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Abstract

Shintani’s Method: Zeta Values and Stark Units
by

Aleksander Sergei Beloi

We prove a formula relating Dedekind zeta functions associated to a number field & to
certain Shintani zeta functions, whose analytic properties and values at non-positive
integers have been well studied by Takuro Shintani. This allows us to compute explicit
formulas for Dedekind zeta functions, partial zeta functions and certain L-series and
their derivatives evaluated at non-positive integers. We relate the explicitly given value
of the derivative of partial zeta functions at s = 0 to those predicted by abelian Stark’s
conjecture. Though this conjecture remains open, we are able to write down explicit
formulas for the absolute values of the conjectured Stark units.

The main ingredient in these formulas is an explicit proof of Shintani’s unit
theorem for number fields of arbitrary signature. This says that the totally positive units
of a number field k£ has a fundamental domain given by a signed union of polyhedral
cones in the Minkowski space of the field. Existence of such domains was known to
Shintani. In the case k is a totally real field, Colmez, Diaz y Diaz—Friedman and
Charollois-Dasgupta-Greenberg were able to construct such domains and give their
generators explicitly. We give an explicit construction of such domains for number fields
of arbitrary signature with an exact formula for the domain. Moreover, our construction
is cohomological, allowing for future cohomological applications of Shintani’s method
as in the work of Charollois-Dasgupta—Greenberg.

This construction allows us to write Dedekind zeta functions and partial zeta
functions in terms of certain analytic zeta functions defined over polyhedral cones
(Shintani zeta functions). Thus we are able to translate questions about special values
of Dedekind zeta functions to those about special values of Shintani zeta, whose values

at non-positive integers are given by closed finite expressions due to work of Shintani.
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Chapter 1

Introduction

It has been seen over the years that zeta functions encode a great deal of
information about the objects that define them. The analytic class number formula
shows that the Dedekind zeta function associated to a number field k£ relates many of
the most important invariants of the number field to the residue of the zeta function at
s = 1, and factorization formulas for such zeta functions lead to more refined conjectures
about their special values. Hecke proposed the study of a Kronecker limit formula for
general algebraic number fields as an approach to Hilbert’s twelfth problem [Hec59], and
the theory of complex multiplication has led Harold Stark to make precise conjectures
relating L-values and abelian extensions [Sta80].

Hecke’s and Stark’s programs suggest that it may be possible to discover
analytic formulas for special values of L-functions that would be suitably natural to
explicitly generate abelian extensions. Takuro Shintani’s work on Hecke’s program
led to a series of explicit analytic formulas for zeta values and L-values as well as
an elementary proof of the celebrated Klingen-Siegel theorem on the rationality of
zeta values for totally real number fields at non-positive integers. The cornerstone of
Shintani’s work is his unit theorem, which states that for a number field &, a finite index
subgroup of the totally positive units of k acting on the Minkowski space of the field
has a fundamental domain given by rational polyhedral cones in the Minkowski space
of the field [Shi76a]. In the case that k is a totally real field, Colmez [Col88], Diaz y
Diaz—Friedman [DF13] and Charollois-Dasgupta—Greenberg [CDG16] gave constructive
proofs which determined explicitly the generators of these polyhedral cones. These

results also modernized Shintani’s theorem by removing the finite index condition



and in [CDG16] phrasing the result in terms of a pairing of algebraic homology and
cohomology classes associated to the unit group U.

The goal of this thesis is to give a constructive proof of Shintani’s unit theorem
for number fields of arbitrary signature, namely those with complex places. This is the
main challenge and the entirety of the second chapter. A key point of our proof is to
consider the action of the totally positive units U of the number field £ on a restricted
Minkowski space (Rs)™ x (C*)™. This space can be identified with a quotient of a
classifying space for U, which allows us to pass from the algebraic (co)homology to
simplicial (co)homology and construct topological cocycles analogous to the algebraic
cocycles defined in [CDG16]. We analyze a relevant pairing in simplicial cohomology
and observe through a limiting process that we may reduce to the totally real case.
The equality of our pairing with that of [CDG16] concludes our proof.

The starting point of computing zeta values for us is to consider the partial

zeta functions associated to an ideal class ¢

Ck(s,c) = Z Nlbs'

bec

Using a classic trick, we can rewrite this series as a summation over a lattice. Let a be
an ideal in the inverse class of ¢. Then for b € ¢ we have that ab = (z) is a principal
ideal generated by an element x € a. This element x is well defined up to units of the
number field and each x € a defines an ideal b € ¢. If we embed k in its Minkowski
space, we can observe that (x(s,c) can be rewritten as a summation over the lattice a
in Minkowski space modulo the action of the unit group U.

1

Ck(s,c) = Na® Z

z€a/U

By expressing a fundamental domain for the action of U on the Minkowski space in
terms of polyhedral cones, Shintani showed that one can express this lattice summation
as a sum of a certain function over a square lattice. This simplification allowed Shintani
to prove a number of results on meromorphic continuation and formulas for special
values. Having extended Shintani’s result on fundamental domains, we apply these
same results to compute special values of partial zeta functions (x(s, ¢) as well as Hecke
L-series and ultimately to get a formula for the absolute values of conjectured Stark

units.



Chapter 2

Shintani’s Method

This chapter gives a cohomological and explicit proof of Shintani’s unit
theorem for number fields of arbitrary signature. In the first two sections we maintain
and introduce the same notation and key results, as illustrated in the identically named
chapter of [CDG16], on cone generating functions and their properties.

We use geometric techniques to prove the existence of a special fundamental
domain for the action of a discrete group, one given by rational polyhedral cones.
This result is the key idea behind this thesis and is motivated by similar work of
Takuro Shintani [Shi76a], whose constructive proof in the totally real case led to many
interesting formulas for zeta values.

We adapt the algebraic (co)homological reinterpretations of Shintani’s method
used in [Col89] and [CDG16] in a geometric way to extend it to handle number fields
with complex embeddings. We do this by noticing certain symmetries of the domain in
the complex embeddings, allowing us to ultimately reduce to the totally real case. The
cohomological method proves convenient for the proof and serves a dual purpose of

allowing for future applications as in [CDG16].

2.1 Colmez perturbation

Consider linearly independent vectors v1, .. .,v, € R¥ x C!. The open cone

(or simpicial cone) generated by the v; is the set

C’(vl,...,vn) = R-gv1 + Rogvo + - - - + Rogup. (2.1.1)



Denote the characteristic function of this cone by 1¢(y, ... v,). When n =0,
we define C() = {0}. Let Kr denote the abelian group of functions R¥ x C! — Z
generated by characteristic functions of such open cones.

