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ABSTRACT OF THE DISSERTATION

Dark Matter Signals

Samuel Joseph Witte
Doctor of Philosophy in Physics
University of California, Los Angeles, 2017

Professor Graciela B. Gelmini, Chair

A vast number of independent astrophysical and cosmological observations suggest that
the dominant form of matter in the Universe, known as dark matter, is neither luminous
nor baryonic. Despite nearly half a decade of research, the non-gravitational nature of dark
matter, if any, remains a mystery. Motivated primarily by preferred theoretical extensions of
the Standard Model and a relatively simple production mechanism, the weakly interacting
massive particle (WIMP) has long been considered to be among the most appealing dark
matter particle candidates. This dissertation is comprised of largely independent works that
focus on understanding and constraining various signals that could arise from WIMP dark
matter. Specifically, Chapters 2 and 3 address the impact that non-standard astrophysics and
particle physics could have on the observed scattering rate in direct dark matter detection
experiments; Chapter 4 presents a halo-dependent and an halo-independent update on the
viability of a dark matter interpretation of the CDMS-II-Si data; Chapter 5 generalizes the

halo-independent analysis formalism such that the compatibility of multiple experiments
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can be assessed, and the preferred halo-independent parameter space can be identified, for
global likelihoods comprised of at least one extended likelihood; Chapter 6 discusses the
prospects for detecting gamma-rays from dark matter annihilating in local dark matter
subahlos; Chapter 7 presents updated constraints on simplified dark matter models that are
consistent with the Galactic Center excess; and Chapter 8 discusses the extent to which
future direct detection experiments may be able to elucidate the high-energy dark matter

theory from observations of low-energy nuclear recoils.
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1 Introduction to Dark Matter

Understanding the exact nature of dark matter has been at the forefront of astrophysics and
particle physics research for more than 30 years. Despite accounting for roughly 26% of the
energy density of the Universe, only the indirect gravitational influence of this mysterious
matter has been observed. What follows in this Chapter is a brief review of the history of
dark matter than began over a century ago. This introduction is intended to provide the
reader with sufficient perspective to both frame and justify the work presented in Chapters 2-
8, which focus on identifiable signals from, analysis techniques for, and constraints on one
particular dark matter particle candidate, the weakly interacting massive particle (WIMP).

The earliest known reference to the term ‘dark matter’ has been traced to a 1906
manuscript by Henri Poincaré, however the notion of dark matter at this time hardly resem-
bles the ideas of today [1]. Poincaré’s manuscript had been referencing work by Lord Kelvin
presented in 1904, that had attempted to quantify the amount non-luminous mass that could
reside is the galaxy without disrupting the observed velocity dispersions [2]. Unlike today,
these early works were not speculating about the existence of exotic new forms of matter,
but were rather acknowledging that the limits of their technology may prevent observations
of dim astrophysical objects. Despite the difference in intent, these contributions (as well as
later works by the likes of Ernst Opik, Jacobus Kapteyn, James Jeans, and Jan Oort [3-5])
developed tools and reasoning that would later be applied when evidence for non-luminous
matter first arose.

In the early 1930s, Edwin Hubble and Milton Humason observed an abnormally large



scatter in the apparent velocity of eight galaxies in the Coma Cluster [6]. Two years later
Fritz Zwicky applied the virial theorem to estimate the total mass of this system, and found
a predicted velocity dispersion that was over an order of magnitude discrepant from the
observations of Hubble and Humason [7]. Three years later, an estimation of the mass of
the Virgo Cluster by Sinclair Smith yielded results that were multiple orders of magnitude
discrepant with the mass projections of Hubble [8]. Skepticism and intrigue surrounded the
observed discrepancies of galaxy clusters in the following decades, but additional information
was required before this problem became fully accepted by the community (see e.g. [9-12]
for subsequent work on observed discrepancies in galaxy clusters).

The apparent need for a non-visible component of galaxies first arose in 1970, when spec-
troscopic observations of the Andromeda Galaxy made by Vera Rubin and Kent Ford [13],
and 21cm observations of M33 and NGC300 made by Ken Freeman [14], indicated that the
rotation of visible matter within these galaxies could only be consistent with Newtonian
gravity if a substantial fraction of the mass of these galaxies was ‘dark’, and extended far
beyond the visible component. Subsequent observations confirmed these discrepant rotation
curves where a generic feature of galaxies (see e.g. [15-22]), and by the end of the decade,
the ‘missing mass’ problem was understood in the astronomy and astrophysics communities
to be an increasingly serious issue [23].

At the time, the initial and most obvious solution was that the missing mass was in dark
compact astrophysical objects (e.g. planets, brown dwarfs, white dwarfs, black holes, etc.),
which later became known as MACHOs — short for massive compact halo objects. Two

major developments in the following two decades proved fatal for this hypothesis, such that



the consensus today is that MACHOs do not comprise a significant fraction of the dark mat-
ter (with perhaps the one exception being primordial black holes, which for particular mass
distributions may still account for all of the dark matter). The first of these developments
was gravitational microlensing searches; these experiments attempted to measure variations
in the brightness of stars that should result from the lensing of light around intermediate
compact objects, should they exist in sufficient numbers [24—26]. The second, and highly
complementary constraint on MACHOs, came from detailed measurements of the Universe’s
baryon budget (i.e. the contribution of baryons to the energy density of the Universe). These
constraints arose from the requirement that precision measurements of the abundances of
light elements [27-30] and the cosmic microwave background (CMB) [31,32] remain con-
sistent with the theory of Big Bang nucleosynthesis (BBN) (i.e. the theory which explains
the production of light elements during the early Universe)!; to date, these measurements
constrain baryons to comprise less than 20% of the total matter in the Universe [32].

In 1982, Mordehai Milgrom wrote a series of papers in which he proposed a modification
to Newton’s second law that allowed for galactic rotation curves to be explained without
the presence of unseen matter [34-36] (this proposal was known as Modified Newtonian
Dynamics, or MOND). While the theory in its original form had countless issues (e.g. it
did not conserve momentum, angular momentum, or energy, and it was not obvious that
it could be made consistent with relativity), contributions over the next two decades (see

e.g. [37,38]) culminated in a realistic solution (appearing in 2002), known as Tensor-Scalar-

Tt was also pointed out in 1982, that under certain cosmological assumptions (that were only later
validated), the observed fluctuations in the CMB were incompatible with a Universe comprised entirely of
baryonic matter; this problem could be remedied by introducing a new massive particle with weak interac-
tions, thereby allowing density fluctuations to grow prior to recombination [33].



Vector gravity [39]. Problems arose for theories of MOND in 2006, when weak lensing and
X-ray maps of a pair of merging clusters, known as the Bullet Cluster, showed with high
significance that the mass of the clusters did not trace the baryons [40]. While this has not
dismayed the MOND-enthusiast community, the inability of these theories to address any
major cosmological questions beyond the rotation curves of galaxies has left this community
in the minority (see e.g. [41] for a modern review of the subject).

The leading theory in the community today is that dark matter likely consists of a new
particle (or particles). The arguments for particle dark matter are rather simple. In order to
explain galactic rotation curves, the dark matter particles must reside in a diffuse, approx-
imately spherical, halo. Baryonic matter collapses into a disk because it dissipates energy
efficiently, a consequence of coupling directly to a massless gauge boson (i.e. the photon).
The statement that dark matter particles are ‘dark’, is a direct reflection of the fact that
these particles cannot have large couplings to the photon, and thus do not dissipate energy
efficiently?. Being non-baryonic, dark matter particles naturally allow for a consistency of
the measurements of the CMB and the abundances of light elements with BBN [27-32]. As
previously mentioned, Ref. [33] pointed out that CMB anisotropy measurements could be
made consistent with the observed structure of the Universe if there exist a large number
of massive and weakly interacting particles to seed density perturbations prior to photon
decoupling — dark matter particle candidates naturally satisfy these conditions as well.

With all of this in mind, it is natural to ask what properties a viable dark matter particle

2There do exist theories, for example double disk dark matter [42], that introduce dissipative dynamics
into the dark sector via the inclusion of a new U(1) gauge symmetry that carries with it a massless boson.
For such theories to remain compatible with observations of rotation curves, only a small subdominant
component of the dark matter can be charged under this new U(1) (or alternatively the time scale for
dissipation must be long enough such that the collapse of these halos has not yet occurred.).

4



candidate must have? Since the abundance of dark matter observed today is consistent with
the abundance observed in the early Universe (e.g. as measured by the CMB), one should
expect the dark matter candidate to be either stable, or have a lifetime greater than the age
of the Universe. Specifically, in order to solve the aforementioned cosmological and astro-
physical discrepancies, dark matter must have an energy density of Qpyh? ~ 0.1186 [32,43].
In order to remain ‘dark’ and undetected, dark matter particles must have heavily sup-
pressed couplings to the photon and gluons. Beginning in the 1980s, numerical simulations
have consistently shown that the observed structure of the Universe is inconsistent with
‘hot” dark matter (i.e. dark matter that was relativistic in the early Universe); alternatively,
these simulations have shown preference for cold collision-less dark matter (i.e. nonrelativis-
tic in the early Universe)®. If one assumes that dark matter was in thermal equilibrium in
the early Universe?, constraints from structure formation exclude dark matter masses below
O(keV) [44] — in fact, this was among the reasons Standard Model (SM) neutrinos were
rejected from the list of viable dark matter candidates (note that neutrinos are the only
known particles satisfying the conditions that dark matter be weakly interacting and sta-
ble). Despite nearly 50 years of extensive research, this list roughly encompasses the generic
model-independent statements that can be made about particle dark matter.

Given how little is actually known about the underlying nature of particle dark matter,
the favored dark matter particle candidates became those with strong theoretical motivation.

Among these favored candidates is the WIMP, characterized by a weak-scale self-annihilation

3Consistency can also be achieved for some models of warm dark matter, or more complex dark sectors
with mixed components.
4This need not be the case, many enticing dark matter models have non-thermal histories (e.g. the axion).



cross section and a mass approximately in the range O(GeV) — O(100 TeV) range. There are
two primary reasons why the WIMP has been one of most extensively studied dark matter
candidates: (i) assuming dark matter is in thermal equilibrium in the early Universe (like
all SM particles), the conventional freeze-out scenario® conveniently and rather generically
predicts the observed modern day relic abundance; (i) well-motivated extensions of the SM
(e.g. R-parity conserving Minimal Supersymmetric Standard Model), intended to solve other
pressing problems in particle physics (e.g. the hierarchy problem, gauge coupling unification,
etc.), predict new stable particles at exactly this scale. This work focuses exclusively on this
type of dark matter candidate.

There exist three generic search strategies that have been developed to search for WIMP
dark matter. The first, known as indirect dark matter detection, searches for the byproducts
of dark matter annihilation (e.g. in the form of gamma-rays, x-rays, neutrinos, anti-matter,
etc.) [45,46], or the subsequent impact of these byproducts on the surrounding medium.
The thermal origin of WIMP dark matter provides a specific prediction for the size of this
annihilation signal, and thus these search strategies have proven to be a powerful probe of
this candidate (see e.g. [47,48]). The second strategy, known as direct dark matter detection,
attempts to observe the recoil energy imparted to nuclei after scattering with dark matter
particles bound to the Galactic halo [49]. Finally, it may be possible to produce dark matter

particles with colliders; if produced, the dark matter particle may carry away a significant

amount of energy, leaving a distinctive signature of ‘missing transverse energy’®. These

5The term freeze-out refers the decoupling of a given particle species from the plasma; this event occurs
when the annihilation rate falls below the expansion rate of the Universe.

6Tt is also possible to search for new particles which may mediate dark matter interactions with the
SM, producing alternative signatures in the process (e.g. deviations in particular search channel from the
predicted SM rates).



methods are highly complementary, and in recent years have begun significantly probing the
parameter space associated with WIMP dark matter.

What follows in Chapters 2-8 are a collection of independent papers that I have published
during my time here at UCLA, all of which are related to understanding experimental signa-
tures that may be produced by WIMP dark matter. Specifically, Chapters 2 and 3 analyze
distinct signatures that may appear in the observed scattering rate of direct dark matter
detection experiments arising from non-standard particle physics and astrophysics; Chap-
ter 4 presents an update on the viability of the dark matter interpretation of CDMS-II-Si
data, using both halo-dependent and halo-independent analyses; Chapter 5 extends the halo-
independent analysis formalism, proving that unique best-fit halo functions and two-sided
pointwise confidence bands can be constructed from global likelihoods comprised of at least
one extended likelihood function; Chapter 6 attempts to analyze the signatures that would
arise from dark matter annihilation in local subhalos; Chapter 7 analyzes direct detection
and collider constraints on viable dark matter interpretations of the Galactic Center excess
using a simplified model framework; and Chapter 8 discusses the prospects for distinguishing
dark matter scattering models in the event that future direct detection experiments observe
a putative signal. All papers have been maintained in their original published form. This
implies there may exist a certain amount of repetition between Chapters, however it allows

for each Chapter to be read as an independent entity.



2 Gravitational Focusing and Substructure Effects on
the Rate Modulation in Direct Dark Matter Searches

2.1 Introduction

Astrophysical and cosmological observations indicate that dark matter (DM) is the dominant
form of matter in the Universe. One of the most well-motivated candidates for DM is the
weakly interacting massive particle (WIMP) [50]. WIMPs are particles with weak-scale
interaction cross sections, and with masses roughly between a few GeV and hundreds of
TeV. They could be detected through their scattering with atomic nuclei using sensitive,
low threshold detectors. Many such direct detection experiments are currently in operation,
employing a variety of target nuclei and detection techniques, attempting to gain further
insight into the exact nature of DM.

Due to Earth’s rotation around the Sun, we expect the DM flux seen at Earth, and there-
fore the scattering rate direct detection experiments (even with non-directional detectors),
to be annually modulated. While the signal of WIMP scattering off of target nuclei can be
faked, for example by scattering of neutrons emitted by radioactive processes in the vicin-
ity of the detector, an annual modulation in the rate with the expected features is a much
more difficult signature to be reproduced by spurious sources. Moreover, while the energy
spectrum of DM events depends on the WIMP mass and interactions, a modulation in the
rate will be present regardless of these details and it is therefore sometimes claimed to be a
model-independent signature of DM.

In order to determine the modulation amplitude and its spectrum in energy measured by



a particular experiment, a model for the DM halo must be assumed. The standard choice
for the main virialized component is the Standard Halo Model (SHM), an isothermal sphere
at rest with respect to the galaxy with an isotropic Maxwellian velocity distribution [51].
Despite its simple form, the SHM is believed to capture the relevant characteristics of the
dark halo and thus has been widely used in the literature. However, we expect the actual
halo to deviate from this simple model. The local density and velocity distribution could
actually be very different if Earth is within a DM clump (although this is unlikely [52]),
stream, dark disk (DD), and/or tidal debris [53-67].

Both a stream and a DD are well motivated candidates for DM velocity substructure,
capable of significantly altering the expected modulation [53-55,57-59,61-65]. Observations
of the Sagittarius (Sgr) dwarf galaxy show that tidally stripped stars are currently passing
through the galactic plane not far from the Sun. Simulations of this merger suggest that
the DM component of the Sgr stream may be passing through the Solar System and could
contribute as much as 5% to the local DM density [66,68]. A DD is a subcomponent of the
halo that has a spatial distribution roughly coincident with the visible disk, co-rotating with
it, but with a lagging angular velocity [61-65]. Numerical simulations have shown that DDs
can form in Milky Way-type galaxies from mergers of satellite galaxies [62—64] (although
recent measurements suggest this may be unlikely [69,70]). Alternatively, if a subdominant
portion of DM is dissipative in nature it has the potential to collapse and form a DD, a
process comparable to the formation of the baryonic disk [65].

Ref. [71] recently performed a Fourier analysis of the expected modulation and considered

how the annual and higher harmonics are influenced by the eccentricity of Earth’s orbit



and the possible existence of DM velocity substructure. Since the eccentricity is small,
e ~ 0.016722, it is not expected to impact the leading harmonic. DM substructure, however,
was shown in Refs. [57,71] to profoundly impact all harmonics, including the unmodulated
rate. Furthermore, Ref. [71] pointed out that if the DM velocity distribution is smooth and
isotropic in the galactic frame, there exist ratios of the amplitudes of the harmonics that
are independent of the scattering energy, and thus they concluded that these ratios could be
used to probe the level and nature of anisotropy in the DM halo.

The annual modulation of a DM signal can also be affected by the gravitational focusing
(GF) of DM by the Sun [72-74]. The extent to which the annual (first) and biannual (second)
harmonics in the SHM are influenced by GF was studied in Refs. [73,74]. They found that
GF has a nearly negligible effect on the amplitude of the first harmonic, but can significantly
enhance the amplitude of the second harmonic and generate energy-dependent phases in both
the first and second harmonics, especially at low energy.

While the Fourier analysis of the rate has been studied for the SHM by taking into
account both GF and the eccentricity of Earth’s orbit [73,74], the modification of the leading
harmonics in the presence of DM substructure has only been studied for an eccentric orbit
without GF [71]. The aim of this paper is to study the effect of GF on a DM halo hosting
substructure. We begin by considering the relative importance of GF and the eccentricity of
Earth’s orbit for the first two harmonics within the SHM, and analyze the extent to which
the conclusions of Ref. [71] hold when GF is considered. We then study the effect of the Sgr
stream and a DD on the annual and biannual harmonics.

In Section 2.2 we review the Fourier expansion of the rate and the procedure by which

10



the effect of GF is incorporated. Section 2.3 presents the amplitudes and phases of the first
and second harmonics for the SHM with and without DM substructure. We specifically
discuss how GF affects the ability of these harmonics to probe the nature of DM velocity
substructure and the extent to which it is present in the galaxy. In Section 2.4 we provide
rough estimates of the minimum number of events that would be needed to confirm the
existence of an annual modulation for the different halo models we consider, as well as
the number of events needed to differentiate between these models. A summary and our

conclusions are provided in Section 2.5.

2.2 DM signal and its modulation

Since WIMPs in the galactic halo are nonrelativistic, v/c ~ 1073, the amplitude for DM
scattering with a nucleus initially at rest is usually expanded in powers of the small WIMP
speed v and momentum transfer ¢ = v/2mpFg, with ms the mass of the target nucleus and
ER its recoil energy. The zeroth order term of the scattering amplitude in this expansion
is v-independent and is usually the only term retained (unless it vanishes). This makes the
angular differential WIMP-target nuclide (7") cross section dor/d cosf independent of the
WIMP speed. However, a more useful quantity entering the analysis of experimental data is
the differential cross section in recoil energy dor/dEg. For elastic scattering, Fr = v?(1 —
cos )2 /mp, with ur the WIMP-nucleus reduced mass, and one finds dor/dFEg oc 1/v%
This proportionality also holds in the leading order term for inelastic scattering.
When the scattering amplitude is independent of v, we have dor/dEr = o7 (ER)mz/(2u20?),

where or(ER) is a factor with units of a cross section. Considering the additional factor of
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v coming from the DM flux, the scattering rate reads

dRT OT(ER)
— = min(ER), 1) , 2.1
a5y~ Or ey 1min ). (2.1

where Cr is the target mass fraction in the detector, p is the local DM mass density,
Umin(ER) = \/m7Eg /243 is the minimum WIMP speed necessary to induce an elastic scat-

tering event with nuclear recoil energy ERr, and

N(Vmin, t) = /> | f(:i’ 2 3o (2.2)

with f(wv,t) the local DM velocity distribution in Earth’s rest frame.

To interpret the outcome of direct DM detection experiments within models of particle
DM, one typically needs to assume a specific form of the DM velocity distribution. Once this
is specified in some reference frame R, e.g. the galactic rest frame, the velocity distribution in
Earth’s rest frame can be obtained by the Galilean transformation f(v,t) = fr(v+vgs(t) +
vsr ), where fr is the velocity distribution in R, vgs(t) is Earth’s velocity with respect to the
Sun, and wvgg is the Sun’s velocity in R. The time dependence of vgg(t) is due to the annual
rotation of Earth about the Sun. For our analysis we take vgg(t) from Ref. [71].

In the Sun’s reference frame, DM particles that are on average at rest with respect to the
galaxy are seen to have a preferred direction of motion that opposes vsg. For this reason,
the Sun experiences a constant “wind” of DM particles. The gravitational potential of the
Sun bends the trajectories of these DM particles, acting as a gravitational lens that focuses

the DM particles on the leeward side. As a consequence, the DM density and velocity
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distribution acquire a dependence on Earth’s relative location to the Sun (see e.g. Fig. 1
of [73] for a diagrammatic representation).

The effect of GF is taken into account by replacing fr(v + vgs(t) + vsr) with fr(vsg +
Voo |URs () +v]), where v [v] is the velocity a WIMP had very far away from the Sun, where
the Sun’s gravity is negligible, such that its velocity when it reaches Earth is v [72, 73].

Ref. [72] has shown that v..[v] is given by

V2 + tuul F—uv(v - P
ppafp] = = F 2ot~ toc0l0 7). 23)

v, + %ugsc — Voo (V - )

where Uese = /2G My /r = 40 km/s is the escape velocity of the Solar System at Earth’s
position, r is the Sun-Earth distance, and # is the unit vector pointing from the Sun to
2 2

: 2 _
Earth. Energy conservation ensures that v = v* — uZ,.

The velocity integral in Eq. (2.2) can be written as a Fourier series,

o0

N(Vmin, t) = ao(Vmin) + Z (@ (Vmin) cos[nw(t — to)] + by (Vmin) sin[nw(t — to)]) , (2.4)

n=1

with w = 27/year and ty an arbitrary phase parameter. If Earth’s orbit is assumed to be
perfectly circular and the DM velocity distribution is isotropic, choosing ¢y, to be the time
at which the speed of Earth with respect to the galaxy is maximum simplifies Eq. (2.4)
by setting all b, = 0. Accounting for astrophysical uncertainties in the velocity of the

Local Standard of Rest, the time at which the speed of Earth with respect to the galaxy is
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maximum occurs somewhere between May 30 and June 274 7 [75].

While the coefficients of Eq. (2.4) are more easily computed, we find that it is more
intuitive and accessible to characterize each harmonic by a single amplitude and a single

Umin-dependent phase:

N (Vmin: 1) = Ao(Umin) + > An(Vmin) cos[nw(t — tp(vmin))] . (2.5)

n=1

with all A, > 0. Comparing Eq. (2.5) with Eq. (2.4) we find

1 a, sin (nwtg) — by, cos (nwtp)
A, = JaZ + 12 t, = —— arct - ) 2.6
n O nw o Ln cos (nwty) + by, sin (nwty) (2:6)

In the next section we compare the amplitudes and phases of the first few Fourier modes of
7(Umin, t) for a variety of DM velocity distributions, both with and without GF. These can
be computed analytically if one excludes the contribution of GF, otherwise the calculation
needs to be done numerically [73].

When considering more than one halo component (e.g. SHM plus a stream or a DD),
we assume that the DM consists of a single type of particle, unless otherwise noted. In
this case the amplitude of each mode in the expansion Eq. (2.4) for the various halo com-

tot

ponents can be combined linearly, weighted by their density contribution, i.e. af®*(vy,) =

> i (pi/ prot)ani(Vmin) (and analogous equation for by, (vmin)), where i labels the various DM

"This quoted uncertainty does not account for the fact that the exact date at which Earth’s speed is
maximum with respect to the Galaxy shifts on an annual basis. This arises from the fact that the Gregorian
calendar is not perfectly aligned with Earth’s rotation about the sun (this mismatch is of course corrected for
by adding an additional day to the calendar once every four years, referred to as a leap year). In principle,
this effect can easily be corrected for as the exact nature of this shift is understood.
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subcomponents and pyr = ), p;. Notice that the amplitude A,, of the expansion in Eq. (2.5)
is not in general obtained by linearly combining the Fourier amplitudes of different DM sub-
components, since the phases will in general be different. If the DM is assumed to be
composed of multiple types of particles with different masses and/or interactions, the combi-
nation is not so straightforward and one must take into account the whole factor multiplying
7(VUmin, t) in Eq. (2.1). This will be relevant for the case of DM with a dissipative compo-

nent [65] in Section 2.3.3.

2.3 Modulation analysis for various halo models

2.3.1 SHM

In the SHM the DM velocity distribution in the galactic rest frame is described by an isotropic

Maxwellian truncated at the galactic escape speed veg:

671)2/1)8

fR('U) = (77'7)3)3/2 Nesc

O (Vese — |v]) (2.7)

where vy is the most probable speed in the galactic rest frame and the normalization is

chosen so that [ d’v fr(v) = 1,

2Uesc

Nesc = Erf(vesc/vo) - €_U§SC/U(2) . (28)

™o

We assume vy to be equal to the speed of the Local Standard of Rest, vg = 220 km/s [76],

we take the Sun’s velocity with respect to the galaxy from Ref. [71], vsg = (11,232, 7) km/s,
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Figure 2.1: Amplitudes (left) and phases (right) for the first (solid) and second (dashed)
harmonics, for the SHM including the effect of GF and the eccentricity of Earth’s orbit
(black), including GF but neglecting the eccentricity (red), including the eccentricity but
neglecting GF (yellow), and neglecting both GF and the eccentricity (blue). The eccentricity
has a negligible impact on the first harmonic, therefore the solid black line extensively
overlaps the red, and the solid dark yellow line completely overlaps the blue, for both the
amplitude and the phase.

and vese = 533 km/s [77].

Fig. 2.1 shows the amplitudes and phases of the first (solid lines) and second (dashed
lines) harmonic including both GF and the eccentricity of Earth’s orbit in the calculations
(black), including the eccentricity but neglecting GF (yellow), including GF but neglecting
the eccentricity (red), and neglecting both the eccentricity and GF (blue). Notice that,
due to the negligible impact of the eccentricity on the first harmonic, the solid black line
extensively overlaps the red, and the solid dark yellow line completely overlaps the blue, for
both the amplitude and the phase. In agreement with Refs. [73,74], Fig. 2.1 shows that the
inclusion of GF causes an approximate 20 day shift in the phase of the annual harmonic for

Umin S 100 km /s and eliminates the sudden phase flips, i.e. the occurrence of a jump in the
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phase of a given harmonic by half the period. The phase flip can also be identified by the
vanishing of the amplitude of a given harmonic. When GF is included, the amplitudes no
longer vanish and the phases develop a softer vy;, dependence. Actually, the presence of
any anisotropy eliminates the phase flip and leads to continuous transitions in the phase.
For the remainder of this paper we will loosely use the term phase flip to refer to both the
previously defined jump in the phase, and the rapid, but continuous, phase transitions that
may appear when anisotropy is present.

The conclusion of Ref. [71] that the ratios of the amplitudes of various harmonics can
be used to probe the anisotropy of the DM halo was based on the assumption that the DM
velocity distribution is isotropic in the galactic frame. The existence of GF is not consistent
with this assumption. Thus the ratios in Ref. [71] only hold for large vy, where the effect of
GF is not significant because DM particles spend little time in Sun’s gravitational potential.
Fig. 2.2 shows the ratio of coefficients b; and a;, defined in Eq. (2.4), with GF (solid blue
line) and without GF (dashed purple line). One can see that without GF this ratio would
be independent of the scattering energy and remains at a constant value of ~ 1/59, as found

in Ref. [71]. GF significantly alters this result for vy, < 300 km/s.

~Y

2.3.2 Sagittarius Stream

Since the parameters governing the velocity and dispersion of the Sgr stream are not well
known, we will follow the assumptions of [55]. In the galactic coordinate system, we take the
mean velocity of the Sgr stream in the galactic frame to be vg,, = (—65, 135, —249) km /s, and

model this component with an isotropic Maxwellian with dispersion vy = 304/2/3 km/s &~ 25
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Figure 2.2: Ratio |b1/a1| (see Eq. (2.4)) for the SHM, with GF (solid blue line) and without
GF (dashed purple line). Without GF this ratio is approximately 1/59.

km/s. We model the smooth virialized component of the halo with the SHM.

Ref. [66] recently studied the effect of the Sgr stream with a self-consistent N-body simu-
lation and found that the addition of the stream can noticeably alter 7(vmin,t). Specifically,
they found four major changes. First, incorporating the Sgr stream in a realistic halo model
with a baryonic disk produced a 10-20% increase in the direct search event rate for values
of Unin larger than the typical relative stream speed. Additionally, Ref. [66] found a 20-30%
decrease in the fractional modulation amplitude defined as

A= Tmax — "Jmin ’ (2.9)
Nmax + Mmin
where Nmax (Vmin) and Nmin (Vmin) are the maximum and minimum of 7(vy,, ) in time. If the

modulation is perfectly sinusoidal with a period of one year, A coincides with the amplitude
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of the sinusoid normalized by the unmodulated component of 1(vyn, t), i.e. A;/Ag. Further-
more, the phase flip of the dominant harmonic was found to occur about 10-15 km/s lower
in vy, and deviations of up to about 20 days were found in the phase of the modulation
at values of vy, near the typical speed of a WIMP belonging to the stream as seen in the
Sun’s reference frame. We begin by investigating if and how these conclusions change when
GF is taken into account.

The left panel of Fig. 2.3 contains the relative increase in the unmodulated component
of 1(vmin,t) when the Sgr stream is added to the SHM (Sgr+SHM), for stream densities
ranging from 1% to 5% of the DM halo density. While Fig. 2.3 does show an increase in the
unmodulated component, GF appears to have no additional effect. The reason for this is
explained in further detail in the following paragraphs.

The right panels of Fig. 2.3 show the fractional amplitude as defined in Eq. (2.9) for the
Sgr+SHM, for pse,/psum = 0.01 (dashed) and 0.05 (solid), with (top) and without (bottom)
GF. Here and in the following, the shaded regions between the dashed and solid lines highlight
where lines corresponding to intermediate densities lie. As with the unmodulated component
of the rate, the fractional modulation amplitude for Sgr+SHM seems to not be affected by

GF. Small deviations from the SHM do occur at vy, <

~

200 km/s, and at values of vy,
near the speed of the stream in Earth’s frame, regardless of GF. However, Fig. 4 of Ref. [66]
shows that the uncertainty in the velocity distribution of the virialized component of the
dark halo, specifically deviations from the assumed Maxwellian distribution, have a larger
influence on A(vy;,) than the addition of the Sgr stream to the SHM.

The effect of GF is known to increase as the relative WIMP velocity in the solar frame de-
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Figure 2.3: Left: Unmodulated component of (v, t), Ao, for Sgr+SHM, normalized by the
unmodulated component for the SHM alone, for pse/psam = 0.01 (red), pser/psam = 0.03
(purple), and pgg/psum = 0.05 (blue), with GF (solid) and without GF (dashed). Right:
Fractional modulation amplitude, as defined in Eq. (2.9), for Sgr+SHM with GF (top panel)
and without GF (bottom panel), and for stream densities ranging from pgs/psum = 0.01
(dashed) to psgr/psum = 0.05 (solid). Results are compared with the SHM alone, with GF
(black) and without GF (yellow).
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creases. This is because slower WIMPs spend more time in the Sun’s gravitational potential.
The parameters of the Sgr stream chosen in this paper imply the majority of the WIMPs
coming from the Sgr stream move at roughly Uggr = 300 km/s in the Sun’s frame, with very
few traveling below 250 km/s. Thus we do not find it surprising that GF has little impact on
the unmodulated component of 7(vmin, t) and the fractional modulation amplitude when the
Sgr stream is added to the SHM. Notice that the SHM component of the Sgr+SHM has a
lower average WIMP speed and a much larger dispersion with respect to the Sgr component,
implying WIMPs from the background component of the dark halo will be more affected by
GF than those in the stream. Figs. 2.4 and 2.5 show how this influences the amplitudes and
phases of the first and second harmonics.

Fig. 2.4 shows the amplitude A; (left) and the phase t; (right) of the first harmonic.

Without GF, A; would experience almost no deviation from the SHM, except around the

S

Umin values where the SHM has a dip due to the phase flip, and in a small region near (.

where it decreases by at most a factor of 2. Including GF does not noticeably affect these
results. When GF is accounted for, the flip of #; in the Sgr+SHM is delayed relative to
the SHM alone, but it occurs more rapidly, causing a deviation in the phase by up to two
months. As found in Ref. [66], when the Sgr stream is added to the smooth component

of the halo there appears to be a significant deviation of up to two months in the phase

S

Ser- Lhis effect occurs regardless of GF, and the

of the annual modulation near vy, ~ v
inclusion of GF even appears to enhance this deviation for low density streams, resulting in

an approximately 20 day phase shift for pge/psum = 0.01.

Fig. 2.5 shows the amplitude Ay (left) and the phase t5 (right) of the second harmonic.
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Figure 2.4: Amplitudes (left) and phases (right) of the first harmonic for the Sgr+SHM.
Dashed lines are for a low density stream, psqr/psam = 0.01, while solid lines are for a high
density stream, psg/psuv = 0.05. Blue lines and regions include GF, while purple lines and
regions neglect GF. Results are compared with the SHM alone, with GF (black) and without
GF (yellow).

The results for the phase of the second harmonic are very similar to those of the first. Without
GF, Ay would deviate significantly from the SHM only at v, ~ vggr and around the point

where the SHM amplitude has a dip due to a phase flip. When GF is included the dip

S

Ser remains. This enhancement

vanishes but the enhancement of the amplitude at vy, ~ v
is roughly a factor of 4 for pger/psum = 0.05. Without GF, the phase would exhibit a flip
at smaller v,,;, values and would experience strong deviations from the SHM of up to ~ 50
days for 250 km/s < vy, < 350 km/s. The inclusion of GF again washes out the low vy,
deviations, but leaves those above vy, &~ 200 km/s intact. Thus one would expect a 1%
density stream to have a second harmonic phase similar to the SHM’s, except in the region

Urnin ~ vggr, where the stream could cause deviations of as much as 45 days.

To summarize, including GF in Sgr+-SHM calculations does not affect the unmodulated
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Figure 2.5: Same as Fig. 2.4, but for the second harmonic.

rate or the fractional amplitude. Furthermore, it appears to wash out characteristics that
may allude to the potential existence of DM substructure in the phases of the first and second
harmonics for values of vy, < 200 km/s. The features arising from the substructure near
VUrnin ~ Uggr, however, are left intact. Since the effect of GF is negligible at vy, = 300 km/s,
should the Sgr stream contribute non-negligibly to the local DM density, anisotropies arising

from the Sgr stream could be probed using the ratios of harmonics as proposed in Ref. [71].

2.3.3 Dark Disk

We consider here two distinct types of DDs. The first could form from accretions of massive
satellites onto the galactic disk [61-64]. In this scenario, the DM in the halo of the satellite
galaxies and the DM comprising our own galaxy’s halo is expected to be of the same type,
i.e. non-dissipative in nature. While the DM in the halo must be non-dissipative in order to

maintain its known spatial distribution, Ref. [65] has shown that a subdominant portion of
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at most 5% could be dissipative. If such a component exists, it would form a DD in much
the same way the baryonic matter dissipates energy and forms the visible disk. We refer to
this second scenario as dissipative dark disk (DDD). Densities of DDs are expected to range
from paisk/Pnalo = 0.2 to 1, with this ratio being strictly less than 3 and likely less than 2 [63].

We model both the non-dissipative DD and the DDD using a truncated Maxwellian.
Consistent with the values found in numerical simulations, we model the DD with a rotation
velocity 50 km/s slower than the Local Standard of Rest (viag = 50 km/s) and with velocity
dispersion vy = 70 km/s [62]. While we present our results for a non-dissipative DD together
with a SHM halo (DD+SHM), results for the DDD are obtained without a background
halo component, as a specific particle model for all (dissipative and non-dissipative) DM
components would be required before the velocity integrals of SHM and DDD could be
combined.

The left panel of Fig. 2.6 shows the enhancement of the unmodulated component of
7(Vmin, t), Ao, for a DD combined with the SHM (DD+SHM) relative to that of the SHM
alone, for ppp/psam = 0.2 (green), 0.5 (red), 1 (purple), and 2 (blue), with (solid) and with-
out (dashed) GF. When GF is neglected, adding a DD to the halo can increase the unmod-
ulated rate by as little as 150% for ppp/psum = 0.2, or as much as 775% for ppp/psam = 2,
but only for vy, < 200 km/s. GF does not appreciably change this result for the low density
DD, but can increase the unmodulated component of the high density DD by an additional
60%.

The right panel of Fig. 2.6 shows the fractional modulation amplitude A(vy,) for the

DD-+SHM, defined in Eq. (2.9). For values of vy, below 300 km/s, where one expects GF
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Figure 2.6: Left: Unmodulated component of (v, t), Ao, for the DD+SHM normalized by
the unmodulated component for the SHM alone, for ppp/psam = 0.2 (green), ppp/psum =
0.5 (red), ppp/psum = 1 (purple), and ppp/psam = 2 (blue), with GF (solid) and without GF
(dashed). Right: Fractional modulation amplitude, as defined in Eq. (2.9), for the DD+SHM
with (top) and without (bottom) GF, and densities ranging from ppp/psum = 0.2 (dashed)
to ppp/psam = 2 (solid). Results are compared with the SHM alone, with GF (black) and
without GF (yellow).
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and a DD with small v}, to be most influential, the SHM predicts a fractional modulation
amplitude of at most ~ 4%. Without GF, the addition of the DD to the SHM would increase
A to as much as 12%. The presence of GF reduces the influence of the DD, resulting in at
most an 8% fractional modulation amplitude. For vy, > 250 km/s, the influence of the DD
and GF vanish and the DD+SHM results are identical to those of the SHM.

The left panel of Fig. 2.7 shows the amplitude of the first harmonic. Without GF (purple),
the addition of the DD would either increase or decrease the relative amplitude of the first
harmonic, depending on the values of ppp/psum and vyin. Due to GF the addition of the
DD primarily enhances the amplitude of the first harmonic. This enhancement can be as
large as a factor of 5 for ppp/psum = 2.

The right panel of Fig. 2.7 shows how the DD impacts the expected phase of the first
harmonic, with (blue) and without (purple) GF. Regardless of whether or not GF is included,
the phase of the first harmonic of the DD+SHM looks identical to that of the SHM for
Umin > 250 km/s. Without GF, the phase of the first harmonic would deviate from the SHM
by nearly 6 months for vy, between 70 km/s and 200 km/s. When GF is accounted for,
this phase difference between the DD+SHM and SHM is at most 4 months, and the range
of vmin at which this deviation occurs is reduced to 100 km/s < vy, < 180 km/s.

