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Using (106.41 ± 0.86) × 106 ψ(3686) events collected with the BESIII detector at BEPCII, we
study for the first time the decay χcJ → η′K+K− (J = 1, 2), where η′ → γρ0 and η′ → ηπ+π−.
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A partial wave analysis in the covariant tensor amplitude formalism is performed for the decay
χc1 → η′K+K−. Intermediate processes χc1 → η′f0(980), χc1 → η′f0(1710), χc1 → η′f ′

2(1525) and
χc1 → K∗

0 (1430)
±K∓ (K∗

0 (1430)
±

→ η′K±) are observed with statistical significances larger than
5σ, and their branching fractions are measured.

PACS numbers: 13.25.Gv, 14.40.Be, 14.40.Df

I. INTRODUCTION

Exclusive heavy quarkonium decays provide an im-
portant laboratory for investigating perturbative Quan-
tum Chromodynamics (pQCD). Compared to J/ψ and
ψ(3686) decays, relatively little is known concerning χcJ
decays [1]. More experimental data on exclusive decays
of P -wave charmonia are important for a better under-
standing of the decay dynamics of the χcJ (J=0, 1, 2)
states, as well as testing QCD based calculations. Al-
though these χcJ states are not directly produced in e+e−

collisions, they are produced copiously in ψ(3686) E1
transitions, with branching fractions around 9% [1] each.
The large ψ(3686) data sample taken with the Beijing
Spectrometer (BESIII) located at the Beijing Electron-
Positron Collider (BEPCII) provides an opportunity for
a detailed study of χcJ decays.

QCD theory allows the existence of glueballs, and glue-
balls are expected to mix strongly with nearby conven-
tional qq̄ states [2]. For hadronic decays of the χc1, two-
gluon annihilation in pQCD is suppressed by the Landau-
Yang theorem [3] in the on-shell limit. As a result, the
annihilation is expected to be dominated by the pQCD
hair-pin diagram. The decay χc1 → PS, where P and S
denote a pseudoscalar and a scalar meson, respectively, is
expected to be sensitive to the quark contents of the final-
state scalar meson. And by tagging the quark contents
of the recoiling pseudo-scalar meson, the process can be
used in testing the glueball-qq mixing relations among
the scalar mesons S, i.e. f0(1370), f0(1500), f0(1710).
A detailed calculation can be found in Ref. [4].

The K∗
0 (1430) state is perhaps the least controversial

of the light scalar isobar mesons [1]. Its properties are
still interesting since it is highly related to the lineshape
of the controversial κ meson (Kπ S-wave scattering at
mass threshold) in various studies. Until now, K∗

0 (1430)
has been observed in K∗

0 (1430) → Kπ only, but it is also
expected to couple to η′K [5, 6]. The opening of the
η′K channel will affect its lineshape. χc1 → η′K+K− is
a promising channel to search for K∗

0 (1430) and study its
properties. The decays χc0,2 → K∗

0 (1430)K are forbid-
den by spin-parity conservation.

In this paper, we study the decay χcJ → η′K+K−

with η′ → γρ0 (mode I) and η′ → ηπ+π−, η → γγ
(mode II). Only results for χc1 and χc2 are given, be-
cause χc0 → η′K+K− is forbidden by spin-parity con-
servation. A partial wave analysis (PWA) in the covari-
ant tensor amplitude formalism is performed for the pro-
cess χc1, and results on intermediate processes involved

are given. For χc2 → η′K+K−, due to low statistics, a
simple PWA is performed, and the result is used to esti-
mate the event selection efficiency. The data sample used
in this analysis consists of 156.4 pb−1 of data taken at√
s = 3.686 GeV/c2 corresponding to (106.41±0.86)×106

ψ(3686) events [7].

II. DETECTOR AND MONTE-CARLO

SIMULATION

BESIII [8] is a general purpose detector at the BEPCII
accelerator for studies of hadron spectroscopy as well as
τ -charm physics [9]. The design peak luminosity of the
double-ring e+e− collider, BEPCII, is 1033 cm−2s−1 at
center-of-mass energy of 3.78 GeV. The BESIII detector
with a geometrical acceptance of 93% of 4π, consists of
the following main components: 1) a small-cell, helium-
based main drift chamber (MDC) with 43 layers, which
measures tracks of charged particles and provides a mea-
surement of the specific energy loss dE/dx. The average
single wire resolution is 135 µm, and the momentum res-
olution for 1 GeV/c charged particles in a 1 T magnetic
field is 0.5%; 2) an electromagnetic calorimeter (EMC)
consisting of 6240 CsI(Tl) crystals arranged in a cylin-
drical shape (barrel) plus two end-caps. For 1.0 GeV/c
photons, the energy resolution is 2.5% (5%) in the barrel
(endcaps), and the position resolution is 6 mm (9 mm) in
the barrel (end-caps); 3) a Time-Of-Flight system (TOF)
for particle identification (PID) composed of a barrel part
constructed of two layers with 88 pieces of 5 cm thick,
2.4 m long plastic scintillators in each layer, and two end-
caps with 48 fan-shaped, 5 cm thick, plastic scintillators
in each endcap. The time resolution is 80 ps (110 ps) in
the barrel (endcaps), corresponding to a K/π separation
by more than 2σ for momenta below about 1 GeV/c; 4)
a muon chamber system (MUC) consists of 1000 m2 of
Resistive Plate Chambers (RPC) arranged in 9 layers in
the barrel and 8 layers in the end-caps and incorporated
in the return iron yoke of the superconducting magnet.
The position resolution is about 2 cm.

The optimization of the event selection and the es-
timation of backgrounds are performed through Monte
Carlo (MC) simulation. The geant4-based simulation
software boost [10] includes the geometric and mate-
rial description of the BESIII detectors and the detector
response and digitization models, as well as the track-
ing of the detector running conditions and performance.
The production of the ψ(3686) resonance is simulated by
the MC event generator kkmc [11], while the decays are
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generated by evtgen [12] for known decay modes with
branching fractions being set to world average values [1],
and by lundcharm [13] for the remaining unknown de-
cays.

III. EVENT SELECTION

The final states of the sequential decay
ψ(3686) → γχcJ , χcJ → η′K+K− have the topologies
γγK+K−π+π− or γγγK+K−π+π− for η′ decay modes
I or II, respectively. Event candidates are required to
have four charged tracks and at least two (three) good
photons for mode I (II).

Charged tracks in the polar angle range | cos θ| < 0.93
are reconstructed from MDC hits. The closest point to
the beamline of each selected track should be within
±10 cm of the interaction point in the beam direc-
tion, and within 1 cm in the plane perpendicular to the
beam. The candidate events are required to have four
well reconstructed charged tracks with net charge zero.
TOF and dE/dx information is combined to form par-
ticle identification (PID) confidence levels for the π, K
and p hypotheses. Kaons are identified by requiring the
PID probability (Prob) to be Prob(K) > Prob(π) and
Prob(K) > Prob(p). Two identified kaons with opposite
charge are required. The other two charged tracks are
assumed to be pions.

Photon candidates are reconstructed by clustering sig-
nals in EMC crystals. The photon candidates in the bar-
rel (| cos θ| < 0.80) of the EMC are required to have at
least 25MeV total energy deposition, or in the endcap
(0.86 < | cos θ| < 0.92) at least 50MeV total energy depo-
sition, where θ is the polar angle of the shower. The pho-
ton candidates are further required to be isolated from all
charged tracks by an angle > 5◦ to suppress showers from
charged particles. Timing information from the EMC is
used to suppress electronic noise and energy deposition
unrelated to the event.