Let V = spang (vi,...,v,) and @ = (q1,...,qn) € V an auxiliary vector. We
define a region Cg(v1,...,v,) and its characteristic function cg(vi, ..., v,) as follows.
If the vectors v; are linearly dependent then cg(v1,...,v,) = 0, otherwise we impose
the further condition that @ is not in the R-linear span of any subset of n — 1 of the
v;. Define Cg(v1,...,vy) to be the disjoint union of C(vy,...,v,) and a subset of its
boundary faces (of all dimensions, including 0) as follows. An element is included if
translation by a small positive multiple of @) sends that element into C(vi,...,vy).

That is,

lime_o+ 1o, ... o0 (w + €Q) if v; linearly independent
CQ(vlv ,vn)(w) = .
0 otherwise

(2.1.2)

equivalently, if w = >"1" ; w;v; then

1 ifalw; >0and w; =0 = ¢; >0fori=1,...,n
cQ(vr, . va) (1) =

0 otherwise
(2.1.3)

Let I c {1,...,n} and C; = C(v; : i € I). Say d = |I|, then C can be
thought of as being contained in the intersection of the n — d hyperplanes determined
by vi =0, for j € I ={1,...,n} —I. Here {v{} is the dual basis of {v;}. Each
hyperplane divides the complement of v = 0 into a half-space containing the cone
C(v1,...,vp) and the half-space not containing the cone (as an inequality, (w,v}) >0
or < 0). The boundary face Cy is included in Cg(v1, ..., v,) if and only if (@, v}) >0
for all j € I. That is, each boundary face C; carries a weight equal to 1 or 0, which
determines whether or not a boundary face is included in Cg(v1,...,vy) or not. This

weight given by
1 +sign(Qo™");

weight(Cr) = H 5

jer

(2.1.4)

where o is an invertible (k 4 1) x (k 4 1) matrix whose first n columns are the vectors

v; and o~ its inverse transpose. Using this, the characteristic function cQ(vi, ..., vp)

4



may be written as a weighted sum of characteristic functions 1¢, of open cones.

2.2 Cocycle relation

In this section we show that the characteristic functions cg(v1, ..., vy) satisfy
a certain cocycle relation, this result is fundamental to the construction of an explicit
cohomology class in the next section.

Let vq,...,v, € R¥ x C! be linearly independent vectors with n > 1. A set
of the form

L=Rv; +Rsgva + -+ Rsgvy, (2.2.1)

is called a wedge. The characteristic function 1, of L is an element of Kgr since
L=C(vi,...,up)UC(vo,...,vn) UC(—v1,v2,...,0p).

Let Lr C Kr be the subgroup generated by functions 1y, for all wedges L.

The following theorem was proved for cones in R¥ in [Hil07] for the general
position case without @-perturbation and [CDG16] in general, the same argument
applies directly since, for the purposes of the theorem, R¥ x C! can just be thought of

as a k + 2l-dimensional real vector space. We give a proof for completeness.

Proposition 2.2.1. Let n > 1, and let vo,...,v, € RF x C! be nonzero vectors
spanning a subspace V' of dimension at most n. Let Q € V' be a vector not contained
in the span of any subset of n — 1 of the v;. Let B denote a fixed ordered basis of V

and define for each i the orientation
Op(6;) := Op(vo, ..., 0i,...,v,) = signdet(vo, ..., 0,...,v,) € {0,+1},

where the written matriz gives the representation of the vectors v; in terms of the basis
B, for j #1i. Then

n

Z(—l)iOB(ﬁi)cQ(Uo, cey iy yvy) =0 (1 mod LR). (2.2.2)
i=0
Proof. First note that since cg(vo,...,%,...,v,) = 0 whenever {vg,...,%;,...,v,}

have a linear dependence, the left hand side of (2.2.2) is trivially zero by definition of
cqg unless dim V' = n.

We assume dim V' = n and separate the remainder of the proof into two cases:



Case 1: The v; are in general position, i.e. any subset of {vp,...,v,} of size n spans
V. By the assumptions on (), we also get that for € > 0 small enough, the set

{vo, ..., Up,w+ €Q} is in general position for each w € V.

Let € V be a nonzero vector and suppose = € Cq(vo, ..., 0;,...,vy) for some i.
Say © = Y i~ a;v; for some real constants a; > 0, not all zero. Let \; be nonzero
real constants such that Y7 A\jv; = 0, these are well defined up to simultaneous

scaling. Then we get that

By definition, z € Cg(vo, ..., 0, ..., vy,) if and only if the constants (aj — )‘j\?l) >

0 for all j # 4. Note first that if sign(\;) = sign();), then a; — L) implies

Ai
a; — )‘j\% < 0. So in particular, if A; all have the same sign, then the interiors of

the cones Cg(vo, ..., 0, ...,v,) are disjoint for i # j, which by (2.1.2) implies
Co(vo,...,0,...,vy,) are disjoint for i # j.

Moreover, if A; are all the same sign, we can say which cone x must lie in. Consider
the indexed multi-set A = %}?:0. Without loss assume A; are all positive then
take ip to be the index of the least element of A (if it is unique), then it is clear
)‘f\?ozo > 0 holds for all j # ig. If more than one least element
exists then x is a boundary point so instead consider x 4 e@) which will lie in the

the inequality a; —

interior of a unique cone Cg(vy, ..., s, ..,vy) for € > 0 small enough.

Now assume A; not all the same sign, so if + € Cg(vo, ..., 0,...,v,), then
x & Cg(vo,...,vj,...,vy,) for all j having sign(\;,) = sign(A;). Since this sign
condition partitions the set of cones which x may belong to, x lies in at most two
cones. Let A = {(j, %) s sign(Aj) = —sign(A;,)}, if sign(A;y) = + (resp. —), let
Jo be the index such that % is maximal (resp. minimal). We may assume the
index is unique since otherwise we may replace x with z + €Q.

We show that « € Cg(vo,...,0jy,...,v,), equivalently a; — )\f\% > 0 for all j.
For j such that sign(\;) = sign(\;,) this follows from the choice of j, for j such

that sign(\;) = —sign(\;,) we have that

aj ———— >a; - ——— =a; — —— > 0.



So, we get that x is contained in either 0 or 2 of the cones Cg(vy, ..., 0, ..., vp),

in the case that \; are not all the same sign.

n
Z(—l)iOB(@i)cQ(vo, R N
i=0
(=1)°0p(1;,) if the \; the same sign
= 1 (=1)%O0pg(d;,) + (=1)7°0p(d,) if z lies in two cones
0 if z lies in O cones

To conclude this case, we show that in fact these values are independent of the
choice of z and hence ip and jp, and are in fact constant on V. We give an

alternative expression for Op(?;) using an auxiliary index, which without loss we

choose as the 0 index.

