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SURGERY ON LINKS OF LINKING NUMBER ZERO AND THE
HEEGAARD FLOER d-INVARIANT

EUGENE GORSKY, BEIBEI LIU, AND ALLISON H. MOORE

ABSTRACT. We give a formula for the Heegaard Floer d-invariants of integral surgeries
on two-component L-space links of linking number zero in terms of the h-function,
generalizing a formula of Ni and Wu. As a consequence, we characterize L-space surgery
slopes for such links in terms of the 7-invariant when the components are unknotted.
For general links of linking number zero, we explicitly describe the relationship between
the h-function, the Sato-Levine invariant and the Casson invariant. We give a proof
of a folk result that the d-invariant of any nonzero rational surgery on a link of any
number of components is a concordance invariant of links in the three-sphere with
pairwise linking numbers zero. We also describe bounds on the smooth four-genus of
links in terms of the h-function, expanding on previous work of the second author, and
use these bounds to calculate the four-genus in several examples of links.

1. INTRODUCTION

Given a closed, oriented three-manifold Y equipped with a Spin® structure, the Hee-
gaard Floer homology of Y is an extensive package of three-manifold invariants defined
by Ozsvéath and Szabé [OS04]. One particularly useful piece of this package is the d-
invariant, or correction term. For a rational homology sphere Y with Spin® structure t,
the d-invariant d(Y,t) takes the form of a rational number defined to be the maximal
degree of any non-torsion class in the module HF~(Y,t). For more general manifolds,
the d-invariant is similarly defined (see section [2.2)). The d-invariants are analogous to
Frgyshov’s h-invariant in Seiberg-Witten theory [Frg96]. The terminology ‘correction
term’ reflects that the Euler characteristic of the reduced version of Heegaard Floer
homology is equivalent to the Casson invariant, once it is corrected by the d-invariant
[OS03]. The d-invariants have many important applications, for example, the Heegaard
Floer theoretic proofs of Donaldson’s theorem and the Thom conjecture [OS03].

From the viewpoint of Heegaard Floer homology, L—spaces are the simplest three mani-
folds. A rational homology sphere is an L—space if the order of its first singular homology
agrees with the free rank of its Heegaard Floer homology. A recent conjecture of Boyer,
Gordon and Watson [BGW13 [HRRW15, HRW16|] describes L—spaces in terms of the
fundamental group, and it has been confirmed for many families of 3-manifolds. A
link is an L-—space link if all sufficiently large surgeries on all of its components are
L—spaces.

2010 Mathematics Subject Classification. Primary 57M25, 57TM27, 57R58.
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Given a knot or link in a 3-manifold, one can define its Heegaard Floer homology as
well. The subcomplexes of the link Floer complex are closely related to the Heegaard
Floer complexes of various Dehn surgeries along the link. In the case of knots in the
three-sphere, this relationship is well understood by now and, in particular, the following
questions have clear and very explicit answers:

e The formulation of a “mapping cone” complex representing the Heegaard Floer
complex of an arbitrary rational surgery [OS11];

e An explicit formula for the d-invariants of rational surgeries [NW15];
e A classification of surgery slopes giving L-spaces [OS11], Proposition 9.6].

In this article, we expand the existing Heegaard Floer “infrastructure” for knots in
the three-sphere to the case of links. The work of Manolescu and Ozsvéath in [MOI0]
generalizes the “mapping cone” formula to arbitrary links. For two-component L—space
links, their description was made more explicit by Y. Liu [Liul7b] and can be used for
computer computations. Both [MOI0] and [Liul7b] start from an infinitely generated
complex and then use a delicate truncation procedure to reduce it to a finitely generated,
but rather complicated complex. On the one hand, it is possible to use the work of
[MO10|, [Liul7b] to compute the d-invariant for a single surgery on a link or to determine
if it yields an L-space. On the other hand, to the best of authors’ knowledge, it is
extremely hard to write a general formula for d-invariants of integral surgeries along links,
although such formulas exist for knots in S? [NW15] and knots in L(3,1) [LMV17].

In general, the characterization of integral or rational L—space surgery slopes for multi-
component links is not well-understood. The first author and Némethi have shown
that the set of L-space surgery slopes is bounded from below for most two-component
algebraic links and determined this set for integral surgery along torus links |[GNIS8|
GN16]. Recently, Rasmussen [Rasl7] has shown that certain torus links, satellites by
algebraic links, and iterated satellites by torus links have fractal-like regions of rational
L—space surgery slopes.

Nevertheless, in this article we show that a situation simplifies dramatically if the linking
number between the link components vanishes. We show that both the surgery formula
of [MO10] and the truncation procedure lead to explicit complexes similar to the knot
case. We illustrate the truncated complexes by pictures that are easy to analyze. They
are closely related to the lattice homology introduced by Némethi [NOS, GN15], and best
described in terms of the h-function, a link invariant defined in [GN15] (see section 23]
for a definition). Let Sf,(ﬁ) denote p = (p1,...,pn) framed integral surgery along an
oriented n-component link £ in the three-sphere with vanishing pairwise linking number.
We will identify the set of Spin“-structures on Sf,(ﬁ) with Z,, X ... X Z,,. The following
result generalizes [NW15| Proposition 1.6].

Theorem 1.1. The d-invariants of integral surgeries on a two-component L—space link
with linking number zero can be computed as follows:

(a) If p1,p2 <O then
d(Sg(E)’ (il’ 12)) = d(L(pl’ 1)a Z.1) + d(L(p2, 1), ig).
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(b) If p1,p2 > 0 then
d(Sp(L), (i1,12)) = d(L(p1,1),i1) + d(L(p2, 1), i2) — 2max{h(s+x(i1,i2))},

where s44(i1,12) = (sS_Ll), sf)) are four lattice points in Spin®-structure (i1,1i2) which are

closest to the origin in each quadrant (see section [{.3).
(c) If p1 > 0 and p2 < 0 then
d(Sp(L), (i1,72)) = d(Sy, (L1),i1) + d(L(p2, 1), 12).

When p; = po = 1 then Sg(ﬁ) is a homology sphere, and so i1,i3 = 0. Moreover
d(L(p1,1),11) = d(L(p2,1),i2) = 0 and s14(0,0) = (0,0), hence

d(S? (L)) = —2h(0,0).

This is analogous to the more familiar equality for knots, d(S3(K)) = —2Vo(K), where
Vo(K) is the non-negative integer-valued invariant of [NW15], originally introduced by
Rasmussen as the h-invariant ho(K) [Ras03].

As another special case, we consider nontrivial linking number zero links £ = Ly U Lo
with unknotted components. Let L’ denote the knot obtained by blowing down one
unknotted component, i.e. performing a negative Rolfsen twist as in Figure {1l Then
the h-function and 7-invariant of L’ can be obtained from h-function of L.

Proposition 1.2. Let L and L} be the knots obtained from L by applying a negative
Rolfsen twist, as above, to Ly and Ly respectively. Then T(L}) = b1+1 and 7(LY) = bo+1.

Here, b; and by are nonnegative numbers defined by b; = max{s; : h(s;,0) > 0} and
by = max{sg : h(0,s2) > 0}. This allows us to determine, in terms of the 7 invariants of
L} and LY, how large is ‘large enough’ in order to guarantee that the surgery manifold
is an L—space.

Theorem 1.3. Assume that L = L1 U Lo is a nontrivial L—space link with unknotted
components and linking number zero. Then SSIJD (L) is an L—space if and only if p1 >
27(LY) — 2 and py > 27(L}) — 2.

The following corollary suggests that twisting along a homologically trivial unknotted
component will almost always destroy the property of being an L-space link, in the sense
that it puts strong constraints on the image knot L.

Corollary 1.4. Assume that L = L1 U Lo is a nontrivial L—space link with unknotted
components and linking number zero. Then LY is an L-space knot if an only if (1,p2)
surgery on L is an L—space for sufficiently large ps. By Theorem this is equivalent
toby =0 and 7(L}) = 1.

In section @ we investigate the relationship of the h-function for two-component links with
the Sato-Levine invariant 3(£) and the Casson invariant A(S3(£)), and make explicit
how to express these as linear combinations of the A-function of sublinks of L.

Proposition 1.5. Let L = L1 U Lo be a link of linking number zero.
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(1) Then
BL) ==Y H(s) == (h(s) = hi(s1) = ha(s2)),

S

where h,h1, and hy denote the h-functions of L, Ly, and Ls.

(2) Consider surgery coefficients p1,p1 = 1. Then

AN(Spy o (L)) = prpz D W (s) +p1 ) ha(st) +p2 Y ha(s2).

seZ? S1E€E7Z S52€7Z

In [Pet10] Peters proved that d(S3,(K)) is a concordance invariant of knots. Note that in
this case, Sf’tl(K ) is an integer homology sphere with a unique Spin®-structure, omitted
in the notation. It has been observed by many experts that Peters’ concordance invariant
could be extended to a family of concordance invariants using any rational coefficients
and number of link components. We formalize this folk result here.

Theorem 1.6. The invariant d(S2(L),t) is a concordance invariant of pairwise linking
number zero links for any rational framing r = (r1,--- ,rn), i # 0 for all i, and any
t € Spin(S2(L)).

Peters established a “skein inequality” reminiscent of that for knot signature [Pet10]
Theorem 1.4] . We extend this to links as follows.

Theorem 1.7. Let L =L U---U L, be a link with all pairwise linking numbers zero.
Given a diagram of L with a distinguished crossing ¢ on component L;, let Dy and D_
denote the result of switching c to positive and negative crossings, respectively. Then

d(SY .. 1(D-)) =2 < d(ST... 1(D+)) < d(SF . 1(D-)).

We will also generalize Peters’” and Rasmussen’s four-ball genus bounds to links with
vanishing pairwise linking numbers. Recall that the n components of a link £ = L;U---U
L, bound disjoint surfaces if and only the pairwise linking numbers are all zero. In this
case, we may define the smooth 4-ball genus of L as the minimum sum of genera » " ; g,
over all disjoint smooth embeddings of the surfaces ¥; bounding link components L;, for
1=1,---n.

The following proposition is closely related to work of the second author in [LiulS§]; this
is explained in section Bl

Proposition 1.8. Let £ C S denote an n-component link with pairwise vanishing
linking numbers. Assume that p; > 0 for all 1 <i <n. Then

(1.1) A(S2,, o p(£),0) <Y d(L(—=pi, 1), ta) + 24, ()
i=1

and

(1.2) —d(S5, ., (L)1) < Zn: d(L(=pi; 1), t:) + 2, (i)

i=1
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Here the Spin-structure t is labelled by integers (t1,--- ,t,) where —p;/2 < t; < p;/2,
and fg, 1 Z — Z 1is defined as follows:

’VQi — |t
(1.3) foi(ti) = 2
0 Iti| > gi

ti| < gi

The d-invariant of (£1, £1)-surgery on the 2-bridge link £ = b(8k, 4k +1) was computed
by Y. Liu in [Liul4]. Together with this calculation, we are able to apply the genus
bound to recover the fact that such a link £ has smooth four-genus one. We also
demonstrate that this bound is sharp for Bing doubles of knots with positive 7 invariant.
For more details, see section

Because Theorem [L.1]allows us to compute the d-invariants of Sip(ﬁ) for two-component
L-space links, when we combine Theorem [L.Tlwith Proposition [.L8 we have the following
improved bound.

Theorem 1.9. Let L = L1 U Ly denote a two-component L—space link with vanishing

linking number. Then for all p1,ps > 0 and a Spin®-structure t = (t1,t3) on Sg’hm, we
have
(1.4) h(817 32) < fg1(t1) + fgz(tQ)

where —p; /2 < t; < p;/2 and (s1,s2) is a lattice point in the Spin®-structure t.

Organization of the paper. Section 2] covers necessary background material. In sub-
section 2.2] we introduce standard 3-manifolds along with the definition and properties
of the d-invariants for such manifolds. In subsection 2.3 we define the hA-function of
an oriented link £ C S and review how to compute the h-function of an L-space link
from its Alexander polynomial. Sections Bl and M are devoted to the generalized Ni-Wu
d-invariant formula and its associated link surgery and cell complexes. In subsection
[B.1 we briefly review the surgery complex for knots, and in subsection we set up
the Manolescu-Ozsvath link surgery formula for links, and describe an associated cell
complex and the truncation procedure. In section [l we prove Theorem [[LT] and the sub-
sequent statements involving 7. In section [, we classify L-space surgeries on L-space
links with unknotted components and prove Theorem [[.3l In section [6, we represent the
Sato-Levine invariant and Casson invariant of Sil,ﬂ:l(ﬁ) as linear combinations of the
h-function for two-component L—space links with vanishing linking number. In section
[, we prove that the d-invariants of surgery 3-manifolds are concordance invariants and
that they satisfy a skein inequality. In section Bl we describe several bounds on the
smooth four-genus of a link from the d-invariant and use this to establish the four-ball
genera of several two-component links.

