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ABSTRACT OF THE DISSERTATION
Robust Communication and Optimization over Dynamic Networks
by

Can Karakus
Doctor of Philosophy in Electrical Engineering
University of California, Los Angeles, 2018
Professor Suhas N. Diggavi, Chair

Many types of communication and computation networks arising in modern systems have
fundamentally dynamic, time-varying, and ultimately unreliably available resources. Specifi-
cally, in wireless communication networks, such unreliability may manifest itself as variability
in channel conditions, intermittent availability of undedicated resources (such as unlicensed
spectrum), or collisions due to multiple-access. In distributed computing, and specifically in
large-scale distributed optimization and machine learning, this phenomenon manifests itself
in the form of communication bottlenecks, straggling or failed nodes, or running background
processes which hamper or slow down the computational task. In this thesis, we develop
information-theoretically-motivated approaches that make progress towards building robust

and reliable communication and computation networks built upon unreliable resources.

In the first part of the thesis, we focus on three problems in wireless networks which
involve opportunistically harnessing time-varying resources while providing theoretical per-
formance guarantees. First, we show that in full-duplex uplink-downlink cellular networks,
a simple, low-overhead user scheduling scheme that exploits the variations in channel con-
ditions can be used to optimally mitigate inter-user interference in the many-user regime.
Next, we consider the use of intermittently available links over unlicensed spectral bands
to enhance communication over the licensed cellular band. We show that channel output
feedback over such links, combined with quantize-map-forward relaying, provides generalized-

degrees-of-freedom gain in interference networks. We characterize the information-theoretic
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capacity region of this model to within a constant gap. We finally consider the use of such
intermittent links in device-to-device cooperation to aid cellular downlink. We develop an
optimal dynamic resource allocation algorithm for such networks using stochastic approxi-
mation and graph theory techniques, and show that the resulting scheme results in up to

5-6x throughput gain for cell-edge users.

In the second part, we consider the problem of distributed optimization and machine
learning over large-scale, yet unreliable clusters. Focusing on a master-worker architecture,
where large-scale datasets are distributed across worker nodes which communicate with a
central parameter server to optimize a global objective, we develop a framework for embed-
ding redundancy in the dataset to combat node failures and delays. This framework consists
of an efficient linear transformation (coding) of the dataset that results in an overcomplete
representation, combined with a coding-oblivious application of a distributed optimization
algorithm. We show that if the linear transformation is designed to satisfy certain spectral
properties resembling the restricted isometry property, nodes that fail or delay their com-
putation can be dynamically left out of the computational process, while still converging
to a reasonable solution with fast convergence rates, obviating the need for explicit fault-
tolerance mechanisms and significantly speeding up overall computation. We implement
the techniques on Amazon EC2 clusters to demonstrate the applicability of the proposed
technique to various machine learning problems, such as logistic regression, support vector
machine, ridge regression, and collaborative filtering; as well as several popular optimization
algorithms including gradient descent, L-BFGS, coordinate descent and proximal gradient

methods.
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CHAPTER 1

Introduction

1.1 Dynamic Networks

Modern communication and computation networks have reached an unprecedented scale,
both in terms of their size, and the amount of data they handle per second. Wireless
communication networks support an ever-increasing volume of data traffic over billions of
nodes, through a multitude of technologies and standards. Computation networks, consisting
of large clusters of processors in data centers or networks of mobile devices, process massive

amounts of data each second.

Such networks typically exhibit a high degree of dynamism, which can manifest itself in a
variety of ways, including time-varying availability of network resources, failures of network
components, and changes in network conditions and capacity. In designing any system
built upon such time-varying and intermittently available network resources, one needs to
explicitly account for such unreliability, since a system designed based on a static network

assumption might fail in the face of dynamism.

The most straightforward solution to handle such dynamism is to constantly monitor
network conditions, and change system operation whenever underlying network conditions
change. For instance, in a wireless network, one can design a different communication
strategy for different network conditions, and let the network choose the corresponding
strategy based on the current network state. Unfortunately, in many cases, the sheer scale
of the network, as well as time constraints might render accurate and timely tracking of

global network state infeasible, let alone adapting strategies. Building reliable systems over



such dynamic networks instead requires designing communication and computation strategies
that are inherently robust to such changes in network conditions, and that are adaptive by

design.

In this thesis, we explore such strategies under a variety of scenarios over certain types
of communication and computation networks. First, we consider wireless communication
networks, and focus on three specific scenarios where we develop and analyze such schemes;
namely, interference networks with unreliable feedback, full-duplex uplink-downlink cellu-
lar networks, and device-to-device cooperation over downlink cellular networks. Next, we
consider distributed optimization and learning over computing networks with master-worker
architecture, and develop computing strategies that are robust against changing and unpre-

dictable network failures and bottlenecks.

We next describe in more detail how dynamism manifests itself specifically in wireless

networks and distributed computing.

1.1.1 Wireless networks

Variability is an integral part of most wireless networks. In the context of this thesis, it is
useful to distinguish between two types of variability: the one in channel states, and the one

in link availabilities.

In cellular networks, channel states typically vary in the order of milliseconds, due to
effects such as user mobility, changing environment, and effects arising due to the charac-
teristics of the wireless medium, such as multipath fading and shadowing. There is a vast
body of research focusing on the design of wireless networks under such variability [TV05].
Although this is a well-researched topic, its effects and implications in emerging types of wire-
less networks are still fairly unexplored. In this thesis, we focus on one such network, namely
full-duplex cellular networks, where the base stations are equipped with full-duplex radios,
capable of transmitting and receiving over the same frequency band at the same time. We

explore the effect of channel state variability in such networks, and design a communication



strategy that specifically exploits the variations in channel state.

The second type of variability is the intermittent availability of certain communication
links in the network. Such intermittence arises when undedicated resources are used for com-
munication, such as unlicensed spectra. Since access to such resources are not coordinated,
transmissions can face collisions from other networks, and get dropped. In addition, con-
trol and back-off mechanisms employed in higher layers of the protocol stack (e.g., CSMA)
can also make a certain link momentarily unusable from the physical-layer perspective. In
this thesis, we consider schemes that make use of unlicensed bands to enhance communica-
tion over the licensed band, either through feedback or cooperation over such bands, while
accounting for the intermittent availability of these resources. We show that, by taking a
longer-term view of the network, it is possible to design schemes that harness these additional

resources to reliably improve communication over the network.

1.1.2 Distributed computing

Large-scale computing networks can suffer from node failures and delays. In computing clus-
ters in data centers, such failures and delays can arise from resources being shared with other
applications, running background processes, communication bottlenecks on the network, or
power limits [DB13]. In computations involving a large number of nodes, a small fraction of

such slow nodes, called stragglers, can significantly slow down the overall computation.

Specifically in distributed optimization and learning, databases are stored across a large
number of nodes, and these nodes alternate between processing their local data and com-
municating with a central server. In the case of node failures, the part of database stored in
the failed nodes are effectively lost from the learning procedure, degrading the quality of the
final solution. In the more common case of straggler nodes, learning is slowed down since
the entire procedure waits for the slowest nodes. These effects are especially dominant in
an emerging setting for distributed learning, called federated learning, where the local com-

putations are done by mobile devices across the world, which communicate with a central



server. In this case, communication delays and available computational resources can vary
significantly across devices, and over time, and it is critical for the system to be robust to

such variations.

In this thesis, we propose a framework of encoded distributed optimization, which adds

redundancy in the data to counteract the effect of such failures and delays.

1.2 Thesis Outline

This thesis consists of the design and analysis of several communication and computation

techniques that are provably robust against the types of variability outlined in this section.

In Chapter 2, we consider the use of intermittent channel output feedback for interference
management in wireless networks. We develop a technique that harnesses such unreliable
feedback, and show that it approximately achieves the information-theoretic capacity region
for this model. The results of this chapter demonstrate that even unreliable feedback can be

used to mitigate the harmful effect of interference in wireless networks.

In Chapter 3, we focus on full-duplex cellular networks, where base station serves uplink
and downlink users over the same time-frequency resource, which results in interference from
uplink users to downlink ones. By exploiting the variations in the network state, we design
a simple, low-overhead joint uplink-downlink user scheduling algorithm, which is shown to

optimally mitigate inter-user interference in the many-user regime.

We explore the use of device-to-device (D2D) cooperation over unlicensed bands in Chap-
ter 4. We design a physical-layer D2D cooperation scheme that is shown to be information-
theoretically approximately optimal, and using this cooperation mechanism as a building
block, we develop a resource allocation policy that allocates the use of such D2D links in
a network, while accounting for various constraints such as interference over the unlicensed

band, and fairness considerations.

We turn to distributed computing in Chapter 5, and study node failures in distributed



optimization under master-worker architecture. We introduce the encoded distributed op-
timization framework, which consists of encoding of the dataset to add redundancy, and a
coding-oblivious application of any distributed optimization algorithm. We theoretically and

numerically analyze the robustness achieved by this approach against node failures.

In Chapter 6, we develop the encoded distributed optimization framework further, ac-
counting for stragglers and temporal variations in network conditions. We theoretically
analyze the convergence of various popular optimization methods under this framework. We
also discuss code design and other practical issues, and present our experimental results over

computing clusters.
Finally, in Chapter 7, we present our conclusions and discuss open questions.

We point out that most of the material in this thesis has been published, or submitted
for publication as of this date. The contents of Chapter 2 were published in [KWD13b,
KWD13a, KWD15], those in Chapter 3 were published in [KD15], those in Chapter 4 can
be found in [KD17], those in Chapter 5 were in [KSD17a], and the contents of Chapter 6 are
partly published in [KSD17b], and partly submitted for publication in [KSD18].



CHAPTER 2

Opportunistic Feedback for Interference Management

2.1 Introduction

From a physical-layer standpoint, the fundamental bottleneck limiting performance in mod-
ern wireless networks is interference. The coding and transmission techniques developed in
recent decades, such as MIMO [Tel99], LDPC codes [RSUO01], turbo codes [BGT93|, and po-
lar codes [Ari09] boosted the point-to-point transmission rates near their theoretical limits,
while rapid increase in wireless traffic demand resulted in dense deployment of networks. As
a result, most wireless networks today operate in the interference-limited regime. This phe-
nomenon has resulted in a myriad of research efforts in the last decade, aiming to mitigate

the effects of interference in wireless networks.

One appealing idea along this direction is to use feedback from receiver to transmitter.
Most modern wireless technologies and standards already employ the feedback mechanism
for various purposes from multiple-access to incremental redundancy and hybrid ARQ tech-
niques. The work in [ST11] showed that another type of feedback, namely channel output
feedback, can be an effective mechanism to alleviate the effect of interference in wireless
networks. The main idea underlying this approach is that channel output feedback informs
that transmitter of interference signals in the past transmissions, which then allows it to re-
process and forward this interference signal in the future transmission slots, which is useful
information for both its own intended destination -since it allows for the cancellation of past

interference- and the intended destination of the interfering transmission.

Although being promising, the techniques described in this work fundamentally relies



on the assumption that the feedback is always perfectly available at the transmitter. How-
ever, such perfect availability is typically not feasible in modern wireless networks, which
have dynamically varying resources. In this work, we investigate the effect of feedback for
interference management when the feedback is only intermittently available at the transmit-
ter, due to such variations in resources. This model naturally leads to techniques that use

feedback more opportunistically, which we show is still useful for interference management.

The chapter is organized as follows. We provide background and motivation for studying
interference channel with intermittent feedback in Section 2.2. We formally state the problem
and establish the notation in Section 2.3. We present our main results in Section 2.5 and give
interpretations of them. We motivate our coding scheme and explain it through an example
in Section 2.4. We give the analysis of the coding scheme in Section 2.6. The outer bound
is developed in Section 2.7 and Section 2.8 concludes the chapter with a brief discussion of

possible extensions of the work. Many of the detailed proofs are given in Appendix A.

2.2 Interference Channel with Intermittent Feedback

The simplest information-theoretic model for studying interference is the two-user Gaussian
interference channel (IC). It has been shown that feedback can provide an unbounded gain
in capacity for two-user Gaussian interference channels [ST11], in contrast to point-to-point
memoryless channels, where feedback gives no capacity gain [Sha56], and multiple-access
channels, where feedback can at most provide power gain [Oza84]. This has been demon-
strated when the feedback is unlimited, perfect, and free of cost in [ST11]. Given the
optimistic result obtained under this setting, a natural question arises: Can feedback be

leveraged for interference management under imperfect feedback models?

There have been several pieces of work so far, attempting to answer this question. Vahid et
al. [VSA12] considered a rate-limited feedback model, where the feedback links are modeled
as fixed-capacity deterministic bit pipes. They developed a scheme based on decode-and-

forward at transmitters and lattice coding to extract the helping information in the feedback



links, and showed that it achieves the sum-capacity to within a constant gap. The work
in [LTM12] studied a deterministic model motivated by passive feedback over AWGN chan-
nels, and [SAY09, SWT12| studied the two-way interference channel, where the feedback is
provided through a backward interference channel that occupies the same resource as the
forward channel. [LTM12, SAY09] and [SWT12] only dealt with the linear deterministic
model [ADT11] of the Gaussian IC.

In this work, we investigate how to exploit intermittent feedback for managing inter-
ference. Such intermittent feedback could occur in several situations. For example, one
could use a side-channel such as WiFi for feedback; in this case since the WiFi channel is
best-effort, dropped packets might cause intermittent feedback. In other situations, control
mechanisms in higher network layers could cause the feedback resource to be available inter-
mittently. For the feedback links, Bernoulli processes {5[t]} and {S;[t]} control the presence
of feedback for user 1 and 2, respectively. The two processes can be dependent, but their
joint distribution is i.i.d. over time. We assume that the receivers are passive: they simply
feedback their received signals back to the transmitters without any processing. In other
words, each transmitter receives from feedback an observation of the channel output of its
own receiver through an erasure channel, with unit delay. We focus on the passive feedback
model as the intermittence of feedback is motivated by the availability of feedback resources
(either through use of best-effort WiFi for feedback or through feedback resource schedul-
ing). Therefore, it might be that the time-variant statistics of the intermittent feedback are
not a prior: available at the receiver, precluding active coding. Moreover, the availability
of the feedback resource may not be known ahead of transmission, therefore motivating the
assumption of causal state information at the transmitter. If the receiver has a prior: infor-
mation about the feedback channel statistics, it can perform active coding, in which case,

the intermittent feedback model reduces to the rate-limited model of [VSA12].

We study the effect of intermittent feedback for the two-user Gaussian IC inspired by
ideas we develop for the linear deterministic IC model [ADT11]. Our main contribution

is the approximate characterization of the capacity region of the interference channel with
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for symmetric channel parameters.

intermittent feedback, under the Gaussian model. We also derive an exact characterization
of the capacity region under the linear deterministic model, which agrees with the Gaussian
result. The capacity characterizations under both models depend only on the forward channel

parameters and the marginal distributions of S; and Sy; not on their joint distribution.

Our result shows that feedback can be harnessed to provide multiplicative gain in Gaus-
sian interference channel capacity even when it is unreliable and intermittent. The result
can be interpreted using the picture given in Figure 2.1, which is depicted (for convenience)
in terms of symmetric generalized degrees of freedom for the special case of symmetric chan-
nel parameters. The given GDoF curves suggest that as the feedback probability increases,
the achievable GDoF also increases for all interference regimes for which perfect feedback
provides any GDoF' gain. One can also observe from the figure that the capacity gain from
intermittent feedback, which depends on the portion of time when the feedback is active,

remains unbounded, similar to the perfect feedback case.

A consequence of this result is that when the feedback links are active with large enough
probabilities, the sum-capacity of the perfect feedback channel can be achieved to within

a constant gap. Similarly for the linear deterministic case, the perfect feedback capacity



is exactly achieved even when there is only intermittent feedback, with large enough “on”
probability. In particular, under the symmetric setting, this threshold is 1/2 for each feedback
link. This is also reflected in Figure 2.1, where the “V-curve” achievable with perfect feedback

is already achievable when the feedback probability is only 1/2.

Our achievable scheme has three main differences from the previous schemes developed in
[ST11, VSA12] and [LTM12]. First, we use quantize-map-and-forward (QMF)* [ADT11] at
the transmitters to send the information obtained through feedback, as opposed to (partial
or complete) decode-and-forward, which has been used in [ST11, VSA12, LTM12]. This is
because when there is intermittent feedback, the transmitters might not be able to decode
the other user’s (partial) message, but would still need to send useful information about the
interference. A similar situation arises in a relay network, where QMF enables forwarding of
evidence, without requiring decoding [ADT11]. Second, at the receivers, we perform forward
decoding of blocks instead of backward decoding, which results in a better delay performance.

Third, we do not use structured codes, i.e., we only perform random coding.

We also develop novel outer bounds that are within a constant of the achievable rate
region for the Gaussian IC and match the achievable region for the linear deterministic
IC. These outer bounds are based on constructing an enhanced channel and appropriate

side-information. These are illustrated in Section 2.7.

Lastly, we extend these results for packet transmission channels, modeled through parallel
channels which are M-symbol extensions of the original model. This can be considered as a

model for OFDM and packet drops over a best-effort channel.
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Figure 2.2: Two-user discrete memoryless interference channel with intermittent feedback

2.3 Model and Formulation

We consider the 2-user discrete memoryless interference channel (DM-IC) with intermittent
feedback, illustrated in Figure 2.2. We assume Transmitter i (Txi) has a message W; intended
for Receiver i (Rxi), i = 1,2. W € [2V1] and W, € [2V%2] are independent and uniformly
distributed, where, for n € N, [n] := {k € N: k < n}. The signal transmitted by Txi at time
t is denoted by X;; € &, while the channel output observed at Rx: is denoted by Y;, € ),
for + = 1,2. For a block length N, the conditional probability distribution mapping the

input codeword to the output sequence is given by

N
p(}/1N7 }/2N|X1]V’ Xév) - Hp (3/1,157 YQ,t|X1,t7 XQ,t)

t=1

The feedback state sequence pair S := (S{V , SN ) have the joint distribution

N
p (S{V7 Sév) = Hp(Sl,t7 SQ,t) .
t=1

and marginally, at time ¢, S;; ~ Bernoulli(p;), for i = 1,2, for all t and N. Note that, for
any fixed time slot ¢, the random variables S} ; and Sy, are not necessarily independent, that
is, the joint distribution p(Si ., S2) can be arbitrary. We assume that receivers have access

to S strictly causally, that is, at time ¢, both receivers know the realization of S~

!The QMF scheme of [ADT11] was generalized to DMCs in [LKE11] (and the scheme was called noisy
network coding) and to lattices in [OD10, OD13]. In this work we develop the “short-messaging” version
of QMF [KH11] instead of the “long-messaging” version first studied in [ADT11] and extended to DMCs in
[LKE11]. For a longer discussion about this and other issues, refer to Section 2.8.
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At the beginning of time ¢, Txi observes the channel output received by Rx: at time ¢ —1
through an erasure channel, i.e., it receives ﬁ’t,l = Sit—1Yii—1, for ¢ = 1,2. Note that this
is a passive feedback model, in that it does not allow the receiver to perform any processing
on the channel output; it simply forwards the received signal Y; at every time slot, which

gets erased with probability 1 — p;.

For random variables A and B, we use the notation A L B to denote that A is a

deterministic function of B?. Then our channel model implies X, L (VVZ-, S 177_1>.

A rate pair (Ry, Ry) is said to be achievable if there exists a pair of codebooks (Cy,Cs)
at Tx1 and Tx2, with rates R; and Ry, respectively, and pairs of encoding and decoding
functions such that the average probability of error at any decoder goes to zero as the
block length N goes to infinity. The capacity region with feedback probabilities p; and
pa2, C(p1,p2), is defined as the closure of the set of all achievable rate pairs (R;, Ry) when
S1 ~ Bernoulli(p) and Sy ~ Bernoulli(py). Sum-capacity is defined by

C™ (p1,p2) r=sup {R1 + Ry : (R1, R2) € C(p1,p2)} -
In this work, we consider two specific channel models (that is, two specific classes of

(Xh Xo, V1, Vo, p (yl, 92‘1’17 $2))

tuples), described in the following subsections.

2.3.1 Linear deterministic model

This channel model was introduced in [ADT11] and since then proved useful in providing
insight into the nature of signal interactions many network information theory problems (see

Figure 2.3).

We assume X;; € F3 for i = 1,2, where Fy is the binary field. The received signal at

2More formally, A L B means that there exists a o(B)-measurable function f such that A = f(B) almost
surely, where o(B) is the sigma-algebra generated by B.
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Rxi is given by
Yie = Hy X + Hij Xt
for (i,7) = (1,2),(2,1). The channel matrices are given by H;; := S for (i, ) € {1,2}?,
OT

where ¢ = max {nq1, n12, 21, N2}, and S € F2*? is the shift matrix , where 0 is
’ I 0
q—1

the zero vector in F4™' and I,_; is the identity matrix in FY™ V™ We also define, for

(4,5) = (1,2),(2,1),
Vie=H;; X,

The capacity region for the linear deterministic model will be denoted by Crpc(p1, p2), while

sum

its sum-capacity will be denoted by C5%5¢(p1, pa).

2.3.2 (Gaussian model

Under the canonical Gaussian model (see Figure 2.4), the channel outputs are related to the

inputs through the equations

Yie=huXig+hioXoy + 21

Yor =ho1 X1t 4+ hooXoy + Zoy

13



where h;; € C, for (i,7) € {1, 2%, are channel gains, and Zy;, Zy; ~ CN(0,1) are circularly
symmetric complex white Gaussian noise. We assume an average transmit power constraint
of P; at Txi, i.c., for any length-N codeword X}V transmitted by Txi, SN Xl < P,
1 =1,2. We also define

SNR; := |hy|* P,
|NRZ = |h”‘2f)]
and

Vi=h; X+ Zj,

‘/i = S]‘/w

for (7,7) = (1,2),(2,1). Note that this definition of V;; is consistent with its definition under
linear deterministic model, in the sense that it is what remains out of the channel output

when the intended signal is completely cancelled.

The capacity region for the Gaussian model will be denoted by Cg(p1, p2), while its sum-
capacity will be denoted by C&™ (p1,p2). We will also use the notation Cg := Cg™(1, 1),

denoting the sum-capacity under perfect feedback.

Gaussian parallel channel is described by the equations

Yi:=huXi+ hoXop + 2y (2.1)
Yor = hoiXos + hooXoy + Zoy (2.2)
?1,15 = 514 Y 1 (2.3)
You =550, (2.4)

where X;;,Y;; € CM i = 1,2, are the channel input and output, respectively, at user ; Z1
and Zo, are independent and distributed with CN(0,1); and ?Lt,i = 1,2 is the output of
the feedback channel of Txi, at time ¢. Note that the channel gains are scalars. It should
also be noted that any given time, the same feedback state variable \S;; controls the presence
of feedback for all sub-channels, 7.e., the feedback is present either for all M channels, or for

none of them.
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2.4 Insights from Linear Deterministic Model

In this section, we illustrate our coding scheme through an example over the linear determin-
istic channel. This example is intended to demonstrate how and why the proposed scheme

works, and motivate the use of quantize-map-forward as a feedback strategy.

We consider the symmetric channel shown in Figures 2.5 and 2.6, with ni;; = ngy = 4,
nip = N9y = 2, and p; = py = 0.5, and focus on the achievable symmetric rate. In this
example we will take a block length of N = 2 for illustration purposes. Although for this
particular case, the probability of decoding error is large due to short block length, in general
the same coding idea can be applied for a large block length, in which case arbitrarily small

error probability can be achieved by taking advantage of the law of large numbers.

We focus on two blocks of transmission. At each block, the users split their messages
into common and private parts. The common parts of the messages are decoded by both
receivers, whereas the private part is only decoded by the intended receiver, as in Han-
Kobayashi scheme for the interference channel without feedback [HK81]. In the first block,
Tx1 sends linear combinations of its two common information symbols, a1, as on its two com-
mon (upper) levels, and linear combinations of its private information symbols, a3, a4, as, ag,
over its private (lower) two levels over a block of two time slots. Tx2 performs similar

operations for its common symbols by, be, and its private symbols bs, by, b5, be.

Note that at this point, the receivers can decode the symbols sent at their upper two

levels by solving the four equations in two unknowns.

After each time slot, the receivers feed back their channel outputs, but the transmitters
wait until the end of the block to collect sufficient information from feedback. We consider
a particular feedback channel realization (57, S5) = ((1,0), (0, 1)) for illustration purposes.
After the first block, each transmitter gets from feedback two linear combinations of the
interfering symbols of the previous block, by subtracting their own linear combinations from
the channel outputs. In the second block, the transmitters perform further linear encoding

of these two linear combinations. These additional linear combinations of the interference
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Figure 2.5: First block of transmissions for the example coding scheme over linear determin-
istic channel. Receptions enclosed in green/solid rectangles represent the channel outputs
that the receivers are able to feed back; whereas those enclosed in red/dashed rectangles

represent the channel outputs that gets erased through the feedback channel.

Round 2 Round 1 Round 1 Round 2
=05
a7 + by a7 + ag + by a7 + ag + by a7 + by
a7 +ag+ (b1 +b2)  ag+ba+ (b1 +b2) ag + by + (by + ba) a7 + ag + (b1 + b2)
ag + ai ag + aio + a1 a9 +ajo+ a1 +bs  ag+air + by + bs
a1 + a2 aio + a12 aio+ a2 +br +bs  an+a2+b7
by +bg + as bs + a1 + (a1 + az) bs + a1 + (a1 + as) by +bg +ay
b7 + (a1 + az) b7 + bs + a1 b7 + bs + a1 b7 + (a1 + az)
bio + b1 by + b1 by + b1g + a7 + ag bio + b11 + ay
by + b12 bg + b11 + b1o 05 by + b11 + b12 + ag by + b12 + a7 + ag
p2 =Y.

Figure 2.6: Second block of transmissions for the example coding scheme over linear deter-
ministic channel. The helping information sent by the interfering transmitters (a;, as at Rx1,
b1, by at Rx2) are omitted for brevity. Note that these are already known at the receivers

from previous block, and hence can be cancelled.

symbols are superimposed on top of the linear combinations of the fresh common informa-

tion symbols a7, ag (and b7, bg for Tx2) of the second block. On the private levels, linear
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combinations of new symbols ag, aq9, a11, a12 at Tx1 and by, by, b11, b2 at Tx2 are sent, as in

the first block.

After the second block of transmission, the receivers collect the four linear equations
obtained in the lower two levels of the first block and the four linear equations obtained at
the upper two uninterfered levels in the second block. It is easy to check that these eight
equations are linearly independent, and hence the receivers can solve for the eight unknowns

(a37a47a57a67a77a87b17 b2 for TX]-) and b37b4ab57 bﬁ)b77b87a1a 5] for TX2)

Having decoded the private information (and interference) of the first block and the
common information of the second block, the receivers next cancel the additional linear
combinations of the previously decoded common information received at the lower two levels
of the second block due to feedback. This means that Rx1 cancels the a; and a, symbols in

the lower two levels, and Rx2 cancels the b; and by symbols.

Since the transmitters can also cancel this information from the received feedback (be-
cause it is a function of their own symbols), the state of each terminal reduces to that in the
end of the first block. Therefore, in each of the following blocks, the operation in the second
block can be repeated, each time letting the receivers decode the private information of the

previous block and the common information of the new block.

One caveat is that, the feedback channel realization will not be the same at each block.
To address this point, we first note that the only decoding error event is when the channel
realization is such that the resulting linear system in any of the receivers is not full rank.
For the particular code in the example, it is easy to check that the probability of this event
is zero for any feedback channel realization as long as S # (0,0) for i = 1,2. In general,
for any € > 0, in order to achieve a symmetric rate Cgyr, — €, Tx? needs to receive feedback
for at least N(p; — €) time slots at each block. This condition is ensured by law of large

numbers by letting N — oo, and arbitrarily small error probability can be achieved?.

3Note that this does not prove the existence of a sequence of codes that allows arbitrarily small error
probability for an arbitrary block length. The intention in this section is to give an illustration of the coding
scheme; the precise achievability proof will be presented in Section 2.6.
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To find the symmetric rate achieved by this scheme, we assume the scheme is run for B
blocks. At the end, each receiver will have resolved 6B — 4 information bits in 2B time slots.
Letting B — oo gives a symmetric rate of 3 bits/time slot. Note that without feedback, a
symmetric rate of at most 2 bits/time slot can be achieved. At the other extreme, it is also
easy to verify from the results in [ST11] that symmetric capacity under perfect feedback is

also 3 bits/time slot, which is in agreement with Figure 2.7 and Corollary 2.1.

This example also serves to demonstrate why we perform quantize-map-forward instead
of decode-and-forward as a feedback strategy. In general, to achieve the symmetric capacity,
Tx2 needs to send linear combinations of N information symbols on its common levels, while
Tx1 receives 2N p; of these linear combinations on the average. Hence, if p; < 0.5, Tx1 will
not be able to decode the interference of the previous block. Instead, Tx1 performs a linear
mapping of the received feedback information, which turns out to achieve the symmetric
capacity.

Finally, we point out that decoding in this scheme is sequential, i.e., the receiver decodes
the blocks in the same order they are encoded*. This is in contrast to earlier feedback coding
schemes proposed for interference channel, which perform backward coding. The obvious
advantage of using sequential decoding is better delay performance, since the receiver does

not need to wait for the end of the entire transmission to start to decode.

2.5 Capacity Results for Interference Channels with Intermittent

Feedback

In this section, we present our results and discuss their consequences for both linear deter-

ministic and Gaussian models.

4An alternate scheme based on backward decoding was presented in [KWD13b], for the case of linear
deterministic channel.
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[N}
(@

Ry < min {max(ni1,n12),n11 + pa(noy — ni1)*}
Ry < min {max(nas, na1), oz + p1(nis — nas)* }

R1 + Ry < max(ni1, n12) + (n22 — nia) ™

~—~ ~~ ~—~ ~—~
~ (=)
~— ~— ~— ~—

Ry + Ry < max(nga, nay) + (n11 — nap)™

DO
oo

Ry 4 Ry < max {nqa, (n11 — na1) "} + max {nay, (nas — n12) '}
+ p1 min {n12, (nn - n21)+} + p2 min {71217 (n22 - n12)+} (2-9)
2R; + Ry < max(nii, n12) + max {nag, (nay — n12)* } + (1 — noy)*
+ pamin {na1, (ngz — n1g) ™} (2.10)
Ri + 2Ry < max(na, na1) + max {nqs, (n11 — na1)* } + (nos — nio)*
)

+ prmin {11, (11 — n21) "} (2.11)

2.5.1 Linear deterministic model

The following theorem captures our main result for the linear deterministic model.

Theorem 2.1. The capacity region Crpc(p1,p2) of the linear deterministic interference
channel with intermittent feedback is given by the set of rate pairs (Ry, Ry) satisfying (2.5)—
(2.11).

Proof. See Section 2.6 for achievability, and Section 2.7 for converse. n

The following corollary shows that it is possible to achieve perfect feedback sum-capacity

even when feedback probabilities are less than one.

Corollary 2.1. For nis,ng; > 0, there exists p* < 1 such that

sum

LDC(p1>p2) = Z’“b"%;(L 1)

for all p1,ps > p*.

19



Proof. See Appendix A.7. O]

We illustrate Corollary 2.1 through an example. Let us assume nijs = noy = m, nyp =
ngo = n, and p; = py = p. It is easy to see that if p; = py = 0.5, the bounds on R; + R,
2Ry + Ry and R+ 2Rs that involve p; and py become redundant, and the sum-capacity does

not increase beyond this point, for all (m,n).

2.5.2 Gaussian model
We define, for any set R of rate pairs (R, Ry) and scalar 6 € R,

R—6§:= {(Rl,RQ)Z(R1+(S,R2+5)€R},
R—i-(s: {(Rl,R2>i(R1—(5,R2—5)ER}.

The following theorem captures our main result for the Gaussian model.

Theorem 2.2. The capacity region Ca(p1,p2) of the Gaussian interference channel with

intermittent feedback satisfies

C(p1,p2) — 61 C Ca(pr, p2) C C(p1,pa) + 02 (2.12)

where C (p1,p2) is the set of (Ry, Ry) satisfying (2.13)~(2.17) for (i,7) = (1,2),(2,1) and
01 < 2log 3+ 3 (p1 + p2) bits, and o9 < log3 + p1 + p2 bits.

Proof. Section 2.6 proves an inner bound region R (pi, p2), Section 2.7 proves an outer

bound region R%(p1,p2), and Appendix A.6 shows that C(pi,ps) — 01 € R4 (p1,p2) and

R%(p1,p2) — 62 € C(p1, pa). O

Remark 2.1. Theorem 2.2 uniformly approximates the capacity region under Gaussian
model to within a gap of 3log3 + 4 (p1 + po) bits, independent of channel parameters. To
our knowledge, this is the first constant-gap capacity region characterization for interference

channel with noisy feedback with arbitrary channel parameters.
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INR;
< log (1 , , 14 ——9 14
R; < log ( —|—SNRZ)+p]10g( + 1+SNR1-) (2.14)
R+ R; <log |1+ SNR; +log (1 4+ SNR; + INR;) (2.15)
iy 08 1+ INR, & j j ‘

SNR; SNR;
;  <log {14+ -———+INR; log (1+-——— +INR;
R+ R; < Og(+1+INRj+ )+Og<+1+INRj+ )

(1+INR;) (1+ j’,“,j‘g) (1+INR;) (Hﬂ%)
+ p; log SNR; . + pjlog SR (2.16)
1+ 1+INR; +INR; L+ 1+IN]Ri +INR;
SNR; SNR;
2R+ R; <log [1+——"— ) +log 1+ -——— +INR,
T Og( +1+|NRj>+ Og( TTINR T J)
(1+INR)) (1+ 2 )

+log (1 + SNR; + INR;) + p; log : (2.17)

! 1+ 2% L INR,

1+INR; J

Remark 2.2. As will be seen in the achievability proof, the proposed coding scheme achieves
a smaller gap than what is given in Theorem 2.2; however, for simplicity in the achievability
proof, we lower bound the achievable rate terms with computationally more tractable ones,
which articifically contributes to the claimed gap. Moreover, one can optimize over the pa-
rameters of the proposed coding scheme, such as power allocation and quantization distortion,

to further reduce the gap, but this issue will not be dealt with in this work.

Theorem 2.2 allows us to characterize the symmetric generalized degrees of freedom under
symmetric channel parameters, which is a metric often used to compare the capabilities of

the interference channel under different settings.

Corollary 2.2 (Generalized Degrees of Freedom). For symmetric channel parameters (SNRy =
SNRy; = SNR, INR; = INRy = INR, p; = ps = p), the symmetric generalized degrees of free-
dom of freedom, defined by

_ Cuym(SNR,INR, p)
doym = 1 Y —
v NRoee  log SNR

I

wn
P
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where Cyyn(SNR,INR, p) :=sup{R : (R, R) € Ca(p,p)}, is given by

min{l —a/2,1 - (1 —pla}, a<1/2
dsym =4 min{l —a/2,p+ (1 —p)a}, 1/2<a<1
min {o/2, (1 —p) + pa}, a>1

Figure 2.7 plots the available generalized degrees of freedom with respect to interference
strength for various values of p. As can be observed, as p is increased, gradually better
curves are obtained. It should be noted that once p > 0.5, the “V-curve” that is achieved

by perfect feedback [ST11] is already achieved. Next, this observation will be made precise.

— =0

1.8 s n=0,1
p=0.25

— p=0.5

1.6

1.4+

1.2}

501
<

0.8

0.6

0.4

ym

0.2+

Figure 2.7: Generalized degrees of freedom with respect to interference strength « := llgggéNRR

for symmetric channel parameters.

The perfect feedback outer bound on the sum-capacity, C¢l', is given in Theorem 3 of
[ST11] as follows.

Cey < sup min{Ci(p), C2(p)}

0<p<1

_ (1 —p*)SNRy XTI R

_ (1 —p*)SNR;
Glp) = log <1+1+<1_p2)”\|R1 +log <1+SNR1+INR1+2p\/SNR1 INR1>

The next corollary shows that when p; and ps are sufficiently large, the sum-capacity of the

perfect feedback Gaussian channel can be achieved with intermittent feedback, to within a
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constant gap. Hence, this corollary is the Gaussian counterpart of the similar result given

in Corollary 2.1, for the linear deterministic channel.

Corollary 2.3. For INRy,INRy > 0, there exists p* < 1 such that
Cely — C&™(p1,p2) < 6
for all p1,ps > p*, where 9, is a constant independent of channel parameters.
Proof. See Appendix A.7. n

In our intermittent feedback model, erasures are symbol-wise, that is, each symbol can
get erased independently of others. However, in a best-effort channel, erasures might occur
on packet-level instead. In order to study this scenario, we consider the parallel channel
model described by the equations (2.1)—(2.4), which is simply the M-symbol extension of
the Gaussian channel, where the channel parameters are the same for each subchannel.
Each extended symbol over this channel models a packet. The result in Theorem 2.2 easily

generalizes to parallel channel model, as shown by the following corollary.

Corollary 2.4 (Parallel channel). The capacity region C(GM) (p1,p2) of any parallel channel
of size M with feedback probabilities p1 and po satisfies

MC(py,p2) — M6, C Cé;M)(ppr) C MC(p1,p2) + Mb,
where C(p1,ps2), 61 and 0y are as defined in Theorem 2.2.

Remark 2.3. Although strictly speaking, the claim in Corollary 2.4 is more general than
that in Theorem 2.2, the achievability and converse proofs for the scalar channel directly
extend to the parallel channel without any non-trivial modification. Hence, for simplicity, we

focus on the scalar case here, and omit a separate proof for the parallel channel.
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Ty[1] Ry[1] Tz[2] Ry[2] T»[3]

Figure 2.8: The interference network unfolded over a block of K time slots. The node T;]t]
corresponds to the copy of Txi at time ¢, while R;[t] corresponds to the copy of Rxi at time
t. The feedback channel for time ¢ is an erasure channel controlled by S;[t] and Ss[t], while

the forward channel is a Gaussian interference channel with channel matrix H|t].
2.5.3 Discussion of results

2.5.3.1 Feedback strategy

Our result shows that even unreliable feedback provides multiplicative gain in interference
channels. The key insight in showing this result is using quantize-map-forward as a feedback
strategy at the transmitters. This is in contrast to the schemes proposed for perfect feed-
back [ST11] and rate-limited feedback [VSA12], which use decode-and-forward to extract
the feedback information. When the feedback channel is noisy, such schemes can result in
rates arbitrarily far from optimality. In order to see this, consider unfolding the channel
over time, as shown in Figure 2.8. This transformation effectively turns this channel into a
relay network, where it is known that decode-and-forward based relaying schemes can give
arbitrarily loose rates. This also motivates using quantize-map-forward as a feedback strat-
egy, which has been shown to approximately achieve the relay network capacity [ADT11].
This observation also suggests that quantize-map-forward might be a promising feedback
strategy for the additive white Gaussian noise (AWGN) feedback model of [LTM12] in order

to uniformly achieve its capacity region to within a constant gap.

It is instructive to compare the achievable rate region for the case of p; = py = 1 with
the outer bound region of the perfect feedback model of [ST11]. Evaluating the region

C(p1,p2) — 01 with p; = po = 1, we see that the perfect feedback bound (2.15) becomes
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redundant, and the achievable region comes within (3 + 3 log 3) bits of the outer bound region
of [ST11] (see Appendix A.6 for details). We note that this gap is larger than what is achieved
by the decode-and-forward based scheme of [ST11]. This shows that uniform approximation
of capacity region via quantize-map-forward comes at the expense of an additional (but
constant) gap®. The source of this additional gap is the quantization step at the transmitters,
which introduces a distortion in the feedback signal, and eventually incurs a constant rate

penalty whose amount depends on the distortion level.

2.5.3.2 Perfect feedback sum capacity with intermittent feedback

Corollary 2.3 shows that for any set of channel parameters, there exists a threshold p* on
the feedback probability above which perfect feedback sum-capacity is achieved to within a
constant gap. Although the exact closed-form expression of p* is not clean, an examination

of the symmetric case (see Figure 2.7) reveals that in some cases it can be as low as 0.5.

The intuition behind this result lies in the fact that it takes the transmitter forward-
channel resources to send the information obtained through feedback. Note that the larger p
is, the larger the amount of additional information about the past reception can be obtained
through intermittent feedback at the transmitters. If the amount of such information is
larger than a threshold, then sending it to the receivers will limit the rate for delivering
fresh information. Hence, once this threshold is reached, having more feedback resource is
no longer useful. However, this property is not observed for the entire capacity region, since
if one of the users transmit at a low rate, then it will have sufficient slackness in rate to

forward the entire feedback information.

5 Although we stated that the quantize-map-forward scheme achieves a smaller gap than what is claimed
in Theorem 2.2, the actual gap is still expected to be larger than that of the decode-and-forward based
scheme for perfect feedback, due to quantization distortion.
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2.6 Achievability

In this section, we describe the coding scheme in detail and derive an inner bound R%, (py, p2)

on the rate region.

2.6.1 Overview of the achievable strategy

The main idea of the coding scheme is the same as the one presented for the example in
Section 2.4. However, it substantially generalizes the example scheme in order to account
for possible channel noise, different interference regimes and an arbitrary target rate point

in the achievable region.

The scheme consists of transmission over B blocks, each of length N. At the beginning
of block b, upon reception of feedback, transmitters first remove their own contribution from
the feedback signal and obtain a function of the interference and noise realization of block
b — 1. This signal is then quantized and mapped to a random codeword, which will be
called the helping information. Finally, a new common codeword, which is to be decoded
by both receivers, and a private codeword, to be decoded by only the intended receiver, are

superimposed to the helping information, and transmitted.

The decoding operation depends on the desired rate point (see Figure 2.10). To achieve
the rate points for which the common component of the message is large, the receiver simply
performs a variation of Han-Kobayashi decoding [HK81], i.e., it decodes the intended infor-
mation jointly with the common part of the interference. Note that this does not make use

of the helping information.

To achieve the remaining rate points, the helping information is used. For weak inter-
ference, at block b, we assume that the receiver has already decoded the intended common
information of block b — 1. After receiving the transmission of block b, the receivers jointly
decode the intended private information and the interference of block b — 1 jointly with the
common information of block b, while using the helping information sent at block b as side

information. For strong interference, the roles of intended common information and the
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interfering common information get switched.

Next, we present a detailed description of the coding scheme and proof of achievability.

2.6.2 Codebook generation

Fix p(@ie)p(ic)p(24p) for i = 1,2°% and p(u;|v;) that achieves E [d(Ui, ‘Z)} < D, for (i,j) =
(1,2),(2,1), where d : U x V — R is the distortion measure, where U and V are the

2NTi quantization codewords UY ii.d. ~

alphabets of U; and X7j, respectively. Generate
p(ui) = 35, p(wilv;)p(v;), for (i, 5) = (1,2),(2,1). For i = 1,2, generate 20T codewords XN
i.i.d. ~ p(r;). Further generate, for i = 1,2, 2V codewords X i.i.d. ~ p(z;) and 2NFi
codewords X{X iid. ~ p(z;). For i = 1,2, define symbol-by-symbol mapping functions
x;  Xip x Xy — X and xip + Xje X Xje — Xip, where &, X, X, and Xj; are the alphabets

for the symbols X;., X;., X;p, and Xy, respectively.

2.6.3 Encoding

Encoding is performed over blocks (indexed by b) of length N. See Figure 2.9 for a system
diagram. At the beginning of block b, Txi receives the punctured feedback signal }Z-N (b—1) =
SN(b—1)YN(b—1) containing information about the channel output in block b— 1, where the
multiplication is element-wise. Upon reception of ?;N , Txq first removes its own contribution
from the feedback signal to obtain ‘ZN (b—1) = SN(b—1)VN(b—1). For linear deterministic

model, this is done by

Vb =1) =Y (b-1) = SVb - DH XN (b - 1),
whereas for Gaussian model, it can be obtained by
VIb-1)=YNb-1) = SNb-1Dha XN (b 1)

J

for (i,7) = (1,2),(2,1).

6 Although the scheme loses beamforming gain by generating independent codebooks at the two users,
this only results in a constant rate penalty.
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N1\ < Superpose Superpose
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X () X (b)
Encode Encode
p fCl;S P&llfs
Wip(b) Wic(b)

Figure 2.9: Encoder diagram at Tx1

The interference signal XZN (b —1) is then quantized by finding an index @;(b) such that
/N N n
(V¥ (- 1), U Qi) € A,

where 7™ denotes the e-typical set with respect to the distribution p(v;)p(w;|v;), and p(v;)
is induced by the channel and the input distributions. If such an index @;(b) has been found,
the codeword X (Q;(b)) that has the same index is chosen to be sent for block b. If there are
multiple such indices, the smallest one is chosen. If no such index is found, the quantization

index 1 is chosen.

Next, the message W;(b) € [2V%i] to be sent at block b is split into common and private
components (W;.(b), Wi, (b)) € [2VFie] x [2VF#]. Depending on the desired message indices
(Wic(b), Wip(b)), a common codeword XY (Wi.(b)), and a private codeword XY (W, (b)) is

chosen from the respective codebooks.

Finally, the using the symbol-wise maps x; (-, -) and z; (-, -), we obtain the codewords

X[ (b) = wip (XY (), XY (b))

XN () = x; (XN (1), X (1))

where the functions are applied to vectors element-wise. XV (b) is sent at Txi over N channel

uses.
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2.6.4 Decoding

The message indices for common and private messages, and the quantization indices of Txi
at block b will be denoted by m;(b), n;(b), and ¢;(b), respectively. When there are two

quantization indices to be decoded from the same user, the second one will be denoted with
q;(b).
In order to describe the decoding process, we need to introduce some notation. Define

the following sequence of sets:

B (g5, mj)(b = 1))
= {qz(b) : (ﬁN(b - 1)>Xﬁ<<qj7mj)(b - 1))7 (UszXg)<QZ(b))) S Z(N)}'
for (i,7) = (1,2),(2,1). Loosely, BEN) is the set of quantization indices of Txi that are jointly

typical with the interference of the previous round. If any of the indices (g;,m;) is known,

we will suppress the dependence to that index, e.g., if both are known, we simply denote
N
B () = {ait) - (¥ (b — 1), X}y (6 — 1), (UF, XD (a:(0))) € T}
where X ]J\}(b — 1) refers to the codeword corresponding to the known message indices.
We assume that the set BEN)(b) has cardinality 2V%:(®)  Specifically,

log qu(b) : (‘Z-N(b — 1), Uz‘N(Qi(b))) < Agn)}‘

Ki(b) = N

Note that due to random codebook generation, K;(b),i = 1,2, are random variables. The

following lemma shows that K;(b) is almost surely bounded for sufficiently large N.

Lemma 2.1. For any € > 0, there exists a block length N, and a quantization scheme such

that K;(b) < k; + d(€), where
ki = 1V UilS:) = 1(X;5: Uil )
for (i,7) = (1,2),(2,1), and 6(€) is such that 6(¢) — 0 as e — 0.
Proof. See Appendix A.1. a
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Lemma 2.1 suggests that for each interference codeword, there is a constant number
of plausible quantization codewords, for sufficiently large block length (to see that r; is
a constant independent of channel parameters, refer to Appendix A.3). This means that
the cost of jointly decoding the quantization indices together with the actual messages is a
constant reduction in the achievable rate, which will be a useful observation in deriving the
constant-gap result.

We also define C; = k; + 2k;, for (i,j) = (1,2),(2,1). The reason for this particular
definition will become clear in the error analysis. Intuitively, C; represents the rate cost
associated with performing quantization to forward the feedback information, which intro-
duces distortion. However, as we will show later in the proof, the upper bound given in

Lemma 2.1 can be evaluated as a constant independent of channel parameters.

Given an input distribution, Rx1 is said to be in weak interference if I(Xs;Y;|X;) <
I(X1;Y1]X5), and in strong interference otherwise. These regimes are defined similarly for

Rx2.

Decoding operation depends on the interference regime and the desired operating point

(R1, Ry). In order to describe the relevant regimes of operating points, we define
Iu}i = I(le7 }/i’XleaXQe) — Cl (218)
[si = I(Xjf;}/i|Xle7X2€) _Oz (219)

for (i,7) = (1,2),(2,1). In what follows, for clarity, we will focus only on Rx1. The operations

performed at Rx2 are similar.

