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ABSTRACT OF THE DISSERTATION

Iwasawa theory of Taelman class modules

by

Zachary Higgins
Doctor of Philosophy in Mathematics
University of California San Diego, 2021

Professor Cristian Popescu, Chair

In this dissertation, we study the Taelman class modules associated to a Drinfeld
module in certain Z;fo-towers of function fields. We show that the inverse limit of these
class modules is finitely generated and torsion as a module over the Iwasawa algebra.
Using the Equivariant Tamagawa Number Formula for Drinfeld modules [7], we then
propose an Iwasawa main conjecture for these modules which would precisely describe

the Fitting ideal of their inverse limit as a module over the Iwasawa algebra.
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Chapter 1

Introduction

Iwasawa theory arose from the efforts of Kenkichi Iwasawa to transfer the ideas of
the Weil conjectures from the setting of function fields to number fields. Broadly speaking,
Iwasawa theory is the study of arithmetic objects (e.g. class groups, Selmer groups, etc.)
in Z,-towers (or, more generally, Z{-towers for some d € Z) of number fields. One takes
a limit of the arithmetic objects at finite levels to get a module at the infinite level over
the Iwasawa algebra and tries to prove an Iwasawa main conjecture relating its Fitting
ideal to a p-adic L-function.

In this thesis, we apply ideas of classical Iwasawa theory to a function field context
to study a new type of “class module” recently defined by Lenny Taelman [17]. Let K be
a function field, i.e. the field of rational functions on a smooth projective curve defined
over a finite field [, and let A be the ring of functions which are regular away from a

fixed closed point co. Taelman defined a new “class module” H(E/A) associated to any



Drinfeld module E defined over A. The definition of H(E/A) arises from a function field
analogue to (a reformulation of) the Dirichlet unit theorem for number fields. In the case
where A = F,[t] , Taelman [18] proves a beautiful class number formula which states
that the value at 0 of the L-function of the Drinfeld module is equal to the product of the
unique monic generator of the Fitting ideal Fitt (H (E/A)) of H(E/A) with a “regulator”
term. This was later generalized by the author with Ferrera, Green, and Popescu [7] to an
Equivariant Tamagawa Number Formula (ETNF) for Drinfeld modules. In this case, if
K/F is a finite abelian extension of function fields of Galois group G and F is a Drinfeld
A-module (with A = F,[t]) defined over the integral closure Op of A in F, then the value
at 0 of the G-equivariant L-function associated to E is related to Fitt%[G](H (E/Ok)) and
a G-equivariant regulator term.

We will study the structure of these Taelman class groups in Zﬁo—towers Ke/K
which are unramified at all finite primes. Let Ko /K be such an extension, set I' =
Gal(Kw/K), and let K = Ky C K; C K3 C -+ be a sequence of finite Galois extensions
of K with I, = Gal(K,,/K) such that I' = Hm I, Ineach K, let Ok, denote the integral
closure of A. If p is a prime of A, and H(E/Ok, ), := H(E/Ok, )®4 A, the p-primary part
of the A-module H(FE/Ok, ), one can view HY = l'&nH(E/OKn)p as a module over the
Iwasawa algebra A, [[I']] := lim A, [I',]. We will show that this module is finitely generated
and torsion as an A,[[I']]-module, and therefore its Fitting ideal Fitt%pur” (Hég)) exists and
is nontrivial. In the case where A = F,[t|, we will use the ETNF for Drinfeld modules to

state an Iwasawa main conjecture for HE which describes Fitt%pHF]](Héﬁ)) precisely.



1.1 Structure of this dissertation

In Chapter 2, we will cover the background material - the basics of Drinfeld modules
and their Taelman class modules - needed for the rest of the paper. In chapter 3, we briefly
describe Taelman’s class number formula to provide context for the ETNF. We then
describe the algebraic constructions necessary to understand the ETNF before stating
the main result. Finally, in Chapter 4, we define the relevant Iwasawa modules, prove
that they are finitely generated and torsion over the Iwasawa algebra, and use the ETNF

to state an Iwasawa main conjecture.



Chapter 2

Preliminaries

2.1 Drinfeld Modules

In this section, we will give a brief introduction to Drinfeld modules, only covering
the notions needed for the rest of the paper. See [9] for a complete treatment of the basic
properties of Drinfeld modules.

Let p be a prime, and let ¢ be a power of p. Let K be the field of rational functions
of a smooth projective curve C' over [F,. Fix a closed point co € C, let d be the degree
of oo over F,, and let v, denote the oo-adic valuation on K. Let A C K denote the ring
of functions which are regular away from co. An A-field is a field F' with an F,-algebra
morphism ¢ : A — F.

Let F{r} denote the ring of skew polynomials in 7, with the relation

Ta = a’lt



for all a € F.

Definition 2.1.1. A Drinfeld A-module over F' is an F,-algebra morphism ¢p : A —

F{7} such that for all a € A,

¢r(a) = t(a)7° + higher order terms.
A Drinfeld module ¢ naturally gives rise to a functor

E : (F — algebras) — (A — modules)

where for any F-algebra M, the action of a € A on E(M) is given by ¢g(a), where T acts

as the g-power Frobenius.

Drinfeld modules (and their higher dimensional analogues) are central objects of
study in function field arithmetic.
One can show (see Lemma 4.5.1 and Proposition 4.5.3 of [9]) that for any Drinfeld

module ¢, there is a positive integer r such that for any a € A, we have

deg, (p(a)) = —dvs(a),

where deg_ (p(a)) is the degree of ¢(a) as a polynomial in 7, and —dvs(a) is the degree
of the finite part of the divisor of a. This r is called the rank of .
For any Drinfeld module E, there is a unique power series expp € F[[z]] - the

exponential function associated to E - of the form

o0
_ a’
exXpp = e;T
i=0



with ey = 1 such that expg(az) = (pg(a))(expg(z)) for all a € A. Let k., denote the
completion of k£ at oo, and let C,, = ﬁ denote the completion of the algebraic closure
of ks. Cy is both algebraically closed and complete. The exponential function gives an
analytic function expy : Co, — C,, which is an open map and is surjective.

In general, it is not obvious how to construct Drinfeld modules. However, there is
a theory for constructing Drinfeld modules via lattices due to Drinfeld (see [5] and [6])
that is analogous to the theory of elliptic curves over C. An A-lattice is an A-submodule

A C C,, of finite rank which is discrete in C,. Any such A-lattice A gives rise to an

exponential function

expy(z) = x H (1 — 2) :

Also, for each a € A, one can define the polynomial

pla)=ar ] (1—L>.

0#aca—1L/L expy (@)

One then checks that the polynomials ¢(a) are F-linear and therefore are polynomials in
29, so they can be viewed as elements of C{7}

In this paper, we will restrict our attention to the case where £k = F,(t) and
A = F,[t]. This is the setting originally considered by Taelman ([17] and [18]). The
simplicity of the ring structure of F,[¢] allows us to prove precise class number formulas
which exactly identify a special value of the L-function associated to a Drinfeld module.
Recently, there has been an effort to extend the results we will discuss in this introduction

to Drinfeld A-modules for more general A (see [1]). Unfortunately, when working with



a more general A, the best “class number formula” one can hope for is an equality of

A-submodules of k., rather than an equality of elements in k..

2.2 Taelman Class Modules

Let k be the field of rational function on a smooth projective curve X defined over
F,, and let A be the ring of functions which are regular away from a fixed closed point oo
of X. Let K be a finite separable extension of k, and let O denote the integral closure of
Ain K. Let ¢ : A — Og{7} be a Drinfeld A-module defined over Og. In [17], Taclman
associates a “class module” to E in the following way. Let k., denote the completion of
k at co. Let Koo = K @y koo and let K3P = K ®y k5P, where k5P is a separable closure
of ks. Note that K5 is isomorphic to [K : k] many copies of k3P. Hence, expy induces
a surjective map expp : K3P — K3P. Let Ap denote the kernel of this map. Thus, we

have an exact sequence

0 s A s Ksor 2P R(KseP) —— (). (2.1)

Now, the absolute Galois group Gy := Gal(k3P/k.) acts on K5 in the obvious way.
Furthermore, the action of Gy commutes with expy by the uniqueness of exp. Hence,
the sequence (2.1) is Gy, equivariant. Taking Gy invariants gives the long exact se-

quence

0 —— ASF> — 5 Koo 225 B(K.) —— HY (G, Ag) —— HY(G, K5P) =0,

(2.2)



where H'(Gj,, K3%P) = 0 by the additive version of Hilbert’s Theorem 90. Note that Oy

sits inside K, diagonally, and so there is a map F(Ox) — H' (G, Ag).

Definition 2.2.1. The Taelman class module H(E/Of) of E over O is defined to be

the cokernel of the map E(Ox) — H' (G, Ag).
Remark. The terminology “Taelman” class module is not used in the literature. Most
papers simply call it a “class module” or “class group”.

Note that H(E/Ok) is an A-module since (2.2) is an exact sequence of A-modules.

It fits into an exact sequence of topological A-modules

\ Koo eXpE\ E(KOO) \
O 7 eXpEl(OK) 7 E(OK) 7 H(E/OK) E— 0.

Theorem 2.2.2 (Theorem 1 of [17]). The class module H(E /Ok) is finite. The A-module

expp (E(Ok)) is a discrete and co-compact A-submodule of K.

2.3 Fitting Ideals

Definition 2.3.1. Let R be a ring and let M be a finitely generated R-module. For any

index set J, set R .= @._, R. Let

JjeJ

RV % 4 pn s M s 0

be a presentation of M. The i-th Fitting ideal, denoted F ittﬁ%(M ), is defined to be the
ideal of R generated by all the (n — i) X (n — i) minors of the (possibly infinite) matrix

for ¢.



