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Probability density functions (pdfs) of surface velocity and surface velocity gradients in the ocea
calculated using altimetric data from the Topex/Poseidon satellite. These provide information a
turbulence in a high-Reynolds-number geophysical flow. Both velocity pdfs and velocity gradient
calculated over small regions are Gaussian but have more exponential shapes as the size of the
increases. We develop a simple explanation for the non-Gaussianity of velocity pdfs based o
inhomogeneity of eddy kinetic energy in the ocean. [S0031-9007(98)07902-2]
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Two-dimensional turbulence is a natural paradigm fo
the high-Reynolds-number fluid flows that dominate ocea
variability on scales of 50–80 km, the “mesoscale.” Sate
lite altimeters offer a new means to study two-dimension
turbulent motions of the ocean. In this paper, we us
altimeter data to calculate probability density function
(pdfs) for the ocean: pdfs are Gaussian locally but exp
nential over the global ocean.

Numerical and theoretical studies have shown th
two-dimensional turbulence is characterized by cohere
vortices separated by irrotational regions of strainin
motion [1]. This phenomenology provides a good con
ceptual model of the mesoscale and larger-scale ocea
circulation, which is dominated by two-dimensiona
motions associated with the constraints of strong strati
cation and the earth’s rotation [2]. We therefore expe
two-dimensional turbulence theory to illuminate process
such as eddy-induced transports of heat, chemical trace
and biota, which are important to the earth’s climat
system [3]. In addition, observations can show us ho
notions of two-dimensional turbulence fail to describ
the oceans and atmospheres. We therefore consider p
as measurable quantities that can be used to comp
real-world turbulence with better understood physic
analogs.

Pdfs are a standard statistical tool for analyzing thre
dimensional turbulence [4]. They have been used le
often to study two-dimensional turbulence [5], althoug
there has been some work on vorticity pdfs [6]. Recentl
however, the pdfs of the flow caused by an ensemb
of identical point vortices have been calculated an
compared to results from numerical two-dimension
turbulence simulations [7]. The theoretical velocity pdf
are Gaussian, and the velocity gradient pdfs have
truncated Cauchy distribution.

While the results from point vortex models provide
a simple model for oceanic behavior, they are unlike
0031-9007y98y81(23)y5249(4)$15.00
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to describe fully the ocean mesoscale, which suppo
Rossby wave motions and has a finite Rossby radius. R
cent studies of Lagrangian data from floats and numeric
model output have revealed Lagrangian velocity pdfs th
are significantly non-Gaussian [8]. Using satellite obse
vations, we will show that Eulerian ocean velocity pdf
can be Gaussian if only a small region of the ocean is co
sidered, but take on a more exponential structure if ed
kinetic energy (EKE) varies significantly through the re
gion considered. Gradient pdfs follow a similar pattern
with Gaussian distributions for small regions and mor
exponential structure for regions large enough to ha
significant variability in root-mean-square (rms) velocity
gradients. To our knowledge, this Letter represents t
first calculation of Eulerian velocity and velocity gradi-
ent pdfs for a two-dimensional geophysical flow on th
global scale.

The Topex/Poseidon satellite was launched in 199
[9]. We will employ data from the Topex radar altimete
which measures the distance from the satellite to the oce
surface, providingOs105d observations over the global
ocean every ten days. From this can be calculated the s
surface height anomaly relative to time–mean sea-surfa
height.

The geostrophic relationy  2sgyfd≠hy≠l gives the
velocity perpendicular to the satellite ground track;g is
the local gravitational acceleration,f is the Coriolis pa-
rameter,h is the sea-surface height anomaly, andl is the
distance along a ground track. Altimeter measuremen
are subject to errors due to atmospheric effects, solid ea
tides, ocean tides, and responses due to surface press
We apply only the tidal corrections to avoid introduc
ing high wave number noise into the velocity estimate
We also discard data within 10± of the equator where
the geostrophic relation is more sensitive to measureme
noise. “Transverse” velocity gradients are determined b
computing the first derivative ofy along satellite ground
© 1998 The American Physical Society 5249
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tracks, while “longitudinal” velocity gradients cannot b
determined from altimeter measurements. Details of t
data processing are discussed elsewhere [10,11].