A four-constraint (4C) energy-momentum conserving
kinematic fit is applied to candidate events under the
γγ(γ)K+K−π+π− hypothesis. For events with more
than two (three) photon candidates, all of the possible
two (three) photon combinations are fitted, and the can-
didate combination with the minimum χ2

4C is selected,
and it is required that χ2

4C < 40 (50).

In the η′ decay mode I, the photon with the smaller
|M(γπ+π−) − M(η′)| is assigned as the photon from
η′ decay, and the other one is tagged as the pho-
ton from the radiative decay of ψ(3686). The mass
requirement |M(γγ) − M(π0)| > 15MeV/c2 is ap-
plied to remove backgrounds with π0 in the final
state. |M(π+π−)rec − M(J/ψ)| > 8MeV/c2 and
|M(γγ)rec −M(J/ψ)| > 22MeV/c2 are further used to
suppress backgrounds from ψ(3686) → π+π−J/ψ with
J/ψ → (γ/π0/γπ0)K+K−, as well as from ψ(3686) →

γχcJ → γγJ/ψ or ψ(3686) → (η/π0)J/ψ with J/ψ →
K+K−π+π−, where M(π+π−)rec and M(γγ)rec are the
recoil masses from the π+π− and γγ systems, respec-
tively. Figure 1(a) shows the invariant mass distribution
of π+π−, and a clear ρ0 signal is observed. For the η′

decay mode II, candidate events are rejected if any pair
of photons has |M(γγ)−M(π0)| < 20MeV/c2, in order
to suppress backgrounds with π0 in the final state. The η
candidate is selected as the photon pair whose invariant
mass is closest to the η mass [1]. The M(γγ) distribu-
tion, shown in Fig. 1(b), is fitted with the MC simulated
η signal shape plus a 3rd order polynomial background
function. |M(γγ) −M(η)| < 25MeV/c2 is required to
select the η signal.

After the above event selection, the invariant mass dis-
tributions of γπ+π− and of γγπ+π− in the two η′ decay
modes are shown in Fig. 2. The η′ signals are seen clearly,
and the distributions are fitted with the MC simulated
η′ signal shape plus a 3rd order polynomial function for
the background. |M(γπ+π−)−M(η′)| < 15MeV/c2 and
|M(ηπ+π−)−M(η′)| < 25MeV/c2 are used to select the
η′ signal in the two decay modes, respectively.

IV. BACKGROUND STUDIES

The scatter plots of the invariant mass of
γ(γ)π+π−K+K− versus that of γ(γ)π+π− are shown
in Fig. 3(a) (mode I) and Fig. 4(a) (mode II), re-
spectively. Two clusters of events in the χc1,2 and η′

signal regions, which arise from the signal processes of
ψ(3686) → γχc1,2, χc1,2 → η′K+K−, are clearly visible.
Clear χcJ bands are also observed outside the η′ signal
region.

Inclusive and exclusive MC studies are carried out
to investigate potential backgrounds. The dominant
backgrounds are found to be ψ(3686) → γχcJ , χcJ →
K+K−π+π−, (π0/γFSR)K

+K−π+π− for mode I or
χcJ → ηπ+π−K+K− (no η′ formed) for mode II. Also
for mode II, there are small contaminations from the de-
cays ψ(3686) → γχcJ , χcJ → π0π+π−K+K− and χcJ →
γJ/ψ with J/ψ → (γ/π0)π+π−K+K−. All these back-
grounds have exactly the same topology, or have one less
(more) photon than the signal process, but no η′ inter-
mediate state. They will produce peaking background in
the γ(γ)π+π−K+K− invariant mass distribution within
the χcJ region. The γ(γ)π+π−K+K− invariant mass
distributions of events with γ(γ)π+π− mass outside the
η′ signal region (|M(γπ+π−) − M(η′)| > 15MeV/c2,
|M(γγπ+π−) −M(η′)| > 25MeV/c2) for the two η′ de-
cay modes are shown in Fig. 3(b) and Fig. 4(b), respec-
tively. The distributions are fitted with the sum of three
Gaussian functions together with a 3rd order polyno-
mial function, which represent the peaking backgrounds
and non-peaking background, respectively. The peaking
background shape obtained here will be used in the fol-
lowing fit as the peaking background shape within the η′
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Figure 1: The invariant mass distributions of (a) π+π− in mode I, and (b) γγ in mode II. The arrows show the
η signal region.
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Figure 2: The invariant mass distributions of (a) γπ+π− in the decay mode I, and (b) γγπ+π− in the decay mode
II. The arrows show the η′ signal region.

signal range.

V. SIGNAL DETERMINATION

To determine the signal yields, a simultaneous un-
binned fit is performed on the γ(γ)K+K−π+π− invari-
ant mass distributions for candidate events within the
η′ signal and sideband regions, where the η′ sideband re-
gions are defined as 25MeV/c2 < |M(γπ+π−)−M(η′)| <
40MeV/c2 and 35MeV/c2 < M(γγπ+π−) − M(η′) <
85MeV/c2 for the two η′ decay modes, respectively. The
following formulas are used to fit the distributions in the
signals and sideband regions, respectively:

fsg(m) =

cJ=2
∑

cJ=1

Nsig
cJ × F sigcJ (m)⊗G(m,mi, σi)

+

i=2
∑

i=0

N bkg
i × F bkgi (m) +NBG

signal × FBG(m),

(1)

fsb(m) =

i=2
∑

i=0

αi ×N bkg
i × F bkgi (m)

+NBG
sideband × FBG(m),

(2)

where F sigcJ (m) represents the χcJ signal lineshape, which
is described by the MC simulated shape. G(m,mi, σi)
is a Gaussian function parameterizing the instrumental
resolution difference (σi) and mass offset (mi) between
data and MC simulation, with parameters free in the fit.
Since χc0 → η′K+K− is forbidden by spin-parity con-
servation, only the χc1,2 signals are considered in the fit.

F bkgi (m) is a Gaussian function for peaking backgrounds.
MC studies show that the peaking background shapes
do not depend on the γ(γ)π+π− invariant mass. In the

fit, the parameters of F bkgi (m) are identical for η′ sig-
nal and sideband regions, and are fixed to the fitting re-
sults from the candidate events with γ(γ)π+π− invariant
mass out of the η′ signal region (Fig. 3(b) and Fig. 4(b)).
FBG(m) represents the non-peaking background which is

parameterized as a 3rd order polynomial function. Nsig
cJ ,

N bkg
i , NBG

signal and N
BG
sideband are the numbers of χcJ sig-

nal events, peaking backgrounds in η′ signal region, and
non-peaking background in η′ signal or sideband region,
respectively, to be determined in the fit. αi is the ra-
tio of the number of peaking background events in the
η′ sideband region to that in the η′ signal region. The
magnitudes of αi are fixed in the fit and the values are
obtained by fitting the γ(γ)π+π− invariant mass distri-
butions. The detailed procedure to obtain the αi values
is described in the following.
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Figure 3: (color online) (a) The scatter plot of M(γπ+π−K+K−) versus M(γπ+π−). The two vertical lines show
the η′ signal region. (b) The γπ+π−K+K− invariant mass of events with M(γπ+π−) outside the η′ range in the
η′ decay mode I.
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Figure 4: (color online) (a) The scatter plot of M(γγπ+π−K+K−) versus M(γγπ+π−) distribution. The two
vertical lines show the η′ signal region. (b) The γγπ+π−K+K− invariant mass of events withM(γγπ+π−) outside
the η′ range in the η′ decay mode II.