We will only deal with 0-th Fitting ideals in this paper, so we will refer to the 0-th
Fitting ideal of M as the Fitting ideal of M, and we will denote it by Fittg(M).

One can show that this definition is independent of the choice of presentation
(see Lemma 15.8.2 of [16]). We will use the following two properties of Fitting ideals

throughout the paper (see Section 15.8 of [16] for more properties of Fitting ideals).
Proposition 2.3.2. Let R, R’ be rings, and let My, My be finitely generated R-modules.

1. If R — R’ is a ring morphism, then Fitth, (M ®@g R') is the ideal of R’ generated by

the image of Fitt’ (M)

2. If My — Ms is a surjective R-module morphism, then Fittﬁ;i(Ml) C Fittj.%(Mg).
Proof. Part (1) follows from the fact that if

R) s R

<
=

is a presentation of M as an R-module, then

R @p R —— (R @z R —— M ®z R —— 0

is a presentation of M ®pr R’ as an R’-module.

For part (2), if




is a presentation of M, then the compostion R" — M; — M, is surjective, and there is a
free module R?) containing RV and a map R/?) — R" extending the map RY) — R"

such that

RU2) >y R" > My > 0
is a presentation of M. O

There is another equivalent definition of Fitting ideals that is often more convenient

to use (see [15] for more details on this alternative definition). Suppose that

RY) 2 Rpr y M

)

is a presentation of the finitely generated R-module M. For any R-module N, let N* =
Hompg(N, R) denote the dual of N. There is a natural evaluation map evy : NQr N* — R
given by evy(z ® f) = f(x). To simplify notation, we will denote the evaluation map

eV pn—i gn AN R ® </\"_i R") — R simply by ev;. Now, there is an isomorphism

n—i

/\(Rn)* N (/\ Rn) , fl A A fn—i — ¢f1,...,fn—m where

Voo (@ N ANxpy) = det((fi(z5))i ) for any z4,...,2,—; € R".

Then Fitth (M) is the image of the composition
n—i n—i; pn JATTRO)RL ) g n Nn—1i/ Pn\* ~ n—i pn n—i pn *
N7 By RN RN T R o AV (R o AR e (AR

levi

R

which the reader can check is given by the mapping

ay N Ny @ fr A-- - A frg = det((fe((ar)))r.e)-

10



In particular, the 0-th Fitting ideal is the image of the composition

where det : A" R" = R is the natural determinant map.

11



Chapter 3

The Equivariant Tamagawa Number

Formula for Drinfeld Modules

3.1 Taelman’s Class Number Formula

In this section, we will briefly describe Taelman’s class number formula to help
the reader understand the obstacles and workarounds involved in stating and proving the
ETNF for Drinfeld modules, which is a G-equivariant version of the class number formula.
The proofs for statements in this section can be found in [18].

Let k = F,(t) and A = F,[t]. Fix a finite separable extension K/F,(t) (with field

of constants F,), and let Ok be the integral closure of A in K.

Definition 3.1.1. For a finitely generated A-module M, we define |M| to be the unique

monic generator of Fitt4(M).

12



It is easy to show that for a finite abelian group GG, viewed naturally as a Z-module,
we have Fitt;(G) = nZ, where n is the cardinality of G. Thus, | M| should be thought of
as the “A-size” of an A-module M.

Let ¢ : A — Okg{7} be a Drinfeld module. The special value of the L-function

associated to E that we will be interested in is given by

vEMSpec(Ok) |OK/U|

We will postpone defining the actual L-function associated to E until Section 3.5, where
we define the G-equivariant L-function associated to E. The classical, nonequivariant
L-function can be obtained, of course, by letting GG be trivial in the construction of the G

equivariant L-function.
Definition 3.1.2. An A-lattice in K, is a free A-submodule A C K, such that
ARk = K.

Note that an A-lattice A must have A-rank equal to dimy,__ (K ) and must therefore

be discrete and cocompact inside K, (since A C k, is discrete and cocompact).

Definition 3.1.3. Define the set of monic elements of ko, = F,((t7)) to be

Fo(() = [J (0 + ¢ F 1)

nel

In particular, a polynomial f € F,[t] is monic by the above definition if it is monic

in the usual sense. Note that there is an obvious isomorphism

Fo((t7)) = Fy((t))" x Fy,

13



and each equivalence class of Fy((t~'))*/F; contains a unique monic element.

Definition 3.1.4. Let A, Ay be two A-lattices in K. Let f: K, — K be a ky-linear
transformation such that f(A;) = Ay. Such an f can be constructed by choosing A-bases
e1 and €3 for Ay and A,, respectively, which are therefore both k..-bases for K, as well

by the definition of A-lattice, and setting f(e7) = €3. We define the lattice index [A; : Ag]

X
q-"

to be the unique monic element in the coset det(f) - F
Note that [A; : Ag] is well-defined - if g : K — K is another k..-linear trans-
formation such that g(A;) = Ay, then f~! o g restricts to an A-linear automorphism of
Ay, and therefore det(f~" o g) € A* = FY. It follows that det(f) - F;* = det(g) - F, so
[A1 @ Ay] is well-defined.
Recall that by Theorem 1 of [17] (Theorem 2.2.2 above), H(FE/Of) is finite, so
|H(E/Og)| is well-defined. Also by Theorem 1 of [17], exp}' (Ok) is an A - lattice. Since

O is clearly an A-lattice as well, [O : exp' (O )] is well defined. The following theorem

is Taelman’s class number formula.

Theorem 3.1.5 (Theorem 1 of [18]). For any Drinfeld A-module defined over Ok, we

have

6%(0) = [Ok : expp; (Ox)IIH(E/Ox)|.

Remark. Recall that we are restricting our attention here to the case where k = IF,(¢) and
A =F,[t]. Recently, Anglés, Dac, and Tavares-Ribeiro [1] extended this result to the case

of Drinfeld A-modules with A the ring of functions in a function field k£ which are regular

14



away from a fixed closed point co. Since A is not necessarily a PID (and even if it was
there may be no canonical way to choose generators for principal ideals), they work with
a special L-lattice (an A-lattice in k., closely related to the corresponding L-function) and
show that it is equal to [Of : expy'(Ok)]a Fitta(H(E/Ok)) (Corollary 5.9 of [1]), where

[Ok : expg'(Ok)]a is a suitable generalization of the lattice indices described above.

3.2 Setup

The purpose of the rest of this chapter is to introduce the algebraic constructions
and state the main result of [7] since these will be used later in this thesis.

Let p be a prime, and let ¢ be a power of p. Set k = F,(¢) and A = F[t]. Let K, F
be finite separable extensions of k, both with field of constants equal to F,, and assume
K/F is abelian with Galois group G. Let Op and Ok be the integral closures of A inside
F and K, respectively. Let pg : A — Op{7} be a Drinfeld A-module defined over Op.

Our goal is to state an Equivariant Tamagawa Number Formula (ETNF) — a G-
equivariant version of Taelman’s class number formula — for the data above. We will not
prove the formula; a proof can be found in [7]. First, we will show that one can reduce to

the case where G is a p-group.

Lemma 3.2.1. Let R be a Dedekind domain of characteristic p with field of fractions F.
Let G be a finite abelian group, with G = P x A, where P is the Sylow-p subgroup of G

and A its complement. Then there exists an n € Z, and finite extensions Ry, ..., R, of

15



R such that

Proof. Let

~

A(FPP) ={x: A = (F*")"}
denote the set of F-valued characters of A. One can check that the irreducible idempotents

of F*P[G] are given by

ep = 3 p(@)s!
Al 7R
for ¢ € A.

Now, the group Gr = Gal(F*®P/F) acts naturally on A(F SP) by composition. Let

~

A(R) = A(F*?)/ ~

denote the equivalence classes of K(F P) induced by the action of Gp. Then the irre-

ducible idempotents of R[G] are given by, for each [y] € A(R),

1
ep = ) ey = A > W)t

Ye(x] YeE(x],0eA

Thus, we obtain a decomposition

RG = [ ewmRlGl= ][ ROP,
heA(R)

[EA(R)

where R(x) is the smallest extension of R containing the values of x, and e R[G] =

R(x)[P] by evaluating x on the elements of A:
e RG] — R(x)[P]

€[] Z 5,00 +— Z asox(9)o.

de€A,oceP deA,oceP

16



Note that when P is trivial, i.e. p{ |G|, we get the decompositions

F G =2 [] F0l F)e= [T Fooe™)

[xIeG(Fq) [XI€G(Fq)

In particular, F,[t][G] and F,((¢7'))[G] are products of polynomial rings or Laurent series
rings, respectively, over finite extensions of ;. By applying Taelman’s class number
formula on each of these character components, one can easily deduce a G-equivariant
class number formula (assuming p 1 |G|). This is done, for example, in [2] and in Section
1 of [7].

When p||G|, the same componentwise argument applies, so we only need to prove
a G-equivariant formula for G a p-group. Thus, we will often be able to reduce to the

case where G is a p-group.

3.3 Fitting Ideals

Let M be an A[G]-module. Our first goal is to identify a criterion for when
Fitt aj (M) is principal and, in such cases, identify a canonical generator of Fitt g (M).
This is done via the following proposition, which is a simpler version of Proposition 4.1

of [10].

