @ E,)) = H°(Z',*((Sym" Sym? E) ® E)).
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The group G L, x GL, acts on the sheaf /*(Sym”(Sym? E) ® E p); as the space of superspecial
modular forms is defined for representations 7 of G(U, x Uy) C GL, x GL,, we conclude
that:

15 e ]’IO(Z’7 L*(SYmh(Symf E) ® EP)) = Mé;mh SymE(std)@Resp(

N§Fp)7

where we are viewing Sym” (Sym?(std))®@Res p as a representation of G(U, x Uy) by restriction

(std : GL, — GL, is the standard representation of GL,).

The maps 7, and ¢, are Hecke equivariant; as it is shown in [Fak09], the Kodaira-Spencer
map is also Hecke equivariant, modulo a rescaling on the Hecke operators acting on Symf(E)
(this rescaling on the Hecke operators can be interpreted as a "Tate twist"). We deduce that,
after performing the mentioned rescaling, the non-zero form f* € Mé;mh Sym? (std) ®Resp(N :F,)
is an Hecke eigenform with the same eigenvalues as our original f.

On the other hand, let us assume now that we are given a non-zero eigenform f* &
M3 (N ;) for some weight p’ : G(U, x U,) — GL,, defined over F,. There is a rational
[F,-representation p : GL, — GL,, whose restriction to G(U, x U;) contains p’. Indeed the
algebraically induced representation p” := Indg(LUgyles) p' contains (non-canonically) a finite
dimensional G(U, x Uj)-invariant subspace 7 that is G(U, x Uj)-isomorphic to p'; by local
finiteness there is a finite dimensional G'L,-submodule p of p” containing 7 as a G(U, x Uy)-

submodule.

By Prop. 3.4.1, there is an integer ¢ > 0 divisible by p? — 1 such that the map:

T Mﬁ®detc(N;Fp) - Mﬁis(ﬁ@detc) (N7FP) = Psisesf)(N;Fp)

is surjective; since M5 (N; F,) C Mg (N; F,) and since r is Hecke equivariant, we see that

a system of Hecke eigenvalues occurring in M5 (N; F,) also occurs in Mjgere(N; F,).

We conclude that the system of Hecke eigenvalues arising from the spaces of modular
forms M,(N;TF,) for varying p : GL, — GL,,, coincide with the systems of Hecke eigenvalues
arising from the spaces M5’ (N ;) for varying o' : G(U, x U;) — GL,,. The theorem now
follows from Prop. 3.3.4. B

We presented the construction of the Hecke correspondence for PEL Shimura varieties
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associated to some unitary groups. One obtains the result of [GhiO4a] (for ¢ > 1) by
forgetting about the action of the algebra with involution that appears in our computations;
observe that for Siegel modular forms, the superspecial locus has an easier shape, as explained

in Rem. 2.2.2.

Let D be a PEL datum of rank g with associated reductive Q-group G of type A or
C. If D has good reduction at a prime p > 2 and the associated Shimura variety Sp, has
a non-empty superspecial locus, then one obtains a result analogous to Th. 3.4.2 by using
similar techniques. More precisely, let I be the algebraic Q-group of automorphisms of a
fixed triple (Ag,49, \g) defining a point in the superspecial locus of Sp,. The basicity of
the p-divisible group of Ay implies that I is an inner form of G such that I(R) is compact
modulo center, and Ig, ~ Gg, for every place v of Q different from p and oo ([RZ96], Th.
6.30). The group of W (IF,)-linear automorphisms of the homogeneously principally polarized
Dieudonné module with Op ®7 Z,-action associated to (Ao, ig,XO) defines an integral model

S of Ig,over Z,. We can then set (cf. Lemma 3.1.3; notice that Iy, ~ Jg, in the notation

of 3.1.3, by Cor. 6.29 of [RZ96]):

U, = ker(3(Z,) — S(F,)), G :=Sg,.

Fix an open compact neat subgroup K? of GG (A?). Then the Hecke eigensystems arising from
(mod p) modular forms of PEL type associated to the group G, having level K? and varying
weight p : GL, — G Ly, defined over ), coincide with the Hecke eigensystems arising from
(mod p) algebraic modular forms associated to I, having level K? x U, and varying weight

¢+ G — GLyy () defined over F,. (Here we are identifying G (A%) and I(A%)).
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CHAPTER 4

On the number of unitary Hecke eigensystems

We keep the assumptions and the notation introduced in the previous section: in particular,
we work with unitary (mod p) PEL modular forms of signature (r,s), with p # 2. We give
an estimate of the number of (mod p) Hecke eigensystems occurring in the spaces M,(N;F,)

for N fixed and varying p, extending a result of [Ghi04b).

Denote by N := N (p;k,r,s; N) the number of Hecke eigensystems occurring in the
totality of spaces M,(N; Fp) for p varying over the set of IF,-rational representations of G L;
by Th. 3.4.2 and Prop. 3.3.4, N is the number of distinct Hecke eigensystems occurring in
the totality of spaces M;*(N; FF,) where p now runs over the finite set Irr(G) of isomorphism
classes of irreducible finite-dimensional representations of G := G(U, x Uy)(F,2) over F,. If

p: G — GL(W,) is any fixed element representing a class in Irr(G), we have:

Mp%(N;Fp) = {f : Z:izjj‘(Fp) - WP : f([(Avi7X>av UM)]) =

p(M)Tf([(Ai, h @ n)]), all M€ G, [(Ai, \@,n)] € Zyg(F,)},

so that, by definition of Z'(F,), we have dimg M3*(N;F,) < #Z'(F,) - dimg W,, and:

=

<HZ'(Fp) ) img W, (4.1)

d
[Pleler(@)

4.1 Estimate of the cardinality of the superspecial locus

In order to compute #Z'(F,), one would like to have an explicit mass formula for principally
polarized superspecial varieties of the PEL type considered here; lacking such an explicit
formula, we can instead using what is known for Siegel varieties. Let us denote by A the

Siegel moduli scheme over O, classifying prime-to-p isogeny classes of tuples (AN @),
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where A is an abelian projective scheme of relative dimension g over some S €SCHo, A
is a principal homogeneous polarization of A, and @ is a full level N structure on (A4, \). There
is a natural mapping j from the moduli Oy, (,)-scheme S associated to the PEL datum D4 that
we fixed, to A. More precisely, by fixing an isomorphism of Q-vector spaces V = k9 ~ Q%
we obtain a monomorphism of Q-groups GU,(k;r, s) — GSpay(J) =~ GSpsy, where J is some
symplectic form on Q%9; then by definition, if S is a locally noetherian O (,)-scheme, j sends
the class [(4,4,\,@)] € S(S) to the class [(A, )\, @)] € A(S), where @ is the U’(N) orbit of
the symplectic isomorphism « : Hi(A, A?) — V ®q Aﬁ’c, with U'(N) := Ker(Gszg(Zp; J) —
G'Spag(ZP/NZP; J)) (notice that U(N) = U'(N) N GU, (O, ® ZP; 7, 5)).

Since j is a closed embedding, it sends injectively the superspecial locus Z'(F,) of the
unitary PEL variety S ® F, - relative to our choice of (Ay, i, o, @p) - into the superspecial
locus of A ® F,. The explicit mass formula for superspecial principally polarized abelian
varieties due to Ekedahl ([Eke87]) and based on work of Hashimoto-Ibukiyama ([HI80])
gives:

#7'(F,) < Cy - #GSpoy(Z/NZ) - [T (0" + (-1))), (4.2)

where the constant (| is:

_(—1)stetn)/z 9 N g
Cg = —29 . Hi:1 C(]_ — 22) = 2299! . Hi:l Bgi.

(Here ( is the Riemann zeta function, and Bsy; denotes the 2ith Bernoulli number).

4.2 Estimate of the size of the irreducible representations of G

All the representations we consider in this paragraph are finite dimensional over the appro-
priate field. The number of pairwise non-isomorphic irreducible representations of the finite
group G over Fp coincides with the number k?(G) of p-regular conjugacy classes of G; a
matrix element X of G is p-regular if and only if its minimal polynomial has only simple

roots over I, that is to say if and only if X is semi-simple (over F,).

The group G is the set of F,-points of the connected reductive algebraic group G :=

G(U, x Us) defined over F,; one can compute the center Z and the derived subgroup G’ of
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G and find:

G(U; x Uy) ifrs#0,
GU, if rs =0,

G = SU, x SU,.

Since G’ is connected, simply-connected and semi-simple with rank:

—2 ifrs#0,
T
g—1 ifrs =0,

by applying Th. 3.7.6 of [Car85], we have:

Q) = 420(E,) i@ — | P P DD s 0 13)

P -(p—1)(p+1) ifrs=0.

If t > 2, then SUy(IF,2) is the set of F,-points of a simply connected group of type
2Ai—1(p), and its order is #SU(F,2) = p@ T, — (=1)) (cf. [Car85] 2.9; we set
SUy(F2) = SU:(F,2) := {1}). Using the exactness of the sequence 1 — SU(F,2) —

det

Uy(F,2) — Uy(Fp2) — 1 for t > 0, one deduces that #U,(F,2) = #SU,(F,2) - (p+1). We

conclude that for any choice of non-negative integers » and s such that r + s = g we have:

#G(U, x Ug)(Fp2) = #U(Fpe) - #Us(Fp2)- (p—1)
o e | BRI GG
H;(pi —(=1))-(p—1).

r(r—1)+s(s—1)

In particular, a p-Sylow subgroup of G(U, x U,)(FF,2) has order p P . Since G is a
group with a split (B, N)-pair ([Car85] 1.18), we deduce that if p : G — GL(W,) is an
irreducible representation of G over Fp, then:

r(r—1)+s(s—1)
2

dimg W, < p (4.4)

(The proof of this fact is contained in [Cur70]; cf. esp. Cor. 3.5 and 5.11). Putting together
formulae (4.3) and (4.4) we obtain:

r(r—1)+s(s—1) _9 2 .
. p 2 p i p—Dp+1)° ifrs#0,

Z[ |elrr(G) dlme Wp < g(g—1) -~ . (45)
8 p 2 p i p-Dp+1)  ifrs=0.
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4.3 Upper bound for the number of Hecke eigensystems

Putting formulae (4.2) and (4.5) together into formula (4.1), we obtain:

Theorem 4.3.1. Letp, k,r, s, N be fixred as above (in particularr,s > 0, r+s =g andp # 2)
and set Cy := 2729(gN) "' T]_, Bai. The number N := N (p; k,r,s;N) of distinct (mod p)
Hecke eigensystems occurring in the totality of spaces M,(N ;Fp) for varying p satisfies the

following inequality:

N < Gy #GSpay(@/NZ)-T]_ (0 + (-1)") -

r(r—1)+s(s—1)

p 2 2 p—1)(p+1)* ifrs#0,
el p—1)(p+1)  ifrs=0.

In particular, if we keep k,r,s, N fixed and let p > 2 vary:

N e O(p92+g+1_m), for p — .

For an estimate of NV in the case of Siegel modular forms, cf. [Ghi04b]; for elliptic modular
forms, a conjectural mass formula for the asymptotic with respect to p of two-dimensional

odd and irreducible Galois representations of Q can be found in [Cen09].
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Part 11

Cohomological Weight Shiftings for
Automorphic Forms on Definite

Quaternion Algebras
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CHAPTER 5

Weight shiftings for G Ly(F,)-modules

5.1 Untwisted GLs(F,)-modules

Fix a rational prime p, a positive integer g, and set ¢ = p?. Denote by F, a finite field with
q elements and fix an algebraic closure F, of F,; denote by o € Gal (F,/F,) the arithmetic
Frobenius element. Let G = GL, (F,) and let M be a representation of G over F; for any
n € Z, the Frobenius element ¢” induces a map G — G obtained by applying ¢" to each
entry of the matrices in GG: composing this map with the action of G on M, we give to the
latter a new structure of G-module, that is denoted M!™ and called the nth Frobenius twist
of M. If f: M — N is a G-homomorphism and n € Z, denote by f" : M"— NP the map
defined by f"l(x) = f(x) for all z € MI": "l is a G-homomorphism.

Let M; denote the standard representation of G on Fg and, for any positive integer k,
define M, = Sym* M; to be the kth symmetric power of M;. We identify M, with the F,-
vector space of homogeneous polynomials over I, in two variables and of degree k, endowed

with the action of G induced by:

a b
X =aX +¢Y, Y =bX +dY.

We set My to be the trivial representation of G. Denote by det : G — F the determinant

character of G, so that det!™ = det?".

Recall (cf. [Ste63], [Ste68] §13) that the irreducible representations of G' over I, are all
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and only of the form:

g—1 i
det" @5, Q) My,

where ko, ..., ks—1 and m are integers such that 0 < k;, < p—-1for¢ =10,...,9—-1,0 <
m < ¢ — 1, and all the tensor products are over [F,. The above representations are pairwise

non-isomorphic.

We denote by K(G) the Grothendieck group of finitely generated IF,[G]-modules: it can
be identified with the free abelian group generated by the isomorphism classes of irreducible
representations of G over F, ([Ser77]). If M is an F,[G]-module, we denote by [M] its class
in Ko(G) and set e = [det]; if no confusion arises we also write M to denote [M]. Tensor
product over [F, induces on K,(G) a structure of commutative ring with identity; we denote

the product in Ky(G) by - or by juxtaposition.

5.1.1 Identities in Ky(G) (I)

We present some identities between virtual representations in Ky(G) that we will need later.

Negative weights We extend the definition of M) € K, (G) for k < 0 in a way that is

coherent with Brauer character computations, as suggested by Serre in [Ser01].