2.6.4.1 Weak interference (/(X,;Y1|X1) < I(X3;Y1]X5))

If, for the desired operating point, Ry. > I,1, where I, is as defined in (2.18), the helping
information is not used, and a slight modification of Han-Kobayashi scheme is employed.
Otherwise, the helping information is used to decode the information of block b — 1. We

describe the decoding for the two cases below.

Ric > Iy1 @ At block b, we assume that XY (b) and X (b — 1) are known. The decoder
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Interference Operating Decoding Operation
egime oint

Rie < Iun Jointly decode Wi, (b — 1), Wac(b— 1), Wic(b),
; and quantization index Q1(b)
Weak Interference

Rie > It Jointly decode Wi,(b), Wic(b), and Wa(b)
- (do not use helping information)

Roc < Is1 Jointly decode Wip(b— 1), Wic(b — 1), Wac(b),
and quantization index Q2(b)
Strong Interference

Roe > I Jointly decode Wi,(b), Wic(b), and Wac(b)
T (do not use helping information)

Figure 2.10: A high-level summary of the decoding policy at Rx1 (Details are omitted).

attempts to find unique indices (mq(b), n1(b), ma(b)) € [2VF1e] x [2NVF1w] x [2VF2¢] | and some

g2(b) € [2""2] such that

SM(b—1), XT}(b — 1), X{L(b), X3l (q2(0)), X{}(m (1)),

c 7.V (2.20)
XY (ma (b), 11 (D)), X3 (g2(D), ma (b)), Y1 (D)

where the known message indices are suppressed. If the receiver can find a unique collection
of such indices, it declares them as the decoded message indices (ch(b),/Wlp(b),/ch(b));

otherwise it declares an error.

After decoding, given the knowledge of X (b), Rx1 reconstructs X{¥(b+ 1) by imitating
the steps taken by Tx1 at the beginning of block b+ 1, thereby maintaining the assumption
that X¥(b) is known at the beginning of block b. Further, note that X2¥(b) is not uniquely
decoded, hence in block b + 1, it will still be jointly (but still, non-uniquely) decoded with
the variables of that block. We resort to non-unique decoding of this codeword since unique
decoding imposes an additional rate constraint on the helping information, thereby limiting

the amount of rate enhancement it can provide.
Ric < Iw1 @ At block b, it is assumed that X%(b — 1) and X|¥(b — 2) are known at RxI.

To decode, Rx1 attempts to find unique indices (mq(b),n1(b— 1), ma(b — 1)) € [2VFe] x
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[2VFw] x [28MF2e] and some triple (g2(b—1),¢2(D), a(D)) € [2772] x [2V72] x [2V™1] such that

SN —1), X% (b—2), X{5(b— 1), X (na (b — 1)),
XN (qa(b — 1)), X (ma(b — 1)), (UN, XN) (qa(0)), XN (@2(0)), | € T (2.21)
X{\c[(ml(b))v }/1N<b - 1)7 KN(b)

If a unique collection of such indices exists, then these are declared as the decoded message
indices (ch(b), /Wlp(b —1), Wgc(b — 1)) Otherwise, an error is declared.

In (2.21), the dependence of X{¥(b—1) to the indices q;(b—1) and m;(b—1) is suppressed,

since these indices correspond to messages that have already been decoded.

In words, the decoder jointly decodes the private information and the interference of

block b — 1 jointly with the helping information and common information from block b.

Note that non-unique decoding is performed for X ¥ (b), but we have assumed that X} (b—
1) (and thus, X{¥(b — 1)) is uniquely known at the beginning of block b. In order to maintain
this assumption for the next block, X{¥(b) is reconstructed at Rx1. To achieve this, given
the knowledge of XV (b — 1), and the quantization codebook, Rx1 imitates the operations

performed by Tx1 at the beginning of block b.

2.6.4.2 Strong interference (I(Xs;Y1|X1) > I(X1;Y1|X2))

As in the weak interference case, decoding depends on the operating point. For Rs. < I,

where I, is as defined in (2.19), helping information is used, otherwise, it is not used.

Rac > L1 : The operations performed are identical to those for the case of Ri. > I,

under weak interference.

Rac < I : We assume XV (b—2), XN(b—1), and X5/ (b— 1) are known at Rx1 at block

To decode, Rx1 attempts to find unique indices (mq (b — 1),n1(b — 1),ma(b)) € [2VFe] x
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[2VFw] x [2VF2c] and some (g2(b — 1), 2(b), q1 (b)) € [2V72] x [2V72] x [2V71] such that

SM(b—1), X{F(b—2), X{L(b — 1), X5l(a2(b — 1)),

X{E(ma (b = 1)), Xy (1 (b — 1)), X (ma (b)), e 7 (2.22)

(U, X30)(a2(0)), X{e(ar (1)), Y{¥ (b — 1), Y1V ()
If a unique collection of such indices exists, they are declared as the decoded message indices
</V[716(b — 1), /V[71p(b - 1), Wgc(b)). Otherwise, an error is declared. Using the information of
XN (b —1), Rxl can now uniquely reconstruct X{¥(b — 1) by following the steps taken by
Tx1 at the beginning of block b.

2.6.5 Error analysis

Without loss of generality, we only consider the error events occurring at Tx1 and Rx1. All
arguments here will be applicable to the other Tx-Rx pair. We define the following decoding
error events at Rx1, for block b and block length N:
Db, N) = {Wie(b) = Wie(b), Wip(b = 1) = Wiy(b = 1),
Waelb = 1) = Waulb = D)}
D o(b, N) = {Wieb = 1) = Wae(b = 1), Wiy (b = 1) = Wi (b — 1),
Wae(b) = Wae(b) }

DNFB(b7 N) = {/MZ(b) = W1<b),w2c(b) = W2c(b>}c

The overall decoding error events at Rx1 is given by

B B
Dppw(N) = Drpw®), Drps(N) = Drpw(b)
b=1 b=1

We first prove that in order to find the rate achieved after transmission of B blocks, it is
sufficient to focus on the error events at an arbitrary block b. Without loss of generality,

consider the error event Dpp ., (V). Assume that, after B blocks of transmission, the effective
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rate achieved by Txi is R; (Note that at the end of block B, some of the information
pertaining to block B is still undecoded), which can be lower bounded by R; > %Ri, by
ignoring the partial information decoded in the first block and the last one. We can also

upper bound the overall probability of error by

P(Drpw) < ZP <DFBw ) { DV, N) l;;;)
b=2
) b—1
< BP (Dipu(b, V)| { D0, N) )

=: BP (Drp.u(b, N))

for an arbitrary block b, where the second line follows by the fact that the encoding and
decoding processes are identical in each block, and we made a definition in the last line
for brevity”. Setting B = N = N’, we see that for any N’, an error probability less than
N'P(Drp.(b, N')) can be achieved with rate =2 R;. Therefore, in order to show that rate
R, is achievable, it is sufficient to show that NP (Dpp (b, N)) — 0 as N — oo. Using
the same arguments, one can show the same result for Dpp ((N) and Dyrp(N), and define

Drps(b,N) and Dypp(b, N) similarly.
Now we analyze the weak and strong interference regimes separately.
2.6.5.1 Weak interference

The following lemmas characterize the rate constraints for reliable communication with Rx1

for feedback and non-feedback strategies, respectively, under weak interference.

Lemma 2.2. For weak interference at Rr1, NP (Drp.,(b, N)) — 0 as N — oo if

Ry < I(X1: V1S, Xie, Xoe) — Ch (2.23)
R1p<I(X1;Y1|§,X1f,X2f) —Ol (224)
ch < [(XQfa }/1|§a X267 Xl) - Cl (225)

"The event Drp 4, is defined in the filtered probability space formed by the conditioning.
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Rip + Ry < min { 1(X1, Xop: Vi, Ur|S, Xip, Xac) — 20,

[(X17X2fa}/i|§a X107X28) - Cl} (226)
Ry + Roe < I(Xy, Xop; V1S, Xie, Xoo) — Ch (2.27)
Proof. See Appendix A.2. O

Lemma 2.3. For weak interference at Rr1, NP (Dnpp(b,N)) — 0 as N — oo if

[\]
[\
(0]

Ri.>1 le;Yl‘ﬁ, Xie, Xoe) — C4

Ry, < I(X1; Y118, Xap, Xof) — Ko

[\]
[\)
Nej

~—~~ —~ o~
[\
w
(=}

~—  ~—  ~—  ~—

< I(Xy; Yl’ﬁ; X2f7Xle) — Ra

[\
w
—_

[\]
w
[\

(
(
Ry, < ](X2f§Y1|§7 Xze,Xl) — K2
< I
(

Ry + Rye < I(Xq, Xop; V1S, Xie, Xoe) — C1 — Ko

Proof. See Appendix A.2. n

2.6.5.2 Strong interference

The following lemmas give the rate constraints for the feedback and non-feedback modes

under strong interference at Rxi.

Lemma 2.4. For strong interference at Rr1, NP (Dpgs(b,N)) = 0 as N — oo if

RQC < ](X2f7Y1|§7 XleaXQe) - Cl

[\]
(V)
w

DO
w
e~

Ry, < I(X1; Y18, Xiyp, Xop) — Ch
Rl < min {I<X17Y17 U2|§7 X167X2f)7

I(Xthe; Y1|§, Xie, ch)} -

[\
w
D

S —~~ —~ —~ —~~
w w
~ ot
N— S— N— SN— S—

Ry + Roe < I(Xy, Xop; Y115, X1, Xoe) — Oy

Proof. See Appendix A.2. m
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Lemma 2.5. For strong interference at Rx1, NP (Dnpp(b,N)) — 0 as N — oo if

Ry > 1 ng;Y1|§, Xie, Xoe) — C1

N
oo
50

Ry, < I(X1; Y118, Xap, Xof) — ko

Do
o
=)

e N e T
.[\D
B
o

N N N~ N~

(
(

Rip+ Roe < 1(X1, Xop; Y118, Xaf, Xoe) — Ko
(

Ry + Rye < I(X1, Xop; V1S, Xie, Xoe) — C1 — Ko

DO
I
—_

Proof. See Appendix A.2. m

2.6.6 Rate region evaluation

In this subsection, we first explicitly derive the set of achievable (R, Ry) pairs for linear

deterministic and Gaussian models, from the results of the previous subsection.

We first find the conditions for decodability at Rx1 under weak interference. Recall that
feedback mode is used at Rx1 only if (2.23) is satisfied; otherwise Han-Kobayashi decoding
is performed. If we define R := (Ry., Rac, R1,), and

g = {R:(2.24)-(2.27) is satisfied} ,
Nrp = {R: (2.29)-(2.32) is satisfied} ,
Ry :={R: (2.23) is satisfied} ,
then the set of rate points R™ that ensure decodability at Rx1l under weak interference
contains
RY = (R¥pNRY) U (RNpp NRy)
2 (Ryps NREp NRY) U (RN pp N REg NRY)
= Rnr N Rip
where R is the complement of the set RY. Therefore, the rate constraints for decodability
at Rx1 for the described strategy for weak interference are given by (2.24)-(2.27) and (2.29)-

(2.32), for all joint distributions Hle D(Zie)p(xic)p(xip), symbol-wise mappings ;¢ (%, Tic),

xi(xif, Tip), and p(u;|0;), (4,7) = (1,2), (2, 1), consistent with the distortion constraints.

36



One can perform the same line of arguments as in the case of weak interference to
show that the rate constraints for decodability at Rx1 for strong interference are given by
(2.34)-(2.37) and (2.39)-(2.41), for all joint distributions [[-_; p(2ic)p(2ic)p(2ip), symbol-
wise mappings ;¢ (Zie, Tic), Ti(Tif, Tip), and p(u;|0;), (4,7) = (1,2), (2, 1), consistent with the
distortion constraints.

Next, we consider linear deterministic and Gaussian models separately, and derive the

achievable rate regions explicitly for both cases.

2.6.6.1 Rate region for linear deterministic model

To obtain the achievable rate region, we first evaluate the mutual information terms with

specific input distributions. In particular, we choose the distributions and mappings

Xie ~ Unif [F5"] (2.42)
Xie ~ Unif [F3"] (2.43)
X,y ~ Unif []an“‘”“”] (2.44)

U, =V, (2.45)

zip By x Fy' — Fy7°,
T ]F‘;LJ’L % ]anii—nji)"’ N F;na,x(nii7nji)’
v =[Xip Xyl wigla,b) =a+b (2.46)
for (i,7) = (1,2),(2,1), where Unif [A] denotes uniform distribution over the set A. Evalu-
ating the mutual information terms of the previous subsection with this set of distributions,

and applying Fourier-Motzkin elimination (see Appendix A.3 for details), we obtain the rate

region given in (2.5)—(2.11).

2.6.6.2 Rate region for Gaussian model

Now we evaluate the rate constraints obtained in the previous section, and obtain the final

achievable rate region. Assuming available power P; at Txi, we assign the following input
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distributions, for (i,7) = (1,2),(2,1):

Xie ~ CN(0, 5 P) (2.47)
Xie ~ CN(0, 51— P)P) (2.48)

1 . 1
U|V; ~ CN(V;, D;) (2.50)

$ifZCXC—>C, ZL’Z'ZCXC%C,
zif(a,b) =a+b, xi(a,b)=a+b (2.51)
where D; > 0 are the distortion parameters. Using these input distributions, and applying

Fourier-Motzkin elimination (See Appendix A.3 for details), we can show that the rate region

(A.18)—(A.20), given in Appendix A.3, is achievable.

2.7 Converse

We now prove an outer bound region that exactly matches the region given in (2.5)—(2.11),

and is within a constant gap of the region in (2.13)—(2.17).

The main idea between the novel bounds on R; and R is based on a genie argument,
where the receivers are provided with side-information about the messages. The bounds on
Ry + Ry, 2Ry + Ry and Ry + 2R, are proven through a channel enhancement technique,

resembling the one used for the multiple-access channel in [KL13].

2.7.1 Bounds on R; and R,

Since any outer bound for perfect feedback is also an outer bound for intermittent feedback,

we have the perfect feedback bound

Ri S max (n,-,-, n,-j) (252)
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for linear deterministic model, and the bound

R; < sup log (1 + SNR; + INR; + 2p+/SNR; - INRZ-> (2.53)

0<p<1

for Gaussian model, for (i,7) = (1,2),(2,1), which are both proved in [ST11]. Next, we

prove a novel bound for both models.

Without loss of generality, we focus on the bound on R;. In order to prove the novel
bound on R;, the main idea is to provide (WQ,XN/IN ) as side-information to Rx1. The
intuition behind this particular choice is revealed when we consider the interference regime
and operating point in which this bound is active. First, due to the structure of the capacity
region, this bound is relevant only when the message (i.e., the rate) of the interfering user
is small enough. Hence, for that regime, W5 does not carry too much information, and thus
providing this to Rx1 still results in a tight outer bound. Second, note that this bound is
only active in the strong interference regime, where feedback from Rx2 to Tx2 creates an
alternative path for the transmission of W;. Therefore, by forwarding this information, Tx2

indeed provides the information contained in ‘N/lN to Rx1.

Based on this idea, we prove the bound
R; <ny +pj(nj — ni)" (2.54)
for linear deterministic model in Appendix A.4, and the bound

INR;
R; <log (14 SNR;) + p;log <1—|— 1+SNRZ~) (2.55)

for the Gaussian model in Appendix A.5, for (i,7) = (1,2),(2,1).

2.7.2 Bounds on R + Ry, 2R; + Ry and R + 2R,

We have the perfect feedback outer bounds
Ri + Rj S max (nii, nij) + (njj — nﬁ)Jr (256)

for linear deterministic model, and

(1 — p*)SNR; )
R,+ R; < sup log |1+
1= oot g( 1+ (1 — p?)INR;
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+log (1 SNR; + INR; + 2p/SNR; - INR; ) (2.57)
for Gaussian model, for (i,7) = (1,2),(2,1).

Next, we prove novel outer bounds on the capacity region. In order to prove these bounds,
we first define a notion of enhanced channel. Considering our achievable scheme, feedback
can be interpreted as a mechanism for the receivers to separate the interference and the
intended signal, to the extent allowed by the erasure probability in the feedback channel.
In the weak interference regime, this allows the receiver to cancel the interference. In the
strong interference regime, through the alternate path created by the interfering user, it
allows the reception of additional information about the intended message. Therefore we
consider an enhanced channel where the receivers observe the interference and the intended
signal individually whenever the feedback is available, and their sum otherwise. In addition
to this enhancement, we provide Rxi with the side-information of V;¥ as well, as was done

in [ETWO08]. To make this more precise, we consider the two models separately.

2.7.2.1 Linear deterministic model

We define the enhanced linear deterministic channel with intermittent feedback by the fol-

lowing equations

iy Vg

v —

for (i,5) = (1,2),(2,1), where Y; is the channel output of the enhanced channel at Rxi, Y;
is the channel output of the original channel, and X; and Vj are as defined for the original
channel. The output of the feedback channel is given by Y; = S;Y;, i.e., the same as the
original channel. Note that any scheme that achieves arbitrarily small error probability in
the original channel can also achieve arbitrarily small error probability for the enhanced
channel, using the fact that Y; = H;;X; 4+ V;. This means that the capacity region of the
original channel is a subset of that of the enhanced channel, and we can derive an outer

bound for the enhanced channel instead.
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Figure 2.11: The enhanced channel for Gaussian model. The block [+] is a conditional
adder, which outputs the sum of the other two inputs if .S; = 0, and outputs the two inputs

separately otherwise.

It is easy to see that this enhancement is equivalent to providing the Rx: with \N/zN ,
since for time slots where S; = 1, Rxi can use this information to individually obtain the

interference and the intended symbol.

Using the channel enhancement technique, we arrive at the following outer bounds on the
capacity region of the linear deterministic interference channel with intermittent feedback,

which are explicitly proved in Appendix A.4.
Ry + Ry < max {nys, (ny; — no1)" } 4+ max {na1, (naz — nis)"}
+ prmin {nya, (1 — n21)+} + pomin {nay, (no — n12)+} (2.58)
2Ry + Ry < max (ny1,n12) + max {nm, (ngg — n12)+} + (11 — 7121)+
+ pomin {ng1, (nas — n1a) "} (2.59)
Ry + 2Ry < max (naz, na1) + max {niz, (n11 — 1) "} + (nos — mya) ™

+ prmin {ny3, (n11 — nar) "} (2.60)

2.7.2.2 (Gaussian model

Next, we extend the enhanced channel idea to the Gaussian model. In this case, while

splitting the interference and the intended signal, we also split the noise evenly between
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these two variables (see Figure 2.11). Specifically, we consider the channel defined by the

equations

" Yi, if S; =0

.

for (i,7) = (1,2),(2,1), where Y; is the output of the enhanced channel, and

Yii = hauXi + Zii
Yij = hij X + Zi

Y, =Y+ Yy = haXs + hiyX; + Z;

with Z;;, Z;; are independent and distributed with CA/(0, %), and we define Z; = Z;; + Z;;.

s
The output of the feedback channel at Txi is given by S;Y; = S; - (Yi; +Yi;), i.e., the same
as the original channel. It is worth noting that unlike the linear deterministic case, this
enhancement is not equivalent to providing Rx: with ‘ZN , since giving this side-information
allows the receiver to completely cancel the noise for some time slots, resulting in an infinitely

loose bound.
Let C.(p1,p2) denote the capacity region of the enhanced channel.

The next lemma shows that the capacity region of the enhanced channel indeed dominates

the original one.
Lemma 2.6. For all 0 < p;,ps <1,
Ca(pr,p2) € Ce(p1,p2)

Proof. The proof has two steps. First, we consider an intermediate channel, with capacity

region C;(p1, p2), and the channel output at Rxi is given by
Y; = hyX; + hiy X; + Z;

for (i,7) = (1,2),(2,1), where Z; = Z;+ Z;; is the sum of two independent CA/(0, 3) random

variables as in the enhanced channel. Since Z; and Z; (the noise in the original channel)
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have the same probability distribution and are both i.i.d. processes across time and across
users, the joint distribution of the channel p(y;, y2|z1, x2) is identical for both channels, and

hence they have the same feedback capacity region, i.e., C;(p1, p2) = Ca(p1, p2)-

Next, comparing the intermediate channel and the enhanced channel, we note that any
rate pair (R;, R2) achievable in the intermediate channel is also achievable for the enhanced
channel using the same pair of codes, using the fact that Y; = Yii+Y;;. Therefore, C;(p1,p2) C

Ce(p1,p2), which completes the proof. ]

Remark 2.4. We note that a similar channel enhancement technique has been applied be-
fore by Khisti and Lapidoth [KL13], for Gaussian multiple-access channel with intermittent
feedback. In that work, the variances of the random variables Z;; and Z;; are not fized, but
are arbitrary, subject to the constraint that they sum to one. Although one can optimize over
the noise variances in order to obtain the tightest bound, this only results in a small and
constant improvement. Hence, for simplicity, we stick to the fixed variance of% for the noise

variables of the enhanced channel.

Using Lemma 2.6, we can instead prove outer bounds for the enhanced channel. In

Appendix A.5, we prove the following bounds.

SNR; + 2v/SNR; - INRI)

<1 1+ INR
R1+R2_0g(+ 1+ 1+ INR,

SNR; + 2¢/SNR; - INR,
1+ INR,
SNR
(1+2INR,) (1 + |NR2+}>

SNR1 +2v/SNR1-INR;
1+ INR; + T INR

+log <1+INR2+

+ p1 log

(1+ 2INRy) (1+ SNR )

INR;+3

1+ INR, + SURE2Y SRS

NR
OR, + R, < log (1 +SNR, + INR; + 21/SNR, - INRl) +log (1 + 15—1)

11 INR,
SNR; + 21/SNR; - INR,
+
1+ INR,

+ po log (2.61)

+ log (1—|—INR2+
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SNR
(1+ 2INRy) (1 n INle%)

palog 1+INR2+5NR2+12W (2.62)
SNR;
Ry + 2R <log ( 1+ SNRy + INR; + 21/SNRy - INRy ) +log [ 1 4+ +————
1+ 2 <log (1+SNRs + INR; + 2 2)+og<+§+|NR1)
SNR; + 2v/SNR; - INR;
log ( 1+ INR
+Og<+ o 1+ INR, +
(1+2INR,) (1 + ﬁgjil;)
2
il 1+ INR, + SNRiZ2VENR;INR, (2.63)

2.8 Discussion and Extensions

We considered the interference channel with intermittent feedback, and derived an approx-
imate characterization of the capacity region under Gaussian model, as well as an exact
characterization for the linear deterministic case. The result shows that even intermittent
feedback provides multiplicative gain in capacity in interference channels. The achievability
result was based on quantize-map-forward relaying at the transmitters, and the outer bound

result was based on a channel enhancement technique.

In this work, we considered short messaging, i.e., a new message is sent at every block of
transmission. An alternate approach one could try is long messaging, where the transmitters
send codewords describing the same message at every block, and the receivers jointly decode
all blocks to recover the message. The clear advantage of short messaging approach is better
delay performance, since each message is decoded immediately after the transmission of the
corresponding block, instead of waiting for the end of the entire transmission. However,
combined with forward decoding, the rate region achievable by this strategy cannot approx-
imate the entire capacity region by itself, as can be seen from the results of Section 2.6; we
need to take the union with Han-Kobayashi rate region to approximate the entire capacity
region. This is because while decoding block b, part of the message of block b+ 1 is jointly
decoded by treating the interference of block b + 1 as noise, which limits the rate in cer-

tain operating points. Hence, long-messaging approach would remove the need for taking
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union with Han-Kobayashi region and simplify the proof, since all blocks are jointly decoded.
Such an approach has been taken in [Zail4] to derive an inner bound on the capacity region
of interference channels with generalized feedback, which overlaps with the capacity region

(2.5)—(2.11) for the special case of linear deterministic IC with intermittent feedback.

The extension to parallel channels is carried out for the special case of identical subchan-
nels in this work. An important generalization can be the case where the channel gains of
the subchannels are not necessarily the same. The main obstacle in generalizing our achiev-
able scheme to this case is that it distinguishes the cases of weak and strong interference,
although such a separation is not possible for vector channels. Again, long-messaging can be
a strategy to circumvent this issue, since it removes the need for making such a distinction
between weak and strong interference regimes [Zaild], albeit at the cost of a much larger

delay.

Another important extension could be to the additive white Gaussian noise (AWGN)
feedback model of [LTM12]. Since this model assumes passive feedback as well, our quantize-
map-forward based scheme can be directly applied to to this channel model. The results of
this chapter indicate that quantize-map-forward, as a feedback strategy, might be a promis-
ing candidate as an approximately-capacity-achieving scheme for AWGN feedback model.

However, this investigation is not the focus of this paper, and is left as future work.
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CHAPTER 3

Opportunistic Scheduling in Full-duplex Cellular

Networks

3.1 Introduction

Full-duplex wireless communication is becoming closer to reality, in light of recent experi-
mental results demonstrating its feasibility [DS10, CJS10]. Especially the development of
massive MIMO can create opportunities for full-duplex communication, since all implemen-
tations of full-duplex use multiple antennas. The first application of full-duplex in a practical
system is expected to be in base stations instead of mobile devices, due to relative flexibility
in design. Since mobile devices remain half-duplex, the uplink-downlink nature of a cellular
system is retained, even when the base station is full-duplex. By serving uplink and downlink
simultaneously over the same band, a full-duplex cellular system might have the potential to
double the spectral efficiency. However, in order to realize this gain, one is immediately faced

with a challenge that is not present in half-duplex systems: uplink-to-downlink interference.

The problem of uplink-to-downlink interference management in full-duplex systems has
been considered in [SDS13] and [BS13] with several interference management strategies pro-
posed, based on interference alignment or message splitting. However, such sophisticated
solutions, which require very tight coordination between nodes and a large amount of over-
head to exchange channel information, are not well-suited for large-scale, dynamic networks,

where a large number of high-mobility nodes can have rapidly changing channel states.

In this work we propose and analyze a solution that is much more suited to such dy-

namic networks. In fact, the solution is explicitly centered around exploiting this dynamic
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nature of the network, rather than attempting to manage it. This is based on adapting the
opportunistic beamforming and scheduling [VTLO02] ideas to this new scenario that arises in
full-duplex networks with dynamically varying channel states. This approach enables us to
design an opportunistic joint uplink-downlink scheduling algorithm that, in a homogeneous
network with a large number of half-duplex users and a multi-antenna full-duplex base sta-
tion, asymptotically achieves the sum of the capacities of the isolated uplink and downlink
systems, thus doubling the spectral efficiency. The main idea underlying the result is to
apply random transmit and receive beamforming at the base station [VTL02], and exploit
the multiuser diversity in the system to schedule the uplink and downlink users that conflict
the least with each other. Such a solution also has the advantage of requiring much less

channel training overhead, as we will explore.

The chapter is organized as follows. Section 3.2 reviews existing work on the problem and
contrasts our approach with it. Section 3.3 presents our mathematical model and notation.
Section describes our proposed opportunistic joint uplink-downlink scheduling scheme, and
presents our main results. Section discusses the case of clustered networks, how the presented
approach might fail in such networks, and discusses user cooperation as a potential solution

for this scenario. The proofs of these results are provided in Appendix B.

3.2 Related Work and Contributions

Many authors (including[SHO05, YGO06], among others) have studied the problem of MIMO
downlink scheduling in the many-user regime, and it has been demonstrated that the same
scaling law as the optimal dirty-paper coding sum rate can be achieved via beamforming
with scheduling. It was also shown that the gap between the sum rate achievable with
beamforming with scheduling and dirty-paper coding goes to zero [BK08, WLZ08|. There
has also been works that explore how to exploit multiuser diversity in the presence of in-
terference, under multi-cell downlink [LLO06], and spectrum sharing cognitive radio [BCJ09]

scenarios. However, the schemes developed in these works are either intended for an iso-
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lated downlink system, or fail to provide any theoretical performance guarantees on the
overall system throughput when translated into a full-duplex system, where the goal is to
simultaneously extract uplink and downlink multiuser diversity gains while dealing with the
uplink-to-downlink interference. Based on the existing literature on opportunistic schedul-
ing, it is not clear whether downlink sum rate optimality through scheduling is maintained
in the presence of uplink interference, especially when the uplink sum rate optimality is also

sought.

We have two main contributions in this work. First, we show that the asymptotic sum
rate optimality in both uplink and downlink can be maintained individually, even in the pres-
ence of uplink-to-downlink interference. To achieve this, we develop a simple opportunistic
scheduling algorithm based on random beamforming. The algorithm does not require the
base station or the uplink users to have channel information about the interference links.
Moreover, very little CSI is required at the base station due to random beamforming. We
also show that the spatial multiplexing gain offered by the multiple antennas is retained in
the full-duplex system when the number of antennas scale logarithmically with the number

of users, as was shown for isolated downlink in [SHO5].

This asymptotic decoupling result relies on there being sufficient channel diversity in the
network. Although a homogeneous network with i.i.d. fading links provides sufficient diver-
sity for this purpose, such diversity may not be present in a real network. For instance, there
might be areas in a cell where users are densely clustered, and some other areas that are
mostly deserted, resulting in a lack of sufficiently rich channel conditions. In a full-duplex
system, in addition to diversity in channels to and from the base station, diversity in inter-
ference links is also required to realize the multiuser diversity gains. Our second contribution
is to show that for a simple class of heterogeneous networks, it is not possible to achieve such
gains, by deriving an upper bound on the achievable sum rate. In particular, the gap between
the achievable sum rates of the full-duplex system and the decoupled system grows linearly
with the number of antennas and logarithmically with downlink SNR. Although our hetero-

geneous network model is rather simple, it features the key property of the lack of channel
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ULs

Figure 3.1: A cellular system with a full-duplex base station with M = 2 antennas and
n = 2 uplink and downlink half-duplex users. Uplink users are represented with white dots,
downlink users are represented with black dots, and the interference links are represented

with dashed lines.

diversity. To address this limitation in heterogeneous networks, we demonstrate through an
example that establishing device-to-device cooperation over orthogonal side-channels can be

effective.

3.3 Model and Notation

We consider a cellular system with a single full-duplex base station, equipped with M an-
tennas for uplink and M antennas for downlink communication (see Figure 1). We assume
there are n uplink, and n downlink half-duplex users, each with a single antenna, request-
ing communication over the same band. We assume the base station is able to completely
cancel self-interference, but the uplink transmission interferes with the received signal at the

downlink users.

We first consider a homogeneous network, where all links in the network, including the
interference links, are are generated i.i.d. from a CN (0, 1) distribution; but once drawn, they

remain fixed throughout the duration of transmission.

The uplink channel is described by the equation
y=H,7+?2
where § € CM*! is the vector of channel outputs at the base station, z € C"*! is the
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vector of channel inputs from n uplink users, subject to a per-user block power constraint

%Zle |Z4[t]]* < P for a block length of T, for k=1,...,n,

Hy=|hy ... h,|eC™

is the matrix of channel gains, with each element generated i.i.d. according to CN'(0, 1), and
zZ ~ CN(0,1,) is the vector of complex Gaussian noise. Throughout the chapter, we use the
bar notation whenever a variable pertains to the uplink transmission, whereas we use plain
letters for variables pertaining to downlink transmission, including the uplink-to-downlink

interference link gain.

The downlink of the system is described by
y=Hx+ G,z + z,

where y € C™*! is the vector of channel output at the n downlink users, z € CM*! ig
the vector of channel inputs from M antennas, subject to a total block power constraint
%Zle r*[t]z[t] < P, H, € C"™M is the matrix of channel gains and G, € C™" is the
matrix of interference link gains, with each element of the matrices generated i.i.d. according

to CN(0,1), and z ~ CN(0,1,,) is the vector of complex Gaussian noise.

The set of all link gains in the network is denoted by H,, = (F_In, H,, Gn). Further, the
rate of ith downlink (uplink) user is denoted by R; (H,) (R; (H,)), and the sum uplink and

downlink rates are denoted by
Rn (Hn) = Z Rl (/Hn) ) R, (Hn) - Z R; (Hn) :
=1 =1
All logarithms throughout the chapter are assumed to be in base e. We also define

n] :={keN:1<Fk<n}.

We impose the constraint that at most M uplink users can simultaneously transmit to

the base station, i.e., the vector Z can only have M non-zero elements per time slot!.

LThis constraint is placed to prevent total uplink power in the system from growing unboundedly.
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3.4 Opportunistic Scheduling for Homogeneous Networks

3.4.1 Opportunistic scheduling

We consider an opportunistic scheduling algorithm that performs random beamforming
[VTLO02] independently for uplink and downlink, and schedules the users whose channels
best fit to the current beamforming patterns, and least interfere with each other. In partic-
ular, the base station first constructs a random unitary matrix ® and multiplies this with

the received uplink channel output
O*y = O*H,z + &2

Note that since ® is unitary, ®*7 is still distributed as CA(0,1,,). We consider the scheduling
of M uplink users for transmission at a given time. In particular, each element of the vector
d*y is assigned to a user, and the signal of that user is decoded from this component of the
effective channel output, treating inter-stream interference as noise?. Note that this can be
viewed as choosing an M x M submatrix of ®*H,,. We use the following rule to choose the
user U, € {1,...,n} assigned to the mth stream:

U, = arg l?elgln }ggﬁﬁkf

where

for some ¢, such that €, — 0 as n — 00°, where ¢, is the mth column of ®. Note that this
scheduling algorithm first determines a set of candidate users for stream m, by eliminating

all users whose interference to any other stream exceeds a certain threshold, and then picks

2 Although successive cancellation decoding can also be used, this does not improve our main result, hence
we treat interference as noise for simplicity.

3Note that €, must be scaled down slow enough to ensure that |5m’ > 0 with high probability. The exact

scaling of €, is left unspecified here, but in the proof of our main result, it will be seen that ¢, = O (loén)

is a good choice.
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the user whose channel has the largest projection along the mth beamforming vector in the

candidate set. We denote the set of uplink users scheduled in this way as T = {U,, }M_,.

Next, we consider the scheduling of downlink users, based on the uplink user selection.
As in the uplink case, we begin by generating a random beamforming matrix ®, and precode

the transmitted signal with it, so that the vector of received signals at the n downlink users

becomes
y=H,®x + G2 + z,
We use the following rule to choose the user U, € {1,...,n} assigned to the mth stream:
Up = in |¢7, |
arg min [¢7, fu|
where

S ={1 <k <n:|¢5 > < en,Vr #m;

|g/€j|2 S enavj € 71}

for the same €, sequence as in the downlink, where ¢,, is the mth column of ®, i.e., the
candidate set of users for stream m are the users who receive bounded uplink interference

as well as bounded inter-stream interference. We denote the set of uplink users scheduled in

this way as T = {U,,, }}_,.

Remark 3.1. Originally, random beamforming was considered for downlink communication
wn order to artifically induce channel variations and realize the multiuser diversity effect
[VTL02]. However, in a full-duplex system, one also needs to induce variations in the level
of interference to each user to extract this gain. Since each user has a single antenna, this
18 not possible through random beamforming at the uplink user side. However, one can still
perform receive beamforming for uplink at the base station, which results in scheduling a
different subset of users at each time slot, which in turn causes variations in the aggregate

interference strength observed at each downlink user, as desired.
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Remark 3.2. Note that the base station or the uplink users do not require the channel
knowledge of the interfering links for this scheme to work. If the downlink users are able
to track the uplink interference strength they receive (which can potentially be arranged by
overhearing the uplink pilots), they can send SNR feedback for their own channels only if the
current interference level is below the threshold, and the base station can perform scheduling

based only on this information.

3.4.2 Asymptotic sum capacity for fixed number of antennas

Define the achieved uplink and downlink gaps from individual uplink and downlink capacities

as

7(Hn) = CYAM (H,) — Ry, (M)
n(Hn) = CSC (Hn) — Ry (Hy)

respectively, where CMACM (7¢ ) is the sum capacity of the multi-antenna MAC formed by
considering the isolated uplink system, subject to the constraint that only M users can
transmit simultaneously, and CB® (H,,) is the sum capacity of the multi-antenna broadcast

channel formed by isolating downlink system, achieved by dirty-paper coding [WSS06].

Clearly, CMACM (3¢ ) + CBC (H,,) is an upper bound on the sum rate R,, (H,,) + R, (H,)
achievable in the full-duplex system. Our main result is that in a homogeneous network, this
upper bound is asymptotically achievable as the number of users n goes to infinity. This is

more precisely stated in the following theorem.

Theorem 3.1. For any § > 0,

lim P (7 (H,) +n(H,) >6)=0

n—oo
See Appendix B.1 for proof.

Theorem 3.1 implies that for a homogeneous network with sufficiently many users, the
uplink-to-downlink interference can be mitigated through proper user scheduling to the ex-

tent that the uplink and downlink systems gets asymptotically decoupled. The main idea
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underlying this result is to exploit multiuser diversity, in terms of both the richness in the
channel vectors to and from the base station, and richness in the strength of the interfering

link.

Another important point in Theorem 3.1 is that not only does the sum rate has the
same scaling law as the decoupled system (which scales as M loglogn for both uplink and
downlink, as in the isolated uplink and downlink systems [SHO05]), but the additive gap
between the decoupled system sum capacity and the achievable full-duplex sum rate goes to
zero. A similar behavior has been observed before for MIMO broadcast channels, where it
has been shown that the achievable rate difference between zero-forcing beamforming and
dirty-paper coding goes to zero as n — oo [BKO08]. Our result shows that through random
beamforming, the same result can be obtained for simultaneous uplink and downlink, in the

presence of uplink-to-downlink interference.

3.4.3 Scaling the number of antennas

An important assumption in Theorem 3.1 is that the number of antennas remain fixed as n
grows. This is a crucial assumption, since as M grows, one would need to schedule a growing
number of users simultaneously in order to realize the full multiplexing gain of the system,
which would result in increasing uplink-to-downlink and inter-stream interference. Hence,
an important question is whether a similar result would hold in the case where M is scaling.
In [SHO5], it is shown that for an isolated downlink system, the spatial multiplexing gain can
be preserved if M is scaled like O (logn). Here, we show a similar result for the full-duplex

system, which is given in the following theorem.

Theorem 3.2. If lim,, % = « for some a > 0,

. R, (H,) + R, (H,)
n1—>oo 2 {\/j ﬁ

for some 3 > 0, almost surely.

See Appendix B.2 for proof.
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Hence, even when the number of antennas grows to support the large number of users,
the full sum degrees of freedom of the system can still be fully utilized despite the growing
level of uplink interference, provided that the number of antennas does not scale faster than

logarithmically in n.

3.5 D2D Cooperation for Clustered Full-Duplex Networks

The main idea underlying the result in Theorem 3.1 was to exploit the channel richness
in the network to asymptotically decouple the uplink and downlink transmissions. We have
seen that the homogeneous model described in Section 3.3 provides sufficient richness for this
purpose. However, such homogeneity may not present in an actual network. Instead, users
may be densely clustered in certain areas, and sparsely located in others. In such a scenario,
it may not be possible to simultaneously approach uplink and downlink sum capacities, since
the lack of channel diversity might force one to schedule an uplink-downlink user pair with

significant interference in between.

In order to study this opposite regime, we consider a specific class of clustered networks
that takes such non-homogeneity to the extreme, and prove that it is not possible to achieve
the sum capacity of the decoupled system in such networks. Although the model of networks
that we consider is rather specific, the main insight derived from this model might apply to

more general heterogeneous networks.

3.5.1 Heterogeneous model

We consider a network with M clusters (see Figure 2), hosting a total of n uplink and n
downlink users that are uniformly distributed among them. We consider a simplified model
where each cluster is assigned a spatial direction h;, with hfh; = 0 for ¢ # j, and ||h;|| = h
for all 1 <7 < M. We assume that all users (both uplink and downlink) within a cluster has
the identical channel vector h;. Further, we assume an all-or-none interference model, 7.e., if

k(1) denotes the cluster index of user 4, then the interference link gain magnitude from user
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Figure 3.2: A heterogeneous cellular system with a full-duplex base station with M = 2
clusters and n = 2 uplink and downlink half-duplex users. The uplink and downlink users
within the same cluster have the same channel, and users in different clusters do not interfere

with each other.
7 to user ¢ is given by

, it k(i) =k(y
D E EURE0)

0, otherwise

As in the homogeneous case, we impose the constraint that at most M uplink users can
transmit simultaneously. Although this is a very simplified model, the unusual way in which
the multi-antenna MAC and the BC interact with each other still makes this a non-trivial

problem.

Henceforth, this model will be referred to as a (M, h, g)-clustered network. Next, we

derive an upper bound on the sum capacity of the network.

3.5.2 Sum rate upper bound and the gap from the decoupled system capacity
Theorem 3.3. If (Rn, Rn) is an achievable rate pair in a (M, h, g) —clustered network, then

_ h2p
R,+R, <Ml 1+ ——=
¥ os (14 15

P _ | PP
M1 1+ h2— + ¢*>P + 2ghy\| —
+ og( + M+g + 29 M)

Proof. Let 4™ and 2™ denote the vector of channel outputs and the vector of noise at the

users in cluster m. Since the downlink users do not cooperate, the capacity does not depend
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on the covariance matrix 3, of the noise at the downlink, as long as ¥, > 0 and the diagonal
consists of 1’s [Sat78]. Hence, we assume that within the same cluster, all downlink users are
subject to the same noise process, i.e., zt(m) ~ CN(0,117), where 1 is the all ones vector.
The noise processes at different clusters are independent?. Under these assumptions, using
a genie-aided argument we show in Appendix B.3 that for a block length of N,

N (Rn + Rn) < max max
Z%:1 km,t <M % Z(m,t)EN P <P

N M
D> log (1 + 12 Py + kg g? P + 2ghy /k;m,tpm,tp>

t=1 m=1
ko (12 P )

— 3.1
1 + kmﬂggQP ( )

+ log (1—1—

where k,,; is the number of uplink users scheduled from cluster m at time ¢, P, is the
power allocated to mth channel at the base station at time ¢, and N := [M] x [N]. It can be
verified that the log terms in (3.1) are concave and monotonically increasing in (P, ¢, km.¢),

and hence the result follows by Jensen’s inequality. O]

It is easy to see that the sum of the isolated uplink and downlink capacities for a (M, h, g)-

clustered network is given by
_ )z _
CMACM 1 OBC — Mlog (1 + hQM) + Mlog (14 h°P) (3.2)

Define the gaps form isolated systems, 17 and 7 as in the homogeneous case. Also set SNR :=
h?L, SNR™ := ¢P, SNR? := h2P. The following corollary of Theorem 3.3 characterizes the

scaling behavior of n + 7.

Corollary 3.1. For a (M, h, g)-clustered network with number of users n > M,

SNR—oo M log SNR —

4For a general broadcast channel, it is known that assuming independent noise processes gives a loose
bound while using Sato upper bound [VTO03]; however, this does not matter in this case, since the links are
orthogonal.
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See Appendix B.4 for proof.

Note that this is the gap between an upper bound on the sum capacity and the decoupled
system capacity. Hence, regardless of the scheme applied, the achieved sum rate can get

arbitrarily far from the decoupled system sum capacity.

3.5.3 Potential for cooperation over side-channels

In order to remedy this inherent limitation in heterogeneous networks, we propose the use of
device-to-device side-channels for user cooperation to resolve the full-duplex interference. In
particular, we consider a system architecture where each uplink user is capable of allocating
some A € [0, 1] fraction of its power to an orthogonal channel that is used for cooperation

with the downlink users. The side-channels are modeled by
Yi = 9T + %

2 _
< AP, for each uplink user j and downlink user 7 such that

with the power constraint [E ‘X’ j
k(i) = k(j), with Z; ~ CN(0.1). Hence, the side-channels can be considered as orthogonal
broadcast channels for each uplink user (we assume each broadcast channel operates over a

different band, hence they do not interfere).

It is easy to see that cooperation over such orthogonal side-channels can help mitigate the
device-to-device interference. Some schemes have been proposed in [BS13] regarding how to
use such side-channels. Here, we focus on the following very simple scheme as an example to
demonstrate that side-channels can indeed be effective in mitigating full-duplex interference

in clustered networks.

Each uplink user j replicates its symbol over the main channel on the side-channel, with
equal power allocation, i.e., ; = Z;, and A = % Each downlink user ¢ subtracts the output

received over the side-channel 7; from its output in the main channel y; to obtain
Yi—Yi=hix+ 2 — 2
Note that as a result, the effective channels of each uplink and downlink gets isolated, but
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the signal-to-noise ratio gets halved for both uplink and downlink due to power allocation

and noise superposition, respectively. Therefore, this scheme can achieve

_ P P
Mlog (14 h*—— |+ Mlog (1+h*=
R,+R, < og( —|—h2M>+ og( +h 2)

which is easily seen to be within 2M bits of the isolated system capacity with the side-

channels (since the side-channel cannot increase capacity in the isolated case [BS13]), inde-

pendent of SNR.
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CHAPTER 4

Opportunistic D2D Cooperation in Cellular Networks

4.1 Introduction

One of the biggest challenges in wireless networks is to provide uniform connectivity experi-
ence throughout the service area. The problem is especially difficult at the cell-edge, where
users with unfavorable channel conditions need to receive reliable and high-rate communica-
tions. One of the ambitious visions of 5G network design is to achieve 10x reduction in data
rate variability in the cell [OHT16] (over existing 4G single-user MIMO OFDM architecture
with proportional fair scheduling), without sacrificing the overall sum throughput in the sys-
tem. In this chapter, we propose and study a solution that, realistic simulations indicate, can
give up to approximately 6x improvement in data rate for cell-edge (bottom fifth-percentile)

users while still improving the overall throughput under various system constraints.

The proposed solution is centered around opportunistically using the unlicensed band
through device-to-device (D2D) cooperation to improve the performance of the licensed
multiple-antenna downlink transmission. This solution can be enabled without the presence
of any WiFi hotspots, or other data off-loading mechanisms. The main idea is an architecture
where a multiple-antenna downlink channel is enhanced through out-of-band D2D relaying
to provide multiple versions of the downlink channel outputs, forming virtual MIMO links,
which is then opportunistically harnessed through scheduling algorithms designed for this
architecture. Note that due to mobility of users, and the fact that the unlicensed band used
for cooperation is undedicated, the opportunities for cooperation arise intermittently and

unreliably, requiring the opportunistic use of the cooperative resources.
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The architecture is predicated on two complementary developments. The first is that
infrastructure is becoming more powerful, with the use of a growing number of multiple
antennas through massive MIMO for 5G. The other development is on the user equipment
(UE) side, with mobile devices becoming more powerful, both in terms of spectrum access
and computational power. Most of the mobile devices currently in widespread use can access
multiple bands over the ISM spectrum, including the 2.4GHz and 5GHz bands. Further-
more, dense clusters of users constitute a challenging scenario for increasing capacity through
massive MIMO, which is precisely the scenario where D2D cooperation is the most useful,

since the D2D links are much stronger.

The main technical question involving the architecture is that of how and when to enable
the D2D links in a network with many users to boost the cell-edge gains. Our analysis,
which uses the network utility maximization framework, leads to an optimal resource al-
location algorithm for scheduling these links in a centralized manner, while accounting for
system constraints such as limited network state knowlede at the base station; uncoordinated
interference over the unlicensed band; fairness in throughput and fairness in the amount of
relaying performed by users. Extensive simulations based on 3GPP channel models demon-
strate that the proposed architecture combined with our resource allocation algorithm can
yield up to approximately 6x throughput gain for the bottom fifth-percentile of users in
the network and up to approximately 4x gain for median users over the state-of-the-art
single-user MIMO (SU-MIMO) currently implemented in LTE systems, without degrading

the throughput of the high-end users.

Since the architecture relies on opportunistically using the unlicensed ISM bands, an
important question is how the D2D transmissions would affect other wireless technologies
using the unlicensed bands, such as WiFi. As a co-existence mechanism, one can consider
strategies similar to LTE-U [ZWC15]: a user can search for an available (unused) channel
within the unlicensed band to use for D2D cooperation. If none exists, the user can either
declare itself unavailable for D2D cooperation, or transmit only for a short duty cycle.