Proposition 3.3.1. Let R be a local ring, and let M be an R[t]-module. Suppose that,

as an R-module, M is free of rank n. Let {e;} be an R-basis for M and suppose that the

17



action of t on M in the basis {e;} is given by the matriz Ay € M,(R). Then Fittgy (M)

is principal and is generated by \M\Rm = (detgpy(t - I, — Ay)).

Proof. Tt suffices to show that the sequence

e

Rt —2 R[]" —— M

is exact, where ¢; is the R[t]-module homomorphism which has matrix ¢ - I,, — A; in the
standard bases on R[t]" and 7 is the projection which maps the standard basis of R[t]"
to the R-module basis {e;} of M. Clearly, 7 is surjective and Im ¢, C ker .

Now, let ¢ : R" — R[t]" denote the canonical inclusion map. Note that m o :

R™ — M is an isomorphism of R-modules, so Im ¢« Nker 7 = 0. We claim that
Im ¢+ Im ¢, = R[t]".

This, along with the fact that Im ¢; C ker 7 and Im ¢Nker 7 = 0, will imply that Im ¢, =
ker7. To prove this, for every m € Z,, let ¢y, : R[t|® — R[t]” be the endomorphism
whose matrix is (¢™ - I,, — A}") in the standard basis of R[t]". Note that Im ¢;,, C Im ¢,
for all m since we can write ¢, = ¢ © Qv ,, Where oy, has matrix (¢™ - I, + ™24, +
oo+ A1) in the standard basis of R[t]". Since AT has entries in R, this implies that
t™ - f; € Im ¢ + Im ¢ for each standard basis vector f; of R[t]". Since this holds for all

m, it follows that R[t]” C Im ¢; + Im ¢, as desired. O

Corollary 3.3.2. Let R =[], R; be a semi-local ring, and let M be an R[t]-module which
is finitely generated and projective as an R-module. Then Fittgy (M) is principal and is

generated by |M|R[t] = Zz (M ®r Ri|Ri[t]'

18



Proof. By properties of Fitting ideals,

Fittpy (M) = @D Fitt (M) = @D Fittp, (M @5 R;)

Since each R; is local, the projective Ri-module M ®gR; is free and therefore | M ®p R;| R[]
is well-defined by Proposition 3.3.1. Hence, Fittpy (M) is generated by >, |[M ®@g Rilp, -

]

Now, in order to apply the above results to our situtation, we need to show that
[F,[G] is semilocal and we need a useful criterion for determining when a module is F,[G]-

projective.

Proposition 3.3.3. Let P be a finite abelian p-group, and let R be a ring of characteristic
p. Let Ip denote the augmentation ideal of R[P], i.e. Ip is the kernel of the R-algebra

morphism s : R|P| — R given by s(o) =1 for all 0 € P. Then there is a correspondence
Spec(R) «» Spec(R[P])
P pe = (b Ip).

For any prime p of R and any R|[P]-module M, we have that R,[P| = R[P],., and M,, =

G

Mp.
Proof. For any o € P, since R has characteristic p and |P| is a power of p, we have
(c—D)PI=¢glPl 1Pl =1 1 =0.

Hence, the generators of Ip are all nilpotent, so it follows that Ip is contained in every

prime ideal of R[P]. Since R[P]/Ip = R via the augmentation map, the result follows.
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Now, fix a prime p of R, and let pp be the corresponding prime of R[P]. We have

a map

[+ By[P] = R[Pl,,

Uy AsO
—0 .
by bo

ceP ceP

To get a map in the other direction, suppose that a = __p a,0 € R[P]\pp. This means
that sp(a) ¢ p, where sp : R[P] — R is the augmentation map. By the result above,

R,[P] is a local ring with maximal ideal (p, P), and therefore
Ry[P]* = {x € R,[P]|sp(r) ¢ p}.
Thus, a € R,[P]*, and it follows that the map

g: R[Ply, — Ry[P]

% — ab~!

is well-defined. One can check that g and f are inverses. A similar argument shows that

Thus, if R is a Dedekind domain of characteristic p and G is a finite abelian group
such that G = P x A where P is the Sylow p-subgroup of G, then by Lemma 3.2.1 we
have a decomposition

RGI = ] ewBlG1= ] ROOP,
heA(R)

[EA(R)

and by Proposition 3.3.3 each of the R(x)[P] are local rings. Hence, R[G] is semilocal.
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We can now give a nice characterization of projective modules over the the group
rings we will be working with. Recall that for a G-module M, H*(G, M) denotes the
i-th Tate cohomology group of M, for any i € Z. We say that a G-module M is G-
cohomologically trivial, abbreviated G-c.t., if ﬁ"(H, M) = 0 for all i € Z and all subgroups

H of G.

Proposition 3.3.4. Let R be a Dedekind domain of characteristic p, let G be a finite
abelian p-group, and let M be a finitely generated R[G]-module. Then M is R|G]-projective

if and only if M is R-projective and G-cohomologically trivial.

Proof. First, note that if R is a DVR with uniformizer m, then the proposition follows by
replacing Z, p, and I, with R, 7, and R/, respectively, in Theorems IV.6, IV.7, and IV.8
of [4].

Now, suppose R is a Dedekind domain. If M is R[G|-projective, then by viewing
M as a direct summand of a free R[G]-module, we see that M is R-projective and G-c.t.
Now, suppose that M is R-projective and G-c.t. By Proposition 3.3.3, the maximal ideals
of R[G] are of the form mg = (m, I) where m is a maximal ideal of R. We have that M
is R[G]-projective if and only if My, = M, is projective as an Ry, = Ry[G]-module (the
equalities are by Proposition 3.3.3) for each maximal ideal m of R. Since each Ry, is a
DVR, this occurs if and only if M, is Ry-projective and G-c.t. for each m € MSpec(R).
Finally, note that M is G-c.t. if and only if M,, is G-c.t. for all m € MSpec(R) since
Hi(H, M)y = Hi(H, M,,) for any subgroup H < G and any i € Z (since localizing at

m a projective resolution of M gives a projective resolution of M,,). This proves the
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proposition. O

Hence, if M is a finitely generated F,[t][G]-module which is G-cohomologically
trivial, then M is F,[G]-projective by Proposition 3.3.4, and therefore Fittg, (g (M) is
principal by Corollary 3.3.2 (which applies since F,[G] is semilocal by Lemma 3.2.1 and
Proposition 3.3.3).

Recall that we have the decomposition

F G [ F0PI,

[XIEG(Fy)
of the group ring F,[t][G] given by Lemma 3.2.1. We will say that an element f €
[F,[t][G] is monic if its image under the projection F[t][G] — F,(x)[P][t] arising from the
decomposition above is a monic polynomial (in the usual sense) for each [y] € G(F,).

Note that if M is a finite G-c.t. Fy[t][G]-module, then the generator |M|g ¢ given by

Corollary 3.3.2 is monic.

Definition 3.3.5. For a finitely generated F,[t]|G]-module M which is G-cohomologically
trivial, we define [M |, to be the unique monic generator of Fitty, (g;(M) given by Corol-

lary 3.3.2.
We will also need the following result later:

Proposition 3.3.6. Let R be a local ring, and let My, Ms, M3 be R[t]-modules which are

finitely generated and free as R-modules, and which fit into an exact sequence
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Then

|Ma|g = [Milg - [Ms]g-

Proof. Since My = M; & M3 as R-modules, we can find and R-basis €7 for M7, which ex-
tends to an R-basis €3 of Ms, which projects to an R-basis €3 of Mj. If welet Ay, Aoy, Asy
denote the matrices of the action of ¢t on My, M,, M3 in the bases €7, €3, €3, respectively,

then

Al,t *
Agy =

0 Az

The result now follows from Proposition 3.3.1. O]

3.4 Lattice Indices

Definition 3.4.1. Let A C K, be an A-lattice (see definition 3.1.2). We say that A is an
A[G]-lattice if A is an A[G]-submodule of K. We say that A is a projective A|G|-lattice

or free A|G]-lattice if A is projective or free, respectively, as an A[G]-module.

As in Chapter 2, in order to define lattice indices, we will need to select a canonical

representative of each coset of F,((t71))[G]* /F,[t][G]*.

Definition 3.4.2. For a finite abelian p-group P, we define the set of monic elements in

F, ()P to be

Fo ()P = (" (L+F[PIE) -

nez
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In other words, an element of F,((¢~'))[P] is monic if when expressed as a Laurent
series with coefficients in F,[P] the coefficient of the smallest power of ¢~! with nonzero
coefficient is one. In particular, the monic elements of [F,[t][P] are precisely the elements
which are monic in the usual sense.

To define monic for a general finite abelian group G = P x A (with P the Sylow
p-subgroup of G), we will use the isomorphism

VB (G = T F0)PIE)

XIEG(F,)

of Lemma 3.2.1.

Definition 3.4.3. We define the monic elements in F,((t~1))[G]* to be

F (DG = @ v E(IPT)

[X]€A(F,)

Note that this definition of monic is compatible with our definition of the monic
elements in the ring [F,[t][G] from just after Proposition 3.3.4.

It turns out that each coset of F,((¢t71))[G]* /F,[t][G]* contains a unique monic rep-
resentative. The key theorem for showing this is the Weierstrauss Preparation Theorem.

The statement and proof can be found in Theorem 5.2.2 of [14].