Conventions. In this article, we take singular homology coefficients in Z and Heegaard
Floer homology coefficients in the field F = Z/27Z. Our convention on Dehn surgery is
that p surgery on the unknot produces the lens space L(p,1). We will primarily use the
‘minus’ version of Heegaard Floer homology and adopt the convention that d-invariants
are calculated from HF~(Y,t) and that d~(S®) = 0. Section (2] contains further details
on our degree conventions.
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2. BACKGROUND

2.1. Spin®-structures and d-invariants. In this paper, all the links are assumed to be
oriented. We use £ to denote a link in S3, and Ly, - - - , L,, to denote the link components.
Then £, and £y denote different links in S3, and L; and L denote different components
in the same link. Let |£| denote the number of components of £. We denote vectors
in the n-dimension lattice Z™ by bold letters. For two vectors u = (uj,ug,- - ,uy) and
v= (v, - ,vy) in Z", we write u R v ifu; <v; foreach 1 <i<mn,andu <vifu<wv
and u # v. Let e; be a vector in Z™ where the i-th entry is 1 and other entries are 0.
For any subset B C {1,--- ,n}, let e = >, .z e;.

Recall that in general, there is a non-canonical correspondence Spin®(Y) = H2(Y'). For
surgeries on links in S3 we will require the following definition to parameterize Spin‘-
structures.

Definition 2.1. For an oriented link £ = L1 U---UL,, C S®, define H(L) to be an affine
lattice over Z":
Ck(L;, L\ L;)
2
where ¢k(L;, L\ L;) denotes the linking number of L; and £\ L;.

H(L) = @in, Hi(£), Hi(L) =Z+

Suppose £ has vanishing pairwise linking numbers. Then H(L) = Z"; we will assume
this throughout the paper. Let Sgh___ (L) or SS(E) denote the surgery 3-manifold with
integral surgery coefficients p = (p1,--- ,pn). Then Spinc(Sgl’___’pn(E)) AV
Lipy @+ &Ly, = H*(S3(L)), where A is the surgery matrix with diagonal entries p; and
other entries 0. We therefore label Spin®-structures t on 53 (L) as (t1,--- ,ty) such
that —|p;|/2 < t; <|pi|/2 and ¢1(t) = [2(¢1,- - ,tn)] [MOIL0].

For a rational homology sphere Y with a Spin®-structure t, the Heegaard Floer homology
HF*(Y,t) is absolutely graded F[U ~!]-module, and its free part is isomorphic to F[U~1].
Likewise HF~(Y,t) is absolutely graded F[U]-module. Given an oriented link £ in S?,
one can also define the link Floer complex. An n-component link £ induces n filtrations
on the Heegaard Floer complex CF~(S%), and this filtration is indexed by the affine
lattice H(L). The link Floer homology HF L™ (L, s) is the homology of the associated
graded complex with respect to this filtration, and is a module over F[[U]]. We refer
the reader to |OS03, IMO10] for general background on Heegaard Floer and link Floer
homology, and to [BGI18]| for a concise review relevant to our purposes.

Define positive and negative d-invariants as follows. The positive d-invariant d*(Y,t) is
the absolute grading of 1 € F[U~!] and the negative d-invariant d(Y,t) is the maximal
degree of x € HF~(Y,t), which has a nontrivial image in HF*°(Y,t). Then

d(Y,t) =d*(Y,t) — 2.

In this article we adopt the convention that d(S®) = 0 and d*(S%) = 2. This is consis-
tent with the conventions of [MO10, BG18] but differs (by a shift of two) from that of
[OS03].

We require the following statements on the d-invariant.
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Proposition 2.2. [OS03| Section 9] Let (W,s) : (Y1,t1) — (Y2, t2) be a Spin® cobordism.
(1) If W is negative definite, then d(Y1,t1) — d(Ya,t2) > (c1(5)? + ba(W)) /4.
(2) If W is a rational homology cobordism, then d(Y1,t1) = d(Ya,t2).

2.2. Standard 3-manifolds. In this subsection, we will introduce d-invariants for stan-

dard 3-manifolds, in particular, for circle bundles over oriented closed genus g sur-
faces.

Let H be a finitely generated, free abelian group and A*(H) denote the exterior algebra
of H. As in [OS03| Section 9], we say that HF>°(Y") is standard if for each torsion Spin®
structure t,

HF>®(Y,t) = A*HY(Y;F) @ FIU, U]

as A*Hy(Y;F)/Tors ® F[U]-modules. The group A*H'(Y;F) is graded by requiring
gr(AY)HY(Y;F)) = by(Y)/2 and the fact that the action of H;(Y;F)/Tors by con-
traction drops gradings by 1. For example, #"52 x S! has standard H F>° [LR14].

For any A*(H)-module M, we denote the kernel of the action of A*(H) on M as
KM ={zeM|v-z2=0 V veH}
and the quotient by the image of A*(H) as
QM :=M/(A*(H) - M).

For a standard 3-manifold Y, we have the following induced maps:

(2.1) K(m) : KHF>®(Y,t) - KHEFT(Y,t)
and
(2.2) Q(m) : QHF™®(Y,t) = QHFT(Y,1t).

Define the bottom and top correction terms of (Y,t) to be the minimal grading of any
non-torsion element in the image of () and Q(m), denoted by dpr and dy,p, respectively
[LR14]. Levine and Ruberman established the following properties of dtp and dpor.

Proposition 2.3. [LR14, Proposition 4.2] Let Y be a closed oriented standard 3-manifold,
and let t be a torsion Spin® structure on'Y. Then

dtop(Ya t) - _dbot(_Y7 t)-

Proposition 2.4. [LR14, Proposition 4.3] Let Y, Z be closed oriented standard 3-manifolds,
and let t,t be torsion Spin® structures on Y, Z respectively. Then

dpot (Y # 2, 444t) = dpot (Y, ) + dpot (Z, 1)

and
diop(Y#Z ) = diop (Y, 1) + diop(Z, ).
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Let B, denote a circle bundle over a closed oriented genus g surface with Euler char-
acteristic n. It can be obtained from n-framed surgery in #2952 x S! along the “Bor-
romean knot.” The torsion Spin® structures on B,, can be labelled by —|n|/2 < i < |n|/2
[Parl4, Ras04]. A surgery exact triangle argument for the Borromean knot shows
that

HF>®(B,,i) = HF>®(#%5? x S1,1),

where t is the unique torsion Spin® structure on #29(S52 x S!). Hence, B, is also standard
[Par14, [Ras04].

The d-invariants for circle bundles B,, have been computed in [Parl4].

Theorem 2.5. [Parldl Theorem 4.2.3] Let B_, denote a circle bundle over a closed
oriented genus g surface Xy with Euler number —p. If p > 0, then for any choice of
—p/2<i<p/2

dbot(Bp, Z) = _dtop(pr, Z) = qb(p, Z) - g

and
—o(p,i) — g iflil > g
dpot(B—p, i) =< —o(p,1) — |i if il < g and g+ i is even
—o(p,i) —|i| +1 if |i| < g and g+ is odd,
where
. . 1 (p + 25)?
o(p,i) =d(L(p,1),7) = — max —(1—7 .
( ) ( ( ) ) {s€Z|s=i(mod p)} 4 p

Remark 2.6. For the rest of the paper, we use ¢(p,i) to denote the d-invariant of the
lens space (L(p,1),7) where —p/2 < i < p/2 and p > 0. For p <0, ¢(p,i) = —p(—p,1).
In this paper, we use the convention that p-surgery on the unknot yields the lens space
L(p,1).

Remark 2.7. Observe that we can rewrite the formula in Theorem 2.5 using the function

f defined by (L3):
(2.3) dpot (B—p, i) = =¢(p, 1) +2f4(i) — g-

Ozsvath and Szabd established the behavior of the d-invariants of standard 3-manifolds
under negative semi-definite Spin®-cobordisms.

Proposition 2.8. [OS03, Theorem 9.15] Let Y be a three-manifold with standard HF>,
equipped with a torsion Spin® structure t. Then for each negative semi-definite four-
manifold W which bounds Y so that the restriction map H* (W) — HY(Y) is trivial, we
have the inequality:

(2.4) c1(5)2 + by (W) < ddpes (Y, £) + 261 (V)

for all Spin® structures s over W whose restriction to 'Y is t.
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2.3. The h-function and L—space links. We review the h-function for oriented links
L C 53, as defined by the first author and Némethi [GNT5].

Given s = (s1,---,s,) € H(L), the generalized Heegaard Floer complex A~ (L,s) C
CF~(8?) is the F[[U]]-module defined to be a subcomplex of CF~(S3) corresponding
to the filtration indexed by s [MO10].

By the large surgery theorem [MO10, Theorem 12.1], the homology of 2~ (L, s) is iso-
morphic to the Heegaard Floer homology of a large surgery on the link £ equipped with
some Spinstructure as a F[[U]]-module. Thus the homology of A~ (L, s) is a direct sum
of one copy of F[[U]] and some U-torsion submodule, and so the following definition is

well-defined.

Definition 2.9. [BGIS| Definition 3.9] For an oriented link £ C S3, we define the H-
function H(s) by saying that —2H(s) is the maximal homological degree of the free
part of H, (27 (L, s)) where s € H.

More specifically, the large surgery theorem of Manolescu-Ozsvath [MOI0, Theorem
12.1] implies that —2H,(s) is the d-invariant of large surgery on L, after some degree
shift that depends on the surgery coefficient (see [MO10l Section 10], [BG18, Theorem
4.10]). As a consequence the H-function is a topological invariant of links in the three-
sphere.

We now list several properties of the H-function.

Lemma 2.10. [BGI18| Proposition 3.10] (Controlled growth) For an oriented link L C
S3, the H-function H.(s) takes nonnegative values, and Hp(s—e;) = Hy(s) or Hp (s —
e;) = Hr(s) + 1 where s € H.

Lemma 2.11. [Liul7b, Lemma 5.5] (Symmetry) For an oriented n-component link £ C
S3, the H-function satisfies H(—s) = H(s) + > iy s; where s = (s1,-++ , 8p).

Lemma 2.12. [BGI18| Proposition 3.12] (Stabilization) For an oriented link £ = Ly U
-+-U L, C 8% with vanishing pairwise linking number,
He(st, oo y8io1, Ny siv1, -0, 80) = Hpvg, (81,000 5 8io1, 8641, 5 8n)

where N is sufficiently large.

For an n-component link £ with vanishing pairwise linking numbers, H(L) = Z". The
h-function hr(s) is defined as

he(s) = He(s) — Ho(s),
where hy = 0, O denotes the unlink with n components, and s € Z™. Recall that
for split links £, the H-function H(L,s) = Hy,(s1) + -+ + Hp, (sn) where Hy,(s;) is
the H-function of the link component L;, [BG18, Proposition 3.11]. Then Hp(s) =
H(sy) + -+ H(sy) where H(s;) denotes the H-function of the unknot. More precisely,
Ho(s) =Y 11 (]si| — si)/2 by [OS08b, Section 2.6]. Hence H(s) = hz(s) for all s = 0.
By Lemma 2.17] we get

(2.5) h(—s) = h(s).
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Lemma 2.13. The function h is non-decreasing towards the origin. That is, h(s—e;) >
h(s) if s; >0 and h(s — e;) < h(s) if s; < 0.
Proof. If s; > 0 then Hp(s;) = Ho(s; —1) =0, so
h(s) —h(s—e;) = H(s)— H(s—e¢;) <0.
If s; <0 then Hp(s;) = —s; and Hp(s; —1) =1 — s, so
h(s) —h(s—e;)=H(s)—H(s—e;))+1>0.

Corollary 2.14. For all s one has h(s) > 0.

Proof. We prove it by induction on the number n of components of £. If n = 0, it is
clear. Assume that we proved the statement for n — 1. Observe that by Lemma 2.12] for
s; > 0 we have h(s) = hp\r,(s) > 0. For s; < 0 by (Z.3]) we have

h(s) = h(—s) = hE\Li(—s) > 0.
Now by Lemma [2.13] we have h(s) > 0 for all s. O

In [OS05], Ozsvath and Szabé introduced the concept of L-spaces.

