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EPIGRAPH

“Rabbit’s clever,” said Pooh thoughtfully.
“Yes,” said Piglet, "Rabbit’s clever.”
“And he has Brain.”

“Yes,” said Piglet, “Rabbit has Brain.”
There was a long silence.

“I suppose,” said Pooh, “that that’s why he never understands anything.”

—A.A. Milne, Winnie-the-Pooh
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ABSTRACT OF THE DISSERTATION

Collisional relaxation of an isotopic, strongly magnetized pure ion plasma
and topics in resonant wave-particle interaction of plasmas

by

Chi Yung Chim
Doctor of Philosphy in Physics
University of California, San Diego, 2016

Professor Thomas O’Neil, Chair

First in Chapter 2, we discuss the collisional relaxation of a strongly magne-
tized pure ion plasma that is composed of two species with slightly different masses,
but both with singly-ionized atoms. In a limit of high cyclotron frequencies §2;,
the total cyclotron action Z; for the two species are adiabatic invariants. In a
few collisions, maximizing entropy yields a modified Gibbs distribution of the form
exp|—H/T| — onTy — aoT,]. Here, H is the total Hamiltonian and «;’s are related
to parallel and perpendicular temperatures through 7'; = (1/T} 4+ «;/Q;)~". On a

longer timescale, the two species share action so that a; and ay relax to a common

xvi



value a. On an even longer timescale, the total action ceases to be a constant of the
motion and « relaxes to zero.

Next, weak transport produces a low density halo of electrons moving radially
outward from the pure electron plasma core, and the m = 1 mode begins to damp
algebraically when the halo reaches the wall. The damping rate is proportional to the
particle flux through the resonant layer at the wall. Chapter 3 explains analytically
the new algebraic damping due to both mobility and diffusion transport. Electrons
swept around the resonant “cat’s eye” orbits form a dipole (m = 1) density distribu-
tion, setting up a field that produces E x B-drift of the core back to the axis, that is,
damps the mode.

Finally, Chapter 4 provides a simple mechanistic interpretation of the resonant
wave-particle interaction of Landau. For the simple case of a Vlasov plasma oscillation,
the non-resonant electrons are driven resonantly by the bare electric field from the
resonant electrons, and this complex driver field is of a phase to reduce the oscillation
amplitude. The wave-particle resonant interaction also occurs in 2D E x B-drift
waves, such as a diocotron wave. In this case, the bare electric field from the resonant

electrons causes E x B-drift motion back in the core plasma, thus damping the wave.
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Chapter 1

General introduction

My dissertation research is documented in 5 publications|1, 2, 3, 4, 5], as listed
in the reference section and publication section. In the publication section, paper 2
discusses the theory of collisional relaxation for a strongly magnetized two species
pure ion plasma, reprinted in Chapter 2. Papers 3 through 5 describe the flux-driven
algebraic damping of diocotron modes. This novel damping is a close cousin of,
but distinct from, the Landau damping of diocotron modes. Paper 4 describes the
experimental observation of the damping as well as a short theoretical explanation.
This explanation is described in more detail in paper 5. The explanation has the
advantage of brevity, but leaves questions unanswered and raises conceptual issues.
Paper 4 resolves these issues and provides a more rigorous treatment. Chapter 3
is a reprint of paper 5. Paper 6, which is reprinted in Chapter 4, provides a new
and simple physical interpretation of Landau damping generally, including traditional
Landau damping as well as the new flux-driven algebraic damping of papers 3 through
5. Chapter 2, 3 and 4 are taken from papers on which I was the first author. The

following sections provide overviews of the three research topics.



1.1 Collisional relaxation of a strongly magnetized

two-species pure ion plasma

There is good agreement between theory and experiment for the collisional re-
laxation of strongly magnetized single species plasmas|6, 7, 8, 9, 10]. The relaxation
is novel because the collisional dynamics is constrained by adiabatic invariants asso-
ciated with the cyclotron motion. In Chapter 2 we extend the theory to the case of a
two-species plasma, where the charges of the two species are the same (e; = eg) and
the masses differ only slightly (i.e., |m; — mq| < my, mg). We have in mind a pure
ion plasma that is composed of two isotopes. Such isotopically impure ion plasmas
are often used in experiments[11, 12].

In Section 2.3, we begin with an analysis of a collision between two isotopically
different ions that move in the uniform magnetic field B = BZ. For sufficiently strong
magnetic field, the collision looks very different from Rutherford scattering; the two
ions approach and move away from one another in tight helical orbits that follow
magnetic field lines.

We will find that the sum of the cyclotron actions for the two ions, I} + Iy =
myvd,/(2Q1) + mav?,/(2Qy), is an adiabatic invariant that is nearly conserved in
the collision. Here, m;v3;/2 and Q; = eB/(mj;c) are the cyclotron kinetic energy
and cyclotron frequency for the two ions (j = 1,2). More specifically, the change
in the total action is of order A(I; + I5) ~ exp[—Q.7], where Q; ~ Qy = Q. and 7
is a time that characterizes the duration of the collision. The time is shortest, and
the change A(I; + I) largest, for nearly head-on collisions, where 7 ~ (7/2)(b/vy).

Here v is the initial relative velocity of the ions parallel to the magnetic field, b =



2¢%/ (;wﬁ) is the minimum separation between the ions allowed on energetic grounds,
and p = myma/(my + my) is the reduced mass. This estimate of 7 uses guiding
center drift dynamics as a zeroth order approximation to the orbits and so assumes
that the cyclotron radii for the two ions are small compared to the ion separation
li.e., v1;/Q; < b]. For sufficiently large B, the product Q.7 = (7/2)(Q:b/v)) is large
compared to unity and the change A(l; + 1) ~ exp[—(m/2)(Q2:b/v))] is exponentially
small.

The same analysis shows that the change in the individual actions is of or-
der A} ~ —Al, ~ exp[—|Q; — Qs|7], which also is exponentially small if [2; —
Q|[mb/(2v)))] is large. By assumption, the ion masses, and therefore the ion cyclotron
frequencies, differ only slightly, so we have the ordering €21, > [ — Q] > v /b,

which implies the conclusion

]1,]2 > |A11| ~ |A_[2| > |A(Il + ]2)| (11)

The individual actions are well conserved, and the sum of the two actions is conserved
even better.

In Section 2.4, we determine how these adiabatic invariants constrain the col-
lisional relaxation of a strongly magnetized plasma composed of such ions. We say

that the plasma is strongly magnetized when

_ Uy o :
b~ and Q) — Q| >

2= 1.2
;5 2 (12)

where v;; = +/T)/pi; is the relative parallel thermal velocity, b = 2€*/(u;x03,) =

2e? /Ty is the distance of closest approach, v,; = /27'1;/m; is the perpendicular



thermal velocity for species j, and p;;, is the reduced mass of two interacting particles
from species j and k. As we will see, the temperatures T, T'\; and 7’| need not be
equal during the evolution to thermal equilibrium. The condition 7, Qs > |2 — Qs
plus inequalities (1.2) imply that all collisions between unlike ions are in the strongly
magnetized parameter regime.

Note that this definition of strong magnetization is more restrictive than that
used previously for the case of single-species plasmas|[8, 9]. The requirement |Q; —
Qo] > v/ b has replaced the less restrictive requirement €y, Qy > Uji/ b.

As a first step in determining the influence of the adiabatic invariants on the
evolution, we note that the difference between the cyclotron frequencies of like ions
is zero, so the change in the individual actions is not exponentially small. Of course,
the change in the sum of the two actions for the like ions is exponentially small.

Thus, on the timescale of a few collisions, one expects that like ions will inter-
change cyclotron action with each other, but not with unlike ions. On this timescale,
the total cyclotron action of species 1 (i.e., 7y = Zj\f:ll I;) and the total cyclotron
action of species 2 (i.e., I = Zjvjl I5;) along with the total Hamiltonian # are con-
stants of the motion, and a modified Gibbs distribution, exp[—H /7| — oLy — aZy] is
established[13]. Here Tj, oy and ay are thermodynamic variables. From the velocity
dependence in H, Z; and Z,, one can see that Tj is the temperature that characterizes
velocity components parallel to the magnetic field and that Ty = [1/T) + a1 /O]
and T 5 = [1/T) 4+ a2/ ™" are the temperatures that characterize the perpendicular
velocity components for species 1 and 2.

Inequalities (2.2) imply that on a longer timescale particles of the two species

interchange action with each other conserving the sum Z; +7Z,. On this timescale, the



variables o and a, evolve to a common value, yielding the distribution exp[—H /T} —
a(Zy +I,)], where « is that common value. On a still longer timescale, Z; + Z, is not
conserved, and « evolves to zero, yielding the usual Gibbs distribution exp[—H/T]].

The purpose of Chapter 2 is to calculate the rate at which a; and a5y evolve
to the common value o and the much slower rate at which «a evolves to zero. We will

find that oy — a» satisfies the equation

d

— (o1 —az) = —ve(an — a2) (1.3)

dt

and that « satisfies the equation

—a = —pa, (1.4)

where v, is of the order O[nb2v11,0M2 (0| —Qa|/V12) (011 /(b21))?] and v, is of the order
O[n5361170A1(591 /11)], and subscript 0 refers to initial values before equilibration.
A1 (R) and Ag(R) decrease exponentially with increasing £. In the limit of & > 1,

A1 (R) and Ay(R) are approximated by the asymptotic expressions

Ay (R) 3.10r /B¢ 5BTR7/6, (1.5)

12

Ao(R) n~ 3.87TRI/15e=56TR)7/6 (1.6)

In Ai(R), & is the magnetization &;; = b8/ 0;j, whereas in Ay(R), K is the magnetiza-

tion difference |R1y — Roy|.



1.2 Theory of flux-driven algebraic damping of dio-

cotron modes

1.2.1 Azimuthal mode number m =1

Diocotron modes are dominant features in the low frequency dynamics of non-
neutral plasmas confined in Malmberg-Penning traps[14, 15, 16, 17]. In an ideal limit,
these modes involve only cross magnetic field E x B drift motion and are described
by the drift-Poisson equations[14]. These equations are isomorphic to Euler’s equa-
tions for the ideal (i.e., incompressible and inviscid) flow of a neutral fluid, and the
diocotron modes are analogues of a Kelvin modes on a fluid vortex[18, 19].

There has been much previous work on diocotron mode instabilities[15, 20, 21,
22| and on diocotron mode damping[18, 19, 23, 24, 25, 26]. This paper focuses on
damping.

Previously identified damping mechanisms include a spatial version of the Lan-
dau resonance[18, 23], the rotational pumping of bulk viscosity[24, 25], axial velocity
dissipation on a separatrix for plasma columns with trapped and passing particles[27],
and a strong damping mechanism when the radial magnetron field from end cylinders
dominates over the radial space charge field[26]. The Landau mechanism fits into
the ideal 2D E x B drift framework, but others, such as rotational pumping, involve
physics beyond the ideal model.

Chapter 3 discusses a damping mechanism that is a close cousin of Landau
damping, so we begin with a review of the spatial Landau resonance.

The nonneutral plasma column is immersed in a uniform axial magnetic field

BZ, has a radial space charge electric field E(r)7, and consequently undergoes an



azimuthal E x B drift rotation. Here, (1,6, z) is a cylindrical coordinate system with
the z-axis coincident with the axis of the trap. We consider the plasma column to be
a pure electron plasma in this paper.

A diocotron mode of azimuthal mode number m can experience a resonant
interaction with the rotating plasma flow at a critical plasma radius Res(m), where
W = mwp|Res(m)]. Here, m is the azimuthal mode number, w,, is the mode fre-
quency, and wg(r) = —cE(r)/Br is the local rotation frequency of the plasma.

Linear mode theory[18, 19, 23] predicts that this spatial Landau resonance
produces exponential mode damping when the slope of the radial density distribution
is small and negative at the critical radius, and this damping has been observed
experimentally for low order azimuthal modes with m > 1[23].

The m = 1 mode is special in that the resonant radius is at the wall where
typically there are no particles. It was long thought that an m = 1 mode would not
experience damping due to a Landau resonance|[18].

However, recent experiments|2, i.e. paper 3 in publication list] have observed
a novel algebraic damping of the m = 1 mode, which we believe is a close cousin
of Landau damping. In these experiments, transport produces a low density halo of
particles that gradually extends out from the plasma core until it reaches the wall.
The algebraic damping begins when the halo reaches the resonant region (the wall
for m = 1), and the damping rate is proportional to the flux of particles through the
resonance.

Fig. (1.1), taken from Ref. 2 (paper 3 in publication list), shows the normalized
amplitudes of an m = 1 mode versus time for several values of the transport flux.

The amplitudes of an m = 1 mode is characterized by the displacement D (D; in the
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Figure 1.1: Normalized amplitude of m = 1 mode vs time for several values
of transport flux. The flux is controlled by quadrupole wall voltage €, in
Volts and magnetic field tilt angle eg in radians. This figure is taken from
Ref. 2 (paper 3 in publication list).

figure) of the plasma column off the trap axis, and in Fig. (1.1), this displacement
is normalized to the radius R, of the conducting wall that bounds the confinement
region. In the experiments the transport flux can be varied in a controlled way. The
algebraic damping begins when the radially expanding halo reaches the wall. Fig.
(1.2), also taken and edited from Ref. 2 (paper 3 in the publication list), shows that
the algebraic damping rate v, = D /R, is proportional to the normalized rate |N |/N
at which particles are lost to the wall. |N| (|[Ny| in the figure) is the number of
particles per unit length lost to the wall per unit time. N (Ng in the figure) is the
number of core particles per unit length.

The theoretical picture that we envision for this flux driven algebraic damping
is similar to, but distinct from, spatial Landau damping. In both cases, the damping

results from an interaction of the mode field with resonant particles, but the particu-
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Figure 1.2: Damping rate of m = 1 mode vs normalized rate at which

particles are lost to the wall. This figure is taken and edited from Ref. 2

(paper 3 in publication list).
lars of the interactions are very different in the two cases. In spatial Landau damping,
the resonant particles are present before the mode is excited, and the damping results
from a mode-driven rearrangement of particles near the resonant radius. The analysis
is linear and leads to exponential damping.

In contrast, for the new flux-driven algebraic damping, there are no particles
initially at the resonant radius. The transport gradually brings particles to the reso-
nant radius, and the mode field then sweeps the particles around the nonlinear cat’s
eye orbits to a scrape-off layer, causing the damping.

As will be discussed later, the scrape-off layer is a thin region adjacent to
the wall where guiding center drift theory breaks down and particles (electrons) are
rapidly absorbed by the wall. The scrape-off layer is at least as thick as a cyclotron

radius. We will assume that the thickness of the layer is much smaller than the mode
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amplitude.

While the new theory can be described within a 2D flow framework, the trans-
port and the truncation of particle orbits by the wall are non-ideal elements beyond
the E x B drift description.

The paper that reported the experimental results on the new damping also
included a short theoretical explanation|2, 3, i.e. papers 3 and 4 in publication list].
To help understand this theory consider Fig. 1.3, which shows the cross section of
an electron plasma column that has been displaced off the trap axis through the
excitation of an m = 1 diocotron mode. The displacement is of magnitude D and
direction @ = 0. The gray lines are equipotential contours as seen in the mode frame.
In this frame the E x B drift flow is along the equipotential contours. The orange
shaded region represents the relatively high density plasma core. In this region, the
mode potential can be described by linear theory, and the equipotential curves are
simply displaced circles. The resonant region is near the wall, and there nonlinear
effects distort the circles. Near the left side of the figure are the “cat’s eye” orbits,
which describe the motion of particles that are trapped in the wave trough. In order
to make the “cat’s eye” orbits easier to see in Fig. 1.3, the ratio of the displacement
to the wall radius (i.e. D/R,) was taken to be the largest of experiment values at
0.1.

In addition to the E x B drift flow, there is a slow transport flow. The transport
produces a low density halo that gradually extends out from the plasma core. A given
particle slowly spirals out, moving successively from one contour to another of larger
radius.

The green dot-dashed equipotential contours in Fig. 3.1 is the critical contour
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that just misses the blue dashed scrape-off layer at # = 0. When transport moves
an electron through this critical contour, the electron hits the scrape-off layer and is
absorbed by the wall before returning to § = 0. The red solid curve in Fig. 1.3 shows

the trajectory of such an electron.

Figure 1.3: Cross section of the electron plasma column in a m = 1 mode.
The orange shaded region is the plasma core. The gray lines are equipotential
contours in the mode frame. The blue dashed curve is the scrape-off layer.
The green dot-dashed curve is the critical contour. The red solid curve is a
particle trajectory.

The previous theory focuses on the transfer of canonical angular momenta
from the plasma core to such electrons. In the guiding center drift approximation,
the canonical angular momentum for an electron in the uniform magnetic field of the
trap is simply Py = eBr?/2c, where the radial position r is measured from the center
of the trap, B is the magnetic field strength and e = —|e| is the electron charge[28, 29].

When an m = 1 diocotron mode is excited, the plasma core is displaced off the trap
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axis by a small amount D, and the core canonical angular momentum per unit length
is changed by N(eB/2c)D?[23]. This change in angular momentum is called the
canonical angular momentum of the mode.

When an individual electron E x B drifts in a nearly circular orbit around
the displaced center of the plasma core, the radius of the electron measured from
the center of the trap oscillates by order Ar ~ D cos[f(t)]. Thus, the electron con-
tinually trades angular momentum back and forth with the core, or equivalently
with mode. However, the orbit for an electron that crosses the critical contour is
truncated by the wall, so there is a net change in angular momentum. Since the
thickness of the “cat’s eye” orbit is of order D, the net change in angular momentum
is of order APy ~ (eB/2¢)[R? — (R, — D)?| ~ (eB/c)R,D. More precisely, the
previous derivation[2] obtained the average change in canonical angular momentum
(APy) = (2/m)(eB/c)R,D.

Balancing the rate of change of the mode angular momentum against the rate

of change of halo particle angular momentum yields the equation

d eB ., |dN
EN%D + ‘E (APy) = 0. (1.7)

Substituting for (AF,) yields the damping rate equation

dD 2 1|dN
= 2% R, = —, (1.8)

dt — wN|dt
with a solution of linear algebraic damping D(t) = D(0) — ~t.
This simple result captures the experimental observations that the mode am-

plitude decays as a linear function of time and that the magnitude of the damping
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rate is proportional to the flux of halo particles through the resonant layer. The
predicted magnitude of the damping rate is about half the measured rate.

Although this simple derivation has the advantage of brevity, it leaves ques-
tions unanswered. For example, given that the resonant particles cause mode damp-
ing, do they also cause a mode frequency shift? Also, why focus exclusively on the
thin ribbon of electrons beyond the critical contour, when there are many more res-
onant electrons? Is it really true that the mode transfers zero net angular angular
momentum to these other resonant electrons?

A conceptual issue is the use of angular momentum balance. In fact, the
total angular momentum for the plasma core and halo is not conserved. Transport
continually changes the angular momentum of the halo particles as these electrons
move out radially.

Also, the simple theory is implicitly based on a zero-diffusion model; the trans-
port is assumed to be due exclusively to mobility. Unfortunately, the zero-diffusion
model leads to an infinite density gradient at the leading edge of the halo, and such
a gradient cannot be maintained in the presence of even a small diffusion coefficient.
For the experimental conditions, diffusion affects the orbits of all the particles deemed
responsible for damping in the simple theory. Indeed the whole idea of well-defined
orbits looses meaning in the face of such diffusion. The orbits are diffusively broad-
ened.

What is needed is a new, more rigorous theory based on a solution of the
coupled Poisson and transport equations. Such a theory talks about an evolving
density, rather the particle orbits, and makes no assumption about conservation of

angular momentum.
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We note at the outset, however, that despite the problems listed above, the
damping rate given in Eq. (1.8) will survive in the new theory, provided that the
diffusion coefficient is sufficiently small, as defined by inequalities given later. The
simple theory needs a more rigorous backup, indeed is wrong in detail, but captures

the essence of the physics. The new theory does predict a frequency shift

32 ecD
== ©
Aw 3 wn (Ry), (1.9)

where n(% (R,) is the unperturbed density in the resonant region of the halo.

The new theory preserves an important simplification of the traditional linear
theory for an m = 1 diocotron mode[21]. For any unperturbed density perturbation
n©(r) that is monotonically decreasing in 7 and goes to zero for some r > R,,, the
mode perturbation results from a uniform displacement D of the plasma column off
the trap axis. The displaced column produces an image in the conducting wall, and
in the linear limit (i.e. D/R,, < 1), the electric field from the image is uniform over
the whole column, producing a uniform E x B drift of the whole column transverse
to the displacement D. This uniform motion of the column around the trap axis is
the mode.

In the traditional theory, there are no resonant particles near the wall, but the
theory presented here must include such particles. Moreover, the perturbed charge
density of the resonant particles produces an electric field that acts back on the
plasma core, and one might worry that this field would spoil the picture of uniform
core displacement. However, that is not the case.

The resonant particles are well outside the plasma core, so the field from the

resonant particles is a vacuum field in the region of the core. The dipole portion of
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this field is the portion that drives the mode resonantly, and a dipole vacuum field is

uniform. Recall that a dipole vacuum potential can be written in the form
§¢(r,0,t) = —0E,(t)r cos — 6 E,(t)r sin 6, (1.10)

where 0 E,(t) is the uniform field along the direction § = 0 and §E,(t) is the uniform
field along # = 7/2. We assume that the halo density is small, so the uniform field
dE,(t)z + dE,y is a small increment to the uniform field from the image in the wall
and produces only a small increment in the uniform drift velocity of the core. Thus,
the core perturbation is still a uniform displacement.

In Section 3.3, the damping rate D and the frequency shift Aw are obtained
as Green’s function integrals over the perturbed charge density in the resonant region.
To obtain these integral expressions, the perturbed charge density of the core is taken
to be of the form arising from a uniform displacement.

The integral expressions can be rewritten in the form

. C &
D = Z0B,(t). DAw = 20 E,(t), (1.11)

which yields a simple physical interpretation. The component of the uniform field
from the resonant particles that is transverse to the displacement (JE,) cause an
E x B drift motion of the core back toward the trap axis, that is, a damping of the
mode. Likewise, the component of the field along the displacement (JE,) causes an
increment to the E x B drift velocity around the trap axis, that is, a mode frequency
shift.

A second re-writing of the integral expression for D clarifies the issue of angular
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momentum conservation. The equation can be re-written as a statement that the
torque exerted by the core on the resonant particles is equal and opposite to the
torque exerted by the resonant particles back on the core. Two opposing torques
are equal and opposite even if a third torque (say, due to the transport) acts. The
treatment based on Poisson’s equation correctly, and automatically, focuses on torque
balance, rather than angular momentum balance.

For the conditions of the experiment, we will see that the transport caused
change in angular momentum of electrons being swept to the wall is small compared
to the change caused by the mode field, so the angular momentum balance is approx-
imately correct. Nevertheless, the calculation of the damping rate should at least
start from a rigorous foundation based on torque balance.

To obtain explicit expressions for the damping rate and frequency shift, the
transport equation must be solved for the halo density distribution in the resonant
region and the result substituted into the Green’s function integrals. As a first step,
the transport equation is discussed and simplified in Section 3.4.

Note that the halo evolution takes place in two stages. First the halo extends
radially outward until it reaches to the wall. At the wall, the electrons are continuously
absorbed, and a quasi-steady state density distribution is established. We calculate
the damping rate and frequency shift for this density distribution.

Section 3.5 obtains simple analytic expressions for the density distribution,
damping rate and frequency shift by using an idealized transport model: zero diffusion
coefficient and constant coefficient of mobility. The E x B drift low and mobility flow
are then both incompressible and can be incorporated in a Hamiltonian description of

the electron orbits. This idealized model implicitly underlies the simple theory[2, 3],
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but leads to an infinite density gradient at the leading edge of the halo, which is
untenable.

Section 3.6 includes the effect of diffusive broadening at the leading edge gra-
dient. For the conditions of the experiments, the broadening substantially modifies
the density distribution and the orbits in the region that determines the damping
rate, so one might expect that the answer for the damping rate would be substan-
tially changed. However, the Green’s function integral for the damping rate can be
rewritten in an approximate form that involves only the flux entering the broadening
layer, and this form again yields the zero-diffusion damping rate in Eq. (3.2). The
approximation requires that the diffusion coefficient be sufficiently small, as will be
specified by inequalities in Section 3.6. Subject to these inequalities the frequency
shift is also relatively unchanged.