We study the effect of a simplified co-existence mechanism that does the former through
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simulations, and find that the throughput loss in WiFi users is small compared with the
gains in the cell-edge users, since the fraction of time D2D transmission is required from a

given user is small.

The chapter is organized as follows. In Section 4.2, we review the literature and delineate
our main contributions. In Section 4.3, we present our model and the proposed architecture.
In Section 4.4, we present the physical-layer cooperation scheme, prove its approximate
optimality, describe its extension to multiuser MIMO (MU-MIMO), and study the scaling
behavior of the minimum effective SNR in the network. In Section 4.5, we formulate the
downlink cooperative scheduling problem within the utility optimization framework and
present our scheduling algorithm, along with the proposed cooperative utility metric, and in
Section 4.6, we present our simulation results. Most of the lengthy proofs can be found in

Appendix C.

4.2 Related Work and Contributions

The relevant literature can be broadly classified into three areas: (i) cooperative cellular
communications; (i7) dynamic downlink scheduling; (#i7) D2D in cellular communications;

each of which we will summarize next.

In cooperative cellular communications, the idea is to allow users overhearing transmis-
sions to perform relaying to increase spatial diversity and minimize outage probability. This
line of work (for instance, [SEA03, NHH04, LTL06|, and the references therein) typically
focuses on uplink and in-band cooperation, where users that overhear other users’ transmis-
sion over the licensed band relay their version to the base station. In contrast, we focus
on downlink communication and out-of-band cooperation, where users perform relaying for
each other’s downlink traffic by opportunistically using the unlicensed band. As will be seen,

the use of orthogonal bands for cooperation can significantly simplify coding schemes.

There is also a large literature in cellular downlink scheduling. Some of these works focus

on scaling behavior of the achievable rate under various scheduling schemes [SH05, YGOG6],
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some focus on the low-complexity algorithms [DS05], while some others also account for
fairness and various system constraints using the cross-layer optimization approach [LCS01,
TGO5, LSS06, GNT06, SCN10]. While our work uses the cross-layer optimization paradigm
as well, none of the proposed resource allocation algorithms directly applicable to our coop-
erative scenario, since we consider an architecture where the broadcast nature of the wireless
medium is explicitly used at the physical-layer, precluding an abstraction into isolated bit
pipes in upper layers, which is a prevalent model in existing works on cross-layer optimiza-

tion.

Embedding D2D communication in cellular network has also received considerable at-
tention in the past (see [AWM14] for a comprehensive survey). A majority of these works
(e.g., [DRW09, LLG12, WTS13]) focus on direct proximal communication between devices,
where one device directly transmits a message for another over the licensed band, skipping
infrastructure nodes. This type of proximal D2D communication also has been part of the
4G LTE-Advanced standard [LKM15]. The main focus in this line of work is to do resource
allocation and interference management across D2D and/or uplink/downlink message flows.
In contrast, we focus on D2D cooperation to aid downlink communication, which is the use
of physical D2D transmissions to assist downlink message flows intended for other devices.
This can be considered as a new way the D2D capability can be used in the next-generation
5G networks, in addition to the existing proximal communication in 4G. Considering the fact
that the volume of downlink traffic far exceeds the volume of proximal D2D communication
traffic, the cooperation architecture has the potential to exploit the D2D capability to a
much higher degree. This is also in line with one of the envisioned goals in 5G, which is to

enable multihop communication in cellular networks [CZ14].

Conceptually, the most relevant work in the literature to our problem is the one in
[AM13], where the authors propose an architecture where users form clusters through the
use of unlicensed bands, and all communication with the base station is performed through
the cluster head. In another line of work [WR13], the authors suggest using out-of-band D2D

for traffic spreading, where a user performs sends request and receives downlink content on
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behalf of another user, in a base-station transparent manner. In both works, the authors
numerically demonstrate various throughput, fairness and energy-efficiency benefits of D2D.
In contrast to these works, our physical-layer scheme is not based on routing; it explicitly
uses the direct link from the base station to the destination user in addition to the relay links.
We also consider a much more general scheduling algorithm based on utility optimization

and dynamic user pairing, while accounting for fairness and cooperation cost.

The main technical contributions of this work can be summarized as follows.

e We analyze a physical-layer scheme based on compress-and-forward relaying and MIMO
Tx/Rx processing that approximately achieves (within 2 bits/s/Hz) the capacity of
two-user downlink channel with D2D cooperation (Section 4.4.1), and describe how the
scheme can be extended to MU-MIMO (Section 4.4.2). We characterize the gains in
terms of cell-edge SNR-scaling due to D2D cooperation for a specific model of clustered

networks (Section 4.4.3).

e We develop a resource allocation policy for selectively enabling such D2D links for
cooperation, using the utility maximization framework (Section 4.5.1). Since the ex-
isting cross-layer design tools are not directly applicable in our scenario when D2D
transmission conflicts are taken into account, we propose a novel scheduling policy for
such D2D-enabled networks that takes into account such conflicts (Section 4.5.3). The
policy consists of an extension of the single-user scheduling algorithm of [TGO05] to
the cooperative MU-MIMO scenario with incomplete network state knowledge, and a
novel flow control component based on an explicit characterization of an inner bound
on the stability region of the system. The proposed algorithm is shown to be optimal
with respect to this inner bound on the stability region. We also introduce a novel
class of utility functions for cooperative downlink communication, which incorporates

the cost of cooperation and leads to desirable fairness properties (Section 4.5.5).

e We present an extensive simulation study using 3GPP specifications to study the per-

formance of the proposed architecture (Section 4.6). The main results include (i) a
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throughput gain ranging from 4.3x up to 6.3x (depending on system constraints, chan-
nel estimation accuracy etc.) for the users in bottom fifth-percentile for MU-MIMO
with D2D cooperation versus the state-of-the-art SU-MIMO, without degrading the
throughput of the stronger users, (i7) a throughput gain ranging from 3.7x up to
4.9x for the bottom fifth-percentile users versus non-cooperative MU-MIMO without
degrading throughput of stronger users, (iii) a reduction of more than 50% in the re-
laying load in the network through the use of novel utility functions, while still giving
gains close to proportional fair case, (iv) a basic study of an architecture wherein D2D
cooperation coexists (and interferes) with WiF1i in the network via a simple co-existence
mechanism where cooperation is disabled within WiFi range, where it is shown that
despite the residual interference, the throughput loss in WiFi users is small (10% for
median user) compared with the gains in the cell-edge users (130% for fifth-percentile
user), since the fraction of time D2D transmission is required from a given user is small

(in the simulation 80% of users performed relaying less than 10% of the time).

4.3 System Architecture and Model

4.3.1 Overview of the architecture

Consider a single cell in a multi-cell downlink cellular system® with a base station equipped
with M antennas, and a set N of single-antenna users, where |A/| = n. An example operation
is depicted in Figure 4.1. We assume slotted time, with m representing the physical-layer
time index. A frame, indexed by ¢, is defined as T' consecutive discrete time slots?. We will
use the notation m C t to mean that the physical-layer slot m lies within the frame ¢, i.e.,

(t—1)T <m<tT.

!Since the base stations are uncoordinated, for the purposes of designing a scheduling algorithm, it is
sufficient to consider a single cell in isolation. We will consider the multi-cell system in Section 4.6 for
evaluation purposes.

2We will use square brackets to denote physical-layer time indices, and round brackets for frame indices.
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Figure 4.1: An example scheduling decision made by the base station, where the table reflects
the selected active set. The red arrows denote the corresponding downlink transmissions, all
taking place throughout frame ¢, and the dashed blue arrows represent scheduled side-channel
transmissions, taking place at a later time, determined by multiple-access protocol Z. Once
the active set is selected, the required side-channel transmissions are queued at the users
(the transmissions scheduled in frame ¢ are highlighted in red). In this example, user 5 is
selected to share a function of its channel output to relay for users 4 and 6; user 2 is selected

to relay for user 3; and user 8 is scheduled without any relays.
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In the proposed architecture, the base station selects an active set A(t) C N? for each
frame ¢, which consists of pairs (i, j) of users, where the first index i refers to the destination
node scheduled for data, and the second index j refers to user assigned as a relay for user
i. We define (7,7) to represent the case where user i is scheduled with no relay assigned.
Note that a user can be designated as a relay for a stream and a destination for another
stream simultaneously, as exemplified in Figure 4.1. It is also possible within this framework
to assign multiple relays to the same destination by having (i, j), (i, k) € A(t). We define
A;;(t)=1if (i,75) € A(t), and A;j(t) = 0 otherwise.

Once the selection A(t) is made, the base station transmits a sequence of vectors x[m| €
CM m =1,...,T, over M antennas and 7T time slots of the frame ¢. The channel output

y;[m] at user i is given by
yilm] = b (xm] + wiml, (1)

for m C t, where h;(t) € CM is the time-variant complex channel vector of user j at frame ¢
(note that we are assuming that channel stays constant within a frame, but can arbitrarily
vary over time slots), x[m] is the input vector to the channel at time m, and w[m] ~ CN (0, 1)
is the circularly symmetric complex white Gaussian noise process. We assume an average
power constraint %2:1:1 tr (x[m|x*[m]) <1, and define H(t) := {h;(t)},.

If user j is assigned as a relay for user ¢ at frame ¢, a transmission from user j to ¢ is
queued at user j, to be transmitted at a later frame 7 > ¢. At frame 7, user j transmits the
sequence x;|m] € C, m C 7, which is a deterministic function of the receptions corresponding
to earlier frame ¢, i.e., y;[m| for m T t. User ¢ performs decoding by combining its own
channel outputs y;[m|, m C ¢, with the receptions from j, g;[m|, m C 7, which is a function
of y;[m], m C t (the specific D2D link model generating y;[m] will be discussed later). Note

that user ¢ can combine receptions corresponding to multiple frames to decode.

We will specify the details of the model and formulate the specific mathematical problem.
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Table 4.1: Notation for variables corresponding to the D2D link (4, 7)

Notation | Explanation

Gij D2D channel gain
Qij State of the queue at relay j for destination i

¢ij, P Path-loss factor(s)

i Binary service process (transmission permission indicator) for the queue Q;;
Cijr Z Fading parameter(s)

Ay Binary arrival process (D2D link scheduling indicator) for the queue Q;;

Bij D2D link availability indicator

Jij D2D interference indicator

Cij The capacity of the D2D link

Bij Arrival rate to the queue Q;;

4.3.2 D2D link model and conflict graph

For any pair (i,5) € N?,i # j, the time-variant channel gain is given by g;;() = /$:¢;;(t)
where ¢;; € R is the path loss component, and (;(t) ~ CN(0,1) is the fading component
for the pair (7,j), i.i.d. across MAC layer slots. We assume reciprocal side-channels, i.e.,
9j(t) = g;i(t), and define Z(t) := {¢;;(¢)}, ; and ® := {¢y;}, ;.

We define B;;(t) as an i.i.d. Bernoulli(p;;) process for each (i, j) € N?,i # j, representing
whether or not the link (i,7) is available at frame ¢. This models unavailability due to
external transmissions (e.g., WiFi access points, or another application on the same device
attempting to use WiFi etc.) in the same unlicensed band. The realization of B;;(t) is known
at the users strictly causally (at frame ¢ + 1), and unknown at the base station. We define
B(t) :={Bi;(t) }izs-

Define the connectivity graph G = (V, £) such that ¥V = N, and € is such that (i,j) € £
if i = j or ¢;; > 6 for some threshold 6§ > 0 (e.g., noise level). We further define the conflict
graph G, = (V,, &) such that

— {(i.) € Pz i # 5} (42)
{9, (k. 0) = (1.5) # (k. €) and ((i,€) € € or (4.k) € €)}

The conflict graph represents the pairs of D2D transmissions (i, 7), (k,¢) that are not
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allowed to simultaneously occur due to interference®. Given these definitions, the channel

from user j € N to user i € N'— {j} is modeled by
yilm] = By;(t)Ji5(t) (g1 (t)z;[m] + w;[m])

for m C t, where

T 0, 3(k,0): ((3,9), (k,0)) € E and ||z,[m]||* > 0 for some m C ¢
U 1, otherwise 7

which captures interference between conflicting D2D transmissions, and w;[m] ~ CN (0, 1)
is the complex white Gaussian noise process. We assume an average power constraint
T ST llz;[m]||? < 1, absorbing the input power into the channel gain. The capacity of the
D2D link (7,7) at time ¢ (assuming it is available) is given by C;;(t) := log (1 + ||g:;()|*).
We assume the base station has knowledge of the average SNR, i.e., the path-loss component

¢i; for each (7, j) pair, but has no knowledge of the fading realization (;;(¢).

4.3.3 D2D transmission queues

We assume that each user j € N maintains (n — 1) queues, whose states are given by Q;;(t),
i € N —{j}, each representing the number of slots of transmission? to be delivered to node

1. We assume the queue states evolve according to

Qij(t +1) = (Qi(t) — Bi(t) Jyy () iz (1)) + Ay (1), (4.3)

where 41;;(t) is a binary process that is induced by the multiple-access protocol Z used by
the nodes, indicating whether or not the flow (7,j) is granted permission for transmission

at frame ¢t. The protocol Z is a mapping from the current queue states {Q;;(¢)}... and the

i#]

D2D interference structure {.J;;(t)},; to the binary service processes {y;;(t)}, ;-

3The interference model that induces the conflict graph G. as defined in (4.2) is similar to the two-hop
interference model of [Ari84], but also takes into account the directionality of the transmission

4Note that Qi;(t) does not represent the number of bits to be transmitted, but the number of slots of
transmission. This is because the reception of relay does not directly translate into information bits, but is
rather a refinement of the reception of the destination node.
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We define the average arrival rates as 3;;(t) == + 3! _| A;;(t), and 3;; == limsup,_, ., Bi; ().
For a given vector of arrival rates 3 := {3}, 2 the system is said to be stable if the average
queue sizes are bounded, i.e., for all (i, j), limsup,_,.  E[Q;;(t)] < co. The set of arrival-rate
vectors 3 for which there exists service processes {1;;(t)},; such that the system is stable is
called the stability region of the queueing system, and will be denoted by A. Note that the
arrival rates need to remain in the stability region in order to ensure that the D2D trans-
missions eventually occur with a finite delay. Within the scope of this work, we do not focus
on the details of Z, and simply assume that the nodes implement a protocol Z that achieves

the stability region A, i.e., if the arrival rates 5 € A, protocol Z can find a schedule for D2D

transmissions such that each transmission is successfully delivered with finite delay®.

4.3.4 Problem formulation

If the vector of arrival rates § € A, we can assume that a noiseless logical link with capacity
R;;(t) is available at time ¢, where R;;(t) = Cy;(7) for some finite 7 > ¢, where 7 is the frame
where the actual physical D2D transmission takes place, carrying traffic scheduled at frame
t. Note that at frame ¢, the base station has no knowledge of C;;(7), but can still compute
the average capacity Eyz(;) [Ci;(T)|¢i;] for a given link (4,7), for a transmission decision.
We define Z(t) = Z(7). Let C(t) denote the instantaneous information-theoretic capacity
region of the system consisting of the channels (4.1) and the set of logical links (7, j) with
capacities R;;(t)A;;(t), with no knowledge of Z(t) at the base station®. A physical-layer
strategy v is a map (H(t),®,Z(t)) — {R;(t)}, whose output vector (interpreted as the
vector of information rates delivered to users, in bits/s/Hz) satisfies {R;(t)}; € C(¢) for all

and ¢.

50ne can design such a protocol by having the nodes coordinate with the base station to circumvent the
hidden terminal problem, and then use any of the existing stability-region-achieving distributed scheduling
algorithms, e.g., [TE92, JW10, MSZ06]

®Note that the D2D link is assumed to have zero capacity if A;;(t) = 0, i.e., if the base station did not
schedule the link (7, ) at time ¢.
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Note that even though the transmission decisions of the base station does not depend on
the unknown components of the network state Z(t), by allowing the rate vector {R;(t)}, to
be anywhere inside the instantaneous capacity region, we implicitly assume an idealized rate
adaptation scenario, where once the transmission occurs, the capacity corresponding to the
realization of Z(t) is achievable. In practice this can be implemented through incremental

redundancy schemes such as hybrid ARQ.

Assume an infinite backlog of data to be transmitted to each user ¢ € . The long-term

average rate of user ¢ up to time ¢ is defined as r;(t) = 23> Ri(7), where R;(7) is the
rate delivered to user 7 by the physical layer scheme v(t) chosen at time ¢. The long-term

throughput of user ¢ is r; = liminf; ,, 7;(¢). Define r(t) = {r;(¢)};, and r = {r;},.

Given the stability-region-achieving D2D MAC protocol Z, and a set of physical-layer
strategies I', at every frame ¢, the base station chooses an active set A(t), and a strategy

v(t) € T' consistent with A(¢). A scheduling policy 7 is a collection of mappings

(r(t = 1), 60 = 1), H(t), @) = (A(t),~(1)),

indexed by t. If §™ represents the vector of arrival rates to the queues under policy 7, and
r™ the throughputs under policy 7, then the policy 7 is called stable if 5™ € A. Our goal is
to design a stable policy 7 that maximizes any given concave, twice-differentiable network
utility function U(r™, 5™) of the throughputs and the fraction of time nodes spend relaying

for others”.

4.4 Physical-layer Cooperation

In this section, we describe a class of physical layer cooperation strategies that will be used as
a building block for our proposed architecture, and derive its achievable rates. We will first
focus on the two-user case, where we show the approximate information-theoretic optimality

of the scheme. We consider the extension to MU-MIMO in Section 4.4.2.

"Note that since 7 is stable, the relaying fraction is the same quantity as the arrival rate .
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The main idea behind the cooperation strategy is that the D2D side-channel can be used
by the destination node to access a quantized version of the channel output of the relay
node, which combined with its own channel output, effectively forms a MIMO system. The
base station can perform signaling based on singular value decomposition over this effective
MIMO channel, to form two parallel AWGN channels accessible by the destination node.

Next, we describe the strategy in detail, and derive the rate it achieves.

4.4.1 Cooperation strategy

We isolate a particular user pair (7, j), and without loss of generality assume (7,j) = (1,2).

The effective network model is given by®
yi=hix+2, i=1,2, 4 = giawa+ 21, (4.4)

where 5[m] is a function of ¥4~ ', the past receptions of user 2, and user 1 has access to y;

and gl .

By Wyner-Ziv Theorem [WZ76], if

Ry > min I(y2;wlyr)

p(wly2) Bl go— 21<D
T2 (wyn) l92—y2(21<

for a given joint distribution of channel outputs p(y1, 32), then given a block of outputs v,

user 1 can recover a quantized version 4 of outputs such that® E [||g. — y2]|?] < D.

Choosing x ~ CN(0,Q), i.i.d. over time, we get (y1,y2) ~ CN (0, X) i.i.d. over time, for
some covariance matrix ¥ = HQH" induced by the channel, with H = [h; hy]". We further
choose w = y5 + qo, where qa ~ CN(0, D) is independent of all other variables, and we set

0.2
the mapping §o(w,y;) = w. We also choose D = ﬁ, where 03\1 = Vg9 — U1 071 Y1, is the

8We focus on a particular frame ¢ to characterize the instantaneous capacity, i.e., the achievable rate for
a given set of network parameters.

9This is achieved by performing appropriate quantization and binning of the channel outputs at user 2
(see [WZ76] for details).
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conditional variance of y, given y;. With this set of choices, it can be shown that user 1 can

access Ja = Yz + qo, where go ~ CN(0, D).
Once user 1 recovers 7, it can construct the effective MIMO channel

z
y = h = Hx + ' . (45>

~

Yo 22 + @2
It follows that all rates R < Rymo are achievable over the effective MIMO channel (4.5),

where

Y

Rumvo = max log|I, + K'THQH”
tr(Q)<1

with K = diag (1, 1+ f—;%) Note that due to orthogonality of the links incoming to the
destination, the encoding and decoding is significantly simplified compared to traditional
Gaussian relay channel with superposition, since there is no need for complex schemes such
as block Markov encoding and joint decoding, and point-to-point MIMO codes are sufficient

from the point of view of the source.

Note that the MIMO channel (4.5) can be equivalently viewed as two parallel AWGN
channels, using the singular value decomposition (SVD). It will also be useful to lower bound
the rates individually achievable over these two parallel streams. Assuming H = USV™ is

an SVD, it can be shown that the rates

2
P
Sdtd ,d=1,2 (4.6)

Ruvmvo,a = log | 1+ 2
2|1
‘2

2
1 t |u2d| lg12
are achievable respectively!®, over the two streams, by transmit beamforming using the
matrix V and receive beamforming using U*, where s4 is the dth singular value, us 4 is the

(2,d)th element of U, and the power allocation parameters satisfy P, + P, < 1.

The next theorem shows that the gap between the rate achievable with the cooperation
scheme described in the previous subsection is universally within 2 bits/s/Hz of the capacity

of the network.

10We perform the SVD on H directly, instead of performing on K~'/2H, in order to obtain closed-form
expressions for the subsequent analysis.
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Theorem 4.1. For any set of parameters (H, Ry, M), the capacity C of the MIMO single
relay channel with orthogonal links from relay to destination and from source to destination

satisfies C > Rymo > C — 2.

The proof is provided in the Appendix C.3.

Remark 4.1. The relay channel with orthogonal links from relay to destination and from
source to destination was studied by [LV05] and [ZMFEO04]. In the former, the authors con-
sider a relaying strategy based on decode-and-forward relaying, and focus on performance
optimization problems such as optimal bandwidth allocation. The latter work focuses on lin-
ear relaying functions for such channels, and characterizes the achievable rates for scalar
AWGN case. Here, we propose a relaying scheme based on compress-and-forward [Ct79] that
achieves a rate that is within 2 bits/s/Hz of the information-theoretic capacity for the MIMO

case.

Remark 4.2. Note that this strategy can also be implemented through quantize-map-forward
relaying. Although the proposed architecture supports other relaying strategies (e.g., amplify-
forward, decode-forward etc.), we stick with compress-forward (or quantize-map-forward im-
plementation) due to the theoretical approzimate optimality [ADT11] as well as practical
feasibility, which was shown in [DSB13] through real testbed implementation.

4.4.2 Cooperation with MU-MIMO

In this subsection, we demonstrate how the scheme described for two users in the previous
subsection can be extended to MU-MIMO with pairs of cooperative users.

Given the set AV of users, let us index all possible downlink streams that can be generated
by the scheme by (i, j,d) € N? x {1,2}, where (4, j) is represents the cooperative pair, and
d represents the stream index corresponding to this pair. We assume d # 2 if i = 7,

representing the case where user ¢ is scheduled without a relay.

By a slight abuse of notation, we assume that a schedule set S C A% x {1,2} is scheduled,

consisting of such triples (i, j, d), where (i,j,d) € S for some k if and only if A;; =1 (note
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that schedule set also contains the stream index unlike active set A). Next, consider the

“virtual users” (,7,d) € S with the channels

Yi Zi ~
" . 1t __ qq ¥ * Lk ~
Yijd = Wjq | = uijdHijx + uyj, = hijdx + Zijds
Yj Zj + i

where H;; = [h; hj|", and assuming H;; = Uy, Si; Vi; is an SVD of Hj, uyjq is the kth column
of U;;. By convention, we assume that U; = [ 10 } . The variance of Z;;4 is given by

14 |u;a(2)|? Dij, where u;j4(2) is the second element of w4, and D;; = |;j"|i2 is the distortion
ij

introduced by quantization at node j. Note that, when ¢ = j, we have flijd = h,;, and we set

Rii = oo so that Dzz = 0.

Note that through the use of SVD over the virtual MIMO channel (4.5), we have reduced

the system into a set of |S| single-antenna virtual users with channel vectors m 1(2) > h;;q.
Wijd ij

Given such a set of channel vectors, one can implement any MU-MIMO beamforming strat-

| 2

egy (e.g., zero-forcing, conjugate beamforming, SLR maximization etc.), by precoding the

transmission with the corresponding beamforming matrix.

4.4.3 Scaling of SNR gain in clustered networks

In this subsection, we consider a specific clustered network model as an example, and char-
acterize the achievable demodulation SNR gain due to D2D cooperation for the weakest user
in the network, under this model. In this analysis, we use several simplifying assumptions
on the channel and network model for analytical tractability, in order to get a feel for the
scale of the possible gains that can be attained through cooperation. This simplification is
limited to the scope of this particular subsection, and the results in the rest of the chapter

do not depend on these assumptions.

Consider a network where users are clustered in a circular area of radius r, whose center
is a distance d away from the base station, where r < d. The users are assumed to be
uniformly distributed within the circular area. In general, a network might consist of several

such clusters, but here we focus on one, assuming other clusters are geographically far relative
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to r.

We assume that the downlink channel vector of user i at time ¢ is modeled by!!

hi(t) = p Y &Gr(t)e (Bik(t))

where p is the path loss factor (assumed constant across users in the same cluster since
r < d), P is the number of signal paths, & x(t) ~ CN (0, 1) is the complex path gain for the
kth path of user ¢ at time ¢, 0, is the angle of departure of the kth path of the ith user at

time ¢, and e() is given by

*

e(@) =11 €j27rAcos(9) ej27r2Acos(0) o €j27r(M—1)Acos(0)

for an antenna separation A. The path gains &; (t) are i.i.d. across different i, k, and ¢.

Path loss between users is modeled by ¢;; = ¢odf; for some constant ¢g, where d;; is the

distance between ¢ and j, and ¢ > 2 is the path loss exponent.

For simplicity of analysis, in this example network we will assume that only one coop-
erative pair per time slot is scheduled. Our goal is to characterize the cooperation gains in

SNR when one is allowed to choose the most suitable relay j for a given destination 4.

Invoking (4.6), we define the cooperative SNR for the pair (i, j), SNR{Z” to be

s2.

SNRE” .= v
(¥ :

2 0%,
L+ Juin )1 50

where s;;; is the first singular value corresponding to the pair (i,5). Since we are inter-
ested in the achievable SNR gain, in defining this quantity, we have allocated all power to
only one of the available streams, ignoring the multiplexing gain that could be achieved by
scheduling two parallel streams to user i. The maximal non-cooperative SNR for user 7 is
given by SNRI*"™“’P .= ||h;||?, achieved by beamforming along the direction of i;. Minimum

cooperative and non-cooperative SNRs in the network are respectively defined as

SNREY = min SNRY,), SNRIE™ = min SNR™" =,
1€

min min ;
1EN

1 This is written for a uniform linear transmit array for simplicity, but our analysis using this model can
be generalized for any array configuration.
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where j*(i) = argmax;ey E [SNRZ-’OP ‘ ¢ij,h;], which arises due to relay selection, and the

expectation is taken over the D2D side-channel fading ¢;;(¢).

The next theorem, whose proof is in Appendix C.1, summarizes our results on how the

SNR of the weakest user in either case scales with the number of users n in the cluster.

Theorem 4.2.

1 1
lim P (SNRCOOP < sMp (5 logn — 2loglog n) — 1) =0 <e—10g2 n+2logn) 7

n—00 min 2
and

lim P (SNR"O"*C"OP > Mpn’%z/z@P)) =0 (e’"1_7> )

min
n—00

for any 0 < v < 1, where ¥ ({) = (6!)%, and P is the number of signal paths.

Theorem 4.2 highlights the importance of having multiple options in relay selection. In
the non-cooperative case, the factor n=zr appears due to the fact that as the number of
users in the cluster grows, the minimum is taken over a larger set of users, and hence it is
expected for the SNR of the weakest user to decay, in the absence of cooperation. On the
other hand, in the presence of cooperation, the SNR of the weakest user actually grows. This
is due to the multiuser diversity gain, which is present due to our ability to schedule the
user with the most favorable channel conditions as a relay. In other words, as the number
of users grows, so does the number of possible paths from the base station to each user, and

thus the maximal SNR, even when the weakest user is considered.

4.5 Scheduling for Dynamic Networks Under D2D Cooperation

Although our analysis of the SNR gain with relay selection in the previous section is infor-
mative of the potential gains of cooperation, one should note that its scope is limited. For
a more thorough understanding of how to perform relay selection, we formulate the prob-

lem within the network utility maximization framework, which has been extensively studied
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in the context of resource allocation and scheduling problems for wireless/wired networks

[GNTO06, LSS06].

Note that due to interference from other D2D links as well as from external sources, not
all D2D users can transmit at a given time, which implicitly imposes a constraint on relay
selection. In particular, one needs to ensure that the relays can find a slot for transmission
to the destination user after a finite delay, i.e., the relay queues remain stable. The exist-
ing cross-layer optimization algorithms, e.g., [GNT06, LSS06] (e.g., virtual queues, dynamic
backpressure routing etc.) are not immediately applicable to this scenario. This is firstly
because our physical-layer signaling is not based on routing, and makes explicit use of the
broadcast nature of the wireless medium, by using both the direct link to the destination
node, and the alternate link formed by relay. Consequently, the full network cannot be
abstracted into a graph with isolated links, which is widely assumed in the literature. Sec-
ond, since our utility metric is a function of the average amount of relaying done by users,
different choices of relay for the same user results in different rewards, even when the rates
offered in these choices are equal. Existing formulations do not capture this generalization,
which necessitates a special treatment of the downlink resource allocation problem with D2D

cooperation.

To achieve this, we take an approach consisting of

1. A generalization of the single-user scheduling algorithm of [TGO05] based on the maxi-
mization of the derivative of the utility function to the cooperative scenario with relay

selection, MU-MIMO, and incomplete network state knowledge,

2. A relay flow control scheme integrated into scheduling, which involves explicitly im-

posing a set of hard linear constraints on the relaying frequency of users,

3. A novel utility metric that is specific to the cooperative architecture, exhibiting desir-

able fairness properties.

In particular, the second point requires the use of a novel technique using exponential barrier
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functions to handle the stability constraint, and the generalizations of the first point requires

several modifications to the proof of [TGO05].

4.5.1 Utility maximization formulation

As discussed in Section 4.3, our goal is to design a stable policy 7 that maximizes a network
utility function U(r, 8) = Y7, Ui(ri, Bi), where U; : [0,00) x [0,1] — R, for i = 1,...,n,
are twice continuously differentiable concave functions that are non-decreasing in the first
argument, and non-increasing in the second argument. Note that unlike the existing works,
the utility function is not only a function of the throughput (first argument), but also a
function of the amount of relaying performed for others by the user (second argument). This
definition naturally introduces a penalty each time a D2D link is scheduled, and thus the
out-of-band resources are not “free”. The utility function U; (r;, 5;) then jointly captures
the reward of having received an average throughput of r;, and the cost of having relayed [;
fraction of time, for user . We will consider a specific form of utility function in Section 4.5.5,

and demonstrate its properties in terms of fairness and relaying cost.

Fixing the transmission strategy as the one described in Section 4.4.2; the problem of
selecting the pair (A(t),y(t)) reduces to the selection of a schedule set S(t) € N? x {1, 2} for
every frame ¢, which specifies the active set A(t) as well as the stream index corresponding
to each pair (i, 7) € A(t). The schedule set chosen by policy 7 at frame ¢ will be denoted by
S (t).

Let the network state be represented by the pair (K(t), Z(t)), where K(t) = (H(t), D)
represents the network parameters causally known at the base station, and Z(t) is the fading
parameter, which is unknown (all variables are as defined in Section 4.3, Table 4.1). We

assume that K (t) and Z(t) take values over the arbitrarily large but finite sets K and Z,
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respectively'?. Define

t
- 1
sk (t) = ; Z ]ISW(T):S]IK(T):]‘?]IZ(T):Z’

=1
for s CN? x {1,2}, k € K, and 2z € Z, and I is the indicator variable for the event E; i.e.,
al,.(t) is the average fraction of time the network was in state (k, z), and the policy 7 chose
the schedule set s up to time ¢. Under this definition, our joint scheduling/relay selection
problem can be formulated as the following utility optimization problem.
maximize ZU,- (ri, B;) st (r,8) €R, B eEA, (4.7)
ieN

where R is such that (r,3) € R if and only if there exists a scheduling policy 7 such that

. @) o . _

hgg’lf Z Z Z Rskzaskz (t) =T hItIl Sogp Z Z Z gz (t) ﬁla

s:1€Es) ke zeZ 5:1€s2 ke zeZ

almost surely for all i € N/, where

sy :={i:(i,5,d) € s},

So:={j:(i,5,d) € s,i# j}

, and Rggz is the rate delivered to user ¢ when S, = s, K = k, Z = z, which can be computed
based on the results from Section 4.4. Note that in the optimization problem (4.7), the
first constraint simply ensures feasibility of the pair (r, 3), and the second one imposes the
stability constraint for the relay queues, given the conflict graph G. between the flows (3, j)

available in the network.

4.5.2 Stability Region Structure

Let A (G.) denote the stability region corresponding to the conflict graph G.. In general,

an explicit characterization of A (G,.) is difficult to obtain. However, it turns out one can

12The finiteness assumption is made for technical convenience in proofs; however the proposed scheduling
algorithm itself does not rely on this assumption. By assuming a large cardinality, one can model the general
case with uncountable alphabets arbitrarily closely.
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explicitly obtain a reasonably large inner bound by appropriately inserting edges in the
conflict graph, and thus backing off from the optimal stability region. The following theorem

characterizes this inner bound.

Theorem 4.3. Given the conflict graph G. = (V.,&.) and the non-zero link availability
probabilities {p;;}, there exists a polynomial-time algorithm that generates another graph

G, = (VC, c‘:’c) such that A (g}) CA(G.), and B € A (g}) if and only if Bg = Z(” )eQ 5:; <1
for every mazimal clique'® Q of G,. Further, the number of mazimal cliques of G. is at most

n?, and these cliques can be listed in polynomial time.

The proof of Theorem 4.3, given in Appendix C.6, relies on standard results from [TE92]
specialized to our one-hop network consisting of user pairs, as well as certain graph-theoretic

results on perfect graphs, i.e., graphs whose chromatic numbers equal their clique number.

The relay flow control component of our scheduling algorithm uses the inner bound of
Theorem 4.3 to ensure the stability of the relay queues. Defining A := A (g_c), we reformulate
the optimization (4.7) as

maximize Z Ui(ri, 8:) st.(r,8) €R, Be€A. (4.8)
ieN

The optimality of the proposed scheduling algorithm is with respect to (4.8).

4.5.3 Optimal scheduling

Let Q be the set of maximal cliques of G.. Consider the following policy, which we call 7*:

Given (r(t — 1), 5(t — 1), H(t), ®), choose the schedule set s* such that s* = argmax f(s),
sCN(t)x{1,2}
where

oU; oU;

= > Eg [ nzw| & (t)} +
(1) ry=r;(t ri=r;(t—1)
(i,4,d)Es 31“1 Bi ﬁz( 0P, /5; ﬁjg(t 1)

(4.9)

13 A mazimal clique is a clique that is not a subset of another clique.
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N(t) == {(i,j) e N?: Bo(t) <1 forall Q € Qs.t. (i,5) € Q}, and Riil)('(t)Z(t) = Rigz with

K(t) =k and Z(t) = 2. Note that (i,i) € N(t) is vacuously true for all i, corresponding to

the scenario where user ¢ is scheduled without relay.

There are a few key points to note in the definition of policy 7*. First, note that the
maximization is performed over the available streams (i, 7, d) in the network, as opposed to
over the set of users themselves. Second, at any frame ¢, any stream (i, j, d) that involves a
pair of users (4, j) that is part of a clique @ that currently violates its constraint fg(t) <1
is ignored in the maximization, which is the relay flow control component of the algorithm
to ensure stability of the relay queues. Third, the asymptotic optimality of 7* reveals that
it is sufficient to average the rate RS}(@) 21 over the part of the network state Z(t) that is

unknown at the base station, which is consistent with the results in [SCN10].

Theorem 4.4. Let the optimal value of the maximization in (4.8) be OPT. Define the
empirical utility of 7 as U*(t) = > _,c Ui (ri(t), B (t)), where v} (t) and B;(t) correspond to
variables r;(t) and (5;(t), respectively, under policy ©*. Then the following events hold with
probability 1 (i.e., almost surely) in the probability space generated by the random network

parameters K (t) and Z(t):
1. limg oo inf {[|8*(t) = B]l1 : B € A} =0,
2. limy_,o, U*(t) = OPT.

The proof outline is provided in Section 4.5.6, with details in Appendix C.2. Theorem 4.4

shows that policy 7* asymptotically achieves the optimum of (4.8).

4.5.4 Greedy implementation

Although converging to the optimal solution, policy n* suffers from high computational
complexity, since it involves an exhaustive search over all subsets of streams. To reduce the
complexity, we consider a suboptimal greedy implementation of the policy, similar to [DS05]

for non-cooperative MU-MIMO. The algorithm works by iteratively building the schedule
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set, at each step adding the stream (i*, 5%, d*) that contributes the largest amount to the
objective f(s), and committing to this choice in the following iterations, until there are no
streams left that can result in a utility increment factor of (1 + ¢€) to the existing schedule
set (see Algorithm 1). The worst-case complexity of the algorithm is O (NDn), where D
is the maximum node degree in G, and N is the maximum number of streams that can be

scheduled at a time.

Algorithm 1 Greedy cooperative scheduling

1: iter = 1, schedule_set = (), initialize € > 0.

2: while iter < N do

3: (@*, 5%, d*) = argmax; ; gye Ar()x (1,2} | (schedule_set U (i, 5, d))
4 f*(iter) = f (schedule_set U (i*, j*,d*))

5 if f*(iter) > (1 +¢)f*(iter — 1) then

6: schedule_set = schedule_set U (i*, j*, d*)

7 iter = iter + 1

8 else

9 for all Q € Q do

10: Bo(t + 1) = update_clique_states(Bq(t), schedule_set)
11: end for

12: stop

13: end if

14: end while

4.5.5 Choice of utility function

We focus on utility functions of the form!

Ui (ri, Bi) = log(r;) + klog(1 — 5;), (4.10)

where x > 0 is a parameter that controls the trade-off between fairness in throughput and
fairness in relaying load. Using the concavity of the objective, it can be shown that (see

Appendix C.5 for details) for any feasible pair (r,3), the optimum (?, E) with respect to

Note that this choice means that the function is not defined for 8; = 1 and r; = 0, but we ignore this
since no user will operate at these points.
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the objective (4.10) satisfies

Zm;;igﬁz(l—@)—(l—ﬁi)' (4.11)

i ' i 1_@'

The condition (C.11) admits a meaningful interpretation. Note that the left-hand side repre-

sents the sum of the relative gains in throughput due to the perturbation, whereas the right
hand-side represents the sum of the relative decrease in time spent idle (not relaying). The
condition in (C.11) then suggests that any perturbation to the optimal values will result in
a total percentage throughput gain that is less than the total percentage increase in relaying
cost, with the parameter s acting as a translation factor between throughput and relaying
cost. This can be considered a generalization of well-studied proportional fairness, which
implies that any perturbation to the optimal operating point results in a total percentage
throughput loss. Our generalization allows for a positive total relative throughput change,
albeit only at the expense of a larger total relative cost increase in relaying. For this utility

function, we can evaluate the scheduling rule (4.9) as

*

(0
Ezw |:RsK(t)Z(t) K(t)} K
s = argmax — .
SCN(8)x{1,2} ri(t) 1— By;(t)

4.5.6 Proof outline of Theorem 4.4

We provide the outline for the proof of Theorem 4.4, leaving details to Appendix C.2.

We begin with the first claim. Due to Theorem 4.3, it is sufficient to show that for any
maximal clique @ C V., limsup 85 () < 1 almost surely. We state this in the following

lemma, whose proof is relatively straightforward and provided in Appendix C.4.

Lemma 4.1. For all mazimal cliques Q of G., limsup 85(t) < 1 with probability 1 in the
probability space generated by K(t) and Z(t).

The proof of the second claim uses stochastic approximation techniques similar to the
main proof in [TGO05], but also features several key differences to account for D2D cooper-

ation, multiuser MIMO, partial network knowledge, relay queue stability, and generalized
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utility functions. To prove the second claim, we first reformulate (4.8) in terms of the

variables ayy., as follows

maximize U(y Z U; ( Z Z Z Rskzaskz, Z Z Z Oéskz> (4.12)

ieN si€sy ke zeZ 5:1i€s9 kEK zEZ

s.t. Ak > 0 Zaskz S Pr4z, Oskz = (z Z@skz 3 VS k z (413)

D22 D o<1 VQEQ (4.14)

(1,9)€Q 4 7,681 kek zeZ

where p, = P (K (t) = k), and q, = P (Z(t) = z), where ag, are deterministic; they represent
the fraction of time spent in state (s, k, z) throughout the transmission. The last condition
in (4.13) reflects the fact that the scheduling decision cannot depend on the realization of

Z(t), since this information is not available at the base station.

Lemma 4.2. Let OPT' denote the optimal value of (4.12). Then OPT' > OPT.

Lemma 4.2 is proved in Appendix C.4 using properties of compact sets.

Using Lemma 4.2, it is sufficient to show that U™(¢) converges to the optimum value of

(4.12). We state this in the following lemma, whose proof is provided in Appendix C.2.

Lemma 4.3. lim; ,,, U*(t) = OPT', with prob. 1 in the probability space generated by
(K (1), Z(1)).

The proof of Lemma B.4 extends the stochastic approximation techniques from [TGO05,
BGT95] to our setup. In particular, we consider the relaxed version of the optimization
problem by augmenting the objective with the stability constraint using a sequence of ex-
ponential barrier functions. We then determine the optimal policy for the relaxed problem,
and take the limit in the slope of the barrier function to prove the result for the original

problem.
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Parameter Value Parameter Value
Cellular bandwidth 40MHz DL carrier freq. 2GHz
D2D bandwidth 40MHz D2D carrier freq. 5GHz
# BS antennas 32 (linear array) || OFDM FFT size 2048

# UE antennas 1 cell.+1 ISM Power allocation equal
Antenna spacing 0.5\ BS power 46dBm
BS antenna gain 0 dBi UE power 23dBm
BS antenna pattern Uniform Penetration loss 0dB

Table 4.2: System parameters used in the simulations

Large Cell | Small/Hetero.
Inter-site distance (av/3) 1732m 500m
No. cells () 5 19
No. active users/cell (n) 25 10
Cluster radius std. dev. (o) 20m 10m
Mean # clusters (3—\2/5)\(1) 5 3
Utility trade-off param. (k) 7 8

Table 4.3: Default cell-size-specific parameters

4.6 Numerical Results

4.6.1 Simulation setup
4.6.1.1 Geographic distribution

For the regular network model, we consider a hexagonal grid of 2 cells (see Figure 4.2),
each of radius a, with a base station at the center, and n users at each cell. For each cell,
we first generate a set of cluster centers according to a homogeneous Poisson point process
with intensity A\. Next, we randomly assign each user to a cluster, where user locations
for cluster ¢ are chosen i.i.d. according to CA(c;, 0%I,), where c; is the 7’th cluster center,
with ¢ determining how localized the cluster is. In the heterogeneous network model (see
Figure 4.3), we place the {2 base stations uniformly at random, generate cluster centers
through a homogeneous Poisson process, and assign users to clusters uniformly at random.
Next, each user associates with the nearest base station. In both cases, for each set of

spatial parameters, we generate eight “drops”, i.e., instantiations of user distributions, and
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erogeneous network model.

the CDFs are computed by aggregating the results across the drops.

4.6.1.2 Channel model

For each (BS, user) pair, we generate a time series of 100 channel vectors for each OFDM
subcarrier using the 3GPP Spatial Channel Model (SCM) implementation [SDS05], assum-
ing a user mobility of 3m/s. For each user pair, we use the models from 3GPP D2D Channel
Model [TR314] to generate the path loss parameter ¢;; and the log-normal shadowing pa-
rameter y;;. The channel between the user pair (4, j) for each resource block (RB) is then
computed as ¢;;X;;¢ij, where (;; ~ CN(0,1) is i.i.d. fading parameter for a given RB. The
D2D fading parameters are assumed i.i.d. across RBs. For the main results, we use the
line-of-sight (LOS) model, but we also explore the effect of non-line-of-sight links later in
the section. For each drop, the channels are computed and stored a priori, and all the

simulations are run for the same sequences of channel realizations.

4.6.1.3 System operation

Various system parameters are given in Table 4.2. We assume an infinite backlog of data to

be transmitted for each user. At every time slot, the base station obtains an estimate of the
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Figure 4.4: Throughput CDF for large Figure 4.5: Throughput CDF for small

cells. cells.

current network state (estimation error modeled normally distributed with variance propor-
tional to the total energy of the channel gains across the OFDM subcarriers, independently
for each antenna), and makes a scheduling decision. The scheduling decision is made without
knowledge of the inter-cell interference. In the cooperative case, scheduling is done according
to Algorithm 4.5.4. In the non-cooperative case, we similarly use the greedy scheduling al-
gorithm of [DS05]. Once the scheduling decision is made, the throughput is computed using
the results of Section 4.4 based on the actual channel realizations with inter-cell interference,
assuming regularized zero-forcing beamforming, and a 3dB SNR back-off to model practical
coding performance. We also take into account various rate back-offs including OFDM cyclic
prefix and guard intervals, channel training and uplink data bursts. After the transmission,
user throughputs and relaying fractions are updated through exponentially-weighted moving

average filters, with averaging window T, = 50 frames.

4.6.2 Throughput distribution for regular cells

For the setup described, we simulate the system with and without cooperation, under the
utility function introduced in Section 4.5, as well as conventional proportionally fair (PF)
scheduler. We consider large and small cells, with parameters corresponding to either case

provided in Table 4.3. For each case, we simulate the system with and without channel
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estimation errors, using p;; = 1 for all (7, j) (we explore smaller values of p;; later in the

section).

The CDF of the long-term average throughput received by the users in the network is
plotted in Figures 4.4 and 4.5 (“err.” represents the case with channel estimation errors, and
“perf.” represents perfect channel estimation). These plots can be interpreted as a cumula-
tive throughput histogram in the network, where the value on the vertical axis represents the
fraction of users who experience a throughput that is less than or equal to the corresponding

value on the horizontal axis.

One can observe from Figures 4.4 and 4.5 that, cooperation is most helpful for the weakest
(cell-edge) users in the network, providing a throughput gain ranging from 3x up to 4.5x for
the bottom fifth-percentile of users depending on cell size, channel estimation quality and
utility function used, compared to non-cooperative MU-MIMO. The gain for the median

user similarly ranges from 1.4x up to 2.1x depending on the scenario.

When the baseline is taken as non-cooperative SU-MIMO, the fifth percentile gain ranges

from 3.5x to 5.7x, whereas the median gain ranges from 2.4x up to 4.1x.

4.6.3 Throughput distribution for heterogeneous networks

We consider the same setup under the heterogeneous network model (Figure 4.3), with
the utility function of Section 4.5, and with the same cell-size specific parameters as those
for small cells (see Table 4.3). Each user associates with the closest base station, and
the resulting CDF is obtained by aggregating the results from independently generated
drops, where the base station locations are different across drops. We observe that similar
results can be obtained for randomly placed base stations of the heterogeneous model (see
Figure 4.6). The fifth-percetile gain is 4.2x, while the median user gain is 1.8x, with respect
to non-cooperative MU-MIMO.
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4.6.4 Relaying cost

We consider the CDF of the fraction of time a user has performed relaying, for the same runs
of simulation as in the previous subsection, in Figure 4.7. In this figure, the values on the
vertical axis represent the fraction of users that perform relaying a fraction of time less than
or equal to the corresponding value at the horizontal axis, e.g., 90% of users perform relaying
less than 22% of the time for PF with relaying cost, and less than 45% of the time for pure PF
utility. We observe that our proposed utility function results in more than 50% drop in the
total relaying load, with a relatively small penalty in throughput. In particular, the median
throughput drop across users is 10%, and the maximum drop is 16%. Therefore, the novel
utility function proposed in Section 4.5 enables a more efficient utilization of out-of-band

resources, from a throughput-per-channel-access perspective.

4.6.5 D2D link intermittence

We re-run the simulation in Section 4.6.2 for smaller values of p;;. The results are plotted in
Figure 4.8, which suggests that the cell-edge gains are fairly robust to external interference of

the D2D links, and the gains degrade gracefully with decreasing link availability, resulting in
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is enabled.

approximately 2.5x gain at the bottom fifth percentile even when the links are only available

30% of the time.