Fig. 2.8 shows the effect of a DD on the second harmonic. As for the first harmonic, the
DD affects neither the relative amplitude nor the phase for vy, > 250 km/s. Below this
value, the relative amplitude of the second harmonic of the DD+SHM is primarily enhanced
when GF is neglected, except in very narrow regions around vy, ~ 50 and vy, ~ 140 km/s,

depending on ppp. When GF is included, the amplitude for the DD+SHM is enhanced by
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Figure 2.7: Amplitudes (left) and phases (right) of the first harmonic for the DD4+SHM.
Dashed lines are for a low density DD, ppp/psum = 0.2, while solid lines are for a high
density DD, ppp/psam = 2. Blue lines and regions include GF, while purple lines and regions
neglect GF. Results are compared with the SHM alone, with GF (black) and without GF
(yellow).

up to a factor of 10 for ppp/psum = 2 and a factor of 3 for ppp/psam = 0.2, but only
at values of vy, below 180 km/s. A slight reduction in the amplitude occurs for all DD
densities plotted between vy, values of 180 km/s and 250 km/s. The phase of the second
harmonic without GF would consistently differ from the SHM by up to 75 days for values of
Umin below 250 km/s. GF slightly reduces the difference in ¢t between DD+SHM and SHM
alone for vy, < 250 km/s. The maximum phase difference between DD+SHM and the SHM
is roughly 50 days, but may be as little as 15 days for ppp/psam = 0.2.

In summary, we find that the existence of a DD with a lag speed of 50 km /s and dispersion
of 70 km/s can significantly alter the unmodulated rate, the fractional modulation amplitude,
and the phases of the dominant harmonics, but only for vy, < 250 km/s. A larger (smaller)

Y

Ulag Would increase (decrease) the vy, values at which the features associated with the DD
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Figure 2.8: Same as Fig. 2.7 but for the second harmonic.

appear. GF is shown to further enhance the unmodulated rate and fractional amplitude, but
it diminishes the influence of the DD on the phases of the dominant harmonics. However,
one should keep in mind that the relative importance of GF seen in this paper is dependent
upon the chosen rotation velocity of the DD.

We notice that the method of Ref. [71] for probing the nature of anisotropies in the dark
halo with ratios of harmonics may not be useful for a DD, as the region in which deviations
occur directly overlaps with the region made anisotropic by GF (at least in the example
provided here). The effect of GF would be noticeably reduced should the DD rotate at a
velocity significantly different from the rotation velocity of the Sun. This is because, in the
Sun’s reference frame, WIMPs from the DD will be moving faster and spend less time in the
Sun’s gravitational potential.

We also show in Fig. 2.9 the amplitudes (left panel) and phases (right panel) of the first

(solid lines) and second (dashed lines) harmonics for the DDD alone, with (light blue) and
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without (purple) GF. The amplitudes for the DDD look very similar to those of the SHM,
but they appear at much lower v, values for the DDD lag speed we assume (50 km/s).
This should be expected, as the DDD contains WIMPs coming from approximately the same
direction as the dark halo but with a lower relative speed and a smaller dispersion. The most
notable differences occur in the phases. For all values of v.;,, the phases of the first and
second harmonic for the DDD are shifted approximately half a month earlier when compared

to the phases of the SHM (see Fig. 2.1 for comparison).

2.4 Estimate of required number of events

We begin by providing a rough estimate of the number of events that would be necessary
to observe the annual modulation in the Sgr+-SHM, the DD+SHM, and the SHM, using a
very simple two-bin analysis. Let us split an annual cycle into two six-month periods, one of
which is centered about the time of maximum of the rate and the other is centered 6 months
later. For a fixed energy range, we denote the number of events in the two time bins N,
and N_. To estimate the number of events needed to establish the existence of an annual

modulation with a significance level corresponding to a standard deviations, we require that

ANEN+—N_ 20{\/ Ntot N (210)

with Nyt = N4 + N_ the total number of observed events. We assume that the uncertainty
of Ny and N_ is \/Niot/2. Assuming the phase ¢ is constant in the energy range considered,

we can approximate the integrated rate as R(t) ~ Ry + Rj cos (2m(t — t)/year), where Ry is
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Figure 2.9: Amplitudes (left panel) and phases (right panel) of the first (solid) and second
(dashed) harmonics for the DDD, with GF (light blue) and without GF (purple).

the unmodulated component of the rate and R; is the modulation amplitude. For a fixed
exposure MT, Ni ~ MT(Ry/2+ Ry/m), where the factor of 1/7 arises from integrating the
cosine term over the temporal region defining each bin.

Solving Eq. (2.10) for Ny in terms of Ry and R; then yields

2:2 /'R 2
Ny, > 278 (—0) . (2.11)

Ry and Ry can be replaced by the integral of Ay and A; over the energy range considered,
since all additional constants relating Ry to Ay and R; to A; cancel in the ratio. Ay and
Ay are functions of vy;, and we use the relation between v,,;, and Eg for elastic scattering
given below Eq. (2.1).

Since we would ultimately like to know how distinguishable the Sgr+-SHM and DD+SHM
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are from the SHM, we choose to evaluate Eq. (2.11) in an energy range where the amplitude
and phase of the Sgr+SHM and DD+SHM deviate most strongly from the SHM. For the
Sgr-+SHM, this region corresponds to vy, values between 280 km/s and 300 km/s (see
Fig. 2.4). This region is roughly consistent with a 1 keV bin centered at about 6.6 keV,
for a 25 GeV DM particle scattering off xenon. Evaluating Eq. (2.11) in this region we find
the modulation amplitude in the Sgr+SHM, for pse/psum = 0.05, requires roughly 290002
events to be detected with significance « sigma, while the amplitude in the SHM requires
2000c? events. The Sgr+-SHM requires more events to be observed than the SHM because
the modulation arising from the Sgr stream and the SHM are out of phase, leading to a
reduction in the modulation amplitude as shown in Fig. 2.4. For the DD+SHM, we consider
Umin values between 130 km/s and 150 km/s (see Fig. 2.7). This region approximately
coincides with a 1 keV bin centered at about 4.5 keV, for a 50 GeV DM particle scattering
off xenon. The DD+SHM, for ppp/psum = 2, would require 170a? events to be detected
at significance o sigma while the SHM would require roughly 7500 events. The addition
of the DD to the SHM significantly reduces the number of necessary events because the
DD+SHM has a significantly larger modulation amplitude, as seen in Fig. 2.7.

An important question to ask is, if an experiment were to view the annual modulation
with a significance of a standard deviations, would additional events be necessary in order
to distinguish these models? It is clear from Fig. 2.4 that the modulation features of the
Sgr+SHM deviate most from those in the SHM in the phase of the first harmonic. Thus the
question to ask for the Sgr+SHM is, how many events must be observed between v,,;, = 280

km/s and vy, = 300 km/s in order to distinguish a phase occurring in mid March from a
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phase occurring in late May. The first harmonic in the DD+SHM differs strongly from that
of the SHM in both the phase and the amplitude, and thus it is important to check which
feature will be more easily distinguishable from the SHM.

We will begin with a rough analysis of the number of events necessary to discern the dif-
ference between the amplitude of the modulation for the DD+SHM, assuming ppp/psim = 2,
from the SHM amplitude. Consider once again the same bin analysis previously used to de-
termine the detectability of the modulation amplitude. The condition for distinguishing the
modulation amplitude of the DD+SHM from the modulation amplitude of the SHM is sim-
ply that the difference between ANpp sy and A Nggy must be larger than the uncertainty,

v/ Niot, in the measurement of AN. This implies

ANppisam — ANgam = o/ Ny, - (2.12)

With similar manipulations as above, one can arrive at the following condition on Niu:

N > o Ki> (Rl) }_2 (2.13)
ot = - e . .
4 Ry DD+SHM Ry SHM

Evaluating Eq. (2.13) in the energy range previously defined for the DD+SHM, we find that

approximately 225a% events are necessary to distinguish the amplitude of the DD+SHM
from the SHM at a significance of a sigma. This implies that approximately 55a? more
events must be detected after the annual modulation is observed in order to discriminate the
DD+SHM from the SHM using only the amplitude of the modulation.

We now consider how the phase of the modulation could be used to estimate the number
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of events that must be observed in order to distinguish the various models. Assume for
a moment that an annual modulation has been detected and the number of events can be
plotted against time to form a sinusoidal-like figure. Let us assume that one of the data points
lies at (t,, N), where N is the average number of events observed. Two cosine functions, one
passing through the data point itself with phase t,, and the other passing through the upper
end of its error bar with phase t,, can then be used to characterize the uncertainty with
which the phase is known. The upper bound of the data point is proportional to the square
root of the number of events in the temporal bin v/Nyi,. We will assume events are evenly
distributed across temporal bins, implying v/Nuin =~ v/Niot /4. Assuming AN is known, the

conditions that by definition must be satisfied are

ATN cos(w(t, —1,)) =0, (2.14)
ATN cos(w(ts —ty)) =~ %\/ Niot, - (2.15)

We solve Eq. (2.14) for ¢, and restrict our attention to the solution that is closer in phase

with the data. Substituting this result into Eq. (2.15) yields

ay/ Nyt
2AN

sin(wAt) ~ (2.16)

where At = t, — t,. To be conservative, we choose to restrict the uncertainty in the phase

33



to be at most one month, for which sin(wAt) = sin(7/6) = 1/2, which then implies

2,2 2
Nt = 21 (ﬁ) : (2.17)

which coincidentally is the as same as Eq. (2.11). We note that the above analysis is only
one sided in that it fails to account for the lower part of the (t., N) error bar. The true
uncertainty in the phase thus has a full width of two months, extending to one month to
either side of the best-fit value.

Since Eq. (2.11) and Eq. (2.17) coincide, the number of events required to distinguish
the phases (with a two month error) of the Sgr+SHM or DD+SHM modulations from the
phase of the SHM modulation are approximately the same as those required to confirm the
existence of the modulation itself. We thus expect any experiment measuring the modulation
in an energy range where the phases of the models significantly differ, to measure the phase

with high enough accuracy to differentiate the SHM from the Sgr4+-SHM and DD+SHM.

2.5 Summary

We have considered how gravitational focusing of DM due to the Sun’s gravitational potential
would alter the time modulation of a DM signal. Previous studies have separately considered
extracting information using a harmonic analysis [71] and investigating how anisotropies in
the DM halo might influence direct DM detection experiments [72-74]. The purpose of this
paper is to unify these analyses and investigate how GF would alter the results of a harmonic

analysis in the presence of DM velocity substructure.
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We performed our analysis on a dark halo described by the standard halo model (SHM),
a SHM with an added DM stream as expected from the tidal disruption of the Sgr dwarf
galaxy by the Milky Way, a SHM plus a dark disk (DD) with lag speed vj,e = 50 km/s, and
a dissipative dark disk alone (DDD) with the same lag speed. Our results for the SHM alone
are in agreement with Ref. [74]. Additionally, the conclusion of Ref. [71] that there should
exist ratios of the amplitudes of harmonics independent of v,,;, was shown to be inconsistent

with the presence of GF at vy, < 300 km/s. This does not come as a surprise as the result

of [71] assumes that the local DM halo in the galactic frame is isotropic, and GF inherently
makes the halo anisotropic.

For the Sgr stream, modeled with a velocity vg, = (—65,135, —249) km/s in galactic
coordinates, we found that GF is unlikely to significantly affect any DM particles coming
from the stream, but can affect the smooth halo component, and thus can alter the relative
contributions of the Sgr stream and the smooth halo to the velocity integral n(vmn,t). We
showed that by increasing the relative importance of the background halo, GF tends to
reduce characteristic features that would otherwise be expected to appear in the phases of
the annual and biannual harmonics from the inclusion of the Sgr stream component. In

spite of this, GF does not eliminate the more prominent features which have the potential

to alter the expected phase of the annual modulation by more than two months for values

S

Ser 18 the speed of the Sgr stream in

of vyin ~ vggr with respect to the SHM alone, where v
the Sun’s reference frame.

For our DD+SHM analysis we considered a dark disk co-rotating with the baryonic disk

but with a smaller rotational velocity. Since the relative velocity of DM in the DD is much
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smaller than in the SHM or Sgr stream, one would expect GF to have a much larger influence
in this model. Indeed we showed that the inclusion of a DD has a large influence on the
unmodulated rate, the fractional amplitude, the amplitudes of the annual and biannual
harmonics, and the phases of the annual and biannual harmonics. However, these effects
appear only at vy, < 250 km/s.

We also provided rough estimates of how many events should be observed in order to
differentiate between the Sgr+SHM, DD+SHM, and SHM. We have determined that should
an experiment measure the annual modulation in an energy range where the phase of the
Sgr+SHM and DD+SHM differ noticeably from that of the SHM, the uncertainty in the
measured phase will be small enough to allow for a discrimination between these models.

Our conclusions support the idea that analyzing the harmonic series of the DM differential
scattering rate could potentially shed light on the distribution of DM in our galaxy. We
have found that when DM velocity substructure is present, GF washes out some of the
more distinctive features that would appear in the amplitudes and phases of the dominant
harmonics were GF neglected. This is so because GF enhances the density of the low velocity
WIMPs in the smooth halo component. However, deviations with respect to the SHM, most

notably in the phases of the harmonics, can still persist and could provide insight into the

astrophysical nature of DM.
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3 Target dependence of the annual modulation in di-
rect dark matter searches

3.1 Introduction to Target-Dependent Modulation

Despite being the dominant form of matter in the Universe, the exact nature of the dark
matter (DM) is still unknown. One of the most well-motivated candidates for DM is a par-
ticle with few GeV to hundreds of TeV mass and weak-scale interactions, referred to as a
weakly interacting massive particle (WIMP). Efforts to shed light on the non-gravitational
interactions of WIMP DM primarily focus on either detecting the byproducts of DM an-
nihilation or decay (indirect detection), producing DM in the laboratory through collisions
of standard model particles, or detecting interactions between DM in the galactic halo and
terrestrial nuclei (direct detection).

Direct DM detection experiments attempt to gain insight into both the particle physics
properties of DM and the local DM velocity distribution by observing the energy deposited
by DM particles interacting with nuclei as they pass through detectors. A key feature of
any convincing direct detection signal would be the annual modulation of the scattering
rate caused by Earth’s rotation around the Sun [78]. For DM velocity distributions that are
locally smooth and isotropic in the galactic frame, it is usually expected that the differential
rate for dark matter scattering off a target nuclide T is nearly sinusoidal and can be well

represented by

dR o
ﬁ(El% t) =~ So(ERr) + Su(ER) cos(1

(t— to)) : (3.1)
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where Ep is the nuclear recoil energy. Allowing the modulation amplitude Sy, (ER) to assume
both positive and negative values, the phase t is independent of Eg. Taking instead Sy, (ERr)
to be non-negative, as we do in this paper, ty changes from early June at large Er to
early December at small FR, with the transition occurring sharply at a single Er value.
Accounting for the presence of anisotropy in the DM halo modifies this picture, most notably
by modifying the Er dependence of the modulation phase. The extent to which various forms
of anisotropy, including DM substructure, the gravitational focusing (GF) of DM particles
by the Sun, and triaxial halo models, modify Eq. (3.1) has been investigated e.g. in [79-90].

At fixed recoil energies, experiments employing different target elements are not neces-
sarily expected to measure the same modulation of the rate. However, for most interactions,
some observables associated with the annual modulation like the modulation fraction or the
time of maximum and minimum signal, t,,.x and t;,, do not depend on the target nuclide
when expressed as functions of v,;,. This is the minimum speed a DM particle must have
in Earth’s frame to impart a recoil energy Fr on a target nucleus. This definition natu-
rally treats v, as an Er-dependent function. Alternatively, it is possible to think of Egr
as a Upip-dependent function. In this context, ER is interpreted as the extremum energy
(corresponding to a maximum energy if the scattering is elastic, and either a maximum or
minimum energy if the scattering is inelastic) that can be imparted to a nucleus by an in-
coming DM particle traveling with speed v = v, in Earth’s frame. For each nuclide there
exists a bijective relation between Er and v, dictated by the scattering kinematics, and
the choice of one or the other as the independent variable may lead to different insights. As

commented above, for most interactions (e.g. the standard spin-independent (SI) and spin-
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dependent (SD) interactions) observables like t,,., and ¢, are nuclide-independent functions
of Uiy (this is no longer true when expressed as functions of Fg, since the Er-vy;, relation
is target dependent). Therefore for studying the signal modulation for single-element targets
it is convenient to adopt v, as the independent variable (averaging over different isotopes).
For targets consisting of multiple elements, one must choose whether to treat Eg or vy, as
the independent variable (see e.g. [91-93]). When we consider multiple targets in Sec. 3.3.1
we choose to return to using Fr as the independent variable.

We pointed out in [94] that when the DM-nucleus differential cross section has a non-
factorizable velocity dependence, as for DM interacting through a magnetic dipole or an
anapole moment, t,,., and t.;, are no longer target-independent functions of vy,;,. Here, we
reconsider the analysis performed in [94] and examine more extensively how target-dependent
modulation arises, how various experiments can actually observe such a signal, and the extent
to which putative signals could identify DM with a non-factorizable velocity dependence in
its differential scattering cross section. Specifically, we consider how (i) integrating the
scattering rate over a finite energy range, (i) the presence of multiple target elements with
non-negligible contributions to the rate, and (%ii) different DM-nucleus scattering kinematics
affect the potential observability of target-dependent modulation.

This Chapter is organized as follows. In Section 3.2 we introduce the formalism and
discuss what conditions must be present for target-dependent modulation. In Section 3.3 we
take the particular example of DM interacting with nucleons through an anomalous magnetic
dipole moment and discuss how observables associated with the annual modulation of the

rate depend on vy, for specific targets employed in currents experiments. Additionally, we
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examine how experiments would view a signal arising from magnetic dipole DM a function of
the observed energy E’ and the extent to which the expected signal would be distinguishable
from a signal arising from a standard SI or SD contact interaction, for both elastic and

inelastic scattering. We conclude in Section 3.4.

3.2 DM signal and its modulation
3.2.1 Direct detection rate

Direct DM detection experiments try to measure the recoil energy ERr a nucleus initially at
rest in the detector acquires after scattering with a DM particle with initial velocity v in the
detector’s rest frame. The differential scattering rate on a nuclide 7" per unit detector mass
is

dRr B ﬁ P dor

——(ER,t) = v f(v,t) — d®v | 3.2
= [ e g (32

where p = 0.3 GeV/cm? is the local DM density, m is the DM particle mass, Cr is the
nuclide mass fraction in the detector, mr is the target nuclide mass, and f(v,t) is the DM
velocity distribution in Earth’s frame. The energy dependence of vy, (ERr), is dictated by

the scattering kinematics, for instance for elastic scattering

mTER
/Umin(ER) = “ 2/L2 . (33)
T

Experiments do not measure directly the recoil energy, but a proxy for it denoted here

with E’. This detected energy can e.g. be measured in keVee (keV electron-equivalent energy)
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or photoelectrons. For experiments that bin their data, the energy-integrated scattering rate

between detected energies £} and E is

dRr

E} )
Ry ) (t) = Z[E dE'€(E/)/0 dER GT(ER>E/)E<ER7t) > (3.4)
T 1

where ¢(E’) is the counting efficiency and Gr(FERr, E') describes the probability that an
event detected with energy E’ resulted from a nuclear recoil having energy Er. Gr(ERr, E')
is frequently taken to be a Gaussian with mean value (E') = QrEg, where Qr(ER) is an
element-dependent quenching factor.

Typically one assumes the DM is on average at rest with respect to the galaxy, and the
velocity distribution in the galactic frame fg(v) is smooth and isotropic. The DM velocity
distribution in Earth’s frame is then obtained via the Galilean transformation f(v,t) =
fa(v+vg(t) +vs), where vg(t) is the velocity of Earth with respect to the Sun and v the
velocity of the Sun with respect to the galaxy. In this paper we choose to model the velocity
of Earth with respect to the Sun following the procedure of Ref. [95], and take the velocity
of the Sun with respect to the Galaxy to be vs = (11,232,7) km/s in galactic coordinates.
Furthermore, for concrete applications we assume the Standard Halo Model (SHM), in which

the velocity distribution of the dark halo is a truncated Maxwellian,

6—1)2/1)8

(WU(%)S/ZNeSC

fa(v) = 0 (Vese — |v]) (3.5)

with galactic escape velocity vese = 533 km/s [96] and velocity dispersion vy = 220 km/s [97].
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The normalization,

2v,
esc efvgsc/v(%

Nese = Erf(vesc/vo) — N ;
is chosen such that [ d*v fg(v) = 1.

DM that is on average at rest with respect to the Galaxy has a preferred direction of
motion in the Sun’s reference frame. For this reason, DM particles viewed in the Sun’s
reference frame appear as a constant “wind”, with velocities preferentially opposed to vg.
The gravitational potential of the Sun bends the trajectories of DM particles as they pass
by, resulting in a focusing effect that is maximized at Earth’s location when Earth is on the
leeward side with respect to the Sun, occurring on March 1. This effect, referred to as
GF, implies the DM density and velocity distribution at Earth’s location depend on Earth’s
position relative to the Sun. The influence of GF is larger on slower moving particles as they
spend more time in the Sun’s gravitational potential, and is negligible on WIMPs traveling

faster than a few hundred km/s in the Solar reference frame. The effect of GF is taken into

account by replacing fo(v + vg(t) + ve) with fo(veo|[v + vg(t)] + ve), where

onlo] = V20 + $UaU P — VooV (V - 7) (3.7)
o0 - 2 1,2 _ Ln :
Uoo _'_ zuesc UOO(U 'I‘)

is the velocity a DM particle had asymptotically far away from the Sun’s gravitational
potential, such that its velocity when arriving at Earth is v [98]. Here ues. = /2G Mg /1 =~ 40
km/s is the escape velocity of the Solar System at Earth’s location, r is the Sun-Earth

distance, # is the unit vector pointing from the Sun to Earth, and vZ, = v? — u2,.
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3.2.2 Time dependence of the rate

For the commonly considered SI and SD contact interactions, the differential scattering cross

section for DM-nucleus elastic scattering has the form

dop 7nT0TF}(ERP 1
E = — 3.8
dER( R,V ) 2,“%" 02 ( )

where pr is the DM-nucleus reduced mass, or is the total cross section for a point-like
nucleus, and Fr(FR) is the appropriate nuclear form factor normalized as F(0) = 1. This
general form arises every time the scattering amplitude for a point-like nucleus is (at least
approximately) independent of the scattering angle, i.e. of the recoil energy. In this case,

Eﬁlax dO’T dUT
op = —— dFER = B —— 3.9
T /0 dEr ¢ TR 4By (39)

where ER® = 2p20v%/myr is the maximum recoil energy a nucleus can get from scattering
elastically with a DM particle with speed v. The effect of the finite size of the nucleus is then
taken into account with the appropriate form factor. The differential rate for cross sections

of the form in Eq. (3.8) then reads

dRT P UTFT(ER)
E _ in(E 1
dER( R, 1) = OTm 2 10 (Vmin (ER), 1) (3.10)
with
t
10 (Vmin, ) E/ /@, )d%. (3.11)
'U>Um1n v
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The modulation of the differential rate is determined solely by the time dependence in
the velocity integral 1 (vmin, t), which is a target-independent function of vy, and therefore
common to all experiments. Even though what enters the rate is the function 7o (vmin(ER), t),
which depends on the target through vy, (ER), one can express Er as a function of vy,
and study dRp/dFER(ER(vmin), t), which is proportional to the target-independent quantity
10 (Vmin, ) (see e.g. [92,93]).

The target-independent nature of the time dependence of the differential rate for the
standard SI and SD contact interactions is a consequence of the fact that velocity and target
dependence can be factored in the differential cross section shown in Eq. (3.8). One may
then ask, in general, under what circumstances observables associated with the modulation
of the rate, such as t,.x and t,;,, are target-dependent functions of v,;,. Following our
preliminary study [94], we find that this can only happen when the following conditions are

met:

1. the velocity and target dependence in the differential cross section cannot be factored,

and

2. the scattering events that can be recorded by an experiment probe portions of the DM

velocity distribution that are locally anisotropic in the galactic frame.

As shown in Ref [94], it is possible to meet both requirements and thus have a target-
dependent modulation. Regarding point 2, anisotropy in the local DM velocity distribution
can arise from an anisotropy in the smooth component of the halo, DM substructure, and

gravitational interactions of DM with nearby massive objects such as the Sun. In this paper
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Figure 3.1: Left: ny plotted as a function of vy, at fixed times. Right: The difference
between 7o (Vmin, t) and 7o (vmmn, t = March 1%%) evaluated at various times. The inset depicts
the same figure should GF be neglected.

we choose to introduce anisotropy by only including the effect of GF of DM particles by the
Sun because this anisotropy necessarily exists and is well understood [79,80, 98].

Regarding point 1, the factorizable velocity and target dependence of the differential cross
section, despite being very common, is not a completely general feature. The differential
scattering cross section for DM interacting through a magnetic dipole [93,99-123] or an
anapole moment [99,120-127] actually contains two terms with unique velocity dependences
and energy-dependent coefficients. These types of differential cross sections also appear
with the interactions described by some of the effective operators studied e.g. in [128-133]
(see [118,134-137] for explicit formulas of scattering amplitudes). In all these examples,
velocity dependences other than the dop/dEg o< 1/v? in Eq. (3.8) are present. This happens

e.g. when higher order terms in the nonrelativistic (small v) expansion of the scattering
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amplitude become important. To be concrete, we can take for example the scattering rate

to be
dR
—L(Eg,t) = ro(Er,t) + r1(Eg,t) (3.12)
dER
with
Tn(ER, t) X Np(Vmin(ER), 1), n=20,1, (3.13)

where we generalized the definition of the velocity integral in Eq. (3.11) to

t
N (Vinin, t) = / v*" fv.1) d*o . (3.14)
U2Vmin v

The interesting case for us is when ry and r; have similar magnitudes. The proportionality
factor between r; and 7; in Eq. (3.13) is in general Er dependent, and this dependence must
balance the suppression provided by the extra powers of v in n; with respect to 7y in order
for rg and 1 to be comparable. We will see below that the scattering rate of a DM particle
interacting through an anomalous magnetic moment has exactly this form. As is clear from
Eq. (3.12), the time dependence of the rate does not coincide in general with that of a single
velocity integral, as it happened instead in the simple case of Eq. (3.10). It is therefore
useful to denote with Tyay (Tmin) the time of maximum (minimum) of each velocity integral,
to distinguish it from the time of maximum (minimum) of the rate denoted ¢ax (fmin)-

To understand the time-dependent behavior of 7, we begin by considering the behavior

of n9. The left panel of Fig. 3.1 shows 7, evaluated at the first day of the month for the
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Figure 3.2: 1 plotted as a function of vy, at fixed times. The inset zooms in on the region
where the time of maximum 7,,,, transitions from late May, occurring at small values of vy,
to early June, occurring for vy, = 300 km/s.

first six months of the year as a function of v,;,. Since the behavior of the curves is difficult
to discern, we plot in the right panel of Fig. 3.1 the difference between each of the curves
in the left panel and 7, evaluated at March 15°. Here, Tyay, the time of maximum of the
velocity integral, can be seen to transition from early January to early June as vy, increases
from ~ 140 km/s to &~ 260 km/s (actually, T,ax Occurs before January 1°°, during the month
of December at low values of vy,,). The inset in the right panel of Fig. 3.1 shows how nq
changes with time should GF be neglected. Without GF, 7., still transitions from January
1% to June 1%, but this transition occurs very rapidly over a very narrow range of vy, values.

Fig. 3.2 shows n; as a function of vy,;, for various fixed times. Unlike 7y, there appears to
be a fixed separation between the various fixed time curves across nearly all values of v;,.

This occurs because the additional factor of v? entering the velocity integral of 1; weights the
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high velocity part of the spectrum, where the fixed time curves of 7y are visibly separated.
The inset of Fig. 3.2 zooms in on the low vy, region to emphasize that 7., of ; does have
a small v,,;, dependence, transitioning from late May at small values of v,,;,, to early June
for v 2 300.

For n > 1, one would expect the high end of the velocity distribution to become increas-
ingly weighted, which within the SHM should result in a time dependence similar to that of
11, but even more independent of vy;,. This is shown in Fig. 3.3, where 7.« and 7, are
plotted for 7y, n1, and 7. Instead of plotting 7, we plot Timin — Tiin, Where Timin = Tmax + 6
months. Fig. 3.3 shows the effect of including (solid) and neglecting (dashed) GF.® For s,
Tmax 1S hardly affected by GF and thus only a single solid line is plotted. The results for
Tmin — Tmin Without GF' are not shown as in this case 7, is nearly indistinguishable from
Trmin-

Fig. 3.3 shows that, within the SHM, 7, is the only 7, whose time-dependent behavior
differs markedly from 7,,~;. Thus, for the target-dependent features of the modulation to ap-
pear, assuming no other forms of anisotropy are present within the dark halo, the differential
cross section must not only contain a non-factorizable velocity dependence, but one of the
terms in the differential cross section must be proportional to 7y. Should 7.« and 7, of 79
become vy, dependent above 300 km/s, e.g. due to the presence of DM substructure [81],
the approximate degeneracy of 7,>; (and near exact degeneracy of 1,>2) would break and
the previous requirement would no longer be necessary.

We would like to note that any 7, can actually be rewritten in terms of, and thus

8Unless otherwise stated, GF and the eccentricity of Earth’s orbit are included in all calculations.
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Figure 3.3: Time of maximum 7y, (left) and minimum 7, (right) of 79, 71, and 75 assuming
the SHM, with (solid) and without (dashed) GF. In the right panel we plot Tyin — Timin, Where
Tmin 1S Tmax + 6 months. Neglecting GF, 7, is nearly indistinguishable from 7,,;,, and thus
is not shown.

computed from, ng. Defining F(v,t) = v? [dQ f(v,t) with d*v = v2 dv d, one can write

t o F(v,t
nn:/ V2" uc )d%:/ V2" (v, )dv, (3.15)
V>Vmin v Umin v
which implies
o dno(v, t)
= — Mmoo d 3.16
= [ o, (3.16)

as can be seen by differentiating Eq. (3.11). Finally, integrating Eq. (3.16) by parts yields

N (Vmnin, t) = viﬁnno(vmin,t) + Qn/ 112"_1770(11,15) dv , (3.17)

Umin

where we used the fact that n9(co,t) = 0. With a similar set of manipulations, any arbi-

trary 7, can be written in terms of any other arbitrary n,. Therefore, in principle, one
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may choose to express the rate in terms of any of the 7, (or even in terms of f(v,t) itself,
as shown in Eq. (18) of [93]). Some of the 1, may have good properties for specific calcu-
lations, for example the normalization condition [ f(v,t) d3v = 1 can be written either as
5 10 (Uiin, ) domin = 1 (see e.g. [138,139]) or n%(O) = 1. Moreover, whenever the velocity
integrals need to be computed numerically (e.g. for complicated halo models, or when com-
puting the effect of GF), Eq. (3.17) can be used to straightforwardly determine 7,2 once 7
is known.

The different time dependence of the the various 7, can be understood by looking at
Eq. (3.17). Were it only for the first term on the right-hand side, 1,20 and 1y would obviously
have the same time dependence at fixed vy,,. Because of the second term, however, 7, (Vmin, t)

is a function of time that depends in a nontrivial way on (v, t) for all v = vyy.

3.3 Annual modulation for magnetic dipole DM
3.3.1 Elastic scattering

We study here in detail the case of a Dirac fermion DM candidate y elastically scattering
with nuclei through an anomalous magnetic dipole moment A,, with interaction Lagrangian
L = (A /2) X xF* . The differential cross section for elastic scattering off a target nuclide

T with Zp protons and spin St is

dO'T mr ]. 1 IUQ
EoN (Vinin, V) = Oé)‘i {Z%ﬁ L}Z_ T2 (1 - # FSQI,T(ER(Umin))+

Nomr (Sp+1\
g (g5, ) Pl 015
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Figure 3.4: Rate fractions fy and fi, as defined in Eq. (3.19), for fluorine (top left), sodium
(top right), iodine (middle left), xenon (middle right), germanium (bottom left), and argon
(bottom right). Solid (dashed) lines correspond to m = 100 GeV (1 TeV).
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Figure 3.5: Time of maximum ¢, (left) and minimum ¢, (right) of the differential rate
for magnetic DM scattering off fluorine, plotted for various DM masses as a function of v;,.
The current low energy threshold for PICO has been mapped onto v, for each DM mass
and is shown as a small solid dot.

with a = e?/4w the electromagnetic fine structure constant, m, the proton mass, Ar the
nuclear magnetic moment in units of the nuclear magneton e/(2m,) = 0.16 GeV~', and
ER(vmin) = 2p%0v2,;, /mr [93]. The differential cross section contains two terms, one arising
from the charge-dipole interaction and the other arising from the dipole-dipole interaction.
The former thus depends on the nuclear charge and contains a spin-independent form factor
while the latter depends on the nuclear spin and contains a magnetic form factor. Both form
factors are normalized to 1 at zero recoil energy. We compute the cross section with the
formalism and form factors provided in [134,135].

Since the magnetic DM differential cross section contains terms proportional to 1o (vmin, t)
and 71 (Vmin, t), the modulation of the differential rate is a direct consequence of the interplay
of these two functions and their respective coefficients. The relative importance of each of

these functions is determined by the target and DM mass-dependent coefficients. We define
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ro(ER,t) and ri(ER,t) as the terms of the differential rate containing 7y and 7; respectively,
as in Egs. (3.12) and (3.13), and 7o(Fr) and 7 (ER) to be their time average. The time-
averaged differential rate reads then dRyp(ER)/dER = 7o + 71. Fig. 3.4 depicts the absolute

value of the time-averaged rate fractions,

|71]

7_-.
Jo= ol

ro+ 71

) flz

= , 3.19
ro+ 71 ( )

as functions of vy, for six elements (fluorine, iodine, sodium, xenon, germanium, and
argon) employed by current DM direct detection experiments. When more than one isotope
is present, i.e. for germanium and xenon, ro and r; are understood to be summed over
isotopes. Solid (dashed) lines correspond to a 100 GeV (1 TeV) DM particle.

The target dependence of t,,.x and t,,;, can be understood by combining the information
on the time dependence of 7y and n; in Fig. 3.3 with the information on the rate fraction of
the corresponding element shown in Fig. 3.4. t,,.« and t.;, as functions of vy, are shown in
Figs. 3.5-3.8 for magnetic DM scattering off fluorine, sodium, iodine, and xenon. We have
chosen not to plot t,.x and t,;, for germanium and argon because the results for all DM
masses below 10 TeV are identical due to their small (germanium) or zero (argon) nuclear
magnetic moment (see Ref. [94] for details). For each element, t,,.x (left panels) and #y,
(right panels) are plotted for various DM masses ranging from 10 GeV to 10 TeV. Also
shown, depicted as dots on the ty.x and ¢, curves, are the Er thresholds for LUX [140]
(3.1 keV [139], employing Xe), DAMA [141] (6.7 keV for Na with Qn, = 0.3 and 22.2 keV

for I with Q; = 0.09), and PICO [142] (3.2 keV, employing F), translated into vy, for elastic
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Figure 3.6: Time of maximum ¢, (left) and minimum ¢,,;, (right) of the differential rate for
magnetic DM scattering off sodium, plotted for various DM masses as functions of vy,;,. The
current low energy threshold for DAMA has been mapped onto vy, assuming a quenching
factor Qna. = 0.3, for each DM mass and is shown as a small solid dot.

scattering with each DM mass. When multiple isotopes are present, the value of mr in
Eq. (3.3) is replaced with ) . &rmyp, where & is the numerical abundance of element T'.

Figs. 3.5-3.8 show that . and t,,;, become target and DM mass independent for vy, 2
300 km/s. This is due to the fact that the difference in the time-dependent behavior between
no and 7y, which are central to the target-dependent features, vanish above vy, =~ 300 km/s
(see Fig. 3.3), if the only source of anisotropy in the local halo is GF.

Fig. 3.4 confirms that at sufficiently small values of v,,;, the contribution to the differential
rate from the term proportional to 1y can be neglected. This is because the r; term contains

the factor 1/v?

min?’

which dominates the v,;, dependence of the rate at small v, values.
Thus, in the small v, limit, ¢, occurs in late May and ¢,,;, occurs in late November,
regardless of the target element and DM mass. This behavior is a feature of elastic magnetic

DM and other DM models could behave in a qualitatively different way.

o4



For target elements that have a nonzero average nuclear magnetic moment (i.e., all ele-
ments considered here except argon), at large enough values of vy, the dipole-dipole inter-
action inevitably becomes dominant, and thus ry > ;. This is because the spin-independent
form factor in Eq. (3.18) decreases significantly faster than the magnetic form factor. Fig. 3.4
confirms that for all elements considered except argon, there exists a value of v, below which
r1 is the dominant contribution to the rate, and above which r( is the dominant contribution
to the rate. The location in v, of this transition and how fast or gradual it is determine
the unique element-dependent features of t,,.x and t,;, in Figs. 3.5-3.8.

The mass of the DM particle can have a large influence on the appearance of target-
dependent features. Consider for instance the difference between a 100 GeV and 1 TeV DM
particle scattering off xenon. For a 100 GeV DM particle, Fig. 3.4 shows that the vy, point
at which o becomes dominant is around vy, ~ 400 km/s. Since this value of vy, lies in
the target-independent region, t,,.x is effectively determined solely by the time dependence
of 1. As the DM mass increases, the point at which rq becomes dominant with respect to r;
shifts to lower values of v,,;,. This is partly due to the fact that the vy, value corresponding
to a given Eg decreases, but also because the terms 1/p2 and p%/m? multiplying the SI
component of Eq. (3.18) decrease. Consequently, for a 1 TeV DM particle scattering off
xenon, the vy, value at which ry becomes dominant appears in a vy, region where the
time dependence of n; and 7 differ, leading to the appearance of a unique target-dependent
feature in the t,,. and t,;, curves.

Up to this point we have only discussed how target-dependent modulation arises and

how, under the assumption of magnetic DM, observables associated with the modulation of
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Figure 3.7: Time of maximum ¢, (left) and minimum ¢,,;, (right) of the differential rate for
magnetic DM scattering off iodine, plotted for various DM masses as functions of v,;,. The
current low energy threshold for DAMA has been mapped onto vy, assuming a quenching
factor 1 = 0.09, for each DM mass and is shown as a small solid dot.

the rate in vy, can potentially change. We have not yet discussed how these effects would
manifest in present day experiments. To determine if experiments are capable of observing
these target-dependent features, one must take into account the experimental threshold, the
efficiency, the energy resolution, and the binning method.

