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Abstract

Objective—In glioblastoma, the crosstalk between vascular endothelial cells (VECs) and glioma 

stem cells (GSCs) has been shown to enhance tumor growth. We propose a multiscale 

mathematical model to study this mechanism, explore tumor growth under various initial and 

microenvironmental conditions and investigate the effects of blocking this crosstalk.

Methods—We develop a hybrid continuum-discrete model of highly organized, vascularized 

tumors. VEC-GSC crosstalk is modeled via VEGF production by tumor cells and by secretion of 

soluble factors by VECs that promote GSC self-renewal and proliferation.

Results—VEC-GSC crosstalk increases both tumor size and GSC fraction by enhancing GSC 

activity and neovascular development. VEGF promotes vessel formation, and larger VEGF 

sources typically increase vessel numbers, which enhances tumor growth and stabilizes the tumor 

shape. Increasing the initial GSC fraction has a similar effect. Partially disrupting the crosstalk by 

blocking VEC secretion of GSC promoters reduces tumor size but does not increase invasiveness, 

which is in contrast to anti-angiogenic therapies, which reduce tumor size but may significantly 

increase tumor invasiveness.

Significance—Multiscale modeling supports the targeting of VEC-GSC crosstalk as a promising 

approach for cancer therapy.
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I. Introduction

Glioblastoma (grade IV glioma, GBM) is one of the most aggressive and deadly brain 

tumors causing over ten thousand deaths each year in the United States [16, 72]. The median 

patient survival for GBM is approximately 15 months, according to the American Brain 

Tumor Association [34]. It remains a challenge to eradicate GBM because of its highly 

vascularized, heterogeneous, and invasive nature [1].

In recent years, the heterogeneity of GBM has been extensively studied [9]. The glioma stem 

cell (GSC) hierarchy has been found to play a crucial role in tumor development and therapy 

resistance [68]. For example, tumors with high GSC population are more aggressive than 

tumors with low or no GSCs [6]. Further, as noted in [6], GSCs have three main 

characteristics. They are multipotent (differentiate into the other cell types), are able to self-

renew (give rise to cells with the same characteristics) and produce tumors when implanted 

in animal models. It is also believed that GSCs are responsible for resistance to radiotherapy 

and chemotherapy [23]. However, there are limited experimental studies that identify 

different tumor cell lineages in GBM progression [14, 51]. In this study, we develop and 

investigate a mathematical model to provide a better understanding of GSC dynamics in 

tumor progression.

In healthy brain, it has been observed that the microenvironment of the neural stem cells 

(NSCs) is important in maintaining their stemness. In particular, vascular endothelial cells 

(VECs) secrete factors that stimulate the self-renewal and proliferation of NSCs, and NSCs 

are found close to capillaries [61, 65, 70]. This crosstalk between the NSC niche and 

capillaries motivated similar studies in glioma. For example, [11] found that Nestin+/

CD133+ cells, which are believed to be GSCs, are located closer to the capillaries, and 

GSCs cocultured with VECs exhibit increased proliferation and self-renewal. In addition, 

GSCs respond to signals present in the secretome of VECs, indicating that GSCs do not 

require direct contact with VECs [11].

Several molecules are believed to control the crosstalk. These include endothelial Nitric 

Oxide that activates Notch signaling between adjacent VECs and GSCs and regulates the 

proliferation of the GSCs [13, 24, 80]. Also implicated is the Hedgehog (HH) pathway, 

which is involved in maintaining the stem-ness of somatic cells [54]. Sonic hedgehog ligand 

(Shh) is secreted by VECs and activates the HH pathway in GSCs, which regulates their 

self-renewal and proliferation [76]. The mTOR pathway has also been shown to maintain 

GSCs in the presence of VECs [30]. These pathways can be targeted by possible anti-tumor 

therapies. For example, blocking the mTOR or Hedgehog pathway has been shown to reduce 

the self-renewing GSC population and tumor size, via blocking of the crosstalk between 

VECs and GSCs [30, 76].
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Numerous mathematical models have been developed to study tumor growth and its 

response to treatment [19]. For example, [36] reviewed theories of tumor vasculature and 

simulated random vessel network generation algorithms, tumor-vasculature interaction via 

growth factors and oxygen, and interstitial fluid flows. In [37], a data-based model was used 

to validate the structural link between metastatic emission and primary tumor size. In [62], a 

hybrid cellular automation was developed to investigate the effects of metabolic 

heterogeneity on tumor progression. Diffusible cytotoxic treatments (e.g. chemotherapy) and 

antiangiogenic therapy may increase metabolic aggressiveness. In addition, hybrid 

continuum-discrete models have been developed to model angiogenesis and vessel networks 

[2, 28, 53]. Ref. [31] revealed that acute and fractionated irradiation results in GSC 

enrichment, which contributes to accelerated repopulation after irradiation, and 

reprogramming of non-cancer stem cells back to a cancer stem cell state [32].