4.6.6 Co-existence with WiFi

Since the existing WiFi networks use the same band as D2D cooperation, an important
question is whether co-existence of these technologies negates the possible gains due to
interference. In this section, we study this scenario through simulations, and demonstrate
that the combined overall benefit of WiFi access points (AP) and D2D dominates the loss

due to interference, and thus WiFi and D2D cooperation can co-exist harmoniously.

To study this scenario, we consider a network model where an AP is placed at each
cluster center c;. If a user is within the range of a AP, it only gets served by the AP, and is
unavailable for D2D cooperation, since the unlicensed band is occupied by AP transmissions
and we assume there is constant downlink traffic from the AP. Otherwise, the user is served
by the base station and is potentially available for D2D cooperation. In practice, this co-
existence mechanism can be implemented through a more aggressive policy, similar to LTE-U:
having the user search for an available channel within the unlicensed band for a specified

period of time, to use for D2D cooperation, and if none exists, having the user transmit for
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a short duty cycle. Note that the D2D transmissions from outside the AP range can still

interfere with the receptions of AP users.

We consider a simplified model for the rates delivered by the AP. If there are ¢ users

within the range of a given AP, then a user i at a distance d; from the AP is offered a rate

R;(t) = nJ;(t) min <R (dy), Rf;a") :

where R (d) is a function that maps the user distance d from AP to the rate delivered to that
user, R, is the maximum rate the AP can deliver, 0 < n < 1 is a back-off factor capturing
various overheads in the system, and Ji(t) is the binary variable that takes the value 0 if a
neighbor of £ in the connectivity graph is transmitting at time ¢, and 1 otherwise. We use
the 802.11ac achievable rates reported in [Brol2] (3 streams, 80MHz, with rates normalized
to 40MHz) for the R (dg) and Ry values, with n = 0.5. We reduce the device power to
17dBm for this setup. The throughput CDFs under this setup are given in Figures 4.10 and
4.11. If a user is served by WiFi, its throughput from WiFi is considered; otherwise, its

throughput from the D2D-enhanced cellular network is considered.

The results suggest that when D2D cooperation and WiFi AP are simultaneously enabled,
the performance is uniformly better than either of them individually enabled, despite the

interference from D2D transmissions to AP users, and the relatively fewer D2D opportunities
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due to users being served by AP. Note that this does not mean that the throughput of a given
WiF1i user is not reduced when D2D interference takes place (see Figure 4.9, where median
WiFi user throughput drops by 10%, while the fifth-percentile cellular user throughput
grows by 130%); it means that, if the user falls within the bottom z-percentile after the D2D
interference, they are still better off than the bottom x-percentile when only WiFi is enabled.
The main reason D2D does not hurt WiFi too much is that D2D cooperation is used for a
relatively small fraction of time compared to WiFi for a given user (see Figure 4.7, which
shows 80% of users relay less than 10% of the time), which limits the amount of interference.

This may also suggest that the more aggressive LTE-U-type policies may also be feasible.

4.6.7 Number of streams scheduled

We compare the number of streams scheduled per time slot for cooperative and non-cooperative
cases, in the CDF in Figures 4.12 and 4.13. This can also be understood as the number of

steps it takes for Algorithm 1 to terminate.

One can observe that cooperation enables the base station to schedule 1-2 additional
streams on average, compared to the non-cooperative case. The reason underlying this

behavior is the richness in scheduling options, since data can be transmitted to a particular
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user through several relaying options, with a distinct beamforming vector corresponding
to each option. Since it is easier to find a stream (beamforming vector) that is compatible
(approximately orthogonal) with the already scheduled streams, on the average the algorithm

is able to schedule a larger number of users per time slot.

4.6.8 Relaxing the stability constraint

In the scenario where the cellular bandwidth is sufficiently smaller than the D2D bandwidth,
the interference constraint no longer active, since the devices can perform frequency-division
multiplexing to orthogonalize their transmissions. This scenario can be modeled by removing
the stability constraint, and performing the maximization in (4.9) over all N2 x {1, 2} streams
available for scheduling. The resulting throughput CDF's are given in Figures 4.14 and 4.15.
Comparing the result to those in Figures 4.4 and 4.5, we see that the stability constraint
has a rather small effect on the cooperative cell-edge gains in throughput for large cells,
and a relatively larger effect for small cells. This is because the users are located more
densely in small cells, and thus the interference (and thus, the stability) constraint is more
restrictive. We observe that under this setup, the fifth-percentile gains with respect to SU-
MIMO baseline range from 3.5x up to 6.3x, depending on cell size, channel estimation

quality and the utility function used. The median gain for large cells reaches almost 4.5x%.
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Figure 4.16: Median and 5-percentile throughput vs. cluster radius

The fifth-percentile gains with respect to non-cooperative MU-MIMO are similarly between

3.3x and 4.9x, and the median user gain ranges up to 2.3x.

4.6.9 Effect of clustering

For large cells, we vary the cluster radius o to study its effect in the throughput CDF
in the network. Figure 4.16 plots the throughputs corresponding to the median and the
bottom fifth-percentile users in the network, for a range of cluster radii, cooperative and
non-cooperative cases, and line-of-sight (LOS) and non-line-of-sight (NLOS) D2D links. We
observe that at 23dBm device power, for LOS links, most of the median and fifth-percentile
throughput gains are preserved up to a cluster radius of 200m!. The decay in throughput
is much faster for NLOS D2D links, and the gain completely disappears at a cluster radius
of 200m. The performance in a real scenario would be somewhere in between the LOS and

NLOS curves, since in a real scenario only a fraction of the links would be LOS.
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4.6.10 Co-existence with WiFi off-loading

One can also consider an off-loading scenario where the base station continues serving the
WiFi users. In this case, the WiFi users are still not available for D2D cooperation, but
they can receive from both the AP and directly from the base station whenever they are
scheduled based on their past throughputs. We compute the rate delivered to a WiFi user
as the sum of the rate that is delivered from the base station (whenever scheduled) and the
rate that is delivered from the AP. Figures 4.17 and 4.18 plot the throughput CDFs under
this scenario. The results follow a similar pattern to the case where WiFi users are served

only by the AP, with a small additional gain in the curves with AP off-loading.

5 Note that the cluster radius is the standard deviation of user locations from each cluster center. User
pairs with pairwise distance much smaller than the cluster radius can still exist within the cluster.
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CHAPTER 5

Encoded Distributed Optimization I: Node Failures

5.1 Introduction

Recent years have seen an enormous surge in interest for large-scale data analytics and
machine learning. Typically, solving such large problems require storing data over a large
number of distributed nodes and running optimization algorithms over these nodes. In such
networks, an important concern is the sudden onset of unresponsive or failed nodes [DB13].
This can be caused by network failures, background processes, or (in the case of low-cost
cloud computing) sudden deallocation of compute resources. In the case of short-term, or
intermittent unavailability, such failures can significantly slow down the computation, since
speed may be dictated by the slowest node. In longer-term unavailability, it might affect the
accuracy of the final solution itself, since a fraction of data is effectively eliminated from the

optimization process. In this chapter, we focus on this latter case.

A natural approach to combat node failure is to use redundancy in the form of additional
nodes, for example, by simply replicating the data across multiple nodes. However, recently,
distributed coded computing has received some attention from the information theory com-
munity [LMA16, LLP16, TLD16, DCG16]. In particular, [LLP16] used coding-theoretic ideas
to provide robustness in two specific linear operations: distributed matrix multiplication and
data shuffling. The work in [DCG16] also focused on linear operations, where the idea is to
break up large dot products into shorter dot products, and perform redundant copies of the
short dot products to provide resilience against failures. On the other hand, [TLD16] con-

siders synchronous gradient descent, and proposes an architecture where each data sample
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is replicated s times across nodes, and designs a code such that the exact gradient can be

recovered as long as fewer than s nodes fail.

In contrast to these works, which mainly focus on adding redundancy in the imple-
mentation of a distributed algorithm, we embed the redundancy in the formulation of the
optimization problem. The idea is to linearly encode the data variables in the optimization,
place the encoded data in the nodes, and let the nodes operate as if they are solving the
original problem, ignoring failed nodes and stragglers. This is inspired by the randomized
sketching techniques [Mah11] used for dimensionality reduction in optimization; however, the
purpose, operating regime, and the tools used are different in our problem. The main obser-
vation underlying our approach is that one needs much less redundancy than in [TLD16] if
one backs off from requiring exact recovery of the solution. For instance, for e node failures,
the results in [TLD16] imply that one needs a redundancy factor of e 4+ 1 for exact recovery,
whereas we show that the solution can be reasonably approximated with a redundancy factor
of 2. Such relaxation is motivated by fields like machine learning, where approximate solu-
tions that achieve good generalization error are sufficient. The main design objective then
becomes how to design codes so that with increasing number of failed nodes, the solution
accuracy degrades as slowly as possible. In particular, we observe (numerically and analyti-
cally) that equiangular tight frames (ETF) are attractive options as coding vectors, since (i)
they contain inherent redundancy; (ii), the individual elements provide as much independent
information as possible; and (iii), they allow reconstruction of the exact solution when no
nodes fail. We also consider random codes, which asymptotically (data length) achieve good

performance; however, as numerical evidence suggests, cannot achieve (iii) for finite lengths.

Our approach is not limited to a specific computational operation, but is applicable
directly to large class of practically relevant optimization problems; specifically, any opti-
mization that can be formulated as a least-squares minimization over a convex set, including
linear regression, support vector machines, compressed sensing, projection etc. Further,
since the nodes are oblivious to coding, the existing distributed computing infrastructure

and software can be directly used without additional control/coordination messaging.
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In this chapter we focus on a model where nodes become unavailable for the time frame
of computation, where a failed node does not recover throughout the duration of the com-
putation. This can also be thought of as a model where slow /straggling nodes are the same
ones throughout the computation, and these nodes are ignored by the system. The case with

asynchronous/intermittent failures and delays is a natural ongoing extension.

Our main contributions are as follows. First, we derive a general bound on relative ob-
jective error for encoding with tight frames, and specialize this to equiangular tight frames!.
Second, using results from analytic number theory, we obtain a tighter bound for a specific
construction with redundancy factor 2, which is constructed using Paley graphs [SHO3]. To
the best of our knowledge, this is the first analysis of the this particular tight frame con-
struction in the context of robustness against erasures. We also present an error bound
for random coding vectors. Bounds for other constructions with other redundancy factors
are possible. Third, we prove a lower bound on the objective error for the special case of
unconstrained least squares optimization. Fourth, we numerically demonstrate performance
over three problems, two of which use real world datasets, namely, ridge regression, binary
support vector machine classification, and low rank approximation. The results show that

the Paley construction outperforms uncoded, replication, and random coding approaches.

The rest of the chapter is organized as follows: Section 5.2 presents our model and metrics
of interest, Section 5.3 provides our results on encoding with tight frames and random codes,
Section 5.4 gives lower bounds for general linear encoding, and Section 5.5 contains the

numerical results on real datasets.

IPerformance of frames under erasures have been studied in [GKKO01, HP04, CK03], though not in the
context of convex optimization. Further, these works either focus on exact reconstruction, or only one or
two erasures, or otherwise do not provide a general error bound for arbitrary tight frames under arbitrary
number of erasures.
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Figure 5.1: A distributed optimization network, where m nodes communicate directly with a
centralized server. The local nodes compute terms specific to their data (such as gradients),
and the central node aggregates such terms and computes simple steps, like small-dimension

projections.

5.2 Model and Notation

Counsider the minimization

i = min || X0 — y||? 1
min g (6) := min X0 —yl]%, (5.1)

where C C R? is an arbitrary convex set (that is globally known), X € R™*? is the data

matrix, and y € R" is the data vector. We will denote a solution of this optimization as 6*.

Consider mapping this optimization problem into a distributed computing setup (see
Figure 5.1), where the data variables X; and y; are collectively stored across m worker nodes,
and a centralized server computes the solution without ever seeing the data itself. Such
an architecture is present in most of the popular distributed computing and optimization
frameworks [DGO08, ZCD12|. Each worker node has sufficient memory to store ¢(d + 1)
variables (i.e., £ rows of data), where m¢ > n. We define the redundancy factor  := %e >
1, which captures the amount of additional storage space available. We consider a linear
mapping of the data, where worker node i € [m] stores Z; = S;[X y|, where S; € R™ is
an encoding matrix. We define S = [SlT Sy ...S;]T. Note that, by setting S = I, or
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S=1I, I, .. .]T, this framework covers uncoded and repetition schemes as well®.

We assume that after the data placement, a subset A C [m] of the nodes are unavailable,
and the data stored in the unavailable nodes is assumed to be lost throughout the duration

of optimization, where |A| = e. We define, for a set U C [m], Sy = [5] i.e., Sy is the

i€l
submatrix of S corresponding to the set of nodes U, and A° = [m]\A.

Given a mapping S of the data, the worker nodes directly communicate with the central-
ized server via (two-way) links with no communication constraints, but cannot communicate
with each other. The worker nodes are also oblivious to the encoding (i.e., they do not have
access to {S;}). These two assumptions imply that the nodes effectively attempt to solve

the encoded problem mingec g (0), where

g(0) = ||SX0 — Sy|* = > ||S: X0 — Syl (5.2)

i=1
using any distributed optimization algorithm (e.g., batch or stochastic gradient descent, L-
BFGS, proximal gradient descent etc.). Since the objective function (5.2) is a sum of local
terms, by having all worker nodes compute, for instance, local gradient terms, and summing

them at the centralized server, the centralized solution of (5.2) can be achieved.

We also assume that the available nodes (A€) are oblivious to the failed nodes (A), and
they operate as if all nodes are available. This assumption, and the fact that the failed nodes
(A) are unavailable throughout optimization imply that the effective problem whose solution
is reached is

.~ L . B 2
min g (6) := min |[Sae (X0 — y)||" (5.3)

We denote a solution to (5.3) as 0(S; X, y; A). Given an encoding matrix S, data variables

(X,y), and a failure pattern A, the relative error n*(S; X,y; A) is defined as the smallest

2From a technical standpoint, such linear encoding resembles the sketching technique [Mah11] used to
approximate optimization problems by dimensionality reduction. However, sketching uses randomized, short
and wide S matrices for dimensionality reduction; we use tall, deterministic S matrices to increase the
problem dimensions and add redundancy.
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n > 1 such that
1X6 — y[|* < ]| X6 —y|>
For a given S, the worst-case relative error is given by

v(S,e) :=sup max n*(S; X,y; A).
X,y A:|Al=e

Our goal is to design a matrix S such that (S, €) is minimized and grows slowly with e, i.e.,

whose worst-case relative error degrades gracefully with increasing number of failed nodes.

5.3 Encoded Distributed Convex Programs

Intuitively, one would expect a good encoding matrix S to satisfy a number of properties.
First, it must contain some form of redundancy in its set of encoding vectors (the rows s, of
S). Second, drawing from the intuition of the channel coding theorem, individual encoding
vectors must provide as much independent information as possible. Third, the encoding
matrix should not add error; that is, when there are no failures, the exact solution must be

recoverable, assuming nodes are oblivious to coding.

5.3.1 Equiangular tight frames

Given such requirements, we turn to equiangular tight frames (ETF) as a natural choice of
set of encoding vectors. Loosely speaking, ETFs constitute an overcomplete basis for R”,
and whose individual elements are as decorrelated as possible. More formally, a (unit-norm)
tight frame for R" is a set {hz}?fl C R™ of unit vectors (with § > 1), such that for any

u € R",

nf
Z [(hisw)[* = Blul®. (5:4)

The reader is referred to [Dau92, SHO3] for more information on frames.
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Define the maximal inner product of a tight frame H by

dfﬂr==ﬁgi§1Khuhﬂ!-
i#]
A tight frame for which |(h;, hj)| = e(H) for every i # j is called an equiangular tight frame

(ETF).

Proposition 5.1 (Welch bound, [Wel74]). Let H = {h;}"”, be a tight frame. Then e(H) >

B—1
2nB—1

. Moreover, equality is satisfied if and only if H is an equiangular tight frame.

Therefore, an ETF minimizes the correlation between its individual elements.

We define the tangent cone of the constraint set at the optimum by
K= clconv{u cRY:u=1t0-0",t>0,0¢ C’},

where clconv denotes closure of the convex hull, and the linearly transformed cone is defined
by XK :={Xu:u e K}. We also define, for a set U, and a symmetric matrix P,

M (P)= s |[Pulls.

max
uel, ||ull2=1

The case \}X*

max

(P) = Amax(P), the largest eigenvalue of P in absolute value (which is the

spectral norm, since P is symmetric).
Our first result bounds the relative error under encoding with tight frames.

Theorem 5.1. Let S be such that {sz}?fl 15 a tight frame over R™. Then for any encoded

optimization problem in the form (5.3),

INXK (STS4—cl)
“(S;X,y; A) < min_ [ 14 Z2mex .
n ( 7<% Y, ) = Olgnclélﬂ ( + ﬂ _ )\max (SXSA)

Corollary 5.1. Under the setup of Theorem 5.1,

2
s
b — mMaX4:|Al=e HS/T;SAHz '

v@@ﬁ(
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The proofs are given in Appendix D.1, which relies on techniques from [PW15], as well
as convex optimality conditions and properties of tight frames. Note that the bound only

depends on the spectral properties of the lost component of the encoding matrix S.

Theorem 5.1 and Corollary 5.1 show that when one encodes the data with tight frames,
worst-case relative error can be uniformly bounded, and the error depends on the spectral
properties of the relevant submatrices S4 of the encoding matrix. We note that (as expected),
as the redundancy factor S grows, relative error goes to 1, and when e = 0, it is exactly 1,
which implies perfect recovery when no failures occur. Note that this is not necessarily true
for an arbitrary matrix S whose Gram matrix ST S has non-zero eigenvalue spread, including
random matrices. We also note that to minimize the error, one must design S such that any

possible submatrix S, has spectral norm close to 1.

Next we prove explicit bounds for equiangular tight frames, by bounding the spectral
norm of the submatrices Ss. Although these bounds are non-trivial, numerical evidence

suggests that tighter bounds may hold.

-1

a(m,n)’

Theorem 5.2. If the rows of S form an equiangular tight frame, then for 1 <e <

e = (ﬁ oy —ia<m,n>>2’

where a(m,n) = %, /%.

See Appendix D.2 for proof. For a specific construction obtained by using Paley confer-

ence matrices [SHO03|, we can in fact prove a tighter result that holds with high probability
(under random failures). Let ¢ be a prime number such that ¢ = 1 (mod 4), and let F, be
the finite field of size ¢. Consider the graph G, whose vertices are the elements of I, and the
elements a # b are adjacent if and only if there exists r € F, such that a — b = r* (mod ¢)
(in which case a — b is called a quadratic residue, and G is known as Paley graph). It can
be shown that [SHO3] if A, is the 0-1 adjacency matrix of the graph formed by combining

G, with an isolated node u, then the matrix M, := \/LZI(JqH — I —2A,11) + Iy, where
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Jg+1 1s the all-ones matrix, can be decomposed as

_ T
Mgi1 = Sq+15441;

1
7
theoretic results on multiplicative quadratic residue characters in finite fields (see Appendix D.3),

where the rows of ;41 form an equiangular tight frame with €(S,41) = Using number-

we can obtain the following tighter bound for this construction.

Theorem 5.3. Let S be an ETF constructed from Paley graph as above, where ¢ +1 = 2n
(so that redundancy factor f = 2). Let S = PS', where P is a random permutation matrix
that is drawn uniformly random over all (2n)! permutation matrices. Let A be uniformly

4/3
random over all cardinality-e subsets of [m|. Then for 1 < e < <;)> and for any

ca(m,n
c>1,
P n(S: X,y A) > 2 APE
A athiilé 1 —ced/4a(m,n) -V
where a(m,n) = , /-2 (%")1/4.

m-yz

To the best of our knowledge, Theorem 5.3 is the first analysis of the erasure-robustness
of Paley ETFs. This result shows that if we scale the number of nodes m faster than ns,
then the error is small with high probability, even under a large number of node failures.
In fact, based on numerical evidence, we believe the following, even tighter, deterministic

bound holds for this construction.

Conjecture 5.1. If S is an ETF constructed from Paley graph as above, where ¢+ 1 = 2n,

then for 1 < e < =—

a2 (m) Y

(S, e) < (%)

where &(m) := = for a universal constant c.

Note that there is no dependence on n in this bound.
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5.3.2 Random coding

Another natural approach in designing S could be choosing its elements i.i.d. random, e.g.,
with Gaussian entries. In particular, using results from [PW15], and the scaling behavior of
singular values of i.i.d. Gaussian matrices [Sil85], it can be shown that the following holds

(the details are in Appendix D.4).

Proposition 5.2. For fizved f = m7€7 consider a family of encoding matrices S, € Rmﬁx%l;

indezed by the number of worker nodes m. Choose all entries of S, i.i.d. from N (0, %)

81

Denote the relative error for m machines as ny, (Sm; X, y; A), for any A with |A| = e < m=;

Then, for any (X,vy),

B 5) 1
-5 -1

lim 7}, (S X, y; A) <
m—roQ

Note that random coding can achieve a bound independent of n as well, albeit asymptot-
ically. In practice, however, we observe that the spectral norm of submatrices of Paley ETF
grows slower than those of i.i.d. random matrices, and thus Paley ETF achieves a slightly
tighter bound on relative error for finite data, as claimed in Conjecture 5.1, and further

evidenced in the results of the next section.

5.4 Lower Bound for Unconstrained Optimization

Given the results of Section 5.3, one may wonder how they compare with the performance of
other possible encoding techniques. In this section, we derive a lower bound on the relative
error for unconstrained optimization (C' = R?) for arbitrary linear encoding. The bound is
not necessarily tight, but it still provides insight into how one should design the encoding

matrix.

Theorem 5.4. For any encoding matriz S, worst-case relative error for unconstrained op-
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Figure 5.2: Performance for ridge regression, where X is 1000 x 750 and g = 0.1. There are
750 processors and S has 2000 rows.

timization is lower bounded by

1
> = ))?
v(5,e) 2 (1 +A1351/3>2<6H(SA )

where k(Q) is the condition number of matriz Q.

The proof is provided in Appendix D.5, which is based on constructing an adversarial
data pair (X,y) for any given encoding matrix S. Theorem 5.4 implies that in order to
control the error, one needs to design the encoding matrix so that any relevant submatrix
S 4e is well-conditioned, which is similar to the restricted isometry condition in compressed

sensing [CTO05].

5.5 Numerical Results

We explore three machine learning problems, two of which use real world datasets. In each
example, we compare four cases: uncoded (S = I,), replication code, Gaussian (S;; ~
N(0,1)), and Paley ETF. The redundancy factor 8 = 2 in each case except the uncoded
one. In the simulations, we consider probabilistic availability of the nodes, where each node
independently fails with probability p. In each case we plot relative error (n(p), representing
relative error at failure probability p) over 100 trials with different failure patterns, with

error bars at a 95% interval.
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5.5.1 Ridge regression
The encoded ridge regression problem solves
minimize [|S(X60 —y)[l; + pl0]3, (5.5)

where p > 0 is a regularization parameter. The rows of X and y represent data feature

vectors and labels respectively, and the entries of the solution #* are the feature regressors.

Figure 5.2 shows the relative error performance with respect to failure probability, where
y = Xz + n and each element of X, y, and n is drawn independently from a Gaussian
distribution. The data matrix X is 1000 x 750 and the generated encoding matrices have
1000 (uncoded), 2000 (replication, Gaussian, Paley®) rows. The problem is solved using
gradient descent, where each worker node computes gradient terms corresponding to their

own data and the central node only performs the aggregation and descent step.

5.5.2 Binary SVM classification

The MNIST dataset contains 28 x 28 binary images for handwritten digits 0-9 [LCB98]. We
attempt to disambiguate 4’s from 9’s using binary support vector machines, by solving the
reformulation suggested by [PW15, §3.4]:

minimize (17 ding(d)0]3 + 0] = | X3

(5.6)
subject to > .6, =1, 6; >0,Vi.

The rows W; are ith vectorized binary images (demeaned), and d; € {1, —1} indicates if the
ith sample is a 4 or 9. The objective can be reformulated with X = [diag(d)W, I]*, and the

encoded problem has objective ||[SX0)||3.

We reduce the MNIST train and test dataset to only the digits 4 and 9, and additionally

only use the first 1000 train samples (W € R00%74)  Fig 53 shows the relative error

3Since Paley ETF has size (¢ + 1) x (¢ + 1)/2 for prime ¢, we take the smallest prime s.t. ¢ = 1 (mod 4)
(in this case, 2017) larger than the required dimension, and take an arbitrary submatrix that matches the
required dimensions. The error due to this subsampling is negligible.
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Figure 5.3: Performance for solving SVM on reduced MNIST set for 4 vs. 9 disambiguation.
Here X is 1000 x 784 and p = 0.1. There are 500 processors.

performance, where (5.6) is solved using FISTA [BT09], where the worker nodes evaluate
gradients and the centralized server aggregates terms and computes the projection on the

simplex.

5.5.3 Low-rank approximation

The movielens ml-100k dataset [RK98| contains recommendations of users for movies. The
task is, given ratings in a training set, predict the ratings in a separate test set. Given
rating matrix R, where R;; is the rating user ¢ provided movie j (if exists in the training
set), and find the nearest low rank approximate matrix completion of R. The following
is an encoded version of a popular convex approximation of the rank-constrained matrix

completion problem:
minimize ||SXvec(© — R)||%
© (5.7)
subject to ||O]. < T.
Here, ||Z||« is the nuclear norm (sum of the singular values of Z) and serves as a convex

proxy for rank. The matrix X is such that Xvec(R) selects only the provided ratings R;;.

We subsample the movielens dataset to leave only users and movies that contribute the
most ratings, resulting in 133 users and 56 movies, with 5,514 provided ratings evenly split

between train and test sets. (Resulting X is 2757 x 7448.) (5.7) is solved using FISTA
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Figure 5.4: Performance for solving the matrix completion problem with the subsampled
movielens dataset. Here, X is 2757 x 7448, and 7 = 100. There are 100 processors and S

has twice the number of rows as X.

[BT09], with 7 = 100. Figure 5.4 shows relative error results and the mean squared error

in test ratings, defined as ﬁ Z(i,j)eT((RteSt)ij — Xij)? where Rye is the test ratings matrix

and T contains the (user, movie) pairs included in the test set.

In all three examples, it is clear that coding increases robustness in the presence of large
numbers of node failures, both in the relative error of the objective and in test error metrics
on real datasets. The tightness of the Paley frames is also observed; in all cases there is no

degradation when no nodes fail, which is not true when using random encoding matrices.
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CHAPTER 6

Encoded Distributed Optimization II: Node Delays

6.1 Introduction

Solving learning and optimization problems at present scale often requires parallel and dis-
tributed implementations to deal with otherwise infeasible computational and memory re-
quirements. However, such distributed implementations often suffer from system-level issues
such as slow communication and unbalanced computational nodes. The runtime of many
distributed implementations are therefore throttled by that of a few slow nodes, called strag-
glers, or a few slow communication links, whose delays significantly encumber the overall
learning task. In this chapter we further develop the encoded distributed optimization frame-
work of the previous chapter, and generalize it to the case of node delays, with the aim of
mitigating the effect of straggler nodes. In particular, we propose a distributed optimization
framework based on proceeding with each iteration without waiting for the stragglers, and
encoding the dataset across nodes to add redundancy in the system in order to mitigate the

resulting potential performance degradation due to lost updates.

We consider the master-worker architecture, where the dataset is distributed across a set
of worker nodes, which directly communicate to a master node to optimize a global objective.
The encoding framework consists of an efficient linear transformation (coding) of the dataset
that results in an overcomplete representation, which is then partitioned and distributed
across the worker nodes. The distributed optimization algorithm is then performed directly
on the encoded data, with all worker nodes oblivious to the encoding scheme, i.e., no explicit

decoding of the data is performed, and nodes simply solve the effective optimization problem
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after encoding. In order to mitigate the effect of stragglers, in each iteration, the master
node only waits for the first k£ updates to arrive from the m worker nodes (where k < m
is a design parameter) before moving on; the remaining m — k node results are effectively

erasures, whose loss is compensated by the data encoding.

The framework is applicable to both the data parallelism and model parallelism paradigms
of distributed learning, and can be applied to distributed implementations of several popular
optimization algorithms, including gradient descent, limited-memory-BFGS, proximal gradi-
ent, and block coordinate descent. We show that if the linear transformation is designed to
satisfy a spectral condition resembling the restricted isometry property, the iterates resulting
from the encoded version of these algorithms deterministically converge to an exact solution
for the case of model paralellism, and an approximate one under data parallelism, where
the approximation quality only depends on the properties of encoding and the parameter k.
These convergence guarantees are deterministic in the sense that they hold for any pattern
of node delays, i.e., even if an adversary chooses which nodes to delay at every iteration.
In addition, the convergence behavior is independent of the tail behavior of the node delay
distribution. Such a worst-case guarantee is not possible for the asynchronous versions of
these algorithms, whose convergence rates deteriorate with increasing node delays. We point
out that our approach is particularly suited to computing networks with a high degree of
variability and unpredictability, where a large number of nodes can delay their computations

for arbitrarily long periods of time.

Our contributions are as follows: (i) We propose the encoded distributed optimization
framework, and prove deterministic convergence guarantees under this framework for gra-
dient descent, L-BFGS, proximal gradient and block coordinate descent algorithms; (ii) we
provide three classes of encoding matrices, and discuss their properties, and describe how
to efficiently encode with such matrices on large-scale data; (iii) we implement the proposed
technique on Amazon EC2 clusters and compare their performance to uncoded, replication,
and asynchronous strategies for problems such as ridge regression, collaborative filtering,

logistic regression, and LASSO. In these tasks we show that in the presence of stragglers,
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the technique can result in significant speed-ups (specific amounts depend on the underlying
system, and examples are provided in Section 6.6) compared to the uncoded case when all

workers are waited for in each iteration, to achieve the same test error.

The rest of the chapter is organized as follows. In Section 6.2, we review the relevant
literature and contrast our work. In Section 6.3, we present our encoded distributed opti-
mization framework that is generalized for node delays, and present the main optimization
algorithms we consider. In Section 6.4, we prove our analytical convergence results. In
Section 6.5, we discuss several families of code constructions, and discuss how to efficiently
implement encoding. In Section 6.6, we present our numerical results from our distributed

implementations on Amazon EC2 clusters.

6.2 Related work

The approaches to mitigating the effect of stragglers can be broadly classified into three
categories: replication-based techniques, asynchronous optimization, and coding-based tech-

niques.

Replication-based techniques consist of either re-launching a certain task if it is delayed,
or pre-emptively assigning each task to multiple nodes and moving on with the copy that
completes first. Such techniques have been proposed and analyzed in [GZD15, AGS13,
SLR16, WIW15, YHG16], among others. Our framework does not preclude the use of such
system-level strategies, which can still be built on top of our encoded framework to add
another layer of robustness against stragglers. However, it is not possible to achieve the
worst-case guarantees provided by encoding with such schemes, since it is still possible for

both replicas to be delayed.

Perhaps the most popular approach in distributed learning to address the straggler prob-
lem is asynchronous optimization, where each worker node asynchronously pushes updates
to and fetches iterates from a parameter server independently of other workers, hence the

stragglers do not hold up the entire computation. This approach was studied in [RRW11,
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ADI11, DCM12, LAP14] (among many others) for the case of data parallelism, and [LWR15,
YLL16, PXY16, SHY17] for coordinate descent methods (model parallelism). Although this
approach has been largely successful, all asynchronous convergence results depend on either
a hard bound on the allowable delays on the updates, or a bound on the moments of the
delay distribution, and the resulting convergence rates explicitly depend on such bounds. In
contrast, our framework allows for completely unbounded delays. Further, as in the case of
replication, one can still consider asynchronous strategies on top of the encoding, although

we do not focus on such techniques within the scope of this work.

A more recent line of work that address the straggler problem is based on coding-theory-
inspired techniques [TLD17, LLP16, DCG16, KSD17a, KSD17b, YGK17, HAS17, RPP17].
Some of these works focus exclusively on coding for distributed linear operations, which are
considerably simpler to handle. The works in [TLD17, HAS17] propose coding techniques
for distributed gradient descent that can be applied more generally. However, the approach
proposed in these works require a redundancy factor of » + 1 in the code, to mitigate r
stragglers. Our approach relaxes the exact gradient recovery requirement of these works,

consequently reducing the amount of redundancy required by the code.

The proposed technique, especially under data parallelism, is also closely related to ran-
domized linear algebra and sketching techniques in [Mahl11l, DMM11, PW15], used for di-
mensionality reduction of large convex optimization problems. The main difference between
this literature and the proposed coding technique is that the former focuses on reducing
the problem dimensions to lighten the computational load, whereas encoding increases the
dimensionality of the problem to provide robustness. As a result of the increased dimen-
sions, coding can provide a much closer approximation to the original solution compared
to sketching techniques. In addition, unlike these works, our model allows for an arbitrary

convex regularizer in addition to the encoded loss term.
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Figure 6.1: Uncoded distributed optimiza- Figure 6.2: Encoded setup with data par-
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Y = [Wiliem- sponds to S = I.

6.3 Encoded Distributed Optimization for Straggler Mitigation

We will use the notation [j] = {t € Z : 1 <i < j}. All vector norms refer to 2-norm, and all
matrix norms refer to spectral norm, unless otherwise noted. The superscript ¢ will refer to
complement of a subset, i.e., for A C [m], A° = [m]\A. For a sequence of matrices {M;} and
a set A of indices, we will denote [M;],_ , to mean the matrix formed by stacking the matrices

M; vertically. The main notation used throughout the chapter is provided in Table 6.1.

We consider a distributed computing network where the dataset {(z;,y;)}._, is stored
across a set of m worker nodes, which directly communicate with a single master node. In
practice the master node can be implemented using a fully-connected set of nodes, but this

can still be abstracted as a single master node.

It is useful to distinguish between two paradigms of distributed learning and optimization;
namely, data parallelism, where the dataset is partitioned across data samples, and model
parallelism, where it is partitioned across features (see Figures 6.1 and 6.3). We will describe

these two models in detail next.
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Notation

Explanation

[7]

n,p
Ky

Uy
dy

g, O

Theset {i € Z:1<1i<j}

Number of worker nodes

The dimensions of the data matrix X € R"*P, vector y € R™*!
Number of updates the master node waits for in iteration ¢
Fraction of nodes waited for in iteration, i.e., n; = %

Subset of nodes [m] which send the fastest k; updates at iteration ¢
Original and encoded objectives, respectively, under data parallelism
Original objective under model parallelism

The encoded objective under model parallelism

Regularization function (potentially non-smooth)

Strong convexity parameter

Smoothness parameter for h(w) (if smooth), and g(w)
Regularization parameter

Mapping from gradient updates to step {Vfi(t)};c, = di

Descent direction chosen by the algorithm

Step size

Largest and smallest eigenvalues of X T X, respectively
Redundancy factor (8 > 1)

Encoding matrix with dimensions fn x n

ith row-block of S, corresponding to worker 4

Submatrix of S formed by {Si};c 4c(n) stacked vertically

Table 6.1: Notation used in the chapter.
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6.3.1 Data parallelism

We focus on objectives of the form
1
Flw) = o1 Xw — gl + Ah(w), (61)

where X and y are the data matrix and data vector, respectively. We assume each row
of X corresponds to a data sample, and the data samples and response variables can be
horizontally partitioned as X = [XlT XQT X;]T and y = [le sz ymT In the un-
coded setting, machine i stores the row-block X; (Figure 6.1). We denote the largest and
smallest eigenvalues of X' X with M > 0, and g > 0, respectively. We assume X > 0, and
h(w) > 0 is a convex, extended real-valued function of w that does not depend on data.
Since h(w) can take the value h(w) = oo, this model covers arbitrary convex constraints on

the optimization.
The encoding consists of solving the proxy problem

~ 1
Flw) = 5118 (Xw =) |2 + Mi(w) = 5 37 15 (Xw —g) P 4Mh(w), (62)
i=1
fi(w)

instead, where S € RP"*" is a designed encoding matrix with redundancy factor 3 > 1,
partitioned as S = [SIT Sy - S’nTJT across m machines. Based on this partition, worker
node i stores (S; X, S;y), and operates to solve the problem (6.2) in place of (6.1) (Figure 6.2).

We will denote w € argmin f(w), and w* € arg min f(w).

In general, the regularizer h(w) can be non-smooth. We will say that h(w) is L-smooth

if Vh(w) exists everywhere and satisfies
/ / L / 2
h(w") < h(w) + (Vh(w),w" —w) + EHw — w|
for some L > 0, for all w,w’. The objective f is v-strongly convex if, for all x,y,

) = f(@) + (Vf().y =) + Sl =yl

Once the encoding is done and appropriate data is stored in the nodes, the optimization

process works in iterations. At iteration ¢, the master node broadcasts the current iterate
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wy to the worker nodes, and wait for k; gradient updates V f;(w) to arrive, corresponding to
that iteration, and then chooses a step direction d; and a step size «; (based on algorithm W,
that maps the set of gradients updates to a step) to update the parameters. We will denote

N = % We will also drop the time dependence of k and n whenever it is kept constant.

The set of fastest k; nodes to send gradients for iteration ¢ will be denoted as A;. Once k;
updates have been collected, the remaining nodes, denoted A¢, are interrupted by the master
node!. Algorithms 2 and 3 describe the generic mechanism of the proposed distributed

optimization scheme at the master node and a generic worker node, respectively.

The intuition behind the encoding idea is that waiting for only k; < m workers prevents
the stragglers from holding up the computation, while the redundancy provided by using a
tall matrix S compensates for the information lost by proceeding without the updates from

stragglers (the nodes in the subset Af).

We next describe the three specific algorithms that we consider under data parallelism,

to compute d;.

Gradient descent. In this case, we assume that h(w) is L-smooth. Then we simply set
the descent direction

27“7 1€ AL

We keep k; = k constant, chosen based on the number of stragglers in the network, or based

on the desired operating regime.

Limited-memory-BFGS. We assume that h(w) = ||w||?, and assume p + A > 0. Al-
though L-BFGS is traditionally a batch method, requiring updates from all nodes, its stochas-
tic variants have also been proposed by [MR15, BNT16]. The key modification to ensure

'If the communication is already in progress at the time when k; faster gradient updates arrive, the
communication can be finished without interruption, and the late update can be dropped upon arrival.
Otherwise, such interruption can be implemented by having the master node send an interrupt signal, and
having one thread at each worker node keep listening for such a signal.
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convergence in this case is that the Hessian estimate must be computed via gradient compo-
nents that are common in two consecutive iterations, i.e., from the nodes in A, N A;_1. We
adapt this technique to our scenario. For ¢t > 0, define u; := w; — w;_1, and

m

= m (sz(wt) - Vfi(wtfl)) :

1€ANAL_1

Tt

Then once the gradient terms {V f;(wy)},. 4, are collected, the descent direction is computed
by d; = —Byg;, where g; = 277%1 > ica, Vfi(wy), and B; is the inverse Hessian estimate for

iteration £, which is computed by

B = Vj;r,tBt(E)ng,t F i g U, s PG = rTluj’ Vi =1 — pjrju]
J

with jo, =t — 0o +/, BY = %I, and B, := B with & := min {t, o}, where o is the L-
BFGS memory length. Once the descent direction d; is computed, the step size is determined
through exact line search?. To do this, each worker node computes S; Xd;, and sends it to
the master node. Once again, the master node only waits for the fastest k; nodes, denoted by
D; C [m] (where in general D; # A;), to compute the step size that minimizes the function
along d;, given by

d/ i

- ?’ 6.3
P X7 Xpd, (63)

ay =

where X, = [SiX];ep,» and 0 < p < 1 is a back-off factor of choice.

Proximal gradient.  Here, we consider the general case of non-smooth h(w) > 0, A > 0.

The descent direction d; is given by

d; = arg min ﬁt(w) — wy,

where
Fw) = —— 5" filwe) + ( —— 3"V filwe),w — w, )+ Ah(w) + — w — w
t\W) = 277” < i\Wt le < (W), W — Wy 2% tl -

We keep the step size oy = a and k; = k constant.

2Note that exact line search is not more expensive than backtracking line search for a quadratic loss,
since it only requires a single matrix-vector multiplication.
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Algorithm 2 Generic encoded distributed optimization procedure under data parallelism,

at the master node.
1: Given: Uy, a sequence of functions that map gradients {V f; (we)};ca, to a descent direction d¢

2: Initialize wo, ag

3: fort=1,...,T do

4: broadcast wt to all worker nodes

D:  wait to receive k¢ gradient updates {V f;(wt)};c a,

6: send interrupt signal the nodes in A

7 compute the descent direction dy = Wy ({sz (wt)}ieAt)
8: determine step size oy

9: take the step w41 = w¢ + ardy

10: end for

Algorithm 3 Generic encoded distributed optimization procedure under data parallelism,

at worker node ;.
1: Given: fi(w) = ||S:;(Xw — y)||?
2: fort=1,...,T do

3: wait to receive wy
while not interrupted by master do
compute V f;(we)

if computation was interrupted then

4
5
6: end while
7
8
9

continue
else
10: send V f; (w¢)
11: end if
12: end for
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6.3.2 Model parallelism

Under the model parallelism paradigm, we focus on objectives of the form

min g(w) := min ¢ (Xw) = min ¢ (Z Xiwi> : (6.4)

i=1
where the data matrix is partitioned as X = [X; X5 --- X,,,], the parameter vector is par-
titioned as w = [wlT wy - w;]T, ¢ is convex, and g(w) is L-smooth. Note that the data

matrix X is partitioned horizontally, meaning that the dataset is split across features, instead
of data samples (see Figure 6.3). Common machine learning models, such as any regression
problem with generalized linear models, support vector machine, and many other convex

problems fit within this model.

We encode the problem (6.4) by setting w = S"v, and solving the problem

mvin gv) = (XSTv) = mvmqb (i XSiTvi> : (6.5)
i=1

where w € R? and ST = [S] S -+ S| € R (see Figure 6.4). As a result, worker

i stores the column-block XS

1

as well as the iterate partition v;. Note that we increase
the dimensions of the parameter vector by multiplying the dataset X with a wide encoding
matrix ST from the right, and as a result we have redundant coordinates in the system.
As in the case of data parallelism, such redundant coordinates provide robustness against
erasures arising due to stragglers. Such increase in coordinates means that the problem is
simply lifted onto a larger dimensional space, while preserving the original geometry of the
problem. We will denote u;; = X SZT v;, where v;; is the parameter iterates of worker 7 at
iteration t. In order to compute updates to its parameters v;, worker ¢ needs the up-to-date

value of z; :== > i Ui which is provided by the master node at every iteration.

Let § = arg min,, g(w), and given w, let w* be the projection of w onto S. We will say

that g(w) satisfies v-restricted-strong convexity ([LY13]) if

(Vg(w), w —w*) > v]jw—w"|*
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Figure 6.4: Encoded setup with model
Figure 6.3: Uncoded distributed optimiza-

parallelism, where 4th node stores
tion with model parallelism, where th

the partition v; of the model in the
node stores the ith partition of the model

“lifted” space. For + = 1,...,m,

w;. Fori=1,...,m, z; =) i XjWj-
~ . T
Zi = iU =D XS 05

for all w. Note that this is weaker than (implied by) strong convexity since w* is restricted
to be the projection of w, but unlike strong convexity, it is satisfied under the case where ¢
is strongly convex, but X has a non-trivial null space, e.g., when it has more columns than

TOwWS.

For a given w € RP, we define the level set of g at w as Dy(w) := {w': g(v’) < g(w)}.

We will say that the level set at wy has diameter R if

sup {||w — w'|| : w,w’" € Dy(wo)} < R.

As in the case of data parallelism, we assume that the master node waits for & updates
at every iteration, and then moves onto the next iteration (see Algorithms 4 and 5). We

similarly define A; as the set of k fastest nodes in iteration ¢, and also define

1 i€ A
0 i¢ A,

I =

)

Under model parallelism, we consider block coordinate descent, described in Algorithm 4,
where worker ¢ stores the current values of the partition v;, and performs updates on it, given

the latest values of the rest of the parameters. The parameter estimate at time ¢ is denoted
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Algorithm 4 Encoded block coordinate descent at worker node 1.

1: Given: X;, v;.
2: fort=1,...,T do
3: walit to receive ([; t—1,Z;,¢)
if I;; ==1 then
take step v; ¢ = Vi ¢t—1 + dit—1

set vt = Vi t—1

4
)
6: else
7.
8
9

end if

while not interrupted by master do
10: compute next step d;; = aS; X Ve (XS vi + Zi 1)
11: compute u;; = XS, v;

12: end while

13: if computation was interrupted then
14: continue

15: else

16: send u; ¢ to master node

17: end if

18: end for

Algorithm 5 Encoded block coordinate descent at the master node.

1l: fort=1,...,7T do
2: fori=1,...,m do
send (I;t—1,%;,) to worker ¢
end for

wait to receive k updated parameters {uiat}iEA,

set u; ¢ = u;¢—1 for i € Af

3

4

5

6: send interrupt signal the nodes in A§
7

8 compute Z; ; = Z]-# uj,¢ for all 4

9

: end for
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by v; s, and we also define z;; = Z#i Uiy = Zj# XSijj. The iterates are updated by

—avi’gv(vt,l), if 4 c At
Vit — Uit—1 = Ai,t =
0, otherwise,
for a step size parameter o > 0, where V; refers to gradient only with respect to the variables
v, t.e., Vg = [V@Le[m]. Note that if i ¢ A; then v; does not get updated in worker 7, which
ensures the consistency of parameter values across machines. This is achieved by lines 4-8
in Algorithm 4. Worker 7 learns about this in the next iteration, when I;;_; is sent by the

master node.

6.4 Convergence Analysis

In this section, we prove convergence results for the algorithms described in Section 6.3.
Note that since we modify the original optimization problem and solve it obliviously to this
change, it is not obvious that the solution has any optimality guarantees with respect to the
original problem. We show that, it is indeed possible to provide convergence guarantees in

terms of the original objective under the encoded setup.

6.4.1 A spectral condition

In order to show convergence under the proposed framework, we require the encoding matrix
S to satisfy a certain spectral criterion on S. Let S4 denote the submatrix of S associated
with the subset of machines A, i.e., S4 = [Si];,c 4. Then the criterion in essence requires that
for any sufficiently large subset A, S4 behaves approximately like a matrix with orthogonal

columns. We make this precise in the following statement.

Definition 6.1. Let 3 > 1, and £ < n < 1 be given. A matriz S € RP™ " is said to

1
B
satisfy the (m,n, €)-block-restricted isometry property ((m,n,€)-BRIP) if for any A C [m]
with |A| = nm,

1
(1—e)l, < ESZSA =< (1 + €)1, (6.6)
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Note that this is similar to the restricted isometry property used in compressed sensing
([CTO05]), except that we do not require (6.6) to hold for every submatrix of .S of size R"™*".
Instead, (6.6) needs to hold only for the submatrices of the form Sy = [S;],c 4, which is a
less restrictive condition. In general, it is known to be difficult to analytically prove that a
structured, deterministic matrix satisfies the general RIP condition. Such difficulty extends
to the BRIP condition as well. However, it is known that i.i.d. sub-Gaussian ensembles
and randomized Fourier ensembles satisfy this property ([CT06]). In addition, numerical
evidence suggests that there are several families of constructions for S whose submatrices
have eigenvalues that mostly tend to concentrate around 1. We point out that although
the strict BRIP condition is required for the theoretical analysis, in practice the algorithms
perform well as long as the bulk of the eigenvalues of S4 lie within a small interval (1—e¢, 14¢),
even though the extreme eigenvalues may lie outside of it (in the non-adversarial setting). In

Section 6.5, we explore several classes of matrices and discuss their relation to this condition.

6.4.2 Convergence of encoded gradient descent

We first consider the algorithms described under data parallelism architecture. The following
theorem summarizes our results on the convergence of gradient descent for the encoded

problem.