Let G = G'Ly as an algebraic group over F,, and let T C G be the maximal split torus
of diagonal matrices. Identify the character group X(T) of T with Z? in the usual way,
so that the roots associated to (G, T) are (1,—1) and (—1,1); fix a choice of positive root
a = (1,—1). The corresponding Borel subgroup B is the group of upper triangular matrices
in G; we denote by B~ the opposite Borel subgroup. For a fixed A € X (T), let M, be the
one dimensional left B™-module on which B~ acts (through T') via the character A . Denote
by ind§- M, the left G-module given by algebraic induction from B~ to G of M. Define
the following generalization of the dual Weyl module for A (cf. [Jan03], II.5):

W)= (1) Rindg (M),

where R'indg;- (-) denote the ith right derived functor of ind§- (-). W ()) is an element
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of the Grothendieck group Ko(G) of G, because each R’ ind§- (M,) is a finite dimensional
G-module, and R’ind§- (M,) is zero for i > 1 ([Jan03], I1.4.2). For )\, = (k,0) € X(T)

with £ any integer we have:
R'indg- (M) ~ H'(Pg , O (k).

If k >0, H'(P; ,0 (k) = 0 so that W (\) = H(P,, O (k) = Sym"F2; if k < 0 we
have H°(Py,, O (k)) = 0 and W (\;) = —H'(Pg,, O (k)); the canonical perfect pairing of

G-modules:
H(PL O (—k —2)) x H'(Py , O (k) = H' (P}, O (-2)) ~ det ™' @Gy,
brings naturally to the following:

Definition 5.1.1. Let £ < 0 be an integer. Define the element M of the Grothendieck
group K, (G) of G over F, by:

0 ithk=-1
My, = .
—61+k . M_k_g if k S -2

Lemma 5.1.2. For any k € Z we have in K (G) the identity:

My + e M . 5 =0. (Agk)

An identity of Serre Let us fix an embedding ¢ : F 2 — M, (IF,) corresponding to a choice
of F,-basis for the degree 2 extension of F, inside F,. Let @p be a fixed algebraic closure of
the p-adic field @, and let us fix an isomorphism between Fq and the residue field of the ring
of integers Zp of @p; denoting by y : F: —>Z; the corresponding Teichmiiller character, the

Brauer character G,e, — @p of the representations Mj, (k > 1) is given as follows:

a k %
— (k+1)x(a)", a €,
a
a Y (a)k+1 —x (b)k-‘rl
Fx
) — X(a)—X(b) , a,b e q,a#b
X (C)q(k_H) — (C)k+1 X X
Fo5\F.
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Using the above formulae, the following is proved in [Ser01]:

Lemma 5.1.3. For any k € Z we have in K, (G) the identity:

My — e My_(g41) = My—_(q—1) — € - My_oq. (Zgk)

Product formula It is a result of Glover that for any positive integers n, m there exists

a short exact sequence of F,[SLy(F,)]-modules of the form:

0 — My 1 @g, My 1 2 My @, My 5> Miys, — 0,

where 7 is induced by the assignment u ® v — uX ® vY —uY ® vX and 7 is induced
by multiplication inside the algebra Fq [X,Y]. The following is an easy extension to G Ly of

Glover’s result:

Lemma 5.1.4. For any n,m € Z we have in K, (G) the identity:

Man = Mn+m + 6A]\4n—1]\47’n—1- (Hg,n,m)

Proof. Let 7 be the Brauer character of the virtual representation M, M,, — M, —
eM,_1M,,_1. Let a,b € F; such that a # b; denote by 2 the Teichmiiller lift of x € qu taken

via y. We have:

T = (n+1)(m+1)a"""™ - (n+m+Da"*t" +
a
_a? . pma(nDHm-1),
a &nJrl o EnJrl &erl o l;erl dnerJrl - Bn+m+l
T = — —— — —= +
b a—2>b a—>b a—2>b

(@—b)?
Both these expressions are trivially zero. If ¢ € F;\F; and ¢ : Fp2—M, (F,) is as above,
then det ¢ (¢) = ¢!, so that:
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5q(n+1) o én—&—l 6q(m+1) o 5m+1

@) = Tz -z
~q(n+m+1) _ ~n+m+1 ~qn __ ~n\(xqm __ ~m
) g (o= (e — o)
¢ —c (¢4 —¢)?

and this is also zero. As 7 is identically zero on G™9, M, M,,, — M\, — eM,,_1M,, 1 is the

zero element of K, (G). B

We summarize the three identities obtained so far:

Proposition 5.1.5. Let ¢ = p? (g > 1) and let k,n,m € Z. The following identities hold in

K() (G)
My, = —el . M_y_ (Ag,k)
My, — e My_(g41) = My—(q—1) — € My_24 (Zgk)
Man - Mn+m + eMn—le—l- (HQJC)

5.1.2 Intertwining operators for the periods ¢+ 1 and ¢ — 1

Recall that the irreducible complex representations of G (of dimension larger than one)
that are not twists of the Steinberg representation are of two types: the principal series
representations, having dimension ¢ + 1 and obtained by inducing to G characters of a Borel
subgroup of GG, and the cuspidal representations, having dimension ¢ — 1 and characterized

by the property that they do not occur as a factor of a principal series.

The two periods ¢ + 1 and ¢ — 1 appear in the identity (X,) and suggest the existence
of intertwining operators that shift weights by ¢+ 1 and ¢ — 1 respectively; furthermore one
expects these operators to give a bridge between the modular representations of G and the

above mentioned characteristic zero representations of G.

The period ¢+ 1 Let k > ¢ be an integer and let ©, = XY?— X% € F, [X,Y]. Dickson

proved that this polynomial is one of the two generators of the ring of SL, (F,)-invariants
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in the symmetric algebra Sym* Fi, so we will call it the Dickson invariant. Let us denote by

O, also the G-equivariant map det ® Mj,_(4+1)— M}, given by multiplication by ©,.
Proposition 5.1.6. For k£ > ¢, there is an exact sequence of G-modules:

0 — det @ Mj_(g+1) it M, — Indg (nk) — 0,

where B is the subgroup of GG consisting of upper triangular matrices, and 7 is the character
of B defined extending the character diag(a,b) +— a of the standard maximal torus of G.
Furthermore, for any integer A > 0 there are isomorphisms of G-modules:

M, - Miirq-1)
det ®Mk_(q+1) det ®Mk+)\(q—1)—(q+1) ’

where the inclusion det @ My xg—1)—(g+1) = Miiag—1) is induced by the multiplication by

0,

Proof. The above result is standard; cf. [Red10], Prop. 2.7. B

The period ¢ — 1 For the period ¢ — 1, the starting point is the G-equivariant derivation
D :F,[X,Y]-F,X,Y] defined by Serre as:

. of of
D: f(X,Y)— XTom(X.Y) + VI (X,Y).

This map defines by restriction an intertwining operator My — M. (,—1) for any k > 0, giving

rise to a weight shifting by ¢ — 1. The kernel of D is large, as shown by G. Savin:

Proposition 5.1.7. The kernel of the map D : F, [X,Y] — F,[X,Y] is given by ker D =
F, [XP,Y? 0,].

Proof. Let A =F,[X? Y? 0,] and B = ker D; notice that we have the inclusions of rings
F,[X?,Y?] C A C B C F,[X,Y]. The polynomial t* — (XMY? — XPY?7) € F,(X”,Y?)[t] is
irreducible in F (X7, Y?)[t] since XP?YP — XPYP4 does not have a pth-root in F (X7, Y?), so
that we have [(Q) (A) : F,(XP?,Y?)] = p, where we denote by Q)(R) the field of fractions of an

integral domain R inside some extension of R.
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Now observe that @) (B) is properly contained inside F (X, Y"): if not, we could write X =
g with f,g € B, g # 0 and 1 = af + bg for some a,b € B; this would imply X = f-(aX + b)
so that f € B would be an associate of X in F,[X,Y]. Since [F,(X,Y) : F(X?,YP)] = p? we
have therefore Q) (A) = @ (B). Notice that F,[X,Y]/A is an integral extension, so that B/A

is too.

The domain A is normal, since the corresponding variety has equation X{X, — X3 X7 —

X% =0, and then it defines an hypersurface of A‘;’Fq that is non-singular in codimension one.

We conclude A =B. &

We assume for the rest of this paragraph that p is an odd prime. If we restricted ourselves

to weights 2 < k < p — 1 we have the following exact sequence:

6q Mk+(q,1)

0 — det @M ker©, — 0 5.1
— det QM2 — D(Mk)—moer ¢ — 0, (5.1)

where ©, = ©,(mod D(M)) is induced by the Dickson invariant.

The main result we can prove is the following:

Theorem 5.1.8. Let ¢ # 2, 2 < k < p— 1 with k # q;—l and let us denote by = (Xk)
the cuspidal @p—repmsentation of G associated to the kth-power of the Teichmiiller character
X. Let C be the Deligne-Lusztig variety of SLyr,. There exists a canonical W (IF,)-integral

model

[1]:

(Xk) = Hclris(C/Fq)—k
of = (Xk), arising from the (—k)-eigenspace of the first crystalline cohomology group of Cyr,,

such that there is an isomorphism of F, [G]|-modules:

Mk+(q71)

~ = (R
D(Mk) _‘_'(X) ®W(Fq) FQ‘

(The (—Fk)-eigenspace of Hi(C/r,) is computed with respect to the natural action of p :=
ker(NmFZZ /F¥ ) on Hgi(Crr,))-

Proof. Let

U (Fp2) = {g € GLy (Fp2) : gAg' = A},
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where A = (°}). We consider F > embedded in U (Fy2) via t — (5,2, so that Uy (F2) =

0t—4

Fr2 - SLa (Fy). The group Us (Fg2) acts on C , via the embedding:

Us (Fg2) — GL3 (Fp2) : g — (27).

01

Fix a rational prime [ # p and field isomorphisms Q; ~ C and @p ~ C; fix embeddings
W (F,) C W(F,) — Q, ~ C. By [HJ90], §2.10, we have isomorphisms of Us (F,2)-modules:

Hio(Cre ) ®wep) C = Hip(Chwis,) ®werp) C= H' (C,Q) -

If1 <k < g wededuce Hig (Cyw(r ) -k ®@w(E ) C = H' (C,Q;)_,, hence also an isomorphism
of SLy (F,)-modules:

Hig(Cwey) -k Owey) C~ H (C,Q) , .

Here the (—k)-eigenspace of Hig(C/w(r,)) is computed with respect to the action of y C
F% C Uy (Fp2) on Hig(Cowe,) = Han(Cpr, ).

Since H! (C,@l)ik is the subspace of H! (C,@l) on which p acts via the character
O_p:p — Q :t— t* by [Lus78], Example 2.20, the Q,representation of SLs (F,)
afforded by H* (C ’@l)—k is of the following type: if 9_j is in general position (i.e. 9%, # 1
or, equivalently, k # (¢+1)/2), H* (C,@l)ik is an irreducible cuspidal representation of
SLy (F,) over Q. If k = (¢ +1)/2, then H* (C,Q;)_, =V & V*, with V cuspidal.

If ¢¥_j is in general position, there is an indecomposable character ¢ : quz — C* ~ @lx

for which there is an isomorphism of SLs (IF,)-modules:
= GLy(Fy) =
H'(C,Q)_, ~ ResSLj((Fq)) (2(c)).

Notice that ¢ is not unique and can be changed into ¢!

or into any other indecomposable
character that equals ¢ on p. If now we take any p-adic integral model of each side of the
above isomorphism (e.g. we can take Hgg(C/w(r,))-r for the étale cohomology group) and

we reduce mod p, we find the SLs (F,)-module isomorphism

Hin(C)%5 =~ (E(0))
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If 2 < k < p—1 the left-hand side is isomorphic to (%)Ss by Prop. 4.1 of [Red10], and

hence to (E’ (Xk)> for any choice of integral model Z' (x*) of Z (x*) (using a computation

of Brauer characters). Therefore the reductions of the Brauer characters of 2 (¢) and Z' (x*)

need to coincide.

Assume the embedding ¢ : F,2— M, (F,) is given by setting

c=z+y/er— <”‘5>,

Yy x

where z,y € F, and ¢ is a generator of F)*. If (c) € SLy (F,) we have ¢ € y; the formulae
giving the Brauer characters of the cuspidal representations of G'L, (F,) imply that, if ¢, =
X\}L (0 < h <q), we have

X(©)* 4+ x(0) ™" = x(&)" + x(c) ™"

for any ¢ € y, so that (x(c)*™ —1) (x(¢)* — x(c)") = 0. We conclude that
k = +h(mod g + 1)

and ¢, = Xik . We can assume without loss of generality ¢ = \*; this implies that the

SL, (F,)-action on H' (C,Q;) _ . extends to a G'Ly(IF,)-action giving an isomorphism

If = (x*) is the W (F,)-model of = (x*) corresponding to HJp(C/w,))—k in the above

—_

isomorphism, we have = (x*) ~ Hir(C/r,)—x. In [Red10], §3.4 and §4.1, a canonical isomor-
phism
~ MkJr(qfl)

Hip(Crr,) -k =~ DMy)

is constructed by identifying the exact sequence (5.1) with:
0 — HCr,, %)k — Hip(Cpm,)-r — H'(Cp, Oc)-r — 0.

This concludes the proof of the theorem. W
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5.1.3 Determination of Jordan-Hd6lder constituents: the case g =1

Assume ¢ is any positive integer. For convenience, we give the following non standard

definition:

Definition 5.1.9. Let M € Ky(G) be of the form M = ™[], Zz where ko, ..., kg_1
and m are integers. We say that the Jordan-Holder factors of M can be computed in the
standard form (using (4,), (£,) and (Il,)) if, by applying finitely many times the identities

of Prop. 5.1.5, together with the identities ¢! = 1 and ¢9 = 1, we can write M as:

my; TT97F 2700
M= Z]’GJ " (6 ’ Hi:O Mkl(j)) ’

where J is a finite set and for any ;7 € J we have nj,mj,k;[gj), ...,k:;j,)l € 7 such that
nj #0,0<m; <g—1,0< k: ,..,k;@l < p-—1and, if j,j/ € J with j # j' then

(mj,kéj),...,k;{)l) £ (mj/,k[()j ,...,k;i)l). (Notice that the integers nj,mj,k;(()j),. ,k;éj)l are
uniquely determined by M).