In this paper, we develop a 3D hybrid continuum-discrete model of GBM by accounting for 

cancer cell lineages (collections of progressively more differentiated cancer cells) and 

feedback among the different cell types, following the continuum model in [78]. We account 

for tumor-induced neovascularization, using the discrete model in [28], and incorporate 

crosstalk between GSCs and VECs via pro-angiogenic factors secreted by tumor cells and 

factors secreted by VECs that promote GSC self-renewal and proliferation. We consider the 

effects of different VEGF sources on tumor progression and neovascularization. Since GSCs 

play an important role in tumor progression, we vary the initial GSC fraction and study 

tumor response. Then, we investigate the effects when the crosstalk is partially disrupted and 

when angiogenesis is blocked. Lastly, we relate our results to experimental findings and 

discuss future work.

II. Methods

A. Continuum tumor growth model

We adapt the three-dimensional multispecies tumor mixture model described in [28, 74, 78], 

where tumor cells are tightly packed and cell species are modeled as volume fractions. Let 

φGSC, φGCP, φGTD, φD and φH be the volume fractions of GSCs, committed progenitor GBM 

cells (GCPs), terminally differentiated GBM cells (GTDs), dead GBM cells and host tissue 

respectively. The total fraction of tumor cells is φT = φGSC + φGCP + φGTD + φD. We assume 

that the fractions of solid region φS = φT + φH and interstitial water (φW) are constant and 

add up to 1. The volume fractions of the cells are normalized by φs.

The volume fractions satisfy the mass conservation equation

(1)

where i = GSC, GCP, GTD, D or T, and Ji is a mass flux. The term ▽ · (uφi) models 

passive cell movement (advection); u is the mass-averaged velocity of solid components 

defined by Darcy’s law: u = –▽p + F, where F models cell adhesion and p is the solid 
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pressure created by tumor cell proliferation. See Sec. S1 in Supplemental Materials for 

further details. Our choice of u represents passive cell movement from high to low pressure.

B. Tumor cell species and lineage relationships

Following [78], we assume that the proliferation rates of GSCs and GCPs are proportional to 

the nutrient concentration n, which is nondimensionalized such that n = 1 in the well-

vascularized tissue and n ≤ 1 in the tumor. GSCs and GCPs self-renew with probabilities p0 

and p1 respectively. GTDs do not proliferate and die at a constant rate (e.g. apoptosis). 

Because the proliferation rate is proportional to nutrient level, the effective death rate (death 

rate minus proliferation rate) increases in regions where there are fewer nutrients, which 

mimics the effects of necrosis. Dead cells are lysed into water. The mass exchange terms for 

tumor cells are

(2)

Here  and  are the mitosis rates of GSCs and GCPs respectively.  is the 

apoptosis rate of GTDs, and  is the lysis rate of dead cells. The mass exchange term of 

total tumor is the sum of Eq. (2) and accounts for GSC and GCP proliferation as well as cell 

lysis:

(3)

C. Angiogenesis

We adapt the angiogenesis model in [28], which was inspired by earlier work [2]. This 

model generates a vascular network stimulated by soluble angiogenic regulators (e.g. 

vascular endothelial growth factor, VEGF [5, 69]), which we model using a single variable 

CV that represents the total concentration of pro-angiogenic factors (henceforth referred to 

as VEGF). In particular,

(4)

where DV, dV and SV are the diffusivity, natural decay and production rates of VEGF 

respectively. For example, VEGF may be produced by viable cells (whose volume fraction is 

φV = φGSC + φGCP + φGTD = φT – φD) in regions of hypoxia [42, 55]. This can be modeled as 

SV = PVH(ñ–n)(φT – φD), where pV is production rate, H(x) is the Heaviside function (H(x) 

= 1 when x > 0 ; H(x) = 0 otherwise), and ñ is the hypoxia threshold that viable cells (φT – 

φD) produce VEGF when the nutrient level n < ñ. Other sources of VEGF are considered in 

Sec. III. B.
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Vessel sprout sites are selected at a constant probability once the VEGF concentration is 

higher than a threshold in a region a short distance away from the tumor. This simulates 

endothelial cells proliferating and forming vessels towards the VEGF tumor gradient [42]. 

The tip endothelial cell of a capillary moves in circular random walk and so the vessel 

network is independent of the computational grid for tumor cells. At each time step, the tip 

cell has a fixed probability to divide into two leading endothelial cells that continue to 

develop into new vessels. Once a tip cell crosses the path of another vessel, the two vessels 

may connect (anastomose) and form loops, and begin to deliver cell substrates, e.g. nutrients 

to the tumor [3]. Such vessels are termed “functional.” The contribution from all vessel 

segments that supply cell substrates is integrated to obtain the effective vascular density. 

Further, when the solid pressure created by tumor cell proliferation exceeds a threshold at a 

specific location, nearby vessels are shut down (with a certain probability) [39] by removing 

them from the vascular network and any associated vessel loops will discontinue nutrient 

delivery.

D. Cell Substrates and Feedback Regulation

We assume that the nutrient concentration n satisfies a quasi-steady state equation, because 

nutrient diffusion (minutes) occurs significantly faster than cell proliferation (days). 