Figure 5 (a), (b) show the γ(γ)π+π− invariant mass
distribution for events with γ(γ)π+π−K+K− mass
within the χc1 signal region for the two η′ decay modes,
respectively. The distributions within χc0 and χc2 sig-
nal region are similar. The χcJ (J=0, 1, 2) signal re-
gions are defined as |M(γπ+π−K+K−) − M(χc0)| <
30MeV/c2, |M(γπ+π−K+K−)−M(χc1)| < 15MeV/c2,
and |M(γπ+π−K+K−) − M(χc2)| < 16MeV/c2

for η′ decay mode I, and |M(γγπ+π−K+K−) −
M(χc0)| < 36MeV/c2, |M(γγπ+π−K+K−)−M(χc1)| <
18MeV/c2, and |M(γγπ+π−K+K−) − M(χc2)| <
18MeV/c2 for η′ decay mode II. The distributions are
fitted with a Gaussian function which represents the η′

signal together with a polynomial function which repre-
sents non η′ background. αi is the ratio of integrated
polynomial background function in the η′ sideband re-
gion to that in the η′ signal region. Here the background
includes both χcJ peaking background and non-peaking
background. Studies from MC simulation and real data
show that the χcJ peaking background and non-peaking
background have the same αi, and the extracted αi is
used in the previous simultaneous fit.

The γ(γ)π+π−K+K− invariant mass distributions of

candidate events in η′ signal and sideband regions for the
two η′ decay modes are shown in Figs. 6 and 7, respec-
tively. The simultaneous unbined fits are carried out to
determine the signal yields, and the results are summa-
rized in Table I.

VI. BRANCHING FRACTION

The branching fractions of χcJ → η′K+K− in the two
η′ decay modes are calculated according to:

B1(χcJ → η′K+K−) =

Nsig
cJ

Nψ(3686) × B(ψ(3686) → γχcJ)× B(η′ → γρ0)× ǫ1cJ
(3)
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Figure 5: (color online) The γ(γ)π+π− mass distribution within the χc1 region for (a) η′ decay mode I and (b)
η′ decay mode II. The band under the peak shows the η′ signal region, and the other bands show η′ sideband.
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Figure 6: (color online) Invariant mass distribution of γπ+π−K+K− for η′ decay mode I in (a) η′ signal region
and (b) η′ sideband region.

B2(χcJ → η′K+K−) =

Nsig
cJ

Nψ(3686) × B(ψ(3686) → γχcJ)

× 1

B(η′ → ηπ+π−)× B(η → γγ)× ǫ2cJ
(4)

where Nsig
cJ is the number of signal events extracted from

the simultaneous unbinned fit. Nψ(3686) is the number

of ψ(3686) events. B(ψ(3686) → γχcJ), B(η′ → γρ0),
B(η′ → ηπ+π−) and B(η → γγ) are branching fractions
from the PDG [1]. ǫ1cJ and ǫ2cJ are the detection effi-
ciencies for mode I and mode II, respectively. Detailed
studies in Sec. VIII show that abundant structures are
observed in the K+K− and η′K± invariant mass spec-
tra. To get the detection efficiencies properly, a partial
wave analysis (PWA) using covariant tensor amplitudes
is performed on the candidate events, and the detection
efficiencies are obtained from MC samples generated with
the differential cross section from the PWA results. The
detection efficiencies and the branching fractions (statis-
tical uncertainty only) are also shown in Table I.

VII. ESTIMATION OF SYSTEMATIC

UNCERTAINTIES

Several sources of systematic uncertainties are consid-
ered in the measurement of branching fractions. These
include the differences between data and MC simula-
tion for the tracking, PID, photon detection, kinematic
fit, fitting procedure and number of ψ(3686) events as
well as the uncertainties in intermediate resonance decay
branching fractions.

a. Tracking and PID The uncertainties from track-
ing and PID efficiency of the kaon are investigated us-
ing an almost background free control sample of J/ψ →
K0
SK

±π∓ from (225.2±2.8)×106 J/ψ decays [14]. Both
kaon tracking efficiency and PID efficiency are studied as
a function of transverse momentum and polar angle. The
data-MC simulation differences are estimated to be 1%
per track for the tracking efficiency and 2% [15] per track
for the PID efficiency. Therefore, 2% uncertainty for the
tracking efficiency and 4% uncertainty for the PID effi-
ciency are taken as the systematic uncertainties for two
kaons. The uncertainty for the pion tracking is inves-
tigated with high statistics, low background samples of
J/ψ → ρπ, J/ψ → pp̄π+π− and ψ(3686) → π+π−J/ψ
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Figure 7: (color online) Invariant mass distribution of γγπ+π−K+K− for the η′ decay mode II in (a) η′ signal
region and (b) η′ sideband region. The fraction of non-peaking background is very small so its line is invisible in
left plot.

Table I: Summary for the fit results, detection efficiencies and branching fractions (statistical uncertainty only).

Nsig
cJ Nbkg

i αi ǫ(%) B(χcJ → η′K+K−)(10−4)

χc0
η′ → γρ0 · · · 121± 11 0.977 ± 0.002 · · · · · ·

η′ → ηπ+π−
· · · 3± 2 1.7± 0.3 · · · · · ·

χc1
η′ → γρ0 388± 23 25± 7 0.984 ± 0.004 14.88 9.09 ± 0.54
η′ → ηπ+π− 141± 13 5± 2 1.3± 0.3 10.14 8.33 ± 0.77

χc2
η′ → γρ0 77± 13 36± 8 0.979 ± 0.003 15.38 1.84 ± 0.31
η′ → ηπ+π− 30± 6 2± 2 1.4± 0.4 9.25 2.05 ± 0.41

with J/ψ → l+l− events. The systematic uncertainty is
taken to be 1% per track [16], and 2% for two pions.

b. Photon detection efficiency The uncertainty due
to photon detection and reconstruction is 1% per pho-
ton [15]. This value is determined from studies us-
ing clean control samples, such as J/ψ → ρ0π0 and
e+e− → γγ. Therefore, uncertainties of 2% and 3% are
taken for photon detection efficiencies in the two η′ decay
modes, respectively.

c. Kinematic fit To investigate the systematic uncer-
tainty from the 4C kinematic fit, a clean control sample
of J/ψ → ηφ, η → π+π−π0, φ → K+K−, which has a
similar final state to those of this analysis, is selected.
A 4C kinematic fit is applied to the control sample, and
the corresponding efficiency is estimated from the ratio
of the number of events with and without the kinematic
fit. The difference of efficiency between data and MC
simulation, 3.3%, is taken as the systematic uncertainty.

d. Mass window requirements Several mass window
requirements are applied in the analysis. In mode I,
mass windows onM(γγ)rec andM(π+π−)rec are applied
to suppress backgrounds with J/ψ intermediate states,
M(γγ) requirements are used to remove backgrounds
with π0 in the final state, and an M(γπ+π−) require-
ment is used to determine the η′ signal. In mode II,
mass windows onM(γγ) are used to remove backgrounds
with π0 and to determine the η signal. An M(γγπ+π−)
mass window is used for the η′ signal. Different values of
these mass window requirements within 3σ ∼ 5σ (σ is the

corresponding mass resolution) have been used, and the
largest differences in the branching fractions are taken as
systematic uncertainties.