Theorem 6.1. Let wy be computed using encoded gradient descent with an encoding matriz
that satisfies (m,n, €)-BRIP, with step size a; = m for some 0 < ( <1, forallt. Let
{As} be an arbitrary sequence of subsets of [m] with cardinality |Ay| > nm for all t. Then,

for f as given in (6.1),

def (wo) + 54 [wo — w|”
(1—"Te)t

- .
5 flwn) — mf() <
T=1
2. If f is in addition v-strongly convex, then

Y
) =220 p ) < () ), £= 1.2,
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4v¢(1=¢)
M(14+e)+L

where ky = 1755, Ky = 125, and v = <1 -

), where € 1s assumed to be small enough

so that kay < 1.

The proof is provided in Appendix E.1, which relies on the fact that the solution to
the effective “instantaneous” problem corresponding to the subset A; lies in a bounded
set {w : f(w) < kf(w*)} (where x depends on the encoding matrix and strong convexity
assumption on f), and therefore each gradient descent step attracts the iterate towards a
point in this set, which must eventually converge to this set. Theorem 6.1 shows that encoded
gradient descent can achieve the standard O (%) convergence rate for the general case, and
linear convergence rate for the strongly convex case, up to an approximate minimum. For
the convex case, the convergence is shown on the running mean of past function values,
whereas for the strongly convex case we can bound the function value at every step. Note

that although the nodes actually minimize the encoded objective f(w), the convergence

guarantees are given in terms of the original objective f(w).

Theorem 6.1 provides deterministic, sample path convergence guarantees under any (ad-
versarial) sequence of active sets {A;}, which is in contrast to the stochastic methods, which
show convergence typically in expectation. Further, the convergence rate is not affected by
the tail behavior of the delay distribution, since the delayed updates of stragglers are not

applied to the iterates.

Note that since we do not seek exact solutions under data parallelism, we can keep the
redundancy factor [ fixed regardless of the number of stragglers. Increasing number of
stragglers in the network simply results in a looser approximation of the solution, allowing
for a graceful degradation. This is in contrast to existing work [TLD17] seeking exact
convergence under coding, which shows that the redundancy factor must grow linearly with

the number of stragglers.
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6.4.3 Convergence of encoded L-BFGS

We consider the variant of L-BFGS described in Section 6.3. For our convergence result
for L-BFGS, we need another assumption on the matrix S, in addition to (6.6). Defining
S = [S]

icA,na, , for t >0, we assume that for some § > 0,

51 < S8, (6.7)

for all ¢ > 0. Note that this requires that one should wait for sufficiently many nodes to

send updates so that the overlap set A; N A;, has more than % nodes, and thus the ma-
trix S; can be full rank. When the columns of X are linearly independent, this is satisfied
if n > % + % in the worst-case, and in the case where node delays are i.i.d. across ma-
chines, it is satisfied in expectation if n > \/iﬁ One can also choose k; adaptively so that
k; = min {k D A(k) M A | > %} We note that although this condition is required for the
theoretical analysis, the algorithm may perform well in practice even when this condition is

not satisfied.

We first show that this algorithm results in stable inverse Hessian estimates under the
proposed model, under arbitrary realizations of {A;} (of sufficiently large cardinality), which

is done in the following lemma.

Lemma 6.1. Let y+ XA > 0. Then there exist constants c¢1,co > 0 such that for all t, the

inverse Hessian estimate By satisfies cil < By = col.

The proof, provided in Appendix E.1, is based on the well-known trace-determinant

method. Using Lemma 6.1, we can show the following convergence result.

Theorem 6.2. Let u+ XA > 0, and let w; be computed using the L-BFGS method described in
Section 6.3, with an encoding matriz that satisfies (m,n, €)-BRIP. Let { A}, {D:} be arbitrary
sequences of subsets of [m| with cardinality |As|,|Dy| > nm for allt. Then, for f as described

in Section 6.3,



4(p+A)ciea
M+X)(14¢€)(c14c2)?

where Kk = %—fz, and v = (1 — 1 ), where c¢; and co are the constants in

Lemma 6.1.

The proof is given in Appendix E.1. Similar to Theorem 6.1, the proof is based on
the observation that the solution of the effective problem at time ¢ lies in a bounded set
around the true solution w*. As in gradient descent, coding enables linear convergence
deterministically, unlike the stochastic and multi-batch variants of L-BFGS, e.g., [MR15,
BNT16].

6.4.4 Convergence of encoded proximal gradient

Next we consider the encoded proximal gradient algorithm, described in Section 6.3, for ob-
jectives with potentially non-smooth regularizers h(w). The following theorem characterizes

our convergence results under this setup.

Theorem 6.3. Let w; be computed using encoded prorimal gradient with an encoding matriz

that satisfies (m,n,€)-BRIP, with step size oy = a < 37, and where e < . Let {A} be

=3I

an arbitrary sequence of subsets of [m| with cardinality |A;| > nm for all t. Then, for f as

described in Section 6.3,

1. For allt,

def (wo) + 55 [|wo — w*|®
(1—-"Te)t ’

2 flur) = f ) <
2. For allt,

flwirr) < wf(wy),

where Kk = L.
1—3e¢

The proof is given in Appendix E.2. As in the previous algorithms, the convergence
guarantees hold for arbitrary sequences of active sets {A;}. Note that as in the gradient

descent case, the convergence is shown on the mean of past function values. Since this does
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not prevent the iterates from having a sudden jump at a given iterate, we include the second
part of the theorem to complement the main convergence result, which implies that the

function value cannot increase by more than a small factor of its current value.

6.4.5 Convergence of encoded block coordinate descent

Finally, we consider the convergence of encoded block coordinate descent algorithm. The

following theorem characterizes our main convergence result for this case.

Theorem 6.4. Let w, = S v, where v, is computed using encoded block coordinate descent
as described in Section 6.5. Let S satisfy (m,n, €)-BRIP, and the step size satisfy a < ﬁ
Let { A} be an arbitrary sequence of subsets of [m| with cardinality |Ay| > nm for all t. Let
the level set of g at the first iterate Dy(wo) have diameter R. Then, for g(w) = ¢(Xw) as

described in Section 6.3, the following hold.
1. If ¢ is convex, then

1
_ <
g(wt) g(w)_%—l—ct’

where my = g(wo) - Q(W*)7 and C' = (l}f)a (1 - ale)'

2. If g is v-restricted-strongly convex, then

glwr) — glw') < (1 - %) (g(uwo) — g(uw")).

-1
where £ = —V(1ie)a (1 — —L(lge)a)

The proof is given in Appendix E.3. Theorem 6.4 demonstrates that the standard O (%)
rate for the general convex, and linear rate for the strongly convex case can be obtained
under the encoded setup. Note that unlike the data parallelism setup, we can achieve exact
minimum under model parallelism, since the underlying geometry of the problem does not
change under encoding; the same objective is simply mapped onto a higher-dimensional

space, which has redundant coordinates. Similar to the previous cases, encoding allows for
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deterministic convergence guarantees under adversarial failure patterns. This comes at the
expense of a small penalty in the convergence rate though; one can observe that a non-zero
e slightly weakens the constants in the convergence expressions. Still, note that this penalty
in convergence rate only depends on the encoding matrix and not on the delay profile in the
system. This is in contrast to the asynchronous coordinate descent methods; for instance,
in [LWR15], the step size is required to shrink exponentially in the maximum allowable
delay, and thus the guaranteed convergence rate can exponentially degrade with increasing
worst-case delay in the system. The same is true for the linear convergence guarantee in

[PXY16].

6.5 Code Design

6.5.1 Block RIP condition and code design

We first discuss two classes of encoding matrices with regard to the BRIP condition; namely

equiangular tight frames, and random matrices.

Tight frames. A unit-norm frame for R" is a set of vectors F' = {az};f | with |ja;]| = 1,

where 8 > 1, such that there exist constants & > & > 0 such that, for any u € R”,

nj
2
Sllull <D Husa)* < &llul®.
i=1

The frame is tight if the above satisfied with & = &. In this case, it can be shown that
the constants are equal to the redundancy factor of the frame, i.e., & = & = (. If we
form S € RM*" by rows that form a tight frame, then we have STS = I, which ensures

[ Xw—yl[|* = 5|[SXw—Sy[|*>. Then for any solution w to the encoded problem (with k = m),

Vi) = XTSTS(Xib —y) = BX T (X1b —y) = BV f(iD).
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Therefore, the solution to the encoded problem satisfies the optimality condition for the

original problem as well:

—Vf(d) € Oh(w), < —Vf(b) e Oh(w),
and if f is also strongly convex, then w = w* is the unique solution. This means that for
k = m, obliviously solving the encoded problem results in the same objective value as in the

original problem.

Define the maximal inner product of a unit-norm tight frame F' = {al}lf 1, where a; €

R™ Vi, by

w(F) = Jnax, (@i, a;)] .

i

A tight frame is called an equiangular tight frame (ETF) if |(a;, a;)| = w(F') for every i # j.

Proposition 6.1 ([Wel74]). Let F = {a;}}’, be a tight frame. Then w(F) > nﬁﬁ__ll.

Moreover, equality is satisfied if and only if F is an equiangular tight frame.

Therefore, an ETF minimizes the correlation between its individual elements, making
each submatrix S} S4 as close to orthogonal as possible. This, combined with the property
that tight frames preserve the optimality condition when all nodes are waited for (k = m),
make ETFs good candidates for encoding, in light of the required property (6.6). We specif-
ically evaluate the Paley ETF from [Pal33] and [GS67]; Hadamard ETF from [Szol3] (not

to be confused with Hadamard matrix); and Steiner ETF from [FM12] in our experiments.

Although the derivation of tight eigenvalue bounds for subsampled ETFs is a long-
standing problem, numerical evidence (see Figures 6.5, 6.6) suggests that they tend to have
their eigenvalues more tightly concentrated around 1 than random matrices (also supported

by the fact that they satisfy Welch bound, Proposition 6.1 with equality).

Note that our theoretical results focus on the extreme eigenvalues due to a worst-case
analysis; in practice, most of the energy of the gradient lies on the eigen-space associated

with the bulk of the eigenvalues, which the following proposition shows can be identically 1.
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Figure 6.5: Sample spectrum of S}Sy Figure 6.6: Sample spectrum of S} S, for
for various constructions with high redun- various constructions with moderate re-
dancy, and small k& (normalized). dundancy, and large k (normalized).

Proposition 6.2. If the rows of S are chosen to form an ETF with redundancy (3, then for

n>1-— %, %SXSA has n(1 — B(1 —n)) eigenvalues equal to 1.

This follows immediately from Cauchy interlacing theorem, using the fact that S4S5} and
S 154 have the same spectra except zeros. Therefore for sufficiently large n, ETFs have a
mostly flat spectrum even for low redundancy, and thus in practice one would expect ETF's
to perform well even for small amounts of redundancy. This is also confirmed by Figure 6.6,

as well as our numerical results.

Random matrices. Another natural choice of encoding could be to use i.i.d. random
matrices. Although encoding with such random matrices can be computationally expensive
and may not have the desirable properties of encoding with tight frames, their eigenvalue
behavior can be characterized analytically. In particular, using the existing results on the

eigenvalue scaling of large i.i.d. Gaussian matrices from [Gem80, Sil85] and union bound, it

1 - 1\’
P (AI?A%}:(I@ Amax (%SASA) > (1 + ﬂ_’l’/> ) — 0 (68)
1 1\
: T

as n — oo, if the elements of Sy are drawn i.i.d. from N(0,1). Hence, for sufficiently large

can be shown that

redundancy and problem dimension, i.i.d. random matrices are good candidates for encoding
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as well. However, for finite 3, even if kK = m, in general the optimum of the original problem

is not recovered exactly, for such matrices.

6.5.2 Efficient encoding

In this section we discuss some of the possible practical approaches to encoding. Some of the
practical issues involving encoding include the the computational complexity of encoding, as
well as the loss of sparsity in the data due to the multiplication with S, and the resulting

increase in time and space complexity. We address these issues in this section.

6.5.2.1 Efficient distributed encoding with sparse matrices

Let the dataset (X,y) lie in a database, accessible to each worker node, where each node
is responsible for computing their own encoded partitions S; X and S;y. We assume that S
has a sparse structure. Given S, define B;(S) = {j : Si; # 0} as the set of indices of the

non-zero elements of the ith row of S. For a set Z of rows, we define Bz(S) = U;er B;(.5).

Let us partition the set of rows of S, [#n], into m machines, and denote the partition
of machine k as Zy, i.e., | |,—, Zy = [Bn], where U denotes disjoint union. Then the set of
non-zero columns of Sy is given by Bz, (S). Note that in order to compute S X, machine k
only requires the rows of X in the set Bz, (S). In what follows, we will denote this submatrix
of X by Xy, i.e., if x] is the ith row of X, X} := [:cﬂieBIk(S). Similarly y, = [yi]ieBIk(S),

where y; is the ¢th element of y.

Consider the specific computation that needs to be done by worker k£ during the iterations,
for each algorithm. Under the data parallelism setting, worker k£ computes the following

gradient:
Vi(w) = XTST S (Xw —y) 2 XT ST Su(Xw — i) (6.10)

where (a) follows since the rows of X that are not in By, get multiplied by zero vector.

Note that the last expression can be computed without any matrix-matrix multiplication.
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This gives a natural storage and computation scheme for the workers. Instead of computing
S, X offline and storing it, which can result in a loss of sparsity in the data, worker k
can store X}, in uncoded form, and compute the gradient through (6.10) whenever needed,
using only matrix-vector multiplications. Since S} is sparse, the overhead associated with

multiplications of the form Syv and S} v is small.

Similarly, under model parallelism, the computation required by worker k is
Vkﬁ(v) = SkXTqub (XS;Uk + Ek> = Sk)’z;—vkgb <)Z'kS,;rvk + :ka> , (611)
and as in the data parallelism case, the worker can store X; uncoded, and compute (6.11)

online through matrix-vector multiplications.

Example: Steiner ETF. We illustrate the described technique through Steiner ETF,
based on the construction proposed in [FM12], using (2,2, v)-Steiner systems. Let v be a

power of 2, let H € R"*" be a real Hadamard matrix, and let h; be the ith column of H, for

i=1,...,v. Consider the matrix V' € {0, 1}”X”(”_1)/2, where each column is the incidence
vector of a distinct two-element subset of {1,...,v}. For instance, for v = 4,
1 11000
100 1 10
V=
01 0101
i 0O 01011 ]

Note that each of the v rows have exactly v — 1 non-zero elements. We construct Steiner
ETF S as a v? x @ matrix by replacing each 1 in a row with a distinct column of H, and

normalizing by /v — 1. For instance, for the above example, we have

hey hy hy 0 0 O
he 0 0 hs hgy O
he 0 hy 0 DRy
0 0 hy 0 hy Ry

5l
w
@)
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We will call a set of rows of S that arises from the same row of V' a block. In general, this
procedure results in a matrix S with redundancy factor g = % In full generality, Steiner

ETFs can be constructed for larger redundancy levels; we refer the reader to [FM12] for a

full discussion of these constructions.

We partition the rows of the V' matrix into m machines, so that each machine gets
assigned - rows of V, and thus the corresponding - blocks of S.

This construction and partitioning scheme is particularly attractive for our purposes for

two reasons. First, it is easy to see that for any node k, | Bz, | is upper bounded by % = %",
which means the memory overhead compared to the uncoded case is limited to a factor® of
B. Second, each block of Sy consists of (almost) a Hadamard matrix, so the multiplication

Siv can be efficiently implemented through Fast Walsh-Hadamard Transform.

Example: Haar matrix. Another possible choice of sparse matrix is column-subsampled

Haar matrix, which is defined recursively by

i 1 | Hy®[11] 0o
2n — T = ) 1= 4
where ® denotes Kronecker product. Given a redundancy level 3, one can obtain S by
randomly sampling 7 columns of H,. It can be shown that in this case, we have |Bz,| <

fnlog(n) 1Zf("), and hence encoding with Haar matrix incurs a memory cost by logarithmic factor.

6.5.2.2 Fast transforms

Another computationally efficient method for encoding is to use fast transforms: Fast Fourier
Transform (FFT), if S is chosen as a subsampled DFT matrix, and the Fast Walsh-Hadamard
Transform (FWHT), if S is chosen as a subsampled real Hadamard matrix. In particular,

one can insert rows of zeroes at random locations into the data pair (X, y), and then take the

3In practice, we have observed that the convergence performance improves when the blocks are broken
into multiple machines, so one can, for instance, assign half-blocks to each machine.
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FFT or FWHT of each column of the augmented matrix. This is equivalent to a randomized
Fourier or Hadamard ensemble, which is known to satisfy the RIP with high probability
by [CT06]. However, such transforms do not have the memory advantages of the sparse
matrices, and thus they are more useful for the setting where the dataset is dense, and the

encoding is done offline.

6.5.3 Cost of encoding

Since encoding increases the problem dimensions, it clearly comes with the cost of increased
space complexity. The memory and storage requirement of the optimization still increases by
a factor of 2, if the encoding is done offline (for dense datasets), or if the techniques described
in the previous subsection are applied (for sparse datasets)?. Note that the added redundancy
can come by increasing the amount of effective data points per machine, by increasing the
number of machines while keeping the load per machine constant, or a combination of the
two. In the first case, the computational load per machine increases by a factor of f.
Although this can make a difference if the system is bottlenecked by the computation time,
distributed computing systems are typically communication-limited, and thus we do not

expect this additional cost to dominate the speed-up from the mitigation of stragglers.

6.6 Numerical Results

We implement the proposed technique on four problems: ridge regression, matrix factoriza-

tion, logistic regression, and LASSO.

4Note that the increase in space complexity is not higher for sparse matrices, since the sparsity loss can
be avoided using the techniques described in Section 6.5.2
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Figure 6.7: Left: Sample evolution of uncoded, replication, and Hadamard (FWHT)-coded
cases, for k = 12, m = 32. Right: Runtimes of the schemes for different values of 7,
for the same number of iterations for each scheme. Note that this essentially captures the
delay profile of the network, and does not reflect the relative convergence rates of different

methods.

6.6.1 Ridge regression

We generate the elements of matrix X i.i.d. ~ N(0, 1), and the elements of y are generated
from X and an i.i.d. N(0,1) parameter vector w*, through a linear model with Gaussian
noise, for dimensions (n,p) = (4096, 6000). We solve the problem min,, 5 [|S (Xw — y)|I” +
2Jwl?, for regularization parameter A = 0.05. We evaluate column-subsampled Hadamard
matrix with redundancy = 2 (encoded using FWHT), replication and uncoded schemes.
We implement distributed L-BFGS as described in Section 6.4 on an Amazon EC2 cluster
using mpidpy Python package, over m = 32 ml.small instances as worker nodes, and a

single c3.8xlarge instance as the central server.

Figure 6.7 shows the result of our experiments, which are aggregated from 20 trials. In
addition to uncoded scheme, we consider data replication, where each uncoded partition
is replicated = 2 times across nodes, and the server discards the duplicate copies of a
partition, if received in an iteration. It can be seen that for low 7, uncoded L-BFGS may not
converge when a fixed number of nodes are waited for, whereas the Hadamard-coded case

stably converges. We also observe that the data replication scheme converges on average,
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Figure 6.8: Test RMSE for m = 8 (left) and m = 24 (right) nodes, where the server waits for

k =m/8 (top) and k = m/2 (bottom) responses. “Perfect” refers to the case where k = m.

but its performance may deteriorate if both copies of a partition are delayed. Figure 6.7
suggests that this performance can be achieved with an approximately 40% reduction in the

runtime, compared to waiting for all the nodes.

6.6.2 Matrix factorization

We next apply matrix factorization on the MovieLens-1M dataset ([RK98]) for the movie
recommendation task. We are given R, a sparse matrix of movie ratings 1-5, of dimension
#Husers X #movies, where R;; is specified if user ¢ has rated movie j. We withhold randomly
20% of these ratings to form an 80/20 train/test split. The goal is to recover user vectors
x; € RP and movie vectors y; € RP (where p is the embedding dimension) such that R;; ~

xly; + u; +v; + b, where u;, v;, and b are user, movie, and global biases, respectively. The
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Figure 6.9: Total runtime with m = 8 and m = 24 nodes for different values of k, under

fixed 100 iterations for each scheme.

optimization problem is given by

. § : T 2
min (R” — U; — Uj — X yj — b)
TiYj,Ui V5
i,j: observed

+A (ZH%H% a3 + D llysll3 + \IUH%)- (6.12)
i J

We choose b = 3, p =15, and A = 10, which achieves test RMSE 0.861, close to the current

best test RMSE on this dataset using matrix factorization®.

Problem (6.12) is often solved using alternating minimization, minimizing first over all
(w;,u;), and then all (y;,v;), in repetition. Each such step further decomposes by row and
column, made smaller by the sparsity of R. To solve for (x;,u;), we first extract I; = {j |
ri; is observed}, and minimize

2

T
[yIT 1} — (BT, — v, —b1) | +A (Z i3 + ||u||§> (6.13)

U

for each i, which gives a sequence of regularized least squares problems with variable w =

[z7,u;]", which we solve distributedly using coded L-BFGS; and repeat for w = [yI,v;]",

for all j.

Shttp://www.mymedialite.net/examples/datasets.html
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The Movielens experiment is run on a single 32-core machine with Linux 4.4. In or-
der to simulate network latency, an artificial delay of A ~ exp(10 ms) is imposed each
time the worker completes a task. Small problem instances (n < 500) are solved locally
at the central server, using the built-in function numpy.linalg.solve. To reduce over-
head, we create a bank of encoding matrices {S,} for Paley ETF and Hadamard ETF, for
n = 100,200, ...,3500, and then given a problem instance, subsample the columns of the
appropriate matrix S,, to match the dimensions. Overall, we observe that encoding overhead

is amortized by the speed-up of the distributed optimization.

Figure 6.8 gives the final performance of our distributed L-BFGS for various encoding
schemes, for each of the 5 epochs, which shows that coded schemes are most robust for small

k. A full table of results is given in Appendix E.4.

6.6.3 Logistic regression

In our next experiment, we apply logistic regression for document classification for Reuters
Corpus Volume 1 (rcvi.binary) dataset from [LYRO04], where we consider the binary task of
classifying the documents into corporate/industrial /economics vs. government /social /markets
topics. The dataset has 697,641 documents, and 47,250 term frequency-inverse document
frequency (tf-idf) features. We randomly select 32,500 features for the experiment, and re-
serve 100,000 documents for the test set. We use logistic regression with fs-regularization

for the classification task, with the objective

mwigl % Z log (1 +exp {—z w+b}) + Aw]|?,
’ i=1

where z; = y;z; is the data sample x; multiplied by the label y; € {—1,1}, and b is the
bias variable. We solve this optimization using encoded distributed block coordinate descent
as described in Section 6.3, and implement Steiner and Haar encoding as described in Sec-
tion 6.5, with redundancy § = 2. In addition we implement the asynchronous coordinate
descent, as well as replication, which represents the case where each partition Z; is replicated

across two nodes, and the faster copy is used in each iteration. We use m = 128 t2.medium
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Figure 6.11: Test and train errors over
Figure 6.10: Test and train errors over time

time (in seconds) for each scheme. Num-
(in seconds) for each scheme, for the bimodal

ber of background tasks follow a power law.
delay distribution. Steiner and Haar encod-

Steiner and Haar encoding is done with

ing is done with k = 64, g = 2.
k=280, 8 =2.

instances as worker nodes, and a single c3.4xlarge instance as the master node, which
communicate using the mpidpy package. We consider two models for stragglers. In the first
model, at each node, we add a random delay drawn from a Gaussian mixture distribution
gN (p1,0%) + (1 — Q)N (g, 03), where ¢ = 0.5, u; = 0.58, py = 20s, oy = 0.2s, 0y = 5s.
In the second model, we do not directly add any delay, but at each machine we launch a
number of dummy background tasks (matrix multiplication) that are executed throughout
the computation. The number of background tasks across the nodes is distributed according
to a power law with exponent o« = 1.5. The number of background tasks launched is capped

at 50.

Figures 6.10 and 6.11 shows the evolution of training and test errors as a function of
wall clock time. We observe that for each straggler model, either Steiner or Haar encoded
optimization dominates all schemes. Figures 6.12 and 6.13 show the statistics of how frequent
each node participates in an update, for the case with background tasks, for encoded and
asynchronous cases, respectively. We observe that the stark difference in the relative speeds

of different machines result in vastly different update frequencies for the asynchronous case,
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Figure 6.13: The fraction of updates per-
formed by each node, for asynchronous
block coordinate descent. The horizontal
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(capped at 50).

which results in updates with large delays, and a corresponding performance loss.

6.6.4 LASSO

We solve the LASSO problem, with the objective

1
in — || Xw — y||2 + \|w]?
Hgnan w —y||* + Awl],

where X € R!30:000x100.000 i3 o matrix with i.i.d. N(0,1) entries, and y is generated from X

and a parameter vector w* through a linear model with Gaussian noise:

y=Xw"+oz,

where 0 = 40, z ~ N(0,1). The parameter vector w* has 7695 non-zero entries out of

100,000, where the non-zero entries are generated i.i.d. from N(0,4). We choose A = 0.6

and consider the sparsity recovery performance of the corresponding LASSO problem, solved

using proximal gradient (iterative shrinkage/thresholding algorithm).
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Figure 6.14: Evolution of F1 sparsity recovery performance for each scheme.

We implement the algorithm over 128 t2.medium worker nodes which collectively store
the matrix X, and a c3.4xlarge master node. We measure the sparsity recovery perfor-

mance of the solution using the F1 score, defined as the harmonic mean

2PR

Fl=-—"""
P+ R’

where P and R are precision recall of the solution vector w respectively, defined as

g £ 0 £0)] ) [ wi £ 0,1, £0)]
i w; # 0 ’ i 2 ws # 0|

P =

Figure 6.14 shows the sample evolution of the F1 score of the model under uncoded,
replication, and Steiner encoded scenarios, with artificial multi-modal communication delay
distribution q;N (1, 02) + qN (2, 03) + qzN (3, 02), where q¢; = 0.8, go = 0.1, g3 = 0.1;
w1 = 0.2s, sy = 0.6s, ug = 1s; and 0y = 0.1s, 0 = 0.2s, 03 = 0.4s, independently at each node.
We observe that the uncoded case k = 80 results in a performance loss in sparsity recovery
due to data dropped from delayed noes, and uncoded and replication with k& = 128 converges
slow due to stragglers, while Steiner coding with £ = 80 is not delayed by stragglers, while
maintaining almost the same sparsity recovery performance as the solution of the uncoded

k = 128 case.
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CHAPTER 7

Conclusions and Open Problems

We studied techniques to achieve robust communication and optimization over networks
with unreliable and intermittently available resources. In the first part, we have focused
on communication over wireless networks, and developed and analyzed schemes that make
use of intermittently available links for feedback and cooperation. We have also considered
the problem of uplink-downlink interference in full-duplex cellular networks, and proposed
a simple scheduling scheme for networks with time-varying link strengths, to mitigate this
interference. In the second part, we considered distributed optimization over networks with
nodes that fail or delay their computation, and developed the encoded distributed optimiza-
tion framework to counteract the harmful effect of such nodes on the optimization. Along all
directions that are explored in this thesis, there are several open questions that are interesting

to study in the future.

Specifically, an interesting research direction could be to gain a more comprehensive
understanding of how unlicensed bands can be harnessed for communication over licensed
bands, in upcoming 5G networks. This could be a particularly important question since
5G is envisioned to be a network of billions of devices, each of which have different require-
ments, computational capabilities, power limitations, hardware constraints, and spectral
limitations, over the same infrastructure. Opportunistic use of such intermittent links to

support networking over 5G could be one of the ways to get closer to this goal.

The encoded optimization framework we developed in this thesis assumes convex prob-
lems. Given the recent rise of deep learning, an important question is to understand how to

extend these ideas to non-convex problems, and specifically to the training of deep neural

144



networks. Especially under the emerging federated learning scenario, where the user devices
which act as worker nodes can be highly unreliable, the problem of straggler mitigation be-
comes critical to the training performance and quality of the trained model. Therefore an

exciting research question is whether we can extend the encoding idea to such a scenario.

Another worthwhile direction is to understand if the encoding idea can be used for privacy
purposes, where a central server receives a version of the data that is jumbled through
encoding. Ideally, such encoding would reveal little about the data itself, but its output

would still be useful for the learning objective.

There are many exciting and interesting future research directions in understanding how
to design robust communication and computation systems over unreliable networks. We hope
that this thesis contributes to the development of the foundational ideas to build reliable

future systems.
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APPENDIX A

Proofs for Chapter 2

A.1 Proof of Lemma 2.1

Choose € > 0. We suppress the dependence of variables on block index b for simplicity.
Consider, for (i,7) = (1,2),(2,1),
2NTi
E [2VKi] = Z ]l{qz (X0 @) eA)

ZNT,L

=3 P (XN UN () € A™)

qi=1

=2V (XN, UN(1)) € AM)

Since U} (1) is generated independently from X jN , by packing lemma [GK11], there exists
d(e) with d(e) — 0 such that

E [QNKZ-} < oNrig=N[I(X;4:Ui)~6(c)/3]

for all N.
Next consider the variance of 2V,
2NT1
NK;\
var(2V%) = var %2_:1 Il{ql (X0 (@) eA™)

QNT,L'

(a)

var .

S (L ovaess))
2N7‘,L

= E n n
; { {a:(XUN (@) eAl )}] ( { {as(XNUN () €Al >}]>
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2N’ri

=2 _P((X57,U7 (@) € A7) - (1= P (X1, U (@) € A7)

L 2MTipn (1 — py) < 2N7ipy

—

where (a) is due to independence of the indicator variables, and we have defined py =

P ((Xﬁ, UN(1)) € AE’”) in (b). Hence, there exists N; such that for all N > Ny,
Ua,r(2NKi) < 2N’ri2—N[I(Xjf;Ui)—5(e)]
for some d(¢) with d(¢) — 0 as € — oo.
Define 7 := 2N”2_N[I(Xjf;Ui)_5(e)/3](2N5(E)/3 — 1), and the sequence of events

E, = {|2(n+N1)K¢ - E [2(n+N1)Ki}

indexed by n > 1.

Borel-Cantelli lemma [Durl0] states that if Y | P (&,) < oo, then
P (&, infinitely often) = 0.

Then consider

ZIP’ (&) = Z P (‘2(n+N1)K¢ _F [2(n+N1)Ki} )
n=1
(a) 2 n+N1)K )

<ZUGT
<Z 1

— 2n ri—1(X;5;Ui) +5(€)/3]<2n6(5)/3 —1)2

(b)
< o0

where (a) follows by Chebyshev’s inequality, and (b) is because exponentially decaying series
converge, and r; > [ (‘73, U;) > I(Xs; U;) where the first inequality is by covering lemma
[GK11], and the second is by data processing inequality (recall that X, — 17J — U, is a Markov
chain). Therefore, with probability one, there exists a finite integer Ny > N; such that for
all N > Ny,

oNKi 2Nri27N[I(Xjf,Ui)725(e)/3]
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Choosing r; = I(V;; U;) + 6(€) /3, taking the logarithm of both sides, and dividing by N, we
get the desired result.

A.2 Proofs of Lemmas 2.2, 2.3, 2.4 and 2.5

A.2.1 Notation

We will often suppress the dependence on block index b and block length N for brevity.

For any given set of message indices (mq, n1, ms), define the following events, with a little

abuse of notation

T(my,n1,ma) == {3 (q1, g2, ¢5) s.t. (2.21) holds for (my,ny,ma, q1,q2,¢)},

T(my,n1, ma, q1, G2, Gs) := {(2.21) holds for the indices(mq,n1,m2, g1, G2, q5)}
We also define the following quantization error event at Txi
_lynN (N) (7N 7N n N (N)
B={V¥ e, (VY UN @) ¢ AP vafu{VY ¢ T2V}

for (i,7) = (1,2),(2,1), and E := E; U Ex.

Without loss of generality, we assume that the correct message and quantization indices
correspond to the index 1, i.e. (Wie, Wiy, Wae, Q1,@Q2) = (1,1,1,1,1) for all blocks. We

introduce the notation

Bi(b) := Bi(b) \ {1}

An arbitrary element of the set B;(b) will be denoted with g;, or ¢/. In this analysis, we focus
on an arbitrary block b, but we will also need to refer to variables from block b — 1. The
variables associated with block b—1 will be represented with a caron notation when in single
letter form. For example, while Xy, is the single letter form for X2V (b — 1), Xy, is the single
letter form for X2V (b). The feedback state pair S = (Sj,9s) is assumed to be conditioned
upon in all the mutual information terms (since the receivers have access to this information

causally), but will be omitted for brevity.
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A.2.2 Claims

In this subsection, we will prove two simple claims that will be useful in bounding the

probability of decoding error.

Claim A.1. Let Ag, k =1,2,... be a sequence of i.i.d. events. Let S C N be a random subset
of natural numbers (not necessarily independent from the events Ag) such that |S| < M a.s.

for some real number M, and P (Ag|S) = P (A,,|S) a.s. for all (k,m) pairs. Then

P (U Ak> < MP(4))

kes

for an arbitrary j.

Proof.
P (U Ak> =E [E 1,54 S]] SE|E|) 14,|S
kes kes
(a)
= E[E[S]14,|5] =E[|S|E[L4,|S]]
SE[ME[14,|S]] = ME[E[14,|S]] = MP (A;)
where (a) follows by the fact that P (Ag|S) is the same for all k. O

Claim A.2. Let (XN, YN, ZN) be distributed i.i.d. according to p(x,y, z), and <)?N, YN, §N>

be distributed i.i.d. according to p(x)p(y)p(z). Then there exists 6(€) with lim._0d(e) = 0

such that
P <<)}N’ i}N7 2’1\1) c A(n)) < 9~ NICGY)+I(Z:X,Y)=6(0)]
Proof.
P <<5€N7}7N7 ZN) c A(n)) < 9~ N[D(Px.v.zllPx Py Pz ) =5(c)]
_ 2—N[I(X;Y)+I(Z;X,Y)—§(e)]
where D (P||Q) is the relative entropy between probability distributions P and Q. O
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A.2.3 Proof of Lemma 2.2

We will show that there exists a sequence of codes such that P (Drp.,) — 0 exponentially,
if the given rate constraints are satisfied, which implies the claimed result. The probability

of the decoding error event Dpp,, can be bounded by

P (DFB,w) =P (E) P ('DFB’w|E) + P (EC) P ('DFB’w|EC)

<P(E)+P(Dpp.wn|E)

<P(E)) +P(Ey) +P(Drp.u|E) (A1)
If we choose the rates of the quantization codebooks such that r; > I (‘7}, U;), for (i,j) =

(1,2),(2,1), by covering lemma [GK11], P(E,),P(E;) — 0. Therefore, it is sufficient to

show that P (Drp,.|E¢) vanishes if the conditions in the lemma are satisfied.

The decoding error event Drp,, can also be expressed as the following union of events.

Drpw = |J Tm,1,1)0 | T(Ln, U | 711 u J T(m1,ni,1)

my#1 n1#l ma#l mi#l

n1#1
U |J T(mi,1,ma) 0 | T(1,na,ma) U | T(ma,na,ma) UTC(1,1,1) (A.2)
m1#1 n1#l m1#l1
ma#l ma#l nlsill
m2

Using the union bound on (A.2), probability of decoding error conditioned on quantization

success can be bounded by

P (Drp.w| E) = 2V (T(mi, 1, 1)|E) + 28 P (T (1,1, 1)| E¥)
+ 2NR2CIPJ (T(L 1, m2)|Ec) + QNRlP (T(ml, ni, 1)|E’C>
1 oN(RicHRee)p (T(ma, 1,ms)| E°) + 9N (Rip+Rac) p (T'(1,n1, mg) | E°)

+ 2N(R1+R2c)]p (7ﬂ<7n17 na, mg)‘Ec) +P (770<17 1, 1)|EC) (A3)

Note that conditioned on successful quantization, the relevant random variables are dis-

tributed i.i.d. over time according to the joint distribution

P(E1p, Tae, Tac, UL, Tie; Tics T2e, Y1, Y1) = P(E1p)P(T2e)P(E20)D(T1e)D(T16) P(T2¢ )
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X1c Uy~ Xie
le Xip
Xoe Xoc
Xoe Y, Xoe Y1

Figure A.1: Markov network showing the dependence of the relevant variables. The variables
connected with the dashed arrow are independent in the single-letter form, although in

multi-letter form they are not.

- p(ur|¥r, T1p)P(U1] T2es Tac, T1p)P(Y1|T1e, Tie, T2e) (A.4)

Next, we bound the error terms one by one. In what follows, joint typicality is sought with
respect to the joint distribution in (A.4). The first term is bounded by P (7°(1,1,1)|E°) < €

by law of large numbers.

The second error term in (A.3) can be bounded as follows.

P(T<m17 17 1)|EC) =P U T(mb 17 17Q17Q27Qé) E°

q1,92,95

=P U T(my,1,1,q1,q2,¢5) U U T(my,1,1,1, ¢2,¢5)

Q1 #1,q2#1 2#1
a5 #1 9 #1
U U T(mb 17 17 qi, 17 QQ> U U T(mh 17 17 qi1, 92, 1) U U T(mb 17 17 q1, 17 1)
@171 q1#1 @1 #1
gh#1 2#1

Ul T0mi, 1,112, ) U [ Tlma, 1,1,1,1,¢) UT(my, 1,1,1,1,1) |E°

q2#1 ah#1
(a)
=P U T(m171717q17Q27QQ) U U T(m17171717q27QQ)
711165’1(1#]2)7 q2§82
q2€B2(b—1),q5€B2(b) 45E€B2(b)
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U T(mlalalaQ17Q2>1)

q1€B1(1,q2)
q2€Ba2(

U U T(mhl)laqlalaqg)u
b—1)

a€By
¢4€Bs(b)

U J Tmi1,1,q,1,1)0 T(my,1,1,1,¢2,1)
q1€B1(b) q2€B2(b—1)

U J TOmi, 1,11 1,¢5) UT(my,1,1,1,1,1) |EF
45€B2(b)

(b) oo

S P U T(m171717q17qQ7QQ) E

q1€B1(1,q2)
q2€B2(b—1),q5€B82(b)

+]P> U T(m171>1717q27qé) E°
QQGBQ_(b—l)
a5€B2(b)
+IP) U T(m171717QI71’q§> E*
q1€B1(b)
qheB2(b)
+P U T(m171717q17q271> E*
q1€B1(1,q2(b-1))
q2€B82(b—1)
+P U T(m171717q171a1) T(m17171717q2a1) E*
q1€B1(b) q2€B2(b—1)
+P | |J Tmi11,11,4)|E T(my,1,1,1,1,1)|E°)

a5€B2(b)
(©) o N(r1+25 ) K ¢
NIF2R)P (T 1,1, q1, o, @) | ES) + 22N%2P (T(ma, 1,1, 1, g, ¢b) | E©)

2V (T, 1,1, g1, 1, 5) [ E9) + 200 (T, 1,1, g1, g, 1) )
+2N&2P(T(m1a171717q271)|EC>
1,1,1,1)|E°)

P Bl B

+ 2N51P (T(mh 17 1a qi1, ]'7 1)|EC)
+ 2N P (T(ma, 1,1, 1,1, ¢3) | E°) + P (T'(ma, 1
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d N . S .
D N (e1-4202) 9= N [I(U1 1K)+ 1(Xe U1 X . Xei1 F2 Kol 1) —6(0)]

X 22Nﬁ227zv[1(x1 £:X26,X265Y1,Y1 U1, X 16, X2, X1) =0 (6)]

+ 2N(n1+nz)2—N[I(U1;X25)+I(X26,U1,X1f;Y1,Y1,X20\X17X2e)—5(6)]
+ 2N(m+ng)2—N[I(X1f,X2e,U1;Y1,Y1,X2f\Xl)—5(€)]

4 9Nm Q—N[I(le’UUYl7Y1,X2f|X17X2€)_6(E)]

+ 2Nli22—N[I(X1f,X2&§U17Y1,Yl|XleaX2e,X17X26)_6(€)]

+ 2NI€22*N[I(X1f»X2e§Y1‘XleyUlleyX17X2f)*§(€)]

+ 2—N[1(X1f;Y1|X15,U17Y1,X17X2f,X2e)—5(6)]

(©) 9N (k1+2r2) =N [I(Ur:X2e) + (X1, Xoes¥1) +1(X2e: V1| X1, X20) =0(c)]
+ 27N[I(X1f:X267X2e§Y17Y1|U1,Xle,XQC,Xl)fz%gfé(e)]

1 9N (k1+h2) 9= N[I(U1;X2e)+1 (X1 15[ Xoe)+1 (X2ei¥1| X1, X2e)—0(e)]
4 27N[I(X1fyX265Yl)+I(U1§Y1‘Xl,ng)fﬁlfngf(S(e)]

+ Q_N[I(Xlﬂyl|X2e)+I(U1;Y1\Xl,ng)—m—é(e)]

+ Q_N[I(levX%?UlyYhYl\X1E,X267X1,ch)—ﬁg—é(e)]

+ 27N[I(X1f:X26;Y1|Xle)*/€2*5(6)]

4 Q—N[I(le;Yl|X1e,X2e)—6(e)]

2 8. 9~ N[I(X17:Y1[X1e,Xa0)~C1—6(c)|

where

e (a) is since T'(m1,1,1,q1, 2, ¢5) is empty set for g1 & By(b), g2 ¢ Ba(b — 1), or ¢, ¢
Bs((ga,ms) (b)), since for random variables (X,Y, Z) ~ p(z,y,2), (X,Y,Z) € A™
implies (X,Y) € A™,

e (b) follows by union bound,

e (c) follows by Claim A.1, where the upper bound on the size of the B; sets for sufficiently

large N is given by Lemma 2.1,
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e (d) follows by packing lemma and Claim A.2,

e (e) is by manipulating the mutual information terms using the dependence structure

of the involved variables (see Figure A.1),

e (f) is by upper bounding each of the eight terms with the same bound, using chain

rule and non-negativity of mutual information.

Next, we bound the term P (T'(1,ny,mo)|E°). We apply steps (a)-(d), which are also

applicable here, to obtain the following.

P (T(1, ny, ms)|EY) < 2N(,‘Ql—‘,—2[{2)Q—N[I(Ul;X2f)+I(X1,X2f,X267U17X18;Y1)Y17X16|X1f)_6(€)]
+ 22Nﬁ22—N[I(X17X2f,X26§Y1,Y17U1|X1f7X1f)_6(6)]
| 9N (ma+h2) g =N[I(U1:Xap) +1(Xap X1, Us X1e¥a Vil Xi . X1, Xoe) —6(6)]
+ 2N(K/1+ﬁ)2)2_N[I(XQfaXl1U11X167X28;Y17Y1|le7X1C7X25)_6(E)]
+ oNk1 2—N[I(Xl,XQf,Ul,XIE§Y17Y17X25|X1f7X1C7X2e)_6(5)]
+ 2Nf-cg2—N[I(X1,X2f;U1,Y1,Y1\le,X2e,X1f)—5(€)]
X QNKQ2—N[1(X1,XQf,Xze;Yl,Yl,Ul\X1 £ X15,X2e)=0(€)]
+ 27N[I(X1,X2f;Y1,U1\Y1,le,Xzeyxle:XQe)*‘s(E)]

e ~ ~ - ~ ~
(S) 4. Z*N[I(XQJ‘yXl,Ul,Xle;YlaY1|X1f7X267X1C7X26)*6(6)]

+4. Q—N[I(Xzf,X1;Y17Y1,U1\X1f,Xze,X1f,X25)—5(€)]

(<f) 4 . Q*N[I(XvaXqu\ch,X2e)f§(e)]

+ 4 . 2—N[I(X2f,X1;Y1,U1|X1f,X25)—(5(6)]

where (e) is by upper bounding the first, third, fourth and fifth terms with the first term in
(j), and the rest of the terms with the second; (f) is by rearranging the mutual information
terms using chain rule and the fact that the distribution of variables is the same for each
block. The conditioning on X; ¢ is because the messages corresponding to this variable has

already been decoded in the previous block.
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In order to bound the term P (7'(1,n4,1)|E°) in (A.3), we note that the the joint distri-
bution (A.4) has a similar structure with respect to X;. and X 1p, With the following mapping

between random variables

le — Xie,
(Y/hUl) <~ )/17

(X2ea XQC) AN (Xlea XQe)

Therefore, one can perform the steps (a)-(f) for the third error term as well, by switching

the variables as above, to obtain the following bound
P (T(1,ny,1)|E°) < 4 - 27 NI KiVaU1lXas,Xap)=01=6(0)
14 9 N[I(X¥a, 01 Xre, Xop)~Cr—6(e)]
< 8. 9~ NIK1¥iIX1s,Xop) ~C1—6(e)]

_ g . 9~ N[I(X1:¥1|X15,Xap)~C1-5(0)]

We have dropped the U; variable from the mutual information term for the sake of simplicity
in evaluating the rate region, since its contribution is small. In the final step, we used
the fact that the distribution of variables is the same for each block. We can obtain the
following bounds for each error term in a similar way, by exploiting the structure of the
joint distribution as done above and noting that the steps (a)-(f) are applicable with an

appropriate mapping between the variables.
P(T(1,1,my)|E) < 8- 9= N[I(Xz:1,U1|X1,X2e)—C1—6(c)
< 8. 9~ N[I(Xasi¥il X1, Xoe)~C1-5()]
_ 8. 9~ N[I(Xas¥1|X1,X20)—Cr1—6(¢)]
P (T(my,n1,1)|E°) < 8- o= N[I(X1.X15Y1,Y1,U1] X1 5 Xo g, X1e, X2e)—=C1—3(6)]
<8- 27N[I(X17X1f;i/1vyl‘le:XQf,Xle,Xze)*lets(e)}
=8 o= N[I(X1;Y1| X1, Xap)+1(X13Y1| X1, X20) ~C1—6(c)]

—8. 2*N[I(X1§Y1|X1faX2f)+I(X1f§Yl‘X167X2e)*01*5(€)]
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P (T(my,1,mg)|E°) < 8- 9N [I(Xa7,X173¥1,Y1,U1] X1, X 26, X1, X26) ~C1—6(c)|
<8- 9~ N[I(X2p,X17:¥1,Y1| X1, X2e, X106, X0) ~C1—6()|
_ g . 9 N[I(Xap¥1| X1, Xa0) +1(X1£:Y1[ X1, X2e) = C1—6(c)
—8. 2—N[I(X2f;Y1|X1,X26)+I(X1f;Y1\Xle,XQE)_Cl_(;(e)]
P (T(ml, ni, m2)|EC) <8- 27N[I(X1’X2f7X1f?Y17YIle\leaXQe,Xm,Xze)*Cﬁ76(5)}
<8- 2—N[I(X1,X2f,X1f;Y1,Y1\le,Xze,Xle,Xge)—Cl_(;(e)]
8. Q—N[I(Xl,Xzf;Y1|X1f,)22€)+1(x1f;y1\Xlﬁxze)_cl_(;(g)]
—8. 27N[I(X1’X2f;yl|X1f’X2€)+I(X1f§Y1‘Xle,XQe)fclfﬁ(e)]

— 8 . 2_N[I(X17X2f;Y1|X161X26)—Cl—5(€)]

Using these bounds in (A.3), it is easy to see that if the following are satisfied, then
P(Dppw|E) — 0 as N — oo (Note that the bounds on Ry, + Ri. and Ry, + Ry are

redundant, as they can be expressed as a sum of other bounds),

Ry, < I(X; Vil X5, Xog) — Cy (A.5)
Rie < I(X15; V1| X1e, Xoe) — Cy (A.6)

Ry + Ry < min {1(Xop, X1; V1| X1, Xoe),
I(Xop, X1; Y1, Up| Xaf, Xoe)} — Cy (A7)

Ry + Ry, < I( X1, Xop: V1| Xbe, Xoe) — Cy (A.8)

The rate constraint on Ry, + Ry, provided in the lemma is slightly stricter, which allows us

to show the redundancy of some of the bounds obtained later.

A.2.4 Proof of Lemma 2.4

We will show that there exists a sequence of codes such that P (Dpgs) — 0 exponentially, if

the given rate constraints are satisfied, which implies the claimed result.

