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Abstract

Decision Theory Models of Information and Consideration
by
Juan Sebastian Lleras
Doctor of Philosophy in Economics
University of California, Berkeley
Professor David S. Ahn, Chair

This dissertation develops axiomatic models to identify two important elements that influence
choice behavior: knowledge and consideration. Furthermore it analyzes the behavioral and
welfare implications that these models have.

First, information (knowledge) about uncertainties plays an important role in a decision-
maker’s choices and it is usually taken as an explicit part of economic models. However,
in many situations it cannot be observed, so it should be derived. This dissertation pro-
vides foundations for the identification of information from choice behavior represented by
preference. From a classical statistical point of view, models of preferences over single el-
ements cannot capture the role of information in a decision problem. The research on
this dissertation shows that by considering the richer primitive of preferences over menus of
state-contingent outcomes, if the preferences satisfy some conditions it is possible to uniquely
identify private knowledge about future uncertainties. To expect information is necessary
to exhibit a desire for flexibility, therefore a preference for flexibility is instrumental for the
identification of information. In addition to providing a characterization of a preference for
flexibility, this model gives a comparative notion of being informed as aversion to trading
menus for menus of certainty equivalent options. Consequently, with this representation it is
possible to assess the value of information for a problem and determine what type of options
provide flexibility to a decision-maker.

Secondly, identifying what a decision-maker considers is important for economic analysis
because the classical revealed preference model implicitly assumes that decision-makers con-
sider all available options, which are known by an analyst. However, there is well-established
evidence that decision makers consistently fail to consider all available options. Instead, they
restrict their attention to only a subset of it and then undertake a more detailed analysis of
the reduced sets of alternatives. This systematic lack of consideration of available options
can lead to a “too much choice” effect, where excess of options can be welfare-reducing for a
DM. Building on this idea, this dissertation models individuals who might pay attention to
only a subset of the choice problem presented to them. Within this smaller set, a decision



maker is rational in the standard sense, and she chooses the maximal element with respect
to her preference. This dissertation provides testable characterization results for choice be-
havior under different consideration structures, which are inspired by psychological evidence.
First, one such condition is that awareness is a function of the quantity of options available:
the more options the more likely it is to ignore available options; secondly the other condi-
tions states that decision-makers are unaware that they did not consider something. This
dissertation characterizes to which options the decision makers must pay attention to at each
set, which elements are revealed preferred to which, and discusses welfare implications.



To Maria Victoria, Sergio, Manolo, and Ayita.



Contents

List of Figures

1 Introduction

2

1.1
1.2

Information and Knowledge . . . . . . . .. .. .. ... .. ... ... ..
Consideration: Awareness and Unawareness . . . . . . . . . . . . . . . ...

Identification of Knowledge from Preferences

2.1

2.2

2.3

24

2.5
2.6

2.7
2.8
2.9

Introduction . . . . . . ..
2.1.1 Background and Preview of the Results . . . . . . ... .. ... ...
2.1.2  Related Literature . . . . . . . . .. .. ... ... ... ...
Model . . . . . .
2.2.1 Information: Partitions and Event Mixtures . . . ... ... ... ..
2.2.2  Conditional Subjective Certainty Equivalence . . . . . .. ... ...
Menu Choice with Observed Information . . . . . . ... .. ... .. ....
2.3.1 AXioms ...
2.3.2 EI-SEU Representation with Observed Information . . . .. .. ...
Menu Choice with Unobserved Information . . . . . . . .. .. ... .. ...
2.4.1 AXioms . ...
2.4.2 EI-SEU Representation with Unobserved Information . . . . . . . ..
2.4.3 Comparative Statics . . . . . . .. . ...
Characterization of Preferences for Flexibility . . . . . ... ... ... ...
Applications . . . . . . ..
2.6.1 Value of Information . . . . . . ... ... ... ... .. ...,
2.6.2 Willingness to Trade Problems . . . . . . .. ... .. ... ......
Discussion . . . . . ...
Conclusion . . . . . . . . L
Auxiliary Results, Lemmas and Proofs . . . . . ... ... ... .. .....
2.9.1 Hausdorftf Topology . . . . . . . . . .. . ...
2.9.2 Lemmas . . . . . . . ..
2.93 Proofs . . ...

1

v



1ii

3 Identification of Consideration and Inattention from Choices 77
3.1 Introduction . . . . . . . . .. . 7
3.2 Consideration Filters . . . . . . . . . . . ... 81
3.3 CLC: Characterization Results . . . . . . . . . . . . ... ... ... ..... 83

3.3.1 Revealed Preference and Revealed (In)attention . . . . ... ... .. 87
3.4 CLC: Strong Consideration Filters. . . . . . . . .. .. ... ... ... ... 89
3.5 Additional Discussion . . . . . . . . ... 94
3.5.1 Full Consideration in Binary Comparisons . . . . . . .. ... .. .. 95
3.5.2  Attention Filters Generated by a Transitive Order . . . . . . . . . .. 96
3.6 Related Literature . . . . . . . . . . . .. .. 99
3.7 Conclusion . . . . . . .. 100
3.8 CLC: Choice Correspondences . . . . . . . . . . . . o 100
3.9 Uniqueness of CLC and Relation to WARP . . . . . . ... ... ... .. .. 107

3.10 Proofs . . . . 109



List of Figures

2.1 Timing- Observed Information . . . . . . . . . ... .. ... ... ... ...
2.2 Timing- Unobserved Information . . . . . . . ... .. ... .. ... .. ..
2.3 Menu . . . ..o e
2.4  FE-conditional SCE menu. . . . . . . ... ... .. ... ...
2.5 m-conditional SCE Menu . . . . . . . . . . ... ... ...
2.6 SCE Menu . . . . . . . . . . e

2.7 EI-SEU Representation . . . . . . . . . . . . . . . ...

v



Acknowledgments

It is impossible to express how grateful I am to everyone who contributed in some way to
my academic and personal life up to now. This dissertation would have not been possible
without the support of many amazing people.

First and foremost, I want to thank my advisor David Ahn for all his guidance, support,
and patience throughout these 6 years in Berkeley. David’s great teaching and enthusiasm
during my first year in grad school was responsible for my interest in microeconomic theory,
especially in decision theory. Shortly after starting grad school with the idea of doing research
in development economics, I switched gears to micro-theory. Throughout my graduate career
David was always there when I needed anything: wise academic advice, feedback on my
research, ideas about the direction in which to take my work, spending hours trying to polish
my dodgy writing and presentation skills, and generous funding for a couple of semesters,
and also funding to travel to conferences. Thanks to him, I was probably the best ever paid
research assistant in terms of dollars per hour of work. It is impossible for me to write down
in a short paragraph the many ways that David helped me out; I will always be indebted to
him. David was definitely the best advisor I could have asked for.

Chris Shannon, Shachar Kariv, and Santiago Oliveros deserve also a very special men-
tion. Chris, in addition to being on my dissertation committee and writing me a letter of
recommendation, spent many hours with me going over my ideas and my projects, always
giving me invaluable help and feedback. Every time I went to her office I came out with
a precise list of tasks to do to make my work better. Moreover, I am infinitely grateful to
her for funding my last year of graduate school, so that I could focus on finishing up my
dissertation without having to teach. Shachar was always interested and enthusiastic about
my work, and gave me many valuable comments and ideas about my work (and future work).
Every time I met up with Shachar I felt that I really liked doing research and talking to
people about my work, his enthusiasm and good attitude is incomparable. In addition, he
patiently put up with me and helped me out immensely this last year as I was looking for a
job, as the department placement chair. I also thank Santiago for being on my dissertation
committee and for all his feedback on my research projects, meeting with him always helped
me in finding better ways to present my work, and directions to take on my research.

Professors Bob Anderson, David Dillenberger, Pietro Ortoleva, Ted Miguel, Matthew
Rabin, Philipp Sadowski, Adam Szeidl, gave me helpful comments on my research, and we
had many great academic conversations which were very valuable to me. I am grateful that
all of them were willing to help me out at different stages of my academic career. In addition,
in terms of research, I benefitted from lengthy and entertaining conversation with students
(friends) from the theory group, and the participants of the former (and short-lived) Theory
Brunch, specially Maciej Kotowski, Jian Li, Omar Nayeem, Dana Sisak, and Aniko Oery.

When I was working on a project on my fourth year, I found out that some professors
were working on a similar idea. Fortunately, it was possible to merge the two projects to
make a better one. I would like to thank Yusufcan Masatlioglu, Daisuke Nakajima, and



vi

Erkut Ozbay, for their disposition to work together, and the conversations we have had
throughout the last three years. It has been fun working with them. Another coauthor,
and more importantly friend, that deserves a special mention is Nate Miller. His input and
willingness to give constructive comments on my research throughout these years has been
invaluable.

Graduate school has not only been about research, learning and classes. There were a
lot of people- too many to mention- around me, who managed to keep me relatively sane all
these years. Before I started graduate school I thought that it was not going to be a place
to make friends. I am glad to say now that I was wrong. I am grateful to the many great
people that I met during these six years. I will always have fond memories of everybody with
who I shared cool moments in the past six years: everyone in the 2005 incoming econ Ph.D
class (and many of the people from other incoming classes), all the Colombians in Berkeley
and Stanford, my soccer friends, most of my many housemates, my great landlords, and all
the other people that randomly became part of my life.

Of course I will always happily remember of all the soccer teams (Invisible Hands, Convex
Optimizers, Dark Subrosa, and Abscissions), Friday -and Tuesday- hoops, the Chaosball full
court press in Haas Pavillion, all the nice Potluck dinners and the nefarious UG-Tuesday
Potlucks at 48 Senior, the Tahoe cabin, stopping for gas at Pit School Rd, Kirkwood, the
backcountry trip deep into Eldorado National forest, Rick’s famous century club mixes, Set-
tlers and Funkenschlag, The Graduate (and playing the Beatles on the jukebox), bridge and
poker nights, dinners at Addis, summer solstices up on the hill, watching Champions League
in the middle of the day, betting on March-Madness, Nick’s cocktails, the epic parties at
48 Senior, the Oaks (and losing with four Jacks against a straight flush), the Colombian
barbecues, Pascal’s galettes, the veto on mushrooms-onions-garlic, pasta “alla Piedmont”,
Jupiter’s ability to never have the beer that you want, all the econ weddings, all the amazing
restaurants in the Bay Area, the trips to the National Parks and Wine Country, Calluna in
the Summer, Yoshi’s, In-n-Out in Placerville and Davis, the Little-Big Games, “El Cartel del
Alfajor”, the Berkeley coffee shops, tennis at Willard and Clark Kerr, Monkey Head Thurs-
days, Hawaii, Vegas, Brazil, Germany 2006, the Costco trips, Spring Break in Colombia, and
of course Wednesday cookies and tea in the P-Room... among many other things.

I have also been fortunate that my old friends, also too many to mention, from Wash-
ington DC and Colombia, have made me feel at home every time I visit them. I appreciate
them being there for me despite the distance.

Some Berkeley people deserve a special mention. The “fellas” from 48 Senior: Slav Petrov
and Pascal Michaillat. T was lucky enough to be selected as their roommate via craigslist
when I knew absolutely nobody in the Bay Area. Living with them was like having family
around, not just randomly sharing some space. The three years at 48 Senior were awesome
times, I am happy to have randomly found such good friends, who will last for life. T am
glad we managed to survive sub-zero temperatures, avocado-eating deer, a fire on the house
next door, and the OJ-monster among other things. I know we will constantly keep in touch
for many years to come. I was incredibly lucky in having Brad Howells, Rick Fernholz,



Vil

Bysshe Easton, and Nick Li in my incoming Ph.D class, having such great people around
really made grad school fun (despite what most people had told me before I started). I
have been hanging out with them almost since day one of the Ph.D program, and I am
sure I will see them often in the future (hopefully we will follow through on Rick’s idea of
a January 2012 trip to Las Vegas). Juan Felipe Quintero who was a great housemate and
is an incomparable friend; with Jefe I had great conversations sometimes with completely
opposed opinions (mostly about politics and soccer), and never got upset at each other. I
enjoyed hanging out with him in Berkeley, Colombia, and Barcelona; and I hope that the
next time we see each other we can enjoy a “cana grande”. Adriana Navarro who decided to
come to grad school to Berkeley when I was on my 2nd year, and I am really happy that it
was her choice. Even though she was most of the time busy and we didn’t see each other as
much as I wanted, it has been great to have her around in California as well. Maybe we will
keep on randomly following each other for a couple more years. And of course, Roxanne. I
cannot say enough about her, and thank her enough always being there for me (and being
infinitely patient with me). This past year and a half has been amazing.

Last, but not least, I am really thankful of my family: my mother Maria Victoria, my
father Sergio, and my brother Manuel Antonio. I am here (and writing this dissertation)
because of all of them. I have always had their support and encouragement; that is priceless.
I can not say enough about them, so I won’t even try. Thank you for all your love, support
and for making me who I am. And finally, I want to thank Ayita, she is as responsible for
my upbringing as much as my parents. She has always cared deeply for me and my brother,
and has been unconditional to us, to an extent that is impossible to explain.



Chapter 1

Introduction

The analysis of opportunity sets- sets of feasible options- has always played an impor-
tant role in modern economic theory. The seminal work of Samuelson [1938] paved the way
for the analysis of choices from opportunity sets to identify conditions on the choices that
allow economic analysts to identify preferences and other unobserved behavioral character-
istics. More recently, decision-theoretical models of preferences over opportunity sets have
been used to analyze and explain choice behavior that models of preferences over singleton
elements cannot capture, such as preferences for flexibility, temptation, self control, regret,
experimentation, preferences for late or early resolution of uncertainty, etc.

This dissertation presents two decision theoretical models where the opportunity sets, or
menus, are the objects of choice. I show that these models can be used to identify some
unobserved elements that influence an individual decision-maker (henceforth DM) choices
and actions.

The first model (Chapter 2) is a model where the primitives are preferences defined over
menus of state-contingent contracts (Anscombe-Aumann acts). The main result form this
model is the possibility to identify unobserve information that economic agents might have
from observation of binary comparisons between menus. This results come from a paper
called Ezpected Knowledge.!

The second model (Chapter 3) presents a model where the primitives are choices from
opportunity sets. This is a joint project? with Yusufcan Masatlioglu, Daisuke Nakajima,
and Erkut Ozbay called Limited Consideration: When More is Less. This model adds the
possibility to be unaware of some of the available options, and studies what are the welfare
implications of adding that possibility to the classical rational choice model.

IThis paper was previously circulated with the name FExpecting Information Informing Ezpected Utility:
Identification of Information Partitions, Preferences, and Beliefs.
2 Accordingly, the whole chapter is written in plural.



1.1 Information and Knowledge

An individual decision-maker’s choices, when there is uncertainty, are influenced by prefer-
ences over the final outcomes, beliefs about the uncertainties, and information. Throughout
the chapter I use the idea of information which is tied to the concept of knowledge, which
is what a decision-maker knows about the uncertain states. Uncertainty is modeled with a
state space, and information is modeled as a partition of this state space [Billingsley, 1995,
pg 57-58].

In the decision theory literature the are well known axiomatic models that can identify
the preferences over the outcomes in the form of a utility function, and the beliefs about the
uncertainties as a probability distribution about the state space. In Chapter 2, I present and
axiomatic model that shows necessary and sufficient conditions on preferences over menus
to be able to uniquely identify the knowledge that the DM expects to have in the future.

The fact that the preferences are defined over opportunity sets- as the evaluation of
a future problem- is fundamental in the identification of information. To expect future
information has instrumental value to decision makers, in line with the ideas of Blackwell
[1951, 1953], because it allows the decision maker to choose a different path of action for
each event that she expects to know before having to make a choice of action. When the
value of information is strictly instrumental, if there are no options to choose from (i.e. the
DM has only one option to follow in the future) the DM should have no value of getting
information in the future because she is unable to condition her action on the information
that she expects to know.

The identification of private information is very relevant in economic applications. Usu-
ally, when information play an important role for economic analysis, asymmetric information
models for example, the economic analyst chooses some information structure for the eco-
nomic agents based on previous observation, intuition, or a rule of thumb. However, here
I show that there is a way to elicit what economic agents expect to know in the future by
considering preferences over menus of state-contingent claims (acts), so the information is
something that can be derived and tested rather than assumed.

1.2 Consideration: Awareness and Unawareness

The idea of revealed preference is one of the most beautiful and powerful ideas in economics.
When a DM chooses something, then the chosen element must be preferred to everything else
that available and not chosen. However, this idea hinge on the implicit assumption that a
DM considers everything available (in the budget set). If that is not the case, and the DM is
not aware of some options in his choice set, then the standard revealed preferred argument is
somewhat weakened; when a DM chooses something, then this elements is revealed preferred
to every other element that is available and considered by the DM.

We consider two natural conditions on the structure of consideration, and lack thereof.



First we consider a condition inspired by the “choice overload” effect mentioned in the
marketing and psychology literature. The fact that the presence of many options might lead
the decision-maker to miss some of the available options, leads to the intuitive condition
that if some element is observed on a large set, it must be observed in any subset. This
is consistent with the marketing idea that products compete for the consumer’s attention
on the shelf. The second structural condition on consideration is that DM who does not
consider an element is unaware that he is unaware of his unawareness, hence removing the
overlooked element does not change the consideration structure.

Here, we derive from observation of choices part of a preference relation, which is the
revealed attention - those elements for which there is enough data to have a consisted binary
comparison-; we also characterize a revealed attention and inattention - those elements that
an economic analyst can be certain the DM paid attention to, and those elements that were
overlooked.



Chapter 2

Identification of Knowledge from
Preferences

2.1 Introduction

Choice under uncertainty is determined by preferences over outcomes, and beliefs and knowl-
edge about the uncertainties. An analyst would ideally want to separately identify these
components from choice data, since preferences, beliefs, and information are generally un-
observable. Revealed preference analysis tackles the problem of identifying preferences over
outcomes [Samuelson, 1938], and beliefs can be elicited from choices over bets [Anscombe
and Aumann, 1963, Savage, 1954]. However, the identification of private knowledge- or
information- about the uncertainties from choice behavior has not yet been studied. Through-
out this paper, the use of the term information is going to be interchangeably used with the
term knowledge.!

The role of private knowledge about the uncertainties is central in many economic prob-
lems. There are many cases where the degree of knowledge that economic agents have about
some uncertain states is instrumental for the modeling and analysis of some situations, and
can have important welfare implications. The importance of private knowledge is particu-
larly relevant in models involving asymmetric information. A simple asymmetric information
problem is framed as an agent who knows her type, or expects to know it in the future, and
a principal who doesn’t know the type of the agent he is dealing with (more generally, as
an agent who has more information than the principal). The degree of difference in this
information between principal and agent is instrumental in deriving welfare consequences
for problems of asymmetric information. The model is analyzed assuming some information

1See [Billingsley, 1995, pg 57-59] for a discussion of the use of the term information in probability as a
subfield, which “corresponds heuristically to partial information” and can be analyzed in terms of partitions
of a state space. This idea of information as partitions is also closely related to the seminal knowledge model
developed by Hintikka [1962].



structure for the agent and for the principal, which is implicitly assuming that the analyst
has the same information than the agent, and knows exactly what the principal knows. How-
ever, it is unreasonable to believe that an outside analyst knows what the economic agents
know about the uncertainties. In addition, it is possible that the agent is more informed in
some aspects relevant to the interaction, but the principal is more informed on some other
aspects. To assume some information structure for each economic agent as a foundation
for an economic can lead to misleading welfare implications; hence the information that
principal and agent have is something that should be derived form observation rather than
assumed.

Keep in mind that the goal of this paper is not to shed some light on the strategic
interaction between principals and agents, the goal is to provide foundations to elicit the
information about the uncertainties that economic agents expect to get in the future, i.e.
what a DM expects to know about the uncertain states, from preferences.

From the classical statistics literature [Blackwell, 1951, 1953], information has instru-
mental value when it leads to “more informed decisions.” Hence, revelation of information
is advantageous when there are different options to choose from because a decision-maker
(henceforth DM) can condition her choice on the information learned. With only one option
to choose from, getting information has no instrumental value because the action cannot
change conditional on learning information. Throughout the paper I will use the terms
choice set, menu, and (choice) problem interchangeably.

The Savage [1954] or Anscombe and Aumann [1963] models of choice under uncertainty
are not equipped to study the role of information because the primitive is a preference over
individual elements (acts). In this paper, I consider a richer primitive, choices over menus
of acts, and show that this allows for the unique identification of information, as well as
preferences and beliefs. Information in this paper is modeled as a partition of the state
space. A state space S is a formal description of all the uncertainties in the world, and a
partition is a set of pairwise disjoint subsets (events) that span the whole state-space. This
is an appealing way of modeling information it gives an objective description of what the
decision-maker knows upon the realization of any uncertainty, which is independent of a prior
distribution over the state space. Once a state is revealed, the DM will know that the true
state is one of the states in an element of the partition (event) that contain the true state. In
addition she will know which states are not the true states of the world. For example if the
DM is uncertain about the temperature, an information partition can consist of two events,
“above freezing” and “below freezing.” The interpretation is that once the temperature is
realized she will not know it exactly, but she will be able to determine whether or not it is
above freezing. In contrast to the typical statistical exercise, which consists of evaluating
problems based on predetermined information, in this paper I show that information can be
identified from preferences over problems.

Since the instrumental value of information depends on the available options, there is a
link between the choice set and the value of information. In this paper I show how information
is related to the concept of preference for flexibility. The seminal work of Kreps [1979], Kreps



[1992] and Dekel et al. [2001], studies a preference for flexibility as a model of subjective
uncertainties. A DM has an ex-ante preference for larger choice sets because she is uncertain
about her future preferences, and expects the uncertainty to resolve before making the choice
from the menu. These future preferences are called a subjective state space. Kreps and DLR
argue that there is no a-priori reason to assume that the analyst knows what a DM has
in mind when observing choices. Therefore a subjective state space must be derived and
not taken as a primitive. One drawback of considering subjective uncertainties is that they
are not observable or describable, which means that the model has little empirical content.
This paper considers the case where there is an objective state space, which represents “a
description of the world, leaving no relevant aspect undescribed” [Savage, 1954, pg 9]. In
this model there is parallel between the derivation of a subjective state space from Kreps
and DLR, and the identification of information partitions.

I consider a model where the object of choice are menus of Anscombe-Aumann (AA)
acts, which represent state-contingent outcomes. Between choosing a menu and selecting
an element from the menu, information can be revealed to the DM, represented by the
event of a partition that contains the true state of the world. The expected arrival of
information drives the preference for larger choice sets because for every event learned,
the DM can condition her choice on that particular information. I derive necessary and
sufficient conditions to represent the behavior of a DM who has some information. For every
known event, she will choose the best element from the menu conditional on the event,
and weigh the utility value by her subjective likelihood of the event happening. I call this
representation an Ezpected Information-Subjective Expected Utility (EI-SEU) representation.
This representation achieves the identification of information on a classical Anscombe and
Aumann [1963] framework. The EI-SEU representation consists of a utility function, a prior
belief, and an information partition of the world, all of which can be separately identified
from choices.

For example consider the situation where a DM wants to buy an used car in the future
at a dealership. For simplicity suppose there are two types of characteristics that determine
the value of a car for the DM: its price and its quality. The price can be high or low, and
the quality can be good or the car can be a lemon. Here we can think about the price as
the type of deal that the dealer gives the DM (down payment, interest rate, perks, etc).
How can we as analysts infer today what the DM expects to know in the future about the
particular car when she looks at a car in the dealership? This is the question this paper
tackles. I show that to be able to identify this type of information, is necessary to consider
preferences over menus of options- car dealerships in this example- rather than individual
elements. A strict preference for the larger menu can only exist if the DM expects to get
some information about the car before committing to buying it. For example if the DM can
tell a good financial deal from a bad one, then she can condition the car she purchases (or
not) on the information she gets. If she does not expect to know anything about the car,
then she would evaluate a dealership by the best possible car on expectation, i.e. a menu by
the best ex-ante element.



The Kreps and DLR models of subjective uncertainties justifies a strict preference for
large menus (when compared to one of its strict submenus) with the existence of subjective
instances (states) where the DM will feel that one element on the menu is better, and some
instances where she will feel that other elements are better. These subjective states are
not observed or known, so it is impossible to conclude anything else from the observation of
choices. The difference between the two models is that in my model the states are observable
descriptions of the world, and the preferences for outcomes do not depend on the realization
of the state, whereas in the Kreps and DLR models the subjective states cannot be observed,
and the preferences depend on these subjective states. Despite the fact that the primitives
of both models are different, my model is in some sense less general than the classical
preference for flexibility model, since it places restrictions on how the uncertainties influence
preferences. However in this more restrictive environment, it is possible to uniquely identify,
and behaviorally justify, preferences, priors and information, which is not the case in the
Kreps and DLR models.

This treatment of has several benefits. First, the model is based on an observable state
space, which allows for meaningful identification of information and beliefs. The drawback
of the DLR model is that the state space is not observable and it simultaneously drives
preferences, information (as a revelation of the true preference) and beliefs, therefore neither
elements can be identified. Moreover since the model is based on observable states it can
be applied and tested. Secondly, the model has a dynamic component since it allows for
the identification partial revelation of information with a natural interpretation. Finally, the
source of a preference for flexibility is exclusively the revelation of information, which allows
me to tie the preference for flexibility concept to the instrumental value of information from
a statistical point of view.

In addition, some natural results about information and flexibility can be derived from EI-
SEU representation. I find that information is a necessary condition to identify a preference
for flexibility, and a preference for flexibility for a particular subset of menus is necessary
and sufficient condition to identify unobserved information. The representation provides a
cardinal measure of the value of information for any decision problem, since it satisfies the
necessary and sufficient conditions identified by Gilboa and Lehrer [1991] for information
functions. Hence, it provides a framework to study willingness to pay for information, and
to determine what type of information is useful (useless) for a DM who is facing a particular
problem. From the relation between information and flexibility, the EI-SEU representation
also gives the value to adding options to a decision problem for some information.

2.1.1 Background and Preview of the Results

I consider an objective state space S and a finite set of outcomes B, where A(B) is the set
up probability distributions over B. The objects of choice are menus of Anscombe-Aumann
acts, which are functions from S to A(B). Denote Q as the set of all menus of AA acts.
I consider a two-stage decision process. In stage 1 the DM chooses a menu that captures



the set of options that she will have in stage 2. Between stage 1 and 2 the DM may receive
information; and in stage 2 she selects an element out of her choice set. Given a particular
objective state space, S, I model information as partitions of the state space. A partition
of the state space is given by m = {Fy, ..., £, }, where all the E;’s are pairwise disjoint and
span S. Each E; is called Event. To consider partitions of the state space as information
agrees with the notion of information from the classical statistics literature [Blackwell, 1951,
1953].2 The benefit using partitions of the state space to represent information is that it a
concept completely tied to the state space, which represents all possible descriptions of the
world. Moreover, for a partition, events are revealed from the realization of the state, which
makes such a model empirically applicable. In Section 2.7, I discuss the relationship between
information as partitions and other information structures.®

Figure 2.1: Timing- Observed Information

Menu Choice: Choice from Menu:
~on Q x1II T € Q | fex
| |
| R S
| | | |
Information: m € I : Event: F en s € I realized
Publicly Revealed Publicly Realized

I consider two choice environments in terms of how information enters the problem. First,
the situation when the information is explicitly given as a part of the problem. I call this
case the Observed Information environment. Second, I consider the environment where the
information that each DM has is unobservable, called the Unobserved Information environ-
ment. In both environments, I analyze the choice over menus only, therefore I take the part
of the model after the choice of a menu as implicit. The timing of the observed information
environment is presented in Figure 2.1, and the timing of the personal information is given
by Figure 2.2. The difference between the two environments is whether or not information
is observable by an outside analyst. The main result of the paper is the representation for
the unobserved information domain by showing that even when information is not observed,

2Since Aumann [1974] and Aumann [1976], partitions of the state space have been commonly used to
represent information and knowledge in the economics literature.

3A more general setting is to consider sets of signals that are correlated with the state space. However
the observation of those signals is usually not possible, and the interpretation (the correlation between signal
and state) is subjective to each DM. Therefore information cannot be naturally justified as an observable
part of the model. The information partition setting can be considered a special case of deterministic signals
about the state space, where the signal observed is uniquely determined by the state.



Figure 2.2: Timing- Unobserved Information
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it can be inferred from choices. The dotted line in the timing figures represent the part of
the model that is implicit, which is not studied in this paper.

Expected Information-Subjective Expected Utility Representation

The functional representation result from this paper is called the Expected Information-
Subjective Expected Utility (EI-SEU) representation.

Definition 2.1. A preference relation over Q admits a EI-SEU representation if it can be
represented by triple (U, u, ) with the functional

Viz) =3 sup (Z (s ) (U(fs))) u(E) 2.1.1)

Eer T€% \scE

Where p is a distribution over S, p(+| E) is the distribution p conditional on £, U : A(B) — R
is a Expected Utility function, and 7 is a partition of S.

Since U is an EU function, without loss of generality can let U be determined vINM utility
index u : B — R, and the dot product. Such that for any p € A(B), U(p) = (u, p).

For the observable information case, I first fix an information partition and consider
preferences over menus conditional on a particular partition. For an object (z, ), which is
a menu conditional on information partition 7, I find necessary and sufficient conditions to
find a EI-SEU representation (U, u1, ) for this particular 7. Then I consider the more general
case where information can vary, where preferences are defined across all menu-information
partition pairs. I show that as long as there exists a EI-SEU representation for each 7w € II,
(U, ptr, ), by adding the condition that the preferences over singleton menus do not vary
with information, achieves the result that preferences over menus-information pairs can be
represented by the collection of EI-SEU representations {(U, u, 7)}renm where the p and U
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are the same across w. Therefore (x,7) 77 (y, ') if and only if

S sup (Z (s/B) (U(fs))) u(E) > 3 sup (Z (| <U<gs>>) u(F)

Eer T€% \scE Fer 95Y \seF

This result states that if information is only valuable when there is more than one option
in the menu, and for any information 7, the behavior admits a EI-SEU representation, then
the behavior of a DM is consistent across information. The evaluation of the menu consists
in choosing to best element form the menu for every event that she expects to know, and
then weight this valuation by the subjective likelihood of that event occurring. For a DM
the model gives a measure of the value of objective information for a fixed set of options x.
This function satisfies the necessary and sufficient conditions from Gilboa and Lehrer [1991]
for it to be a function that can give the value of information for a particular problem. In
this case, the value getting information 7’ (from ) is given by the difference V. (z) — V;(z),
where V. and V. are the functional representations of (U, u, 7") and (U, u, 7) respectively.

For the unobserved information choice environment, preferences are defined only over
menus of AA acts. The main result of the paper is the EI-SEU representation for this
environment. [ find necessary and sufficient conditions on preferences to have a EI-SEU
representation, (U, i, 7*), where 7* is a unique partition over S. The novelty of this result is
that even though information is not observed it can still be uniquely identified from choice
behavior. As a consequence, there is a testable characterization of being informed, and a
way to make comparisons on relative information between decision-makers.

Preference for Flexibility

For the EI-SEU representation, the desire to have more options comes from the availability
of information. Since a DM can choose a different act on each event of her information
partition there is compelling justification to a preference for flexibility. This observation is
consistent with the argument that information is valuable when it allows a DM to change
the course of action once information is revealed. Moreover, the model allows me to com-
pletely characterize a preference for flexibility in this environment. Formally, a preference
for flexibility is the situation where for two menus, x and y, their union is strictly preferred
to both menus individually, i.e. {zx Uy} > x and {x Uy} > x. In this paper the preference
for flexibility is exclusively attributed to objective information, which makes it tractable.
When all the acts in a menu are constant on a particular event (give the same outcome
regardless of the state as long as the state is part of the event), the DM will not have this
option value of getting information about that event. Therefore in this model for any menu,
a DM can be worse off by being offered a version of that menu that consists of constant
options that are ex-ante indifferent to every element of the menu. I refer to this idea of
comparing acts with an equivalent constant act as Subjective Certainty Equivalence (SCE),
where the constant act is called a SCE version of the original act. Likewise, for any menu,
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a SCE version of the menu is a menu consisting of SCE acts.* In the car example a SCE
version of the menu is to finance the any car in the dealership through a third party (a bank
for example) rather than the dealer, where the third party will offer the DM a financing deal
such that the DM is indifferent between each car financed by the bank and what the DM
expect to get from the dealer ex-ante for each car. This deal must be better than a bad deal
but worse than a good deal, since there is uncertainty about the type of deal. Intuitively, a
DM who can tell good deals and bad deals apart will be hurt by financing through the bank
because it is taking the ability to act differently conditional on the type of deal the dealership
offer away. Hence, behavior with respect to SCE plays an important role in identifying the
value of information, private information, and a preference for flexibility.

The EI-SEU representation captures a comparative notion between a preference for flexi-
bility and information (Section 2.5). First this notion is related to a SCE aversion, which by
the previous discussion gets rid of the option value of menus. Secondly, whereas is not always
true that a “more informed” DM will exhibit a preference for flexibility, a characterization
of the value of menus with respect to the value of singleton acts will be consistent with the
degree of information.?