(=1)'Op(0;) =(—1)'signdet(vo, . . ., bi, . . ., Un)

n
, s
:(—l)lsigndet(z — i1, Diy e, Un)
=
i . )\i ~
=(-1) 51gndet(—)\—0vi, Vlyeooy OgyenyUp)
=signdet(vy, ..., —A—;vi, ceeyUp)
. Aj
:81gn(—)\—0)s1gn det(vi,...,vi,...,0p)

So whenever \; all have the same sign, (—1)'Opg(%;) is independent of the choice
0j,) = 0 since sign(A;,) = —sign(Aj,).

of i, moreover (—1)iOOB(@i0) 4 (_1)3'003(
) is constant on V' and equal to

So we get that the left hand side of (2.2.2

= i . R (—1)'Op(9;) if all \; the same sign
> (=1)'0p(0:)cq(vo, -, By .., vn) = { .
i=0

0 otherwise

The characteristic function on V lies in Lr so this gives the desired result.

Case 2: The v; are not in general position. Without loss, we assume that vg, ..., vn_1

are linearly dependent. Let V' denote the (n — 1)-dimensional space spanned



by these n vectors. Denote by 7/ : V. — V' and m : V — R the projections
according to the direct sum decomposition V = V' & Ruv,. We claim that for

1=0,...,n—1and w € V, we have

cQ(Uos -+, iy, ) (W) = ) (0, - -+, Dy V1) (T (W) - go(w),  (2.2.3)

where
if m(w) = v (w) >0
1 and
go(w) = . .
m(w) = v;(w) =0 = 7(Q) =v;(Q) >0

0 otherwise
Note that if vg,...,0;,...,v, are linearly dependent, then by the direct sum
decomposition on V, we must also have that vg,...,0;,...,v,—1 are linearly

dependent. In this case, both sides of (2.2.3) are zero. Furthermore, 7'(Q) € V’
cannot lie in any subset of n — 2 vectors of {vg,...,v,—1}, or else Q would lie
in a subset of n — 1 of the original vectors {vy,...,v,}. This ensures that the

equation (2.2.3) is defined.

In the non-degenerate case, it’s clear that if vy, ..., 9;,..., v, are linearly inde-
pdnedent, then vy, ..., 9;, ..., v,—1 must also be linearly independent. Computing

the left hand side of (2.2.3), by definition we have

cQ(vo, ..., 0iy...,vn)(w)
_ 1 if vf(w) > 0 and v} (w) =0 = vj(Q) > 0 for all j #i
0 otherwise

for the right hand side of (2.2.3), we have

Car(@) (0, - iy ,Un—1) (7 (w)) - go(w)
if v} (7'(w)) > 0, for j # i,n and vy (w) >0
1 v;f(ﬂ’(w)) =0 = v}‘(w’(Q)) >0 for j #i,n
vp(w) =0 = v (Q) >0

0 otherwise



note however, if we let B’ be a basis of V whose last element is the vector v,
and B’ be a basis of V' consisting of the image of the first n — 1 vectors of B
under 7', then by the construction of 7’ and 7, we have that v} (7'(w)) = v} (w)
and v (7'(Q)) = vj(Q) for 1 < j <n—1, so we can see that these conditions are
equivalent and so (2.2.3) holds.

What remains is to compute the left hand side of (2.2.2) in this case. Direct

computation shows that
Op(9;) = Op(B') - Op/(1;).

Using this fact and that cg(vo,...,vn—1) = 0, since vy, ...,v,—1) are linearly
dependent, we compute that

n

Z(—l)iOB(@i)CQ(Uo, e ,f}i, e ,vn)(w)

i=0
n—1
=0g(B) Z OB/ (03)eq(vo, - -y iy ..y o) (W)
=0
=0p(B)lg(w)gq(w),
where )
ZQ(’UJ) = Z(—l)iOB/ (ﬁi)cﬂ/(Q) (’U(], PN ,’IA}Z', PN ,’Unfl)(ﬂ',(’w)).
=0

By our choice of B’ and B”, we get that
OB/(ﬁi) = OB//(U(), Ceey @i, ceey Unfl).
Thus g can be written as
lo(w) =Y (=1)'Opn(vo, ..., 0., Un—1)Crr (@) (V05 - -+, iy - . o, Up1 ) (T (w)).

this is precisely the form for which we can use the inductive hypothesis to conclude
that lg € Lr(V’). It’s straightforward to check that lggg € Lr (V) as desired.

The base case follows from the general position argument.



2.3 Fundamental domain

Consider the region (Rs¢)¥x (C*)!, which forms a group under componentwise
multiplication. Let D = {(z,2) € (Rx0)* x (C)*)! : @@y - wg|21)?|22)? - - - |2]? = 1}.
Let U C D be a discrete subgroup that is free of rank k+ [ — 1. We wish to determine
explicitly a fundamental domain for the action of U on this region in terms of an
ordered basis of U = (u1, ..., Upt1—1)-

Our goal is to construct an explicit fundamental domain for the action of U
on (Rsg)* x (C*)! in terms of cones generated by explicit elements of U. We choose for
our perturbation vector the coordinate basis vector e = (0,0,...,0,1,0,...,0). Since
the first k components of each u € U are strictly positive, the vector ej is not contained
in any cone generated by (k + 2] — 1) of the elements of U, hence 0 € C¢, (v1,...,vp)
for v; € U. Note that the action of U preserves the ray Rsqeg.

First let us try to get an idea of how a fundamental domain for the action U

may behave. Let (x,z) € D, consider the classic logarithmic map
¢:D — HcC R (2.3.1)

((IZ,Z) = (10g|$1‘, s 710g‘xk‘7210g ’21|7' : -7210g‘2l|)'

The image of ¢ lands in the trace zero hyperplane H in R¥* it is also a group
homomorphism, taking the multiplicative structure of D to the additive structure of
H where u € D acts by translation by ¢(u).

Since ¢ is proper, in particular continuous, the action of U on H (via ¢) is
discrete and free of rank k + 1 — 1 = dimg (H).

In H, the fundamental domain for the action of U is given by a fundamental
polygon. Properness of ¢ insures that the inverse of this fundamental polygon will give
a compact fundamental domain in D. In general, we can expect such a domain to be
‘curved’ in some sense. We want to construct a similar 'polygon’ in D (not H) and
show that cones defined by rays through this polygon is also a fundamental domain for

the action of U.

Definition 2.3.1. A signed fundamental domain for the action of U on (Rsq)* x

(CX) is by definition a formal linear combination
D= Z CLiCi
i

10



of open cones with a; € Z such that

Z ailci(u*x) =1

uelU

for all z € (R0)* x (C*)!. We call 1p := Y, a;1¢, € K the characteristic function of
D.

Define the orientation
Wy 1= sign det(log(!(ui)ﬂ))ﬁyzl) = 41,

where (u;); is the 4™ component in (Rsg)* x (C*)!, for j > k this have imaginary

parts. For o € Sgy9-1 and uq, ..., ugy9—1 € U define
Vig = Ug(1) " Ug(i—1) EU, 1=1,...,k+2l
(by convention v, = (1,1,...,1) for all o). Define the sign
wy = (—1)* 2L, sign(o)sign(det (v; )2 € {0, £1}.