Definition 2.15. A 3-manifold Y is an L-space if it is a rational homology sphere
and its Heegaard Floer homology has minimal possible rank: for any Spin“structure s,
HF(Y,s) =F, and HF~(Y,s) is a free F[U]-module of rank 1.

Definition 2.16. [GN15| [Liul7b] An oriented n-component link £ C S? is an L-space
link if there exists 0 < p € Z" such that the surgery manifold S;?(E) is an L—space for

any q = p.

We list some useful properties of L—space links:
Theorem 2.17. [Liul7b] (a) Every sublink of an L—space link is an L-space link.
(b) A link is an L—space link if for all s one has H.(2A (L, s)) = F[[U]].

(c) Assume that for some p the surgery Sf,(L) is an L—space. In addition, assume that
for all sublinks L' C L the surgeries Sg(ﬁ’) are L—spaces too, and the framing matriz A
is positive definite. Then for all q = p the surgery manifold S;?(E) is an L—space, and
so L is an L-space link.

Remark 2.18. If all pairwise linking numbers between the components of £ vanish,
then A is positive definite if and only if all p; > 0. Therefore for (c) one needs to assume
that there exist positive p; such that S;’,(E’) is an L-space for any sublink £’.

For L-space links, the H-function can be computed from the multi-variable Alexander
polynomial. Indeed, by (b) and the inclusion-exclusion formula, one can write

(2.6) X(HFL™(L,s))= ) (-1)"""'He(s —ep),
BC{1,~~~,n}
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as in [BG18]. The Euler characteristic x(HFL™ (L, s)) was computed in [OS08al,

(2.7) Alty, -+ tn) = Y X(HFL (L, )t -3
seH(L)

where s = (s1,--+ , 8,), and

~ / if n
29 Bt = | L TR

Remark 2.19. Here we expand the rational function as power series in ¢!, assuming
that the exponents are bounded in positive direction. The Alexander polynomials are
normalized so that they are symmetric about the origin. This still leaves out the sign
ambiguity which can be resolved for L—space links by requiring that H(s) > 0 for all s.

One can regard (2.0 as a system of linear equations for H(s) and solve it explicitly
using the values of the H-function for sublinks as the boundary conditions. We refer to
[BG18,IGN15] for general formulas, and consider only links with one and two components
here.

For n = 1 the equation (2.6]) has the form
WHFL™(£,5)) = H(s — 1) — H(s),

SO

H(s)=> x(HFL™(L,s), > t°H(s) =t Ap(t)/(1 —t 1)

s'>s
For n = 2 the equation (2.6 has the form
(2.9) X(HFL_(ﬁ, S)) = —H(81 - 1, S9 — 1) + H(31 - 1, 82) + H(Sl, S9 — 1) - H(Sl, 82),

and for sufficiently large N we have H(s1, N) = Hi(s1) and H(N,s2) = Hy(s2) by
Lemma 2.121 Therefore

H(s1,59)—Hi(s1)—Ha(s2) = H(s1,82)—H(s1, N)=H(N,s5) == > x(HFL™(L,5)),
s'=s+1
and
1 — — ~
5152 H (s, 59) = — —— [t AL (1) + 5 A (ta) — 7 T A, 1) |
slz,s:g T (o) [ ]
Corollary 2.20. Suppose that L1 and Lo are unknots and ¢k(Ly, Ly) = 0, then
! ~
(210) tiltSQh(Sl,Sg) = — _1 2 — A(fl,tg).
SIZ,SQ L—tH(1 -1

Example 2.21. The (symmetric) Alexander polynomial of the Whitehead link equals
/2 ,-1/2y,,1/2  ,—1/2
At ta) = =0 =176 = 1,17%),

A(ty, tg) = (t162) 2 Aty t2) = —(t1 — 1) (t2 — 1).

The H-function has the following values:
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One can check that (2.9]) is satisfied for all (s, s2). Also,

h(s1,s9) = {1 if (s1,s2) = (0,0)

0 otherwise,
which agrees with ([2.10).

Lemma 2.22. If for an L-space link L one has h(0,0) = 0 then L is the unlink.

Proof. 1f h(0,0) = 0 then by Lemma [2.13] we have h(sy, s2) = 0 for all s1,s9. The rest
of the proof follows from [Liul8, Theorem 1.3]. O

For example, the H-function, and consequently HFL and the Thurston norm of the link
complement of an L-space link of two-components may be calculated from the Alexander
polynomial, albeit with a nontrivial spectral sequence argument, as in [Liul7a].

3. SURGERY FORMULA AND TRUNCATIONS

3.1. Surgery for knots. In this subsection we review the “mapping cone” complex
for knots [OSO8b], and its finite rank truncation. We will present it in an algebraic
and graphical form ready for generalization to links. Let K be a knot in S% and let
pEZ.

For each s € Z we consider complexes 2! := A~ (K, s), and AL = A~ (). The surgery
complex is defined as

c=]]¢s c=20+2l

The differential on C is induced by an internal differential ®? in 20 2L, and two types

0
of chain maps, ®f : A — AL, &7 : A} — AL, . Then D, = < cI>+(icI>* q())@ >
S S

The complex (C, D) is usually represented with a zig-zag diagram in which we omit the
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internal differential ®?,

(3.1) L ngb 22[(lerp o Q[g ng-i-p T ng
=z AL AL e ! Al S A
—b —b+p s s+p b

Here the vertical maps are given by ® and the sloped maps by ®;. We instead present
the complex C graphically as follows: for each s we represent C, as a circle at a point s
containing two dots representing 212 and 2l!. The internal differential and ®} act within
each circle, while ®_ jumps between different circles. To avoid cluttering we do not draw
the differentials in this picture. See Figure [l

FIGURE 1. The surgery complex C for a knot.

One can choose a sufficiently large positive integer b such that for s > b the map &1
is a quasi-isomorphism, and for s < —b the map ® is a quasi-isomorphism. The first
condition means that we can erase all circles (and all dots inside them) to the right of
b without changing the homotopy type of C. The second condition is more subtle and
depends on the sign of the surgery coeflicient p.

If p > 0, we can use ®; to contract 2% with Ql;ﬂ,

contractions at once, we erase all 210 for s < —b and all 2

for s < —b. By applying all these

1
S+p

graphically we will have a width p interval [~b, p—b) where each circle contains only A,
and a long interval [p — b, b] where each circle contains both subcomplexes. See Figure

2l

for s < p—b. As a result,

F1GURE 2. The complex C after contraction when p > 0.

If p < 0, a similar argument shows that we will have a width p interval [p — b, —b) where

each circle contains only 2!, and a long interval [—b, b] where each circle contains both
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subcomplexes. Note that in both cases in each Spin® structure there is exactly one half-
empty circle and a lot of full circles. Denote the truncated complex by Cp. See Figure

|
|

p—> ) b
|

FIGURE 3. The complex C after contraction when p < 0.

Next, we would like to match A% and 2} in Cj, with the cells in a certain 1-dimensional
CW complex CW(p,i,b), depending on the sign of p and Spin‘-structure i (identified
with a remainder modulo [p|). Each 2? corresponds to a 1-cell, and 2! to a O-cell, and the
boundary maps correspond to ®F. More specifically, for p > 0 and each i the complex
CW(p, i,b) has one more 1-cell than 0-cell and can be identified with an open interval on
the line subdivided by integer points. For p < 0 we have instead one more 0-cell than 1-
cell, and can be identified with the closed interval. The CW complexes corresponding to
the previous two pictures are comprised of disjoint unions of p intervals. Each connected
component is identified with one of the intervals pictured in Figure [l depending on the
sign of p.

p>0

p<O0

FiGURE 4. Each CW complex corresponding with C is a disjoint union
of p intervals.

So far, all of this is really just a rephrasing of the mapping cone formula of [OSO8b].
However, we will see that such pictures are easier to handle for more components, and
the topology of the CW complexes CW (p, 7, b) plays an important role. We remark that
the homology of CW(p,i,b) (relative boundary) is always 1-dimensional, generated by
the class of a 0-cell for p < 0 and by the sum of all 1-cells for p > 0. We will use this
observation later in section [l
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3.2. Truncation for 2-component L—space links. We first review the Manolescu-
Ozsvath link surgery complex [MO10] for oriented 2-component links £ = L1 U Ly with
vanishing linking number. Recall that H(L) = Z2.

For any sublink M C L, set N = L — M. We define a map
Y™ zlF — ZIN

to be the projection to the components corresponding to L; € N. For sublinks M C L,
we use XM to denote the Heegaard diagram of £ — M obtained from H* by forgetting
the z basepoints on the sublink M. The diagram H*~ is associated with the generalized
Floer complex A~ (HE~M M (s)).

In general, the surgery complex is complicated. For 2-component links with vanishing
linking numbers, we describe the chain complex and its differential in detail. For the

surgery matrix, we write
0
A= (B0 7).
<0 P2

For a link £ = L U Lo, a two digit binary superscript is used to keep track of which
link components are forgotten. Let AX = A~ (H~E,s), AW = A~ (HEL2 1), AL =
A~ (HE11 59) and AL = A~ (HE L1112 &) where s = (s1,52) € Z2. Let

C.= P age

e1,62€{0,1}

The surgery complex is defined as

c(HA) =[] Cs

seZ?

The differential in the complex is defined as follows. Consider sublinks &, 1, Lo and
+ L1 £+ Ly where + denotes whether or not the orientation of the sublink is the same as

the one induced from £. Based on [MOT0], we have the following maps, where ®% is the
internal differential on any chain complex 25!%2.

Lt AP — A @AY AN L

o AP A, et AP ALy,

ol A s, et At — Ay,

oLr 0 —ult, @ fe ol Al

S9 C]

(3.2)

where A; is the i-th column of A. We did not write the maps ®11%L2 in detail since we
will focus on L—space links and these maps vanish for such links. Let

Ds — (13? + q).:stLl 4 q).:sl:Lz 4 (I>§|:1L1 4 (I>§|:2L2 + Q);tLl:tL27
and let D = [], .2 Ds. Then (C(H*,A),D) is the Manolescu-Ozsvath surgery com-
plex.

Lemma 3.1. [MO10, Lemma 10.1] There exists a constant b > 0 such that for any
1 =1,2, and for any sublink M C L not containing the component L;, the chain map

iy - A (HETM M (s)) - A (PN OB ()
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Ry

E}@ - — - 2= btpl
CDODOD - 224

i 81:l|b+p171 lsy =

FIGURE 5. Truncated complex for py,ps > 0

mnduces an isomorphism on homology provided that either
e s € 7% is such that s; > b, and L; is given the orientation induced from L; or

o s € 7? is such that s; < —b, and L; is given the orientation opposite to the one
induced from L.

Without loss of generality, we will assume that

b > max(|p1, [p2l)-
We consider five regions on the plane:
Q = {|s1] < b,|s2| < b}, Ri ={s1 > b,s2 <b}, Ry ={s1 > —b,s2 > b},
Rs = {s1 < —b,s9 > —b}, Ry = {s1 < b,s9 < —b}.
Remark 3.2. One can also use different constants bq,by to truncate the complex in
vertical and in horizontal directions. As a result, the rectangle () would be bounded by

the lines s1 = +by, 80 = £by. All results below hold unchanged in this more general
case.

Depending on the signs of p; and ps, the surgery complex may truncated as follows (see
also the detailed case analysis of [MO10), Section 10]).

Case 1: p; > 0,po > 0. In this case, let Cg,ur, be the subcomplex of C(H~Z,A)
consisting of those terms 2(5'*? supported in R; U Ra. The subcomplex Cgr,ur, is acyclic
[MO10]. In the quotient complex C/Cr,ur,, define a subcomplex Cr,ug, consisting of
those terms RA5'*2 with the property that s —e1A; — e2As € R3 U Ry. Let Cg be the
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| | |
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FIGURE 6. Truncated complex for pi,ps <0

quotient of C/Cr,ur, by Cryur,. Then Cg is quasi-isomorphic to the original complex
C(H*,A), and Cg consists of dots inside the box indicated as in Figure

Case 2: p; < 0,p2 < 0. This is similar to Case 1, except that Cr,ur, and Cryur, are
now quotient complexes, and Cg is a subcomplex as shown in Figure [ll Note that Cq
contains all the solid dots pictured, including those outside of box Q.

Case 3: p; > 0,p2 < 0. First define two acyclic subcomplexes: one is Cg,, which consists
of terms 2A5°2 such that either s € Ry or (s € Ryg,e0 = 1 and s — Ay € Ry). The other
is Cr,, and consists of terms 512 such that either s —e1A; € R3 or (s € Ry,e9 = 1 and
s—e1A1 — A2 € R3). After quotienting by these acyclic subcomplexes, define two further
acyclic quotient complexes Cg, consisting of A5'*? with s € Ry, and Cg, consisting of
2A51°2 such that s — egAg € R4. Let Cg be the resulting subcomplex which is shown as
in Figure [l The case where p1 < 0,p2 > 0 is similar.