2.1.2 Related Literature

Kreps [1979] provides an axiomatic characterization of the preference for flexibility for pref-
erences over menus of options. He justifies the strict preference for bigger menus through
the existence of a subjective state space S that summarizes all contingencies that influence
preferences. Kreps [1992] interprets this model as a model of subjective contingencies, where
there is subjective uncertainty about future tastes. The state space, as the set of future pref-
erences, represent those instances where a strict preference for larger choice sets is observed.
However, in the Kreps model, this subjective state space S cannot be uniquely identified.
Dekel et al. [2001] (DLR) and Dekel et al. [2007] extend the Kreps idea of preference for flex-
ibility as subjective contingencies in a richer domain where they can identify a minimal state
space S. However, in the DLR model a subjective distribution over S cannot be identified
because of state-dependent preferences. Epstein and Seo [2009] extend DLR by considering
a more general class of future preferences, and identifies a subjective state space uniquely as
well under this more general setting.

Using a similar framework to mine, Takeoka [2005], Takeoka [2007] and Hyogo [2007]
consider a menu choice problem with an objective state space. However in these papers
there is also a subjective state space, which represents the possible signals that the DM can
get about the objective state space. These papers consider the arrival subjective signals
over objective states as the subjective state space. Takeoka [2005] considers a menu choice

4Not a constant menu that is indifferent to the original menu.

5Thanks to David Dillenberger and Philipp Sadowski for pointing this last point out, which is consistent
with a more general version of this model developed in parallel and independently by them (see Dillenberger
and Sadowski [2011]).
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problem where he identifies a unique distribution over the subjective state space, which is the
possible distributions over the state space from choices. Hyogo [2007] considers the extension
of this model where active experimentation leads to subjective signals about the distribution
over the state space. Takeoka [2007] extends this idea to a multi-period setting, deriving a
subjective decision tree. In these papers, by using an Anscombe-Aumann framework, it is
possible to identify subjective beliefs because a DM is uncertain about her beliefs but certain
about her preferences. I discuss the relation between these papers and this one in Section
2.7.

Epstein [2006], and Epstein et al. [2008], use menus of AA acts to study non-Bayesian
updating rules. In these papers there is an interim revelation of information, which a-priori
known. The revelation of information is fixed. At each state, which is represented by the
revelation of some information, the DM takes an action that leads to a future, contingent
menu, for the next period. In this paper the revelation of information is not observed and
not known a-priori.

The remainder of the paper is structured as follows. Section 2.2 introduces the formal
model of the paper. The representation results for the observable information case is given
in Section 2.3. Section 2.4 presents the main result of the paper, which is the EI-SEU
representation for the unobserved information environment, where I show that it is possible
to identify information from choice behavior. The identification of information partitions
provides a comparative notion of being informed. Section 2.5 characterizes the preferences
for flexibility and the link between flexibility and information, and Section 2.6 provides an
application of the model to identify willingness to pay for information. Section 2.7 discusses
the differences and the relation of this paper with similar work. Finally Section 2.8 concludes.

2.2 Model

Let B be finite, with |B| = k, non-empty, outcome space. Generic elements are given
by by, by, .., by..0

A(B) set of all probability measures over B; generic elements are given by p, ¢, etc.

S be a finite set of objective states of the world, with |S| =n. S = {s1, 52, .., Sn}-

e H = (A(B))? the set of AA acts, f € H, f: S — A(B). Elements given by f,g,h,
etc.

Q=2 \ @ the set of all non-empty subsets of H. These are menus of AA acts. Menus
are denoted by z, v, z, etc.

6The results can be naturally extended to arbitrary prize space B, and the Borel probability measures
A(B). However, depending on the topological structure of B, some extra structure and continuity assump-
tions on convergence of distributions are required to get the same representation results (see Fishburn [1970],
or Kreps [1998]).
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e II be the set of all partitions of S. A partition 7 is given by 7 = {Fj, ..., E,,,}, where
S:U:ilEz and EZﬂE] :(Z)fOI'j#Z

e Preferences are defined on two domains:

— In the observable information environment - is defined over the set of all menu-
partition pairs: Q x II.

— In the unobservable information case 77 is defined over menus of acts: Q.

I use the sup norm on R" for the distance between lotteries p,q € A(B), and for H use the
sup norm on (A(B))®. Also endow Q with the Hausdorff topology on sets (details are in
Section 2.9.1).

Finally, for this paper I assume that all states are non-null. A state is null if it does not
affect preferences for acts, formally a state s € S is null if psf ~ ¢sf for any p,q € A(B),
and for all f, g € H. As usual, a state is non-null, if it is not null. Since null states are states

of the world that do not influence preferences it is safe to ignore them (see e.g. [Kreps, 1998,
pg. 109)).

2.2.1 Information: Partitions and Event Mixtures

I model information as a partition of the state space. The motivation is that the DM is
uncertain about the state of the world, but she knows that she has information to distinguish
among different events (set of states) once the state is realized. For the car example, the
DM is uncertain about the type of car she is going to get, but she knows that she will be
able to determine if the deal she is offered is good or not (high price or low price) once it is
presented to her.

A partition of the state space is a collection of pairwise disjoint sets, which are called
Events, {E;}¥_ . These events span S, i.e. Ule E; = S. Let II be the set of all partitions
of S. On II define a “finer than” binary relation, >/, as m >/ 7’ if for every E € 7', there
exist {F;} € 7 such that £ =, F.

Since information plays a role, using events to condition outcomes is instrumental for the
identification of information. On acts, define for any event E C S, the Event Mixture of f
and g, as the act fFEg that gives the outcomes of f on F and of g everywhere else. Similarly
extend this notion to menus, by referring to the Event Mixture of two menus, zFEy, as the
menu that consists of the union of the Event Mixture of all the acts in x and all acts in y.

Definition 2.2. Given two acts, f,g € H, and an event E C S, define the Event Mixture

of f and g, fEg, as
| f(s) for seE
JEg = { g(s) for se€E°
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Given x,y € Q, and F C S, define the Event Mixture of z and y, xEy, as

vEy={fEg: fex,gcy}

The following example illustrates how to construct these acts of the form fFEg, and menus
of the form xzEy, for any event E.

Example 2.1. Let S = {s1, 59,53} and B = {by, b2} hence any element of A(B) is repre-
sented by a € [0, 1], which gives the probability of getting b; (probability of getting by is
1 —a). Let

111
r={(5735) 010} ad y={(100),001)]}
2°22) ~—~— —— —
ﬁ/_/ P g1 g2
1
Suppose E = {s1, $2}, then

11 11
xEy - { (57570)7 (57571)7(0717())7(07171)}

~— ~——"  f2Egq feEg2
fiEq f1Eg2

For any z € Q, I say that menus of the form zEz and yFEz, agree on E°.

2.2.2 Conditional Subjective Certainty Equivalence

Traditionally, the term certainty equivalence is used to refer to a risk-less (certain) prospect
that is indifferent to a gamble, or any other prospect involving some uncertainty. This is
generally used to measure risk attitudes by determining the amount of money that a DM
is willing to pay/get to avoid a gamble. I use the term subjective certainty equivalence to
distinguish the concept from this paper from the standard certainty equivalence. Subjective
certainty equivalence (SCE) refers to the elimination of the subjective uncertainty in a way
that keeps the DM indifferent among individual choices.

This distinction is relevant because an act f € H is exposed to random variability from
two different sources. First the subjective uncertainty from the realization of a state in S,
and secondly the objective uncertainty from the lottery f, once state s is realized. This paper
is mostly concerned with the uncertainty about the realization of a state in .S, therefore I
use the term subjective certainty equivalent to refer to acts that are equivalent to f but give
the same outcome in all the states. These acts are not exposed to any ex-ante subjective
uncertainty since the realization of the state doesn’t influence payouts. Nonetheless, since
the payouts are lotteries in this framework, there can still be objective uncertainty, which in
the Anscombe-Aumann framework is what determines the risk attitudes.
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I define a E-conditional SCE act to f, or F-conditional SCE version of f, as an act that
is ex-ante indifferent to f, is equal to f on E° and gives a constant outcome on E. So for
some f, an E-conditional SCE act to f, as a version of f that has no subjective uncertainty
within the event E. There is a distinction between E-conditional SCE acts and lotteries in
the paper. For an f € H a E-conditional SCE lottery is the outcome lottery on all the states
in F, and an F-conditional SCE act is the act that gives the E-conditional SCE lottery on
E, and f on E°.

Definition 2.3. Given an act f, and -, a preference relation over H. For an event £ C S,
a F-conditional subjective certainty equivalent (F-conditional SCE) lottery, p € A(B), is a
lottery such that f ~ pEf. The act pEf € H is defined as an E-conditional SCE act to f.

For p € A(B), the act p € H, is the constant act where p, = p for all s € S. This notation
is used interchangeably whenever there is no confusion. Define the set of E-conditional SCE
Lotteries to an act f as

CEA(fIE) ={p € A(B) : pEf ~ f}
and the set of F-conditional SCE acts as
CE(f|E)={g€ H:g=pEf forpec CEA(f|E)}

For any partition 7 = {Ej, ..., Ex}, define a m-conditional subjective certainty equivalent
acts (m-conditional SCE) acts to f, as those acts where for each E' € 7, the outcome is an
E-conditional SCE lottery to f. From definition this act is not necessarily indifferent to f,
even though all the lotteries were defined through indifference.”

Definition 2.4. Given f € H, g € H is a m-conditional subjective certainty equivalent act
to f, if g € CEA(f|g,) for all s € E; € m. Define CE(f|m) as the set of all m-conditional
SCE acts to f.

Label the family of all acts that are constant on F as the set of EF-measurable acts, H(E).
Similarly the family of all acts that are constant on all events of a partition , is called the
set of m-measurable acts, H(w). Let Qp = P(H(E)) \ 0, be the set of all E-measurable
menus; and Q. = P(H(7)) \ 0, be the set of all T-measurable menus.

SCE can be naturally extended to menus, by considering the F-conditional and -
conditional SCE acts for all elements in the menu. First, for an event £ C S and a menu x,
define an F-conditional SCE menu to z, as a menu consisting of E-conditional SCE acts to
each f € x. Let xp € Qp be an E-conditional SCE menu if

re = (elf12)ES) (2:2.1)

fex

"Whenever a preference is additively separable representation f will be indifferent to any 7-conditional
SCE version of f.
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for some for each f € x, for and some ¢(f|g) € CEA(f|E). Let CE(x|E) be the set of
E-conditional SCE menus to z. Similarly, a m-conditional SCE act, for some partition 7, a
m-conditional SCE menu to x is a menu consisting of m-conditional SCE acts to any f € x.
Let CE(z|m) be the set of all m-conditional SCE menus to z.

The notation ¢(f|g) € A(B) refers to a lottery that is E-conditional SCE to f, fg refers
to E-conditional SCE acts to f, and f; to m-conditional SCE acts to f. Similarly, xp is the
notation for a E-conditional SCE menus to z, and z, for a m-conditional SCE menus to x.

r={fUg} zp={frUgr}
U(fs) : U(fs)
S1 S9o S3 S4 S1 S2 S3 S4
E
Figure 2.3: Menu Figure 2.4: E-conditional SCE menu.
Tr ={frUgr} zs = {c(fls) Uclgls)}
U(fs) U(fs)
o S1 52 S3 S4 S1 S92 S3 S4
E F
Figure 2.5: m-conditional SCE Menu Figure 2.6: SCE Menu

For a graphical representation of conditional SCE acts and menus, consider Figures 2.3-
2.6. Figure 2.3 represents a menu two acts: one act is given by the dotted line and the other
one is given by the solid line. There are 4 states, and on each state an act gives as outcome a
lottery with a particular expected utility value. Consider the disjoint events £ = {s1, s2} and
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F = {s3,s4}. Figure 2.4 represents F-conditional SCE version of the original menu. This
E-conditional SCE version of the menu consists of two acts, each one is an E-conditional
SCE act to an act of the menu. The outcome on FE is constant for each act, such that
the DM is indifferent between the original act and the FE-conditional SCE act. Similarly,
m ={FE, F} is a partition of S, then Figure 2.5 represents a menu that is m-conditional SCE
version of the original menu, which consists of acts where the outcome on each event is an
event-conditional SCE lottery to each act on the menu. Finally, 2.6 is a SCE menu that
consists of two acts that gives a constant outcome regardless of the state, where each act is
indifferent to one of the original acts.

2.3 Menu Choice with Observed Information

First, I consider the domain where the information is observed. Preferences are defined
over menus of AA acts with some information partition. In this case, there can be tension
between a menu of ex-ante better options with less information, and a menu of relatively
worse options with more information. I analyze this problem in two steps. First consider
a fixed information partition 7w, and analyze preferences over menus conditional on . I
derive necessary and sufficient conditions on preferences to get the EI-SEU representation
(U, p, 7). Second, I allow the information to vary, extending the choice domain to all menu-
information partition pairs. In this domain, it is possible to capture the tension between
quality of options and amount of information. For the fixed information case I let -, be a
preference order over @ X 7, the set of menus with some fixed information 7. And let - be
preferences over Q x II, the set of all possible menus with all information partitions.

2.3.1 Axioms

First, for a EI-SEU representation, some standard conditions are necessary: Order, Indepen-
dence, Continuity, Non-degeneracy, and Monotonicity. The axioms are defined on 77 over
Q x II, where 7 is the restriction of >~ to the domain Q X .

Axiom 2.3.1. Order. 77 is complete and transitive.

Axiom 2.3.2. m-Continuity. Given 7 € II, for all z € Q the sets {y € Q|(y,7) 7 (z,m)}
and {y € 9Q|(z,7) 5 (y,m)}, are closed.
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Axiom 2.3.3. m-Independence. Given 7 € II, for any z,y,2 € Q, a € [0,1].8
(#,m) Z (y,7) <= (0 + (1 —a)z,m) Z (ay + (1 — o)z, m)

Axiom 2.3.4. m-Non-Triviality. Given 7 € II, there exist z,y € Q such that (z,m) >
(y, m).

These conditions are standard conditions to use the Mixture Space Theorem and derive
mixture linear representations (see Fishburn [1970]). To get a SEU representation over
singleton menus [Anscombe and Aumann, 1963], State-Independence is required. State-
Independence is implied by Monotonicity”

Axiom 2.3.5. Monotonicity. For f,g € H. If f, - g, for all s € S, then f = ¢.1

The next set of axioms is new. These axioms deal with behavior conditional on informa-
tion. The first conditioning axiom, Menu-Sure Thing Principle states that preferences are
separable across elements of the information partition. This axiom is an extension of Savage
[1954] (P2) to menus, hence the name. It states that the information 7 gives the DM the
ability to compare menus based on outcomes on elements of the information partition. If
two menus are the same everywhere except an event, F € m, it is enough to compare those
menus on the event, independently of what the outcomes are on the rest of the state space,
E¢ as long as both menus agree on E°.

The second conditioning axiom is called Event Strategic Rationality. It implies that
conditional on information that is available, £ € m, then the DM is strategically rational.
A DM is considered strategically rational on their preferences over choice sets if she ranks
menus according to its best element only. Strategically rational behavior is characterized
by the property on preferences that = - y implies {x Uy} ~ z (see Barbera et al. [2001]).
Event strategically rationality is a weaker condition than strategic rationality, since requires
a DM to be strategically rational only if the menus differ some event E that she knows. If
two menus differ only on the outcomes on F, which is known to the DM, adding the less
preferred menu on F is not going to change her ranking.!'!

8Here the mixture of menus is defined the same way it is defined in DLR and all subsequent papers.For
any « € [0,1], 2,y € Q, define the mixture by

ar+(l—ay={af+(1-a)f :fex f ey}

DLR justify Independence as indifference to the timing of resolution of uncertainty, which is implicit in
the Anscombe-Aumann framework since the DMs correctly compound “horse-race” and “roulette wheel”
lotteries.

9Thanks to Pietro Ortoleva for pointing this out, which makes the exposition clearer and takes care of a
dominance axiom in Section 2.4 needed on a previous version of the paper.

10 ¢ is the constant act with outcome f; € A(B) for every s € S.

1 Clearly strategic rationality implies Event Strategic Rationality.
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The third conditioning axiom implies consistent aggregation of preferences across events
on the information partition. If for every event in the information partition, conditional on
that event, x E'z is better than yFEz, it must be the case that x is overall better than y. This
property is called Event Dominance.

Axiom 2.3.6. Menu-Sure Thing Principle. Given 7 € II, if (zFEz,7) 7= (yEz, ) for
z € Q, and some F € w, then (xEZ',7) = (yEZ, ) for all 2/ € Q.

Axiom 2.3.7. Event Strategic Rationality. Given 7 € I, if (zEz,7) = (yEz, ) for
some E € 7, then (zEz,m) ~ ({x Uy} Ez, ).

Axiom 2.3.8. Event Dominance. Given 7 € Il if forall E € 7, forall z € Q, (xEz,7) 7
(yEz,m), then (z,7) 1 (y, 7).

The last condition is necessary for the environment where the information is allowed to
vary. This condition states that information is objectively valuable, hence it is only useful
when there are options to choose from. It is called Information Value from Options.

Axiom 2.3.9. Information Value from Options. For all f € H, and any 7,7’ € II,
(f,m) ~ (f, 7).

In the classical Kreps setting, one of the necessary conditions to have preference for
flexibility is Menu-Monotonicity. Menu-Monotonicity is the condition that states that bigger
menus are weakly better than their subsets. In this paper Menu-Monotonicity is a property
implied by the other axioms, rather than an axiom itself (Lemma 2.8) because the preference
for larger choice sets is captured with the information conditioning axioms. In Section 2.5, I
explore the link between flexibility and information, which characterizes all those problems
where adding options to a menu is strictly better conditional on the information known.

2.3.2 EI-SEU Representation with Observed Information

Fix any information partition 7= € II, which represents the information that the DM has,
I consider preferences over menus conditional on this information and find necessary and
sufficient conditions to achieve the EI-SEU representation (U, u, 7) for this particular infor-
mation. The EI-SEU represents a DM who learns some information between the choice of a
menu and a choice out of that menu, which is exogenously given to him. Based on that infor-
mation, she maximizes the subjective expected utility conditional on each event learned, and
then weights each utility value by her subjective likelihood of an event occurring. Preferences
>~ are defined over Q X T.

Theorem 2.1. Given a partition m € 11, let 7. be a preference order over Q x w. Then
= satisfies Order, w-Continuity, w-Independence, w-Non-Triviality, Monotonicity, Fvent
Strategic Rationality, Event Dominance, and Menu-Sure Thing Principle if and only if 77,
admits a EI-SEU representation (U, u, 7). In addition, U is unique up to positive affine

transformations and p is a unique distribution over S.
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Now extend the representation to all menu information pairs, Q x II. Here it is possible to
compare situations when there is some tension between quality of a menu and the quality of
the information. Consider now =~ over Q x II. I find a representation of >~ given by the whole
family of EI-SEU representations {(U, j, 7) } rerr, where the utility function U and the prior p
do not vary across m. This representation allow for comparison across information partitions
by comparing the EI-SEU utility value of the menus in different partitions. The intuition
behind the representation {(U, i, 7) }ren is that the DM aggregates preferences consistently
across partitions. Hence information affects the problems consistently. This behavior is
characterized by the same conditions as the EI-SEU representation (Axioms 2.3.1- 2.3.8)
for each 7, (Uy, i, ). Adding Information Value from Options guarantees that for any
w7 €11, iy = pr and Uy = Uy

Theorem 2.2. Let = be a preference over Q x 1. > satisfies Information Value from
Options, and for all m € I admits a EI-SEU representation (Uy, pir, m) if and only if 7, can
be represented by the family of EI-SEU representations {(U, u, )} renr where U and p do not

vary across m (i.e. Uy = Up =U and py = pr = p for all ).

This result states that for each 7, the utility value of (z,7) is the utility value given by
Vi (x) from the representation (U, u, ) from Theorem 2.1. It is therefore possible to compare
pairs of different menus with different information partitions, where (z, ) == (y,n’) if and
only if

S sup (Z u(s/B) (U(fs))> W(E) > 3 sup (Z (| <U<gs>>) u(F)

Eer T€% \scE Fer 95Y \seF

Additionally, the representation {(U, i, 7)}ren has the distinctive feature that the full
information case is a Kreps/DLR-like additive representation with an objective state space;
and the no information case represents a strategically rational Anscombe-Aumann SEU
maximizer. This highlights the role of information in a desire for flexibility. If mp\prr =
{{s1}, -, {sn}} and mggy = {s1,...., sn}, the full-information and no-information cases re-
spectively. For any x € Q,

VWK\DLR(:E) = Z sup (U(fs)) u(s)

seS fex

Varsgy (€) = sup (Z u(s) (U (fs))>

fex ses

For any type of information, 7, which is finer than no-information case and coarser than the
full information case,
v

TK\DLR

() 2 Va(2) 2 Vigpy ()

In this model, the preference for flexibility will come from the revelation of information,
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which allows a DM to go from the strategically rational world, where menus are evaluates
according to the best ex-ante element, to a Kreps/DLR world where there is full desire for
flexibility since in every state the choice from the menu can differ. This implies that the
limit on the preference for flexibility is given by the states of the world.

Proof Sketch Theorem 2.1

Here I give a brief sketch of the sufficiency proof of Theorems 2.1 and 2.2.

First consider the restriction of 2Z,, to acts. Axioms 3.1-3.5 are the Anscombe-Aumann
axioms, which guarantee a representation of preferences over singleton menus Vsgy(f) =
Y ses i(8) (u, fs). p is a unique distribution over S and w : B — R a vNM utility index,
unique up to positive affine transformations. In addition, =, satisfies the Mixture Space
Theorem axioms, then there is a mixture linear representation of 77, (over menus), V; : Q@ —
R, which is unique up to positive affine transformations. Since V. is mixture linear and affine
it is possible to normalize the utility V;(dy) = Vsgu(ds) = u(b), where abusing the notation
0p is treated as the degenerate act that gives constant outcome b in every state.

For each f € H, define a m-conditional SCE version of f, f,, € CE(f|r), where f ~r fx,
and it is defined as

cu(fle) s € En

fr, = : : (2.3.1)
¢u(fle,) s € Em
Where for each E € 7, the E-conditional SCE lottery to f is given by
p(s)
c.(flg) = f(s 2.3.2
Tle) = 3 50 (232)
For any menu x € Q, define a 7-conditional SCE version, z,, € CE(x|r), as
Ty, = U fr (2.3.3)

fex

Given Axioms 2.3.1- 2.3.8, for the 7-conditional SCE menu 2., it follows that x,, ~, x.

I restrict the attention to the domain K*(Q,), the set of all compact, convex, m-measurable,
and maximal in the sense that each menu includes all the acts that are dominated by ele-
ments in the menu in every possible event. From Axioms 2.3.1- 2.3.8, every x € Q can be
identified via indifference with a unique element in K£*(Q,). For every E € m, define the
function

02 (E) = sup (u, c,(f|r))

fex

which without loss is bounded between [0, 1] from the normalization 0 < u(b) < 1 for all
be B. Let 0, = (0,(E1), ...,0.(Ey)). The operation o defines a linear function on [0, 1] for
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every € K*(Q,), hence o : K*(Q,) — ([0,1]™)*, the set of all linear functions on [0, 1]™.
o is one to one, onto, Hausdorff continuous and mixture linear. For any linear function
v € ([0,1]™)*, define the functional L : ([0,1]™)* — R as L(v) = V(07 *(v)). This is well
defined since for every v € [0,1]™, there is a unique x € K*(Q,) such that o, = v. L
is continuous and mixture linear since o and V, are continuous and mixture linear. L is
a positive linear functional on ([0,1]™)*. By by the Riesz Representation Theorem there
exists a unique positive measure p, on 7 such that for any v € ([0, 1]™)*, the functional L is
represented as integration with respect to the measure p.,, i.e.

Lw) = [ o(ByildE) = 3 o(Epn(B)

Eer

Without loss of generality, normalize p, to be a probability measure over . The functional
L on ([0,1]™)* is defined as L(v) = V(o7 (v)), for every z € K*(Q,). Therefore

Valo) = Dlow) = 3 oelByin(B) = S sup (Ulcuf12)) ()

Een Eern

For the mixture linear U : A(B) — R given by U = (u,-), and for the vNM utility indices
u = (u(by),...,u(bg)). L(-)is mixture linear and agrees with the representation V, (z) = L(o,)
for all z € K*(Q,). Therefore V; is a representation of 2~ restricted to K(Q,) since every
x in K(Q,) is uniquely identified with a function o, € ([0,1]™)*. Next, since every z € Q
is identified with an element of K(Q,), I show that the representation can be extended to
Q. From the uniqueness of the representation of preferences over acts, the prior is uniquely
identified as p, = pu. Therefore for any 7 € II, 7Z, admits an EI-SEU representation (U, u, )
for a unique distribution u, 7 € Il and U : A(B) — R which is unique up to positive affine
transformations if and only if 77, satisfies Axioms 2.3.1- 2.3.8 for 7.

Proof Sketch Theorem 2.2

If >~ satisfies Axioms 2.3.1- 2.3.8 for all = € II, for each 7 there is a EI-SEU representation
(Ur, pir, ™) from Theorem 2.1. There exists a set of EI-SEU representations {(Us, ftx, T) }rem
that represent preferences over menus with fixed partitions. From the construction of the
representation (U, uu,, ) for a particular 7, . is the same for every m, and for every m, 7/,
U, is a positive affine transformation of U,,. Without loss let U be the same function across
partitions. Now, adding the axiom Information Value from Options gets the result that
the representation of 2~ over Q x II satisfying axioms 3.1-3.9, is given by the functional
V((z,m)) = Vi(z), where V is a EI-SEU representation (U, u, 7).

To do this, the key step is to show that for any given m-measurable x € Q. , there is no
benefit in getting finer information, represented by a partition 7/ > 7. From the proof of
Theorem 2.1, (z,7) ~ (2,,, 7). From the definition of fr, for any 7' >/ 7, (fx)x = fr. So if
T € Qn, T = Ty, by construction.
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For each menu x and information m, construct an act which is indifferent to = for in-
formation 7. This is defined as f(, (s) = argmaxyea(a,,) (u, fs) for each s € S. Since
for v € Qn, Tr, = xx, = x, then fi, = fi ). Therefore (f7, y,7) ~ (f, ) from
Information Value from Options, and thus (z,7) ~ (z,7') whenever n’ >/ 7 and z € Q.

The result follows from the fact that for any (x,7) and (y,7") € Q@ xII, 7 V7’ is finer than
both 7 and 7’. Since there is no benefit for finer information, (z,,7V7') ~ (2,,,7) ~ (z,m),
and (Y, 7V ') ~ (Y, 7') ~ (y, 7). Therefore it is possible to compare (z,7) and (y, 7’) by
comparing (z,7V7') and (y, 7V 7’), and hence extend the representation with the functional
W :Qx Il — R given by V((z,7)) = Va(x) = > per SUPsep (Xser (s fo)) 1(E).

2.4 Menu Choice with Unobserved Information

Theorems 2.1 and 2.2 are the stepping stone for the main result of this paper, which is
the EI-SEU functional representation for preferences over menus. This result provides a
representation where the information can uniquely be identified from choices. Choices are
over menus of AA acts, and any information that the DM has is unobservable. This can
also be called subjective information, which means the information the DM thinks she will
have before making the choice. However I have tried to avoid this term because it can be
confounded with subjective states.

The domain of choice is the set of all menus, Q. I show that by considering choices
over menus of AA acts allows me to identify unobserved information uniquely, as well as the
priors and utility. The main result is that from preferences over menus, I can find a EI-SEU
representation (U, u, 7*), where the distribution p and information partition 7* are uniquely
determined, and U is identified up to a positive affine transformation.

2.4.1 Axioms

The first 4 axioms are exactly the standard AA-DLR axioms on preferences over menus.
Monotonicity is extended to a version of the axioms for menus, that guarantees that menus
of dominated elements (in the Monotonicity sense) cannot be better than the menus of
dominant elements. Of the 3 conditioning axioms on Section 2.3, if the information is unob-
servable Menu- Sure Thing Principle is the only conditioning axiom since it is not possible
to use the structure of the information on the axioms like in Event Strategic Rationality
or Event Dominance. The final two axioms are new for this environment have to do with
behavior with respect to SCE versions of menus. The first is aversion to SCE versions of
the menus, and the second one is a consistency (transitivity) requirement on indifference
between menus and SCE versions of the menus.

Axiom 2.4.1. Order. 77 is complete and transitive.
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Axiom 2.4.2. Continuity. For all z € Q, m € II, the sets {y € Qly 7 x} and {y € Q|z I
y}, are closed.

Axiom 2.4.3. Independence. For any x,y,z € Q, a € [0,1], and 7 € II.
rmy<—={arx+(1—-a)z} Z{ay+ (1 — o)z}
Axiom 2.4.4. Non-Triviality. There exist z,y € Q such that x > y.

Monotonicity™, is an extension of Monotonicity (Axiom 2.3.5) to menus, which is that a
menu is always better than any menu of dominated elements. Menu-Sure Thing Principle is
the same condition as in the observed information case.

Axiom 2.4.5. Monotonicity*. If for all g € y there exists f € x such that fs = g, for all
s € S, then z = y.'?

Axiom 2.4.6. Menu-Sure Thing Principle. If zEz 7 yEz for some z € Q, and some
E C S, then zE2' =~ yEZ for all 2/ € Q.

The final two axioms are new in this case, and they deal with how the DM behaves with
respect to SCE versions of menus. These axioms are the key axioms in the identification of
information. First, the choice behavior is characterized by an aversion to subjective certainty
equivalence. As previously mentioned with the car purchase example, a DM would prefer a
menu with some variability, to a an E-conditional SCE version of that menu. This is because
variability of outcomes on different states of the world is what allows the DM exploit the
knowledge she expects to get by planning on choosing different elements conditional on the
information she expects to get; and subjective certainty equivalence gets rid of variability in
a menu, as previously explained with the car purchase example.

The second condition states that if for a pair of states the behavior exhibits indifference
between all possible menus and conditional SCE versions of the menus (conditional on the
pair of states), this behavior is transitive. If for states r ant ¢, for the DM every menu is
indifferent to any {r,¢}-conditional SCE version of the menu, then the DM has no interest
in option value on those states. This axioms states that this interest in option value is
transitive. So if she is not interested in the having option value on states r and s, and also
not interested on the option value on states s and ¢, then she must not be interested in
having the option value on states r and ¢. This condition will be instrumental in identifying
information as a partition of the state space.

Axiom 2.4.7. SCE Aversion. Forany x € Q, and £ C S, z 77 xp for any zp € CE(z|E).

12Again fs € H is the constant act with outcome fs on every state.

13From the Anscombe-Aumann framework, all the uncertainty is properly compounded for each act, hence
the risk preferences are determined by the utility function U, not by the subjective uncertainty about states.
In this model SCE is going to be given by the expected utility for lotteries over S, according to u.
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Axiom 2.4.8. Transitive Indifference to SCE. Given r,s,t € S, if for all z € Q, for any
Trsy € CE(x|{r,s}) and any x(, 3 € CE(z|{s,t}), x ~ 2f 5 and © ~ w4, then x ~ 24,4
for any .. € CE(z|{r,t}).

In this environment, given the axioms 2.4.1- 2.4.8, 7~ will also satisfy Menu-Monotonicity
which is that a menu is always weakly preferred to any of its subsets. Like in Section 2.3,
Menu-Monotonicity is a condition implied by the axioms on 7, rather than assumed as a

property of the preferences (Lemma 2.9). This is consistent with the idea of preference for
flexibility coming only from the revelation of information.

2.4.2 EI-SEU Representation with Unobserved Information

In this choice environment, the information that the DM has is not observed. However, I
show that it can uniquely identified from choice behavior for a EI-SEU representation. This
partition represents the way the DM understands the uncertainty in the world, what she
thinks she will know before the choice from the menu has to take place. An implication of
the result is that subjective information that DMs might have does not need to be observed
from the data to be inferred and used. By identifying uniquely the information from choices,
the model can be applied to determine what type of information will be useful, and what type
of information will be useless to a DM. Moreover the unobserved information is identified
from preferences between menus and F-conditional SCE versions of menus, which leads to a
behavioral characterization of being informed as a dislike for SCE versions of choice problems.

Theorem 2.3. Let - be a preference over Q. 77, satisfies
e Order, Continuity, Independence, Non-degeneracy
e Monotonicity*, Menu-Sure Thing Principle
e SCFE Aversion, and Transitive Indifference to SCFE.

if and only if 7 admits a EI-SEU representation (U, u, ), where p is unique distribution
over S, U is unique up to positive affine transformations, and 7 is a unique partition of S.

Proof Sketch of Theorem 2.3

Here is a brief sketch of the proof of the if part of Theorem 2.3. The general strategy of
the proof is to first construct a unique partition of S, 7*, from choice behavior. Then show
that 77 satisfies the necessary and sufficient conditions for the EI-SEU for 7* (Theorem 2.1).
Finally, to get uniqueness, show that for any other m € II where 7w # 7*, - fails to satisfy
one of the conditions for a EI-SEU representation for m. Hence the partition 7* is unique in
representing the preferences with a EI-SEU functional.
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For the identification of partitions I consider Za(p), as the preference over singleton
constant menus (lotteries). Let § and § be the degenerate lotteries that respectively give the
best and worst outcome with certainty, which is possible from Non-Triviality. Given Axioms
2.4.1- 2.4.8, preferences over menus of the form PFEz and QFEz, where P and () are menus
of lotteries are determined by 2Za(p). This is because if p ZZa(py ¢ then pEz 7 qEz; and for
any menu of the form PEz, there exist one element in the closure of P | p* € cl(P), such
that p*Fz ~ PEz.