Nutrients are produced by pre-existing vessels in the host tissue and functional 

(anastomosed) vessels [3]. Cells uptake nutrients at potentially different rates. In particular,

(5)

where Dn is the diffusivity, dn is the natural decay rate, ,  and  are the uptake 

rates by GSCs, GCPs and GTDs respectively. The function Q(φT) ≈ 1 – φT approximates the 

characteristic function of the host tissue, see [73].  and  are the nutrient supply rates 

from the pre-existing and functional neo-vessels (ρFV) respectively. n̄ is the nutrient 

concentration in the vessels.

The self-renewal fraction of GSCs and GCPs are controlled by various soluble signaling 

factors. We assume that GTDs produce negative feedback regulators CT1 on GSC self-

renewal and CT2 on GCP self-renewal. Frequently, these are members of the TGF-β 
superfamily, which are known to diffuse over long ranges. For example, bone morphogenetic 

proteins (BMPs) inhibit the self-renewal of stem-like cells in GBM [59]. In addition, we 

follow [78] and account for a self-renewal promoter CW (e.g. Wnt [4]) and its inhibitor CWI 

(e.g. Dkk [35, 49] in the case of Wnt). Both CW and CWI are produced by GSCs [44] and 

their production rates are proportional to the nutrient concentration. We use a generalized 

Gierer-Meinhardt model described in [78] for CW and CWI. See Sec. S2 in Supplemental 

Materials for details.

E. Crosstalk

In brain tumors, primary human endothelial cells (pHVECs) are found to help maintain the 

cancer stem cell pool through soluble factors, and increase the size of tumor spheres by up to 
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five-times larger [11], suggesting positive feedback from pHVECs to stem cells. The 

mechanisms include Notch signaling [40], endothelial Nitric Oxide [22] and Hedgehog 

pathway by diffusion [76]. Here, we investigate the combined effect of these mechanisms, 

and assume that the vasculature produces a soluble cell substrate F whose concentration is 

CF:

(6)

where ▽ ·(uw CF) models the advection with the interstitial water, DF and dF are the 

diffusivities and natural decay respectively. pF, is the production rate from neovessels (ρV), 

C̅F is the concentration near the vessels. The factor F is assumed to represent the 

concentration of all VEC secreted GSC promoters.

We assume that CF promotes both GSC proliferation and self-renewal [22, 76]. We thus take 

the GSC mitosis rate to be

(7)

where  is the base proliferation rate,  is the positive feedback gain by CF and  is 

the maximum fold change. Next, we incorporate the positive feedback by CF and CW, and 

negative feedback by CT1 on GSC self-renewal. Following [46, 78], we take a mixed 

feedback model

(8)

Here  and  are the minimum and maximum levels of GSC self-renewal 

respectively.  and  are the positive feedback gains by CF and CW respectively. ψ0 is 

the negative feedback gain by CT1. The self-renewal probability of GCPs is defined 

analogously without the feedback from CF :

(9)

III. Results

We now solve the model to study tumor progression and its response to treatment. The 

tumor begins as a perturbed avascular spheroid that, unless stated otherwise, consists of 

uniformly distributed 10% GSCs, 25% GCPs, 60% GTDs and 5% dead cells. All parameters 

are listed in Table S1 in Supplementary Materials.

Yan et al. Page 6

IEEE Trans Biomed Eng. Author manuscript; available in PMC 2018 March 01.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



A. VEC-GSC crosstalk promotes stem cell proliferation

At early stages, GSCs self-organize and clusters emerge at tumor boundary (Fig. 1A, red; 

Fig. 1B) as an effect of a Turing-type pattern formation of the self-renewal promoter and its 

inhibitor. While the tumor grows these GSC clusters stay near the tumor boundary, which 

was also observed in vivo [15, 71] and in vitro [67]. Dead cells concentrate at the tumor 

center, where the nutrient level is lowest and tumor cells are hypoxic (see Fig. S1 (C-D) in 

Supplemental Materials). Blood vessels sprout (red dots) near the tumor boundary around T 
= 40, then grow and anastomose into functional vessels (blue lines) that are connected to 

host vasculature and supply nutrients to the tumor. This neovascularization near the tumor-

brain interface has been observed clinically [7]. Consequently, tumor cell proliferation is 

enhanced and the tumor size grows rapidly. Interestingly, the evolution of the GCPs is non-

monotone; the GCP fraction reaches a minimum around T=50 (Fig. 1A and Fig. S4 (blue) in 

Supplementary Materials). This occurs because around this time GSC self-renewal is 

enhanced by VEC-GSC crosstalk, p0 at the center begins to increase over 0.5 due to positive 

feedback F secreted by VECs (Fig. 1C). This decreases the replenishment of the GCP 

population by differentiating GSCs and so GCP numbers decrease due to their 

differentiation to GTDs (note that the maximum GCP self-renewal , see 

Table S1 in Supplemental Materials). As a result, a new GSC cluster emerges at the tumor 

center, which was also observed in [60], and the GSC fraction in the tumor increases (Fig. 