Where (Um)fifl is the matrix with column vectors v; , with separated real and imag-
inary coordinates, that is if 6; ;4 ; is the argument of the 4§ complex component of

;o then the k + 2j — 15* and k + 252 real coordinates are cos(6; x+;)|(vio)k+;| and
(k42j—1) (k+27)

sin(0; k+5)|(vi,o)k+j| respectively and are denoted v; and v; respectively.

For 1 S] < kv UZ(Q = (Uivg)j'

In the case when [ = 0 and k = n, the following result was proved in [DF13]

using topological degree theory and [CDG16] extending results of Colmez [Col88].

Theorem 2.3.1. (Diaz y Diaz-Friedman, [DF13|, Theorem 1). Ifl =0, k =n and
U= (uy,...,un—1) is discrete free abelian group of rank n — 1 in (Rs¢)", then the
formal linear combination
Z wocen (Ul,ay ) Un,a)
0ESH_1

is a signed fundamental domain for the action of U on (Rso)".

Our aim is to prove an analogous result for U of rank k+1—1 and n = k + 21.
The following analysis suggests an outline for a way to reduce our problem to the

known case of Theorem 2.3.1.

11



As discussed in the introduction of this section, the log map ¢ given in (2.3.1)
maps D onto a hyperplane H where the induced action of U on H is given simply by
translation by ¢(u).

A fundamental domain for the action of U on H can be given by a parallelotope
P spanned by vectors ¢(u;), with the appropriate closure considerations. Since ¢ is
U-equivariant, we get that ¢~ (P) is a fundamental domain for the action of U on D.

We notice that since ¢ is a homomorphism and log [¢| = 0, ¢~ (P) is invariant
under multiplication by € in its complex components. This means that, in particular,
¢~ 1(P) is completely determined by the absolute values of the coordinates of u; and does
not depend on the argument of (u;);. Let @; = (|(wi)1l, - ., [(wi)g], | (wi)kt1ls - - | () eta])
in (Rso)* x (C*)! and

U= (..., 041)

The above discussion shows that ¢~!(P) is a fundamental domain for the action of both
U and U. Considering each complex coordinate via the isomorphism C* 2 R x S*
and (Rs0)* x (C*)! as (Rso)** x (S1)!, we see that U only acts non-trivially on the
(R~0)**! component of the space. The case done by [CDG16] and [DF13] applies and

their results tells us that the formal linear combination

> Aote, (Lo, - Thtio) (2.3.2)
0€SKy1-1
is the characteristic function of a fundamental domain for the action of U on (Rsq)**.
Where 9; , and w, are

171',0 = ﬂa(l) T Ug(i—1)
Wy = (—1)*w,sign(o)sign(det(7; ,)"7) € {0, +1},

with (ﬁw)fill is the reduced square matrix having removed the rows corresponding to
the [ imaginary parts of the complex components, which are all zero for |v; »|.

Since U and U act identically on the (Rs0)**! component, this is also a signed
fundamental domain for the action of U on (Rsg)**!. This analysis suggests that a
possible proof would be to incorporate the extra (S l)l component into the space and
fundamental domain while maintaining the description in terms of a signed union of

simplicial cones.

12



A key point of the proof in [CDG16] is the construction of a group cohomology

class [¢7] € HFH=1(U,KR) given as follows. Given vy,...,v, € U, then
dg(v1, ... ) = sign(det(vi)?zl)cekH (v1,...,vn) € KR. (2.3.3)

To prove our generalization, we construct an analogous class to ¢ in Betti
cohomology and apply their techniques to define a candidate for a signed fundamental
domain. By observing certain symmetries we show that the characteristic function on
our candidate domain is equivalent to equation 2.3.2.

First let us recall some facts about simplices. Considering a signed funda-
mental domain as a sort of signed triangulation of a fundamental domain, we recall a
fundamental result in algebraic topology which gives an explicit triangulation of the
product of two spaces in terms of the triangulations of the spaces. The Eilenberg-
Zilber map or Eilenberg-MacLane map or shuffle map [Dol80] is a natural

transformation on chain complexes defined on a pair of simplices
o:A, =+ X

T: A, =Y.

Define a linear map

N Aprg = Ay
e; —r e if uj§i<,uj+1,

where e; are the vertices of A, and pg = 0,pp11 =p+ g+ 1.
A (p, q)-shuffle (i, v) is a pair of disjoint sets of integers

I<m<pe<...<pp<p+tq, 1<1r<m<---<y,<p+gq

between 1 and p + ¢, and sign(u, v) is the associated sign of the permutation of the
integers (1,...,p+ q).
The Eilenberg-Zilber map is defined as
Vg1 S5pX @SY = Spig(X xY)

oCRT — Z sign(p, v)(ocon?, 7 on") (2.3.4)
()
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where the sum is over all (p, ¢) shuffles. The differential on a shuffle product

of simplices is defined as
Ao@T) =007+ (-1)%8% @ .

Given simpices a = [a,...,ap] and b = [by, ..., b,] in terms of the images
of their vertices, A, (a ® b) is the (p + q)-simplex whose i*® vertex in the product
space is given by (an#(i), bnu(i)). This map, in particular the fact that it commutes with
the boundary map, is one of the key ingredients in the proof of the original Kiinneth

formula.

Remark 2.3.1. The (p,q)-shuffle group is isomorphic to Spyq/Sp % Sq, where S, acts
on the first p letters and S, acts on the last q letters. This notion can be generalized to

(n1,na,...,ng)-shuffles, where >~ n; =n and k < n, in the obvious way.

Let &4 = (1,...,1,e2™/4 1 ... 1) € D, where €*™/? is in the k + j*
coordinate. The set D acts naturally on cones C(vi,...,v,) by £C(vi,...,v,) =
C(&vy,...,&vy), this translates naturally to an action on characteristic functions by
Ecgvr, ..., vn)(x) = cg(v1, ..., vn) (€ 2). Fix {uy,...,upr—1} to be the generators

of U and have {ay,..., U} generate U. For 0 € S,,_1 define
V(i) = fLo(i) for U(Z) <k+1

V(i) = o (i)—(k+1-1) for o(i) > k+ 4.
Vio = Vg(1) " " Vo(n—1)-
We claim the following

Theorem 2.3.2. For d > 2, the formal linear combination
l
o
Z H §]jd Z wUCen (U1,0'7 o 7Un,a')
0S6j<d Jj=1 o€ESH_1

is a signed fundamental domain for the action of U on (Rso)* x (C*)!, and is inde-

pendent of d, i.e.

l
> > (H@%) Y Wole, (Vigy -+ Uno)(uz) =1 (2.3.5)

uclU 0<ej<d \j=1 oESH—1

for all z € (Rso)* x (C*)!. Here £C, (Vi3 Ung) = Ce, (EV1 0y, EUng).
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Proof. For ease of notation we will denote by X the space (Rg)¥ x (C*)!, by X its
universal cover, X/U the topological quotient by U and 7 = 7 (X/U).
Let 777! : A, 1 — X be a singular (n — 1)-simplex in X and [rg, ..., 7, 1] its
vertices. A key point of the proof is the construction of the class [¢] € H"1(X/U, K)
in Betti cohomology, where K comes with a nontrivial action by U C m(X/U) given
by
(uf)(x) = f(u"2). (2.3.6)

Recall that given a Singular chain complex C,(X), the group H" '(X/U, K) may be

computed via the cochain complex [Hat02]
Hom(Cy(X),K) = Hom(Cy(X),K).