Next, define the join of two acts as and act, as (f Vg)(s) = fsV gs = argmax , , {fs, 9s}
for any s € S. Extend this to any menu by defining \/ x = argmax;, , {f € cl(z)}. Given
2.4.1- 24.8, \/ x dominates any f € x for every state, therefore from Monotonicity™ and
Continuity Vx - x for all z € Q.

Now show that for any pair of states s, s’ € S, the preferences between menus and any
{s, s'}-conditional SCE version of the menu, can be determined from the preferences over
menus that consist of acts that give the best outcome for sure in one particular state and
the worst outcome for sure in all the other states. Define these acts as

« | o t=s
£ _{ 5 14 (2.4.1)
Given the axioms on =~

~, for any pair of acts f; and f there choice behavior either
exhibits a preference for flexibility or strategic rationality. Therefore I show that for any
s,s" € S, either {fXUf5} ~ (fiV fh)or {ffUfi}t ~ ff for some t € {s,s'}. This result can
be extended by Independence for any menu of two acts, f and g, which differ only on s and
s', hence {f U g} is indifferent to f Vv g if {fXU fi5} ~ (f¥V f}), and is indifferent to one of
the two acts if {fSU f5} < (ffV f4). For any s, I define [s], as the set of states where the
join of fF and any other f for ¢ € [s] is strictly preferred than the menu consisting of the
two acts, i.e.

s|={teS{fLufi} < (fov I} ={tes:{[o{std] U [o{t}d]} < [o{s t}d] }

From Transitive Indifference to SCE, [s] is a partition, so let [s] = 7*. An implication of this
construction is an extension of the previously mentioned result that PEz ~ p*Ez when P is
a menu of lotteries. For any ' C E € 7*, the union of menus that agree on F, is indifferent
to one element f* € cl(F). Therefore for all z,z € Q,

sz:U[‘z Ifc]wf*Fz

gex

I show that =~ satisfies the Axioms 2.3.1- 2.3.8 for 77*, hence it admits a EI-SEU representation
for the partition 7*. Finally, to show uniqueness of 7*, show that if 7 # 7*, then either Event
Strategic Rationality or Event Dominance will fail. Therefore there is no other = € II that
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*

will satisfy the necessary conditions for a EI-SEU representation (U, u, 7). Hence 7* is
unique.

2.4.3 Comparative Statics

If preferences over @ admit a EI-SEU representation (U, u, ), SCE Aversion play an im-
portant role in identifying information. For any menu, any F-conditional SCE version of
that menu is either indifferent to the menu, or strictly dispreferred to it. This leads to the
comparative notion “more SCE averse than”, as how willing DMs are willing to change a
menu for a conditional SCE version of it. For DM 1 to be more SCE averse than DM 2,
whenever DM 1 prefers any E-conditional SCE version of a menu to the menu itself, then
DM 2 must prefer the E-conditional SCE version of the menu as well (note that the SCE
versions of a menu can be different across decision-makers, so an E-conditional SCE version
of a menu depends on the DM).

For two decision makers whose preferences can be represented by EI-SEU representation,
this definition implies that there does not exist a menu, x and an event £ C S, where DM
2 exhibits strict preferences for a menu over an FE-conditional version of the menu, and 1
is indifferent between the two. This is because any E-conditional SCE version of a menu is
always dispreferred to the original menu from the axioms.

Definition 2.5. Given two preferences over Q, 7~; and 7Z5. Define the comparative relation
“1 has greater SCE aversion than 27 if for any event £ C S, whenever x € Q, g 71 x for
any g € CFE(z|E), then g =9 z for any xp € CEy(z|E).1

Greater aversion to SCE is equivalent to having more information about the world, i.e.
a finer information partition. This adheres to the intuition that in this setting flexibility
comes from the arrival of information. For some event £ C S, an E-conditional SCE version
of the menu eliminates the option value of the menu by offering a constant outcome on E. If
the DM has information that is useful to distinguish among states in E, the DM will strictly
prefer a menu over any E-conditional SCE version of the menu (if the menu provides some
options where the information can be valuable, i.e. on some states on E, the optimal element
from the menu conditional on the information is different).

Likewise, comparing the degree of information between two DMs is equivalent to com-
paring the preferences between singleton acts and any menu. This is consistent with the idea
that if information has only instrumental value the more knowledgeable DMs are the ones
who value more having more options.

Proposition 2.1. Let 721, 722 be two preferences over Q that admit EI-SEU representations
, b, 1) an , [1, o) respectively. en the following are equivalent:
U i d (U, tively.'> Then the following walent

“Here CE;(x|E) is the set of E-conditional SCE menus for DM i.
5Note that U; = Uy = U and py = pg = u, so priors and utilities are the same across DMs. The only
difference is in information.
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1. 71 has a greater SCE aversion 7.
2. m > .
3. Forany f € H, and any x € Q, x =5 {f} implies x =, {f}.*
Proof. In Section 2.9.3. C

Note however, that the more informed DM will not always exhibit a preference for flex-
ibility when the less informed DM does. This preference for flexibility depends not only on
the information of the DM but also on the elements in the menu; as it is shown on example
2.2 there can be situations where a less informed DM will exhibit a preference for flexibility
and a more informed DM will not. Characterization of a preference for flexibility for a DM
who admits a EI-SEU representation is given in Section 2.5.

Example 2.2. Let DM 1 and DM 2 admit a EI-SEU representation (U;, u;, m;) for i = 1,2.
Let |S| =4, Uy = U, = U and pu(s;) = 1 for all i. Suppose that 7 = {{s1}, {s2}, {s3}, {s4}}
and 7 = {{s1,82},{s3}, {s4}}. Clearly m >/ m,. Let acts f,g,h € H be such that
U(f)=1(1,0,1,0),U(g) = (0,1,0,1) and U(h) = (.9,.9,0,0). Consider the menus y = { fUg}
and z = {f UgUh}, so that y C z. First, for DM 2:

<
[\]
—~
<
S~—
I
| =
VR
| —
—~
SN—
| =
—~
(@)
S~—
N———
+
= =
—~
S~—
= =
—~
SN—
= =
—~
—_
S~—
Il
= w

1 1 1

Nej

Vi(y) = O+ M+ 71+ (1) = 1
Vi(a) = T+ 30+ 20) + 1(1) = i

which implies that x ~; y. So DM 2 is less informed than DM 1 and exhibits a preference
for flexibility at a problem where DM 1 does not exhibit a preference for flexibility.

2.5 Characterization of Preferences for Flexibility

In this Section I present a characterization of preferences for flexibility for the EI-SEU
representations, which depends exclusively on the information structure. A preference for
flexibility is a strict preference for a large choice set over its subsets. When considering

16Thanks to David Dillenberger and Phlipp Sadowski for pointing out this result to me.
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preferences between a menu and one of its subsets, it is important to disentangle the flexibility
motives (have a bigger choice set) from the strategically rational motives (have better options
in the larger menu). Therefore I characterize these flexibility motives as a menu x providing
flexibility to another menu y, if the union of the two menus is strictly better than both x
and y. This interpretation rules out exclusively strategically rational motives to the strict
preference, since the existence of strictly better elements in the larger menu does not explain
it fully. Define < over Q x Q, a flexibility relation on Q.

Definition 2.6. For any menu y € Q, define x < y as y and z ezhibit flexibility if {zrUy} = z
and {y Uz} > y.

Exhibition of flexibility is a symmetric relation from definition since by definition x < y
if and only if y < x. Moreover, from the EI-SEU representation, x < y, if x provides better
conditional outcomes on some events of the information partition than y, and y provides
better outcomes on some other events. This concept is tied to the definition of m-dominated
menus from equation (2.9.7). For any x, O,(z) is the set of all 7-dominated menus, where
for every g € O,(z), there is a f € x such that every E-conditional SCE lottery to f for
every F is preferred to every E-conditional SCE lottery to g.

Formally, the set of all dominated elements by f if the information is 7, O, is defined as

Ox(f) = {9 € H|elflz) 2 clgle), ¥ E e}

for all ¢(f|g) € CEA(f|E), and all ¢(g|g) € CEA(g|FE). For a menu x, O,(z) is the union of
all O.(f) for f € x.

Oﬂu(x) = U Oﬂu(f)

fex

The following Proposition provides a characterization of all pairs of problems that comple-
ment each other, or provide flexibility, in terms of the information available.

Proposition 2.2. Let = satisfy a EI-SEU representation (U, u, ). Then the following are
equivalent

1. x=xy.

2. 2 ¢ Or(y) and y & Ox(x).

3. There exists E, ' € 7 such that for E € 7, sup e, U(cu(f|g)) > sup,e, Ulcu(g|e)) and
fOT F € T, Suprx U(C,Uz(g‘F)) < Sungy U(C/Jf(g|F>>

Proof. In Section 2.9.3 0

Flexibility in this framework is exclusively a consequence on the outcomes of menus
conditional on the information provided. Proposition 2.2 provides a direct link between
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the concept of a preference for flexibility form the decision theory literature and the value
of information from a statistics perspective. Moreover, the Proposition also shows that
information is necessary to exhibit a preference for flexibility. This result has the applied
benefit that it characterizes which options can be given to a DM to make her better off.

2.6 Applications

2.6.1 Value of Information

An application of the EI-SEU representation is to give a value of information for a particular
choice problem z. For the family of EI-SEU representations {(U, p, 7) }rem, where V,(-) rep-
resents (U, p, ), the value of information is given by V. (x) — Vy(x). The value is a function
of the options that are available on the menu, which is consistent with the concept of value
of information provided by the seminal work of Blackwell [1951, 1953] in the statistics liter-
ature. Particularly interesting, and relevant to applications, is the case where the acquired
information 7’ is finer than the old information =, i.e. 7' >/ 7. This represents the value of
getting better information from the status quo 7.} From the representation of preferences
over @ x II, , for any z € Q, and some information 7/, the value of getting finer information
7 is given by the expression

V(@) = Vi ()

S (S (X 3) D)u(E)] = sup (3 L)) ut)

Fen’ ECF fex fex

—P; (;F[igg(seE . ; >“(E>_§25<; 5((;))(U(fs)))u(E)D (2.6.1)

The increase in utility from getting more information can come from different sources,
which makes it difficult to derive comparative statics results. To illustrate how these effects
enter the value of information, I will use the terminology “old event” as one that is part of the
old information, which is split by new information into “new events.” The first source of value
is dispersion of the prior distribution over objective states. Loosely speaking, information is
more valuable for more dispersed priors because learning something is more informative if
all events are equally likely (uniform being the most dispersed distribution). In this context,
it more likely that the best choice on the old event is not the best conditional choice on new
information for more dispersed distributions (a measure of the dispersion can be the entropy.
This type of effect has been discussed in the statistics literature since Shannon [1948]). The

17Tf a DM maker has information 7, getting information 7/ (which is not necessarily finer than ), can be
represented by the refinement of the initial information 7 from getting 7', given by 7 V 7’.
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second source of value is how likely are the events that could not be distinguished by the old
information. If information can split a likely old event it generally is more valuable. The
final source of value is how the expected value of the best option in the menu on the new
events differs from the value of the best option in the menu conditional on the old event.
The general intuition is that information is valuable if it reveals events where the best option
conditional on the old information is not optimal on the new events, despite being the best
option on average on the old event.!®

The expression (2.6.1) can applied to measure the cardinal value of information for prob-
lem z. For any z € Q, define the function W, : Il — R, as W, (7)) = Vi (z). For any z, the
function W, satisfies the maximality necessary condition from Gilboa and Lehrer [1991] to
be a function that measures the value of information. That is, given each E € 7, the choice
out of x is maximal conditional on F.

2.6.2 Willingness to Trade Problems

Usually the disagreement between DMs is attributed to preferences or beliefs. Disagreement
can be a determinant of Pareto improvements of situations. Whenever two decision makers
disagree on the ordinal value of a problem, they would be willing to trade problems and be
better off. A simple result that follows from the model, is that even if two decision-makers
share the same preferences and beliefs, there are always choice problems that they are willing
to trade if their information differs. Therefore the always exists a situations where it is Pareto
optimal for DMs to trade. Conversely if two DMs with the same priors and risk preferences
are willing to trade problems, then they must have different information.

Proposition 2.3. 2.9.3 Let 771, 7o be two preferences over Q that admit EI-SEU represen-
tations (U, p, 7%) and (U, p, 73) respectively'®. If nf # 5, there exists menus x,y € Q, such
that x =1y and y >2 x.

Proof. In Section 2.9.3. C

The intuition behind this result is that depending on the information available menus
are evaluated differently. If the information is very coarse, a DM would want a menu that
provides elements that are good on average. On the other hand, if the information is fine a
DM would want a menu that provides elements that are good on particular states.

Traditionally there are financial instruments such as options that provide hedging to
investors against risk. An natural implication of Proposition 2.3 (if x and y are treated as
financial instruments), is that there are financial instruments that can be used to “hedge
information” even if the risk preferences are the same.

18K eep in mind that all the effects operate jointly, hence the intuition given for the 3 effects just represents
the general idea on how information can bring value, it is not very precise.
9Note again that Uy = Uy = U and p; = ps = p.
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2.7 Discussion

Subjective State Space

A state space is a modeling device to represent the uncertainty about the world. Kreps
[1979] and Dekel et al. [2001] argue that a state space should not be taken as a primitive
but rather it should be derived, since it is not realistic that an outside observer can observe
the uncertainties that the DM perceives. Kreps and DLR derive a subjective state space
from choices over menus. The identification of a subjective state space has the drawback
that the model is hard to apply to data. The motivation for subjective uncertainties has the
implicit temporal component that the DM will realize a state of the world between the menu
choice and the choice from the menu. However, the realization of a subjective state is not
observable to an analyst so it is not immediate how explicitly use the model in a dynamic
setting. In addition, since states and the realization of the states are not observable the
state space jointly captures preferences, beliefs and the information the DM is supposed to
get (the realization of her true preferences).

The idea that there is no a-priori reason why the analyst can observe what a decision-
maker knows about the world is appealing. In this paper I tackle this problem in a alternative
way to the subjective uncertainties motivation. I base the analysis on Savage’s idea that there
is a state space contains all the possible physical descriptions of the world (uncertainties).
Therefore the state space is known and states are verifiable. However, a decision maker
can have coarse information about the world. Even though a DM knows which uncertainty
affects outcomes, she does not know precisely which uncertainties are realized, instead she
has an idea of which state could be the true state (and which states couldn’t) upon the
realization of a state. The parallel of what DLR and Kreps call a subjective state space in
this paper is a particular idea of what she will know about the universal state space, given by
a partition of the state space. Every event in the partition, is equivalent to a subjective state
in the Kreps model, since it represents what the DM will know upon realization of a state.
Hence, there is this natural relation between a subjective state space and the “state space”
given by events in the information partition. In both models the states/events represent
what the DM will know before the choice from the menu. Moreover, both types of state
are identified from observing a preference for flexibility. Taking this approach to subjective
uncertainties as information about an uncertain world, has the benefit that the model can
be applied in a dynamic setting, where information, beliefs, and preferences can be uniquely
identified, which is not possible by taking the subjective uncertainties approach.

The empirical benefit of talking considering objective states is that behavior can be
analyzed from observations. It is conceivable that most subjective uncertainties can be also
be described by some objective state. Kreps’” motivation about the subjective uncertainties
is that the DM doesn’t know how she will feel about the options the future, however in most
cases this behavior can be attributed to some physical observation, and the objective state
space can be made fine enough to capture this physical observation. For example, in the
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Kreps’ example the DM exhibits preferences for the menu {steak, chicke} to {chicken}, and
to {steak} individually. He attributes this as the DM doesn’t know how she will feel at the
time of the choice about each option, therefore she will exhibit a preference for flexibility.
If the reason why she is unsure about her future preferences can be objectively justified,
then an objective state space will capture this. If she can argue that her choice will depend
on whether the chicken is free range, or what dinner the previous night was, or what time
of the day it is, etc, then a precise specification of an objective state space can capture
those uncertainties. Kreps’ and DLR’s model also explains the case when the DM cannot
objectively justify her preferences, but the use of an objective state space fits most examples.

The main result from this paper is consistent with the idea of that a state space should be
derived rather than assumed. In this model it is an information partition what is derived. A
partition is an ex-ante specification of the knowledge that the DM will have about the world
once a state is realized, and can be considered a state space on that sense. However in this
model, the benefit is that the information can be objectively described, and it is identified
by the knowledge of an observable state.

Objective State Space and Subjective Signals

Takeoka [2005] is the most similar approach to this paper. Here I discuss the similarities and
differences between the two models. Takeoka considers as a primitive preferences over menus
of AA acts, so there is an objective state space () as all those contingencies that influence
outcomes. Then he defines a subjective state space S as the set of probability distributions
over the objective state space, i.e. S = A(2). The interpretation is that a DM is certain
about her future preferences but uncertain about her beliefs about 2. Using this framework,
Takeoka identifies uniquely a distribution about over the subjective state space S, pu. The
representation that Takeoka derives is similar to the one in this paper, and it is given by

Ulx) = / sup (Z U(fw)p(w)> u(dp)

fex

where p € A(Q) is a particular belief about the distribution of €.

In terms of the axiomatic characterization, this model requires stronger conditions than
Takeoka’s. The conditions that identify the additive SEU representation from Takeoka are
Risk Certainty Equivalence and Menu-Monotonicity. Risk Certainty Equivalence is the con-
dition that = ~ O(z) for all x € Q. In this model Monotonicity* clearly implies Risk
Certainty Equivalence. Likewise, Monotonicity® implies Menu-Monotonicity which is the
condition that for any x D 2/, x 77 2/,

The setup from this paper can be embedded as a special case of the Takeoka [2005] model,
where the only possible signals about the state space are deterministic [Azrieli and Lehrer,
2008]. A deterministic signal is a when the signal observed is uniquely determined by the
state, information is completely pinned down by knowing the state. Using this subset of
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signals, has the benefit that there is a natural relation between information as a signal, and
a partition of the state space, this makes the model closed, since the state space contains
all possible descriptions of the world the information should be able to be described with
relationship about the state space. In my model the state space captures all there is to
know about the decision problem and information is naturally tied to it. By allowing for
subjective signals which are uncertain, there are essentially some uncertainties that are not
captured by the objective state space. The appeal of an objective state space is that it
captures all the uncertainties perceived by the DM. By considering any type of subjective
states or signals, it is not possible to tie information to observable elements. In the Takeoka
model, the true state space is the product space S x €2, and since S is subjective cannot
be considered an objective description of the world. Since the subjective signals cannot be
objectively described it is not possible to test the model empirically nor to do meaningful
comparative statics with information.

2.8 Conclusion

In many case it is reasonable to conclude that knowledge about future uncertainties, which
can affect a decision-maker’s choices, cannot be observed by an analyst. Therefore it is
something that should be able to be derived. In this paper I extend the choice domain of
Anscombe and Aumann [1963] to choices over menus of AA acts, and show that it is possible
to uniquely identify unobserved information from choice behavior. Information is modeled
as a partition of the state space, which has the natural interpretation that for every possible
state, the DM has the ability to tell which are the possible true states, and which are not.
This type of information is related to the state space, and can be objectively described based
on the specification of the state space. This makes the model easily applicable.

I provide a characterization of preferences over menus of AA acts that is represented with
a EI-SEU representation (U, y, 7). The EI-SEU model represent a DM that has a particular
information about the world given by a partition of the state space. She expects to learn
objective information between the evaluation of a menu, and the choice of an element from
that menu, which helps he to condition her choice on each event learned. The EI-SEU
model allows for the assessment of the value of information and to determine a preference
for flexibility as a function of the available information.

I characterize preference for flexibility as a result of information about the world based on
the statistics idea that information is useful when there are many options to choose from. A
DM with no information about the world has no preference for flexibility, because she cannot
condition her choice. This complements the idea of the classical menu choice literature
where the preference for flexibility comes from the revelation of subjective contingencies, by
arguing that if subjective uncertainties can be objectively described, they can be interpreted
as information about the world, represented by a partition. This type of interpretation leads
to the natural comparative static of “being more informed”, as getting finer information
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about the state-space, which is something that can be determined from choice behavior.

In this model the DM uses Bayesian updating to process information. So an extension
would be to identify information without subjective expected utility, and for any type of up-
dating rule, like Machina and Schmeidler [1995] identify priors without the expected utility
assumption. In addition, the information in this case has no intrinsic value, which is some-
thing that can be added. This would be the natural step to tie this model with objective
states to the regret [Sarver, 2008] or costly contemplation [Ergin, 2003, Ergin and Sarver,
2010] ideas.

2.9 Auxiliary Results, Lemmas and Proofs

2.9.1 Hausdorff Topology

Endow Q x 7 (note that here 7 is fixed) with the usual Hausdorff Topology, given a metric
d on H, the Hausdorff distance between x,y € O,

dy(x,y) = max {sup inf d(f, g),sup }nfc d(f, g)}

fex 9€Y gey J€

Endow also H and A(B) with the sup metric. Forany f,g € H, d(f, 9) = sup,cs das)(fs, 9s)
where da(p) is the sup norm on R”. Therefore

0(0,9) = 111 = gl = (1705) — )} = ma { e 29— .00 }

ses

Q is the set of all a nonempty subsets of n copies of the k-dimensional unit simplex, (A*)".
Since AF is a bounded subset of R¥, then (A¥)" is a bounded subset of (R¥)". By the Heine
Borel Theorem, any closed menu is a compact menu.

2.9.2 Lemmas

This Section contains results that are mentioned in the body and some are useful for the
proofs of Theorems 2.1-2.3, and Propositions 1-3. Proofs to the following lemmas and propo-
sitions are in Section 2.9.3.

Lemma 2.4. Let {z"} be an increasing sequence of subsets of a metric space. x1 C x5 C ...,
and let o* = J,_, x,. Then x, — cl(z*) in the Hausdorff topology.

Lemma 2.5. Given any x € Q. Let 7 over Q satisfy Continuity then x ~ cl(x), where
cl(x) is the closure of x.

Lemma 2.6. Let =~ over Q satisfy Order, Independence and Continuity, then x ~ co(z).
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Lemma 2.7. Fix m € II. Let 7 satisfy Event Dominance and Menu-Sure Thing Principle,
then for allx € Q and any E € 7, (x,7) ~ (xEx, ).

Lemma 2.8. Let -, satisfy Event Dominance and Event Strategic Rationality, then 2=, for

any x,x' € Q with x D ', (z,7) 75 (x, 7).

Lemma 2.9. Let - satisfy Monotonicity™ then = satisfies Menu-Monotonicity, i.e. for
' Cx, then x 77 o'

Lemma 2.10. Let Oy, be defined in equation (2.9.7). Given © € II, let 77 on Q x II
satisfy Order, w-Continuity, w-Independence, Non-Triviality, Monotonicity, Fvent Strategic
Rationality, and Event Dominance, then (x,7) ~ (O, (), ).

Lemma 2.11. Let - on Q satisfy Continuity, Independence, Order and Monotonicity™ then
x ~ O(x)

2.9.3 Proofs

This Section provides proofs to Theorems 1-3 and Propositions 1-3. To make the main proofs
easier to follow, proofs for most of the intermediate results within these proofs are at the
end of the Section.

Proof of Theorem 2.1

Given a fixed m € II, consider, 7., preferences over Q x w. Since m remains fixed in this
choice domain, I omit the 7 in the proof. I use x instead of (x, 7). Moreover for p € A(B)
I abuse the notation to use p to refer also to the constant act p € H that gives constant
outcome py = p for all s € S.

Here 1 prove sufficiency in several steps. Necessity is routine to check, and the results
follow form the fact that the dot product is a continuous function linear function and

sup (u, fs) = max (u, fs) = max (u, fs
f65< ) f€cl(r)< ) fGCO(cl(w))< )

Step 1: Existence of a SEU representation for the restriction of 27, to the domain H x 7.

Let Zr|, be the restriction of 7. to singleton menus, which is a preference relation
over the set H x 7. From Axioms 3.1-3.5, 2|, admits a SEU representation [Anscombe
and Aumann, 1963], given by Vsgy : H x 7 — R. Vspu(f) = Y .cqn(s) (U(fs)), where
U : A(B) — R is a mixture linear function, unique up to positive affine transformations,
and g is a unique, probability distribution over S. Can normalize U to be an Expected
Utility function which is given by U(fs) = (u, fs), where for all s € S, f, € A(B); and
u: B — R is a vNM utility index, unique up to a positive affine transformation. Consider
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u as a k-dimensional vector (|B| = k) which gives the utility index for each b € B.
Step 2: Existence of a mixture linear representation of 77.

>~ satisfies Order, m-Continuity, and 7-Independence, then by the Herstein Milnor The-
orem there exists a mixture linear representation of 27, which is unique to positive affine
transformations.

V.:O9xm—R

Restricting the attention to singleton menus, V,(:) : H x 7 — R is a mixture linear repre-
sentation of ., as well. By uniqueness of the SEU representation, Vsgy, from step 1, for
any degenerate constant act, d,, which is the act that gives outcome b for every state with
certainty, V;(0,) = au(b) + [, where u is a vNM utility index from the AA representation
Vspu in step 1. So, it is possible to normalize to V. (dy) = Vsgy(d) = u(b) by the uniqueness
result of the SEU representation. Let set vNM utility indices {u(b)}pep. In addition, since
B is finite and 7, satisfies m-Non-Triviality, can normalize the vNM utility indices to be
bounded between 0 and 1. Assign the vINM utility index value 1 and 0 to the best and worst
elements in B, b and b, respectively; i.e. u((b)) = 1 and u(b) = 0. Hence {u(b)}rep € [0, 1],

Step 3: Map each act into a unique m-conditional SCE act.

Given E C S, and f € H, construct an E-conditional SCE lottery to f, c,(f|g) €
CEA(f|E). This lottery is constructed by the convex combination of the outcomes on the
states in E of f, f,, where the weight on the outcome on each state in E is given by subjective
likelihood given by the prior x from the representation for 27, (Step 1), conditional on E.

w(s)

cu(flE) = E

(2.9.1)
SEE

Here for any b € B, c,(f|g)(b) = Pr(b) = > g 5((2))f5(b). In addition, define fp, €
CE(f|FE), a E-conditional SCE version of f as

fe, =cu(fle)Ef (2.9.2)

As operations, f +— c,(f|g), and f +— fg, are well defined, continuous, onto and mixture
linear operations.

Lemma 2.12. The operation c,(:|g) : H = A(B), where f — c,(f|g) defined as

w1(s)
E

cu(fle) = (2.9.3)

SEE
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where p is a fized a distribution over S, is

1. Well defined.
2. Continuous.
3. Onto.

4. Mixture Linear.
Proof. In Section 2.9.3 0

Also since . satisfies a SEU utility representation when restricted to acts, fg, ~ f by
the additive separability of the representation. Moreover, the following lemma is a result of
the construction from equation (2.9.1) for disjoint events, F and F'.

Lemma 2.13. Given E,F C S, with ENF =0, then ¢,(fg,|r) = cu(flr) and c,(fr,|5) =
Cu(f|E)

As a corollary of Lemma 2.13, every act f can be mapped into a w-conditional SCE act
uniquely by finding ¢, (f|g) for each € 7. Denote this act as f., € CE(f|r). This f, € H
is uniquely defined as?

Cu(f‘E1) s € E1

frn = : : (2.9.4)

cu(flp,) s € En

The mapping f — fr, is continuous, mixture linear, and onto. This follows directly from
Lemma 2.12. By construction f ~, fx.

Step 4: Map each menu into a particular m-conditional SCE menu, z,,.

Define x,,, as the menu where each f € z is mapped into fr, € CE(f|r), as defined in
equation (2.9.4). The map x +— w,, is well defined, onto, continuous, and mixture linear.

r, = | [, (2.9.5)

fex

Lemma 2.14. Let x € QF, the set of all closed menus. Given some w € II, define the
operation m, : @ — Q.", where

mu(z) = U Tu(f)

fex

and
7. (f)(s) =cu(flg) forall se Een (2.9.6)

20T will use this matrix notation thought the proofs when it is easier to follow.
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For the c,(f|E) defined in equation (2.9.3). Then
1. m, is well-defined.
2. m, is onto.
3. m, 1s Hausdorff continuous.

4. m, is mizture linear.
Proof. In Section 2.9.3 0
Proposition 2.15. Let 7, satisfy Azioms 2.3.1- 2.5.8 then for any x € Q, 1y, ~r T.

Proof. In Section 2.9.3. C

For each = € Q, if 7. satisfy Axioms 2.3.1- 2.3.8, z,_ is indifferent to z. Hence, it
is possible to identify each menu x with a particular 7-conditional SCE menu x,, that is
indifferent to x.

Step 5: Restrict the domain of choice: closed, convex, m-measurable, and menus that in-
clude all their m-dominated elements.

For any f € H, define O, (f), the set of all 7-dominated acts by f, as

O, (f)={geH

CM(f|E) r>\:7r Cu(g|E)a V E e 71'}

This is the set of all ¢ € H, for which the E-conditional SCE lottery given by c,(g|r) is
dominated by c¢,(f|g) for all E € m. Here I treat c(f|g) € A(B) as the constant act that
gives outcome c(f|g) in every state.?! Similarly, define the menu of dominated acts by z,

Or, (), as
Oﬂu(x) = U Oﬂu(f)

fex

As an operation on menus, z — O, () is well-defined, Hausdorff continuous, and mixture
linear operation.

Lemma 2.16. Let Oy, : K(Qr) — K(Qx) be the mapping x + O, (x), where

O, () = {9 € Hleulf1p) Z culgle), ¥ Eex)  and
O, (z) = | Ox.(f) (2.9.7)

fex

21T follow the notation of Takeoka [2005], who defines the acts that are dominated by f as O(f); which is
the set of acts dominated by f in every possible state.
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c,(flE) defined in equation (2.9.3). Then
1. If v € K(Qx) then Of, (x) € K(Qr) (Ox, is well defined).
2. O, 1s Hausdorff continuous.
3. O, is mizture linear
Proof. In Section 2.9.3 0

For each x € Q, the menu Oy, (z) contains all the acts that are 7m-dominated by some
element of x. This menu is maximal on the sense that for any act h € O, (), for any f € z,
there exists E € 7 such that c,(h|g) > c,(f|r). Lemma 2.10 states that given Axioms 2.3.1-
2.3.8, © ~; O, (x). Thus adding elements to a menu x that are m-dominated do not change
preferences for the menu.

From Lemma 2.5 and Lemma 2.6 (in Section 2.9.2), if 7, satisfies Axioms 2.3.1- 2.3.8,
x ~g cl(z) and © ~; co(x) for all x € Q. Therefore I can restrict the attention to K(Q),
the set of all closed and convex menus. This set is compact from the Heine Borel Theorem
because Q it is equivalent to a closed and bounded subset of Euclidean Space

Moreover, from Proposition 2.15, x ~ z,, for any x € Q. Since 7(-) is onto, continuous,
and mixture linear operation on Q (Lemma 2.14), I can identify each = € K(Q) with some
Tr,, which is also going to be closed and convex. Hence, further narrow the attention to
those menus in K(Q) that are m-measurable, which is the set (Q,), the se of closed and
convex m-measurable menus. One final restriction on the domain is to menus in £(Q,) that
are maximal in the sense that they include all the acts that are m-dominated by elements in
x. Let

K (Qr) = {:E eEK(Q,) :x= Om(x)}

The set K*(Q,) is also compact and convex, since by Lemma 2.16, O, (-) as an opera-
tion is well defined, Hausdorff continuous, and mixture linear. Given Axioms 2.3.1- 2.3.8,
x ~ O, ((cl(co(x)))r,). Hence each menu x € Q is identified by indifference with a menu on
K*(Qx). By considering K*(Q,) it is possible to follow the construction of DLR’s additive
representation (adapted to this particular domain).??

Step 7: DLR-like representation for -, restricted to K*(Qx).
Consider the set K*(Q,). For any x € K*(Q,), for each objective state s € S, define the

function, o,(s) = sup;c, ((u, fs)), and o, = (04(51), ..., 0.(s,)). Here u is the vNM utility
index obtained form Step 1, which is bounded between 0 and 1. The function o(-), has as

221t is key in the DLR approach that the “support function”, which gives the maximum at each state is a
1-1 mapping. If I include all menus that are not maximal with respect to this notion of m-dominated acts,
two menus might give the same function without being the same menu by just adding dominated elements
on a particular event E € 7, thus it wouldn’t be 1-1.



41

codomain the set of linear functions on [0, 1]", labeled ([0, 1]"*)*. Therefore o : K*(Q,) —
([0, 1]")".

For x € K*(Q,), any f € x is constant on E for each E € w. Therefore there are some
linear restrictions on the set of functions that ¢ maps into. For each F, there is the restriction
that f, = fo if 5,8’ € E, therefore the range of ¢ will be homeomorphic to ([0, 1]"1)*. Take
m = {F1,...,E,} as a “state space” since there is no way of distinguishing states in each
E; for m-measurable menus. Let |7| = m < n. For K(Q,), each z defines a vector in a
linear subspace of [0, 1]" of dimension m, which can be identified with [0, 1]™. By the duality
between vectors and linear functions on R™, o, defines a continuous linear function on a
space homeomorphic to [0, 1]™.