Similar to the case of weak interference, choosing the quantization rates such that r; >
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I(%; U;), for (i,7) = (1,2),(2,1), probability of decoding error can be bounded by

P (Dpp o ) = P(T(1, 1, 1) E°) + 2P (T (1, m1, 1) | E)
+ 2NRep (T(1,1,my)| E) + 2V P (T(my, na, 1)| EF)
+ 2N IR (T (1, ny, my) | E°)

4 oN(FitRae)p (T'(mq,n1,mo)|E) (A.9)

Note that conditioned on successful quantization, the relevant random variables are dis-

tributed i.i.d. over time according to the joint distribution

P(F1e; T1ps Tae, Tacs Uz, Taes Tie, U1, Y1) = P(F1e)P(T1p)P(T2e )P(T1e)P(T1c)P(T2e)
: p(u2|i‘107 ilp)p(:‘)l |ilca jjlca ij@)p(yl ’xlea L2e, x?c)' (AlO)
Next, we bound the error terms one by one. In what follows, joint typicality is sought with

respect to the joint distribution in (A.10). The first term is bounded by P (7(1,1,1)|E¢) < €

by law of large numbers.

Now we take the third term, which is bounded as follows.

P(T(l,nl,l)lEc) =P U T(L”laLQlaQ%Qé)’EC

41,942,495

:]P U T(17n1717q17q2aq;) ) U T(lanblalaq%(é)
Q1 #1,q2#1 Ga#1

a5 #1 ¢ #1
U U T(L ny, 17 q1, 17 qé) U U T(L ny, 17 q1, 42, 1) U U T(L ny, 17 q1, 17 1)
a7l @ #l Qi #l
a5 #1 q2#1

Ul im0, )0 | 710, 1,116 UT(L,m, 1,1, 1,1) (B

q27#1 qh#1
@P U T(L”l?LQhQQJQé) U U T<17n171717q27q;>
1 E€B; (q2)7(l2€é2(b*1) q26327(b*1)
qh€B2(b) 95€B2(b)
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o U

T(17n171aq1717qé)u T(17n1717q17q271)

U

71€B1(q2) 71€B1(g2)
q5€B2(b) g2€B2(b—1)
U U T(17n1717q17171)u U T(17n171717q271>
q1€B1(q2) q2€B2(b—1)
U J 7@ L) uT (1,0, 1,1,1,1) |E
a5E€B2((b)
(b) , .
S P T(lvnlu 17(117€I2;Q2) E
q1€B1(q2),q2€B2(b—1)
45€B2(b)
+]P U T(lanblalaq%q;) E*
q2€B2(b—1)
a5€B2(b)
+]P) U T(17n1a17q1717QQ) EC +]P) U T(17n1717q17QQa]—> EC
q1€B1(q2) q1€B81(q2)
a5€B2(b) q2€B2(b—1)
+P | Tni1,q 11| E| +P U 70n, 116, 1)| E°
q1€B1(q2) q2€B2(b—1)
+P | |J T(n 1, 11,65) EC | +P(T(1,n,1,1,1,1)|E°)
qéegz(b)
(c)

< 2NEZRP (T(1, 00, 1, qu, 4o, 6h) | EY) + 22V2P (T (1,01, 1, 1, 2, )| E¥)

+ 2N (T (L, 0, 1 1, 1, g3)[E9) + 2V P (T(L a1, g1, go, 1)| EF)
+ 28 P (T(1,m, 1, @i, 1, 1) E€) + 2V P (T (1,11, 1,1, @2, 1)| E)
+ 2N P (T'(1, my,

@ 2N(I€1+2!€2)2—NI(U2;X1p|Xle)2_N

1,1,1,¢

1L, 1LG)|EC) +P(T(1,n,1,1,1,1

Y Y 7 )’EC)
[I(X1P7X2€1U21X167X28;Y17Y17X2C7X1C|X187X2C)_6(6)]
4 92Nn 2—N1(U2;X1p)2—N[I(X1p,XQe,UQ,Xge;Yl,Yl,Xle,ch,ch\Xle,ch)—é(e)]

+ 2N(H1+K,2)2—NI(U2§X1P)Q—N[I(X1p7U27X157X25;Y1’Yl7X267X2C:X16‘X16,X26)_6(6)]
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+ 2N(f€1+f$2)2—N[I(X1p7Xze,X1e;Y1,Y1,U2,Xzf,ch\Xle,ch)—5(6)]

4 2Nm2—N[1(X1P,X16;Y1,Yl,XQf,U2,XQf,ch|X1€,X26)—5(5)]

+ 2N522—NI(U2;X1PIX15)Q*N[I(Xl,Uz,Xze;Yl,Yl,Xze7X2c7X1e7X1c|X1e,X2c)*5(€)]
+ 9Nk 2—N[I(X1P,X2e;yl,Y17X2C,U2,X1e7X2e,X1c|X167X2c)—5(6)]

+ 2*N[I(X1p;Y1,Yl,X2C,X2e,U2,Xle,XQE,X1c|X1e7X2c)*5(€)]

[§] - ~ - - o
(<) 2N(H1+2/€2)2—N|:[(X1p,X257Xle7X2€§Y17Y17U2|X1f7X2mX2c)_6(5)]

| 92Nk 2—N[I(X1P,X257U2,X2e;Y1,Y1Ileyxle,ch,ch)ﬂ;(e)]

+ 2N(N1+N2)2_N|:I(X1p1X167X25;Y17Y1,U2‘X167X1‘:7X2f7X2¢:)_5(5)]
+ 2N(H1+)£2)2*N[I(X1p7XQeyXle;Y17Y17U2‘X1f7X207X2f)76(6):|

4 9N 2—N[I(X1p,X1e;Yl7Y1,U2|X1f,X2f,X2f)_5(5)]

| 9NR2g—N[1(X1p.Xaei¥1 Y1 V2| X1 Ko Xie, Xac) =0(6)]

+ 2N522*N[I(X1p,)22e§ylyf/l7U2|X1f’X26»X167X2f)76(6):|

+ Q—N[I(X1p§Y17YI1U2|X1f7X2f7X157X2e)_5(6)]

2 4. 2—N[1(X1;Y1,U2\X1f,X2f)—Cl—5(6)]

4+ 4. 2—N[I(X1,X2€;Y1,Y1|X1e7X2f7X1e,X2c)—Cl—5(€)]
) 4. 27N[I(X1;Y1,U2\X1f,X2f)*01*5(5)]
4. 2—1\/[I(Xl,XQE;Yl\X1f7X26)—C1—5(6)]

Y g g NI Xa) G50

where

e (a) is since T'(1,n1,1,q1,q2,¢5) is empty set for ¢; ¢ Bi(b), go ¢ Ba(b— 1), or ¢} ¢
Bs((ga,ms) (b)), since for random variables (X,Y,Z) ~ p(z,y,2), (X,Y,Z) € A™
implies (X,Y) € A™,

e (b) follows by union bound,

e (c) follows by Claim A.1, where the upper bound on the number of terms is given by
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Lemma 2.1,

(d) is by packing lemma, Claim A.2, and the fact that Xi\ (b — 1) is already known at

the decoder,

(e) is by rearranging mutual information terms using chain rule and independence (see

Figure A.1),

(f) follows by upper bounding four of the terms with the first expression, the remaining

terms with the second expression, and using the definition of Cf,

(g) is because the distribution of variables is the same for all blocks,

e (h) is by upper bounding the two terms with the same expression.

Once again, we use the structure of the joint distribution (A.10) to show that a similar

bounding can be performed for other error terms as follows.

P(T(1,1,m9)|E°) < 8- Q_N[I(XQf;Y1|X167X26)—Cl—6(e)]

B (T(my, my, 1| 5¥) < 4. - MIC 0051 X015

+ 4 . 9~ NH(X1,X2¢3Y1]X1e,X20) =C1-6(€)]
P (T(1,ny,mg)|E¢) <827V [1(X1,X25;Y1,Y1,U2] X1 5, Xoe, X1, X26) ~C1—3(c) |
_ 8. 9 N[I(X1,Xap:¥1,U2]X1 5, X20) ~C1—6(c)]
<8- 2_N[](X17X2f;Y1|X1f7X26)—C1—5(6)]
P (T(my,n1, ma)| E¢) < 8 - 27 NI(X1XesFiY1 Lol Kire. Ko, X Xoe)=C1—0()]
_ . 9~ N[I(X1,Xa7:¥1,U2] X1, X2e)~Cr =5(0)]

<3. 2—N[I(X],X2f;yl|X1€7X26)_Cl_5(6):|

Using these bounds in (A.9), we see that if the conditions in the lemma are satisfied,

P (Dpps|E°) — 0 as N — oo.
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A.2.5 Proof of Lemmas 2.3 and 2.5
Extending the notation defined in the first subsection, we define
T(mq,n1, ma, q2) := {(2.20) holds for the indices (mq, ny,msg, q2)}

We will show that there exists a code such that P(Dyrp) — 0 exponentially, if the given

rate constraints are satisfied, which implies the claimed result. The decoding error event
Dnyrp can be expressed as follows.

Dyrp = (ﬂTC(l,l,l,q2)> Ul Tn 1,00 (| T 1me, 1)

q2 n1#1 mo#l

U U T(my,ny,1,1)U U T(1,n1,my, 1)U U T(1,1,m9,q2)

mi1#l ni#l ma#l
ni1#l mo#l q2#1
U U T'(m1,n1,ma, 1) U U T'(1,m1,ma,q2) U U T(ma,n1, ma, g2)
mi#1 n1#l mi1#1L,n;#1
ni#l ma#l ma7#L,qa#1
mo#l q27#1

Similar to the previous proofs, choosing r; > I (17], U;) ensures quantization success with high

probability. Then since

it is sufficient to show that P (Dyrp|E°) — 0. Using union bound, packing lemma, Lemma

2.1, and Claim A.1, we can upper bound the probability of decoding error conditioned on

quantization success by
P (Dyrpp|E) < ey + 2NR1P2—N[I(X1;Y1\le,ng)—é(e)] +2NR2c2—N[I(X2f;Y1\Xl,Xze)—(S(e)]
+ 9N R Q*N[I(XIQYl|X167X2f)75(5)] + 2N(Rlp+R2c)2*N[I(X1,X2f;Y1|X1f,X2e)*5(€)]
+ 2N(R2C+C§)2—N[I(X2f;Y1|X1)—5(E)] + 2N(R1+ch)2—N[I(X1,X2f;Y1|X15,X2e)—5(6)]

4 2N(R1P+R2C+C’§)2—N[I(X1,X2f;Y1|X1f)—6(e)] I 2N(R1+R25+C§)2—N[I(X1,X2f;Y1|X16)—6(e)].

where ey — 0 as N — o0o. Note that the conditions in both lemmas are sufficient to ensure

]P)(DNFB|EC) —0as N — oo.

161



A.3 Evaluation of Rate Regions

In this section, we consider the set of rate conditions derived in Section 2.6 for decodability
(i.e., (2.24)-(2.27), (2.29)-(2.32) for weak interference; (2.34)-(2.37), (2.39)—(2.41) for strong
interference), and obtain an explicit rate region for both linear deterministic and Gaussian

models.

A.3.1 Rate region for linear deterministic model

Under the input distribution given by (2.42)—(2.46), the set of rate constraints for decod-
ability at Rx1 are evaluated as follows:
Rlp < H(Y1|V17 V2) = (nn - n21)+
Ry < H (Y1|X1) = nig
Rip + Roe < min {H (i, V2V1) , H (v}) }
= min {Pl (n11 —n21)" + (1 — py) max {n12, (n11 — n21)+} + pinaz,
max (11, n12) }
Ry + Ry < H (Y1) = max (nq1, n12)
for weak interference (njs < nqp), and
Rlp < H(Y1|Vl, V2> = (nll - n21)+
Roe < H (Y1|X1) = n1o
Ry < min {H <Y1>‘71‘V2> ,H(Yl)}
= min {Pz (n11 —n21)" + (1 = p2)nuy + panor, max (n41, ni2) }

Ry + Ry, < H (Y1) = max (ny1,n12)

for strong interference (n12 > ny;). Note that the set of conditions given above can be

summarized into the following five inequalities, valid for any interference regime.

Ry, < (nq1 — ng1) "
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SNR;
R, < Og<3+1+INRj) og3—C, (A.11)
ch < B, := log (2 -+ |NR1> — 10g3 — Cz <A12)
INR; 5)

1 . api |1 1+ —2—) —log=| —1 —C; .
+ L{snR;<INR;}Pj {Og ( + o SNRZ) og 3} og3 — C} (A.14)
Ry, + R;.<E; =1 2+SNR-+|NR-+ﬂ —log3 — C; (A.15)

ip jc i -— 10g i ) 1+ INRJ 0g ) .

SNR;
Ry, + Rj. <F; =1 2+ INR; + ————
p T je < og( + +1+INRJ-)

(2+INR;) (3+ M)

+1 A ap; | lo — log 6
{SNR;>INR;}P g 9t 1i'?l§§j T INR, g
—log3 — C; — Lsnr,>INr} Ci (A.16)

Ci = pi+ 2pj, Kj = p;

Ry < nyp +pa (nog — n11)+
Roe < njo
Rip + Roe < max {nya, (n11 — n21) " } + prmin {nia, (n11 — nat) ™}

Ry + Ry, < max (n11,n12)

Combining these inequalities with their Rx2 counterparts, and applying Fourier-Motzkin

elimination, we arrive at the set of inequalities given in (2.5)-(2.11).
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A.3.2 Rate region for Gaussian model

We consider the input distributions (2.47)—(2.51), and the set of input-output relationships

given by

Yi=huX; +hiy X5+ Zi

for (i,7) = (1,2),(2,1), where Q; ~ CN(0, D;). Choosing D; = Dy = 3, and using standard
techniques, it is straightforward to evaluate the rate inequalities derived in Section 2.6, and
show that the set of rate triples (Ry,, Ri., Ra.) defined by (A.11)-(A.17), for (¢,7) = (1,2) are
contained in the set defined by (2.24)-(2.27), (2.29)—(2.32) for weak interference, and (2.34)—
(2.37), (2.39)—(2.41) for strong interference. In (A.11)-(A.17), we used indicator functions

to unify the constraints for weak and strong interference.

In order to find the set of achievable (R, Ry) points, we first note that E; > G; and
C; > G;, and hence the bounds E; and C; are redundant. Considering the remaining bounds
for (i,7) = (1,2),(2,1), noting that F; < A; 4+ B;, and applying Fourier-Motzkin elimination,
we find that the set of (R, Ry) points that satisfy the following are achievable.

for (i,7) = (1,2),(2,1).

A.4 Proofs of Outer Bounds (2.54), (2.58), (2.59), and (2.60)

In this section, we prove the outer bounds for the linear deterministic channel, based on the
ideas presented in Section 2.7. We first prove four claims that will be useful in the main

proof.

164



A.4.1 Proof of the bound (2.54)
By symmetry, we only focus on the bound on R;. By Fano’s inequality,

N(Ry —ey) <T(WiYNSY) =1 (Wl; YN VN, W2,§N>
= 1 (W 7w, V) @ H (v W, 8V)
= H (YN, Wa, 8%) + H (W2, %)
2 H (YN W, X3, 8V ) + H (VY W2, 8V)

< H (YN XY, 8Y) + i (VNIsY)

(c)
< nyy + pa (nog — n11)+

where (a) follows by the fact that channel is deterministic and hence all variables are

completely determined given (Wl,Wg,ﬁN ); (b) follows by Claim A.3, and (c) follows by
Claim A.7.

A.4.2 Proof of the bound (2.58)
By Fano’s inequality,

N (Ry+ Ry — en) < I(Wy; Y, 8%) + 1(Wa; Y5, SV)

= (W |S™) + 15 YV |SY)

< IW YN VY VNSY) + I(Wy Y5 VY, VN SY)

= H (VY 0NSY) 1 (YN VY T ISY)

— 1 (Y T, V) - H (VY VN, 5Y)

D H (VMY VY 8Y) + H (VY T, SY)

H <V1N"72N|§N> H <V2N"71N‘§N>

— i (VY VN, 8Y) = H (VY T3 W, V)

A GIARAR R I A AR AN
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1 (W VN, VNISY) 4 1 (Wi 1Y, VN8N
(b)
S NH]&X {nlg, (Tln — n21)+} + Nmax {n21, (n22 — n12)+}

+ Npimin {nia, (11 — n21) "} + Npomin {nor, (nae — n12) "}

where (a) follows by Claim A.4, and (b) follows by Claims A.6 and A.7.

A.4.3 Proof of the bounds (2.59) and (2.60)

By symmetry, it is sufficient to prove (2.59). To prove this bound, we consider two copies
of Rx1, where one of the copies are enhanced as decribed in Section 2.7, while the other
one is provided with the output of the original channel. The only copy of Rx2 receives
the enhanced channel output as well. We would like to prove a sum rate bound for this

three-receiver channel. By Fano’s inequality,

N <2R1 + RQ — EN)

<I (Wi YN, 8Y) + 1 (Woy Yy¥, SN) + 1 (W V7Y, SY)

LW YSY) + 1 (W Y51[8Y) + 1 (W3 17Y]8™)
< T(WiVNISY) 4+ 1 (War V3, V8 VNISY ) 1 (Wi v, VN SN, )

a

@) 17 (Y1N|§N) g (VQN,‘N/INEN’Wl) L H (5/2N’V2N7‘N/IN|§N>

—
Ny

_H <}/2N’V2N7‘71N|§N7W2)

+ H (Y, VSN, W)
Y (1Y) - i (Y. ) + B (VTN

o+ H (YT = B (VSN W) + H (37, VYIS, W)
= H (vMI8Y) + 1 (W31, 7718

H (VYY) + H (7 18Y, W2, V)
(é) max (n11,n12) + max {n21, (nga — n12)+}

+ (n11 — n21) " 4 p2min {nay, (nas — n12) "}
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where (a) follows by Claim A.4 , (b) follows by Claim A.5, (c) follows by Claims A.6, A.7
and A.8.

A.4.4 Claims
Claim A.3. For (i,7) = (1,2),(2,1),
£ i 1\ f _ _
Xi,t = (m)‘/}t 17§t 1) = (m>‘/jt 17§t 1)

Proof. We focus on the case (i, j) = (1,2) without loss of generality. Note that

f
X1 =W

and by the definition of the channel,

(a)
X+ (78t L (ma, 1 X,

hence the result follows by induction on ¢. (a) follows because

g}ltfl _ Sfleanfl + ‘721&71_

Claim A.4. For (i,7) = (1,2),(2,1),
H (VWi 8¥) = i (VY VYW, 8V).

Proof. Let us focus on the case (i,7) = (1,2).

N
B0 8%) = SO H (il 57,0
t=1
N
@ Z H (levt’WhENa letila Xf)

=1

~+

> H (Vo [, 8V, Vi1 X1)

t=1
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ST H (Vo i, 8Y, V4

t

= H (V¥ 7w, 8%)

N
=1

where (a) is by definition, (b) is due to Claim A.3. The other holds similarly. O
Claim A.5. For (i,7) = (1,2),(2,1),
H <Y;N’ViN"7jN|VVi7§N> — <‘/jN7"7iN|Wi7§N> — (VjN‘WijﬁN)
Proof. Let us focus on the case (4,7) = (1,2).
H (Y, VNV, V)

N
=S H (Vi Vi Vo Wi, 8%, 91 Vi 1)
t=1

N
(;) ZH (Yi,tam,ta%,t|WIa§N7}qt_la‘/it_laf/iQt_laX{>
t=1

N
- Z H (‘/2,757 ‘A//vl,t|W17§Na ‘/2t_1a ‘Zt_la X{)

&
Il
—

N
O3 H (Ve 8V VLX)

where (a) follows by the fact that X, ; L (Wl, YN, 5N >, (b) follows by subtracting X, ; from
Y1+ and because Vi, L X1+ and "72715 £ (S, Vo). Similarly, (c) follows since ‘N/Lt £ (X14,5).

Now, the two equalities in the claim can be easily obtained from (b) and (c) respectively,

by removing X! from the conditioning by virtue of Claim A.3, and using chain rule. O]
Claim A.6. For (i,7) = (1,2),(2,1),

I <W/z’;VjN7‘7;N|§N) < Npjnji.
Proof. Let us focus on the case (i, j) = (1, 2).

(W T18Y) 1 (W, BY1SY) = 1 (W TSN )

Nasy
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— 1 (V¥1s™,w2) < H (VN]sY)

= Egy [H ((s2V1)") |55 = 53]

Z H (82,tV1,t)

t=1

S ESéV |:N1 (Sév) N2t

< Esé\’

sy - ]

Sév = Sév] = Np2n21.
Here Ni(-) denotes the number of 1’s in the sequence. (a) follows because

%4 £ (W%‘ZN’EN)'

Claim A.7. For (i,7) = (1,2),(2,1),

N'H (Y;NW;Na ‘Z‘NaﬁN) < pi(ng —nji)™ + (1 — p;) max {nija (ni — nji)+} )

N'H (Y;NW}Na ‘Z’NaﬁN) < pj(ny —ng) " + (1= pj)ng,

Proof. Let us focus on the case (i,7) = (1,2).
H (YN T, 8Y) < H (VMY T, )

=BEgy [H (Y[, (s1V2)") [ = s7]

N
< Egy ZH(YLtWLt,SLtVQ,t) SN = sJIV]
| t=1
[ N SN n —n +
< B, 1 (s) (na1 = ) o _ o

i +N0 (S{V) max {nlg, (nu — n21)+}

= Npi(niy —n91)" + N(1 — p1) max {n12, (n11 — n21)+}

Here Ni(-) and Ny(-) denote the number of 1’s and 0’s respectively in the sequence.

For the second inequality,
H (VMY 8Y) < 1 (YN Y s))
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=Egy [H (Y{'[15", (211)Y) |53 = 57']

2

N
<Egy |3 H (Y14[Vau, s2Via) S = 551
=1
< ESéV |:N1 (Sé\]) (nn — n21)+ + NO (Sé\]) n11 Sév = Sé\]]
= Npa(niy —na1)" + N(1L — p2)nas.
The case (i,7) = (2, 1) follows similarly. O

Claim A.8. For (i,5) = (1,2), (2, 1),
H (YMSY, Wy, VV) < N (nig —ny) "
Proof. We focus on (i, j) = (1,2) without loss of generality.

H (N8N, W5, V) 2 H (vNSY, W, VN, V)

< H (VNS VY VYY) < N (= nan)”

where (a) follows because VY L XY L (W;, VN, S™) by Claim A.3. O

A.5 Proofs of Outer Bounds (2.55), (2.61), (2.62), and (2.63)

In this section, we prove an outer bound region for the enhanced channel defined in Sec-

tion 2.7.

A.5.1 Notation

We define

‘u/z‘:

for (Z,j) = (1, 2), (2, 1), where V; = Y;l + ij = hﬂXl + Zj, and

Mi = |{t . Si,t = 1}| s
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For any random vector £V, we define

E(t) — {Et/}tlisiﬂg/:l’tlgt

E[t} = {Et/ }t/:Si’t,ZO,t/St

Eiw =
Ei,t7 lf SZ == 1
Ei,t7 lf S’L — 0
i =
0, if S, =1

for i+ = 1 or 2. Note that in vector form, this notation omits any reference to user index 7
for the sake of brevity. That is, although it is not clear whether E® is defined with respect
to S; or Sy, in the proof this will be clear from the context. For instance, Yl(t) and VQ(t)
are defined with respect to Si, since these variables refer to signals that pass through the

pUb

", is a random

feedback channel controlled by S;. The partial average power for Txi,

variable defined as

o1
P =2 Y Py

1
t:Sj,t:O

; 1
Pi(]l) = M Z Py

v t:Sj,t:l

for j = 1,2, where F;; ie the power used by Tx¢ at time slot ¢.

Finally, we define hg () := h(:|SV = SV) for convenience, where h(-) denotes differ-
ential entropy, and SV is a particular realization of SV. Similarly, we define Ig (-;-) =

IS (-; |SN = SN)

A.5.2 Proof of the Bound (2.55)

We focus on the case (i,7) = (1,2). By Fano’s inequality,

N(Ry —en) < T(Wi; YN, SN) < I(Wy VY, VN W, SN)
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< I(Wi YN VN, SN W)

N
S Z I(Wh Yl,t7 ‘/1,t7§t|W27 }/1t717 ‘Gtiluﬁt_l)

N
- Z [(Wh }/1,257 ‘Z,t’W% }/vltily ‘Zt71>§t)

t=1
(a) al =~ =~
SO T(Wa Yag, Vi Wa, Y1 VI 8% Xoy)
t=1
N ~ o~ ~
= I(Wy Yy [Wa, YL VL S X)) + T(Was Vi [Wa, Y VP S Xo)
t=1

N
= WY1 W, YIH VL 8 Xoy) — (YW, Y, VL S Xy, W)
+ I(W7y; ‘71,t|W27 Vi, ‘71t_17§t; Xo4)
N

b L~ o~
(:) Zh(YLt‘W%Ylt 1>V1t7§t’X2,t) - h(YLthZaYlt 1>V1t>§taX2,t>W1aX1,t)
t=1
N

+ Z ](Wla ‘Z,t|W27 )/1t_17 ‘Zt_laﬁta XQ,t)

t=1

N
=) WY Wo, YITL VL S X)) — h(Z1y|Wo, VY VL S, X, W, X1)

N
= Z h(Y14[Va, S Xog) — M(Z1g) + (X5 Vi Wa, Y71 VI SY X )
S+ T(Ws Vi W, Y7L VI 80 Xy, Xy )
N

d =~ i 1 TrH—
@ > h(Yiu Vi, Say Xog) = h(Z1) + 1(X1 s Vi Wo, Vi1 VL Y X))

t=1
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N
== Z h(i/l,t“/l,ta SZ,IH XQ,t) - h<Z1,t) + h(‘/i7t|W27 Ylt_la ‘/lt_laﬁtv XZ,t)

t=1

— h(Vig|Wa, YL VL SE Xoy, X )

< h(Yl,t’vl,t, Sot, Xog) — WM Z1) + h(‘71,t|S2,t)

M =

-
Il

1

>

(Vig|Wa, Y1, VL St Xoy, X0 )

h(Yl,tﬂN/l,t, Sot, Xot) — h(Z14) + h(‘~/1,t|§t)

=
WE

t

— h(V1i| a4, X14)

I
—

N
= Z h(Y14|Vig, Sot, Xoy) — h(Z1 ) + 1( X145 Vig|San)

t=1
()

SNR

TNRQ) + (1 = p2)log (1 + SNRy) + pylog (1 + INR3)

INR,
=1 1 NR | 1+ ——
Og( +S 1)—0—]92 Og( +1+SNR1)

where

e (a) is due to Lemma A.1

(b) is because X7, £ (S_l, Wh?ffl) L (ﬁt_l, Wth*l)a

e (c) is because Z;, is independent from all past signals and messages,

(d) is because Wy — X1, — Vi, is a Markov chain, hence conditioned on X4, Vi, is

independent from Wj and all the other past signals,

(e) is because given (Say, X14), ‘N/Lt is independent from all the other variables in the

conditioning,

o (f) is due to Lemma A.2
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A.5.3 Proof of Bound (2.61)
In this section, we exclusively focus on the enhanced channel defined in Section 2.7. By

Fano’s inequality.
N(Ry + Ry — en) < I(Wy; V¥, 8N) + I(Wy; ViV, 87)

(W3 Y |SY) + T(Wa; YV |SY)
(W YN, VNV ISN) + T(Was Y3V, VN SN

< I(W,
= h(YNSY, V) + (Y |SY, V) (A.21)
+h(VNSY) + h(V5¥|SY) (A.22)
(A.23)

— bV, VNISN W) — bV, VN (SN, W)

Let us take one term from (A.21).
AV ISY V) = Esy [hs (VN 17))]
@ Egn |:h5 (Y/ILI ) }/1]}417 )/1];/[1 |‘71N>i|
< Egn [hs (V)] +Bsv [hs (Vi 177Y)]
+Egn [hs (Y V7))]
where (a) follows by (with a slight abuse of notation) decomposing Y7V into (Yﬂﬁ, Yfgl) for

time slots where S;; = 1, and into 371L1 for time slots for which S;; = 0.

The other term in (A.21) can be bounded similarly. Let us take one term from (A.23).

—h(V ST W) = ~Es hs (VY VYL
g [ns (Vi¥, 2000, 28, 23801 |

—

N
2 - Z]ESN [h (‘72,157 Z1,(0)s 22,10 22,1
t=1

ot — t—1 t—1 t—1
‘Wla‘/Qt 1>Zl(l )7Z£ ]7Z§1 ))i|

—

N
:) ~E Z hS (%,t|Wla ‘72t717 21(271)7 ZQ[til]Zétiil)>
t=1
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+ Z hS <let|W1,V'2t 1 Zt 1) Z[t 1}Z( ))

tS1t 1
+ 3 s (Tl Vi 260, 2 2
t:S2,:=0

Y s (Za Vi 2 2 2

t:S24=1

Zhs <V2t|Wl,V2t 1 Zﬁ 1) Z[t 1}Z(t 1))]

t=1

© _Eon

— Egn [Lgh(Zg) + Myh(Zs1) + Mih(Z1y)]

ZhS <Vv2t‘W1 V2t 1 Zt 1) Z[t HZ(t 1))]

t=1

— —EsN

- N(l - pz)h(Zz) - Nth(Z21) - Nplh(le)

where (b) follows by Lemma A.6, (c) follows by chain rule, (d) follows by the fact that for
a given time slot ¢, the involved noise terms are independent from each other and from ‘7275
and (e) is because the signals up to time ¢ — 1 are independent from the noise at time ¢, and

because noise processes are i.i.d.
The other term in (A.23) can be bounded similarly.

Putting everything together, we have

N8 R £ o (1) B s (1016

o (54) 5 [ 25057
(

+Egv |hs (VY v Y )} (A.24)

+Eqn [hs (V& vt ) | (A.25)
- N -

—Bgv [ > hs (VaulWn, Vi, 2070, 2470270 (A.26)
Lt=1 J
-~ .

B |3 hs (VaalWa, i 24570 20 2057) (A.27)
Lt=1 J

— N(1 = p2)h(Z2) — Npah(Z21) — Npih(Z)
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— N(1 = p1)h(Z1) — Npih(Zi2) — Npah(Za)
Let us combine (A.24) and (A.27).
(A.24) + (A.27)

= o | s (V. Vi) - Zhs (Vaelwa, Vi 2470, 2028

[N
— Egn Zh <V1t|V1t 1 (t 1) — hg <V1t|W27V1t 1 Z(t 1) Z[t ”Zg_l)>
t=1

+ ) hs (3/12,t|‘71t,5/1(2t_1)>

t:SlytZI

N
SEsv | Y hs (Vi) + Y sV Wa, 2V, 20V 2 Vvt v
t:51,:=1 t=1
Similarly, we combine (A.25) with (A.26) to obtain the same expression with user indices

swapped. Plugging these back, we get

N+ = ex) < B s (1) | + B s (R
+ Egn [hs <}7L2|1“/2N> + hg (3721\2/12““/21\1)

+ZIS Vi Wa, 2 Y 20 V2 D[t v )

+ le Vaous W, 24y 28V 25D vt v )

t=1

+Esv | > hs(Yizg) | +Esv | > hs (Yaru)

t:S1,¢=1 t:S9 ¢=1

- N<1 - p2)h(Z2) - Np2h(Z21) - Nplh(Zn)

— N(1 = p1)h(Z1) — Np1h(Z12) — Npah(Zas)

We use Lemmas A.3, A.4, A.7 and A.8 to bound each of these terms, and use the fact that

noise distribution is Gaussian to obtain the desired bound.
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A.5.4 Proof of the Bounds (2.62) and (2.63)

We exclusively focus on the enhanced channel, defined in Section 2.7. By symmetry, it is
sufficient to prove (2.62). In addition to the enhanced interference channel in the case of sum
rate bound, we consider an additional copy of Receiver 1, who always receives Y; (i.e., as in
the original channel). The feedback signal of Tx1 is still given by S; - Y7, i.e., the same as

the original channel. We would like to prove a sum rate upper bound on this new channel.

By Fano’s inequality,

N(2Ry + Ry — en) < I(Wy; YNV, SN) + I(Wo; YN, SN) 4+ T(Wy; VY, SY)
= T(Wy; YVISN) 4+ I(Wo; YV [SN) + 1(W; YV [SY)
= [(Wy; YNSN) + T(Wy Y, VN |1SN)

+ I(Wi; YV VN W, SV) (A.28)
The first mutual information term in (A.28) can be bounded as follows
I(Wy YY|SY) = A(YY[S™) — RV Wy, ST)

N
= h(YN|SY) — Zh (Y1, [Wh, Y71, 8%)
t=1

/\

N

hYNSN) = 7 h(Vau Wi, V51, SY)
t=1

N

Z (V10) = h(Va Wy, V3, 8V)

where (a) follows by the fact that X, L (Wl, ﬁt’l,ﬁt_l) and by subtracting X ; from Y ;.
Let us consider the second mutual information term from (A.28).
(W5 V3, VN IS™) = Bow [ns (V3. 03Y) = hs (V3 V3103
@ESN |:h5 (3/2];427%];/[27}7}27‘72 ) hs (VI ’ZiV7Z |W2>]
= Esx [hs (Yo", Y2 [¥a)?, V3Y)]

+Esv [hs (Yo", V) — s (VY. 20, 2382172
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(b) ] o
< Egv [hs (Yo" [V5Y) + hs (Y2 [V3")]

N N
+Esv | hs (Tl YY) + D0 b (Yo YY)
t=1 t:Sgytil
N
=3 s (Vh Zags Zon W, Vi1, 2470, 2657
t=1

Y B [hs (VA2|VY) + he (V22 |V3Y)]

N N
+ By | hs (Va3 V) 4 D0 ks (Varal VL Vi)
t=1

t:S9 ¢=1

N
— Egn Z hs (‘Z,t|W27 ‘7115717 Zfila Z2(g_1)>
t=1

N
£ 3 hs (ZudWa, Vi, 20 2470)

t=1

+ Z hS <Z22,t’W27 ‘\}vltila Zfila Z2(;71)>

t1527t=1
(d) _ _ _
< Esv [hs (Yas?|V5Y) + hs (Y572(V3Y)]

N
+Esv | S hs (Val LY ) + D0 s (Yare)
t=1

t:SgﬁzZl

N
— Egn Z hs (‘717t|W2» ‘u/f_l» Z, Zég—l)>]
—1

— Nh(Zy) — Npoh(Zas)

where (a) is by decomposing Y3 into (Yay?,Y5)) for time slots where Sy, = 1, and to
Y;-* for time slots where Sy, = 0, and by Lemma A.6. (b) is because conditioning reduces
entropy and by chain rule. (c) is because for a given time slot ¢, the noise terms involved are
independent from each other and from ‘U/Lt. (d) is because conditioning reduces entropy and
the noise processes are i.i.d., and because the noise terms are independent from the signals

up to time ¢t — 1.

178



Next, we consider the third mutual information term from (A.28).
LWy YN, VN Wy, S) = Egn [IS(W13Y/1N>‘V/1N’W2)]
< ESN [I Wla ?1N7 ‘71N|W27 Zé\;[z’ Z%1>i|
=Egn [hS (Y/lN’ ‘71N|W27 2%27 Z%1>i|
~Egv [ns (Y, VW2, 2387, 230 W ) |
N
= Eox [hs (Voo V[V V1 W5, 2300, 200 )]
t=1
E N [hs (i}l,ta ‘71,15|}U/1t_17 ‘U/lt_lv W27 2%27 2%17 Wl)i|
N
= Eox [hs (Ve[ VW, 230, 200
t=1
+ Egn [ s (VIM LV W, 238, 210

v, rt—1 trt—1 Mo My
Lt‘}/l 7‘/1 7W27222 7211 7W1>]

|
=
nn
e
|—|

QZ sx [hs (Yﬁ,tlfff*,W,WQ,Z%Q,Z%,XQ,J}
4 Egn [h5< Ve T WQ,Z%Z,Zf‘fl)]

7| yvit—1 yrt—1 M: M
—Esn |hs (Vi VidlVi~ VI Wa, 2382, 200 W, X, o )|

N
< ZESN hs (Y1|V1X2)} +Esv [hs (Vialvis ™" Vi W, 2382, 200 ) |

H
Il
R

—Esv | Y. hs(Ze)+ Y hs(Zay)

t'SQ =0 t:527t=1

— Egn Z s(Zu)+ > hs(Zing, Zizg)

t:S1 = =0 t:SLt:l

(@) & .
< > Egn |hs (VialVhe Xa)|
t=1

4 Egn [hs (%741/&‘1 VI W, 287 70 1))}

— N(1 = p1)h(Z1) — Npih(Z11) — Npih(Zi2) — Npah(Za1) — N(1 — pa)h(Zs)
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where (a) follows by the fact that (Z}\,Z3;°) is independent from W, given Wa, (b) is
because X L (Wl,}u/lt’l,ﬁt_l) and Xy, L (W2,f/f*1,Z§t;”,§t—1). In (c), the first two

terms are upper bounded using the fact that
Vi t—1 t—1) xr|t—1
v = (v v ),

and that conditioning reduces entropy. The noise terms are obtained by subtracting X ;
and Xy, from Y/Lt and ‘u/l’t, and using the fact that noise variables at time ¢ are independent
from the variables up to time ¢t — 1. (d) is because conditioning reduces entropy and because

noise processes are i.i.d.

Putting everything back together, we have

N
NQ2Ri + Ry — ex) <> h(Vig) + Egn [hs (Va2 |V3V) + hs (Y52 |V5)]
t=1
N

+Eov | Y Is(Var WiV, VA7)

t=1

N
+ Z IS(‘U/Lt; Z11£71|Y*1(2t_1)7 ‘v/ltilﬂ W27 22(2_1)7 Zl(i_l))

t=1

N
+ Zhs (}u/l,t|‘71,taX2,t) + Z hs (Yai4)

t=1 t:So,4=1
- N(l - pl)h(ZI) - Np1h(Zl1) - Nplh(Zm)

- szh(zm)

Using Lemma A.3, A4, A5, A7, A8 and A.9 to bound each of these terms, we get the
desired bound.

A.5.5 Lemmas

In this subsection, we prove the lemmas that have been used in the proofs of the previous

subsections.
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Lemma A.1. X, £ (Wg, ﬁt*1,§t>
Proof. Note that
£
Xo1 = Wp

and by the definition of the channel,

(a)
X2,t é <W27i}2t717§t) ; <W27 "7115717X5717§t> )

hence the result follows by induction on t. (a) follows because

}727:—1 _ S;—lth;—l + ‘71t—1'

O
Lemma A.2.
al - SNR
Z h(}/l,t“/l,ta S2,t7 X27t) S Npg 10g (]. + W) + N(l — pg) log (1 + SNR1>
p— + 2
Proof.
N _ N
Z h<Y1,t|‘/1,ta SQ,ta XQ,t) = Zp2h(}/1,t|‘/1,t7X27t) + (1 - p2)h(Y1,t|X2,t)
t=1 t=1

N
@ szh(S/LQH/LQ?XQ,Qa Q = t) + (]. — p2)h(}/17Q|X2’Q, Q = t)
t=1

Npah(Y1,0|V1,0, X2.g, Q) + N(1 — p2)h(Y1,0]| X2, Q)

—~
=

—
INa

SNR,
L ) 4 N(1—py)log (1+SNR
Nps log <1+ o INRQ) + N(1 = ps)log (1 +SNR;)

where (a) follows by introducing a time-sharing variable @) uniformly distributed between 1
and N, (b) is by defining Y; := Yi g, X; := X, g and V; := V, . (c) follows by the fact that
choosing jointly Gaussian input distribution with correlation coefficient p = 0 for p(xy, z3)

maximizes the given conditional differential entropy. O
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Lemma A.3.

1
Esv | Y hsﬂ@ﬁ):zﬁﬁnbg(2m2<§+¢N&>)

tZSi7t=1

for (i,7) = (1,2),(2,1).

Proof.

1
Egn Z hs (Yiji) | = Egn MZM Z hs (Yie)

t:Si’zzl ¢ t:Sm:l

1 1
< Egny MzM Z log 2me (5 + |hij|2pj,t)

v tZSi7t=1

1 1
=FE | ME L Z log 2me <§+]hij|2Pj¢> M;
t:Si,tZI
Y ey [ ME [tog2me (£ 4 (1 2P| 11
< Eyy, i og 2me §+| ij| J i

b 1 9 (1)
< Eu, | M;log 2me §+‘hiJ‘E[Pj \Mi]

—
=

—

C

1

1
1
= Np;log (27re (5 + |NR,~))

where (a) and (b) follow by Jensen’s inequality (since log(+) is concave), and (c) follows since

~

Pj(ﬂ) averaged over the realizations of S; is the average power, which is less than the power

constraint P;. ]
Lemma A.4.

% ) 1)

]EsN |:IS(‘/;,t; V[/}) Z](,;fl% Zi[tfl}’ Zi(;*l)’Vt—l Y(tfl)):|
B [1oVis Z VW 2470 2070 =0

for (i,7) = (1,2),(2,1).
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Proof. Since all variables involved are related to V;; through X;;; by data processing in-

equality,
1 -1 1) 1
g [Is(m,w A A A | R ))]
<ESN [Is(th,W Z(t 1) Z[t ﬂ t 1) |Vt 1’ Ut 1))i|

) z]

(2 1]

where the latter inequality follows by the fact that X, = (W v 1), Zi(f_l),ﬁt_1>. Simi-

larly, the second mutual information can be bounded by

Egw [Is(VmZt Ny vt wy, z8 Z.(?‘l))]

7 (23

(23

< Egv [IS(X”-Z[“” ZEINY D vy, Z0 Z.(.H))]

< Egn [IS(W“Zt D, 7= U,Z[t 1] Zt 1) LWV, th 1))]

77

where the first step is because Z; ' = (Z[t 1 Z(t 2 Zlt 2 S 1) and second step is because
for random variables A, B,C; I(A, B;C) > I(A;C|B); and X;; = (W YUy Zi(f*l),ﬁt_l)

79 1]

Note that we have the same upper bound for both mutual information terms. We will next

show that this upper bound is zero.

To show conditional independence, we will use the property that X and Y are independent

given Z if and only if the probability distribution p(X,Y, Z) can be factorized as
p(X,Y,Z) = f(X,2)9(Y, Z)

for some functions f and g. Consider the joint distribution of all the variables involved in
the above mutual information (we define pg(-) := p(-|S™ = SM)).
ps(Wi, Z(;71) Z(t 1) Z[t 1] Zt 1) W,V Y- 1))
i ) Sy

HpS 14, ( 73,(7)> Z [T]’Zl] V;Tayrz] (1)

’ZTl Tl)Z[Tl]ZTlley‘erW)

) 7 ) Sy

@)
Hps i ( Zjj.r))0s(Zi)ps(Zij(r))
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VT1W'

Zj’i )

(‘/;T’ZT 1,Y(<T_1),W) ( |Z‘r 1)

)
= fWe 270 VLY ”>~g<2j§-‘1,2ft‘1,2“ W VY Y)

) 14y Y]

where (a) follows since

Vi £ (X5 25.87) L (2570, 25 vt 57w

(/A JJ tj o

and

f £ () 1) g
‘/;,T = (Xi,7'7 Zj,(T)> Zji,(T)) = (Z s Y;j 7§ 5 VV’L’? Zj,(T)7 Zji,(‘r))

2

and (Zj,(T), Zji,(f)) is independent of everything else. In the last line, we define

Fw, Zy 0 vt v iY) Hps i) s (Vi 250 VY W)
t—1 t—1 (t—1) (t— 1
gz, Z00 280wy vty HPS o)ps(Zi )

-5 (Zig.n)ps(Vir 2352 25 VI W)

ij v
from which the result follows. ]

Lemma A.5.

Egn [Js(vjt,wwt 1yl 1>)] —0

Ji
Proof.

Egw |Is(Vis WiV, YY) < B [fs(Xj,t;VVZ-IVf Lyl ”>]

]Z

where the first step follows by data processing inequality, and the second one follows by
Xt = <W Y(t b ngl),ﬁt_l). The proof technique is similar to that of Lemma A.4. The

probability distribution of the involved variables is

9 J’L

p(Wi, W, Zt 1) Vt 1y (= 1)) (Wi)p(VIG)HpS<ij7(T)>
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= T— 7—1 7—1
ps (Vi Yoo [V Y0, 20070 W, W)

) jl

@) p(Wi)p(W;) H pS(ZjJ}(T)>

ps(Vi YT, 23570 W)ps (Vi) Wi, Vi)

JJ

where (a) follows by the fact that

Vie = (W30 0, 2570, 80 2y

VRE 1)

Yii ) L (W3, ‘%t_laﬁt*l, Zjir))

and that Z; . and Zj; ;) are independent of everything else. Then the result follows by

defining
t—1
1
f(Wth lay;lt )) HPS ]’L(T)|M/’L7vt 1)
T=1
g(W;, 2359 Vi v i) = Hps i) s (Vi YT, 2570 W)
and noting that the above probability distribution factorizes as f - g. O]
Lemma A.6.

Egv [hs (W,V/MWN — Egn [h (vN zM 7l 7 J|W>]

N
Z! |Wi)}

(A

Egn [hs (W,VMWN = Egv [h (vN ZM:
for (i,7) = (1,2), (2, 1).

Proof.

N
Z hS <Y/i,t7 ‘U/i,t“/[/ia Yit_lu ‘Zt—l)

t=1

Egn [hg (ﬁN,f/iNWi)} — Egn

=

@ Egn

Z hs (Yfi,tv ‘u/i,t|Wi7 zti% ‘U/Z‘t717 Xf)

<7

= Egv Zhs (Yot Yiioy» Yigoy» Vi Yiio
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Y T k%

‘WZ’Yt 1] y(t=1) Yt 1) V[t 1] y =1 Xt)]

N
> hs (Vi Ziswy, Yigw Zias Ziio)
t=1

) 7

‘Wi? ‘7j[t_1]7 Zz'(z't_l)a Y(‘t_l) Z['t_l]y Z](:_l)> ]

— Egv [hs <VL ZM yM gt gt J\Wﬂ

[ Y B

© Eo [hs (f/N zM. 7t 7 J]W)]

1 )

Y 1]

where (a) is because X! = (Wi,ﬁt’1,8t4>, and (b) is because ‘7jN = (V",v;"). The

second equality can be proved using similar steps. O]
Lemma A.7.

o o 1) <

Eov [hs (777)] <0

for (i,7) = (1,2),(2,1), where

SNR; + 2v/SNR; - INR;
= N(1 — p;)log2me (1+|NR1-+ ki )

1+ INR;
Proof.

Egny [hs (YZLHZN)} < Egn Z hs (y;tﬂu/zt)

t:Si’iZO

ESN L Z hS(l’,QH};,QaQ:t)

tS” 0
Ly [Lihs (ZM,Q)]

= ESN [L (p]hs (Y| ji ) (1 _pj>hS (ﬁlﬁa@))}
(c SNR; 4+ 2v/SNR; - INR;
<E {Lipj log 27re <1 +INR; + T 2INR, )

NR; 4+ 2v/SNR; - INR;
+ L;i(1 — p;) log 2me (1+INR7;+ > Z+1+|SNRZ )}
J

N2
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NR; + 2/SNR; - INR;
S(1_171')105:{27Te(1_|_||\|RZ,_i_S it ﬁ)

1+ INR;

where (a) is by introducing a time-sharing random variable ) with uniform distribution over
the set {t : S;; = 0}, and (b) follows by setting ¥; = Y; o and V; = Vi . (c) follows by the
fact that choosing jointly Gaussian input distribution with correlation coefficient p = 0 for

p(z1, x2) maximizes the given conditional differential entropy.

By following similar steps, we can show that

Egx [hs (T

V)] < s [Libs (YilV;, Q)]

NR; + 2v/SNR; - INR;
< (1 —p;)log2me <1+|NRZ-+S i+ \/ﬁ)

1+ INR;
O
Lemma A.8.
o o (12157)] <
Esv [hs (Y [VY)] <0
where

for (i,7) = (1,2),(2,1).