We first calculate velocity and velocity gradient pdf
over 2.5± boxes in the ocean. Each box contains o
average 5400 data points. For both velocity and veloc
gradients, the resulting pdfs usually resemble Gauss
distributions, though in some cases the decay for lar
velocities is slower, and the pdfs are more exponenti
Figure 1 shows examples of velocity pdfs for three 2.±

boxes. The first two, from the South Atlantic and Sou
Pacific, show Gaussian distributions of varying width
as is typical of most of the ocean. The third, from
the Malvinas Current, a region of strongly varying edd
activity, is more exponential.

Figure 2 shows examples of velocity gradient pdfs. Th
first, from the South Atlantic location also depicted i
Fig. 1, has a Gaussian distribution that is typical of most
the ocean. The second, from the midlatitude Indian Oce
is an example of an exponential gradient pdf. Gradie
pdf width varies strongly with latitude; low latitude pdfs
are wider than high latitude pdfs. In no cases are gradi
pdfs well represented by a Cauchy distribution.

Sophisticated statistical tests exist to measure depart
from normality [12], but the presence of outliers in th
data makes these tests too stringent for the present pr
lem. The simple approach of comparing the goodness
fit of a Gaussian and of an exponential distribution show
that, for both the velocity pdf and the velocity gradien
pdf, a Gaussian distribution fits the data better in abo
80% of the cases. Velocity pdfs are typically exponenti
in regions of high eddy activity such as the Gulf Strea
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FIG. 1. Observed velocity pdfs for three 2.5± boxes. Open
circles are from the South Atlantic, black triangles from th
South Pacific Ocean, and gray diamonds from the energetica
varying Malvinas Current in the South Atlantic, an exponenti
distribution. Solid lines show best fit Gaussian or expone
tial pdfs.
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or the Kuroshio Extension. If we increase the size of th
boxes, the velocity pdfs are increasingly likely to be mo
exponential than Gaussian: only 54% of 30± boxes are
better represented by a Gaussian pdf.

Velocity gradient pdfs sometimes show exponential b
havior at midlatitudes (typically around 40±) but boxes
having exponential pdfs are not strongly associated w
locations of energetic western boundary currents. A
proximately 80% of boxes sized between 2.5± and 40±

have Gaussian velocity gradient pdfs. In contrast, for 6±

boxes, all of the velocity gradient pdfs are more expone
tial than Gaussian.

Why should the observed global pdfs fail to match th
Gaussian and Cauchy distributions predicted by simp
point vortex models? We begin by looking at velocit
distributions. Our observations suggest that regions t
encompass broad ranges of EKE have velocity pdfs th
are more exponential.

In this paper, we will argue that velocity pdfs are in fac
Gaussian over small regions of the ocean, as suggeste
Fig. 1, so that locally the pdfs can be represented as

pgsyd 
1

p
2ps

exp

√
2

y2

2s2

!
, (1)

but we allow the width of the distribution,s, to vary
throughout the ocean. Pdf width is equivalent to rm
velocity (or the square root of EKE). Thus this i
the same as assuming that the energy dissipation
intermittent [13], which was the basis of K62 theory [14
We shall draws from a general set of pdfsqssd. The pdf
that we expect to measure is then given by

psyd 
1

p
2p

Z `

0
exp

√
2

y2

2s2

!
qssd

s
ds . (2)
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FIG. 2. Observed velocity gradient pdfs for two 2.5± boxes
with fitted functional distributions (solid lines) and globa
velocity gradient pdf (heavy dots).
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If we take qssd  dss 2 s0d, the velocity pdf reduces
to a Gaussian distribution with variances0. This corre-
sponds to the observation that small boxes have Gauss
pdfs. In general, the pdfpsyd will depend on the form of
the functionqssd.