e. Fitting procedure As described above, the yields of
the χcJ signal events are derived from the simultaneous
unbinned fits to the invariant mass of γ(γ)K+K−π+π−

with γ(γ)π+π− invariant mass within the η′ signal and
sideband regions for the two η′ decay modes, respectively.
To evaluate the systematic uncertainty associated with
the fitting procedure, the following aspects have been
studied. 1) shape of non-peaking background: The un-
certainties due to the non-peaking background parame-
terization are estimated by the difference when we use a
2nd or 4th instead of a 3rd order background polynomial
function. 2) shape of peaking backgrounds: In the nom-
inal fit, shapes of peaking backgrounds are fixed to the
fitting results of events with γ(γ)π+π− mass outside the
η′ signal region (Fig. 3(b), Fig. 4(b)). Alternative shapes
of peaking background obtained from different γ(γ)π+π−

regions are used to constrain the shape of peaking back-
ground in the fit, and to estimate the corresponding sys-
tematic uncertainty. 3) fitting range: A series of fits
with different intervals on the γ(γ)K+K−π+π− invariant
mass spectrum are performed. 4) sideband range: The
candidate events with γ(γ)π+π− invariant mass within
the η′ sideband region are used to constrain the ampli-
tude of peaking backgrounds in the fits. The correspond-
ing systematic uncertainties are estimated with different
interval of sideband ranges with width from 1ση′ to 3ση′
(ση′ is the width of the nominal sideband range). 5) the
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normalization factor: The normalization factors αi are
varied within their uncertainties listed in Table I. The
systematic uncertainties of these aspects are taken as the
largest differences in the branching fractions to the nom-
inal result.

f. Detection efficiency As mentioned previously,
abundant structures are observed in both K+K− and
ηK± invariant mass spectra, respectively. A full PWA
is performed to estimate the detection efficiencies of the
χc1 signal, and the following two aspects are considered
to evaluate the detection efficiency uncertainties: 1) The
statistical uncertainties of PWA fit parameters (the mag-
nitudes and phases of partial waves), which are obtained
from the PWA results; 2) The uncertainties of input mass
and width of intermediate states [1]. For the χc2 signal,
a simple PWA is performed on the candidate events, and
the detection efficiency uncertainties are estimated by the
differences of PWA fitting with or without background
subtraction.

g. Other systematic uncertainties The number of
ψ(3686) events is determined from an inclusive analy-
sis of ψ(3686) hadronic events with an uncertainty of
0.8% [7]. The uncertainties due to the branching frac-
tions of ψ(3686) → γχcJ , η

′ → γρ0, η′ → ηπ+π− and
η → γγ are taken from PDG [1].

A summary of all the uncertainties is shown in Table II.
The total systematic uncertainty is obtained by summing
all individual contributions in quadrature.

The final branching fractions of χc1,2 → η′K+K− mea-
sured from the two η′ decay modes are listed in Table IX,
where the first uncertainties are statistical, and second
ones are systematic. The measured branching fractions
from the two η′ decay modes are consistent with each
other within their uncertainties. The measurements from
the two decay modes are, therefore, combined by consid-
ering the correlation of uncertainties between the two
measurements, the mean value and the uncertainty are
calculated with [17],

x± σ(x) =

∑

j(xj ·
∑

i ωij)
∑

i

∑

j ωij
±
√

1
∑

i

∑

j ωij
, (5)

where i and j are summed over all decay modes, ωij is
the element of the weight matrix W = V −1

x , and Vx is
the covariance error matrix calculated according to the
statistical uncertainties listed in Table I and the system-
atic uncertainties listed in Table II. When combining the
results of the two decay modes, the error matrix can be
calculated as

V =

(

σ2
1 + ǫ2fx

2
1 ǫ2fx1x2

ǫ2fx1x2 σ2
2 + ǫ2fx

2
2

)

, (6)

where σi is the independent absolute uncertainty (the
statistical uncertainty and all independent systematical
uncertainties added in quadrature) in the measurement
mode i, and ǫf is the common relative systematic uncer-
tainties between the two measurements (All the common

systematic uncertainties added in quadrature. The items
in Table. II with ′∗′ are common uncertainties, and the
other items are independent uncertainties). xi is the mea-
sured value given by mode i. Then the combined mean
value and combined uncertainty can be calculated as :

x =
x1σ

2
2 + x2σ

2
1

σ2
1 + σ2

2 + (x1 − x2)2ǫ2f
. (7)

σ2(x) =
σ2
1σ

2
2 + (x21σ

2
2 + x22σ

2
1)ǫ

2
f

σ2
1 + σ2

2 + (x1 − x2)2ǫ2f
. (8)

The calculated results are shown in Table IX.

VIII. PARTIAL WAVE ANALYSIS OF

χc1 → η′K+K−

As shown in Fig. 8, there are abundant structures ob-
served in the K+K− and η′K± invariant mass distribu-
tions. In theK+K− invariant mass spectrum, an f0(980)
is observed at K+K− threshold. There are also struc-
tures observed around 1.5GeV/c2 and 1.7GeV/c2. In
the η′K± invariant mass spectrum, a structure is ob-
served at threshold, which might be aK∗±

0 (1430) or other
excited kaon with different JP at around 1.4GeV/c2. To
study the sub-processes with different intermediate states
and to evaluate the detection efficiencies of the decay
χcJ → η′K+K− properly, a PWA is performed on χcJ
signal candidates with the combined data of the two η′

decay modes.

A. Decay amplitude and likelihood construction

In the PWA, the sub-processes with following sequen-
tial two-body decays are considered:

1. ψ(3686) → γ + χc1, χc1 → η′ + f0(X)/f2(X),
f0(X)/f2(X) → K+K−;

2. ψ(3686) → γ + χc1, χc1 → K∗±
X +K∓, K∗±

X →
η′K±;

The 2-body decay amplitudes are constructed in the co-
variant tensor formalism [18], and the radius of the cen-
trifugal barrier is set to be 1.0 fm. Due to limited statis-
tics in the fit, the lineshape of intermediate states, e.g.
f0(980), f0(1710), f

′
2(1525) and K∗±

X (1430) etc, are all
taken from the literature and fixed in the fit. The shape
of f0(980) is described with the Flatté formula [19]:

1

M2 − s− i(g1ρππ + g2ρKK)
, (9)

where s is the K+K− invariant mass-squared, and ρππ
and ρKK are Lorentz invariant phase space factors, g1,2
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Table II: Summary of systematic uncertainties (in %) for the branching fractions χc1,2 → η′K+K−. The items with ′
∗
′ are

common uncertainties of two η′ decay modes.