1B, Fig. 2B, blue). We note that high p0 regions are colocalized with functional vessels, 

which are mainly present at the tumor center (Fig 1C). These high p0 regions increase solid 

pressure at the tumor center, which results in tumor cells moving outwards from the hypoxic 

core (see Fig. S2 in Supplemental Materials).

B. VEGF sources affect tumor and vasculature characteristics

Next, we study the effects of different VEGF sources on the tumor and vasculature. To 

quantify the tumor shape, we use the shape factor: , where S and V are the 

surface area and volume of the tumor respectively. Note that a sphere has shape factor equal 

to one. To quantify the vessel network, we use the tortuosity of the vessel network 

(following [75]), as well as the total number of vessels and the number of functional vessels. 

In Fig. 1, VEGF is produced by hypoxic tumor cells, that is, SV = pVH (ñ – n)(φT – φD) is 

used in Eq. (7), as described earlier. The tumor volume grows rapidly once angiogenesis 

starts around T=37 (Fig. 2A, blue). The volume fraction of GSCs increases slightly after this 

(Fig. 2B, blue) due to enhanced GSC proliferation and self-renewal because of increased 

nutrients and positive feedback from VECs. After T=60, the fraction reaches a maximum 

and stabilizes. We will discuss this in the next section. The tumor remains roughly spherical 

with shape factor approximately equal to one (Fig. 2C, blue) although the growth of fingers 

at late times increases the shape factor. The total number of vessels steadily increases (Fig. 

2F, blue), consistent with the fairly steady increase in VEGF production (Fig. 2G, blue). 

However, the number of functional vessels also reaches a maximum shortly after 

angiogenesis is initiated (Fig. 2E, blue) and before increasing at late times. The non-

monotone dynamics of the number of functional vessels is due to the crushing of vessels by 

high pressure resulting from rapid cell division (see Fig. S5 in Supplementary Materials), 
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which is consistent with experimental observations [52, 66]. Vessel crushing also causes the 

tortuosity of the vascular system to saturate (Fig. 2D, blue).

It has been believed that hypoxic tumor cells secrete angiogenic proteins that promote tumor 

vascularization, as modeled above. However, [5] observed that tumors initiated with stem-

like glioma cells are more vascularized and aggressive. Under normoxic conditions, only 

GSCs secrete angiogenic factors, e.g. VEGF. However, non-GSCs also secrete VEGF under 

hypoxic conditions. In particular, GSCs were found to secrete more than twice as much 

angiogenic factors than non-GSCs. To model this mixed VEGF production, we take SV = 

pVH (ñ – n)(φT – φD) + pV (φSC + φCP), where we assume that GCPs and GSCs behave 

similarly with respect to VEGF production. Compared to Fig. 1, the tumor with mixed SV 

grows faster (Fig. 2A, red versus blue), has larger GSC fraction (Fig. 2B), is more compact 

(Fig. 2C), has more tortuous vessels (Fig. 2D), and more vessels generally (Figs. 2E and F) 

and generates larger amounts of VEGF (Fig. 2G). This is consistent with [5]. In a migration 

and tube formation assay with endothelial cells using conditioned media from CD133+ 

(GSC) and CD133- cells, the authors observed larger tumor size and higher total vessel 

length with CD133+ conditioned media. Moreover, higher microvessel densities were 

observed in GSC orthotopic xenograft tumors in mice compared with non-GSC tumors, 

indicating that GSCs recruited higher number of VECs, which is correlated with the amount 

of VEGF secreted.

Accordingly, neovascularization starts earlier, which is consistent with [50]. In this case, the 

tumor is vascularized around T=25, compared to T=37 for hypoxic production of VEGF. 

Interestingly, because nutrients are supplied into the tumor interior, the GSC clusters 

originally at the tumor boundary move inwards and merge with the central GSC cluster. As a 

result, finger development is suppressed and the tumor acquires a nearly spherical shape. In 

contrast, the tumor in Fig. 1 still has fingers at late stages that continue to develop.

After the tumors are vascularized, they all grow roughly at the same speed (Fig. 2A). The 

vessels are less tortuous compared to both the mixed and hypoxic VEGF sources because 

most vessels are directed towards GSC clusters. This also results in less pressure-induced 

vessel crushing, as seen by the steady increase of functional vessels at later times (Fig. 2E, 

green). The shape factor is increased compared to the tumor with mixed Sv due to fingers on 

the tumor surface (Fig. 2A). The tumor is less invasive (smaller shape factor) than the 

hypoxic case (Fig. 2C). This is consistent with previous evidence that shape and invasiveness 

may be related in glioblastoma [7, 29, 58]. In addition, experimental works have shown that 

aggressive glioblastoma tumors are characterized by unstable morphologies, including the 

formation of invasive fingers [8, 45].