Numerical solutions for the diffusively broadened density distribution are ob-
tained in Appendix B and are used in the Green’s function integral to obtain numerical
results for the damping rate. The numerical results are in good agreement with the
approximate analytic result of Section 3.6.

Section 3.7 obtains a perturbative correction to the damping rate to account
for the slow time dependence in D(t). This time dependence causes the contours them-
selves to move, and the corrected damping rate is proportional to the flux through
the moving contour. For the conditions of the experiment the correction is small.

At the end of Chapter 3, Section 3.8 is a discussion on the general applicability

of this flux-driven damping mechanism.
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1.2.2 Azimuthal mode number m = 2

Subsequent to the experimental discovery of the damping for an m = 1 dio-
cotron mode, similar damping was observed for an m = 2 mode[2, i.e. paper 3 in
publication list]. Again, algebraic damping began when the halo particles reached
the resonant layer, which for the m = 2 mode is well separated from the wall. The
resonant radius[3, i.e. paper 4 in publication list] for an m = 2 mode is R, = v2R,,

where R, is the core radius.
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Figure 1.4: Normalized amplitude of m = 2 mode vs time for several values
of transport flux. The flux is controlled by quadrupole wall voltage €, in
Volts and magnetic field tilt angle e in radians. This figure is taken from
Ref. 2 (paper 3 in publication list).

Fig. (1.1), taken from Ref. 2 (paper 3 in publication list), shows the normalized
amplitudes of an m = 2 mode versus time for several values of the transport flux. The
amplitudes of an m = 2 mode is characterized by the surface ripple A (Dj in the

figure) of the core from the core radius R,, and in Fig. (1.4), this surface ripple is

normalized to the core radius R,. In the experiments, the algebraic damping begins
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when the radially expanding halo reaches the resonant radius R.. Fig. (1.5), using
data taken from Fig. 5 of Ref. 2 (paper 3 in the publication list), shows that the
algebraic damping rate 7, = A/R, is proportional to the normalized rate |[N|/N at
which particles are crossing the resonant radius. |N | is the number of particles per

unit length crossing the resonant radius per unit time for the m = 2 mode.
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Figure 1.5: Damping rate of m = 2 mode vs normalized rate at which
particles cross r = R.,. The data used in this figure is taken from Fig. 5 of
Ref. 2 (paper 3 in publication list).

Because the resonant layer for the m = 2 mode is well separated from the wall,
one may ask what plays the role of the wall in truncating particle orbits? Put another
way, what prevents the resonant particles from giving back angular momentum that
they have received from the mode? We believe that the answer is simply passage
of the particles through the “cat’s-eye” orbits in the resonant layer. Because of
transport, the particles cannot come back through these structures, and in the one-
way passage, the particles pick up significant angular momentum from the mode,

causing the damping. In principle, this mechanism also would apply for m = 3 and
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higher, but the resonant layer is closer to and even inside the core for higher m modes,
and such modes typically suffer large ordinary Landau damping.

Ref. 3 (paper 4 in the publication list) provides parallel calculations of the
damping rate for both the m = 1 and m = 2 modes using the simple, but heuristic,
argument of angular momentum balance in the zero-diffusion limit. A complication
for the case of the m = 2 mode is that the slow damping of the mode is not negligible
and must be included in an ad hoc manner. For the m = 2 mode, this calculation

yields an implicit expression for the mode amplitude

g{A(t)rﬂ (R [A(t)] 1/2

n®(0) | R, TN
(1.12)

where A(t) is the displacement of the surface ripple characterizing the mode ampli-

tude.
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Figure 1.6: Damping curve of the m = 2 mode amplitude A(t)/R,. The
solid curve is the theoretical curve following Eq. (1.12), and the dashed curve
is the curve following the experimental damping rate.
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Fig. (1.6) shows the time-dependence of the m = 2 mode amplitude A(t)/R,,
using the values (0 (Ry)/n(0) = 1072 and |[N|/N = 1073. The solid curve is the
theoretical curve that follows Eq. (1.12), and the dashed curve is the linear curve
that follows the experimentally observed value of damping rate in Ref. 2 (paper 3 in
the publication list). The figure shows that this simple theory in Eq. (1.12) gives a
damping time of the same order of magnitude as, but shorter than, in the experiment.

In Chapter 3 we do not provide a more rigorous treatment of the damping of
the m = 2 mode in parallel with the damping of the m = 1 mode, because there
are technical differences between the m = 1 and m = 2 cases. The m = 1 mode
admits an analytic solution for a general monotonically decreasing density profile,
while the m = 2 mode does not. The structure of the “cat’s-eye” orbits differ, since
the potential goes to zero at the resonant radius for an m = 1 mode (i.e. at the
wall), but not for the m = 2 mode. Also, the truncation of the orbits by the wall
is different than simply passing through the “cats eye orbits. In the case of m = 2
mode, as the halo particles are swept and pushed to the other side of the separatrix,
and continue to deviate outward from the E x B-drift orbits, filamentation occurs
and the evolution of the halo is complex. The theory for the m = 2 mode must wait

for a later paper.

1.3 A mechanistic interpretation of the resonant

wave-particle interaction

Chapter 4 provides a re-interpretation of the resonant wave-particle interaction

of Landau[30]. There are two halves to this interaction: first there is the influence of
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the wave on the resonant particles and second the influence of the resonant particles
back on the wave. The mechanisms for the two halves of the interaction are usually de-
scribed differently. For the first half, the mechanism is obvious; the wave electric field
acts on the resonant particles and produces a perturbation in the resonant particle
charge density. The mechanism for the second half of the interaction is usually de-
scribed through Poisson’s equation, or equivalently, a dispersion relation that follows
from Poisson’s equation; the perturbed charge density from the resonant particles
makes a small correction to the dispersion relation, and this correction yields a small
imaginary frequency shift, which is the damping decrement for the wave. In contrast,
here we provide a mechanical interpretation of the second half of the interaction that
is similar to the interpretation of the first half.

Consider the simple case of a Langmuir wave that is excited in a collisionless,
Maxwellian plasma, with the wave phase velocity well out on the tail of the velocity
distribution. We will see that the wave induced displacement of the non-resonant elec-
trons, that is, the electrons in the main part of the Maxwellian, satisfies an oscillator
equation that is driven by the bare electric field from the perturbed charge density of
the resonant electrons. This field drives the oscillator resonantly, since the resonant
electrons travel at the phase velocity of the wave. From this perspective, the wave
damping simply results from the action of the driver field from the resonant electrons
back on the oscillator.

The interpretation does not specify the perturbed charge density of the reso-
nant particles, so the interpretation applies equally well to the cases of linear Landau
damping and growth and to the case of a large amplitude wave with nonlinear, trapped

particle orbits. In general, the portion of the drive field that is 90° out of phase with
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the oscillator produces damping or growth and the portion that is in phase produces
a frequency shift.

Because Landau’s analysis of the damping was rather formal and did not offer
a physical interpretation, other authors have provided physical interpretations[31, 32,
33, 34]. Here, we find a particularly simple interpretation by focusing on only half of
the wave-particle interaction: namely, the influence of the resonant particles back on
the wave.

One usually thinks of Landau resonances in connection with waves in a col-
lisionless plasma, that is, waves that are described by Vlasov dynamics, but such
resonances also occur for waves that are described by 2D E x B drift dynamics. A
simple example is a diocotron wave that is excited on a nonneutral plasma column
in a Penning-Malmberg trap[14, 15, 35, 23]. The analysis is simplest for the case
where the plasma column consists of a high-density core surrounded by a relatively
low-density halo. The diocotron wave can be thought of as a surface wave that propa-
gates azimuthally around the core. At some critical radius in the halo, the azimuthal
E x B drift rotation velocity of the halo fluid elements matches the phase velocity
of the wave potential, and the resonant interaction of the wave potential and fluid
elements gives rise to Landau damping.

In the standard analysis, the linearized continuity equation for the E x B
drift flow is combined with Poisson’s equation to obtain a dispersion relation. When
the resonant region is in the low density halo, the perturbed charge density of the
resonant electrons makes a small correction to the dispersion relation, yielding a small
imaginary frequency shift, which is the wave damping decrement. To understand more

clearly how the resonant particles act back on the wave, we focus on the equation of
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motion for the surface ripple on the plasma core. As we will see, the bare electric field
from the perturbed charge density of the resonant electrons acts back on the core,
causing E x B drifts that reduce the amplitude of the surface ripple, that is, damp
the wave. Again, we find a simple mechanistic description of the manner in which
the resonant electrons act back on the wave.

Chapter 1, in parts, is taken from the papers appearing in Physics of Plasmas
as C.Y. Chim, T.M. O'Neil, D.H.E. Dubin, Physics of Plasmas 21, 042115 (2014),
C.Y. Chim, T.M. O’Neil, Physics of Plasmas 23, 072113 (2016), and C.Y. Chim,
T.M. O’Neil, Physics of Plasmas 23, 050801 (2016). The dissertation author was the

primary investigator and author of these papers.



Chapter 2

Collisional relaxation of a strongly
magnetized two-species pure ion

plasma

2.1 Abstract

The collisional relaxation of a strongly magnetized pure ion plasma that is
composed of two species with slightly different masses is discussed. We have in mind
two isotopes of the same singly ionized atom. Parameters are assumed to be ordered
as 1, Qy > |Q1 — Q| > 9;/b and v,/ < b, where Q; and €, are two cyclotron
frequencies, v;; = \/m is the relative parallel thermal velocity characterizing
collisions between particles of species i and j, and b = 2¢2/ T) is the classical distance of
closest approach for such collisions, and @,/ = /2T ;/m;/Q; is the characteristic
cyclotron radius for particles of species j. Here, p;; is the reduced mass for the two

particles, and T} and 7' ; are temperatures that characterize velocity components
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parallel and perpendicular to the magnetic field. For this ordering, the total cyclotron
action for the two species, Z; = >, ., mqv},/(2Q) and Z, = Y, ., mav?,/(2) are
adiabatic invariants that constrain the collisional dynamics. On the timescale of a
few collisions, entropy is maximized subject to the constancy of the total Hamiltonian
H and the two actions Z; and Z,, yielding a modified Gibbs distribution of the form
exp|—H/T| — onZ; — aoT]. Here, the a;’s are related to 7jj and 1", ; through T';; =
(1/T)+ j/€2;)~*. Collisional relaxation to the usual Gibbs distribution, exp[—H/Tj],
takes place on two timescales. On a timescale longer than the collisional timescale by
a factor of (622 /%)) exp{5[3m(b|Q; — Q| /012)]?/°/6}, the two species share action so
that oy and as relax to a common value . On an even longer timescale, longer than
the collisional timescale by a factor of the order exp{5[3m(b2;/v11)]*°/6}, the total

action ceases to be a good constant of the motion and « relaxes to zero.

2.2 Introduction

There is good agreement between theory and experiment for the collisional
relaxation of strongly magnetized single species plasmas[6, 7, 8, 9, 10]. The relax-
ation is novel because the collisional dynamics is constrained by adiabatic invariants
associated with the cyclotron motion. Here we extend the theory to the case of a
two-species plasma, where the charges of the two species are the same (e; = e3) and
the masses differ only slightly (i.e., |m; — ma| < my,ms). We have in mind a pure
ion plasma that is composed of two isotopes. Such isotopically impure ion plasmas
are often used in experiments|[11, 12].

In Section 2.3, we begin with an analysis of a collision between two isotopically

different ions that move in the uniform magnetic field B = BZ. For sufficiently strong
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magnetic field, the collision looks very different from Rutherford scattering; the two
ions approach and move away from one another in tight helical orbits that follow
magnetic field lines.

We will find that the sum of the cyclotron actions for the two ions, I1 + I, =
myvd | /(2Q) + maev?,/(29), is an adiabatic invariant that is nearly conserved in
the collision. Here, m;v?;/2 and Q; = eB/(mj;c) are the cyclotron kinetic energy
and cyclotron frequency for the two ions (j = 1,2). More specifically, the change
in the total action is of order A(I; + I5) ~ exp[—.7], where Q; ~ Qy = Q. and 7
is a time that characterizes the duration of the collision. The time is shortest, and
the change A(I; + I) largest, for nearly head-on collisions, where 7 ~ (7/2)(b/vy).
Here v is the initial relative velocity of the ions parallel to the magnetic field, b =
2¢?/(pof) is the minimum separation between the ions allowed on energetic grounds,
and u = mymsy/(my + my) is the reduced mass. This estimate of 7 uses guiding
center drift dynamics as a zeroth order approximation to the orbits and so assumes
that the cyclotron radii for the two ions are small compared to the ion separation
[i.e., v1;/Q; < b]. For sufficiently large B, the product Q.7 = (7/2)(Q.b/v)) is large
compared to unity and the change A(I; 4 1) ~ exp[—(7/2)(2:b/v|)] is exponentially
small.

The same analysis shows that the change in the individual actions is of or-
der A} ~ —Al, ~ exp[—|Q; — Qq|7], which also is exponentially small if |2 —
Q|[mb/(2v)))] is large. By assumption, the ion masses, and therefore the ion cyclotron

frequencies, differ only slightly, so we have the ordering €21, > [ — Q5] > v /b,
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which implies the conclusion

The individual actions are well conserved, and the sum of the two actions is conserved
even better.

In Section 2.4, we determine how these adiabatic invariants constrain the col-
lisional relaxation of a strongly magnetized plasma composed of such ions. We say
that the plasma is strongly magnetized when

b TR and |0, — Qo > 2, (2.2)
Q; b
where 0;; = \/T)|/pu;; is the relative parallel thermal velocity, b = 2e?/(p;0%) =
2e? /T is the distance of closest approach, v,; = \/m is the perpendicular
thermal velocity for species j, and p;;, is the reduced mass of two interacting particles
from species j and k. As we will see, the temperatures T, T'\; and T';» need not be
equal during the evolution to thermal equilibrium. The condition 7, Qs > [ — Qs
plus inequalities (2.2) imply that all collisions between unlike ions are in the strongly
magnetized parameter regime.

Note that this definition of strong magnetization is more restrictive than that
used previously for the case of single-species plasmas[8, 9]. The requirement [2; —
Qo] > v/ b has replaced the less restrictive requirement €y, Qy > Uji/ b.

As a first step in determining the influence of the adiabatic invariants on the
evolution, we note that the difference between the cyclotron frequencies of like ions

is zero, so the change in the individual actions is not exponentially small. Of course,
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the change in the sum of the two actions for the like ions is exponentially small.

Thus, on the timescale of a few collisions, one expects that like ions will inter-
change cyclotron action with each other, but not with unlike ions. On this timescale,
the total cyclotron action of species 1 (i.e., Z; = Zjvzll I,;) and the total cyclotron
action of species 2 (i.e., I = Zjvjl I5;) along with the total Hamiltonian # are con-
stants of the motion, and a modified Gibbs distribution, exp[—H /T — oLy — aZy] is
established[13]. Here Tj, oy and ay are thermodynamic variables. From the velocity
dependence in H, Z; and Z,, one can see that 7} is the temperature that characterizes
velocity components parallel to the magnetic field and that T’y = [1/T) + a1 /O]
and T 5 = [1/T) 4 aa/Q] ! are the temperatures that characterize the perpendicular
velocity components for species 1 and 2.

Inequalities (2.2) imply that on a longer timescale particles of the two species
interchange action with each other conserving the sum Z; +Z,. On this timescale, the
variables ay and ay evolve to a common value, yielding the distribution exp[—H/T} —
a(Zy +I,)], where « is that common value. On a still longer timescale, Z; + Z, is not
conserved, and « evolves to zero, yielding the usual Gibbs distribution exp[—H /Tj].

The purpose of this chapter is to calculate the rate at which oy and as evolve
to the common value o and the much slower rate at which « evolves to zero. We will

find that oy — ay satisfies the equation

d
a(al — ) = V(g — ag) (2.3)

and that « satisfies the equation

—a = -, (2.4)
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where v, is of the order O[nb2v11,0M2 (b —Qa| /V12) (011/(b21))?] and v, is of the order
O[nb2v11 oA (b /911)], and subscript 0 refers to initial values before equilibration.
Ai(R) and Ag(R) decrease exponentially with increasing £. In the limit of & > 1,

A1(R) and Ay(R) are approximated by the asymptotic expressions

12

Ay (R) 3.10r /B¢ 5BTR7/6, (2.5)

Ag(R) ~ 3.8TR'/15¢=5BmR*/6, (2.6)

In Ay(R), & is the magnetization k;; = b€2;/v;;, whereas in Ay(K), & is the magneti-
zation difference |R12 — Ro1|, when Ay and A, are used to describe the equipartition

rates.

2.3 Two-particle collision

In this section, we consider the isolated collision of two ions that have equal
charges (e; = ey = e), slightly different masses (|m; — ma| < my, mg), and move in
the uniform magnetic field B = BZ. The Hamiltonian for the two interacting charges

can be written as

2
H = pzk pxk (pyk B €B$/C>2] + e?
k=1 2mk 2my, (21— 22)% + (y1 — y2)? + (21 — 22)2]1/27
(2.7)
where we have used the vector potential A = Bzxy, and the quantities (g, puk),

(Y, Pyk), (2K, p2i) are canonically conjugate coordinates and momenta[36].
We assume that the magnetic field strength and initial velocities satisfy the

conditions for strong magnetization as defined in Section I (i.e., v,;/Q; < b and
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Q1 — Qo > vy /b). In this limit, the following transformation|37] is useful:
I

C

Y, = — Dk, 2.8
’ Yk — Pk (2.8)
C
Xk = eprk, (29)
1 Yk — Yk
= —tan (ZE—— 2.10
2 2
Pax + (pyr — eBay/c)
I, = ) 2.11

One can check that (zg, p.r), (Yi, Py, = %Xk) and (¢, Ix) satisfy the usual Poisson
brackets required of canonically conjugate coordinates and momenta, i.e. {¢,p;} =
d;;. Here (X}, Y}) are the coordinates of the guiding center for the k-th particle, and
(g, I1) are the gyro-angle and cyclotron action for the k-th particle. In terms of these

new canonical variables, the Hamiltonian takes the form

2 2

H= pzk RO /) R — (2.12)
— ka lr; — 1o
where
ry = r2]2 = (21— 22)2 + (X1 + prcosyy — Xo — po COS¢2)2
+(Y1 — prsinty — Yy + pasinepy)?. (2.13)

Here pr, = /21 /(mi€) is the cyclotron radius of the k-th particle.
Since |r; — ro| is periodic in ¢, and 19, the Hamiltonian can be written in the

form

2 2
H=Y(ZE L qup) + Y guetrtes), (2.14)

2m
k=1 k W,V
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where ¢, = gu(l1, 12,21 — 22, X7 — X5, Y7 — Y3), and g and v run over all integer
values from —oo to +oo.

We will find it instructive to calculate the change over the course of the col-
lision in the sum and difference of the cyclotron actions, A(l; + Iy) and A(l; — I5).

Hamilton’s equations yield the time derivatives

d o 9 | P
g+ B) = —(Go+ 5 H = =) ilu+v)gue (2.15)
jn2
and
d o 9 | P
E(Il — L) = _(8_¢1 — 8_1&2>H == i(p— v)gue ) (2.16)
uv

For strong magnetization, one expects guiding center drift theory to provide a
good zeroth order approximation to the particle orbits. Moreover, the guiding center
variables are slowly varying in time compared to the rapidly varying gyro-angles 1,
and 5. In this approximation, the arguments of g, = ¢, ({1, 2, 21 — 22, X1 — Xo, Y1 —
Y3) are slowly varying and the exponentials e!(*¥1¥2) are rapidly oscillating, and the
time integral of such a product phase mixes to a small value. We will find that the
value is exponentially small in the ratio of the rapid to the slow timescales.

At this point, we can anticipate the main result of the calculation. The smallest
frequency for the exponentials is |2; — €|, corresponding to the choice p = —v =
+1. Since the coefficient for this term vanishes identically in Eq. (2.15) but not in
Eq. (2.16), the change |A(I; + I5)| is much smaller than the change |A(l; — I5)].
Equivalently, one may say that the total action is conserved to much better accuracy
than either of the two actions independently, i.e. |A( + )| < |AL|, |AL|.

The guiding center Hamiltonian[38, 39] is obtained simply by setting p; =
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p2 = 0in Eq. (2.13), yielding

2 2 9

Dk e
Hoe =) (52 +Quly) + . (217
GC (ka k k) [(21 _ 22)2 + (Xl _ X2)2 + (Yl _ }/2)2]1/2 ( )

< X;. Making the canonical transformation to center-of-mass and

where Py, = %

relative coordinates

Z = 21— 22, (218)
7 — miz1 + m2z27 (219)
my + mg
MaPz1 — MPz2
: = ; 2.20
b ma + mo ( )
Py = pa+pa (2.21)
yields the Hamiltonian
P2 p? o2
Hoo = =2 + 2 + 1O + Ly + . (2.22
0= ou oy TIMTER Y e w4

where M = my + mg and p = myma/(my + my).
Thus, with guiding center dynamics, the quantities Hgc, Pz, I1, Iz, and (X7 —
X5)? + (Y1 — Y3)? = |JAR | |? are constants of the motion, and the relative coordinate

z(t) is governed by the equation

32 t 2 /’l’v2
B () ‘ Sy (2.23)
2 (JAR |2 + 22(t))1/? 2
where v = £(t = —oo) is the initial relative velocity. From this equation, one

sees that the minimum allowed separation between the guiding centers is given by
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b=+/|AR||? + 2%|in = 262/(/wﬁ). We choose ¢ = 0 so that 2%(¢) is an even function
of t. For the case where |AR || < b, there is no reflection and we choose z(0) = 0,
and for the case where |AR | > b, we choose t = 0 to be at the point of reflection,
that is, 22(0) = b* — (AR?).

In the guiding center drift approximation, the most rapidly varying variable
in the argument of g, ([1, 2,21 — 22, X1 — X5,Y; — Y5) is the relative coordinate
2(t) = z21(t) — 22(t), and the timescale associated with this variation is of order b/vj
or larger. By comparison, the timescale for the oscillatory variation of the exponential
exp(ipthy + ivihy) is |u€y + vQ| ™! < | — Qo|™!. Thus, the strong magnetization
ordering v /b < [ — Q| < Q4,5 is simply a statement of the needed separation
of timescales.

We Taylor expand g,, in powers of p/ \/m < pp/b < 1. As one
would expect, each term in the expansion of g, is of order (p/b)*+¥ and for sim-
plicity we retain only the lowest order term. An equivalent way to do so is to expand
H in powers of p;, and collect terms of the right Fourier dependence exp(iut)y + ivibs),
so as to obtain the Taylor-approximated g,,. Expressions of g,, that are used in the

calculation are the following:

ei(Qlt"l‘(bl) eval/Ql

_ — g 2.24
i(Qattea) L2
e € Uu/Qz
_ _ 2.25
Jo1 5 AR, + 22 90,—1> ( )
et (1 —Q2)t+i(¢1—¢2) e? 3|AR ‘2 V11V12 *
Jg,-1 = — 9 (\ARP i 22)3/2( B 2(‘ARJ_|2 + 22)) 0,0, =911
(2.26)

where v = pr{ is the cyclotron velocity, ¢, = ¥ (t = 0) is the gyroangle at ¢ = 0,
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and as mentioned earlier we choose ¢t = 0 so that 2%(¢) is an even function of time.
Also we note that |gio| and |go;| are of the order py oc Q' o< B, but |g; | is of
the order p? o< . oc B~2.