The truncated complex Cg with the differential obtained by restricting D to Cg is ho-
motopy equivalent to (C(H*,A), D). Hence, the homology of the truncated complex is
isomorphic to HF~(S3, (L)) up to some grading shift which is independent of the link,
but only depends on the homological data. The surgery complex naturally splits as a
direct sum corresponding to the Spin®-structures. The Spin®structures on S3 (L) are
identified with H(L)/H (L, A) = Zyp, X Zp, where H(L, A) is the subspace spanned by A.
For t €e H(L)/H(L,A), choose s = (s1, s2) corresponding with t and let

C(A’t) = @ CS+iA1+jA2'

1,JEZL
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FIGURE 7. Truncated complex for p; > 0,ps < 0.

Then by [MO10],
HF~(S3(L),t) = H,(C(A,t), D)
up to some grading shift.
For L—space links, Y. Liu introduced the perturbed surgery formula to compute the
homology of the truncated complex. For the rest of the subsection, we let £ = L1 U Lo

denote a 2-component L-space link with vanishing linking number. By Theorem [Z17]
each sublink is also an L—space link. Then

H, (A~ (1M 9M(s))) = F([U]]

for all s € H(L) and all sublinks M C L [Liul4, Corollary 5.6]. Up to chain homotopy
quivalence, replace A~ (HE=M M (s)) by F[[U]] with the zero differential and the maps

@iﬁw (s) 1€ replaced as follows:
Gibe = NG )1 ; B[] - B[V
éiLlUiLQ — 0

)

31 = UM FU]) - FU].
Here i € {1,2} \ {i} and H;(s;) denotes the H-function for L;, i = 1,2. We will denote
the resulting perturbed truncated complex by (Cq, D). Its homology is isomorphic to

the Heegaard Floer homology of Sg(ﬁ) [MO10| [Liul4]. Because we are using truncated
complexes from here on, it suffices to consider polynomials over F[U].
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Remark 3.3. Similar complexes and their truncations can be defined for any link with
an arbitrary number of components and vanishing pairwise linking numbers. However,
the general formula of [MO10] shows that this is really the Fy page of a spectral sequence
computing the Heegaard Floer homology of the surgery, and potentially, there are higher
differentials (see also [Lid12] for a discussion of this spectral sequence). For links with
two components there could be a unique nontrivial differential, although this must vanish
for L—space links [Liuld]. For links with more components there are more differentials,
and even for L-space links the spectral sequence could be nontrivial.

3.3. Associated CW complex. Observe from the definition of the iterated cone, we
may assign each summand of Cg with the cells of a finite rectangular CW complex, in
a similar manner as was done for knots. In particular, each 22 corresponds to a 2-cell,
each of A% and ALY to a 1-cell, and AL to a O-cell, with boundary maps specified by
B2). For example, the following diagram shows the 2-cell corresponding with 22 when

p1,p2 > 0.

L —L
11 o1 01 Q71 511
(33) Q’[S+A2 9154»/\2 22[S+A1+A2
d—L2 L2 o~ l2
L —L
10, % 00 o™ 10
le le Q[s—f—Al
dLa dLa dL2
L —L
11 o1 01 o1 11
le le §2[erAl

In all of the cases of the truncation, the resulting CW complex will be a rectangle R on a
square lattice, possibly with some parts of the boundary erased. The squares, edges and
vertices are all cells in this complex. We can consider the corresponding chain complex
C over F generated by these cells and the usual differential 0. The homology of this
complex is naturally isomorphic to the homology of R relative to the union of erased
cells. Specifically, we will consider three situations:

(a) If none of the cells are erased, then R is contractible, so Ho(C, ) = F is generated
by the class of a 0-cell, and all other homologies vanish. This corresponds to the
case when both surgery coefficients are negative as in Figure [Bl

(b) If all 1- and O-cells on the boundary of R are erased, then (R,0R) ~ (S?, pt).
Therefore Hy(C,0) = F is generated by the sum of all 2-cells, and all other
homologies vanish. This corresponds to the case when both surgery coefficients
are positive.

(c) If all 1- and O-cells on a pair of opposite sides of R are erased, then R relative
to erased cells is homotopy equivalent to (S!,pt). Therefore Hy(C,0) ~ F is
generated by the class of any path connecting erased boundaries, and all other
homologies vanish. This corresponds to the case when the surgery coefficients
have different signs as in Figure
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FIGURE 8. Cases (a) and (b).

/ — ~ , — ~
[ \
l l_or i L l J !
N — /’2[0(;‘) N — A i
| s
L I
i I
| I
/I/ o / - !
’ |
| ) l )
/ I
\} _ X N _ A I
|
|
pip2 <0

FIGURE 9. Case (c).

4. THE d-INVARIANT OF SURGERY

4.1. d-invariant from cells. Given the CW complex CW(p,,b), we can reconstruct
the (perturbed, truncated) surgery complex (é\g), D) as follows. Each cell O of CW(p, 2, b)
corresponds to a copy of F[U] generated by some element z((J). It has some homological
degree which we will denote by deg((J). Every component of the boundary map in



SURGERY ON LINKS AND THE d-INVARIANT 21

CW(p,1,b) corresponds to a component of D. By [Liul7b], D is nonzero and hence
given by multiplication by a certain power of U. Since U has homological degree (—2),
we get the following equation:

(4.1) D(z(0)) = 3" Uzdee@)-dee@ ) it oD =Y O

The complex ((35, D) is bigraded: the cube grading of z(OJ)U* equals the dimension of [J,
while the degree of z(O)U* equals deg((]) — 2k. The differential D preserves the degree
and decreases the cube grading by 1. The actual homological degree on the surgery
complex is the sum of two degrees.

The homology of ((EZ;,D) could be rather complicated, and they are similar to the so-
called lattice homology considered by Némethi [NOSJ. Nevertheless, the homology of
((35, D) modulo U-torsion can be described explicitly. Let (C,9) denote the chain com-
plex computing the cellular homology of CW (p,,b). Consider the map

£ 65 — O, e(z(OU* =0

Clearly, ¢ is a chain map, that is, e = eD. Given a cell O, we call z(O)U* its graded
lift of degree deg([d) — 2k. The following proposition is straightforward.

Proposition 4.1. Let ¢ be a chain in C. It admits a graded lift of degree N (that is, a

homogeneous chain « in 54?2 such that e(a) = ¢) if and only if N is less than or equal to
the minimal degree of cells in c. If a graded lift exists, it is unique. Any two graded lifts
of different degrees are related by a factor U* for some k.

Lemma 4.2. Let z be a homogeneous chain in (EZ; Then z is a cycle if and only if (2)
is a cycle. Also, U*z is a boundary for large enough k if and only if £(2) is a boundary.

Proof. If z is a cycle then £(z) is a cycle since € is a chain map. Conversely, if £(z) is a
cycle, then e(D(z)) = 0, and hence D(z) = 0.

If U*z = Da then by applying € we get £(z) = ds(a). Conversely, assume that £(z) = 93.
Pick a graded lift a of degree N such that () = 8. Then e(Da) = &(z), so Da is a
graded lift of z. By Proposition 4.1 we have Da = U 2(deg(x)=N) O

Corollary 4.3. The free part of the homology H, (é\g), D)/Tors is generated by the graded
lifts of representatives of homology classes in H,(C,0). Two classes are equivalent if and
only if they have the same degree and lift the same homology class.

It follows that in all cases (a)-(c) in section B3] the free part H*((EZ;,D) /Tors is iso-
morphic to F[U]. Let d denote the degree of the generator of this copy of F[U] (this is
essentially the d-invariant of the surgery). We are ready to compute d:

Theorem 4.4. The d-invariant of the complex (éZg,D) can be computed in terms of
CW(p,,b) as following:

(a) If no cells of the rectangle R are erased, this is the maximal value of deg(O)) for
0-cells OJ.
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(b) If all boundary cells are erased, this is the minimal value of deg(O) for 2-cells 0.

(c) If two sides are erased, this is max. minge. deg()), where ¢ is a simple lattice
path connecting the erased sides.

Proof. In (a), H.(C, ) is generated by the class of a point (that is, a 0-cell). All points
are equivalent in Cg modulo torsion, and any lift of a O-cell O has the form U*z(0) and
has degree less than or equal to deg([J). Therefore the maximal degree of a graded lift

of a point equals max deg(0J).

In (b), H.(C,0) is generated by the sum of all 2-cells. The graded lift of this chain exists
in degrees min deg([J) and less.

In (c), similarly, for a given 1-chain ¢ representing the nontrivial homology class, a graded
lift is possible in degrees minge. deg(C])) and less. Therefore to find the degree of the
generator of F[U] we need to take the maximum over all c. It remains to notice that any
such ¢ contains a simple lattice path ¢’ connecting the erased sides, and minge s deg(J) >
minge. deg(0). O

4.2. Proof of Theorem [I.1l Let us describe the gradings on the surgery complex
in more detail. For M C {1,2} let zp/(s) denote the generator in the homology of

A~ (R M (s)).

Proposition 4.5. The degrees of zp(s) can be expressed via the degrees of z12(s) as
following:

(4.2) degzi(s) = degz1 2(s) — 2Ha(s2), degza(s) = degzi2(s) — 2H1(s1),

(4.3) degzy(s) = degzi2(s) — 2H (s1, s2).

Also, the degrees of z12(s) satisfy the following recursive relations:
(4.4) degz1 2(s1 + p1, 52) = degz1 2(s1, 52) + 251,
(4.5) degzi 2(s1, 52 + p2) = degzi 2(s1, 52) + 2s2.

Proof. The differential has the following form:

D(z(s)) = UM (51,50) + UH O TH22) 5 (51, 59) +
I 20 (51, 59 + po) + UH D200 (51 4 pyysy),
D(z2(s1,52)) = UH1(81)21,2(81, S9) + UHl(*sl)ng(sl + p1, 82),
D(z1(s1,82)) = UM02) 5 5(sy,80) + UT252) 2 5(s1, 50 + p2),
D(z12(s1,52)) = 0.

The differential preserves the degree, therefore degzi(s) = degzi2(s) — 2Ha(s2) and
degzy(s) = degzi(s) — 2(H(s) — Ha(s2)). By Lemma 211l Hy(—s1) = Hi(s1) + s1,
Hy(—s3) = Ha(s2) + s2. Therefore

—2H(s1) + degz1 2(s1, 52) = —2H1(—s1) + degzi 2(s1 + p1,52) =
—2H,(s1) — 251 + degz1 2(s1 + p1, 52),
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FIGURE 10. For each Spin°—structure ¢, there is a unique point sy (%)
in each quadrant that is the closest to the origin.

which implies (£4]) and (£.5). O

Let us fix a Spin“-structure ¢ = (i1, 42) on Sg(ﬁ). The four quadrants on the plane are
denoted (£, £). In each quadrant, we can find a unique point s14 (%) in Spin“-structure
1 that is the closest to the origin, as in Figure[IQ. If i1 = 0 or io = 0 then some of s44
coincide, and in particular, if iy = ia = 0 then sy (¢) = (0,0) for all signs. We also
define integers sg.:l) and sf) to be the coordinates of the points, i.e.

sie = (s, 58).

Lemma 4.6. If p; > 0,p2 > 0, then
degzp(s++(%)) = degz1 a(s4+(i1,72)) — 2h(s++(i1,2)).

Proof. Assume that s (i1,1i2) = (s1,s2). By Equation 3]
degzp(s++(2)) = degz1 2(s4+(2)) — 2H (s1+(2)).

Suppose s1 # 0, s9 # 0. By Proposition [4.5]
degzg(s—+(2)) = degz1,2(5—+(2)) —2H (54 (2)) = degz1,2(s1+4(2)) —2(s1—p1) —2H (s—1(2)).
Similarly,

degzp(s4—(2)) = degz1 2(s4++(2)) — 2(s2 — p2) — 2H (54— (3)),

degzp(s——(2)) = degz1,2(s4+(4)) — 2(s1 — p1) — 2(s2 — p2) — 2H (s (4)).