Since x is m-measurable, for any f € z, fi = fo where s,8' € E for E € 7, then
fs = cu(f|r) for the event E € m where £/ 5 s. Then

0.(E) = sup (u, c,(fr))

fex

Write o, as:
0y = (0:(E1), ..., 0x(En)) € ([0,1]™)"

The following Lemma shows the properties of sigma, that are key to follow DLR’s additive
representation construction.

Lemma 2.17. Let o : K*(Q,) — ([0, 1]™)* be (04, (E"), ..., 02, (Em)). Then
1. o is continuous (using the sup norm on R™).
2. o is maxture linear.
3. o is one to one.
4. o 18 onto.
Proof. In Section 2.9.3. O

Now, for any linear function v on [0,1]™, define the functional L : ([0,1]")* — R as
L(v) = Vy(c7'(v)). This is well defined since for every vector v € [0, 1]™, there is a unique
x € K*(Q,) such that o, = v from Lemma 2.17. L is continuous and mixture linear since o
and V. are continuous and mixture linear. So L is a positive linear functional on ([0, 1]™)*.
By by the Riesz Representation Theorem there exists a unique positive measure p, on 7
such that for any v € ([0, 1]™)*, the functional L is represented as integration with respect
to the measure p, (see Aliprantis and Border [2006]), i.e.

Lv) = / o(E)in(dE)

™
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Without loss, normalize i, to be a probability measure over 7. Since 7 is finite, can write

L(w) = " v(E)pa(E)

FEer

The functional L on ([0,1]™)* was defined as L(v) = V, (¢ (v)), for any 7 € II and every
x € K*(Qx),

Vile) = Lloa) = S ox(BWne() = 3 (suplr. (1)) e ()

Een Een fex

= > sup (U(cu(flr)) x(E) (2.9.8)

For the EU function U : A(B) — R given by U = (u,-), for the vNM utility indices
u = (u(by),...,u(bg)). L(-) is mixture linear and agrees with the V,(z) = L(o,) for all
x € K*(Q,). Therefore equation (2.9.8) can be extended as a representation of -, over all
the m-measurable menus, since z ~, cl(z), * ~; co(x), v ~; cl(z), and = ~, O, (x) for
x € Q,, and

Sup (u,c(flr)) = Jnax (u,c(flr)) = jemax (u,c(fle)) = fesolif(m) (u,c(flE))

The construction of the representation is given by the commutative diagram on Figure 2.7.

Figure 2.7: EI-SEU Representation

KH(Q,)—

R

Step 8: u, and p must be aligned on events defined by the partition.

iy from the representation theorem on equation (2.9.8) is a measure over events in T,
not over the whole state space S. It is possible to identify p, = g on 7 uniquely from the

uniqueness of the mixture linear representation of 7., , the restriction of ZZ. to singleton
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menus (acts) because V. restricted to H is also a mixture linear representation of 2~ and
1 is unique for mixture linear representation of =

Step 9: Extend representation to all menus.

NW‘H’

NW‘H

The representation result from Step 7 is over all m-measurable menus. For x € Q, f € x
is constant on E for all £ € 7. From the definition of ¢,(f|g) on equation (2.9.1), for any
fexeQr fs=cuflp) for E 3 s, equation (2.9.8), can be rewritten as

Vi(z) = Z (?}gﬂ?(“vcu(ﬂE ) ZSUP (Z ,u; ) w(F)

Een Eer f€7 \scr M

Since pr(E) = p(£) from Step 8. Now consider z € Q, and from x ~, x,, (Proposition
2.15) extend the representation to Q. Hence, to extend the representation to any menu,
suffices to show that for any x € O,

)2~ (s

Given x, for each E € m, consider sup e, (3.5 u(s|E) (u, fs)). For each E, and f € ,
by construction of z,, f is associated with a unique c,(f|r) € A(B), which is defined as

cu(fle) = D ser 5(5 fs. Therefore

= su Iu S u = su u M(S)
m(Smen) - gm(Sigen)- (505
= sup (Z <u? Cu(f|E)>> = sup (Z M(S|E) <u> f8>)

fex \sep fermy \sep

> uls|E) (u, f)

seE

Z<sup [Zu s|E) (u, fo)

Eer \/€* |scE

) WE)  (2.9.9)

Hence equation (2.9.9) is always satisfied. So 7~ can be represented by the functional

= sup (Z” s|E) (U ) u(E) (2.9.10)

Eer T€% \scE

Where U is a EU function, unique up to positive affine transformation, y is a unique distri-
bution over S, and u(:|E) is the conditional distribution of S on event E. Therefore from
any m € II, 7=, admits an EI-SEU representation given by equation (2.9.10) if and only if
> satisfies Axioms 2.3.1- 2.3.8 (for a fixed partition ). O
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Proof of Theorem 2.2

Necessity is again routine to check. Here I prove sufficiency. -, admits a EI-SEU represen-
tation (Uy, ir, 7), given by the functional V, : @ x 7 — R, for each m € II. Now extend
EI-SEU representation to all partitions, where = is a preference order defined over Q x II.
The key step is to show that the axioms imply that m-measurable menus do not get any
benefit from getting information finer than 7. This implies that it is possible to compare
(x,m) and (y,n"), with the functional V1 @ x (7 V7') — R, which represents the coarsest
common information between 7 and 7’.

For any m, V,, is given by p,, a measure over S, and a mixture linear utility function
U, : A(B) — R. From Information Value from Options for the preferences to be represented
by {Vi}ren it is necessary that U, = U, for all m,7" € 11, since pr = pr = p from the
existence of a SEU representation over acts (Step 8 in Proof of Theorem 2.1).

From the representation of =, if 7~ satisfies Axioms 2.3.1- 2.3.8 for any 7 € II, from
Proposition 2.15, (x,7) ~ (2,,,7) for any # € Q. For any 7 consider finer information
than 7, 7’ >/ 7. The mapping, through operation 7’ (as defined in Proposition 2.14), of a
m-measurable menu is the identity if 7’ is finer than 7 (i.e. the menu does not change).

Lemma 2.18. Let = satisfy Azioms 3.1-5.9. Given 7 € Il, for any x € Q, and any ' >’ 7,

Ty, =, where Xy is the menu of ' -conditional SCE equivalent acts to x defined in equation
(2.9.5).

Proof. In Section 2.9.3. O

For (z,7) € Q x II, from the utility index u, define the act fiom as

“ \(s) =arg max (u, f, 2.9.11
f(:cﬂr)( ) ngCl(wa)< .f> ( )

From the definition of xr,, this is equivalent to f(, (s) = argmaxfea(s) (u, cu(f|£)) for
s € E. From the utility representation for Zr, (f(, .y, 7) ~r (2, 7) since

Vel foom) = > (Z 1(s|E) (u, fom)) | 1(E)

EeS \seFk

- > (Zu S|E) max. (u,cu(f12)) | n(E)

EcS \s€eE
_ S s (Zu S8 (0, ) ) 1)
Ees 167 \scE
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Using the construction of this act, as an act that is indifferent to x given information ,
show that for any m-measurable menu x, there is no benefit from giving the DM information
finer than 7.

Proposition 2.19. Let 7 satisfy Azioms 3.1-3.9, then for any x € Q,, (x,m) ~ (x, ') for
any © >1 7.

Proof. In Section 2.9.3. C

Corollary 2.20. Let 7 satisfy Azioms 8.1-8.9. For all v € Q and @ € I, (2r,,m) ~
(27, 7V ") for all 7' € I

From the previous results, any information finer than 7 is useless if the menu consists of
m-measurable acts, given by the next Proposition.

Proposition 2.21. Let 77, satisfy Azioms 3.1-3.9, then for anyz € Q, m € 11, (z,7) 7 (x, ')
implies (T, 7N ') Z (Tay, 7V 7).

Proof. In Section 2.9.3. O

From Proposition 2.15, it follows that two menus with different information can be com-
pared in the coarsest common refinement of the partition.

Corollary 2.22. Let = satisfy Azioms 3.1-3.9, then for any z,y € Q, m,n’ € I, (z,m) 7
(y, ') implies (xr,, 7V ') Z (Yu,, 7V 7).

Hence, to compare any menu with different information structures, it is possible to com-
pare 7- and 7'-conditional SCE equivalent menus x,, and Tn, with the information given
by 7 V ’. Therefore it is possible to extend the representation of 77, for each 7 over menus
with any information. To see this, let (z,7) and (y,n’') € @ x II. From definition of z,
and Lemma 2.18, (25,7 V 7') ~ (z,7) and (y,7') ~ (yx;,, 7 V 7'). Therefore (z,7) Z (y, )
implies (27, 7V ) 2Z (Yr,, 7V 7'). From Theorem 2.1 there is a representation for Z yr.
Hence (zr,,m™V ') 2 (Yr,, 7 V 7') if and only if

> sw (me <u,fs>> w(E)> 3 sup (ZM(SW)(%QS)) u(E)

EBervr 1€ \ seE Eenvr 959, \scE
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But note that

Vevw(tm) = 3 sup (Zu S1E) (u ) u(E)

Eenvr 1€ \scE

S| T o (S un

f€Tx,

Fer ECF selR

Fenvn!
-Y (zﬂ a4 Ufs) u(E)
Fer T€%m \seE

=Vi(Tr,) = Va(z)

Hence (z,m) 7 (y,7’) implies that V,(x) > V. (y), extending the representation to the whole
domain of 7. O

Proof of Theorem 2.3

Here I prove sufficiency, necessity is straightforward. For the proof, let 7~y be the restriction
of 7Z to singleton menus (acts), and ZZa(p), the restriction of 27 to constant acts (lotteries).
I abuse notation when by using

p seE | _
{ z sek* } =pkz
for p € A(B). pEf is the act for which (pEf)s; =p, for all s € E.
Step 1: Existence of a SEU representation for -y

Like in Theorem 2.1, Axioms 2.4.1- 2.4.8 guarantee that there exists a SEU representation
for 7Zy. This representation identifies a unique p over S, and a EU function U : A(B) - R
unique up to positive affine transformations. U is given by U = ( p) for some u: B — R.
From Non-Triviality there exist best and worst elements in B, b and b respectively. Let &
be the degenerate lottery that gives the best outcome with certainty and ¢ the degenerate
lottery that gives the worst outcomes for sure.

Step 2: For menus that agree on everything except an event, if they are constant on that
event, they can be evaluated with the 7Za(p) —best element.

The next two lemmas show that the preferences for menus of the form PEz and QFEz are
determined by the ZZa(p)-best element in P and (). First I show that for menus of the form
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pEz and qFEz the preference between the lotteries p and ¢ will determine the preference over
menus. Then I show that for any £ C S, and any menu of the form PFEz, PEz equivalent
to the menu consisting of just one lottery on E for some p* € cl(P), given by p*Ez.

Lemma 2.23. Let 77 satisfy Azioms 2.4.1- 2.4.8, then for any p, ¢ € A(B), where p Zas) ¢,
forall ECS, x € Q,
pEx =~ qFx

Proof. In Section 2.9.3. 0

Lemma 2.24. Let = satisfy Azioms 2.4.1- 2.4.8, then for any P € 22P) and 2 € Q, and
any E C S, there exists p* € cl(P) such that

PEs ~ p*Ez. (2.9.12)

Proof. In Section 2.9.3. C

A corollary to the two lemmas is that adding to a menu indifferent lotteries p and p’, where
p ~a() P, on a particular state doesn’t change the preferences for the menu. Therefore
menus of the form pFEz can be evaluated as lotteries.

Corollary 2.25. Let 7 satisfy Azioms 2.4.1- 2.4.8. Let p,q € A(B) such that p ~ap) q. p
and q are not necessarily the same lottery. Then for any x € Q, for any s € S, x U (psx) ~
U (p'sz).®

Proof. In Section 2.9.3. O

By Lemmas 2.23 and 2.24, and Corollary 2.25, it follows that when evaluating menus
that are constant on an event F, it is enough to consider the best lottery on each menu.

Step 3: Define the join of a menu, as the act that dominates all elements in the menu.

Definition 2.7. Let Za(p) be the preference over A(B), induced by the restriction of 7 on
constant acts. For any finite x, define the join act, (Vz), € A(B), as the element in z that
maximizes Ja(p) for every s € S,

(Vo) = arg max{f, : f € x}

ZA(B)

Vz is the act

Ve = ((Vl’)sl, (vz)sza ) (\/[L’)Sn)

ZWhich is equivalent to {x Up}sz ~ {x Up'}sz by the definition of psz.
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For any closed menu z, (Vz)(s) is well defined as well because x is closed and bounded,
subset of Euclidean space, hence compact. By Lemma 2.5, cl(x) ~ x, and continuity so for
an arbitrary z, can define Vo = V(cl(z)). By construction Vx dominates all acts in x in
every possible state, hence the next Proposition is a natural result.

Proposition 2.26. Let 7 satisfy Azioms 2.4.1- 2.4.8 then for any closed x € Q, Vx 7~ x.
Proof. In Section 2.9.3. 0

Step 4: Identify preferences between menu and {s, s'}-conditional SCE versions, for pairs
of states 5,5 € S.

Define the act fX € H, as the act that gives the best degenerate lottery on state s and
the worst outcome everywhere else.

« | o s=t
f _{ 52 iy (2.9.13)

The following two results state the properties of unions of acts that differ only on two
states. First, for states s and s, the indifference between two acts that differ only on those
two states and the join is determined by the indifference between the menu {f* U f%} and
the act (fFV f2). Secondly, if the union of two acts that differ only on s and s is strictly
dispreferred to the join, then it must be indifferent to one of the two acts in the menu.
By construction the best individual act is always indifferent to the {s, s'}-conditional SCE
ment.

Lemma 2.27. Let - satisfy Azioms 2.4.1- 2.4.8. Given s,s' € S,
{fSUfat ~(fSV o)

if and only if for any p,q,p', ¢ € A(B), with p =am) ' and ¢ =am) ¢, or D' =am) p and
q>=amB) q

p s pyooos [ pVvp s
q S/ U q/ s/ ~ q\/q/ S/
o {s&}° d {s, s} L0 {ss)e
p s P s
— q s/ \/ q/ S/
é {s’ s/}c é {S, S/}C

Proof. In Section 2.9.3. O
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Lemma 2.28. Let = satisfy Axioms 2.4.1- 2.4.8. For any s,s' € S, and any f,g € H, and
any v € Q, If
{[f{s.s'}a] U [g{s. s }a]} < [(f v 9){s,5'}a]

then
{[f{s, s}l U[gfs,s}al} ~ [f{s,s'}a] or {[f{s s'}a]U[g{s,s"}a]} ~ [g{s,s'}2]
Proof. In Section 2.9.3. O

Step 5: Define information separable states, and construct a partition as an equivalence
class of states that are not information separable.

Definition 2.8. For two states, s and s, define s and s’ as Information Separable if for all
f,9€H,
{[f{s,s}o] U [g{s,8"}6]} ~ [(f V 9){s,s"}I]

By Lemma 2.27 to check if s and s’ are information separable, it is enough to check if
the states are separable for the menu consisting of f; and f}. If for some f,g € H

[(f v g){s, s}l = {[f{s,s'}o] U [g{s, s}d]}

then s and s’ are not information separable, which will have the consequence that the
DM has no information to distinguish the two states. By Lemma 2.28 if states are not
information separable then for a ny f,g € H, {[f{s,s'}d] U [g{s,s'}d]} ~ [f{s,s'}d] or
{[f{s,s'}0] U[g{s,s'}d]} ~ [g9{s,s'}d]. Given this observation, the following Corollary fol-
lows directly from Lemmas 2.27, and 2.28.

Corollary 2.29. Let - satisfy Azioms 2.4.1- 2.4.8. Let s,s' € S, if

{Pts}e] U F(s'1a]} < [s.)4]

(12087} f2ves

then for any p,q,p',q¢' € A(B), withpVp =p and qVq = ¢, and p =am) p' or ¢ =awm) q-

p s poos pVp s
q s Ul ¢ s < | qVv{ s
d {s,s'}° o s, s} d s, )

Therefore, if 7 satisfies Axioms 2.4.1- 2.4.8, then not information separability is an
equivalence class. Intuitively, if there is not enough information to separate s and s, and no
information to separate s’ and s”, there cannot be enough information to separate s and s”.
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Lemma 2.30. Let = satisfy Axioms 2.4.1- 2.4.8. If for s,s',s" € S,

{[6{s}o] U [6{s'}d]} < [0{s,s'}¢] and {[6{s}d] U [6{s"}0]} < [d{s,s"}{]

then

{[6{s'}o] U [6{s"}8] } < [6{s',s"}]

Proof. This follows directly form Corollary 2.29 and Transitive Indifference to SCE, since
a SCE version of a menu is always as good as a particular element on the event where the
menu is constant. U

Define the [s] as the equivalence class of all the states in S, that are not information
separable to s. Let

[s]={teS:{fSUf}=<(fFVI)}
= {tes5: {[o{s}o] U [6{t}d]} < [o{s, t}d]} (2.9.14)

[s] is all those states that cannot be distinguished from [s] based on the DM’s choices. For
any t & [s], by Transitive Indifference to SCE and Lemma 2.28 {f U f} ~ (fXV f). By
Lemma 2.30, [s] is well defined and a partitions S. This follows from the fact that for any
t € [s], then ¢ & [¢'] for any s’ & [s]. Let the partition 7* be defined as

For 7*, it is possible to generalize the observation of Lemma 2.28 for subsets of any event in
7*, which is given by the following Proposition.

Proposition 2.31. Let = satisfy Axioms 2.4.1- 2.4.8. Let F C E € 7, then for any
x,z € Q, there exists f* € x such that
_ g |
vFz = { T e } fFz (2.9.15)

gex

Proof. In Section 2.9.3. O

Step 6: Show that if =~ satisfies Axioms 2.4.1- 2.4.8, >~ admits a EI-SEU representation
(U, p, 7).

Here I show that Axioms 2.4.1- 2.4.8 imply Axioms 2.3.1- 2.3.8 for the partition 7*,
therefore showing the existence of a EI-SEU representation of 77, with the functional V-
from equation 2.9.10.
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Proposition 2.32. Let = satisfy Axioms 2.4.1- 2.4.8, then = satisfies Order, w-Continuity,
w-Independence, w-Non-Triviality, Monotonicity, Event Strategic Rationality, Fvent Domi-
nance and Menu-Sure Thing Principle for 7.

Proof. Clearly, = satisfies Order, m-Continuity, m-Independence, m-Non-Triviality, Mono-

tonicity and Menu-Sure Thing Principle. Need to prove that - satisfies Event Strategic
Rationality and Event Dominance for £ € 7*.

Event Strategic Rationality. Want to show that zFz >~ yEz for some F € 7* then
xEz ~ {xUy}Ez. From Proposition 2.31, since £ € 7*, there exists ¢(f*|g), c(¢*|r) € A(B)
such that *Fz ~ ¢(f*|g)FEz and yEz ~ ¢(g*|g)Ez, and ¢(f*|g) € CE(f|E) for some
f € z, and c(g*|g) € CE(g|FE) for some g € y. Since zEz 7 yEz, by Lemma 2.23,
c(f*|e) Zam) c(g*|e). Now, by Lemma 2.24, {c(f*|g) Uc(g9*|g)}Ez ~ c(f*|g)Ez ~ zEz.
By Menu-Monotonicity, {c(f*|g) U c(g*|g)}Ez C {x Uy}Ez, however by proposition 2.31,
c(h*|g)Ez ~ {x Uy} Ez must hold, where ¢(h*|g) € CE({z Uy}|E). So c(h*|g) € CE(x|E)
or ¢(h*|g) € CE(y|E), hence c¢(h*|g) = c¢(f*|r), and the result follows. So 77 satisfies Event
Strategic Rationality for all £ € 7*.

Event Dominance. For any z € Q, let xEz 77 yEz. Want to show that z =~ y. For each E, by
proposition 2.31, there exists ¢(f*|g), c(¢*|r) € A(B) such that Ez ~ c(f*|g)Ez ~ fpEz,
and yEz ~ c(g9*|p)Ez ~ gpEz, for all E. Then c(f*|g) Zawm) c(g*|g) for all E by Lemma
2.23.

Let 2’ and x” be two menus defined as follows (and y" and y” are defined the same way,
but using g}, € y instead)

o = | J{fsES}

Eer

" = | J{e(fzl2)ES)

Eenm
Where f}, € x is the act defined as in Proposition 2.31, and ¢(fi|g) € CE(f;|E). From

SCE Aversion, ' 7 2" and from Monotonicity*, x =~ 2/. Now show that

c(fele)  En
' ~ : c€H

C(-fgm Enm ) Em

To prove this, prove first the following two Lemmas
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Lemma 2.33. Let F, E € m* where E # F. Then for any set of lotteries p,p € A(B),

P E
{[pES] U [gFd]} ~ | ¢q F
i {EUF)
Proof. In Section 2.9.3. O

Lemma 2.34. Let {s;}{_, € S be any set of states in S, such that for alli,j s; € E; € 7,
s; € Ej e m*, and E; # E;. Then for any {p;} € A(B),

b1 S1
¢
{lpisid} ~
i—1 De Se
5 {EUF}
Proof. In Section 2.9.3. 0

Applying Lemmas 2.33 and 2.34 recursively, it follows that

C(fgl‘EJ Ey
el f5lp) ES} ~ : cH

Len C(-fg'm Em) Em

And by definition of ¢(f*|g) € CE(f*|E), then from Monotonicity™

C(f]i%1|E1> El fEl El
. . =

~Y

. ~
C(fgm

And therefore x ~ 2”. Likewise y ~ ¢”, and form the previous observation that c(f*|r) Zas)
c(g*|g) for all £ and Monotonicity®, = 77 y follows. Hence = satisfies Event Strategic
Rationality. O

Corollary 2.35. = admits a EI-SEU representation (U, p, 7), given by V(x) = Vi (z) from
theorem 2.2, since it satisfies all necessary and sufficient axioms for a EI-SEU representation

for partition 7*.
V(z) = sup (Z p(s|E) (U(fs))) n(E)

Eert T€% \scE

Em ) Em f Em Em

Step 7: Show that for any other 7' € II where 7’ # m, then 7 fails Event Strategic
Rationality or Event Dominance for some E € n’. Hence 7* is unique, and (U, u, 7*) is a
EI-SEU representation of 7.
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Proposition 2.36. Let 77 satisfy azioms 2.4.1- 2.4.8. If ©’ # 7*, then = does not admit a
EI-SEU representation (U, p, ).

Proof. If 7' # 7 there are two cases: 1) there exists F' € 7’ such that F' intersects two
distinct events in 7%; 2) «’ is strictly finer than 7*.

Event Strategic Rationality. There exists F' € 7’ such that F N E; # 0 and F'N E; # 0 for
E;,E; € m and E; # E;. Then there exist states s,t € S where s € E;, t € E; and s,t € F.
Show that this contradicts Event Strategic Rationality. Let x,y be defined as follows:

“":[g Sis} and ?FB St\t}

Suppose z = 4. Without loss, suppose xFz - yFz. Moreover zFz = z and yFz = y.

However . 3
{ny}Fz:Hg Ss\s}u{g St\t]}

Since t & [s], and s ¢ [t], by Lemma 2.28, and definition of [s],

{ny}FZZ{B Sis]UB St\t]}N

and by Lemma 2.23,

S

[S7 & Al

t
S\ {s,t}

{zUytFz ~ S\Es’t} >[g Sis]:sz

Hence - doesn’t satisfy Event Strategic Rationality for F' € 7',

|7 &al &l

Event Dominance. Suppose that 7’ >/ 7. Then there exist F}, F; € 7' with F; # F}, and
F, U F; C E for some E € 7. There exists t,s € S such that s,t € F and s € F}, t € Fj.
Consider the following menu

- J s U ot
S lLd S\s 5 S\t
By definition of 7, s,t € [s] for some s € S by definition of 7 and Lemma 2.28, without loss
of generality, for some p € A(B),

S R S Lt M RN
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Consider ¢ € A(B) such that 6 =a(p) ¢ =a(p) p, and define y as follows

v=11 Ce0s ]

Therefore y = x. Now let z be the degenerate lottery that gives outcome b in every state.
Note that for any F' € 7’ such that F' # F; or F' # F};, xF'z = z and yFz = z. For F; and

S HERCTRIR N
{3 st ot s[4
and

g~

wee[f

|t
yFJZ—[é S\t}

Hence for all F' € w, xFz 7~ yFz but y > z; therefore 77 does not satisfy Event Dominance
for «’. O

I,

A corollary of the representation result is that zp ~ x for any menu x, and F-conditional
SCE menu to z is equivalent to F' € 7*.

Corollary 2.37. Let 77 admit a EI-SEU representation (U, u, 7*), then for any x € Q and
any zp € CE(x|F) x ~ xzp if and only if F C E € w*.

Therefore if 7~ admits a EI-SEU utility representation (U, p, 7*), U is unique up to positive
affine transformations, and g and 7* are unique. O

Proof of Proposition 2.1

(1) implies (2). Let 7Z; be more averse to SCE than 7Z5. By proposition 2.31 for any E € 77,
x ~1 xp for any © € Q and zp € CE(x|FE). Since 7 is more SCE averse than 775, then
rp o x for any x € Q and g € CE(z|F).?* From Corollary 2.37 and the SCE aversion
from the EI-SEU representation xgp 7Zo x implies that xp ~s x, and this is equivalent to
E C F € 7. Hence m; >/ 73.

(2) implies (1). Let 77 >/ 73, Let xp 7  for some z, for any xp € CE(z|E). Since
Uy, = Uy and py = pg, then CE; (z|E) and CEy(z|E) (the definition of SCE is independent of
the information that the DM has). Since 7-; admits a EI-SEU representation then zp ~q

Hsince U and p are the same 2 € CE(z|E) for both DMs
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for any 2 € CE(z|E). From Corollary 2.37, this is equivalent to £ C F} for some F} € 7.
Since 7} > 75, then there is Fy, D Fy with Fy, € 5. By Corollary 2.37 for any x € Q,
x ~g xp for any xp € CFEy(x|E) since E C Fy € m. Hence zp 7o x for any xp € CEy(z|E)
by SCE aversion from the EI-SEU representation. Hence 7~; is more SCE averse than 7.

(2) implies (3). This follows from the fact that Vi(f) = Vo(f) if Uy = Uy and py = o,
since information has no value for singleton acts as previously discussed. By the functional
for of the EI-SEU representation it is easy to check that Vi(z) > Vi(x) for all x € Q, since
information is always (weakly) valuable. Hence it follows that if = = {f}, then = > {f}
as well.

(3) implies (2). Prove the contrapositive. Suppose that 7} #/ 73. Then there exists
some F' € w5 such that F' N E; # (0 and F'N E; # () for some E;, E; € ©f. Then there exist
si,s; € I, where s; € E; and s; € E;. Consider the acts f; and f;, where for k = 1, j,
fi(sr) = 0 and fi(s) = & for s # s;. Clearly from Proposition 2.31, for DM 2, {f;Uf;} =2 f;
since s; and s; are in different cells of 5. However, since s;, s € F' € m, by the same
Proposition {f; U f;} ~1 f;, therefore the condition x >, f implies  >; f doesn’t hold. O

Proof of Proposition 2.2

This is a straightforward application of the utility representation and definition of O,. The
equivalence between (2) and (3) is the definition of O,(). Now show that (1) is equivalent to
(2). Let 7 satisfy a EI-SEU representation with information 7. Suppose for some z,y € Q,
x =y, then

s S UGN > T S uls|E)UI1)

Eer T2} cE Eer T€% scE

Since for all £ € m,

up 3 w(sIE)(U(f)) = max { sup S u(s|E)U (), sup 3 w(s|B)(U0.)

felzuy} o cp €T cR 9Y scE

there exists some g € y and F € 7, such that,

sup Y _ u(s|E)(U(gs) >iup2u s|E)(U(fs))
(S

9€Y scE T seE
This implies that sup ¢, U (Zse 5 :((g)) gs> > Sup e, U (ZSGE 5(3 fs) Which are E-conditional
SCE lotteries to f and g respectively. So (1) = (2) follows. The converse follows by the
exact same argument using the functional utility representation, and Proposition 2.15, which
states that x,, ~ x, where x,, defined in equation (2.3.3). O
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Proof of Proposition 2.3

If 77 = 7} the preferences are the same, hence for any two problems x ~=; y if and only if
x 72 y. Therefore the DMs are not willing to trade problems. Now let 7} # 7. Similar to
the proof of Theorem 2.3, consider two cases: 1) there exists F' € 7} such that F' intersects
two distinct events in 73; 2) 7y is strictly finer than 7.

Case 1) There exists F' € w5 such that F'N E; # () and F N E; # 0 for E;, E; € nf and
E; # E;. Then there exist states s,t € S where s € E;, t € Ej and s,t € F. Define z
as x = {fX U f} where fr is defined as in equation (2.4.1) as the act that gives the best
outcome in s and the worst outcome everywhere else. By definition of 75,  ~q (fV f) and
x <o (fXV f}), where without loss © ~y f¥. This comes from Lemma 2.28 and definition of
7f. By Continuity and Independence for any o € (0,1], a(f* V f) + (1 — ) fF =2 f¥ ~ x.
Similarly for any g € [0,1), B(f*V )+ (1 = B)f* <1 (f*V f}) ~1 x. Hence let v € (0,1)
and let y = ~v(fX Vv ff)+ (1 —~)f. Then z =, y and y >, x. Hence the 2 DM are willing
to trade problems. Case 2) Let 7} >/ m3. There exists £ € 7} such that F D I} U I, where
Fy, F, € m}. Consider s € F and t € F;, then the same construction of = and y as in Case
1), implies = > y and y > . O

Proofs of Lemmas and Propositions

Proof of Lemma 2.4. This is DLR Lemma 5. z* = (J;°, z;. For any € > 0, since cl(z*) =
is compact?®, there exists a finite open cover by ¢-balls (in the Hausdorff Topology), with
centers aj, j = 1,...,J. For any N large enough, zy = UY z; must contain at least one
element of each of the J balls, hence

sup inf d(f,g) <

fex 9€TN

2e
3

because each element in cl(z*) is within § of one of the a;’s, and there is an element in zy
inside one of the £-balls too; hence the distance between the two sets is at most % Therefore

lim sup inf d(f,g) =0

n—oo fex gETn

SO T, — T. O

Proof of Lemma 2.5. This is DLR Lemma 2. For any € > 0 and any metric d on H, an
e-ball in the Hausdorff Topology is given by

B(z,€) = {y € Q’ max{sup ingd(f, g),sup]irrelgd(f, g)} < e}

fex 9€ g€y

25Closed and bounded subset of Euclidean space.
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Therefore cl(x) € B(x,€). Let L(x) = {y € QJz > y} be the strict lower contour set of .
Suppose from some y € Q, y > x, then x € L(y) and L(y) is open, thus cl(z) € L(y) as
well by Continuity. Hence y > cl(x). Hence if = > cl(z), x € L(cl(x)); and by Continuity
cl(xz) = cl(x) which is a contradiction since 77 is a weak order. The argument for x > y is
identical. O

Proof of Lemma 2.6. This is exactly like DLR Lemma 1. Here I reproduce their proof
for completeness of the results. Let z be a finite menu where z = {fi, ..., f,}. Consider the
set ar + (1 — a)co(x) for some o € (0,21]. Show that this set is co(z). By definition of
the convex hull, aw + (1 — &) co(z) C co(x) for any a € [0,1]. Fix any o € (0,1], and any
g € co(z). By definition g = > | t;f; = g, for some positive numbers t;, i = 1,...,n, where
> w  ti = 1. There must be some j with ¢; > %, so define ¢; for i = 1,...,n as

tj = - and for i #£] ti =

Since t; > % and « € (0, %], t;— >0 and £; > 0 for all i # j. Then

gf 1_ [t —a+Zt]

i#j

=1

Let g =Y i, tifi. Write af; + (1 —a)g = >, t;f; for some coefficients t;, i = 1,...,n. t, =
(1—a)t; =t; for all i # j. and th=a+(1 —a)t; = t;. Therefore af;+(1—a)j = g € co(z).
Hence ax + (1 — «) co(x) = co(z). Now since x C co(x), by Independence, if x ~ co(x), then
there is no a € [0,1) such that aco(z) + (1 — o)z ~ aco(z) + (1 — ) co(x). Since the right
hand is co(x) and by the previous observation there are values of a such that the right hand
side is co(z). Therefore for finite z, z ~ co(x).