Overall, we observe that the larger VEGF production results in vascularization of the tumor 

at an earlier time and that GSC fraction and the number of vessels at early times are 

correlated with the amount of VEGF. In addition, tumor sizes correlate with the number of 

functional vessels [25, 56]. Finally, the tumor with mixed VEGF sources has most tortuous 

vessels among the VEGF sources we tested, which is consistent with experimental results 

when VEGF is overexpressed [10, 27].
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C. Higher initial GSC fractions increase tumor sizes and vessel numbers

An in vitro and in vivo study in [26] showed the differences in GBM growth and vasculature 

between low and high numbers of GSCs. We now take the tumor in Fig. 1 and change the 

initial GSC fraction to 30%, 50%, 70% and 90%. We take the extra portions first from 

GTDs, then from dead cells and finally from GCPs as necessary. For example, the tumor that 

starts with 50% GSCs has 25% GCPs, 20% GTDs (reduced) and 5% dead cells. The tumor 

with 90% GSCs has 10% GCPs and no GTDs/dead cells initially. Cell distributions are still 

homogeneous in space initially. We assume that VEGF is produced by hypoxic cells (e.g. SV 

= pVH(ñ – n)(φT – φD) ) for all cases. The tumor morphologies and cell and vessel 

distributions are shown in Fig. 3A. While the initial sizes are the same, tumors starting from 

higher GSC fractions grow more rapidly. In [26], the authors observed larger tumors with 

more initial GSCs both in vitro and in vivo. The center GSC cluster forms earlier, and 

connects to GSC clusters near the boundary as it grows. These GSC clusters no longer 

develop into fingers. Consequently, the tumors with large GSC initial fractions are more 

compact and the shape factor is smaller (see Fig. S7 (B) in Supplemental Materials).

An interesting observation is that the GSC fraction in all cases converges to approximately 

30% as time evolves, regardless of tumor size and initial GSC fraction (Fig. 3C). This 

suggests that the GSC fractions are regulated by feedback from GTDs and VEC-GSC 

crosstalk, which in part is regulated by mechanical feedback. For instance, the number of 

functional vessels saturates at roughly similar values across all tumor cases. This is due to 

vessel crushing and reflects regulation by mechanical pressure. Tumors with mixed VEGF 

sources in Fig. 2 behave similarly (see Fig. S8 in Supplemental Materials). However, by 

changing the vascular model parameters, e.g., making the sprouting probability continuously 

dependent on VEGF concentration and varying the pressure threshold at which crushing 

occurs, the limiting GSC fractions can be altered (see Fig. S9 in Supplemental Materials). 

See also the Supplementary Materials (Fig. S6) for the dynamics of the GCP and GTD 

fractions.

As for the vasculature, larger initial GSC fractions increase VEGF production (see Fig. S7 in 

Supplemental Materials), which advances vessel formation (except that the 90% and 70% 

cases are vascularized at the same day) and results in more functional vessels (Fig. 3E). This 

is consistent with [5, 26], where tumors with more GSCs expressed significantly more 

VEGF both in vitro and in vivo, which is directly correlated with the number of vessels in 

the tumor. In [26], more initial GSCs also result in higher perfused microvessel densities 

(functional vessels). Vessel crushing takes place in tumors with more than 30% initial GSCs, 

which stabilizes the number of functional vessels. Consequently, the evolution of vessel 

numbers is not monotonic with the amount of VEGF. The dynamics is similar in tumors with 

70% or 90% initial GSCs, which suggests that the feedback from crosstalk has saturated.

D. Partially disrupting VEC-GSC crosstalk reduces tumor volume without significantly 
increasing invasiveness

In experiments, a number of mechanisms have been found to partially disrupt VEC-GSC 

crosstalk. For example, previous work [30] revealed that VECs maintain GSC activities 

through mTOR, and that spheroid growth can be reduced by pharmacological inhibition and 
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RNA interference with this pathway. Reference [76] also showed that VECs provide Shh to 

activate the Hedgehog pathway, thereby promoting GSC properties. On the other hand, 

VECs with Shh knockdown fail to activate the Hedgehog pathway and promote GSCs. To 

model this type of treatment, we take the tumor in Fig. 1 as the Control and test the effects 

of partially disrupting VEC-GSC crosstalk by blocking VEC secretion of the GSC promoter 

F. Recall that in Control, functional vessels release feedback factors F that enhance GSC 

proliferation and self-renewal. As a result, the effective GSC mitosis rate  is 

higher and the tumor has a large GSC cluster at the tumor center (Fig. 4F, top row). 

However, when the VEC secretion of F is blocked (or F is de-activated), only the self-

renewal promoter CW exerts positive feedback on p0. Since CW colocalizes at GSC clusters, 

the effective mitosis rate at other locations are greatly reduced (Fig. 4F, middle row). Thus, 

in the treated case, the large GSC cluster at tumor center no longer forms. Consequently, 

both the tumor volume and the GSC fraction are reduced significantly compared to Control 

(Figs. 4A, B; green vs blue). In particular, the tumor volume is reduced by 77% at T=100 

(see Fig. S12 in Supplemental Materials). This behavior is consistent with experimental 

results. For example, the self-renewing GSC population and the tumor size are reduced when 

inhibiting or interfering with the mTOR pathway [30]. In addition, inhibition of Hedgehog 

signaling in VECs also hampers the self-renewal and proliferation of the GSCs, and 

produces smaller tumors [76]. Importantly, the shape factor is not significantly increased 

from that for the Control (Fig. 4C), which suggests that this treatment does not increase 

tumor invasiveness. This can be explained as follows.