Since the time integrals ffooo dtg,., exp(ipr+ivip) turn out to be exponentially
small in the ratio of the slow to rapid timescales we need only to retain the lowest
frequency terms in the sum over p and v. Specifically, we retain the terms with

frequencies [y — Qsl, 2, and s, using Eqns. (2.24) to (2.26) to obtain the results

A(Il — ]2)

¥ 2tz AR, |
= —/Ooe % smgbz(mRL|2 FpIETE cos(Qat)dt

- /Z eQQif Sin 1 (|AR|LA|2Rj |22)3/2 cos(Qt)dt
" /Z (\Afeif\él—tf?)i‘»/? 91292 cos[(€21 — 2)t]
o= )it 2(|A3‘$f{|§|: ki (2.27)
and
AL+ 1)
- /_: e? ?;;22 sin ¢ (|AR‘LA‘2R_: |z2)3/2 cos(Q2at)dt
_ /_C: 627&1 sin ¢, (|AR‘LA\2R_:|22)3/2 cos(t)dt. (2.28)

The integrals carrying cos(€2;t) are proportional to

[T d€cos(kif)
At = [ oy e (2:29)
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while the integral carrying cos[(€2; — €25)t] is proportional to

faltis — Fau) = /°° d€ cos[(k1 — K2)E&] (1 3n ) (2.30)

o PHCOPP 2P+ ()]

where & = vt/b, k; = b;/v), n = |AR_|/b and ¢ = z/b. In terms of these variables,

differential equation (2.23) takes the form

s !

&t e

=1, (2.31)

where (?(0) = max(0,1 — n?). In the next section, we will need the results

2

ez vy . e2 vy .
AL+ 1) = _b_Ql(vi”l sin ¢1)nfi(k1,m) + @(% sin ¢2)n f1 (K2, M), (2.32)
AL = (i ()
1 = o v 1)NJ1\K1, 7
e? V11V12
— ] — 2.
+bQ1Q2 opb fa(K1 — Ko, m) sin(¢1 — ¢2), (2.33)
ez vy . ez v .

(2.34)

In the regime of strong magnetization (i.e., 1 < |k; — Ko| < K1, ko), the
integrals f; and fy are exponentially small, since the integrands are the product of a
rapidly oscillating cosine and a slowly varying function. The rapid oscillation makes
a direct evaluation of such integrals difficult.

In Appendix A, we analytically continue the integrals into the complex £-plane,
making the exponentially small value of the integrals manifest in the integrands them-

selves. This facilitates numerical evaluation of the integrals and yields the asymptotic
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forms

fl(l{jﬂ?) = h1(’fj777)exp[—9(77)’fj]a (235)

folk1 — kal,m) = ha([r1 — kKal,n) exp[—g(n)|x1 — Ka], (2.36)

where

32 dx
|/ N _$2)| (2.37)

is shown in Fig. (2.1). From the numerical evaluations one can see that the quantities
h;(k,n) are neither exponentially small nor large. Also for n = 0, one can show
that h;(k,0) = he(k,0) >~ 87k/9. In the next section, we will need the asymptotic
forms only for small . Fig. (2.2) shows a comparison of the numerical solution for

f1(k,0) = fa(k,0) = f(k) (solid curve) with the asymptotic solution (dashed curve).

10t

8/

am)

Figure 2.1: Graph of g(n).

As expected, the asymptotic forms are exponentially small in the ratio of the
slow to fast timescales. For example, for f; the fast timescale is 74 = Qj_l and the

slow timescale is 7, ~ (m/2)(b/v)) for n = |R.|/b < 1 and 7, ~ |R |/y for n > 1.

Note from Fig. (2.1) that ¢(0) = 7/2 and that g(n) ~ n for n > 1. For f5, the only
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5 10 15
K

Figure 2.2: Values of f(k). Solid line: numerical integration of f(k).
Dashed line: asymptotic expression for large .

difference is that the fast timescale is | — Q|71

For strong magnetization (i.e., 1 < |rk1 — k2| < K1, k2), the asymptotic forms
verify the expected ordering for the changes in the actions (i.e., |[A(l; + )| <
AL, |AL| < 1).

As a check on the accuracy of Eqgs. (2.32), (2.33) and (2.34), we compare
the predictions for A(l; — I) and A(ly + I;) with results obtained by direction
numerical integrations of the equations of motion for some sample collisions. For
these comparisons, we choose my; = my + 0.1m; and vy, = v, = 0.0lv). The

two particles are initially separated by the distance d = 100b and given the initial

relative velocity v, = v \/ 1-b/ \/m . The collision ends when the particles
are again separated in the z-direction by the distance d. The motion is followed with
a sixth-order Runge-Kutta algorithm[40], using a timestep that is sufficiently small
for the error in the total energy to be small compared to the change A(E; + F.5).
The phase angles ¢; are varied to obtain the peak-to-peak variation in A(l; — I)
and A(I; + I3). The solid curves in Figs. (2.3) and (2.4) are the predictions of Egs.

(2.32), (2.33) and (2.34), with numerical evaluation of integrals (2.29) and (2.30), for
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the scaled changes A(I; — I3)/(myv?/Q1) and A(I; + I3)/(mqv? | /Q1), respectively.
The points result from integrating the particle equations of motion. For the collisions
in these figures, 7 is near zero, and ky is varied over a range of values. Of course,
k1 = 1.1k and |ky — k1| = 0.1ke. In Fig. (2.5), k; is fixed at the value 21.0, and 7
is varied. We can see from the figures that our theory matches with the simulation
results as long as magnetization is strong, i.e. x; > 1. Particularly from Fig. (2.4),

it is evident that the theory breaks down when k; goes lower than around 2.

10+

0.1+

10°5¢

[A( 1 2)1/(Myv,%/0y)
o
S
=

10—7 L

10°
0
[k1—k2]

Figure 2.3: Change in cyclotron action difference vs |k; — k2| = k1/11. Here
v =vip = 0.5y and my = 1.1m;.

10—

[uny

0.01

10

AU +H I/, /0Qy)

1076

1078\‘“\“‘\“‘\“‘\“‘\“‘\‘

K1

Figure 2.4: Change in cyclotron action sum vs magnetization x;. Dots:
simulation results. Line: values using numerical integration of fi(ky,n = 0).
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0.012
0.0101
0.008
0.006
0.0041

[A(~12)1/(Mv1%/Qy)

0.0021

0.000t : s ‘ s
0.0 0.2 0.4 0.6 0.8

n

Figure 2.5: Change in cyclotron action difference vs rescaled transverse
separation 7, for k1 = 21 and |k; — k2| = 1.9. Dots: simulation results. Line:
values using exact numerical integration of fo(|rk; — Kal,n).

2.4 Collisional evolution of a plasma

This section discusses the collisional evolution of a two species, strongly mag-
netized, pure ion plasma. Species 1 consists of N; singly ionized atoms of mass m;
and species 2 of Ny singly ionized atoms of mass msq, where |m; —ms| < my, mo. For
simplicity, the plasma is assumed to be uniform and immersed in a continuous neu-
tralizing background charge. A laboratory realization of such a plasma is a thermal
equilibrium, pure ion plasma that is confined in a Malmberg-Penning trap. Plasma
rotation in the uniform axial magnetic field of the trap is equivalent to neutralization
by a continuous background charge.

The plasma is assumed to be in the weakly correlated parameter regime,
e’n'/3 /T < 1, where n is the density[41, 42]. The inequality can be written as
b < n~'/3, so close collisions, which are primarily responsible for changes in the cy-
clotron actions, are well separated binary interactions of the kind considered in the
previous section. Furthermore, the plasma is assumed to satisfy the strong magne-
tization ordering in Eq. (2.2), so all collisions between unlike ions are of the kind

considered in the previous section.
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To understand the final assumption, first recall from Eqs. (2.32)-(2.34) of the
previous section that the change in actions during a collision depends sinusoidally on
the initial gyroangles ¢r; = ¢y;(t = 0). The time between close collisions is much
larger than a cyclotron period, so we assume that the particles enter each collision
with random gyroangles.

Thus, the N-particle dynamics consists of many statistically independent, bi-
nary interactions of the kind considered in the previous section. In this section, we
simply establish a statistical framework to understand the cumulative effect of these
collisions. The derivation follows an approach similar to the Green-Kubo relations[43].

For a collision between unlike particles, we found in the previous section
that the changes in the individual actions are exponentially small, |Al| ~ |AL| ~
O(exp[—m|k1 — K2|/2]), and that the change in the sum of the actions is even smaller
|A(L} + I5)| ~ O(exp[—mk/2]). However, for a collision between like particles, the
change in the individual actions is not exponentially small since €y = Qy and exp[—7/2|x;—
ka|] = 1. Of course, the change in the sum of the actions is exponentially small since
K= K1~ Ky> 1.

Thus, on the timescale of a few collisions, one expects the like particles to
interchange action with each other nearly preserving the sums Z; = Z;V:ll I(j1) and
I, = Z?ﬁz I(j2), where I(j) is the action of the j-th particle of species k (k = 1,2).
Maximizing entropy subject to the constancy of the total Hamiltonian H and the

total actions Z; and Z, yields a modified Gibbs distribution of the form|[13]

1 H
DQ = E eXp[_f‘ - oqu - OéQIQ], (238)

where Z and the thermodynamic variables T|, a; and ay are determined by the
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normalization 1 = [ dI'Dy(T") and the expectation values

Ny
a + /Ty

(Mzz/ﬁ%@%ﬂ%+%ﬁ+@ﬁhﬂ@%+%w (2.40)

(T) = / dI' Do(D)Z;, = (2.39)

Here, dI' is a volume element in the N-particle phase space (N = N; + N;y). The
first three terms in the expression for (H) are kinetic energy terms, whose form
can be understood from the velocity dependence in #H [i.e., ;\7:11 ma(vi; +015)/2 +
Z;.le mo (v, +01;)/2] and in Zj [ie., j.V:’“I miv? ;/(2€%)]. The last term, Ueorr, is the
correlation energy due to the interaction potentials in H. For a weakly correlated and
neutralized plasma, this latter term is small compared to the kinetic energy terms[41],

so we drop this term and use

<m:@%?ﬂ+@m+@m. (2.41)

Because the 7,’s are not exact constants of the motion, the Liouville distri-
bution, D, is not given exactly by Dy. We set D = Dy + Dy, where D; is a small
correction due to the time variation of the Z. Also, the thermodynamic variables, T},
a1 and ap vary slowly in time, and the purpose of this section is to determine that
variation.

To that end, we must evaluate the rates of change

d<dztk> _ /dpaa_lt)zk — /dFD{Ik,’H}, (2.42)
d(H) 0

alrt) /dfa—?H/dFD{H,H} =0, (2.43)
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where {, } is the Poisson bracket, and use has been made of the Liouville equation,
0= % = 88—? + {D,H}, and of integration by parts.
There is a subtle point in the evaluation of the Right Hand Side of Eq. (2.42).

If one were to approximate D by Dy, the resulting integral would be zero

/dFDO{Ik,H} /dPZ T”SZO =0, (2.44)

where 1; is the gyroangle conjugate to I; and use has been made of the facts that
the only dependence on 1y; is in H and that dependence is periodic. The non-zero
contribution to the Right Hand Side of Eq. (2.42) comes exclusively from D;, and to
know D; one must solve the Liouville equation.

We suppose that at some time t — 7, the correction D, is zero and let D,
develop through the collisional dynamics. From the Liouville equation, dD/dt = 0,
one finds that D(¢,T") = Dy[t — 7,I"(I', —7)] where the phase point IV = I'"(I', ¢ — ¢)
evolves to the phase point I' as the time evolves from ¢ to ¢. In evaluating Dy[t—7,1"],

we use H(I") = H(I") and Z(I'") = Zy(I") — 0Zx, where
¢
6Ik - / dt,{Ik7H}|F’(F7t’—t)' (245)
t—1

By hypothesis, Z; changes through a sequence of close collisions entered with
randomly phased initial gyroangles. Thus, one can think of Zy(¢) as a stochastic
variable that suffers a sequence of many small and random changes. The correlation
time for Z(t) is about the duration of a close collision, and the change in Zj,(t) during
that time is small. We choose the time interval 7 to be longer than the correlation

time but still small enough that 6Zj is a small change.
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Taylor expanding Dy[t — 7, '] with respect to the §Z;’s yields the distribution
2 t
D(t,T") ~ Do(t — 7,T") + Z apDy(t —7,T) / dt'{Zp, H}|r 1. (2.46)
h—1 t—7

When this distribution is substituted into integrand (2.42), the first term integrates
to zero according to Eq.(2.44). Since the thermodynamic variables change only by a
small amount during the time 7, Dy(t —7,T") may be approximated by Dy(¢,T") in the

second term yielding the result

(T, 2 b
TS e [ [ar Dy D@ T W g (24T
h=1 t—1

The Poisson brackets in Eq. (2.47) are non-zero only in regions of I'-space
corresponding to close, well-separated, binary collisions. In those regions the Poisson
brackets depend primarily on the coordinates and velocities of the two colliding parti-

cles. Thus, the coordinates of all the other particles may be integrated out, reducing

Eq. (2.47) to the form

d(Zy)
dt

— WP [, 20000 + 120, 1120},

S (k) + 1(2k), H(Lk, 26) =y (3,0 -1)

t
Ny Ny / ar / Ay F (L, Lo){T (L), H (L, 1)},
t—1

AL(Wk), H(1g, L) =y (e —t)

t
+ak/Nka’/ dt//de(lk,1k/){f(1k)aH(1k71k’)}’v
t—1

'{I(lk”)aH(lka 1k’)}|’y’='y’('y,t/7t)~ (248)
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Here k' = 2if k = 1 and k" = 1 if k = 2. The two-particle function F(iy, j,) is obtained
by integrating D(I") over coordinates and velocities for all particles except i) and j,,
and H (ig, j,) is the two-particle Hamiltonian governing the collisions between 75 and
Jq (see Eq.(2.12) of the previous section). The first term in Eq.(2.48) describes a
collision between particles 1 and 2 of species k, and there are Ni(N, — 1)/2 such
collisions. The next two terms describe a collision between particle 1 of species k£ and
particle 1 of species k', and there are Ny Ny such collisions. If for brevity we refer to
particles ¢, and j, as particles 1 and 2, the two-particle phase-space volume element

dry is given by

d’}/ = ledpldZdegdwldfldl/Jgd]Qd}quYldYQdPy2

= (mkmq)3d2d'UZdZd‘/zdw1d1/12UJ_1dUJ_1UJ_QdUJ_Q . Xmd}/ldXQd}/Q, (249)

where use has been made of the definitions I; = mjv?;/(2Q;) and Py, = m;Q;X;,
and where (z,v,) are the relative position and velocity in z and (Z,V,) are the center
of mass position and velocity. These latter two variables do not enter the Poisson
brackets.

Next we argue that the ¢ — ¢ dependence in the dvy-integrals of Eq.(2.48) is
even in ¢’ —¢. From Hamiltonian (2.14), we see that the Poisson brackets in Eq.(2.48)
involve terms of the form g,, explijpy + ivipy]. The dependence on ' — t enters
because the second bracket in each product of brackets is evaluated at the primed
phase point IV = I''(I',# — ¢). When the products of brackets are averaged over
the random initial phases of the gyroangles, the resulting time dependence from the

gygroangles is of the form cos[u(v] — ¥1) + v(Wh — 1)) = cos[(u€2 + vQ) (Y — t)],
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which is even in (# — t). The remaining time dependence comes from the relative
coordinate 2’ = 2/(z,t' — t), which enters g,, (7). From Eq.(2.23), one can see that
#' is unchanged for (t' —t) — —(t' —t) and v — —wv), where v is the value of the
relative velocity v, before the interaction. This is seen most simply for the simple
case where the particles stream without interaction and 2’ = z + v, (¢’ —t). Of course,
f(7) is invariant under the interchange v, — —wv,, so the dvy-integrals are even in
(t' —1).

Thus, the integral ftt_T dt’ in Eq.(2.48), can be replaced by the integral £ fﬁf dt’.
The dt' integral then extends over the full duration of a collision, and Eq.(2.48) can

be rewritten as

d{Zy)
dt
= o [ F 1,20 {100) + 1020, H (1 2015000 + 1),

+akaNk//d7f(1k, L ){T(1x), H((1g, 1)) FAU (18)) (11,0)

+Oék/Nka//d7]:(1k,1k/){f(1k)aH((1ka1k'))}A(I(lk'))(lk,lk/)}a (2.50)

where

t+1
A (1) + 1(2k)) (14.20) 5/ dt'{I(1) + I(2k), H(1, 2%) Hoyr=yr(yr—t),  (2.51)
t

-7

is the change in (I(1;) + 1(2x)) during a collision between particles 1; and 2;. The
quantities A(I(1x))(1,,1,) and A(I (1)) q,,1,,) follow the same notation. These changes
were evaluated in Section II.

Next we note that one coordinate in the dy-integral can be written as a time
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Figure 2.6: A typical trajectory for a collision in the (z,v,) plane. Here b
is the distance of closest approach, and v is the velocity at ¢ = fo0.

integral. Figure (2.6) shows the (z,v,) phase space with a typical trajectory for a
collision. Such a trajectory is described by Eq.(2.23). The dv-integral includes an
integral over the dzdv, plane, and we propose to carry out the integral by arranging
area elements in a sequence along each phase in the trajectory using the incompressible
nature of the flow, dz'dv. = dzdv,. Along the trajectory, the two-particle distribution
F is a constant, so it may be evaluated at some starting area element before the
interaction, say at dzdv,. At this starting element we set dz = |v,|dt, where |uv,|
is the initial relative velocity defined in Eq.(2.23). Thus for each element along the
trajectory, we have the integration element dz'dv, = |v,|dtdv,. The time integral dt is
an integral of the Poisson bracket along the trajectory, that is, over the course of the

collision, and yields the change in the actions during the collision. Thus, Eq. (2.50)
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reduces to the form

d%) B %{O‘kw / AFOIAI (1) + 1(2)) 1,002

S ap NNy / FFOIAT(LD) 1)

rawNeNe [ FOIAI1) 00 AT} (252

where F© is the distribution evaluated at a phase point before the interaction and

dy
i o= =L
7 dt

= (mkmq)g\UZ|dvdeded?ﬂldwgvj_ldvuvudvu : dX]_d}/]_dXQdY'Q (253)

Here the subscripts 1 and 2 stand for i and j, as in Eq. (2.48).

In this same notation, the distribution before the interaction is given by

H(1,2
.;C(O) == C’exp[— (jﬁ’ ) - 041]1 - 04212], (254)
I
where C' is a normalization constant and
m m
H(1, 2) = 7’“(@31 + Uil) + 7'1(032 + UiQ)
2 2 2 2
PegVs | MgV mEU, | MgVl
) 2.55
2 2 + 2 + 2 ( )

Here pix, = mgmy/(my+my) is the reduced mass and My, = my+m,, is the total mass
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of the two particles. From the normalization [ dyF ) =1, we find the distribution

F(O) _ 1 A/ mkmq mkmq

LG(mkmq)3(27r)2 27TTH TJ_kTJ_q
[ikqV2 _ My, V7 B myvt, _ mgvly
2T, 21, 2T, 2T,

exp(— ), (2.56)

where L? is the volume of the plasma and 7', = T} /(1 + o T} /).
It is convenient to define the relative, parallel thermal velocity of a species ¢

particle and a species j particle as

Vij = —_—, (257)

and the magnetization of a species-i particle in interaction with a species-j particle

as
b
/_iij - — (258)

Uij

where the distance of closest approach is b = 2¢?/ 1.

Note that because of this definition the &;;’s are related to ki; by ratios of

_ _my 2mz/m1
S o= Ryl [T 2.
Fi = RN T mafmy) (2.59)

1masses:
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Specifically,

_ — Miyi/9
= - 2.60
R22 lfu(mz) ) ( )
2
Ri2 = Ki4|—"7, (2.61)
(1+m1/m2)

_ _ma 2
d = —_— . 2.62
anc fzi "\ (T + mafma) (2.62)

According to Eq. (2.32)-(2.34), the change in actions depend on the initial
gyroangles ¢; and ¢o. Along any trajectory of the kind shown in Fig. (2.6), the
gyroangle ¢; differs from the ¢; in the differential for d7y only by a constant, so we
can replace di1diy in the differential with d¢d¢,. Also, the change in actions depend
on X1,Y1, Xo, Y, only through n = |AR|/b, where |[AR, > = (X} — X5)? + (V1 —
Y5)?, so in the differential dy we set dX,dY1dX,dYs = 27b?ndndX,dY;. The integral
over dZdX,dY, then trivially gives a factor of L3. The change in actions does not
depend on V,, so the V, integral yields /27T, /Mj,. When substituting Eq.(2.56) for
FO)(1,2), one must be careful to identify the species of particles 1 and 2. For example,
in the first term of Eq. (2.52) both 1 and 2 are of species k, and in the second and
third terms, particles 1 and 2 are of species k£ and k. Making these substitutions and

using the relations 7, = N1 1, /0, and o,/ = (1/T'1, — 1/T)) yields the result

dTyy
dt

Nor ;o
T PRM A ()]

= (T — Tos) b -
my,

Ay (Fékk) + nkfl_)%kk/ .

I (ozk - Ozk/)TJ_kTJ_k/ M}%k’ nk/b%kk/ V2T
Qk;’ mpmy. Rkk,/%k/k 2

\ 2T
4

Ao(|Rpr — Rrrel)s (2.63)
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where

_ X do [ K o2
Ai(R) = /O 7/0 ngdnff(g,n)e /2 (2.64)

B 0o oo B .
Ao(R) = / d0'<73/ ndnfy(—.me 2, (2.65)
0 0

In Appendix A, we obtain the large k asymptotic limits

Ai(R) = 3.10r™7/1BedBTR77/6 (2.66)

Ay(R) = B3.87RI3/15c—36mR)?7/6 (2.67)

For the strong magnetization ordering x;; > |R12 — R21| > 1, we note that Ay (R;;) <
Ay (|R12 — Rarl).

Here, the last term on the Right Hand Side of Eq. (2.63) describes the rapid
relaxation where particles of species k collide with particles of species k" and exchange
cyclotron actions. As one would expect, this term is proportional to (o — ) and
vanishes when oy = ay. The first term describes the slow relaxation where the total
cyclotron action is broken and liberated (or absorbed) cyclotron energy is exchanged
with parallel energy. As one would expect, this term is proportional to 7} — 1", and
vanishes when T = T';. Note here that (T} — T;) is proportional to ay, so one
may equally say that the term vanishes when a; = 0. Also, note that when the two
species are the same (i.e. when k = k') and when ay, = «y, the rate equation reduces
to that obtained in the work of O’Neil and Hjorth[9]. Finally, we will argue in the
next section that Eq. (2.63) is an easy place to generalize the treatment to more than
two species. One simply sums k' over all species except k' = k.

Next we introduce scaled variables. The thermodynamic variables T}, a; and
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«p are the three unknowns, which we scale as ’f” =T)/Tjo and &, = oy Tjo/€h, where
Tjo = T)(0) is the initial value of Tj. An equivalent set of thermodynamic variables is
the three temperatures 7}, 1’1, and T’ 5; we scale the perpendicular temperatures as
Ty = Ty x/Tjjo- &y and T\, are related by dy = (mq/mg)(1/T 1), — 1/ﬂ|). The actions
are scaled as () = (Zi) (S /Tjjo). We introduce a scaled time ¢ = tnb3vi; o, where
again subscripts zero refer to initial values and nb*v11 = nbZvi10(T)o/T))** The
magnetization parameter &;; is already dimensionless, but does have a temperature
dependence &;; = F&ij0(Tjo/T))*?. Following the same notation, we write density
ratios as 1 = ny/n The scaling removes dependence on the total density n, and
dependence on B enters only in the combination with Tj through the magnetization
parameter Ki1. As we will see, the solution depends only on the initial values of the
scaled thermodynamic variables, the initial magnetization strength k19 = Q1by /11,05
the mass ratio my/ms, and the density ratios ny = ng/n.

In terms of these scaled variables Eq.(2.63) takes the form

dTJ_ N Gk N R f(k mq
— = |apy— + (o, — ap ) —|—, 2.68
pn [knk (o k)nk]mk (2.68)

where

N TJJ{: mig 3/2V 27T N _ A A 2 -
G = —= (=YX ZD2A 1y | —A / 2.69
: TH1/2 (m1> g el (Fae) + T [ 1 ey 1(Frw)] (2.69)

regulates equipartition of T, with TH on the slower timescale, and

[A(k = —Ti‘kgj/zcl Mg 27 . Mk T g 2m . A2(|Rkk_,2_ Rk,kD (2.70)
mi My~ My + Mg K11
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regulates equipartition of o with aj on the faster timescale. The statement of

conservation of energy in Eq.(2.41) can be rewritten as the relation

Ty() = 1+ 2{i[T0a(0) — Tur ()] + na[T0a(0) - Tuia(®)]}. (271)

This equation plus Eq.(2.68) for £ = 1 and 2 and the relation &, = (ml/mk)(l/TLk —
1/ T||) determine the evolution of the three unknowns 7}, 7' 1 and 7’5 (or equivalently
Ty, oq and ay).