Let us denote by A(ay,...,a,) a literal simplex in X = (Rxg)* x (C*)! given by the

set

Alay,...,an) = {Zaiai :o; € Ryp and ZO‘@': 1},

7

Given 7 € Cp—1(X), let

det(7)i,

o(r) = mcen(ﬁ, ooy Tn) € K. (2.3.7)

A priori, this is not defined for 7 where Arg(Tl(j )), e ,Arg(ﬂgj )) have a linear depen-
dence by positive real coefficients (in particular if Arg(ri(j )) = —Arg(Ti(,j ))), since then
A(T1y,...,T,) may have points with coordinates equal to zero which would not lie in X.
The fact that ¢ satisfies the cocycle property (Proposition 2.2.1)

n

8n¢(7'> = Z(—1>i¢([T0, ey ’fi, . 7Tn]> =0

i=0

ensures that the function ¢(7) is invariant upon subdivision of 7. Subdividing 7
allows us to make certain that the arguments Arg(Tl(j )), e ,Arg(ﬂgj )) lie in a connected
interval (a;,a; + m) for each j, which is sufficient to make the class [¢] well defined.

Note that ¢(A(aq,...,a,)) is simply a signed characteristic function of the
cone generated by aq,...,an, or equivalently a signed characteristic function of the set
of rays passing through A(ay,...,ay).

We define an explicit element o € H,_1(X/U,Z) = Z in terms of simplices

in C,(X) modulo the action of U. We give these in terms of the basis @1, ..., Ug17—1
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of U together with &1.d,---+&,4, where we recall that
Ea (Lo L1 )

where €2™/4 ig in the k + % component. We let a be the class represented by the

singular simplex

l
ag = (—1)"1 Z (H ) Z sign(o)A(Vi,6y- -3 Un0) € Cpo1(X),

0<ej gESH_1

(2.3.8)
Vio = Vg(1) """ Vo (i—-1)
Vj :aj for j <k:+landvj:£j_(k+l_1) fork+1<j<k+2

and &; 4 is acting by componentwise multiplication. This is only defined for d > 2.

Note that
Z sign(o)A(vi,6,. ., Vn0) € Cp_1(X)

O'ESn—l
is nothing but the (1,1, ..., 1)-shuffle product A(1,41)®- - @ A(1, Ggi—1) @ A(L, &) ®

- ®A(1,&) in X! pushed forward to X via componentwise multiplication.
m: X" X

(1‘1, A ,.T}n_l) = T1 Tp—1-

It can be checked that componentwise multiplication sends shuffie products of literal
simplices to literal simplices.

We show that ag is a cycle, i.e. dag = 0. First we recall that

No@7)=007+ (—1)18%¢ @ Ir.

(AL 1) ® - @ AL gg—1) ® AL &1,0) @ @ A(L,§.4))

k-1 .
_<Z @ (—1)TAAL, ) ) (Z —1)ITRHAA(L, §]d)®---).

Jj=1
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Since the points 1 = (1,...,1) and @; are identified in X/U, we get that OA(1, ;) =
A(1) — A(@;) = 0. On the other hand 0A(1,&;) = A(1) — A(&;) is not identified, but

oy is defined in terms of the all of the §; 4 translates of such shuffles, so we get that

!
Bag =& | (—1)" L, Y (1) TR 37 H£,d8 1€]d)))

7j=1 Ogej/<d]’—1

l

l
= ® (_1)n—1wu2(_1)j+k+l Z Hg ZA ;gdﬂ) 2.

Jj=1 0<e, /<d‘j,71 e;=
j;éj’ J'#J

Here we see notice we have the telescoping sum Zg - A(gj 1) — A(gjjjl)) =A(1) —
A(gf,), but since &4 = (1,...,1,e*/4 1, ... 1), we get that ¢, = (1,...,1).

This shows that 0o = 0.

Now show that the class represented by a4 is independent of d so long as
d > 2. This fact is critical to the remainder of the proof and is the key ingredient that
will allow us to reduce to the case treated by [CDG16].

Again we use the fact that

Z sign(o)A(V1,6,- -3 Vn0) € Cp_1(X)

gESH_1

is the (1,1,...,1)-shuffle product A(1,41)®- - - @A(L, Upyi—1)QA(1,£1,4)®- - -RA(L, &4)-
We show aq — g is a boundary by induction on /, the number of complex components
in X = (Rso)* x (C*)L.

Base case (I =1): Let A(U) = A(1,41) @ - @ A(1, g4y — 1), then we have
that
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Qpd — Qg = §7amx(AU) © A1, €1 pa))
0<ej<pd

—( S P ma(AD) @ AL &1q) )}
0<e;<d
= {( )®A§1pd: f]ptll )

0<ej<pd

)i

pe pe +p
(U) @ A& g &g )
0<e]<d
pej  -pej+p
= (-1)" Lw, { (0) @ (~ A, &)
pe;+k pe +k+1
+ Z A & >>}.
0<k<p
Now we notice that
pe Pe‘*P pe;i+k . peit+k+1
A o )+ D A& )
0<k<p

is a contractible loop, hence a boundary we’ll call dcpg 4. Moreover, the previous fact
that dag = 0 shows that A(TU) is a cycle, so apg — g is the shuffle product of a cycle
and a boundary

apg — = C - my(A(U) @ Icpa,a))-

Which implies that it is itself a boundary

A(C - m(AU))) ® cpaa)) =C - m(O(AU) @ cpa,a))
=C - m.(A(AD)) ® ¢paa)
+ (=)MTAU) ® Ocpa,a)
=C  m ()M TAU @ 9cpaq))

=(=1)"*"(apa — aq).
Inductive step: Let

Apd = A(laﬂl) - A(lvﬂk-i—l—l) ® A(lﬂgl,pd) @ A(lagl—l,pd),
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note that apg and M. (3 g<e,<pa §l€,lpdApd ® A(1,& pq)) differ by a sign not depending

on p or d. The inductive assumption is that
Apg — Ay

is a boundary. By an identical argument as in the base case (and using the fact that

Apq = Ag+ 0p), one can show that

Z é.lpd pd®A1§lpd Z § Ad@Alfld)

0<e;<pd 0<e;<d
is a boundary. This shows that a,; — « is the shuffie product of two boundaries, this
is sufficient to show that ay,q — g is a boundary:

If pg — g = b® ¢ with b = Op and ¢ = v then
dbov)=bev+(-1)!hear= (1) c=(—1)"(apm — a)

8(M®c):8u®c+(—1)|“|u®8c:b®c:apd—ad.