In Control, GSC proliferation at the center creates excessive solid pressure that induces 

vessel crushing (see Fig. S13 in Supplemental Materials). As a result, the number of 

functional vessels decreases between T=45 and T=60 (Fig. 4E, blue). Nutrient production 

also decreases, which stabilizes the average nutrient concentration in the tumor (Fig. 4D, 

blue), calculated as . In contrast, when the VEC secretion of F is blocked, 

the solid pressure is much lower, vessels rarely crush and the number of functional vessels 

increases steadily (Fig. 4E, green). This brings more nutrients to the tumor (Fig. 4D, green) 

enabling GSCs to proliferate faster and be located more in the tumor interior rather than at 

the tumor boundary, which is the case at early times. Consequently, at late times, finger 

growth is suppressed, the tumor becomes more compact and its shape factor approaches that 

of the Control. Note that the shape factor does increase between T=40 and T=60 during the 

early stages of angiogenesis before there is significant nutrient delivery through the 

neovasculature.

Next, we block angiogenesis in the model. Effectively, this removes the positive feedback on 

tumor cell proliferation from nutrients released by functional vessels. The tumor volume is 

further reduced (Fig. 4A, red) by 83% at T=100 (see Fig. S12 in Supplemental Materials). 

Starting from T=40, GSC clusters near the boundary begin to develop fingers. Since few 

nutrients penetrate the tumor and the nutrient level is now highest at tumor boundary, the 

GSC clusters remain at the tumor boundary and promote the growth of invasive fingers, 

which are much more pronounced than the invasive tumors and significantly increase the 

shape factor (Fig. 4C, red). At late stages (T~100), these fingers grow into multifocal 

tumors, indicating greater tumor invasiveness. The GSC fraction is also higher than the 
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tumor with partially disrupted VEC-GSC crosstalk because the tumor is smaller and GSCs 

are located at the tips of fingers where there is ample nutrient, which increases GSC 

proliferation and self-renewal. Further, in the tumor interior, the nutrient levels are low, 

which reduces cell proliferation (Fig. 4F, bottom row). Overall, our results are consistent 

with [11], where antiangiogenic therapy (e.g. bevacizumab) depletes tumor vasculature, 

reduces GSCs and inhibits tumor growth. In addition, it is well known that GBM becomes 

more invasive after bevacizumab treatment [20], and even forms multifocal tumors in some 

cases [41]. Previous mathematical models that did not distinguish between tumor cell types 

also showed increased morphologic instability following antiangiogenic therapy [17].

IV. Discussion

In this paper, we have developed and investigated a hybrid continuum-discrete multispecies 

model of GBM growth. We modeled feedback interactions among GSCs, GCPs, GTDs, 

VECs and the neovascular network. The cells and cell substrates are treated as continuum, 

and the vasculature is composed of discrete VECs. Nutrient delivery from the vasculature 

enhances tumor cell proliferation. VEC-GSC crosstalk is mediated by a VEC-secreted 

soluble factor that promotes GSC mitosis and self-renewal. Tumor cells may secrete VEGF 

and promote vessel formation, whereas excessive solid pressure created by tumor cell 

proliferation causes vessels to be crushed, which limits perfusion. Although we presented 

the results corresponding to one set of parameters (Table S1, Supplementary Materials), the 

model behavior we observe is characteristic of that obtained across a wide range of 

parameters.

Our continuum model does not track the migration of individual cells. We have assumed 

passive cell movement, i.e. from high to low solid pressure. Active cell movements have 

been studied previously, e.g. [7, 28] incorporated chemotaxis and haptotaxis that led to 

increased budding and fingering of tumors. Future work will investigate these effects in the 

models considered here.

The parameters we chose (see Table S1 in the supplemental material) originate from either 

experimental data or previous numerical studies. Results are qualitatively similar for a wide 

range of parameter choices. For example, tumors with enhanced GSC mitosis or self-

renewal are larger and more invasive. On the other hand, inhibiting GSC properties 

suppresses the patterning and may stabilize tumor growth. In addition, reducing the lysis rate 

results in larger tumors but smaller GSC fractions, since GSCs are located sparsely in 

clusters. Larger lysis rates tend to create multifocal tumors as lysis removes cells at finger 

necks. The tumor behavior is similar as long as pmin < 0.5 and pmax > 0.5 [46].