To obtain equations for &, (t) and ds(t) alone, we combine Eq. (2.68) with the

relations

—t = (=l -, (2.72)
dt my 1?2 dt T dt
I 1k
]_ dj—‘” N dTLl A dTLQ
= ——F n — + No———. 273
2.di ' di 2 di (2.73)
The result is
d& . . A R
d—t} = —UV111 — V190l — Fl(Oél — 062), (274)
d& . .. A R
d; = —Unly — Daaby — I'a(G — &), (2.75)
where the 7;;’s and the fk’s are given by
§;:m? 2m? -
Py = (L + )Gy, (2.76)
T°%.0,m?> T?m;m;
Li i I j
. 2 2(1 — I
Iy = i (L= m/mi) K, (2.77)

M a2 12,,2 /0,2
T e, TH mi/mj
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and Ty, = T“/(H—dkﬂ‘mk/ml). In these coefficients, TII (t) and T’ 4(t) are determined
by Eq. (2.71) and the relation 7', = TH/(l + dkT”mk/ml).

Analytic progress in solving Eqs. (2.74) and (2.75) is possible in two separate
limits. We first discuss the solutions in these limits and then solve the equations
numerically for various values of the parameters, verifying the limiting behaviors
expected from the analytic solutions.

For sufficiently strong magnetization, the K, and Gj integrals satisfy the in-
equality K 1, Ky > Gl, Gg, and the collisional relaxation takes place on two timescales.
By subtracting Eq. (2.75) from Eq. (2.74) and neglecting Gy and G compared to

K 1, KQ, we obtain the equation

L (a1 — o) = — (1 — Gn), (2.78)

where

D, = [y +1y

- 1 1 2 2(1— 2
— Ry b oy 2 m/me) (2.79)
Tiim TTyng e T

is the rate at which &; and &5 relax to a common value &.
At a slower rate, & relaxes to zero. To obtain this rate, we multiply Eq. (2.74)

by I'y and Eq. (2.75) by I'; and add to obtain the result

A

fg_A + Fl f - —fg(ﬁlléél + ﬁ12(362) - Fl(ﬁ21(361 + 1;226[2). (280)

The large quantity K enters the fj on both sides of this equation and cancels, leaving
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a slow rate of order @j. Setting &; = &s = & then yields the equation

da
R 2.81
M 2.81)
where
L 1Aﬂz(ﬁn + 12) fl(ﬁm + 122)
v, = = = + = =
Fl + FQ Fl + F2
m 2Im2, 2my/mp(my/mp — 1), 2my/mi(1+mq/my)  m2/m2. .
{Z ; Ak 2 Il 2 * A;Ak]Gk}
k=1 Tuc/”k’ TII TH T3,
1 m2/m3  2(1 —my/msy)?
[+ A12/A2+ ( A;/ 2) ]t (2.82)
Tiim Toyng T

is the rate at which & decays to zero, and hence from the relation ay, = (my /my)(1/TL—
1/T||), the rate at which 7', and T4 approaches TH'

Of course, this approximate solution is only accurate to order |G,/Ky| < 1.
For example, &1 (t) — ao(t) does not decay to exactly zero during the first phase of the
evolution but rather to the small value (& —da) = [(Dag+ D91 — D11 —ﬁlg)/(fl +f’2)]d
O(G;/K)a < & One can understand this by setting dé, /df, day/df =~ 0 in Egs.
(2.74) and (2.75) and solving for &; — do.

Another analytic solution is possible when &; and & are small, and Eqgs. (2.74)
and (2.75) may be treated as linear coupled equations with constant coefficients v;;
and f‘j. In these coefficients, one must set T|| = TM = TAM = T. A normal mode

analysis[36] then yields the solution

1 - 1 -
—o, | T|eStron St (2.83)
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where C'; and C_ are constants determined by the initial values &;(0) and &»(0), the

damping decrements S'+ and S_ are given by

Sy = 5{—(1/22 + 0y + Ty +Ty) £ (Do + 011 + T +1)?

—4[(D11099 — Dyal9y + (D11 + ﬁ1z)f2 + (D2 + ﬁ21)f1)]]l/2}7 (2.84)

and the eigenvectors by

14 'y — o ap— 'y — o

_ , _ , (2.85)
652+ S+ + ﬁll + Fl dz_ S_+ 1911 + Fl

In the strongly magnetized limit where fj > U;j, we recover the previous

solution. The damping decrements are approximately

: SR D11 + 012)Ds + (P20 + Do1)T
S—ﬁ—(r1+F2),S+:—( 11 12)A2 (A22 1)1
'y + 1

, (2.86)

in agreement with Egs. (2.79) and (2.82). In this limit, the |+) eigenvector is propor-

tional to
Ay 1
= , (2.87)

1 ('}11+')}2_?21_'>22)
- I'1+T2

Qo
and [ (t) — @o(t)] evolves to near zero on the timescale S=' ~ 1/(T'; + I'y). As
mentioned earlier, the correction is of order (017 + D4 — D9y — ﬁgg)/(fl + fg) ~
O(G,/Ky) < 1.

When the T'’s are comparable to the 7;;, the separation in timescales between
§+ and S_ no longer exists. This is the case when magnetization is low or the ion

mass difference between the two species is large. However, we note again that our
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rates only apply to the strong magnetization regime |Ris — Fo1| > 1. If magnetization

is low and |R12—FRa1| S 1, the timescale in which particles of different species exchange

cyclotron action is comparable to the timescale of a few collisions. Over this timescale,

the distribution would not be cast into the modified Maxwellian in Eq. (2.38) as

assumed.

We convert the rate equations back to unscaled version for easier reference,

using the definitions of the scaled physical quantities. The unscaled version of Eqn.

(2.74) and (2.75) is

da
d_k = — gy — Vg — Do — agr),
t
where
QQle Qiékl
V% = G )
ki ( nTHQ nkak) g
Q2 200 (s — )
Iy = | 2 2
LTy, nTII
and
T - V27 7
G = “ij [nib@kk 3 Al(Rkk) + Mg D0ry
k

TJ_k-TJ_k/ ,uik, nknk/bzﬁkk/ V2T

Ky

Qka/ T g Rkk/r{,k/k 2

Then in the first stage of equilibration,

d
dt

— (1 — @) = —ve(a1 — ay),

]k?

Ao (|Fprr — Bpriel)-

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)
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where
Q% Q% 2(2y — 92)2

2 2 2
mT7,  nT7, nTH

Va = | K. (2.94)

And then in the next stage of equilibration, where a; = o = ap,

d
d—j‘ S (2.95)
where
. Lo(vin + v12) + Ti(ver + vag)
b T, + 1,
_ [22: (QQk/(Qk, —) 0 20+ ) Q2 G
—1 nTH2 nk/Tfk, nT”2 nkTEk
02 02 2(0; — Q)2
. 12 22 ( 1 2) 71' (2.96)
mTi;  ndi, nT

Next we consider three numerical integrations of (2.74) and (2.75). For both
the first and the second integrations, we choose n; = ny = 1/2 for convenience, and
ms/my = 25/24, as that is the mass ratio of two common constituent ions in a pure
ion plasma, namely Mgs, and Mgj,[11, 12]. For all the cases, the lighter ion has a
mass of m; = 24m,,, where m, is the proton mass. We choose the total density to
be n = 10° cm™3. The parallel temperature T is assumed to be in the range where
the plasma is weakly correlated, i.e., Ieon < 1, Where Loy = (4mn/3)V3e?/T) is
the coupling parameter[41]. This requires 7 > 1.1 x 107° eV. We also choose the
magnetic field to be B = 60 kG, a value that was realized in past experiments[7, 6].

The first integration is for a case of strong magnetization k319 = 80.0 and
correspondingly Ki20 — K210 = 3.2. The initial parallel temperature Tj, under this

value of Fy1 is 4.5 X 107° eV. With this temperature, the system has a weak cor-
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relation of I'.,,; = 0.24. For such a density and temperature, the collision rate is
nbivy 9 = 7.7 x 10® s71.  Also, the initial scaled perpendicular temperatures are
taken to be TAM,O = 0.5 and TLQ’O = 0.25. The evolution of &; and &, is shown
in Fig. (2.7) and of T\1,T1; and TH in Fig. (2.8). In this case, the separation of
timescales is clearly apparent. &; and as evolve to a common value in a time of
10 s and then evolve to zero in the longer time of 1000 s, or 17 minutes. Note in
both figures that the abscissa is a logarithmic scale. As T decreases during the final
relaxation, the magnetization k1 TH73/ ? rises and the equipartition rate, which has
the exp[—5(37rf%?{5) /6] dependence, is exponentially suppressed. This accounts for
the fact that the final equipartition takes place over a long three decades of time. In
Fig. (2.8), the temperatures T11 and T\ have slightly different values even after &;
and &y have reached common value because of the mass dependence in the relation
Ty = T”(l + dkﬂmk/ml). Note that the correction in Eq. (2.87) is not visible on
the scale of the figures.

The second case, as shown in Fig. (2.9) and (2.10), is for a case where the
initial parallel temperature is lower than the perpendicular temperatures, but the
magnetization and ion masses stay the same as in the first case. The first equipartition,
when &; and &y are approaching to the same value, has similar duration as in the
previous case, but the final equipartition occurs over an exponentially much shorter
duration of 20 s than in that previous case, as the increase in parallel temperature
speeds up equipartition exponentially.

The third integration is for a case of strong magnetization, but large ion mass
difference between the two species. Ri19 = 80.0 and K129 — Ro10 = 24.7, with a

choice of my/m; = 1.4. The values of n and T)o are the same as in the previous
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cases. In this case, the rate 7, ~ O(exp[—5(37|Ri2 — Ko |*®)/6]/K?,) of the first
equipartition is comparable to the rate 7, ~ O(exp[—5(37r/%f{5) /6]) of the second
stage. The thermodynamic variables &; and &y decay to zero without equilibrating

first to a common value, and the temperatures T”, TM and TLQ converge to the same

value, as in Fig. (2.11) and (2.12).
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Figure 2.7: The time evolution of &; and &y 7f0r the case of K119 = 80.0,
mo/m; = 25/24 and n; = ny = 5. Here nb3vy 0 = 7.7 x 10® s7! and
Tjo = 4.5 x 1077 V.
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Figure 2.8: The time evolution of TLl? TJ_Q and f” for the case of K119 = 80.0,
mo/m; = 25/24 and n; = ny = .5. Here nb3vy 0 = 7.7 x 10® s7! and
Tijo = 4.5 x 107° eV.
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Figure 2.9: The time evolution of &; and &y _for the case of K110 = 80.0,
mo/m; = 25/24 and n; = ny = .5. Here nbivy; 0 = 7.7 x 10® s7! and
Tjo = 4.5 x 107 eV.
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Figure 2.10: The time evolution of TM, ]12 anq TH for the case of K119 =
800, mg/ml = 25/24, and le = ﬁQ = .5. Here nbgﬂlm =7.7x 105 s~ and
Tjo = 4.5 x 107° eV.
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Figure 2.11: The time evolution of &; and &y for the case of K110 = 80.0 and
|I?621’0—/_i12,0| = 24.7. Here mg/ml = 14, TAll = flz = .5, nbgﬁn,o =T7.7x 103 S_1
and Tjo = 4.5 x 107° eV.
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Figure 2.12: The time evolution of TM, ]12 and TH for the case of Ri10 =
80.0 and |l_€21’0 - :‘2}1270| = 24.7. Here WLg/ml = 14, le = ’ﬁ/2 = .5, nbgﬁn,o =
7.7 x 103 s7! and Tjo = 4.5 x 1075 eV.

2.5 Discussion

The analysis of Section III assumes that the ion plasma is immersed in a
uniform neutralizing background charge. For the case of a single species ion plasma,

a laboratory realization of this simple theoretical model is a pure ion plasma in a
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Malmberg-Penning trap[44]. Rotation of the plasma in the uniform axial magnetic
field of the trap induces a radial electric field and a radial centrifugal force that can be
thought of as arising from an imaginary cylinder of uniform neutralizing background
charge[41, 45]. The Gibb’s distribution for the magnetically confined single-species
plasma differs only by rigid rotation from that for a plasma confined by a cylinder of
neutralizing charge[41, 45].

However, there is a caveat to this equivalence for the case of a pure ion plasma
with different mass species. The rotation can give rise to centrifugal separation of
the species[11, 46, 47]. A parameter that determines the degree of separation is
the quantity w?|my — m1|r§ /T, where w is the plasma rotation frequency and 7, is
the radius of the cylindrical plasma column. We assume that this quantity is small
compared to unity so that centrifugal separation is negligible and the equivalence
is preserved. Note that w varies inversely with magnetic field strength[41], so small
w?|my — ma|r2 /T can be consistent with strong magnetization.

For a plasma in a Malmberg-Penning trap, the Hamiltonian H and the actions
7, are to be interpreted as the Hamiltonian and actions in the rotating frame of the
plasma. To be precise, the actions are defined in the local drift frame[48], but for
the plasmas of interest, the difference between the local drift velocity and the local
plasma velocity (i.e. rw) is negligibly small, that is, small compared to the thermal
velocity.

Another caveat concerns the statement of conservation of kinetic energy in Eq.
(2.63). In some experiments heating processes have rates that are comparable to the
rate at which the a4’s relax. If the heating process is understood and the rate can

be quantified in a formula, the heating rate should replace the zero on the Left Hand
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Side of Eq. (2.73). Alternatively, one can proceed empirically and measure 7Tj(¢),
say using Laser Induced Fluorescence[44], and then use Eq. (2.63) to determine the
evolution of T 1(t) and T 5(t), or equivalently of a;(t) and as(t). Of course, the
relaxation of the a’s can occur on two timescales, and it may be that the heating is
negligible for the relatively rapid relaxation of ay(t) and as(t) to a common value,
but not negligible on the longer timescale where that common value relaxes to zero.
Finally, there is the question of how the theory should be generalized for the
case of three or more isotopic ions. In the discussion following Eq. (2.63), we noted
that this can accomplished by summing the Right Hand Side over k' for k' # k. In
terms of scaled variables, one can sum over k' for subscript &’ # k on the Right Hand
Side of Eq. (2.68). Note that subscript &’ is also implicitly hidden in the expressions
(2.69) and (2.70) for Gy and Kj. Eq. (2.68) then provides k equations for the 7' 4.
Also, Eq. (2.73) for conservation of energy must be modified by summing over terms
for each T ;. This generalization is valid because we keep the assumption of the
dominance of uncorrelated binary collisions, among particles of all the k species.
Chapter 2, in full, is a reprint of the material as it appears in Physics of
Plasmas. C.Y. Chim, T.M. O’Neil, D.H.E. Dubin, Physics of Plasmas 21, 042115

(2014). The dissertation author was the primary investigator and author of this paper.



Chapter 3

Flux-driven algebraic damping of

m = 1 diocotron mode

3.1 Abstract

Recent experiments with pure electron plasmas in a Malmberg-Penning trap
have observed the algebraic damping of m = 1 diocotron modes. Transport due to
small field asymmetries produces a low density halo of electrons moving radially out-
ward from the plasma core, and the mode damping begins when the halo reaches the
resonant radius » = R,, at the wall of the trap. The damping rate is proportional
to the flux of halo particles through the resonant layer. The damping is related to,
but distinct from spatial Landau damping, in which a linear wave-particle resonance
produces exponential damping. This paper explains with analytic theory the new alge-
braic damping due to particle transport by both mobility and diffusion. As electrons
are swept around the “cat’s eye” orbits of the resonant wave-particle interaction, they

form a dipole (m = 1) density distribution. From this distribution, the electric field
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component perpendicular to the core displacement produces E x B-drift of the core
back to the axis, that is, damps the m = 1 mode. The parallel component produces

drift in the azimuthal direction, that is, causes a shift in the mode frequency.

3.2 Introduction

Diocotron modes are dominant features in the low frequency dynamics of non-
neutral plasmas confined in Malmberg-Penning traps[14, 15, 16, 17]. In an ideal limit,
these modes involve only cross magnetic field E x B drift motion and are described
by the drift-Poisson equations[14]. These equations are isomorphic to Euler’s equa-
tions for the ideal (i.e., incompressible and inviscid) flow of a neutral fluid, and the
diocotron modes are analogues of a Kelvin modes on a fluid vortex[18, 19].

There has been much previous work on diocotron mode instabilities[15, 20, 21,
22] and on diocotron mode damping[18, 19, 23, 24, 25, 26]. This paper focuses on
damping.

Previously identified damping mechanisms include a spatial version of the Lan-
dau resonance[18, 23], the rotational pumping of bulk viscosity[24, 25], axial velocity
dissipation on a separatrix for plasma columns with trapped and passing particles[27],
and a strong damping mechanism when the radial magnetron field from end cylinders
dominates over the radial space charge field[26]. The Landau mechanism fits into
the ideal 2D E x B drift framework, but others, such as rotational pumping, involve
physics beyond the ideal model.

This chapter discusses a damping mechanism that is a close cousin of Landau
damping, so we begin with a review of the spatial Landau resonance.

The nonneutral plasma column is immersed in a uniform axial magnetic field
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Bz, has a radial space charge electric field E(r)r, and consequently undergoes an
azimuthal E x B drift rotation. Here, (r,0, 2) is a cylindrical coordinate system with
the z-axis coincident with the axis of the trap. We consider the plasma column to be
a pure electron plasma in this paper.

A diocotron mode of azimuthal mode number m can experience a resonant
interaction with the rotating plasma flow at a critical plasma radius Re(m), where
Wi = Mwg[Ries(m)]. Here, m is the azimuthal mode number, w,, is the mode fre-
quency, and wg(r) = —cE(r)/Br is the local rotation frequency of the plasma.

Linear mode theory[18, 19, 23] predicts that this spatial Landau resonance
produces exponential mode damping when the slope of the radial density distribution
is negative at the critical radius, and this damping has been observed experimentally
for low order azimuthal modes with m > 1[23].

The m = 1 mode is special in that the resonant radius is at the wall where
typically there are no particles. It was long thought that an m = 1 mode would not
experience damping due to a Landau resonance[18].

However, recent experiments[2] have observed a novel algebraic damping of
the m = 1 mode, which we believe is a close cousin of Landau damping. In these
experiments, transport produces a low density halo of particles that gradually extends
out from the plasma core until it reaches the wall. The algebraic damping begins when
the halo reaches the resonant region (the wall for m = 1), and the damping rate is
proportional to the flux of particles through the resonance.

The theoretical picture that we envision for this flux driven algebraic damping
is similar to, but distinct from, spatial Landau damping. In both cases, the damping

results from an interaction of the mode field with resonant particles, but the particu-
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lars of the interactions are very different in the two cases. In spatial Landau damping,
the resonant particles are present before the mode is excited, and the damping results
from a mode-driven rearrangement of particles near the resonant radius. The analysis
is linear and leads to exponential damping.

In contrast, for the new flux-driven algebraic damping, there are no particles
initially at the resonant radius. The transport gradually brings particles to the reso-
nant radius, and the mode field then sweeps the particles around the nonlinear cat’s
eye orbits to a scrape-off layer, causing the damping.

As will be discussed later, the scrape-off layer is a thin region adjacent to
the wall where guiding center drift theory breaks down and particles (electrons) are
rapidly absorbed by the wall. The scrape-off layer is at least as thick as a cyclotron
radius. We will assume that the thickness of the layer is much smaller than the mode
amplitude.

While the new theory can be described within a 2D flow framework, the trans-
port and the truncation of particle orbits by the wall are non-ideal elements beyond
the E x B drift description.

The paper that reported the experimental results on the new damping also
included a short theoretical explanation[2, 3]. To help understand this theory consider
Fig. 3.1, which shows the cross section of an electron plasma column that has been
displaced off the trap axis through the excitation of an m = 1 diocotron mode. The
displacement is of magnitude D and direction # = 0. The gray lines are equipotential
contours as seen in the mode frame. In this frame the E x B drift flow is along
the equipotential contours. The orange shaded region represents the relatively high

density plasma core. In this region, the mode potential can be described by linear
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theory, and the equipotential curves are simply displaced circles. The resonant region
is near the wall, and there nonlinear effects distort the circles. Near the left side of
the figure are the “cat’s eye” orbits, which describe the motion of particles that are
trapped in the wave trough. In order to make the “cat’s eye” orbits easier to see in
Fig. 3.1, the ratio of the displacement to the wall radius (i.e. D/R,,) was taken to
be the largest of experiment values at 0.1.

In addition to the Ex B drift flow, there is a slow transport flow. The transport
produces a low density halo that gradually extends out from the plasma core. A given
particle slowly spirals out, moving successively from one contour to another of larger
radius.

The green dot-dashed equipotential contours in Fig. 3.1 is the critical contour
that just misses the blue dashed scrape-off layer at # = 0. When transport moves
an electron through this critical contour, the electron hits the scrape-off layer and is
absorbed by the wall before returning to § = 0. The red solid curve in Fig. 3.1 shows
the trajectory of such an electron.

The previous theory focuses on the transfer of canonical angular momenta
from the plasma core to such electrons. In the guiding center drift approximation,
the canonical angular momentum for an electron in the uniform magnetic field of
the trap is simply Py = eBr?/2c, where the radial position r is measured from the
center of the trap, B is the magnetic field strength and e = —|e| is the electron
charge[28, 29]. When an m = 1 diocotron mode is excited, the plasma core is displaced
off the trap axis by a small amount D, and the core canonical angular momentum per
unit length is changed by N(eB/2c)D?, where N is the number of core particles per

unit length[23]. This change in angular momentum is called the canonical angular
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Figure 3.1: Cross section of the electron plasma column in a m = 1 mode.
The orange shaded region is the plasma core. The gray lines are equipotential
contours in the mode frame. The blue dashed curve is the scrape-off layer.
The green dot-dashed curve is the critical contour. The red solid curve is a
particle trajectory.

momentum of the mode.

When an individual electron E x B drifts in a nearly circular orbit around
the displaced center of the plasma core, the radius of the electron measured from
the center of the trap oscillates by order Ar ~ D cos[f(t)]. Thus, the electron con-
tinually trades angular momentum back and forth with the core, or equivalently
with mode. However, the orbit for an electron that crosses the critical contour is
truncated by the wall, so there is a net change in angular momentum. Since the
thickness of the “cat’s eye” orbit is of order D, the net change in angular momentum
is of order APy ~ (eB/2c)[R? — (R, — D)?] ~ (eB/c)R,D. More precisely, the

previous derivation[2] obtained the average change in canonical angular momentum
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(APRy) = (2/m)(eB/c)Ry,D.
Balancing the rate of change of the mode angular momentum against the rate
of change of halo particle angular momentum yields the equation

+ 1% ap) = o, (3.1)

d  _eB dN
dt

where |dN/dt| is the rate per unit length at which halo particles pass through the

resonance to the wall. Substituting for (AFy) yields the damping rate equation

dD 2 1|dN
= Z_|Z R, = —, (3.2)

dt w7 N|dt
with a solution of linear algebraic damping D(t) = D(0) — ~t.

This simple result captures the experimental observations that the mode am-
plitude decays as a linear function of time and that the magnitude of the damping
rate is proportional to the flux of halo particles through the resonant layer. The
predicted magnitude of the damping rate is about half the measured rate.

Although this simple derivation has the advantage of brevity, it leaves ques-
tions unanswered. For example, given that the resonant particles cause mode damp-
ing, do they also cause a mode frequency shift? Also, why focus exclusively on the
thin ribbon of electrons beyond the critical contour, when there are many more res-
onant electrons? Is it really true that the mode transfers zero net angular angular
momentum to these other resonant electrons?

A conceptual issue is the use of angular momentum balance. In fact, the
total angular momentum for the plasma core and halo is not conserved. Transport

continually changes the angular momentum of the halo particles as these electrons
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move out radially.