This makes the cycle class [o] well defined independent of d, so long as d > 2.
The construction of this class and the class ¢ are the critical ingredients of this proof.

Now we see that as d — 0o, the loop
d—1
DAL )
e; =0

approaches the unit circle S} = {(1,...,1,e™ 1,...,1) : 0 <6 < 1} in the k + 4!

component of X = (Rx¢)* x (C*)!. So as d — oo, we get that ay approaches

dle ag = (—1)"w, Z sign(o)ma(A(1,11) @ - - @ AL, lggy1) @ ST @ -+ @ S}).

oESH—1

Where S 31 represents the counter-clockwise oriented unit circle in the j* component of X.
Since the class [ag] = [o] remains unchanged with d, we see that also limg_,«[ag] = [@].

The image of ([¢], ag) under the cap product
H"YX/U,K) x H,—1(X/U,Z) — Ho(X/U,K) = K

is the image of the function

l
Z (H gjid) Z WoCey, (Ul,O'a s avn,a')
d

0<e;< Jj=1 c€Sh—-1
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in ICU. Where

det(vig)7y
| det(”i,v)?zl‘
We can observe that for o = 1 we have

wy = (—1)" Lw,sign(o)

(~1)" det(vi )iy (2.3.9)
(1) (1)
Vkti,o e Vkti,0
)\ k+1 k k
(Uz(]a))iil,j:l Ul(c+)z o e Ul(c+)z o
cos(27r/d)vk]flr? e cos(27r/d)vk]f:lri)
- . : (2.3.10)
k+l1 k41
Ul(e—&-l c)r COS(27T/d)“I(c+l,3
sin(QW/d)vl(CIfl_? e Sin(27r/d)vl(j_—zl()r
005 (k11 :
(k-+1)
0 Sln(27T/d)Uk+l o
We say that two permutations o, 0’ € S,,_1 give the same orderingon I C {1,...,n—1}

if for all non-equal 7, j € I we have o(i) < o(j) if and only if ¢/(i) < o/(j).

We show that sign(o) det(v; ), does not depend the image of the letters
{k+1,...,k+ 2l — 1} and depends only on the order in which o permutes 4; (that is,
the letters {1,...,k 41— 1})(Lemma 2.4.1, proven in the next section). So we get that
Wy = Wy for 0,0’ giving the same ordering of {1,...,k+1—1}.

For each o, let & denote the representative (of permutations giving the same
ordering of the letters {1,...,k+ 11— 1} as o) for which () < k+ 1 for all i < k + .

Define
det(v;, )k'H

| det(vz’,&)fif

= (—1)lzsign(5)

qQ™~

w,

where det(v;, C,)k“ denotes the determinant of just the upper left block of the matrix
given in equation 2.3.9, whose rows are a reordering of (v;s)i_;. We see that for the

representative o fixing {k+1,... . k+ 2l — 1}

o (Y

Combining these facts we get that
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l
([(b]? ad) = Z (H gjejd) Z wzlycen (Ul,aa ce. 77}n,cr)~

0<e;<d \j=1 0E€Sn_1
Now we again use the fact that oy (and hence ([¢], aq)) is independent of d.
Recall that for f € K and ¢ € X, we have (£f)(z) = f(¢ 'x). So in particular, since
the points in the cone C¢, (V1 4,...,Vn») have arguments in the range [0, 27/d], that
the value l
[ Z (H f;fd) Z w;cen(vl,m - ,vm(,)] (x) (2.3.11)
0<ej<d \j=1 0E€Sn_1
only depends on the argument of z € X = (Rx0)* x (C*)! in its complex coordinates
up to 2m/d. So as d — oo, we get that C(vi,0,...,Un,s) approaches C(vig, ..., Vkt15),
where & is the representative fixing {k+1, ..., k+2l—1} with ordering of {1, ..., k+1—1}
identical to . The cones C(viq,,...,0n0,) are disjoint for 1,09 giving the same
ordering of {1,...,k+1—1}(Lemma 2.4.2, proven in the next section), the many-to-one
reduction of o — & can not incur a multiplicative factor. At any given point in the
limit d — oo, the point x can lie in at most one cone C(v1,4,...,Vns) being reduced
to C(vis,...,Vk415). Thus the value of (2.3.11) is independent of the arguments of .
Let J denote the group of functions X — Z, these are endowed with a natural
action of U (the same action as 2.3.6). Denote by Y5 :Kg— JY the map

(Spf)(@) = flux). (2.3.12)

uel
This sum is finite for any given f € K. Applying this to ([¢], @) with d — oo we get

that

Q_(gleN(@) =" > whee,(vig,---, vr)(ulzl)

U uel €Sk 11
where |z| = (1, ..., Tk, |Tht1]s - - - |TEsi])-
We now see that we have completely reduced this to the totally real case

treated in [CDG16] given in equation (2.3.2), which told us that

2
SN whee, (v, Ukpio16) (ulz]) = (1) =1
u€lU GESk+1-1
for all z € X. Hence, (3_7([¢],)) is the constant function on X equal to 1, and since

the fundamental domains for U and U coincide, this proves the result. ]
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2.4 Sign properties of w, and cones

Here we prove necessary technical results for the proof of Theorem 2.3.2. We
say that two permutations o,0’ € S,,_1 give the same ordering on I C {1,...,n — 1} if
for all non-equal i, j € I we have o(i) < o(j) if and only if o’(i) < o'(j).

In the previous section we defined a certain sign

det(vio)iy

o = (=1)"sign(0) R
w = (1) s1gﬂ(‘7)|det(vi,a)?:1|

The following result shows when two such signs w,, w, may be equivalent for two

permutation o,0’ € S,,_1.

Lemma 2.4.1. The value sign(o)det(v; )i, does not depend on the image of the
letters {k +1,...,k+ 2l — 1} under the permutation o and only depends on the order
in which o permutes the letters {1,...,k+1—1}.

Proof. Tt suffices to show sign(c) det(v; ) = sign(o’) det(v; ,+) for o, ¢’ differing by the
simple transposition (m m+1) which doesn’t change the order of (o(1),...,0(k+1—1))
or (¢/(1),...,0'(k+1-1)).
Say o = o/(m m+ 1), we must be in one of two cases: o(m) and o(m + 1) are
both strictly greater than k + [, or (without loss) o(m) > k+ 1l and o(m +1) < k+1.
Let
S:(N) = {7(j) : § < N},

then we can see that S,(N) = Sy/(N) for N < m and N > m + 1. This implies that
Vj,o = Vj o for j <m+1and j > m+ 2, so the matrices (v;s)j; and (v; o), differ

only in (m + 1) column.