Proof.

o [hs <YM

)] < Egn Z hs (Ezt“Zt)

t:Si’til

@ Egn M+ Z hs (YiolVig, Q@ =1)

tS” 1
L Egnv [Mihs <Yz‘z‘|Vz‘aQﬂ

= Eg~ [.7\4Z (( —pj)hs (Y;z‘V;,Q) + pihs (YalYi, ))]
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(©) 1 2SNR;+1 27e - SNR;
< Egv |M; ((1—p;)log2me (= + o2 4 p] UL
= SN[ << ps)log 7T(3(2+2|NR]~+1)+pJ Og(we+2lNRj+1>)}

< pilog 2me [ £ 1 R
= PrOSSTE 5 TAOINR, 1 1

where (a) is by introducing a time-sharing random variable () with uniform distribution over
the set {t:S;; = 1}, and (b) follows by setting Y;; = Y;; o and V. = YZQ (c) follows by the
fact that choosing jointly Gaussian input distribution with correlation coefficient p = 0 for

p(z1, x2) maximizes the given conditional differential entropy. Similarly,

_ _ 1 SNR;
Egn [hs (YE\VN)] < Egw [Mihg (Yi|Vi <pilog2me | = + o
ov [hs (Vi [ViY)] < Eow [Mihs (YValVi, Q)] < pilog 7T6<2+2INRJ~+1)
O
Lemma A.9.
N
o 1 SNR;
E (VielVies X ) | < pilog2me 5+ 5on—
s ;h‘q Ve X ] = P (2+2|NR]-+1)

- pilog 2me 4 (1= po)log2me (14—
pZ Og 7r€2 pZ Og e 1+INRJ

for (i,7) = (1,2),(2,1).
Proof.

EsN @EsN

éhs (Y/;‘,tﬂvfi,ta Xj,t)
= Egv [Nhs (VielVha X;0,Q) |

Y NIV, X, Q)

N
N% > hs <Yfi,Q|‘V/i,Q7 X @ = t)]
t=1

= pih(Ki,Ejl\Z,Xj, Q)+(1 —pi)h(EMXj,Q)
< pih(Ya| Vi) + pih (Y| X;)
+ (1= p) [(1 = pj)h(Yi| Vi, X;) + p;h(Yi|Y}i, X))

1
< p;log?2 -+ — i log 2me—
< p; log2me 2+2INRj+1) + p; log 7T€2

SNR;
+ (1 — p;) log 27e (1 + m)
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where (a) is by introducing a uniformly distributed time-sharing random variable @, and
(b) is by defining Y; = Yo, V; = Vip and X; = X, . (c) follows by the fact that choosing
jointly Gaussian input distribution with correlation coefficient p = 0 for p(x;, z2) maximizes

the given conditional differential entropy. O]

A.6 Gap Analysis

In this section, we give upper bounds for the gap terms ¢; and d, from Theorem 2.2. We

also compare our achievable region with the outer bound of [ST11] for the case p; = py = 1.

A.6.1 Bounding 9,

We will show that, each of the bounds (A.18), (A.19), and (A.20) are within a constant
gap of the region given in (2.13)—(2.17). Without loss of generality, we focus on the case
(1,7) = (1,2), and start with the first bound in (A.18).

SNR,
A By, =1 _— 1 2+ INRy) — 21 — —
1+ Bs og(3—|—1+|NR2>—|—og( + 2) 0g3 — ) — Oy
SNR;
> [ — — —
_log<l+1+|NR2>—i—log(l—l—lNRg) 2log3 — C; — (Cy

= log (1 4+ SNR; + INRy) — 2log3 — C; — Cs

INR,

= 1log (1 +SNR) +log [ 14+ ——2
og (1 + 1)+0g(+1+SNR1

>—210g3—01—02

(1,2)

where (2.13), 5 refers to bound in (2.14), evaluated with (i,7) = (1,2). Next, we consider
the second bound in (A.18). If SNR; > INRy,

D1 = log (3 + SNRl) — 10g3 — Cl
> log (1 +SNR;) —log3 — C
> log (1 4+SNR; +INRy) —log3 — C; — 1

= (2.13) 19y, —log3 —C1 — 1
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where (2.13),, , refers to bound in (2.13), evaluated with (¢, j) = (1,2). If SNR; < INRy,

INRq

D, = log (3 + SNR log (14— 2
1 = log (3 + 1)+pzog(+3+SNR1

5
) —p210g§—10g3—01

INR, 5
> 1 1+ SNR 1 1+ ——— ) —pylog— —pylog3 —log3 — C
> log (1 + 1) +p2 og( + 1—|—SNR1> D2 0g3 p2 log 0g 1

= (2.13)(172)71% —pologh —log3 — C}
Next, we consider the first bound in (A.19).

SNR
Al —|—G2 = lOg (3—|— HTlR) +10g(2+SNR2 + |NR2) —210g3— 01 — 02 — K1
2
SNR;

> log (14 0L
= Og( TTTINR,

) +1log (14 SNRy + INRy) — 2log3 — Cy — Cy — 3
= (215)(172) — 210g3 — Cl — CQ — R

where (2.15), ,) refers to the bound (2.15) evaluated with (4, j) = (1,2). For the bound

F1 + Fo, we first consider the case when INR; > SNR;.

SNR; SNR,
Fi +Fy>1 2+ INR; + ———— 1 2+ INRy + ———
1+ 2_0g(+ 1+1+|NR2>+Og<+ 2+1+|NR1)

—210g3—01 —CQ

SNR,

> ] 1+ INR 1 1+ INR _
> log (1 + 1)+0g(+ 2+1+|NR1

)—210g3—01—02

SNR,

> log (1 + SNR; + INR 1 1+INRy + ———=—
> log (1 4+ SNR; + 1)+og(+ 2+1+|NR1

)—2log3—01—02—1

= (2.15) 51, — 2log3 — Cy — Cy — 1

(2,1)

By symmetry, we can show that when INRy > SNRy,
F1 + F2 Z (215)(1’2) — 210g3 — Cl — Cg —1
Next we consider the only remaining case of INR; < SNR;, INRy < SNR,.

SNR SNR,
Fi+Fo—log (24 INRy + —2 ) 4 log (24 INRy + —n2_
A Og(+ 1+1+INR2)+Og(+ 2+1+|NR1>
(24 INRy) (3+ S8

SNR
2+ Nk T INRy

+ p1 log
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(2+ INRy) (3 + e

SNR
2+ e T INR,

(a) SNR1 SNR2
S og (14INRy + —2 ) 4log (14 INRy 4+ —on2_
—Og(+ 1+1+|NR2)+Og(+ 2+1+INR1)

(1+INRy) (1+ S8 )

SNR
1+ 1+INF122 + INR;

(14 INRy) (1 -+ ;Sh8s- )

SNR
1+ e +INRy

+ po log ) —2log3 — 201 — 2C5 — (p1 + p2) log 6

+ p1 log

+ po log —2log3 —2C) — 2C5 — (p1 + p2) log 6

= (216) — 210g3 - 201 — 202 - (p1 —I—p2) log6

where in (a), we used the fact that the function log (%}) is monotonically increasing in

x, for z,a,b > 0. Finally, we consider the bound (A.20). Again, we distinguish the cases
INRy > SNR; and INRy < SNR,. For the former case,

SNR; SNR,
A +F =1 _— 1 1+ INR T
1+ F+ Gy Og<3—|—1+INR2>+Og< + 2+1—|—|NR1)

+log (2 + SNR; + INR;) — 3log3 — 2C; — Cy — ko

NR
>log | 3+ L + log (1 + INRy) + log (2 + SNR; + INR;)
1+ INR,

—310g3—201 —CQ — Ko
SNR;
1+ INR,
—310g3—201—02—li2—1

SNR;
1 4 INR2

> log <3+ >+10g(1+INRg—i—SNRg)+log(2+SNR1+|NR1)

> log <1—|— ) +log (1 +INRy + SNR2) + log (1 + SNR; + INR;)

—310g3—201—02—/€2—1
= (215)(1’2) + (213)(172) — 310g3 — 201 — Cg — Rg — 1
For the case INRy < SNR,
SNR; SNR,
A Fo +Gy =1 —_— 1 1+ INR _—
1+ e+ G Og(3+1+INR2>+og<+ 2+1+|NR1)
+log (2 4+ SNR; + INRy)
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(24 INRy) (3 + SR

SNR
2+ ng; T INR:

+ po log ) —3log3 —2C) — Cy — palog 6 — ko

(a) SNR1 SNR2
Sog (14 22N ) 4 jog (14 INRy + —72 ) {106 (1 4 SNR, + INR
_Og(+1+INR2)+Og(+ 2+1+INR1>+Og(+ 1+ INRy)

(14 INRy) (1 + ;SR

SNR
1+ 1+INF2{1 + INR;

+ ps log ) —3log3 —2C] — C5 — palog 6 — Ko

= (217) — 310g3 — 201 — 202 — P2 10g6 — Ko

r+a

v +b) is monotonically

where in (a), as before, we used the fact that the function log (
increasing in z, for z,a,b > 0. By symmetry, similar gaps apply to the case (i,7) = (2, 1).
Now, we can upper bound ¢; by noting that it cannot be larger than the maximum of the
gaps found above (after proper normalization, e.g., the gap found for the bound on R; + Ry

is divided by 2, and the one on 2R; + Rs is divided by 3). Hence, using the fact that

C; = 2p; + p; and K; = p;, we find

01 < 2log3 + 3 (p1 + p2) bits.

A.6.2 Bounding J,

In order to bound d2, we compare the bounds obtained in Section 2.7 with the bounds (2.13)-
(2.17) one by one. Without loss of generality, we focus on (,j) = (1,2), and begin with the
bound in (2.13).

> log (1 + SNR; + INR; + 21/SNR; - INR1> —log3

> (2.53) — log 3

Next, we consider (2.14), and note that (2.55) = (2.14). We now consider the bound (2.15).

SNR;
2.15) =1 14+ — | 1 NR INR
(2.15) og( +1+INR2)+Og( + SNRy + 2)
SNR,
>log (1+-—— b +log<1+SNR2+INR2+2\/SNR2-INR2>—log3
1+ INRo
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> (2.57) — log 3

Let us take (2.16).

NR NR;
(2.16) = log (1+L+INR1> +10g< > +|NR2>

1+ INR; 1+INR,
o (R (1 )Y (iR (14 )
p1iog P2 log
1 1+ vk + INRy i iTNR.% +INR,
NR,
> log (1+ > —INR + INR; + 2v/SNR; - INR
2
SNR
+ log <1+ INQR + INRy + 24/SNR, - INR2>
1
" (1 INR) (14 338) . (1 INR;) (1+ ;548
prlog SNR P2 108 SNR
1+ SR INR, 1+ SR 1 INR,
—2log3

> log (14 7= e SNRi_|NR, +21/5NR, - INR,
+ INR,
NR
+log<1—|— SNR2 . |NR, + 21/SNR, - INR2>

+ INR;
1R (1+ 25

+ p1 log
+ SNR1+12-|\—/IW +INR;
SNR
(14 INRy) (14 4
+ p2 log —2log 3

1+ SNR2+12+\/I§|;T2~INR2 + |NR2

> (2.61) — 2log 3 — 2p; — 2p9

Finally, we consider (2.17)

SNR1 SNR2
2.17) = log 14+ —n ) 4 log (14 —2n2_ 4 |NR
(2.17) Og<+1+INR2>+Og(+1+INR1+ 2)
(1+ INRs) (1 + li'l“{,*;l)

SNR
1+ =nR; T INRy

SNR, , SR, + 2V/SNR; - IR,
>log (14— ) 4, INR
= Og( T |NR2)+ ( 1+ INR, IR
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+log (1 + SNR, + INR; + 21/SNR; - INR1>

o (G NR (L )Y
0] — o)
PO T SR INR, &
SNR, SNR, + 2v/SNR; - INR;
>log (14— ) 4o (1 INR
_Og(+1+INR2)+Og(+ 1+ INR, IR

+log (1 +SNR, + INR; + 21/SNR, - INRl)

(1+INR,) (1+ S )

SNR2+21/SNR2-INR5
+ 1+INRy + INR;

+ po log —2log 3

> (2.62) —2log3 — 1 —2po

In order to bound 5, we note that it cannot be larger than the maximum of the gaps found

above, after normalization as done with bounding ¢;. Hence, we find

0y < log3 + p; + po bits.

A.6.3 Comparison with Suh-Tse outer bound

In this subsection, we compare our inner bound for the case p; = p, = 1 with the perfect
feedback outer bound of [ST11]. Looking at the region (2.13)—(2.17), we see that if we set
p1 = p2 = 1, then the bounds (2.16) and (2.17) become redundant, and the region reduces

to the outer bound region of [ST11], with the following differences:

e The outer bounds in [ST11] are parameterized by the parameter p, which captures the
correlation between the symbols of two users. In the region (2.13)—(2.17), supremum

values over all possible values of p is given.

e The bounds in (2.13)—(2.17) terms 2pv/SNR; - INR; that arise from beamforming gain,

which appear in the outer bounds of [ST11].
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It is easy to see that the first item does not result in a rate penalty, while the second one

gives a penalty of log 3 since
(2.13) =log (1 + SNR; + INR;)

> log (1 + SNR; + INR; + 2+/SNR; - INRl) —log3

Hence, the region C(1,1) is within at most log3 bits of the outer bound region of [ST11].
From the results of this section, we also know that our scheme achieves the region C(1,1)— ;.
Evaluating ¢; for p; = po = 1, we see that the proposed scheme achieves within 3 + 3log 3 ~
7.75 bits of the Suh-Tse outer bound region.

A.7 Proofs of Corollaries 2.1 and 2.3

In this section, we prove that when the feedback probabilities are sufficiently high, perfect
feedback sum-capacity can be achieved (approximately for Gaussian case, exactly for linear
deterministic case). The precise statements for the two models are given in Corollaries 2.1

and 2.3.

A.7.1 Proof of Corollary 2.1

We will show that when feedback is perfect, the bounds on the sum rate that involve the
feedback probabilities become strictly redundant. That is, setting p; = ps = p, we will prove

that the bounds (2.9), (2.5) + (2.6), Z2LEI - EOLEI0 -ypg GIOLEID a6 all strictly

larger than the perfect feedback bounds (2.7)-(2.8) when p = 1 and nj2,m91 > 0. Then the
result follows by noting that all such bounds are continuous and monotonically increasing
functions of p, and hence there must exist a p* < 1 such that whenever p = p*, perfect

feedback sum-rate bounds (2.7)—(2.8) are exactly matched by these bounds.
We first prove a claim that will be used in the main proof.

Claim A.9. For No1,N12 > 0,

(2.7) < nyg +n9y + (n1g — 7121)Jr + (nge — 7112)Jr
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(2.8) < N2 + No1 + (nzg — 7’L12)+ + (n11 — n21)+
Proof. By symmetry, we only prove the first statement.

nia + na1 + (n11 — 7121)+ + (ng2 — n12)+
= ny9 + max (11, ne1) + (N2 — 7”L12)Jr
= max (12 + N1, N2 + No1) + (N2 — 7112)Jr

> max (11, n12) + (noz — n12)™ > min {(2.7), (2.8)}

where the strict inequality follows by the fact that nyy, n1o > 0. ]
Next, we consider the bound (2.9).

(29) = Imax {Tllg, (n11 — n21)+} + max {ngl, (7”L22 — n12)+}
+ min {n127 (n11 — n21)+} + min {7121, (nag — n12)+}
=Ny + noy + (N1 — 7’L21)Jr + (nge — 7112)Jr

> min {(2.7), (2.8)}

where the last line follows by Claim A.9. Hence, the bound (2.9) becomes strictly redundant.

Next, consider

(2.10) + (2.11) = max (n11, n12) + max (nag, ng1) + (11 — n21) " + (Nag — nyg) ™
+ max {ni2, (N1 — n21)+} + max {na1, (nas — n12)+}
+ min {ni, (n11 — n21)+} + min {nay, (nge — n12)+}

= max (n11, n12) + max (nag, no1)
+2 (N1 — na1) " +2(nos — n12)" nao 4 Ny

> 2min {max (n11,n12) + (n22 — n12)" , max (ngg, n91) + (N1 — n21)+}

+ (n11 — 7121)Jr + (nge — 7112)Jr N12 + Ny
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>3- min {(2.7), (2.8)}

where the last line follows by Claim A.9.

Next, we consider the sum of individual rate bounds. Since these bounds consist of the
minimum of two terms, we consider each case separately. In what follows, (2.5), denotes the
term on the right-hand side of the minimization in (2.5), while (2.5); denotes the term on
the left-hand side ((2.6), and (2.6), are also defined similarly). By symmetry, it is sufficient
to prove that (2.5), + (2.6), and (2.5), + (2.6) ; are strictly redundant for p; = p, = 1. We

show this as follows.

(2.5) 5 + (2.6) = 11 + nog + (n21 — 7111)Jr + (n12 — 7122)+
= max (n11, N21) + max (ngg, n12)

= N12 -+ 21 + (TLH — n21)+ + (ngg — n12)+ > min {(27), (28)}
by Claim A.9, and

(25>L + (26)R = max (nn, 7”L12) —+ N9 + (nlz — n22)+
= max (nn, 7112) + max (TLQQ, nlg)

> max (ny1, n12) + (Neg — nya) " (2.7)

since nqys > 0.

Finally, we consider the bounds (2.10) 4+ (2.6), and (2.11) 4+ (2.5). By symmetry, it is
sufficient to show the redundancy of (2.10) +(2.6) ; and (2.10) 4+ (2.6) .. The former is shown
by

(210) + <26)R = Imax (nn, nlg) + (TLH — n21)+ + max {n21, (n22 — n12)+}
+ min {nay, (ng2 — n12)+} + nag + (N2 — ng)”
= max (n11, n12) + (N1 — 7”L21)Jr + N9 + (no2 — 7”L12)Jr + max (ngg, n12)

= max (n11,n12) + + (N2 — n12)+ + g1 + nig + (ngg — 7l21)Jr (ngg — 7112)Jr
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> (2.7) +na1 +nag + (n1g — n91) " (ngg — nip)”

> 2-(2.7)
where the last line follows by Claim A.9, and

(2.10) 4+ (2.6), = max (n11,n12) + (n11 — ng1) " 4 max {ngl, (ngs — n12)+}
+ min {nor, (ng2 — n12)+} + max {na2, No1 }

= max (n11, 1) + (11 — n21) ™t + nay 4+ (nog — n12)™ + max (nge, nay)

> max (n11, n12) + (P11 — n91)” + max (nga, nay) + (nay — n1a)™

> 2min {max (n11, m12) + (n22 — n12) ", max (g, na1) + (n11 — 1)}

=2-min{(2.7), (2.8)}

where the strict inequality follows by the fact that ny; > 0.

A.7.2 Proof of Corollary 2.3

Similar to the proof of Corollary 2.1, we will show that when feedback is perfect, the bounds
on the sum rate that involve the feedback probabilities become redundant for the set C(py, p).
Since the capacity region is within a constant gap of the region C(pi,ps), for all channel

parameters, the result will follow.

Specifically, setting p; = py = p, we will show that when p = 1,INR;,INRy; > 0, the

bounds (2.16), min {(2.13)(172), (2.14)(172)} + min {(2.13)(271), (2.14)(2,1)}, Eaa* ey
(2.13) 5.1y H(2.17) 1, (2.17) (1) +(2.17) (o,
et 42 nd ezt @.1)

are all strictly larger than the perfect feedback bound
(2.15), where the subscript (a,b) denotes the evaluation of the relevant bound with (i, j) =

(a,b).

We first prove a claim that will be useful in the proof of the corollary.

Claim A.10. For INRy,INRy > 0,

min 2.15) < log (1 +INRy) +log (1 + INR
528 () (2:15) < log 1) + log ( )
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SNR, SNR,
log (14—t ) fiog (14 —n2
* Og( +1+INR2)+ Og( +1+INR1)

Proof.

SNR; SNR,
log (1 4+ INR log (1 + INR 1 14+ ——- 1 14+ —
og (1 +INR;) + log (1 + 2)+Og<+1+INR2>+Og<+1+INR1>
SNR,

= log (1 + m) + log (1 + INR; + INRs 4+ SNR; + INR;INR; + INR;SNR;)
1

SNR, )

1 1 +SNR INR 1 14+ —
> log (1 + 1+ 1) + og( +1+INR1

> min  (2.15)
(4,7)=(1,2),(2,1)

O

Next, we show that under the condition INRy,INRy > 0 and p = 1, all of the mentioned

bounds are strictly redundant. We start with (2.16):

(2.16) =log (1 + INR;) + log (1 + INR3)

SNR, SNR,
log (14—t ) fiog (14 —n2
* Og( +1+INR2)+ Og( +1+INR1>

> min  (2.15)
(4,5)=(1,2),(2,1)

by Claim A.10. Next,

(2.17) (1 9) + (2.17) (1) = log (1 + SNR; + INR;) + log (1 + SNR; + INR>)

SR, SNR,
2log (14 —2RL_) L ojgg (14 —n2
* Og( +1+|NRQ)+ Og( +1+INR1>

+log (1 +INR;) + log (1 + INRy)
SNR,; SNR;
log(1+—> ) +log|1+-—
* Og( * 1+|NRj> * Og( * 1+INRZ-)
> 2 (2.15) 1 g + (2.15) )

>3- min (2.15)
(1,)=(1,2),(2,1)
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by Claim A.10. Next, we consider the bounds (2.14), 5 + (2.14) 5 1), (2.13) 1 5) + (2.14) 5.1,
and (2.14) ; 5 +(2.13)5,;). By symmetry, it is sufficient to show the redundancy of the former

two.
(2.14) (4 9) + (2.14) (1) = log (1 + INRy) +log (1 + INRy)

SNR1 SNR2
log (14—l ) 4 log (14 2
+ Og( +1+INR2)+ Og( +1+INR1)

> min  (2.15)
(4,4)=(1,2),(2,1)

by Claim A.10, and

(2.13) 1) + (2.14) ) = log (1 + SNR; + INR;) + log (1 + SNR; + INR, )

SNR,
| 1 NR INR | —_—
> log (1 +SNR; + INR;) + Og(1+1+INR1>

> min  (2.15)
(4,)=(1,2),(2,1)

(2.17) (2 1) and (2.14) (1 ) +(2.17) (5 1 .

since INRy, INRy > 0. Finally, we show the redundancy of (2'13)(1’”;

Then

2

(213), 5y + (217) 5.1, = log (1 + SNR; + INR;) + log (1 + SNR; + INR,)

SNR,

1+ INR;

log (1
+Og(+ 1+ INR,

SNR
) + log (1 + INRy) + log (1 + —1)

SNR2 SNRl
log (14— ) 4 log (14 b
* Og( +1+INR1>+ Og( +1+|NR2>

= (2.15) 44 + (2.15) 51,

> min  (2.15)
(1,9)=(1,2),(2,1)

and

(2.14)( 9) + (2.17) (5 1) = log (1 + INR2) + log (1 + SNR; + INR;)

SNR,

SNR;

log ( 1
+Og<+ T+ INR,

> (2.15) 5y + log (1 + INR2) + log (1 + INRy)
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SNR, SNR,
log (14 2 ) f1og (14 0L
* Og( +1+INR1>+ Og( +1+INR2>

>2- min  (2.15)
(4,5)=(1,2),(2,1)
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APPENDIX B

Proofs for Chapter 3

B.1 Proof of Theorem 3.1

Assume the M streams are decoded in the order (1,..., M) for both uplink and downlink,
and denote the rate achieved on the mth uplink (downlink) stream by R (Rg@), with
Zn]‘le R{™ =R, and Zf\le R{™ = R,,. Note that these rates are all random variables due
to their dependence on H,,, ® and ®, but in this proof we will suppress this dependence for
brevity.

Define p,, := P(k € S,) and p, = P (k € Sm) for an arbitrary user 1 < k < n and
arbitrary 1 < m < M. Note that p,,p, — 0 as n — oo.

Define §;, = 2= for a large constant ¢ > 0, define g, := p, — 6, and ¢, := p, — 6!, and the
events

Fov= (]Sl 2 na} G~ {

kESm

max ’(Efnﬁkf > en}

= > = * 2
]:m {|Sm| el TLQR} gm {I?El%fj ‘¢mhk| > €y

logn

Let us choose ¢, = O ( ) Then

(a) 10) )
Pnp+n>6) <P (17>§)+IP’(17>2)
- " 2M

M

1)
P RBC R(m v
+z ( > o)
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(c) L =nacwm 5 (m) 0
9 yp(—R B O
<M n noZ

1 5
MP( —REC _R™ > —
0P (7 REC R > 5

(@) 1 _ 5|~ -
< - pMACM _ fp(m) .
< MP (MRn R > ot P m) (B.1)
+ MP (GS,| ) + MP (F,) (B.2)
1 )
MP | =REC_R™ >~ .
+ MP (G, | Fin) + MP (Fy,) (B.4)

where (a) and (b) follow by the fact that Y11 a, > 2 = /i, (ax > z/K) and by union
bound; (c) follows because uniformly random selection of ® and ® from the space of uni-
tary matrices induces exchangeable distributions p (él, e ,éM) and p(¢1,...,¢n) on their
respective columns; and (d) follows by the law of total probability and by upper bounding
probabilities by one. Of the remaining terms, we will focus only on (B.3) and (B.4) here,
to avoid repetition. The uplink counterparts of these terms, given in (B.1) and (B.2), are

bounded in exactly the same way in what follows, except where noted.

First consider (B.3). Note that the conditioning on G, implies that k* ¢ S, for r # m,

. : : 2
where k* is the strongest user in S, i.e., k* = argmaxyegs,, |05 Il

. This ensures that the
user that is scheduled for stream m is not already scheduled for another stream, and hence,

using independent Gaussian codebooks and allocating equal power for each downlink stream,

PmanS ‘gb* hk|2
R™ >1 14+ — €om [ Fm B.5
n —Og< TMITeM-1De )’ (B-5)

almost surely. Therefore,

1 5
P —=RPPC _RM™ ~ | F. G,
( " n Z oag|Tm Y

M
(a) 1+ L maxq<p<n ||hk||2 5
<Pl M <k<
- % 1+£%I¢¢n’wel2 >2M Fons Om
M 1+(2M—1)e,
(2) P maxi<g<n ||hk||2 § 14 ﬁ iy
= \maxges,, [oh* 1+ @M —1)e, | ™7
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9 p (maxlgkgn Ul maxecs, [l
maxies,, |hel>  maxjes,, |¢;knh’k|2

1+ 55
> 2 2M ]:m m
\/1+(2M—1)en 9

(@) n || P2
Ip (max1<k< l ch2 S 1 +7’ ]:m’gm> (B.6)
maxyes,, ||l

L P ( maxgegs,, Hth2
maXges,, |¢:nhk’

o1 +v\fm,gm) (B.7)

where (a) follows by using Lemma 3 in [SHO7]| for downlink and Lemma B.1 for uplink

(replace 7 L with P for uplink); (b) follows by the inequality e® > 14 z and by the fact that

2> iiz for x > y; (c) follows by the fact ab > z = a + b > 2\/x (by AM-GM inequality);

(d) follows by the fact that S°n  ax >z = \/i_, (ar > 2/K), by the union bound, and by
defining v > 0 such that

(1+ (2M — 1)en) (1 + ) <1+%

for sufficiently large n.
Next, we bound the terms (B.6) and (B.7) separately. Consider (B.6) first.
(B.6) <P (maxlﬁkf” [P ]

maxges,, |7

i (maxkesc k||2
maxes,, ||k |?
mMaXyege || 2
maneSm ¢ hk|
(%) ]P’( maxyese ||he?
maXges,, |¢mhk\

Z Z P (S = As| |Sm| > ngn)

" s=[ngn] AsC[n):|As|=s

( maxXpe e || ||?

maneAs ¢* hk‘Q

Z Z ]P)(Sm:AS||Sm| Zn%z)
n s=[ngn] AsC[n]:|As|=s

e |lhill?

P ( maxye Ac || o |

2
maXgeA, ¢:n D, ‘

I

> 1 —|—’y‘.7-"m,gm)

> 1+7‘]:m,gm)

5 > 1—1—7’ | S| > nqn>

C

> 1 ‘l"}/' |-As| Z nQnasm - A87
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>e, VI T |y

{3r #£m: |¢rhy

) 1

:_1
1—e€,

2>%9

n

Z P (S| = s[[Sm| > ngn)

s=Tnan]
( maxge ¢ || ||

maXgeA, |¢:nhk|2

—

>1+V'|As|:s,

{3r £ m: |¢rhy

hue |
¢Tnhk|2

() 1 max, . je
< P ( heds >1+7

- /
1—¢,

MaXy.e 4,

“>e, VI ET |y

{3r £m:|¢fh-

>, VI ET ¢ hyyl? > 6n}>
1 max, . z. ||hel]?
; 5P kef‘ - 5 > 1+

—~
-
=

IN

. En}>

1 * 2 ndn ))
——— |P | max |¢, hx|” < 2log | ————
o [P (o < 2oe (s
+P <ma;< |Ar|]? > 21og (ng,) + (2M + 2) log log (nqn)>
keAe

p (2108 (na,) + (2M +2)loglog (ngn)
2log (ng,) — 2loglog (ng,)

m 1 1
< 5 +0(———)+0
(1—¢)? | ngn log (ng,)

0 (et
logn

e (a) follows by the fact that the ratio can be larger than (1 + 7) only if the maximum

INGE

_|_

where

in the numerator occurs for a k € S¢, (otherwise the ratio is 1);

e (b) is by the fact that for events A, B; P(A|B) < % and by Lemma B.7, where

e —0;

e (c) is because S,, = A implies the newly conditioned event, which is that for any user
outside the set A,, there must exist an r such that |¢:hk*|2 > ¢, or an uplink user

whose interference strength is larger than €,, by the construction of the set S,,, where
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we have defined k* := arg maxje4c hi||? (for the uplink case the second part of the

event is removed);

e (d) follows by the fact that the probability on the right-hand side does not depend on

As, as long as | A,| is fixed, owing to the fact that the user channel vectors hy, are i.i.d.;

e (e) follows because the given probability is a monotonically decreasing function of s,

and A is any arbitrary subset of users such that ’fl‘ = [ngn|;
e (f) is by Lemma B.7;

e (g) is by the fact that for events A, B,C; P(A) < P(B°) + P(C°) + P(A|B,C) by

union bound and law of total probability:;

e (h) is because of Lemmas B.5 and B.6, and by the fact that the last probability is that
of the elements of a deterministic sequence converging to 1 being larger than 1+ v for

sufficiently large n;

e (i) is because we chose €, = O (@), and thus g, = O (—1> by Lemma B.2 for
the uplink and ¢, = O (W) by Lemma B.3 for the downlink.

Next, we move on to analyze the term (B.7).

2
(B.7) <P < maxes,, ||| > 1—1—7‘ frmgm)

maxyes,, |65 |
: ma‘Xk‘GSm Zr 1 |¢ | f g
maxes,, |5, hk|” 7
‘Fma gm)
< 1_€,nIP’ (,Igggxw hi* < | S| ann)

maXges,, ’(b hk‘ + Me,
maxyes,, |65, |’
v
@ 1 Me, )\ """
< 1 —exp<—
1—¢€, 2y
206

>1+7

I/\O‘

> 147

Me,,
( x|t i <
Y

fma gm)




e 1
Yo —r—
(log n)n/ osm

e (a) follows by the fact that ® is unitary and thus || Phg|| = ||hel];

where

e (b) is by construction of the set S,,;

(c) is by Lemma B.7;

(d) is by Lemma B.4;

logn

G = O (logM+1n) by Lemma B.2.

e (e) is because we chose €, = O <L>, thus ¢, = O (ngN%ln) by Lemma B.3, and

Therefore (B.3) goes to zero as n — oo. Next, we consider the terms in (B.4). Note that

the first term goes to zero since

o= (1o (5]

o
(10g n)n/ ogn

by Lemma B.4 and by the choice of €,. The second term in (B.4) goes to zero by weak law
of large numbers for triangular arrays [Durl0], applied to the binomial random variable |S,,|

with mean np,.

Since all terms in (B.1), (B.2), (B.3), and (B.4) go to zero, the result follows.

B.2 Proof of Theorem 3.2

Let us choose €, = € > 0, i.e., a constant. Then, as in the proof of Theorem 3.1,

M
P (R, + R, <2MB) <> PR < p)

m=1

+P (R < B)
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by the fact that Zszl a < r = ka:1 (ar, < z/K) and by union bound. We only consider
the first term, associated with downlink. The uplink term is bounded the same way, except

where noted. By law of total probability, and by upper bounding probabilities by one,

P (R < B) <P (F) +P(GL|Fm)
+P (R < B| FinGm) (B.8)

Since €, is a constant, P (F¢,) goes to zero exponentially by Hoeffding’s inequality. P (GS,|Fn)
is upper bounded by

€

PGl < (1-em {-5})™

nlt2 log a
= Qa a s

by Lemmas B.4 and B.3, where a = (1 — exp {—¢/2}). Note that the last term goes to zero
exponentially if 1 + 2loga > 0, which is satisfied for sufficiently large ¢ > 0. We consider

the first term. Conditioned on G,,, a different user is scheduled for each stream, hence

P (R < B| Fn, Gim)
maXxges, ’¢* hk’2
< <Og< T+ 2M = T)e < B Fm> Gm
)1 maxyes,, |65l
1—¢, <0g< T4 @M =De | <P Tm
1
P (max 0 hi|” < Be (1 + 2elogn) .Fm)
1 —e€, \keSm
1 L e Be(1+2elogn) 1\
— X —
1— e P 2

=0 (e’”w)

—
o

=

IN

—
~

where (a) follows by Lemma B.7, (b) follows by Lemma B.4, and (c) follows, for some
0 <~y < 1, by Lemma B.3 with the choice €, = €, and by letting M = alogn for sufficiently

small o > 0. Since all terms in (B.8) go to zero exponentially as n — oo,
> PR, +R, <2M) < o0

and thus by Borel-Cantelli Lemma [Durl0], the result follows.
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B.3 Proof of (3.1)

Let us denote message of the kth uplink user as Wj, the message intended for the kth

downlink user by Wy, and for any set S, define Wy = {W, : k € S}. We also define vlfm) =

yt(m) — 1h’ x¢, where 1 is the vector of ones, i.e., vgm) is the vector of interference signals at

the downlink users of cluster m at time ¢t. Set v, = vﬁl), e ,vt(M)

*

We consider a block length of N, and as explained in Section 3.5, assume zt(m) ~

CN(0,117), where 1 is the all ones vector, for m € [M]. We also assume that the down-
link users within each cluster cooperate, since this cannot reduce capacity. Then, by Fano’s

inequality,

(Rn +Ra) < T (Wi ™) + 1 (Wiag; 7)

In =

—
o

(W

) o
I (Wi ™) + 1 (W 97,y [ W)
h (yN

) = h (™ (W) + 0 (5, 6™ W)

— (7™ y™ Wi, Wiay)

h(y™) + 0 (™ Wiy, v™) = b (0%, 4™ Wiy, Win)
N
= n(wly™) +h (@G Wi,y 5

t=1

—h (?t, Yt |W[n]7 W[n]a g, yt_l)

h (yt|yt71) +h (gt |W[n]7yN7 gtila xt)

=
1>

—h (gta Yt |W[n]> W[n]7 gtila ytila T, xt)

—~
o
~

WE

h(ye) + R (G |ye, 20 ) — b (2, 2)

-
Il

1

=
] =

h(ye) + h (Ge|ve, we) — h(Z) — h ()

o~
Il

1

WE

h(ye) +h (G |ve) = h(2) — h(2)

~~
Il
—

209



(% Z (ih (yt(m)>> + (e |ve) — b (Z)

()

where (a) follows by independence of messages; (b) follows by the fact that x; is a determin-

~

istic function of (W[n],gtfl) and T; is a deterministic function of W[n}; (c) follows because
conditioning reduces entropy and by subtracting x; and z; from y; and g; (d) is because
vy = y; — LH*z and by independence of uplink and downlink noise; (e) is by the fact that

conditioning reduces entropy, and that noise processes at different clusters are independent.

Since {h,,} are orthogonal, {gt(m)} can be uniquely expressed as y; = Zf\f:l %gﬁm), i.e.,
this transformation is a bijection. Let us define the matrix H:= [”21” e ”ZJAV;”] Then

n) =h () = (57,5 +10g ||

= (g 0™

since H is unitary. Similarly, z;, = an\le hmit(m), and {5,5’”)} are still distributed i.i.d.

CN(0,1). Hence, also using the fact that conditioning reduces entropy,
M

N R+ Ra) < SO  (5™) + 0 (57 o)
=1

SACORICE

Let k,,,; denote the number of uplink users scheduled in cluster m at time ¢, with 2%21 ks <

M, for all . Note that given any power allocation, there is a covariance constraint on

[ —Em) vﬁm) } given by

m

K =1+ kP |1 g |
g

Hence, h(7|v¢) is maximized when (7, v;) ~ CN (0, K), with

h(5ilve) = log 2me [ Ky, |,
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) (m)

where Ky, is the conditional covariance matrix of gjfm given v, . Therefore, evaluating

the differential entropy terms with Gaussian input distributions', and using the fact that

2™ ~ CN(0,117), we find (3.1).

B.4 Proof of Corollary 3.1

Using Theorem 3.3 and (3.2), n + 77 can be lower bounded by

_ 1+ SNR’
1+SNR®
SNR*
— M1 14+ —————= | —Mlog3
o8 ( T ﬁSNR> °8
If we use the notation f (SNR) = ¢g (SNR) to mean that limgnr— oo % =1, then it is easy
to see that
1+ SNR” ( SNR* )
log| ———=— | —log| 1+ —————= | —log3
) <1+ ﬁ@ﬁ@) BT

= log SNR* — log SNR*!

= log SNR

Hence, the result follows.

B.5 Auxiliary Lemmas

Lemma B.1.
5 MAC-M < 72
R (H,) < Mlog <1 + Pfél;?gxn [ A )

Proof. The capacity of a MIMO MAC with a per-user power constraint P, and an active

'We evaluate h(y§m)) assuming a joint Gaussian distribution on x; and Z; with arbitrary correlation,
since z; is a function of both W) and ;1.
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IOg ‘IM + PF[AFIZ}

user constraint M is given by
RMACM (7 ) = max
AC[n]:|A|=M
= max log|ly+P hih;
Ciian 8 [T ];\ ok

tr(A)
M

AC
M
) (which is a direct consequence of AM-GM inequality

Using the inequality |A] < (

applied to the eigenvalues of A),
tr (IM + kaeA hkh2)>

RMAC-M (7’[ )
= M1
s (S
P oatr (hii)
= Mlog [ 1 hed
s (14 B
2
= max Mlog (1+PZk€AH D )
AC[n]:|Al=M
5 Dea llhell?
= Mlog (14 P eA
Og( + Ag[n]:i}l{\:M M
]

_ _ _
M log (1 + nggn [ A )

Lemma B.2. For an arbitrary uplink user 1 < k <n, and arbitrary 1 <m < M
(1—exp{—e,/2p)""

P(keSy,) =

Proof.
P (k € Sn) =P (|6:7]* < €0, ¥r £ m)
2 <]
(

g

P (ls
1 —exp{— en/Z})
]

—
N

where (a) follows by the fact that the components of ®hy, are i.i.d. distributed because @ is
hi|” is x*(2) distributed.

unitary; and (b)
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Lemma B.3. For an arbitrary downlink user 1 < k < n, and arbitrary 1 < m < M,
P (ke Sy) =(1—exp{—e,/2})" "
Proof.

P(k € Sn)

=P (|¢thi)* < €0, Vr £ m; |hiy? < en, Vi€ T)

= Y P(T=A4)

AC[n]:|A|=M

P (Jgrhel* < e Vr #m; |l < en, Vi€ AT = A)

2N P(T=A4)

AC[n) Al=M
=P (|}hl” < e ¥r £ m; |hil” < €, V) € A)
—eT M-1
@ [IP’ ( ¢ihk}2 < En)] []p (|hk1|2 < E)]M

2 (1= exp {—e,/2))*"

where (a) follows by the fact that 7T is a function of {gz_ﬁ;"nl_zk}m’ .» and all links are independent,
and thus the event {T = A} is independent, (defining A to be an arbitrary subset of uplink
users s.t. ‘fl‘ = M); (b) follows because the components of ®h; are ii.d. distributed
and all links are independent; and (c) follows because both |¢pthg|” and |hy|® are x2(2)

distributed. N

Lemma B.4.

x

* 2 —Z\NGn
P (irelgidgzﬁmhﬂ < x| |Sm| > nqn> <(1-e2)

Proof.

.2
P (l?elgi lor hel” < @

|Sim| > nqn)
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= Z Z P —ASHSm' ann)
AAC[_

=[n(p—9)]
k

n:

P (max|¢fnhk|2 < x| |As|] > ngn, S = As)
CAs

& P (|Sm] = 51|Sm| > 1)

s=[ngn]
P *hel? < o=
(g&f\aﬁm wl” < @) [A S>
@P Wk A
< s| — n
< gé%\% kK" < 2| Al = ng

N

where (a) follows by the fact that the probability on the right-hand side does not depend on
A; as long as |Ag| is fixed, owing to the fact that the user channel vectors hy are i.i.d., and
since ®hy, ~ CN (0, I); (b) follows because the given probability is a monotonically decreasing
function of s; and (c) is because {|¢:nhk|2} are i.i.d. x?(2) distributed; O

Lemma B.5. Let X1,..., Xy be i.i.d. x*(2) distributed random variables. Then

]P’(max X; < 210gN—210glogN>

1<:i<

Proof.

P (glax X; <2log N — loglogN)

log N N
N

= (1 —exp{—1log N +loglog N})" = (1 _

= exp {Nlog <1 — lojng)}
log N log® N 1
o (o (52}
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Lemma B.6. Let Xi,..., Xy be i.i.d. x*(2M) distributed random variables. Then for N

sufficiently large,

P <1r£iz%>]<in > 2log N + (2M + 2)loglog N)

1
=0 (logN)

Proof. Chernoff bound for a x?(2M) random variable Z is given by

T

P(Z > )<( z 1m>M
x —e

- \2M ’
for x > 2M. Then, assuming N is large enough,

P(max X; >2log N + (2M + 2) loglogN)

1<i<N

=1 —P(max X; <2logN + (2M—|—2)loglogN)

1<i<N
=1—[P(X, <2log N + (2M + 2) loglog N)|"
=1—[1-P(X; >2log N + (2M + 2)loglog N)]

. 1 2log N + (2M + 2) loglog N
- 2M

N
2log N + (2M +2)loglog N\
expq1l— Wi

N
L (1  (2log N + (2M +2) loglogN)MeM>

2M)M NlogM+! N
S ex _(210gN+(2M+2)loglogN)M
(2M/e) 1ogM*t N
@ ( e )M (2log N + (2M + 2)loglog N)™
= \2M log"*t N
_(e)MO(logMN)_O 1
- \2Mm log™*' N 7 \log N
where (a) is by the inequality 1 — x < e™*. O

Lemma B.7. If N, — oo and ¢, — 0 as n — oo, then for i.i.d. x*(2) distributed

Xy ooy XN,

lim ]P’( max Xy >6n> =1.

n—00 1<k<N,
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The proof for Lemma B.7 is trivial and omitted here.
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APPENDIX C

Proofs for Chapter 4

C.1 Proof of Theorem 4.2

Proposition C.1. Let X;,i=1,...,n, be i.i.d. x*(2P) random variables. Then

P ( min X; > n_;P@Z)(QP)) =0 (e_”177> , for0 <~y <1

1<i<n

Proof. Using the Taylor series for the upper incomplete Gamma function, as x — 0,

CC2P

(2P)!

P(X;>z)=1- +O (2271

Therefore,

(IP’ (Xi > n—z%w(QP)»n
= (1 — n‘”)n =0 (e_"kW) .

P ( min X; > n—ﬁ»¢(2p)>

1<i<n

We will first derive a lower bound on SNRS?””, defined by

ij

coop 822]'1
1+ |uin Q) e

||9iJ

Using the fact that |u;;;(2)]° < 1 and 02, < 07, where 07 is the variance of ys,

2 2
SNR(-:?OP > Sijl _ Sijl
io=1 2 1 4 LR
llgi5112

Ilgi; I
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Next, since SU1 is the larger eigenvalue of the matrix H;;H;, using the closed form expressions

for the eigenvalues of 2 x 2 matrices,

1
2= (nmu? iy P 4y )+ 2\IhiH2thHQCOS<2@>)

151

!
> 5 (ill* + bl + [ [l * — {1 1*[) = maxc (||, by %) ,

where © = cos™! % is the angle between h; and h;, and the lower bound is obtained
i J

by setting cos (20) = —1. Using this lower bound in (C.1), we get
max ([hill®, 117 o IByI* o (bl*+ D llgsl®

SNR&” >
B v S v AR e L
ij
1
> 5 min (| g %) -

Therefore, to prove the first claim in Theorem 4.2, it is sufficient to prove that

1
P (m}\r[lmin (I, 19+ I7) > Mp (5 logn — 21oglogn)>
1€
=0 <e—log2 n+210gn> )
Define P, = {j : ||h;||* > Mp (2 logn — 2loglogn)}, and R,,(i) = {j € P, : ¢s; > n1}.
Proposition C.2. P (R, (i) = & for some i) = O (6—10g2 n+21ogn>,

Therefore, if R, (i) # @ for all i,

COO; 1

min

1 1 c
> 5 min min (Mp (5 logn — 2loglog n) ,n4||CijT(i)||2)

ieEN

1 1 c
=3 min (Mp (5 logn — 2log logn) ,nd Izrel}\l} HQﬁ(i)H2> ;

where j1(i) = arg max;jer,, () [SNRCOOP{ ¢ij, h;], and thus

1 1
(SNRCOOP < =Mp (ilogn — 210glogn) — 1' R.(i) # 2 W)

min 2

=0 <e_”1_7) ; (C.2)
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for all 0 < v < 1, by Proposition C.1, by the fact that ||¢;;]|? is a x*(2) random variable, and
that j7(:) is independent of ||¢;;]|2. Then (C.2), together with Proposition C.2 implies the

first claim of the theorem.

It remains to prove Proposition C.2. To achieve this, we will first lower bound the tail

probability P (|/h;||* > a). Define &, := sz—:” = i—ﬁk, E; =&, ... &p], and & = [§],

Letting E; = Q;A;Qj be an eigendecomposition of Ej,

2 2

Iy * = p = Mp

P P
> &ire(b5) D &xe(05)
k=1 k=1

»
= Mp(E;&)" (Bj&) = Mpg; (E1E;) & = Mp Y N (EIE;) (Qs&)), "

k=1

where \j, (EE;) is the kth eigenvalue of E*E;, and (Q;¢;), is the kth element of Q;¢;. Since
kazl Ak (EjE]) = tr (EjEJ) = P, there must exist a k, say k*, such that A\« (E;‘E]) > 1.
Hence,

P

Ihyl1* = Mp D> A (BiE)) [(Qig)il” > Mp|(Qigy),.|”

k=1

Since E; is independent from &;, and since the distributions of i.i.d. Gaussian vectors are

invariant under orthogonal transformations, |(Q;&;),.- |2 has the same distribution as || x||?

for an arbitrary k, i.e., x?(2) distribution, or equivalently, exponential distribution with mean
1. Therefore, the tail probability of ||h;||* can be lower bounded by P (||h;||? > Mpa) > e~

Hence,

P (|Pn] < (1-0)vn)
=P ( I <||hj||2 > Mp (%logn—ﬂoglogn)) < (1 —5)\/ﬁ>

Using the tail lower bound on ||h;||?, we see that each indicator variable is i.i.d. with mean

log® n

at least N Therefore, using Chernoff bound,

P (|P.] < (1=6)vnlog’n) <O <6_52ﬁ1°g2">
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Next, we consider the probability P (R, (1) = & ||P,| > (1 — §)y/nlog”n). Since the users
are uniformly distributed in a circle of radius R, P (r;; <) = ;—22 for sufficiently small » > 0,
and consequently P (¢;; > x) = %x_%. Since h; is independent from ¢,

P (R, (1) =[Py > (1 —8)v/nlog’n) = (1 - P (¢1; > ng))ummeg%

— n 10, 217,

Then, choosing § = @, and by using independence of channels across i’s,
P (Rn(l) 7& o VZ) — <1 —-0 <67(175)1og2 n) —-0 <€752\/ﬁ10g2 n))
=1=-0 <€flog2 n+210gn)
which concludes our proof of the first claim.