Also, the simple theory is implicitly based on a zero-diffusion model; the trans-
port is assumed to be due exclusively to mobility. Unfortunately, the zero-diffusion
model leads to an infinite density gradient at the leading edge of the halo, and such
a gradient cannot be maintained in the presence of even a small diffusion coefficient.
For the experimental conditions, diffusion affects the orbits of all the particles deemed
responsible for damping in the simple theory. Indeed the whole idea of well-defined
orbits looses meaning in the face of such diffusion. The orbits are diffusively broad-
ened.

What is needed is a new, more rigorous theory based on a solution of the
coupled Poisson and transport equations. Such a theory talks about an evolving
density, rather the particle orbits, and makes no assumption about conservation of
angular momentum.

We note at the outset, however, despite the problems listed above, the damping
rate given in Eq. (3.2) will survive in the new theory, provided that the diffusion
coefficient is sufficiently small, as defined by inequalities given later. The simple
theory needs a more rigorous backup, indeed is wrong in detail, but captures the

essence of the physics. The new theory does predict a frequency shift

32 ecD
== p0
Aw 3 an (Ry), (3.3)

where n(%)(R;) is the unperturbed density in the resonant region of the halo.
The new theory preserves an important simplification of the traditional linear
theory for an m = 1 diocotron mode[21]. For any unperturbed density perturbation

n©(r) that is monotonically decreasing in r and goes to zero for some r > R,,, the
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mode perturbation results from a uniform displacement D of the plasma column off
the trap axis. The displaced column produces an image in the conducting wall, and
in the linear limit (i.e. D/R,, < 1), the electric field from the image is uniform over
the whole column, producing a uniform E x B drift of the whole column transverse
to the displacement D. This uniform motion of the column around the trap axis is
the mode.

In the traditional theory, there are no resonant particles near the wall, but the
theory presented here must include such particles. Moreover, the perturbed charge
density of the resonant particles produces an electric field that acts back on the
plasma core, and one might worry that this field would spoil the picture of uniform
core displacement. However, that is not the case.

The resonant particles are well outside the plasma core, so the field from the
resonant particles is a vacuum field in the region of the core. The dipole portion of
this field is the portion that drives the mode resonantly, and a dipole vacuum field is

uniform. Recall that a dipole vacuum potential can be written in the form

S (r,0,t) = —0E,(t)r cos — §E,(t)rsin, (3.4)

where §F,(t) is the uniform field along the direction § = 0 and §E,(¢) is the uniform
field along # = 7/2. We assume that the halo density is small, so the uniform field
dE,(t)Z + 0E,y is a small increment to the uniform field from the image in the wall
and produces only a small increment in the uniform drift velocity of the core. Thus,
the core perturbation is still a uniform displacement.

In Section 3.3, the damping rate D and the frequency shift Aw are obtained

as Green’s function integrals over the perturbed charge density in the resonant region.
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To obtain these integral expressions, the perturbed charge density of the core is taken
to be of the form arising from a uniform displacement.

The integral expressions can be rewritten in the form
. C C

which yields a simple physical interpretation. The component of the uniform field
from the resonant particles that is transverse to the displacement (0E,) cause an
E x B drift motion of the core back toward the trap axis, that is, a damping of the
mode. Likewise, the component of the field along the displacement (§E,) causes an
increment to the E x B drift velocity around the trap axis, that is, a mode frequency
shift.

A second re-writing of the integral expression for D clarifies the issue of angular
momentum conservation. The equation can be re-written as a statement that the
torque exerted by the core on the resonant particles is equal and opposite to the
torque exerted by the resonant particles back on the core. Two opposing torques
are equal and opposite even if a third torque (say, due to the transport) acts. The
treatment based on Poisson’s equation correctly, and automatically, focuses on torque
balance, rather than angular momentum balance.

For the conditions of the experiment, we will see that the transport caused
change in angular momentum of electrons being swept to the wall is small compared
to the change caused by the mode field, so the angular momentum balance is approx-
imately correct. Nevertheless, the calculation of the damping rate should at least
start from a rigorous foundation based on torque balance.

To obtain explicit expressions for the damping rate and frequency shift, the
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transport equation must be solved for the halo density distribution in the resonant
region and the result substituted into the Green’s function integrals. As a first step,
the transport equation is discussed and simplified in Section 3.4.

Note that the halo evolution takes place in two stages. First the halo extends
radially outward until it reaches to the wall. At the wall, the electrons are continuously
absorbed, and a quasi-steady state density distribution is established. We calculate
the damping rate and frequency shift for this density distribution.

Section 3.5 obtains simple analytic expressions for the density distribution,
damping rate and frequency shift by using an idealized transport model: zero diffusion
coefficient and constant coefficient of mobility. The E x B drift flow and mobility flow
are then both incompressible and can be incorporated in a Hamiltonian description of
the electron orbits. This idealized model implicitly underlies the simple theory[2, 3],
but leads to an infinite density gradient at the leading edge of the halo, which is
untenable.

Section 3.6 includes the effect of diffusive broadening at the leading edge gra-
dient. For the conditions of the experiments, the broadening substantially modifies
the density distribution and the orbits in the region that determines the damping
rate, so one might expect that the answer for the damping rate would be substan-
tially changed. However, the Green’s function integral for the damping rate can be
rewritten in an approximate form that involves only the flux entering the broadening
layer, and this form again yields the zero-diffusion damping rate in Eq. (3.2). The
approximation requires that the diffusion coefficient be sufficiently small, as will be
specified by inequalities in Section 3.6. Subject to these inequalities the frequency

shift is also relatively unchanged.
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Numerical solutions for the diffusively broadened density distribution are ob-
tained in Appendix B and are used in the Green’s function integral to obtain numerical
results for the damping rate. The numerical results are in good agreement with the
approximate analytic result of Section 3.6.

Section 3.7 obtains a perturbative correction to the damping rate to account
for the slow time dependence in D(t). This time dependence causes the contours them-
selves to move, and the corrected damping rate is proportional to the flux through
the moving contour. For the conditions of the experiment the correction is small.

Finally, Section 3.8 is a discussion on the general applicability of this flux-

driven damping mechanism.

3.3 Green’s function solution for the mode damp-

ing rate and frequency shift

In this section, we obtain expressions for the mode damping rate and frequency
shift as Green’s function integrals over the perturbed charge density in the resonant
region of the halo. To complete the calculation and obtain explicit expressions for the
damping rate and frequency shift, one must solve for the perturbed charge density in
the resonant region and substitute into the Green’s function integrals. This second
part of the calculation is deferred to later sections.

The linear m = 1 diocotron mode has the happy property[14, 49, 21| that the
self-consistent density perturbation, mode potential and mode frequency are known
analytically for any unperturbed density profile n(®) (1) that is monotonically decreas-

ing in r and goes to zero for some r < R,,. The self-consistent density perturbation
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and mode potential are given by the expressions

(0)

on(r,0,t) = _On D cos(f — wit — a), (3.6)
r

do(r,0,t) = —%[—wl + wg(r)]D cosld — wit — al, (3.7)

where w; = wg(R,) is the mode frequency. As mentioned above, the mode can
be understood as a uniform displacement of the plasma column off the trap axis.
From Eq. (3.6), one can see that the displacement is of magnitude D and in the
instantaneous direction § = wyt + «, where « is a phase shift. In Fig. (3.1), the angle
in the wave frame is simply 6 = 6 — wit — a.

The term (rB/c)wiD cos(f — wit — «) in the potential represents a uniform
electric field due to the image of the displaced plasma in the conducting wall. Recall
that the image is located far outside the wall in the linear theory limit where D < R,,.
The uniform field produces a uniform E x B drift of the plasma as a whole. The direc-
tion of the image field is always along the direction of the instantaneous displacement,
so the uniform drift velocity moves the plasma around the trap axis. The other term
in the mode potential, (—rB/c)wg(r)D cos(f — w1t — «), simply accounts for a shift
in the origin of the radial space charge field of the plasma column itself.

In this theory, there are no particles in the resonant region near the wall.
However, here such particles must be included. As we will see, the mode potential
acting on the resonant particles produces a perturbed resonant particle charge density,
and this charge density produces a correction to the mode potential. This correction
acts back on the particles in the non-resonant region causing a correction to the E x B

drift motion. Nevertheless, we will postulate that the perturbed charge density in the
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non-resonant region continues to be of the form given by Eq. (3.6). Physically, the
perturbation in the non-resonant region is still a uniform displacement.

Why is this the case? The resonant particles near the wall are all outside
the non-resonant region, so the correction potential is a vacuum potential in the
non-resonant region. Moreover, the dipole component of such potential represents
a uniform electric field. Thus, the E x B drift velocity from this field is uniform
over the whole non-resonant region and provides a small correction to the uniform
drift velocity produced by the linear mode potential in Eq. (3.7). As we will see,
the correction can be accounted for simply by allowing D and « in Eq. (3.6) to be
time-dependent.

What is omitted in this description? First, the nonlinear orbits in the resonant
region create density perturbations with azimuthal mode number greater than 1, and
these harmonic perturbations produce fields in the non-resonant region that are not
uniform. However, these harmonic fields do not drive the m = 1 diocotron mode
resonantly, and the density perturbations produced are negligibly small.

Also neglected is an even smaller correction to the perturbed density in the
non-resonant region that is caused by the transport. This correction is linear in mode
amplitude and can lead to the kind of exponential damping or growth discussed
earlier by Davidson and Chao[21]. We neglect this effect and focus on the interaction
of the mode with resonant particles. This choice is motivated by the experimental
observation that the damping begins only when the halo particles reach the resonant
region. The present theory is complementary to the earlier theory of Davidson and
Chao[21].

The m = 1 Fourier components of the potential and density are related through
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the Green’s function solution[23]

Ry
S (r,t) = —47T6/ 21 dr' G (r|r)onq (r', ), (3.8)
0
where
/2

1/ (;2 — 1) r<r

Gi(r|r') = — " w (3.9)
T ,r,/ 7,,2 .
? (R_zw — 1) r<r

is the Green’s function and

2

Soi(r,t) = / Z—Qe—i%gb(r,e,t) (3.10)
0 2m
2m

dnq(r,t) :/ ;l—ee_wén(rﬂ,t) (3.11)
o 2m

are the Fourier components of the perturbed potential and density. Note that the
Green’s function satisfies the required boundary condition G;(R,|r") = 0. Also, note
that Eq. (3.8) is valid whether or not linear theory can be used to find the density
perturbation.

We postulate that the perturbed density can be written as

on©

on(r,0,t) = —D cos(f — wit — ) o

U(Ry — 1)+ on'(r,0,1), (3.12)

where U(R; — r) is a step-function and R; is the outer limit of the non-resonant
region, that is, the region where linear theory may be used. The quantity én'(r, 0, t)
is the perturbed charge density in the resonant region (i.e., for Ry < r < R,). The
postulated functional form for the non-resonant region (r < R;) assumes that the

perturbation is still a uniform displacement, even when the field from the resonant
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particles is taken into account, as explained in earlier.

Substituting Eq. (3.12) into Eq. (3.8) yields the relation

R (0)
dpp(r,t) = 47re§e"“1t_m/o 27rr'dr’G1(r|r’)agr/
Ry
—47re/ 21 dr' G (r|r")on (r, t), (3.13)
Ry
where
2 de )
5n’1(r,t):/ —on/ (1,0, t)e™" (3.14)
o 27

is the Fourier component of dn/(r,6,t). In evaluating the Green’s function integrals,
one must be careful to use the correct form of G;(r|r") depending on whether r > 7’
orr <rl.

For the non-resonant region r < Ry, the Green’s function integral in the first

term yields the result

R1 (0) r (0)
47T6/ QWT/dT/Gl(T|T,)ag/ = 47T6|:/ 27T7”dT’G1(T|r')agl
0 r 0 "
2 /d /G /
+/T wr'dr' Gy (r|r') 57 }
[N(T) N(Ry) + mn9(R,)(R2 — R?)]
= 2er 5 5 )
T Rw

(3.15)

where both integrals on the Right Hand Side have been integrated by parts and

N(r) = [; 2rr'dr'n©(r"). For the resonant region Ry < r < R,,, the Green’s function



82

integral in the first term yields the result

f ’ 3.0 / an(O) 1 1 2,.(0)
dre 271’ dr' Gy (r|r) o = —2er R [N(Ry) — mRin'"”(Ry)], (3.16)
0 r w r

where again integration by parts has been used.
We will need the potential in the resonant region later; here we focus on the

potential in the non-resonant region, where Eq. (3.13) reduces to the form

é&bl (r, t)e™ 1T = [ — wE(T)]gr — 47TBGC /ij 21 dr' G (r|r)on (v, t)e™ it
(3.17)
Here, wg(r) = —2ecN(r)/Br? is the rotation frequency, and w; is given by wg(R,),
assuming that the density takes the constant value n(®)(R;) in the resonant region
Ry <r < R,. Note that the first term on the Right Hand Side of Eq. (3.17) has the
same form as the coefficient of cos(f — wit — «) in Eq. (3.7) for the linear diocotron
mode.
We will see that the density is not in fact constant in the resonant region;
particles are excluded from the closed cat’s eye orbits, and the frequency shift Aw
accounts for this fact.

The linearized continuity equation[14] in the non-resonant region takes the

form
on©
or "’

(3.18)

[% + in(T)} ony(r,t) = %&bl(r’ t)

where a small correction to dnq(r,t) due to transport has been neglected.

Solving for d¢;(r,t) in Eq. (3.17) and substituting into Eq. (3.18) yields the
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relation

10 ony(r,t)
iwittia | — 7 )
T [z ot " “’E(T)} on0 /or
D 4 flu —
= —[wE(r)—wl]gr— 7;%/ 2y dr' Gy (r|r')om), (v, t) e e (3.19)
0

For a self-consistent solution, this equation must be satisfied when the non-resonant
density perturbation postulated as the first term in Eq. (3.12) is substituted for

on(r,t). Substituting and carrying out the time derivatives yield the equation

i Ot Ot HWE(T)_M]D}

Ry
/ 21 dr' Gy (r|r")on (v, t)e" 1t e,
0

(3.20)

The two terms in square brackets cancel, leaving the result

2mr'dr' Gy (r|r")on (v, t) et (3.21)

0D 804D_87rec/Rw
ot ot Br

Ry

In the non-resonant region (r < R;), the upper form for the Green’s function
in Eq. (3.9) must be used, and this form is proportional to . Thus, the r-dependence
on the Right Hand Side of Eq. (3.21) cancels. When Dda /0t and i0D /0t are chosen
to match the real and imaginary time-dependence of the Right Hand Side, we have a
self-consistent solution.

Using Eq. (3.14) and taking the real and imaginary parts of Eq. (3.21) yields
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the desired integral expressions for the damping rate and frequency shift

oD 8mrec /R“’ , /27r .
— r'dr’ dOG, (r|r")on' (', 0,t) sin]f — wt — o, (3.22)
ot Br Ry 0 !

Oa mrec
P — DAw=—
ot w Br

Ry 27
/ r’dr’/ dOG, (r|r")on’ (', 0,t) cos[d — wt — af,
R 0

(3.23)

where Aw = da/0t is the frequency shift.

The argument of the sine and cosine functions in Egs. (3.22) and (3.23) [i.e.,
0 = 6 —wit—a] is the angle measured in the instantaneous rotating frame of the wave,
and the f-integrals in these equations are simply the dipole Fourier components of
on'(r,0,t) evaluated in the rotating frame. In subsequent sections, we will evaluate
on’ in this rotating frame.

A simple interpretation of Egs. (3.22) and (3.23) provides a more mechanistic
explanation of the damping and frequency shift. The interpretation starts from the
observation that the Left Hand Side of the equations [i.e., 0D/0t and AwD] both
have the dimensions of velocity. As mentioned above, the charge density edn’(r, 0, t) is
zero for r < Ry, so the corresponding dipole potential produced in the region r < R;

is of the vacuum form
5¢/(r,0,t) = —rdE, cos — ré E, sin 6, (3.24)

where §E, and §E, are independent of § and . The Right Hand Sides of Egs.
(3.22) and (3.23) are simply expressions for (¢/B)JE, and —(c¢/B)JE, respectively.
Thus, Eq. (3.22) is simply a statement that the field 0 E,, from the resonant particle

charge density, produces an E x B drift motion of the plasma along the direction
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of instantaneous displacement D, that is, a growth or damping of the displacement
depending on the sign of §E,. Likewise, Eqs. (3.23) is a statement that JE, causes
an E x B drift increment to the velocity of the plasma transverse to D, and such an
increment causes a frequency shift in the rate of rotation of the plasma around the
trap axis, that is, an increment in the mode frequency.

Finally, how does the Green’s function solution clarify the issues associated
with the angular momentum balance argument[2, 3]? Let edn,(r, §) and edny(r, ) be
two perturbed charge densities in a Penning trap. The torque exerted on edn,(r, 0)

by the field from edny(r,0) is given by the integral

Ry 2 Ry 2r
Tap = —62/ T/dT// dﬁ// Td?”/ do
0 0 0 0
1 a n ! nl ) ! nl
{; {%G(r, g,r,0 )} ~rong(r, 0)ony(r', 0 )} (3.25)

Because the trap has cylindrical symmetry, the Green’s function has the functional
form G(r,8,7',0") = G(r,r',0 —@"). Thus the opposing torques are equal and opposite
i.e., Tap + To.o = 0], even if a third torque, such as that due to transport, acts.

Eq. (3.22) for the damping rate is equivalent to such a statement of torque
balance. Let dn,(r,#) be the perturbed charge density of the non-resonant region [i.e.,
—Don® /dr cos 6], and let 6ny(r, §) be the dipole component of the perturbed charge

density of the resonant region [i.e., the dipole component of 6n/(r,8)]. The torque 7,

is given by the integral

Rl mo on® e Doy,
Ta’b_/o rdr/o do(—D 7 COSQ)(—; 90 )T. (3.26)

Using orthogonality of the sinusoidal functions in the harmonic expansion of d¢y(r, ),
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the f-integral in Eq. (3.26) picks out the term —rkE, sinf in the dipole portion of

S¢u(r,0), as given by Eq. (3.24), yielding the result

(3.27)

R R

! on(® oD eB ! on(®

Tap = —7TD€Ey/ r2dr L ¢ / r2d n
0 0

o Ut ¢ o
Multiplying Eq. (3.22) by —wD(eB/c)r?0n? /0r and integrating over dr from

r =0 to r = Ry yields the equation

0

Ry 27 Ry _
Tap = —87T2e2/ r’dr’/ dOsny(r', 9_)/ rerl(r|7")a Dsind, (3.28)
Ry 0 0 or

where dny(r’,8) has been substituted for dn’(r’,#). The potential ¢, (r', ) is given

by the expression

on(0)
or

Ry
§¢a(r',0) = —47‘(’6/ 2mrdrGy(r',r)[—D cos 0], (3.29)
0

where 7' > Ry > r. Using the relation G4 (r',r) = G1(r, ') for ' > r yields the result

on©)
or

R1 B
5¢q(r',0) = 87r2eD/ rdrGy(r,r'") cosf, (3.30)
0

so Eq. (3.26) can be rewritten as the result

Ry 2 3 B
Tap = — /Rl r'dr'/o dOomy(r', 0) ( - ;ag(ga)r = —Thq. (3.31)
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3.4 Transport equation

The particles move under the combined influence of an E x B drift flow and

a radial transport flow, so the density evolves according to the equation

on ¢ . 10
o T x Vio Vind —oorlh(r) =0, (3.32)

where ¢(r, 0,t) is the electric potential and I',(r) is the radial transport flux.

We employ a Hamiltonian description of the drift dynamics, where H (0, Py, t) =
eg[r(Py),0,t] is the drift Hamiltonian and (0, Py = eBr?/2c) are a canonically con-
jugate coordinate and momentum pair[50, 29, 51]. One can easily check that the
Hamilton’s equations of motion[52] are the same as the E x B drift equations in a

uniform magnetic field B = BZ. The Left Hand Side of Eq. (3.32) then can be

written in the form

on ¢ . on

where [n, H] is a Poisson bracket[53].

The transport is understood to be due to small static field asymmetries|[54],
which exert an azimuthal drag force on the rotating plasma, causing a radially outward
drift motion. In the experiments|2], the transport flux is varied (i.e., increased) by
applying additional field asymmetries.

On general grounds, the flux is expected to be of the Fick’s law form|[55]

a¢0 on



88

where the coefficient of mobility p and the diffusion coefficient D satisfy the Einstein
relation, p = eD/T < 0. Here, —0¢y/0r is the unperturbed radial electric field
and T is the temperature in the halo region. The Fick’s law form follows from the
requirement that the flux vanish for a thermal equilibrium density profile, n(r) =
no exp|—epo(r)/T).

By changing variables from (r,0,t) to (0, Py, t), Eq. (3.32) takes the form

on 0 . - On
where
. . eB (%)0 ~__P9’TP9'2T
Bolr = —n c arC redgy/or (3:36)

Here P9|T is the rate at which mobility changes the value of P of a particle. Note that
D is proportional to Pg!T and that Pg!T < 0and D > 0 since ed¢/0r is negative. We
will need the transport equation in the resonant region where to a good approximation
erdgy/Or is approximately —2e?N and Py is approximately P,, = eBR? /2c¢, where N
is the number of particles per unit length. Thus the transport coefficients takes the
simple form

T

. B - )
Pylr = u= - 2¢*N.D = Byl Py——. 3.37
0| T MC e N, 0|7 Ne2 ( )

For the experimental conditions, the factor T/Ne? in the diffusion coefficient
is small (i.e., T/Ne? ~ 1072), so the transport is dominated by mobility everywhere
except at the leading edge of the halo where a large density gradient enhances the
effect of diffusion.

As noted in the last section, it is convenient to work in the rotating frame of
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the wave. The generating function[53]

F(Q, Pg, t) = Pg[e — W1 — Oé(t)] (338)

yields a canonical transformation to this frame, with the new coordinate and momen-

tum
ézﬁ—wlt—a(t),szpg (339)
and the new Hamiltonian
_ F
H=H-+ %—t =H — (w1 + Aw) Py, (3.40)

where Aw = ¢&. Since Py and Py are equal, we continue to use Py in the new Hamilto-
nian. To work in the rotating frame, one only needs to replace H by H in Eq. (3.35);
the Right Hand Side of the equation need not be changed since the radial flux is the
same in both frames.

Since the transport flow is slow compared to the E x B drift flow, the halo par-
ticles very nearly follow curves of constant H. Thus, changing independent variables

from (0, Py, t) to (A, H,t) in Eq. (3.35) is useful. The result is the transport equation

o )i
- i Dl Pap

OH
7..9F%

on
g O

on
ot

n on
og OH

on

N o
ap, 00

OH on ]
6t 0P, '

0, oH 0.t
(3.41)

To complete the description of the transport equation, the Hamiltonian H (0, Py, t)

is needed. Formally, the Hamiltonian is given by the expression

H = ego[r(Pp)] + edo[r(Py), 0] — (w1 + Aw) Py, (3.42)
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where ¢g(r) is the unperturbed potential and d¢(r,6) is the perturbation caused by
the mode.

As mentioned in the introduction, the transport equation can be simplified
by using the smallness of the halo density n; in the resonant region. Our goal is to
calculate the damping rate and frequency shift to first order in this small quantity.
From Egs. (3.22) and (3.23) one can see that the integral expressions for the damping
rate and frequency shift are already first order small in nj;. Thus, the functional form
of the perturbed halo density in the resonant region need only be accurate to zero
order in ny,. Likewise, the transport equation, which determines the functional form,
need only be accurate to zero order in the halo density.

Of course, ny is not a dimensionless parameter on which to base a proper
ordering scheme. The dimensionless ordering parameter is N, /N = (n,mR2)/N,
which has the value 0.1 for typical experimental conditions. As we will see, even the
largest of the neglected terms is down by this dimensionless factor.