To extend the result to infinite x, first note that by Continuity and the result for finite
menus, extend the observation to countable z. By Lemma 2.5, since x ~ cl(x), restrict the
attention to closed menus z. Since z is a closed and bounded subset of Euclidean space, it is
compact; so there exists a countable dense subset in . Let E be the countable dense subset
of x, where E = {ey, es, ...., €, ...}. Consider the increasing sequence of sets e’ = {ey, ..., €;},
by the result for finite menus e’ ~ co(e!) for all i. By Lemma 2.4, ¢! — cl(E) = z and
co(e') — cl(co(x)) = co(x) in the Hausdorff Topology. This and e; ~ co(e') for all i, imply
x ~ co(z) by Continuity. To see this, suppose that x > co(z). By Continuity there is a
n large enough such that x > co(e™) and " > co(x). Fix such an n. By Continuity , for
some m sufficiently large e™ > co(e") and e™ > co(e™). However, since co(e™) ~ €", this
implies that ¢” > co(e™), a contradiction. The case where co(x) > x is similar. Therefore
x ~ co(x).%6 O

261 use this argument repeatedly throughout the paper to extend the results from finite menus to infinite
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Proof of Lemma 2.7. For any z € Q, and any £ € w, (zrEx)Ex = xFx, therefore
(xEx)Ex ~ xEx. By Menu-Sure Thing Principle for any z € Q, (xEx)Ez ~ zEz. For
any F' € 7, F # E, by definition, (rEz)Fx = xFz, and obviously (zEx)Fx ~ xzFux,
and by Menu-Sure Thing Principle (zEz)Fz ~ zFz. Therefore Event Dominance implies
zBr ~ . U

Proof of Lemma 2.8. Consider 2’ C x for a fixed 7 € II. For any E € 7, and any z € Q,
since © = {2/ Uy} where y = (x\ 2’), by order either 2'Ez - y'Ez or y'Ez 77, ' Ez. In either
case, by Event Strategic Rationality, ({2’ Uy'}Ez, 7) = (¢/Ez, ) for all E € 7. Therefore
Event Dominance implies that (z,7) = (2/, 7). O

Proof of Lemma 2.10. z € O, (x) by definition, and by Menu-Monotonicity (Lemma
2.8), O(x) Zr x. Let y = Or,(x) \ x. Suppose O(x) =, x, then there exists £ € 7, g € y
such that gFg =, xEg. Otherwise, Event Dominance and Event Strategic Rationality would
imply = 22, O(z). Since g € O, (x), there exists f € x such that c,(f|g) Zr cu(g|g) for all
E € m. Then fEg 7=, gFEg from Monotonicity. Therefore, by Order fFEg >, xFEg, which by
Event Strategic Rationality implies fEg ~, {f Uz}FEg >, xFEg, which is a contradiction,
since f € x implies that z = {f Uz}, hence vEg = {x U f}Eg. Therefore Oy, (v) ~r z. O

Proof of Lemma 2.11. By definition of O(z) for any g € O(x) there exists f € x such
that fs 7= gs for all s € S. Therefore from Monotonicity*, x 77 O(z). = € O(x), therefore
x ~ O(z) by the same Monotonicity™ argument. O]

Proof of Lemma 2.12. Let ¢,(f|g) = Z s

EGA)

Well-Defined. c,(-|g) is well defined since 1 is unique and ¢, (f|g) is a convex combination
of lotteries.

Continuous. c¢,(-|g) is continuous since it can also be defined as the composition of a dot
product and a projection, both continuous operations, as

¢(flg) = @ (Projp 1 Projp f)

considering p as an |S|- vector and f as a vector of size |S| over A(B), and £ C S.

Onto. For any p € A(B) there exists a constant act p € H, where p; = p for any s € S. So
it is obvious that ¢, (p|g) = p.

menu.
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Mizture Linear. Given f,g € H, for any « € [0, 1],

culaf+(1—-a)gl) = )

seE H

_ pi(s) puis) o o o, H(s) o u(s)
= acy(fle) +(

p(s)
(E) (afs + (1 - a)gs)

1 —a)eu(gle)
O

Proof of Lemma 2.13. By definition fg,(s) = [c,(f|g)Ef](s) = f(s) for all s € F since
ENF =0, similarly frp,(s) = [c.(f|r)F f](s) = f(s) for all s € E. Thus by the construc-
tion of ¢,(f|r) (equation (2.9.1)), it is easy to see that c,([c,(f|g)Ef]|lr) = c.(f|r) and

culleu(f1P) F flle) = culfls)- 0

Proof of Lemma 2.14. Let x € Q*, be a closed menu. Define the operation 7,(z) =
Ufee mu(f) where 7,(f) is defined in equation (2.9.6).

Well-Defined. Fix E € m, by Lemma 2.12, ¢,(f|g) is well defined for each f and E, hence
mu(x) is well defined. Also 7,(z) is closed if z is closed. Let f" € m,(z) such that f* — f.
Want to show that f € 7,(z), i.e. there exists g € x such that 7,(g) = f. Since " € m,(x),
there exists a sequence ¢g" € x such that for all n, m,(¢") = f"; where ¢,(¢9"|g) = f"(s) for
all s € E. Since x is compact, there exists a convergent subsequence g™+ — ¢* € x. For
all ny, ¢, (9" |g)f™(s) for any s € E. From Lemma 2.12, ¢,(-|g) is a continuous function
so lim ¢, (¢ |g) = lim f™, hence ¢,(¢*|r) = f(s) for any s € E. This holds for all £ € =.
Therefore f € m,(x), hence m,(z) € Q*.

Onto. Given any x € QF C Q, for any f € x, f € H(n). Therefore 7,(f)s = c.(fle) = fs
(Lemma 2.12). Then 7,(z) = .

Hausdorff Continuous. Want to show that if 2" — =z, then 7,(2") = m,(2) = 2,,. 7,(x) is
closed and bounded, hence compact, then there exist a convergent subsequence 7,(z") =y €
Q. To prove Continuity, show that for any z,y € Q, and 7 € II, dgy(x,y) > dg(2x,, Yx,)-
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So if 2" — x then a7 — z,.

A (Tm,s Ym,) ZmaX{ sup inf d(f,g), sup inf d(f,g)

fE€xx, ISYmn 9€Yr, TE€Tm }

f€xn, 9€Yr,, seES beB S fExWM seES beEB

:max{sup int (s |£.0) — 0.0 ) sup int (maomax|7.(0) - gs<b>|)}

By the construction of ¢, (f|g) there exists f € x and g € y such that

o)

Zu )fo(b) = > pu(s)gs(b

seE

Same result holds for supye, infre,,, (SUpper SuPep [¢u(flE)(b) — culgle)(b)]), therefore

sup inf <maxmax\cu<f|E>< ) - cu<g\E><b>\)

f€xn, 9€yYr, \ Eem beB

MS) p(s)
E) w(E)?

=supinf | max max
fex gey FEer beB

)

=supinf | max || ——=
fex gey Een bGB

<sup inf max( )ZM ) max | f5(b) — gs(b)]

fex 9€Y FEer beB

< sup inf (maxrgleax|fs( ) — gs(b)|)

fex gey seS

i m,) < mox {supint (supsup £.6) = .01 ) swp it (supsup £.0) ~ 9.0 ) |

fex 9€Y \ seS beB gey F€T \ seS beB

= dH(x7y>

Therefore 7, is Hausdorff continuous.

Mixture Linear. From Lemma 2.14, for any E € m, and f € z, c (af + (1 — a)glp) =
ac,(fle)+(1—a)c,(g|r). Therefore, by definition of m,(x) it follows that 7, (ax+(1—a)y) =
amu(@) + (1 — a)m(y). e

Proof of Proposition 2.15. First note the following auxiliary observation. For any two
acts and an event, there is always better conditional on that event.

Lemma 2.38. Let 7, satisfy Order, and Menu-Sure Thing Principle. Given f,g € H and
m e ll. For any E € 7, and for c(f|g) € CEA(f|E) and c(9|g) € CEA(g|E), which are
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defined as in equation (2.9.1).

[cu(flE)Eg] Zn lcu(gle)Egl ~r g or [eu(gle) Ef] Zn [cu(flo) Ef] ~x f

To see this note that without loss of generality g ~ ¢,(g|g)Eg > c,(f|r)Eg, so lottery
c,(f|Eg) does not improve g on E, it makes it worse). Then by Menu-Sure Thing Principle
c9le)Ef Zr cu(flE)ES, s0 cu(9]E) € A(B) must weakly improve f on E.

Prove by induction. Consider some z € Q where x = {f,g}. For some F € 7, with-
out loss let fg,Fg Zx gg,Eg ~x ¢*(from Lemma 2.38). By Menu-Sure Thing Princi-
ple and Event Strategic Rationality, fg,E{fUg} ~x {fr.Ugg,} E{fUg}. Moreover,
from the construction of fg,, Menu-Sure Thing Principle also implies that fg, E{f U g} ~x
fEuE{ng}a fEuEg ~r .ng> and fEME{ng} ~m fE{ng} AlSO, from fEuEg r>\:7r
gg,Eg, by Event Strategic Rationality and Menu-Sure Thing Principle fg, E{fU g} ~x
{fg,Ugg,} E{fUg}. Moreover fr,Eg s gp,Eg ~x g, Order, Event Strategic Ratio-
nality, and Menu-Sure Thing Principle implies fE{fUg} ~. {fUg} E{fUg}. Using
these results and Order implies {f U g} E{fUg} ~r {fg, Ugg,} E{fUg}. By Lemma
2.7, {fVg} ~ {fe.VYgg,}

Since 7 is a finite partition, repeat the argument for each £ € w. By Lemma 2.13, on
each E; repeat this argument recursively. For each i > 1, let f; = ¢, (f|g, ,)Fi—1fi-1 and
gi = cu(9lE, ) Ei—1gi—1. The acts f and g will is constant on all E; for j < i. By Order and
by Lemma 2.7, for every f,g € H,

{f Ug} ~r {fm Ugm}

Now suppose that for menus of size up to n, x,, ~» x. Define 2, as zp, = Ufex fE,. From
the induction hypothesis, for any E € 7, x5, ~, v if |2] < n.

Let |x| = n, and consider any f € H, so that |xU f| = n+ 1. For this particular f,if -,
satisfies Axioms 2.3.1- 2.3.8, one of these 2 conditions must hold: 1) fg, Ex =, v, Ex and
fEx = xEx; or 2) xg, Ex 7 fg,Ex and tEx 7, fEx.*

1) Note that for any f, fg, Ef ~, fEf by definition, hence by Menu-Sure Thing Principle
JB,Ex ~7 fEz. Thus, from the induction hypothesis, and Lemma 2.7,

JEx ~; fg,Ex =, xp,Er ~;xp, ~p @~ vEx
~——

:(EEME'.CBEH

2¢,(fle)Eg = fr,Eg by definition of fg,.

28Tt is impossible to have fe,Ex = xp, Ex and vEx 2, fEx; or g, Ex 7, fp,Ex and fEx -, zFEz,
since it violates Order. To see this, if fg, Fx =, vg,Ex and xEx 2, fEx, by the induction hypothesis
rp,Ex ~x xEx 2, fEx, which by the definition of fg,, and Menu-Sure Thing Principle implies fg, Ex ~r
fExz. This would imply that fg, Fx =, g, Ex ~x vEx T fEx ~7 fp,Ex, which is a contradiction. The
same logic applies to the case where vp, Fx Z, fg, Ex and fEx -, vEx.
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therefore by Menu-Sure Thing Principle,
fE{fUza} ~ fp, E{fUa} =z 25, E{fUx} ~z 2E{f Uz}

By Event Strategic Rationality {fg, Uzg, } E{f Uz} ~x fe,E{f Uz} ~: fFE{f Uz},
and fE{fUx} ~. {fUx} E{fUx}. Therefore by Order {fg, Uzg,} E{f Uz} ~,
{fUz} E{f Uz} for any F € 7. Repeat this procedure sequentially for all £ € 7 (well
defined by Lemma 2.13) to get {fm U xm} E {a:m U fﬂu} ~e {fUzx} E{fUzx}. Which
by Lemma 2.7 and Order,gets {2z, U fr,} ~x {Tr, U fr,}.

2) Since zp, Ex Zr fg,Er, Event Strategic Rationality and Menu-Sure Thing Principle im-
ply g, E{fUx} ~ { fe, Uz Eu} E{fUxz}. Similarly, Event Strategic Rationality and
Menu-Sure Thing Principle imply «E {f Uz} ~, {f Uz} E{f Uz} from xEz 7, fEx.
Then by Order and the induction hypothesis, g, ~» x, implies { fe, Uz Eu} E{fUz} ~,
{fUzx} E{f Ux}. Repeating this procedure for all E' € 7 sequentially, leads to the result
that {xm U fﬂu} E {xm U fﬂu} ~o{fUx} E{fUxz}.

By induction, for any finite  given a partition 7, the m-conditional SCE menu z, (equation
(2.9.5)) is indifferent to x, i.e. x ~ x,, for all finite x € Q.

To extend the result to any menu, any countable menu, x ~ z.,. This follows from
Continuity, since for any fixed n € N, (U, f) ~x (U?:1 f m)' In addition, since Z satisfies
Axioms 2.3.1- 2.3.8, from Lemma 2.5, x ~, cl(x). Consider only closed menus. x is closed
and bounded, hence it is compact, and separable since the space is a metric space. Therefore
there exists a countable dense subset of z, y = {¢1,92,...,...}. Let y" = {g1,...,gn}, then
Yo € Q and y" ~r yp for all n. y" — cl(y) = x (by Lemma 2.4). Then 3" — =z, and
Yr, = Ym,, SO by Continuity y ~» x, and y ~ yr,. Since the operation 7 is continuous and
well defined (Lemma 2.14), cl(yy ) = @r,. Hence x ~ x,, for any z € Q. O

Proof of Lemma 2.16. Let (Q;) be the set of compact, convex menus, m-measurable.

Well Defined. Let x € K(Qx). Show that O, (z) is closed. Since O, () can be identifies
with a subset of the m-dimensional simplex, which is a subset of Euclidean space, O, () is
bounded. By the Heine-Borel Theorem, if O, () is closed and bounded subset of Euclidean
space, it is compact. Consider a sequence " € Oy, (z) such that f* — f. By definition of
Or, (), there exists a sequence ¢g" € x such that c,(9"|g) 2 c.(f"|g) for all £ € 7. Since
x is compact, there exists a convergent subsequence ¢"* € x where ¢"* — ¢* € x. Since
cu(9™|e) Z cu(f™|g) for all B, from m-Continuity, ¢,(¢*|g) = cu.(f|r) for all E. Hence
g* € Or,(9*) C Or,(x) and O, () is compact.

To prove convexity, consider f, g € Oy, (). Then there are f’,¢" € x such that ¢,(f'|g)
c,(flg) and ¢, (¢'|) Z cu(glg) for all E € m. Since x is convex, for any a € [0,1],
ac,(f'lg) + (1 — a)cu(d'|e) € w, hence by Order, and Independence ac,(f'|g) + (1 —

~Y

—
]
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a)eu(9'|e) Z acy(fle) + (1 — a)cu(glp) for all E € m, therefore aof + (1 — a)g € Oy, ().

Hausdorff Continuous. Let 2" — x. Show that O, (z") — O, (x). Since K(Q,) is compact,
without loss of generality let O(2") — y € K(Qx). Show now that y = O, ().

First show y € Oy, (z). Suppose not, then there exists g € y \ O, (x). Hence, there is a
e-Ball around g such that B.(g) N O, (z) = 0. By the definition of y = lim 2", there exists
a sequence ¢" € 2" C O, (z"), where g" — g. Also, for g" € O, (2"), there exists " € 2"
such that for every E € 7, ¢,(f"|r) Z c.(9"|8)-

Since H is compact and metrizable, every sequence has a convergent subsequence. Hence
without loss, assume that f* — f* € x. Since ¢,(f"|g) Z cu(g"|E) for all E € 7 for all n, by
m-Continuity, c,(f*|g) % cu.(g|g) for all E € m. Hence g € O, (x), which is a contradiction.
Hence y C Oy, (x).

Now show Oy, (z) C y. Suppose not, then there exists g € Oy, (z) \ y. There exists
Bc(g) such that B.(g) N O, (x) = (. Hence for n large enough, B.(g) N O, (z") = 0. Since
g € Og, (), there exists f € x such that c,(f|g) = cu.(g|g) for all E € w. Since 2" — x, and
f € x, then there exists a sequence f™* — f, where f" € z" for all n.

Construct a sequence g" — g, such that ¢" € O, (2") for all n. Take any £ € w
fixed. There are two cases (i) c,(f|g) = cu.(g9|r), and (ii) c,(f|g) ~ c.(9]g). For case (i),
by Continuity ¢,(f"|r) > c.(g9|g) for n > N for some N, then let ¢,(¢"|r) = c.(9|g), for
all n > N, and c,(g"|g) any point in O, (2") for all n < N. Clearly c,(¢9"|r) — g, and
c(flg) = cu(g"|E) for all n. Now for case (ii), there are two possibilities.

e For n such that ¢,(f"|g) Z c.(flg) ~ cu(9|k), define ¢,(g"|r) = c.(9]g) and then
cu("|E) Z culg"[p)-

e For n where ¢,(f|g) ~ c.(9|g) = cu(f"|E), define ¢,(¢"|E) = cu(f"|E).

cu(g"E) = cu(glg) for all E € m, and ¢,(9"|g) € Ox,(2") for all n, which contradicts that
there exists € > 0 such that B.(g) N Oy, (z") = 0 for n large enough. Therefore y = O, ().

Mizture Linear. First show that if f € Oy, (ax+(1—a)y) then f € aOr, (z)+ (1 —a)Ox, (y)-
Take f € O, (ax + (1 — a)y), then there exists g € z, and ¢’ € y such that

acu(gle)(®) + (1 —a)eu(d'|e) Z cu(fle) V E€n

Find h € O, (z), and h' € O, (y) such that f = ah + (1 — ). Fix E € 7, then without
loss assume ¢,(g|g) 2 c.(¢'|g). By m-Independence ¢,(g|g) 75 acu(gle) + (1 — a)eu(d'|E) Z
cu(d'|e)- 1 cu(d'|5) Z cu(flp), then ¢.u(glp) Z cu(fle) as well. Define ¢, (h|p) = c,(f|r) and
cu(M|g) = cu(f|E). Inboth cases, if this holds for all E' € , this would imply that i € O, ()
and h' € Or,(y), and ac,(h|g) + (1 — @)cu(hlp) = cu(fle). 1 cu(gle) Z cu(fle) = culd|E)-
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Consider the act fc,(g9]g) + (1 — B)cu(¢’|g) for some 5 € (0, 1]. Let

cuttle) = (2) ol + (1= (2)) eulole)

cu(W'E) = cu(d'|e)

For ae > /3. Then clearly ¢,(g9|r) 2 c,u(h|r) by Continuity and Independence, and ¢,(¢'|r) 2Z
cu(M|g). Hence h' € O, (y) and z € Oy, (z), and f = ah + (1 — a)h/. For the events
where ¢,(¢'|r) Z cu(g|g), the construction of the acts h and A’ is similar. Hence it is
possible to construct h € O, (v), y € O, (y) such that f = ah + (1 — a)h/, therefore
feaO;, (x)+ (1 —a)Ox,(y).

Now show that f € aO; () + (1 — a)Ox,(y) implies f € Oy, (ax + (1 — a)y). Let
f€a0;, (z)+ (1 —a)O;,(y). Then there exist g € Oy, (), and ¢’ € O, (y) such that f =
ag+(1—a)g'. By definition of O, (), there exist h € z, ' € y with CM( |g) 7 cu(glp) and
cu(W|g) 7 cu(d'|p) for all E € . Consider the act ah+(1-a)h' € aOr, () +(1—a)O, (y),
by Independence, for all £ € 7w, ac,(h|g) + (1 — a)c, (W |E) Z ozcu(h|E) + (1 — a)cu(g %)
and ac,(hlg) + (1 — a)c,(¢'|r) ,>\j ac,(9le) + (1 — a)c,(¢'|p). Since ¢,(+|g) is mixture lin-
ear (Lemma 2.12) the result follows. Hence O, (az+(1—a)y) = aO, (2)+(1—-a)O,, (y). O

Proof of Lemma 2.17. Let u € [0,1]™ be the m-vector of vNM utility indices from Step
1.

Continuity. Let 2™ € K*(Q,) such that 2" — x. K£*(Q,) is compact metric space, hence it
is sequentially compact, which allows to assume without loss that = € K*(Q,). Show that
Ozn — 0 In 3 steps.

(i) Fix E € 7. Define a function &g : K*(Q,) — K([0,1]), where K(]0, 1]) is the set of all
intervals in [0, 1] (compact and convex subsets of [0, 1]). Let g () = ((u, cu(f[E))) e,
Since (u,-) is continuous,x is compact, and c,(f|g) is well defined, continuous and
mixture linear (Lemma 2.12), {p has a maximum and a minimum on z. Let ¢,(f*|g)
and c,(f«|E) be the argmax and argmin of (u,-) on x respectively, these exists since x
is compact. Moreover, since z is convex, for any a € [(u, ¢, (f.|E)), (u, c,(f*|r))] there
exists a f, € x such that (u,c,(f.|r)) = a. So {g(z) is an interval in [0, 1].

(ii) For a fixed E € m, show that the mapping &g : K*(Q,) — [0,1] is continuous. Let
" — x, for 2",z € K(Q,). Since [0, 1] a compact set, every sequence has a convergent
subsequence, so assume without loss that &, = £g(2") — ¢ € ([0, 1]). Show {g(x) = ¢.
¢p(x) and £ are intervals, let £ = [£, /] and &p(x) = [r,7]. Suppose &p(x) # £ ([r,7] #
[£,4]).

If 37 € [r,7] such that r & [£, 7], for some € > 0, (r—e,7+€)N[{, €] = 0. Hence there is
an open set that separates r and ¢. By convexity of z, since r € {g(x), there exits some
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f € z such that (u, c,(f|g)) = r. Since 2" — =, and (u, ) is a continuous function, now
find a converging sequence f" — f with (u, f") — (u, f) = r. Consider the sequence
Er(f™), then there exists N € N such that for all n > N, {g(f") € (r —e,r +€). By
definition Ep(f™) C Ep(x™), thus Ee(f™) € ¢, but N (r —e,7 +¢) = (), which is a
contradiction. Hence [r,7] C [£, 7).

Similarly, if there exists [ € [£, f] such that [ & [r,7], for some € > 0, (I—¢,l+¢)N[r, 7] =
(). Since [ € ¢ then there exists f™ € ™ such that for all € > 0, there exists N € N such
that (u, f") € (I—¢,l+¢) for all n > N. From compactness of H, assume without loss
that f* — f. Again, since the dot product is a continuous function (u, f*) — (u, f). In
addition since 2 — x, and f" € 2" for all n then f € x. Thus (u, f) € {g(z) = [r,T]
which is a contradiction since (I — €,1 +¢€) N [r,7] = 0. Hence [(,¢] C [r,7]. Thus
[¢,0] = [r,7], which implies that {g(x) = lim,,_, p(2") whenever 2™ — .

Since 7 is a finite partition, then the mapping £ : £*(Q,) — [0, 1] defined as

is continuous, since the mapping &g is continuous for every E € 7.

(ili) Finally show that dsupnorm(0z(E),0y(E)) < dg(€e(z),Ee(y)) for all £ € m, which in
turn implies that dsupnorm (04, 0y) < du(€(x),€E(y)).

Recall that for any z, {g(x) is an interval, [r*,7"]. For any F,

dy(€p(x),Ee(y)) = max{ sup inf |r® —1rY|, sup inf } |r® — ry\}

reefre 7 ryery,rY] rYE[rY 7Y rrere 7

= max {|r" —r¥|, 7" — [}

> [ 7|
= | sup(u, c,(f|r)) — sup(u, c,(g|r))|
fex g€y

(by defn. of {g(z) and compactness)
= dsupnorm (02 (E), 0y (E))

Since this holds for all £, dsupnorm (02, 0y) < du(£(z),&(y)). This proves that o is Haus-
dorff continuous.

Mizture Linear. Take any a € [0, 1] and consider the menu oz + (1 — a))y. For any E € ,
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x,y € K*(Q,), since the dot product is a linear function,

Uagc+(1—a)y(E) - sup <U,C“(h|E)>
heaz+(1—a)y

< f}ég(u, ac,(fle)) + 891;1;<u, (1 —a)eul(glr))

= afgég(u, culflE)) + (1 —a) s;g(% cu(9le))

= o, (E)+ (1 —a)o,(E)

Since x and y are compact, (u,-) has a maximum and a minimum on z and y. For f* =
arg max e, (u, ¢, (f|g)) and g* = arg maxye, (u, c,(g|g)), where af*(1—a)g* € az+ (1 —a)y
by definition. Hence

sup  (u, cu(hlp)) = (u, acu(f*2) + (1 = a)eu(g™|e))
heaz+(1—a)y

=asup(u, ¢,(f|g)) + (1 = o) sup(u, cu(g] )

fex g€y

Thus, for all E, 0apt(1-ay(E) = aox(E) + (1 — a)oy(E), therefore ¢ is mixture linear.

One to One. Let z,y € K*(Q,), such that x # y. There exits h € H(m) such that h € z\ y.
Show that for some E, {g(h) € p(y), which in turn implies that o, # o,,.

Suppose that for all E, sup,(u,c,(f|g)) > (u,cu(h|g)). Then by the definition of
Or,(h) as the menu of elements dominated by A in every E € 7, this would imply that
h € O, (y), which is a contradiction since all menus in K*(Qx) are of the form z = O (),
and h ¢ y. Thus for some £ € 7, (u, c,(h|g)) > sup,e,(u, c.(g|r)). By the definition of (g,
Er(h) & Ep(x) and Eg(h) > p(f) for all f € x. Hence for F € 7,

0u(E) = f}g(u,%(flzs» > (u, cu(hlp)) > sgg;wcu(gm» = 0y(E)

Which implies that

o - (sfgm,cu(f\E»)Eeﬂ ¥ (sup<u,cu<g\E>>)Eew ~ 0,

gey

since it is not equal for at least one F € w. Therefore o is 1 to 1.

Onto. Consider any linear function on [0, 1]™, which is identified with a particular vector
v = (v1, ..., V) Where v; € [0, 1] for all ¢ = 1,...,m. Show that there exits x € K*(Q,) such
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that 0, = v. Let f € H be defined as

v0+(1—v)d s€E
[r= : :
Vb + (1 —vy)d s€ B,

f* is closed, convex, and 7-measurable by construction. Consider x = O, (f*) € K*(Qx)
(Lemma 2.17). By definition of Oy, for any E; € m, c¢,(f*|5,) = v;0 + (1 — v;)d, and for any
other g € z, (u,c.(g|r,)) < (u,c.(f*|E)) = (u,v:0 + (1 — v;)d). Therefore,

02(E;) = sup (u, ¢u(g]r,)) = (u, €u(f*|r.)) = u(®)vi + u(®)(L - vi) = v;

gex

O

Proof of Lemma 2.18. For any 7, 25, was defined as the m-measurable menu where every
act is mapped uniquely into a equivalent m-measurable act defined by equation (2.9.4). For
f € x, since x is m-measurable, then f € H(w). Therefore f can be written as

pE, SE€L

PE, S€E€ LB,

Where pg, € A(B) is a lottery (constant) for all events E;. So f gives the same lottery for
every state s € E for every specified event E by 7. Since 7’ >/ 7, for every F € «/, F C E for
some E € 7. Since f € H(w), fs = f¢ =pp € A(B) forall s,s' € F; thus F' C E also implies
that f; = fy for all s € F. Then, by definition of z, since ¢(f|r) = > . &%pE = pgp it
follows that

PE, SEE pp, for s€ FCE
f= : : = : : : :f%

PE, S€ En pg, for se€ FCE,

Since z = U, f and f = fr, for all f € z, by definition of z (equation (2.9.5)),
$:Uf€xf:Uf6xfWL:$”L U

Proof of Lemma 2.19. From Lemma 2.18, for any 7/ >/ =, given some z € Q,,
Tm, = x. Then, from the construction of f, . it follows that ff, . (s) = f{, (s) for
all s € S, hence f(, . = f(, .- From the previous observation, (f(*xm,),w’) ~ (z,7"), and
( f(*x’ﬂ), 7) ~ (x,m). Therefore from Information Value from Options, since f(*wr,) = f(*x’ﬂ), it
follows that (f(, .. ) ~ (f(, ), ™). Therefore by Order (z,m) ~ (z, 7). O
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Proof of Lemma 2.21. Given m, 7’ € II, 7 Va' >/ 7 and 7 vV «’ >/ 7/. By Proposition
2.15, (x,m) ~ (T, 7), and (z,7') ~ (2, ,7'). Since any information finer than 7 is use-
less for menus consisting of 7-measurable acts, by Proposition 2.20 (z,,, 7V ') ~ (2,,, )
and (T, mV ') ~ (Zn, 7). Hence by Order, (z,7) Z (z,7') implies (2,7 V 7') 2

(T, ™V 7). O

Proof of Lemma 2.23. From the SEU representation in Step 1 for any f € H, and any
s€ S, psf g qsf. Now consider ¢ € H, i.e. the constant act that gives lottery ¢ as a prize,
regardless of the state. Let £ C S, and sy, sg, ..., s; be the states in £. By Monotonicity™
ps1q 7 q, and applying Monotonicity™ again to psiq and state sy, psa(ps1q) 7 ps1q, where
psa(ps1q) = p{s1,s2} q. By following this construction for s; € E, gives

q3ps1q Ipis1,82}q 3. Zp{s1, ... 85} ¢ =plq

Hence pEq 77, qFq, and therefore by Menu-Sure Thing Principle, for every z € Q, pEx -
qFEx. ]

Proof of Lemma 2.24. Since P is closed and nonempty subset of the | B|-unit simplex, it is
compact. Moreover, since 27 is a continuous weak order, the set {p € P : p Zam) ¢ Vq € P}
will have a maximum in P. Take any p* € {p € P : p Za) ¢ VYq € P}. For any finite set
of lotteries |P| = n equation (2.9.12) follows directly from Monotonicity* and Lemma 2.23,
since p Za(p) ¢ implies that psz 7 gsz for all ¢ € P, and therefore p*sz 7 Psz = (U, pi)sz.
By a similar construction as in Lemma 2.23, it follows that p* Ex - PEx whenever |P| < co.
Equation (2.9.12) will also hold for any countable P from Continuity of 7. To show that the
result holds for any arbitrary P, since P compact, and A(B) is a metric (metrizable) space,
P is separable. So there exists a countable dense subset {p1, ...., pp, ...} of P, and by Lemma
24, Ui, pi = cl(U;2, pi) = P. Then by Continuity the result will follow. O

Proof of Corollary 2.25.

By Lemma 2.23, for any x € Q, psx ~ gsz since p ~a(py ¢. Then by Order if psx > zsz,
then ¢gsz > zsx too and (pUz)sz ~ (¢ U x)sx follows from Monotonicity* and Order. Simi-
larly if xsz 7 psx, xsz 77 gsx, and by Monotonicity™, (p U x)sz ~ (¢ U x)sz ~ zsz. O

Proof of Proposition 2.26. This follows directly from Monotonicity™ O

Proof of Lemma 2.27. The only if part follows from Non-Degeneracy, since § > AB) 9,
and letting p = ¢ = 0, and p’ = ¢ = § implies (fX U f3) ~ fXV f5.