Theorem 3.4.4 (Weierstrauss Preparation Theorem). Let O be a complete local ring

with mazximal ideal m. Let
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be a power series in Ol[x]] such that not all a; lie in m, say ag, . ..,a,—1 € m and a, € O*

for some n € Z. Then f can be uniquely written in the form
f(z) = (2" + by_12™ P 4 -+ bo)u
with each b; € m, and u € O[[x]]*.
Proposition 3.4.5. Let G be a finite abelian p-group. Then F,((t™1))[G]* has a decom-
position
Fo(TDIGT = Fy((t7))[G]" x Fy[t][G] ™

Proof. Let f = 3., ait™ € Fo((t7"))[G]*, and let s : Fy((t7))[G] — Fy((¢t7)) denote
the augmentation map. Note that by Proposition 3.3.3, F,[G] is complete local ring
since its maximal ideal I is nilpotent. By Proposition 3.3.3 again, since f is a unit in
F,((t71))[G], we have that s(f) # 0, so there is a minimal m € Z such that s(a,,) # 0, i.e.
am & Ig. Hence, by the Weierstrauss Preparation Theorem (applied to " f € F,[G][[t7"]]),
we may write

tf = (™ byt g)u
with each b; € I and u € F[[t~1][G]*. If ug is the constant term of u, then uy 't ™" "™u €
F,((t)[G]", and ug(1+by,—1t+- - -+bot™) € F,[t][G]* since ugh; € I fori=0,1,...,m—

1, while the constant term is ug ¢ I (since u € F,[[t71]][G]*). Hence,
f=(ug" 7" ) (ug (1 + byort + - - - + bot™))

expresses f as a product of an element of F,((¢71))[G]" and an element of F,[t][G]*.

Finally, this decomposition is unique since F ((¢t™1))[G]T NF,[t][G]* = {1}. O
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We can use Proposition 3.4.5 to define G-equivariant lattice indices. Let Fp, Fy C
K be two free A[G|-lattices. Let €1,¢é5 be A[G]-bases of Fi, Fa, respectively. Since
koF1 = kooF2 = Ko, these are ko [G]-bases for K, as well. Let X : K, — K, be a

linear transformation which maps €7 to €5.

Definition 3.4.6. We define

[.Fl : FQ]G = det(X)+,

where det(X)" is the image of det(X )™ under the isomorphism

Fo (7)) (G F[H[G]* = Fy((t))[G]*

of Proposition 3.4.5.

Note that although det(X') depends on the choice of A[G]-bases for F, Fy, det(X)*

does not since changing the choice of bases will change det(X) by an element of F,[t][G]*.
Proposition 3.4.7. Let Fy, Fs, F3 C K be free A|G|-lattices.

1. []:1 2;2][,F2 . ]:3] = [,Fl 5]:3].

2. ]ffl Q]:Q, then []:2 Z.Fl] = |f2/f1|G.

Proof. Part (1) follows from the fact that determinant and the isomorphism of Proposition

3.4.5 are both homomorphisms.
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For Part (2), note that Fy/F; is finite since F;, F» are free A-modules of the same

rank, and it is G-c.t. since both F; and F; are. Now,

0 >.F1 >.F2 >.F2/f1—>0

is a presentation of Fy/F; by free A|G]-modules. Fixing A[G]-bases é1 and é5 of F; and
Fa, respectively, we can see that the linear transformation X : K, — K, which maps
€5 to €1 has the same matrix in the basis é; as the map F; — F; above (with respect to
the bases €1 and ¢€3). Thus, det(X) generates Fitt i) (F2/F1). Since [F, : Fi] is defined
to be the unique monic (in the sense of definition 3.4.2) element of det(X) - A[G]*, and
| Fa/Fi|g is defined to be the unique monic generator of Fitt aiq)(F2/F1), it follows that

the two are equal. O

We will also need to be able to take lattice indices for projective A[G]-lattices.

This is done using the following proposition.

Proposition 3.4.8. Let A C K, be a projective A|G]-lattice. Then there is a free A[G]
lattice F C Ko such that A C F. Also, F/A is a finite A[G]-module which is projective

as an F,[G]-module.

Proof. Since koA = K, we may choose a ko|G]-basis {e1, ..., e,} for K|G] such that
{e1,...,en} € A. The free A[G]-lattice A" of basis {ei,...,e,} sits inside A with finite
index. If f € A annihilates A/A’, then F := EnelA[G]e—f’ is a free A[G]-lattice containing A.

Finally, /A is finite since they are both free A-modules of the same rank, and

F /A is G-c.t. since both F and A are, and it is therefore F,[G]-projective by Proposition
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3.3.4. =
Thus, for A C F as above, it makes sense to consider |F/A|, by Proposition 3.3.1.

Definition 3.4.9. Let A, Ay C K, be projective A[G] lattices. Choose free A[G] lattices

Fi1, Fo such that A; C F; for i = 1,2. We define

[F1 /Al
AN = [F Rlag——-—=
A1 Moo = 173 Filo e
Proposition 3.4.10. With all notation as above, [A; : As]g is independent of the choice

of free A[G]-lattices F1 2 Ay and Fo D As.

Proof. Let Fy, F| be free A[G]-lattices containing A; and let Fi, F} be free A[G]-lattices
containing A,. Since F; and Fj both contain A;, we see that F,(t)F = F,(¢)F], and
therefore we can choose a free A[G]-lattice F|' containing both F; and Fj. Similarly we

may choose a free A[G]-lattice F} containing both F, and Fj. Then

71/ Mg [ F M |5/ Fal g L
R o1 = |F1: F by P tion 3.3.6
[F1 2]G|]:2/A2|G [F1 2]G|}.{,/]_-1|G F2 /Al y Proposition
F! /A
= [F1: Falg|Fe s FolalF - fl]g—:f%AlyG by Proposition 3.4.7
2/21g
1
A
= [F/: FQI]G:;}’;—A;:G by Proposition 3.4.7.
2 G
The same argument shows that
Fi/ M| |1/ A
J,—_-/:Jr/ ’1 G:]‘—”Zf” 1 G
PRl R T T R R,
as well. O

Proposition 3.4.11. Given projective A[G]-lattices Ay, Ao, A3, we have
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1. [Al . AQ]G[AQ . Ag]G = [Al . Ag]G.

2. If Ay C Ay, then [Az 0 Ai]e = [Az/Ay -

Proof. Let Fi, Fa, F3 be free A[G]-lattices containing Aj, As, and As, respectively. Then

. . i \Fi/ Mg~ | Fa/ Aol
Aoz alalha s Aale = 71 }—Z]G|f2//\2\c[]:2 ' fg]G’FS/A3|G
|F1/Adlg
= \F1: Flg——"—"=
e Flez Rl
= [Al . AS]G-

If Ay C Ay, then we may choose a single free A[G]-lattice F containing both A; and A,

so that
[ F/Aslg _ [ F /Aol
[As: Mg = [F: Flg = = |Ay/ A1,
\F/Mle  [F/ Mg ¢
where the last equality follows from Proposition 3.3.6 n

3.5 The Equivariant L-Function

We now construct the equivariant L-function associated to the data (K/F, F). Fix
a prime vy of A, and let fy denote the unique monic generator of vy. For each n € Z,,
we let Efvf] C K*P denote the v torsion points of E. In other words, E[uv{] consists
precisely of the roots of the polynomial ¢g(ff). Of course, for an n > m we have a

map Evj| — E[vg'] given by the action of ¢ (fj ™), and therefore we can consider the
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vo-adic Tate module
Too(E) = lim Efof)].
Let  be the rank of E. Then Efvj] = (A/vf)" as A-modules (see, for example, Proposition
4.5.3 of [9]), so we see that T, (E) = Aj .
Note that the absolute Galois group G := Gal(F*®/F') acts naturally on T, (E).
Let v be a prime of Op not dividing v, let I, C G denote an inertia group for v, and let
7, € G be a Frobenius for v. If E has good reduction at v, then T, (£) is unramified at

v by a result of Gekeler [8], so we may consider the polynomial
Py(X) :=deta, (X - I, — 6,|To (E)).

Gekeler also shows that P,(X) is independent of choice of vy and has coefficients in A
(Corollary 3.4 of [8]).
Now, let

H, (E) =T,y (E)" = Homy, (T, (E), Ayy).
H} (E) has a natural G action: for ¢ € H} (E) and g € Gp,
(9-0)(@) = ¢lg~").
To get a G-equivariant version of H, (E), we take
H, (E,G) = H,,(E) ®a,, Au[G],
endowed with the diagonal G action, where G acts on A, [G] via the projection Gp —»

G. Of course, H, (E,G) = A,[G]" as an A,,[G]-module.
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We would like to define a G-equivariant analog of P,(X) for as many primes v €

Spec(Op) as possible.

Proposition 3.5.1. Let v € Spec(Op) be a prime at which E has good reduction, and
which is at most tamely ramified in K/F. Let vy € Spec(A) such that v t vyg. Then
HgO(E, G)f” is a finitely generated projective A,,|G] module, so we may consider the poly-
nomial

PrC(X) = deta, (X — G| HL (B, G)T).

Then

. X" Py(oye, - X
P’U7G(X> = P (0) )

where e, = |I_11,\ZUEIU o, P*9(X) is independent of vy, and Nv - P*%(X) € A[G][X],

v

where Nv is the monic generator of the ideal norm of v down to A.

Proof. Note that HL (E,G)" = e, H] (E,G). Hence, H\ (E, G)P is a finitely generated
projective A,,[G]-module since it is a direct summand of the finitely generated free A, [G]-
module H} (E,G) =e,H, (E,G) ® (1 —e,)H, (E,G).