Similarly one defines the notion of computability in standard form for an element of Ky(G)
that is given as an algebraic sum of products of elements of the form M = ™ [, ! M, g . Also,
in an obvious way, one defines computability in standard form using any subset or superset

of the identities (A), (X) and (IT) (together with the identities ¢! = 1 and ¢9 = 1).
Lemma 5.1.10. Let g be any positive integer and let n,m € Z such that n,m > 0. By
applying (II,) we obtain the following identity in Ko(G) :

M M me{n ;m} eAMn_"_m_Zi_

Proof. We induct on n. For n = 0 the statement is true; for n > 0 we have, assuming

m > 0O:
My My, = Mooy + eMy M, | =
= Myt + me{"m Y i+an+m*172i =
My ymy1 + me{nH ™ e'M(n+1)+m—2z' =

min{n+1,m} i
= Z eM(n+1)+m—2i- u

1=0
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Corollary 5.1.11. For any positive integer ¢ and any integers nq,...,n; > 0 we have:

¢
M, = E e’ M.
=1 acA Ta?

where A is a finite set and s,,r, > 0 for any a € A.

Proof. It follows from applying (II,;) and inducting on ¢. W

The following proposition guarantees that, if g = 1, (A;) and (3;) are enough to compute
explicitly the Jordan-Holder factors of any of the modules M, for £ € Z.

Proposition 5.1.12. Let ¢ = 1. For any m,k € Z, we can compute the Jordan-Holder
factors of €™M, in the standard form, using (A;) and (¥;). Furthermore, by using also
(IT;), we can compute the Jordan-Holder factors in the standard form for any algebraic sum

of products of €™ M,’s.

Proof. The second assertion in the statement of the proposition follows from the first
one, together with Lemma 5.1.10. To prove the first assertion, we can assume m = 0 and,
using (A;), we also suppose k > 0. Write k = np + r where n is a non-negative integer and

r is an integer such that 0 < r < p — 1. We induct on n.

If n = 0, there is nothing to prove. Assume n > 1 is fixed and that we can compute the
Jordan-Holder factors of My, in the standard form, using (A;), (1) and (II;), for any & of the
form &k =n'p+r' where 0 <n' <n—1land 0 <7 <p—1. If 0 < r < p—1 we have, applying
(1), that Mypir = Mn—1)ps 1) Fe(Mpn-1)psr—1)— Mmn—2)p+r). 1 # 0,p—1 we are done by
induction assumption. If r = 0, then M,, = M,—1)p+1+e(Mp—2)p+@p—1)—Mn—2)p) and we are
done. If r = p—1, just notice that M,_1yp4+p = Mnp = Mn_1)pr1+e(Mun—2)pr(p—1)— Mn—-2)p)-
(When n = 1 one sometimes needs to apply (A1) to canonically compute the constituents of

the virtual representations appearing in these identities). H

5.1.4 Application to elliptic modular forms

In this section we present some weight shifting results for elliptic modular forms modulo p

in terms of cohomology of groups. We assume p > 3; by a modular form mod p we mean the
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reduction modulo p of a form in characteristic zero - as defined by Serre and Swinnerton-Dyer,

unless otherwise specified. In this paragraph we assume g = 1.

Let N > 5 be a positive integer not divisible by p and denote by M (.V, ﬁp) the ﬁp-vector
space of mod p modular forms for the group I'1 (/V) having weight k£ > 2 and with coefficients
in Fp; the Hecke algebra Hy, generated over Fp by the operators T; for [ # p, acts on this

space. The g-expansion homomorphism is an injective map My (N, F,) — F,[[q]].

The theta operator © : My (N, F,)— M ,+1)(N,F,) is defined on g-expansion by the formula
0>, anq") = >, na,q"; it satisfies ©T; = I1;0© for any prime [ # p. Denote by E,_; the
normalized form of the classical characteristic zero Eisenstein series whose g-expansion is
given by:

Ep1=1=2(p—1)/By13_,0p-2(n)q"

then E, 1 € M,_1(1,Z,)) and E,_; = 1(mod pZ,[[q]]), as 2¢(2 — p)~* = 0(mod p) by the
Clausen-von Staudt theorem. Multiplication by the reduction mod p of E,_; gives rise to a

Hecke-equivariant map My, (N, F,)— M ,—1)(N, F,), that we refer to as the Hasse invariant.

In view of the Eichler-Shimura isomorphism, the study of Hecke eigensystems of mod p
modular forms of weight £ > 2 and level N leads to the study of the eigenvalues of the
Hecke algebra Hy acting on the cohomology group H(T'y(N), My_5), where T';(N) acts
on M _o via its reduction mod p, and the action of H comes from the G-action on My _»
and it is defined as in [AS86b]. The weight shiftings realized on the spaces of modular
forms by the theta operator and the Hasse invariant have cohomological counterparts. In
[AS86b], Ash and Stevens identifies a group-theoretical analogue of the ©-operator in the

Hecke-equivariant map induced in cohomology by the Dickson invariant (cf. 5.1.2):

@n* . Hl(Fl(N),det ®Mk,2) — H1<F1(N), Mk+p71)-

Here the twisting by det on the left hand side is a manifestation of the fact that the ©

operator on spaces of modular forms is twist-Hecke-equivariant.

Edixhoven and Khare identifies in [EK03] a cohomological analogue of the Hasse invariant
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in the case k = 2 by studying the degeneracy map
H' (Ty(N), My)®* — H" (T1(N) N To (p), My-1) .

The D-derivation defined in 5.1.2 can be used to produce weight shifting by p — 1 for 3 <
E<p+1:

Theorem 5.1.13. Let 9 be a non-FEisenstein maximal ideal of the Hecke algebra Hy .

(1) If k>0 and HY(T'(N), My)on # 0, then also H'(T'1(N), My p-1))m # 0.
(2) If 0 < k <p—1, there is a Hecke-equivariant embedding
HY(Ty(N), Mi)an — H'(T1(N), Mt (p-1))om.
Proof. If k > 0 and k # O(mod p + 1), then M (,—1) — M}, is positive in Ky (G), giving
the first assertion. If 1 < k < p — 1 we have the exact sequence of G-modules:

0 — M, A M4 (p—1) — coker D — 0.

By passing to the long exact sequence in cohomology and localizing with respect to the non-
Eisenstein maximal ideal 9T we get the second statement for 1 < k < p — 1 (cf. [KhaOl]).
If k = 0, the existence of a monic map o : H* (I'1(N), My)gy — H'(T'1(N), M,_1)ay is the
cited above result of Edixhoven and Khare ([EKO03]).

The existence of « also implies the first statement for £ = 0(modp + 1): if k = s(p + 1)

for some s > 0, formula (3, ) gives the following identity in K (G):
Myp1ysp-1 = € - M1 + (Mypi1) — €° - Mo).

Notice that M,,41)—det® -My > 0 because of the existence of the monic map ©,, : det @ My —
Mp+1. If Hl (F1<N), Ms(p—i—l))im 7& 0 then

H'(T1(N),det® @Mo)m # 0 or H'(T'1(N), Myp11y/ det® @M )am # 0.
In the first case, by applying « we deduce H'(T'1(NV),det® @ M,_1 ) # 0 and hence

H'T1(N), Myps1)+p-1)am # 0.
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If it is HY(T'1(N), My(p11)/ det® @ Mp)am # 0, the same conclusion holds. W

Notice that the above theorem cannot be deduced only by the existence of the map D, as
for £ = 0 the virtual representation M, 1 — Mj is not positive in K, (G). A similar situation
will occur later on when we will consider the more general case of Hilbert modular forms (cf.

section 6.2).
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5.2 Twisted GLy(F,)-modules and intertwining operators for g > 1

We keep the notation of the previous section, so that p is a prime number, g a positive integer,
and g = pY; we denote by [, a finite field with ¢ elements and we fix an algebraic closure
F, of F; we let o € Gal (F,/F,) be the arithmetic Frobenius element and G = GL, (F,). If

kelZ, M ,Li] is its ith Frobenius twist of the virtual representation My, for any integer 1.

5.2.1 Identities in K,(G) (II)

None of the identities in Ky(G) appearing in Prop. 5.1.5 contains a Frobenius twist; this
implies that, while (4A,), (£,), (II,) are all we need to compute the Jordan-Holder factors
of products of virtual representations of the form M (k € Z) when g = 1 (Prop. 5.1.12),
these same three families of identities are not enough to work out such a computation when
g > 1. For example, when g > 1, the Jordan-Holder factors of M, are {Ml[l],eMp,g} and

they cannot be found using (X,).

Proposition 5.2.1. Let ¢ > 1. For any k € Z we have in Ky(G) the identity:

My = My, M — My, (@)

Proof. Fix an embedding ¢ : Fz — My (F,) and denote by # € Z, the Teichmiiller
lift of = € F: taken via the Teichmiiller character we previously fixed. Let 7 be the Brauer
character of the virtual representation M) — Mk_le[l] + e’ My_9p. Let a,b € F such that
a # b. We have:

a ~k ~k -
T = (k+1)a"—(k—p+1)a""?- 2a"+
a
+a@* - (k —2p + 1)a"
a G+l _ pe+l gkeptl _ pk—p+l g2p _ [2p
T = = — = =
b a—>b a—2>b ar — br

~k—2p+1 __ Bk72p+1

T —
a—b
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Both these expressions are zero. If ¢ € F5\Fy then deti(c) = c!™4; also notice that

tr(e () ; MM) = tr(0 (c)7; My) = tre(c)” = ¢ + ¢™, so that:

Eq(k—H) o &’k—H 6q(k—p+1) o 6k—p+1

) = (@t

~q(k—2p+1) _ =k—2p+1
+5(1+q)pc ¢

~ ~ b
c! —c

and this is also zero. As 7 is identically zero on G™9, M, — Mk_le[l] + eP M}, _9), is the zero

element of K, (G).

Corollary 5.2.2. Let g > 1; for any k, h € Z the following identity holds in Ky(G) :
Mka[Ll] - epMk_pM}[ll—]l = Mk_pM}[Ll-‘y]-l - epMk—2le[11}' ((I);,kﬁ)
Proof. Multiplying (®,,) by M" we obtain the identity
MMM = My_, (My M) — ey, MY

Applying (II, ) and distributing the Frobenius action we deduce that the left hand side of

1] L+ epM}[ll_]l) _ epMk—QpM}[Ll]‘ m

this equation equals M}, (M ,[l 4

Corollary 5.2.3. Let g > 1. For any k, h,i € Z we have in Ky(G) the identity:

i+1

[l 3 rlit1] [7] [i+1] (1] [i+1] i1 g rli] [i+1]

k—p
Proof. Just apply ith Frobenius twist to (9} ;). B

Remark 5.2.4. Notice the following:

1. By applying the product formula, one sees that (®;) and (X;) are equivalent.

2. Equation (@) (g > 1) has a structure similar to equation (¥): the weight shiftings
appearing in the latter are by p + 1 and p — 1 (corresponding respectively to the de-

gree of the Dickson invariant and of Serre’s derivation map); in equation (@), the
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weight shiftings occurring are by (p, 1,0, ...,0) and (p, —1,0,...,0) - the commas sepa-
rate the shifting constants for tensor factors corresponding to Frobenius twistings by

0%, 0',...,097". In this sense we can think of (®}) as a generalization of (%) for g > 1.

3. The reason for which only three (possibly) non-zero terms appear in (®,) instead of
four - as one could have expected by looking at (¥;), is that by applying weight-shifting
of (p, 1,0, ...,0) to M}, we obtain epMk_pMﬂ that is the zero module: this phenomenon

cannot happen when g = 1.

4. The reason for which, when g > 1, we were expecting an identity in Kq(G) involv-
ing weight shiftings by (p, +1,0,...,0) (and cyclic permutations of this) resides in the
existence of the partial Hasse invariants and theta operators acting on spaces of mod
p Hilbert modular forms of genus ¢g. Also, for good reasons we do not have weight

shiftings by (£1, p,0, ...,0), as long as g > 2: cf. 6.1.1.

5.2.2 Determination of Jordan-Hdélder constituents: the case g > 1

We know show that equations (A,), (®,), (II,) are enough to compute the Jordan-Holder
constituents of products of virtual representations of the form e™ Hf:_ol M ,z] (m, ko, ..., kg—1 €

Z).

Lemma 5.2.5. Let g > 1; for any k € Z, we can compute the Jordan-Holder factors of M),
in the standard form, using (A,), (®,), (IL,).

Proof. By applying (4,) if necessary we can assume k > 0. If g = 1, the lemma follows
from the last remark and Prop. 5.1.5. For g > 2, write k = np + r where n,r € Z are such

that n > 0 and 0 <r <p—1. We induct on n.

If n = 0, there is nothing to prove. Assume n > 1 is fixed and that we can com-
pute the Jordan-Holder factors of M in the standard form, using (A,), (®,) and (II,), for
any k of the form k¥ = n’p + 1" where 0 < n’ < n—1and 0 <7 < p—1. We have
Mypir = M(n,l)erer[l} — e’ M(n—2)p1r by (®4); the Jordan-Holder factors of e? M, _)p4r can
be computed in the standard form by induction (if n = 1 then M, _9)4r = —61*p+TMp_T_2 by
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(Ag)). Also, by induction we have an algorithm that allows us to write Mp,_1yp4r = > ;c; Ji
where [ is a finite set and each J; is of the form e™ Hf:_ol M ,Lt] for some integers m, ko, ..., kg—1
such that 0 < m < ¢ —1,0 < ko,...,kg_1 < p—1. It is therefore enough to show that
we can compute the factors of (Hf;ol M ,LZ]) Mlm in standard form, where 0 < m < ¢ — 1,
0 <k, ...,kg—1 < p—1. The product formula gives:
(T o) ot = (g ) e+ o (TTg M) il

If k1 # p—1, each of the two summands is either a Jordan-Holder factor in standard form,
or it is zero. Otherwise we are left with the determination of the constituents of the first
summand. If g = 2 the latter equals MkoMzgl] = My, M, + e”MkOME,]Q = Mpyy41 + eMyy—1 +
eP My, Mﬁ]? and this is not in standard form if and only if £y = p — 1, in which case we can

compute the constituents of My, 1 = M, in standard form by using (®,): M, = Mlm +eM,_s.