The obvious requirement for these target-dependent effects to be observable, is that the
experimental threshold in v, must be below 300 km/s. The threshold in v, depends on
the threshold in E’, the DM particle mass, and the scattering kinematics. Figs. 3.5 and 3.8
show that present thresholds are already low enough to give rise to a four month difference
in tn.x for a 50 GeV DM particle scattering elastically off fluorine and xenon (while the 50
GeV curve is not shown for xenon, it directly overlaps with the 100 GeV curve), should the
differential scattering rate be measured with perfect energy resolution, which is not possible

for actual experiments.
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Since we would like to see how observable this target dependence could be, we choose
to consider experiments employing elements with large nuclear magnetic moments. For this
reason we begin by considering the fluorine-based experiment PICO. PICO measures the
energy-integrated rate as a function of threshold energy FEi, and has an energy-dependent
efficiency function that reduces the contribution of the scattering events near threshold.
Figs. 3.5 and 3.9 can be used to understand how much the modulation features in the
differential rate are erased in the energy-integrated rate. Fig. 3.9 depicts the time-averaged
differential rate (summed over isotopic composition) for a 100 GeV DM particle scattering
off fluorine, sodium, iodine, argon, germanium, and xenon, for magnetic DM as a function
of Fgr. Fig. 3.9 includes both log-linear (left) and log-log (right) plots to show the different
features of the spectra. If the differential rate were very steep, the integrated rate would be
dominated by the differential rate at threshold, and thus have a similar annual modulation.
As the differential rate flattens, an increasingly unweighted averaging occurs for all energies
above threshold. The flattening of fluorine’s differential rate occurs below PICO’s 3.2 keV
threshold, and thus the pronounced features appearing in t,,., of the differential rate should
be strongly suppressed in the integrated rate.

Fig. 3.10 depicts how PICO would realistically observe the time of maximum of the
energy-integrated rate as a function of the threshold energy for a 100 GeV DM particle
interacting through a magnetic dipole (solid blue line) or with the standard SI/SD contact

interaction (dashed red line). As PICO does not provide an analytic form of their efficiency,
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Figure 3.8: Time of maximum ¢, (left) and minimum ¢,,;, (right) of the differential rate
for magnetic DM scattering off xenon, plotted for various DM masses as functions of vy,.
The current low energy threshold for LUX has been mapped onto v, for each DM mass
and is shown as a small solid dot.

we take the parametrization used by PICASSO,

G(E/) —1_ ea(l—E//Eth) 7 (3.20)

with a = 5 for fluorine [143]. We also assume a perfect energy resolution, G (Er, E') =
d(Er — E'). We have checked that the contribution from carbon is negligible for all energies
so we consider only fluorine. Fig. 3.10 shows that the time of maximum of the rate as
would be measured by PICO is nearly identical for the magnetic dipole interaction (dashed
red line) and the standard SI/SD contact interactions (solid blue line), for all threshold
energies we examined (larger than 0.1 keV). To determine if the two interactions could be
differentiated by binning the data, we also consider a fluorine-based experiment capable

of measuring the rate in 1 keV bins. For this hypothetical experiment we take the same
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efficiency function we used for PICO, and plot the result as horizontal bars in Fig. 3.10 for
the magnetic dipole interaction (blue) and standard SI/SD contact interaction (red). The
difference in the time of maximum of the energy-integrated rate for the two interactions in
this hypothetical experiment ranges from 7 days to 20 days for threshold energies between
1 and 10 keV.

There are a number of reasons for the unique target-dependent features shown in Fig. 3.5
to be strongly suppressed when calculating the energy-integrated rate. First, the features
in tyay for the magnetic dipole interaction differ the most from the standard SI/SD contact
interactions in the vy, region where the 7o and r; terms in Eq. (3.12) cross over. For fluorine,

this occurs at very small vy, values, v < 70 km/s. The top axis of Fig. 3.10 shows that

~Y

this region of vy, corresponds to very low energies, far below PICO’s current threshold.

2

Additionally, for elastic scattering Er o vy, and since the integration of the differential
rate is over ER, the Jacobian’s dependence on vy,;, must be included in the integrand when
performing the integral in v, instead. This additional factor increases the weight of the
large vy, region in the integration where the modulation is target independent. Finally,
as previously mentioned, the differential rate decreases rather slowly as a function of ER,
smearing the target-dependent features.

Let us see if other experiments could better preserve the target-dependent features. Let us
consider DAMA /LIBRA, henceforth referred to as DAMA (or any of the upcoming DAMA-
like experiment as KIMS-Nal, ANAIS, DM-Icel7, and SABRE, see e.g. [144, 145] and refer-

ences therein). DAMA is an interesting experiment to consider as both sodium and iodine

have reasonably large nuclear magnetic moments and bin their data in small, 0.5 keVee, in-
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Figure 3.9: The time-averaged differential rate (summed over isotopes) in units of

counts/ (kg day keV) for a 100 GeV magnetic DM particle scattering off various elements as
a function of recoil energy, shown on a semi-log (left) and log-log (right) plot. A, has been
set to 1072 e cm.

tervals. In the left panel of Fig. 3.11 we plot the time of maximum of the DAMA binned rate
as a function of E’ for both the magnetic dipole interaction (blue) and the standard SI/SD
contact interaction (red), assuming elastic scattering with a 100 GeV DM particle. Also
depicted with a vertical dashed line is DAMA’s current low energy threshold of 2 keVee for
the analysis of the modulated signal. The results for DAMA are calculated using quenching
factors Qna = 0.3 and @7 = 0.09, and a gaussian energy resolution function with standard
deviation 0.448v/E’ 4 0.0091E" [146]. The results for the two interactions are nearly indistin-
guishable above 4 keVee, and only differ by about a month in the lowest observable energy
bin. It is worth mentioning that DAMA will soon extend their low-energy threshold down
to 1 keVee which should result in a further observable difference between modulation arising

from the standard SI/SD contact interactions and magnetic DM.
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Like PICO, DAMA also sees a strong suppression in the target element dependent features
of the modulation. The reason for the suppression in DAMA, however, is not primarily due
to integrating over the differential rate, but rather due to the fact that DAMA has two non-
negligible target elements. The independent contribution to the time-averaged differential
rate from sodium (yellow) and iodine (green) as a function of detected energy is shown in the
right panel of Fig. 3.11. Since each element has a different v, to E’ (average) mapping, and
neither element dominates the differential rate in the 2-6 keVee range, the target-dependent
region of .., for sodium is partially averaged with the target-independent region of iodine,
leading to a large suppression of the target-dependent features. Furthermore, the small
quenching factor of iodine pushes the most pronounced differences of the t,,,, curve below
threshold. The horizontal dashed lines in the left panel of Fig. 3.11 show how the v,;, values
for sodium (yellow) and iodine (green) independently map to E’, in average.

Since experiments do not know the DM particle mass or the scattering kinematics a
priori, it is nontrivial to obtain t,,,, as a function of v,,;, from the data. For this reason, and
because t,.x as a function of ER is necessarily known to be target element dependent, it is
logical to ask how t,,.x for magnetic DM differs from t,,.x for the standard SI/SD contact
interactions as functions of Er. This comparison is made in Fig. 3.12, where the left panel
shows t,.x for SI/SD interactions while the right panel shows t,., for magnetic DM, both
as functions of ER. In both cases we assume a 100 GeV DM particle scattering elastically
with various target elements (note that the curves for argon, germanium, and xenon in the
right panel overlap almost entirely).

For the standard contact interaction with only 7 in the rate (see Egs. (3.12) and (3.13)),
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Figure 3.10: Time at which the energy-integrated rate is maximum as a function of threshold
energy Ey, (the corresponding vy, value has been plotted on the upper horizontal axis), as
observed by a fluorine detector for a 100 GeV DM particle scattering elastically through
a magnetic dipole (blue) and the standard SI/SD contact interaction (red). The solid and
dashed lines depict the result of integrating the rate from a fixed threshold energy E}y,, while
horizontal bars show the result of binning data into 1 keV bins. The efficiency function in
Eq. (3.20) has been incorporated into all calculations. The vertical dashed line corresponds
to PICO’s 3.1 keV lowest energy threshold.

as the SI/SD interaction, the differences in the curves is determined solely by the mass
of the target nuclide. The largest difference in t,,., therefore occurs between fluorine and
xenon and is around three months for recoil energies between 15 and 20 keV. While this is
a rather large discrepancy, the shape of the t,,.x curves for the standard SI/SD interactions
are all stretched and compressed images of each other. In fact, all curves are obtained from
the curve for 7y in Fig. 3.3 with the Egr-vy, relation for elastic scattering in Eq. (3.3),
which of course only differ in each case for the choice of ms. In this sense, t,,.x and other
observables associated with the modulation are not truly target dependent for interactions

with only r¢ in the rate. The same cannot be said for magnetic DM. The right panel of
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Figure 3.11: Left: t,,.x seen by DAMA for a 100 GeV WIMP interacting through a magnetic
dipole (blue) and the standard SI/SD contact interaction (red). Plotted with a vertical
dashed line is the current DAMA low energy threshold. The horizontal dashed lines show
the mapping of vy, onto E' for sodium (yellow) and iodine (green) assuming quenching
factors of Qna = 0.3 and @ = 0.09. Right: The time-averaged differential event rate for
a 100 GeV magnetic DM particle scattering off sodium (yellow) and iodine (green) as a
function of detected energy.

Fig. 3.12 shows that the difference between various t,., curves is more pronounced than
when the standard interactions are considered, and furthermore, the curves have a more
individualized shapes. The only exception are the curves for germanium, argon, and xenon,
which completely overlap for a 100 GeV DM particle, a consequence of having a small or

zero (for argon) average nuclear magnetic moment.

3.3.2 Inelastic scattering

Prior to this point we have only considered DM-nuclei elastic scattering. It has been shown
that inelastic scattering, which can occur when there exist at least two DM particles with

nearly degenerate masses m and m + ¢ with ¢ < m, has the potential to significantly alter
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Figure 3.12:  ty. for a 100 GeV WIMP interacting with various elements through the
standard SI/SD contact interaction (left) and a magnetic dipole (right) as a function of
recoil energy. Note that the curves in the right panel for argon, germanium, and xenon all
overlap and are nearly indistinguishable.

the scattering kinematics and the observed annual modulation [147, 148].

Inelastic endothermic scattering occurs when the light DM state scatters into the heavy
DM state, 0 > 0. Since this process requires additional energy, only DM particles traveling
at speeds greater than or equal to v} = \/m can scatter off a particular target T'. If GF
is the sole source of anisotropy, target-dependent modulation can only occur when speeds of
about 200 km /s are probed. This implies that for a fixed DM mass, there exists a maximum
mass splitting dyax for which target-dependent modulation can occur. For a 100 GeV DM
particle scattering off fluorine, sodium, and iodine, this corresponds to values of §,,.« &~ 3.3
keV, 4 keV, and 12 keV, respectively. These values of § are quite small with respect to the
typical momentum transfer in the interaction, and thus we expect the scattering kinematics
to be almost elastic. Without an additional form of anisotropy, endothermic scattering is

therefore ineffective in probing values of v,,;, which can lead to target-dependent modulation.
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Inelastic exothermic scattering, occurring when the heavier DM particle down-scatters
into the lighter DM state (6 < 0), can be potentially more interesting for target-dependent
modulation. To illustrate how exothermic scattering can alter the observed modulation, we
plot in the left panel of Fig. 3.13 t,.x for DM interacting with various elements through the
standard SI/SD contact interaction, assuming m = 100 GeV and 6 = —10 keV, as a function
or Egr. This result is obtained by mapping the Tyax(vUmin) line corresponding to 79 shown in

Fig. 3.3 onto ER by using the ERr-vny;, relation for inelastic scattering,

1 TTLTER
min(ER) = +0 3.21
ol )= e 9 %20

(remember that for the SI/SD interaction ty,., coincides with Tyax)-

We have chosen not to plot t,., for magnetic exothermic dark matter because, for all
elements considered, the results mirror what would be expected should the differential cross
section either be independent of velocity, or proportional to v=2. That is to say for a given
element, only the term proportional to 7y or the term proportional to n; is relevant, never
both. To understand why this is the case, it is necessary to first consider the differential

cross section [102]:

72 E 1 1
@(ER,’U) = a/\f< {—T [1 Slit (— - —)

dEr ERr v2 \2mp  m2
g 1 0 5\2 mr ST +1
—2\ F2o(Br) + L2 (2222 ) B2 (E) ¢ (3.22
02 (MT + QmTER)} sir(Er) + v m2 ( 35, ) v (ER) (3.22)

There are two additional terms with respect to the elastic case in Eq. (3.18), both contribut-
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ing to the charge-dipole term for inelastic magnetic dark matter, one of which is proportional
to Fz' and the other to E;?. Both of these terms are contained within f; (see Sec. 3.3.1),
and since the target dependence relies on the interplay between fy and fi, it is important to
understand how these two new terms contribute to the relative rate fractions.

In Sec. 3.3.1, we showed that for elastic scattering f; is always the dominant contribution
to the rate at low vy,,. This is a consequence of having a term proportional to v, 2 o Eg'.
For inelastic magnetic DM, f; now has a term proportional to Egz, thus at very low energies
ro is always the dominant contribution to the rate. This might be avoided, however, because
there may exist a lower limit on Fgr which depends on v, and this may be above the
region where E? is the dominant factor (see Fig. 1 of [149]). At large energies, both of the
new terms will be suppressed, and as for elastic scattering, the rate should be controlled by
the term containing the magnetic form factor, 7y (assuming the target element has a non-
negligible nuclear magnetic moment). Whether ry or 7 dominates the rate at intermediate
energies depends strongly on the target element, the DM mass, and 0.

To illustrate how these variables affect the potential appearance of target-dependent
modulation, we plot in the right panel of Fig. 3.13 the rate fraction for magnetic exothermic
DM scattering off fluorine, assuming m = 100 GeV and 6 = —10 keV. The blue and red lines
show the terms proportional to fy and fi, respectively. The green region highlights values
of Er where target-dependent modulation could potentially be observed (i.e. vy < 200
km/s, assuming GF is the sole source of anisotropy), and the dot-dashed orange line depicts
the energy corresponding to vy, = 0 km/s. To compute the rate we again use the form

factors provided in [134,135]. While these only apply to elastic scattering, [118] showed that
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Figure 3.13: Left: . for the exothermic scattering with various elements assuming the
standard SI/SD contact interactions, a DM mass of 100 GeV, and a mass splitting § = —10
keV, as a function of Er. Right: Rate fractions fy (blue) and f; (red) for magnetic DM (as
defined in Sec. 3.3.1) for 100 GeV DM scattering off fluorine, assuming § = —10 keV. The
shaded green region highlights recoil energies corresponding to values of vy, < 200 km/s,
and the dot-dashed orange line depicts the ER value corresponding to vy, = 0 km/s.

they can be adapted to inelastic scattering by properly taking into account the modification
to v+ = v + q/2uy, the component of v orthogonal to the momentum transfer g, due to
inelastic kinematics (uy being here the DM-nucleon reduced mass). Therefore one simply
needs to replace the variable v+ in the form factors of [134, 135] with the true orthogonal
component of the DM velocity for inelastic scattering, vi- | = v+ + dq/|q|>.

Two comments are in order. We previously stated that fy should be the dominant term
at low values of Er due to the EgQ term in the differential cross section. While this may not
appear to be the case in Fig. 3.13, this is simply because we have not plotted the low Fgr

regime, as it is not relevant for target-dependent modulation (low Eg corresponds to large

WIMP velocities where GF is unimportant). Next, for the current choice of parameters, fy
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is the only relevant term in the Er range where the effect GF is important, and thus the
tmax curve is identical to the fluorine curve shown in the left panel of Fig. 3.13. We stress
that the unique target-dependent features seen in the ., and t,;, curves of Figs. 3.5-3.8
only arise if both fy and f; contribute in a non-negligible way within the region capable of
probing low DM speeds.

It is interesting to see how changing m, J, and the target element alter the results of
Fig. 3.13. Changing the DM particle mass results in two distinct effects. Contrary to elastic
scattering, lower values of m increase the importance of fy relative to f; at fixed Fg, and
thus the point at which fy becomes dominant relative to f; shifts to lower values of Eg.
The second and more import effect arises from changing the value of m in Eq. (3.21), which
causes the I’ range where the effect of GF is relevant in the right panel of Fig. 3.13 to shift.
Using Eq. (3.21), one can see that decreasing the DM mass shifts the influence of GF to
lower values of EFg. We have checked that for § > 10 keV, lowering the DM particle mass
to 10 GeV does not bring the point at which fy and f; cross into the region where target
dependent modulation could occur.

Increasing the magnitude of § (i.e. making § more negative) also has two effects. First,
it shifts the point at which fy and f; cross to higher values of Er. This effect is completely
negligible, however, when compared with how this change in ¢ shifts the Er range where the
effect of GF is relevant (see Eq. (3.21)).

The negligible nuclear magnetic moments of germanium, xenon, and argon lead to a
complete dominance of f; over fy for essentially all values of ER, regardless of the DM

mass and 6. This implies that inelastic magnetic DM scattering with these elements will
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always lead to an observation of ¢,,, between late May and early June, and the annual
modulation will be consistent with inelastic scattering through differential cross sections that
are independent of velocity. For iodine and sodium we have checked that the crossover from
f1 to fo as the dominant contribution to the rate, either always occurs far below threshold,
or does not occur in the region where target-dependent modulation would arise. Identifying
this type of scattering would then necessitate at least one experiment employing germanium,
xenon, or argon, and another experiment employing fluorine, sodium, or iodine, to observe

the annual modulation.

3.3.3 Identification of non-factorizable cross sections

The target-dependent effects described thus far have relied on two assumptions: experiments
probe anisotropy in the DM halo and velocity and target dependence cannot be factored in
the DM-nucleus differential scattering cross section. The question remains how a differen-
tial cross section of this form could be identified. A single experiment can never uniquely
determine the underlying particle physics and astrophysics; it is only possible for a sin-
gle experiment to say that their findings are consistent with some set of assumptions on
the distribution of DM, the DM mass, a particular DM-nucleus interaction, etc. The most
model-independent information is likely to come from a comparison of the outcomes of differ-
ent experiments. We believe the most effective way to confirm the existence of a DM-nucleus
cross section with a non-factorizable target and velocity dependence is to show that there
exists no Fr-vmi, relation capable of mapping observables associated with the modulation of

the rate from experiments employing different target elements onto a unique function of vy,,.
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We emphasize however that finding unique functions of v, capable of reconciling the results
of multiple experiments does not preclude the existence of non-factorizable differential cross
sections. In the case of inelastic magnetic DM, elements with small average nuclear magnetic
moments, e.g. germanium, xenon, argon, and carbon, will all yield similar results because
the differential cross section is dominated by a single term, at least for the vy, region where

the local DM distribution is made anisotropic by GF.

3.4 Summary

It is typically assumed that observables associated with the annual modulation of the rate
in direct detection experiments, when expressed as functions of vy, (the minimum DM
speed necessary to impart a given recoil energy to a target nucleus), are unique target-
independent functions. We have shown that this is not necessarily the case, and in fact
the existence of a DM-nucleus differential cross section with a non-factorizable target and
velocity dependence naturally leads to target-dependent modulation. The identification of
this type of differential cross section is not straightforward and must be done through a
process of elimination. In the event that multiple experiments with putative signals cannot
find an ER-vmi, relation that can reconcile the differences between the observed modulations,
one may then infer the potential existence of a non-factorizable differential cross section.
We emphasize, however, that the reverse is not true. That is to say, finding an Er-vmin
relation that maps observables associated with the modulation from multiple experiments
onto unique vnyip-dependent functions does not necessarily ensure that the modulation is

target independent.
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As a specific example, we have shown how tyax (fmin), the time of maximum (minimum)
of the differential rate, depends on the target nuclide for magnetic dipole DM elastically
scattering with fluorine, germanium, iodine, sodium, argon, and xenon. We have also dis-
cussed how the annual modulation would appear should DM scatter inelastically with these
elements. In our calculations we assume the SHM and included the effect of GF. We have
shown that in an idealized experiment, the observed difference in t,,., for DM scattering
off fluorine and xenon at a fixed value of vy, could differ by as much as four months for
DM masses above 50 GeV, however, accounting for the limitations of a realistic detector
and integrating the differential rate can significantly suppress these differences. The plau-
sible presence of DM substructure or forms of anisotropy other than GF could nevertheless

enhance the target dependence of the modulation.
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4 Updated Halo-Independent Constraints on CDMS-
11-Si

4.1 Introduction

Despite an overwhelming amount of evidence for the existence of dark matter, very little is
known about it beyond what is inferred from its gravitational influence. Motivated largely
by theoretical expectations, weakly interacting massive particles (WIMPs) with mass at the
GeV to ~ 100 TeV-scale remain among the most studied candidates.

Direct dark matter experiments search for the energy deposited into nuclei in underground
detectors by collisions with WIMPs gravitationally bound to the galactic halo. While no
definitive detections have been made, a number of collaborations have observed potential
dark matter signals [150-156]; however, such observations are typically viewed to be in
conflict with the null results of many other experiments [142, 143, 157-170].

The difficulty in making definitive statements regarding the nature of potentially viable
signals arises from the fact that there exists a vast amount of uncertainty in the analysis
of direct dark matter detection data. This is because both the particle physics and the
astrophysics entering the computation of the expected scattering rates are, at best, poorly
understood. In standard analyses of direct detection data, assumptions must be made on
the local dark matter density, the dark matter velocity distribution, the dark matter-nuclei
interaction, and the scattering kinematics. Bounds are then placed as a function of the dark
matter mass and overall scale of the cross section. The obvious problem is that adjusting

assumptions, e.g. on the velocity distribution, unevenly alters the predicted rates in different
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experiments. This happens to be particularly true for the region of parameter space where
potential dark matter signals have arisen, as this region sits near the low-energy threshold
of many experiments.

In recent years, ‘halo-independent’ data comparison methods that avoid making any as-
sumptions about the local dark matter halo characteristics have been developed, thereby
reducing the uncertainty in experimental comparisons (see e.g. [91,93,122,126,138,149,171—
193]). The original halo-independent analyses were rather limited in that putative signals
often required averaging the signal over some energy range, potentially removing valuable in-
formation and making the comparison with upper limits ambiguous (see e.g. [91,93,171,173]).
Recently, methods were developed which, for putative signals, allow for the construction of
halo-independent confidence bands, resulting in a better comparison between upper limits
and potential signals [92,179,192]. These methods, however, rely on the ability to use an
extended likelihood [194] for at least one of the experiments observing a putative signal. At
the moment, CDMS-II-Si is the only experiment that has claimed a potential dark matter
signal for which such a method can be applied.

Halo-dependent analyses strongly constrain the excess observed by CDMS-II-Si (see
e.g. [177,182,195]). A halo-independent analysis performed on the CDMS-II-Si data in
2014 showed that the only WIMP candidates still consistent with the upper limits of null
searches were those with spin-independent isospin-violating interactions, and either elastic
or exothermic scattering [92]. Here, we revisit the viability of the CDMS-II-Si excess, us-
ing both halo-dependent, assuming the standard halo model (SHM), and halo-independent

analyses, incorporating the latest bounds produced by LUX (using their complete expo-
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sure) [168], PandaX-II [169], and PICO-60 [170]. We also assess the projected sensitivity of
XENONIT [196,197], LZ [198,199], DARWIN [200], DarkSide-20k [201,202], PICO-250 [203],
and the high-voltage germanium detectors of SuperCDMS to be installed at SNOLAB [204].
We show that models with highly exothermic kinematics and a neutron-to-proton coupling
ratio f,/f, set to minimize the scattering rate in xenon-target experiments are not currently
excluded, nor can they be rejected by XENONIT.

In Sec. 4.2 we review the halo-independent analysis and the procedure for constructing
the two-sided pointwise halo-independent confidence band. The analysis for each experiment
is explained in Sec. 4.3. In Sec. 4.4, we present our results, specifically focusing on isospin
conserving and isospin-violating [205,206] (with f,,/f, = —0.8 and f,,/ f, = —0.7) interactions

with elastic and exothermic scattering [148,207,208]. We conclude in Sec. 4.5.

4.2 Halo-Independent Analysis
4.2.1 Halo-Independent Bounds

Here, we briefly review the generalized halo-independent analysis implemented in Sec. 4.4,
concentrating on the extended halo independent (EHI) analysis [92] in the following subsec-
tion (the reader is encouraged to consult [91,93,175,182,209] for additional details).

In direct detection experiments, the differential rate per unit detector mass of a target
T, induced by collisions with a WIMP of mass m, as a function of nuclear recoil energy Fgr

is given by
ARy _pCr

dO’T

— = v f(v,t) v —(Eg,v), 4.1
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where my is the mass of the target element, p is the local dark matter density, Cr is the
mass fraction of a nuclide 7" in the detector, dor/dER is the dark matter-nuclide differential
cross section in the lab frame, and f(v,t) is the dark matter velocity distribution in the
lab frame. The temporal dependence of f(v,t) arises from Earth’s rotation about the Sun.
For the halo-dependent analyses in Sec. 4.4, we assume the SHM, i.e. f(v,t) is an isotropic
Maxwellian velocity distribution in the Galactic frame, with the astrophysical parameters
adopted in [180].

The integration in Eq. (5.2) runs over all dark matter particle speeds larger than or equal
t0 Umin(FRr), the minimum speed necessary to impart an energy Egr to the nucleus. Should
multiple target nuclides be present in the detector, the total differential scattering rate is
given by

dR dRr

— = —. 4.2
dERr = dERr (42)

For elastic scattering, the value of v, is given by

E
Umin = T 2 2 ) (43)
2pr

where pp is the WIMP-nuclide reduced mass. It may be possible that the dominant WIMP-

nuclei interaction proceeds instead through an inelastic collision, whereby the dark matter
particle x scatters into a new state x’ with mass m’ =m + 0 (with |§] < m) [148,207,208].

In the limit that pr|d|/m? < 1, vmin(ER) is instead given by

1 mTER
in(Er) = 14l 44
o) = e | 22 \ (4.4
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where 0 < 0 (§ > 0) corresponds to an exothermic (endothermic) scattering process. Eq. (4.4)
can be inverted to find the possible range of recoil energies which can be imparted by a dark

matter particle with speed v in the lab frame EPT,f < ER < EP:Q’JF, where

2

2,,2
Bl (o) = K1V <1i - 25) | (4.5)

2mr prv?

It should be clear from Eq. (4.5) that for endothermic scattering, for which § > 0, there exists
a non-trivial kinematic endpoint for the WIMP speed given by vl = \/m > 0, such that
dark matter particles traveling at speeds v < v{ cannot induce nuclear recoils. In this paper
we will be focusing exclusively on elastic (§ = 0) and exothermic (§ < 0) scattering, for which
v} = 0. Interpreting the CDMS-II-Si data using models with endothermic spin-independent
interactions are clearly experimentally rejected. Notice that Eq. (4.5) implies only a finite
range of recoil energies around the energy Fr(v!) = ur|d|/mz can be probed for inelastic
scattering.

Experiments do not directly measure the recoil energy of the nucleus, but rather a proxy

for it that we denote E’. The differential rate in this new observable energy E’ is given by

dR
dE’

dRy

-y / By e(En, B') Gy (En, E') SoT (4.6)
— Jo 0By

where €(ERr, E') is the detection efficiency and G (Eg, E') is the energy resolution; jointly,
these two functions give the probability that a detected recoil energy E’ resulted from a true
nuclear recoil energy ER.

Changing the order of integration in Eq. (4.6) allows the differential rate to be expressed
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as

dR  opetp / 3 flut) dH ,
= E 4.
B~ m ot 0 ap ) (47)
where we have defined
EEY 2 4
e Tr [ B ) GrlEn ) S (B) i o],
_(E/ ’U) = Z mr Eg;’* Ovref R
dE' 7 -
0 if v <wf .

(4.8)
Here, we have explicitly factored out an overall normalization o, from the differential cross

section. For spin-independent interactions, the differential WIMP-nucleus cross section is

given by
dop! R, o F7(ER)
iEn (ERr,v) = UpM—%[ZT + (Ar = Z7)(fa] )] 520 my (4.9)

where Fr(Eg) is the nuclear form factor that accounts for the decoherence of the dark
matter-nuclide interaction at large momentum transfer. Here, we take this to be the Helm
form factor [?]. Thus we take o, = 0, the WIMP-proton cross section. Interactions with
spin- or nuclear magnetic moment-dependencies produce smaller rates in silicon relative to
other target elements employed by experiments which have not observed an excess.
Let us define the halo function
_ POref F(v,t)

i (Unin, 1) = d , 4.10
(Vi t) - v— (4.10)

Umin

where the function F(v,t) is the local dark halo speed distribution, given by F(v,t) =
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v? [dQ, f(v,t). Using Eq. (4.10), the differential rate in £’ can be written as

it _ —/w a 210 Ay (4.11)

dE’ ov dE’

Applying integration by parts on Eq. (4.11), and noting that 77(co0,t) = 0 and dH /dE'(E', vs) =

0, the differential rate can be expressed as

dR
dE’

ee d
= / dvminﬁ(vmim t) d—,]E?:/(EI, vmin) ) (412)

vs

where we have defined a WIMP model and experiment dependent “differential response

function” dR/dE" as

dR 0 [d?{

dE, (Elavmin) = dE, (E,7Umil’l):| : <413)

a’Umin

Approximating the time dependence of the halo function as

7 (Vmin, 1) = ﬁ0<vmin) + 771 (Vmin) cos(27(t — to)/year) , (4.14)

and integrating Eq. (4.12) over F’, the unmodulated R® and annual modulation amplitude

R' of the rate, integrated over an observable energy bin [E], E}], is given by

oo E}
a ~a 2 dR
Ripr ) E/ dvimin 7% (Vmin) /E/ A’ 1B (4.15)
v§ 4
= / dUmin ﬁa (Umin) R[Ei,Eé} (Umin) s (416)
vs

where a = 0, 1 and the second line has defined the energy integrated “response function” R.
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In order to place an upper limit on the function 7°(vyi,) (hereby denoted 7(vmin)), we note
that at a particular point in the vy, — 7 plane, the halo function producing the smallest
number of events in a particular experiment is a downward step-function with the step
located at the particular (v, 77) point. This is a consequence of the fact that, by definition,

7)(Umin) is @ monotonically decreasing function of vp,;,. As first shown in [171], 90% CL limits

on 7, 7™, are placed by determining the 90% CL limit on the rate, Rbgi gy and inverting

Eq. (4.16), i.e.
lim
i B Rig; gy
7] (vmll’l) - Umin :
Jo " v Ry my (v)

Vs

(4.17)

4.2.2 Halo-Independent Confidence Band

It was shown in [92, 179] that an extended likelihood is maximized by a piece-wise constant
halo function 7gp(vmin) with a number of steps less than or equal to the number of events
observed, and furthermore that a two-sided pointwise halo-independent confidence band can
be constructed around this best-fit halo function, 77gr. A stream of velocity v with respect
to the Galaxy, such that |Us + Uig| = vmin (Where U is Earth’s velocity with respect to the
Galaxy) would produce an 7 function proportional to O(|Us 4+ Us| — Vmin). Thus a piecewise
7(vmin) function could be interpreted as corresponding to a series of streams, one for each
of its downward steps. More recently, it was shown that this formalism can be extended
to more generalized likelihood functions that include at least one extended likelihood [192].
Here, we briefly summarize the process outlined in [92] for producing a two-sided pointwise

halo-independent confidence band using an extended likelihood function (which we apply in
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Sec. 4.4 to the CDMS-II-Si data) of the form

Nobs

L = e Nelil H ]\/_/TthOt
a=1

dE" ’

E'=E,

(4.18)

where Ng[7] is the total number of expected events, N, is the number of observed events,
dRio/dE" is the total differential rate, and E! is the detected energy of event a.

The confidence band is defined as the region in the v, — 77 plane satisfying

AL[f}] = L[] = Lyin < AL", (4.19)

where L[7] is two times the minus log likelihood, L, is the value of L[n] evaluated with
the best-fit halo function 7 (vmn), and AL* corresponds to the desired confidence level.
That is to say, we seek the collection of all halo functions that produce changes in the log
likelihood function less than or equal to the desired value AL*.

While this is a viable definition, in practice finding this complete set of halo functions is
not possible. Instead, we consider the subset of 7 functions which minimize L[] subject to

the constraint

") =" (4.20)

We define LS, (v*,7*) to be the minimum of L[] subject to the constraint in Eq. (4.20),

and we define the function ALS . (v*,7*) as

AL (0%, 717) = Ligin (0%, 17) = Linin - (4.21)
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Should the point (v*,7*) lie within the confidence band, then at least one halo function
passing through this point should satisfy AL[7] < AL*. It follows that ALS, (v*,7*) < AL*.
On the other hand, should AL¢, (v*,7*) > AL*, there should not exist any halo functions
contained within the confidence band passing through (v*,77*). Thus, a two-sided pointwise
confidence band can be constructed by finding at each value of v, the values of n* around
Npr which satisfy ALS. (vmin, ") < AL*. For the results presented in Sec. 4.4, we plot
the contours of AL* = 1.0 and 2.7, which for a chi-squared distribution® with one degree of
freedom correspond to 68% and 90% CL confidence bands, respectively [92]. Compatibility of
these confidence bands with upper limits can then be assessed at a given CL by determining
whether there exists a non-increasing halo function 7(vy;, ) which is entirely contained within

a particular band and does not exceed any of the upper limits. A confidence band is said to

be excluded if no such halo function can be constructed.

4.3 Data Analysis

Here, we present current halo-dependent and halo-independent constraints on the CDMS-
II-Si 68% and 90% regions for a variety of elastic and exothermic spin-independent inter-
action models. We focus explicitly on isospin conserving (f,/f, = 1), ‘Ge-phobic’ (defined
by the choice of neutron and proton couplings which minimizes scattering in germanium,
i.e. fn/f, = —0.8), and ‘Xe-phobic’ models (defined by the choice of neutron and proton cou-
plings which minimizes scattering in xenon, i.e. f,/f, = —0.7). Halo-independent constraints

are presented for three representative choices of m and §, which had been selected in [92] as

9In the limit that N is large, Wilk’s theorem states that the log-likelihood ratio follows a chi-squared
distribution which may not exactly apply with only 3 events.
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Figure 4.1:  Halo-dependent comparison of CDMS-II-Si 68% (dark red) and 90% (light
red) regions with current 90% CL upper limits from SuperCDMS (brown), CDMSIite2016
(magenta), XENON100 (blue, solid), LUX2013 (purple, dotted), LUX2016 (purple, solid),
PandaX-II (grey), and PICO-60 (green, solid), for an elastic isospin conserving spin-
independent interaction. Also shown are projected discovery limits (dashed) for XENON1T
(blue), SuperCDMS SNOLAB Ge HV (black), LZ (purple), DARWIN (orange), DarkSide-
20k (yellow), and PICO-250 (green).

parameters in the halo-dependent analyses which appeared to provide good compatibility of
the CDMS-II-Si signal and the upper bounds from null searches.

Upper limits in this section are presented for the following experiments: SuperCDMS [166],
CDMSlite (2016 result) [165], XENON100 [167], LUX (2013 result)'® [140], LUX (2016 re-
sult) [168], PandaX-II [169], and PICO-60 [170]. Also shown are projected bounds for
XENONI1T [197], SuperCDMS SNOLAB Ge High-Voltage (which we call SuperCDMS Ge(HV)) [204],
LZ [198,199], DARWIN [200], DarkSide-20k [201,202], and PICO-250 [203]. The procedure
for constructing the LUX2013 bound was previously outlined in [122,175,177]. We describe

here the process used below to produce the remaining experimental bounds.

10The LUX2013 bound is presented assuming zero observed events. This bound has been shown to be well
representative of the true bound [177].

82



4.3.1 CDMS-II-Si

The procedure for analyzing the CDMS-II-Si data follows the procedure outlined in [122,
175,177]. Specifically, we consider the three event signal with energies 8.2, 9.5, and 12.3
keV. CDMS-II-Si had an exposure of 140.2 kg-days and an energy window of 7 keV to 100
keV. Using a profile likelihood ratio test, a preference was found for the WIMP+background
hypothesis over the background-only hypothesis with a p—value of 0.19% [156]. We use an
Egr-dependent efficiency identical to that shown in Fig. 1 of [156] (solid blue line). Since
the energy resolution for silicon in CDMS-II has not been measured, we use a Gaussian

resolution function with the energy resolution used for CDMS-II’s germanium detectors,

taken from in Eq. 1 of [210], o(E') = 1/0.2932 + 0.0562 x E'/keV keV. To estimate the
differential background rate for each observed event, we take the differential background rates
from [211] and normalize each component such that 0.41, 0.13, and 0.08 events are expected
from surface events, neutrons, and **Pb respectively [156]. This procedure reproduces the

preferred regions shown in Fig. 4 of [156].

4.3.2 XENON100

The XENON100 bound is produced in the manner outlined in [175], but using the updated
477 day exposure [167]. This procedure accurately reproduces the bound shown in Fig. 11

of [167].
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Figure 4.2: (Left) Halo-dependent analysis and (Right) halo-independent analysis for m =9
GeV, assessing the compatibility of the CDMS-II-Si 68% and 90% CL regions (shown in
darker and lighter red) with the 90% CL upper limits and projected sensitivities of other
experiments, for an elastic spin-independent contact interaction with f,/f, = —0.7. We
include SuperCDMS (brown), CDMSlite (magenta), XENON100 (blue, solid), LUX2013
(purple, dotted), LUX2016 (purple, solid), PandaX-II (grey), and PICO-60 (green, solid)
upper limits, and the projected sensitivities (dashed lines) of XENONIT (blue), SuperCDMS
Ge(HV) (black), LZ (purple), DARWIN (orange), DarkSide-20k (yellow), and PICO-250
(green). Also shown is the best-fit halo function 7pp to the CDMS-II-Si data (dark red
step function) and the vy,;, value corresponding to the event with the largest observed recoil
energy, assuming Fr = E' = 12.3 keV (vertical dot dashed dark red line).

4.3.3 CDMSlite 2016

The CDMSlite bound (hereby CDMSlite2016) is constructed using results from the recently
reported 70.1 kg-day exposure. The detector efficiency and quenching factor are taken from
Fig. 1 and Eq. 3 of [165], respectively. The energy of detected events is read off the inset in
Fig. 3 in [165], but only between detected energies of 0.36 and 1.04 keVee, and the maximum

gap method is then applied. This procedure reproduces the published bound.
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4.3.4 LUX 2016

The LUX bound is computed by using the complete LUX exposure (approximately 4.47 x 104
kg-days). The efficiency and fractional resolution as functions of ER are extracted from Fig. 2
(black solid line) and Fig. 5 of [168], respectively. The bound is obtained by determining the
cross section required to produce a total of 3.2 events. As mentioned in [168] this procedure

reproduces the 90% CL combined LUX exclusion limit.

4.3.5 PandaX-II

The constraint for PandaX-II is based on the 3.3 x 10* kg-day run data published in 2016.
To reproduce the published bound, the nuclear recoil efficiency function is taken from Fig. 2
of [169] (black line), and the recoil energies of the three observed events are read off Figs. 4
and 14 of [169]). Applying the maximum gap method [212] yields a bound that reproduces
well the published bound for m < 30 GeV, and is slightly stronger at larger masses by a

factor of < 1.5.