For the unlink O with two components, we have

Ho(s4+4(2)) = 0, Ho(s—+(%)) = p1 — s1, Ho(s4-(3)) = p2 — s2

and
Ho(s——(2)) = p1 — 51+ p2 — s2.
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Therefore,
degzg(s++ (%)) = degz1,2(s54++(2)) — 2H (s1+(4)) + 2Ho(s1+(2)) =
degz12(s4+(2)) — 2h(s++(2))-
Tf s, = 0 and sy # 0, then
se+(2) = (0,82), s4-(4) = (0,52 — p2).

It is easy to check that the equation in Lemma still holds. Similarly, it also holds in
the case s9 = 0. O

Lemma 4.7. If p; > 0 then
deg,zQ(sg._}),t) = degzl,g(sgrl), t) — 2h1(s$)).

Proof. The proof is similar to the proof of Lemmal£6l Assume that s; = ssrl) # 0. Then
(1)

s.’ =81 —pp and

degza(s1,t) = degz12(s1,t) — 2H1(s1) = degzy2(s1,t) — 2h1(s1),

degza(s1—pi1,t) = degzia(s1,t) —2H1(s1 —p1) —2(s1 —p1) = degzi 2(s1,t) —2h1(s1 —p1).
[l

Proof of Theorem [I.1k (a) Assume p1,pz < 0. Then by Theorem 4(a), in which
case no cells are erased, we get
d(Sg(E), (t1,12)) = max degzia(s1,s2).
Sk=tktarpi
The degree of 2’172(81, s9) does not depend on the link, but depends on the framing matrix
A. Since the (p1, p2)-surgery on the unlink decomposes as L(p1, 1)#L(p2,1) and has the
same framing matrix, then

d(S3(L), (i1,12)) = ¢(p1,i1) + ¢(p2,i2).

(b) Assume p1,p2 > 0. Then by Theorem [£4(b), in which case all boundary cells are
erased, we get
d(Sf,(ﬁ), (i1,i2)) = min  degzp(s1, s2) + 2.

Sp=lgp+arPk
Note that we add 2 here because the homological degree of a generator is a sum of deg
and its cube degree. Let us prove that degzy(s1, s2) decreases towards the origin. Indeed,

by combining ([A3]) and (£4]), we get:
degzg(s1 + p1, s2) = degzy(s1, s2) + 251 + 2H (51, 52) — 2H (51 + p1, 52).

By Lemma 2.10]

0 < H(s1,s2) — H(s1 + p1,82) < p1.
Therefore for s > 0 we have degzy(s1 + p1, s2) > degzy(s1, s2) and for s; < —p; we have
degzp(s1 + p1,52) < degzy(s1, s2)-

Therefore the minimal value is achieved at siy(¢). By Lemma [4.0]

degzp(s++ () = degz12(s4+(1)) — 2h(s44(4)).
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Then
d(S3(L), (i1,i2)) = degz1 2(s44(4)) — 2max h(s++ (i) + 2,

where, as above, degz; 2(s44(?)) does not depend on the link. For the unlink A = 0,
hence

degz1 (544 (2)) + 2 = d(S5(0), (i1,i2)) = d(p1,i1) + G(p2, ia).-
(¢) Assume that p; > 0,p2 < 0. Then by Theorem [4)(c), we get
d(Sg(E), (i1,19)) = max Iélércl deg(Od) +1

where c is a simple lattice path connecting the erased sides. Let ¢(t) be the horizontal
path connecting erased boundaries at height ¢. Let us compute minge. deg(dJ). By
Proposition we get

degza(sy + p1,t) = degza(s1,t) + 2H1(s1) — 2H1(s1 + p1) + 2s1.

and similarly to case (b) we conclude that the minimum is achieved at (sgzl ),t). Also, by
Lemma [£.7 we get

. 1 1
Dnelég) deg(O) = degzLQ(sSr), t) — 2max hl(s(i)).

By Proposition [4.5] we have
degzo(s1, s2 + p2) = degza(sy, s2) + 2s9.
Since py < 0, this means that for fixed s; the degree of z3(s1,t) increases towards the

(2)

origin and achieves its maximum at to = s + pa.

For an arbitrary simple path ¢ connecting the erased boundaries, it must contain a
horizontal segment corresponding to ZQ(SEtl ), t). Then

mindeg(0) < zg(ss_&),t) < deg,zQ(ss_Ll),to) = min deg(0O).
Oec Dec(to)

Therefore,

max mindeg((J) = min deg(0d) = degng(sS}), Sf) + p2) — 2max hl(sg)).

c Oee DEc(to)

Again, the first term does not depend on the link and hence equals d-invariant of the
lens space:

deg21,2(8(+1), S(f) +p2) + 1 =d(S3(0),i1,i2) = ¢(p1,i1) + ¢(p2,i2).
Finally, it follows from [NWI5, Proposition 1.6] that
(S5 (L1),i1) = d(p1,i1) — QmaXhl(S(il)%

d(Sp(L), (i1,1)) = d(Sp, (L1), 1) + ¢ (p2, ia)-
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FIGURE 11. A Rolfsen twist. Here we take p1/q1 = £1 and n = F1.

4.3. Example: d-invariants and twisting. We can use this result to prove a curious
property of the H-function for L—space links of linking number zero. Suppose that
Ly is an unknot. Then after performing a Rolfsen twist, a (41,py)-surgery on L is
homeomorphic to ps-surgery on some knot L} obtained from Ly by a negative full twist
[GS99L Section 5]. See Figure [Il Note that while Theorem 217 implies that Lo is an
L-space knot (since £ is an L-space link), we do not know whether L/ is an L-space
knot.

Theorem 4.8. Let L = Ly U Ly be an L-space link of linking number zero. The H-
function for LYy equals H(0, s3).

Proof. By definition, the H—function is equal (up to a shift) to the d-invariant of S3 (L)
or, equivalently, of Sim(ﬁ) for po > 0. Since p; = 1, a Spin®-structure on the surgery is
given by a lattice point (0,i2) where —po/2 < iy < po/2. The d-invariant is determined
by the values of the H-function of £ at the points (0,72). By Theorem [[T] we get

d(Sgg(Lé%h) = d(S} 2o (L),(0,42)) = 0+ ¢(p2,i2) — 2h(0, i2).

Indeed, ¢(1,0) = 0 since 1-surgery of S3 along the unknot is S3. Then h(0,i3) = hr, (i2).
Hence, the H-function for LY equals H(0, s2). O

Remark 4.9. Similarly, we can consider (—1,p2)-surgery on L. Let L} be the knot
obtained from Lo by a positive full twist. By Theorem [T

d(S? 1, (L), i2) = d(Sp, (L), i2) = d(Sp, (Lz), iz).
Hence, Hp,(s) = Hpy(s).

Example 4.10. If L is the positively-clasped Whitehead link then L} is the right-handed
trefoil, and L} is the figure eight knot. See Figure The values of the H-function for
the Whitehead link on the axis agree with the values of the H-function of the trefoil (see
also Example 2.21]). The values of H-function for the unknot agree with values of the
H-function for the figure eight knot.

Assume from now on that L is nontrivial so that H(0,0) > 0. If L; is an unknot, then
by the stabilization property (Lemma 2.12) for sy > 0 we have H(0,s2) = H;(0) = 0.
We define

by = max{ss : H(0,s2) > 0}.
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FicURE 12. After +1 surgery along component L; of the positively-
clasped Whitehead link we obtain the right-handed trefoil in S3.

Clearly, by > 0. Since H(s) = h(s) for s > 0, note that we could have also defined by as
max{ss : h(0,s9) > 0}.

Corollary 4.11. In the above notations one has 7(Ly) = bg + 1.

Proof. By Theorem .8 H (0, s3) agrees with the H-function of L}, and
7(Ly) = max{sy : Hp;(s2) > 0} + 1 = max{sy : H(0,52) >0} +1=0by + 1. O

In particular this means that L} has nonzero H-function and positive 7-invariant. Note
that Proposition is the special case of Corollary L11] when we assume that both L
and L9 are unknotted.

4.4. Example: +1 surgery. Let £ = L1 U Ly denote an L—space link with vanishing
linking number. If p; = ps = —1, then by Theorem @4l no cells in the truncated
square are erased, and the d-invariant of the surgery complex d(S 1.-1(£)) equals the
d-invariant of the lens space L(—1,1)#L(—1,1) which is zero.

If py = p2 = 1, there is a unique Spin®structure (0,0) on d(Sil(ﬁ)). Then s44(0,0) =
(0,0). By Theorem [T}
d(S7.1(£)) = =2h(0,0).

5. CLASSIFICATION OF L—SPACE SURGERIES

For L-space links with unknotted components, we give a complete description of (inte-
gral) L—space surgery coefficients. We define nonnegative integers by, by as in Corollary
ATk

by = max{s; : h(s1,0) > 0}, ba = max{ss : h(0,s2) > 0}.

Theorem 5.1. Assume that L is a nontrivial L—space link with unknotted components
and linking number zero. Then SSI,ID(E) is an L-space if and only if p1 > 2b; and
p2 > 2bs.

Proof. By Lemma [2.13] we have h(s1,s2) = 0 outside the rectangle [—b1,b1] x [—ba, ba].
Also, h(—b1,0) = h(b1,0) > 0, so by Lemma 213l h(s1,0) > 0 for —b; < s1 < by.
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Assuming that p; > 2b; and ps > 2be, then we can truncate the surgery complex to
obtain a rectangle where in each Spin® structure 4, there is exactly one lattice point 2A%;
see Figure Bl Hence, HF~(S3(L), %) = H,(AY) = F[U]. Therefore S3(L) is an L-space.

Conversely, assume that Sg(ﬁ) is an L—space. Let us first prove that p;,ps > 0. Indeed,
since H(0,0) > 0 the boundary of z4(0,0) is divisible by U, so let a = U~'D(2(0,0)).
Then D(a) = 0, but by Theorem 4] o cannot generate the F[U]-free part. Therefore
a = D(B) for some (B, and f must be supported on all 2-cells outside (0,0). This is
possible only if all cells on the boundary are erased, which occurs when p1,ps > 0.

Now, assume that py > 0 and 0 < p; < 2b;. Then h(—b1,0) > 0 and h(p; — b1,0) > 0.
Similarly, the boundary of zy(—b1,0) is divisible by U, so let o/ = U~'D(zy(—b1,0)) and
o/ = D(f'). Then degf’ = dega/ = degzy(—b1,0) + 2 and ' is supported on all 2-cells
outside (—b1,0). In particular, it is supported at (p; — b1,0) hence

degzy(p1 — b1,0) > degt’ = degzg(—b1,0) + 2.
By swapping the roles of (—by1,0) and (p; — b1, 0), we obtain
degzy(—b1,0) > degzy(p1 — b1,0) + 2,
which is a contradiction. Therefore p; > 2b; and likewise ps > 2bs. O

Remark 5.2. After combining Theorem [5.1] with Corollary 1T, we obtain the state-
ment of Theorem [[3] stated in the introduction.

Example 5.3. For the Whitehead link we have by = by = 0, so Sgl o (L) is an L-space
link if and only if p1,pe > 0. See also [Liul4] for a detailed discussion of Heegaard Floer

homology for surgeries on the Whitehead link.

Example 5.4. It is known [Liul7b] that for k > 0 the two-bridge link b(4k?+4k, —2k—1)
is an L—space link with linking number zero. The corresponding h-function was computed
in [Liul7bl BGI§| (see also [Liul8, Example 4.1]), and it is easy to see that by = by =
k — 1. Therefore a (p1,p2)-surgery on b(4k? + 4k, —2k — 1) is an L-space if and only if
p1,p2 > 2k — 2.

For more general L—space links with linking number zero, we know that H(0,0) > H;(0)
and H(0,0) > H3(0). If both of these inequalities are strict, then similarly to the proof
of Theorem [5.1] one can prove that for L-space surgeries we must have pi,ps > 0. In
general, we have the following weaker results.

Proposition 5.5. Suppose that L is a nontrivial L-space link with linking number zero.
If SSIJ’Q (L) is an L-space then either p1 > 0 or pa > 0.

Proof. If both Ly and Ly are unknots then the statement follows from Theorem [B.11
Otherwise assume that L; is a nontrivial L-space link, and so H1(0) > 0. Assume that

both p; and py are negative and 5317172 (L) is an L-space.

Let us choose sy such that 25(0, s2) has maximal possible grading. We have

D(22(0,s2)) = UHl(O)(Z1,2(0, s2) + z1,2(p1, 52)).
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Since p1,p2 < 0, then by Theorem 4] 21 2(0, s2) and z; 2(p1, s2) are nonzero (and even
non-torsion) in homology. They have the same degree, so their sum must vanish. This
means that there exists a 1-chain v with endpoints at (0, s2) and (p1, s2) such that its
graded lift is bounded by 21 2(0, s2) + 21,2(p1, 52)-

Such v must contain a segment connecting (0, s5) and (p1, s5) for some s, so its graded
lift contains U¥z1 (0, sb) for some k > 0. Then

degz1(0, s5) > degUkzl(O, sh) = deg(21,2(0, s2) + 21,2(p1, 52))
> degz1,2(0, s2) — 2H1(0) = degz1(0, s2).