Let us start by simplifying the Hamiltonian. In the resonant region, where
the transport equation and Hamiltonian are needed, the dipole contribution to the

perturbed potential is given by the expression

1 1 , .
5¢1(T, t) = —€TD[N(R1) — WR%n(O)(Rl)] (ﬁ _ ﬁ) efzwltfza
Rw w
—47T€/ 27 dr' Gy (r|r")ony (v, t), (3.43)
Ry

where use has been made of Egs. (3.13) and (3.16). The first term is the contribution
to the dipole potential from the non-resonant region, and the second is the contribu-

tion from the resonant region. Simple estimates show that the second term is smaller
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than the first term by a factor of N, /N, so we neglect the second term. The higher
harmonic contributions to the perturbed potential are comparably small and also are
neglected. The constant square bracket in the first term can be replaced by N with a
relative error that is down by a factor N, /N. Finally, there is a small §-independent
contribution to the perturbed potential, which we also neglect. The radial electric
field from this potential is smaller than that from the unperturbed potential ¢q(r) by
a factor that is much smaller than N, /N. Thus, the perturbed potential reduces to
the simple form

&Mné):—QeNDr<]' 1)C%§. (3.44)

R2 g2
In the resonant region, the Hamiltonian can be simplified further by Tay-
lor expansion with respect to Py about Py = P,. Setting ¢o(R,) = 0, using

O¢o/O0r ~ —2Ne/r near the wall and using the resonance condition w; = wg(R,) =

(¢/BRy)(0¢o/0r)|r, vield the expansion

_ Ne*((Py—P,\° 4D [P,— P, _ R,P,Aw
H = et (el g4 Wi wTr 4
2 {( P, > Rw( P, ){ws*_sz&}}’ (3.45)

where higher than second order terms in the small quantity |Py — P,|/P, ~ 4D/R,,
have been dropped and the purely time-dependent term AwP,, has been added.

We will see that the second term in the square bracket is a constant of value
0.6(N,/N.). This term can be retained in the analysis, but for consistency (and
simplicity) is dropped here yielding the reduced Hamiltonian

_ Ne2[/P)— P,\? Py—P,\ 4D
7 _ 22 cosdl. 4
c(m) - (PR) et e

The time dependence of the transport equation also can be simplified by using
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the smallness of N, /N. In the introduction, we noted that the halo evolution can be
divided into two stages. First the halo extends radially out to the wall. At the wall,
particles are continuously absorbed and a quasi-steady state density distribution is
established. We calculate the damping rate and frequency shift for this quasi-steady
state density distribution.

The modifier “quasi” is used since the density continues to change slowly due
to the slow damping, that is, due to the time dependence in D(t), which enters
the Hamiltonian. In Sections 4 and 5, we neglect this slow time dependence, that
is, neglect the first two terms on the Left Hand Side of Eq. (3.41), to obtain the

simplified transport equation

on 0 . - OH
a2 _p g Rl
90| ol folrn+ oF,

on

o ! (3.47)

0

One expects the corrections due to the neglected time dependence to be small since
D(t) is first order small in n;,. In Section 6, a perturbative treatment is used to show
that the relative correction to the damping rate is approximately A~y/vy ~ 2N, /N.
The relative correction to the frequency shift is even smaller.

For plotting purposes, it is useful to re-write the reduced Hamiltonian in the

scaled form

h = p* — pcos¥, (3.48)

where

oo (B22)(%) o

2H [ R,\’
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Likewise transport equation (3.47) takes the scaled form

o - D on o2 9% I (351)
where
g = _ﬂjﬂ(&y, (3.52)
Nez \4D
5 N%Q (f_g)‘ (3.53)

To lowest order in the Taylor expansion, § and ¢ are treated as constant in the
resonant region. Except for the smallest values of D accessed in the experiments,
these constants are ordered as § < 8 < 1.

Fig. (3.2) shows a contour plot of h(6,p) in the resonant region near the wall.
The ordinate of the plot ranges from p = 0, the location of the wall, to p = —2, which
is enough of the (f,p) phase space to show the resonant region. Of course, the full
phase space extends to much lower values of p where the plasma core is located.

The contours of constant (6, p) are the trajectories that would be followed by
a particle moving only under the E x B drift flow, and the arrows on the contours
indicate the direction of the flow. There are open trajectories extending from 6 = 0
to @ = 2, closed trajectories, and a separatrix between the two. The value of h is
positive on the open trajectories, zero on the separatrix, and negative on the closed
trajectories. The closed trajectories are the m = 1 version of “cat’s eye” trajectories,
but they do not look like such trajectories since the resonance is at the wall where

the mode potential goes to zero.
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Figure 3.2: Contours of (6, p)

Solving Eq. (3.48) yields a solution for the trajectories

cos @ + Vcos2 6 + 4h
2 )

ps = (3.54)

where the minus sign is to be used for the open trajectories, on which p(f) is a
single-valued function of §. Both the plus and minus signs are needed for the closed
trajectories, where p(#) is double-valued.

Adjacent to the wall, there is a thin scrape-off layer where guiding center drift
theory fails, and particles (electrons) are absorbed by the wall. The scrape-off layer is
at least as thick as a cyclotron radius, which is of order 10~* c¢m for the experiments.
However, other effects, such as misalignment of and ripples in the magnetic field, likely
increase the thickness of the scrape-off layer. In this regard, note that the particles
undergo rapid axial bounce motion and azimuthal drift motion relative to the wall,

so any region of the wall where the scrape-off mechanism reaches out furthest sets

the overall thickness of the scrape-off layer.
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The scrape-off mechanism and the thickness of the scrape-off layer Ar are
not known experimentally, but we believe that the thickness Ar is small compared
to the mode amplitude D, for the range of amplitudes in the experiments. This
condition is necessary for the damping rate and the frequency shift to be independent
of thickness. Note that a physical thickness Ar corresponds to a scaled momentum

thickness Ap = Ar/2D.

~0.008F T T
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o012t 4 o
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Figure 3.3: Contours of h = h. (blue solid), k = h. (red dot-dashed) and
the scrape-off layer (black dashed) in the (6, p) plane.

Fig. (3.3) shows a blow up of the phase space near the scrape-off layer, which
for the sake of the figure is taken to have the thickness Ap = 1072. The lower edge
of the scrape-off layer is shown as the black dashed line at p = —Ap = —1072. The
solid blue contour is the critical contour, h(f,p) = h,, which just misses the scrape-off
layer at § = 0 and § = 27. Eq. (3.48) implies that the value of h on the critical
contour is given by h, = (Ap)? + Ap ~ Ap = 1072, Also shown is a red dot-dashed

curve that will be explained in the next section.
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Figure 3.4: Contours of h = h. (blue solid), k = h, (red dot-dashed) and
the scrape-off layer (black dashed) in the (6, k) plane.

Fig. (3.4) shows the scrape-off layer and critical contour in (6, h)-space. The
solid blue horizontal line is the critical contour h = h, ~ 1072, and the black dashed
curve is the lower edge of the scrape-off layer at h = h(f, —Ap) ~ Ap(cosf). Also
shown is the red dot-dashed curve of Fig. (3.3).

For orientation, note that p increases upward in Fig. (3.3) and that h increases
upward in Fig. (3.4). Thus, the core plasma is below the region shown in Fig. (3.3)
and above the region in Fig. (3.4).

In the region h > h, of Fig. (3.4), the contours of constant h extend from
6 = 0 to § = 27. Since the points (§ = 0,h) and (§ = 27, h) are the same point
physically, we require that n(6 = 0,h) = n(f = 27, h) in the region h > h.. In the
region 0 < h < h, the contours of constant h encounter the scrape-off layer before
reaching § = 0 or § = 27. The particle density within the scrape-off layer is taken

to be zero. This implies that no particles emerge from the scrape-off layer and, when
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diffusion is taken into account, that the particle density at the surface of the scrape-off
layer be zero. Otherwise, there would be an infinite density gradient at the surface,

which is unsustainable in the face of diffusion.

3.5 Zero diffusion model

As was noted earlier, the scaled diffusion coefficient, 9, is small compared
to the scaled mobility coefficient 5. Motivated by this observation, the previous
calculation[2, 3] of the damping rate assumed the limit of zero diffusion.

A review of this simple model is instructive since it admits a trivial analytic
solution for the steady state density profile. Happily, the model yields the same answer
for the damping rate and frequency shift as a more realistic model that includes small
but finite diffusion [see Section 5].

Setting 6 = 0 and treating [ as a constant reduces transport equation (3.51)

to the simple form

on on

| —B=| =0 3.55
which immediately yields the solution

n(f,h) = g[h + B). (3.56)

The flow is incompressible along trajectories of constant k = h + 36.
To understand this result physically, note that constant [ implies constant
P9|T, which in turn implies that the mobility flow is incompressible. The mobility

flow can then be incorporated along with the incompressible E x B drift flow in a
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Hamiltonian description. One can easily check that the Hamiltonian

K(0,Py) = H(0, Py) — Py|10 (3.57)

generates both the E x B drift flow and the mobility flow. Since we are neglecting
any explicit time dependence in this Hamiltonian, it is a constant of motion, that is,
particles flow along curves of constant K. The equation k = h(6, p) + 30 is simply
the scaled version of Eq. (3.57). Since the Hamiltonian flow is incompressible, the
density is constant along the contour of constant k.

The red dot-dashed curves in Figs. (3.3) and (3.4) are two views of the critical
trajectory k = h,, drawn for the value = 2 x 10~%, which is characteristic of the
experimental conditions. This trajectory just misses the scrape-off layer at = 0 but

enters the scrape-off layer just to the left of § = 2.

Sy

For the region h > h,, the periodic boundary condition n( = 0,h) = n(
27, h) plus the solution in Eq. (3.56) implies the relation n(f = 0,h) = n(f =
21, h-+273). Thus, n(f = 0, h) must be constant in the region h > h.. The possibility
of a periodic component with the very short periodicity scale dh ~ 273 is ruled out
by even small diffusion. This conclusion will be clarified in the next section.

Every point above the red dot-dashed contour in Fig. (3.4), that is, above the
trajectory k = h,, lies on a trajectory that emerges from the line interval (6 = 0,
h > h.), on which the density has a constant value. Thus, the density in the whole
region above the red dot-dashed trajectory has this constant value. The density below

the red dot-dashed trajectory is zero, because there the points lie on trajectories that
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emerge from the scrape-off layer. Thus, the density is given by the expression

n(8,h) = n(R)U[h — he + (6], (3.58)

where U(x) is a step-function, and we have identified the value of the constant density
as ng(Ry), the density at the beginning of the resonant region.
Egs. (3.22) and (3.23) for the damping rate and frequency shift can be re-

written in the form

oD Ry, (4D\*> [ _  _ [° TG
&5 = “’B (R_> / dQSiné’/( )pdp-n[e,h(e,p)], (3.59)
w 0 p(R1
ecR, (4D\* [* [0 i on(d
DAw = — 5 <R_) / dGCOSG/ pdp - [0, h(0,p)], (3.60)
w 0 (1)

where the relations

r'dr' = 2DR,dp (3.61)
G1(rlr') 1 [ Dp
— = — -1~ 3.62
r Adrr' \ R2, TR? (3:62)

have been used, and the Green’s function has been Taylor expanded about ' = R,
in the last step of Eq. (3.62).
Substituting Eq. (3.58) for the density and carrying out the p-integrals yields

the expressions

oD ecR, [4D\? T _sinf _ -
- vl == (0) 2 _ 2
ot B (Rw) n (Rl)/o db 5 {p° 10, h. — B0] — p*(R1)}, (3.63)

ecR,,

2 2T )
D = 5= () ) [ G 50 - RO 200
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where p_ (0, h) is given by Eq. (3.54) with the minus sign chosen.
In the curly brackets of both integrals, the constant term p?(R;) integrates to
zero. Using the smallness of 3, the other term in the curly brackets may be Taylor

expanded yielding the expression

b= B8] = 2000 - 20000 | B @m0 50 (369

The first term in this Taylor expansion does not integrate to zero when sub-
stituted into Eq. (3.64) for the frequency shift, so the smaller, second term may be

neglected, yielding the expression

ecR, (4D\? T _cosf L -
= _ v = (0) 2
DAw 5 (Rw> n (Rl)/o df 5 p- (0, he). (3.66)

For h. < 1, Eq. (3.54) implies that p? (6, h.) is approximately given by cos? in the
interval 7/2 < 6 < 37/2 and is nearly zero elsewhere. Thus, Eq. (3.66) reduces to

the result

ecR, (4D\? 37/2_cos® 0
Ay =l (4D ) /
“ BD (Rw) " (Rl) w/2 @ 2
32ecnO(Ry) D
= 3 B R (3:67)

Egs. (3.15) and (3.17) show that the frequency w; has the value wg(R,),
assuming that the density has the constant value n(®(R;) in the resonant region
Ry < r < R,. For the density solution given by Eq. (3.56), the density does not
extend at the constant value n(®) (R;) to the wall, but only to the dot-dashed trajectory

in Figs. (3.3) and (3.4). The particles are excluded from the closed cat’s eye orbits
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adjacent to the wall. The frequency shift accounts for this exclusion, yielding an
effective exclusion length of Ar = (8/3x)D.

In progressing from Eq. (3.45) to Eq. (3.46), the quantity (R, P,Aw)/(2DNe?)
was dropped, anticipating that it would be small compared to unity. Substituting for
Aw from Eq. (3.67) shows that the quantity is indeed small:

R,P,Aw 8 Rin"(R,)

SN =3 = 006, (3.68)

In Eq. (3.63) for the damping rate, the first term in Taylor expansion (3.65)
integrates to zero, since p? (, h) is even in § about = 7 and sin @ is odd. Thus, the
integral is determined solely by the second term in the Taylor expansion and reduces

to the form

Op_

)2n(0)(R1) /O " Gsinp_(3.h.) {E(e, @] 50, (3.69)

0D _ _ccRy (4D
ot B \ R,

Egs. (3.48) and (3.54) imply the relation

_ [% _ 1 _—c080_+\/cos20_+4h (3.70)

_(0, h, 0,h,. —
P ) oh ( ) 2v/cos? 0 + 4h

For h = h, ~ Ap < 1, the Right Hand Side has the approximate value 1 for 7/2 <

0 < 37/2 and is nearly zero elsewhere. Thus, Eq. (3.69) yields the result

oD ecRy <4D>2 ©) /3”/2 G aag
— = — — | n"(R df sin 650
ot B \ R, (1) /2

ecR, (4D
— w( == (0) .
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By using Eq. (3.52) and the relation

: eB |dN
n(Ry) Pylr = 2_7'[‘0‘% ; (3.72)

Eq. (3.71) reduces to the previous result for the damping rate[2, 3|, as given by Eq.
(3.2).

The second term in Taylor expansion (3.65) represents the particle density
in the region between the solid and the dot-dashed curves of Figs. (3.3) and (3.4)
i.e., between h = h. and k = h.], so the damping rate is determined exclusively by
particles in this region. From Fig. (3.3), one can see that these are particles that are
being swept around the cat’s eye orbits to the scrape-off layer and wall.

The previous calculation[2, 3| guessed that the wave torque is dominantly
applied to these particles, approximated that torque by the the rate of change of
angular momentum of the particles, and evaluated the change in angular momentum
using the zero diffusion orbits discussed in this section.

A particle enters the region between the solid and the dot-dashed curves when
mobility transports the particle through the contour h = h.. The rate at which
particles flow through this contour between 6 and +d# is proportional to Sndf. Since
fn is constant, the flux is uniform in #. Since all of the particles enter the scrape-
off layer at p = —Ap, the average change in angular momentum for the particles is
simply

NORY R A p-(0,h)] (3.73)
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Using the inequality h. ~ Ap < 1 and Eq. (3.54) yields the result

APy~ — dfcos = = —— (3.74)

/2 T C

¢eBR, /3”/2 _ 2¢BR,D

™

which is the result quoted in the introduction. The rate of change of angular momen-
tum was then written as |dN/dt|(AP,) and used as the torque in the torque balance
equation to obtain the damping rate in Eq. (3.2).

Since this previous calculation approximates the wave torque on the halo par-
ticles by the rate of change of halo particle angular momentum, omitting the torque
due to the transport, one may ask why the present and previous calculations agree.
The answer is that the torque exerted on a particle while it is being swept around the
cat’s eye orbit is small, of order 5. Also, the quantity |dN/dt| is first order in /3, so
the correction would be of order 52, Likewise in the Taylor expansion of Eq. (3.65)
only the term first order in 5 was retained. Thus, the two calculations are accurate

only to order 3, and differences would appear in order (5.

3.6 Diffusive broadening

An obvious criticism of the zero-diffusion model is that it leads to an infinite
density gradient at the leading edge of the halo [i.e. at k = h.], and even a small
diffusion gradient must broaden such a gradient. This broadening is worrisome since
the damping rate in the zero diffusion model is determined by a thin ribbon of particles
at the leading edge of the halo. Moreover, for the conditions of the experiments, the
diffusively broadened layer is much wider than the ribbon. Nevertheless, we will

find that the answer for the damping rate is not changed significantly, provided the
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diffusive broadening is not too large, as will be specified by constraints on the size of
the diffusion coefficient.

Numerical solutions of transport equation (3.51) are obtained in Appendix B.
The boundary conditions imposed on the solution are that n(f, h) approaches the
constant value n(” (R;) for sufficiently large h, that n(f = 0,h) = n(f = 27, h) for
h > h. and that n(#, h) be zero at the surface of the scrape-off layer. The dynamics

itself will prevent particles from reaching the contour h = 0.
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Figure 3.5: Contour plot of the relative density n(6, h)/n®(R;). The black
dashed line is the scrape-off layer. The solid blue line and the red dot-dashed
line are the critical contours h = h, and & = h.. The blue dotted line
represents the diffusive broadening layer (Ah)s.

Fig. (3.5) shows a contour plot of the relative density n(f, h)/n®) (R;) obtained
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for the transport coefficient values 3 = 107° and § = 4x 10~7, which are characteristic
values for the experiments. Only the relative density need be specified since the
transport equation is linear and the boundary conditions are homogeneous. The
critical contour h = h. is again drawn as a solid blue line. Likewise, the red dot-
dashed line is the trajectory k = h., and the dashed black curves are the surface
of the scrape-off layer. Clearly the thin ribbon between the solid blue line and the

dot-dashed red line is very narrow compared to the width of the diffusive broadening.
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Figure 3.6: Contour plot of the relative density n(6, h)/n®(R;). The black
dashed line is the scrape-off layer. The solid blue line and the red dot-dashed
line are the critical contours h = h. and k£ = h.. The upper and lower blue
dotted lines represent the diffusive broadening layer (Ah); and (Ah)s.

In order to show the full range of diffusive broadening, the range of h values
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shown in Fig. (3.6) is larger than that in Fig. (3.5). The upper dotted blue curve
in Fig. (3.6) shows the h-scale length for diffusive broadening in the region h > h,,
and the lower dotted blue curve shows the scale length in the region 0 < h < h..
The diffusive broadening scales are different in the two regions, since the boundary
conditions of the transport equation (3.51) are different in the two regions.

To estimate the h-scale length for diffusive broadening in the region h > h,,
we use a perturbation expansion of Eq. (3.51) based on the smallness of 5 and
§. Substituting the expansion n(f,h) = n® (4, h) + nM (0, h), where nV /n(® is first
order in 3 and 4, yields the zeroth-order equation On®) /98 = 0 and its simple solution
n© = nO(p).

In first order, the expansion yields the equation

ontV)
0

% on(®)
op Oh |

= a% BnO(h) =0 (3.75)

Treating § and ¢ as constants and using the periodic boundary condition

required for n(f, h) in the region h > h, yields the equation

™ ghon® 9 Oh\ On®
_ [T @O O oy gl
0 /0 or 00 Oh [ﬁ” () 5<3p> oh } (3.76)

where

2T 19 2T 19
o = / 6. 0n = — d_@v cos?  + 4bh. (3.77)
dp 0 2mOp 2T

0
Here, the last expression follows from Egs. (3.48) and (3.54).
Since the diffusion term will be significant only at the leading edge of the halo

where h < 1, the last integral in Eq. (3.77) has the approximate value (0h/0p) =~
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—2/m. Thus, Eq. (3.76) reduces to the simple form

) on©®
— — |n©
0 o {n (h) + (Ah)y o } , (3.78)
where (Ah); = 26/m3. The solution is given by the expression
h—nh
(0) — — — ¢
n'”(h) = Cy + (Cy — C1) exp [ (Ah)l}’ (3.79)

where C; and C, are constants. For h — h, >> (Ah);, the density n(®(h) has the
constant value C1, which we identify as the constant n(”)(R;). The constant Cj is
the value of the f-averaged density at h = h., n(®(h,.). This latter constant must be
determined by matching onto the solution for A < h,.

One can continue with the perturbation analysis to determine the -dependent
part of the density, but the conclusion is that (Ah); sets the diffusive broadening scale.
The upper blue dotted curve in Fig. (3.6) is the line h = (Ah); = 20/75. Physically,
this broadening scale is determined by a competition between diffusion and mobility.

In the region 0 < h < h,, a given particle makes a single pass through the
(0, h) space and then is lost to the scrape-off layer, so the diffusive broadening in this
region is determined by a competition between diffusion and E x B drift streaming.

Neglecting the mobility term in Eq. (3.51) and using the small-h expansion 0h/0p ~

—| cos 0] in the diffusion term yields the diffusive broadening scale

(Ah)(8) = 20 /0 ' df'| cos 0'))M/2. (3.80)

The lower dotted blue curve in Figs. (3.5) and (3.6) is a plot of (Ah)y(#). For the
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conditions of the experiment, (Ah); is substantially larger than (Ah)s(0).

If the diffusive broadening scales (Ah); and (Ah)y satisfy appropriate con-
straints, the details of the density distribution are not needed to calculate the damp-
ing rate and frequency shift. First, we require that there exists a contour h = hy,
where h, — h,. is a few times larger than (Ah); and yet h, < 1. This is possible if
(Ah); < 1. Recall that h, ~ Ap < 1. The density then has the constant value
n©O(Ry) for h > hy,.

Second, we require that (Ah)q(6 = 37/2) be small compared to h. =~ Ap, so
that particles can’t reach the contour h = 0. Note here that the scrape-off layer on the
Right Hand Side of Fig. (3.5) intersects the contour h = 0 at § = 37/2. Physically,
the particles must be swept to the scrape-off layer by the E x B drift flow before the

diffusive broadening can move the particles to h = 0.

In summary, the required inequalities are the following

20 2 T R,
(Ahjv = 5= TNz €1 (3:81)
3TB R
2 12 2 _ -z v
1> (Ap) = B> [(Ah),(37/2)) = 66 = S, (3.82)

which are consistent with the experimental conditions except for the smallest values

of D.

By using the constancy of n(f,h) for h > hy, Eqs. (3.59) and (3.60) can be
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re-written in the form

oD echy ( ) desme{ (O)QRl)Lpi(é,hb)—pQ(Rl)]

ot B
Lon o)
paw = - (j‘f) / agcoso{ "L 52 0.00) - (1)
+ /h :) dhp_(0, h)wn(é, h)}, (3.84)

where the differential relation dp = dh(0p/0h)z has been used in the integrals.

In both square brackets, the constant term p? (R;) integrates to zero. By even-
odd arguments, the term p* (6, hy) integrates to zero in Eq. (3.83), but not in Eq.
(3.84). The integral over h makes the only contribution in Eq. (3.83) and may be
neglected in Eq. (3.84). The integral is negligible there because h, < 1. Thus, the

equations reduce to the form

2 27 0 0
3_D — cchy <£) / df sin 0 dhp,(é,h)Mn(éyh)y (3.85)
0

ot B Ry hy oh
y 4D 2 (0) 2 B _ _
DAw — — echty (4D "n (F) / df cos 0p* (0, hy). (3.86)
B \ R, 2 0

The reason that the diffusive broadening makes only a negligible change in
the frequency shift is easy to understand. The leading edge of the halo has the
approximate #-dependence p_(f,0), which varies by order unity as @ varies over the
interval (0,27). On the other hand the diffusive broadening is small compared to
unity, (Ap—)broaa =~ (Op—/0h)(Ah), ~ 26/ < 1, so the change produced by the
broadening is negligible.

To evaluate the damping rate in Eq. (3.85) first recognize that p_sinf =
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Oh/00, based on the form of h in Eq. (3.48). Such recognition, together with the
chain rule (0h/80|, )(dp_/0h|s) = —Op_/08];, and an integration by parts over

since p_ (6, h) and n(f, h) are periodic in 6, allows us to rewrite Eq. (3.85) as

2 2 0
0D _ echy (Q) / dé | dhp_ (8, h)a_@ (3.87)
0

9t B \R, hy o0

;
Since hy, < 1, p_(0,h) can be approximated by p_(#,0), which is given by

p_(6,0) = cosf from Eq. (3.54) for 7/2 < 6 < 37/2 and is zero elsewhere. Thus, Eq.