η′ → γρ0 η′ → ηπ+π−

Source χc1(%) χc2(%) χc1(%) χc2(%)
*Tracking efficiency 4.0 4.0 4.0 4.0
*Particle identification 4.0 4.0 4.0 4.0
*Photon detection efficiency 2.0 2.0 3.0 3.0
4C kinematic fit 3.3 3.3 3.3 3.3
Mass windows 0.8 12.5 2.6 3.9
Non-peaking background shape 1.6 0.0 0.7 3.0
Peaking background shape 3.4 5.2 1.0 0.0
Fit range 2.2 2.7 0.7 3.0
Sideband range 0.2 7.6 0.7 3.0
Normalization factor 0.0 0.1 1.1 3.3
Efficiency 0.4 2.7 0.7 4.6
*Number of ψ(3686) events 0.8 0.8 0.8 0.8
*B(ψ(3686) → γχcJ ) 4.3 3.9 4.3 3.9
B(η′ → γρ0/ηπ+π−) 2.0 2.0 1.6 1.6
B(η → γγ) - - 0.5 0.5
Total 9.5 18.0 9.2 12.0
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Figure 8: (color online) The invariant mass distributions of K+K− and η′K± within the χc1 mass range. (a)(b)
for the η′ decay mode I, and (c)(d) for the η′ decay mode II.
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are coupling constants to the corresponding final state,
and the parameters are fixed to values measured in
BESII [20]: M = 0.965GeV/c2, g1 = 0.165GeV2/c4,
and g2/g1 = 4.21. The f ′

2(1525) and f0(1710) are param-
eterized with the Breit-Wigner propagator with constant
width:

BW (s) =
1

M2
R − s− iMRΓR

, (10)

where MR and ΓR are the mass and width of the reso-
nances, respectively, and are fixed at PDG values [1]. The
excited kaon states at the η′K± invariant mass threshold
are parameterized with the Flatté formula:

1

M2 − s− i(g1ρKπ(s) + g2ρη′K(s))
, (11)

where s is the η′K invariant mass-squared, ρKπ and ρη′K
are Lorentz invariant phase space factors, g1,2 are cou-
pling constants to the corresponding final state. The pa-
rameters of K∗±

0 (1430) are fixed to values measured by

CLEO [5]: M = 1.4712GeV/c2, g1 = 0.2990GeV2/c4,
and g2 = 0.0529GeV2/c4.

The decay amplitude is constructed as follows [18] :

A =ψµ(m1)e
∗
ν(m2)A

µν

=ψµ(m1)e
∗
ν(m2)

j=1,2
∑

i

ΛijU
µν
ij ,

(12)

Λij = ρije
iφij (j = 1, 2, φi1 = φi2), (13)

Uµνij = BWχcJ
×BWi ×Aij(J

PC), (14)

where ψµ(m1) is the polarization vector of ψ(3686),
eν(m2) is the photon polarization vector, and Uµνij is the

amplitude of the ith state. For ψ(3686) → γ+χc1, χc1 →
η′+Xi / K

±+Xi, each intermediate state Xi will intro-
duce two independent amplitudes, which are identified by
the subscript j = 1, 2. The detailed formulas for Uµνij for

states with different JPC , which are the same as those for
ψ → γηπ+π−, can be found in reference [18]. ρij is the
magnitude and φij is the phase angle of the amplitude of
the i-th state. In the fit, the phase of the two amplitudes
of the same states are set to be same, φi1 = φi2. BWχcJ

and BWi are the propagators for χcJ and the interme-
diate states observed in the K+K− or η′K± invariant
mass spectra, respectively. Aij(J

PC) is the remaining
part that is dependent on the JPC of the intermediate
states. Since all the parameters in the propagators are
fixed in the fit, there are three free parameters (two mag-
nitudes and one phase) for each state in the fit. The total
differential cross section dσ/dφ is

dσ

dφ
=

1

2
×

2
∑

m1=1

2
∑

m2=1

ψµ(m1)e
∗
ν(m2)A

µνψ∗
µ′(m1)eν′(m2)A

∗µ′ν′

.

(15)

The relative magnitudes and phases of each sub-
process are determined by an unbinned maximum like-
lihood fit. The probability to observe the event char-
acterized by the measurement ξi is the differential cross
section normalized to unity:

P (ξi, α) =
ω(ξi, α)ǫ(ξi)

∫

dξiω(ξi, α)ǫ(ξi)
, (16)

where ω(ξi, α) ≡ (dσ
dφ

)i, α is a set of unknown parameters

to be determined in the fitting, and ǫ(ξi) is the detection
efficiency. The joint probability density for observing N
events in the data sample is:

L =
N
∏

i=1

P (ξi, α) =
N
∏

i=1

ω(ξi, α)ǫ(ξi)
∫

dξiω(ξi, α)ǫ(ξi)
. (17)

FUMILI [21] is used to optimize the fit parameters
to achieve the maximum likelihood value. Technically,
rather than maximizing L, S = − lnL is minimized, i.e.,

S = − lnL = −
N
∑

i=1

ln(
ω(ξi, α)

∫

dξiω(ξi, α)ǫ(ξi)
)−

N
∑

i=1

ln ǫ(ξi).

(18)
For a given data set, the second term is a constant and
has no impact on the relative changes of the S value.
In practice, the normalized integral

∫

dξiω(ξi, α)ǫ(ξi) is
evaluated by the PHSP MC samples. The details of the
PWA fit process are described in Ref. [22].

B. Background treatment

In this analysis, background contamination in the
signal region is estimated from events within differ-
ent sideband regions. The η′ signal region is de-
fined with the requirement (I) |M(γπ+π−) −M(η′)| <
15MeV/c2 for mode I, or |M(γγπ+π−) − M(η′)| <
25MeV/c2 for mode II. While the η′ sideband re-
gion is defined with the requirement (II) 20MeV/c2 <
|M(γπ+π−) − M(η′)| < 50MeV/c2 or 30MeV/c2 <
|M(γγπ+π−) − M(η′)| < 80MeV/c2, respectively.
The χc1 signal region is defined with the requirement
(III) |M(γπ+π−K+K−) − M(χc1)| < 15MeV/c2 or
|M(γγπ+π−K+K−)−M(χc1)| < 18MeV/c2 for the two
η′ decay modes, respectively. The χc1 sideband region is
defined with requirement (IV) 20MeV/c2 < M(χc1) −
M(γπ+π−K+K−) < 50MeV/c2 or 23MeV/c2 <
M(χc1) − M(γγπ+π−K+K−) < 59MeV/c2 for modes
I and II, respectively.

In the PWA, χc1 signal candidate events are selected
with requirements I and III (box 0 in Fig. 9). The first
category of background is the peaking γ(γ)π+π−K+K−

background in the χc1 region, which is mainly from decay
processes with the same final states, or with one more
(less) photon in the final state, but without an η′, the
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Figure 9: (color online) (a) The scatter plot of M(γπ+π+K+K−) versus M(γπ+π+) for mode I. (b) The scatter
plot ofM(γγπ+π+K+K−) versusM(γγπ+π+) for mode II. The plots here are the zoom-in subregions of Fig. 3(a)
and Fig. 4(a) around η′ and χcJ . The boxes defining the signal and sideband regions are described in the text.

non-η′ background. This category of background can be
estimated with events within the η′ sideband region with
requirements II and III (boxes 1 in Fig. 9). The second
category of background is the non-peaking background,
the non-χc1 background, which is mainly from direct
ψ(3686) radiative decay, ψ(3686) → γη′K+K−. This
background can be estimated with the events within the
χc1 sideband region with requirements I and IV (box 2 in
Fig. 9). There are also backgrounds from processes with-
out χc1 and η′ intermediate states, the non-η′ non-χc1
background, which can be estimated with events with
requirements II and IV (boxes 3 in Fig. 9). In the fit,
background contributions to the log likelihood are esti-
mated from the weighted events in the sideband regions,
and subtracted in the fit, as following:

S =Ssig − ωbkg1 × Sbkg1 − ωbkg2 × Sbkg2 + ωbkg3 × Sbkg3

=−
Nsig
∑

i=1

ln(
ω(ξki , α)

∫

dξiω(ξki , α)ǫ(ξi)
)

+ ωbkg1 ×
Nbkg1
∑

i=1

ln(
ω(ξki , α)

∫

dξiω(ξki , α)ǫ(ξi)
)

+ ωbkg2 ×
Nbkg2
∑

i=1

ln(
ω(ξki , α)

∫

dξiω(ξki , α)ǫ(ξi)
)

− ωbkg3 ×
Nbkg3
∑

i=1

ln(
ω(ξki , α)

∫

dξiω(ξki , α)ǫ(ξi)
),

(19)

where Nsig, Nbkg1, Nbkg2 and Nbkg3 are the numbers of
events in the signal regions, non-η′, non-χc1 and non-η′

non-χc1 sideband regions, respectively. The ωbkg1, ωbkg2,
and ωbkg3 are the normalization weights of events in dif-
ferent sideband regions, and are taken to be 0.5, 1.0, 0.5
in the fit, respectively. The sign before ωbkg3 is differ-
ent with ωbkg1 and ωbkg2 because the third category of
background is double counted in the first two categories
of background.

C. PWA procedure and result

To improve the sensitivity for each sub-process, a com-
bined fit on the candidate events of the two η′ decay
modes is carried out, and the combined log likelihood
value:

Stotal = S1 + S2 = − lnL1 − lnL2 (20)

is used to optimize the fit parameters. Here, S1 and S2

are the log likelihoods of the two decay modes, respec-
tively. In the fitting, two individual PHSP MC sam-
ples (ψ(3686) → γχc1, χc1 → η′K+K−, η′ → γρ0 or
η′ → ηπ+π−) are generated for the normalized integral
of the two η′ decay modes, respectively. Since the χcJ
signal is included in the MC samples, the propagator of
BWχcJ

in Eq. 14 is set to be unity in the fit.

Different combinations of states of f0,2(x), K
∗
0,1,2(x)

have been tested. Because of the limited statistics, only
the well established states in the PDG with statistical
significance larger than 5σ are included in the nomi-
nal result. Some different assumptions of the intermedi-
ate states are considered and will be described in detail
in section VIII E. Finally, only four intermediate states,
f0(980), f0(1710), f

′
2(1525) and K∗

0 (1430), are included
in the nominal result.

The M(K+K−) and M(γ(γ)π+π−K±) distributions
of data and the PWA fit projections, as well as the con-
tributions of individual sub-processes for the optimal so-
lution are shown in Fig. 8 for the two η′ decay modes.
The corresponding comparisons of angular distributions
θ(X − Y ), the polar angle of particle X in Y -helicity
frame, are shown in Fig. 10. The PWA fit projection is
the sum of the signal contribution of the best solution
and the backgrounds estimated with the events within
the sideband regions. The Dalitz plots of data and MC
projection from the best solution of the PWA for the two
η′ decays modes are shown in Fig. 11.

To determine goodness of the fit, a χ2 is calculated by
comparing data and the fit projection histograms, where
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Figure 10: (color online) Comparisons of angular distributions cosθ(γ − J/ψ), cosθ(K+
− K+K−), cosθ(K+

−

η′K+), cosθ(η′ − η′K+K−), (a, b, c, d) for the η′ decay mode I, (e, f, g, h) for the η′ decay mode II. The empty
histogram shows the global fit result combined with the background contribution. The filled histogram shows
background.
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Figure 11: Dalitz plots of M2(η′K+) versus M2(η′K−). (a)
of MC projections for the η′ decay mode I; (b) of data for the
η′ decay mode I; (c) of MC projections for the η′ decay mode
II; and (d) of data for the η′ decay mode II.

χ2 is defined as:

χ2 =

r
∑

i=1

(ni − vi)
2

vi
. (21)

Here ni and vi are the number of events for data and the

fit projections in the ith bin of each figure, respectively.
If vi of one bin is less than five, the bin is merged to the
neighboring bin with the smaller bin content. The cor-
responding χ2 and the number of bins of each mass and
angular distributions for the two η′ decay modes as well
as for the combined distributions are shown in Table III.
The values of χ2/(Nbin−1) of combined distributions are
between 0.67 and 1.52, indicating reasonable agreement
between data and the fit projection.

D. Partial Branching fraction measurements

To get the branching fractions of individual sub-
processes with sequential two-body decay, the cross sec-
tion fraction of the ith sub-process is calculated with MC
integral method:

Fi =

Nmc
∑

j=1

(
dσ

dφ
)ij/

Nmc
∑

j=1

(
dσ

dφ
)j . (22)

In practice, a large PHSP MC sample without any se-
lection requirements is used to calculate Fi, where (dσ

dφ
)ij

and (dσ
dφ

)j are the differential cross section of the ith sub-

process and the total differential cross section for the jth
MC event, and Nmc is the total number of MC events.

The statistical uncertainties of the magnitudes, phases
and Fi are estimated with a bootstrap method [23]. 300
new samples are formed by random sampling from the
original data set; each with equal size as the original.
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Table III: Goodness of fit check for the invariant mass and angular distributions.

Variable MK+K− Mη′K θγ−Jψ θK+−KK θK+−η′K+ θη′−η′K+K−

χ2 56.6 47.8 10.8 34.4 20.1 29.2
η′ → γρ0 Nbin 37 46 18 20 20 20

χ2/(Nbin − 1) 1.57 1.06 0.63 1.81 1.06 1.54
χ2 23.7 74.3 17.0 6.6 27.0 20.4

η′ → ηπ+π− Nbin 20 33 16 14 17 20
χ2/(Nbin − 1) 1.25 2.32 1.13 0.51 1.69 1.07

χ2 56.3 59.9 11.4 27.2 20.7 17.7
Combine Nbin 38 46 18 20 20 20

χ2/(Nbin − 1) 1.52 1.33 0.67 1.43 1.09 0.93

All the samples are subjected to the same analysis as
the original sample. The statistical uncertainties of the
magnitudes, phases and Fi are the standard deviations
of the corresponding distributions obtained and are listed
in Table. IV.

The partial branching fraction of the ith sub-process
is:

Bi = B(χcJ → η′K+K−)× Fi (23)

where B(χcJ → η′K+K−) is the average branching frac-
tion in Table IX. The corresponding statistical uncer-
tainty of Bi contains two parts: one is from the statis-
tical uncertainty of B(χcJ → η′K+K−) (σ1), and the
other part is from the statistical uncertainty of Fi (σ2).

σ1 = σ(B(χcJ → η′K+K−))× Fi,

σ2 = B(χcJ → η′K+K−)× σ(Fi),
(24)

The statistical uncertainty of B(χcJ → η′K+K−) is cal-
culated with a weighted χ2 method:

σ(B(χcJ → η′K+K−)) =

√

σ2
s1σ

2
s2

σ2
s1 + σ2

s2

, (25)

where σs1 and σs2 are the statistical uncertainties given
by the two decay modes listed in Table IX. Finally the
total statistical uncertainty of the ith sub-process is:

σ(Bi) =
√

σ2
1 + σ2

2 . (26)

The results of cross section fraction Fi and the partial
branching fractions of individual sub-processes as well as
the two independent magnitudes and phase of each state
of the baseline fit are shown in Table IV, where only
statistical uncertainties are listed.