Case 1: Assume o(m) and o(m + 1) are both strictly greater than k + [ (without loss
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assume o(m) < o(m + 1)), then the relevant columns of (v; ) are

m,o

(o=

plotm+1)=1)

vﬁg,(gm)_l) cos(27/d)

plotm+1)=1)

(Vi )iz1 = : :
vﬁ,‘{,@ﬁ”)) vﬁg,(f)) sin(27/d)
7(7(:€7m+1)) 7(;Lrgym—‘,—l))

These columns are identical except in these entries, subtracting the (m + 2)*d

column from the (m + 1)%* column gives us

det(vig)izy =

(o(m)—1)

Um,o

v(o(erl)fl)

m,o

(o(m))

m,o

L(o(m+1)

m,o

0

o801  cos(2r/d))

0
0

o7 (1 — sin(2r/d))

0

23

vﬁgﬁfm)_l) cos(27/d)

U,S‘Z,(;”“)‘” cos(2m/d)

v,&‘{f;”)) sin(27/d)

vé‘{ﬁ,m“)) sin(27/d)

vﬁ,f,(gm)*l) cos(27/d)

v,ﬁi’,ﬁ,m“)’l) cos(27m/d)

Uy(g,(gm)) sin(27/d)

vﬁ,‘;ﬁ,m“)) sin(27/d)




Subtracting the m'" column from the (m + 2)*® column gives us

det(vig)izy

(o(m)=1)

Um,o

v(a(m-i—l)—l)

m,o

(o(m))

Um,o

L(o(m+1)

m,o

0
0
P @m0 (g _
0
0
(o(m+1)(q _
0

0
08000 (cos(2/d) — 1)
0
cos(2n/d)) oW (cos(2m/d) — 1)
0
o{70) (sin(27/d) — 1)
0
sin(27/d)) oS0 (sin(27/d) — 1)
0

Adding the (m + 1) column to the (m + 2)"¢ column gives us

det(vio )iy

Lem)=D)

m,o

U(U(m-‘rl)—l)

m,o

(a(m))

m,o

(o(m+1))

m,o

W{7mD=D

L(o(m+1)

m,o

(1

0
g
0
— cos(2m/d))
0
g
0
—sin(27/d))
0
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m)_l)(cos(27r/d) -1)

0

0

(sin(27/d) — 1)

0




An identical computation shows that for ¢/ = o(m m + 1) we get that
det(vi o )iz) =

0 0

v,&‘{ﬁ}”*” vﬁ,i’ﬁ,m“)‘”(l — cos(27/d))

0 0
Uv(g,gfmﬂ)_l) ; uﬁiﬁ,’”)‘” (cos(2m/d) — 1)
0 0

olotm) e tm D) (1 sin(2r/d))

0 0
pigbm ) : o{70) (sin(27/d) — 1)
: 0 0

So it’s clear now that by swapping and negating the (m + 1)** and (m + 2)™d

columns of the previous matrix, we get that det(v; )iy = —det(v; ), hence

sign(o) det(v; ) = sign(o’) det(v; ).

Case 2: Assume now that o(m) > k+1 and o(m + 1) < k+ 1. As before there are

only three relevant columns

(Vig )izt =
Ug’gm)fz) vég,(gm)*l) cos(2m/d) vi‘iﬁil)vgfgm)*l) cos(2m/d)
(e(m+1)=1) (o(m+1)=1) (o(m+1)=1) (o(m+1)-1)
Um,o Um,o o(m+1) m,o

WD T snn/d) o sin(ze/a

o(m)
o(m+1 o(m+1 o(m)—I1 o(m+1
vSnS, ) vﬁng ) ((7(7(71421)) ﬁn% )
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Subtracting the m'" column from the (m -+ 1)** column gives us

det(vio)iz) =

: 0 '
: 0
g f R
: 0 '
o2 Wl sin@r/d) 1) S sin(2r/d)
0
o(m+1 : o(m)=1) (o(m+1
vt : Ug(v(rﬂr)l) g
0 .

On the other hand, for o/ = o(m m + 1) we have

S 0 e
D g
(vi,o’)?:l = : : :
vﬁ,‘{ﬁﬁ”)) v,(s_(g)a) vfg_(:?)a) sin(27/d)
ey
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Subtracting the (m + 2)"d column from the (m 4 1)%* column gives us

: 0 :
gD (1 cos(2m/d)) ol7Y cos(2m /d)
. . .
UT(g’ngrl)fl) vgj_niil)fl)
det(v; o )iq = 0 :
veg™ (1 —sin@a/d)) o) sin(2n/d)
. .
(o(m+1)) : (a(m+1))
m,o . m+1,0
0

Again we see clearly that negating the (m+1)%' column gives us that det(v; o), =

— det(v; » ), hence sign(o) det(v; ») = sign(o’) det(v; o).
O

Lemma 2.4.2. The cones C(Vig,...,Ung) and C(vi g, ..., 0y ) are disjoint for

unequal 0,0’ giving the same ordering of {1,...,k+1—1}.

Proof. For this proof we fix positive integer d > 2 and use the notation §; = ;4 =
(1,...,1, e2mifd 1 ... 1), where e2mi/d ig in the k+j™ component of X = (Rso)*x (C*)L

For the First we recall from Lemma 2.4.1 that
sign (o) det vy )/_y = sign(o) det(v; 1)1,

Where (vw)fifl is the matrix with column vectors v; , with separated real and imagi-
nary coordinates (as per discussion following Def. 2.3.1). Lemma 2.4.1 implies that
the set of vectors {v;, : 1 < i < n} is linearly independent over R if and only if
{Ui,a' : 1 <i < n} is linearly independent over R. Without loss we assume both sets
are linearly independent (otherwise both cones are empty by definition).

Let Ry be a linear transformation acting on X = (Rsq)* x (C*)! which
rotates (clockwise) by 7/d in every complex component of X. Since the arguments of

the complex components of v; , and v; ,» all lie in {0, 27/d}, the arguments of Ryv; »
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must lie in {—n/d,n/d}. Suppose z € C(vig,...,Vn0) N C(V1,67,..., ) for 0,0’
giving the same ordering of {1,...,k+ 11— 1}. Then

n n
T = E a;Vi o = E biv; o
P i=1

for some a;,b; > 0. Applying Ry to x and taking the real parts of each component we

get that

n

Z ajé}e(Rde,g) = Z bj%(Rde,o/)-
=1

i=1
In terms of the components of X = (Rs¢)* x (C*)!, taking the real part of Ryosy we
get

R(Ravig) = (o) - vy cos(m/d)uyg"™]. ... cos(m/d)uyy™))

1,0 » Yi,00 Res y e 1,0

where | - | denotes norm |z + iy| = /22 + y? in the complex components. Recall that

Vio = Vg(1) " " Vo (i—1)
vj =uj for j <k+land v; =& gy for k+1<j <k+2l

So

|Ui,o = \Z/a(l)’ T ‘ya(i—l)"

Since |§;_4y| = (1,...,1), we see that there are at most k + [ distinct elements
R(R4vi ) for a fixed ordering of {1,...,k+ 1 —1}.