Contradiction, since z1(0, s3) had maximal possible grading. O

Proposition 5.6. Suppose that L is an L—space link with linking number zero. If
S5, 5o (L) is an L-space then either Sy (Ly) or S5, (Ls) is an L-space.

Proof. If L or Ly are unknots, the statement is clear. Suppose that both L; and Lo
are nontrivial with genera g; and g2. Then we need to prove that either p; > 2¢g; — 1 or
po > 2go — 1. Assume that, on the contrary, p1 < 2¢g; — 2 and py < 2¢g9 — 2.

Consider the generator 21 2(s1,s2). It appears in the boundary of z;(s1, s2) with coeffi-
cient UH2(52) in the boundary of 29(s1, 82) with coefficient UH1(51) in the boundary of
21(s1 —p1, s2) with coefficient U2 (P2=52) and in the boundary of z, (0, s2—p2) with coeffi-
cient UH1(P1=51) For s; = g; —1, 59 = go— 1, by the assumptions we have p; —s; < g1 —1
and ps — s9 < go — 1. Recall that for an L-space knot,

g(K) =7(K) =max{s : Hg(s) >0} + 1.

Thus, since Ly and Lo are L-space knots, all four exponents Hi(sy), Ha(s2), H1(p1 —
s1), Ha(pa — s2) are strictly positive. Therefore the cycle z;2(s1,s2) does not appear
in the boundary of any chain and hence is nontrivial in homology. On the other hand,
by Lemma either p; or py is positive, so by Theorem [£4] 21 2(s1, s2) is a torsion
class. Therefore 21 2(s1, s9) is a nontrivial torsion class, an S3 (£) is not an L-space.

.. P1,p2
Contradiction. O

Remark 5.7. The examples considered in [GNI18| [Ras17] show that for many L-space

links it is possible to have L—space surgeries with p; > 0 and ps < 0. The authors are
not aware of such examples with linking number zero.

It is likely that Propositions and can be generalized to all L-space links with two
components, we plan to study this in more details in a future work.

6. RELATIONSHIP WITH THE SATO-LEVINE AND CASSON INVARIANTS

6.1. Sato-Levine invariant. Let £ = L1 U Ly denote a 2-component link with linking
number zero. Then for i = 1,2, component L; bounds a Seifert surface 3; in B* such
that ¥; N L; = @ for i # j. Let L1o = X1 N X2 denote the link with framing induced
from 37 (or Xg). The self-intersection number of Ly is called the Sato-Levine invariant
B(L), due to Sato [Sat84] and independently Levine (unpublished).
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The Conway polynomial of £ of n components is
Vie(z) = 2" Yap + agz® + agz +--), a; € Z.

We will write a;(£) = a; when we want to emphasize the link. For a link £ of two
components, we normalize the Conway polynomial so that

Vﬁ(tl/Q - t_1/2) _ _(t1/2 - t_l/z)AL(t,t),
where Af(t1,t2) denotes the multi-variable Alexander polynomial of £. The first co-
efficient ag is —¢k(L1, L2) by [Hos85]. When ag = 0, write V(z) = Ve(z)/2%. Then
V£(0) = a2 = —5(L) by [Stus4].
Since ¢k(L1, Ly) = 0, the Torres conditions [Tor53],

Lq,Lo) Lk(L1,L2)

1— ¢ 1— ¢4
1-— t1 11— to

imply that Ag(t1,1) =0 and Ag(1,%2) = 0. Hence, we can write

Ap(ti,ta) = 6, 28, P (0 = 1) (b2 — DAL (1, 1),

where A, is normalized as in equation (2.8]).

Aﬁ(tlal) = AL1(t1)’ Aﬁ(latQ) ALl(tQ)’

Lemma 6.1. Let L = LU Ly be a link with linking number zero. Then
B(L) = AL(1,1).

Proof. After setting t; = to = t to obtain the single variable Alexander polynomial, we
have

Ap(t,t) = (Y2 =t Y22AL (1 1) = =22V (2)
where the last equality is with the change of variable z = t1/2 — =12 Setting t = 1 we
obtain A’-(1,1) = =V (0) = B(L). O
Lemma 6.2. We have 8 = —3__ . W'(s1,s2) where h'(s1,s2) = h(s1,82) — hi(s1) —
h2(52).

Note that by stabilization (Lemma 2.I3]) and Lemma 212 h'(s1, s2) has finite support,
so the above sum makes sense.

Proof. Since
tl) t2 Z QSl,sztSLtha
and
Ap(t o) = (t — 1)(ta — DAL (1, 1) = Zasl,sgt“tg?,

the coefficients are related by

Osi1sy = (s1,50 — Qs;—1,50 — (s1,50—1 + Qs1—1,50—1-

Recall that the inclusion-exclusion formula (2.6) gives the coefficients of the Alexander
polynomial in terms of the h-function of £ as

agy.50 = X(HFL™ (L, (s1,52))) = —H(s1,52)+H(s1—1,s2)+H(s1,s2—1)—H(s1—1, s9—1).
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Observe that h'(s1, s2), as defined above, can also be written
h'(s1,82) = H(s1,52) — Hi(s1) — Ha(s2)
where Hy and Hy denote the H-function of Li and Lo, respectively. Then
Usy50 = —h(s1,82) + h'(s1 —1,89) + I/ (51,80 — 1) — W' (s1 — 1,80 — 1)

qsl,sg - q81—1782 - q81782—1 + qsl—l,sg—l-
Note that when L; and Lo are both unknots, h'(s1, s2) = h(s1, s2).

Observe that g5, s, = 0 as s; — £00 and sy — %00, and h/(sy, s2) = 0 as s; — too and
S9 — Fo0o. Therefore,

Gsy,55 = _h,(81552)'
Hence,

(6.1) BL) =Ap(1,1) = o0 =— Y H(s51,52). O

Remark 6.3. Similarly, for a knot we have that as = > _h(s), where as is the second
coefficient of the Conway polynomial.

Corollary 6.4. If L = L1 U Lo is an L-space link with vanishing linking number and L;
are unknots for all i = 1,2, then B(L) <0 and B(L) =0 if and only if L is an unlink.

Proof. Since L; are unknots, we have h'(i,j) = h(i,j) for all i,j. By Corollary 2141
B(L) = =32 ;M j) < 0. If B(L) = 0 then A(i,j) = 0 for all (4,7) € Z2. Since L is an
L-space link, £ is an unlink [Liul§]. O

A link L is called a boundary link if its components L; and Lo bound disjoint Seifert
surfaces in S3.

Corollary 6.5. If L = Ly U Ly is an L—space link with vanishing linking number and L;
are unknots for all i = 1,2, then L is concordant to a boundary link if and only if L is
an unlink.

Proof. Clearly the unlink is a boundary link, so instead assume that £ is concordant to
a boundary link. For boundary links 8 vanishes by definition. Since 5 is a concordance
invariant [Sat84], we get 5(L£) = 0. By Corollary [6.4] we have that £ is an unlink. O

6.2. Casson invariant. Here we assume that £ = L; U Ly ---U L, be an oriented link
in an integer homology sphere Y with all pairwise linking numbers equal zero, and with
framing 1/g; on component L;, for ¢; € Z. Hoste [Hos86] proved that the Casson invariant
A of the integer homology sphere Yl/q17...71/qn(ﬁ) satisfies a state sum formula,

(6.2) AV /gy 1/g0(£) = AY) + Y <H Qi) az(L";Y),

L'CL \ieLl!
where the sum is taken over all sublinks £’ of £. For example, given a two-component
link £ = L; U Ly in S? with framings p; = +1, formula (6.2)) simplifies to

(63) )\(SSMPQ (ﬁ)) = —5(;6) + CLQ(Ll) + CLQ(LQ).
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By Ozsvath and Szabé [OS03, Theorem 1.3], the Casson invariant agrees with the renor-
malized Euler characteristic of HFT(Y),

M) = XU (Y)) = 5d(Y),

where we omit the notation for the unique Spin®-structure. In terms of the renormalized
Euler characteristic for HF~(Y), we have

AY) = —X(HF4(Y)) = 5d(Y).

where the change in sign is due to the long exact sequence HF; (Y) — HEF>(Y) —
HF(Y) — HF_((Y). As in [OS03, Lemma 5.2], the renormalized Euler characteristic
can also be calculated using the finite complex

(6'4) )‘(Y) - _X(HFi (Ygr>—2N—1)) + Na

which has been truncated below some grading —2N — 1 for N >> 0. This can be
observed by writing

(6.5) XHF™(Ygrson-1)) = X(FUJ/UM) + x(HF,,(Y)),

where k = %d(Y) + N, and noting that d(Y") is even because Y is an integer homology
sphere.

6.3. The Casson invariant from the h-function for knots. We will review how
to obtain Casson invariant from the H-function for YV = Sil(K ) using the mapping
cone.

Lemma 6.6. Consider £1 surgery along a knot K in S3. Then
S:I:l Z ih :F Z X tora

where (A2)yor denotes the torsion summand of A°. In particular, when K is an L-space

knot, A\(S3,(K)) = >, &h(s).

Proof. Apply observation (6.4]) to the truncated cone complex (Cp, D), as defined in
Section Bl This complex has been truncated in two directions: it is truncated so that
—b < s <0 for s € Z = Spin“(Y,K) and is truncated in every summand so that
gr(z) > —2N — 1, N >> 0 for all chains z € C,. To each of the summands 21? and 2!
is applied a degree shift. In the non-torsion summand this degree shift can be written
degzp(s) and degz (s), respectively, where zy and z; generate each of the towers. The
degree shifts ensure that the maps ®F : 2% — Al and & : A% — Al +p are homogeneous
of degree —1 and that the cone Cp has a relative Z-grading.

By Proposition L5, degzo(s) = degz1(s) —2H (s). Moreover, 2] and 7, , are supported
in the same parity, as are 2! and 2. +p- The cube grading of ng and 2! differ by one,
hence for all s the 2? and Q[; summands are supported in opposite parities. The overall
grading shift by the d-invariant of the corresponding lens space vanishes for p = 41, and
for p > 0 one gets A? in even homological degree and 2! in odd degree. For p < 0 we

have 2? in odd degree and 2! in even degree. degree.
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Following equation (6.5]) we have

1
X()>—av-1 = N+ Sdegzi(s) = H(s) + X(As)tors,

1

X(AY)>—an—1 =N + §degz1(s).

Let p = +1, then
1
XHF™ (Ygrson1)) = Y (=H(s) + Xx(As)ior) + N + degz1(=b).
—b<s<b
where the last two terms come from A°,. By (6.4 we obtain:
1
AST(E)) = D (H(s) = x(Aa)tor) — 5degzi(—).
—b<s<b
By taking K to be the unknot O we similarly obtain
1
MS31(0)) = Y, Ho(s) — 5degz(~0)
—b<s<b

where Ho(s;) denotes the H-function for the unknot. Noting that S%,(0) = S* and
that A(S3) vanishes, we have

)‘(S?H(K)) = Z (H(S) - HO(S) - X(le)tor) = Z(h(s) - X(ms)tor)'

—b<s<b s

The case of (—1)-surgery is similar, except that in the mapping cone there is one extra
2A' summand and A° and A switch parity, so that we obtain the equation

A(Sil(K)) = Z (_H(S) + HO(S) + X(le)tor) — Z(_h(s) + X(le)tor)-
—b<s<b s

Finally, notice that when K is an L—space knot, x(2(s)sr vanishes. We can see that this
agrees with the state sum property (6.2]) of the Casson invariant,

A(ST 4 (K)) = M%) = qag(K) =+ h(s),

in the special case ¢ = +1. O

6.4. The Casson invariant from the h-function for links. For a 2-component link
L = L1 U Ly with vanishing linking number, we can now describe the Casson invariant
of (£1,+1)-surgery in terms of the H-function, and recover equation (6.3]).

Proposition 6.7. Consider (p1,p2) surgery along a link £ = Ly U Ly of linking number
zero when p1,ps = £1. Then

)\(Sglvp2(£)) = p1p2 Z W (s)+m Z hi(s1) + p2 Z ha(s2) + x(lior),
)

seH(L S1€EL So€Z
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where o denotes the sum of all torsion summands in the complex (C(H*,A), D). In
particular, when L is an L—space link,

A(SS, 0,) = —p1p2B(L) + praz(Ly) + paaz(Ly).