E. Checks for the best solution

Various alternative PWA fits with different assump-
tions are carried out to check the reliability of the re-
sults. To get the statistical significance of individual

sub-processes, alternative fits with dropping one given
sub-process are performed. The changes of log likelihood
value ∆S and of the number of degrees of freedom ∆ndof
as well as the corresponding statistical significance are
listed in Table V. Each sub-process has a statistical sig-
nificance larger than 5σ.

To determine the spin-parity of each intermediate
state, alternative fits with different spin-parity hypothe-
ses of the K∗±

X (1430), fX(1710) and fX(1525) are per-

formed. If JP of K∗±
X (1430) is replaced with 1− or 2+,

the log likelihood value is increased by 35 or 99, respec-
tively. If JPC of fX(1525) is replaced with 0++, the
log likelihood value is increased by 12, while it increases
by 7.4 when using the mass and width of the f0(1500)
in the fit. If JPC of fX(1710) is replaced with 2++,
the log likelihood value is improved by 1.3, so there is
some ambiguity for the JPC of the fX(1710) due to
small statistics. Since there is no known meson with
JPC = 2++ around 1.7GeV/c2 in PDG, the structure
around 1.7GeV/c2 in K+K− invariant mass is assigned
to be f0(1710) in the analysis. In the above tests, the
mass and width of each intermediate states are fixed
to PDG values in the fit [1]. If we scan the mass and
width of all the states,M(fX(1710)) ⋍ 1.705GeV/c2 and
Γ(fX(1710)) ⋍ 0.1331GeV/c2, which agree well with the
PDG values, and the spin-parity of fX(1710) favors 0

++

over 2++ with log likelihood value improved by 11.

To check the contributions from other possible sub-
processes, alternative fits with additional known mesons
listed in the PDG are carried out. Under spin-parity
constraints, the intermediate mesons f2(1270), f0(1370),
f0(1500), f2(1910), f2(1950), f2(2010), f0(2020),
f0(2100), and f2(2150) decaying to K+K−, as well as
K∗

1 (1410), K
∗
2 (1430) and K∗

1 (1680) decaying to η′K±

are included in the fit individually, and the masses and
widths of these intermediate states are fixed to values
in the PDG. For f0(1370), there is no average value
in PDG, so its mass and width are fixed to the mid-
dle value of the PDG range, M = 1.35GeV/c2, Γ =
0.35GeV/c2. To investigate the contribution from the
direct χc1 → η′K+K− decay (PHSP), two fits with dif-
ferent PHSP approximations are carried out, where the
first assumes that theK+K− system is a very broad state
with JPC = 0++, and the other assumes that the η′K±
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Table IV: The fitted magnitudes, phases, fractions and the corresponding partial branching fractions of individual processes in
the nominal fit (statistical uncertainties only).

Process
Magnitude Magnitude Phase Fraction Partial Branching Fraction

ρi1 ρi2 φi1 = φi2 (rad) Fi (%) B(10−4)
χc1 → K∗

0
(1430)±K∓,K∗

0
(1430)± → η′K± 1 (Fixed) 0.13± 0.11 0 (Fixed) 73.26 ± 5.03 6.41± 0.57

χc1 → η′f0(980), f0(980) → K+K− 0.77 ± 0.11 0.12± 0.16 5.50 ± 0.28 18.90 ± 5.26 1.65± 0.47
χc1 → η′f0(1710), f0(1710) → K+K− 0.88 ± 0.20 0.03± 0.30 0.96 ± 0.18 8.11± 2.43 0.71± 0.22
χc1 → η′f ′

2(1525), f
′
2(1525) → K+K− −0.17 ± 0.03 0.01± 0.05 6.02 ± 0.21 10.50 ± 2.63 0.92± 0.23

Table V: Change in the log likelihood value ∆S , associated change of degrees of freedom ∆ndof , and statistical significance if
a process is dropped from the fit.

Process χc1 → K∗
0 (1430)K χc1 → f0(980)η

′ χc1 → f0(1710)η
′ χc1 → f ′

2(1525)η
′

∆S 323 89.7 22.8 33.2
∆ndof 3 3 3 3

Significance ≫ 8σ ≫ 8σ 6.2σ 7.6σ

system is a very broad state with JP = 0+. The like-
lihood value change ∆S, the number of freedom change
∆ndof as well as the corresponding significance of var-
ious additional sub-process are summarized in Table VI
and Table VII. The sub-processes with intermediate state
of f0(2100), K

∗
2 (1430) and K∗

1 (1680) have significances
larger than 5σ. f0(2020) has a significance of 4.9σ. There
might be some f0 states around 2.1GeV/c2, but they are
not as well established as f0(1710) and f ′

2(1525), and
it is impossible to tell which might be here. Because
they are far from f0(1710) and should have little inter-
ference with other resonances, we did not include any f0
state around 2.1GeV/c2 in nominal result. Their pos-
sible influence will be considered in the systematic un-
certainty. For K∗

2 (1430) and K
∗
1 (1680), the large signif-

icance mainly comes from the imperfect fit to real data
with the K∗

0 (1430) lineshape cited. If we scan the mass
and width of intermediate states in the fit instead of fix-
ing them, the fit result agrees better with data and the
significances of the K∗

2 (1430) andK
∗
1 (1680) are only 0.6σ

and 3.4σ, respectively. It is therefore difficult to confirm
the existence of K∗

2 (1430) and K∗
1 (1680) decays to Kη′

with the available data, and these sub-processes are not
included in the nominal solution. The influence on the
measurement of these states is considered in the system-
atic uncertainty. The fit results obtained using resonance
parameters from the mass and width scans are also taken
into account in the systematic uncertainty.

F. The systematic uncertainty

Several sources of systematic uncertainty are consid-
ered in determination of the individual partial branching
fractions:

a. The value of the centrifugal barrier R In the fit,
centrifugal barrier R is 1.0 fm. Alternative PWA fits with

R varied from 0.1 fm to 1.5 fm are performed. The dif-
ferences of partial branching fractions from the nominal
results are taken as the systematic uncertainties from the
centrifugal barrier.

b. The uncertainty from additional states As men-
tioned above, there are possible contributions from other
sub-processes with different intermediate states in χc1 →
η′K+K− decay. Several alternative fits including known
states listed in the PDG and the two different approxima-
tion of PHSP are carried out, and the largest differences
of partial branching fractions are taken as the systematic
uncertainties.

c. The shape of K∗
0 (1430) Because K∗

0 (1430) is at
the η′K± threshold, the Flatté formula (Eq. 11) is used
to parameterize the shape of K∗

0 (1430) in nominal fit. A
PWA with an alternative Flatté formula:

f(s) =
1

M2 − s− iMΓ(s)
,

Γ(s) =
s− sA
M2 − sA

· g21 · ρKπ(s) +
s− sA
M2 − sA

· g22 · ρKη′(s),
(27)

for K∗
0 (1430) is performed. Here M = 1.517GeV/c2,

the Adler zero SA = m2
K −m2

π/2 ≃ 0.23GeV2/c4, g21 =
0.353GeV/c2, and g22/g

2
1 = 1.15, are from Ref. [6]. As

mentioned at the end of section VIII E, the fit result using
resonance parameters from the mass and width scans are
also considered. The largest differences of the partial
branching fractions to the nominal values are taken as the
systematic uncertainties associated with the K∗

0 (1430)
parameterization.

d. The mass and width uncertainties of intermediate
states As mentioned in section VIII A , the mass and
width of intermediate states, i.e. f0(1710), f

′
2(1525) and

K∗
0 (1430) are fixed to the values in the PDG or in the

corresponding literature. PWA fits with changes in the
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Table VI: The change of log likelihood value ∆S , of the number of freedom ∆ndof and the corresponding significance with
additional processes on K+K− invariant mass spectrum, where PHSP1 represent for PHSP with K+K− broad states.