For the altimeter observations of the global ocea
Fig. 3 shows probability densities of the width of th
fitted Gaussian pdf. Although the most frequent wid
is 0.2 ms21, much larger widths are observed in som
of the 2.5± boxes. The distribution is noisy, but may b
fitted approximately by a function that is parabolic nea
the origin, and exponentially decreasing for larges. Here,
we shall consider the gamma probability distribution, wit
the origin shifted toso :

qssd 
Hss 2 s0d

am11Gsm 1 1d
ss 2 s0dm exp

√
2

js 2 s0j

a

!
,

(3)

where Hss 2 s0d is a Heaviside step function. Fitting
(3) givesa  0.10, s0  0.12, andm  0.54, shown in
Fig. 3. The pdf calculated from (2) is shown in Fig. 4
(Alternate functional forms ofqssd are discussed by [11].)

The gamma distribution prediction for the global ve
locity pdf based on the calculated functional fit agree
well with the observed velocity pdf, duplicating both th
broad Gaussian pdf near the origin and the exponen
tails at largey. In the range21.5 , y , 1.5 ms21 the
rms difference between the log of the observed distrib
tion and the log of the theoretical distribution is 0.21 fo
the gamma distribution, compared with 8.1 for the Gaus
ian distribution, and 0.24 for the exponential distribution

One possible reason for the misfit between our predict
psyd and the observed velocity pdf is thatqssd is not
weighted by the number of measurements available in ea
box. In an alternate calculation of the observedqssd, we
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FIG. 3. Pdf of width of Gaussians fitted to observed veloci
pdfs (heavy line) and gamma distribution fitted to the observ
with pdf (dotted line).
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weighted by the number of samples in each box, but t
data were too noisy. Sinces is related to the square root o
EKE, in principle it would be possible to use observed EK
density to determineqssd. However, such a calculation
requires knowing both components of velocity, which a
not simultaneously available from altimetry.

The exponential behavior of velocity pdfs in som
of the small boxes might be explained using the sam
statistical framework that we used for the global pdfs,
this case allowingqssd to represent variations in pdf width
over time in high-variability areas of the ocean.

Finally, since velocity gradients, like velocity, are
observed to have Gaussian pdfs in small boxes, the sa
statistical framework as for the global velocity pdfs ca
be used to explain the global gradient pdf.

Our statistical model justifies why observed pdfs fro
the global ocean are not Gaussian, but what accounts
the fact that local velocity gradient pdfs have distribution
that are nearly identical in shape to velocity pdfs? T
Cauchy distribution of velocity gradients predicted b
point vortex models [7] depends on ther21 behavior
of classical point vortices and also on the fact that
vortices are identical. In the ocean, vortices have a ran
of strengths, and velocity profiles differ fromr21 since
the Rossby radius is finite. This allows us to use t
central limit theorem to predict that both velocity an
velocity gradient should be locally Gaussian, unlike th
case of two-dimensional point vortices, truncated or no

In addition, practical considerations suggest that o
served gradient pdfs should resemble observed velo
pdfs. In the ocean, altimetric velocities cannot be samp
at very small spatial intervals and are subject to measu
ment noise. These two effects mean that adjacent velo
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FIG. 4. Probability density distributions of all Topex veloci
ties for the global ocean (large dots), along with (dashed lin
an exponential fit to the pdf (dashed line), a Gaussian fit (gr
dashed line), and predicted pdf (small dots) based on assum
that the pdf width is given by the distribution (3).
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measurements are less than 20% correlated, so t
kysldysl 1 Dldl is small. Therefore the observed ve
locity gradient pdf can be thought of as representing th
difference between two data points randomly select
from a given pdf. If the velocities are initially drawn
from a Gaussian distribution, the gradients will also b
Gaussian. Because observed velocities are less subjec
noise than velocity gradients, theoretical developments
velocity pdfs are likely to be more useful in interpreting
observed geophysical turbulence.