Now, let ey, ...e, be an A, -basis for T, (F), and let é1,. .., é, be the dual basis of
T, (E)*. Let M be the matrix for the action of 7, in the basis ey, ..., e,. Then the matrix
for the action of &, on T,,(E)* in the basis éy, ..., ¢, is (MT)™! and therefore the matrix

for the action of &, on H, (E, @) in the A, [G]-basis é; ®ey, ..., 6 @ ey is ope,(MT).
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Thus,

P:’G(X) = det(X — Uvev(MT)_l) = det(X — avevM_l)

= X"det(—M Y)det(o,e, Xt — M)

X" Py(0,e,X7Y)
N P,(0)

Now, the fact that P*%(X) is independent of vy follows from the formula above in terms
of P, and the fact that P, is independent of vg. Finally, Nv - P*%(X) € A[G][X] by

Theorem 5.1.(ii) of [8], which says that Nv and P,(0) generate the same ideal in A. [

In order to define the equivariant L-function, we need a short digression to describe

Goss’s space CX, X Z,, a subset of which will be the domain of the L-function.

Definition 3.5.2. Let L be a local field of characteristic p with field of constants [F,. A
sign function on L* is a homomorphism sgn: L* — Fx which is the identity on F7. We

say an element of x € L is positive if sgn(z) = 1.

Note that, in particular, for any sign function sgn on a local field L of characteristic
p, we must have sgn(UW)) = 1 (where U is the one-units of L) since U is a Z,-module
and p is coprime to ’IFQX} =q—1.

Although there is a more general theory for arbitrary local fields of characteristic
p, we will only need to work with Fy((¢7")) and the sign function sgn(}_,., ait™) = an,
where a,, # 0. In particular, monic elements of [F[t] are positive.

For any a € F,((t™)), by the isomorphism Fy((¢7')) = F) x (t7') x UY (where

UW is the one-units of F,((t71))), we may write a uniquely as sgn(a)t~*(a) with i € Z
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and (o) € UM, For positive a and s = (z,y) € CX, x Z,, we define
of = g7v=(@) (o)

where v, is the ¢~ !-adic valuation, and (a)¥ is well-defined since (o) € U™, and UM is
naturally a Z,-module (isomorphic to Z°).

It is easy to see that the normal rule of exponentiation apply - namely, if o, 3 €
F,((t7!)) are positive and s, sy € CX X Z,, then (aB)™ = o™ % and o152 = o1 3%,
Also, Z sits inside CZ x Z, naturally via the morphism Z — CX X Z,, j — s; := (¢, ),
and it is easy to check that for any positive o € F,((¢t71)), @® coincides with the usual
exponentiation a’.

The G-equivariant L-function is defined on a certain “half plane” (CX xZ,)™ inside
CX X Z, which contains Z>q (i.e. the Euler product defining the L-function converges on

this half plane).

Definition 3.5.3. We define the (incomplete) G-equivariant L-function to be the function

OF 1 (CX x Z,)* = Cy[G] given by

0% p(s) = [[Pre(Nv=),

v

where the product is over all the primes v of O which are at most tamely ramified in K

and at which £ has good reduction.

We will be concerned with the value of this L-function at sy = (1,0).
The following is a theorem of Noether (see [19]) which will help us reinterpret this

value in a convenient way.
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Theorem 3.5.4. Let K/F be a finite Galois extension, and let G = Gal(K/F). Let
R C F be a Dedekind domain whose field of fractions is F', and let S be the integral
closure of R in K. Then S/R is tamely ramified if and only if S is a projective R|G]-

module of constant local rank 1.

Assume now that G is a p-group. For any prime v of F', we will let Op, and Ok,
denote the localizations of Op and Og, respectively, at the set Op \ v. Similarly, for a
prime w of K, let Og,, denote the localization of Ok at w. Note that Ok, = ﬂww Ok .w
is the integral closure of O, in K. If v € MSpec(Op) is at most tamely ramified in Ok,
then by Theorem 3.5.4 we have that Ok, is Op,[G] projective of constant local rank 1.
Since Op,[G] is a local ring (by Proposition 3.3.3) it follows that, in fact, Ok, = Op,[G].

Thus, we have

Ok /v = Ok, /v = (Op,[G]) /v = (OFr,) /v[G] = F,[G]™

as [Fy[G]-modules, where n, = [Op/v : Fy]. In particular, |Og/v|, and |E(Ok/v)| are

well-defined.

Proposition 3.5.5. Let v € MSpec(Op) be at most tamely ramified in K/F. Then Ok /v
and E(Ok /v) are free Fy|G]-modules of rank [Op/v : Fy|. If E has good reduction at v,

then

EOx/0)lg.

Pro(1) =
=5,

Hence, the special value we will be concerned with can be expressed as

E(Ok/v)|
P*G N ‘ K G'
Ok(0 H ! H Ok /vl
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Unfortunately, the methods of [7] only work for a complete Euler product (i.e. one with
an Euler factor for each prime of Or), so we need to add factors at primes where E has
bad reduction and at primes which wildly ramify in K/F. For those primes v where F has

bad reduction but which are at most tame in K/F, we can, by the computation above,

¢ Ok /o)l
O /il

still make sense o
Definition 3.5.6. We define

B (Ox/0)lg.

o= 11 =i,

v tame

For the primes which are wildly ramified, Ok /v and E(O /v) are no longer G-c.t.
(i.e. F,[G]-projective), so we cannot necessarily makes sense of |Og /v|, or |E(Ok/v)|-

Instead, we replace Ok with what we call a taming module.

Definition 3.5.7. An Op{7}[G]-submodule M C O is called a taming module for K/F

if

1. M is Op|G]-projective of constant local rank 1.

2. O /M is finite, supported only at wildly ramified primes.
Proposition 3.5.8. Taming modules exist.

Proof. Let w’ be such that K = F[G] - w'. Write
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with each a,,b, € Op. Set w = w'[] b,. Then it’s clear that Op|[G]w is closed under
taking g-th powers.

For each wildly ramified prime v of Op, let T, = Or,[G] - w. Note that T, is
an Op,{7}[G]-submodule of Ok ,. We define M to be the kernel of the natural map

Ok — @ Ok./Ty, i.e. M sits in an exact sequence

v wild

0 > M » Ok —— @ Ok./Ts. (3.1)

v wild

Clearly Of /M is finite since Gald Oxk.»/T, is. Now, for any prime v of Op, let M, denote
the localization of M at O \ v. By localizing (3.1) at the primes v of O, we see that
M, = Ok (= Op,[G] by Theorem 3.5.4) for v at most tame, and M, = T, = Op,[G]
for v wild. This shows that M is projective of constant local rank 1 and that Og /M is

supported only at wild primes. O

Let M be a taming module for K/F'. Since M,, = Op,[G] for any prime v of Op,
the argument used above to show Ok /v = F,[G]™ for the tame primes of Op shows that
M, /v = F [G]™ as F,[G]-modules for all primes v € MSpec(Op). This motivates the

following definition

Definition 3.5.9. Let M be a taming module for K/F. We define the completed equiv-

ariant L-value associated to M to be

B E(M/v
@K%(O) = H . |5\4/{}|();|G'

vEMSpec(OF)
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Note that, by definition, for any tame prime v we have M, = Ok, so that

|E(M/v)|; = |E(Okp)|s and [M/v|, = |Okl,. Hence,

E(M/v)|
@IE(,M (O) - OF (O) H ‘ G
/F K/F
vEMSpec(OF) |M//U‘G
v wild

for any taming module M.

3.6 The Volume Function

We will now define a volume function on a certain class of topological A[G]-
modules. The class C of A[G]|-modules we will consider are those compact A[G]-modules

M that sit in an exact sequence of topological A[G]-modules of the form

0 — Ko/A > M » H > 0, (3.2)

where

1. Ais an A[G]-lattice

2. M is G-c.t

3. H is finite.

For any such M, we will call (3.2) the structural ezact sequence for M. Note that while we

refer to (3.2) as the structural exact sequence for M, M may actually fit into several such
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sequences, but it will turn out that the volume of M is independent choice of sequence to
fit it into. The main relevant examples for us will be Ko,/ M and E(K)/E(M), where
M is a taming module.

First, we fix a projective A|G]-lattice Ay C K. One can think of the volume
function as a characteristic p-valued multiplicative analog of the Haar measure on a locally
compact group topological G, and choosing a lattice Ag is analogous to choosing a fixed
subset of G to have measure 1 — we will see shortly that K., /A has volume 1 with our
definition of the volume function.

Ideally, we would like to define the volume of a module M of structural exact

sequence (3.2) to be

Hlg
[A . AO]G

However, this is not well-defined because H may not be G-c.t. (and therefore we can’t
make sense of |H|,) and A may not be A[G]-projective (and therefore we can’t make
sense of [A : Ag]). We avoid this issue by introducing the concept of an admissible lattice,
which we now define.

Let M € C with structural exact sequence (3.2). Note that since K, /A is A-
divisible, it is A-injective, and therefore the exact sequence splits in the category of

A-modules. Let s : H — M be an A-module morphism which splits the exact sequence.