4.3.6 PICO-60

The constraint for PICO-60 is based on the recent 1167 kg-day run of C3Fy [170]. Here, we
restrict our attention to scattering off fluorine, as this element accounts for ~ 80% of the
target mass and has a lower threshold than carbon (after considering the bubble nucleation
efficiency in Fig. 4 of [142]). PICO-60 is run at a thermodynamic threshold of 3.3 keV,
however this threshold does not correspond to the threshold recoil energy in fluorine required

to nucleate a bubble. We take this threshold to be 6 keV using the efficiency function shown
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Figure 4.3: (Left) Halo-dependent analysis and (Right) halo-independent analysis for m =
3.5 GeV, assessing the compatibility of the CDMS-II-Si 68% and 90% CL regions (shown
in darker and lighter red) with the 90% CL upper limits and projected sensitivities of other
experiments, for an exothermic spin-independent contact interaction with 6 = —50 keV.
Results are shown for isospin conserving couplings (top), ‘Ge-phobic’ couplings (middle),
and ‘Xe-phobic’ couplings (bottom). Experig%)ents included are identical to those shown in
Fig. 4.2.



in Fig. 4 of [142] for a 3.2 keV thermodynamic threshold (although this is only determined
for a 5 GeV WIMP with a spin-independent interaction). Using Poisson statistics with zero

observed events and zero expected background, we find this threshold perfectly reproduces

the published bound [170].

4.3.7 XENON1T

The projected bound for XENONIT [197] is computed assuming a 2 ton-year exposure,
a flat efficiency of 0.4, and an effective light yield, a low-energy threshold, and an energy
resolution equal to those used in the XENON100 analysis of [175]. This procedure produces
a sensitivity limit consistent with the +10 confidence intervals of the 2 ton-year sensitivity

limit shown in Fig. 8 of [197].

4.3.8 SuperCDMS SNOLAB Ge(HV)

SuperCDMS plans to operate the next generation of their experiment at SNOLAB beginning
in 2020; the discovery limits produced here are based on the recent projected sensitivity
for their high-voltage germanium, Ge(HV), detectors. Specifically, we assume 8 Ge(HV)
detectors, each with an exposure of 44 kg-days. We also assume perfect efficiency in the
energy range 0.04 keV (taken from Table VIII of [204]) to 2 keV (taken to be consistent with
the energy range suggested in the caption of Table V of [204]), perfect energy resolution,
an ionization yield given by Lindhard theory (with parameters taken from [213]), and zero
observed events. Using the maximum gap method (which coincides with using a Poisson

likelihood in this case) we obtained a 90% CL limit very similar to the Ge(HV) limit shown
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in Fig. 8 of [204]. SuperCDMS also plans to run a high-voltage silicon detector which is
not included here because its projected sensitivity is inferior across most of the parameter
space. Also note that if the energy ranges of the HV detectors could be extended to energies
beyond 2 keV, these experiments could gain sensitivity to the exothermic models considered

here.

4.3.9 LZ

The projected sensitivity for LZ is produced using the same energy resolution and efficiency
function used in the LUX2016 analysis, and assuming a total exposure of 15.33 ton-years
(i.e. a 5.6 ton fiducial volume with 1000 live-days) [198,199]. We then apply the maximum
gap method, under the assumption of zero observed events, with which we reproduce a

sensitivity limit comparable to that shown in Fig.4 of [199].

4.3.10 DARWIN

The projected sensitivity limit for DARWIN is based on the design presented in [200], for a
liquid xenon experiment with a 200 ton-year exposure. Following [200], we consider an energy
range of 5 keV to 20.5 keV and a constant detection efficiency of 30%. We approximate the
energy resolution as a Gaussian with o = Eg x 0.15, which is roughly consistent with Fig. 1
of [200]. Assuming zero observed events, the bound is obtained using the maximum gap
method. This procedure is found to produce a sensitivity limit in strong agreement with

that shown in Fig. 7 of [200].

88



4.3.11 DarkSide-20k

The projected sensitivity for DarkSide-20k is produced assuming a flat nuclear recoil ef-
ficiency of 0.7 between energies 40 keV and 240 keV (and zero elsewhere), a 60 ton-year
exposure (i.e. a 20 ton fiducial volume run for 3 years), and by applying the maximum gap
method with zero observed events [201,202]. DarkSide-20k is not sensitive for the nuclear re-
coils imparted to argon nuclei by the particular candidates in our halo-independent analyses
(we show v, < 1000 km/s), thus no DarkSide-20k bounds appear in the halo-independent

plots.

4.3.12 PICO-250

The projected sensitivity for PICO-250 is produced assuming perfect detection efficiency
for energies above 6 keV (see Sec. 4.3.6), a 250 kg fiducial volume, a 2 year runtime (or
alternatively, a 500 kg fiducial volume run for one year), and by using Poisson statistics
with zero observed events and zero expected background [170,203]. As in Sec. 4.3.6, we only

consider scattering off fluorine.

4.4 Results

For the purpose of providing context, we begin by plotting in Fig. 4.1 a comparison of the
68% and 90% CDMS-II-Si regions with the current and projected 90% CL limits of other
experiments, assuming the conventional elastic spin-independent contact interaction with
isospin conserving couplings. Null results from LUX2013 and SuperCDMS have excluded

this model at the 90% CL in both halo-dependent and halo-independent analyses (there
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Figure 4.4: Same as Fig. 4.3, but for § = —200 keV and m = 1.3 GeV (halo-independent
analyses only). The SuperCDMS Ge(HV) discovery limit is not shown as it cannot probe

the WIMP candidates shown.
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exist small discrepancies in the preferred CDMS-II-Si regions of [92] and those presented
below, a mistake that arose because the factor of 2 in the definition of L[fj] was missing
in [92]) [92, 177].

We present in Fig. 4.2 a halo-dependent (left) and halo-independent (right) analysis of an
elastic spin-independent contact interaction with ‘Xe-phobic’ couplings (i.e. f,/f, = —0.7).
In the halo-dependent analysis, the 90% CL CDMS-II-Si region is excluded by the 90%
CL upper limits of LUX2016, PandaX-II, and PICO-60. This is consistent with the results
of [195]. In the halo-independent analysis, the upper limit of PandaX-II does not entirely
exclude the 68% CL CDMS-II-Si region, the LUX2016 limit only marginally excludes the
90% CL CDMS-II-Si region, and only the very recent PICO-60 90% CL bound definitively
excludes 90% CL CDMS-II-Si region. This is shown for m = 9 GeV, but other choices
of masses lead to similar results. In the halo-independent analysis, we also show the v,
value corresponding to the energy of the event with the largest observed energy, assuming
Er = E' = 12.3 keV (shown with vertical dot dashed dark red line). Had our analysis of the
CDMS-II-Si data assumed a perfect energy resolution, the location of the highest step of the
best-fit 77 would identically correspond to this value of vy;,; with finite energy resolution,
the locations of the steps of the best-fit  function occur at slightly larger values of vpy.
For highly exothermic models, it becomes important to verify that the dark matter speeds
capable of producing such recoils are physical, i.e. they do not exceed the galactic escape
velocity, which for the Standard Halo Model is vese >~ 765 km/s (in the lab frame).

In Figs. 4.3, 4.4 and 4.5 we plot halo-dependent (left) and halo-independent (right) anal-

yses of exothermic spin-independent contact interactions with 6 = —50 keV, § = —200 keV,
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Figure 4.5:  Same as Fig. 4.2 but for 6 = —225 keV. The halo-independent analysis is
shown for m = 1.1 GeV. The dotted black line in the halo-independent analysis shows the
SHM 7j(vmin) function for o, = 2 x 107*3cm?; a value included in the 68% CL region in the
halo-dependent analysis.

and 6 = —225 keV respectively. In Figs. 4.3 and 4.4 results are shown for isospin conserving
(top), ‘Ge-phobic’ (middle), and ‘Xe-phobic’ (bottom) models. The halo-dependent analyses
in Fig. 4.3 show that the present 90% CL limits reject the 68% and 90% CL CDMS-II-Si
regions. The Fig. 4.3 halo-independent analyses, shown for m = 3.5 GeV, illustrate that the
CDMS-II-Si 90% CL region for a ‘Xe-phobic’ interaction with § = —50 keV is only excluded
by the recent PICO-60, and not by the PandaX-II or LUX limits. Note that the 2 keV
upper cutoff imposed on the recoil energy in the SuperCDMS Ge(HV) data analysis implies
that this experiment only tests very light exothermic candidates, and does not probe the
CDMS-II-Si regions. Similarly, DARWIN’s relatively large low energy threshold prevents this
experiment from probing the WIMP candidate presented in the halo-independent analysis.

This is a consequence of only showing WIMP speeds less than 1000 km/s.
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Figure 4.6: Same as right panel of Fig. 4.5 but for m = 1.2 GeV. The dotted black line in the
halo-independent analysis shows the SHM 7)(vpi,) function for o, = 3 x 10~*cm?, a value
included in the 90% CL region in the halo-dependent analysis.

The results shown in Fig. 4.4 are similar to those in Fig. 4.3, except that in the halo-
independent analyses (shown for m = 1.3 GeV), the 90% CL CDMS-II-Si region for the
‘Xe-phobic’ interaction with 6 = —200 keV is no longer ruled out for a small set of halo func-
tions which deviate considerably from the SHM. It would seem that increasingly exothermic
scattering kinematics (i.e. more negative values of §) may alleviate the tension between the
dark matter interpretation of CDMS-II-Si and the null results of other experiments. This is
not the case, however, as increasingly negative values of § decrease the range of recoil energies
that can be imparted by WIMPs (see Eq. (4.5)). This implies that highly exothermic candi-
dates traveling at speeds less than the galactic escape velocity may not be able to account for
all three events observed by CDMS-II-Si (as illustrated in Fig. 1 of [180]). While the largest
step in the best-fit 7 function in Fig. 4.4 does lie above what is conventionally taken to be

the galactic escape velocity, ~ 765 km/s in the lab frame, the vy, value corresponding to the
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12.3 keV event is clearly below this value (additionally, there are non-negligible astrophysical
uncertainties in the value of the galactic escape velocity.) To further illustrate this point, we
show in Fig. 4.5 an analysis of a ‘Xe-phobic’ dark matter candidate with 6 = —225 keV. It
can be clearly seen in the halo-independent analysis (shown in the right panel for m = 1.1
GeV) that the third event of CDMS-II-Si can only be attributed to WIMPs traveling at
speeds v ~ 1000 km/s (in the lab frame), far above the galactic escape velocity. Notice that
we have not included in our halo-independent analyses a term in the likelihood penalizing
large unphysical halo speeds (as was done e.g. in [138]), which in this case would allow only
two of the events observed by CDMS-II-Si to be attributed to dark matter. Also shown in
Fig. 4.5 is the SHM 7 function with a normalization set to o, = 2 x 107*3cm?, a value which
is allowed the 68% CL region in the halo-dependent analysis. The halo-independent analysis
clearly rejects this function at the 90% CL, showing that, for this particular dark matter
particle candidate, the SHM does not fit the CDMS-II-Si data well.

For strongly exothermic candidates, a small change in the particle mass leads to a consid-
erable change in the range of recoil energies probed by acceptable values of vy,;,. In Fig. 4.6,
we show the halo-independent analysis for the same interaction (i.e. spin-independent with
fn/fp =—0.7and 6 = —225 keV) and a WIMP mass m = 1.2 GeV instead of m = 1.1 GeV.
This small change in the mass eliminates the problem of requiring unacceptably large WIMP
speeds. However, in this case the new PICO-60 90% CL limit rejects the halo-independent
CDMS-II-Si 90% CL region, which would otherwise be allowed by all other bounds. Again,
the SHM 7 function with values of o, allowed in the 90% CL region in the halo-dependent

analysis, lies outside the halo-independent 90% CL confidence band. These examples clearly
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Figure 4.7: Values of m and ¢ in the ‘Xe-phobic’ model for which one (light pink), two
(pink), and all three (redder pink) of the CDMS-II-Si events are below the galactic escape
velocity. The two purple regions indicate the part of the redder pink region not excluded by

current experiments. While still viable, the light purple, region ‘B’, region provides a worse
fit to the CDMS-II-Si data than the darker purple region, region ‘A’ (see text for details).

illustrate the point that one cannot continue to lower delta below —200 keV with the hope
of increasing the viability of a dark matter interpretation of the CDMS-II-Si events.

For completeness, we show in Fig. 4.7 the viable parameter space in the § — m plane for
‘Xe-phobic’ models. The pink regions are where either one (light pink), two (pink), or all
three (redder pink) events observed by CDMS can be induced by WIMPs traveling at speeds
v < 800 km/s in the lab frame (a conservative choice for the galactic escape velocity [214]),
namely where their recoils are kinematically allowed. The purple regions highlight the subset
of the dark red region that cannot be ruled out by current direct detection experiments
(i.e. the viable parameter space where all three observed events can be due to WIMPs
bound to the galactic halo). While the light purple region (region ‘B’) is still viable, the

minus log likelihood evaluated in the light purple region is significantly larger than that of
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the dark purple region (region ‘A’), indicating a worse fit to the data. This is because two
of the observed events are relatively close in energy and thus, given that the halo function is
monotonically decreasing, the data prefers models in which the v, values associated with
the two lowest observed recoils are lower than the vy, value of the highest energy event.
Fig. 4.4 and Fig. 4.5 show that no viable parameter space for ‘Xe-phobic’ interactions will
remain if an experiment like LZ or PICO-250 does not find any dark matter signal (i.e. the
purple regions, both ‘A’ and 'B’, shown in Fig. 4.7 will be rejected). Notice that, even though
the exposure of PICO-250 is much smaller than the exposure of LZ, PICO is highly sensitive
to light exothermic WIMPs because fluorine is much lighter than xenon (in general exother-
mic scattering favors lighter target nuclei) and both PICO and LZ have comparable energy
thresholds. In this regard, although argon is much lighter than xenon, the higher energy

threshold of DarkSide-20k makes this experiment insensitive to light exothermic WIMPs.

4.5 Conclusions

We have presented here updated halo-dependent and halo-independent constraints on dark
matter particle candidates that could explain the CDMS-II-Si data. We have studied candi-
dates with isospin conserving and isospin-violating spin-independent interactions, with either
elastic or exothermic scattering. We included constraints from PandaX-II, LUX (complete
exposure), and PICO-60, as well as projected sensitivities for XENON1T, SuperCDMS SNO-
LAB Ge(HV), LZ, DARWIN, DarkSide-20k, and PICO-250.

The results presented show that both spin-independent isospin conserving and ‘Ge-

phobic’ (f./f, = —0.8) interpretations of CDMS-II-Si are excluded at the 90% CL. ‘Xe-
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phobic’ (f,/f, = —0.7) interpretations, however, are still marginally viable after the recent
PICO-60 result if the dark matter particle scatters exothermically with nuclei (with § < —200
keV), and can only be ruled out in the future by an experiment comparable to LZ or PICO-
250. Although still marginally viable, the highly tuned nature of these models make a dark

matter interpretation of the CDMS-II-Si very unlikely.
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5 Assessing Compatibility of Direct Detection Data:
Halo-Independent Global Likelihood Analyses

5.1 Introduction

Astrophysical and cosmological evidence indicate that roughly 85% of the matter in the Uni-
verse is in the form of dark matter (DM) most likely composed of yet unknown elementary
particles. Arguably the most extensively studied DM particle candidate is a weakly interact-
ing massive particle (WIMP), which offers both theoretical appeal and hope for near-future
detection. Most of the matter in our own galaxy resides in a spheroidal dark halo that ex-
tends much beyond the visible disk. Direct DM detection experiments represent one of the
primary WIMP search methods currently employed. These experiments attempt to measure
the recoil energy of nuclei after they collide with DM particles bound to the galactic dark
halo passing through Earth. The current status of DM direct detection experiments remain
ambiguous, with three experiments observing a potential DM signal and all others report-
ing upper bounds, some of which appear to be in irreconcilable conflict with the putative
detection claims for most particle candidates [143, 150-166].

Interpreting the results of DM direct detection experiments typically requires assumptions
on the local DM density, the DM velocity distribution, the DM-nuclei interaction, and the
scattering kinematics. The uncertainties associated with these inputs can significantly affect
the expected recoil spectrum (both in shape and magnitude) for a particular experiment, as
well as the observed compatibility between experimental data. Attempts have been made to

remove the astrophysical uncertainty from direct DM detection calculations, and compare
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data in a “halo-independent” manner, by translating measurements and bounds on the
scattering rate into measurements and bounds on a function we will refer to as 7(vmin, )
common to all experiments, which contains all of the information on the local DM density
and velocity distribution (see e.g. [91,93,122,126,138,149,171-191]).

The function 7(vmin, t) depends on the time ¢ and a particular speed vp,,. The physical
interpretation of vy, depends on the type of analysis being used. If the nuclear recoil Er
is considered an independent variable, then v,;, is understood to be the minimum speed
necessary for the incoming DM particle to impart a nuclear recoil Er to the target nucleus
(and thus it depends on the target nuclide T through its mass mp, vl = vnim(Er, mr)).
This has been the more common approach [126,171,173]. Alternatively, one can choose vy,
as the independent variable, in which case Ef is understood to be the extremum recoil energy
(maximum for elastic scattering, and either maximum or minimum for inelastic scattering)
that can be imparted by an incoming WIMP traveling with speed v = vy, to a target
nuclide 7. Note that for elastic scattering off a single nuclide target the two approaches are
just related by a simple change of variables. We will choose to treat vy, as an independent
variable for the remainder of this paper, as this choice allows us to account for any isotopic
target composition by summing terms dependent on EX (vyin) over target nuclides T, for any
fixed detected energy E'.

Early halo-independent analyses were limited in the way they handled putative sig-
nals. Only weighted averages on vy, intervals of the unmodulated component of 7(vyin, t),
7°(Vmin), and of the amplitude of the annually modulated component, 7' (v, ), (see Eq. (5.14)

below) were plotted against upper bounds in the vy, — 7 plane (see e.g. [91,93,171,173]).
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This type of analysis leads to a poor understanding of the compatibility of various data sets.
Recently, attempts have been made to move beyond this limited approach of taking
averages over Up, intervals by finding a best fit 7° function and constructing confidence
bands in the vy, — 7 plane [92,179], from unbinned data with an extended likelihood [194].
One can then compare upper bounds at a particular confidence level (CL) with a confidence
band at a particular CL to assess if they are compatible (see [92] for a discussion). From
now on, when an upper index 0 or 1 is not written, 7(vyi,) is understood to be 7°(vmin)-

An alternative approach to analyzing the compatibility of data has been studied in [13§]
using the “parameter goodness-of-fit” test statistic [215,216] derived from a global likelihood
(an alternative approach is taken in [184]). In [138], the compatibility of various experiments
within a particular theoretical framework was determined by obtaining a p-value from Monte
Carlo (MC) simulated data, generated under the assumption that the true halo function is
the global best fit halo function. This approach has an advantage in that one can make quan-
titative statements about the compatibility between the observed data given a dark matter
candidate model. However, this procedure assigns only a single number to the whole halo-
independent parameter space, and we would like to have the ability to assess compatibility
of the data with less restrictive assumptions on the underlying halo function.

In this paper we extend the approaches of [138] and [92] by using the global likelihood
function to assess the compatibility of multiple data sets within a particular theoretical
model across the halo-independent v, — 7 parameter space. This is done with two distinct
approaches. First, we extend the construction of the halo-independent pointwise confidence

band presented in [92] to the case of a global likelihood function, consisting of one (or more)
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extended likelihood functions and an arbitrary number of Gaussian or Poisson likelihoods.
The resultant global confidence band can be compared directly with the confidence band
constructed from the extended likelihood alone, to assess the joint compatibility of the data
for any choice of DM-nuclei interaction and scattering kinematics. The drawback of this
method is that it cannot quantitatively address the level of compatibility of the data sets.
To address this concern we also propose an extension of the parameter goodness-of-fit test,
which we will refer to as the “constrained parameter goodness-of-fit” test, that quantifies
the compatibility of various data sets for a given DM particle candidate assuming the halo
function 7(vmi) passes through a particular point (v*,7*). By calculating the p-values for
each (v*,n*) throughout the vy, — 7 plane, one can construct plausibility regions, such
that for any halo function not entirely contained within the plausibility region the data are
incompatible at the chosen level, e.g. p < 10%.

In Sec. 5.2 we review the procedure for constructing the best fit halo function ngr and
confidence band from an extended likelihood. Readers familiar with [92] may wish to skip
this section and go directly to Sec. 5.3, which discusses how the construction of the best
fit halo function and confidence band is altered when dealing with a global likelihood func-
tion that is the product of one (or more) extended likelihoods and an arbitrary number of
Poisson or Gaussian likelihoods. In Sec. 5.4, we use the methods discussed in Sec. 5.3 to
construct the best fit halo and global pointwise confidence band, for the combined analysis
of CDMS-II-Si and SuperCDMS data assuming elastic isospin-conserving [205,206,217] and
exothermic isospin-violating spin-independent (SI) interactions [180,183]. Sec. 5.5 introduces

the “constrained parameter goodness-of-fit” test statistic and the construction of the plausi-
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bility regions. This method is illustrated using CDMS-II-Si and SuperCDMS data, assuming

elastic isospin-conserving spin-independent interactions. We conclude in Sec. 5.6.

5.2 Review of the Extended Maximum-Likelihood Halo-independent
(EHI) Analysis Method

5.2.1 Generalized halo-independent analysis

The differential rate per unit of detector mass as a function of nuclear recoil energy Eg for

dark matter particles of mass m scattering off a target nuclide 7" with mass my is given by

dRT 1% CT / 3 dO'T

—_— = —— d’v f(v,t) v —(ER,v), 5.1

LB~ mmr oo o flo.t)v g (Fr,v) (5.1)
where p is the local dark matter density, C'r is the mass fraction of the nuclide T in the
detector, f(wv,t) is the dark matter velocity distribution in Earth’s frame, and dor/dER is
the WIMP-nuclide differential cross section in the lab frame. When multiple target elements
are present in the detector, the differential rate is

dR dRr
&= ET: B (5.2)

To allow for the possibility of inelastic DM-nuclei scattering, we consider a DM particle
scattering to a new state of mass m’ = m + J, where |[0| < m, and 6 > 0 (< 0) describes

endothermic (exothermic) scattering. In the limit uz|d]/m? < 1, v (ER) is given by

1 mTER
minE = "‘(5, 5.3
ol ) = e [P+ o
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where pr is the reduced mass of the WIMP-nucleus system. Notice Eq. (5.3) reduces to the

typical equation for elastic scattering when ¢ = 0. Eq. (5.3) can be used to obtain the range

of possible recoil energies, [En ™ (v), Eg " (v)], that can be imparted to a target nucleus by a

DM particle traveling at speed v in Earth’s frame, given by

2

2,2
EL* () = £1° <1i— 1- 25) . (5.4)

~ 2mr prv?

Eq. (5.4) shows that for endothermic scattering there exists a nontrivial kinematic endpoint,
given by the DM speed vf = \/m, below which incoming DM particles cannot induce
nuclear recoils. When multiple targets are present in a detector, we use vs to denote the
minimum of all v{. For exothermic and elastic scattering vs = 0.

Experiments do not actually measure the recoil energy of a target nucleus, but rather
a proxy for recoil energy (e.g. the number of photoelectrons detected in a photomultiplier

tube) denoted E’. The differential rate as a function of the detected energy E’ is given by

dR o dRr
= Ere(ER, E' Er, E') — .
K100 ;/0 dER €(ER, E') Gr(ER, >dER’ (5.5)

where the differential rate in Eq. (5.1) has been convolved with the efficiency function
¢(Fr, E') and the energy resolution function Gr(Er, E’), which together give the proba-
bility that a detected recoil energy E’ resulted from a true recoil energy Eg.

Upon changing the order of integration, one can express the differential rate in detected
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energy as

dR  oOpetp 3 flu,t) dHr, .,
= d E 5.6
dE’ m v2Us ! v T dFE’ ( ,’U) ’ ( )
where dHr/dE’ is given by
EDT 2
e ﬁ/ " dBre(Er, E') Gr(Eg, E') -~ EE(ER,U) if v > o7,
T (Eu/ 'U) — mr Elj):’_ Oref ER (5 7)
dr’ 7T '
0 if v <vf.
and we define
dH dHr
15 = >y 5 (5.8)
T

Here, we only consider differential cross sections that depend on the speed of the WIMP
v = |v|. The cross section depends only on the speed v if the incoming WIMPs and the
target nuclei are unpolarized and the detector response is isotropic, as is most common. In
Eqgs. 5.6 and 5.7, we have incorporated the parameter .. which denotes the overall strength
of the interaction. For example in the case of the SI interaction, with differential cross
section given by D where Ar and Zp are the atomic and charge numbers of nuclide T, f,
and f, are the neutron and proton couplings, and Fr(ER) is the form factor normalized to
Fr(0) =1 (taken here to be Helm form factor), we will choose 0.t = 0, the WIMP-proton
cross section.

A halo-independent analysis relies on the separation of the astrophysical parameters from

the particle physics and detector-dependent quantities. Here we follow [93]. Let us define

re: o F Jt
7 (Vmin, 1) = 277 SR >, (5.9)
m v

Umin
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where F(v,t) = v* [ dQ, f(v,t). Differentiating both sides of Eq. (5.9) gives

owetp F(v,t) — 0n(v,1)

= 5.10
m v ov (5.10)
which upon insertion into Eq. (5.6) leads to
dR < on(v,t) dH
= — d ’ ). A1
dE’ /% " ou ap L) (5-11)

Using the fact that 7(oco,t) = 0 and dH/dE'(E’, vs) = 0, integration by parts of Eq. (5.11)

results in the following expression for the differential rate

dR
dE’

e d
= / dvminﬁ(vmim t) d_,]Ez/(Ela Umin) ) (512)

Vs

where we have now defined the differential response function dR/dE’ as

avmin

dr , o [dH,
dE’ (E 7Umin> - {@(E >/Umin):| . (513)

7(Vmin, ) is a function of time due to the annual rotation of the Earth around the Sun.

If one now makes the approximation
7 (Vmins 1) = 7° (Vmin) + 7' (Vmin ) cos(27(t — to) /year) (5.14)

and integrates the differential rate over the energy range of interest, the unmodulated com-
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ponent R° and annual modulation amplitude R! of the rate are given by

[e%s) o Eé dR
RFéEi,Eé] = / dvmin n (Umin) /E/ dE/ dE (515)
vs '
= / dVmin ﬁa (Umin) R[Ei,Eé} (Umin> s (516)

vs

where o = 0 or 1, and the energy-integrated response function R is given by

E; dR
Rz 5 (Vmin) = dE'
[E17E2](U ) /Ei dE’

(E', vin) (5.17)

In the event that R[E;,E;](Umin) is a well-localized function in v,;,, measurements on un-
modulated and modulated rate can be used to infer the average values of 7° and 7' over a
Umin interval. This is the case for DM-nuclei differential cross sections proportional to 1/v?
(e.g. the typical ST and SD contact interactions). Should the differential cross section not be
of this form, one may need to regularize the energy-integrated response function as described

in [93].

5.2.2 Extended maximum likelihood analysis

It was initially proven in [179], that if there is no uncertainty in the measurement of recoil

energies in a single nuclide target, then the extended likelihood, given by

L[7)(Vmin )]

: (5.18)

E'=E|

No
_ dR
—Ng [TI] T tot
c alzll MT -5
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is maximized by a non-increasing piecewise constant 77° (v, ) function (which we call simply
7(Umin)) with at most No (the number of observed events) steps. Ng[7] in Eq. (5.18) is
the total number of expected events, and E! is the observed energy of event a. This proof
was generalized to the case of realistic energy resolution and arbitrary target composition
in [92]. The generalized proof presented in [92] applies the Karush-Kuhn-Tucker (KKT)
conditions, which are only valid for systems with an objective function of finite number of
variables subject to a finite number of constraints, to the likelihood functional in Eq. (5.18) by
discretizing the variable vy, applying the KK'T conditions, and then taking the continuum
limit.

Here, we will briefly review the conclusions presented in [92]. If one defines the quantity

L[] = —2In L[7] , (5.19)

then instead of maximizing the likelihood, one can equivalently minimize L[7j|. The KKT

conditions, applied to Eq. (5.19) and taken in the continuum limit, lead to the following:

U)ﬂ%@zmedL (5.20)

)
(IT)  q(vmin) =0 (5.21)
(1) Ve >0, ii(tmnt ) < i(tmn) (5.22)
(V) ) Jim T0min 2 ) = 0min) _ (5.23)

A direct consequence of Eq. (5.23) is that 7(vnm) is a piecewise constant function with the
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locations of the steps given by the vy, values which satisfy ¢(vmin) = 0. For this reason, we

need to analyze the behavior of ¢(vmn). Eq. (5.18) and (5.20) can be used to show that

2 Ha (Vi)
q\Umin) = 25 Umin) — 2 a—rflm7 (524
(tmin) = 2t ; Val7]] )
where we have defined the following quantities:
E/
max dH
E(Umin) = MT . dE’ Vo (E', Umin) , (5.25)
dH
H(z(Umin) = _(E/7 Umin) ) (526>
dE’ B—p
and
~ thot
Yall] = : (5.27)
dE" | g

For the extended likelihood function in Eq. (5.18), the behavior of the terms in Eq. (5.24)
were studied in [92] to determine how many steps can appear in the best fit 77 function. We
briefly review their behavior here (see [92] for additional details).

Consider first the vy,-dependence of dH /dE’ (see Eq. (5.7)), which appears in both the
integrand of &(vp) and in H, (V). If the differential cross section is proportional to v=2,
as is the case for the standard SI and SD contact interactions, the only velocity dependence
of dH/dFE’ is in the integration range [E}_-;’"L (Vmin), Eg’_(vmin)]. For these interactions, as vmin
increases, the integration covers a larger portion of the parameter space where the integrand

is non-zero. At large values of v,;,, the entire region where the integrand is non-zero is

included in the integration and dH/dE’ becomes constant. For a fixed value of E’, one
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would expect the integrand of dH /dE’ to be a well-localized function of Ex (i.e. an observed
recoil £’ can only result from a narrow range of Fgr values). For this reason, the terms
H,(vmin) appear as step-like functions in vp;y.

The term &(vm,) contains an additional integration of dH/dE" over E'. The only de-
pendence on E’ appears in the factor ¢(E’, Er)Gr(E', Er), which describes the probability
a detected recoil energy E’ is the result of some true recoil energy Er. For small values
of vmin, only a narrow range of recoil energies are integrated over and thus & will be quite
small (i.e. , for vy, values such that Eg’Jr(vmm) is below threshold). As vy, increases, the
integration range widens and &(vn;,) steadily increases. Eventually, the entire region where
the integrand is nonzero is included in the integration, and &(vmyin) becomes constant.

The only term dependent on the halo function is 7,[7], which only alters the relative
contribution of each step-like function to ¢(vmi,). The function fpp(vmi,) can only be dis-
continuous when ¢(vni,) = 0, which is equivalent to saying the steps of 7jpr occur where the
step-like functions Hy(Vmin)/Va[7] touch &(vmin) from below. Since there is a single term of
the form H,(vmin)/7a[7] for each observed event, the number of steps appearing in g must

be less than or equal to the number of observed events, No.

5.2.3 Construction of the best fit halo function and confidence band from an
extended likelihood

In this section we briefly review the construction of the best fit function 7pp(vmin) and the
confidence band for an extended likelihood [92]. Let us define the function fév © of 2Np

variables,

-,

2O(@,17) = LI (Vnin; U, 7)] (5.28)
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where ¥ = (v, ..., vy, ) and 0= (M1, .., TN, ), and the various v, and 7, specify the location

and height of each step. Here, we have defined the piecewise constant function 770 as

Na Va—1 < Umin S Vg ,
~No

n (Umin; 177 ﬁ) =

0 UNo < Unin -

Using the result of the previous section, minimizing the functional L[7], and thus finding the

best fit 77(vmin), is now reduced to minimizing f,{v © subject to the constraints

vy > Vs, (5.29)

vy — v, >0 and 7, — 7, >0 for a <b. (5.30)

We can define the confidence band as the region filled by all possible 7 functions satisifying

AL[f]] = L[] — Lwin < AL", (5.31)

where L, is the minimum of L[7], and AL* corresponds to the desired confidence level.
However, in practice, finding all 77 functions satisfying Eq. (5.31) is not possible. Instead, let

us consider the possible subset of 7 functions which minimize L[] subject to the constraint

A =i (5.32)

Now let us define LS. (v*,7*) to be the minimum of L[7] subject to the constraint in

110



Eq. (5.32), and

ALfnin(’U*? ﬁ*) = Lfnin

(U*, ﬁ*) - Lmin . (533)

If the point (v*,7*) lies within the confidence band, then there should exist at least one 7
function passing through this point which satisfies AL[7] < AL*. Should this be the case,

it follows that ALS. (v*, ") < AL*. Alternatively, if ALS

min min

(v*,n*) > AL*, one can state
that there does not exist a single 7 which satisfies AL[7] < AL*. Thus the confidence band

can be constructed by finding the values of (v*,77*) which satisfy ALS, (v*,7*) < AL*. This

condition defines a two-sided interval around 7jgp for each vy, value (with vy, = v*), and
the collection of those intervals forms a pointwise confidence band in v,,;,—7 space, which we

are simply calling the confidence band.

C
min’

To understand the meaning of AL let us first discretize the continuous variable vy,

0 UK_l

min’ ***y Ymin )

into a collection of K discrete values v, = (v The likelihood functional in

Eq. (5.19) then becomes a function of the K —dimensional vector 7 = (7o, 71, ..., fix—1) which

-,

defines the piecewise constant function 7(vmin; 77) given by

7(Vmin; ﬁ) =7 if Ufnin < Uy < 0L (5.34)

min

With this discretization, the constraint on (v*,7*) in Eq. (5.32) corresponds to vf, < ov* <

min

k1 and 7* = 7j, for some integer 0 < k < K — 1. ALS

v ¢ ..(v*,7%) is then replaced by the

function ALF¢

min

(7*) with the index k corresponding to v*, defined by

o>

E( 05 "'7ﬁk—17ﬁk = ﬁ*af}k—‘rl) -'-aﬁK—l)

ALk’c 2 2 2
ﬁ(no, ces Ny -1y 77K71)

se (') =—2In , (5.35)
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where 1); are the 7j; values which maximize the likelihood function LMo, Nk —1) = L7 (Vmin; ﬁ)]
subject to the constraint 7, = 7*, and 7; maximize £ without the constraint. ALfﬂfn(ﬁ*)

now defines the —21n of the profile likelihood ratio with one parameter (7), and thus by

Wilks’ theorem the distribution of ALX¢

min

(n*) approaches the chi-square distribution with

one degree of freedom in the limit where the data sample is very large. If we now recover

the continuum limit by taking K — oo, we see that ALY (77*) approaches ALS,. (v*, 7).
Thus the construction of the confidence band is equivalent to finding the collection of con-
fidence intervals in 7* for each v* at a given CL for which AL¢. < AL*. Assuming that

min

ALS

min

is chi-square distributed, the choices AL* = 1.0 and AL* = 2.7 correspond to the

confidence intervals of 7 at 68% and 90% CL, respectively, for each vy, value. In [92] it

Cc
min

was shown that the constrained best fit halo function 7% defining LS. (v*,77%) is a piecewise
constant function with at most Np + 1 steps, with the additional step potentially appearing
at (v*,7*). An in-depth discussion of the interpretation of the confidence band constructed

from the profile likelihood ratio is provided in [92].

5.3 Extension of EHI analysis to a global maximum likelihood

In this paper we extend the analysis presented in [92] to make statistically meaningful state-
ments about the data of multiple experiments in a halo-independent manner. Specifically,
we (1) extend the formalism of constructing a pointwise confidence band from a profile likeli-
hood in halo-independent parameter space to a global likelihood function (this section), and
(17) propose a method for creating plausibility regions, constructed from a new family of test

statistics which can assess the compatibility of multiple data sets under the assumption that
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the halo function 7(vmy,) passes through each (v*,7*) point (see Sec. 5.5). To accomplish
these tasks one must first understand how to find the best fit halo function and constrained
best fit halo function from a global likelihood.

In this section we extend the procedure of [92] to the global likelihood function, defined

by the product of some number Ny, of individual likelihood functions, a = 1,2, ... Nexp,

Nexp

Lo=]]La. (5.36)
a=1

The procedure of [92] relies on the fact that an extended likelihood function is maximized
by a non-increasing piecewise constant fppg(vmin) function with a finite number of points
of discontinuity. As discussed below, the methods and reasoning of [92] extend to a global
likelihood, if it includes at least one extended likelihood. Thus, the global likelihood function

we will work with for the remainder of the paper is

(Nexp—1)

Lo=Lem [ Lo, (5.37)
a=1

where Lgpy is an extended likelihood (EHI stands for “extended halo-independent” [92]) as

in Eq. (5.18) and, for each «, L, represents Poisson likelihoods,

(O‘) )~ o () )~ a)
Mo (@[] 4 by =04 )

Lo [77] = H (@) )

j=1 n;

(5.38)
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or Gaussian likelihoods

Noin (@7 4 pl@) _ @)\ ?
N 1 v+ 0" —n;
L[] = ————exp |- | -2 / 4 . (5.39)
H () V20!

Here I/](-a) 7], b§a), and nj(a) are respectively the expected number of dark matter events,

the expected number of background events, and the number of observed events in bin j of

@)
in

experiment . Né is the number of bins used in the Poisson or Gaussian likelihood of

) )

experiment «, and aj(»a is the standard deviation associated with the measurement of nga in
an experiment o employing a Gaussian likelihood.

We now prove that global likelihoods of the form Eq. (5.37) are maximized by non-

increasing piecewise constant 7 functions with at most A steps,
N = Ngmr + Z Nélo;) , (540)

where Ngp; = Np in Eq. (5.18), i.e. the number of observed events in the extended likelihood.