Proof. Assume first that pj,ps > 0. Consider the truncated complex (Co(H*,A), D).
For each complete circle contained in the square (), we calculate the local Euler charac-
teristic as follows.

Lemma 6.8. For a 2-component link L = L1 U Ly with vanishing linking number, and
s € 72, the Euler characteristic of the chain complex

— 10 00
©s = Q[s <T12l3

@,
@52 l l@ﬁQ
Ly

(11 Ps (01
equals
—h/(s) + X(As)tor = —H(s) + Hi(s1) + Ha(s2) + x(&As)tor

where (Us)tor i a sum of torsion summands over the square Ds.

Proof. We can explicitly calculate the Euler characteristic of D g~ _2ny_1, where all chains
have been truncated below some grading —2N — 1 for N >> 0. By applying (6.5 and
Proposition we have

1
XA oy 1 = N—H(s)+ 5(168;21,2(8) + (A tor
01 _ _ l 01

X(le )>—2N—1 = N Hl(sl) + 2deg21,2(8) + X(le )tOT

(A9 = N — Hy( Lq 210
XAy )s—on—1 = 2(s2) + 5 egz1,2(8) + x(As )tor

1

XM s oy = N+ §d€g21,2(8)-

By noting the cube grading of 0, 1, or 2, we have that A% ALl are supported in the even
parity, and A0, A% are supported in the odd parity. Finally, notice that x(Ds) agrees
with the Euler characteristic of the truncated square, which equals

_H(S)+H1(51) +H2(52)+X(Q[s)tor- U
Similarly, the FEuler characteristics of the chain complexes
ol ol2
O 2oy It and AL 2= !
are equal to Hi(s1) + x(2A%)s0r and Ha(s2) + x(AL0)s0r, respectively.

Consider Y = §3

p1.po (L). If py = p2 = 1, then we can choose an appropriate truncation
b > 0 such that h'(s) = 0 for all s ¢ Q and h/(+b,£b) = 0. The truncated surgery
complex Cg contains all circles in the square () except the crosses as shown in Figure
Bl The chain complex consisting of the crosses inside one circle has Euler characteristic
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Ho(s2) + X (AL0)s0r or Hi(s1) + x(AL) 40 depending on whether the circle lies on the
vertical boundary or the horizontal boundary of (). Thus the Euler characteristic is

X(CQ)s—an-1=—=Y _N(s)— > Hi(s))— Y  Hasz)

SEQ —b<51<b —b<82<b
(66) + Z X tors + Z 81 tors + Z tors
s€Q 51€Q 52€Q

+ X(Ql%ib,fb))>f2N71-

Again we are able to ignore the overall shift by ¢(p1,71) + ¢(p2,i2) because p1,ps = £1.
As in the knot case, we apply (6.4]) and compare ([6.6]) with the corresponding formula
for the unlink, to obtain

MY) = A(ST1(0)) = D H(s)+ ) hi(s)+ Y halsa)

s€Z? S1€EZL 52€Z
+ g tors + § 31 tors + g tors
s€Z2 S1€Z S9EZ

Assume now that £ is an L—space link, so all torsion summands vanish. From (6.1I) we
get
a(L) = —B(L) = > (H(s) — Hi(s1) — Ha(s2)).

s€Z?

By Remark [6.3]
as(Li) = Y (Hi(s:) — Ho(s:))

S;EL
for i = 1,2 where Hp(s;) denotes the H-function for the unknot. Thus when £ is an
L—space link, all torsion summands vanish and we have

AY) = =B(£) + aa(L1) + az(La).

This recovers (G.3]) for py = po = 1. The argument is similar in the case where p; =
po = —1 or p1ps = —1, modulo possible parity shifts. When pips > 0, the homology of
the cone is supported in cube degree two or zero, and when pips = —1, the homology
is supported in cube degree one (corresponding with the three cases of Theorem [4.4)).
Also, for negative surgery coefficients the erased part of the boundary of ) would appear
with the opposite coefficient. In general, for p1,ps = £1 we recover

)‘(Y) = —Plpzﬁ(ﬁ) + prag(Ly) + peaga(La). 0

Corollary 6.9. Let L = L1 U Lo be an L-space link with vanishing linking number and
unknotted components, and let Ly be the knot obtained from Lo after blowing down a
+1-framed knot Ly. Then for the torsion part 22 corresponding to knot L, we have

ZX tor = Z h£(81,82).

SEZ {(s1,52)€7Z2|s170}

Proof. By Proposition and Lemma [6.6]

E)):Zhﬁ( _>‘53 L/ ZhL’ ZX tor—zh052 ZX tor

s€Z2 SEZ SEZ EY=Y/ SEZ
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Hence,

ZX(mg)tm’ = - Z hﬁ(Sl,Sg). O

s€Z {(s1,82)€7Z2|51#£0}

Remark 6.10. If there exists a lattice point (s1, s2) where s; # 0 such that h,(s1,s2) >
0, then > .7 x(A)tor > 0 by Corollary 214l Hence L} is not an L-space knot. This
also follows from Corollary [[.4l

Example 6.11. Let ¥(2,3,5) denote the Poincaré homology sphere, oriented as the
boundary of the four-manifold obtained by plumbing the negative-definite 8 graph, i.e.
the plumbing along the E8 Dynkin diagram with vertex weights all —2. In the equality

AY) = X(HE,(Y)) — d(Y),

we must assume that the Casson invariant A(Y") is normalized so that A(X(2,3,5)) = —1
(see [OS03| Theorem 1.3]). Therefore d(X(2,3,5)) = +2. The Poincaré homology sphere
¥(2,3,5) admits an alternate description as (—1)-surgery along the left-handed trefoil
knot 7'(2,—3). By reversing orientation, —%(2,3,5) is (+1)-surgery along 7'(2,3), with
d(3(2,3,5)) = —2. Now we may observe that

A(S21(T(2,3))) = +1 = h(T(2,3),0).

Example 6.12. Consider (+1,+1)-surgery along the positively-clasped Whitehead link
L. Surgery along one component yields a right-handed trefoil in S3, and then (+1)-
surgery along the remaining component again produces —¥(2,3,5). We observe that

A(ST141(£)) = +1 = =B(L) + az(L1) + az(L2) = —(—=1) + 0+ 0 = h(L, (0,0)).

Similarly, consider (—1,—1)-surgery along the Whitehead link. Surgery along the first
component now yields a figure eight knot in S, and (—1)-surgery along the figure
eight knot produces the (oppositely oriented) Brieskorn sphere —¥(2,3,7), for which
)\(Sil,,l(ﬁ)) = +1. These two cases correspond with homology supported in cube
gradings two and zero, respectively, for which there is no parity change in the Euler
characteristic calculation.

Alternatively, consider (+1,—1) or (—1,+1)-surgery along the Whitehead link. This is
the (positively oriented) Brieskorn sphere ¥(2,3,7). It has homology supported in cube
grading one, which induces the sign change yielding A(Sil,—l(ﬁ)) =—1.

7. CONCORDANCE INVARIANCE AND CROSSING CHANGES

7.1. Concordance invariants from rational surgery. Several people have noted
that an argument similar to that given by Gordon in [Gor75, Lemma 2] could possibly be
used to extend Peters’ concordance invariant d(S%,(K)) to the d-invariant of any rational
framed surgery along a link [Petl10, Proposition 2.1]. We formalize that observation
here.

Two oriented n-component links £ = UiLZTF and £~ = U;L; in S3 are smoothly concor-
dant if there exist disjoint annuli Ay, --- , A, that are smoothly embedded in S3 x [0, 1]
with 94; = L7 U L;, and with £~ C S x {0} and £T C S$3 x {1}. A slice link
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L bounds n disjoint disks smoothly embedded in B*, so it is concordant to the n-
component unlink. Two closed, oriented three-manifolds Y+ and Y~ are homology
cobordant (resp. rational homology cobordant) if there exists a smooth, compact 4-
manifold W cobounded by Y+ LI =Y~ and such that both inclusions Y+ < W, induce
isomorphisms H,(Y*;Z) = H,(W;Z) (resp. with Q-coefficients).

Let r = (11,---,1,) denote a rational framing of the link £ where r; # 0 for all 4, and
assume that £ is a link with all pairwise linking number zero.

Proposition 7.1. For all t € Spin®(S3(L)), the number d(SE(L),t) is a concordance
mmwariant of pairwise linking number zero links.

Proof. If Lt and £~ are concordant then by definition there exist n disjoint annuli in
S3 x I with boundary the components of £T and £~. Let X be the exterior of £T in
53, and let Z be the exterior of the concordance in S x I, so that X is homeomorphic
to U, S* x 9D? and 07 is homeomorphic to X+ U (L7 (S* x 9D? x I)U—X . Define
the 4-manifold W : S3(L*) — S2(L£7) to be the cobordism induced by r-framed surgery
along each of £ and £~. More precisely, W can be written as (I_I?le1 x D2 x I)Upxia Z
where the gluing map h : L7 S1 x D? — L7, S x 9D? is determined by the rational
framing r.

Lemma 7.2. The inclusions S¢(L*) < W induce isomorphisms on homology.

Proof of lemma. To see this, first note that the (pre-surgery) inclusions X* < Z and
St x 0D? x {#1} — S' x D? x I induce isomorphisms on homology. By Alexander
duality, the link complements X* have the homology type of (V"S1) Vv (V*~152). Next,
we consider the Mayer Vietoris sequence for the triad (W, Z, U7 ;S 1'x D? x I), using
that H,(Z) = H.(X7*):

s Hy(U STxOD?x ) = 72" & Hy (U SYx D2 x @ H\(Z) = Z"®Z" — Hi (W) — 0.

We have that Hy (W) = (Z" ® Z")/im(v). In the first component, v maps the meridians
of the L; to zero and the longitudes to themselves; this kills the first Z"™ summand. In the
second component, v is the gluing map h X id determined by the framing r. Hence the
isomorphism H1 (W) X Z/p1 @ -+ © Z/pp = Hl(Sg(Ei)), where p;/q; = r;, is induced
by either of the inclusions S3(L+) < W or SZ(L7) — W.

Since H1(W;Q) = 0, the long exact sequence of the pair applied to (W,0W) with
rational coefficients gives

0 — H (W, 0W;Q) — Ho(0W;Q) = Q? - Hy(W)=Q — 0

and so H1(W,0W;Q) = Q. Poincaré duality and universal coefficients then imply that
rank H3(W) = 1. Exactness then implies Hy(1W;Q) = 0, and we have that the inclusions
S3(L*) < W induce the isomorphism H, (S (£*); Q) = H.(W;Q). O

The assumption that £* and £~ have pairwise linking number zero implies that S2(£1)
and S3(L£~) are rational homology spheres. By the claim, S$(£*) and S3(L£~) are
homology cobordant and be(W) = 0. By Proposition part @), d(S2(LT),tT) =
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d(S2(L1),t7) where t© are the restrictions of some t € Spin®(W) to SP(L£*). This
verifies the statement of the proposition. O

Remark 7.3. If £ is smoothly slice it is concordant to the unlink. So the d-invariants
of integral p = {p1,--- ,pn} surgery along L agree with ¢(p1,i1) + -+ + ¢(pp,in)-

7.2. Crossing changes. We now extend the skein inequality of Peters [Pet10, Theorem
1.4] to the case of links with pairwise linking number zero. We continue to omit the
unique Spin®-structure on an integer homology sphere from the notation.

Theorem 7.4. Let L =Ly U---U Ly be a link of pairwise linking number zero. Given
a diagram of L with o distinguished crossing ¢ on component L;, let Dy and D_ denote
the result of switching c to positive and negative crossings, respectively. Then

d(SY . 1(D-)) =2 < d(ST.. 1(D+)) < d(SF . 1(D-)).

Proof. Consider the distinguished crossing ¢ along component L;. Let L,1+1 denote the
boundary of a crossing disk, i.e. a small disk at ¢ that intersects L; geometrically twice
and algebraically zero times, as in Figure [I3] The crossing change taking Dy to D_ is
accomplished by performing (—1)-framed surgery along L, 1, and the crossing change
in the other direction is by (+1)-framed surgery along Ly;1. Both S} ,(Dy) and
Sfm’l(D,) are integer homology spheres related by the 4-manifold cobordisms Wy :
S} (D) = 8} (Dy)and Wy : S? ((Dy) =S¢ (D-) induced by these single
handle additions.