Definition 3.6.1. Let M, s be as above. We say that an A[G]-lattice A’ C K, is (M, s)

- admissible (or simply admissible, if (M, s) is clear from context) if

1. ACN
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2. A is A|G]-projective

3. N'/A x s(H) is an A[G]-submodule of M.
Proposition 3.6.2. With (M,s) as above, admissible lattices ezist.

Proof. By Proposition 3.4.8, there exists a free A[G]-lattice A’ containing A. Since H is
finite, there is f € A which annihilates H. We claim that %A’ is an admissible lattice.
Clearly %A’ satisfies (1) and (2) above. For (3), let (a,b) € A’/A x s(H) and 0 € G. Since
o-(a,b) =0-(a,0)+0-(0,b) and A’/A is an A[G]-submodule of M, it suffices to show

that o - (0,b) € A'/A x s(H). If welet 0 (a,b) = (¢,d) € Koo/A x s(H) = M, then
fo-(0,b)=0f-(0,b)=0-(0,f-b) =0-(0,0)=(0,0)
while on the other hand
fo-(0,0) = f-(c.d) = (fe, fd) = (f¢,0).
It follows that fc € A, so that c € %A - %A’. Hence, o - (0,b) = (¢,d) € A'/A x s(H), so

%A’ satisfies (3) above as well. O

Note that for any (M, s) admissible lattice A’, we get an exact sequence

0 —— A'/A x s(H) > M > Koo/N) —— 0.

Since M and K /A’ are both G-c.t., A’/A x s(H) is as well. Since A’/A x s(H) is finite,

|A'/A x s(H)|, is well-defined.
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Definition 3.6.3. We define the volume function Vol : C — F,((t71))[G]" as follows. Fix
a projective A[G]-lattice Ay C K. Given M € C, choose a A-splitting s : H — M for
the structural exact sequence of M and an (M, s) admissible lattice A’. Define

L CHT

Proposition 3.6.4. 1. Vol(M) is independent of the choice of section s and choice of

(M, s) - admissible lattice.

2. If My, M, € C, then Y/‘;}%;; is independent of Ag.

3. Vol(M) is independent of choice of representative in the equivalence class [M] €

Extlyc)(H, Koo/ A)

Proof. (1) First, suppose that A} and A} are two (M, s)-admissible lattices such that

A} C A We have an exact sequence
0 —— A/Axs(H) —— A,/JA x s(H) —— A/} —— 0.
Since the modules above are all finite and G-c.t., we get that
A5/ A X s(H)g = [M/A X s(H)|g - A/ Mg

by Proposition 3.3.6. It follows that

A/A X s(H)lg _IA/A X s(H)],
(A} Aola [AS /A G[A] 2 Aol
[A5/A x s(H)|g »
= by Proposition 3.4.11
[A : AJalA] - Adla ¥y op
_AS/A X s(H)|g
[AL : Aolg

by Proposition 3.3.6

by Proposition 3.4.11.
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This shows that the volume formula gives the same value for any two admissible lattices
with one contained in the other. Given any two (M, s)-admissible lattices, we can find
another (M, s)-admissible lattice which contains both of them, so it follows that Vol(M)
is independent of choice of (M, s)-admissible lattice.

Now, let s1,59 : H — M be two different A-splittings of the structural short exact
sequence for M. Note that the proof of 3.6.2 constructs a lattice %A’ which is both
(M, s1) and (M, s9) admissible. Also, %A’ has the property that s;(z) — sa(x) € %A/ for
any x € H (since s1(x) — so(x) is killed by f). Using this fact, one can check that the
identity map on M induces an isomorphism (%A’) JAXxs(H) = <%A') /A X sy(H). Thus,
(30) x| = | (307) /8 x sal)

independent of choice of A-section s.

, which shows that the volume formula is
G

(2) Let

0 — Koo/N; > M, > H; > 0
be the structural exact sequence for M;, 1 = 1,2. If s; : H; — M, and sy : Hy — M, are

A-splittings, and A, Ay are (M, s;) and (Ms, s9)-admissible lattices, respectively, then

Vol(My) _ [N/M xsi(Hi)lg (A Mole [A/A X si(Hylg
Vol(Ms) (A} Aola A5 /A X so(Ha)|g  [Ay/Ae X s2(Hy)lg

[AS = Al]q

is independent of Ag.

(3) Let
0 — Ko/A = M "= H > 0
|
0 — Koo/AN 25 My, = H > 0
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be equivalent extensions of H by K. /A. If s; : H — M, is an A-section for the top
sequence and A} is an (M, s;)-admissible lattice, then sy = ¢ o s; is an A-section for
the bottom sequence and A, = p(A}) is an (M, s9)-admissible lattice. The fact that
Vol(M;) = Vol(Ms) then follows from the definition of Vol and the fact that ¢ ot = ¢s.

]

3.7 The Equivariant Tamagawa Number Formula

Fix a taming module M for K/F. Note that M is a projective A[G]-lattice by
definition. Also, the same proof that shows exp.'(Of) is an A-lattice also shows that
expy' (M) is an A-lattice as well. Since expy commutes with the action of G, expz' (M)

has a G-action as well, and is therefore an A[G]-lattice.

We define the class module H(E/M) associated to M to be the cokernel of the

map expy : exp{;f?/\/l) — b;;((lj\jl")), i.e. H(E/M) fits into an exact sequence
. Koo XPgp,  E(Kx) R
O 7 expgl(M) 7 E(M) 7 H(E/M) E— 0

We will call the above exact sequence the defining exact sequence for H(E/M). Since

Koo E(Koo) . . .
—v and 75 are both compact and expy is an analytic open map, H(E/M) is
finite.

We now have everything we need to state the Equivariant Tamagawa Number

Formula for Drinfeld modules:
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Theorem 3.7.1 (Theorem 6.1.1 of [7]). Let M be a taming module for K/F, and let E
be a Drinfeld A-module defined over Op. Then

E, ~ Vol(E(Ky/M))
O/ (0) = Vol(K o, /M)

K/F

In practice, this theorem is telling us the following. Since E(K.)/E(M) has

structural exact sequence
0 —— Ky expp' (M) —— E(Ky)/E(M) —— H(E/M) — 0,

we have that

A exp (M) x s(H(E/ M)

Vol(E(K)/E(M)) (A1 : Aole

where s : H(E/M) — E(K)/E(M) is an A-section of the structural short exact se-
quence, A; is an admissible lattice for E(K)/FE(M), and Ag is some fixed normalization

lattice. Now, K /M has the simple structural exact sequence

0 — Koo/ M —— Koo/ M > 0 > 0,

so we may use M as an admissible lattice here (since M is A[G]-projective), and therefore

1
Thus, Theorem 3.7.1 says that
M,y VOI(E(Ky)/E(M))
@K/A; (0) = Vol(Ko/ M)
_ A1/ expTH (M) x s(H(E/M))|gIM : AdJe
[Al . AO]G

= [Ar/ exp™ (M) x s(H(E/M))| M : Mi]e.
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From the ETNF, we obtain the following Drinfeld module analogue of the classical

Brumer-Stark conjecture for number fields:

Corollary 3.7.2. If M is a taming module for K/F, s is a splitting for the defining exact

sequence for H(E /M), and A is a (%ﬁ),s)—admissz’ble lattice, then
[A s M]gOT(0) € Fittae (H(E/M))
Proof. By Theorem 3.7.1, we have that
[A: MlgOic 7 (0) = [A/ expp' (M) x s(H(E/M))|,
is a generator of Fittsq(A/ expg (M) x s(H(E/M))). Since there is an surjective map
A/ expp (M) x s(H(E/M)) —» H(E/M)
of A[G]-module (arising from the defining exact sequence for H(E /M), we have

Fitt siq1(A/ expg' (M) x s(H(E/M))) C Fittgiq)(H(E/M))

by Proposition 2.3.2. This proves the corollary. ]

This chapter contains material from: J. Ferrara, N. Green, Z. Higgins, C. Popescu,
An equivariant Tamagawa number formula for Drinfeld modules and applications, sub-
mitted (2020). The dissertation author was one of the primary investigators and authors

of this paper.
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Chapter 4

Iwasawa Theory of Taelman Class

Modules

4.1 Setup

Fix a prime p, and let ¢ be a power of p. Let k be the field of rational functions
on a smooth projective curve X defined over F,, fix a closed point co on X, and let A
be the ring of functions which are regular away from oo. Let F' C K be finite separable
extensions of k£ with K /F abelian of Galois group G, and let O and Ok be the integral
closures of A in F' and K, respectively. Let E be a Drinfeld A-module defined over Op.

Let K /K be an field extension such that K. /F is an abelian of Galois group

G := Gal(K/F) and such that

L. I':= Gal(Ko/K) = Zj for either a € Zy or oo = N.
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2. Ks/K is unramified at all finite primes (the primes of Ok).

For simplicity, we will also make the assumption that G := Gal(K/F) = G x I,

Fix a sequence of subextensions Ko = K C Ky C Ky C --- which are all finite
Galois extensions of K such that K = L% K,. For each n € Z,, we let Ok, denote
ne€Zy
the integral closure of A in K,,. Note that since we are assume K, /K is unramified at all

finite primes, Ok, is the only taming module for K, /K.
For any n,m € Zso with n > m, set I',,, = Gal(K,/K,,). When no confusion
will arise, we will let Tr,,, denote the trace map on any I, ,-module, i.e. the map

given by the action of ) o. When m = 0, we will omit it from the notation, i.e.

oan,m

I, = Gal(K,,/K) and Tr,, = Tr, 0.