For the if part, the interesting case is when p VvV p’ = p and ¢ V ¢’ = ¢/, otherwise from
Monotonicity® it will follow. Without loss of generality, let p V p’ = p and ¢V ¢ = (.
Consider the case where p Za(s) ¢ (the proof for ¢ ZZa(p) p is the same inverting the roles of
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a and (). By Independence and Continuity, there exist « and £ such that
D ~A(B) ad + (1—-a)d and q ~A(B) ﬁg +(1—06)d
where o > [ since p ZZa(p) ¢. Now, by Monotonicity™ and Corollary 2.25,
pNVqg=p s a§+(1—a)é s
q s ~ | Bo+(1—p)d s
c é {s’ s/}c

which, by Independence,

ad+ (1 —a)d s _
Fi+(1-p)p s ] = B [ssH] Ha-p)[0sd] +(1-a)[d
0 {s:5'} ~{frory y={BsaulEs 0]}
~ B {[0s0] U [08'8]} + (v — B) [s6] + (1 — ) [4]
N {[(ad+ (1 = )8)sd] U (85 + (1 - 8)9)s's] }
~ {[psd] U [¢'s'd]}

By definition, p’ ZZap) d and ¢’ Za(p) 6. By Monotonicity*,

P s / s
{ [ q s ] U [ q¢ s ] } = {lpsd] U ['s'd]}
é {S, S/}C é {878/}0

But (f Vg) 7 fUg, therefore
p s pooos pVp s
q s Ul ¢ s ~ | qvq s
o {s,s}° o {s, s} o s s}

Proof of Lemma 2.28. Without loss of generality let
[f{s.,s'}z] = [g9{s,s}2]

with fs =a(B) gs and gs =) fo. Otherwise (f;V g;) = fror (fr Vgi) = gs for t = s, ', and

S

~
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Monotonicity* implies the result. Suppose without loss that in this case z € H (a singleton
menu), by Menu-Sure Thing Principle it is possible to extend this to any menu x € Q. Prove
by contradiction. Suppose

[(f v g){s.s}a] = {[f{s. s }a] U [g{s,s'}al} = [f{s,s}a] (2.9.16)

Then by Independence and Continuity there exists o € (0, 1) such that

alf{s,s}a] + (1 — ) [(f V g){s,s'}a] ~ {[f{s,s'}a] U[g{s, s'}a]}

By the definition of a mixture of menus, this is equivalent to the act

s s
afy +(1—a)gy { 8'/}6 ~{[f{s,s'}2] U [g{s,s'}z]} (2.9.17)

Consider a new menu z given by

s s ags + (1 —a) fs s
r = afy + (1 —a)gy s’ U gs' s’ (2.9.18)
x S\ {s, s} x S\ {s, s}

By Lemma 2.27, equation 2.9.17, Continuity and a € (0, 1),

z < [(fVg)is s}l

In addition, if

.fs S ags+(1_a)fs S
afs + (1 - Oé)gs’ s’ U gs' s’
x {s,s'}¢ x {s,s'}°
fs S
~ | afy(l—a)gy s’
x {s,s'}¢

From the definition of a mixture of menus, this indifference relation is equivalent to

a{lf{s,stx] Ulg{s,s}]} + (1 =) [[(f V g){s, s} ]
~alf{s, sl + (1 =) [[(f V g){s, s'}x]]

which by Independence implies {[f{s,s'}x] U [g{s,s'}z]} ~ [f{s,s’}z]. This contradicts
equation (2.9.16). Hence this new menu from equation (2.9.18) must be better than each of
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the acts that constitute it, but it still must be worse than the join, i.e.
fs 8
[(fVg)s,str] =x= | agy + (1 —a)fy s’ (2.9.19)
x {s,s'}¢

Also equation (2.9.19) and Continuity imply that for 5 € (0,1),

BALAs sta] Ulg{s,s'}al} + (1 = B)[(f V 9){s,s}a]

fs s
- [ Bgs + (1 —B)fs s’ } (2.9.20)
x S\ {s,s'}

Moreover for any 5 € (0,1), by Independence,

Blf{s s}l Ulgls.s}al} + (1 = HI(f v g){s, s}l

fs s fs s

~ 5 |: Q(gg! + (1 — Oé)fs/ s ] + (1 — ﬁ) |: gs’ s’
x {s,s'}¢ z {s s} ]
[s s

N { affe+(1—af)gy
x {s,s'} |
~ aB[f{s,s'}z] + (1 — aB)[(f V g){s,s'}7]

Where « is fixed. as defined in equation (2.9.17). So for any v € (0, ), by Continuity and
Independence

s, skl + (1= vV g){s s}z < alf{s s}z] + (1 = a)[(f V g){s,s'}7]
~ {[f{s.s'}a] Ulg{s,s'}a]} (2.9.21)

However, since v € (0, ), define =2 € (0, 1), then

L As e+ (= 3y )I(F Vv g)is,shal
af af
~B{lfs, s}l U g{s,s'}al} + (1 = B(f V 9){s,s'}a]
fs s
| agy +(1—a)fy s’ by eqn. (2.9.20)
x S\ {s,s'}

~{H{s stal Ulg{s, s'bal}
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Which is a contradiction of equation (2.9.21). Then the result follows. O

Proof of Proposition 2.31. Prove by induction. For the base step, show that for any

N NN

SRS I

Let F = {si,..., sk}, where for any pair s,t € F, s,t € E for some E € 7*. From the
definition of 7*, Lemma 2.28, and Lemma 2.27, for any f,g € H and any menu z € Q,

{[F{s t}z]Ulg{s, t}2l} ~ [f{s, t}2]  or  {[f{s,t}z] U[g{s, t}2]} ~ [9{s, t}2]

Without loss consider the first case. By definition of fz as the E-conditional SCE act to f
(defined in equation (2.9.2)), and Menu-Sure Thing Principle

[f{S, t}Z] ~ [C(f|{s,t}){sv t}Z}

Where ¢(f|{s,t}) € A(B) is a {s, t}-conditional SCE act. Moreover, by Lemma 2.24 adding
a menu that agrees everywhere and is constant on {s, ¢}, but dominated by ¢(f|{s,t}) doesn’t
change the ranking of the menu, therefore

{[F{s, t}2] Ulg{s, t}2l} ~ {lc(fl{s, t}){s, t}z] Uc(gl{s, t}){s, t}2]}

Since this holds for any s, ¢, it will hold for UZ 1 8i = F from Transitive Indifference to SCE
and SCE Aversion. To see this, suppose that for s,t,r € F

{[H{r; s, t3z] U g{r, s, t}2]} = {[c(f[{r, s, t}){r,s, t}2] U [e(g{r, s, 1}){r, s, t}2]}

Without loss of generality (from Lemma 2.24), let

{{e(flpsp){r,s, t}2] U [e(glpsp){r,s t}z] } ~ [e(flpsn){r, s, t}2]

And by definition of ¢(:|g) and Menu-Sure Thing Principle, [¢(f|(s.){r,s, t}2] ~ [f{r,s, t}z].
In addition, suppose without loss that f. ZZa(s) gr, which by Monotonicity* implies

s
t
r

{s,t,r}°

9
s trlu | AU £x}2] Ulg{s tr}]}
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But by SCE Aversion, given that the two acts agree on {s,t}¢, and x4y ~ « for all x € Q,

g s
Hrseilu] | (st

r

{s,t,r}°

which is a contradiction. Therefore,

{[f{l‘, S, t}Z] U [g{l‘, S, t}Z]} ~ { [C(f|{7’,87t}>{rv S, t}Z} U [C(g‘{h&t}){rv S, t}Z} }

Using the same argument inductively, since F is finite, it follows that

RS R (A Bl R}

By Lemma 2.24, the definition of ¢(f|r),c(g|r) € A(B), and Menu-Sure Thing Principle,
imply

[c<f|F>L:c<g|F> fi}”[ﬁ ﬁc] N [c<f|F>L:c<g|F> ;}N[g ﬁc]

Suppose that the result holds for any |z| < n, so for all x € Q, for all FF C FE € 77,
there exists f € x such that xFz ~ fFz. By Menu-Sure Thing Principle, and Lemma 2.23,
2Fz ~ c(f|r)Fz for some f € x where ¢(f|r) Zawm) c(g|r) for all g € z. For any y such
that |y| = n > 3, consider the menus z; = y \ g1 and x5 = y \ g2 for some g1, g2 € y, such
that g; # f for i = 1,2, and ¢; # g2 (hence g; € x5 and ¢y € 7).

Since f € x1 N xo, then x1Fz ~ ¢(f|p)Fz and x9Fz ~ c¢(f|r)Fz by the induction
hypothesis. Consider the menu given by

% [z1E2] + % [z2E7]

by Independence and Order, 1{z1Ez} + L {22Ez} ~ L [c(fiF)Fz] + L[c(f|p)Fz]. And
also since 1 [21Ez] + § [22Ez] D 1 [fFz] + 3 [yFz], by Menu-Monotonicity yFz D z;Fz ~
c(f|r)Fz, which implies that yF'z 77 ¢(f|r)Fz. Then by Independence, yFz ~ c(f|r)Fz.
So equation (2.9.15) will holds for any finite menu = by induction. Extend the observation
to countable menus using Continuity. Then extend to any menu by separability of = as a

space and Lemma 2.4, just like some of the previous proofs. O

Proof of Lemma 2.33. Prove by induction on |F U F|. For |E'U F| = 2 it holds by the
definition of 7*. Suppose it holds for all E, F € 7* such that |F' U F| < k. Show that it
holds for |[EU F| = k. Let |[E| =m >2,s0 E = sUtU Ey, with Ey > 0, then |F| =k —m.
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Consider the menu

P S ) s
P t ) t
p Ey Ul o E,
) F q F
5 (puRy | |8 (BUFY
By the induction hypothesis and Menu-Sure Thing Principle the following two relations hold
[ p s | [ p s | [ p s |
D t ) t P t
{ P E, Ul ad E, } ~|p Ey
J F q F q F
5 {pury ] |5 {pury] |5 {BUFRY
[ p S ] [ 0 S ] [ p S ]
p ¢ p t p t
{ P Ey U ) Ey } ~ P Ey
) F q F q F
|5 {BUFY | |§ (BUFy | | & {EUF)

Now by Independence for a = %, letting 6 = 0 to reduce the notational clutter,

P S ) S P S
1 P t ) t 1lr t
5{ p Ey ulad Ey } + 5P Ey
0 F q F q F
| 6 {EUF}° | 6 {EUF}° 0 {EUF}°
p s [ Ip $
p t 5D t
= { D Ey U %p Ey } =2
%q F q F
0 {EUF}° | 0 {EUF}°
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Also for a = %,

P S ) S P S P S
1 P t P t 1 D t ) t
5{ p Ey Ul o Ey }+§{ D Ey Ul o Ey
0 F q F 0 F q F
|5 {EUFY ] | {BUF) 0 {EUFY | | & {EUF) |
p s p s D s D s
p t D t p t 5D t
:{ p Ey U %p Ey U %p FEy ujl o Ey }222
0 F % F %q F q F
0 {EFUF}° 0 {EUF}° 0 {EUF}° 0 {EUF}°

By Monotonicity™ z; 7 2o, since every act in z3 is dominated by some act in z;. Hence the
result follows. O

Proof of Lemma 2.34. Prove by induction on [{s;}|. For |{s;}| = 2 the result follows
again from the definition of 7*. Suppose the result holds for any |{s;}| < k. Now show that
it holds for |{s;}| = k. The argument for the proof is the same as the proof of Lemma 2.33.
By the induction hypothesis and Menu-Sure Thing Principle any menu with £ — 1 acts the
following holds

[ p1 s ] [ 0 51 ]
0 s9 0 s9
. . b1 S
T = ' U..uj ~ |
pPi S Pi  Si
. . Pk Sk
L 0 si | Pk Sk

There are k such menus, since every menu is missing one act of the form p;s;d, for j = 1,..., k.
And every act in the menu z; has outcome p; on state s;. Applying Independence for o = %,
after some (omitted) algebra it is possible to show that every act in the convex combination

1 1
-1+ ...-Tp

k k

is dominated by some act in

k 1 st
1 k—1]"
T {U[pzszé]} + |

Pr Sk
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Since each z; is indifferent to the best menu, by Monotonicity™*

k P11 S P11 S
1 k—1
A {U[pisié]} + | Z |

=1 Pr Sk Pr Sk

and the result follows. O
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Chapter 3

Identification of Consideration and
Inattention from Choices

3.1 Introduction

In many choice problems, decision makers face a considerable number of alternatives. In ad-
dition, to having a large amount of choices, there has been an ongoing trend to increase even
more the number of available options in many markets. For instance, nowadays a shopper in
a supermarket needs to select from 285 varieties of cookies, 85 flavors and brands of juices,
230 different soups and 275 varieties of boxed cereal Schwartz [2005]. Also, Scheibehenne
[2008] provides many examples of markets where we have had a “variety revolution”, this
trend of increasing the number of options offered to consumers: the number of types of
products offered by companies that produce ice cream, potato chips, fast food, and orange
juice have increased more than 10 fold in the past 50 years. And looking at internet markets,
the number of options offered in markets like music, books, or movies is staggering: there
are tens of thousands of available good in these markets. Classical rational choice theory
would conclude this exuberance of choice has positive welfare consequences since increasing
the number of available options in any market is unambiguously beneficial for consumers.
However, alternatively to this classical idea of “more is better”, there is recent evidence on a
“Too Much Choice” (TMC) effect in many choice situations, where a large amount of options
can have negative consequences in terms of welfare for decision makers.

Since it conflicts with the standard view of rational choice theory, the aforementioned
Too Much Choice effect has also been labeled as “The Paradox of Choice” (see Schwartz
[2005]). Schwartz [2005] claims that one of the reasons that motivate the Paradox of Choice
is that more options can hurt consumers since the choice process may seem overwhelming:
the overwhelming nature of some problems might lead DMs might fail to consider some
objects that are available to them, which might even be preferred than the actual chosen
element; or even to inaction. This idea of the possible negative effects of an excessive number
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of alternatives dates back to the seminal psychology contribution of Miller [1956], which
studied the limited ability of decision makers to process bits of information. By designing
experiments that test the cognitive capacity of subjects, Miller [1956] establishes that there
is an upper bound on the amount of information that the average person can process in the
short term (when suddenly presented with new information).

If DMs have a rather limited attention span, abundance of choice can create difficulties
for the decision making process, which is something that has been extensively documented:
decision makers often deal with a small number of alternatives which is far fewer than the
total number of alternatives [Hauser and Wernerfelt, 1990] (see also Chiang et al. [199§],
Stigler [1961], Pessemier [1978]). For example, in financial economics, (see e.g. Huberman
and Regev [2001]), it is known that investors make investing decision based on a limited
number of all the available options. Similar examples can be found in job search (see Richards
et al. [1975]), university choice (see e.g. Laroche et al. [1984], Rosen et al. [1998]), and airport
choice (see Basar and Bhat [2004]). Hence, a common procedure is for decision makers to
choose heuristics, or rules of thumb, to simplify the choice problem to one they can analyze
(i.e. apply a maximization procedure). A classical example of such heuristic choices is to
choose the second cheapest wine on the menu, which is arguably just a reduction of the
dimensionality of the problem to facilitate a choice, and this rule of thumb is most likely
orthogonal to any maximization procedure (see Tversky [1972], Tversky and Kahneman
[1974], Martignon and Hoffrage [2002], or Katsikopoulos and Martignon [2006] for more
examples, evidence, and analysis of heuristic choices).

Complementary to the evidence of the recurrent use of heuristics to simplify complex
choice problems, there have been several studies that have found that there is the TMC effect,
where the excess of available options lead decision makers to be worse off than with fewer
options. Iyengar and Lepper [2000] famous work, consider three different choice situations,
on the field and on the lab, and showed that in the three studies subjects were better off
under the situation of a smaller number choices rather than a bigger number of elements
they could choose from. The first experiment involved a jam tasting and consumer welfare
is measured in the likelihood of buying jam; the finding is that consumers were more likely
to buy jam (redeem a coupon given to them for participating in the tasting) when they
were in the groups that tasted less options. A lab experiment involved chocolate tasting,
and consumers who faced less options said that they enjoyed more the tasting than the
ones who faced more types of chocolate. Finally, Iyengar and Lepper [2000] also showed
that the quality of extra credit essays, and the number of essays completed, increased as
students were presented with fewer choices. Along the same lines, Iyengar et al. [2004],
showed that people are more likely to enroll in company sponsored retirement plans when
they have fewer available plans; and Chernev [2003] also showed that in a experiment with
chocolate choices, subjects that were presented fewer options were more confident with their
choice, when questioned about it by the experimenter (they were less likely to change the
choice once suggested by the experimenter). Furthermore, Caplin et al. [2009] study a choice
environment where a large amount of options can lead consumers to “make mistakes” (i.e.
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choose some element that is not their preferred one). By tracking choices over time, they
conclude that people tend to make more mistakes when there are more available options,
and that these mistakes decrease by increasing the contemplation time. See Schwartz [2005]
for more documented instances of the TMC effect.!

Given these results about limited cognitive capacity decision makers in different situa-
tions, the idea of the Paradox of Choice seems intuitive in terms of choice overload: how can
we know, by observing choices, that a consumer really chose her most preferred option out
of a menu, when she is not able to pay attention to all available options?

In this paper we model, within the classical rational choice theory framework, a choice
situation susceptible to a Too Much Choice effect. Based on this idea, and the empirical
evidence of choice overload, we consider a choice situation where too many options can
lead the DM to overlook some of the available option, which has intuitive negative welfare
consequences. By using an axiomatic choice theoretical framework we can analyze in which
choice problems we, as analysts, can claim that “more is less”, i.e. when more options can
lead to lower consumer welfare, and what the DMs considered and the revealed preference
at each possible menu.

We model a choice problem with two independent steps. First, agents consider some
of the available options, this will be the DMs consideration set, and afterwards they make
a choice. Usually axiomatic choice theory does not deal with the first step, by implicitly
assuming that DMs sees everything that is available, focusing exclusively on the choice or
maximization step. However, if we allow the possibility to not consider some elements, from
observation we cannot disentangle each step. As analysts, we do not know what was observed
and what was the procedure used for the making the choice separately. In this paper, we
explicitly incorporate the consideration step of the decision-making process into the classical
choice theory framework and explore how much of each process we can separately identify,
conditional to some consistency conditions on the way observations work. Moreover, we use
consideration of elements, or lack thereof, to identify a revealed preference (a la Samuelson
[1938]) that come from some maximization procedure, and instances in the decision-making
process that possibly came from heuristics.

Here, we require a minimal condition on the formation of consideration sets to capture
the TMC effect: if the DM pay attention to some element in a large menu, then she will
pay attention to that element on a smaller menu. If the number of available options is what
affect the DM’s consideration of products, for example it is reasonable to think that if the
DM pay attention to a certain type of boxed cereal in a crowded supermarket shelf, then she
will pay attention to that same cereal in a smaller neighborhood convenience store.?

Nonetheless, some authors, such a Scheibehenne et al. [2009] argue that the too much effect is small and
unquantifiable at best under certain environments.

2In a companion paper, Masatlioglu et al. [2009], consider a choice environment, which is independent
to ours, where DMs can be unaware of being unaware, which require a different condition on the formation
of consideration sets. We extend the problem to satisfy both these conditions on Section 3.4. Within a
similar framework, we will see that the welfare implications of the two models are substantially different. In
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Based on the consistency conditions for the formation of consideration sets, we provide
axiomatic characterization, revealed preference results, and welfare implications for Choice
with Limited Consideration (CLC). By CLC we mean a procedure where the DM uses a
complete and transitive order to choose out of the consideration set, which can be smaller
than the actual menu of options offered, i.e. a rational consumer that overlooks some of
the available elements in the choice set. Formally, we will say that a choice function ¢
is a CLC with a consideration filter, if there is a consideration filter I', which we define
formally in Section 3.2, and a utility function u,® such that the decision maker chooses the
alternative with highest utility in the consideration set, i.e, for each A, the decision maker’s
maximization problem can be written as

max u(z) subject to x € I'(A).

Within this framework, we can see that as consequence of allowing DMs to possibly
overlook some available elements, we incur some limitations when we try to make revealed
preference, structure of the consideration set, and welfare claims. How can we tell choice
behavior that fails rationality when DM might overlook options? And to what extent can we
make revealed preference and welfare assertions? In this paper we provide answers for these
two questions within the classical choice theory framework. In this paper we characterize a
model of choice where the DM might fail to observe elements in the choice set, following the
lines of the “Too Much Choice” argument; thus as a consequence in our model if the choices
can be characterized as a CLC with a consideration filter, whenever we observe a choice
reversal we can conclude that at that instance the DM suffered from too much choice and
didn’t observe or analyze all the options, and thus the smaller menu is welfare enhancing.

The remainder of the paper will be structured as follows, Section 3.2 formally defines and
discusses the relevance consideration filters, Section 3.3 characterizes the choice with limited
consideration model for functions and linear orders and discusses the revealed preference,
revealed attention and revealed inattention within our framework. Section 3.4 imposes an
additional restriction on the consideration filter, from Masatlioglu et al. [2009], called atten-
tion filter, and adding these two conditions gives us a strong filter. For this type of filter we
also provide a characterization result. Section 3.5 establishes characterization and welfare
results for two independent special cases of the CLC with limited consideration: full atten-
tion on binary menus; and filters generated by a transitive order, which established a direct
connection between our paper and Manzini and Mariotti [2007] Rational Shortlist Method.
Section 3.6 discusses the related literature, and finally Section 3.7 concludes.

addition, we consider more restrictive consideration filter structures on Section 3.5.

3We consider in the body of paper the case of choice functions with a linear order >, which is more
tractable. However, in Section 3.8 we show that it is possible to extend the main characterization result to
choice correspondences with a weak order 7Z.
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3.2 Consideration Filters

The model as presented now has no empirical content. In other words, if there is no restriction
on I', then any choice function can be interpreted as a CLC. Precisely, if I" consists of only
chosen element, then choice is rationalized by any order?, and the problem is trivial. So to
analyze this problem we have to impose some minimal condition on I'.?

In many real-world markets, every product is competing with each other for the space
in the consideration set of DMs, who have cognitive limitations. In these situations, if an
alternative attracts attention when there are many others, then it must be considered when
some of them become unavailable. For example, if a product is able to attract attention in a
crowded supermarket shelf, the same product will be noticed in a smaller convenience store,
where there are fewer alternatives. We call such consideration sets as attention filter, and
we will formally define it later. Under this structure, we show that we deduce part of the
DM'’s preference whenever her choices from a large set and a smaller set are inconsistent.
Since the choice from the larger set must be considered in the smaller set, we can conclude
that it is less preferred to the choice from the smaller set.

Consider some strategies to narrow down the set of available alternatives.

Example 3.1. A decision maker may pay attention to (be aware of) only
1. The three most advertised or safest cars in the market.

2. The cheapest car, the most fuel efficient car and the most advertised car in the market.

This behavior is often called “all or nothing” or “extreme seeking” behavior. Gourville
and Soman [2005] show that subjects, who presented with laptop computers that in-
cluded a basic model, a fully-loaded model, and either one, two, or three intermediate
models, increasingly chose one of the two extreme models as the overall assortment
increased in size.

3. The top three job candidates in each field: theory, macro, and econometrics for hiring
one assistant professor.

4. All products appearing in the first page of search result and/or sponsored links.

For many customers, web-search engines, such as Yahoo!, Google, MSN Search, and
AOL, are now the primary method for finding products. Customers pay attention to
products appearing in the top part of first page in search results.

4We will only require that o ~ y if 2,y € ¢(A) for some A if we consider choice correspondences.

SFor instance, in the companion paper, Masatlioglu et al. [2009], impose the minimal condition that = ¢
I'(A) = T(A) =T(A\ z) to study the lack of attention, here we impose a similar but independent condition
based on a different behavioral motivation: the effect of too many alternatives on lack of consideration of
some available elements.
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5. The n cheapest options.

In case of choosing a supplier for a particular product, Dulleck et al. [2008] show that
consumers select a shortlist of suppliers by using the price variable only (for example
ten cheapest suppliers) and they trade off reliability and price among these shortlisted
suppliers.

6. All products appearing in the search result if the total number is 20 or less. Otherwise,
the DM adds another keyword to narrow down her search.

7. All products of a particular brand, if there are none available choose another brand
and consider only those products. This type of behavior is studied in the marketing
literature as brand consideration (see Roberts and Lattin [1997]).

8. Consider all brands of cars that have n models or less.

The common property across all these examples: if an alternative is considered in a
decision problem, it will also be considered when some alternatives are removed; we can
think that alternatives are competing for the DMs attention. For example, consider the first
example above. If a car is one of the three most advertised ones, then it will still be so when
some of others are out of the market. Therefore we consider a particular type of consideration
that is motivated by the vast research on that shows consumers are overwhelmed by the
abundance of options. This lack of attention can be attributed to the size or complexity
of the choice set (see e.g. [Schwartz, 2005]), and evidence of this phenomenon goes back
to the psychology literature to Miller [1956]. We call this type of consideration structure a
consideration filter. Before the definition, some notation is needed. Let X be an arbitrary
non-empty finite set and X be the set of all non-empty subsets of X.

Definition 3.1. A correspondence I' : X — X is called an Consideration Filter if x €
S CT and z € I'(T) then = € T'(S).

Our goal here is to capture some systematic failures to consider options that have been
considered in the literature, focusing on the “too much choice” phenomenon. Therefore we
are modeling the observation process as a consideration filter, implicitly assuming that the
reason why agents fail to consider options is the size or complexity of the opportunity set.
This is in line with the Miller [1956] findings of the limited amount of information that DMs
can process mentioned, and with the empirical evidence which shows the complexity of a
decision process as a function of size of the menu such as Iyengar and Lepper [2000], Iyengar
et al. [2004], etc. In general, these research shows when there is a larger set of options DMs
seem to loose something in terms of welfare compared to the simpler, smaller, alternative
(submenu).

Modeling consideration, and the advertising implications as a function of the size of
the menu has been common on the marketing literature like Hauser and Wernerfelt [1990]
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and Shugan [1983], or Weinberger [2007]. Hauser and Wernerfelt [1990] show that as both
the number of options and the information about options increases, people consider fewer
choices and process a smaller fraction of the overall information available regarding their
choices. Consideration filter captures the idea that the more products are available, the
more products a decision maker overlooks. For instance, if a decision maker overlooks a
particular alternative in some set, and we think there is a reason (element, who captures
the DMs attention) to overlook it. If a smaller set contains such a reason, a superset of it
must contain it too. Therefore, the overlooked alternative in the small set should not attract
attention in a larger set either.

The monotone cost of observation with respect to size was used since early as in Stigler
[1961], as a rational search model; and more recently complexity of choice problems has
been interpreted as a size of the choice set in choice theory work like Ergin [2003], Ergin
and Sarver [2010], Tyson [2008], Dean and Caplin [2008], Dean [2008], and Masatlioglu and
Nakajima [2010b] or applied theory models like Eliaz and Spiegler [2007]. Here we model
the possible lack of attention or failure to consider as a function of size of the opportunity
set with the consideration filter, but in general terms this approach of linking complexity of
a problem and the size of the menu is common in different fields.

As previously mentioned, it is not novel to think that the size of the menu has an impact
on the choices. For instance Tyson [2008] models the complexity of choices is a function
of size of the menu in a very similar way. Tyson [2008] does it through the nestedness
requirement for the system of preferences, mentioning that if it is possible to relate two
elements x and y, on a big menu A, then the same relation will hold for any subset of A
that contains x and y. We build this assumption of the relation of the size of the menu to
the complexity of the problem through a contraction consistency property. In Tyson [2008]
a DM might not be able to compare options on a bigger menu, and in our approach the
DM might not consider options on a bigger menu, they are different things but nonetheless
they share that same flavor of the complexity of the problem (the inability to compare, or
to observe) is related to the size of the menu.

Even with this restriction on the consideration set of being the result of a consideration
filter, our model “rationalizes”, in the sense of a DM having a well-defined maximization
process, several anomalies pointed in experimental literature such as the attraction effect,
choice cycles and choosing pairwise dominated alternatives, and in the marketing literature
such as advertising an irrelevant alternative and introducing overqualified products.

3.3 CLC: Characterization Results

A choice or plan assigns a unique chosen element to every non-empty feasible set. This
choice can be represented by a choice function on X, ¢ : X — X, such that ¢(S) € S for
every S € X. Let > be a strict linear order on X. We denote the best element in S with
respect to > by max, S.
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We propose a model to capture the idea of limited attention: our decision maker pays
attention only a subset of all available alternatives and picks the best alternative among
them. Her choice for a given feasible set S is the alternative x € S that she prefers (given
her preference ) among all feasible alternatives to which she pays attention. Formally,

c(S) = max r(s),
where () # I'(S) C S is the consideration set that consists of alternatives to which the
decision maker pays attention under choice problem S. Then her choice will be the best
element in I'(S) according to >.

If a decision maker is not aware of a particular product, it cannot be part of her con-
sideration set. Therefore, awareness of the item is the necessary condition Lavidge and
Steiner [1961]. However, in some choice environments, individuals might be aware of a lot
of products but they do not seriously consider all of them for purchase. Therefore, the
consideration set can be smaller than the awareness set. Indeed, Jarvis and Wilcox [1977]
shows that while the average number of known products may vary a lot for different class
of products, the average size of the consideration set is three to eight products. In extreme
cases, consumers actually have a consideration set of size one. In an empirical study of about
1,000 recent buyers of new cars, 22% of new-car buyers looked at only one brand (Laper-
sonne et al. [1995]). Even though the marketing literature has consideration models with
different degrees of consideration or awareness, which would be important in a search model
(see e.g. Wu and Rangaswamy [2003]), we abstract away from this notion which would make
our model less clean and study the choice problem with only two options: either the DM
considers something or not. This way we gain tractability and arguably do not loose too
much in terms of behavior.

Now, as mentioned in section 3.2, without any structure on the consideration sets, the
model has no empirical context since any choice could be rationalized this way by allowing the
DM to only look at the element chosen. This would make the decision vacuously maximal
with the respect to the observed options. Now we add the necessity of the consideration
structure to be a consideration filter, we formally define the workhorse of this paper, the
model of Choice with Limited Consideration, or CLC.

Definition 3.2. A choice function c is a Choice with Limited Consideration with a consid-
eration filter if there exists a strict order > and a consideration set mapping I" such that

c(9) = max r(s).

and I' is a Consideration Filter.

Occasionally, we say that (I', =) represents c¢. We also mention that >~ represents c,
which means that there exists some consideration set mapping I" such that (I", =) represents
c. In Section 3.8 we show that it is possible to extend the main characterization result to
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correspondences and weak orders. However here we show all the characterization results
only for functions for intuition and tractability.

Our main characterization result is concerned with finding necessary and sufficient condi-
tions for the type of choice behavior is consistent with our model: How could one test whether
choice data is consistent with CLC with a consideration filter? Surprisingly, it turns out that
CLC with a consideration filter can be simply characterized through one observable property
of choice, just like WARP in the classical choice setting.

We provide several examples which exhibit choice reversals and are consideration filters.
Therefore, the postulate we provide should allow choice reversals. Before we state the test,
recall the standard Weak Axiom of Revealed Preference (WARP) which does not allow any
type of choice reversals. WARP requires that every set S has the “best” alternative z* (for
choice functions), that is, 2* must be chosen from a budget set 7" whenever x* is available
and the choice from T lies in S. Formally,

Axiom. WARP. For any nonempty S, there exists 2* € S such that for any T including
¥,

c(T) = x* whenever ¢(T) € S.

A rational decision maker making a choice with a consideration filter might exhibit a
choice reversal as Aumann [2005] argues, which is incompatible with WARP, we need to relax
WARP to characterize rational behavior when choices might be overlooked. Our Limited
Consideration WARP axiom allows choice reversals, but requires some consistency in the
way they operate, consistent with the idea that the reason for a choice reversal is the lack
of consideration of some elements in a menu. Recall that we are modeling the situation
where we can conclude that “more is less”, so choice reversals (in some consistent way) in
our model will reveal a welfare enhancement, since the DM essentially failed to consider a
better element in the large, and more complex, menu.

Axiom 3.3.1. LC-WARP. For any nonempty S, there exists * € S such that for any T’
including x*,
c(T) = z* whenever (i) ¢(T) € S, and
(7i) ¢(T") = x* for some T" DO T

Let us explain Limited Consideration WARP by comparing it with WARP. WARP states
that every set S has the “best” item x* in the sense that it is always chosen whenever the
chosen element is within S (and x* is available). LC-WARP requires that 2* must be chosen
from T only when the chosen element from 7' is within S and x* is chosen from some set
larger than T.

To understand the axiom better, we provide an example which does not satisfy LC-
WARP. Consider the following choice pattern:

c(zyzt) =y, clryz) =z and c(zy) = y.
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To see how LC-WARP rules out the example above, take S equal to {z,y}. Either x or
y should obey the condition in the axiom for S. Suppose that x* = y, then for 7" = xyzt,
and T = xyz. Since y = c(zyzt), c(ryz) € S if ¢ satisfies LC-WARP then y = ¢(xyz), which
is not the case. If 2* = x, then consider 77 = zyz and T' = zy. Since ¢(ryz) = z, then
LC-WARP would require x = ¢(zy), which is not true either. So there is no element in S
that satisfies the condition for x*. Now if z = 2%, ¢(zyz) = x and c(zy) = y imply that =
does not satisfy the condition. Therefore, above example violates LC-WARP for S = {z,y}.
Note that the axiom applies to any set of alternatives so it rules out more than the above
example.

In other words, to put the same example in the context of our model of choice with limited
consideration with a consideration filter, note that c(xyzt) = y reveals y attracts attention at
{z,y, z,t}. This implies that the decision maker aware of y in {x,y, z}. c(zyz) = = requires
that she prefers x to y (z > y) since she is aware of y. This observation also implies that z
is revealed to be preferred to y. By the similar argument, c(xyz) = x and ¢(zy) = y imply
y is revealed to be preferred to x. This is a contradiction, since it would imply a cycle of 2.

Since the choice reversals in our model directly imply some revealed preference we can
notice the following. Whenever her choices from a small set and a larger set is inconsistent,
the former reflects her true preference under this framework. Formally, for any distinct x
and y, define the following binary relation:

xPy if there exist S and T with {z,y} C S CT
such that = = ¢(S) and y = ¢(T). (3.3.1)

This binary relation P determines observed choice reversals. We can see from the def-
inition of CLC, and the welfare improving quality of choice reversals in our model, that if
we observe y being chosen from a large menu, and x being chosen from a smaller menu
containing y, then x must be preferred to y by the DM. In addition, we also should be able
to conclude that she prefers x to z if x Py and y Pz for some y, even when x Pz does not hold
(i.e. we don’t see a choice reversal from z to x). Thus, we let Pr be the transitive closure of
P.

The following Lemma shows the link between LC-WARP and Pp, which furthermore
we’ll see is the only behavioral postulate needed to characterize our Choice with Limited
Consideration model.

Lemma 3.1. ¢ satisfies Limited Consideration WARP if and only if Pr is acyclical.

Proof. First, we show that P is acyclical, so is Pr. Assume that z,Pz,_{P--- PPz,
occurs. Then there exists no element in {z,...,x,} serving the role of z* in the axiom.
For example, x; cannot be x* since xj,1Pxy, i.e. there exist Sy C Ty with {zy, 511} C
Sy C Ty s.t. xpr1 = ¢(Sk) and xx = ¢(T). To show the other way, take S € X. Since P is
acyclical, there exist P-undominated elements in S. Then it is routine to check that any of
them serves the role of z* in the axiom. O
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The following theorem shows that a CLC with a consideration filter is captured by a single
behavioral postulate: Limited Consideration WARP. This makes it possible to test our model
non-perimetrically by using the standard revealed-preference technique a la Samuelson and
to derive endogenously decision maker’s preferences and consideration filter from observed
choice data.

Theorem 3.1. A choice function c¢ satisfies LC-WARP if and only if ¢ is a CLC with a
consideration filter.