GSC spatiotemporal patterning plays an important role in tumor invasion. During the 

avascular stage of growth, our model shows that GSCs cluster near the tumor boundary and 

develop into invasive fingers. Similar results have been observed previously in both 

experiments [15, 67, 71] and modeling studies [78]. After neovascularization, positive 

feedback factors from VECs, combined with increased nutrient levels, result in the 

formation of GSC clusters in the tumor interior in addition to those at the boundary. This is 

also consistent with experiments. For example, in [60] the authors found that GSCs are 
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mainly localized in the inner core and intermediate regions of tumor. Consequently, the 

VEC-GSC crosstalk enhances tumor growth and increases GSC fractions, which is 

consistent with [5, 11]. This leads to more uniform cell proliferation within the tumor and as 

a result, the tumors tend to grow in compact shapes.

We note that the mechanism used to generate vessels is highly simplified: vessel sprouts are 

generated randomly once VEGF concentration is above a threshold. In Fig. S9, we 

investigated a different sprouting mechanism in which the probability of vessel generation is 

proportional to the VEGF concentration. This affects both the GSC fractions and vessel 

densities. In particular, GSC fractions increase significantly once the tumors become 

vascularized. This suggests that GSC fractions can be altered by the vascular sensitivity to 

VEGF through positive feedback factors secreted by VECs. In future work we will further 

investigate the details of these interactions on vessel sprouting and the growth of 

vascularized tumors.

We have also worked from the assumption that VEGF diffuses freely across the tumor. In 

practice, GBM vessels are highly dysfunctional, which makes penetration of the GBM by 

nutrients difficult, leading to formation of a nutrient-poor and hypoxic core [21]. Vessel 

dysfunction could also restrict the effect of crosstalk at the tumor core. In our simulations, 

tumors also form a hypoxic core, although there are a few functional vessels located inside 

the tumor.

It is typically assumed that hypoxic tumor cells release VEGF to promote vessel formation 

and gain access to nutrients [42, 55]. However, there is also evidence that GSCs and GCPs 

may be more involved in VEGF production [5]. Our model accounts for both scenarios, and 

shows that the latter case results in larger amounts of VEGF, and consequently more vessels 

and a larger tumor volume, which are both consistent with [5]. We also find that larger 

amounts of VEGF advance the time of neovascularization as observed in [50]. In addition, 

vessels are more tortuous with increasing amounts of VEGF, which is also consistent with 

experiments [10, 27]. It is thought that an excess of VEGF impairs vessel development 

giving rise to tortuous vessels [63]. At later stages of growth, vessels may be crushed and 

stops functioning due to proliferation-induced pressure forces [39], which can lead to a non-

monotone evolution of vessel distributions. Our results suggest that the amount of VEGF is 

correlated with tumor volume and the number of vessels. We also predict that tumors with 

larger amounts of VEGF grow in more compact shapes. Although the effects on tumor 

growth of overexpression of VEGF and its isoforms is incompletely understood, there is 

evidence that in some cases this overexpression may promote more compact tumor growth 

[38, 47].

Due to the importance of GSCs in tumor progression, their initial fraction is expected to 

affect the characteristics of tumor and vasculature. We have shown that tumors with higher 

GSC fractions grow larger in size and have larger amounts of vessels, consistent with [26]. 

However, GSC fractions converge to a common value as time evolves regardless of the 

tumor size and initial GSC fraction. This unexpected result suggests that GSC fractions are 

regulated by a complex interplay of mechanical and chemical signaling mechanisms. 
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Previous work [78] showed that in avascular tumors, varying the level of negative feedback 

on GSC self-renewal has little effect on the fraction.

Our results confirm that anti-angiogenic therapy, modeled as removing the tumor vasculature 

and preventing further neovascularization, effectively reduces tumor size [11], but risks 

increased tumor invasion [20, 41]. Although hypoxia may select for cells that have a more 

aggressive, migratory phenotype [43], we find that morphological changes and invasive 

fingering are a natural consequence of blocking angiogenesis by disrupting both VEC-GSC 

crosstalk and nutrients supplied from vessels. Avascular tumors can develop invasive fingers 

by increasing their surface area to gain access to nutrients in the host [17, 18]. While shape 

and invasiveness may not necessarily be correlated, there is evidence that in glioblastoma 

they may be related. We refer to [7, 28, 58] that link tumor shape with invasiveness.

Angiogenesis restrains tumor invasion through nutrients supplied from functional vessels, 

which results in more uniform cell proliferation and faster growth as a tradeoff [12, 57]. On 

the other hand, partially disrupting the VEC-GSC crosstalk by blocking secretion of GSC 

promoters also reduces tumor size very effectively, which has been observed in [30, 76]. 

However, unlike anti-angiogenic therapy, this partial disruption does not significantly 

increase the potential for invasiveness. Thus, this modeling study supports the experimental 

findings [33, 48, 64, 77, 79] that targeting VEC-GSC crosstalk may be a promising direction 

for anti-cancer treatment.