Example 4.1.1. Let K/F be finite separable extensions of k = F,(t) with G = Gal(K/F)
abelian. Let A = F[t] and let AT = F [t~!]. Let v, denote the prime of AT generated by

t~1, and let
Ch: AT — A7}
et 4T

denote the Carlitz module on AT.
For any n € Z,, let C'[t™"] denote the ¢t "-torsion of the Carlitz module. Set

Cl[t=>=] = |J CT[t™™], and consider the following fields:

neEZy
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K(CMt=])

(CT[E=])

\,\

E(CTE™])

/

By class field theory (see [11] and [12]), for each n € Z,, Gal(k(C[t™"])/k)

k= Fq(t)

I

(AT /v )*, so that Gal(k(CT[t])/k) = (Al_)*. Now, we know that
AX =y x U

where iy is the group of roots of unity in Aioo and UM =1 + zf_lAZOo is the group of

one-units. Note that yy, = Fx, and U =~ Zy° (see Proposition 2.8 of [13]). Hence,

Gal(k(CT[t™])/k) 2 Fy x Z°.

q

Furthermore, again by class field theory (see [11] and [12]), the extension k(CT[t=>])/k
is totally ramified at ¢!, tamely ramified at ¢, and unramified everywhere else. In fact,
if L is the extension of k with Gal(L/k) = F), then L/k is totally ramified at ¢, and
k(CT[t=°])/L is totally split at ¢. In particular, if k., C k(CT[t=>]) is the subextension such
that Gal(k(CT[t™>])/ks) = F, then koo /k is an extension such that Gal(ks/k) = Z)°

and ko /k is unramified away from ¢~1.
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Now, we have a continuous injection Gal(K (Ct[t=>°])/K) — Gal(k(CT[t=>°])/k)
which identifies Gal(K(C'[t™>°])/K) with a closed subgroup of finite index in (Af_)*.
In particular, we see that K(CT[t=°°]) contains a unique maximal subextension K, such

that the image of Gal(K/K) lands in U, and since Gal(K../K) sits inside U1 =2 Zye
with finite index we have Gal(K/K) = Z3°. This is the analogue of the cyclotomic

Z,-extension of a number field in classical Iwasawa theory. Note that if we also assume

that K N k(CT[t=>°]) = k, then the assumption Gal(K/F) = G x I is also satisfied.

Let ko = F,((t71)), the completion of k at co. For any n € Zsg, we let K, o, =
K, ® koo. Fix m,n € Z>o with m < n. Of course, Tr,, ,, maps K, » into K,, . and Ok,
into Og,,, and, since expy commutes with the action of ', Tty maps exp (Ok,)
into expy'(Of,,) as well. In other words, we have the left and middle vertical maps in

the following commutative diagram

\ Kn,oo \ E(KTHOO) \
0 " expp’(Oky) " B(Ok,) ’ H(E/IOK”) —0
l’l‘rn,m lTrn,m i
0 —— —Hme y Dlns) o H(E/Ok,) — 0

’ exp;;l(OKm) " E(Ok,,)
and therefore Tr,, ,,, induces a map from H(E/Ok,) to H(E/Ok,,) as well.

Now, for any prime p of A, let
H(E/Ok,), := H(E/Ok,) ®a A,
denote the p-primary part of the finite A-module H(FE/Ok, ). Define

HY) = lim H(E/Ok,),
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where the transition maps are the trace maps. Since each H(E/Ok, ), is a module over

A[G x Ty = A GIT,), HE s a module over Ay[[G x T]] := lim A,[G x T',] = A,[G][[']).

We would like to study the Fitting ideal of H® as an A,[G][[T]]-module. Thus, our first
(®)

goal is to prove that Hao' is finitely generated and torsion as an A,[G][[']]-module. In

fact, we will show that H® is finitely generated and torsion as an Ap[[T]]-module.

Remark. Suppose I' = Zgo. Fixing such an isomorphism, for each ¢ € Z,, let v; € I' be
the element corresponding to the element e; € Zgo which has 1 in the ¢-th component
and 0 in every other component. Then the standard argument used in classical [wasawa

theory (see Theorem 7.1 of [20]) produces a topological ring isomorphism
AT = Aplxr, oy ... ]], v — 12y for all i

Under this isomorphism, the augmentation ideal Iy corresponds to the ideal (z1,xs,...)
of Ay[[z1,22,...]]. Note that, I} — 0 in the profinite topology on A,[[I']], a fact we will
need later. Also, since A, is the valuation ring inside a characteristic p local field, if we

fix a uniformizer 7 for A,, then A, = F [[r]]. Hence,
A[[T]] = Fy[lm, 21, 22, ... ]

as topological rings. Of course, an analogous result holds in the case where I' = Zg for

some d € Z, as well.
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42 HY isa finitely generated A,[[I']]-module

To prove that H® is finitely generated as an Ap[[T']-module, we will use the

following theorem and corollary of Balister and Howson:

Theorem 4.2.1 (Section 3 of [3]). Let A be a compact topological ring with 1 and let I
be a (left) ideal with I™ — 0 in A. Let X be a compact (Hausdorff) (left) A-module. If X

1s profinite and IX = X, then X = 0.

Corollary 4.2.2 (Section 3 of [3]). With A, I, X as above, if X/IX is finitely generated

as a A/I-module, then X is finitely generated as a A-module.

In our case, our compact topological ring is A,[[I']] with the augmentation ideal
Ir which satisfies I}* — 0. Since HY is profinite, it suffices to show that (H&i))p =
qY / IrHY) is finitely generated as an Ap[[T)/Ir =2 Ap-module. The following lemma
allows us to compute the I' coinvariants of HY in terms of the I' coinvariants of the

H(E/Ok,),’s.
Lemma 4.2.3. Let I' = I'&HFZ- be a profinite group indexed by some directed set I. Let
H =lim H; be an Ap[[T]]-module, with each H; a finite Ap[L';]-module such that for each
t,7 € I with ¢ < j, the transition map H; — H; is surjective. Then

lim (H;)r = (@ Hi)r
Proof. For each i € I, we have, by definition of (H;)r, a short exact sequence
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As i varies over the elements of I, these exact sequences are compatible, and therefore we

may take inverse limits to get an exact sequence
0 —— l'gleHi — @Hl — @(Hi)p — 0,

where the surjectivity of the map lim H; — @(Hi)p follows from Lemma 15.16 of [20]
since each of the terms in (4.1) is finite and therefore compact. This exact sequence fits
into a commutative diagram

0 —— IplimH;, — lm H; — (@Hi)r — 0

| | !

0 —— @]FHi — 1£1HZ —_— @(Hi)p — 0,
where the top sequence is exact by definition of (1&11 Hi)r, the leftmost and middle vertical
maps are the obvious ones, and these two vertical maps induce the rightmost vertical map.
By the snake lemma, the map (I&H Hi)r — @(Hi)p is surjective, and it is injective if

and only if the inclusion I @Hi — l'glpri is an equality.

Now, suppose that I' is finitely topologically generated, say T' = {71,792, ...,%)-

Note that for every ¢ € I, we have an exact sequence

@ _ H — H —— (H)r —— 0 (4.2)

J=1

where the map on the left is given by fi(as,...,a,) = Zj(’)’j —1)a;. Taking inverse limits,

we get an exact sequence

lm @), By — lim H, —— lim(H,)r —— 0 (4.3)
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where the exactness of (4.3) is again a consequence of Lemma 15.16 of [20] since all the
modules in the exact sequence (4.2) are finite and therefore compact. Since the direct
sums €Pj_, H; are finite, we have @@;Zl H; = D, lim H;. Hence, the above exact

sequence becomes

@, lim H; —— lim H; —— lim(H;)p —— 0

with f given by f(ay,...,a,) = >_;(7 — aj. Since coker f = (lim H;)r, it follows that

(lim Hy)r = Jim(H;)r.

This proves the result in the case that I' is finitely topologically generated.

Now, let I" be any profinite group. By the work above, it suffices to show that
Y&l([pHi) - Ip(l&l H;). Let (z;); € @(IpHi). Note that Ip(l'&n H;) is compact since it is
the image of the compact set It X @ H; under the continuous map A x I&n H;, — lgn H;
given by the action of A. Now, for each k € I, by the case for a finitely generated I"
above and our assumption that the transition maps between the H;’s are surjective, for
each k € I, there exists an element y, = (yx,); € Ir M(Hl) such that y,; = x; for every
i < k. Then it is clear that the net (yx), converges to x, and since Ip(@ H;) is compact
and therefore closed, we get that x = limyy, € IF(@ H;). Hence, @(IFHZ‘) C ]ﬂl’&n H;),

and therefore (l&l Hi)r o @1 (H;)p O

Lemma 4.2.4. For any n,m € Z>o with n > m, the trace map induces an isomorphism

TTmm : (H(E/OKH))an :> H(E/OKm>
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Proof. The defining exact sequences for H(E/Ok,) and H(E/Ok,,) are related by the

commutative diagram

( Koo )FW R E<Ié7w>rm — (H(E/Og,))r,,., — 0

expy' (Ok,,)
lTI‘n,m l’]:\rn,m J/Trn,m
N Km,oo N Km,oo \
0 » e . E ( OKm) s H(E/Og,) —— 0.

(4.4)

Now, Ky 00 = Ko oo[I'nm) 88 a Ky oo[I'nm] module by the normal basis theorem. It follows

that Try, . 0 (Kpeo)0hm 5 K,Ef&;" = K, is an isomorphism. In particular, the middle

and leftmost vertical maps of (4.4) are surjective, and therefore the rightmost vertical
map is surjective as well by the snake lemma.

Now, by Theorem 3.5.4 and our assumption that the tower K.,/K is unramified

at all finite primes, Ok, is projective as an Ok, [I',,»]-module. By Proposition 3.3.4, this

implies that Ok, is I, ,,-c.t., and therefore Tr,, ,, induces an isomorphism
~ Tnm
TI‘n,m : (OKn)Fn,m — OKn’ = OKm-

Since both K, , and Ok, are I, ,,-c.t., we have that

p(fom) ool
an

Ok, ~ E(Ox,)

Fn,m

Thus, the middle vertical map of (4.4)

K E Knoo ~ Kmoo
Trn,m:E( "’°°) o ElBnoo)rn —>E( : )
OKn Fn,?n E(OKn) OKm

Fn,m

is an isomorphism. By the snake lemma, this implies that Tr,,, : (H(E/Ok,))r,.. —

H(E/Ok,,) is an isomorphism. O

53



Theorem 4.2.5. For any prime p of A, HY isa finitely generated A,[[I']]-module.