Add. res. f2(1270) f0(1370) f0(1500) f2(1910) f2(1950) f2(2010) f0(2020) f0(2100) f2(2150) PHSP1

∆S 6.0 10.2 6.7 5.0 5.9 5.1 15.4 18.0 7.3 15.0
∆ndof 3 3 3 3 3 3 3 3 3 3

Significance 2.7σ 3.8σ 2.9σ 2.4σ 2.6σ 2.4σ 4.9σ 5.4σ 3.1σ 4.8σ

Table VII: The change of log likelihood value ∆S , of the number of freedom ∆ndof and the corresponding significance with
additional processes on η′K invariant mass spectrum, where PHSP2 represent for PHSP with η′K broad states.

Add. res. K∗
1 (1410) K

∗
2 (1430) K

∗
1 (1680) PHSP2

∆S 11.1 27.6 19 15.0
∆ndof 3 3 3 3

Significance 4.0σ 6.8σ 5.7σ 4.8σ

masses and widthes of intermediate states by 1σ are per-
formed individually. The largest differences on the par-
tial branching fractions are taken as the systematic un-
certainties.

e. Background uncertainty To estimate the system-
atic uncertainty from background, alternative intervals
of sideband regions are defined, and the PWA fit is re-
done. The differences to the nominal partial branching
fractions are taken as the systematic uncertainties.

f. The uncertainty from B(χc1 → η′K+K−) Be-
cause the total branching fraction B(χcJ → η′K+K−) is
used to calculate the individual partial branching frac-
tions of intermediate states, the systematic uncertainty
of B(χcJ → η′K+K−), 0.75× 10−4, must be included.

A summary of the partial branching fraction system-
atic uncertainties for individual sub-processes are shown
in Table VIII. The total systematic uncertainties are ob-
tained by adding the individual contributions in quadra-
ture.

IX. PWA FOR χc2

Fig. 12 shows the M(K+K−) and M(γ(γ)π+π−K±)
distributions after the χc2 mass window requirement:
|M(γπ+π−K+K−) − M(χc2)| < 16MeV/c2 for mode
I and |M(γγπ+π−K+K−) −M(χc2)| < 18MeV/c2 for
mode II. There is a small structure around 1.5GeV/c2

and a very wide structure around 2.3GeV/c2 in the
K+K− invariant mass spectrum. No obvious structure
is observed in the η′K± invariant mass spectrum. From
spin-parity conservation, the decays χc2 → f0η

′ and
χc2 → K∗±

0 K∓ are forbidden. A possible process is
χc2 → f2η

′. Since there are few events and the back-
ground is about 50%, estimated by fitting of η′K+K−

invariant mass distribution, a simple simultaneous PWA
fit is performed on the candidate events of the two η′ de-
cay modes. No intermediate state results are given; the

PWA is only used to generate MC samples to determine
the detection efficiency of χc2 → η′K+K−.

In the PWA, only f ′
2(1525) and f2(2300) states in the

K+K− invariant mass distribution are considered. The
mass and width of f ′

2(1525) are fixed to PDG values [1].
The mass and width of f2(2300) are about 2.323GeV/c2

and 0.183GeV/c2 from a rough scan. The PWA fit with
or without background subtraction is performed, where
the background is estimated from the η′ sideband events.
The difference of detection efficiency given for the two
cases is taken as systematic uncertainty when measuring
B(χc2 → η′K+K−).

X. SUMMARY

Based on a sample of (106.41 ± 0.86) × 106 ψ(3686)
events collected with the BESIII detector, the branch-
ing fractions of χc1,2 → η′K+K− are measured with
η′ → γρ0 and η′ → ηπ+π−. The measured branching
fractions are summarized in Table IX. Abundant struc-
tures on theK+K− and η′K± invariant mass spectra are
observed for χc1 candidate events, and a simultaneous
PWA with covariant tensor amplitudes is performed for
the two η′ decay modes. The partial branching fractions
of χc1 decay processes with intermediate states f0(980),
f0(1710), f

′
2(1525) and K

∗
0 (1430) are measured and sum-

marized in the Table IX. All of these branching fractions
are measured for the first time. As mentioned in the in-
troduction, the results can be used to constrain glueball-
qq mixing schemes for scalar mesons. However, both the
theory in reference [4] and our measurement result has
large uncertainty. Our result can not distinguish between
the mixing schemes. The decay K∗

0 (1430)
± → η′K± is

observed for the first time.
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Table VIII: Summary for systematic uncertainties of partial branching fraction of intermediate states (in %).

K∗
0 (1430) f0(980) f0(1710) f ′

2(1525)

The R Value +2.0
−9.1

+12.6
−12.0

+18.0
−23.6

+12.9
−28.0

The additional states +22.2
−40.4

+58.7
−25.7

+93.1
−54.2

+51.6
−39.8

The shape of K∗
0 (1430)

+22.2
−0

+52.1
−0

+0

−26.4
+26.1
−0

The background +0

−0.2
+0

−16.7
+0

−15.5
+0

−23.9

Mass&width uncertainty on PDG +1.4
−0.9

+4.8
−1.8

+4.2
−4.2

+2.2
−1.1

B(χcJ → η′K+K−) +8.6
−8.6

+8.6
−8.6

+8.6
−8.6

+8.6
−8.6

Total +32.6
−42.3

+80.1
−34.1

+95.3
−67.3

+59.9
−54.9
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Figure 12: (color online) The invariant mass distributions of K+K− and γ(γ)π+π−K± for events within the χc2
selection range. (a)(b) for the η′ decay mode I, and (c)(d) for the η′ decay mode II.
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Table IX: The branching fractions of χc1,2 → η′K+K− and partial branching fractions of χc1 decay to intermediate states.
The first uncertainties are statistical, and the second are systematic. For the average branching fraction, the uncertainty is the
combined uncertainty.

Process B(×10−4)

B(χc1 → η′K+K−)
η′ → γρ0 9.09± 0.54 ± 0.86

η′ → ηπ+π− 8.33± 0.77 ± 0.77
average 8.75± 0.87

B(χc2 → η′K+K−)
η′ → γρ0 1.84± 0.31 ± 0.33

η′ → ηπ+π− 2.05± 0.41 ± 0.25
average 1.94± 0.34

χc1 → K∗
0
(1430)±K∓,K∗

0
(1430)± → η′K± 6.41± 0.57+2.09

−2.71

χc1 → η′f0(980), f0(980) → K+K− 1.65± 0.47+1.32
−0.56

χc1 → η′f0(1710), f0(1710) → K+K− 0.71± 0.22+0.68
−0.48

χc1 → η′f ′
2(1525), f

′
2(1525) → K+K− 0.92± 0.23+0.55

−0.51
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