Assume now ¢g > 2 and k; = p — 1. We have, applying (®,):

g—1 4 g—1 i g—1 I3
< =0 M]Ej) M}EH = <H 1=0 M}CJ) (MkQMl)[Q] + ep (H’LZO M]£1]> M[[)l—}Q

i#1 i#1,2 i#1

The second summand is already in standard form; for the first summand we have:

g—1 i g—1 i D) 2 g—1 7 2
(H i=0 ME) (Mkle)[2] = (H i=0 ME) l£2}+1 + e’ (H i=0 ML]) MILQ]—l-

i#£1,2 i#£1,2 i#£1,2
If k& # p — 1, each of the two summands is either a Jordan-Holder factor in standard
form, or it is zero. Otherwise we are left with the determination of the constituents of
the first summand. We proceed as before, distinguishing the cases ¢ = 3 and g > 3. It
is easily seen by induction that the algorithm produces the Jordan-Holder factors of the
virtual representations appearing in each step as long as k; #p — 1 for some 1 <7 < g — 1.
If by = ... = ky_1 = p—1, we are left with the determination the Jordan-Holder factors
of My, M¥™ = M, (M, + epg*lM]Lf’_gll). By the product formula, we just need to find
the constituents of Mj,,1: if kg # p — 1 this is an irreducible representation; otherwise

M, = Mlm +eM,_» and we are done. l

Corollary 5.2.6. Let g > 1. Then (A,), (®,), (II,) imply (X,).
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Proof. By the previous lemma, we can compute the Jordan-Holder factors of each
summand appearing in (2,) (in standard form). Since we know a priori that the Jordan-
Holder factors appearing in the right and left hand sides of (X,) have to appear with the

same multiplicities, (X,) is a consequence of (A,), (®,), (II,). W

We can finally prove:

Theorem 5.2.7. Let g > 1. Using (A,),(®,), (Il;) we can compute the Jordan-Hdlder
factors in the standard form for any algebraic sum of products of virtual representations of

the form e™ 17—y Mk[f} (m, ko, ....kg_1 €Z).

Proof. If g = 1, this is just Prop. 5.1.5. Assume g > 2; by applications of (A,) and
of Lemma 5.1.11, it is enough to prove that we can compute the Jordan-Holder factors in
the standard form for the representation M = @7, M 0 ko, oo ke s—1 > 0). We induct on

dimp, M. If dimp, M = 1, we are done, otherwise we distinguish two cases.
Case 1: There is some i, 0 <17 < g — 1, such that My, is reducible.

By applying an appropriate Frobenius twist, we can assume without loss of generality that

My, is reducible. By the previous lemma, we can compute the Jordan-Holder factors of My,

0
in the standard form, say My, = >, ., Jn in Ko(G), where [ is a finite set with at least two
elements and each J, is a non-zero composition factor of My, , written in standard form. It
is then enough to compute in standard form the constituents of J, Hf:_ll M ,Ef] for each h € I.

Fix an element h € I; up to twisting by a power of ¢ we can assume J;, = Hf;ol M,W where

0 <rg,...,7g—1 < p—1, so that an application of Lemma 5.1.10 gives:

JIn Hi:ll Mk[f} = M, H Man [z] -

min{r;,k; }
_ 5(J1yrdg—1) (1] [g—1]
o Z =0 € M MT1+1€1 251" Mrg 1+kg—1—254-1°
=
(1<i<g—-1)

where s (ji, ..., jg—1) € Z and the last summation is over the g — 1 indices ji, ..., jo—1. Since

. 1 .
dimg, (My, @ MUy oy @0 ML) < dime, M
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for any value of ji, ..., js—1, by induction assumption we can compute the Jordan-Holder

constituents of J, [[/Z} M, ,Ll} in the standard form.
Case 2: For any ¢, 0 < i < g — 1, the representation My, is irreducible.

By the previous lemma, we can assume - up to twistings by powers of det - that we have

written M,L”-Hg IM[J] for anyogigg—l,whereogfréi),. ., é)1<p—1 Then:

g— ] g—1 g—1 . (5]
M= i=0 Mk o Hj:() (Hi:O Mr(l)> : (5'2)

J

Applying the product formula (cf. Cor. 5.1.11), we can write:

g—1 [J] .
| | . — E Saj [j]
( i=0 MT(‘”) a;€A; ¢ MT”J" (5'3)

j
where, for any 0 < j < g — 1, A; is a non-empty finite set and s,,,r,; > 0 for a; € A;.
Combining (5.2) and (5.3) we obtain:

"= Z(ogj'gin GS(QO,..-,ag_l)MmO M’Ei]l "'MEV:}N (5:4)
where s(a, ..., a4—1) € Z and the summation is over the g-tuples (o, ...,ay_1) € Ag X ... X
Agy_q. If each of the sets Ay, ..., A, contains exactly one element, then for any 0 < j < g—1,

at most one element in {r(o),. . ](g Y

would be some j such that 7’](. ), r](

} is positive. Indeed, if this were not the case, there
> 0 for some a,b with 0 < a < b < g — 1; then by only
applying the product formula we would obtain:
g—1 7] (7]
(T )" = [(TLs M) (Vg o bt )|

(a)

Since T ()

— 1,7

;757 —1 > 0, the left hand side above contains at least two non-zero sum-

mand, contradicting the fact that by only applying the product formula we could also write
(7] ;
( ;;:—()1 Mq@) = e% ME] for some integers s;,7;. We conclude that if each of the sets
i
Ap, ..., A;_1 contains exactly one element, then M is irreducible and (5.2) is the standard

Jordan-Holder form of M.

If there is 0 < j < g — 1 such that A; has at least two elements, then in (5.4) at least tow
non-zero terms appear, so that each of the summand of (5.4) has dimension strictly less than

dimg, M, and by induction we are done. B
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5.2.3 Families of intertwining operators for g > 1

For g = 1, one has available two intertwining operators acting on [F,|G]-modules and shifting
weights by p £ 1, namely the Dickson invariant ©, and the derivation map D (cf. 5.1.2).
For g > 1, equation (®,) and the existence of partial Hasse invariants and theta operators
acting on spaces of mod p Hilbert modular forms (cf. [AGO05]) suggest that there should be
other intertwining operators between modular representations of G, generalizing ©, and D.

In this section we will construct such operators.

Unless otherwise specified, we will always assume g > 1, and we will consider all the

tensor product over F, (¢ = p?).

Generalized Dickson invariants

Definition 5.2.8. For any integer /3 such that 1 < g < g — 1, the (non-twisted) generalized

[£th Dickson operator is the element

O =XaY” " —ygx’

of the G-module M; ® M[f],ﬁ.

p

For integers o, 3 such that 0 < a < g—1and 1 < 3 < g — 1, the a-twisted generalized

[£th Dickson operator is the element

@[ﬁa] - X ® ng—ﬂ _y ® ng—ﬂ

of the G-module Ml[o‘] ® Mzggff !

Lemma 5.2.9. Let k, h be two non-negative integers and let o, be two integers such
that 0 < o < g—1and 1 < 8 < g — 1. Multiplication by @Ega} in the F,[G]-algebra
F,[X,Y]l* @ F,[X, Y]l induces an injective G-homomorphism:

OF : det” @M @ MMl @ M

Proof. We can assume a = 0. To prove G-equivariance of the map Og, it is enough to
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show that YOz = dety - ©g for all v € G. Let v = (zg) € (; then 703 equals:

@X+ Y)W X+d"YVP ' — (X +dY)® (¢’ X + Y’
= (aX +cY)® (X" +dv? ) = (bX +dY) @ (a’XP " + 4y
= (@X+eV)@ bX” " +dY”) = (bX +dY) @ (aX? "+ cy?)
= adXY” " +beY @ X” —beX@V? " —ady @ X”°
= detry- (X®ypg—6 _Y®ng—ﬁ>

= detvy-0O;s.

To show injectivity of O, notice that there is an isomorphism of F,[G]-algebras F,[X,Y] ®
F,[X, Y] ~ F,[Z, W, T, Upﬂ] obtained by sending the ordered tuple (X ® 1,Y ® 1,1 ®
X,1®Y) into the ordered tuple (Z, W, 7, U”ﬁ), were we are letting G acts on Z, W, T, U

as follows: for v = (ZZ) € G,

vZ4 = aZ + cW,
YW = bZ +dW,
YT = aT + cU,

~yU = bT +dU.

Under the above identification, the map ©4 corresponds to multiplication by ZU? — WT1

on F,[Z, W, T U pﬁ], and it is therefore injective. H

In addition to the above operators, the classical Dickson invariant also gives rise to an

intertwining map:

Proposition 5.2.10. Let k£ be a non-negative integer and let o be an integer such that
0<a<g—1 Let ©% = XY9— Y X1 be the classical Dickson invariant, viewed as an
element of M, (ﬁll- Multiplication by ©[* in the F,[G]-algebra F,[X, Y]l induces an injective
G-homomorphism:

o . O‘ [o] [o]
Ol : det” @M™ — M7 ).
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Proof. This follows from section 5.1.2. B

Notice that the operators @gﬂ and O (0 <a<g—1,1< B < g—1) pairwise commute,
as it follows by seeing them as multiplication by polynomials in some polynomial algebra

over F, (cf. the end of the proof of Lemma 5.2.9).

Remark 5.2.11. Let us fix a convention that will make the notation easier in the sequel.
For non-negative integers ko, ..., k;_1, the G-module M}, ® M, ,E} ®..0M ’5 jll] will be identified
with the G-module obtained by permuting in any possible way the tensor factors. Also, for
integers v, 3 and any G-module M, the notation M**% will denote the yth Frobenius twist

of M, where + is the smallest non-negative integer such that v = o + 5(mod g).

We can summarize the above results as follows:

Theorem 5.2.12. Let us fix non-negative integers ko, ..., kg_1. For any integers o, 3 subject
to the constraints 0 < a < g—1and 1 < [ < g— 1, there are pairwise commuting injective

G-intertwining operators as follows:
al | o i i [e? a+p .
@,Eg]  det” ® ®Z Mlgz] - <®i7ﬁo¢,a+ﬁ M’£11> ® Mk[fa]Jrl ® Ml[CaJrﬁLPg_ﬂ’

al . a [i] [i] (o]
0l : det? ®®i M, — <®i¢a Mkz> Mk&+(q+1)7

where the tensor products indices run over the integers i such that 0 < i < g — 1, unless

otherwise specified.

Remark 5.2.13. The operators @ga_]l for 0 < o < g — 1 give, under suitable assumptions,
cohomological analogues of the theta operators defined in [AGO5] in the context of Hilbert
modular forms. We do not know of any geometric interpretation of the other generalized

Dickson operators.

We can picture the weight shiftings allowed by the g(g — 1) + g = g* generalized Dickson

operators with the following self-explanatory tables:
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e, (1,p774,0,0,...,0,0) ©, (1,0,p972,0,...,0,0)
ol (0,1,p21,0,...,0,0) ol (0,1,0,p972,...,0,0)
e  (0,0,1,p771,...,0,0) e  (0,0,1,0,...,0,0)

¥ (0,0,0,0,...,1,p7 1) ¥ (p9-2,0,0,0,...,1,0)
e (p9-1,0,0,0,...,0,1) ¥ (0,p92,0,0,...,0,1)

©,.1 (1,0,0,0,...,0,p) ® (¢+1,0,0,..,0,0)
@Eilll <p>170707"'7070) @[1] (qu_'_LOv---anO)
e, (0,p,1,0,..,0,0) 2  (0,0,¢+1,...,0,0)

@[giﬂ (05070707-.-;170) @[9_2} (070’0”q+170)
07 (0,0,0,0,..,p,1) | | ©=1 (0,0,0,...,0,q +1)

For example, if ¢ = 2 the generalized Dickson operators give all and only the weight

shiftings of the form:
al(]-up) + a2<p7 1) + a3(07p2 + 1) + (14(]72 + 17 0)7

for any non-negative integers ai, as,as,as. For ¢ > 2 a new phenomenon occurs, as the

operators do not allow weight shiftings of the form:

(1,p,0,...,0,0),(0,1,p,...,0,0), ..., (0,0,0, ..., 1,p), (p,0,0,...,0, 1).

This happens not because of limitations intrinsic to our intertwining maps, but because of

the structure of G-modules:

Proposition 5.2.14. Assume g > 2 and let k, h be integers such that 0 < k, h < p— 1. For
any integer o such that 0 < a < g — 1 and any integer m, there are no G-module morphisms
det™ @M @ M- @ Mt
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Proof. It is enough to prove the non existence of morphisms for a = 0. Using (®,) and

(A,) we have, in Ko(G):

M;[Lljrp _ M}[L1]M1[2} + ep(h+1)M]£17}h72‘

Ifk #p—1, as g > 2, we deduce that the Jordan-Holder factors of My, ; ® M}[Lﬂp

are
M1 ® M,[Ll} ® M1[2] and det?"1) QM1 ® MI[)l_]h_2, unless h = p — 1, in which case only the

first factor occurs. None of these factors coincides with det™ QM;, @ M }[Ll].
If k=p—1, write M, = 1[1] +eM,_5 in Ko(G). Applying (II,) we obtain:

M M[l}

M (Ml[ﬂ 1 eMp,2> (M;[LI]MF] i ep(h+l)MZE1_]h_2)

= MM M 4 a2 gl

teMy_ oMy M 4 et oM,

If h # p — 1, the above formula shows that none of the Jordan-Holder factors of M, ® M }Eﬂp

equals det™ @M, ® M}[Ll]. If h = p— 1, we have:

MMy = MPMP e M P e M+ e, oMY M

P

= MY+ e + 20 MU, M e, oMY MY

and det™ @M, 1 ® M‘,l[,l_}1 is not a constituent of M, ® MQ[;]_I if p # 2. If p = 2, decomposing

M2[2] we get to the same conclusion.