Proof. The if-part is a direct implication of Lemma 3.1. If ¢ violates Limited Consideration
WARP, its revealed preference has a cycle. Let us prove the only-if part. By Lemma 3.1 and
the existence of a linear order that is an extension of a partial order on a nonempty X ,there
is a preference that includes Pp. Take such a preference arbitrarily and define

I'(S)={zeS3SCcTst.x=cT)}

We have already shown that this I'™ is indeed a consideration filter and ¢(S) is the >=-best
element in I'(S). Therefore, (I, =) represents c. O

3.3.1 Revealed Preference and Revealed (In)attention

We now illustrate how to infer (1) a decision maker’s actual preference and (2) to what
she pays (and does not pay) attention from her choice behavior, given that is a CLC with
a consideration filter. We are interested in this question because the revealed preference
can be used for welfare analysis and the revealed attention/inattention can determine which
marketing strategy is effective.

Imagine a decision maker chooses z when y is one of the available alternatives. The
standard revealed preference argument immediately concludes that z is preferred to y. To
justify such an inference, one must implicitly assume that she has paid attention to y.
Without this hidden assumption, we cannot make any inference because she may prefer y
but overlook it. Therefore, eliciting her ranking between z and y (preference) might no
longer follow the standard revealed preference analysis because her choice can be attributed
to her preference or her inattention.

This observation of the possible tension between preference and attention suggests that
multiple pairs of a preference and a consideration filter can generate the same choice behavior.
To illustrate this, consider the choice function with three elements exhibiting a cycle:

clryz) =y, clzy) ==z, clyz)=y, clzz)==z

One possibility is that her preference is = > y = z and she overlooks = both at {z,y, 2} and
{z, z}. Another possibility is that her preference is z = x > y and she does not pay attention
to x only at {x,y, z}. Consequently, we cannot determine which of them is her true preference
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from her choice data. Likewise, we cannot determine whether she pays an attention to x at
{z,z}. On the other hand, both of the preferences rank = above y. Therefore, if these two
pairs are only possibilities, we can unambiguously conclude that she prefers x to y, which
we shall now define as the revealed preference.

Let ¢ is a CLC with a consideration filter, suppose there are k different pairs of strict
preferences and consideration filters representing c:

(Fla >’1)7 (F27 >’2)7 R (Fkv >'k)

So for each i, ¢(S) = max,, I';(5).

If there are two >; and >; disagreing on the ranking of z and y, we cannot identify her
true preference between x and y. On the contrary, if every =; ranks x above y, we can infer
that she prefers x to y, which leads to the following definition:

Definition 3.3. Suppose ¢ is a CLC, represented by k different pairs: (I'y, >1), ..., (I'x, ).
e 1 is revealed preferred to y, denoted by = =g vy, if x >=; y for all 4.
e 1 is revealed to attract attention at S if z € [';(S) for all 1.
e 1 is revealed to NOT attract attention at S if x ¢ I';(S) for all .

If one wants to know whether x is revealed to be preferred to y, it seems to be necessary
to check for every (I',>) whether it represents her choice or not, which is not practical
especially when there are many alternatives. We shall now provide characterization of her
revealed preference, attention and inattention completely.

Let us go back to the previous example where c¢(zyz) = y and c(zry) = . We can
immediately conclude that she pays attention to y at {z,y, z} so does she at {x,y} (revealed
attention). Since she picks z from {z,y}, we can conclude that she prefers x over y (revealed
preference). Then, we also learn that she does not pay attention to x at {x,y, 2z} because
she picked an inferior alterative y (revealed inattention).

We can see from the example, and the definition of Pr that it is sufficient to have xPry
to conclude that x is revealed preferred to y, now the question we can ask ourselves is if
there is some revealed preference not captured by Pr. The next proposition states that the
answer is no: Py is the revealed preference.

Proposition 3.2. Suppose c is a CLC with a consideration filter. x is revealed to be preferred
to y if and only if xPry.

Proof. We have already proven the if-part of Proposition 3.2. This immediately implies that
P is acyclical since ¢ is a CLC with a consideration filter. To see the only-if part, take any
pair of z and y without zPry. Then there exists a preference > including Pr and y > x
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since Py is transitive. Define the consideration filter '™ as follows:®
"S)y={ze SIS Cc T st z=cT)} (3.3.2)

By construction, I'™ is a consideration filter. It is easy to see that ¢(S) is >=-best element in
I'™(S) because ¢(S) € I'"™(S) and x(# ¢(S5)) € I'"™(S) only if ¢(S)Px (so ¢(S) = x). O

Now we investigate when we can unambiguously conclude our decision maker pays (or
does not pay) attention to an alternative. Note that if she chooses x from S, she must be
paying attention to x at S. Therefore, we can determine that she pays attention to x at any
smaller decision problem including x. On the other hand, suppose she has revealed to prefer
x over y and chooses y from a set 7' including x. Then we can immediately conclude that
she does not pay attention to x at T'. Furthermore, this also implies that she does not pay
attention to x at any decision problem larger than T

Proposition 3.3 summarizes the above discussions and also provides full characterizations
for revealed attention and inattention.

Proposition 3.3. Suppose c is a Choice with Limited Consideration then:

(i) x is revealed to attract attention at S if and only if x is chosen from some super set of
S (possibly from S), i.e. x = c(T') forT 2 S.

(i1) x is revealed not to attract attention at S if and only if x is revealed to be preferred to
c(T) for some T such that x € T C S.

The if-parts of both statements have been already shown above. The proofs of the only-
if-parts are given in Section 3.10.

A corollary of proposition 3.3 is that we can restate the condition of limited attention
in terms of consideration filters, since we defined I' to be the minimal consideration filter
that is consistent with the choices and the structure we imposed on any I'.

Corollary 3.4. Let ¢ be a CLC with a consideration filter. Then x is revealed to attract
attention at S if and only if x € IT"™(S).

3.4 CLC: Strong Consideration Filters

In this section we provide a characterization of CLC with strong consideration filters, which
are consideration filters, that also satisfy the attention filter condition from Masatlioglu
et al. [2009]. Here we show that we gain predictive power, but not surprisingly we cannot

6We are going to use this construction of the consideration filter '™ throughout the paper. I'™ is the
smallest possible consideration filter that we can infer from the choices, which is going to be important for
the characterization for the characterization of revealed preference and attention.
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incorporate some observed behavior such as “choosing pairwise unchosen” to the model. The
additional condition that we add in this section to the consideration filter is that the removal
of an alternative that is overlooked does not change the consideration set. Essentially the
condition we add is that the DM maker is unaware that she is unaware.

Despite the similarities between our choice with limited consideration with a consideration
filter, and MNO’s CLC with an attention filter, the two models are independent. One
particular feature of our model is that when we observe choice reversals, we conclude that

a smaller menu (less options) are revealed to improve welfare, whereas this is not necessary
the case in MNO.

Example 3.2. To show the independence between our model and Masatlioglu et al. [2009]
we show here examples of consideration set formation where: (i) I' is a consideration filter
but not an attention filter, (ii) I is an attention filter but not a consideration filter.

menu | ryz TY TZ Y=
Ir: T Ty TZ Y
I Yz xY Yz =z

Despite being two different models of consideration, most real world examples mentioned
above and in Masatlioglu et al. [2009], satisfy both properties. Thus we study these properties
in this section, where we define a Strong Filter, which satisfy both properties: consideration
filter and attention filter. And derive all the revealed preference, and revealed attention
results for those structures.

For instance an example of a consideration filter that is not an attention filter consider a
DM looking for cars, she only considers those brands with at most 3 models. It is easy to see
that this is a consideration filter, since if a car is considered for any subset of the available
options, there will be at most 3 models of that brand, thus x will be considered. On the
other hand, suppose x is not considered given the available options, thus there are 4 or more
cars in the brand of x. If there are exactly 4 cars, removing = will lead the DM to consider
the remaining 3 cars in the brand of x, thus this will not be an attention filter.

In addition, MNO give a formation of a consideration set that is an attention filter but not
a consideration filter, which they call “Searching more when the decision is tough”. Suppose
the DM is looking for airline tickets. The DM considers alternatives that are easy to find
(first page of search results in some travel website) and if there is an item that dominates
all others in all dimensions (price, departure time, arrival, number of stops) then the DM
picks that. Otherwise she spends time and does an extensive search to consider all available
options (look at other sites, or airlines that are not affiliated with the travel website), and
picks the preferred one. In this case to see why this might not be a consideration filter,
suppose x is easy to find, but does not dominate any of the easy to find airline tickets, i.e.
y is easy to find and cheaper, then DM will consider all the possible options. If we remove
y, then = dominates all the easy options, thus the DM will not make the extensive search,



91

and all the hard to find elements are considered in the first menu, and not considered in the
submenu where we remove y.

The fact that many of the examples considered in this paper and in MNO satisfy both the
attention and consideration filter properties, suggests that we should study the case where a
consideration filter satisfies the following extra property that “an item that does not attract
DM’s attention does not affect her attention span at all”[Masatlioglu et al., 2009], this is
called an attention filter by MNO.” This prompts the following definition of a strong filter:

Definition 3.4. An consideration function I' is called strong Consideration Filter if
(i) For any S and T', x € T'(T") implies x € I'(S) whenever z € S C T.
(ii) For any S, z € I'(S) implies I'(A) = T'(A \ ).

Indeed, all the heuristic ways of generating a consideration set discussed in section 3.2
are strong filters, except the consideration filter where the DM considers all elements of a
brand if there are most n goods of that brand. Thus is natural to characterize these type of
choice functions.

Similarly we can define a choice function ¢ as Choice with Limited Consideration with a
strong consideration filter as

Definition 3.5. A choice function ¢ is a CLC with strong consideration filter if there exists
a strict order and a consideration set mapping I' such that

c(S) = maxI'(9)

—
and I' is a strong Consideration Filter.

First let us characterize the reveled preference when I' is known to be a strong consid-
eration filter. To do this, we revisit the cyclical choice behavior in the previous subsection®
where we know that while x is revealed to preferred to y, there is no other revealed preference
(see Proposition 3.2). Interestingly, we can uniquely pin down the preference for the cyclical
choice example when I' is a strong consideration filter.

To see this, first note that ¢(zyz) = = implies that the DM pays attention to z at {z,y, z}
so does she at {x,z} (revealed attention). Since she picks z from {z,z}, we can conclude
that she prefers z over x (revealed preference). Since any strong consideration filter is an
attention filter, we must have x is revealed to preferred to y. Therefore, her preference is
uniquely pinned down: z > z > .

Now we generalize this observation. Suppose ¢(T) # ¢(T"\ y). Then we conclude that y
must be paid attention to at T". Since I is a strong filter, y must attract attention not only

"The companion paper, Masatlioglu et al. [2009], extensively investigates consideration sets that satisfies
only this property, called attention filter, and which is formally stated as x ¢ T'(S) = T'(S) = T'(S'\ z).
8Recall the cyclical choice problem: c(zyz) =y, c(axy) =z, c(yz)=y, c(zz)==z.
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at T but also at any decision problem S smaller than 7" including y. Therefore, if ¢(S) # v,
c(S) is revealed to be preferred to y. Formally, for any distinct pair of x and y define:

xP'y if there exist S and T such that (i) {x,y} C S C T and = = ¢(95)
(i) o(T) # (T \ y)

Notice that ¢(T") # ¢(T \ ¢(T)). This implies that ¢(7") must have been considered not
only at T but also at any decision problem S smaller than 7" including ¢(7") since I" is a
strong filter. Therefore, whenever {¢(T)} C S C T and ¢(T') # ¢(5), we have ¢(S) > ¢(T).
Indeed this is the way we infer z is better than z in the previous paragraph.

As before, if zP'y and yP’z for some y, we also conclude that she prefers x to z even
when x P’z does not hold. The following proposition states that the transitive closure of P’,
denoted by Py is the revealed preference.

Strong consideration filter captures the idea that an alternative that is not paid attention
in a smaller set cannot attract attention when there are more alternatives. Hence, situations
where presence of some alternatives reminds the DM the existence of some other alternatives
are compatible with the attention filter but not with the strong consideration filter.

The example of “choosing pairwisely unchosen”, studied in MNO, perfectly highlights
this distinction between attention filter and strong consideration filter structures. Recall
that we uniquely identify the attention filter for {x,y, z}, {z,z}, and {y, z};

[(xyz) = zyz, '(yz) =y, and ['(z2) = .

Here, z attracts attention only when both x and y are present. In other words, while
z draws the attention from a big selection, it is not considered from a restrictive selection.
Hence this is not a strong filter. A strong filter requires z € I'(xyz) but z ¢ I'(yz), hence we
can immediately conclude that this choice behavior cannot be explained by a strong filter.
We can also reach the same conclusion by using revealed preference: the DM’s choice exhibits
two choice reversals: (1) between {z,y,z} and {z, z} and (2) between {z,y, z} and {y, z}.
Based on Proposition 3.5, the first one implies that her preference must be = > z > y and
the second reveals y > z > x, which are contradicting.

Next, we provide a characterization for CLC with a strong consideration filter. The axiom
we propose is a stronger version of LC-WARP. Remember that LC-WARP requires that every
set S has the “best” alternative x* and it must be chosen from any other decision problem
T where the choice is part of S and is chosen in some problem that is more complex, i.e.
T' D T. Remember that, with a consideration filter, an alternative, say x*, attracts attention
at a choice set, T if it is chosen from a superset 7" D T.

Now that we assume the attention filter is strong, we can also conclude it when we know
x* is paid attention to at some decision problem 77 D T, if removing it causes a choice
reversal, by observing ¢(T") # ¢(T" \ z*). Therefore, we need to modify the requirement in
LC-WARP: if the removal of z* changes the choice in some super set of T, then it attracts
attention at T (even if it is not chosen at 7" or T').



93

Note that throughout this paper we use the term consideration as a concept related to
the formation of consideration sets when too many options might overwhelm the DM, and
she might not pay attention to some. In the companion paper, MNO, use the term attention
as a concept related to formation of consideration sets in the presence of unawareness (un-
awareness of being unaware). Thus the similarity of the names of the behavioral postulates,
LC-WARP and LA-WARP, as choice patterns that capture behavior under the different
consideration structures. Therefore, it is only natural to define behavioral postulate that
captures behavior under consideration sets that satisfy both properties (strong filters), as
Limited Attention and Consideration WARP.

Axiom 3.4.1. LCA-WARP. If for any nonempty S, there exists * € S such that for any
T>z%,
c(T) = z* whenever (i) ¢(T) € S, and
(73) c(T") # c(T" \ x*) for some T" DT

It turns out that LCA-WARP is the necessary and sufficient condition for CLC with a
strong consideration filter. Indeed, it is equivalent to the acyclicity of the revealed preference,
Py.

Theorem 3.2. (Characterization) A choice function satisfies LCA-WARP if and only if it
1s a CLC with a strong consideration filter.

Theorem 3.2 characterizes a special of class of choice behavior studied we studied earlier.
Similar to Theorem 3.1, the characterization involves a single behavioral postulate which is
stronger that WARP with Limited Consideration. We show that while this model has higher
predictive power, which comes with diminishing explanatory power: “choosing pairwisely
unchosen” is no longer within the model.

We finalize this section by revisiting the Attraction Effect. Consider the following ob-
served choice behavior:

clryz) =y, clry) =z, clyz) =y, c(xz)==x.

It is routine to verify that this choice behavior satisfies LCA-WARP.? Hence Theorem
3.2 implies that it is consistent with a CLC with a strong consideration filter. The choice
reversal between {z,y, 2z} and {x,y} yields that her preference must be z > y > z.

In addition, one can derive the unique consideration set mapping. To see this, consider
the set {x,y, z}. First of all, the choice, which is y, must be in the consideration set. Since
removing z changes the choice, therefore z is also in it (attention filter). Finally, we know
x is better than the choice from above discussion, x does not belong the consideration set
of {z,y,z}. Hence I'(zyz) = yz. In addition, the strong consideration filter assumption

90One can show that x serves the role of o* for {z,y, z}. For the rest, ¢(S) does the job.
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requires that y and z attract attention whenever they are available, which pins down the
consideration set mapping uniquely for this example.

D(zyz) =yz, T(xy) =2y, ['(yz) =yz, and ['(zz) = zz.

We argue that the benefit of a CLC with a strong consideration filter, is that we gain
in predictive power, in terms of what we can pin down as revealed attention and revealed
preference. We can see that in both, CLC with a consideration filter and CLC with a strong
consideration filter, we can conclude revealed attention from choice reversals, however with
the consideration filter we can only conclude attention for the chosen options that constitute
the choice reversal, whereas in the CLC with a strong attention filter, the fact that removing
an alternative that is not chosen causes a choice reversal also reveals attention. Moreover,
if we can pin down more of the revealed attention, if the choice function is a CLC, we can
also pin down more of the preference as shown in the Attraction Effect example above.

The cost of having better identification in terms of what we can conclude that the DM
observed, is that we lose some types of behavior considered under the two models, since as
mentioned above, some behavior is captured by a consideration filter and not an attention
filter and vice versa. However most examples from this paper, and MNO, satisfy both
properties.

In the CLC with a consideration filter, we can only pin down part of the attention and
preference, and in the case where choices satisfy WARP we cannot conclude anything. We
provide a full characterization of the extent of characterizing attention and consideration,
and the tension between attention and preference in these models, especially when the choice
rules satisfy WARP in appendix 3.9.

Similarly to the CLC with a consideration filter from section 3.3, when we have a strong
consideration filter, instead of a consideration filter, we can also characterize revealed pref-
erence from LCA-WARP.

Proposition 3.5. Suppose c is a CLC with a strong consideration filter. Then, x is revealed
to be preferred to y if and only if xPry.

Proof. The if-part has been already demonstrated. The only-if part can be shown paralleled
with Theorem 3.2, where we shall show that any > including Pj represents ¢ by choosing I'
properly. O

3.5 Additional Discussion

In this section two independent special cases of our model. The first one assumes that the
decision maker has no limited attention problem in a binary set, hence she pays attention
to both alternatives. In the second one, the consideration filter is generated by a transitive
order, which might conflict with the preferences.
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3.5.1 Full Consideration in Binary Comparisons

Although choice overload is usually attributed to the number of options presented to decision
makers, another source of choice overload is the number of attributes. Therefore, even with
small number of alternatives, one may not compare all available alternatives. Our framework
allows such an extreme case.

However, if the source of attention is just abundance of alternatives, it is more likely
that she considers all of alternatives in smaller decision problems. As a benchmark case, we
consider a decision maker who has an attention filter but pays attention to both alternatives
in every binary decision problem. That is, I'(S) = S whenever |S| = 2. We now provide a
characterization for this class of choice function.

With the full consideration assumption, our decision maker’s choices in binary sets must
be consistent with preference maximization for some preference. Hence, it is needed to
assume that

Axiom 3.5.1. Pairwise Consistency. If ¢(zy) = x and ¢(yz) = y imply c¢(zz) = .

As we discussed earlier, an alternative, ¢(7'), is revealed to attract attention at a set S
whenever T' is a super set of S. If ¢(T") is not the chosen one, then it is strictly worse than
¢(S). This information should not conflict with binary data, that is, ¢(.S) must be the choice
from {c(S), c(T)}.

Axiom 3.5.2. Weak Contraction. If ¢(S) € T and S C T then ¢(S) = c({¢(S), c(T)}).

This axiom is trivially satisfied in the standard theory, where ¢(S) = ¢(T"). Here, we
require a weaker version of it, because we need to know whether the alternative attracts
attention to reach the same conclusion.

Theorem 3.3. A choice function satisfies Aziom 3.5.1 and 3.5.2 if and only if it is a CLC
with a consideration filter where there is full consideration at binary sets.

There are two important implications of this theorem: (i) more predictive power and
(ii) a unique preference. As previously mentioned, on the appendix 3.9 we show that there
are limitations to the predictive power of the model, since many consideration filters, and
preferences can represent a CLC with a consideration filter. For instance, our earlier model,
CLC with consideration filter, can accommodate any type of behavior with three elements,
so it is not falsifiable. Because of Pairwise Consistency, cyclical choice behavior in binaries
is ruled out in this model. Hence the model can be tested even with three options.

As in the standard theory, where the DM is assumed to pay attention to all the al-
ternatives, it is possible to infer her preference by asking the choice from the sets of two
alternatives:

xP*y if c(xy) = (3.5.1)

In section 3.3, we illustrate that different preferences might generate the same behavior.
In the extreme case, where WARP is satisfies, there is no revealed preference at all. This is
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because a choice can be attributed either to preference or to inattention. To illustrate this,
consider the choice function with three elements satisfying WARP:

cleyz) =z, clzy) ==z, clyz)=yvy, c(zz)==rx.

One possibility is that her preference is z > y > 2z and she considers everything. Another
possibility is that her preference is z > y > z and she considers ¢(S) at S. By full consider-
ation assumption at binaries, one can pin down the true preference even WARP is satisfied
(see Appendix 3.9 to see the limitations of the standard CLC with consideration filter model
when c¢ satisfies WARP).

3.5.2 Attention Filters Generated by a Transitive Order

Here, we also consider a natural special case whereby the decision maker overlooks or dis-
regards an alternative because it is dominated by another item in some aspect. Imagine
Maryland’s economics department is hiring one tenure-track theorist. Since there are too
many candidates in the market, the department asks other departments to recommend their
best theory student. Therefore, a candidate from Michigan is ignored if and only if there is
another Michigan candidate who is rated better by Michigan. In this case, Maryland’s filter
is represented by a irreflexive and transitive order as long as each department’s ranking over
its students is rational. However, the order does not compare any two candidates from dif-
ferent schools so it is not complete.'® Notice that this order may not be consistent with the
preference of Maryland. It is possible that Michigan evaluates its job candidates differently
than Maryland, in which case Maryland may eliminate its preferred candidate. Therefore,
the order and the preference may be inconsistent.

Formally, let t> be an irreflexive and transitive order over X and I'y be an consideration
filter generated by >, that is:

[o(S)={reS|PyesS st. y>a},

for all S € X. Here, the decision maker does not consider x at decision problem S if and
only if there is another alternative y € S that dominates x according to the transitive order.
It is easy to see that I'y is indeed a special class of strong consideration filters.

Here we illustrate that I'y is a strong consideration filter for any irreflexible transitive
order >. First I'w(7T') is a subset of I'. () for all S C T. To see this, assume z € I'. (7).
Then there exists no alternative in 7' >-dominates z, which implies that z is >-undominated
in any subset of T, so z € I'w(5) for all S C T. Particularly, we have I'.(S) C T'w(5'\ z)
for any x € S. Now we need to show that I'o(S\ z) C ['w(S) when = ¢ T'.(S). Suppose
xz,y € S\ T's(S). Then, there must exist z € S\ z such that z > z. If x > y, then by the

10The special case in which the rationale always yields a unique maximal element corresponds to the
standard model of rationality.
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transitivity, z >y as well so y & I'w. (S \ z). If it is not z > y, then what eliminates y at S is
also included in S\ z so y € I's (S \ ). Therefore, I'y is a strong consideration filter.

Since I'. is a strong consideration filter, LCA-WARP is a necessary condition for CLC
with an attention filter generated by a transitive order. In addition to that there is another
necessary condition:

Axiom 3.5.3. Expansion. If x = ¢(S) = ¢(T'), then x = ¢(SUT).

Manzini and Mariotti [2007] dub this property Expansion, and it directly rules out At-
traction Effect type of anomalies. It says that an alternative chosen from each of two sets
is also chosen from their union. To see that it is necessary, assume (I'.,>) represents c
and © = ¢(5) = ¢(T). The latter implies that = is the >-best element in both I'.(S5)
and I's (7). Hence x is >-undominated in both S and 7', so z is in I'n(S UT). Since
o (SUT) CTe(S)UTl's(T), x is also the =-best I's (S UT). Hence x = ¢(SUT).

Therefore, if a consideration filter of our decision maker is generated by a transitive order,
then her choice must satisfy Expansion, as well as LCA-WARP. Indeed its converse is true
so these two axioms characterize such choice functions.

Theorem 3.4. A choice function satisfies LCA-WARP and Expansion if and only if it is a
CLC with a strong consideration filter, which is generated by a transitive order.

Now, we discuss the revealed preference and the revealed order. Notice that this is a
special case of CLC with a strong consideration filter, Py, which is the revealed preference
for the strong consideration filter must be a part of the revealed preference for this model
and it turns out that there is no extra inference of DM’s preference.

However, we can now obtain the revealed order: if all of attention filters generated by
some transitive order that can represent the choice agree on x > y, we call it the revealed
order. The revealed order can be obtained in a simple way. If she picks x from {z,y}
but reveals that she prefers y over x, it must be the case that y is disregarded at {z,y}.
Therefore, we can conclude z > y.

Proposition 3.6. Suppose ¢ is a CLC with a consideration filter that is generated by a
transitive order.

o 1 is revealed to be preferred to y if and only if v Ppry.
o x>y is revealed if and only if yPj, but x = c(xy).

Finally, we argue that the class of choice behavior characterized in Theorem 3.4 is a
specific subclass of Manzini and Mariotti [2007]’s rational shortlist method. Similar to
our model, the shortlist method operates through two binary relations P; (acyclic) and P,
(asymmetric): the decision maker filters out Pj-dominated alternatives and selects Pp-best
among them. Unlike our model, P, may be intransitive and P, may have a cycle. Hence, our
model is a rational shortlist method where P; is transitive and P; is a preference. Indeed, it
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is a strict subset of shortlist method. Before we illustrate this, we remind the second axiom,
Weak WARP, used in the characterization of the rational shortlist method. The axiom says
that if an alternative x is chosen both when only y is also available and when y and other
set of alternatives, T', are available, then y is not chosen from any subset of T" whenever x is
available. Formally,

Axiom. Weak WARP. Suppose {z,y} C S CT. If z = c(zy) = ¢(T), then y # ¢(5).

We end this section, with a list of examples that show the independence of our axioms
and the ones presented by

Here is the example in which Weak WARP and Expansion are satisfied but not LCA-
WARP, hence our model is a strict subclass of their model.

Example 3.3. There are five alternatives: a, b, ¢, d, . The decision maker has two rationales:
one is acyclic P, = {(¢,a), (d,b), (a,z)} and the second one is asymmetric including P, =
{(a,b), (b,¢), (c,d), (d,a), (z,d)}. Note that P, is cyclical. The decision maker sequentially
applies P; and P, to make a choice as in the shortlisting method.!!

Now we show that this choice behavior violates LCA-WARP at S = {a,b,¢,d}. In other
words, there is no alternative in S which serves the role of z* in the axiom. For example,
the alternative a changes the choice (c¢(dx) # c(adx)) but it is not chosen (c(ad) # a and
{a,d} C{a,d,z}).

Likewise, the following example, show behavior that satisfies Weak WARP and Expansion
but violates LC-WARP.

Example 3.4. There are six alternatives: a,b,c,d, x,y. The decision maker has two ratio-
nales:

Pi: aPic, bPid, xPia, and yPb. Py: aPyb, bPyc, cPyd, dPya, xPyy and all of a,b,c,d
P>-dominates x and y.

Notice that Pj is acyclic and P, is asymmetric (but cyclic). The decision maker sequen-
tially applies P, and P, to make a choice. We argue that exactly one element survives this
process so her choice is always uniquely determined. Since P; is acyclic, at least one element
survives in the first round of elimination. By inspecting P,, we can see no alternative survives
in the second round if and only if all of a, b, ¢, d survive in the first round. Similarly, we can
see that more than one alternative survive in the second round only if the survivors of the
first round include either “a and ¢” or “b and d.” However neither of them is possible because
of aP;c and bP;d. Therefore, there is a unique survivor of this two-stage elimination, so this
is a well defined choice function that is a rational shortlist method. Hence, it satisfies both
Weak WARP and Expansion. However, this violates LC-WARP at S = {a,b, ¢, d} because
“a = c(ab) but b = c(abx),” “b = c(bc) but ¢ = c(bey),” “c = ¢(ed) but d = c¢(acd),” and
“d = c(ad) but a = ¢(abd).”

10One can define P, completely so that there is a unique survivor of this two-stage elimination, hence this
is a well-defined choice function that is a rational shortlist method. Since our aim is to show that it violates
LCA-WARP, we define necessary part of Ps.
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Finally, this last example satisfies LC-WARP and Expansion but not LCA-WARP.

Example 3.5. The decision maker’s preference > is a > b > ¢ > d. Her attention filter is
generated by the following >: d>c>b>a but it is not transitive. Then, > and > represent
a choice with limited attention whose attention filter is generated by > so it satisfies LC-
WARP and Expansion. However, it violates LCA-WARP at S = {b, d} because “d = c(abcd)
but a = c(acd)” and “b = ¢(bd) but d = ¢(bed).

3.6 Related Literature

Samuelson [1938] first introduced the Weak Axiom of Revealed Preference (WARP) as a novel
approach to derive demand functions. Based on this idea of revealed preference analysis,
choice theory developed with the pioneering work of Arrow [1959], Richter [1966], Hansson
[1968] and Sen [1971]. There are several other papers that use the classical choice framework
to analyze choice behavior that does not fit the rational model, but it is nonetheless motivated
by experimental and psychological evidence.

Kalai et al. [2002] study choice behavior in terms of number of preference orders necessary
to rationalize choice data. Cherepanov et al. [2008] present a model of rationalization,
in which preferences over outcomes are well defined, but there are some rationalization
(psychological) constraints. Hence a good element might not be chosen because it cannot
be rationalized represented as “being able to give an explanation for”. de Clippel and Eliaz
[2009] offer a model of personal bargaining across selves that generate choices that might fail
to be rational in the classical sense. Masatlioglu and Ok [2005] consider choice with statu-
quo bias, and how the presence of an element considered as the statu-quo, can influence
choice behavior. This idea of reference dependence is choices is studied also by Ok et al.
[2008].

Manzini and Mariotti [2007], Mandler et al. [2008], and Manzini and Mariotti [2009c]
provide models where the DM sequentially eliminates objects, according to some process,
and the makes a final choice from the remaining ones. In this models, unlike in our model,
the DM considers all the elements, and uses some process (binary relation) to eliminate some
before having to make the final choice.

The lack of consideration of some options, plays an relevant role in several papers. Eliaz
and Ok [2006a] present a choice framework where it is possible to distinguish indifference and
indecisiveness from choice data. Masatlioglu and Nakajima [2010b] consider a model of choice
by elimination, where the consideration sets evolve as some alternatives are sequentially
eliminated. Eliaz et al. [2009] consider a model where the consideration sets of DMs are
directly observed, rather than partially identified like in our model.

Finally, the effect on final choices of a large set of options is featured in some other
papers like Dean and Caplin [2008], and Dean [2008], where the consideration of elements is
a procedure based on search costs. Also, Tyson [2008], offers a model of “Satisfycing” (see
Simon [1955]) where the preferences are generated by systems of binary relations, which are
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indexed by choice sets. He also requires some consistency between preferences for going from
large choice sets to its subsets, similar to our behavioral requirement on Consideration Filters.
Finally, as previously mentioned, the companion paper Masatlioglu et al. [2009] studies a
similar choice environment, with different requirements on the consistency of consideration
filter to analyze some other types of observed behavior.

3.7 Conclusion

Consumers do not consider all the available alternatives. They intentionally or unintention-
ally ignore some of the alternatives and focus on a limited number of alternatives. In this
paper, we relax the full consideration of the standard choice theory to allow for the choice
with limited consideration.

Marketing and finance literatures argue that the abundance of alternatives is the ba-
sic motive for limiting the consideration set. While limiting the consideration, it is well
documented that different types of filters have been used by the consumers. As motivated
by the real life examples, we provide characterization for these different types filters: (i) If
a consumer considers an alternative among a large set of option, he will still continue to
considering the same alternative when some alternatives become unavailable. (ii) If an alter-
native that the consumer does not consider becomes unavailable, his consideration set will
not be affected. (iii) Consumer has some categories, and he only considers the top options
according to his categories. (iv) Consumer is able to fully consider only limited number of
alternatives, e.g. when he is confronted with two alternatives, he can consider both of the
alternatives, but when there are more than two alternatives, he may not be able to consider
some of them. Although the consideration sets are not observable, our axiomatic approach
enables the identify which filters are used by the decision makers simply by observing their
choices. Identification of the filters will help companies to develop new marketing strategies
such that their products will attract attention by the consumers. Additionally, we show that
choice with limited consideration is capable of explaining behavioral anomalies that look
puzzling under standard choice theory.

3.8 CLC: Choice Correspondences

In the following section we show that the approach can be extended to choice correspon-
dences. Here we generalize the main characterization and revealed preference/attention
results from the paper, the characterization of CLC, by allowing choices to be multivalued,
and choice sets be arbitrary. The intuition behind the representations is the same, thus we
present them first for functions to gain better intuition without the technical complications
of the correspondences and arbitrary choice sets.

All the proofs of this section are included in this section.
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In this section we consider the general case where X is the (possible infinite) choice set.
Again X is the set of all proper subsets of X. Similarly, a choice correspondence will be
given by ¢ : X — X, such that ¢(S) € 9 for every S € X. Now we let 7~ be a weak order
linear order on X. Also we denote the best element in S with respect to 2 by max- S.
Here we show that all the results hold for the more general case with only a few changes
and additions since we have revealed indifference as well. Nonetheless the characterization
of CLC for correspondences is not as clean an straightforward as the one for functions and
finite X, thus here we just give the results and all the motivation and discussion in on section
3.3.