(3.87) reduces to the form

0D  ecR, (AD\? [*/* % on
E = B (R_w> /7r/2 dHCOSH/};b dhﬁ

Substituting for 9n/d0), from transport equation (3.51), carrying out the h-integral

(3.88)

h

and using the relations n(f, hy) = nY(R;) and On/Oh(f,0) = 0 yields the expression

D AD\? (32
%—t:—ecgw (R—) / df cos 6 - fn®(Ry), (3.89)
w w/2

which reduces to the result

_2 |dN/dt|
T N

dD  ecR, <4D

2
ab O (R,).23 —
= Rw> n©(R,) - 28 R, (3.90)

This result is the same as the damping rate for zero-diffusion given in Eqgs. (3.71) and
(3.2).

This analytic solution for the damping rate approximates the dfdh integrals
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in Eq. (3.85), denoted as
w0 op n(0,h)
JE/ d951n9/ dhp_ ———"—", 3.91
0 hyy g OhnlO(Ry) ( )

by the value 23, which significantly is independent of §, provided ¢ is not too large.
Fig. (3.7) shows a comparison of this analytical approximation for the integral J to a
direct numerical evaluation using the numerical solutions for the diffusively broadened

density found in Appendix B.
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Figure 3.7: Values of damping integral J. Numerical results are in squares
for T =4 x 1072Ne? and in circles for T = 1.6 x 1072Ne?, with D = 0.1R,,.
Red dashed line shows the approximate analytical result J ~ 2.

The numerical evaluations are obtained for many values of [, shown in the
figure, and for D = 0.1R,, and two distinct values of T, T' = 1.6 x 1072Ne? and
T = 4 x 1072Ne?. These values are characteristic of the experiment. The value of A,
is taken to be large enough that n(f, h)/n®)(R;) is close to 1 and the integral J is
independent of hy,.

Results for T = 1.6 x 1072Ne? are shown as circles and for T'= 4 x 1072Ne?
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as squares. The red dashed line is the analytic result 2. Significantly, the circles and
squares lie close to the red line, with slightly larger values. The origin of the difference
lies in the approximation made in Eq. (3.88) in the analytic evaluation. We neglected
the small finite 4 in p_(f, h). However, when the finite value of 0 < h < h; is retained
in the numerical evaluation, values slightly larger than the analytic approximation is
obtained.

That diffusive broadening does not change the damping rate significantly, even
when the broadening is much wider than the thin region responsible for damping in
the zero-diffusive model [i.e. (Ah); > 27| may be surprising. All that is needed is
that (Ah); and (Ah), satisty inequalities (3.81) and (3.82).

To understand the near equality of the two damping rates, first note that the
scaled flow of particles through contour A is simply 278n) (R, ), which is the same as
the flow through contour h,. in the zero diffusion model. Provided that (Ah)y < Ap,
all of the particles that pass through contour h = h; ultimately enter the scrape-off
layer. To calculate the average change in angular momentum of the particles as they
move from h = hy, to the scrape-off layer, one need only replace h. by hy, in Eq. (3.73).
By inequality (3.82), h; is small compared to unity and the modified version of Eq.
(3.73) still reduces to the result in Eq. (3.74). Thus, the average rate of change of
angular momentum for the particles is the same in the two cases.

The question remains as to whether or not the average rate of change of angular
momentum is a good approximation to the torque exerted by the wave on the particles.
In the zero diffusion model, particles cross the contour h = h. and then enter the
scrape-off layer in a single pass through the (,h) space. In scaled variables, the

change in angular momentum of a particle caused by the transport during this period
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is of order dp ~ 3, which is much smaller than the average change dp ~ 1.

In the finite diffusion case, particles cross the contour h = h, and then make
many passes through the (6, h) space before reaching the scrape-off layer, so torque
due to transport has more time to act on the particle. The change in angular mo-
mentum due to the transport is of order dp ~ hy, which is much larger than (5, but
according to inequality (3.82) is still small compared to the average change in angular
momentum &p ~ 1. Thus, the rate of change of angular momentum of the particles
still provides a good approximation to the torque exerted by the wave. Therefore, the

damping rates for the two cases are nearly the same.

3.7 Correction for time dependence in D(t)

Here, we obtain a perturbative correction to the damping rate due to the
explicit time dependence in the Hamiltonian, that is, due to the time dependence
in D(t). There are detailed calculations of other corrections of the same order of
magnitude in Appendix . Unscaled equations must be used to obtain this correction
since D(t) enters the scaling. The first two terms on the Left Hand Side of Eq. (3.41)
give rise to the correction.

To estimate the relative size of these two terms, we substitute the approxi-
mate zero-diffusion solution n(0, H,t) = nO (R, U[H — H,(t)], obtaining the relation
on/otlg g = (—0H,/0t)(On/OH )g,. One can show that |0H./9¢t| is small compared

to |0H /0t| for Ap < 1, so the first term may be neglected in comparison to the
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second. The equation then takes the form

on 0 . OH - On 0P on
- = ——| - P —| D— —_ — 3.92
95, (’9H{ T 5o OH J o |y, 00 |, (3.92)
where
OH /0t|;
OB\ _ _OH/Otsr, (3.93)
ot g OH/OPy|g,

is the rate at which a contour H(, Py,t) = constant moves upward in the (6, P))
phase space.

Anticipating that we will need Eq. (3.92) only for f in the range /2 < 0 <
37/2 and only for small values of h, Eq. (3.54) implies that

Py— P, 4D(t)
P, R,

cos ), (3.94)

which in turn implies the relation

AI .
i) ~ D) P, cosb. (3.95)
ot 0,H Rw

Changing to scaled variables, choosing an angle in the range /2 < § < 37 /2

and integrating with respect to h from h = h; to h = 0 yields the result

O on
dh—
/hb 00

Comparing this result to Eqs. (3.88) and (3.89) shows that the square bracket is a

ADP, .
= cosf]. (3.96)

= —BnO(R)[1 -

h,t wp0|T

correction to the flux through the contour h = h;, to account for the the fact that the

contour moves in time.
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Substituting this result into Eq. (3.88) and carrying out the f-integration

yields the damping rate

D v

—— =~ —~(1-2N,/N .
i TraNn = 2N, (3.97)

where 7 is the zero-diffusion damping rate in Eq. (3.71) and N, /N ~ 0.1.

3.8 Discussion

How general is the flux-driven damping mechanism discussed here? First note
that the mechanism is not limited to the case of an m = 1 mode. Subsequent to the
experimental discovery of the damping for an m=1 diocotron mode, similar damping
was observed for an m = 2 mode[2]. Again, algebraic damping began when the halo
particles reached the resonant layer, which for the m = 2 mode is well separated from
the wall.

Because the resonant layer for the m = 2 mode is well separated from the wall,
one may ask what plays the role of the wall in truncating particle orbits? Put another
way, what prevents the resonant particles from giving back angular momentum that
they have received from the mode? We believe that the answer is simply passage
of the particles through the “cat’s-eye” orbits in the resonant layer. Because of
transport, the particles cannot come back through these structures, and in the one-
way passage, the particles pick up significant angular momentum from the mode,
causing the damping. In principle, this mechanism also would apply for m = 3 and
higher, but the resonant layer is closer to and even inside the core for higher m modes,

and such modes typically suffer large ordinary Landau damping.
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In this chapter we do not treat the damping of the m = 2 mode in parallel
with the damping of the m=1 mode, because there are technical differences between
m = 1 and m = 2 cases. The m = 1 mode admits an analytic solution for a
general monotonically decreasing density profile, while the m = 2 mode does not.
The structure of the “cat’s-eye” orbits differ; since the potential goes to zero at the
resonant radius for an m = 1 mode (i.e. at the wall), but not for the m = 2 mode.
Also, the truncation of the orbits by the wall is different than simply passing through
the “cats eye orbits. The theory for the higher order modes must wait for a later
paper.

Broader than the flux-driven damping mechanism itself is the idea that all
Landau-type damping (or growth), that is, damping (or growth) due to interaction
with resonant particles, can be thought of as resulting from the action of the bare
electric field from the resonant particles back on the mode. The resonant particles
travel at the mode phase velocity so the electric field from the resonant particles
drives the mode resonantly. The idea is not limited to the case where the azimuthal
mode number is unity and the field from the resonant particles is uniform, but applies
for arbitrary mode number. This general idea is elaborated in Chapter 4.

Chapter 3, in full, is a reprint of the material as it appears in Physics of
Plasmas. C.Y. Chim, T.M. O’Neil, Physics of Plasmas 23, 072113 (2016). The

dissertation author was the primary investigator and author of this paper.



Chapter 4

A mechanistic interpretation of the

resonant wave-particle interaction

4.1 Abstract

This chapter provides a simple mechanistic interpretation of the resonant wave-
particle interaction of Landau. For the simple case of a Langmuir wave in a Vlasov
plasma, the non-resonant electrons satisfy an oscillator equation that is driven reso-
nantly by the bare electric field from the resonant electrons, and in the case of wave
damping, this complex driver field is of a phase to reduce the oscillation amplitude.
The wave-particle resonant interaction also occurs in waves governed by 2D E x B
drift dynamics, such as a diocotron wave. In this case, the bare electric field from the
resonant electrons causes E x B drift motion back in the core plasma, reducing the

amplitude of the wave.

117
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4.2 Introduction

This chapter provides a re-interpretation of the resonant wave-particle interac-
tion of Landau[30]. There are two halves to this interaction: first there is the influence
of the wave on the resonant particles and second the influence of the resonant particles
back on the wave. The mechanisms for the two halves of the interaction are usually de-
scribed differently. For the first half, the mechanism is obvious; the wave electric field
acts on the resonant particles and produces a perturbation in the resonant particle
charge density. The mechanism for the second half of the interaction is usually de-
scribed through Poisson’s equation, or equivalently, a dispersion relation that follows
from Poisson’s equation; the perturbed charge density from the resonant particles
makes a small correction to the dispersion relation, and this correction yields a small
imaginary frequency shift, which is the damping decrement for the wave. In contrast,
here we provide a mechanical interpretation of the second half of the interaction that
is similar to the interpretation of the first half.

Consider the simple case of a Langmuir wave that is excited in a collisionless,
Maxwellian plasma, with the wave phase velocity well out on the tail of the velocity
distribution. We will see that the wave induced displacement of the non-resonant elec-
trons, that is, the electrons in the main part of the Maxwellian, satisfies an oscillator
equation that is driven by the bare electric field from the perturbed charge density of
the resonant electrons. This field drives the oscillator resonantly, since the resonant
electrons travel at the phase velocity of the wave. From this perspective, the wave
damping simply results from the action of the driver field from the resonant electrons
back on the oscillator.

The interpretation does not specify the perturbed charge density of the reso-
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nant particles, so the interpretation applies equally well to the cases of linear Landau
damping and growth and to the case of a large amplitude wave with nonlinear, trapped
particle orbits. In general, the portion of the drive field that is 90° out of phase with
the oscillator produces damping or growth and the portion that is in phase produces
a frequency shift.

Because Landau’s analysis of the damping was rather formal and did not offer
a physical interpretation, other authors have provided physical interpretations[31, 32,
33, 34]. Here, we find a particularly simple interpretation by focusing on only half of
the wave-particle interaction: namely, the influence of the resonant particles back on
the wave.

One usually thinks of Landau resonances in connection with waves in a col-
lisionless plasma, that is, waves that are described by Vlasov dynamics, but such
resonances also occur for waves that are described by 2D E x B drift dynamics. A
simple example is a diocotron wave that is excited on a nonneutral plasma column
in a Penning-Malmberg trap[14, 15, 35, 23]. The analysis is simplest for the case
where the plasma column consists of a high-density core surrounded by a relatively
low-density halo. The diocotron wave can be thought of as a surface wave that propa-
gates azimuthally around the core. At some critical radius in the halo, the azimuthal
E x B drift rotation velocity of the halo fluid elements matches the phase velocity
of the wave potential, and the resonant interaction of the wave potential and fluid
elements gives rise to Landau damping.

In the standard analysis, the linearized continuity equation for the E x B
drift flow is combined with Poisson’s equation to obtain a dispersion relation. When

the resonant region is in the low density halo, the perturbed charge density of the
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resonant electrons makes a small correction to the dispersion relation, yielding a small
imaginary frequency shift, which is the wave damping decrement. To understand more
clearly how the resonant particles act back on the wave, we focus on the equation of
motion for the surface ripple on the plasma core. As we will see, the bare electric field
from the perturbed charge density of the resonant electrons acts back on the core,
causing E x B drifts that reduce the amplitude of the surface ripple, that is, damp
the wave. Again, we find a simple mechanistic description of the manner in which

the resonant electrons act back on the wave.

4.3 Langmuir Wave

First, we consider the case of a Langmuir wave that propagates in the x-

direction, writing the perturbed electric field in the form

dE(x,t) = 0EL(t) exp(ikz) + c.c., (4.1)

where c.c. stands for the complex conjugate. It is convenient to write the field as the
sum

ER(t) = SERTS(t) + 0B (1), (4.2)
where

onres 47T65nn0n-res t
sEp) = O (43)
4 5 I‘eSt
and 0E=(t) = —%’“U (4.4)
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are the fields produced by the perturbed charge densities of the non-resonant and
resonant electrons, —ednp°"**(t) and —edn;(t), following Guass’s Law. The non-
resonant electrons are those in the bulk of the velocity distribution, and the resonant
electrons are assumed to be well out on the tail of the distribution.

For the non-resonant electrons, it is convenient to introduce a displacement
dz(x,t) defined through the relation ddx(z,t)/0t = dv, where dv(z,t) is the velocity

perturbation. The spatial Fourier transform of this relation is the equation ddxy /0t =

dvi(t), which allows the continuity equation to be written in the form

annon—res ) a Hon-ros )
0= k(?—t + ikndvy, = a[(Snk + ikndxy), (4.5)

where n is the unperturbed density of the non-resonant electrons. The last form yields

the solutions

5n201’1—I‘CS (t)

—ikndxy(t) (4.6)

and 0BT (t) = dmendxg(t). (4.7)

The linearized Euler equation for the non-resonant electrons governed by fluid

theory takes the form

nm 82;% = —ned B, — ikyT'on;" ", (4.8)

where m is the electron mass, T is the electron temperature and ~ has the value 3 for
a one-dimensional adiabatic compression[56]. By using the definition ddxy/0t = duy

and Egs. (4.1), (4.6) and (4.7), Eq. (4.8) can be rewritten as the driven oscillator
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equation

(g—; + W’ 31«%2) Sax(t) = —%515;65(15), (4.9)
where wg = 4mne?®/m is the square of the plasma frequency, v* = T'/m is the square of
the thermal velocity, and the quantity k*0%/w? = k*A%, is assumed to be small. Here
Ap is the Debye length. Physically, Eq. (4.9) states that the non-resonant electrons
moving in the wave field may be thought as an oscillator that is driven by the bare
electric field from the resonant electrons. Of course, Eq. (4.9) also can be obtained
from the coupled Vlasov and Poisson equation.

To understand the effect of the driver field on the amplitude of the oscillations,
we look for a solution to Eq. (4.9) of the form dxx(t) = dZx(t) exp(—iwot), where
wi = wf) + 3k*v? is the original Langmuir wave frequency squared and 07 (t) is
a slowly varying complex amplitude. This solution yields the expected form for a
Langmuir wave traveling in the positive z-direction. Since the resonant particles
travel at the wave phase velocity wy/k, the driving field due to these particles can
be written as 0 E(t) = 0E1(t) exp(—iwpt), where §EI(t) again is a slowly varying
complex amplitude. Substituting these forms into Eq. (4.9) and neglecting |02 /07|

compared to w?, yields the reduced equation

doxy,

[ ~
—2 = ——0E>(1). 4.10
= SoE () (410)

Thus, when the ratio 5@;‘35 /0% is imaginary, the driver produces damping or growth,
and when the ratio is real the driver produces a frequency shift.
As noted in the introduction, this paper focuses on only half of the wave-

particle interaction, namely, the influence of the resonant particles back on the wave,
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and Eq. (4.10) solves that problem for the case of a Langmuir wave. The other
half of the problem determines the influence of the wave on the resonant particles,
that is, determines the perturbed charge density of the resonant particles. As a
simple application of Eq. (4.10), we use the well-known perturbed charge density for

resonant particles in a weakly damped, linear Langmuir wave[31]

on(t) = n/ v oB._Ofo

mi(kv — wy) Ov

€ = Ofo
n /res dvgwé(k:v - w0)5Ek%
mne S Ex(t) O fo

m kE ov

12

(4.11)

Y
wo/k

where fo(v) is the unperturbed velocity distribution, and the Plemelj formula has
been used in the second step[57].
Since  fo/ 0|,k is first order in the small number of resonant particles, 6 Ej ()

need only be accurate ot zero order, and we can use Eq. (4.7) to obtain the relation
SEL(t) o~ §EROMS(¢) = dmneddy(t). (4.12)

Eq. (4.4) then yields the equation

4
€ ¢ Fres _ ﬁ% 7
méEk (t) = T e wo/k(hk(t). (4.13)
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Eq. (4.10) then implies the oscillator damping rate

_ 4%/t w9 0f
= STr(t) 2wy k? Ov wo/k
T W 1
D D

where the last form is the well-known form of the damping rate for a Maxwellian
velocity distribution|[31].

Of course, the use of Eq. (4.10) is not limited to the case where the reso-
nant particle density perturbation is determined by the linearized Vlasov equation.
For a large amplitude wave where trapping of resonant particles in wave troughs
is important[58, 59], Eq. (4.10) can still be used to determine the influence of the

resonant particles back on the wave.

4.4 Diocotron Wave

To illustrate the wave-particle interaction that can occur in 2D E x B dynamics,
we consider a diocotron wave that is excited on a pure electron plasma column in a
Malmberg-Penning trap[14, 60, 23]. An analytic treatment is possible for the case
where the electron column consists of a uniform density central core surrounded by a
relatively low-density halo. Such a density profile often is said to be of the “top hat”
form. We assume that the unperturbed density has the constant value n(r) = n, out
to the radius r = R,, and there drops abruptly to the much lower density n(R}) = ny,
where the subscripts ¢ and h refer to the core and halo, respectively. Consistent with
the standard trap configuration, we assume that the electron column is immersed in

a uniform, axial magnetic field B = BZ, where (r,0,z) is a cylindrical coordinate
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system with the z-axis coincident with the axis of the trap.

Since the 2D E x B drift flow is incompressible and since the unperturbed
density profile for the core is uniform with an abrupt fall off at the surface, the
diocotron wave can be characterized by specifying the ripple on the surface of the
core. For a diocotron wave of azimuthal wave number m, the 6- and t-dependent

radial position of the core surface can be written as
rs(0,t) = R. + D(t) exp[i(mb — wp,t)] + c.c., (4.15)

where w,, is the still-to-be-determined wave frequency and D(t) is a complex wave am-
plitude. The slow time dependence in the complex amplitude is due to the interaction
with the resonant particles.

The total time derivative of r¢(6,t) is given by the equation

dry(@,t) [0 0
T = [E"’WE(Rc)%}Ts(G;t)

= {D(t) + i[mwg(R.) — wn]D(t)} expli(mb — wpt)] + c.c., (4.16)

where wg(r) is the E x B drift rotation frequency at radius 7.
Since the motion of the surface is due to E x B drifts caused by the mode

potential, we also can write the time derivative as the drift velocity

drs(0,t) ¢ 069(R.,0,t)
dt BR, a0 ’ (4.17)

where d¢ = do(r, 0,t) is the mode potential.

The m-th Fourier components of the potential and the density perturbation
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are related by the Green’s function integral[23]
Ry
Om(r,t) = 47re/ 27 dr' G (1, ") O (17 1), (4.18)
0

where

T,m 7a/2m
( — 1) for r <7’

1 r'm \ R2m
N — w
Gm(r,7") = Tem | yom 7 yom (4.19)
r_m(R_%;n_1> fOI'?"/<T

is the Green’s function and —e is the electron charge. Here, R, is the radius of
a conducting wall that bounds the confinement region, and the Green’s function
vanishes at » = R,, in accord with the boundary condition on the wave potential.

It is convenient to write the perturbed density as the sum of a term from
the non-resonant region and a term from the resonant region, onlo""(r ¢) and
onte(r,t), and to write the potential as the sum of the corresponding terms d¢,,(r,t) =
Jpporres(r t) + dpres(r, t). Because the unperturbed core density is uniform out to the
core surface and because the halo density is relatively low, the dominant contribution

to on°"rS(r 6, t) comes from the surface of the core and is given by the expression

on"MrS(r 0, t) = —D(t)expli(mb — wmt)]? +c.c.
r

= D(t) expli(mb — wpnt)](n. —np)o(r — R.) +c.c., (4.20)

where §(r — R.) is a delta function.
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The Green’s function integral then implies the non-resonant potential

5¢non—res(Rc7 07 t) = 87T26Rc(nc - nh)Gm(R@ RC)D<t> exp[z(m@ - wmt)] +c.c.

2me R*™ ,
= _WRC(nC —ny) (1 — Réum)D(t) expli(ml — wpt)] + c.c..

(4.21)

Combining Egs. (4.16) and (4.17) and substituting Eq. (4.21) for the non-

resonant potential yields the relation

c 06¢™(R.,0,t) N 2imec(ne — ny,) - R*m
BR., 00 B Rem

= {D(t) + i[mwg(R.) — wn] D(X)} expli(mb — wit)] + c.c..

)D(t) expli(mf — wy,t)] + c.c.

(4.22)

It is instructive to examine Eq. (4.22) in the limit where there is no resonance,
and 8¢ and D(t) are zero. The equation then implies the dispersion relation for a

diocotron wave on a “top-hat” density profile

np Rzm
win — Mmwp(Re) = —wp(Re)(1 — n—c)(l - Ri’")’ (4.23)

using that fact that wg(R.) = 2mecn./B at the surface of the core. This dispersion
relation is well-known in the limit n, = 0.[14, 15] By using this dispersion relation,

Eq. (4.22) reduces to the form

c 65¢r0s o .
“BR a0 D(t) exp[i(mb — wy,t)] + c.c.. (4.24)
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Thus, we obtain the rate of change of the complex wave amplitude

. Ao ¢ 95¢™(R.,0,1) ,
D(t) = —/0 27 BRR. 50 exp[—i(mb — wp,t)]
imc res ;

Physically, the electric field from the resonant particles acts back on the core causing
E x B drift motion, and this motion produces a slow rate of change of the complex
wave amplitude.

Since the resonant particles travel at the wave phase speed, the perturbed den-
sity 0ni®(R.,t) can be written in the form dn(R,, t) exp|—iw,t], where 011 (R, t)
is slowly varying. Likewise, the perturbed potential 0¢!**(R.,t) can be written in the
form §¢"(R,,t)e" ™! where ¢! (R,,t) is slowly varying. Eqs. (4.18) and (4.19)

then imply the relationship

Tres € / /RTCn r/Zm ~res(, ./
0O (R, t) = - 27’ dr o \ o L) on; (', t), (4.26)

and Eq. (4.25) reduces to the result

D(t) = ~ 2 6 (R 1), (1.27)

To obtain Eq. (4.25), we projected out the m-th Fourier component of Eq.
(4.24), but one may worry about other Fourier components in the potential §¢**(r, 6, t).
When the perturbed resonant particle density, 6n"*(r, 0, t), is obtained by linear the-
ory, as is the case in linear Landau damping, there is only the m-th Fourier compo-

nent, so there is no issue. However, when the resonant particle dynamics is nonlinear,
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say, when particle trapping is involved, higher harmonics typically are present in
on**(r,0,t) and correspondingly in d¢*(r,6,t). Why are these harmonic terms not
balanced by such terms on the Right Hand Side of Eq. (4.24)7 The reason is that
we neglected small harmonic terms in the surface ripple of Eq. (4.15). These higher
harmonic ripples are indeed small because the higher harmonics in d¢"(r,0,t) do
not drive the core surface resonantly. One can easily show that the harmonic ripple
amplitudes are smaller than D(t) by the factor n,/n. < 1.