In summary, we have used altimeter data to show th
surface velocities and velocity gradients in the ocean ha
locally Gaussian distributions. Observed gradient pd
do not match the Cauchy distributions of smoothed poi
vortex models. In contrast, observed velocity pdfs are
predicted by vortex models, but the reasons behind th
Gaussian distributions may be different. Point vorte
velocity pdfs converge to a Gaussian shape very slow
while ocean eddies are smooth enough that we can ap
the central limit theorem to predict Gaussian distribution
under almost all circumstances for both velocity an
velocity gradient. This suggests that the ocean mesosc
velocity field is not well represented by an ensemble
two-dimensional point vortices.

On the global scale, observed velocity and veloci
gradient pdfs are exponential rather than Gaussian. W
can explain the qualitative difference between glob
and local pdfs using a statistical framework that take
into account spatial variations in rms velocity or rm
gradient. Spatial inhomogeneities in the ocean are d
to mechanisms such as baroclinic instability that lea
to regions of strong variability [11]. These results fo
the global pdfs suggest that spatial inhomogeneity is
essential part of any description of mesoscale turbule
flows in the global ocean.

This research was supported by Queens’ Colleg
Cambridge (S. G. L. S.) and by the North Atlantic Treat
Organization (S. T. G.). Topex data processing wa
funded through a NASA contract to Scripps Institutio
of Oceanography. Financial support from the Transpo
in the Ocean and Atmosphere program of ESF is al
acknowledged. Conversations with Rupert Ford, Jo
Keller, Joe LaCasce, and Antonello Provenzale were ve
useful.

*Electronic address: sgls1@damtp.cam.ac.uk.
†Electronic address: sgille@uci.edu.
Present address: Department of Earth System Scien
University of California, Irvine, CA 92697-3100.
5252
hat
-
e

ed

e
t to

for

at
ve
fs
nt
as
eir
x
ly,
ply
s
d
ale
of

ty
e

al
s

s
ue
d
r
an
nt

e,
y
s

n
rts
so
e
ry

ce,

[1] D. K. Lilly, J. Fluid Mech. 45, 395 (1969); J. C.
McWilliams, J. Fluid Mech.146, 21 (1984); 219, 361
(1990); P. Arroyo, G. Pedrizetti, C. Vasco, and J. Jiméne
in Advances in Turbulence V,edited by R. Benzi (Kluwer,
Dordrecht, 1995), pp. 11–15; T. Gotoh, Phys. Rev. E57,
2984 (1998).

[2] P. B. Rhines, Annu. Rev. Fluid Mech.11, 401 (1979);
G. F. Carnevaleet al., Phys. Rev. Lett.66, 2735 (1991);
M. Lesieur, Turbulence in Fluids: Stochastic and Nu-
merical Modelling (Kluwer, Dordrecht, 1997), 3rd ed.;
R. Salmon,Lectures on Geophysical Fluid Dynamics(Ox-
ford University Press, New York, 1998).

[3] T. Keffer and G. Holloway, Nature (London)332, 624
(1988); J. D. Neelin and J. Marotzke, Science264, 1099
(1994); S. A. Piontkovski, R. Williams, W. Peterson, an
V. K. Kosnirev, Mar. Ecol. Prog. Ser.128, 35 (1995);
K. Bryan, Physica (Amsterdam)98D, 249 (1996); S. S.
Drijfhout and F. H. Walstein, J. Phys. Oceanogr.28, 250
(1998).

[4] U. Frisch, Turbulence: the Legacy of A. N. Kolmogorov
(Cambridge University Press, Cambridge, England, 199

[5] The earliest results on three-dimensional turbulence su
gested that velocity pdfs had a Gaussian distribution:
G. K. Batchelor,The Theory of Homogeneous Turbulenc
(Cambridge University Press, Cambridge, England, 195
More recent measurements and numerical simulations
not so clear-cut, e.g., A. Vincent and M. Meneguzz
J. Fluid Mech. 225, 1 (1991). The velocity pdfs in
the presence of a straining flow are non-Gaussian:
M. Takaoka, Phys. Rev. E52, 3827 (1995).

[6] L. M. Smith and V. Yakhot, Phys. Rev. E55, 5458 (1997).
[7] J. Jiménez, J. Fluid Mech.313, 223 (1996); I. A. Min,
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