The KKT conditions in Eq. (5.20-5.23) apply equally to any likelihood function £. The
KKT condition in Eq. (5.23) implies that 7 is constant in an open interval where q(vmi,) #
0. Thus if the ¢(vm,) function given by Eq. (5.20) has only a finite number of isolated zeros
within a range, the best fit 7 in this range should be a piecewise constant function with steps
located at the zeros of q(vmin). Therefore, the problem of determining the potential number
of steps of npp is equivalent to counting the maximum possible number of isolated zeros of

the ¢(vmin) function.
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For the global likelihood in Eq. (5.37), ¢(vmi) is given by

NeHI HEHI

Umln a
Q(Umm) - 2€EHI Umll’l 2 Z EHI + Z Q ) 77’ Umln] Y (541)

where Q) [7}; V] is defined by either

B Umin 5(=21n Ea bm (a)[ ] + b(a) (a) N
Qi) Vrnin] = / do A2 L) 2} [ B D () (5.42)

for Poisson likelihoods of the form in Eq. (5.38), and

N

bm + (O() o n(a) ( )
Q'[il, Umyin] = 2 Z g ] () (5.43)
7;

for Gaussian likelihoods in Eq. (5.39). Changing the function 7(vy;,) only alters the sign and
magnitude of the prefactor of & ](a) (Vmin) in each term of Q[ vpin]. The vy, dependence of
Q[7}, Umin] exclusively appears in the functions & j(a)(vmin), which is defined as in Eq. (5.25),
replacing the integration range [E’ . | E’ ] with the energy range of the bin, and H by #H(®)

min» max

The function {'](-a) (Umin) has the same generic behavior as &(vy;,) described at the end of
Sec. 5.2.2.

In Appendix A.1 we prove that above a certain value of vy, given by the minimum vf
(see Appendix A.1.1 for definition), the zeros of q(vmm) in Eq. (5.41) are isolated, and the
maximum number of isolated zeros is given by Eq. (5.40). However, in practice the number
of steps is smaller than N and can be determined by studying the functional form of the

functions €M (vin), HEM (vp), and fj(a)(vmin) (which are independent of 7). In Appendix
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Figure 5.1: The function ¢(vmin) (black), and absolute value of each of its three comprising
terms in Eq. (5.41) (dashed lines) for the combined analysis of CDMS-II-Si and SuperCDMS,
assuming a 9 GeV DM particle scattering elastically with a SI contact interaction and f,,/ f, =
1. The vy, values where q(vnyin) = 0 correspond to the locations of the steps in the global
7pr halo function.

B we prove the uniqueness of the best fit halo function, 7gp.

An explicit example of the g(vm;,) function and its components is shown in Fig. 5.1 for
the case of CDMS-II-Si combined with SuperCDMS data. For SuperCDMS we have taken a
one-bin Poisson likelihood, summing over all detectors in Table 1 of [166], the contribution
from which to ¢(vmin) is shown in green. Also included in Fig. 5.1 are the contributions
t0 q(Vmin) arising from ¥ (v,,;,) (red) and the summation over the H,(vmin)/7a[77] (blue).
Fig. 5.1 shows that ¢(vyin) goes to 0 at vy, ~ 510 km/s and 580 km /s, denoting the locations
of the steps of fpr (shown later in Fig. 5.2).

We would like to emphasize that all of the aforementioned arguments have relied on
having a global likelihood that contains at least one extended likelihood. This likelihood

has the essential feature of contributing an 7-dependent term and an 7-independent term to
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Figure 5.2: 68% (dark red region) and 90% (light red region) global confidence bands and
Ner (dark red) arising from the combined CDMS-II-Si and SuperCDMS (left) and Super-
CDMSLT5 (right) halo-independent analysis. Results are compared with 90% CL bounds
from SuperCDMS (dark yellow line), 68% (black dashed lines) and 90% (solid black lines)
confidence bands and 7gr for CMDS-II-Si only analysis (blue line) [92]. The red crosses rep-
resent the 68% CL intervals of the averaged 7 arising from binning the CDMS-II-Si events
into 2 keVnr bins between 7 and 13 keV (see e.g. [175,177,182], in which we take the hor-
izontal bars to be the vpi, range where 90% of the area under Rz gy (Vmin) is contained).
The results shown assume a 9 GeV DM particle scattering elastically through a SI isospin-

conserving contact interaction (f,/f, = 1).
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q(Vmin ), With different functional dependences on vyy.

*

In order to construct the two sided confidence band, we compute at each value of v, = v
the two sided interval defined by
‘CAG (U* ) ﬁ* )

~

La

ALE =-2In

G,min —

< AL*, (5.44)

where Lg(v*,7*) is the maximum of the global likelihood subject to constraint Eq. (5.32),
and L is the maximum of the global likelihood. Using the same arguments of Sec. 5.2.3 and
assuming that ALE ;, is chi-square distributed, the distribution of ALg ;. has one degree
of freedom and AL* = 1.0 and AL* = 2.7 for the 68% and 90% CL intervals, respectively.
In Sec. 4.2 of [92] it was shown that if £ is maximized by an 7jpp function with a maximum
of N steps, then L(v*,7*) (i.e. £ subject to the constraint that 7(vmm) passes through the
point (v*,77*)) is maximized by a halo function, which we call the constrained best fit 7% 5,

with a maximum of (N + 1) steps, one of which could occur at vy, = v*. This proof applies

to L and Lo (v*,7*) as well.

5.4 Global Likelihood Analysis of CDMS-II-Si and SuperCDMS
data

Here we apply the formalism described in Sec. 5.3 using the global likelihood function in
Eq. (5.37) with an extended likelihood [194] for the three events observed by CDMS-II-
Si [156], and a 1-bin Poisson likelihood for SuperCDMS [166]. To obtain background esti-
mates for CDMS-II-Si, we take the normalized background distribution functions from [211]

and rescale them such that 0.41, 0.13, and 0.08 events are expected from surface events,
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neutrons, and **Pb respectively (see [156]). Since the resolution function for silicon in
CDMS-II has not been measured, we take the energy resolution function for germanium
from Eq.1 of [210].

In addition to implementing the full SuperCDMS data in Table 1 of [166] (11 events
observed, 6.56 expected background events, 577 kg-days of exposure), we also use a subset
of the SuperCDMS data which neglects the observed events (and the exposure) from tower
5 (4 events observed, 5.33 expected background events, 412 kg-days of exposure). The
SuperCDMS collaboration acknowledges that tower 5 had a malfunctioning guard electrode
which resulted in a poor understanding of the background in this tower. We will use the
label “SuperCDMSLT5” for this analysis (where LT5 stands for “Less Tower 5”).

The data analysis used throughout this paper is included in the CoddsDM software [218],
an open-source Python program for the analysis of dark matter direct detection data.

In the left panel of Fig. 5.2 we show the 68% (dark red) and 90% (light red) CL confidence

C
min

bands, calculated assuming ALS, (v*,7%) is x? distributed with one degree of freedom, for the

combined analysis of CDMS-II-Si and SuperCDMS, assuming a 9 GeV DM particle scattering
elastically off nuclei with a SI isospin-conserving contact interaction. Also shown in Fig. 5.2
is the global 77pr function (dark red line), the fpr function for CDMS-II-Si data alone (blue
line), the SuperCDMS 90% upper limit (dark yellow), and the upper and lower boundaries of
the 68% (black dashed) and 90% (black solid) CL confidence bands obtained using CDMS-II-
Si data alone (these coincide with those presented in Fig. 3 of [92]). Notice that the confidence

275 km/s and vy, S 400 km/s; for the global

~Y

bands are unbounded from above for vy, <

~Y

analyses and CDMS-II-Si analyses respectively (the lower boundaries of the confidence bands
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are, however, well defined as 7j(vmin ) is a non-increasing function). This is because q(vpin) = 0
in these intervals (i.e. the experiment/experiments are not sensitive to recoils imparted from
DM traveling at these speeds), and thus the 7 is actually undetermined. Since the purpose
of plotting these functions is to compare the compatibility of putative and null signals, we
extend 7pr in our plots to this region, in the most conservative way (i.e. constant). The
red crosses in Fig. 5.2 represent the 68% CL intervals (vertical bars) of averaged 7 over
corresponding vy, intervals (indicated by horizontal bars) arising from binning the CDMS-
I1-Si events into 2 keVnr bins between 7 and 13 keV (see e.g. [175,177,182], except we take
the horizontal bars to be defined by the v,,;, range where 90% of the area under Ry B}, (Umin)
is contained).

To determine the all upper bounds on 7° arising throughout this paper from the Super-
CDMS data, we follow the procedure first outlined in [171,173]. Using the fact that 7°(vyin)
is a non-increasing function, this procedure argues the smallest possible function passing
through a point (vg, 7o) is the downward step-function 79©(vg — Vpin). With this in mind,
Eq. (5.15) can be rewritten such that an upper bound on the observed rate in the energy

~]im

range [E}, E] can be translated into an upper bound 7™ (v, ) on 7°, using

R
~]im 12

" (V) = =5 . 5.45
( 0) fv50 d'UminR[Ei,Eé] (Umin) ( )

This limit is conservative in that every 7° function lying above the bound is excluded by the
data, but not all ;° functions lying below the bound are allowed by the data. The values of

R'"™ used in this paper are determined using the Feldman-Cousins approach [219]. Assuming
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a Poisson distribution for both SuperCDMS (n = 11, b = 6.56) and SuperCDMSLT5 (n = 4,
b = 5.33) and an energy range [F', F)| corresponding to the quoted experimental range
(i.e. Ef = 1.6 keV and E} = 10.0 keV), this leads to 90% CL upper limits on the number of
DM events g™ of 11.25 and 3.33 events respectively. The value of R"™ can then be obtained
by dividing ;"™ by the exposure of the relevant experiment.

The global ngr function is shifted to lower values of 77 by over an order of magnitude
relative to the 7z found using CDMS-II-Si data alone, and is outside the 68% and 90% CL
confidence bands of CDMS-II-Si alone. Similarly, the 7jpp for CDMS-II-Si alone (in blue) is
incompatible with the 68% and 90% Cl global confidence bands. Furthermore, in the range
360 km/s < vmin S 480 km/s the 68% CL global confidence band has no overlap with the
68% CL confidence band of CDMS-II-Si.

The right panel of Fig. 5.2 is the same as the left panel but using SuperCDMSLT5 instead
of SuperCDMS. The global fpr function has shifted to slightly lower values of 7 (relative
to the SuperCDMS analysis), as have both confidence bands, but the general conclusions
are the same — namely, there appears to be a strong level of incompatibility between the
results arising from the global likelihood and those found using only CDMS-II-Si data. We
also note that the increased conflict between CDMS-II-Si and SuperCDMSLT5 has resulted
in the 90% CL confidence band extending down to 77 ~ 0 (i.e. no DM) at low values of vy,
as opposed to having a well defined non-zero lower boundary for the case of SuperCDMS.

We present one final illustration of this method in Fig. 5.3 for a 3.5 GeV DM particle with

exothermic scattering (6 = —50 keV) and a Ge-phobic SI interaction (f,,/f, = —0.8) [180].

This example has been chosen to illustrate how the global 7z and confidence bands behave
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Figure 5.3: Same as the right panel of Fig. 5.2 but for a 3.5 GeV DM particle with exothermic
scattering (6 = —50 keV) and a Ge-phobic SI interaction (f,/f, = —0.8) [180]

in the case of non-conflicting data sets. As expected, the results from the global likelihood
analysis of CDMS-II-Si and SuperCDMSLT5 are nearly identical to the results obtained from
CDMS-II-Si alone, with the only significant change occurring at low values of v;,, where
the upper bound of SuperCDMSLT5 is in conflict with the confidence bands of CDMS-II-Si

alone.

5.5 Constrained Goodness-of-Fit Analysis

The global likelihood analysis presented in the previous section always produces a best fit
halo function and confidence band, even when considering conflicting data sets. A particular
goodness-of-fit test has been proposed in [215,216] to assess the compatibility of different
data sets in the framework of a given theoretical model. This so called “parameter goodness-

of-fit” (PG) test was used in [138] to gauge the compatibility of CDMS-II-Si, SuperCDMS,
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and LUX data, in a halo-independent way. It is defined as

gpa = —2 (ln Lo — Zln ﬁa) , (5.46)

where ﬁg is the maximum of the global likelihood and ﬁa is the maximum of the likelihood
of experiment a. If the 7jgp of all individual experiments would coincide, then gpg = 0.
On the other hand a strong disagreement between the 7gp of individual experiments would
lead to a large value of gpg. Thus gpg quantifies the degree of compatibility of all data
sets under the assumption of a particular DM particle model. To provide a quantitative
statement about the compatibility, the p-value of the observed data was obtained from a MC
simulation, assuming the global g is the true halo model [138]. This procedure assigns
a single number, a single p-value, to the whole halo-independent parameter space, and we
would like to identify regions of this space where 7(vi,) functions may lead to better or
worse compatibility among data sets. With this purpose in mind, we define a family of test
statistics similar to gp¢g, one for each point in parameter space, using the profile likelihood,
defined as the likelihood maximized subject to the constraint in Eq. (5.32), i.e. (v*) = 7*
(it is the continuum limit of the numerator inside the square bracket in Eq. (5.35)). We will

then define a p-value for every point in the halo independent parameter space. We define

the “constrained parameter goodness-of-fit” test statistic as

dpe(v*,n") = =2 <lnﬁ%(v*,ﬁ*) - Zlnﬁi(v*,ﬁ*)) , (5.47)
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where £&(v*,7*) is the global profile likelihood and £¢(v*,7*) is the profile likelihood of
experiment «. ¢% tests the compatibility of the different data sets under the assumption
that 7(vmin) passes through (v*,7*). To infer the probability distribution for ¢%(v*, 7%) we
use a Monte Carlo simulation, assuming the true halo model is given by the global best fit
halo function that maximizes Lg under the constraint 7(v*) = n*. We call “constrained best
fit halo function” 7%, the function that maximizes a likelihood subjected to this constraint.
There is a different 7%z (vmim) function for each (v*,7*) point (which certainly fulfills the
condition n%,(v*) = 7i*), one for the global likelihood and one for each single experiment
extended likelihood. The p-value for a given (v*,77*) is then obtained by comparing the
observed value of ¢% to the distribution constructed from O(10%) simulated data sets (for
each choice of (v*,7*)).

We have only developed a method for maximizing the Poisson and Gaussian likelihoods
subject to the constraint 7(v*) = 77* for a single bin Poisson/Gaussian likelihood. In this
case, the likelihood is maximized by an expected number of dark matter events ﬁ{a), where
either I?fa) = nﬁ“) — b§a> if nﬁ“) > bga), or ﬁfa) = 0 if n&a) < bga). In order to maximize the
constrained likelihood, one needs to consider whether v* lies above or below the experimental
threshold. If v* is below threshold, a halo function passing through (v*,7*) produces a

*

minimum number of 0 observed events (with 77 = 7*©(v* — vy, )), and a maximum number
Vmax Of events given by the flat halo function 7(vy,) = 7. If v* is above threshold, a
halo function passing through (v*,7*) produces a minimum number v, of observed events

when 77 = 7*©(v* — vpin), and there is no limit on the maximum number of observed events

because 7 can be unbounded from above for v,;, < v*. If ﬁ](q) lies between the minimum and
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Figure 5.4: Monte Carlo generated distribution for ¢%. for v* = 400 km/s (left) and 500
km/s (right) and log(*) = —26.478. Observed value of ¢%, shown with red dashed line.
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maximum number of predicted events for 7j(vn;,) passing through (v*,77*) in each case, then
the maximum of the constrained likelihood is the maximum of the likelihood. Otherwise,
the maximum of the constrained likelihood is calculated using v Or Vi, depending on
the respective case above.

The probability distributions of ¢%. are shown in Fig. 5.4 for the combination of CDMS-
[1-Si and SuperCDMSLTS5, for a SI contact interaction with (m, d, f,./f,) = (9 GeV,0keV, 1),
for v* = 400 km/s (left) and 500 km/s (right) with 7* chosen on the global 7jpr curve.
The observed value of ¢4 in Fig. 5.4 are indicated by the dashed red line. The p-values
roughly correspond to 2.8% for v* = 400 km/s, and 0.5% for v* = 500 km/s. While
the probability distributions shown in Fig. 5.4 do not appear to approach 1 in the limit
x — 0, there are in fact a large number of simulations which yield extremely small values
of g% that are not depicted (the probabilities do in fact equal 1 at = = 0). This happens
because the global best fit halo function predicts less than one observed event in CDMS-II-Si,
which leads to many simulations in which 0 events are observed by CDMS-II-Si. In turn,
this implies the global constrained best fit halo function and the constrained best fit halo
function for CDMS-II-Si are the same, as they can only have a single step at the location
of (v*,n*). For SuperCDMSLT5, the expected background is larger than the number of
observed events, and thus the profile likelihood of SuperCDMSLTY5 is relatively insensitive to
halo functions that predict small numbers of DM events. Consequently, it is not uncommon
to find In £& (v*, 7*) ~ 32, In LS (v*, 7).

Fig. 5.4 already demonstrates a high level of incompatibility between the CDMS-II-Si and

SuperCDMSLT5 data sets for the assumed WIMP candidate, because the global 7gp(vmin)
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Figure 5.5:  Plausibility region (light purple) generated from the constrained parameter
goodness-of-fit test statistic for CDMS-II-Si and SuperCDMSLT5 (p-value larger than 10%),
compared with the confidence bands (red shaded) generated for CDMS-II-Si data alone
(left) [92] and the global confidence bands (red shaded) constructed in Sec. 5.4 (right). The
plausibility regions are crossed over because halo functions entirely contained within these
regions are not necessary allowed by our test, i.e. do not necessarily lead to a compatibility
of the data sets at the level of p >10%. However, for any halo function not entirely contained
within the plausibility region the data sets are incompatible at the chosen level (p <10%).
Also shown are 7pp for CDMS-II-Si alone (blue), the 7z resulting from the global likelihood
analysis (dark red), and the vy,-averaged CDMS-II-Si data (crosses) as described in Sec. 5.4.
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Figure 5.6: Same as the right panel of Fig. 5.5 but for a 3.5 GeV DM particle with exothermic
scattering (§ = —50 keV) and a Ge-phobic ST interaction ( f,,/f, = —0.8) [180] (as in Fig. 5.3).
Halo functions vy, entirely contained within the plausibility region (light purple) lead to a
compatibility of the data sets at the chosen level (p >10%). For those not entirely contained
within the plausibility region the data sets are incompatible at the chosen level (p <10%).

cannot produce a large p-value, say larger than 10%. We can construct intervals at each
Umin = v* in which the probability of obtaining a ¢p value larger than the one observed
is > 10%. By joining these intervals we build regions in (v, 7) which are referred to as
“plausibility” regions.

Let us now clarify the meaning of the plausibility regions. A halo function 7j(vy;,) is a non-
increasing continuous function which must be defined for any value of v;,. Consequently,
any halo function not entirely contained within the plausibility region passes though points
with p < 10 %, and thus for these functions the data sets are incompatible at the chosen level
(p < 10%). However, halo functions that are entirely contained within a plausibility region
are not necessarily allowed by our test, i.e. do not necessarily lead to compatibility of all

data at the chosen level. The issue is that the true halo model adopted at each point within
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a plausibility region, namely the 7% of the profile global likelihood at each point, may also
pass through points outside the plausibility region and be rejected by our test. If so, the
p-value evaluation at the particular point in the plausibility region is inconsistent. This is
the case for all points in the plausibility regions (light purple) shown in Fig. 5.5. The regions
are crossed by thin black lines to indicate that halo functions entirely contained within them
are not guaranteed to lead to compatibility of the data sets. However, if the true halo model
adopted at all points within a plausibility region are entirely contained within it, the p-value
calculation is reliable and halo functions entirely contained with this region are allowed by
our test. This is the case of the plausibility region in Fig. 5.6 (shown in light purple).

The plausibility region for p > 10% arising from the constrained parameter goodness-
of-fit test for the combination of CDMS-II-Si and SuperCDMSLT5 (light purple region)
is compared in Fig. 5.5 to the confidence bands (red shaded regions) generated from the
global likelihood described in Sec. 5.4 (right panel) and the confidence bands generated
with CDMS-II-Si data alone (left panel). Also shown are the global best fit halo function
Npr (dark red) and the best fit halo function for CDMS-II-Si alone (blue). The left panel
of Fig. 5.5 shows that there does not exist a halo function in the CDMS-II-Si confidence
bands that can describe the compatibility of the observed data sets. Not all halo functions
contained within the 90% global confidence band in the right panel of Fig. 5.5 are excluded
by the plausibility region, but the 68% region is entirely excluded, as is the global best fit halo
function. As explained above the plausibility regions are crossed over because the functions
entirely included within them are not allowed by our test (while those passing through points

outside them are rejected). By contrast, we can see in Fig. 5.6 how the plausibility region
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includes the entire global confidence bands (as well as the bands for CDMS-II-Si alone, which
in this case are nearly identical, see Fig. 5.3) in the case of non-conflicting data sets. This
is the example of a 3.5GeV DM particle with exothermic scattering (6 = —50 keV) and a
Ge-phobic SI interaction (f,,/f, = —0.8) [180]. The plausibility region provides in this case
a further indication of compatibility of the CDMS-II-Si and SuperCDMSLT5 data sets for
this particular DM particle model, besides the near complete overlap of the global and single
experiment confidence bands.

A comment is in order regarding Fig. 5.6. While generating the probability distributions
at large values of 1 and vy, (above the 90% CL band), we found the predicted number
of events in both experiments was too large for our computational methods to work. We
resorted to using a nearest-neighbor extrapolation at fixed v, to generate the probability
distributions in this region. We found that in this region of the v,;, —7 plane, the probability
distribution changes slowly with respect to the observed value of ¢%, and thus we believe we
obtained a good estimate of the upper boundary of the plausibility region. This extrapolation

was only used above the 90% CL confidence band boundary.

5.6 Summary

In this paper we have presented two distinct methods to assess the joint compatibility of data
sets for a given DM particle model across halo-independent parameter space, using a global
likelihood consisting of at least one extended likelihood and an arbitrary number of Gaussian
or Poisson likelihoods. We have illustrated these methods by applying them to CDMS-II-Si

and SuperCDMS data, assuming WIMP candidates with SI contact interactions.
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The first method is a natural extension of the procedure presented in [92], in which a best
fit halo function and pointwise confidence band are constructed from the profile likelihood
ratio. Here we have proven that the best fit halo function 7gp for the global likelihood we
studied is a piecewise constant function with the number of steps at most equal to the number
of unbinned data points plus the number of data bins in all the single likelihoods, and argued
why in practice the number of steps is smaller than this maximum number (see Section 3
and Appendix A). A best fit piecewise constant halo function had already been found in the
literature (see [138]) for a global likelihood of the type we use, but as a curiosity without
any explanation (or proof of uniqueness). In addition to showing how to find the best fit
halo function 7jpr and that this function is unique (see Appendix B), here we have shown for
the first time how to construct two-sided confidence bands at any CL for the type of global
likelihood we studied. As an illustration of the method we have found the best fit halo
function and the 68% and 90% CL confidence bands assuming two different choices for the
DM particle model parameters m, 0, and f,/f,. The choice of a 9 GeV DM particle scattering
elastically (0 = 0) with an isospin-conserving coupling (f,/f, = 1) leads to an apparent
incompatibility between the observed CDMS-II-Si events and the SuperCDMS upper limit,
in agreement with previous published results (see e.g. [92,182]). This incompatibility can
be assessed by comparing the overlap or lack thereof of the global confidence bands with
those of CDMS-II-Si alone. As shown in Fig. 5.2, at the 68% CL, it is not possible to
find a halo function passing through both confidence bands. The situation is very different
for a 3.5 GeV DM particle with exothermic scattering (§ = —50 keV) and a Ge-phobic SI

interaction (f,/f, = —0.8) [180], for which the data sets are compatible. Asshown in Fig. 5.3
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the global and CDMS-II-Si alone confidence bands practically coincide.

The drawback of this method is that it cannot provide a quantitative measurement of
the level of incompatibility of the various data sets that comprise the global likelihood. To
address this concern, we have proposed in Section 5 a second method in which we con-
struct a “plausibility region” arising from the global likelihood, using an extension of the
parameter goodness-of-fit test [138,215,216], that we refer to as the “constrained param-
eter goodness-of-fit” test. By evaluating the ratio of the global profile likelihood and the
product of the individual profile likelihoods (assuming 7(v*) = 77*), a plausibility region can
be constructed by grouping together regions of parameter space for which, at each point
(v*, "), our observed test statistic has a p-value e.g. > 10%. This p-value was determined
using a probability distribution constructed with Monte Carlo generated data assuming the
true halo function is the constrained best fit 7% of the profile global likelihood, i.e. the halo
function that maximizes the global likelihood subject to the constraint 7(v*) = 7*. For any
halo function not entirely contained within this plausibility region the data are incompatible
for the assumed DM particle model at the assumed level (e.g. p < 10%). For halo functions
entirely contained within the plausibility region the data sets are compatible at the chosen
level only if the contained best fit at each point within the region are also entirely contained
within the region. We have demonstrated this method for a 9 GeV DM particle scattering
elastically with an isospin conserving coupling and for the aforementioned Ge-phobic par-
ticle candidate. The results are shown in Figs. 5.5 and 5.6 respectively. In the first case
the confidence bands are largely outside the plausibility region, while in the second case

the confidence bands are entirely included in the plausibility region and any halo function
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entirely contained within the plausibility region lead to a compatibility of the data sets at
the chosen level (p > 10%).

Together these two methods provide complementary assessments of the compatibility of
the data given a particular dark matter model, across the vy, —7 halo-independent parameter
space. We expect these tools to prove useful for future direct dark matter searches both to
test compatibility of different data sets as to provide a guidance of which type of halo

functions provide a better or worse compatibility of all the data.
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6 Gamma Rays From Dark Matter Subhalos Revis-
ited: Refining the Predictions and Constraints

6.1 Introduction

A wide range of experimental strategies are being pursued in an effort to observe dark
matter’s non-gravitational interactions and ultimately identify the particle nature of dark
matter. This program includes but is not limited to experiments designed to detect the
scattering of dark matter with nuclei, searches for the annihilation or decay products of
dark matter, and efforts to produce and observe dark matter at accelerators. In all three of
these areas, current experiments are probing important regions of parameter space and are
sensitive to a wide range of well motivated dark matter candidates.

Particularly promising are searches for dark matter utilizing gamma-ray telescopes. Con-
straints from the Fermi Gamma-Ray Space Telescope’s observations of dwarf spheroidal
galaxies [220,221], the Galactic Center [222] and the extragalactic gamma-ray background [223,
224], are each currently sensitive to dark matter particles with masses in the range of ~10-
100 GeV and annihilation cross sections similar to that naively predicted from thermal relic
abundance considerations, ov ~ 2 x 1072 cm?3/s. Furthermore, the excess of GeV-scale
gamma rays observed from the region surrounding the Galactic Center exhibits a spectrum
and morphology that is consistent with the predictions of dark matter particles with a mass
of ~ 30 — 60 GeV and an annihilation cross section of ocv ~ 10720 ¢cm?/s [225-234] (for
discussions of other interpretations, see Refs. [235-244]).

Within the standard paradigm of cold and collisionless dark matter, structure forms
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hierarchically, meaning that the smallest halos form first and gradually merge to form larger
systems, including the halos that host galaxies and galaxy clusters [245]. As a consequence
of this process, the dark matter halos that encompass galaxies are predicted to contain large
numbers of smaller subhalos.

In the case of the Milky Way, the largest and most massive subhalos include the known
dwarf galaxies, as well as the Large and Small Magellanic Clouds. This collection of very
massive objects reflects only a small fraction of the subhalo population, however. A much
larger number of subhalos that are too small to capture significant quantities of gas and
form stars are also expected to be present, while remaining invisible to surveys at optical
and other wavelengths. If dark matter particles annihilate with a cross section that is similar
to that naively predicted for a thermal relic, nearby subhalos could be a promising target
for gamma-ray telescopes [246-265].

The most recent catalog released by the Fermi Collaboration (the 3FGL) contains 992
gamma-ray sources that have not been associated with emission observed at other wave-
lengths [266], a small fraction of which could potentially be dark matter subhalos. Recent
studies of the 3FGL identified a subset of 19 bright (®, > 7 x 1071 ecm™2 s7!, E, > 1
GeV) and high-latitude (]b| > 20°) sources that show no evidence of variability and exhibit a
spectral shape that is consistent with the predictions of annihilating dark matter [246,247].
From the characteristics of these subhalo candidate sources, limits can be derived on the dark
matter annihilation cross section. Such limits, however, can vary significantly depending on
the assumptions that are made regarding the local abundance of dark matter subhalos and

on the spatial distribution of dark matter within these systems. For example, the limits on
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the dark matter’s annihilation cross section placed in Ref. [246] and Ref. [248] differ by a
factor of a few for most dark matter masses. Actually, there are a number of significant
differences between the analyses of Ref. [246] and Ref. [248] which mitigate their appar-
ent disagreement. Specifically, the mass range analyzed by Ref. [248] extends 2-3 orders
of magnitude above what was used in Ref. [246], and the density profiles and halo-to-halo
variations used in Ref. [246] predict significantly higher gamma-ray fluxes for the same mass
subhalos. The various assumptions entering each of these analyses seem at face value to be
quite reasonable. Consider, for example, the density profiles used to characterize the local
subhalo population. The authors of Ref. [246] adopted density profiles that are described
by an Einasto profile, tidally truncated to remove the outermost 99.5% of a given subhalo’s
mass, Ref. [248] chose instead to adopt a traditional NFW density profile, with concentra-
tions chosen to match the parameters of a given subhalo identified within the Via Lactea II
simulation. In reality, however, it is likely that the true population of nearby subhalos is not
particularly well described by either of these simple halo profile parameterizations.

Ref. [265] has also recently performed a more comprehensive assessment of how various
uncertainties associated with the subhalo distribution and parameterization may effect their
observability with gamma-ray telescopes. In light of the large variability that is produced
from seemingly reasonable assumptions, it has become clear that a focused and self-consistent
analysis of the local subhalo population is necessary before reliable statements can be made
regarding subhalo detectability.

In this paper, we revisit the characteristics of the local dark matter subhalo population,

basing our analysis on the properties of the subhalos identified within the cosmological
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simulations Via Lactea II and ELVIS. We find that the simulated subhalos in the local
region of the Milky Way are generally well characterized by power-law density profiles with
an exponential cutoff. Using this profile parameterization, and accounting for halo-to-halo
variations as determined by the distribution of simulated subhalos, we estimate the number
of subhalos that could be observed by the Fermi Large Area Telescope (Fermi-LAT) and
use this information to place constraints on the dark matter’s annihilation cross section.
We also calculate the fraction of the observable subhalos that will be spatially extended
at a level potentially discernible to experiments such as Fermi, providing us with a way of
discriminating a dark matter subhalo population from a collection of point-like gamma-ray

sources.

6.2 Subhalo Populations in Cosmological Simulations

Various groups have utilized Fermi’s catalog of unassociated gamma-ray sources to derive
limits on the dark matter annihilation cross section [246,248,249,267]. The results of these
studies, however, vary considerably depending on the assumed characteristics of the local
subhalo population. Among the least understood characteristics, is the response of the
subhalo density profile to extreme tidal forces.

There have been numerous attempts to study the intimate details of the subhalo radial
density profile (e.g. see [264,268-286] for an incomplete list). Specifically, these studies have
largely focused on using either high-resolution simulations or semi-analytic tools to study
the process by which tidal forces of the host halo disrupt the subhalo’s density distribution.

By analyzing the distribution of test particles within the tidally disrupted subhalos, various
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groups (see e.g. [271,272,280]) have derived modified profiles, often taken to be extensions
of the canonical NFW profile, that characterize the resolved subhalo profile as a function of
e.g. mass, location, orbit, merger history, etc.

More recently, attempts have been made to simplify the characterization of these subha-
los for the more practical purpose of implementing these modifications into calculations. For
example, Ref. [286] attempted to characterize the subhalo population identified in the Via
Lactea II and ELVIS simulations using an NF'W profile, but with concentration parameters
that were dependent on both the subhalo mass (or maximum circular velocity) and the loca-
tion of the subhalo relative to the host center. This was done for the purpose of calculating
boost factors.

Here in Sec. 6.2, we take a similar approach to [2806], in that we adapt a more generalized
parameterization of subhalos identified in the Via Lactea II and ELVIS simulations for the
purpose of assessing the impact that tidal stripping has on the observability of subhalos. The
primary difference between our approach to characterizing these subhalos and that of [280],
is that we relax the assumption that tidally stripped halos are well-described by an NFW
profile, and instead attempt to parametrize density distributions with a mass and location
dependent profile. Thus, by deriving subhalo characteristics and distributions from a fixed
set of simulations, we attempt here to provide a more self-consistent and reliable description

of the observability of dark matter subhalos.
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6.2.1 The Via Lactea II and ELVIS Simulations

In an effort to characterize the population of dark matter subhalos located within the local
volume of the Milky Way, we utilize the publicly available data from the Via Lactea II
(VL-II) [287] and ELVIS [288] cosmological simulations. The VL-II simulation contains
over 1 billion particles, each with a mass of 4.1 x 103M,, and identifies approximately
20,000 subhalos with a maximum circular velocity, vemax, greater than 4 km/s. Since we
are interested here in subhalos residing within Milky Way-like halos, we have chosen to
restrict our attention to those subhalos that are located within 300 kiloparsecs (kpc) of the
center of the host halo. Furthermore, in order to minimize the impact of thresholds and other
ambiguities associated with subhalo identification and characterization, we limit our analysis
to those subhalos that consist of 100 or more particles. These cuts reduce the number of
VL-II subhalos used in our analysis to 5, 268.

The ELVIS suite consists of 48 simulated halos, each comprised of at least 53 million
particles with masses of 1.9 x 10°M,. Half of these simulations are of paired galaxies,
intended to be representative of the Milky Way-Andromeda system in both mass and phase
space. Three high-resolution simulations were performed on isolated halos (in addition to
the aforementioned 48) with a particle mass of 2.35 x 10*M,. In our analysis, we consider
those subhalos that are comprised of at least 100 particles and with vemax > 8 km/s in the
paired and isolated simulations, and v, max > 4 km/s in the high-resolution simulations. As
with VL-II, we have restricted our attention to subhalos that are located within 300 kpc of
the nearest host halo’s center, leaving us with a total of 26,048 subhalos from among the

suite of ELVIS simulations.
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For each subhalo found in either simulation catalogue, we extract v.max, the radius at
which maximum circular velocity occurs, R, max, and the total gravitationally bound mass
(each evaluated at z = 0). It is well known that the velocity profiles and concentrations
of the subhalos extracted from dark matter simulations depend on the precise values of the
adopted cosmological parameters. Ref. [289] derived a scaling relation for R, ma. (at fixed
Uemax) ON the cosmological parameters g and ng, based on the results of various cold DM

simulations. Specifically, they found the following:

Ry max X (0g5.5™) 71 (6.1)

Since the cosmological parameters adopted by VL-II and ELVIS are based on WMAP-3
(0g = 0.74, ng = 0.951) and WMAP-7 (03 = 0.80, ns = 0.963), respectively, we have rescaled

both to the latest results from the Planck Collaboration (og = 0.82, ns, = 0.967) [32].

6.2.2 The Dark Matter Profiles of Simulated Subhalos

Here, we investigate the distribution of dark matter in subhalos identified within the VL-II
and ELVIS simulations. Specifically, for each subhalo, we considered various parameteri-
zations of the density profile and determined which can provide good agreement with the
simulated values of v, max, Romax, and the total gravitationally bound mass."’

After determining that the subhalo profile parameterizations adopted in both Refs. [246,

249] and Ref. [248] provide poor fits to the subhalos located near the center of the host halo,

1 Although we would ideally like to extract information for the r < R, max region of a given subhalo,
statistical limitations make this impractical in most cases. We focus here on the values of the more reliably
determined quantities, Ve max; Fov,max, and Miqt.
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we further considered a doubly-generalized NFW profile of the following form:

Ps

p(r) = 7= 7
(£)" (£+1)

where the case of a canonical NFW profile is recovered for v, = 1 and =, = 2. For those

(6.2)

subhalos located in the outer regions of a host halo, we found that this parameterization
could in most cases be tuned to match the characteristics found in the simulations. But for
subhalos located within the innermost few tens of kiloparsecs of their host halo, we found
that this class of profile shapes could generally not simultaneously accommodate both the
mass contained within Ry, max (i.e. M(< Ry, max)) and the total mass, M., of the subhalo (for
any profile with v, > 0). We attribute the inability of the doubly-generalized NFW profile
to describe these subhalos to the effects of tidal stripping, which are more pronounced in
high density environments.

Next, inspired by Ref. [272] (see also Ref. [278]), we considered the following density

profile for the local population of tidally truncated subhalos:

p(r) =22 exp (— R%) . (6.3)

For nearly all of the simulated subhalos considered in this analysis, we are able to identify
choices of v and Ry, that can simultaneously accommodate the reported values of both M (<
Ry max) and M.

Our goal in this work is to identify the properties and distributions of the local subhalo

population. Unfortunately, there are simply not enough subhalos in the inner tens of kilo-

141



parsecs to meaningfully extract properties exclusively from this sample. We approached this
problem by identifying trends in the behavior of v and R, as functions of the total subhalo
mass and the distance to the center of the host halo. This was accomplished by dividing
subhalos into four mass bins, and then dividing each mass bin into four bins that differentiate
halos by their distance to the Galactic Center. Bin sizes were chosen in such a way that
each bin contains an approximately equal number of subhalos. Scatter plots of these best-fit
values are shown in Figs. 6.1 and 6.2.

As the result of tidal stripping, one can see in Fig. 6.2 that the average value of R,
decreases with proximity to the center of the host halo. This result is consistent, for example,
with the recent findings of Ref. [286] (see also e.g. [271,280]). Perhaps less anticipated is
that the average inner slope, -, is also found to be lower for those subhalos located near the
Galactic Center.