As a simple application of Eq. (4.27), we evaluate (5@25(1%6,15) for the case
of a diocotron mode that experiences a linear Landau resonance in the low-density
halo[18, 23]. We work only to first order in the small quantity n,/n. < 1. The reso-
nant radius then need only be calculated to zero order in n,/n.. To this order, the
E x B-drift rotation frequency in the halo region (r > R.) is wg(r) = wr(R.)R2/r?.
Substituting this expression and dispersion relation (4.23) into the resonance condi-
tion w,, = mwp(res) and dropping first order terms in ny/n. yields the expression

for the resonant radius

2 1 2m
R _q_ —(1 _ A ) (4.28)

Note that r.. > R, for all m.
From the linearized continuity equation and the Plemelj formula[57], one finds

the expression for the perturbed density at the resonance

mecon _~

EE(M TS, t)imo[wem — mwg(r)], (4.29)

Oy, (1, 1) = m

where §42°"(r 1) is the potential due to the perturbed charge density on the surface

of the core. Here we ignore 5&;‘35(7“, t) set up by the fewer resonant particles, similar
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to the case in Section 4.3. For r > R,, this latter potential can be written as

Gn(r, Re)

(SQZ;?I},?n_reS(T, t) _ 5§Z~571},$n_res<Rc, t) - (R - )’

(4.30)

where §¢"""*5(R,, ) is easily extracted from Eq. (4.21). Substituting Eqs. (4.29)
and (4.30) into Eq. (4.26) and evaluating the Green’s function with Eq. (4.19) yields

the result

~ o 2me)? cR. R*™ r2m 20 (s
5¢m (Rmt) = ( ) om T Dom g )
m B r Rw mle (Tres) |

res

irD(t)n.. (4.31)

Substituting into Eq. (4.27) then yields the well-known damping rate[18, 23]

bW _ Rc)n'mes)Rcl(Rc)?m*(l m) (4.32)

D(t) e 2M \ Tres - Rm

The case of an m = 1 diocotron wave provides a particularly clear illustration
of this mechanical approach to the wave-particle interaction[4]. First, note that the
m = 1 wave is special in that an analytic description of the wave is not limited ot
the case of a “top-hat” density profile, but also is possible for any monotonically
decreasing density profile, n(r), that vanishes at the conducting wall. For many years
it was thought that there can be no resonant wave-particle resonance for the m = 1
wave since the resonant radius is at the wall, and the unperturbed density is zero at
the wall. However, recent experiments have observed a novel algebraic damping of
the m = 1 wave when transport sweeps a low density halo of particles out from a
central core to the wall[2]. The damping begins when the halo reaches the wall and

is thought to be due to a nonlinear wave particle interaction in the region of the wall.
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In the absence of a wave-particle interaction, the self-consistent density per-

turbation and wave potential for the m = 1 wave are given by the expressions

6nnon-res(r7 97 t) = —%[D eXp[Z(@ — wlt)] + C.C.]
0
= _8_7;A cos(f — wit — «) (4.33)
and
) rB
5¢non res(r’ 9’ t) — __{_wl —+ wE(T)]A COS(@ — wlt — CY). (4.34)
C

Here, we have set D = (A/2) exp(—i«), where A and « are real. By using the Green’s
function integral in Eq. (4.18) one can easily show that the density perturbation and
potential are self-consistent, that is, substituting the density perturbation into the
Green’s function integral yields potential. The wave frequency is given by w; =
wg(Ry), so the wave potential vanishes at the conducting wall.

Physically, such a density perturbation results when the plasma column is
displaced off the trap axis by the amount A in the instantaneous direction 6§ = wyt +
a. The displaced column produces an image in the conducting wall, and for small
displacement (i.e. A < R,) the image is well outside the wall, producing an image
electric field that is nearly uniform in the region of the column. The uniform field
produces a uniform E x B drift velocity of the column transverse to the instantaneous
displacement off axis, and in turn this produces a rotation of the column around the
trap axis at the mode frequency w;. In the wave potential, the term proportional to
wy is the potential due to the uniform image electric field, and the term proportional
to wg(r) is the correction to the radial space charge potential due the shift of the

column off axis.
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We postulate that the non-resonant density perturbation still can be described
as a displacement of the column off the trap axis even when the potential due to the
resonant electrons acts back on the column. The reason for this simplification is
easy to understand. The resonant particles are near the wall, so the field from these
particles in the non-resonant region is a vacuum field, and the dipole component of
such a field is uniform, as will be explained shortly. Thus, the field due to the resonant
particles simply produces an increment to the uniform E x B drift motion produced
by the non-resonant potential, and we will see that the increment can be accomodated
simply by allowing a slow time dependence in A(t) and «(t).

Formally, the condition that the postulate be satisfied is that continuity equa-
tion in the non-resonant region,
ic on

B [6¢1110n-res(r’ t) + 5¢§es<r7 t)] _ (435)

[2 + in(r)} In o TE(rt) = o

ot

be satisfied when the Fourier components 0¢7°""(r,t) and dn}°""*(r,t) are evalu-
ated using the functional forms for the potential and density perturbation in Egs.
(4.33) and (4.34), allowing only that D, or equivalently A and «, are time-dependent.
Substituting the Fourier components yields the equation

—2ic

A(t) —iA(t)a(t) = 2D(t)e V) = 5

S (1, t)etwrtHial®), (4.36)

Since the Left Hand Side of the equation is independent of r it is necessary that the

Right Hand Side be independent of 7, or equivalently that d¢{*(r,¢) be proportional
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to r, and the Green’s function solution,

22m

0 (r,t) = —er/ ~ Tom

res

27’ dr! (1 ) Ini=(r,t), (4.37)
does imply the required proportionality. In choosing the correct form of the Green’s
function from Eq. (4.18), we used the fact that » < 7’ in the non-resonant region.
Proper choice of the time-dependence in A(t) and «(t) then allows both the real and
imaginary parts of the equation to be satisfied.

Since §¢**(r, 6, 1) is a vacuum potential in the non-resonant region, the dipole

portion of the potential can be written in the form
0™ (r,0,t) = =6 By (t)r cos(0 — wit — ) =SB, (t)rsin(0 —wit — ),  (4.38)

where a rotating (x,y) coordinate system has been introduced, with the z-axis di-
rected along the instantaneous displacement of the plasma column. The Fourier

component of this expression is simply

ros —SE™s(t)yr OB (t)r
o) = | 2O O

exp[—i(wit + a)], (4.39)

so the real and imaginary parts of Eq. (4.36) take the form

A(t) = —CdEgS(t), (4.40)
AOA®R) = Aw A(t) — _C‘SE+;S@>. (4.41)

Here, we have identified & = Aw; as a frequency shift. Physically, the uniform

field that is transverse to the instantaneous displacement of the column (i.e., §E;*°)
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produces an E x B drift motion of the plasma column parallel to the displacement,
that is a damping or growth of the wave amplitude, and the component that is parallel
to the displacement (i.e. JEL*®) produces an increment to the rotation velocity of the
column around the trap-axis, that is, a wave frequency shift.

Chapter 4, in full, is a reprint of the material as it appears in Physics of
Plasmas. C.Y. Chim, T.M. O’Neil, Physics of Plasmas 23, 050801 (2016). The

dissertation author was the primary investigator and author of this paper.



Appendix A

Evaluation of integrals A; and As

In this appendix, we evaluate the integrals

_ “do [ K Y
Ai(R) = / —/ nidnfi (=, m)e "2,
o 9 Jo o

Ay(R) = / d003/ ndn f2(— e """,
0 0 o
where

_ [ _cos(kb)dS
hik,n) = /_Oo [7* + (P

B © cos(kE)dE _ 3n°
fo(r,m) = /OO [n2+<2(£)]3/2( 2[n% + 2(9)]

Here, ((&) satisfies the differential equation

2 1 _
It e "

<

(%
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where ¢ = is chosen so that (?(£) is even in . This is the case when (*(0) =
max(0,1 — n?). Also, note that in Egs. (A.3) and (A.4) s stands in for k = k/03.
For large &, the integrands in Egs. (A.3) and (A.4) involve the product of
a rapidly oscillating function and a slowly varying function, and efficient evaluation
of such integrals can be effected through analytic continuation. Following the ear-
lier work of O’Neil and Hjorth[9], we define x = /n? + (2(§), which satisfies the

differential equation

de iy —nyr+nve—1 (A.6)
d& Ty —x ’ '

where (£ = 0) = max(n, 1). In the square roots of Eq. (A.6), the branch cut for any
function y/w(z) is taken along arg w(z) = 0. The Right Hand Side of Eq. (A.6) then
has branch cuts for x < —n, 0 < z < min(n, 1) and > max(n, 1).

We first consider the case where n < 1, that is, where there is reflection. The
case of no reflection ( > 1) follows similarly. For < 1, the branch cuts are indicated
by the thick solid lines in Fig. A.1(b). As £ moves from —oo to co along the dashed
contour in Fig. A.1(a), z(£) moves along the dashed contour in Fig. A.1(b), reaching
the turning point x = 1 at £ = 0, i.e. x(0) = 1. Because z({) is even in &, the

integrals in Eqgs. (A.3) and (A.4) can be rewritten as

B exp(ik)dE
Alten) = [ SRR, (A7)
_ [ exp(ik§)dE . n?

The goal here is to analytically continue the &-contour so that the integrands

themselves exhibit the exponentially small value of the integrands, so we push the
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Figure A.1: Path (dashed curve) of the original contour in £-plane (a) and
a-plane (b). Branch cuts are denoted by thick solid lines, and in this figure,
n = 0.5.

&-contour toward positive imaginary values. The deformation can continue until the
x(&) contour collides with the branch cut ending at x = 7 as shown in Figs. A.2(a)
and A.2(b).

During the deformation, the turning point moves from x = 1 to x = 7, and

&-image of the turning point moves from & = 0 to

1 2/3d
§=ig(n) =1 el

(A.9)

where use has been made of Eq. (A.6). The two points around which the z-contour
loop are the images of x = 0 approached from opposite sides of the branch cut between
x=0and x =n. From Eq. (A.6), we see that the coordinates of these two points in

the complex &-plane are € = ig(n) £ r(n), where

K 23dx

r(n) = D T

(A.10)
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Figure A.2: Path (dashed curve) of the deformed contour in &-plane (a)
and z-plane (b). Branch cuts are denoted by thick solid lines, and in this
figure, n = 0.5.

There is a branch cut between the two points in the function x(§).

Since the singularities of the integrands in Eqgs. (A.7) and (A.8) involve more
than just isolated poles, the integrals cannot be expressed as the sum of residues.
Nevertheless, for sufficiently large x, one can see that the integrals are of order
exp[—g(n)k], that is, one obtains the asymptotic forms f;(x,n) = h;(k,n) exp[—g(n)kx]
quoted in Egs. (2.35) and (2.36) of Section 2.3. Here, the quantities h;(x,n) are nei-
ther exponentially small nor large, and for small 7 are given by[9] h;(k,n) ~ 87k/9.

The integrals also are evaluated by numerically carrying out the &-integral
along the deformed contour in Fig. A.2(a). Fig. (2.1) of Section 2.3 shows a compar-
ison of the numerical and asymptotic evaluations of fi(k,n =0) = fa(k,n = 0).

Returning to an evaluation of integrals (A.3) and (A.4), we first note that
g(n) is an increasing function of 7. Thus, for sufficiently large values of &, only
small values of n contribute to the integrals, and we may use the approximation

hi(k,n) ~ h;(k,0) = 87k/9, or h;(k/o> n) = hj(k,0) = 81k/(903). Also, for small
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Figure A.3: Curve fitting of g(n) against 7, showing that g(n) — ¢g(0) ~
O(n*?).
values of 7, one can see by curve fitting that g(n) ~ 7/2+ Ap*?2, where A = 0.874 (see
Fig. A.3). The integrations over n can then be carried out in Egs. (A.3) and (A.4)

yielding the integrals

_ 8 R’ 2.8 > —02/2 _—7R/o*

M) = (P 3G | e,
-~ 8 /%2 2 4 * —o —TK/0

AQ(I{) = (?)2W§F(§)/; dooe 2/26 /3. (A12)

The o-integrals in these two equations are identical and involve the product
of an exponentially decreasing function, exp(—c?/2), and an exponentially increasing
function, exp(—7&/03). Evaluating the integrals by the saddle point method yields

the large k asymptotic formulae

A(R) = 3.10r™ /13 dBTR /6 (A.13)

Ay(R) = B.8TRI/15e3GmR*7/6 (A.14)

Numerical evaluations of A;(%) and Ay(%) have been carried out for a series of
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i values. At each of these values, the quantities h;(5/03, n) are evaluated for an array
of (o,7n) values using the analytic continuation described earlier. The integrands are
peaked near some values (o9, 7), and the (o, 7n) integrands are evaluated by choosing
(0,7n) values near the peak and smoothly interpolating the integrand between these
points. The results of the integration are given for a series of k values in Table
(A.1) and (A.2). Also, Figs. (A.4) and (A.5) show a comparison of the numerical
evaluations (dots) and the asymptotic formulae (solid curves).

Table A.1: Numerically integrated values of A;(&) for different values of &

R A (R) R A (R)

5 0.222 200 | 5.06 x 1078
10 | 5.06 x 1072 | 300 | 6.92 x 10719
20 | 7.71 x 1073 | 500 | 1.29 x 10~
50 | 2.41 x107* | 700 | 2.89 x 10713
100 | 5.95 x 107% | 1000 | 3.15 x 10715

Table A.2: Numerically integrated values of Ay(R) for different values of &

R As(F) K As(R)
0.01 3.250 20 | 2.837 x 1071
0.05 3.230 50 | 3.074 x 1072
0.1 3.201 100 | 2.338 x 1073
0.7 2.850 200 | 4.989 x 107°

2 2.419 350 | 1.685 x 1076

6 1.251 500 | 4.195 x 1078
10 | 7.523 x 1071

We can compare our results with previous work. If we consider equiparti-
tion of a strongly magnetized single-species plasma, where n = n; and ny = 0, T' 4

equilibrates with 7} following the rate equation

dTl' 4
dt

— (ﬂ‘ - TJ_l)T_l1621711[</_€11), <A15)
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Figure A.4: Numerically integrated values of A;(%) (dots) and its asymp-

totic graph (red line).
where I(R11) = v27A1(R11)/8 from Eqn. (2.63). The function I(k) was evaluated
in the work of O’'Neil and Hjorth[9] and Glinksy et. al.[8]. In Fig. (A.6), numerical
values of I(k) in our work are plotted as points together with values obtained by
Glinsky et. al. using Monte Carlo simulations. The different sets of values follow
very close trends. Furthermore, in the limit of large &, O’Neil and Hjorth obtained

an asymptotic formula for /(&)
5
I(R) = 0.47r~/5 exp[—6(37ﬂ%)2/5], (A.16)
while the asymptotic formula from Glinsky et. al. is

I(R) = (1.83577/' 42095 115 4 0.3475 713/ 4 87.8% /15 4 6.68517/19)

- eXp[—g(BWR)2/5]. (A.17)
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Figure A.5: Numerically integrated values of Ay(%) (dots) and its asymp-
totic graph (red line).

From Eqn. (A.13), our version is
5
I(R) = 0.97~7/15 exp[—g(?m/%)2/5]. (A.18)

Our asymptotic formula is an improved version of the work of O’Neil and Hjorth.

3/2 as the lowest-order non-constant term, which is more

We approximate g(n) with 7
accurate than n? in the work of O’Neil and Hjorth. However, we believe the result
from Glinsky et. al. is even better, since their work investigated the cyclotron motion
in much greater detail. In the same Fig. (A.6), we plot the graphs of the three asymp-
totic expressions together with the points of numerically integrated values mentioned

above. All the plotted graphs and data points show the similar exponential decrease

of I(R) with increasing k.
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Figure A.6: Numerical values and asymptotic graphs of I(&). Solid tri-
angles correspond to our calculated values. Empty circles and squares are
values calculated by Glinsky et. al. using two different sets of Monte Carlo
simulations[8]. The solid line is the graph of our asymptotic expressions.
The dashed and dot-dashed curves corresponds to the asymptotic expres-
sions from O’Neil and Hjorth and Glinsky et. al. respectively.



Appendix B

Numerical solution for diffusive

broadening

This appendix describes a numerical solution of the transport equation (3.51)
using an eigenfunction expansion. This solution follows a similar approach in the

work of Dubin and Tsidulko[61].

003 T ;
0.02
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0.00;
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Figure B.1: Illustration of the region for which Eq. (3.51) is solved. The
black solid curve is the scrape-off layer. The blue dot-dashed curve is the
critical contour h = h.. The orange dotted curve is the contour h = 0.
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Fig. (B.1) illustrates the region of the solution of Eq. (3.51). In this figure,
we set p = Ap = 1072 to be the scrape-off layer. The scrape-off layer is the black
solid contour h = Apcosf, with smaller term (Ap)? dropped. The critical contour,
which is the blue dot-dashed curve, is h = h, = Ap. The orange dotted curve is the
contour h = 0.

The region for which n(f, h) is solved is bounded in the figure by the scrape-off
layer and the straight lines § = 0 and § = 27. It can be divided into three region
of interests, which are h > h., 0 < h < h. and h < 0. The three regions are to be
explained in the paragraphs that follow. Meanwhile three boundary conditions of Eq.
(3.51) will be introduced in the explanation.

The first region, h > h,, is taken to extend to infinite h, since we are interested
in the regime h < hy, < 1 and the non-resonant region is far from the wall. At large

h, the density is equal to that at the edge of the non-resonant region. Therefore

lim n(d, k) = nO(R,), (B.1)

which is our first boundary condition.

Our second boundary condition is the periodic boundary condition f(f =
0,h) = f(6 =27, h), as § = 0 and § = 27 refers to the same physical point. It only
applies in the region h > h,, which is the only region that can access # = 0 and
0 = 2.

The second region, 0 < h < h,, is the region of open orbits in contact with the

scrape-off layer, where the density must be zero, i.e.

n(0,h = Apcosf) = 0. (B.2)
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In this region, the range of @ that a particle can access is bounded by the scrape-off
layer.

The third region, h < 0, differs from the first and second region in that the
contours are closed in this region. We continue to apply Eq. (3.51) in this region, and
use the same zero-density boundary h = Apcosf as in the second region. However
in Eq. (3.51), the factor dh/dp takes p = p_(6,h) from Eq. (3.54) when p(f,h) is
expressed, and misses the p = p, () part of the closed contour for h < 0. Fortunately,
the error is negligible because this region is dynamically inaccessible to the particles,
as discussed in the small-diffusion condition (3.82) in Section 3.6. There are literally
no particles for h < 0, and thus n is vanishingly small in this region.

Since Eq. (3.51) is linear and the boundary conditions are homogeneous, the

density may be normalized as f = n/n®(R;) and the equation rewritten as

oh

6f—5a—p

of

of
,0h

0
o, = A I (B.3)

7

In order to fit the boundary condition more easily, we change variables from

(0,h) to (0, ), where z = h — Apcosf. Fig. (B.2) shows the region of solution in the
(0, z) space. The black solid line is the scrape-off layer. The blue dot-dashed curve is
the critical contour h = h. and the orange dotted curve is the contour h = 0. As we
see from the figure, the region of solution in Fig. (B.1) is reshaped to the semi-infinite
rectangular region in Fig. (B.2). The boundaries of the region of solution are lines
z=0,0=0, and § = 2, and the region extends to infinite z. As discussed when
the region was described in (6, h)-space, the solution is solved considering the three

subregions h > h., 0 < h < h. and h < 0 as a whole, although we expect the value of

f in the dynamically inaccessible region A < 0 to be vanishingly small.
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Figure B.2: Illustration of the region of solution in (@, z)-space. The black
solid line is the scrape-off layer. The blue dot-dashed curve is the critical
contour h = h.. The orange dotted curve is the contour h = 0.

In this new set of variables and the normalized density, the first boundary
condition, which is the large-h limit (B.1), is expressed as

lim f=1. (B.4)

T—00

The second boundary condition, which is the periodic boundary condition, is rephrased
as f(0 =0,7) = f(6 = 2m, ). It applies only to the region h > h,, the same as when
the region was described in terms of (, k). Since the region h > h,. reaches all values
of x > 0, the periodic boundary condition applies for all x > 0.

More importantly, at the scrape-off layer, the third boundary condition (B.2)
is now expressed as

f(0,z=0) =0, (B.5)

which is much easier to work with as the scrape-off layer is straightened to be the

horizontal line z = 0, and #-dependence is avoided.
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By using the relations dj|; = (0x/0h)0,|s and 94|, = (0x/00)0,|5 + O4|. Eq.

(B.3) is rewritten in the form

af . =Of 0 ~Of
- A | =—[Bf -6 —1]. .
25| " psing = o [Bf = - n(z,8)5 é] (B.6)
Here 1(0, ) = Oh/dp is explicitly expressed as
n(,r) = —\/COSQ§+4h(§, ) (B.7)

using the relations (3.48) and (3.54). The fact that we are interested in the region
0 < h < hy < 1 permits us to remove the z-dependence in 7 by neglecting h and thus
approximating

n(0,x) ~n(f) = —|cosb|. (B.8)

Since f(,r) and n(f) are both periodic in # for all values of z, they may be

expressed as the Fourier Series

fO,2) = > fulz)e", (B.9)

p=—00

+oo
n@) = > me, (B.10)
where 1, = — fo% df| cos(A)|e~*? /(2r). Note that f_, = fiand -, =n} as f and 7
are real functions. In practice, both series must be truncated when solving numerically
for [i.e. f, =01if |u| > Ng, and n, =0 if |v| > N,]. Ny and N, are positive integers

chosen to be sufficiently large to resolve n(f) and to obtain a converged solution of

f(0,x).
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Substituting Fourier expansions (B.9) and (B.10) into Eq. (B.6), using the
relation sin @ = (e — e~ /(2i) and equating coefficients of € on both sides yields
the differential equations
Ap[

ipfu() +i—

L1 a@) ~ Fa@] = B~ 0 S nfl(@). (B1D

v=—Np

This is a set of 2Ny + 1 linear coupled ODEs, as the subscript ;2 counts from —Ny to
Ny. Since the coefficients are constants, we seek a solution of the form f,(z) = C,e™*".

Substituting this form of solution into Eq. (B.11) yields a set of eigenvalue equations

N,

. A -
inC, — 287p[cﬂ+1 —C, ] = —s8C, + %6 Z N—vCtu, (B.12)

v=—Ny

with s as the eigenvalue and C), as the u-th element of the eigenvector. By inspection,
there is an obvious eigenvalue s = 0 with the coefficient C,, = 4,0 as the eigenvector.
This eigenvector corresponds to the a constant eigenfunction f,(z) = d,0, and we
set Cy to be 1 so as to satisfy Eq. (B.4) for large x. Other physically admissible
eigenvalues are the ones with positive real parts, denoted as {s,} with the eigenvector
{C,.}, since the eigenfunctions die out in the form of e Relsrlze=imlsrle when 7z is
large. The subscript r refers to the r-th eigenvalue and eigenvector.

Both the eigenvalues and the eigenvectors are obtained numerically. It is
noteworthy that in the numerical solutions, the eigenvalue with the smallest positive
real part is equal to w/3/(29), which is the reciprocal of the diffusive broadening
scale (Ah); in Eq. (3.81). Its eigenfunction, which then has the form e=%/(A%)1 g
responsible for the change of density over that broadening region. Other eigenvalues

are not as recognizable though, and the respective eigenfunctions superpose, together
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with that for the scale (Ah);, to produce the delicate density structure around h = h,
in Fig. (3.6).

The total solution is a superposition of all the eigenfunctions

Ny i
FO.2)=1+>" 3" AC,e e (B.13)
r pu=—N;y

where A, is the coefficient of the r-th eigenfunction.
We have to satisfy the boundary condition at the scrape-off layer, therefore by

following Eq. (B.5), we obtain the condition

Ny i
0=f(B,x=0=1+Y_ > AC,". (B.14)
r p=—Ny

Collecting coefficients for every Fourier component yields the set of coupled equations
0=0u+ Y ACu, (B.15)

from which {A,} is solved numerically.
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