We conclude this section by noticing the following consequence of Prop. 5.1.6:

Proposition 5.2.15. Let us fix non-negative integers ko, ..., k,_1. For any integer o such
that 0 < a < g — 1 consider the G-map 0 : det”” ® ), Mk[j—> (@Z#a M,L?) ® M,Ljh(qﬂ).
We have:

coker O] ~ (@i;ﬁa ME) ® [Indg (nka+2)] o] 7

where B is the subgroup of GG consisting of upper triangular matrices, and 7 is the
character of B defined extending the character diag(a,b) — a of the standard maximal torus

of GG.
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Remark 5.2.16. The Jordan-Holder constituents of coker @Eaa] can be explicitly computed
using the results we proved earlier, but we do not know of any interesting description of the

cokernel of the operators @E?].

Generalized D-operators

Let us denote by dx (resp. dy) the operator of partial derivation with respect to X (resp. Y)
acting on the polynomial algebra F,[X,Y]; if f € F,[X,Y], denote by the same symbol the
IF ,-vector space endomorphism of F,[X, Y] induced by multiplication by f. The operators
Ox®f,0y®f, f ®0x and f®0y are therefore derivation of the F -algebra F [ X, Y]|®F,[X, Y].

Definition 5.2.17. Let k,h be two non-negative integers. For any integer 3 such that
1 < B < g—1, the (non-twisted) generalized Sth D-operator is the F,-vector space homo-

morphism:

Dg = 0x ® X 1oy V" My ® Mf[Lﬁ] — My @ Mf[ﬁpg‘ﬂ'

For any integers «, f such that 0 < a < g—1land 1 < g < g—1, the a-twisted generalized

Bth D-operator is the [F -vector space homomorphism:

D,gl] — aX ® ngfﬁ + aY ® ngfﬂ : M]EOA] ® M}[LOL+B} _ Mk[i]l ® M}[ﬁ:;f}_ﬁ

Lemma 5.2.18. Let k, h be two non-negative integers and let «, 5 be integers such that

0<a<g—1land1l<pg<g—1. The operator D[ﬁa} . M,La] ® M}[La+ﬁ]—>M,£‘i]1 ® M,[lo_‘;f},ﬁ is a

G-homomorphism; it is injective if 0 <k <p—1land 0 < h <p—1.

Proof. By twisting, we can assume that « = 0. Fix f; € My, fo € M}EB] and let

+B

v = (‘Z Z) € (; denote by 7"B the matrix (ZZB Zgg ) , where o denotes the arithmetic Frobenius
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element of Gal(F,/F,). Ds (7(f1 ® f2)) equals:

[a- (Ox f1) (VX AY) + b (O 1) (X AY)] @ X7 fo(v7" X, 777Y)
+le (Oxf) (VX AY) +d- (O 1) (X AY)] @YY fo(v7 X, 477Y)
= (Oxf1) (WX AY)® (aX? " +cY? ) fo(v X, 47T

+ (O 1) (VX AY) @ 0XP° Ay ) fo(v7 X

= D5 (1 ® f2).

Y)

For the injectivity statement, notice that if 0 < k <p—1and 0 < h < p—1, then M} ® M}Em
is an irreducible G-module, so it is enough to show that Dgs is non-zero on M; ® M, }[L’B I We

have Ds(X* @ X") = kXF 1 ® XM~ and this is non-zero as k is prime with p. B

In addition to the above operators, the D-map defined by Serre also gives an intertwining

map:

Proposition 5.2.19. Let k£ be a non-negative integer and let o be an integer such that
0 < a < g—1. Then the Frobenius twists of Serre’s operator DIl = X919y 4+ Y40y define
G-homomorphisms:

Dl — M

which are injective if 1 < k <p—1.

Proof. After twisting, we can assume a = 0. The result then follows from section 5.1.2

and the irreducibility of M. ,La] intherange 1 <k <p—1. N

We can summarize the above results as follows:

Theorem 5.2.20. Let us fix non-negative integers ko, ..., kg—1. For any integers o, 3 subject
to the constraints 0 < a < g—1and 1 < g < g— 1, there are G-intertwining operators as

follows:
o] . [i] [i [a] [a+0] )
DB ’ ®1 Mkz - (®i7éa,a+,8 Mkz) ® Mka—l ® Mka+ﬁ+pg—5?

o . i i 8
Dl Q) My — ((g)#a Mki) MEL s
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where the tensor product indices run over the integers i such that 0 < i < g — 1, unless
otherwise specified. If 0 < ko < p—1, then D! is injective; if in addition 0 < kayp <p—1,

then ng is injective.

Remark 5.2.21. The operators Déa_}l for 0 < a < g — 1 give, under suitable assumptions,
cohomological analogues of the partial Hasse invariants defined in [AGO5] in the context of
mod p Hilbert modular forms. We do not know of any geometric interpretation of the other

D-maps introduced above.

We can picture the weight shiftings allowed by the g(g — 1) + g = g generalized D-maps

as follows:

Dy (-1,p°71,0,0,...,0,0) D, (=1,0,p972,0,...,0,0)
D' (0,-1,p971,0,...,0,0) DY (0,-1,0,p972,...,0,0)
D (0,0,—1,p91,...,0,0) DE  (0,0,-1,0,...,0,0)

DggiQ] (07070707"'7_17pg_1> D£972] (pg_27070707"'7_1’0)
Dggil] (pg_ly())())o)-.-,o?_]‘) Dggil] (O7pg_270707"'707_1)

D,1 (~1,0,0,0,...,0,p) D (¢-1,0,0,..,0,0)
b, (p,~1,0,0,...,0,0) DY (0,¢q—1,0,...,0,0)
D, (0,p,~1,0,...,0,0) D (0,0,g—1,...,0,0)

Di]g:f] (07070707'“7_170) Dl (070707---7q_170>
D![]g:ll] (0,0,0,0,...,p,—l) Dlo=1 (070707---707q_1>

Similarly to what happened for the generalized Dickson operators, the non existence of
shiftings of the form
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(-1,p,0,...,0,0),(0,-1,p,...,0,0),...,(0,0,0, ..., —1,p), (p, 0,0, ...,0, —1)
when g > 2 is a consequence of the structure of the irreducible G-modules:

Proposition 5.2.22. Assume g > 2 and let k, h be integers such that 0 < k, h < p— 1. For
any integer o such that 0 < a < g—1 and any integer m, there are no G-module morphisms

det™ @M @ MM @ Myt

Proof. It is enough to consider the case a = 0; we can also assume that k # 0. Using

formulae (®,) and (A,) we have, in Ky(G):

a1

htp — Mlgl]Ml[Q} + ep(h’Ll)Mm

“h—2
As g > 2, the Jordan-Holder factors of My _; ® M, ,Eﬂp are
My @ MY @ MP, det?™) @0,y @ MY, ,,

unless h = p — 1, in which case only the first factor occurs: none of these factors coincides

with det™ @M, @ M 1

We conclude by noticing the following consequence of Th. 5.1.8:

Proposition 5.2.23. Let us fix non-negative integers ko, ..., ky—1; let o be an integer such
that 0 < o < g —1 and assume 2 < k, <p—1, k, # ﬂ. Consider the injective G-map
Dlel; plel s @, M= (@0 ML) @ M. ). We have:

coker DI ~ (®z;éa M[Zl> ® [_ (Xka)] (o] 7

where: = (X ) = H!. (Crr,)-ka @wE,) Fq, C is the Deligne-Lusztig variety of SLy,

cris

and the (—k,)-eigenspace of H);(C/r,) is computed with respect to the natural action of

ker(Nmgx px ) on Hli(Cr,).

Remark 5.2.24. We do not know of any interesting description of the cokernel of the

al

operators D[ﬁa]. The Jordan-Holder constituents of coker D[ﬁ can be explicitly computed

using the results described in this dissertation.
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CHAPTER 6

Weight shiftings for automorphic forms

We apply the results of the previous sections to obtain weight shiftings for automorphic
forms on definite quaternion algebras whose center is a totally real field /' unramified at the
prime p > 2. First we treat the case in which the tensor factors - corresponding to the prime
decomposition of p in F' - of the weight that we want to shift are all of dimension greater
than one: this is what we call a weight not containing a (2, ...,2)-block. In section 6.2 we

consider shiftings for irreducible weights that contain a (2, ..., 2)-block.

6.1 Shiftings for weights not containing (2, ..., 2)-blocks

Let us fix some notation that will be used throughout this section and the next one. Let F

be a totally real number field of degree g over Q, and let p > 2 be a rational prime which

is unramified in F'/Q. Denote by Op the ring of integers of F' and write pOp = HT ) B,
J:

where the 3,’s are distinct maximal ideals of Op.

Fix an integer j with 1 < j < r. Let f; be the residual degree of ‘B; over pZ, so that
Fy, := Op/PB; is an extension of F, = Z/pZ of degree f;. Let Iy, be the completion of F' at
B;, and denote by Opmj its ring of integers. Fix an algebraic closure @p of Qp; let n be the
positive least common multiple of the integers fi, ..., f, and let FE be the maximal unramified
extension of Q, inside @, having degree n over Q,, so that Hom(F,Q,) = Hom(F, E).
Denote by O the ring of integers of F and let F be its residue field. Let o be the arithmetic
Frobenius of the extension £/Q,. Set:



where the labeling is chosen so that, for any i, we have:

0o Uz(j) = az('i)l'

Here the subscripts are taken modulo f; and in the range 0 <17 < f; — 1.

Denote by a bar the analogous morphisms for the residue fields, so that @ is the arithmetic

Frobenius of the extension F/F,, and:

Hom(Fy,,F) = {7 : 0 <i < f; — 1}

7

are labeled so that:

) _ =0)

goo0; :O'Z-Jrl,

where the subscripts are taken modulo f; and in the range 0 <7 < f; — 1.

We let Ap be the topological ring of adéles of F', and we denote by AY the subring of
finite adeles. We let My (resp. Mpoo) be the set of finite (resp. infinite) places of F* and

we identify 9y ; with the set of maximal ideals of Op.

6.1.1 Some motivations: geometric Hilbert modular forms

Denote by dr the discriminant of F'/Q and fix a fractional ideal a of F' with its natural

positive cone a*, so that (a,a’) represents an element in the strict class group of F. Let

N > 4 be an integer and recall that, by previous assumptions, p does not divide dr. Let S
1

be a scheme over Spec(Z[;-]).

There is an S-scheme M parametrizing isomorphism classes [(A4, A, ¢,¢)/T/S] of (a,a™)-
polarized Hilbert-Blumenthal abelian 7T-schemes (A, \) of relative dimension ¢g (7" is an
S-scheme), endowed with real multiplication ¢ by Op, py-level structure €, and satisfying
the Deligne-Pappas condition (or, equivalently since dp is invertible in S, satisfying the
Rapoport condition). M has relative dimension g over S and is geometrically irreducible;

see [DP94] and [AGO5] for more details.

Let G = Resp, /Z(Gm,oF) be the Weil restriction to Z of the algebraic Op-group G, 0,

For any scheme 7', denote by Xy = Hom(Gry, G,, 1) the group of characters of the base
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change Gr of G to T'. If S is the scheme over Spec(Z[#]) fixed above, a geometric (a,a™)-
polarized Hilbert modular form f over S having weight x € Xg and level i, is a rule that
assigns to any affine scheme Spec(R) — S, any R-point [(A, A, ¢,e)/R/S]| of M, and any
generator w of the R ®7 Op-module Q}L‘/R, an element f(A, A, ¢,e,w) € R such that:

f(A7 )\7 L7€7 &_1 ) = X(a) ) f<A7 A? L7€7 w)

for a € G(R), and such that some compatibility conditions are satisfied (cf. [AGO05], 5). We
denote by M, (uy,S) the I'(S, Og)-module of such functions.

We remark that the formation of spaces of geometric Hilbert modular forms does not
commute with base change: for example, if g >1and 1 < j <r, 0 <i < f; — 1, the (j,4)th
partial Hasse invariant that we will consider below is a non-zero, non-cuspidal modular forms
over Spec Fy. that cannot be lifted to a modular forms over Spec OF: the natural reduction

morphism M, (y, Op)— M, (y,Fy;) is in general not surjective.

Assume g > 1 for the rest of this paragraph. We consider modular forms over S =
Spec(FF). The labeling of the embeddings af.j ) for 1 <j<rand0<1¢< f; —1 induces a

canonical splitting:

T
= , G
@jzl @U’EJ)F‘,B]‘—AF m;F?

such that the projection x ;) of G onto the (7, 1)th factor is induced by EZQ ). The character
group Xy of Gy is the free Z-module or rank g generated by these projections. A geometric

fi-1_a? )

Hilbert modular form over Spec(F) whose weight is [];_, [[;Z, X(jq for some a;’ € Z is

also said to have weight vector @ = (@", ..., @™) where @) = (a(()j), . a%_)_l) for1 <j<r.

Th. 2.1 of [Gor01] shows that, for any 1 < j <7 and 0 <i < f; — 1, there is an (a,a™)-
polarized Hilbert modular form h;; over Spec(F) having weight X?j,iq)X(_j,li) and level 1,
whose g-expansion at every (a,a’)-polarized unramified [F-rational cusp is one. h;;) is
called the (j,i)th partial Hasse invariant. As mentioned earlier, the forms h(;;) are not

liftable to characteristic zero; even the total Hasse invariant, i.e., the form h = H( i) hja,
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having parallel weight (p —1,p—1,...,p — 1), is not always liftable to characteristic zero (cf.
Prop. 3.1 in [Gor01]).