To parameterize the distribution of the values of v at Earth’s location, we adopt a

generalized normal distribution:

- k2

ar L L o, (2= 5y = ())/0)
& Vamo—r(i— () p( ) (6.4

where () is the median value of v, and o and k are parameters which jointly characterize the
width and skew of the distribution '?. Note that this distribution is defined on the domain
v < o/k + (7). For each bin in subhalo mass and Galactic Center distance, we find the

values of (7), o and x which provide the best fit to the simulated dataset. Examples of the

12For clarification, the width and skew are not characterized by o and &, respectively, but rather are more
complicated functions of both of these parameters.
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Figure 6.1: The best-fit values found for the inner slope, ~, for subhalos in the Via Lactea-II
(red circles) and ELVIS simulations (green triangles), adopting a profile of the form p(r) =
por Y exp(—r/Rp). Results are presented as a function of the distance of the subhalo to
the center of the host halo, with each frame corresponding to subhalos in a different mass
range. The solid line denotes the power-law trend for the median value of this parameter
(the equations for which are given in each panel, denoted «(d)), while the error bars depict
the range of values found among the central 68% of subhalos in each of four distance bins.
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Figure 6.2: As in Fig. 6.1, but for the parameter Ry, where p(r) = por~ " exp(—r/Rp). As
a result of tidal stripping, the average value of R, decreases with proximity to the center
of the host halo. In each bin, we display the median best fit value of Ry, i.e. (Rp), and
68% containment region for each bin (denoted with a black ‘x’ and vertical black lines
respectively). The power law fit used to extrapolate the median R}, values is shown in each

panel, and is denoted Ry(d).
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Figure 6.3: The distribution of the inner slope (left) and exponential scale radius (right) for
subhalos in the ELVIS and Via Lactea II simulations, for subhalos with masses in the range
of (2—5) x 10" M, and at various distances from the Galactic Center (GCD). The green line
in each frame depicts the best-fit generalized normal (left) or lognormal (right) distribution.
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Figure 6.4:
ELVIS subhalos (green triangles) and ‘fake’ subhalos (bottom, blue) derived using random

draws from Eq. (6.5) and Eq. (6.4). Analysis is shown for subhalo masses between 4.1 x 10°
and 4 x 106M, and for GCD ranges [59, 87] kpc (left) and [87,118] kpc (right).
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Figure 6.5: Left: The best-fit power law for the exponential scale parameter, Ry, as a
function of subhalo mass, as determined from the ELVIS and Via Lactea II simulation data,
for subhalos located 8.5 kpc from the Galactic Center. Right: The median inner slope, 7,
as determined from the ELVIS and Via Lactea II simulation data, for subhalos located 8.5
kpc from the Galactic Center as a function of the subhalo mass. In each frame, the shaded
regions depict the 68% and 95% containment contours.

fitted distributions are shown for in the left panel of Fig. 6.3 for subhalo masses in the range
of (2 —5) x 107 M, and various ranges of distance to the Galactic Center. For a fixed mass
range, we fit a power law to the median value of gamma as a function of Galactic Center
distance (the resultant fit equations for (7) are given in each panel of Fig. 6.1), as well as
to the v values demarcating the edges of the 68% containment region 7;8’_ — defined as the
values of v satisfying |, (1%8 dP/dy = 0.34 and fyg dP/dy = 0.34. The median local value
of v for a given range of subhalo masses is then determined using this power law fit. The
equations defining the median power law fits for each mass range are provided in Fig. 6.1.
For each mass bin, the values of o and « characterizing the distribution in v are determined
by requiring vgg_ equal the values determined by their respective power law extrapolations.
Note that we take this approach, rather than attempting to extrapolate ¢ and s directly,

because there does not appear to be an obvious trend in either of these variables (this is
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a consequence of the fact that these variables do not independently correspond to physical
features of the distribution). This procedure results in local v distributions for each of the
4 distinct mass intervals. The median local value of gamma for each mass range, as well
as the extrapolated 78;;’_ values, are shown in the right panel of Fig. 6.5. Since this figure
does not reveal any clear trend in the median value or in distribution of v as a function of
subhalo mass, we parameterize the local v distribution as being independent of the subhalo
mass, with values of (), o, and k set to be the median of the local fits shown in Fig. 6.5
(the parameters of which are provided in Fig. 6.5).

Similarly, to characterize the distribution of R, we adopt a log-normal distribution:

(6.5)

202

P11 (_(lan—ln(Rb>)2)’

where (R,) is the median value of Ry, and o is the width of the distribution. Once again, we
find the values of (R;) and o which provide the best fit to the simulated dataset in each bin
in subhalo mass and Galactic Center distance. We find that the value of ¢ is not dependent
on the subhalo mass or Galactic Center distance, and thus we average the preferred value
across all bins. Examples of the fitted distributions are shown for in the right panel of
Fig. 6.3 for subhalo masses in the range of (2 — 5) x 10" M, and various ranges of distance
to the Galactic Center. The local median value of R, for each mass bin is determined using
the power law fits to the median Ry, value of each bin, shown in Fig. 6.2 (these equations are
also provided in Fig. 6.2 for each mass interval). The local (Rp) fit and 68% containment

regions for each subhalo mass bin are shown in the left panel of Fig. 6.5. We find that
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the mass dependence of the exponential scale parameter is well described by a power-law,
with (Ry(M)) oc M4, We thus use this power law, along with the averaged o value,
to characterize the mass dependence of the local distribution of R, (the final parameters
characterizing this distribution are provided in left panel of Fig. 6.5). We have verified that
our derived distributions in both R, and v are relatively insensitive to the choice of binning.

To address possible correlations between R, and 7 that are not captured by our one
dimensional parameterizations, we compare in the R, — 7 plane the VL-II and ELVIS best-
fit parameters to the best-fit parameters that would be derived from randomly drawing values
of R, and ~ from Eq. (6.5) and Eq. (6.4), assuming subhalo characteristics (mass and GC
distance) are identical to those of the VL-II and ELVIS subhalos. The result of this test
is shown in Fig. 6.4 for two different bins. The independent extrapolations appear to do a
very reasonable job of capturing the subhalo properties. Fig. 6.4 does suggest, however, that
our distributions may slightly over-estimate the number of small-y large- R, subhalos and
the number of large-y small- R, subhalos. It is difficult to the assess the overall impact of
this mis-modeling given that these overestimations lead to opposite effects. In Sec. 6.3.4 we
will demonstrate the extent to which reducing halo-to-halo variations impacts the number of
observable subhalos; from there, one many attempt to infer the effect that this mis-modeling
may have on the derived limits.

If Fig. 6.6, we compare the median subhalo density profiles adopted in Ref. [246] (black),
Ref. [248] (magenta), and as derived in this study (blue), for subhalos ranging in mass from
10* M to 10"Mg. As the volume integral of the NFW profile adopted in Ref. [248] yields

a subhalo mass that exceeds that reported by VL-II, we take the outer regions of the dark
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Figure 6.6: A comparison of the median density profiles adopted in Ref. [246] (black),
Ref. [248] (magenta), and as derived in this study (blue) and for subhalos of four different
masses.

matter distribution to be unspecified in this case. To convey this, we plot this profile as a
solid line only within the radius that contains the mass reported by VL-II, and as a dashed
line beyond this point.'3

In order to predict the number of subhalos that could be observed by Fermi-LAT, one

needs not only the shapes of the subhalo density profiles, but also the local number density

13We note that Ref. [248] does not explicitly state how they reconstruct density profiles at fixed subhalo
mass from the extracted VL-II simulation results. The curves shown here are the result of a cubic spline
interpolation function fit to In R, max(In M) and In v, max(In M) in the mass range where VL-II can resolve
subhalos, and that we extrapolate to lower masses using a power law fit. The results obtained in this fashion
appear to be quite similar to those presented in Ref. [248].
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Figure 6.7: Left: The number of subhalos per unit mass within 300 kpc of the host halo’s
center as found in the ELVIS suite of simulations. The red line represents the best-fit power-
law for subhalos with mass between 10® and 10'° M. Right: The number of subhalos per
unit volume in the ELVIS simulations for subhalos with masses between 10® and 10'°M,.
The red line depicts the best-fit Einasto profile for this subhalo distribution. At a distance
of 8.5 kpc from the center of the host halo, this corresponds to a local population described
by dN/dMdV = 628 kpc *M" x (M/Mg)~19.

of subhalos of a given mass. In the left panel of Fig. 6.7, we plot the number of subhalos
in the ELVIS simulation per unit subhalo mass as a function of subhalo mass. For masses
above 108 M, we find that this distribution is well fit by dN/dM oc M~9, consistent with
previous literature [287,288,290,291]. Although the distribution appears to depart from this
power-law at lower masses, we attribute this to the finite resolution of the ELVIS simulation.

In the right panel of Fig. 6.7, we plot the number density of subhalos as a function of the
distance to the host center. Consistent with Refs. [290,291], we find that this distribution
is well-characterized by an Einasto profile. We use the fitted Einasto profile rather than

the histogram itself to extract the local number density to avoid sensitivity to the choice of
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binning. This allows us to derive the following distribution for the local subhalo population:

dN 628 ( M )1'9

— 6.6
dMdV Mg kpc® \ Mg (6.6)

In principle, a complete subhalo analysis would use the full radial dependence of the sub-
halo number density. However, we find that for the cross sections considered, effectively all
observable subhalos reside very near to Earth where the subhalo number density is approx-
imately constant. Note that had we considered more massive subhalos (e.g. dwarf galaxy
sized objects), this would no longer have been the case and the radial dependence of the
number density would be important. We thus approximate the number density as a location
independent function using Eq. (6.6). We caution the reader that while this approxima-
tion is not thought to introduce significant error, it is possible that it results in a slight
overestimation of the number of observable subhalos.

In the following section, we will use this subhalo distribution, along with the afore de-
scribed distribution of subhalo density profiles, to calculate the gamma-ray luminosity func-
tion of local subhalos, and in turn the number of such subhalos that are predicted to be

detectable to Fermi and other gamma-ray telescopes.
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6.3 Detecting Dark Matter Subhalos With Gamma-Ray Telescopes

6.3.1 Gamma-Rays from Dark Matter Subhalos

A given subhalo will generate a gamma-ray flux that is given by:

- [y (6.7

K 87Tm§<D2

where (ov) is the dark matter’s thermally averaged self-annihilation cross section, N, is the
number of gamma rays produced per annihilation, m, is the dark matter mass, D is the
distance to the center of the subhalo, and p(r) is the density profile of the subhalo. For a
given dark matter mass and annihilation channel, we calculate N, using Pythia 8 [292].
From the elements described in the previous section, we can calculate the number of

subhalos that yield a gamma-ray flux above a given flux threshold, @y esn:

dN dP dP
Nops = Q0 D? & (M, D — o] AM dD dRy d,
’ //// AMdV dy g, 010 (M. D, By, ) = riesn] Ry dy

(6.8)

where dN/dMdV is the local subhalo number density per unit mass (Eq. 6.6) and dP/dy
and dP/dR, are the generalized normal and lognormal distributions for the parameters -y
and Ry, respectively (Eqns. 6.4 and 6.5). The quantity 2 is the solid angle observed, which
in the case of |[b] > 20° corresponds to 47(1 — sin20°). We choose to limit the parameter

v to the range of 0 to 1.45, re-normalizing the distribution such that f01'45(dP/d7) dvy = 1.
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This is done for two reasons. First, subhalos with v < 0 are unlikely to be physical, as there
are no mechanisms at play in these dark matter only simulations which should cause the
density profile to increase as a function of radius. Note that this truncation occurs only at
the far tail of the distribution, resulting in a small effect. The far more important effect is
truncating v > 1.45. The density integral in Eq. (6.7) is divergent for v > 1.5. This is not
to say such halos cannot be physical, only that the density distribution must develop a core
at some inner radii. In order to avoid having to specify the specific nature of such a core,
we remove this part of the distribution. This truncation is conservative as subhalos with
larger v produce a noticeably larger flux, and are thus more observable. In order to compare
our calculations to the list of subhalo candidates in the 3FGL gamma-ray source catalog as
presented in Ref. [246], we adopt a value of @y, = 7 x 10710 cm™2 s and consider only
photons with energies above 1 GeV. We restrict our attention to subhalos with masses below
10" My, to avoid the inclusion of any dwarf galaxies and treat the minimum subhalo mass as
a free parameter.

We note that because our analysis focuses on local subhalos and explicitly approximates
the subhalo number density as independent of GC distance, log,(Nobs) o< 2 log;o({ov)). This
scaling relation differs from various published results, particularly for analyses that include
dwarf-sized objects (see e.g. Fig. 5 of Ref. [248] and Fig. 9 of Ref. [293]). This is because
dwartf-sized objects can be observed at much larger distances where the constant number

density approximation may no longer be valid.
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6.3.2 Placing Constraints on the Dark Matter Annihilation Cross Section

Analyses of the unidentified sources in Fermi’s 3FGL catalogue have identified 19 bright
(@, >7x1071% cm=2 s~ ), high-latitude (|b] > 20°) sources with no evidence of variability
and which exhibit a spectral shape consistent with annihilating dark matter [246,247]."
In this subsection, we will use the observed number and characteristics of these subhalo
candidates to place upper limits on the dark matter annihilation cross section.

Following the approach of Ref. [246], we calculate the y? associated with the fit of a
given dark matter model to the spectrum of each subhalo candidate, and define the weighted

number of sources (WNS) to be twice the sum of the p-values associated with the fit, i.e.

WNSE22pi:2Z/:O Fola) da (6.9)

obs,%

(refer to the left panel of Fig. 10 in Ref. [246] for result). Here, p; is the p-value associated
with source 7, fi.(x) is the x* distribution function for k degrees of freedom, and x2,, ; is the
observed chi-square value of source i. We then apply Poisson statistics to the WNS to place
a 95% upper limit on the annihilation cross section, for a given value of the dark matter
mass and annihilation channel.

In Fig. 6.8, we plot the upper limit derived for dark matter annihilating to bb (purple).
The upper (lower) boundary of this band represents the limit obtained assuming a minimum
subhalo mass of 10° M, (107°M). We also show in this figure the limits that would have

been obtained if no subhalo candidate sources had been detected (zero weighted sources).

14The 19 subhalo candidates are the same as those listed in Ref. [246], after removing the five sources that
have more recently been associated with emission at other wavelengths [247].
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Figure 6.8:  The 95% confidence level upper limit on the cross section for dark matter
annihilation to bb as derived from the unassociated gamma-ray source population presented

in Ref. [246] (purple). Also shown are the limits that would have been derived if no subhalo
candidates been observed (grey).

As a benchmark, we plot as a dashed horizontal line the cross section associated with dark
matter in the form of a simple thermal relic. In Fig. 6.9, we show the 95% upper limits for
dark matter annihilating to various final states (bb, c¢, 7H7~, ZZ or W+W ™), adopting a
minimum mass of either 107°M;, (left) or 10° M, (right).

In Fig. 6.10, we compare the limits on the annihilation cross section derived in this
study to those previously obtained from Fermi’s observations of dwarf galaxies (short-dashed
blue) [220], the Galactic Center (long-dashed magneta) [222] and the isotropic gamma-ray
background (dot-dashed green) [223]. Although the limits from subhalo searches are some-
what weaker than those derived from these other observational targets, they are reasonably

competitive and highly complementary.
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Figure 6.9: The 95% confidence level upper limit on the dark matter annihilation cross

section for various annihilation channels, adopting a minimum subhalo mass of 107°M
(left) or 10° My, (right).

6.3.3 Prospects for Detecting Spatial Extension

Thus far our discussion has been restricted to the detection of dark matter subhalos as point-
like gamma-ray sources. Of those subhalos detectable by Fermi, however, the most massive
and nearby may be discernibly spatially extended, potentially enabling one to distinguish a
dark matter subhalo from a pulsar, blazar, or other gamma-ray point source. The unambigu-
ous observation of a spatially extended gamma-ray source with no corresponding emission
at other wavelengths would constitute a smoking gun for annihilating dark matter [247].
To quantify the degree of spatial extension of the gamma-ray emission from a dark matter

subhalo, we introduce the parameter, o, defined as the angular radius which contains 68%

156



10723
xx — bb
107241 Subhalos (this work)
n Dwarf Galaxies
2]
o 4
Galactic Center et
5 -
= s IGRB //‘ e
e =7
=7 Soe” ]
i "/_/_ R _____f'_’ ____________________
10726270 e i
" - |
10! 10 10°
my [GeV]

Figure 6.10: A comparison of the 95% confidence level upper limits on the dark matter
annihilation cross section placed from gamma-ray searches for subhalos (solid black) and
gamma-ray observations of dwarf galaxies (short-dashed blue) [220], the Galactic Center
(long-dashed purple) [222] and the isotropic gamma-ray background (dot-dashed red) [223].
Here we have adopted a minimum subhalo mass of 1075M, and consider the representative

case of annihilations to bb.
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Figure 6.11:  The 68% containment radius, o, as a function of the distance to a given
subhalo, for five values of the subhalo mass.

of the total photons from the source:

0068 p(r)%dl

=0/ — —0.68, (6.10)
Jo™ plr)?dl

where the integrals are performed over the line-of-sight, and 6., is the angular radius
encompassing the full extension of the subhalo. Given the point spread function of Fermi,
a bright unassociated source can be potentially identified as spatially extended if o, =
O(0.1°) [247]. In the case of bright point-like gamma-ray sources, Fermi can typically place
upper limits on the degree of spatial extension at approximately the same level.

In Fig. 6.11 we plot o, as a function of the distance to a given subhalo, for five values

of the subhalo mass and assuming a density profile as described by Eq. 6.3 (with R, and ~

set to their median values). This illustrates that in order for an observable subhalo to have
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Figure 6.12: Left: The fraction of subhalos with spatial extension greater than 0.1° (purple)
and 0.3° (yellow) as a function of minimum gamma-ray flux (above 1 GeV) and annihilation
cross section. Results are shown for a dark matter particle with a mass of 100 GeV (solid) and
10 GeV (dashed), and for the case of annihilations to bb. Right: Total number of observable
subhalos as a function of minimum gamma-ray flux (above 1 GeV) and annihilation cross
section, for o, = 0 (i.e. point-like and extended, thin black), o, = 0.1° (purple), omn, =
0.3 (yellow). As in the left panel, results are shown for a dark matter particle with a mass
of 100 GeV (solid) and 10 GeV (dashed), and for the case of annihilations to bb.

potentially discernible extension (o, 2 0.1°), it must be very massive, very nearby, or both.

In the left panel of Fig. 6.12, we plot the fraction of subhalos for which o, > 0.1° (purple)
or o, > 0.3° (yellow), as a function of the minimum gamma-ray flux and annihilation cross
section. Results are shown for dark matter with a mass of 100 GeV (solid) or 10 GeV
(dashed), and for the representative case of annihilations to bb. The right panel of Fig. 6.12
shows the total number of observable subhalos for these same candidates and minimum
0. values, and compares this result with the total number of predicted subhalos (shown in
black). For dark matter particles in this mass range and with an annihilation cross section of
(ov) = 2.2 x 10726 cm? /s, we predict that approximately 10-20% of subhalos with a gamma-

ray flux above 1072 cm™2 7! will be extended at a level of o, > 0.3° and that 40-55% will be

extended at o, > 0.1°. This can be directly compared to the degree of extension observed

159



among those subhalo candidate sources observed by Fermi.

A recent analysis of the 12 brightest (®, > 10~%cm™2s™!) dark matter subhalo candidates
in the 3FGL catalog found that three of these sources prefer a spatially extended morphology
at alevel of 2AIn £ > 4, corresponding to 2 20 significance [247]. These three sources (3FGL
J2212.5+0703, 3FGL J1119.9-2204, and 3FGL J0318.1+0252) were found to be best-fit by
extensions of o, = 0.25°, 0.07° and 0.15°, respectively. The other nine sources in this
sample showed little or no preference for spatial extension. Given the upper limits placed on
the spatial extension of these twelve sources, eleven require o, < 0.3° while seven require
0 < 0.1° (at the 95% confidence level). While this manuscript was being considered for
publication, Ref. [294] identified an additional unassociated gamma-ray source with ~ 50
preference for a spatial extension of ¢ ~ 0.1°. This is particularly interesting in light of
the fact that the estimated background from overlapping point sources is O(2%) per source.
Assessing the consistency of subhalo interpretations of these sources will be of interest in the
future as the uncertainties entering subhalo analyses are further reduced.

According to the analysis of Ref. [247], none of Fermi’s subhalo candidates are compatible
with extension greater than o, > 0.31°. We can use this fact, in conjunction with the
predicted distribution of subhalo extensions, to place an upper limit on the dark matter
annihilation cross section. In Fig. 6.13, we plot the 95% upper limit derived from the
non-observation of sources with spatial extension o, greater than 0.31° (green), for the
case of annihilations to bb and a minimum subhalo mass of 10°M,. For comparison, we
also show in this figure the limit derived from point-like sources (long dashed), assuming

the same annihilation channel and minimum subhalo mass. The limit derived from the

160



10723

AX — bb yZ
Mmin = IOSM(EI / /
107 O6g > 0.31° 7 i
n 7
|
o~ 7
g s
=
\b/ 10725 | |
Ve
"
1 —26 |
0 10! 107 103

my [GeV]

Figure 6.13: The 95% upper limit on the dark matter annihilation cross section for an-
nihilation into bb derived from the non-observation of extended gamma ray sources with a
flux above 10 %cm™2s™! and a spatial extension ogg greater than 0.31° (solid green). Shown
for comparison are the limits derived from the total number of subhalo candidate sources as
depicted in right panel of Fig. 6.9 (dashed black).
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non-observation of spatially extended sources (with o, > 0.31°) is somewhat weaker than
that based on the total number of sources observed. That being said, as Fermi and other
gamma-ray telescopes continue to accumulate catalogs of dark matter subhalo candidate
sources, spatial extension will be essential for distinguishing any subhalo population from

other gamma-ray source classes.

6.3.4 Uncertainties

Thus far in this study, we have not addressed the many uncertainties involved in our calcu-
lations. In this section, we will discuss the most important of these uncertainties and their
likely impact on our results and conclusions.

We begin by considering the density profiles of the local subhalo population. With an
ideal suite of numerical simulations, one could fully resolve the profiles of individual subhalos
over a wide range of scales and masses. Current simulations, however, lack the resolution
to probe the inner regions such subhalos, making it difficult to distinguish between different
functional forms that might describe the distributions of dark matter in these systems. We
also note that current simulations are not able to resolve any small-scale structure that may
be present within a given subhalo, potentially inducing a boost factor to the annihilation
rate in a given subhalo. Throughout this analysis, we have conservatively chosen to neglect
any boost factors to the annihilation rate.

Arguably, the most significant assumption we have made in our analysis is that the
distributions of the parameters v and R, which describe the local subhalo population can

be safely extrapolated from the distributions describing the subhalos located throughout
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the larger volume of the host halo. While the distributions of the simulated subhalos do
appear to present a clear trend with respect to subhalo location with the host halo, there
are simply not enough simulated subhalos in the inner tens of kiloparsecs to extract these
parameters and distributions without relying on such an extrapolation. Despite the fact that
it is difficult to meaningfully assess the uncertainty associated with our extrapolations of the
distributions in v and R, it is important to understand the impact of halo-to-halo variations
on predictions for the observability of subhalos. To address this question, we plot in Fig. 6.14
the limits that would be derived should the value of o characterizing of the distribution in
v (purple) and R, (blue) be reduced by a factor of v/2, assuming annihilations to bb and a
minimum subhalo mass of 10°M. We emphasize that there is no meaningful justification
for the assumed values of o shown in Fig. 6.14, but rather have included this figure to better
understand how decreasing halo-to-halo variations can alter the derived limits. We believe
that a proper understanding of these variations for the local population is instrumental for
making concrete predictions of the observability of dark matter subhalos. Ideally, as the
statistics associated with such simulations continue to improve, we hope to eventually be
able to rely exclusively on simulated subhalos located in the inner regions of their host halo,
eliminating the need for extrapolations in these distributions and leading to a more stable
understanding of dark matter subhalos.

Similar to how current simulations tell us very little about the small scale structure of
dark matter halos and subhalos, they are also not generally capable of revolving the lowest
mass subhalos. Below roughly 10 to 10® M, we are forced to extrapolate the characteristics

of the local subhalo population, both in terms of the number density and mass distribution
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Figure 6.14: The 95% confidence level upper limit derived on the cross section for dark
matter annihilating to bb, varying independently the variance in R}, (short dashed, blue)

and v (long dashed, purple). Results are compared with the standard analysis (black).
Calculations assume a minimum subhalo mass of 10° M.

of such subhalos (see the left frame of Fig. 6.7), and in terms of the distributions of the halo
parameters v and Ry (see Fig. 6.5). Given that the subhalo distribution extends to masses
as low as ~107® to 1073 M, for typical WIMPs [282,295-297], even modest departures from
this extrapolation can have a non-negligible impact on the predicted number of observable
subhalos. Some simulations actually suggest that the density profiles of the smallest scale
subhalos may actually have much steeper inner slopes (with v ~ 1.3 — 1.5), potentially mak-
ing our extrapolations slightly conservative [264,282]. To assess the uncertainty associated
with the distribution of subhalos, we plot in Fig. 6.15 the upper limit on the dark matter
annihilation cross section when we change the power-law slope of the subhalo mass distri-

bution over the range of -1.8 to -2.0 (in our earlier calculations, we adopted a value of -1.9;
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Figure 6.15: The 95% confidence level upper limit derived on the cross section for

dark matter annihilating to bb, varying the exponent of the subhalo mass distribution
dN/dMdV o« M? (see Eq. 6.6) between = —1.8 (upper boundary) and 8 = —2.0 (lower
boundary), and adopting a minimum subhalo mass of 107°M. The solid black contour
represents the limit for our default value of 5 = —1.9.

see Eq. 6.6) [287,288,298,299]. Here, we have adopted a minimum subhalo mass of 107> M,
and again have considered the representative case of annihilations to bb. This range of limits
can vary by a factor of up to ~2 (in either direction) from those presented in the left panel
of Fig. 6.9.

Finally, we would like to emphasize that our results are based on the subhalo popula-
tions generated in dark matter-only simulations. As the physical effects of baryons in the
Milky Way are not captured in such simulations, our results do not take into account the
gravitational potential of our Galaxy’s stars, gas and dust. In recent years, there has been
considerable progress in understanding the impact of baryons on the evolution of dark matter

structure in Milky Way-like systems. In particular, some groups have attempted to capture
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the effect of the baryonic disk on the evolution of structure in the Milky Way without re-
sorting to a full hydrodynamical treatment, but instead by artificially introducing a disk
potential. Some of these simulations (utilizing either an artificial disk potential or a fully
hydrodynamical approach) have shown that the presence of such a disk may non-negligibly
reduce the local density of subhalos. For example, Refs. [299] and [300] each find that bary-
onic effects reduce the local number density of subhalos by a factor of approximately ~2
(see also e.g. [291,293,301]). Depending on how these baryonic effects impact the shape
of the surviving subhalo density profiles, they could have a wide range of possible impacts
on the resulting cross section constraints. Until such hydrodyamical effects are able to be
reliably implemented with higher resolution, it will be difficult to assess their impact on the
observability of the nearby dark matter subhalo population.

While this manuscript was being prepared for journal publication, a study attempting
to address the baryonic impact of subhalo detectability was released [293]. Ref. [293] found
a minimal impact on subhalo detectability between hydrodynamical and dark matter only
simulations. We do note, however, that the conclusions of [293] using the results of dark
matter-only simulations differ slightly from the results shown here!®. We attribute this
difference primarily to the adopted subhalo parameterization.

Taking the impact of these various uncertainties together, we conclude that the predicted
number of observable subhalos could quite plausibly vary from those values presented here by
a factor of a few in either direction. Only with improvements in the resolution of numerical

simulations (both dark matter-only and hydrodynamical simulations) will such predictions

15Ref. [293] bases their dark matter-only results on the ~ 1200 subhalos identified in the AQO8 simula-
tion [290], and adopts an analysis comparable to that of [248].
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be able to be placed on firmer footing, allowing one to establish more robust limits on the

dark matter annihilation cross section.

6.4 Summary and Conclusion

In this paper, we have revisited constraints on the dark matter annihilation cross section
derived from searches for dark matter subhalo candidates among Fermi’s list of unassociated
gamma-ray sources. We have based our calculations on the properties of over 30, 000 subhalos
identified within the Via Lactea-II and ELVIS simulations, which we used to constrain the
density profiles and the mass distribution of the local subhalo population.

The density profiles of subhalos located within the innermost tens of kiloparsecs of a
given host halo are significantly altered as a result of tidal stripping, and in most cases
cannot be described by a traditional NF'W profile. Instead, we find that these subhalos are
well characterized by a power-law profile with an exponential cutoff. While the inner slope
of these profiles is largely independent of the subhalo mass (consistently featuring a median
value of () ~ 0.74), the median cutoff radius is a function of mass. Using simulated subhalos
from the ELVIS and Via Lactea-II simulations, we fit the distributions of these parameters
as a function of the subhalo’s mass and distance to the center of the host halo. From this
information, we deduce the characteristics of the local subhalo population and calculate the
dark matter annihilation rate within this collection of objects, determining the number of
subhalos that will appear to Fermi as bright gamma-ray sources.

The limits on the dark matter annihilation cross section that have been derived in this

study are somewhat weaker (by a factor of ~2-3) than those presented previously by Bertoni,
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Hooper and Linden [246], and somewhat stronger than those later presented by Schoonenberg
et al. [248].

We have also calculated the fraction of gamma-ray bright subhalos that are predicted to
have discernible spatial extension to a telescope such as Fermi. Such information provides an
important test, enabling us to potentially distinguish a dark matter subhalo from a point-like
astrophysical source, such as a radio-faint pulsar. We find that for typical WIMPs, roughly
10-50% of gamma-ray bright subhalos will be discernibly extended to Fermi, depending on
the value of the dark matter’s mass and annihilation cross section. This is particularly
interesting in light of recent evidence for spatial extension among several of Fermi’s subhalo
candidates [247,294]. The results presented here are compatible with the possibility that a
significant fraction of these candidate sources could, in fact, be dark matter subhalos.

Although the limits on the dark matter annihilation cross section derived in this study
are somewhat weaker than those based on observations of dwarf galaxies, the Galactic Cen-
ter, and the isotropic gamma-ray background, these strategies are each subject to different
uncertainties and limitations, and are thus highly complementary. Furthermore, the fu-
ture prospects for dark matter subhalo searches using gamma-ray telescopes are particularly
promising. In addition to further data that will be collected by Fermi, future space-based
gamma-ray missions such as ComPair [302] and e-ASTROGAM [303] are anticipated to sig-
nificantly improve upon the current point sensitivity at energies below ~1 GeV, likely leading
to the discovery of many new sources, and to the improved characterization of the sources

already detected by Fermi.
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7 Updated Collider and Direct Detection Constraints
on Dark Matter Models for the Galactic Center Gamma-
Ray Excess

7.1 The Galactic Center Excess

Over the past decade or so, a number of observations have been interpreted as possible signals
of annihilating or decaying dark matter particles. Examples of such observations include
the 511 keV emission from the Galactic Bulge [304], an excess of synchrotron emission
known as the WMAP Haze [305,306], an excess of high energy positrons in the cosmic
ray spectrum [307,308], a mono-energetic line of 130 GeV gamma rays from the Galactic
Halo [309], and a 3.5 keV X-ray line from Perseus and other galaxy clusters [310,311]. Each of
these anomalies, however, has either failed to be confirmed by subsequent measurements [312,
313], or has been shown to be quite plausibly explained by astrophysical phenomena [314—
317].

In comparison to these other anomalous signals, the gamma-ray excess observed from
the Galactic Center by the Fermi Gamma-Ray Space Telescope stands out. This signal
has been studied in detail over the past seven years [225-227,229-234, 318, 319] and has
been shown with high statistical significance to exhibit a spectrum, morphology and overall
intensity that is compatible with that predicted from annihilating dark matter particles in
the form of a ~30-70 GeV thermal relic distributed with a profile similar to that favored
by numerical simulations. Although astrophysical interpretations of this signal have been

proposed (consisting of either a large population of millisecond pulsars [235-241,320], or a
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series of recent leptonic cosmic-ray outbursts [242-244]), these explanations require either
a significant degree of tuning in their parameters [243], or pulsar populations which are
very different from those observed in the environments of globular clusters or in the field
of the Milky Way [235, 240, 320]. In addition, some modest support for a dark matter
interpretation of this signal has recently appeared in the form of excesses in the cosmic-
ray antiproton spectrum [321-323], in the gamma-ray emission from the dwarf spheroidal
galaxies Reticulum II and Tucana III [220,324-327], and from the observation of spatially
extended gamma-ray emission from two dark matter subhalo candidates [246, 247,294, 328].
At this point in time, however, there is no clear resolution to the question of the origin of
the Galactic Center excess.

Many groups have studied dark matter models that are capable of generating the observed
features of the Galactic Center excess (for an incomplete list, see Refs. [329-347]). In this
study, we follow an approach similar to that taken in Ref. [329], and consider an exhaustive
list of simplified models that are capable of generating the observed gamma-ray excess while
remaining consistent with all constraints from collider and direct detection experiments.
Also following Ref. [329], we choose to not consider hidden sector models in this study, in
which the dark matter annihilates to unstable particles which reside in the hidden sector,
without sizable couplings to the Standard Model (SM) [339,342,343]. While such scenarios
certainly remain viable, we consider them to be beyond the scope of this work.

The models found in Ref. [329] to be compatible with existing constraints from direct
detection and collider experiments are listed in Table 7.1, and can be divided into three

categories. First, there are models in which the dark matter annihilates into SM quarks
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Dark Matter Medziator Interactions ‘ Direct Detection ‘

Dirac Fermion, Spin-0 X°x, ff ost o< (q/2m,,)?
Majorana Fermion, y Spin-0 XV°x, ff os1 x (q/2m,)?
Dirac Fermion, y Spin-0 XX, Y2 f osp x (¢*/4m,m,)?
Majorana Fermion, y Spin-0 X°x, Y2 f osp x (¢%/4m,m,)?
Complex Scalar, ¢ Spin-0 oto, fA°f osp x (q/2m,)?
Real Scalar, ¢ Spin-0 &2, fA°f osp x (q/2m,)?
Complex Vector, X Spin-0 XX [ f osp o (q/2m,)?
Real Vector, X Spin-0 X, X" [y f osp x (q/2m,)?
Dirac Fermion, x Spin-1 XV, byub os1 ~ loop (vector)
Dirac Fermion, y Spin-1 X Fryf | osp o (q/2mn)? or (q/2my)?
Dirac Fermion, x Spin-1 XT*Y0 X, f’y//y5 f osp ~ 1
Majorana Fermion, y Spin-1 XY funtf osp ~ 1
Dirac Fermion, y Spin-0 (¢-ch.) X(1£~%)b ogs1  loop (vector)
Dirac Fermion, x Spin-1 (¢-ch.) XY (1 £~%)b os1  loop (vector)
Complex Vector, X | Spin-1/2 (t-ch.) | X[y*(1£1°)b og1  loop (vector)
Real Vector, X Spin-1/2 (t-ch.) | X, v*(1£~+°)b os1 x loop (vector)

Table 1: A summary of the simplified models identified in Ref. [329] as being potentially
capable of generating the observed characteristics of the Galactic Center gamma-ray excess
without violating collider or direct detection constraints (as of June 2014). For each model,
we list the nature of the dark matter candidate and the mediator, as well as the form of the
mediator’s interactions. In the final column, we list whether the leading elastic scattering
cross section with nuclei is spin-independent (SI) or spin-dependent (SD) and whether it is
suppressed by powers of momentum, ¢, or by loops.
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through the s-channel exchange of a spin-zero mediator with pseudoscalar couplings. These
models allow for an unsuppressed (s-wave) low-velocity annihilation cross section while gen-
erating a cross section for elastic scattering with nuclei that is suppressed by either two or
four powers of momentum, thus evading direct detection constraints. In the second class
of models, the dark matter annihilates through the s-channel exchange of a vector boson.
In this case, it was found that direct detection constraints could be evaded if the mediator
couples axially with quarks or couples only to the third generation. Lastly, there are models
in which the dark matter annihilates to b-quarks through the ¢-channel exchange of a colored
and electrically charged mediator.

In this paper, we revisit this collection of dark matter models, applying updated con-
straints from the Large Hadron Collider (LHC) and other collider experiments, in addition
to recent constraints from the direct detection experiments LUX [168] and PandaX-II [169].
We find that many of the models previously considered within the context of the Galactic

Center excess are now excluded by a combination of these constraints.

7.2 Constraints

In this section, we summarize the constraints that we apply in this study. In particular,
we consider constraints from the LHC and other accelerators, as derived from searches for
mono-X events with missing energy (where X denotes a jet, photon, or Z), di-jet resonances,
di-lepton resonances, exotic Higgs decays, sbottom searches, and exotic upsilon decays [348—
358]. We also summarize the current status of direct searches for dark matter, including the

recent constraints presented by the LUX [168] and PandaX-II [169] Collaborations.
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7.2.1 LHC

Searches at CMS and ATLAS provide some of the most stringent constraints on dark matter,
as well as on the particles that mediate the interactions of dark matter. In this study, we
consider the bounds from the LHC as applied to a wide range of simplified models, the
most stringent of which arise from CMS searches for mono-jet+MET, di-jet resonances, di-
lepton resonances, di-tau resonances, and sbottom searches. Although we also considered
constraints from the ATLAS Collaboration, they were slightly less restrictive than those
from CMS.

LHC limits are typically published in one of two ways: (1) assuming a particular model
and choice of couplings, a limit is presented on the parameter space in the dark matter
mass-mediator mass plane, or (2) a limit is presented on the product of the production cross
section and the branching fraction for a particular process. In this study, we will present our
results in terms of the mediator mass and the product of the dark matter-mediator and SM-
mediator couplings. Thus applying limits from the LHC generally requires translating these
bounds into the parameter space under consideration. To calculate the relevant production
cross sections and branching ratios, models are built using FeynRules [359] and subsequently
imported into MadGraph5_aMC@NLO [360,361]. When necessary, we implement PYTHIA
8 [362] to hadronize the final state particles and DELPHES [363] to simulate the detector
response. As appropriate, we apply the published cuts on MET, final state momentum, and
final state rapidity in our calculations. Throughout this study, we calculate and present all
LHC constraints at the 95% confidence level.

In scenarios with heavy mediators, it is not uncommon for the width of the mediator
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to be unacceptably large (i.e. as large or larger than its mass). Such widths are clearly
not physical and may indicate the presence of additional particles or interactions [364-368].
Imposing unitarity and gauge invariance often restricts the mass of such additional particles
to be of the same order of magnitude as the other dark sector particles, making it difficult
to define the properties of these new particles such that they are beyond the reach of the
LHC. Although the construction of more complicated dark sectors is beyond the scope of
the work, we emphasize that it is likely that constraints derived on such models would be
more restrictive than those derived here. Throughout this study, in order to maintain the
validity of the theory in this region of parameter space, we apply LHC constraints assuming

I'/m = 0.1 whenever the width of the mediator would otherwise exceed this value.

7.2.2 LEP-II

Constraints from LEP-II on Higgs bosons in the mass range between 10 GeV and 100 GeV
are extremely constraining for a wide range of beyond the SM physics scenarios. In this
study we consider such limits as derived from searches for a light Higgs decaying to bb [357].
Although powerful, these constraints are rather model dependent, and generally rely on the
scalar mediator’s coupling to the SM gauge bosons. LEP-II constraints are presented at the
95% confidence level throughout this work, and assume a coupling to the Z-boson identical

to that of the SM Higgs.
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7.2.3 BaBar

We also consider in this study constraints derived from BaBar on upsilon decays to light scalar
or pseudoscalar particles, in particular focusing on channels where the mediator subsequently
decays to hadrons, muons, taus or charm quarks [369-372]. We consider relativistic and QCD
corrections for the decay of a vector meson as described in Ref. [358]. We note that the p*pu~
channel provides the strongest constraints, but the precise values of the branching ratios of
such light scalars are not well known (see e.g. Refs. [358,373]). Here, we conservatively
assume a 100% branching ratio to hadrons in the mass range of 1GeV < my < 2m,. This
is conservative in the sense that introducing a small branching ratio to muons strengthens
the resulting bound. For 2m, < my < 9GeV, we use the branching ratios as recently
computed in Ref. [374] which incorporate QCD corrections. We find similar constraints as
those previously obtained in the recent analysis of Refs. [358] and [373] for pseudoscalar and
scalar mediators, respectively. All BaBar constraints are presented at the 90% confidence

level in this study.