We first argue that Ha(W;) = Z, and is generated by a torus X7 ; of self-intersection
—1. To see this, consider the 4-manifold Z = W U W bounded by the surgery manifold
S3 1-1(D-ULy1), where W is obtained by attaching n (+1)-framed 2-handles to the

)

four-ball along the n link components Lq,---, L,, and W is as above. We have that
ba(W) =n and ba(Z) = n+ 1. The Mayer Vietoris sequence for the triple (Z, W, W) is

0 — Ho(W;Z)® Ho(W1;Z) 2 7" & Ho(W1; Z) — Ho(Z;Z) =2 7 — 0,

where the outer terms are zero because W NW; = Sim’l(DJr) is an integer homology
sphere. This implies Hy(W7) = Z.

> DooC

F1GURE 13. A crossing change taking D, to D_.
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The matrix of the intersection form of Z is given by

1

Qz =
—1
with matrix Qw, = (—1) specifying the negative-definite intersection form on Wj.

Indeed, Hy (W) is generated by a torus X/, ; of self-intersection —1. This torus can be
obtained by first adding a tube along the L; to the crossing disk bounded by L, at
crossing ¢ to create a punctured torus ¥,41. Then cap off 3,11 with the core of the
2-handle attached along L, to obtain a closed surface ¥/, ; of self-intersection —1.

After flipping signs, we can apply the same argument to show that Ho(Wy) = Z and is
generated by a torus of self-intersection +1.

Claim 7.5. d(S} . (D4)) < d(S§ .. 1(D-)).

Proof of claim. We have that W is a negative-definite smooth 4-manifold cobordism

with ba(W1) = 1, and generated by a torus of self-intersection —1. The d-invariant

inequality of Proposition part ([I]) now implies

61(5)2 + bQ(Wl)
4

Here, s restricts to the trivial Spin® structures on Sj .. ;(D_) and S3 . (D), and
2 . k) k) ) k)
C1 (5) =—1. ]

Claim 7.6. d(Si___J(D_)) -2< d(Si___J(DjL)).

d(SY . 1(D-),8) > d(S]... 1 (D), ¢) +

= d(S7 ... 1(D4))-

Proof of claim. The idea for the second inequality is to apply equation (2.4]). We will
write the cobordism W} as the union of two cobordisms VU V7, the second of which will
become the ingredients for the application of Proposition 2.8l

Consider the torus ¥ ; (now of self-intersection +1) which generates Ha(Wy). The
tubular neighborhood (3], , ;) is a disk bundle over X}, | ; with boundary By = ov(X;, ),
which is a circle bundle of Euler number +1. By taking the boundary connected sum
of S} . 1(D-) x I with (X)), we obtain a 4-manifold with boundary the disjoint
union of 3-manifolds kS'f’7,,,71 ] (Si,,,J#Bl). In particular, the 4-manifold Wy can be
written as the union of two cobordisms: Vj : 5%7___71(D,) — 5%7...71(D,)#B1 and V] :
S} 1(D-)#B1 = 8% . 1(D+).

Notice that both b5 (V4) = 0 and b, (Vi) = 0. This implies that c;(s)> = 0 for all
Spin® structures s on V3. We also have that H'(V;;Z) = 0. This can be seen with a
Mayer-Vietoris argument applied to the triple (Wy, Vo, V1):

H' (W) =0— H'(Vo; Z) © H'(Vi;2) 2 27 & H'(Vi; Z) — H (Vo N Vi; 2) 2 77,
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The third term in the sequence comes from the cohomology of the circle bundle, since
Wwnvi = Si___ 1(D1)#Bi, which is calculated in [Liul8, Proposition 3.1]. For the second

term, H'(Vp;Z) =2 Z? because Vy deformation retracts onto S{ . (D_) V¥ .

We now have the cobordism Vi : S? | (D_)#B; — S} . (Dy) with trivial restriction
map H' (Vi) — HY(OV}). Since b (V) = 0 the left-hand side of inequality (2.4)) vanishes,
and we have

0 < Adpor(—(SF... 1 (D)H#(Ty11))UST .. 1(Dy)) +2-2
= ddpor(—(S7... 1(D-)#B1)) +4d(S .. 1(D4)) +4
= 4d(—(S7.. ( L) +4+4d(ST . (D)) +4

= _4d((51,---,1(D—)) + 4d(Sig’,---,1(D+)) +38

where we omit the notation for torsion Spin® structures on both summands, since they
are all induced by the unique Spin® structure on S% 1 (D_). The first line is Proposition
28 The second is the additivity of the dp,-invariant under disjoint union. The third
line is additivity of d together with the fact that dpo(—B1) = +1 = dpot(B—1). This fact
follows from [OS03, Lemma 8.7], where they calculate the homology of (0,0, 1)-framed
surgery on the Borromean rings, which is By. It also follows from Theorem The
fourth line is because the usual d-invariant changes signs under orientation reversal. [

The inequality now follows from the two claims. O

8. GENUS BOUNDS

8.1. Inequalities. Now we may generalize Peters’ and Rasmussen’s 4-ball genus bounds
to links with vanishing linking numbers [Pet10, [Ras04].

Recall that the n components of the link £ = L; U ---U L, bound n mutually disjoint,
smoothly embedded surfaces in the 4-ball if and only if each pairwise linking number is
zero. In this case, we define the 4-genus of L as:

n
9a(L) = min{Zgi | gi = 9(%:), 51U+ U, — B 0%, = Lz},

where the component L; bounds a surface ¥; with smooth 4-genus g;.

Let B), denote a circle bundle over a closed oriented genus g; surface with Euler charac-
teristic p;. We have that H?(B),) & Z%9 @ Z,, (see for example [Liul8, Proposition 3.1]
for a homology calculation). In [Liul§], the second author constructed a Spin®-cobordism
from (#_,By,,t') to (S5 ., (£),t). Following our conventions for the parameteriza-
tion of Spin®structures (section [2.1]), the labelling of torsion Spin‘-structures t; on By,
is such that —|p;|/2 < t; < |p;|/2 and ¢1(;) = [2t;].

We are ready to prove Proposition [L8 We restate it here for the reader’s conve-
nience.
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Proposition 8.1. Let £ C S® denote an n-component link with pairwise vanishing
linking numbers. Assume that p; >0 for all 1 < i <n. Then

(8.1) I ( <Zd —pi, 1), ti) + 2f,(ti)
and
(8.2) —d(S3 ., ( <Zd —pis 1), ti) + 2f4, (L)

Proof. By [Liul8, Proposition 3.8] we get the inequality

(8.3) d(S3,, ... (L)1) < Zdbot B_p, ti) + g1+ + gn.

By (23]) we can rewrite the right hand 81de as

n

Zdbot prm +0n+-+gn= Z(_Qb(pz,tz) + 2fgz(tl))

i=1
This proves the ﬁrst inequality (81]). If £* is the mirror of £, then
3 _ 3 *
d(Sp(E)’t) - _d(s—p(ﬁ )at)

Since mirroring preserves the 4-genera of knots, the right hand side of B3] does not
change if we replace d(S3(L),t) by —d(S3,(L*),t). This proves the second inequality
B, 0

Proposition [L.§] gives lower bounds on the 4-genera of £ in terms of the 3-manifolds
S31,(L) where p > 0. Theorem [T allows us to compute the d-invariants of S% (L)
for two-component L—space links. Combining these two observations, we obtain the
following bounds for the 4-genera of two-component L—space links with vanishing linking
number.

Theorem 8.2. Let L = L1 U Ly denote a two-component L—space link with vanishing
linking number. Then for all p1 > 0 and py > 0

h(s1,82) < fou(t1) + fga(t2),
where (s1,52) € Z* corresponds to the Spin°-structure t = (t1,t2).

Proof. By Theorem [L.I] we have

—d(Sp, (L) Z¢ Pisti) + 2max{ (s (t1, t2)).

Combining this with (82]) and d1V1d1ng by 2, we get
max{h(s++(t1,t2))} < fg,(t1) + fou (t2)-
By Lemma 2ZI3] A(s1,s2) < max{h(s+i(t1,t2))}. Hence
h(s1,82) < fg(t1) + fog,(t2). U
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8.2. Examples. There exist some links £ for which the d-invariants of the (+1,--- ,+1)-
surgery manifolds are known. In this section we provide some examples where existing
d-invariants calculations can now be applied to determine the 4-genera for several families

of links.

Example 8.3. The two bridge link £y = b(4k? + 4k, —2k — 1) is a two-component L
space link with vanishing linking number for any positive integer k [Liul7b]. Theorem
[Tl implies
d(Sil,fl(ﬁ)) =0

and

d(S71(L)) = —2h(0,0) = —2[k/2],
where the h-function of £ can be obtained from the calculation in [Liul7bl Proposition
6.12]. When p1, p2 be sufficiently large positive integers, we obtain that g4(£) > k. We
may construct two disjoint surfaces bounded by £ such that g4(£) = k. For details, see
[Liul8l Example 4.1].

Consider the special case of Inequality (1) when p; = -+ = p, = 1. There is a unique
Spin® structure ty on Sil,___ ,il(ﬁ), and we have

(8.4) —d(S} 1 (£),%0)/2 < [gi/2].
=1

On the one hand, this inequality can be used to restrict the d-invariants of (£1)-surgery
along a genus one knot K. This will be the case in Corollary B4l On the other hand,
we may bound the 4-genus of a link £ if we know d(S} . ;(£)). This will be the case in
Example B8

Corollary 8.4. Let K denote a genus one knot. Then d(S3(K),tg) = 0 or —2, and
d(S?{(K),tg) =0 or 2.

Proof. By inequality (84,

d(SP(K), tg) > —2.
By observing the negative definite cobordism from S (K) to S3, we have d(S3(K), tp) <
0. Note also that d(S;(K),tp) is even because S?(K) is an integer homology sphere.
Then d(S3(K),tp) = 0 or —2.

Let K* denote the mirror knot of K. Then d(S%,(K),ty) = —d(S;(K*),to) = 0 or 2
since K™ is also a genus one knot. ([l

Remark 8.5. Similar results hold for genus one links £ with pairwise vanishing linking
number.

Let D, (K,n) denote the n-twisted positively clasped Whitehead double of K. If K is
an unknot, then D4 (K, n) is also an unknot. Otherwise, D4 (K,n) is a genus one knot.
Corollary B4 tells us that d(S§(D,(K,n))) = 0 or —2 and d(S%,(D,(K,n))) = 0 or
2. Indeed, using Hedden’s calculation of 7(K) for Whitehead doubles [Hed(07], Tange
calculated HFT(S3,(D4(K,n))) for any knot K, yielding:
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Proposition 8.6. [Tanl7] Let K be a knot in S3. Then

d(S? (D4 (K,n)),to) = { (12 Zi??ﬁg
and
d_1(Dy(K,n),ty) =0.

This calculation restates Hedden’s criterion on the sliceness of D (K, n) in terms of the
d-invariant: if n < 27(K), then D, (K, n) is not slice.

Example 8.7. Let B(K) be an untwisted Bing double of K. We label the component
involving K as Lo and the other unknotted component as L;. Then

d(S}1(B(K), to) = d(S{(D+ (K, 0)), o).

Since B(K) is related to D4 (K,0) by a band move, when B(K) is slice, this implies
D, (K,0) is slice. In particular, whenever 7(K) > 0, then B(K) is not slice. A genera-
minimizing pair of surfaces may be constructed as follows. Since both components L
and Ly are unknots, they bound disks which intersect transversely at two points in B*.
Add a tube to cancel this pair of intersection points and increase the total genus by one.
This illustrates that the bound given by Inequality [L.1] is sharp, since

2 = —d(S71(B(K), to) = —d(S}(D1(K,0)), t0) < 2[g1/2] + 2[g2/2]
implies that g; + g2 > 1.

Example 8.8. Let W denote the Whitehead link and £ denote the 2-bridge link
b(8k,4k + 1) where k € N. By the work of Y. Liu [Liul4] Theorem 6.10],

HF—(Sil,il(ﬁ)) = HF—(Sg’tL:I:l(W)) eF 1L

Then the d-invariant d(SE3 1)

by [Liul4l Proposition 6.9],

(L)) is the same as the one for the Whitehead link. Hence

d(sil(‘c)at@) = d(Sil(W)’tO) = -2

By Inequality B4, we have
[91/2] + [g2/2] = 1.

Observe that both the link components of £ are unknots. Again we add a tube to
eliminate the intersection, obtaining pairwise disjoint surfaces with total genus one.
Hence g4(£) = 1, and the bound obtained by Inequality [Tl is sharp.
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