Proof. Since HY) is profinite and Ay [[']] is compact, it suffices, by the results of section 3
of [3], to show that (H®))p is finitely generated as an A[[T]]/Ir =2 Apy-module. We have

the following isomorphisms

(H®)r = (im H(E/Ok, )p)r = lim(H (E/Ok, )y)r by Lemma 4.2.3
= l'ng(E/OK) by Lemma 4.2.4
= H(E/Ok),
so H® is finite, and therefore HY is a finitely generated A,[[T']]-module. O

4.3 HY is a torsion Ay[[I']]-module

Since HY is finitely generated as an Ay [[T]]-module, its Fitting ideal Fitt 4,y (Hég))
is well-defined. We now want to show that H® is torsion as an A, [[T']]-module, since this
will imply that Fitt ) (Hég)) is nontrivial. We can show this by relating Fitt 4, (Hég))
to the Fitting ideals Fitt 4,r,)(H (£/Ok, )y) at the finite levels using the following Propo-

sition.

Proposition 4.3.1. For any prime p of A, FittAp[[p”(Hég)) 1s nonzero. There is an
inclusion

FittAp[[pH (H(gg)) — l&n FittAp[pn} (H(E/OK”)p).

If HY is finitely presented as an Ay[[L']]-module, then this injection is an equality.
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Proof. Let

B A —E A —— HEY —— 0

be a presentation of HY). For any n € Z>o, we claim that the maps ¢, : @,.; Ap[T] —
Ap[T,)t and ¢, : A[L,]" — H(E/Ok, ), which make the following diagram commute

@ie] APHFH — Ap[[r]]t - Hc(f;) — 0

lm - lﬂg (4.5)

P
Dics AlTn] — AL~ H(E/Ox, )y — 0

(where the vertical maps are the obvious ones) make the bottom row of (4.5) exact. First,
if 2z, € H(E/Ok, ), then since the trace maps between the H(E/Ok,,),’s are surjective,
there is a z € HY with m3(2) = z,.. If y € A,[[T]]* is such that ¢ (y) = z, then ¢, (ma(y)) =
zn. Hence, 1), is surjective.

Now, it is clear that ¢, o ¢, = 0. Suppose that y, € ker,,. Since the restriction
maps between the A,[l',]"’s are surjective, there is a y € Ay[[I']]" such that my(y) =
yn. If we take G, := Gal(K/K,) coinvariants of the top row of (4.5), we obtain the

commutative diagram

(Brer AT, —2— (A, —— (ng?)gn N

lm l@ I (4.6)

Bic; AplTn] —2— AT —2— H(E/Ok, )y — 0

where now 73 is an isomorphism by Lemma 4.2.4 (see also the proof of Theorem 4.2.5).

If 7 is the image of y in (A,[[T'})g, , then 73(¥(7)) = 0, so that Y(y) = 0, and therefore

there is T € (0,c; 4p[[T]]), with ¢(z) = §. If = € @,c; 4[[T]] is a lift of Z, then

Gn
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ma(p(x)) = y. Hence, y = ¢, (m1(x)) is in the image of ¢,,. Thus, the bottom row of (4.5)
1s exact.

Now, since the diagram (4.5) commutes, it follows that the natural restriction
map res, : Ay[[[']] = Ap[l',] maps FittAp[[pH(Hég)) onto Fitts,r,)(H(E/Ok,),) for any
n € Zy by the definition of Fitting ideals. Since we know that Fitt,p,j(H(E£/Ok,),) is
nonzero, it follows that Fitt Ap[[p”(Hég)) is nonzero as well.

For any n > m, the following diagram commutes

Fitt a, ) (HY') —— Fitta, 0, (H(E/Ok, )y)

| |

Fitt 4, oy (HY) —— Fitta, i) (H(E/Ok,, )y)

and therefore we get a map FittAp[[pH(Hég)) — @FittAp[pn](H(E/OKn)p) which is clearly
injective. Finally, if HY is finitely presented as an A,[[I']]-module, then Fitt Ap[[pH(Héﬂ))
is finitely generated; let (x1,)n,..., (Zen)n € Ap[[I']] be a set of generators. Suppose
(Yn)n € @FittAp[pn}(H(E/OKn)p). Then given m € Z,, we know that zy,,,...,Z¢m
generate Fitt 4, p,j(H(E£/Ok,),), so there exists a (zpmn)n € FittAp[[pH(Hég)) which is an
Ap[[T']]-linear combination of (x1,)n, ..., (Trn)s such that z,, = y, for n < m (simply
write y,,, as an Ap[I',]-linear combination of @1 ,,, ..., s, and lift this linear combination
to an Ap[[[']]-linear combination of (z1,)n, ..., (Ten)n). Clearly we have lim,,(2m,)n =

(Yn)n- Also, since Fitt Ap[[p]](Héﬂ) is a finitely generated ideal in the compact ring A,[[I']],

FittApHp”(Hc(,g)) is compact. Hence, we have (y,,), = lim,,(Zm.n)n € FittAp[[p”(Héf))). Thus,
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we get the equality

Fitta, oy (HY)) = lim Fitta,r,)(H(E/Ox, )y).

The fact that H is torsion then immediately follows from the fact that
Fitta, oy (HE) © Anng, ey (HE) # 0
Corollary 4.3.2. For any prime p of A, HY is a torsion A,[[T]]-module.

As a consequence of Theorem 4.2.5 and Corollary 4.3.2, Fitt 4, (Héf))) exists and
is nontrivial.
()

Since HY) is a finitely generated torsion A, [[I']]-module, the same is true for Hag

as a Ap[[G]]-module.

Corollary 4.3.3. For any prime p of A, HY is a finitely generated and torsion A,[[G]]-

module.

4.4 An Iwasawa main conjecture

For the rest of this chapter, we will only consider the case where k = F,(t) and
A = F,[t]. In this case, we can use the ETNF for Drinfeld modules to identify some
elements in the Fitting ideals of the class modules at the finite levels, which will then give

us some information about Fitt Ap[[p”(Hég)).
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Proposition 4.4.1. Let K/F be a Galois extension of function fields with Galois group G,
and let E : A — Op{7} be a Drinfeld A-module defined over Op. Let IE/F be the ideal of
A generated by all the values [A : M]q @f;/\;( ) € A as M ranges over all taming modules

for K/F, s ranges over all A-sections for the structural exact sequence for H(E /M), and

E(K)
E(Ok)’

A ranges over all ( s)-admissible lattices. Then

If;/F C Fitt4(H(E/Ok))

Proof. Let M be a taming module for K/F, s an A-section for the defining exact sequence

for H(E/M,), and A a (2E=) s)_admissible lattice. By Theorem 3.7.1, we have that

E(O )’ )
O/ (0) = |A/ expy!(Ok) x s(H(E/M))]| M : Alg.

Thus, [A : M]G@K/F( ) € Fittag(A/ expp' (Ok) x s(H(E/M))). By composing the sur-
jection A/ expy'(Ok) — H(E/M) (from the defining short exact sequence for H(E/M))
with the surjection H(F/M) — H(E/Og) (since M C Og), we obtain a surjection
A/ exp'(Ok) x s(H(E/Og)) — H(E/Og). By properties of Fitting ideals, this im-
plies that Fitt g (A/exps (Ox) x s(H(E/Ok))) C Fittaq(H(E/Ok)). Hence, [A :

MO (0) € Fittaq (H(E/Ok)). n
We conjecture that the inclusion in the previous proposition is actually an equality:

Conjecture 4.4.2. Let K/F be an abelian extension of function fields with Galois group
G, and let E : A — Op{r} be a Drinfeld A-module defined over Op. Let Z}]”;/F be

the ideal of A generated by all the values [A : M]G@K/F( ) € A as M ranges over all
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taming modules for K/F, s ranges over all A-sections for the structural exact sequence

for H(E/M), and A ranges over all (g((g;")),s)—admissible lattices. Then

Fitt4(H(E/Ok)) = I p-

Proposition 4.4.3. Let n,m € Zs, with n > m. Then the natural restriction map

respm : All'n] = A[ly,] maps FittA[pn](H(E/OKn)) onto FittA[pm](H(E/OKm)).

Proof. Note that H(E/Okg,) ®ar,] All'm] = (H(E/Ok,))r,.,. as A[l'y]-modules, and
(H(E/Ok,))r,.. = H(E/Okg,,) by Lemma 4.2.4. Then by Proposition 2.3.2, we have
that

Fitt o, ((H(E/Ok,)r,.,.) = Fittap,|(H(E/Ok,,))

is the image of Fittar,j(H(E/Ok,)) under the restriction map res, ,, : A[l';] = A[l'y].

]

Note that Proposition 4.4.3 also implies that for any prime p of A, the restriction
map resy , : Ap[I'n] = Ap[l'] maps Fitt 4 r,)(H(£/Ok,, )p) onto Fitt 4 r,)(H(E£/Ok,,)p)-
If Conjecture 4.4.2 is true, then for each n € Z, we would know exactly what the elements
of Fitt 4, r,](H(E/Ok, )y) look like, and thus, by Proposition 4.3.1, we would know exactly

what the elements of Fitt Ap[[F]](Hég)) look like as well.
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