7.2.4 Direct Detection

The constraints utilized in this study on the dark matter’s elastic scattering cross section with
nuclei have been derived from the latest results of the LUX Collaboration [168], which are
only slightly more stringent than those recently presented by the PANDA-X experiment [169].

For all tree-level cross sections, we use the expressions as presented in Appendices B and
C of Ref. [329]. One-loop cross sections for the scalar mediated ¢-channel interaction and the

s-channel vector mediated loop-suppressed interaction are provided in Refs. [334] and [375],
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respectively. The remaining ¢-channel models, which are also loop suppressed, suffer from
the problem that they are not generically gauge invariant. Consequently, scattering cross
sections for these models are calculated by introducing a factor that suppresses the cross
section by the same factor that would appear if the interaction were mediated by a massive
photon, ie. (g log(m?/m2,)/ (6472m2,.,))°

For each model, we calculate the expected number of events in a xenon target following
the procedure outlined in Ref. [376], adopting a standard Maxwellian velocity distribution
(vo = 220 km /S, Vese = H44 km /s, Uparen = 245 km/s), a local density of 0.3 GeV /cm? and an
exposure of 3.35 x 10* kg-day. Form factors and nuclear responses are calculated following
the procedures outlined in Refs. [134,377]. We take the efficiency for nuclear recoils as a

function of energy from Fig. 2 of Ref. [168], and derive bounds at the 90% confidence level,

assuming 4.2 expected background events and applying Poisson statistics.

7.3 Pseudoscalar Mediated Dark Matter

In this section, we will consider models in which the dark matter annihilates through the s-
channel exchange of a spin-0 mediator, A. We begin by considering a fermionic dark matter

candidate, y, with interactions as described by the following Lagrangian:

LD axhgiy’x + Y _urf(Aps + Apin®) f| A, (7.1)
f

where a = 1(1/2) for a Dirac (Majorana) dark matter candidate. Although we describe the

interactions of the SM fermions in terms of their yukawas, y; = \/imf /v, the quantities
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Figure 7.1: Constraints on a 50 GeV Dirac (left) and Majorana (right) dark matter candi-
date which annihilates through a spin-0 mediator with a pseudoscalar coupling to the dark
matter and a (universal) scalar coupling to SM fermions. The black dashed (solid) lines
include (neglect) annihilations to mediator pairs for several values of A, = A, /Ap. The up-
per boundary of the shaded black region is where the correct thermal relic abundance is
obtained, whereas along the lower boundary the low-velocity annihilation cross section is at
its minimum value required to potentially generate the observed gamma-ray excess. The
constraints from CMS assume A, = 1/3 (solid) and A, = 3 (dash-dot), and are compared
with the bounds enforcing I'y/m4 = 0.1 (purple) for the same coupling ratios. LEP and
BaBar constraints are presented for A, = 10 and 1, respectively.

Afs and Mg, allow for arbitrary values of each coupling. Here, v is the SM Higgs vacuum
expectation value, i.e. v > 246 GeV. Assuming that A\ys or Ay, is not much smaller than that
of the other SM fermions, dark matter will annihilate largely to bb in this model. For this
dominant annihilation channel, a dark matter mass of approximately 50 GeV is required to
generate the observed spectral shape of the Galactic Center excess [227,378], and we adopt
this value throughout this section.

In the left (right) frame of Fig. 7.1, we plot the constraints on the parameter space

of a simplified model with dark matter in the form of a Dirac (Majorana) fermion and a
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Figure 7.2: As in Fig. 7.1 but for tan 8 = 10, where tan 3 is defined as the ratio of the
mediator’s couplings to down-type and up-type fermions.

mediator with a pseudoscalar coupling to the dark matter (yy°x) and scalar couplings to
SM fermions (ff), assuming a common scalar coupling to all SM fermions (as motivated
by minimal flavor violation), Ars'®. In each frame, the upper boundary of the shaded black
region represents the the value of the product of the couplings that is required to generate
an acceptable thermal relic abundance, assuming standard cosmology. The lower boundary
of this region corresponds to a more relaxed assumption, requiring only that the low-velocity
annihilation cross section is large enough to potentially generate the observed gamma-ray
excess, (o v) > 3 x 107%" cm?/s (or twice this value in the case of a Dirac particle). If
my < m,, dark matter can annihilate directly to mediator pairs via t-channel x exchange.
In these figures, we plot as dashed black lines the parameter space which generates the

observed thermal relic abundance for several values of A\, = A, /A,. One should keep in

I6Note that the product of couplings in these models be quite large, occasionally appearing to violate
perturbativity. This need not be the case, however, as we have not included the yukawa contribution to the
SM coupling, which may significantly suppress this product.
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mind that if the dark matter annihilates significantly to mediator pairs in the low-velocity
limit, a higher value for the dark matter mass is generally required in order for the resulting
gamma-ray spectrum to be consistent with the observed features of the Galactic Center
excess [333,342,343]. We compare these curves to the constraints derived from LUX (blue),
CMS/LHC (red), LEP (green), and BaBar (yellow).

In the case of CMS, the most stringent constraint in this class of models derives from
searches for events with a single jet and missing transverse energy (MET). As the sensitivity
of collider searches depends not only on the product of the couplings, but also on their
ratio, we present constraints for multiple values of A,. In Fig. 7.1, the solid (dot-dashed)
lines correspond to CMS constraints for A, = 1/3 (3), while LEP and BaBar constraints are
derived assuming A\, = 10 and A\, = 1, respectively. The regions bounded by a purple solid
(dot-dashed) line represent those in which the calculated width of the mediator exceeds one
tenth of its mass, for A\, = 1/3 (3). As described in Sec. 7.2.1, we set I'y = 0.1 m 4 throughout
this region of parameter space, and take this to be indicative of additional particles and/or
interactions that are not described by our simplified model.

The constraints from LEP rely on an effective coupling of the SM Z to Z A, and are thus
highly model dependent. While this constraint does apply, for example, to the case in which
the couplings of the A to SM fermions are the result of mixing with the SM Higgs, there
are many other scenarios in which a spin-0 mediator can couple to the SM fermions while
having a suppressed coupling to the Z.

Several of the constraints shown in Fig. 7.1 depend on the ratios of the various couplings of

the mediator. In particular, since the LHC constraints are dominated by diagrams in which
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a scalar mediator is produced through a top quark loop, such constraints may be much
weaker if the top quark coupling is suppressed. To illustrate this, we plot in Fig. 7.2 the
derived constraints assuming tan 8 = 10, where tan (3 is defined as the ratio of the mediator’s
couplings to down-type and up-type fermions, tan § = A\;/A,. While bounds from LEP, LUX
and BaBar are not significantly affected by the value of tan 5, mono-jet+MET bounds can
be noticeably reduced, in particular in the case of A, < 1. Increasing tan 8 also reduces the
width of the mediator for m 4 > 2m;, potentially opening up additional parameter space.

We repeat this exercise in Fig. 7.3 for the case of a mediator with pseudoscalar couplings
to both the dark matter and to SM fermions. In this case, the dark matter’s elastic scattering
cross section with nuclei is both spin-dependent and heavily momentum suppressed (ogp o
q*), making direct detection experiments largely insensitive to these models. The bounds
derived from colliders, however, are relatively insensitive to whether SM fermions couple via
a scalar or pseudoscalar interaction. We emphasize that, as in the previous case, a large
portion of parameter space remains viable for this model, especially should the top-mediator
coupling be suppressed.

Next, we consider dark matter in the form of a scalar ¢, with a Lagrangian given by:

LD |apglol + D ysfrpin’ f| A, (7.2)
!

where a = 1(1/2) for a complex (real) dark matter particle.
The phenomenology of this model is summarized in Fig. 7.4, for the cases of a complex

(left frame) or real (right frame) scalar. LHC signatures for this model are rather different
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Figure 7.3: As in Fig. 7.1 but for a mediator with purely pseudoscalar couplings. The upper
(lower) frames correspond to tan 5 =1 (10).
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from in the case of fermionic dark matter as the decay of the spin-0 mediator to dark matter is
heavily suppressed. Instead, the dominant constraint from the LHC results from searches for
a Higgs-like particle decaying to 7777. At very large mediators masses, however, (m, = 600
GeV), the branching ratio to 777~ is reduced and di-jet resonances become slightly more
constraining (this accounts for the dip-like feature appearing in the CMS bound). As in the
previous scenarios, LEP bounds on scalar decays to bb are very constraining in the region
10 GeV < my < 100 GeV, but only apply in models in which the mediator couples either
directly or indirectly to the Z.

In the lower frames of Fig. 7.4 , we show how these bounds change if the mediator does
not couple to leptons and has an asymmetric coupling to up-like and down-like quarks with
tan 8 = 2. This choice can open a window of parameter space for 100 GeV < ma < 2my,
depending on the precise values of tan 5 and \,.

Next, we consider the case of vector dark matter X*#:

L5 |apx XPXF+ Yy fanif| A, (7.3)
!

where a = 1(1/2) for a complex (real) dark matter particle.

Constraints on this model are shown in Fig. 7.5. The dominant decay mode of the
mediator in this model, and thus the most constraining LHC search, depends on the mass of
the mediator. For m4 ~ 100 GeV the dominant decay is to dark matter, and thus the most
constraining search is that based on mono-jet-+MET events. This picture is very different for

larger mediator masses, however, for which constraints based on searches for Higgs bosons
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Figure 7.4: As in the previous figures, but for a 50 GeV complex (left) or real (right) scalar
dark matter candidate, which annihilates through a spin-0 mediator with a pseudoscalar
coupling to SM fermions. In the upper frames, we take the mediator’s couplings to be equal

for all SM fermions, whereas in the lower frames the mediator does not couple to leptons
and tan § = 2.
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Figure 7.5: As in previous figures, but for a 50 GeV complex (left) and real (right) vector
dark matter candidate which annihilates through a spin-0 mediator with a pseudoscalar
coupling to SM fermions. In the upper frames, we take the mediator’s couplings to be equal
for all SM fermions, whereas in the lower frames the mediator does not couple to leptons

and tan g = 10.
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Figure 7.6: As in previous figures, but for a 35 GeV Dirac (left) and Majorana (right) dark
matter candidate which annihilates through a spin-1 mediator with axial couplings to both
dark matter and (universally) to SM fermions. In this figure, the dotted red (CMS) line
corresponds to the case of g, = 1 (i.e. A\, >> 1).

decaying to 777~ become more stringent. Both of these search channels significantly exclude
mediator masses above 100 GeV in this class of models, for both A, = 3 and A\, = 1/3.
Similar to in the scalar dark matter case, however, we can relax some of these constraints
by suppressing the mediator’s couplings to leptons and/or by increasing tan S (as shown in

the lower frames of Fig. 7.5).

7.4 Vector Mediated Dark Matter

In this section we consider fermonic dark matter annihilating through the s-channel exchange

of a spin-1 mediator, V,, with Lagrangians of the form [329,332]:

g D) (],)Z’y”(ng + gxa75)x + Z f’yu(gfv + gfa75>f Vu ;
f

(7.4)
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Figure 7.7:  As in previous figures, but for a 50 GeV Dirac dark matter candidate with
vector couplings to both dark matter and to b-quarks (left), and for a 35 GeV Dirac dark
matter candidate with vector and axial couplings to dark matter and (universally) to SM
fermions, respectively (right). LHC bounds are shown for A\, = 1/3 (solid) and g¢,, = 1
(i.e. A, > 1) (dotted).

where a = 1(1/2) for a Dirac (Majorana) dark matter candidate. For the case of comparable
couplings to various SM fermions this class of models require a ~ 35 GeV dark matter
candidate to generate a signal consistent with the Galactic Center excess. Unless stated
otherwise, we will adopt this value for the dark matter mass throughout this section.

We begin in Fig. 7.6 by considering the constraints on a Dirac (left) and Majorana (right)
dark matter candidate that annihilates through a mediator with purely axial couplings. As
spin-dependent elastic scattering with nuclei is unsuppressed in this class of models, current
LUX constraints force such models to either live on resonance (m, =~ my/2), or have a
mediator mass my < m, and with A, > 1. LHC constraints on this model from searches for
di-lepton resonances (my > 400 GeV) and mono-jet+MET searches (100 GeV < my < 400

GeV) limit mediator masses in this model to be below ~ 100 GeV. LHC bounds are shown

186



in this figure for A\, = 1/3 (solid) and g,, = 1 (i.e. A, > 1) (dotted). Collider constraints
for this model are difficult to evade as they do not rely exclusively on couplings to leptons
or to specific species of quarks. Such bounds could be evaded, however, if the mediator
were to couple exclusively to third generation quarks. An example of such a model is shown
in the left frame of Fig. 7.7, where we consider a 50 GeV Dirac dark matter candidate
that annihilates through a spin-1 mediator with vector couplings to both dark matter and
b-quarks (and possibly also t-quarks). While the leading order elastic scattering diagram
arises at loop level in this case, the vector coupling leads to stringent constraints from direct
detection experiments. The dominant constraints from the LHC on vector mediated models
typically arise from searches for mono-jet+MET events and di-lepton resonances. Since the
production of the vector mediator is in most cases dominated by valence quarks, however,
the sensitivity of collider searches is heavily suppressed and thus do not probe significant
parameter space in this model. We do not show any LHC constraints in this figure.

In the right panel of Fig. 7.7, we consider the phenomenology of models where the me-
diator couples to Dirac dark matter and fermions with a vector and an axial coupling,
respectively. The elastic scattering cross section in this case is both spin-dependent and
momentum suppressed, and thus such experiments have only recently begun probing this
model. LHC constraints from di-lepton resonances (my > 400 GeV) and mono-jet+MET
searches (100 GeV < my < 400 GeV) are, as before, extremely constraining. That being
said, di-lepton constraints can be easily avoided if the mediator couples only to quarks, and
mono-jet constraints can be significantly relaxed if the mediator couples, for example, only to

the third generation. LHC bounds are shown for A, = 1/3 (solid) and g, =1 (i.e. A, > 1)
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(dotted).

7.5 Dark Matter Annihilating Through ¢-Channel Mediators

Finally, we consider four scenarios in which the dark matter annihilates through the ¢-
channel exchange of a colored and electrically charged mediator to bb [334,379,380]. These

cases consist of a Dirac dark matter candidate, y, and spin-0 mediator, A:

L OAXA+) A+ A F(1—77)xAT, (7.5)

a Dirac dark matter candidate, x, and a spin-1 mediator, V),

LD g XL+ ) [V + g JA* (1 = A )x V] (7.6)

and a real or complex vector dark matter candidate, X, with a fermionic mediator, v:

LD gxtp V(L4 fX] + gx (1 = )X, . (7.7)

Note that we consider these specific combinations of scalar and pseudoscalar or vector
and axial couplings as they are the only examples for which the scalar contact interaction
with nuclei is supressed. Instead, elastic scattering occurs in each of these models through a
loop-suppressed vector coupling [329, 334, 381].

In Fig. 7.8, we summarize the phenomenology of this class of models. In the upper left

frame we consider the case of a Dirac dark matter particle and spin-0 mediator. In the
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remaining frames of this figure, we summarize the phenomenology of models with a Dirac
dark matter candidate and a vector mediator (upper right), a complex vector dark matter
candidate with a fermonic mediator (lower left), or a a real vector dark matter candidate with
a fermonic mediator (lower right). In each case, we find that the combination of constraints
from the CMS sbottom search and LUX exclude the entire parameter space of this class
of models. We also note that the scenarios with a vector dark matter candidate are rather
unphysical over much of the parameter space shown due to the very large width of the

mediator.

7.6 Summary

In this section, we have revisited the range of dark matter scenarios that could potentially
generate the observed characteristics of the Galactic Center gamma-ray excess, without
conflicting with any constraints from colliders or direct detection experiments. We have
taken a simplified models approach, considering the 16 scenarios that were previously found
to be viable in Ref. [329] (and listed in Table 7.1). Each of these models features a low-velocity
dark matter annihilation cross section that is unsuppressed (i.e. s-wave), and was found to be
consistent with all constraints as of 2014. Note that we have not considered any hidden sector
models (i.e. models in which the dark matter annihilates into unstable particles without
sizable couplings to the Standard Model) which, although potentially viable [339,342,343],
are beyond the scope of this work.

The main results of this study can be summarized as follows:

e Scalar, fermonic, or vector dark matter that annihilates through a mediator with pseu-
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Figure 7.8: As in previous figures, but for a 50 GeV dark matter candidate which annihilates
through a t-channel diagram to bb. In the upper left (right) frame, we consider the case of
a Dirac dark matter candidate with a scalar (vector) mediator. In the lower left (right)
frame, the dark matter is a real (complex) vector, mediated by a Dirac fermion. The entire
parameter space of these models is ruled out by the combined results of LUX and sbottom
searches at the LHC.
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doscalar couplings can in many cases evade all current constraints, for mediator masses

between ~10 GeV and several hundred GeV.

Dark matter that annihilates through a spin-1 mediator is ruled out by the results
of LUX/PandaX-II unless the mass of the mediator is approximately equal to twice
the mass of the dark matter (near an annihilation resonance). An exception to this
conclusion is found in the case of a mediator with a purely vector coupling to the dark
matter and a purely axial coupling to Standard Model fermions, which is potentially

viable for mediator masses between roughly ~ 1 GeV and 200 GeV.

All scenarios in which the dark matter annihilates through a ¢t-channel process are now

ruled out by a combination of constraints from LUX/PandaX-II and the LHC.

Constraints from LEP-II and BaBar restrict many of the pseudoscalar mediated sce-
narios considered in this study. In particular, mediators with a mass in the ~10-100
GeV range are often ruled out by LEP if they couple significantly to the Standard
Model Z (such as in scenarios in which the mediator obtains its couplings to Standard

Model fermions through mixing with the Higgs).

Dark matter scenarios that are capable of generating the Galactic Center excess are

now significantly more constrained than they were even a few years ago. As the sensitivity

of XENONI1T, LZ and other direct detection experiments, as well as the LHC, continues

to improve, either a discovery will be made, or the vast majority of the currently viable

parameter space identified in this study will be excluded. If such searches do advance without

the appearance of new signals, hidden sector scenarios will become increasingly attractive,
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in particular within the context of the Galactic Center.
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8 Prospects for Distinguishing Dark Matter Models
Using Annual Modulation

8.1 Model Selection From Direct Detection Experiments

A vast array of independent astrophysical and cosmological observations testify to the ex-
istence of a non—baryonic form of matter that dominates gravitational potential wells and
dictates the dynamics and structure in the Universe. However, the particles comprising this
dark matter (DM) have so far evaded laboratory probes, despite a direct detection program
that has now been mature for several decades. As the next—generation direct detection exper-
iments that incorporate increasingly sensitive detection technologies come online, they will
start to probe the final portions of DM parameter space before encountering the so—called
‘irreducible neutrino background’ [204, 382-390]. Generation 2 (G2) experiments that are
currently, or will soon be, taking data (such as Xenon1T [383], SuperCDMS SNOLAB [204],
and LZ [384]; see also [382] for a review) may well be on the cusp of important discoveries,
as many interesting theories of DM predict scattering cross sections that live in these por-
tions of parameters space. For example, heavy SU(2)—doublet and —triplet fermions, such as
the Higgsinos and the wino of supersymmetry, are expected to have cross sections of order
os1 ~ O(few x107%8) cm? [391-393] (about an order of magnitude below the current lim-
its [168,169]), fixed by their Standard Model gauge quantum numbers alone, while a heavy
SU(2)-singlet fermion, like the bino, is around an order of magnitude lower depending on
its coannihilation partner [394]. Models with kinematically suppressed tree-level scattering

may also be embedded in more complete dark sectors that have loop—level cross sections in
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this same range [330,395-397].

Because so many theories can be accommodated in the parameter space that will be
imminently probed by a variety of experiments, it is timely to plan for the science oppor-
tunities associated with the first detection of DM particles. Most notably, in case of a
confirmed detection, understanding the dark sector dynamics at all energy scales will rely
solely on examining low—energy recoils of detector elements and solving the “inverse prob-
lem” to identify the underlying description of DM-baryon interactions. At the same time,
all the information about the dark sector interactions accessible to these measurements is
contained within the coefficients of the effective field theory of dark matter direct detection
(EFT) [134,135,398,399]. The effective description captures the nontrivial nuclear physics
induced by some of the best—motivated UV—complete theories of DM [123,400,401] through
an exhaustible list of nuclear responses that these interactions trigger [134,135,398]. It thus
provides a systematic framework for classifying and describing a wide variety of DM theories
and corresponding phenomenologies observable with direct detection, and we will utilize it
in this work.

On the other hand, due to Poisson noise in the number counts of recoil events per unit
energy, and similarities in the shape of the nuclear—recoil-energy spectra amongst different
interactions, correctly identifying the DM model will present a difficult task in practice, par-
ticularly for a single experiment. Recent studies have shown that discriminating between
interactions in an agnostic analysis is possible only with strong signals with hundreds of ob-
served recoil events, and only when measurements on targets with sufficiently diverse nuclear

physics characteristics are jointly analyzed [400,402] (or, potentially, by jointly analyzing di-
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rect and indirect detection data [403]). Thus, using energy spectra to break degeneracies
in the DM modeling space crucially relies on complementarity of available target materi-
als [133,388,400,402,404-408], but this still does not guarantee successful model selection if
a DM signal is confirmed [400,402,408].

Almost since the dawn of direct detection related DM studies, the motion of Earth relative
to DM bound in the galactic halo has been predicted to provide a distinctive signature of
DM through annual modulation of the nuclear recoil rate [81,95,409-412]. While the annual
modulation signal is typically assumed to take an approximately experiment—independent
form, recent work has pointed out that non—standard interaction cross sections could produce
a modulation signal that is unique to each target element [94,413]. More generally, a non—
trivial velocity dependence in the cross section effectively changes the phase space integral
that governs the total event rate of recoil events in a given experiment, producing a non—
standard modulation signal. Thus, it may be expected that interactions differing solely by
the DM velocity dependence of their corresponding cross sections may give rise to different
phase and/or amplitude of the annual modulation signal.

Motivated by this argument, we propose here that an analysis of the time dependence
of scattering events can help discriminate between interaction models whose recoil energy
spectra are otherwise degenerate on a single target material. Using the method of [400],
we create a suite of simulations under a variety of scattering theories, and apply a Bayesian
model selection analysis on the simulated data to evaluate the chance for correctly identifying
the underlying model. We statistically evaluate the enhancement in prospects for accurate

model selection when the annual modulation signal is analyzed in combination with recoil—

195



energy measurements in the future—generation direct detection experiments.

The rest of the paper is organized as follows. In Sec. 8.2 we review the calculation of
the direct detection scattering rate and discuss how direct detection observables (including
the annual modulation) differ depending on the momentum and velocity dependence of the
interaction. Sec. 8.3 summarizes the models and experiments considered in this work, and
describes our simulations and analysis method. We present the results of this analysis in

Sec. 8.5, and conclude in Sec. 8.6.

8.2 Scattering in Direct Detection Experiments

The key measurement of most direct detection experiments is the nuclear recoil energy
spectrum — the number count of nuclear recoil events per recoil energy Eg, per unit time

t, per unit target mass, which reads

Vesc,lab

dR P dop
Ep.t) = —=X t)—— (Eg,v)d%v . 1
g B ) = e | 0Fv g (B v (8.1)

Umin

Here, p, is the local DM density; m, is the DM particle mass; my is the mass of the target
nucleus 7'; v is DM velocity vector of magnitude v (in the lab frame); f(v,t) is the observed

DM velocity distribution; dor/dEr = myor/2u3v? is the differential cross section for DM

MMy
mp+my

scattering off a nucleus 7'; and ur = is the reduced mass of the DM particle and the
target nucleus. Integration limits are the minimum velocity a DM particle requires in order

to produce a nuclear recoil of energy Fpg, given by vy, = \/mrFEgr/2u%, and the Galactic

escape velocity in the lab frame, vegc1ap. Here, we define the overall normalization of or as
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op, and refer the interested reader to [400] for the interaction-dependent definitions (note
that we also list these definitions in the final column of Table 2). We note that o, is one of
the key free parameters of each scattering interaction.

The differential rate in Eq. (8.1) is determined by the experimental setup, the DM as-
trophysical and particle properties, the nuclear properties of the target material, and the
DM-nucleus interaction. For the purposes of this study, we set the astrophysical parameters
to the following values [96,414]: p, = 0.3 GeV/cm?; ves. = 533 km/sec (in the Galactic
frame), and assume that f(v) is a Maxwellian distribution in the Galactic frame, with a
rms speed of 155 km/sec and a mean speed equal to the Sun’s rotational velocity around
the Galactic center, v, = 220 km/sec. The underlying particle physics interaction de-
termines the calculation of the recoil rate through the differential scattering cross section
dor/dER [123,400]. Different interactions display different functional dependences on Eg
and v, as discussed in detail in Refs. [123,400] and summarized below in Sec. 8.2.1.

The total rate R of nuclear recoil events (per unit time and unit mass) is given by
the integral of the differential rate within the nuclear-recoil energy window &£ of a given

experiment, R(t 22 _dFER. For simplicity, we assume unit efficiency of detection within

fg dER dt
the analysis window, and rescale individual experimental exposures to take this assumption
into account when choosing experimental parameters to represent the capabilities of G2

experiments. In turn, the total expected number of events (N) for a fiducial target mass

Miq, in experiment that started observation at a time ¢; and ended at a time t5, is given by

(Niot) Mﬁd//dERdt (ER,t)dERdt. (8.2)
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8.2.1 Momentum and Velocity Dependence

Traditional focus on the two standard scattering cases, spin-independent (SI) and spin—
dependent (SD) scattering (the former involves coherent contributions from the entire nu-
cleus, resulting in a cross section that scales quadratically with nucleon number, while the
latter scales with the total nuclear spin), obscures the richness of phenomenologies which can
arise when these two standard interactions are suppressed [123,134]. Here we summarize the
EFT that catalogues all possible energy and velocity dependencies of the cross section, and
thus delineates the modeling space for interactions probed by these experiments, in most
general terms. In the Sec. 8.3.1, we highlight several well-motivated examples of scattering
models which we use in this work to examine the extent to which including time information
can help identification of the underlying DM model.

The EFT of DM direct detection [134,398] relies on an expansion in two small kinematic
variables: |q]/m, and |0, |; ¢ is the change in momentum of the DM particle during the
scattering, related to the recoil energy as ¢% = 2mpFEpg, |U] is the component of the relative
velocity of the initial-state particles that is orthogonal to the momentum transfer, and m,, is
the mass of the nucleon. For an incoming (outgoing) DM three-momentum p' (p”), incoming
(outgoing) nuclear three-momentum k (E’ ), and a DM-nucleon reduced mass ft,,, these
factorsread(j':ﬁ’—ﬁ:/g—/g’, andﬁL:mi;—mi;—l—%.

These expansion parameters are of the same order of magnitude, but it is important to
note that they manifest differently in the observables of the scattering events (see e.g. [400] for

a comprehensive discussion). In particular, terms that enter at higher order in |q]/m,, deliver

a vanishing event rate at both small and large momentum transfer (or, equivalently, recoil
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energy), with a maximum rate at some intermediate recoil energy, producing a “turnover”
feature in the spectrum. Light mediator models can alternatively contain factors of m,,/|q],
producing a steep enhancement of the recoil events at low values of Er. On the other hand,
higher—order terms in |0, | produce event rates that monotonically decrease with recoil energy,
similar to the case of the standard SI and SD interactions (see Fig. 8.1 for illustration).

As was demonstrated by Ref. [400], interactions that feature different momentum de-
pendence can be differentiated from each other using a single nuclear target, provided a
sufficiently large number of events are observed; however, the latter class of models — those
that differ only by the power of velocity dependence — are far more difficult to disentangle,
leaving substantial degeneracy between well-motivated models. In the following, we develop
an intuition for how this degeneracy might be overcome, using annual modulation and time

dependence of the scattering rate.

8.2.2 Time Dependence

In Eq. (8.1), the differential rate of nuclear recoils is explicitly denoted as depending on time,
which arises as a consequence of the Earth’s harmonic motion around the Sun. This motion
causes the total DM particle flux observable by direct detection experiments to modulate
at the few percent level. The expected phase and amplitude of the modulation depend on
the astrophysical and particle properties of DM (see e.g. [81,87,415]); they are addition-
ally modified by the effect of gravitational focusing of DM by the Sun, which produces a
characteristic energy dependence in the phase of the modulation [79,81,98,416-418].

We illustrate differences in the recoil energy spectra and in the annual modulation sig-
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Figure 8.1:  Comparison of the nuclear recoil energy spectra (left column) and annual
modulation signals (right column) between the SI, anapole, and heavy-mediator electric
dipole interaction models on a xenon target, where the cross sections have been normalized
to the current LUX 90% confidence level exclusion limit [168]. Top row corresponds to a 500
GeV, and the bottom row to a 20 GeV DM particle. Left: Differential event rate (evaluated
for June 1%%) as a function of the nuclear recoil energy. Right: Residual event rate (fractional

Time [Years]

deviation in the total event rate) as a function of time.
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nal in the context of interactions with a differing functional dependence on the momentum
transfer and DM velocity in Fig. 8.1, for several DM-nuclei interaction models. Specifi-
cally, we compare the standard SI, anapole, and heavy—mediator electric dipole (ED-heavy)
interactions (see Sec. 8.3.1 for a more detailed definition of the models). The top row of
panels corresponds to a 500 GeV, and the bottom row to a 20 GeV DM particle. Note that
the energy spectra for the SI and ED-heavy interactions are distinct in a way that the SI
and anapole interactions are not; thus, discerning the SI and anapole hypotheses using the
energy spectrum alone is quite challenging, given even the most optimistic expectations for
the Poisson noise [100].

However, the annual modulation of the standard SI and anapole interactions can be
very different, owing to a non—trivial (~ |7 |?) velocity dependence of the anapole cross
section. This non—trivial velocity dependence in turn alters the velocity integral in Eq. (8.1),
and consequently leads to a different time dependence of the total event rate in the two
interaction models (see also Figs. 1-3 of [413] for an overview of time-dependent behavior
of various v—dependent cross sections). For large enough DM mass, this effect can produce
a nearly opposite modulation phase between the standard SI scenario and the anapole case.
Furthermore, differential cross sections which contain multiple non—negligible terms with
different velocity dependences can produce annual modulation signals entirely unique to
a given target element [94,413]. The time variation of the rate, and thus the differences
between the annual modulation produced by different interactions, is typically expected to
be small — on the order of a few percent. Nonetheless, we will show in the following that

this small difference can be used to supplement the information contained in the energy
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spectrum and substantially aid the process of model selection using a single target element.

8.3 Distinguishing Scattering Models

Our approach, outlined below, follows that of Ref. [400]. To address our main question, we
begin by selecting several well-motivated scattering models featuring a similar dependence
on the momentum transfer, but a different dependence on the DM velocity (i.e. models
with nearly degenerate recoil spectra but qualitatively different annual modulation); we
summarize our choice of models in Sec. 8.3.1. Then, we simulate nuclear—recoil events under
these models, for three different DM masses. For our simulations, described in detail in
Sec. 8.4, we use cross sections that are at the current exclusion limit for a given interaction at
hand. In order to capture in the impact of Poisson noise on future data analyses, we create a
suite of simulations for each choice of model, mass, cross section, and target element. We then
perform Bayesian model selection (described in detail in Sec. 8.4.1) between two competing
models (hypotheses) — the one used to create the simulation (“true underlying model”) and
the competing model (i.e. a “wrong” model) that has a nearly degenerate recoil spectrum but
different time dependence. We repeat this procedure on each simulation in a given suite, to
evaluate chances that future data confidently selects the underlying model. Model selection
is repeated two times for each simulation — once including and once neglecting the time
dependence of the rate (i.e. the annual modulation) in the likelihood function. Comparison
of the two corresponding results enables us to quantitatively assess the impact that the

inclusion of time information may have on prospects for identifying the true model.
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8.3.1 Summary of Models

Here, we illustrate a generic scenario which gives rise to the DM-nuclei interactions we con-
sider in this paper. We emphasize that this scenario by no means represents and exhaustive
list of possible, or even well-motivated, models, but is rather just an illustrative example for
studying the operators we are interested in (for a more comprehensive discussion we refer
the interested reader to [123,400]).

We thus focus on a generic extension of the Standard Model, represented by a hidden
U(1)" that has several charged fermions t; and a heavy gauge boson Aj, with mass M that
kinetically mixes with the Standard Model photon. At high energies, the Lagrangian contains

LD —mapp’ + i P07 — Lz am lF’VF”“’ o 0 (8.3)

2 " 4 " 2 K
where F},, and F ;/w are the field strength tensor of the photon and the heavy gauge boson,
respectively (ie. F,, = 0,4, — J,A,). At low energies, the A, and most 1) particles are
integrated out. We assume a mass hierarchy that results in an electrically neutral fermion
x as the lightest degree of freedom in the dark sector, thereby providing a DM candidate.
Because of the kinetic mixing, the state x couples to the Standard Model nucleon current

[123],

o _ K ~ 10,,q"
T, =0 Fa“:eZn(an i )n, (8.4)

n
My, 2m,,

where the sum runs over individual nucleons, @, = 1(0) are proton (neutron) charges in

units of the electron charge e, K,/2 = (k, + k,)/2 is the average nucleon momentum, and

~ __ magnetic moment

by = is the dimensionless magnetic moment of the nucleon.
nuclear magneton
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The details of the masses and charges of the dark fermions v; that constitute or couple to
the DM x will determine interaction that is measured in an experiment. We will use O to
denote the Lorentz—vector fermion bilinear that couples to the current in Eq. (8.4). Because

we assume x is electromagnetically neutral, the possible OF are [123,400]

O Anapole = g P A s X, (8.5)
MD

O;,MD = gTXquVX, (8.6)
ED

Olgp = gTXiU“V75quX- (8.7)

If we had alternatively taken the mass of the new gauge boson to be small relative to the
characteristic scale of momentum transfer, we would not be able to integrate out the mediator
and a strict EFT power counting would not be appropriate [134]. However, the scattering
in a direct detection experiment would differ only by inverse powers of momentum transfer.
The operators that introduce dipole interactions through a light mediator couple directly to

the photon field strength F),,, and these are described by

o = 9 8.8
x,MD A X0 X, ( . )
o 9 8.9

XED T Ty Xt Y5X- (8.9)

As stated above, the interaction operator for x is determined by the dynamics of the %
fermion(s). The anapole current in Eq. (8.5) will arise if charged ¢* states condense to form

a neutral Majorana state x [419]. The dipole currents form if an electromagnetically neutral
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Y0 couples to an electromagnetically charged pair of partner ¢)* particles (of appropriate
spin) [420]. The scale at which the charged 1 states are integrated out is A.

The model in Eq. (8.3) is quite simple, but the different dark matter interaction operators
in Egs. (8.5)—(8.9) lead to a rich assortment of momentum and velocity dependences in the
nuclear scattering cross section, as described in detail in [123,400]. The momentum and
velocity dependence that appear in the differential cross section are characterized by one or
more “responses” that contain information about the zero-momentum—transfer normaliza-
tion, the overall momentum or velocity dependence, and a form factor that describes the
shape of the spectrum at higher momentum transfer and relative velocity. We list these op-
erators in Tab. 2, highlighting the overall momentum and velocity dependence that multiply
the dominant response or responses (this is an abbreviated version of the more exhaustive
table that appeared in [400], using results of [123,400]). Terms in the third column of Tab. 2
that multiply different form factors are separated with a comma; more specifically, using the

definition

do n,n’
b Brot) = 20 3 fX (B )R (), (8.10)

(nn)) X
where the two summations are over nucleon permutations (n,n’) € [(p, p), (n,n), (p,n), (n,p)]
and target-dependent nuclear response functions X € [M,Y X7 " A M®" AX'] (as de-
fined in [398]), the terms in the third column of Table 2 illustrated the EFT dependence of

the various f%(Fgr,v). In the above definition of Eq. (8.10), the variable y = msFEgrb?/2,

where b = /41.467/(45A-1/3 — 25A-2/3) fm is the harmonic oscillator parameter for an

atom with atomic number A. In this work, we will focus on differentiating interactions that
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Model name Lagrangian ¢, v Dependence op

ST TN N 1 i (XQ)
2 napote
Anapole =XV X Ty vi, q*/miy = ( o

=, ) 2
Magnetic Dipole (heavy) || 25 X0"'x ¢ T, %—i + QA; A | B

2
Electric Dipole (heavy) | 725X0" 15X @ Ty 7/ N\? £ (€ ) ”f
1 1 i 9 gV Uim?\f ﬂ;% egMD 2
Magnetic Dipole (light) XX 1+ =51 - <A|15f|>
. . . g - v 2 -9 p,2 egED 2
Electric Dipole (light) X s X F ms/q - (m)

Table 2: Test interaction models considered in this work, listed by name, Lagrangian, and
definition of o, in the first, second, and third column respectively. In the third column we
list their associated momentum and velocity dependences (adapted from [400]). The labels
‘light” and ‘heavy’ in the dipole models denote the magnitude of the mediator mass relative
to the characteristic momentum transfer. The nucleon electromagnetic current 7, is defined
in Eq. (8.4); the transverse velocity v; and momentum transfer ¢ are discussed in Sec. 8.2.1;
fp is the proton coupling (here we take f, = f,, where f,, is the neutron coupling); x, is the
dark matter-proton reduced mass; ¢.f is a reference momentum characterizing the ‘turn-over’
of the energy spectrum, taken here to be 100 MeV; and A is a heavy mass or compositeness
scale appearing in the dipole models. Terms in the third column that induce different nuclear
responses, and thus require different form factors, are separated by a comma (see e.g. [398]
for more details).

have the same momentum scaling but different velocity dependence.