As a consequence of the existence of the partial Hasse invariants, one can produce (geo-
metric) weight shiftings. More precisely, fix an integer j such that 1 < j < r and as-
sume y € Xp is such that M, (uy,F) # 0; denote the weight vector associated to x by
a = (aV,...,a"). Multiplication by h(;s for an integer 7 such that 0 <4 < f; — 1 induces
a Hecke injection of M, (uy,F) into M,/ (uy,F), where the weight vector associated to x’ is
d+tand & = (V... i) is such that #7) = 0 if r # j, while #¥) is one of the following

fj-tuples:
(—-1,0,0,...,0,p) ifi=0,

(p,—1,0,...,0,0) ifi=1,

(0,p,—1,...,0,0) ifi=2,

(0,0,0,...,p,—1) ifi=f;—1.

In [Kat78] 2.5. and [AGO5] 12, generalized theta operators acting on spaces of geometric
Hilbert modular forms over Spec(FF) are defined, allowing additional weight shiftings. For

example, if p is inert in F'/Q, these operators induce shiftings by the vectors:

(1,0,0,...,0,]9),
(p7 170’ "'707 0)7
0,p,1,...,0,0),
(0,0,0,...,p, 1).

The reader will notice that the two sets of weight shifting vectors described above are con-
tained in the sets of weight shifting vectors produced in 5.2.3 and 5.2.3 for F,-representation
of GLy(F). Exploiting the adelic definition of Hilbert modular forms, we will see that all

the geometric weight shiftings can be obtained as cohomological weight shiftings via the
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operators considered in Section 3. The purely cohomological picture will be reacher, as more
shiftings will be allowed. The formation of spaces of adelic automorphic forms on definite
quaternion algebra will have the advantage of being compatible with base changes, under
suitable assumptions (Prop. 6.1.2). Finally, our cohomological weight shiftings translate

into weight shiftings for (mod p) Galois representations arising from automorphic forms on

GLay(Ar).

6.1.2 Automorphic forms on definite quaternion algebras

We recall the definition and some properties of automorphic forms on definite quaternion
algebras over totally real number fields. The exposition follows [Tay06] and [Kis09b]; cf. also
[Tay89].

Fix a finite set ¥ C 9y disjoint from the set of places of I’ lying above p and such
that #% + [F' : Q] = 0(mod 2). Let D be a quaternion algebra over F' whose ramification
set is Mp oo U X. Let Op be a fixed maximal order of D and for any v € My — ¥ fix ring

isomorphisms (Op), =~ M2(Op,).
Let U be a compact open subgroup of (D ®r A¥)™ such that:
1. U= Hveime U,, where U, is a subgroup of (Op);
2. U, = (0Op)* ifve;
3. if v|p, then U, = GLs(Op,).
Let A be a topological Z,-algebra. Let v be a place of F' above p, say v = v; = ‘B,

for some integer j such that 1 < j < r; let W, be a free A-module of finite rank and fix a

continuous homomorphism
T Uy, = GLQ((’)F%) — Aut(WW7,),

where Aut(WW;,) is the group of continuous A-linear automorphisms of W, . Let W, =

®§:1 W, where the tensor products are over A, and denote by 7 the corresponding group
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homomorphism 7 : [[;_, Uy;— Aut(W;). If no confusion arises, we also denote by 7 the
action of U on W, induced by precomposing the latter morphism with the natural projection
U= 1152, Uy,
For A as above, let 1 : (A%®)* /F*—A* be a continuous character such that, for any
v E Mpy:
Tisnox (W) = ¢~ (u) - Idw,, for allu € U, N O .

Fy

We say that such a Hecke character 1) is compatible with 7.

Definition 6.1.1. For D,U, A, 7,W. and v as above, the space S; (U, A) of automorphic
forms on D having level U, weight 7, character i) and coefficients in A is the A-module

consisting of all the functions:

f:D*\(D®pA¥) — W,
satisfying:

(a) f(gu) =7(u)"tf(g) forall g € (D ®p A®)”* and all u € U;

(b) f(gz) =¥(2)f(g) for all g € (D ®p A®)* and all z € (A¥)™.

As in [Kis09b], we will assume, unless otherwise stated, that for all t € (D @ A®)”, the
finite group (U-(A%)*Nt~1D*t)/F* has order prime to p. This assumption is automatically

satisfied if U is sufficiently small, as Lemma 1.1. of [Tay06] implies that in this case (U -
(A®)Nt1D*t)/F* is a 2-group. We obtain as a consequence (cf. [Tay06], Cor. 1.2):

Proposition 6.1.2. Let B a topological A-algebra. The natural morphism
STﬂlJ(U? A) ®a B_>ST®AB»1/)®AB(U7 B)

is an isomorphism of B-modules.

Define a left action of (D ®p A®)™ on the set of functions D*\ (D @ A¥)* — W,
by setting (gf)(z) := f(zg) for all g,z € (D®r A¥)*. Let S be a set of primes of F
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containing the ramification set of D, the primes above p and the primes v for which U, is
not a maximal compact subgroup of D). Let T¢"}" = A[T,, S, : v ¢ S| be the commutative
polynomial A-algebra in the indicated indeterminates. For each finite place v ¢ S, let w,
be a fixed uniformizer for F,. S:,(U, A) has a natural action of T¢%", with S, acting via

the double coset U (w“ ) U and T, via U (¥* ) U (cf. [Tay06], 1); this action does not

Wy

Univ

depend upon the choices of uniformizers that we made. The image of T¢"}" in the ring of
A-module endomorphisms of S; ,,(U, A) is the Hecke algebra Tg 4 acting on S; (U, A). The

isomorphism of Prop. 6.1.2 is Hecke equivariant.

6.1.3 Behavior of Hecke eigensystems under reduction modulo My

For a discrete valuation ring R, we will denote by 91y its maximal ideal. If the residual
characteristic of R is p > 0 and no confusion arises, we will also improperly refer to reduction
modulo Mp as reduction modulo p. If 7 is a commutative algebra, a system of eigenvalues
of 7 with values in R is a set theoretic map Q : 7 — R; the reduction of 2 modulo p,
denoted (), is the function obtained by composing €2 with the reduction morphism R — 93%'
Let RT = R®z T, if M is an R7-module, we say that a system of eigenvalues €2 : 7T—R
occurs in M if there is a non-zero element m € M such that Tm = Q(T)m for all T € 7T.

Such a non-zero m is called an {2-eigenvector.

Fixing R and 7 as above. We have:

Lemma 6.1.3. Let M be an R7-module which is finitely generated over R. If 2 : T—R is

R

i 1S a system of eigenvalues of

a system of eigenvalues of 7 occurring in M, then Q : 7 —

T occurring in M := M ®p 93%'

Proof. Cf. [AS86al, Prop. 1.2.3. B

Lemma 6.1.4. Let M be an RT-module which is finite and free over R. Let Q : Temi;
be a system of eigenvalues of 7 occurring in M = M ®p mi;. There exists a finite extension

of discrete valuation rings R'/R such that 9tz N R = My and a system of eigenvalues

VT — R of T occurring in M ®p R’ such that, for all 7' € 7, Q(T)(mod Mz) = Q(T)
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in smil;,' (Here we view smiR - WL};/ by the given embedding R C R').

Proof. Cf. [DS74], Lemme 6.11. A generalization of the result is given in [AS86a/, Prop.
1.22. 1

Let D, U, 7, W, and ¥ be as in 6.1.2, and set A = O. In particular, we assume that
is compatible with (7, W), U is small enough and p is odd. Denote by a bar the operation
of tensoring over O with F. From now on, unless otherwise stated, we assume fixed a set S
of primes of F' containing the ramification set of D, the primes above p and the primes v for
which U, is not a maximal compact subgroup of D). The Hecke eigensystems considered

below will always be with respect to the Hecke algebra ']I‘gffg? for some topological Z,-algebra

A

Proposition 6.1.5. Fix an O-valued weight (7, W./) together with a compatible Hecke
character ¢’ : (A®)* /F*—O* such that ¢ = 9. Let ¢ : (7,W:) — (7, Wx) be a non-
zero intertwining operator for F-representations of U. ¢ induces a Hecke equivariant map
@x 0 57 3 (U, F)—= S5z (U, F).

Assume ¢ is injective: then if (2 is a Hecke eigensystem occurring in S; (U, O), there
is a finite extension of E, with ring of integer O’ such that My N O = M, and there is a

Hecke eigensystem €' occurring in S, 4 (U, O') such that:

/

f)ﬁo/ .

Q' (mod Me/) = Q(mod M) in

Proof. For f € S; ;(U,F) set ¢, (f) :=¢of. ffge (D®pA¥) ,uecUand z € (AP)"

we have:

e.(f)gu) = o(f(gu) = (Flu ) f(9) =7 (W) ¢ (f(9)),
. (Ngz) = ©(flg2) = (¥(2)f(9) =¥(2)e (f(9)).

Since ¢ = v, we have that 7 and ¢ are compatible and we conclude that ©.(f) € 7 3(U,F).
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If g2 € (D®p A¥)”, we have:

(9-9.(f)(x) = (pof)(zg)
= (po(g-f))(x)
= (pulg- 1)) (2),

so that ¢ is Hecke-equivariant. Assume now that ¢ is injective and notice that this implies
the injectivity of ¢,. Let 2 be a Hecke eigensystem occurring in the finite O-module with
Hecke action S; (U, O); by Prop. 6.1.2, reduction modulo p induces a Hecke equivariant
surjection 7 : S 4 (U, O) — S; (U, F).

By Lemma 6.1.3, the Hecke eigensystem Q := Q(modMe) occurs in S; ;(U,F), and
hence in Sy ;(U,F) as ¢, is Hecke equivariant and injective. Now, applying Lemma 6.1.4
to the Hecke equivariant surjection S, (U, O)—Ss 5(U,F), we deduce the existence of a
finite extension of discrete valuation rings O’/O such that Mo N O = Mp, and of a Hecke
eigensystem ' : Tg o — O occurring in S, (U, O) ®o O" whose reduction modulo Mer
has value in F C smL(;, and coincide with Q. By Prop. 6.1.2, S, (U, O)®0 O’ ~ S, (U, O")

as Hecke modules, and we are done. W

6.1.4 Holomorphic weights

For any integer j such that 1 < j < r let us fix two tuples kU) = (k(()j), ceey kffj)_l) € Z];jz and
G0 = (0l ..., w? ) € ZJi. Define the finite free O-module with GL(O)-action:
0 fi-1

€]

fi—1 G)_ !
Wi a0y = ®i:0 Sym"" 2 0% ® det"

where the tensor products are over O.

If we let the group GL2((’)F%) act on the tensor factor Symkfj)_z 0?® det“’gj)(here 0<
i < f;— 1) via the embedding GLs(Op, )—GLy(0) induced by o = o 0 o), Wz )
can be seen as a representation of GLQ(OFEBJ_ ). We view GLQ(OF%) as a subgroup of G Ly(O)

via the embedding U(()j), and we write the GLg(Oij )-representation W) ) as:

fi—1 () _ W@ [
Wi a0y = ®;0 (Sym"“i 20 @ det" ) :
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where the superscript [i] indicates twisting by the ith power of the Frobenius element o. In
the sequel, unless otherwise stated, we always view G Ly (O ij) C GLy(0) via 3.

Denote by 7 50, the continuous action of GLg((’)ij) on W) sy and let 75 o =
®§:1 TR 50> where the tensor products are over O and k= (lg(l), o E(T)). We have:

T(E,E)) : Hj:l GLQ(Oij) — Aut W(Ew),

with Wi 5 = Qs W ) 0y (tensor product over O).

If there is some integer j such that k0 = (2,...,2), we say that the weight T (7 contains
a (2,...,2)-block relative to the prime 93;. This terminology is not standard but it is used

throughout the dissertation.

We say that T () is a holomorphic weight if there exists an integer w such that:

kl(j) + 2w(j) 1=uw (*)

forall 1 <j<randal0<i<f;—1(cf [Hid88)).

The pair (E , W) € ZéQ x 7.9 is called the parameter pair for T F): If T ) is a holomorphic

weight, it is also determined by the parameter pair (E, w) € 7L, X Z, with w as in (*).

Some results on holomorphic weight shiftings

Lemma 6.1.6. Let us view the holomorphic weight T (hw) 88 AN O-representation of the
fixed level U C (D ®@p A®)*. A Hecke character ¢ : (A®)* /F*—O* is compatible with

T (Fw) if and only if the following two conditions are satisfied:

(a) ¥(u) =1 forallu € U, N OF , where v € Mgy and vlp;

1—w
(b) ¥(u) = <Nmij/Qp(U)) for all u € O;mj, where 1 < j <r.