To prove the second claim, we note that

P 2

Z fi,ke(ei,k)

k=1

1hill* = p

P
< o> [&nl e8| = MpX,,
k=1

where X; ~ x?(2P). The second claim then follows by Proposition C.1.

C.2 Proof of Lemma B.4

Define a9 = D (ij)e ZS;EZ; Y kek 2sez Qskz, and consider the following sequence of opti-
mization problems, indexed by n (with a slight abuse of notation):
maximize U, (a) = Z Ui (a) — Z exp{n (a® 1)} (C.3)
ieN QReQ

s.t. Ak Z 07 Zaskz S P4z, Oskz = q; Zask:z’a VS, ka Z. (04)

We will denote the optimal value of the optimization (C.3) with OPT,,. Further consider the
corresponding sequence of scheduling policies ,, that choose s* = argmax,car2x (1,2} fn(s),
where

N . ou;, oU;
B (i i
HOREDS (E ko] 5, *a@]-)

(i7j7m)es

L DY (071 - (Cs)

Bi=B;(t=1) Q:512NQ#2

The empirical utility of the policy 7, up to time ¢ is denoted by U, (t).
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Proposition C.3. lim,_,., OPT, = OPT'.

Proof. We first show that for any € > 0, OPT,, > OPT’ — ¢ for large enough n. Consider the
optimization (4.12), with the condition (4.14) replaced by

a®<1+A,VQe€Q, (C.6)

and denote the optimal value of the resulting maximization as OPT®. By continuity of the

objective function, for any € > 0, there exists ¢ > 0 such that |OPT_6 — OPT‘ < 5. For such

€

2[Q["

§, choose n large enough so that e < Similarly, denote the maximal value of (C.3)

subject to (C.6) as OPTS. Then
OPT, > OPT.’ > OPT™* — % > OPT — .

Next, we show that for large enough n, OPT, < OPT' 4 ¢. Choose § > 0 small enough so

that |OPT® — OPT’| < ¢. Hence

OPT' 4 ¢ > OPT’ > OPT’.

Therefore it is sufficient to show that OPT,‘Z = OPT,, for large enough n. If we choose n large

enough so that

oU,, («)

o0 _ aUl (CY) nen(anl)
(6%

aQ>148 - 0a® aQ>1+6
iEN

< 0,

then concavity implies OPTfL = OPT,, since the derivative would have to be monotonically

decreasing with increasing a?. Such a choice of n is possible since ag;(g) o < 00,
a®=1+¢

similarly by concavity and twice continuous differentiability, which concludes the proof. [J

Proposition C.4. lim,,_,., U,(t) = U(t).

Proof. 1t is sufficient to show that for a given t, for a sufficiently large n, all the control
actions taken by policies 7w, and 7* up to time ¢ are identical. Note that since the sets IC,
Z and N are finite, for a finite ¢, there are finitely many values ayy.(t), and therefore f,(¢)

can take. Therefore we can choose n large enough so that
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1. For any 7 < t, if a?(7) > 1 for some Q, then

fs(T) —nexp {n (aQ — 1)} < fo(T)
for all subsets s such that s;o N Q # 9,

2. For each pair of subsets s, C N(t) x {1,2} such that f,(7) > fi(7) and a®(7) < 1 for
all @ s.t. s;oNQ # D and t1o NQ # O,
fs(t) —n Z exp{n (aQ(T) - 1)}
Q:512NQ#D

> fi(t) —n Z exp{n (a®(r) — 1)}.

Q:t12NQ#Y

Here, the first condition ensures that a subset that violates any of the clique constraints
is never scheduled, and the second condition ensures that for the subsets whose scheduling
does not violate any of the clique constraints, the order with respect to f is preserved, and
hence the subset that maximizes f remains the same. This is possible since for z > 0, e™*
can be made arbitrarily large, whereas for x < 0, it can be made arbitrarily small by scaling
n. For such n, all scheduling decisions of 7* and =, up to time ¢ are identical, and thus

Un(t) = U(t) for n sufficiently large. O

Proposition C.5. lim;_,, U,(t) = OPT,.

Proof. The proof uses Lyapunov optimization techniques from [BGT95, TG05]. We will
make use of the following theorem from [BGT95] to show the result.

Theorem C.1. Consider a stochastic sequence in RP satisfying the recursion

aft) = oft — 1) + 78(1),

and let {Fi}i>0 be a non-decreasing family of filtrations of the underlying o-algebra, such

that g(t) is Fi-measurable.

Assume the following are satisfied.
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1. There exists a compact set A C RP such that

tlim inf{|la(t) — ali : a € A} =0,
—00

2. There ezists K > 0 such that for all t, ||g(t)]) < K,

3. There exists a twice continuously differentable function V : RP — R such that
E [gT(t + 1)\.7-}} VV (a(t)) < =V (aft)),
where T represents vector transpose.
Then the function V in condition 3 satisfies lim_,, V (a(t))" = 0.

Consider the sequence of vectors a(t) = {ak.(t)}s k.-, whose entries satisfy the recursion
1
askz(t> = askz<t - 1) + ; (]IS(t):sHK(t):kHZ(t):z - askz(t - 1)) .

Note that the vector a(t) converges to the compact set defined by (4.13)—(4.14), by the first
claim of Theorem 4.4, and the entries of the corresponding update sequence g(t) in this case
is bounded by 1. Following the strategy of [TG05], we choose

Vi) =>_U; (Z SN RY.0k > Zza;m)

ieN s:i€s1 kEK 2€2 s:i€s2 kEK 2€Z

S ( SN S R e (), >3 askz(ﬂ)

ieN s:i€s1 kEK 2€Z s:1i€s2 kEK 2€2

> exp{n (-1} + Y exp{n(a(t)-1)},

QeQ QeQ
where o* is the solution to (C.3)!. Then, if we verify the third condition for this choice of

V', then the proof is concluded using Theorem C.1.

We first evaluate the terms in the left-hand side of the third condition.

E [go. (t + DIF] = E [Isern=sliesn=slz41)=21Fe] — aura(t) =

1Since (C.3) is the maximization of a continuous function over a compact set, the extreme values are
attained within the feasible set.
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Z E [Ts@s1)=slk@rn=ulzesn)—:| K (¢ +1) = b, Z(t + 1) = ¢, Fy] ppge — sz (t)
beK,ceZ

=E [Is@r1)=s| Kt + 1) =k, Z(t + 1) = 2, F] prg> — (1)
Prq> — askz(t)a if s = 5*7

—agr: (1), otherwise

where s* = arg maxze v+ 1)x{1,2} ﬁ(é’) Since a single entry of VV («(t)) is given by

t
b OV (a(t)
aC(skz( )
_ R . n(aQ(t)fl
Z skz 8r, ri=ri(t) 286 Bi=Pi(t nz Z ‘
i€sy i€ (1,5)€s12 Q:(1,)€Q

and the inner product on the left-hand side of the third condition can be expressed as

ke zeZ ke zeZ s

- _ ZEL [Dyerr] pr + Z Z Z Dz 0vg: (1)

ke kek zeZ s

SN S B Ders] e + 33D Dagcvars ()

keK zeZ s kek zeZ s

— Z Z Z Ep [Dser] gy, + Z Z Z Dapzorsi(t)

kek zeZ s kek zeZ s

— Z Z Z Z QZ’Dskz’a:kz + Z Z Z Dskzaskz (t)

kekK zeZ s 2'eZ keK zeZ s

@ _ Z Z Z Dgpzragy, + Z Z Z Dagz0tsia(1)

ke s zZ'eZ ke zeZ s

<YYo o) 2V el

kek s zeZ

where (a) follows by the third constraint in (C.4), and (b) follows by convexity. O
Finally, we can prove that U(t) — OPT’. Note that this is equivalent to the statement

lim lim U,(t) = lim lim U,(¢).

n—00 t—00 t—o00 n—o0
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Given € > 0, using Propositions C.3, C.4, and C.5, we can find sufficiently large n and ¢ such

that

U(t) — OPT| < |U(t) — Un(t)] + |Un(t) — OPT,| + |OPT, — OPT| < § + % i g —¢

which concludes the proof.

C.3 Proof of Theorem 4.1

Proof. The upper bound follows by the fact that Ry;;y0 is achievable. To prove the lower

bound, we first note that for any input convariance matrix Q,

, |5 [I+HQH'|

Ogp1 = = 5 C.7
N T D
and that K~ = diag (1,7), where n = }‘2 . Next, we lower bound Rymvo as follows.
2|1
lg1212
(a)
Ryimvio = log ‘Iz + K 'HQH*| > log |K_1 + K 'HQH*
> log [T, + HQH"| + log 7, (C.8)

To see why (a) holds, define P := K~! —1I,, and denote by Ay (A) the k’th largest eigenvalue
for a matrix A. Then by Weyl’s inequality, since n < 1,
A (P41, + KTTHQHY) < \(I, + KT'THQHY) + A (P)
= M(L + KT'HQH"),

which implies latter determinant in (C.8) is smaller. Next, note that 1 can be lower bounded

by

N

lg12]” ¢ 2 2
o if oo = |912|

2[1

n <

(C.9)

otherwise

LN

Then, combining (C.7), (C.8), and (C.9), we can show that Rymvo is lower bounded by

Rymvo > min {tf(%%illog ‘12 + HQH*‘ ,log (1 + Hh1H2) + log+ (’912‘2)} -1,
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where log™(z) := max (0,log(z)). We conclude the proof by noting that for any z > 0,
log*(z) > log(1 + x) — 1, and by the fact that the capacity C is upper bounded by the
cut-set bound [Ct79], given by

C < min {tr(rgy)éllog I, + HQH"|, log (1 + ||h1H2) + log (1 + |912’2)} )

C.4 Proofs of Lemmas 4.1 and 4.2

C.4.1 Proof of Lemma 4.2

For any n € N, let 7, be a feasible policy such that liminf, ,,, U™ (t) > OPT — % Then
by definition, there must exist T}, such that for ¢ > T,,, U™ (t) > OPT — 1. Consider the
sequence o™ (T,,), where U™ (t) = U (o™ (t)). Let the set of vectors a defined by (4.13) and
(4.14) be Y. Then strong law of large numbers, and the independence of (S(t), K(t)) from
Z(t) implies lim, . inf {||la — a™(7T},)|| : @« € Y} = 0. Therefore, there exists a sequence
{a,} € Y such that lim, , ||, — @™ (T},)|| = 0. Since ) is closed and bounded, it is
compact, and therefore «,, must have a subsequence, say «,,, that converges to a point
a* € Y, which implies

lim a™#(T,,) = a* € ).

k—o00

Since the function U is continuous, we have

OPT = lim U (o™ (T}, )) = U (lim Q™ (Tnk)) —U(a").

k—o0 k—o0

Since o* is in the feasible set ), it must be that OPT' > U (a*) = OPT.
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C.4.2 Proof of Lemma 4.1

Assume that there exists € > 0, ) € Q, such that for any N, there exists ¢ > N that satisfies
B5(t) > 1 + €. Note that

Bo(t) < t—BQ(t - 1)+ @HBQ(t 1)<1s (C.10)

with p = ming j)eq pij, where the upper bound is obtained by observing that the maximal
increase in f3;(t) is achieved when all flows (4,7) € @ are scheduled at slot ¢. Choosing
N = |Q| , there must exist ¢ > N s.t. 5(t) > 1+ €. Letting t* > N to be the smallest of
such mdlces, it must be that 35 (t* — 1) < 1, since otherwise the increment 35 (t) — 85(t — 1)

cannot be positive, by construction. But by (C.10) and by the choice of N,
. tr—1
Bo(t") <

which is a contradiction.

5Q(t —1)+ EH,B* t-n<1 < 1 +¢,

C.5 Utility Function with Relaying Cost

For an arbitrary &, let <F, E) solve the optimization (4.8) with Uj; (r;, 8;) = log(r;)+rlog(1—
Bi), where

- Z ZZRSﬂ)zO{Sk,u B@ = Z Zzaskz-

siEesy ke zeZ s:€sy ke zeZ

Note that here ag, has no time dependence and refers to a deterministic quantity, i.e., the
fraction of time for which S(t) = s, K(t) = k, Z(t) = z, throughout the (infinite) duration of
transmission. Then, for any feasible perturbation da that pushes the operating point from

<i", E) to (r,3), it must be that >,  dag. D, 8‘2U; < 0 by concavity, which, using the

facts

ry — ’7:7, = 5Ti = Z Z Riilg)zdask‘za 62 - EZ = 55@ = Z Z 5askz

s:1€81 (k,2)EKXZ si€sz (k,z)eKxZ

can be re-arranged into

TZ—TZ 1— 1—62)
Z <k Z 1_ (C.11)

i j 57,
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C.6 Proof of Theorem 4.3

Before we present the proof, we need several definitions.

Definition C.1. The chromatic number x(G) is the minimum number of colors needed to

color graph G.
Definition C.2. The clique number w(G) is the mazimum clique size in G.

Definition C.3. A perfect graph is a graph whose chromatic number equals its clique num-

ber, i.e., x(G) = w(G).

Definition C.4. A graph is chordal if, for every cycle of length larger than three, there is

an edge that is not part of the cycle, connecting two of the vertices of the cycle.

Given these definitions, we are ready for the proof. The results in [TE92] can be used to
show that the stability region of the constrained queueing network formed by the n users is

given by
A={B:D7'p € conv(II)}, (C.12)

where D is a diagonal matrix with p;; values on the diagonal (p;; > 0 without loss of
generality), conv(-) represents the convex hull of a set of vectors, and II is the set of incidence
vectors of the independent sets of G, i.e., a vector s whose elements are indexed by (7, j) is
contained in II if {(z’,j) D S3 ) = 1} is an independent set of G.2.

The set A as defined in (C.12) is known as the stable set polytope of the graph G.. The
exact characterization of A is not known in general [Reb08]. However, stable set polytopes of
perfect graphs can be completely described in terms of their maximal cliques, as characterized

in the following theorem.

2The boundary of the stability region is included in the set A for technical convenience. Note that this
does not change the supremum value in the optimization (4.7) since the objective function is continuous.
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Theorem C.2. [Chv75] Let Q be the set of maximal cliques of a perfect graph G. Then
the stable set polytope of G is the set of vectors x € [0, 1]V satisfying > veqTo <1 for all

Qe Q.

Therefore, to complete the proof, it is sufficient to show that there exists a polynomial-

time procedure that adds edges in G, such that the resulting graph G. is perfect?.

It is known that chordal graphs are perfect [Ber61], and any graph can be made into
a chordal one in polynomial time by inserting edges?. Further, the number of maximal
cliques in a chordal graph is upper bounded by the number of nodes (equal to n(n — 1) for
G.) [Gav74], and the maximal cliques of a chordal graph can be listed in polynomial time

[RS07], which concludes the proof.

3The fact that A (g}) C A (G.) follows directly from the fact that &. C &,

4For instance, one can iterate over the vertices, in each iteration connecting all the previously unvisited
neighbors of the current vertex to each other. It is easy to show that such a procedure outputs a chordal
graph.
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APPENDIX D

Proofs for Chapter 5

D.1 Proofs of Theorem 5.1 and Corollary 5.1

The proof is based on a variation of the proof of the main result in [PW15]; however, unlike

the proof therein, we make use of the properties of tight frames.

Fix a failure pattern A. We first note that since the rows of S form a tight frame,

STS = BI,,. Recalling that s/ is the ith row of .S,

nf
S1Sa= Z i85, = Z si5; — Z&SI
icA i=1 i¢A
=S7Ts— SZCSAC = pBI, — SLSAC. (D.1)
Denoting the minimum and maximum eigenvalues of a matrix by Apin(+) and Apax (<) respec-

tively, and using (D.1), any unit vector u satisfies

||SACU,

12> Ain (SheSac) = B8 — Amax (S1S4) - (D.2)

Defining e = 6 — 0*, we have

; IXel Y\ | o
10yl < (14 oA ) 10—l

by triangle inequality. Therefore

n(S; X,y;a) < <1 + ﬂ)2. (D.3)
ST | X0* =yl
For any 0 < ¢ < 3, consider
(a) SaeXell?
”X6H2 < H A €H

B B - )\max (S,ISA)
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) eTXTS1.Sac (X0 —y)
< =2
B = Amax (S154)
X (S]Sac — (8- 0)1) (X6 —y)
B = Amax (S154)
2(6 ) T T *
—ﬁ - X (X0 —vy)
(%) _QeTXT (SpeSac — (B—1c) 1) (X0 —y)
5 - >\max (SXSA)
el XT (SXSA — c[) (X0" —vy)
b — Amax (STSA)
@ X (575, —e1)|

—~
=

X0* —
2ol Ty
(6) 20XK (S S — i
0 Do (SaSa—el) o vgr oy,

B - )\max (SA,ISA)
where (a) follows by (D.2); (b) follows by re-arranging ||Sac (X6 — )|2 < [|S4c(X6* — )%,
which is true because of the optimality of 6 for the encoded problem; (c) follows by the

convex optimality condition
(XT(XO" —y).e) = (Vg(6),0 —67) > 0

(d) follows by (D.1); (e) follows by Cauchy-Schwarz inequality; and (f) follows by the defi-
nition of AXX and the fact that 6 is feasible, so e € K. This bound, together with (D.3),

implies Theorem 5.1 by minimizing over all possible choices of c.

To prove Corollary 5.1, first note that the bound is maximized when XK contains the
eigenvector of (SXS A —cl ) corresponding to the largest eigenvalue. Choose X to map an
arbitrary e € K to this eigenvector, which implies \XX (515, — ¢I) = A\pax(S1Sa — )

(recall that Ay.y refers to the maximum absolute value of the eigenvalues, hence equivalent

to operator norm for any symmetric matrix). Further choose ¢ = %)\maX(SATS ) to get

Wmax (S1Sa —cI)\
5 - )\max (SXSA)

1+ 2)\max (SXSA - %Ama)((SI:}rSA)[) ’
ﬁ - )\max (SXSA)

S.e) < mi 1
v(S;e) _Orgllclgﬁrg'm;( +

= Imax
|Al=e
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T 2
® max | 1+ A (SA SA)
|Al=e ﬁ - )\max (SXSA)

2
_ B
Tl (6 — Amas (SZSA)> |

where (g) follows by the fact that all eigenvalues of SZS 4 are between 0 and /\maX(Sj“SY 1)

and thus the absolute values of all eigenvalues of S}S4 — %)\max(SXS 4)I are upper bounded

by 3 Amax(S454).

D.2 Proof of Theorem 5.2

First we would like to bound ||SaS} — I.||,. Note that the (i, j)th element of 5457 is given
by (si,s;) for i # j, where s/ is the ith row of S4, and the diagonal of 545} — I, consists

of zeros. Since S is equiangular, Proposition 5.1 implies that |(s;, s;)| = nﬁﬁ__ll. Then by

Gershgorin circle theorem, all eigenvalues {\z} of S4S} — I, satisfy

el ﬁ _1
< 3 sl = ety 5
which, using the fact ¢ = "—nf implies,
e [nB(B—1)
19484 = L], < — .
Using triangle inequality,
e [nB(B—1)
[S4Sall, = |[SaSall, < 1+ — 1

nj

Plugging in this bound in Corollary 5.1 gives the desired result.

D.3 Proof of Theorem 5.3

Recall that by construction, 2n—1 = ¢ is a prime such that ¢ = 1 (mod 4). For any row index

1 < i < g, define (i) as the index of the node row i of S corresponds to, i.e., (i) := [+].
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Further define 7 : [2n] — [2n] to be a random permutation of the integers {1, ...,2n}, which
is uniform over each of the (2n)! realizations.

Let J; be the 0-1 indicator variable denoting whether node i is unavailable, (i.e., J; = 1
if and only if i € A), and J := {J;};-,. Given e, we assume J takes uniformly at random
one of the (’:) vector values consisting of e 1’s, and m — e 0’s. Note that J; and J; are not

independent for i # j.

Given a finite field IF;, a € F, is called a quadratic residue if there exists r € IF, such that

a =1? (mod ¢). Construct the matrix L € {—1,0,1}?"*?" such that

Lij =
where x is the quadratic residue character in F,, defined by
0, ifx=0,
x(z) =4 1, if 2 # 0 is a quadratic residue in F,,
—1, otherwise.
In the above definition, we have assumed that the (¢+ 1)th index corresponds to the isolated

node appended to the Paley graph.

Characters are important objects of study in analytic number theory (see, e.g., [Apol3]
for more information on characters). In particular, quadratic residue character y is a multi-

plicative character, satisfying the following properties, which can be easily verified:

2. For a,b e F,, x(a)x(b) = x(ab),

3. For a € F,, x(a) = x(a™).

Proposition D.1 ([Apol3]). Let q be an odd prime. The quadratic residue character x over
F, satisfies

> x(a) =0

aclky
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Define
L = [LijJutr(i) Intxi))] 1 ;
Note that the matrix

Vi (857~ 1)

is identical to the realization of L corresponding to J such that J; = 1 < i € A, up to

padding with zeroes. Therefore, they have the same spectrum and the problem reduces to

characterizing the expected spectral norm of L.

We will prove the following lemma.

Lemma D.1. Let a,b € F,. Then

Y x(a—a)x(b—x) = (—1+qlay)
z€Fy
Proof. The case a = b easily follows by the fact that
Zx(a—x a— 1) Zﬂa#_q—l
z€F, z€F,

If a # b, using properties of x(-),

> xla—z)x(b—z)= > x(a—z)x(b—=2)

z€Fq xF#a,b
= X - (@) = X (525
r#a,b r#a,b
—b\ (a
=) X ( . x>(=)Zx(y)(=)—x(1)=—1,
z#a,b y#0,1

which completes the proof. (a) follows because in F, every non-zero element has a unique

multiplicative inverse, hence the argument of the character will take every value except 0

(since © # a) and 1 (since a # b); (b) follows by Proposition D.1.

Now, consider

E [tr (L*)]
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== Z L2112L2213L1314L1411J (m( ce. Jn(ﬂ(i4))

.....

== Z LzlszzzszlguLzulE [Jn(ﬁ(zl)) cee Jn(w(m))] .

.....

Note that, since 7 is uniformly random, we have

(9) _ ey
E [Juain) - - Tutatian] = () < <_> :

m
s

where s is the number of unique elements in the tuple (i1, is,i3,44). Therefore

< > Z L2112 L1213Ll324LZ411

11 4eeylqt
{i1,i2,i3,i4}=s

=si<g>w<s>

where we have defined the inner sum as ¢(s). First, note that ¢(1) = 0 by the fact that this

tr L4

IIM»&

would require all 7; to be equal, and L; ;, = 0 by definition. Next, consider

¢<2) - Z L1112L22Z3L2314L1411

{i1,42,i3,i4 }=2

- Z LabLba abLba Z L4b - q q + )
a#b a#b
by the fact that L is symmetric and all the off-diagonal elements are 1. Then

9(3) = Z Liyiy Ligis Ligiy Ligiy

ISR 7'
{i1,i2,i3,i4}=3

= Z LabLbchbLba + Z LabLbaLacha

aFb a#b
aFc aF#c
b#c b#c
=3 L3L3+ Y LLL2 =2(q+1)q(g—1),
a#b a#b
aFc aF#c
b#c b#c

similarly by the symmetry and unit modulus of the elements of L. Now,

4
E : E : L1112L1213L7«314L7«411
s=1

.....
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=S (Z LL) (Z Lisi, L)

11,13

=dq Z]In*zg = q+1)

91,13

where the third equality follows by Lemma D.1 and the definition of L;;, which implies

q+1

Z Li;Lji = qlli—y.
j=1
The above results then imply

o(4) =¢*(q+1) —2(g+ Dg(g—1) —q(qg+1)

—q(g+1)(g—1).

Hence,

tr (L)

1= (4) oto

< > (i S 9)
4( >M+D

Then, defining A; to be the ith largest eigenvalue of L, for any a > 0,
P (max|)\i| > a) =P <max x|t > a4>

<P (Z P a4) — P (tr (L) > )

WE[er (2] _4(5) g+ 1’

Y

at - at

where (a) is by Markov inequality. Therefore, setting
3/4
a=c\2 (ﬁ) (g + 1)1 = V3 ()
m

for some constant ¢ > 0, using that for A uniformly random among all ( ) possible e failures,

1 _

>\max (SXSA) - /\max (SASX) =1+ ﬁ/\max (L> )
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we get
P (Amax (SiSa) >1+4c

which directly implies the result using Corollary 5.1.

D.4 Proof of Proposition 5.2

We will use the following result (slightly loosened and rephrased in our notation).
Lemma D.2 ([PW15], Lemma 1). For any ¢ > 0,

2
m——d”z>

X,y A) < [ 142
n(SWH ' Ys )_< + )\min (SXSA)

Using the results from [Sil85, Gem80], we know that

A ((Sm) 3 (Sm)a) = ( s1-0)+ 1)2

m

Main ((S) s (Si)a) = ( s(1-2) - 1)2,

almost surely as m — oco. Plugging these in Lemma D.2, and using ¢ =1+ (1 — %), we

get the desired result.

D.5 Proof of Theorem 5.4

Given an S, we will construct a data pair (X, y) so that the quantity

1X0 — y|)?
| X0 -yl

is maximized, where we choose (X,y) so that ||X6* — y||> > 0 by design, so the above is
well-defined.

To this end, let us first fix #*, and assume y = X6* + r, where 7' X = 0, by the

optimality condition. We can equivalently construct the pair (X, r). Then the relative error
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can be written as

xh— gz IX(0=0)+rl ) IX(0-0) 2

Xe =y~ P TP
., X (XTShSacX) ™ XTSL Sy — X607 _
7|12
X (XTS84 X) ™ XTS5 Sue (X6 + 1) — X072
17|12
X (XTS,LSACﬁ()‘Pl XTST.Ser|?
r

where (a) follows by the fact that r"X = 0, and (b) follows by plugging in the analytic
expression for § = (S’ACX)T (Sacy). Let S1.Sac = QTAQ be the eigendecomposition of
S1cSac, and define Z = QX and t = Qr, where we reduced the problem to constructing
(Z,t). Then

i -1
X6 — ylP* @, 19X (XTS4SacX) " XTSLSuer|?
X6 — yl|? 1Qr|?
. (ZTAZ)™ ZT At
[als

where (a) follows by the fact that ¢, norm is invariant under orthogonal transformations.
Note that since we require 7' X = 0, we have t' Z = 0. Therefore we set t = (I — ZZT)v,
where there is no constraint on v. Plugging in this value for ¢ and simplifying, and also using

the non-expansiveness of the projection, which implies ||v]|? > ||£||*, we have

sup 1X6 — y|?
Xy [ X0 =yl
1Z(ZTAZ) ™ ZT A|)2 = ||UTo|?
>sup |1+ 3
Zw Il

1Z(ZTAZ) " ZT Aw))?
= sup 5 ,
Zw o]
where U is a n X d matrix with orthonormal columns, whose columns span the column space

of Z. In the last equality, we have used the fact that U is orthogonal.

Now, note that we can assume, without loss of generality, Si.S4c is positive definite,

since otherwise we can construct (X, y) with unbounded error, by choosing columns of X in
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the eigenspace of S].S4c associated with zero eigenvalues. Therefore, we can assume A is
invertible. Define B = AY2Z, and P = B (BTB)_1 BT to be the projection matrix on the

range space of B. We pick an X such that

2 00 5
P=]0 P 0
2 00 5

where 0 is the O-vector and P is some other idempotent matrix of the appropriate size. Then

P is an appropriate projection matrix for the choice of B as

or 1

2 -1 -

B=|% ol, P:B(BTBT> BT
or 1

We additionally pick v = «[1,0,...,0]" for any scalar o. Then, denoting with \; the ith

largest eigenvalue in A,

1X6 — y|? |IA=/2B (BTB) ™" BTAY2y||2
Sup ——————— = sup
xy X0 =yll* ~ 5o [[o][?
2
PHARID Ve 1
e T
VAL

where r(54c) = YAt is the condition number of Sye.
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APPENDIX E

Proofs and Tables for Chapter 6

E.1 Proofs of Theorems 6.1 of 6.2

In the proofs, we will ignore the normalization constants on the objective functions for

brevity. We will assume the normalization —= is absorbed into the encoding matrix S4. Let

v
FA =194, (Xw, —y) |2 + M(w), and fA(w) == ||S4, (Xw —y)||2 + Ah(w), where we set

A = A,;. Let w; denote the solution to the effective “instantaneous” problem at iteration ¢,
i.e., Wi = argmin,, FAw).
Throughout this appendix, we will also denote
w* = argmin || Xw — y||* + M(w)
w

W = argmin ||S4 (Xw —y) ||> + Mh(w)

unless otherwise noted, where A is a fixed subset of [m].

E.1.1 Lemmas
Lemma E.1. If S satisfies (6.6) for any A C [m] with |A| > k, for any convex set C,

X — y||* < &7[[ Xw* -y,

1+€

1—e’

where Kk = W = argming .o [|Sa (Xw —y) ||, and w* = argmin, ¢ || Xw — y||?.
Proof. Define e = w — w* and note that

X0 —yl| = | Xw" —y + Xe|| < [[Xw" —yl| + || Xe]
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by triangle inequality, which implies

Xell ? | Xel ?
X —qyl|? < 1+—H Xw —ylP=(1+ ——"T— Xw* —yl|l?. (E.1

Now, for any ¢ > 0, consider

2 (a) TyvTaT .
1Xell? < |SaXell 2 Y X' S 94 (Xw* —y)
1—c¢ 1—c¢
TXT(SISy—cl) (Xw* — 2
:_26 ( ARPA c )< w y) o c eTXT(XU}*—y)
1—e¢ 1—ce¢

®) _QeTXT (S1Sa—cl) (Xw* —y)

- 1—c¢€

© |le"XT (el —S}S

2ol X =S ey

—€
@ eI —S}S
< 2@\]}(@0*_@/”“)@“,

1

where (a) follows by expanding and re-arranging ||S4 (X — )| < ||S4 (Xw* — y)||?, which
is true since w is the minimizer of this function; (b) follows by the fact that since w € C, e
represents a feasible direction of the constrained optimization, and thus the convex optimality
condition implies (V f(w*), 1w — w*) = e" X T (Xw* — y) > 0; (c) follows by Cauchy-Schwarz
inequality; and (d) follows by the definition of matrix norm.

Amax;)\min (

Since this is true for any ¢ > 0, we make the minimizing choice ¢ = where Apax

and A, represent the largest and smallest eigenvalues of S} Sy, respectively), which gives

HX€H < )\max - )\min < 2¢
| Xw—y| — Amin “1—€

Plugging this back in (E.1), we get the desired result. O]

Lemma E.2. If S satisfies (6.6) for any A C [m] with |A| > k,

f@) < K f(w?),

14€
1—e’

where Kk = W = argmin, ||Sa (Xw —y) ||*> + M(w), and w* = argmin,, | Xw — y||* +

Ah(w).
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Proof. Consider a fixed A; = A, and a corresponding
W = w; € argmin ||S4 (Xw —y) || + M(w)
Define

w(r) = argmin ||Sy (Xw —y) H2

w:Ah(w)<r

w*(r) = argmin || Xw — yl*.
w:Ah(w)<r

Finally, define
r* = arg min || Xw*(r) — y||* + .
Now, consider
f) = | Xab = y||* + M (w) = min (| Xab(r) = y[|* + )

< IXi(r) — gl +r L R Xu () — ol

< K2 ([|Xw (") =yl + ") = K2 f(w"),
which shows the desired result, where (a) follows by Lemma E.1, and by the fact that the
set {w : Ah(w) < r} is a convex set. O
Lemma E.3. If

Ty = P <5 (7 - P @)

for allt > 0, and for some 0 < v < 1, where w; € argmin,, EA, then

Flw) < ()’ ) + 52 ),

1+4€

where k = e
—€

Proof. Since for any w,

(L= o) [ Xw —y|* < (Xw —y)" S5 (Xw—y),
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we have

(1—e) fw) < fA(w).
Similarly f4(w) < (1+ €) f(w), and therefore, using the assumption of the theorem

(1 =) f(wer1) = (L+€) f(wf) <7 ((L+e€) flw) — (1 =€) f(wy)),

which can be re-arranged into the linear recursive inequality

Fwisn) < wyfy+ (5 — ) F (F2) S oy fw) + K2k — ) ().

where Kk = % and (a) follows by Lemma E.2. By considering such inequalities for 0 < 7 < ¢,

multiplying each by (k7)"” " and summing, we get
Flwe) < ()" flwo) + K%k = 7) f (W) Y (57)

< ()" ) + S ),

]

Lemma E.4. Under the assumptions of Theorem 6.2, fA(w) is (1 —¢) (u + \)-strongly

conver.

Proof. 1t is sufficient to show that the minimum eigenvalue of )?X)? A is bounded away from

zero. This can easily be shown by the fact that
W X1 X qu=u"X"S1SaXu>(1—e) || Xull>> (1 —€) pllul?,
for any unit vector u. m

Lemma E.5. Let M € RP*P be a symmetric positive definite matriz, with the condition
number (ratio of mazimum eigenvalue to the minimum eigenvalue) given by k. Then, for
any unit vector u,

u' Mu S 2\/k
|[Mul| = k+1
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Proof. We point out that this is a special case of Kantorovich inequality, but provide a

dedicated proof here for completeness.

Let M have the eigen-decomposition M = Q' DQ, where @ has orthonormal columns,
and D is a diagonal matrix with positive, decreasing entries dy > dy > - -+ > d,,, with g—l = K.
Let y = (Qu)OQ, where °2 denotes entry-wise square. Then the quantity we are interested in

can be represented as

Z?:l diyi

V Z?:1 d%yi’

which we would like to minimize subject to a simplex constraint 17y = 1. Using Lagrange

multipliers, it can be seen that the minimum is attained where y; = 14%»:’ Yn = 14 and
y; = 0 for i # 1,n. Plugging this back the objective, we get the desired result
u' Mu - 2k
|[Mul| = k+1
O
Proof of Lemma 1. Define 5,5 = S4,n4,_,. First note that
T TET & '
T, U= <X S, S [(Xwy —y) — (Xw—g — y)]) (wy — wy—1)
= (U}t — wt,1>—r XTS’tTStX (U} — U}tfl)
> O, (E.2)

by (5) Also consider

- T(xT578,x) (w, —
||7~t||2 (wy — wy—1) t Pt (wy — wy—1)

/r;rut ('LUt — wt_l)TXTgtTth ('UJt — wt_l)

Y

which implies

e ]l*

)y

ep < < (L+e)M,

again by (4). Now, setting j, =t — ¢ + ¢, consider the trace

BYy. uT BY rirl
tr (Bg“l)) =tr <Bt(e)) pp [ e N(g‘ L) 4 tr _{rf Je
U;Bt ujz r; ujz

J
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which implies tr (B;) < (1 +¢)M (o + d). It can also be shown (similar to [BNT16]) that

rlu,
det (Bt(éﬂ)) = det (Bt@> e

TRWO,
ujéBt uj,

T
— det (B§£)> . Tjg Wi ) HujeHQ
[z, | u;;Bt@ujé

0 Of
>
2 det <Bt ) 1+ M@ +4d)

which implies det (B;) > det (Bt(o)) <(1+€)J‘\>%> . Since B; > 0, its trace is bounded

above, and its determinant is bounded away from zero, there must exist 0 < ¢; < ¢ such

that

cl X By 2 el

E.1.2 Proof of Theorem 6.1

The proof of the first part of the theorem is a special case of the proof of Theorem 6.3 (with
A = 0, and the smooth regularizer incorporated into p(w)) and thus we omit this proof and

refer the reader to Appendix E.2. We prove the second part here.
Note that because of the condition in (6.6), we have
(1—€) =2 S1S4 2 (1+e)l,

(1—€) = SHSp = (1+e)l.

Using smoothness of the objective, and the choices d; = —V fA(w;)(w;) and oy = «, we have

~ ~ 1 L
fA (wt+1) — fA<'LUt) S OéVfA(wt)<1Ut)Tdt -+ §a2dtTXTSXSAth —+ 5062Hdt||2
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2¢(1-¢)

_(1)—M+LHVfA( wy)|?

2

@ A (1— () o
S—m(fA< >_fA(wt)>7

where (a) follows by strong convexity. Re-arranging this inequality, and using the definition

<o (1= DALY o

of v, we get

Jas = Fran < (7= Fra).

which, using Lemma E.3, implies the result.

E.1.3 Proof of Theorem 6.2

Since h(w) is constrained to be quadratic, we can absorb this term into the error term to get

min w —

S 0 X
w 0 I VI

Note that as long as S satisfies (6.6), the effective encoding matrix diag ([S, ]) also satisfies

the same. Therefore, without loss of generality we can ignore h(w), and assume
(W+ NI = X"X < (M+NI.

We also define A\jn = 1 — € and Ay = 1 + € for convenience. Using convexity and the

closed-form expression for the step size, we have

fA (th) — fA(wt) S OCtVfA(wt)Tdt + 2Oét dTXTS;‘rSAth

~ 2 ~
o (VfA(wt)Tdt> + (VfA(wt)Tdt> d] XTS}SaXd,
4] XTS)SpXd, 2 d)XTS)SpXd, d]XTSLSpXd,
_ (X7 (P*SiSa —2pSpSp) Xd (dvaA(wt))Q

2 (d XTS)SpXd;)? '

~ 2
@ _, (T (5550 —§S154) = (v A ()
(zTSBSDz)2 [ X d|[?
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T 7A 2 T 7A 2
(2) /\min - gAmaX (dt v‘f (wt)) (2) p )\min - g/\max (dt Vf (wt)>
=7F \2 X2 = M+ \2 ]2

min min

TA T TA 2
. (Amin—gAm) (VFA(w) BV FA(w))

M\ A, | BV A ) 2
< gy (P ) )
< Al (G e ) A0 (Pl - ()
= (M + igl(LlTe))c(l(f; e2)’ (F w0 = Flmy) = = =) (7% ) = F* ).

where (a) follows by defining z = %; (b) follows by (6.6); (c) follows by the assumption
that XX < (M + \)I; (d) follows by the definition of d;; (e) follows by Lemmas E.5 and
6.1; (f) follows by strong convexity of f (by Lemma E.4), which implies ||V f4(w,)|? >
2(n + A) <f(9t) — f(ﬁ;‘)), (g) follows by choosing p = /’\\;‘f;, and (h) follows using the

definition of 7.
Re-arranging the inequality, we obtain
Jay = Fr) <o (7= T an)

and hence applying first Lemma E.3, we get the desired result.

E.2 Proof of Theorem 6.3

Throughout this appendix, we will define p(w) = || Xw—yl|* and py(w) = 3]|Sa, (Xw —y) ||?

for convenience, where the normalization by /1 is absorbed into S4. We will omit the

normalization by n for brevity. Let us also define
w* = arg min p(w) + Ah(w)

to be the true solution of the optimization problem.

By M-smoothness of p(w),

M
plwesr) < pwy) + (Vp(wy), wepr — wy) + 7Hwt+1 — wy?
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M
< p(w*) = (Vp(wy), w* —wy) + (Vp(wy), w1 — wy) + 7Hwt+1 - wt||2

1
< p(w”) = (Vp(wp), w* — wy) + (Vp(we), wesr — wy) + %Hwtﬂ —wl*  (E3)

where the second line follows by convexity of p, and the third line follows since o < ﬁ Since
Wy = argmin,, E(w), by optimality conditions
~ 1
0 € Oh(wis1) + Vpe(wy) + - (wWes1 — wy) . (E.4)
Since h is convex, any subgradient g € Oh at w = wy; satisfies
h(w") = h(wisr) + (g, w" — W),

and therefore (E.4) implies

~ * 1 *
h(w?) 2 h(wier) = (VDi(we), 0" = wer) = = {Wesr = wy, 0" = wip). (E.5)

Combining (E.3) and (E.5),we have

f(wegr) < fw®) + (Vp(wi) — Vpi(wy), wipr — w*)
1

1
— a(wt — Wip1, W — Wig1) + ﬁ”wt —wiq|)?

= f(w*) + (Vp(ws) — Vpi(wr), wepr — w™)

1
+ o (llwel* = 2w/ w* + [Jw™|* + 2w/ w" = [[w[|* — [[wea]?)

2a
= f(w*) + (Vp(wi) — Vi (wp), w1 — w")
1
+ 5 (= | = s = w]?) (E.6)

— (Xwp1 — y)TA (Xwpr —y) + (Xw” — y)TA (Xw" —y)
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(
< e [Af (we) + 3 f(wer1) + 3f(w")],

where (a) if by convexity of p(w) and Jensen’s inequality, and the last line follows by non-

negativity of h. Plugging this back in (E.6),

(1= 30) f(wa) — def(we) < (1436) F(w) + 5 (e = 0l = s = w[P)

Adding this for t =1,..., (T — 1),

(1=7€) Y flwe) < (T —1) (14 3¢) f(w") + 4ef (wy)

t=1

+ 57 (lwo = wrll* = wr — w*%)

< T (14 86) F(") +def (o) + 5o —

Defining f, = %Zle flwy), and k = 152, we get

def (wp) + & lwy — w'|?

fr=nfw?) < (1—-7eT ’

which proves the first part of the theorem. To establish the second part of the theorem, note

that the convexity of h implies

h(wy) > h(wii1) + (g, wp — Wes1),
where g € Oh(w;41). By the optimality condition (E.4), this implies

- 1
h(we) > h(wirr) — (Vpe(wy), wy — wigr) + a||wt+1 — w||*.
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Combining this with the smoothness condition of p(w),
M 2
p(wisr) < plwe) + (Vp(we), wer — we) + 7”wt+1 — wy]
and using the fact that a < ﬁ, we have

flwie)  F(w) + (Tplu) = V) ws =) = 5w = we .

As in the previous analysis, we can show that
(Vp(we) = Vp(wy), wepr — wy) < €[7f(wy) + 3 f(we)],

and therefore

flwyr) <

E.3 Proof of Theorem 6.4

For an iterate vy, let w; := Sv;. Define the solution set S = argmin,, g(w), and w; = Ps (wy),
where Ps (+) is the projection operator onto the set S. Let v} be such that w; = STv}, which

always exists since S has full column rank.

We also define L' := L(1 + ¢), and ¢* = min,, g(w) = g(w;) for any ¢.
E.3.1 Lemmas
Lemma E.6. g(v) is L'-smooth.

Proof. For any u, v,

() = 9(STw) < g(ST0) + (Vg(5T0), 5T (u— ) + £ ST (u— )

(a) L(1
< g(8T0) + (59g(STv).u—v) + LLED o,
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—
=

L(1+e¢)

2 ||U - UH27

= g(v) +(Vg(v),u —v) +

where (a) follows from smoothness of g, and from (m,n, €)-BRIP property, and (b) is by the

chain rule of derivatives and the definition of g(v). Therefore g is L(1 + €)-smooth. O

Lemma E.7. For any t,

*

g" :=ming(v) = ming(w) =: ¢g*.
Proof. 1t is clear that
min §(v) = min g(S'v) > min g(w).

To show the other direction, set v* = S(STS) " tw*, where STS is invertible since S has full

column rank. Then g(w*) = g(v*) > min, §(v). O
Lemma E.8. If g is v-restricted-strongly convez, then
g(w) = g" = v|w —w|?,
where w* = Pg(w).
Proof. We follow the proof technique in [ZY13]. We have
1
g(w)=g" +/ (Vg(w* + 7(w — w")),w — w*)dr
0
"1
=g + / ;(Vg(w* + 7(w —w")), 7(w — w*))dr
0
"1
> g+ [ ore - utPar
0o T
=g" +v|w—w|?,

which is the desired result, where in the third line we used v-restricted strong convexity, and

the fact that
Ps(w* + 7(w —w*)) = w*,

for all 7 € [0, 1], since w* = Ps(w) is thr orthogonal projection. O

251



E.3.2 Proof of Theorem 6.4

Recall that the step for block ¢ at time ¢, A;, is defined by

A —aVig(v_y), ifie A
0, otherwise.

By smoothness and definition of A,
~ - - r
9(vi1) — g(ve) < (Vg(ve), Ar) + —HAtHZ

L/
= 3 (V) 8+ S aul?)

1E€EAL

1 L
=3 (- + S A1)

1€AL

- _ (é - E) 1A% (E.7)

Now, for any t,

9(or) = g < (Vg(v), vf —vr) = (SVg(STve), vf — i)

< [[Va(STu)|[ - |87 (W} —w)|| = [[Vg(STvo)|| - llw; — will, (E.8)

—
=

where (a) is due to Cauchy-Schwartz inequality. Using

S4,Vg(STv
A, = —aP, A g( t) ’
0
where P, is a block permutation matrix mapping {1,...,k} to the node indices in A;, we
have
A2 = a®Vg(STv,) TS PTPSAVg(STv) > (1—e)a? ||[Vg(STo)|*.  (E.9)

Because of (E.7), we have

(1) — g(ve) = g(wegr) — g(wy) <0,
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and hence w; is contained in the level set defined by the initial iterate for all ¢, i.e.,

wy € {w : g(w) < g(wp)} .

By the diameter assumption on this set, we have ||w; — wf|| < R for all ¢. Using this and

(E.9) in (E.8), we get
R 1
Go) — 7 < S —— A
B 7 <
Combining this with (E.7),

o) =00 < -5 (1= ) @) - 7"

Defining 7 := g(v;) — g%, and C := (1;)0‘ (1 — O‘TL/), this implies

2
Ty < m — Cmy.

Dividing both sides by mm;. 1, and noting that m,; < m due to (E.7),

1 1 7rt 1

< -C < -C
T Tg4+1 Tg+1 T4+1

Therefore

1 1

Tt 0
which implies

< 1
s .
T Lyt

Since g(w;) = g(STv;) = g(v;) by definition, and g* = §* by Lemma E.7, m, = g(w;) — ¢,

and therefore we have established the first part of the theorem.

To prove the second part, we make the additional assumption that g satisfies v-restricted-
strong convexity, which, through Lemma E.8, implies g(w) — ¢* > v|w — w*|]?, for w* =

Ps(w). Plugging in w = w; then gives the bound

1
lwe — wi|* < =
1%
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Using this bound as well as (E.9) in (E.8), we have

s AP

= v(l—ea2 "

Using (E.7), this gives

1 1 L\ !
mn<——— (=== (m—m),

“v(l—¢a?\a 2

which, defining ¢ = V(; (1- %)_1, results in

1—€)a
1 t
()
§

which shows the desired result.

E.4 Full Results of the Matrix Factorization Experiment

Tables E.1 and E.2 give the test and train RMSE for the Movielens 1-M recommendation
task, with a random 80/20 train/test split.
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uncoded | replication | gaussian | paley | hadamard
m=8, k=1
train RMSE | 0.804 0.783 0.781 0.775 0.779
test RMSE 0.898 0.889 0.877 | 0.873 0.874
runtime 1.60 1.76 2.24 1.82 1.82
m=8, k=4
train RMSE | 0.770 0.766 0.765 0.763 0.765
test RMSE 0.872 0.872 0.866 0.868 0.870
runtime 2.96 3.13 3.64 3.34 3.18
m=28,k=6
train RMSE | 0.762 0.760 0.762 0.758 0.760
test RMSE 0.866 0.871 0.864 0.860 0.864
runtime 5.11 4.59 5.70 5.90 5.33

Table E.1: Full results for Movielens 1-M, distributed over m = 8 nodes total. Runtime is
in hours. An uncoded scheme running full batch L-BFGS has a train/test RMSE of 0.756 /
0.861, and a runtime of 9.58 hours.

uncoded | replication | gaussian | paley | hadamard
m=24 k=3
train RMSE | 0.805 0.791 0.783 0.780 0.782
test RMSE 0.902 0.893 0.880 0.879 0.882
runtime 2.60 3.22 3.98 3.49 3.49
m=24, k=12
train RMSE | 0.770 0.764 0.767 | 0.764 0.765
test RMSE 0.872 0.870 0.866 | 0.868 0.868
runtime 4.24 4.38 4.92 4.50 4.61

Table E.2: Full results for Movielens 1-M, distributed over m = 24 nodes total. Runtime is
in hours. An uncoded scheme running full batch L-BFGS has a train/test RMSE of 0.757 /
0.862, and a runtime of 14.11 hours.
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