8.4 Simulations

For our simulations, we consider the interactions discussed in the previous Section (sum-
marized in Table 2), for three benchmark DM particle masses: 20 GeV, 125 GeV, and 500.
Furthermore, we optimistically set the cross sections to be the value maximally allowed by

LUX [168] 7. Our baseline analysis focuses on G2 experiments employing xenon, germa-

1"We note that LUX currently produces the most constraining bound on the models and masses considered
in this paper, although the constraint from PandaX-II is only marginally weaker [169].
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Label A (Z) Energy window [keVnr| | Exposure [kg-yr]
Xe 131 (54) 5-40 2000
Ge 73 (32) 0.3-100 100
F 19 (9) 3-100 606
Xe(x3) || 131 (54) 540 6000
Xe(x10) 131 (54) 5-40 20 000
XeG3 131 (54) 5-40 40 000

Table 3: Mock experiments considered in this work. The efficiency and the fiducialization of
the target mass are included in the exposure. The first group of experiments is chosen such to
be representative of the reach of G2 experiments for xenon, germanium, and fluorine targets.
The exposure for xenon and germanium is chosen to agree with the projected exclusion curves
for LZ and SuperCDMS presented in Ref. [386]. The second group of experiments is used
to quantitatively assess the impact of including the timing information as a function of the
exposure (i.e. the observed number of events).

nium, and fluorine targets. Since fluorine experiments measure only the energy-integrated
rate, we assume that fluorine has no energy resolution. For the rest of the experiments,
we assume a perfect energy resolution, which should be a good approximation for our pur-
poses [400]. The exposure and energy window of our mock experiments are summarized in
Table 3. Throughout the analysis, we assume unit detection efficiency and zero backgrounds.
In addition to the aforementioned, we also consider the potential reach of a Generation 3
(G3) xenon experiment, as well as various xenon experiments with exposures lying some-
where between G2 and G3 (the properties of which are summarized in Table 3). We define
G3 to be the experiments reaching the neutrino floor [387]. The predicted number of events
for each interaction considered in these mock experiments are shown in Table 4.

Each simulated recoil data set is generated by randomly selecting from a Poisson distri-

bution with a mean given by the predicted number of events; the predicted number of events
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Interaction /target Xe Ge F
ST (106, 100, 99) (10, 4, 4) (5,1, 2)
Anapole (110, 99, 98) (12, 5, 6) (39, 3, 3)
Mag. dip. heavy (111, 90, 89) (4, 5, 5) (5,1, 1)
Mag. dip. light (108, 103, 103) (36, 15, 15) (90, 16, 16)
Elec. dip. heavy (108, 92, 89) (4, 4, 4) (1,0, 0)
Elec. dip. light (106, 103, 102) (63, 15, 14) (41, 12, 12)

Table 4: Predicted number of events in G2 experiments for various interactions with xenon,
germanium, and fluorine targets assuming a DM mass of (20 GeV, 125 GeV, and 500 GeV),
for a cross section set to the current upper limits. Labels ‘light’ and ‘heavy’ denote the rela-
tive relation between the mediator mass and the characteristic scale of momentum transfer.

is calculated using Eq. (8.2), using the astrophysical parameters listed in Sec. ?? and incor-
porating the effect of gravitational focusing by the Sun following the procedure of Ref. [79].
The recoil energy and time of each event is then obtained by applying a rejection sampling
algorithm to the two—dimensional differential scattering rate. This procedure is repeated for

O(50) simulations in order to assess the variability of results arising from Poisson noise.

8.4.1 Analysis method
We analyze each simulated data set using Bayesian inference framework. In this framework,
the probability that the data X assigns to a given model M; is given by

&/(X|M;)

PM) = e Ry

(8.11)
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where the sum is performed over all competing hypotheses, and £ (X | M) is the evidence of
model M, defined as

£(X|M) = /d@ L(X|0, M) p(©, M) | (8.12)

and is intuitively understood to be the factor required to normalize the posterior probability

distribution P,
L(X]©, M) p(6, M)

POIX, M) = S RIM)

. (8.13)

Here, E()Z' |©, M) is the likelihood, i.e. the probability of obtaining the data, given a par-
ticular model M and parameters © (for the purpose of this analysis © = {m,,0,}), and
p(©, M) is the prior. In order to remain as agnostic as possible, we take wide priors in both

m, and 0,'"®. We use an unbinned likelihood function of the form

: (8.14)

Erit=x;

2 Y g L _dR
£(X]6, M) = < 11 (N dErdt

zr,€EX

where (N) is the predicted number of events, N is the number of observed events, and the
product runs over all observed events, with a recorded energy and time label xz; = {Eg;, t;}.
When time (or Egr) information is neglected, the differential rate is taken to be averaged
over that variable.

For each of our simulated recoil data sets, we use a nested sampling algorithm imple-

9

mented in MultiNest software package [421-424] to reconstruct the posterior'?. Once we

18Log priors are taken for both m, and o,, spanning 1 — —3000 GeV in mass and 7 orders of magnitude
in cross section.

YMultiNest runs are performed with 2000 live points, an evidence tolerance of 0.1, and a sampling
efficiency of 0.3.
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compute the evidence of all competing models, we estimate the probability of successfully
identifying the true model using Eq. (8.11). This procedure is then repeated for O(50) simu-
lations to assess the probability of successful model identification (the variability arises from
Poisson fluctuations). A model is correctly identified if the probability determined using
Eq. (8.11) is large. For the purpose of this paper, we define identify a “successful” model
selection with an outcome: P > 90%. The primary quantity of interest for future direct
detection experiments is then the fraction of simulations which lead to a successful model
identification, which we refer to as the “success rate” in the following Section.

To evaluate the success rate, we apply kernel density estimation (KDE) with a Gaus-
sian kernel to an ensemble of posterior probabilities a simulated data set assigns to the
true underlying model. In the following Section, we will show the KDE distribution for
each experimental combination (derived from both with— and without—time analyses), and

determine the success rate by integrating the distributions above the 90% threshold.

8.5 Results

We first examine the extent to which including time information in the analysis of G2 exper-
iments can help break degeneracy between models with the same momentum dependence,
using as a case study the SI and anapole interactions. For this purpose, we simulate fu-
ture G2 data for the SI and anapole interactions, and fit each simulation with these two
models. We then compare the Bayesian evidences for the two models to evaluate the proba-
bility of the true underlying model (used to create a given simulation ensemble), as defined

in Eq. (8.11). We then derive the probability distribution function (PDF) of all possible
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Figure 8.2:
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Model selection prospects with complementary G2 targets. The reconstructed

PDFs for the posterior probability assigned to the true underlying interaction model are
shown for the anapole (left column) and SI (right column) interactions, for a 500 GeV (top
row), 125 GeV (middle row), and 20 GeV (bottom row) DM particle mass. Cross sections are
set to current upper limits, and the PDFs are all normalized to unity between 0 and 100%.
Results are shown for the analyses of simulated data from a xenon experiment alone, and
for a combined likelihood analyses of xenon, germanium, and fluorine experiments. Solid
lines are obtained from analyses that include time information of the recoil events, while
dashed lines are from those that do not. Success rate displayed in the legend represents the
fraction of simulations for which the correct model was assigned > 90% posterior probability
(denoted by the vertical dashed line).
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outcomes (i.e. a PDF of probabilities for identifying the true underlying model) from an
ensemble of 50 simulations that had the same input model and parameters. Since we only
consider two competing models, a PDF peaked around 50% means that the data is most
likely to be agnostic between the two models, i.e. both models fit the data equally well?’; this
is the most pessimistic outcome possible. Conversely, a tail of the distribution at high prob-
abilities, or a PDF shift in that direction, signifies improved model identification. Fig. 8.2
shows the results of this exercise for likelihood analysis only for xenon simulations, and for a
joint likelihood analysis performed on a combination of data obtained on xenon, germanium,
and fluorine experiments. DM particle masses used in the simulations are: 500 GeV, 125
GeV, and 20 GeV, with cross sections set to their respective current upper limits. We show
the results obtained both without taking into account time dependence of the signals, and
including the modulation analysis.

Consistent with the results of [400], we find that the two models can be confidently
distinguished for a signal close to the current detection threshold, provided G2-level exposure
on xenon and a detection with a fluorine experiment, but only if data from these experiments
are jointly analyzed (xenon and germanium experiments are not complementary in the sense
that a joint analysis does not significantly improve prospects for model selection, and thus we
do not display results for this case). For a low—mass DM particle (20 GeV), the improvement
upon combining these two types of experiments is drastic: the PDF of possible model—-
selection outcomes entirely shifts to a delta—function at 100% probability in favor of the

correct model. For intermediate and high masses, the prospects are still visibly improved,

20For this reason we never plot the low probability region of the PDFs
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True model: Anapole (mass: 20 GeV)
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Figure 8.3: Model selection prospects for a single target (xenon), including (solid lines) and
neglecting (dashed lines) time information in the likelihood analysis. The normalized PDFs
are plotted for the probability of identifying the underlying model, here taken to be 20 GeV
anapole DM, with a cross section that saturates the current upper limits. Panels from left
to right, top to bottom, correspond to experimental exposures of 2, 6, 20, and 40 ton—years,
respectively. Success rate displayed in the legend represents the fraction of simulations for
which the correct model was assigned > 90% posterior probability (denoted by the vertical
dashed line).

but not very optimistic (at best on the level of ~20% success rate), mostly due to the reduced
scattering rate on fluorine.

Comparison of no-time and with—time analyses (displayed in dashed and solid lines,
respectively) demonstrates that inclusion of time information only negligibly changes model—
selection prospects for G2 level of exposures. Given that G2 experiments will optimistically
detect on the order of ~ 100 events, the statistical sample will be insufficient to clearly detect
differences in the modulation signal that would otherwise aid differentiation between the two

interactions.?!

21Gee Sec. 4 of [81] for an estimation of the number of events needed for phase measurement.
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True model: Anapole (mass: 125 GeV)
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Figure 8.4: Same as Fig. 8.3 but for 125 GeV DM.
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Figure 8.5: Same as Fig. 8.3 but for 500 GeV DM.
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True model: Mag. dip. heavy (mass: 125 GeV)
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Figure 8.6: Same as Fig. 8.3, but now assessing the ability of xenon experiments to break
the degeneracy of the magnetic dipole (heavy mediator) and electric dipole (heavy mediator)
interactions, instead of SI and anapole interactions. Simulations assume a 125 GeV DM
particle and a magnetic—dipole interaction.
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Figure 8.7: Same as Fig. 8.6 but for a light-mediator case.
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The question then arises of how many events are needed before the inclusion of time
information can significantly help model selection prospects. We address this question in
Figs. 8.3-8.5 for a xenon experiment??, showing the prospects (PDF of possible analysis
outcomes) of successful model selection given a range of exposures: a 2, 6, 20, and 40 ton—
year. Simulations used for these Figures all assume the anapole interaction and a DM mass
of 20, 125, and 500 GeV, respectively. Results are shown for analyses that neglect (dashed)
and include (solid) the time dependence of the rate. Simulations using the SI interaction are
qualitatively similar and we defer these results to Appendix A.

From these Figures, we can infer that the addition of time information drastically im-
proves prospects for successful model selection in the case of light DM particle (the solid-line
PDFs are substantially shifted to the right in Fig. 8.3). In spite of this, even a G3 xenon
experiment has only a ~ 16% chance of disentangling these two interactions with high con-
fidence. Fig. 8.1 gives an intuition for interpreting this outcome: both the recoil spectra
and the phase of the modulation of the SI and anapole interactions (measured on a xenon
experiment) are more degenerate for light than for heavy DM particles; thus, even when
including time information in the analysis, a single—target experiment still must observe a
large number of events in order to successfully distinguish between these models.

For larger DM masses, Figs. 8.4 and 8.5 show better model-discrimination prospects at a
fixed exposure, particularly when time is included in the analysis. From these Figures, we see
that including time in the analysis can improve model selection in G3 experiments by as much

as ~ 30% for heavy DM, where the phases of the modulation signal for these two interactions

22We choose to illustrate this point on a xenon target, as xenon experiments are projected to observe far
more events than their germanium or fluorine counterparts.
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may be misaligned by as much as ~ 5 months (see again Fig. 8.1). Finally, it is important
to keep in mind that all the results displayed here assume the most optimistic number of
observed recoil events. Thus, despite the improvement in model selection obtained with the
inclusion of time information, it is likely that model identification will still be challenging
using a single target, even with G3 experiments; most likely, the experiments will need
to exploit both target complementarity and the annual modulation in order to fully break
the degeneracy between these types of models and ensure the highest chance of correctly
identifying the interaction at hand.

The goal of this work was primarily a quantitative assessment of whether time informa-
tion can be exploited in future direct detection analyses to break degeneracies in the recoil
spectra of different interaction models — and SI and anapole interactions provided a partic-
ularly illuminating case study for this purpose. However, the main conclusions presented in
this Section hold for other sets of interactions as well, and we now briefly illustrate this point.
In Figs. 8.6 and 8.7 we consider a comparison of the magnetic dipole and electric dipole in-
teractions for a 125 GeV DM particle, assuming a heavy and light mediator, respectively. As
before, we consider putative detections in future xenon experiments with exposures varying
from 2 to 40 ton—years. The results are rather similar to the SI and anapole comparison
in that G3 experiments can expect a ~ 20% improvement in model selection when time is
included in the analysis, but again necessitate target complementarity to have a high chance

of confidently differentiating these interactions.

217



8.6 Summary

We have considered here the potential impact of using time information in the likelihood
analysis of data from future direct detection experiments in order to break degeneracies be-
tween the recoil energy spectra of different dark matter—baryon interactions. Specifically, we
performed a statistical assessment of the prospects for successful Bayesian model selection
between different interactions, using an ensemble of simulations that account for the impact
of Poisson fluctuations. As a case study, we compared the standard spin-independent inter-
action and anapole dark matter, but also demonstrated that the main findings hold for other
degenerate interaction models as well. We explored three different dark matter masses, and
focused specifically on the most optimistic case where the cross sections for all interactions
saturate the current upper limits.

We found that even under the most optimistic of circumstances, including time infor-
mation in the analysis of Generation 2 direct detection experiments does not significantly
improve prospects for distinguishing between models with degenerate recoil spectra. Rather,
correct model identification in Generation 2 experiments will almost certainly require mea-
surements and combined analyses on multiple target elements. We found that for the in-
clusion of time information to significantly increase chances for successful model selection
(by O(10)%), for observations in an experiment employing a single target element, O(1000)
and O(500) events must be observed for a 20 GeV and a 500 GeV DM particle respectively.
These numbers are consistent with the ‘back—of-the—envelope’ calculations performed in [81].
Furthermore, even if time information is exploited in Generation 3 xenon experiments, target

complementarity must also be exploited to unequivocally differentiate between interaction
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models. We emphasize again that this finding holds even for the maximally optimistic sce-
nario in which the interaction cross sections are as large as possible; it will be even more
relevant for the case where the signals do not saturate current upper bounds.

In the event of a putative signal, direct detection experiments will be charged with the
difficult task of illuminating the high energy behavior of dark matter solely from the observed
low—energy recoils. This is a particularly daunting task in light of the fact that many feasible
models produce nearly degenerate recoil spectra. Exploiting all of the information available,
including the time dependence of nuclear recoil events explored in this work, will be necessary

to make definitive statements regarding the true particle nature of dark matter.
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9 Conclusion

Weakly interacting massive particles (WIMPs) have long been considered to be among the
most promising dark matter candidates. Despite the comprehensive search strategy that has
been implemented over the last 30 years to detect such particles, no definitive evidence has
been found that suggests the existence of WIMPs.

This dissertation is comprised of a seven independent projects, the accumulation of eight
published papers, that focus on identifying signals from, developing analysis techniques for,
and deriving constraints on WIMP dark matter. The motivation for and conclusions of each
project are briefly summarized below.

Chapter 2 attempts to address the extent to which the presence of dark matter sub-
structure, such as a dark disk or a stream, may alter the expected scattering rate in direct
detection experiments [81]. Here, it is shown that the total scattering rate, the amplitude
of the modulation, and the phase of the modulation can be significantly altered, potentially
producing distinctive signatures that may elucidate the presence of unconventional dark
matter structure.

Chapter 3 is the combined result of Refs. [94,413]. In contrast to popular sentiment,
these works illustrate that observables associated with the annual modulation of the direct
detection scattering rate (e.g. the time at which the scattering rate is maximum) are not
necessarily common to all experiments. Rather, should the dark matter-nuclei differential
cross section consistent of multiple non-negligible terms with a non-factorizable dependence

on the dark matter velocity, the observables associated with the annual modulation of the
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rate may actually be unique to each target element.

Chapter 4 assesses the extent to which a dark matter interpretation of the ~ 30 excess
observed by CDMS-II-Si in 2013 can remain consistent with null search results of current and
future direct detection experiments [425]. While LUX and PICO-60 exclude halo-dependent
interpretations of this excess (assuming the Standard Halo Model), we identify a small highly-
tuned region of parameter space using a halo-independent analysis for which an exothermic
dark matter candidate interacting through a spin-independent interaction with ‘Xe-phobic’
couplings can remain viable. These models cannot be definitively excluded until an experi-
ment like LZ or PICO-60.

In Chapter 5, we generalize an analysis tool that allows for direct detection experiments
to be interpreted without any explicit assumptions on the astrophysical distribution of dark
matter [192]. Specifically, we argue that for global likelihoods comprised of at least one
extended likelihood (applied to unbinned data sets) and an arbitrary number of Poisson
or Gaussian likelihoods, the best-fit halo function is piece-wise constant with only a small
bounded number of steps, and this best-fit halo function is unique. Additionally, we the
generalize the procedure for constructing halo-independent confidence bands from this joint
likelihood. Lastly, we illustrate a method which tests the compatibility of the data sets that
comprise the global likelihood.

Using the results of numerical N-body simulations, Chapter 6 assesses the prospects for
observing gamma-rays that arise from the annihilation of dark matter in local low-mass
subhalos [426]. Here, we attempt to extract distributions and parameterizations capable of

characterizing local subhalos, which by virtue of their location have necessarily undergone
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extensive tidal stripping. Using the derived distributions, we find that the Fermi Large
Area Telescope may currently be probing thermal relics with a mass below ~ 10 GeV (for
particular annihilation channels and an unsuppressed annihilation cross section). However,
the uncertainty in the derived parameterizations can significantly alter the predicted number
of observable subhalos; thus making more definitive statements will necessitate larger, stable,
higher-resolution simulations.

Chapter 7 updates constraints on an exhaustible list of simplified dark matter models
that may be consistent with generating the observed Galactic Center gamma-ray excess
23 [427].  We show that spin-1 mediated models are nearly entirely ruled out by direct
detection constraints, and models which annihilate through a t-channel exchange of a charged
and colored mediator are entirely excluded by both direct detection and the LHC. Spin-0
mediator models, however, are still viable for mediator masses m, between ~ 10 GeV and
~ 200 GeV.

In Chapter 8, we attempt to address the extent to which including time information in the
analysis of future direct detection data may break the degeneracy that arises between dark
matter models with a similar momentum dependence in the differential cross sections [428].
Using a Bayesian statistical analysis, we show that including time information in future
generation experiments may increase model identification by as much as ~ 40%, however
this is not enough to fully break the degeneracy.

The experimental program developed to probe the WIMP parameter space has recently

begun to substantially test the thermal dark matter paradigm, and will continue to do so

23Note that hidden sector models are not addressed in this work. Such models are notoriously difficult to
exclude and certainly remain viable for wide ranges of parameter space.
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for the next decade. The list of aforementioned manuscripts provide a broad insight into the
current status and prospects for observing the non-gravitational interactions of WIMP dark
matter candidates. Should nature be kind, experiments performed in the coming years may

yield valuable insight into the mysterious substance known as dark matter.
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A Dissertation Appendix

A.1 The zeros of the ¢(vmin) function
[Pertains to Chapter 5]

We are first going to argue that the zeros of q(vm,) are only isolated above a certain v,
range where all terms in the sum defining g(vm;,) are zero. We will then find the maximum
possible number of isolated zeros, although the actual number of zeros can be much smaller

than the maximum.

A.1.1 The zeros are isolated above a certain v,,;, value

The terms defining q(vyi) in Eq. (5.41) are either positive semidefinite, e.g. £ (v,)
and some of the terms proportional to 5](-0‘) (Umin), Or negative semidefinite, e.g. the terms
proportional to H*H(v,;,) and some of the terms proportional to 5](.,0/)(vmin). To facilitate a
smooth discussion of the behavior of these functions, let us introduce the label p, which will
be used to denote either a quantity associated with the EHI experiment or an experiment-bin
pair (o, 7). This way, quantities like £#(vpy,) can either represent E5H (v ) or € j(a) (Vrnin)-
Each term in the sum in Eq. (5.41) has a different v,,;,-dependence. In particular the
E*(vmin) functions (note the general behavior of 5](.0‘) (Umin) is identical to that of &(vmin)
discussed in Sec. 5.2.2) are zero below certain values of vy, which we will refer to as Uf:)wv
strictly increase with vy, (although the second derivative may exhibit sign changes), until at
some value of vyin, call it vij,, , they plateau and become constant. The vy, and vy, of each
E*(Umin) function, as well as the height of the plateau, depend on theoretical framework and
the specifics of the experiments (e.g. the scattering kinematics, the differential cross section,
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the energy resolution functions, etc.). The HEH(v,,,), also described in Sec. 5.2.2, are
instead upward step-like functions, starting from zero at low v,;,, with the steps appearing
roughly at the v,;, values corresponding to the detected energy of the events observed in
the EHI experiment.

In addition to having unique vy,-dependencies, each of the terms in Eq. (5.41) has
uniquely defined 7-dependent coefficient. Thus the terms are all independent of each other
and have very different functional forms.

For values of v, below the minimum vfgw, i.e. where all the terms in Eq. (5.41) are
zero, q(Umin) is zero, which implies 7pF(vmin) is undetermined. This is not detrimental to the
arguments we have made as it reflects the fact that experiments under consideration do not
probe the halo function at these values of vy;,. Notice that in order to have non-negative
q(Vmin) values, the v}y, of some of the positive terms must be smaller than the smallest oy,
of all negative terms.

For values of vy, larger than the minimum v}, , zeros of ¢(vmi) can appear where the
modulus of the sum of all negative terms in Eq. (5.41) touches from below the sum of all
positive terms in Eq. (5.41) (recall that ¢(vmi,) is a non-negative function). The positive
terms consist of different &*(vy,) (most of them multiplied by 7-dependent coefficients).
Thus, in general, the sum of all positive terms behaves as a monotonically increasing function
starting from zero at the lowest vl  (lowest of all positive terms) and plateauing to a constant
value at the largest U}’figh (again considering only positive terms). The negative terms in
Eq. (5.41) include the step-like H,(vmin) (multiplied by 7 dependent coefficients), which

each add a “step-like” feature to the modulus of the sum of negative terms, and some of the
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fj(-a) (Umin) dependent terms (multiplied by 77 dependent negative coefficients). Depending on
the nature of these negative 5]@ (Umin) terms, they could add “shoulder-like” features, arising
from changes in the sign of the second derivative, to the modulus of the sum of negative
terms. The modulus of the sum of negative terms also plateaus above the largest vy,
(largest of all negative terms). The plateau of the sum of positive terms and the plateau of
the modulus of the sum of all negative terms are entirely independent of each other, and thus
the possibility that the two plateaux would coincide to produce g(vmy,) = 0 is completely
unrealistic since they both depend on entirely different experimental features. Furthermore,
for most realistic cases, the maximum value of vﬁigh is larger than the galactic escape velocity,
and thus 7(vy;,) should be zero in this region. Since these plateaus cannot feasibly coincide,
q(Vmin) cannot equal 0 above the largest vy, .

Typically isolated zeros of ¢(vyin) would happen when some of the “step-like” or “shoulder-
like” features of the modulus of the sum of negative terms in Eq. (5.41) touch from below
the monotonically increasing sum of all positive terms in Eq. (5.41). Alternatively, if the
sum of the positive terms has a region of negative curvature, it may be possible for that this
sum could reach towards and touch the modulus of the sum of negative terms from above.

A practically impossible conspiracy between terms dependent on different experiments,
energy intervals, and 7 functions would be required for ¢(v,) to be zero in an extended vy,
interval above the minimum v{, , a conspiracy which would not survive infinitesimal changes
in any of the elements defining each term in Eq. (5.41). We include in Appendix ?? a more
mathematically rigorous proof illustrating why extended zeros of q(vm;,) cannot exist above

the minimum v}, . In the following we only consider the possibility that ¢(vmi) has a finite
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number of isolated zeros.

A.1.2 Maximum number of isolated zeros of the function ¢(vmi,) for a global
likelihood

Before counting the number of isolated zeros of q(vmm), let us introduce the notion of a
“generic” solution. We say that a solution is generic if small changes in the quantities that
define it do not affect the existence of the solution. In our context, the quantities defining
the solutions are the input parameters and functions given to fully specify ¢¥H! fj(-a), and
HEFHL e.o. the efficiency function e(E’, ER), the energy resolution function G (E’, ER), the
differential cross section dor/dFER, and the exposure MT for each experiment and bin.

Let us briefly demonstrate the importance of the concept of generic solutions by consid-
ering the number of isolated zeros that can arise in the linear combination of two functions
f(z) and g(z) which do not have the same functional form, since they are assumed to be
derived from two independent experimental setups (i.e. changes in the experimental quan-
tities of one experiment may affect e.g. f(z), but do not affect g(x) in the same manner).
For an adjustable parameter ), it is possible for f(z) and Ag(z) to have a generic point of
osculation, i.e. a point where f(z) = Ag(x) and f'(x) = Ag'(x), at which the Wronskian

W|f, g] vanishes

WIf,gl(x) = f(x)g'(z) = f'(x)g(z) = 0. (A1)

In fact, W([f, g] could vanish in more than one point, say x1, xs, ...x,, or in various intervals.
In this case the value of A can be chosen so that f(x;) = Ag(x1) at one of those discrete

points, say 1. This point of osculation defines an isolated zero of the function [f(z)— Ag(x)],
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with zero slope. Having two points of osculation, say x; and s, would require

where W[f, g|(z1) = WI[f,g](ze) = 0, for points x; # 5. Small changes in the defining
experimental functions and parameters would certainly break the equality in Eq. (A.2) (or
result in a non-vanishing Wronskian at those points), and thus solutions having more than
one point of osculation are not generic. This same argument can be used to exclude the
possibility of having a generic solution with both an isolated osculation point and an interval
of osculation. Since we are interested in counting the maximum number of isolated points
of osculation, we need not be concerned with the existence of intervals of osculation.

Let us denote with X,,(vmm) either the functions HEM (v5,) or the functions fj(-a) (Vimin)5

so that Eq. (5.41) can be written in the form

%q(vmin) — EBHI () Z A Xom (Vi) (A.3)

m

except here we will treat the )\, as free parameters. The argument above ensures that there
could be at most one generic point of osculation between £EHI(Umin) and A\, X (Umin), OF
between A, X, (Vmin) and A Xg(vmin) for & # m. Here, the coefficients A, are adjustable
parameters, equivalent to a multidimensional generalization of the parameter A in the above
example. In the context of Eq. (5.41), one can identify the A, with the halo-dependent

quantities, e.g. 1/v[n] and the factors in the square bracket of Eq. (5.42) and Eq. (5.43).
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For fixed (n — 1) coefficients, A1,...\g_1, Ag+1,...An, We can consider two functions

fk(vmin) = gEHI(Umin) - )\le (Umin) T )\k—le:—l(vmin) - )\k—f—le—f—l(vmin) T An)(n(vmin)
(A.4)
and

Atk (Vmin) = Ao Xk (Vmin) - (A.5)

Here we choose the parameter Ay with 1 < k < n as the only adjustable parameter. Assume
A can be adjusted freely. Then by adjusting Ax, we could find one point of osculation where
fr(Vmin) = Agk(Vmin), and we can treat such an adjusted value of Ay as a function of the rest
of the parameters, S\k()\l, AR VAR T VR TR W §

Now let us consider a n-dimensional manifold M,, of all the \; real parameters, i.e.

M =L, ) A €Rm=1,...,n}. (A.6)

Notice that here n is one less than the total number of terms defining ¢(vm,) in Eq. (5.41)
(because £2HI(y, ) is treated separately), thus n = A = NEH 4 57 N (see Eq. (5.40)).
The equation

A= MO, oo Nty At ts - An) (A7)

)

defines a (n — 1)-dimensional sub-manifold Mék_l in the manifold M,,, for each choice of k.

(k)

By construction, at every point in the sub-manifold M, ", a point of osculation

U(k)(/\h s Ak Ak 1y An) (A.8)
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is assigned, so, assuming A\, can be adjusted freely to be A\, = j\k, the function

fk(vmin> - )\gk(vmin) - %C](k) (Umin; Al) ceey )\k;—ly Ak—&-l, ceey >\n)
- §EHI (Umin) - Zm#k /\me(Umin>

~

_)\k<)\1; R 7)\]6*17 >\k+17 ey )\n)Xk<Umm>, (Ag)

has at least one isolated zero (with zero slope) at

VUmin — U(k)<)\1, Ce 7)\14—17 )\k+1, ey )\n); (AlO)

for any given set of values (A1, ..., Ae_1, Mgty - -5 An)-

If we consider two such manifolds, Mflk_)l and M") | the intersection of them, /\/lq(f_) 1N

n—1

M;k_l)l, is generically a (n — 2)-dimensional sub-manifold. Assuming now that Ay and Ay

(k # k') can both be adjusted at will so that A\ = M\, and Ay = A\ at every point in this

sub-manifold, we have two isolated zeros (with zero slope) given by the functions,

U(k)()\la s 7/\k:—1a )\k-i-lv s 7)\k”—1a )\k’-i-la s 7)\71)

= ’U(k)(/\l, ey )\k—la /\k-l-l? ey An)|/\k’:5‘k’7 (All)

and

U(k/)(Ah B )‘k—ly )‘k—‘rl) SRR )‘k’—lv )‘k’+17 BRI )\n)

= U(k/)()\l, cee /\k’—h /\k/+1, ce /\n)|/\k:;\k’ (A12)
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which are respectively induced from the functions defined on /\/lslk_)1 and /\/lflk_/)l. The values
of these two functions at the same point are in general different.

In a similar way, if all coefficients A\, could be freely adjusted the intersection of all
(n — 1)-dimensional sub-manifolds,

MY (A.13)

n—1>

is generically a zero-dimensional sub-manifold of M,,, i.e. a set of discrete points. For one

of these points, which we call (5\1, . ,;\n), we can define the function
1 . . .
§Q(Umin; )\17 s 7)‘71) - gEHI<Umin) - Ame(Umin> <A14)

which has n isolated zeros, with zero slope. Here, n = N = Ngpr+3 Néﬁl) (see Eq. (5.40)),
i.e. the number of events observed by the EHI experiment plus the total number of bins
employed by all Poisson and Gaussian experiments. This is what we wanted to prove.
However we have so far assumed the coefficients A, could all be freely adjusted. This is not
true, however, and the actual number of isolated zeros of q(vmin) (With ¢/(vmm) = 0) will be
in most circumstances much smaller than the maximum N

In fact, the coefficients \,, are quantities derived from a halo function 7. All points in
M, that can be actually realized from halo functions 7 form a continuous subset S of the
manifold M,,. The maximum number of the individual sub-manifolds M* | passing through
a point in § gives the maximum number of actual possible steps in the best fit i function.

This number can be determined by carefully considering the functional form of ¢&H fj(.a),
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and HPHL and is in general smaller than N

A.2 The uniqueness of the best-fit halo function
[Pertains to Chapter 5]

Here, we show that the halo function 7pp(vmin) maximizing a global likelihood functional
having at least one extended likelihood as a factor is unique in the vy, range wherein the
experiments in consideration can probe the value of the halo function. The proof consists in
showing that the second directional derivatives of the functional L = —2In £ with respect

to variations of the 7 function are all positive.

A.2.1 Statement of the proof

We start by stating two properties of the global likelihood (and the individual likelihoods)
considered in this paper. First, the likelihood depends on the halo function only through

physically observable quantities, which are either the scattering rate in a bin

R;a) = MT/ dv R[E;.,E;.H}(U)ﬁ(v)? (A15)

vs

or the value of the differential rate at a given value of E’,

dR * dR, .
& = ]\471/%s dv o (v)7(v) . (A.16)

Secondly, if we treat these observable quantities (which we call “the rates” in the rest of this

section) as independent parameters without restriction, the global likelihood L is a strictly
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concave function of them, or, equivalently, the functional L = —21In L is a strictly convex
function.

Since the rates depend linearly on the halo function, the functional L is a convex but
not necessarily a strictly convex function of the halo function 7. The strict convexity of the
functional L as a function of the rates guarantees the uniqueness of the best fit rates (those
which maximize the likelihood £, and thus minimize the functional L), but not of the best
fit halo function 7gp(vmin), since, in general, the same values of the rates can be obtained
from different halo functions.

While these two properties do not yet prove that the best fit halo function is unique, we
know from the convexity of the functional L that if there are more than one best fit halo
functions, the value of the likelihood is constant along the line of minima between any two
best fit halo functions, and thus, along the direction of the line, the second (and also higher)
order directional (functional) derivatives should vanish. Thus all the best fit halo functions
are connected to each other by a continuous deformation and thus form a connected set.

Using this fact, the global uniqueness of the best fit halo function fpp(vmmn) can be
asserted by proving that the second order directional derivatives of L around a minimum are

all larger than zero, i.e.

2

/dv/dw Af(v)An(w) mL[ﬁ] > 0, (A.17)

for all allowed An.

Up to this point, we have not used the fact that the halo function is a non-increasing
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function, and that the KKT conditions should be satisfied by the best fit halo function. Since
we have previously proven in Appendix A that the halo functions maximizing the global

likelihood are piecewise constant with at most N = Ngpp + YooV (@)

bins Points of discontinuity,

we know that deformations of 7 between two best fit halo functions must also respect this
form. Thus, the positivity condition of the second order directional derivatives of L around

a minimum, Eq. A.17, can be rewritten as

N S A= 2 - 2
0< Yopmr | Al getge fr({7,7})
+Ave Avy 55 f1({T, 7))

AR AU (T Y] (A18)

N="BF

for all allowed infinitesimal variations Afj, and Av,, where fr({7,7}) = L[i(vmm; {0, 7})].
When one finds the best fit halo function, the locations v, and heights 7, of the steps
can be independently varied since the KKT conditions are automatically satisfied for the
resultant best fit halo function. However, in Eq. A.18, if a variation of these parameters,
A7, and Awv,, truly connects two best fit halo functions (and the ones between them, which
are also best fit halo functions) by a continuous deformation, the KKT conditions should
remain satisfied along the path of the deformation, and thus we only need to consider the
variations respecting the KKT conditions. We will show now that these variations must all

have Av, = 0, namely the positions of the steps in vy, cannot change.
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A.2.2 Proof that the locations of the steps cannot change

Let us examine how the function ¢(v) changes under an arbitrary deformation A#7(vpin)
of the halo function 7(vpy). Using the definition of the function ¢(v) in Eq. 5.20, the
induced variation Ag(v) of the function ¢(v), can be compactly written in terms of the

second derivative of the functional L as

M) = [ aw i)

or

v oL
_ (@)
Aq(v) = ) AR; /U(s du 5700 <8R(.°“))

o,j J

+ [ a () [ s (o) (4.20)

where we have defined the changes AR;Q) and A (3]?,) of the rate R](a) and differential rate

dR/dFE’, respectively as

SR\
@ = [ dv AR J A21
AR; /v n(v)dﬁ(v) ( )

and

A (jg, ) _ / dv Afi(v) 577(2@) G;; ) | (A.22)

Eq. (A.20) shows that the function ¢(v) is invariant under a variation A7 of the best fit halo

function that leaves the rates unchanged (all best fit halo functions should yield the same
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unique best fit rates). This implies that all best fit halo functions must have their points
of discontinuity (i.e. the locations of its steps) at the same vy, values. In other words, a
variation having a non-zero Av, either breaks the KKT condition or changes the observable

rates, and thus such a variation inevitably decreases the value of the likelihood functional.

A.2.3 Evaluation of the second directional derivatives of L

Since the positions of the steps cannot change, it is enough to evaluate the second derivative
of the functional L with respect to an arbitrary variation of the heights of the steps A7,.

Expanding the functional L around the best fit halo up to the second order we get

AL = 77]/ dv/ duén () (A.23)

AR [ v s (a() — gloy) (A.24)

.L\D|>—t [\Dli—
'MZ I M?

=

<
Il
—_

?TMZ

(Z ICAZAn,) . (A.25)

Here we defined the index A to run over all data points, namely all bins or single events of
all experiments considered, so A runs from 1 to N. Specifically, the summation over A runs
over the observed events in the extended likelihoods and the bins j of all experiments o with
Poisson and Gaussian likelihoods. The index ¢ indicates instead each constant portion of the
best fit halo function, between the steps at vy, values v;_; and v;. The maximum number
of steps was found in Appendix A to be N, so we can take take the number of steps to be

equal to N and consider some of the step heights to be zero. In this way, ¢ also runs from 1
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to NV. The coefficients K 4; are given by

. Yal7]] ( )
for extended likelihoods,
@,y _ ¢(@)
Kai = nga) 5 (1();3 - 2 ((:J)Z_l) (A.27)
v 7]+
for Poisson likelihoods, and
(a) (o)
: Vi) — Cs Vi—
K= = () (A.28)

O

for Gaussian likelihoods. In the last two equations the index A accounts for the experiment-
bin pairs indexes (a, j).

Notice that the quantities K4; can be interpreted as the components of A/ non-zero
vectors K 4 in a vector space with dimension N with components denoted by 7. We can also
consider A7; to be the components of a vector Aﬁ with the same number of dimensions of
the K4 vectors. Bach vector A'F? is a possible infinitesimal variation of the heights of the
steps 7; around a best fit halo function. Eq. (A.23) is then a sum of the squares of the inner
products of two vectors K4 and AT,

Notice also that the vectors K 4 are generically linearly independent, because there is no
reason that the experiment-specific quantities I 4; should be dependent upon information
contained in a different bin or experiment.

Since the vectors K 4 are generically linearly independent there is no non-zero vector Aﬁ
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orthogonal to all of them. This implies that there is no infinitesimal variation of the heights of
the steps 7; around a best fit halo function for which the second order variation of L vanishes.
This proves that the likelihood functional L is not invariant under any infinitesimal variation
around the best fit halo function which would lead to another best fit halo function. Since
all the second directional derivatives of L around a best fit halo function are positive the

best fit halo function must be unique.

A.3 Model Selection Prospects in Xenon (SI Interaction)
[Pertains to Chapter 8]

We present in Figs. A.1-A.3 the model selection prospects for various exposures on a xenon
experiment, including (solid lines) and neglecting (dashed lines) information on the modula-
tion of the recoil rate, and assuming the SI interaction is the true model. Results are shown
for 20 GeV (Fig. A.1), 125 GeV (Fig. A.2), and 500 GeV (Fig. A.3) DM particle. Results

are similar to those presented in Sec. 8.5 for the case of the anapole interaction.
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True model: SI (mass: 20 GeV)
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Figure A.1: Same as Fig. 8.3 but for the SI interaction as the true model.
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Figure A.2: Same as Fig. 8.3 but for a 125 GeV DM and the SI interaction as the true
model.
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True model: SI (mass: 500 GeV)
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Figure A.3: Same as Fig. 8.3 but for a 500 GeV DM and the SI interaction as the true
model.
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