V. Conclusion

We have developed and studied a 3D hybrid mathematical model of glioblastoma growth 

that accounts for cancer cell lineages containing cancer stem cells, committed progenitor 

cells and post-mitotic terminally differentiated cells, as well as vascular endothelial cells and 

a tumor-induced neovascular network. Feedback signaling between tumor cells and 

vasculature regulates their dynamics. Our studies show how the tumor and vascular 

development depend on feedback regulation. For instance, crosstalk between cancer stem 

cells and vascular endothelial cells, via pro-angiogenic factors secreted by tumor cells and 

VEC-secreted factors that upregulate GSC proliferation and renewal, is shown to promote 

cancer stem cell self-renewal and proliferation, resulting in large tumors with tortuous 

neovascular networks. Targeting this crosstalk may hold promise as a novel anti-cancer 

therapy.
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Refer to Web version on PubMed Central for supplementary material.
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Fig. 1. 
VEC-GSC crosstalk promotes GSC proliferation and self-renewal. (A) Time evolution of 

tumor (φT = 0.5 surface, blue), GSCs (φGSC = 0.3 surface, red), GCPs (φGCP = 0.25 surface, 

green) and neovasculature (red dots: sprout initiation points; grey: sprouts, blue: functional 

vessels). At early stages, GSC clusters form near the tumor boundary and fingers develop. 

Angiogenesis starts around T =39, after which a large GSC cluster forms at the center of 

tumor due to VEC-GSC crosstalk. (B) 2D slices of GSCs (at z =-1). At T=5, GSC clusters 

begin to emerge near tumor boundary. (C) 2D slices of the GSC self-renewal probability p 
(at z=-1) 0 shown together with the p0 = 0.5 (black) and functional vessel density ρFV = 20 

(blue) FV contours. In the tumor interior, the functional vessels are colocalized with GSC 

clusters with p0 > 0.5.
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Fig. 2. 
VEGF sources affect tumor and vasculature characteristics. (A) Time evolution of tumor 

with mixed VEGF production, i.e. SV = pVH(ñ – n)(φT – φD) + pV (φSC + φCP) Blue: tumor 

boundary; red: GSCs; green: GCPs. Red dots: sprout initiation points; grey: sprouts, blue: 

functional vessels. (B) Time evolution of GSC fractions; (C) vessel tortuosity; (D) total 

tumor volume and (E) numbers of functional vessels with indicated VEGF sources. Insets in 

(B) show GSCs (red) in the tumor (blue). Insets in (C) show the vessel network. When GSC/

GCPs produce twice as much VEGF as other cells (red curves), the tumor has larger size, 

GSC fraction and more spherical shape. The vessels are generated earlier and more tortuous. 

At late stages, vessel crushing takes place in all tumors leading to saturation in vessel 

tortuosity.
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Fig. 3. 
Higher initial GSC fractions increase tumor sizes and vessel numbers. (A) Evolution of 

tumors with different initial GSC fractions at indicated times. A large GSC cluster emerges 

earlier in tumors with higher initial GSC fraction. (B) As time evolves, the GSC fraction in 

all cases converges to approximately 30% despite different tumor sizes and initial GSC 

fractions. Insets show GSC distributions in tumors with 10%, 30% and 90% initial GSCs. 

(C) Higher initial GSC fractions result in larger tumor sizes. (D) The number of functional 

vessels. Angiogenesis begins earlier in tumors with higher initial GSC fraction. The 50%, 

70% and 90% tumors generate functional vessels around the same time, and the functional 

vessel numbers evolve similarly, suggesting that the positive feedback from VEC-GSC 

crosstalk has saturated. The GSC fractions tend to converge to about 30% for all tumors, 

regardless of size, which reflects the fact that at the later stages of vascularization, the 

number of functional vessels is roughly independent of the initial GSC fraction and instead 

regulated by mechanical and chemical feedback signaling.
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Fig. 4. 
Treatment of vascularized GBM. (A) Time evolution of total tumor volumes. Treatments that 

partially disrupt VEC-GSC crosstalk by blocking VEC secretion of the GSC promoter F 
(green) or angiogenesis (red) reduce tumor size compared to Control (blue, tumor from Fig. 

1). (B) Blocking angiogenesis prevents the formation of a GSC cluster at the tumor center 

and reduces the GSC fraction. Blocking VEC-GSC crosstalk removes the positive feedback 

on GSC self-renewal and further reduces GSC fraction. (C) Time evolution of average 

nutrient concentration in the tumor. Insets show slices of the nutrient distribution at the 

tumor center. (D) Slices of GSC mitosis rate  at T=80 for the indicated 

tumors. Green: tumor boundary. Black: contours of . Blocking the 

crosstalk reduces the effective GSC mitosis at the tumor center, and GSC clusters are located 

off the tumor boundary due to higher nutrient levels at the center (see insets in (C)). (E) 
Between T=50 and T=60 in Control, pressure-induced vessel crushing reduces functional 

vessels, which recover after T=60. The functional vessels in tumors with VEC-GSC 

crosstalk blocked steadily increases. (F) Blocking angiogenesis promotes finger 

development and significantly increases the tumor shape factor. Blocking the VEC-GSC 

crosstalk increases the shape factor at early times. At later times, GSC clusters are located 

closer to tumor center and fingers cease to grow, which reduces the shape factor.
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