The difference between this setup and what we presented in section 3.3 is that we are
allowing for choices to be multi-valued (choice correspondences), and the choice set to be
arbitrary. When choices are multi-valued, instead of the linear order presented before we
need to consider weak orders to allow for the possible indifference relation.

We showed that the only behavioral postulate that characterized CLC with a consid-
eration filter was (LC)WARP. Thus we need to modify the LC-WARP presented before.
The first natural modification allows for multivalued choices, and as we will see, extends
the concept of revealed indifference. This extension, given by the following axiom, requires
choices to be consistent across choice sets. Making a parallel with LC-WARP, if there is
more than one element, z*, y* satisfying the property for LC-WARP for a set S, then those
two elements must be satisfy (or not) LC-WARP together for any set that contains both
of them. In other words, it does not allow for choice reversals for one element but not the
other, once both elements have been chosen at some point.

Axiom 3.8.1. Weak Revealed Indifferences (WRI). If for {z,y} CT C S, z,y € ¢(95),
then x € ¢(T') implies y € ¢(7T).

One consequence of WRI, is that whenever there is a choice reversal then the intersection
of the two choice sets must be empty, and thus we are be able to distinguish between (strict)
revealed preference and revealed indifference from choice data, as we will see.

Lemma 3.7. Let ¢ satisfy WRI. Then x € ¢(T) and x ¢ C(S) for some S C T implies
c(S)Ne(T) = 0.

Proof. Suppose there exists y € C(T)Ne(S), then by WRI we have x € ¢(S), since z,y € ¢(T)
and y € ¢(S) which would be a contradiction. Therefore ¢(T") N ¢(S) = 0. O

The second axiom that we want to introduce to characterize CLC for correspondences
is called No Cyclic Choice Reversals. This is a stronger condition than LC-WARP, since it
guarantees that not only LC-WARP is satisfies, but also, once there is a choice reversal we
cannot find a chain of pairwise comparisons by either indifference or more choice reversals
(which in this model characterize preference), that would imply a reversal going the other
way. So if we reverse the choices from ¢(7”) to something in ¢(7'), so x € ¢(T") and = & ¢(T)
for some 7" D T, then we won't be able to indirectly reverse the choice the other way, from
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something in ¢(7") to « or anything in ¢(7"). It is straightforward to see that NCCR implies
LC-WARP for choice functions.

Axiom 3.8.2. No Cyclic Choice Reversal (NCCR). If for any set of menu-submenu
pairs {S;, T;} (so that T; C S;), where ¢(T;11) Ne(S;) # 0, for i = 1,...,n — 1. Then if
c(T;) N e(S;) = O for one i we have ¢(T1) N e(S,) =0

Again, we define two binary relations in a similar fashion to the choice function case: P
(an asymmetric relation) which is the same P as the function case given in 3.3.1, and I, a
symmetric relation that we will see is going to capture the idea of revealed indifference.

Definition 3.6. Given a choice correspondence ¢ define two binary relations, P and I the
following way:.

1. xPy if there exists {z,y} C S C T such that x € ¢(S), y & ¢(S), and y € ¢(T).
2. xly if there exists {x,y} C S such that x,y € ¢(9).

First of all, we can see that if a choice correspondence satisfies our two axioms, we have
that P and I are disjoint.

Proposition 3.8. If ¢ satisfies NCCR and WRI, then PN 1 = ().

Proof. Let x Py, then there exists {z,y} C .S C T such that z € ¢(5), y & ¢(5), and y € ¢(T).
Suppose there exists 7" € X such that =,y € ¢(T"). By Lemma 3.7, ¢(T') N ¢(S) = 0, and
{z,y} C T, then c(xy) = xy by WRIL. And by NCCR, since c(xy) N ¢(S) # 0, we have
c(xy) Ne(T) = (), which is a contradiction. So there does not exists such a 7”; and therefore
—(zly).

Let zly, then there exists S O {z,y} such that z,y € C(S). By WRI we must also
have c(xy) = xy. Suppose there exists {z,y} € S C T such that x € ¢(5), y & ¢(5), and
y € ¢(T). Then by Lemma 3.7 we must have ¢(S) Ne(T) = 0. And ¢(S) Ne(zy) = « implies
c(T)Ne(xy) = 0, which is a contradiction since y € ¢(T') and ¢(xy) = zy. Therefore no such
S C T exists, thus =(zPy). O

We can define a new binary relation R by taking the union of P and I. Intuitively, we are
taking a symmetric relation that captures some notion of indifference when there is limited
observation and asymmetric relation that captures some notion of strict preference (in terms
of choice reversals as discussed in section 3.3).

Lemma 3.9. Let R = PU I, then xRy if and only if there exists {z,y} C S CT such that
x € c(S) andy € ¢(T).

Proof. This follows from the definitions of P and I. O
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Hence we can see that the two axioms are equivalent to not being able to find two
conflicting choice reversals. In parallel to the function case, this will imply that once we take
the transitive closure of R, we will not have cycles.

Proposition 3.10. c¢ satisfies NCCR, and WRI if and only if v, Rx,_1R...RxsRx, tmplies
—(z1Pxy,).

Proof. (=). Consider z; € X such that x,Rx, 1 R...RxsRx;. Then by the definition of R,
there must exists for each i = 2, ..., n sets and subsets S; 2 T; with x; € ¢(5;) and z;_1 € (T;)
(see Lemma 3.9).

Suppose z; Pz, then there exists {z,y} C 5" C 7" such that z; € ¢(5), =, & c(5'),
and z,, € ¢(T"). By WRI, ¢(S")Ne(T") = 0. Let S; = 5" and Ty = T, then by NCCR
c(Sp) Ne(Ty) = 0, but z,, € ¢(S,) by definition, and z,, € ¢(T7) by z1Px,. Contradiction.
Therefore —(z, Px,,).

(«<). Let z,y € C(T) and = € ¢(S) for some S O {z,y}. Then we have ylx, which by
definition of R implies yRz. If y & ¢(S) then by definition of P we have xPy, but this is a
contradiction since yRx implies —(xPy) by the condition. So ¢ satisfies WRI.

Let S; C T; such that z; € ¢(S;) and z;_1 € ¢(T;) for i = 2,...,n and 27 € ¢(S;). So we
have ¢(S;) Ne(Tiy1) # 0 for all i = 2, ..., n. This implies x,, Rz,,_1 R...RxyRx;. Now we prove
the contrapositive, let ¢ fail NCCR. WLOG let x,, € ¢(T1) and ¢(T1) N (S1) = 0, so ¢(S,) N
¢(Ay) # 0, and for one of the S;, T;, ¢(S;) N ¢(T;) = (. Then we have x,Rx, 1 R...RxsRxy,
and since x, € ¢(T7) and z,, & ¢(S1), and x; € ¢(S), by definition of P x;Px,. This fails
the condition that z,, Rz, 1 R...Rro Rz implies —(z1 Pz,,). O

Just like in the function case, let Ry be the transitive closure of R. Just like in the
functions case, we show that if R satisfies the condition of proposition 3.10, then we can
extend Rr so that ¢ is represented by some (I', 22) where I' is a consideration filter and 77 is
a weak order that contains Rr.

First, we show that for any 7~ that can possibly represent a CLC correspondence ¢, then
>~ needs to include Ryp.

Proposition 3.11. Suppose ¢ is a CLC represented by (I',2Z). Then Ry C77.

Proof. Let xRyy, then z1, ..., z, such that x = 2y Rz R...Rz, = y (possibly z3 = y, in which
case xRy). For any z;Rz;. 1, there exists {z;, 2.1} € S; C T; such that z; € ¢(5;) and
zir1 € c(T;). Since I'; is an attention filter, z;, 2,41 € ['(S;); and z; € ¢(S;) implies that
z; is 77 —maximal in ['(S"), i.e. z; 72 241 because ¢ is a CLC correspondence. Therefore
x =217 2. 7 Zn =y, and by transitivity of 7, x 7= y follows. Therefore Ry C7-. O

The following theorem shows that CLC behavior when allowing for choice correspon-
dences is completely characterized by the two axioms NCCR and WRI.

Theorem 3.5. A choice correspondence ¢ is a CLC if and only if ¢ satisfies NCCR and
WRI
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Proof. (=). First we show necessity of the two axioms. Let ¢ be a CLC represented by
(z,T'), where I' is a consideration filter.

To prove NCCR, let T; C S; be a set of menus such that ¢(S;) N e(Tiyq) # 0. Without
loss let ¢(S1) Ne(Th) = 0. Let a; € ¢(S;) and y; € ¢(T;) be elements of the respective choice
sets.

Since ¢ is a CLC, the information ¢(Sy) N e(Th) = 0, ¢(S;) N e(Tiv1) # 0, and ¢(S;) N
c(Ti11) # O tells us x;, y; € I'(T;) for all i and therefore we can conclude

Y1 >~ T1Y; r>\: Z; V’il’i+1 ~ Y; Y1

T T Yo I Ty ~ Yy = xp. Since 77 is a weak order, we
must have y,, > z7. For any z € ¢(S,), z ~ y, since ¢ is a CLC. So z > z; and z > w for
any w € ¢(T1). This implies that for all w € ¢(T1), w & ¢(Sy,). Similarly for any z € ¢(T1),
z ~ w7 and since ¢ is a CLC represented by (7Z,T'), w > z for all w € ¢(S,), and we get
z & ¢(Ty) since ¢ is a CLC. Therefore ¢(S,,) Ne(T1) = 0.

Now we prove the necessity of WRI. Let ¢ be a CLC represented by (77,I). Suppose
x,y € c(S) for some {x,y} € T C S. Then z,y € I'(S) and since I' is a consideration
filter, z,y € I'(T). Given that x,y € I'(S) N (S), and there is a weak order - such that
c(S) = maxy I'(S) for all S, we must have z ~ y. Let z € ¢(T'), then for all z € I'(T), x 2.
By transitivity y 77 z for all z € I'(T'), since z ~ y and y € T'(T'). Therefore y € ¢(T"). Which
means that c satisfies WRI.

(«<). We can construct a weak order 7 if ¢ satisfies NCCR and WRI, such that (I'"™, )
represent c. This is proved in propositions 3.12 and 3.14. O

Therefore we have y,, 7= ©, ~ Yn_1

Similarly to the definition of revealed preference on section 3.3. We can define revealed
(strict) preference and revealed indifference.

Definition 3.7. Let ¢ be a CLC correspondence and that there are k different attention
filter, weak orders representing c

(Fiv r>\:1)7 (F27 r>\:2)7 sy (Fka i:k)

For such a ¢ we define the use the same definition for revealed preference, attention and inat-
tention as for the choice functions but also distinguish between the revealed strict preference
and revealed indifference.

e 1 is revealed preferred to y, © =g y, if z 7—; y for all 7.

— x is (strictly) revealed preferred to y, x =y y, if x >=; y for all i.

— x is revealed indifferent to y, ©x ~g vy, if x ~; y for all 4.

e 1 is revealed to attract attention at S if z € [';(S) for all 1.
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e 1 is revealed NOT to attract attention at S if x ¢ I';(S) for all .

In a similar fashion to the characterization for CLC functions and revealed attention and
preferences in sections 3.3.1 and 3.3, we show that our axioms guarantee that the binary
relation R, does not have a cycle. So if there is a chain of weakly related elements, then
there cannot be a strict relation that creates a cycle.'> The following result is the analogue
for correspondence as the result proved in proposition 3.10.

Now we know that from observe choice data, R is identifiable. The next propositions
show the analogue Revealed Preference and Revealed Attention results for correspondence
that tell us that Ry actually all you can distinguish form choice data.

Proposition 3.12. Let (I', ) represent c. Let Ry be the transitive closure of R. Let ¢ be a
CLC correspondence. Then x is revealed preferred toy (xr 7ry), if and only if xRry.

Proof. (=). We prove the contrapositive. Suppose —(zRry). Note Rp is not necessarily
complete we can have i) yRrx or ii) =(yRrx). First define

I'"(S) ={x € S|z € ¢(T) for some T' D S}

Since —(zRry), there is no S C T such that = € ¢(S) and y € ¢(T), thus there is no S such
that z,y € ['(S) by the construction of I'"™.

Now it is possible to construct a weak order, 77 such that y > = and (I'™, 77) represents c.
First add (y,x) to Rp,'® Thus we have R’ = Ry U (y,z), and denote R to be its transitive
closure. We claim that (z,y) € R7. To see this, =(xRry) means that (x,y) € Rr. So
suppose (x,y) € Ry, since (x,y) € Rr U (y, ), then there exists z; = x, 29, ..., 2, = y such
that © = 1 R'%R...R'z, = y. (v,y) € Rr implies that we must have (y,x) somewhere in
this chain. So z; = y, ;.1 = x for some ¢ < n. But then we have x = z; .1 Rr2;12...Rrz, = v,
which implies that (x,y) € Ry, contradiction. So adding (y,z) ro Ry doesn’t add (x,y) to
the transitive closure of Rr U (y, ), .

Then by the existence of a complete extension of R/ as a corollary of Szpilrajn [1930] (see
Ok [2004a]), we can construct a weak order 77, where y > x. Therefore we have —(zRry),
since y = x, if (I'™, ) in fact represents ¢. Now we show that this is a CLC representation
of c.

First let € ¢(.5), we want to show that x is Z-maximal in ['"™(S). First, z € I'"(S) by
construction. Let y € I'"™(.S), then y € (T') for some T O S, therefore x Ry by definition of R.
Since 77 is a complete extension of the transitive closure of R, = 7 y follows by construction.

Now let z € S such that x = y for all y € T"™(S), we want to show that #z € ¢(S)
such that z > z. This is almost immediate by the way we constructed I'"™. Note that
x € I'"(S) implies = € ¢(T) for some T' O S. Likewise if 3 z € ¢(5) such that z > x we

12Recall that R is not necessarily complete.
13(x,y) might be in Ry already.
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have z, z € I'(S). However, x 77 z for all z € I'™(.S), therefore no such z exists, and we can
conclude that (I'™, 7-) represents c.
(«<). Let zRry then by proposition 3.11, for any (I';,77;) representing ¢, x 2Z; y which

equivalent to = —g y, = is revealed preferred to y. O

Corollary 3.13. Let It and Pr be the symmetric and asymmetric components of Ry re-
spectively.

(i) x is revealed indifferent to y if and only if xIry
(i1) x is (strictly) revealed preferred to y if and only if xPry.
Proposition 3.14. Suppose c is a CLC correspondence with an attention filter.

(i) x is revealed to attract attention at S if and only if x is chosen from some super set of
S (possibly from S ).

(i1) x is revealed not to attract attention at S if and only if x is revealed to be preferred to
y € c¢(T) for some T such that x € T C S, and x & c(T).

Proof. (i) (=). Let = be revealed to attract attention at S. Thus for all (I';, 7;), x € I';(S).

We prove the contrapositive. Suppose for all T C S, z & ¢(T). Then x ¢ T'"™(S),
as previously defined (I'(S) = {z € S|z € ¢(T) for some T" O S}), and we know
from proposition 3.14 that there exists a weak order =~ such that (I'™, 27) represents c.
Therefore x is not revealed to attract attention at S.
(«<). x € ¢(T) for some T D S, since ¢ is a CLC, z is 7Z;-maximal in I';(T") for all i.
Therefore for all S C T with x € S, x € I';(S) since G; is an attention filter for all 1,
otherwise if x € I';(5), then x € I';(T"). Therefore x is revealed to attract attention at
S.

(ii) («=). Let = 7Z; y for all i, where y € ¢(T), and x € T C S. Then for any I';, y is 7Z;-
maximal in I';(T"). « & ¢(T) implies that if z € I';(T"), then y >; =, which is impossible
since x g y. Therefore = ¢ T';(T) for all 4. Since I'; is an attention filter = & T";(.S) for
all ¢ since T' C S. Therefore x is revealed not to attract attention at .S.

(=). We prove the contrapositive. Let = € S. Suppose for all T C S with = & ¢(T),
—(xRry) for any y € ¢(T). We want to show that there exists a pair (I',77) with
x € I'(9) representing c¢. Therefore x is not revealed not to attract attention at S.

We use I'"(S) = {z € S|z € ¢(T") for some T D S} as well. Define I'" and 2=’ as follows:

vy TM(TYU{z} ifzeT' CS
P = { (1) otherwise

Let R = Ry U (y,x) for all y € ¢(T') for T'C S (for all these y we have =(xRry) by the
assumption). Following the proof of proposition 3.12 that this will imply (x,y) ¢ R/, the
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transitive closure of R’ there exists a complete extension of R/, call it 72, where (x,y) €7,
and moreover (I'™, =) represents c.

Now we show (I, 22) also represents ¢ and x € I'(S). Forany T' ¢ {T' € X : T C S},
I'(T') = I'"™(T), and we know from proposition 3.12 that ¢(T') = max-I"(7). Now let
Te{leX :TCS} soxeT. Supposey € ¢(T), then y € I'"(T), and y 7 z for all
z € I'"(T), and by construction of 27, y = x. Therefore y 77 z for all z € I'(7T"). Similarly,
if y is ZZ-maximal in I'(T") (we know y € ¢(T)), y is also ZZ-maximal in IV(7T) since y > «
and IV(T) = I'"(T") U {z}. Therefore (I",7) represent ¢ and x € I"(S), therefore x is not
revealed to not attract attention at S. O

So the revealed preference, indifference, and revealed attention inattention results can be
summarized by the fact that Ry gives use the revealed preference and indifference, I, as
defined in 3.3.2, gives us the revealed attention, and Rp along with I give us the revealed
inattention (when elements are revealed not to attract attention in a menu).

Thus we can see that this exercise of considering choice correspondences has the same
intuitive results than the function setting, but lacks some clarity and tractability.

3.9 Uniqueness of CLC and Relation to WARP

The following proposition explains the relation between the revealed preference, revealed
attention, and revealed inattention, and moreover the relationship between all the parts of
our model and the classical choice model and WARP.

Proposition 3.15. Let ¢ be a CLC with a consideration filter. Then the following are
equivalent.

(1) c satisfies WARP.

(2) For all S € X, Revealed Inattention is empty (i.e. for all S, for all x € S there exists a
(', ) that represent ¢ and x € T'(.5).

(3) Pr = 0.
(4) For all S € X, Revealed Attention corresponds to c(S).

Proof. We prove (1) = (2) = (3) = (4) = (1).

(1) = (2). Let ¢ satisty WARP, thus for all S there exists z* such that ¢(T") € S implies
c(T) = z* for all T 3 z, in particular 2* = ¢(S). Suppose for some S € X there exists
y € S that is revealed not to attract attention at .S, then by Proposition 3.3, we must have
yPrc(T), for some T C S, and y & ¢(S). Thus ¢(T) = y > S, which implies z* = ¢(T') by
WARP, contradiction. Hence there does not exist any y that reveals to attract no attention
at S, for all S € X.
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(2) = (3). We prove the contrapositive, so if Py for some x,y € X (we know P C Pr,
and if x Pry there exist a chain x1 PxoP... Py, so without loss we can consider the case where
xPy), then Revealed Inattention is nonempty for some S € X. Let xPy, then there exist
T C S such that x = ¢(T') and y = ¢(S), so z is revealed preferred to y = ¢(7") and T' C S,
thus by Proposition 3.3, we have that x is revealed not to attract attention at S. Hence
Revealed Inattention is nonempty for S.

(3) = (4). Let Pr = (). Let y € S such that y is revealed to attract attention at S, we
show that y = ¢(S). Since y is revealed to attract attention at S, then y = ¢(7") for some
T O S (the characterization of revealed attention is given by Prop. 3.3). Since Pr =0, P =0
too, and if y # ¢(S), then ¢(S) € T where T' O S, thus ¢(S)Py, which is a contradiction
since P = (), thus y = ¢(S). Therefore revealed attention at S is only ¢(.5).

(4) = (1). We prove the contrapositive. Suppose WARP fails, then we show that there
exists some S* such that z is revealed to attract attention at S and = # ¢(S*). Let WARP
fail, thus there exists S € X, such that for every z € S, there exists T, € x such that
c(T,) € S and ¢(T}) # z. Since ¢ is nonempty, let x = ¢(5), and ¢(T,) = y. Consider {zy}.
Since c¢ is nonempty we have two consider two cases:

e = ¢(xy), then since z € T}, we have {zy} C T,. Given that z = ¢(zy) and y = ¢(T})
where T, D {xy}, we have that y reveals to attract attention at {zy} and y # c(xy)
by the characterization of revealed attention (prop. 3.3).

e Similarly when y = ¢(zy), given that ¢(T},) € S, we have {zy} C S. And z = ¢(5) and
y = c(zy) implies that z is revealed to attract attention at {zy}.

In either case the S* = {xy}, since x and y reveal to attract attention at {zy} and one of
the two is not chosen. O

This proposition gives a direct link between revealed attention and the minimal consid-
eration structure.

Proposition 3.16. Recall the definition for I'™, where
I'"A)={xeS3SCT st z=c(T)}

Let ¢ be a CLC with a consideration filter, then for any (I',>) that rationalize ¢, T"™(A) C
['(A), moreover, (I'™, ) also rationalizes c.

Similarly, we can define a maximal consideration structure, to see how much of the
preference order we can pin down.

Definition 3.8. Let ¢ be a CLC. Define
Z(S) = {x € S : x is revealed not to attract attention at S},

as the set of elements at S not considered for any (I', ) representing c.
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This definition of the set of ignored elements prompts the following definition of the
maximal possible filter.

Definition 3.9. Let ¢ be a CLC. Then define the maximal filter as
[*(S) = S\ Z(S)
Lemma 3.17. I'*(S) is a consideration filter.

Proof. Let x € T'*(5), then x is not revealed to not attract attention at S, so for any 7' C S,
either ¢(T") Prx or —=(c¢(T') Prx) and —(xPrc(T)), since x is not revealed preferred to any ¢(7")
for all subsets T' C S. Given S’ C S, where x € S" we know already that z is not revealed
preferred to any T C S, therefore for any 77 C S" C S, x is not revealed preferred to ¢(7”),
thus = does not reveal to attract no attention at S’, hence x € I'*(S’) for S’ C S. So I™* is a
consideration filter. O

Even with maximal possible consideration we cannot pin down the preference completely,
except for the case of WARP.

Proposition 3.18. Let ¢ be a CLC with a consideration filter. Then 3!, =* such that (T'*, =)
rationalizes ¢ if and only if ¢ satisfies WARP.

Proof. The only-if part is the standard result form classical choice theory. By proposition
3.15 the revealed inattention is empty for all S € X. Thus by the construction of I'*,
['*(S) = S for all S. Thus by the std. result WARP is equivalent to the existence of a
unique >* such that ¢(A) = max,  A.

For the if-part. Let there be a unique >* such that (I'*, >*) rationalize c. It is first of
all necessary that I'*(S) = S for all S, else by the construction of I'*, I'*(S) # S for some
S implies that there is revealed inattention at S, and by proposition 3.15, ¢ cannot satisfy
WARP. But a unique preference order is equivalent to WARP under full consideration, so
the result follows. O

3.10 Proofs

Proof of Proposition 3.3
Proof. “Only if part of 1)” In the proof of Theorem 3.1, we show that

(S)={ye ST > Sst. y=¢c(T)}

represents ¢ along with some >. This means if x is never chosen from any superset of S,
there is one attention filter representing ¢ but it does not include = at S.
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“Only if part of ii)” Suppose there exists no 7" C S such that xPrc(T) and « € T. Define

v T U{a} ifxeT CS
a (T)_{ INGA otherwise

and a >’ b if (i) aPgb or (ii) a # b = = and not xPra. First, we show that >’ is acyclical by
contradiction. Suppose >’ has a cycle, then it must involve x because Pp is acyclical, say
x>="a > --- " a, =" x. By definition of =’ it implies xPraPg - - Pra, =’ x. Since Py
is transitive, it is reduced to xPgra,, =" x. Since Py is asymmetric, a, =’ x is because of the
second condition in defining ', which is not xPga,. This is a contradiction. Therefore, >’
is acyclical. Let > be any completion of >'.

We argue that (I', =) represents c case by case. Take y € IV (T') \ {c(T")}.

Case 1: y # x. Then y € I' (T"). We know that any completion of Pg represents ¢ along
with I'. Because of that, y is Pr-dominated by ¢ (7). Since > is one of Pg’s completion, y
is also =-dominated by ¢ (7).

Case 2: y = x. If © € I'(T), the logic used in Case 1 is applicable. Consider the case
where ¢ I'(T"). In this case, it must be x € T' C S by the construction of I''. By the
assumption, we have notx Prc(T'). Therefore, ¢(T) = x follows from the definition of > and
. Therefore, (I, ) represents c. O

Proof of Theorem 3.2

Define xP"y if and only if there exist T" and 7" with z,y € T'C T such that
z=c(T) and ¢(T") # (T \ y)

Lemma 3.19. P” is acyclic if and only if ¢ satisfies Strong Consistency.

The proof of Lemma 3.19 is completely analogous to earlier Lemma, so we skip it.

Let Pj be the transitive closure of P” and let > be any arbitrary completion of Pp.
For every S, we call B C S is a minimum block of S if and only if ¢(S) # ¢(S \ B) but
c(S)=c(S\ B') for any B’ C B. Given this, define I" recursively as follows:

1. I'(X) consists of the >=-worst element of each of X’s minimum block.
2. Suppose I has been already defined for all proper supersets of S. Then, define I'(.5)

(a) First, put x € S into I'(S) if x € I'(T") for some T 2 S.

(b) If there is a minimum block of S that does not have an element in I'(.S) according
to the above, pick the >--worst element into I'(.S).
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Lemma 3.20. For any S,

(1) {c(S)} is a minimum block of S. There is no other minimum block that includes c(S).
(i1) If B is a minimum block of S other than {c(S)}, then ¢(S) = x for all x € B.
(iii) If ¢(T) # ¢(S) and T 2 S, then T' has a minimum block that is a subset of T'\ S.

Proof. Part (i) and (iii) are obvious so only prove Part (ii). Let B’ = B\ = (it may be
empty). Then we have
c(S) =c(S\ B) # c((S\ B) \ z)

Therefore, we have ¢(S)P"x so it must be ¢(5) > x. O
Claim 1. I' is a strong consideration filter.

Proof. T is an attention filter by construction so we shall prove that ' is a strong consid-
eration filter. Suppose z,y € S, xz,y ¢ I'(S), but y € I'(S' \ ). Then there exists T' D S
such that (i) 7'\ z has a minimum block B and y is the worst element in B and (ii) none of
elements in B is included in I'(T”) for any 77 2 T \ x.

Then, we must have ¢(T') = ¢(T"\ ). Otherwise {x} is a minimum block of 7" so we have
x € I'(T”) that implies = € I'(S). Therefore, we have

oT)=c(T\z) #c(T\2)\ B) = (T'\ ({x} U B))

Therefore, by Lemma 3.20 (iii), 7" has a minimum block that is a subset of U B so at least
one element in x U B must be in I'(7"), which is a contradiction. O

Now we want to show that (>=,I") represents c¢. Since Lemma 3.20 (i) implies that
c(S) € I'(S), all we need to show is that ¢(S) = y for all y € I'(5) \ ¢(9).

Claim 2. Ify € I'(S) and y # ¢(5), then ¢(S) = y.

Proof. Since y € I'(S), there exists 7' D S such that y € I'(T"). Furthermore, 7" has a
minimum block B where y is the worst element and none of elements in B is in I'(7”) for
any 7" D T'. There are three easy cases: (i) if ¢(5) = ¢(T") then by Lemma 3.20 (ii) we have
c(S) =¢(T) =y, (ii) if y = ¢(T') then we have ¢(S)P"y so it must be ¢(S) > y, and finally
(iii) if ¢(S) € B, then ¢(S) > y by the construction. Therefore, we only need investigate the
case when y # ¢(T') # ¢(S) and ¢(S) ¢ B. Note that ¢(T) > y in this case by Lemma 3.20
(ii).

Now let S = S\ B. Since y € B, S’ is a proper subset of S.

Case I: ¢(5") # ¢(S) for some S” where S’ C S” C S.
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By Lemma 3.20 (iii), S has a minimum block B’ that is a subset of S\ §” C B. Since
c(S) ¢ B'(C B), every element in B’ is worse than ¢(S) by Lemma 3.20 (ii). Since y is the
worst element in B that is a superset of B’, we conclude ¢(S) > y.

Case II: ¢(S") = ¢(S) for all S” where S’ C S” C S.
Since y # ¢(T) = c(T'\ (B\ y)) # (T \ B), and ¢(S\ (B\y)) € T\ (B\ y), we have
c(S\ (B\y)) P"y. Therefore, ¢(S) = y because of ¢(S\ (B \ y)) = ¢(9). O

Proof of Theorem 3.3

The if-part is demonstrated in the main body. For the only-if part, notice that Pairwise
Consistency and Weak Contraction imply that P is acyclic so the proof of Theorem 1’s
only-if part is applicable by setting > to be equal to P*. Given this, it is easy to see that I'
constructed in the proof has the property I' (S) = S whenever |S| = 2. O

Proof of Theorem 3.4

We have already shown the if-part of the statement in the main text so we shall show
the only-if part. Take any completion of P”, denoted by . (P” is defined in the proof
of Theorem 3.2. Such > exists because Strong Consistency guarantees that P” is acyclic).
Then define z >’ y if and only if

y > o and z = ¢ (zy)

Since x>y only if y > x and > is a preference, >’ is acyclic. Let > be the transitive closure
of >'. It is acyclic as well. Therefore, all we need to show is that (I's, =) represents c.

Lemma 3.21. Ify = ¢(95), theny ¢ T'=(95)

Proof. Let © = ¢(S). The statement is trivial when y ¢ S so assume y € S. Since > is the
transitive closure of >/, it is I'y (S) C I'w/ (S) so it is enough to show y ¢ Cu/ (.5).

The statement is true when |S| = 2 by the definition of . Suppose there exists S and
y € S such that y > x and y € T's (5). Without loss of generality, assume that S has
the smallest cardinality among such sets. We shall lead a contradiction by showing several
claims.

Claim 3. For any S" C S,  # ¢(5") whenevery € S'.
Proof. Since y € T'w/ (5), it must be y € T'n/ (5') as well. If z = ¢(S’) then this violates

the assumption that S has the smallest cardinality at which the statement of Lemma 3.21
is violated. m
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Now consider all budget sets that can be obtained by removing one element from S.
Notice that there are |S| such decision problems and only elements in S may be chosen from
those sets.

Claim 4. For any z € S, there exists 2/ € S\ {z} such that z=c(S\ 2).

Proof. Suppose not. By the pigeonhole principle, there must exist a € S such that

a=c(S\f)=c(5\7)

for some distinct 3,7 € S. By Expansion, ¢ (S) = « so it must be a = z. Since y must be
included either in S\ aw or S\ g, Claim 3 implies that x # ¢(S \ ) or x # ¢(S \ ). This is
a contradiction. O

Claim 5. x =c¢(S\y) andy =c(S\ z).

Proof. The combination of Claim 3 and 4 immediately implies z = ¢ (S \ y). By Claim 4, y
must be chosen from S\ z for some z € S. If z # z, then we have y P’z so it must be y > .
Therefore, it cannot be y >’ x. Hence, y = ¢ (S \ ). O

Now take any z € S\ {z,y}. (Notice that |S| > 3). If |S| = 3, Claim 4 requires
z =c(S\z) or z = c(S\y) but both possibilities are excluded by Claim 5. Suppose
|S| > 4. Let @« = ¢(S\ 2). By Claim 4 and Claim 5, o« € S\ {z,y,z}. Hence, we have
aP'z so it must be o = x. Now consider ¢ (S \ «), which must be something other than .
Hence, we have z P« so is « = «. This is a contradiction. Therefore, there is no S such that
x =c(9) but y € S so Lemma 3.21 is proven. O

Lemma 3.22. ¢(S) € 'L (S5).

Proof. Let x = ¢(S) but there exists y € S such that y > z. If y >’ = (i.e. before taking the
transitive closure), then it must be z > y and ¢ (zy) = y. c¢(ry) = y and ¢(S) = z imply
yP'r so we cannot have x = y, which is a contradiction. Therefore, it cannot be y >’ x. so
there must exist zq,..., 2z, such that

y>' > > >
By definition of >’ it must be
el e S a1 Ral ]

and
c(yz) =y, c(z120) = 21, ., c(2k—12k) = 2k—1, C(2T) = 21

Since x > y, we cannot have y = ¢ (xy) (if so, it would be y >’ x and we have shown that it
would lead a contradiction). so it must be z = ¢ (xy).
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Now consider ¢ (zyz; ...z). It cannot be z because, if so, it must be zx P’z so is 2z, = .
It cannot be z; (because if so z;_1 > z; or y = z1). Therefore, it must be y = ¢ (zyz1,...,2x) -
Since = = ¢ (xy), there must exist 7 such that:

y=c(ryziziz1---2kx) 7 c(TYZis1 - 2k)

which implies yP'z; so y = z;. This is a contradiction. Therefore, we conclude that there is
no y € S such that y > . O

These two lemmas prove that c is represented by (I, >). O

Proof of Proposition 3.6

The if-parts of both the revealed preference and the revealed order are shown in the main
body. To prove the only-if parts, the proof of the only-if part of Theorem 3.4 is applicable.
If not x Py, it has been shown that a preference with y > x can represent c. If yPpx but
x = c¢(xy), then we indeed define x > y to represent c. O
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