Proof. The reason for condition (a) is clear, as the representation T (fw) factors through

H§:1 GLQ(Oij). Let j be such that 1 < j <r and fix u € O;‘x ; recall that we embed (’)ij
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in O via ¢%. The matrix ()€ GLQ((’)F%) acts on W ) as the automorphism:

u

fiml o i k9 —2120 > _ =l i Nw-1 g
®i:0 (O’ (u) Id;) = ®i:0 o'(u) Id;
w—1 fi—1
= (Nmp%]/(@p(u)) .®i:0 Idz

w—1
= (Nmpmj/@p (U)> ) IdW(,;(a'),w)’

where Id; denotes the identity map of the O-vector space:
() 6N 1
(symkf -2 02®detwi]> ,

and we used the assumption that the local extension Fiy,/Q, is unramified with Galois

group generated by the restriction of o to Fi,. The result now follows, as we need to have

Tiox (u) = Y (u) - ldw, - ®
- :

J

Lemma 6.1.7. Let w be an even integer. Then there exists a continuous character v :

(AF)” JF*—Z) such that:

a) Y(u) =1 for all u € O , where v € Mp ; and v|p;
F, of

(b) ¥(u) = <Nqu3 ,/Qp(u)>w for all u € Of,{43 , where 1 < j <r.
J J

Proof. The adéles norm map (A¥)™ — (Afif)x induces a continuous homomorphism
Nm : (A¥)* /F*— (AF)” /Q*. The group-theoretic decomposition (A¥)" = Q* 7"
induces a continuous isomorphism £ : (Ag) * JQ*—Z*/ (—1). Finally, the map [], Z) —Zy
defined by sending the tuple (;);, € [], Z; into a;’ € Z, defines a continuous homomorphism
o %) (=1) —Z, since w is even. We check that the composition ¢ := o o Nm is a

Hecke character with the desired properties.

Assume v = P;|p and view a fixed u € O;mj as an element of (AS)™ whose v-component
is v and whose v'-component is 1 for all finite places v' # v of F. Then Nm(u - F*) =
Nmij /0,(u) - Q*, where we identify Nmp,nj /0, (1) with the adele of Q whose p-component
is the p-adic unit Nmp‘pj /q,(u) € Zy and whose other components are equal to 1. Then
(@of) <Nmpmj 10, (1) Qx) _ (Nmij /Qp(u))w € ZX.
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Assume v is a finite place of F' lying above some rational prime [ # p and let u € O,
viewed as an element of (A%)™ in the usual way. Write Nm(u- F*) = Nmpg, /g, (u) - Q; since

the p-component of Nmp, g, (u) € Z* is trivial, ¢(u) = 1. B

Set A= 0O and let D, U, (1,W,) and v be as in 6.1.2.

Proposition 6.1.8. Assume 7 = T o) and 7/ = T (frury 1€ holomorphic O-linear weights
for automorphic forms on D, with w = w/(modp — 1) and w odd. Assume that T (fw) a0d
1) are compatible and that T (Fw) is isomorphic to an F-linear U-subrepresentation of T (F w)-

Then:

(a) There is a Hecke character ¢’ : (A®)™ /F*—O* which is compatible with T () a0
such that {D/ =q);

(b) For any Hecke eigensystem €2 occurring in S; (U, O) there is a finite extension of discrete
valuation rings O'/O with Mo N O = My and a Hecke eigensystem 2’ occurring in
Sy (U, O') such that '(mod Mer) = Q(mod Mp).

Proof. Since p > 2, the integer 1 — w’ is even. By Lemma 6.1.7, there exists a Hecke
character ¢" : (A¥)* /F*—ZX C O such that ¢)"(u) = 1 for all v € My not lying above
pand all u € OF , and ¥ (u) = (Nmij/Qp(u» ! for u € (9;%_ (1 <j <r). By Lemma
6.1.6, " is compatible with T (-
Let o denote the reduction modulo 9ty of the Hecke character ¢ '¢)”. Since w =

w'(modp — 1), by the compatibility of ¢ with 74, and by the construction of Y, the

continuous character « is trivial on the open subgroup
X T X
HUM (0.N0Oz,) x 1T OF%

O\ X
of ((’)F ®z Z) . Therefore « factors through a finite discrete quotient of (A%)*. In partic-

ular, the Teichmiiller lift & of « is a continuous character (A¥)™ /F*—O*. The O*-valued

1

Hecke character ¢’ := ¢"a ™' is compatible with T (.wr) 20d satisfies ¢ =1, so that (a) is

proved.

Part (b) follows by applying Prop. 6.1.5 with ¢’ chosen as in (a). W
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Link with classical automorphic forms on D*

To conclude this paragraph, we make explicit the link between adelic automorphic forms
for a definite quaternion algebra D having holomorphic weights, and classical automorphic

forms for the algebraic Q-group D associated to D*.

Set A= F and let 7: [[;_, GLQ(Oij)—> Aut(WW;) be a weight for adelic automorphic
forms on D as considered in 6.1.2; suppose W, = W_ae @ Wosm, where Wosm is a smooth

irreducible E-representation of [[7_, GLs(O Py, ), and

r fi—1 () _ W@\
Wee =@ Q) (8ym" 2 B2 @ det”)

is an irreducible algebraic representation of D(Q,) = (D ®q Q,)* = [[_, GL2(Fy,). We
assume that kgj ) —|—2w§j )1 equals some fixed integer w forall 1 < j <randall0 <: < f;—1.
Recall that, as usual, we see Fp, embedded in E via O'(()j ) for 1 < j < r; we can also write
Weae = ®J:F_>E (Sym™ " E2 @ det"”). Let ¢ : (A¥)* /F*—E* be a Hecke character

compatible with 7.

Fix an isomorphism Q, ~ C, inducing an embedding £ — C. View WTzlg =W, ag @ C
(resp. Wesm := Wyem ®p C) as a complex representation of D(R) := (D ®gR)™* C D(C) ~
D(Q,) (resp. of [T, GLg(Opmj)). Let W,. := W, ®g C be the corresponding complex
representation of []}_, GLQ(OF%_) X [110(Op)y -

Let U’ be a compact open subgroup of (D @ A®)™ such that U’ = [] U!, where

UEfmF,f

U, = U, if v|p and, for vj|p, U, C GLg(Oij) acts trivially on Wi sm. Denote by
C¥(D*\ (D @ Ap)* /U')

the complex vector space of smooth functions f : D*\ (D ®@p Ap)™ —C which are invariant

by the action of U’. Let W be the C-linear dual of W_.

Define a map:
a: S; (U, B) — Hom pg < (W, C(D*\ (D ®@p Ap)* /U"))
by sending f € S; (U, E) to the assignment:

w* > (g — w (125 (920 )78 () £ (9%)),
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where w* € W and g € (D ®p Ap)”. We have the following (cf. [Kis09b], 3.1.14):

Proposition 6.1.9. The map « identifies S, (U, E) ®p C with a space of automorphic

forms for the group D* having central character ¢ given by

ve(9) = Nmryg(geo) '™ Nmpyg(gp)" 4 (9)

for g € (D ®r Ap)”™.

If 7 = @, m, is an irreducible automorphic representation for the group D*, then =
is generated by an element in o(f)(W?) for some f € S; (U, E'), some U small enough
and some E' O E big enough, if and only if 7., ~ W*,, and ®v‘p T, contains Wj%m as a

Tc

representation of [;_, GLQ((’)F% ).

Assume furthermore that F//Q has even degree and that we choose ¥ to be the empty set.
Let 7 be a holomorphic weight with parameters (/g, w) € 7y x 7Z and let ¢ : AL /F X—>@;
be a continuous character such that ¢(a) = (Nma)' ™" for all @ contained inside an open

subgroup of (F ®g Q,)*. Fix an isomorphism Q, ~ C as before.

As a consequence of the classical Jacquet-Langlands theorem, we can identify the complexifi-
cation of the space S, 4 (U, Q,) (E -+ 2) with a space of regular algebraic cuspidal automorphic
representations m of GLy(Ap) such that m, has weight (E,w) and 7 has central character
o If k = 2 the identification works if we consider, instead of S, »(U,Q,), the quotient of
S, (U, Q,) by the subspace of functions factoring through the reduced norm. For a detailed
formulation of these last facts, cf. Th. 2.1 of [Hid88] and Lemma 1.3 of [Tay06].

6.1.5 Holomorphic weight shiftings via generalized Dickson invariants and D-

operators

Let g be a power of p. The intertwining operators between F,-representations of G Ly(F,)
studied in Section 5.2 allow us to produce weight shiftings between spaces of automorphic

forms having holomorphic weights.
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Main theorem

Let us set A =0 and let D, U, (7,W,) and 9 be as in 6.1.2. Recall in particular that U is
small enough and that v is compatible with 7. For simplicity, if 7 is a holomorphic weight
with parameters (E, w) € ZLyxZand f € S; 4(U, O), we also say that f has weight (l;, w) or
that f has weight k. Recall that we write k = (E(l), s E(T)) with k() = (k(()j), s k}ill) € Z’;Jé
for 1 < j < r, and that we define the vector ") = (w(()j), ,w;ill) € 7' by the relations

kD 42w — 1 =w, forall0 <i < f; — 1.

%

Theorem 6.1.10. Assume 7 is a holomorphic O-linear weight with parameters (E, w) €
78, x 7 with w odd. Let f = min{fy, ..., f,} and fix an integer 3 such that 1 < 3 < f. For

any integers i,j with 1 < j <r and 0 <17 < f;_ choose:
af € o’ — 10"+ 1}.

Set @ = (@, ...,a") with a9 = (ay’, ...,a%)_l), and let w' = w + (p® — 1). Assume at least

one of the following conditions is satisfied:

(*) Let j be any integer such that 1 < j <r and B < f;. Then for any i with0 <i < f; —1
and agj) = p% — 1, we have that 2 < k'gj) <p+1,2< k:gi)frﬁ < p+1 and if
i' # i is another integer such that 0 < i’ < f; — 1 and ag,j) = p% — 1, we also have
i # i — f(mod f;).

Let j be any integer such that 1 < j < 1r and B = f;. Then for any i with 0 <1i < f; — 1

and agj) = p® — 1, we have that 2 < k:f) <p-+1L

(**) The weight (E, w) is p-small and generic, i.e., 2 < /@@ <p+1foralli,j.

Let ¢ : (AX)* /F*—O* be a Hecke character compatible with 7. Then, if Q is a Hecke
eigensystem occurring in the space S; (U, O), there is a finite local extension of discrete val-
uation rings O'/O and an O'-valued Hecke eigensystem Q' occurring in holomorphic weight

(k + @, w') and with associated Hecke character 1 such that:

Q' (mod Mer) = Q(mod Mp).
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The character ' is compatible with the weight (E + d,w') and it can be chosen so that

-/

U=
Proof. Recall that 7 is the O-linear representation

T H;:l GLQ(Oij)ﬁ Aut VV,
_ j i\ ] ; ;
where W = Q'_, W;, W; = R (Symkg 202 @ det™ )> kY ol -1 = .
The group GLg(Op(nj) acts on W via the action on W, induced by the embedding aéj) :
GLQ(OF%) — G'Ly(O). The superscript [i] indicates twisting by the ith power of the arith-

metic Frobenius element of Gal(£/Q,).

The F-linear representation W; := W; ®¢ F of GLy(O ij) factors through the reduction
map GL2(Oij) — GLy(Fg,); using the notation introduced in 5.1 we can identify W; with
the F[G Ly(Fyp, )]-module

- fi—1 ONU
W; = ® ]0 <Mk§j)_2 ® det i ) ,

where we see G'Ly(Fy,) — GLy(F) via 5(()j ), and the superscript [i] indicates twisting by the
ith power of the arithmetic Frobenius element of Gal(F/F,).

For any fixed integer j, 1 < j <r,let 7; = {i : agj) =pP+1}and D; = {i: an) =p’—1}.
For i € T; set 19?’ = @Bf]]__ﬁ if 8 < f; and 19§j) := Ol if 3 = f;, where @5@_6 and O are the
generalized Dickson invariants for the group GLy(Fg;) >~ GLa(F ;) as defined in 5.2.3. For
i € D set (57@ = Dg_ﬁ if 8 < f; and 5§j) .= DU if 8 = f;, where DE}}_B and DU are the
generalized D-operators for G Ly(Fy,) defined in 5.2.3. Set:

Aj = (@ie’]} ﬁgj)) ° (@ieDj 5§j)> ’

where the symbol () denotes composition of functions, and each of the two composition
factors above is computed by ordering 7; and D, in the natural way. As seen in section 5.2,
the operators 1910 ) and 5§j ) give rise to morphisms of Fy, [G'La(Fyp,)]-modules, and hence to
morphisms of F[G Ly(Fy, )]-modules via the scalar extension 6(()j ) Fy, < IF. We deduce that
A; induces a G'Ly(Fy,)-equivariant and F-linear morphism:
A V_VJ—J/T/]',
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where W/ is the F[G Ly(Fy, )]-module:

=0 (J) 1 (4]
Wi _®1-GT (Mwbr( B41)— o © det™ )

w® (4]
®®zeD < kD) 4 (pf—1)— ®de ) :

Indeed, by Th. 5.2.12, @5@_6 increases kgj) by 1, kgi)fj_ﬂ by p?, ng) by —1, and does not
change EY9) for s #i,i+ f; — B or w¥ for s #£ i; Ol increases kgj) by pfi +1, ng) by —1, and
does not change E9 or wd for s # 1. On the other hand, by Th. 5.2.20, the operator D[i]
increases k:gj ) by —1, kli)f _p by p?, and does not change EY9) for s #1i,1+ f; — [ or w{ for
any s; DU increases ki] () by pfi — 1, and does not change EY9) for s # 4 or w" for any s.

By Th. 5.2.12, @ieTj ﬁgj ) is injective. If (x) is satisfied, the injectivity statement of Th.

5.2.20 implies that Oiepj (5£j ) is injective on W;. The image of
fi—1 £ _9 ] 1
® X" ®1 € Wj

under (,¢p, 9; () s easily seen to be of the form [Lieo, (k(j) —2)-u for some non-zero u € W;.
If (s¢) holds, JT;cp, (k(j ) 2) is non-zero in F and, being W; an irreducible representation of
GLy(Fy, ), we deduce that (;cp, ) is injective on W;. We conclude that under assumptions

(%) or (sx), all the maps A; for 1 < j <r are injective.

Let b = —1if i € T; and b = 0 if i € D;. Define the O[GLy(Op, )-module:

fi—1 @ @) GG\ ]
W= Q7 (sym 2 02 @ der )

J i=0

so that W/ ®@o F = W] as F-representations of GL2((9ij) or, equivalently, of G Ly(Fy,).
Set W' = ®§:1 W] and denote by 7' the action of U on W' induced by the projection
U = [[j21 GL2(ORy,). Let w' = w + (p® — 1); for all the values of i and j for which the

following integers are defined, we have k:z(j ) 4 agj ) > /{;Z(j ) > 2 and:
(kf” +a )> +2 (ng) + b§j)> ~1
(kf” + 2w — 1) +p7 -1
= w+(p’-1).
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Therefore 7' is a holomorphic weight for automorphic forms on D with parameters (k +
a,w') € 7y X 7.

The injections A; (1 < j < r) constructed above allow us to see W = ®§:1 Wj as an
F-linear U-subrepresentation of W’/ = Qs W/, Since w is odd and w = w'(mod p — 1), we
can apply Prop. 6.1.8. We conclude that there exists a Hecke character ¢ : (A®)* /F*—0O*
compatible with 7" and such that ¢’ = t; furthermore, for any Hecke eigensystem  occurring
in S; (U, O) there is a finite extension of discrete valuation rings O’'/O with Mo NO = Me
and a Hecke eigensystem ' occurring in S, 4+ (U, O') such that Q'(mod Mer) = Q(mod Myp).
[

Corollary 6.1.11. Under the same notation and assumptions of Th. 6.1.10, any I_Fp—linear
continuous Galois representation arising from a Hecke eigenform in S; (U, O), where 7 is
a holomorphic weight of parameter E, also arises from an eigenform in S,/ (U, Z,), where
7’ is a holomorphic weight of parameters k + @ and Y’ is some O*-valued Hecke character

compatible with 7 and such that ¢ = ¥.

Remark 6.1.12. We remark what follows:

1. Condition (x) of Th. 6.1.10 is true if, for example, for any j with 1 < j < r, there is
at most one i, 0 <1¢ < f; — 1, such that agj) = p® — 1, and for these values of i and j

we have 2 < k:gj) <p+1land2< kg_)fj_g <p+1

2. The reason for which in the above result we limit agj ) to be in the set {p®—1,p° +1} for
all 7, j is that we want to preserve the holomorphicity of the weights of the automorphic
forms involved. More weight shiftings are possible using the generalized Dickson and

D-operators if we do not impose the holomorphicity condition.

3. As a consequence of Rem. 5.2.13 and Rem. 5.2.21, the above result gives rise to more
holomorphic weight shiftings than the ones obtained by the theory of generalized theta

operators and Hasse invariants for geometric (mod p) Hilbert modular forms (cf. 6.1.1).
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6.2 Shiftings for weights containing (2, ..., 2)-blocks

While the generalized Dickson invariants induce injective maps on the trivial F-representation
of GLy(Fy,), the D-operators are identically zero on this module. Starting with automorphic
forms whose weight contains a (2, ...,2)-block (cf. definition in 6.1.4), we can then produce
weight shiftings through the operators 0¥ but we cannot always successfully use the opera-
tors D). On the other side, the study of weight shiftings "by p — p— 1" for automorphic forms
whose weight contains a (2, ..., 2)-block is motivated by the weight part of Serre’s modularity
conjecture for totally real fields (cf. Rem. 6.2.4 below).

In this section we slightly generalize a result of Edixhoven and Khare (cf. [EKO03]) to

"

produce weight shiftings "by p — 1" starting from forms whose weight is not necessarily
parallel but contains (2, ...,2)-blocks relative to some primes of F above p. We always

assume that p > 2 is unramified in the totally real number field F.

We keep the notation introduced in 6.1, and we furthermore assume that F' has even
degree over Q and that the quaternion F-algebra D is ramified at all and only the infinite
places of F, i.e., ¥ = @. We fix an isomorphism (D @ A¥)™ ~ GLy(AY).

The symbols F, U, (1,W;), ¥, S and T¢4" will have the same meaning as in 6.1.2. We
assume that 7 is a (non necessarily holomorphic) F-linear weight with parameters (k, @) €
7%, x 29, where k = (E®, . k0) and k9 = (&, .. k{) ) € 28,1 = (@), ..., ™) and
W) = (w(()j), ,w%)_l) cZli,for1 <j<r.

We write W, = @’_, W,, where W, is the F-representation of GLg(OFEBj) defined by:
il KD 9 o wfj)) [2]
We, =@, (S PR @det )

If the weight 7 is holomorphic, it is also determined by the pair (IZ, w) € Z%, x Z where
/{;Z(j) + 2w§j) —1=w, for all 7 and j.

Choose a prime B of F' above p and let w be a fixed choice of uniformizer for the ring of

integers of the completion of F' at 8. We can assume, up to relabeling, that 8 = J3,. Define
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the matrix of G'Lo(Fy, ):

1 0
I = :

0 w
and view it as an element of G Ls(A$) whose components away from 3 are trivial.

If g is an element of GLy(AY) and () is a finite set of finite places of F', we denote by
g% the element of G Ly(A%) whose components at each place of @ are trivial, and whose
components away from () coincide with those of g. We let go = g/¢%?. A similar convention
is used for subgroups of G Ly(A%) which are products of subgroups of GLy(F,) for v varying

over the finite places of F. In particular, by assumption we have U, = GL2(OF ®z Z,).
We denote the action by right translation of GLy(AY) on S; (U, F) by a dot.

Set:

* ok
U=Suel:up = (mod w)
0 =

By restricting 7 to Uy, we define S: 4 (Up,F) as in Def. 6.1.1; notice that the level of the

automorphic forms belonging to this space is not prime-to-p.

We have the following result, which is a not-prime-to-p version of Lemma 3.1 of [Tay06]:

Lemma 6.2.1. Assume that 7 is an irreducible (non necessarily holomorphic) F-linear weight

with parameters (k, @) € 72, x 79 such that kM = 2. Then the map:

o ST’w(U, F) D STJ/,(U, ]F) —_— ST#,(U(),F)

defined by:
(fi, fo) — fi+1L- fo

is a Hecke-equivariant F-morphism whose kernel is Eisenstein, i.e., the localization (ker a)yy,

vanishes for all maximal ideals 9t of T¥%* which are non-Eisenstein.

Proof. It is straightforward to check that o is well defined, using the fact that GL2(Or, )

acts on W, via an integral power of the (mod w) determinant character. Also, « is equivari-

univ

ant for the action of the algebra Tgz".
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Write TIUTT™! = UP' x MG Ly(Op, )IT'. Define an F-linear action of the subgroup
UM of GLy(A%¥) on W, by letting U*! act on &)y Wr, via the restriction of 7 to U*

and by letting HGLg(Ole)H_l act on W, via the reduction modulo w of the determinant

-1

—0 wgl)pi. Observe that this action is compatible with

character raised to the power of >’

the given action 7 of U on W.,.

If (f1, f2) € kera, we see that fi (gu) = u™'fi(g) for all w in U and all w in IIUIT!, so
that fi (gu) = u™' fi(g) for every u in SLy(Fy,)U C GLy(AY). Here SLy(Fy,) acts on W,

trivially.

Assume that WY # {0}, i.e., that W, = F is the trivial representation of U. If (fi, f2) €
ker o, then f; is invariant under right translations by elements of D*U; strong approximation
for SLy then implies that f is invariant under right translations by any element of SLo(A%),
and hence it factors through the reduced norm map D*\ (D @ A®)* —F*\ (A®)*. Since
any maximal ideal of T¢§" in the support of the space of functions D*\ (D @y A¥)" =W,

factoring through the reduced norm is Eisenstein, we obtain the desired result.

Assume now that WY = {0} and let (fi,f2) € kera. Using strong approximation,
we see that for any g € GLy(AF) and u € [[}_, GLQ(Oij) we can find an element 0 €
D* N gSLy(Fy,)Ug ! such that for all j =1,...,r:

I, 09, € uyp, + Ma(;).

In particular, we obtain:
filg) = £1(67"9) = fi(g(97" 0" g))
and, since g0 "'g € SLy(Fy,)U:

filg) = (9_159) fi(g) = ufi(g).

Since u is arbitrary, we conclude that fi(g) € WU for any g € GLy(A%¥), so that f; = 0,

fo =0 and « is injective. B

Let F. denote the space consisting of all the functions

f:D\(D®r AF)" =W,
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and define a left F-linear action of U on F, by:
(wf)(g) = 7(u)f(gu)
forallu e U, g € (D ®p A¥X)" and f € F,. Set:

S.(U,F) = H U, F).

In what follows, we work for simplicity with the spaces S, (U,F), forgetting about the

X

action of the center of (D ®p A¥)” on F,. Following the proof of Prop. 1 at page 48 of

[EKO03], and using Lemma 6.2.1, we obtain the following result:

Theorem 6.2.2. Assume that 7 is an irreducible (non necessarily holomorphic) F-linear
weight with parameters (/2, W) € 7Ly X 79 such that k0 =3 for some 1 < j <r. Let 7" be

. . . g T (a _—_% g —, —
the F-linear weight associated to the parameters k' = (k(l), kD p—1, ., k(")) and W' = 0.
For any non-FEisenstein maximal ideal N of ng;’v, there is an injective Hecke-equivariant
F-morphism:

ST(U, F)gm — ST/(U, F)gm

Proof. Assume without loss of generality that j = 1. Via the surjection U — GLy(Fy, ),
the group U acts on the Fg,-points P*(Fy,) of the projective F,-line, and we can identify
the coset space U/Uy with P'(Fg,). Recall that we are viewing Fy, as a subfield of F via
the fixed embedding 5(()1) .

By Shapiro’s lemma applied to the pair (U, Uy) and the left F[U]-module F,, we obtain
an isomorphism:

H°(Uy, F,) — H(U, F,@5F[P' (Fg,)]). (1)

Here U acts on F[P*(Fy,)] = {¢ : P1(Fy,)—F} via its quotient GLy(Fy,) and by the rule
(up)(P) = p(u'P) for u € GLy(Fy,) and P € P'(Fy,). Furthermore U acts diagonally
on F,QF[P!(Fy,)]. By Lemma 1.1.4 of [AS86a], the isomorphism (1) preserves the Hecke

action on both sides.

By Lemma 2.6 of [Red10], there is an isomorphism of F[G Ly (Fy, )]-modules:

F[P! (Fy, )] = Fe Sym?" ~ (F?) = My & My, s,
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inducing a surjection:

H°(U, F,@F [P (Fy,)]) — H(U, Fr@M,s, _;). (2)

Observe that the composition of the restriction map H°(U, F,) — H°(Uy,, F,) with the
surjection:

H°(Us, Fr) ~ HY(U, F-@F[P' (Fy,)]) — H'(U, F;)

is given by f m > w1 ® uf = 1® f. This implies that the first summand of
H°(U, F,)®? is identified via the map « of Lemma 6.2.1 and the Shapiro isomorphism with
the direct summand H(U, F,) of H*(U, F,QF[P!(Fy, )]).

Using the map «, the Shapiro isomorphism, the projection (2), and the isomorphism of

F[G Ly(F,s, )]-modules My, _; ~ @/5" M

-1, We obtain a Hecke equivariant morphism:

p—1

B U, F)® — HO (U, Fro QL ML)

By Lemma 6.2.1, precomposing 3 with the injection H°(U, F,) — H°(U, F,)®? given by

f (0, f) we obtain a Hecke equivariant injective morphism:

H(U, F ) — H (U Fr 0 QP ML) (3)

for any non-Eisenstein maximal ideal 9t of T¥4%".

Let k' = (p+1, @ IZ(T)) and set @’ = w. Observe that if 7’ is the representation of
U associated to the parameters (K, ') then W, ~ W,®p ®f "' M™ . The U-equivariant
map F.® ®f ot MZLZ] — F,» induced by the assignment:

fe@mi— [g— f(g) ®m]

for g € D*\ (D ®@p A¥)™ is injective. We deduce that for any non-Eisenstein maximal ideal

M of ']I‘gﬁ%'”, there is a Hecke equivariant monomorphism:
H° (U Foo @Iyt M )m s HOU, Fo)om
Combining this with (3), we are done. H
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Remark 6.2.3. Under the assumptions of the above theorem, 7’ is an irreducible represen-
tation of U. This implies that, if the number of indices j such that kU = 7 is larger than

one, Th. 6.2.2 can be further applied to obtain weight shiftings "in blocks" by p — 1.

Remark 6.2.4. The content of Th. 6.2.2 generalizes Lemma 4.6.8 of [Geell], which is

proved in loc. cit. via Lemma 1.5.5 of [Kis09a].

The weight shifting produced by Th. 6.2.2 is not in general of holomorphic type: for

example, if » > 1 and 7 is holomorphic, then 7’ is never holomorphic. Nevertheless we have:

Corollary 6.2.5. Assume that 7 is the irreducible holomorphic F-linear weight with parame-
ters (2, w) € 7%, x (2Z + 1). Let 7' be the holomorphic weight associated to the parameters
(p+1,w+ (p—1)) € ZL, x (2Z +1). For any non-Eisenstein maximal ideal 2t of T’S‘%”,

there is an injective Hecke-equivariant F-morphism:

ST(U, F)gm — ST/(U, F)gm

Proof. Fix a non-Eisenstein maximal ideal 901 of Tgﬁﬁ”. Applying Th. 6.2.2 r times
we obtain a Hecke equivariant injection S (U, F)oy — Sy (U, F)gn, where 7’ is the irreducible
F-linear weight with parameters (p + 1,7) € ZZ, x Z7 and each component of ¥’ equals the

—_
integer wT_l This weight is holomorphic with parameters (p + 1,w + (p —1)). B

The Jacquet-Langlands correspondence and Cor. 6.2.5 imply (cf. [EKO03]):

Corollary 6.2.6. An irreducible continuous representation p : Gal(F'/F)—GLy(F,) arising
from a holomorphic Hilbert modular form of level U C G Ly(A%) and parallel weight 2 also

arises from a holomorphic Hilbert modular form of level U and parallel weight p + 1.
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