Let T7 4 be the scaling transformation

T Lk ‘ O x1
1d = : )
UM ‘ Diag( zimay)

We note that |v;o| = R(T1 a(Ravie)) = (Viel,-- -, [Vne

). Applying T} 4 to
R4z and taking the real parts of each component we get

n n
> ailvie| = bilvie| (2.4.1)
=1 =1

but since [viq| = [Yo1)l - [Yo@—1)| i @ product of @;’s, this gives a linear
dependence on a subset of {v;, : 1 <j<k+2l, 0 € S,_1} (those not containing any

& factors). For a fixed ordering of {1,...,k+ 1 — 1} given by o (or equivalently ¢’).
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There are exactly k + [ distinct elements |v; |, each of which must occur, the set of
which is equivalent for o and ¢’ as it only depends on the ordering of {1,..., k+1—1}.
The set {|vi | : 1 <i < n} (without repetitions) is linearly independent if and
only if {v; , : 1 <1 < n} is, this can be seen by considering det(v; ,) for representative
o” having the feature that o”(j) € {1,...,k+1—1} for j € {1,...,k+1— 1} and
applying Lemma 2.4.1.
This implies that for each distinct |v; |, that

o w= >, b (2.4.2)

|vi,o|=vj,0] Vi 07 =105,

Now we consider the imaginary parts. Let T3 4 be the scaling transformation

1wk Ok x1
Tyq = X ‘ —= 3 .
lek ‘ Dlag(m)

Applying T5 4 to Rzx and taking imaginary projection in the complex compo-

nents we get
n

n
Z ai%(Tgydevi,U) = Z bi%(Tzde'Ui,a/)- (2.4.3)
i=1 i=1

For example, in the case 0 = id and i < k + [, then

1 k k+1 k+1
S(TpaRaviza) = (1033, -, [l — ol L, = [olP)).

In general, these terms are of this form up to change of sign in the complex components.

Specifically,
S(Ty.aRavi o) * = ols | if o7 ki +1+j—1) <
and

S(To,aRavie) ") = oD i o (k14§ — 1) > 4.

1,0

So, looking at the k + j* component of the equation 2.4.3 gives us

o~ (k+1+5) (ki) n (k1)
+ +
= > a7 Yo ailyy
i=1 =0~ 1(k+l+j)+1
o't (k+1+7) . n "
== X bl X i),
i=1 i=0'=1 (k+l4j)+1
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adding or subtracting the (k + 7)™ component of equation 2.4.1 gives us the following

equalities
oL (k+l45) (b) o'~ (k+l+j) (et
+J +7j

Yoooaiv = > bilvp (2.4.4)
i=1 i=1
- (k+4) = (k+4)

> ailvy, | = > bilvy o] (2.4.5)

=0~ (k+l+7)+1 i=0/~1 (k+l+j)+1

From the construction of v; ; = vy(1) - Vs(;—1), We see that the collection of
indices ¢ such that |v; | = |v; | is sequential. Meaning, there minimal index jmin o
and maximal index jmax,s such that |v;,| = |vj| if and only if jmine < @ < Jmaxo-
Moreover, it must be the case that and o (jmine — 1) < k+ 1 and that o(i — 1) > k+1
for jmine <% < Jmax,o-

Assume jmin,s < Jjmax,o, then equations 2.4.2 and 2.4.5 give us

n n
> ailvig] = > bilvio|
7;:jmim,cf iZU/_l(O'(jmin7gfl))+l
n . ; n . .
Z ai|U§’O(;(Jmm,a)_ )| — Z bi|U§’0(;(lJmm,a)— )|
i:jmin,a+1 i:U,il(O'(jmin,o'))“l‘l

subtracting the second equation from the (0 (jmin,o) — D™ tells us that the

U(,jmin,o'

) :
o | must be equal to either

(
term ajmin,d |vi

o'~ 1(0 (Jimin))+1

Z bz |Ui,cr’ |

i=0""1(0(Jmin,c —1))+1
or

o' (o (jmin—1))+1
- Z bi‘vi,a/ ’

i=0""1(0(jmin,o))+1

Seeing as how all of the terms ai,bi,]vggl,\vglz),\ are strictly positive, it must be the

former. This implies in particular that
o' (o (jmine = 1)) < 0" (0 (Gmine))

meaning that o and o’ give the same ordering of {o(jmin,c — 1), 0 (jmine)}, that is,

0(0(Jmin,e)) > 0(0(Jmine — 1)) if and only if 0’ (0(Jmin,e)) > 0’ (0 (Jmin,e — 1))-
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Analogously, for each j € {jmin,o+ 1, ..., jmax,c}, by comparing the equations

- o(j)—1 - o(j)—1
Zai’UiU(J) )| _ Z bi|U£’o.(/j) )|
i=J i=o'~1(o(4))+1
n o(j)—1 " o(j)—1

S oV = S w0
i=j+1 i=o' 1 (0 (j+1))+1

we see that we must have that o and ¢’ give the same ordering of {o(j),o(j + 1)}.

By assumption, we know that o, ¢’ give the same ordering of {1,...,k+1—1}.

We know o (jmin,s) < k + 1 and each element of {1,...,k+1 — 1} occurs as a (jmin,o)

for some j. This implies that o, o’ give the same ordering for all pairs {o(j),o(j + 1)},

this defines an ordering on all letters {1,...,k 4+ 2] — 1} which defines a permutation,

so we must have that ¢ = o”. O
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Chapter 3

Special values of zeta functions

Let k& be an algebraic number field of degree n = r1 + 2ro, with r; real
embeddings and ry complex embeddings, let di and Oy denote the discriminant and
ring of integers (resp.) of k . Fix an integral ideal f of k£ and denote by Hy(f) the

narrow ideal classes modulo § of k. Define the Dedekind zeta function associated to k

as
1
Ck(s) = Z .
bC Oy Nbs
For each ¢ € Hi(f), the partial zeta function corresponding to c is
G500 =Y oo
k\S, - Nb* ’

bec
where N = Ni q, the algebraic norm to the rational field.

In this section we apply our result from Chapter 2 to rewrite (x(s, c) in terms
of certain analytic zeta functions constructed by Takuro Shintani. These functions have
been extensively studied by Shintani, who proved a number of key results about them,
namely meromorphic continuation and explicit formulas for their values at non-positive
integers. We use these facts to derive explicit analytic formulas for (;(s,c) as well as

certain L-series at non-positive integers.
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3.1 Shintani zeta functions

Let A be an n X r matrix with positive real coefficents, and x be a 1 X n matrix

or row vector, also with positive coefficients. Denote by
T
Liy(z) = Z maZa
a=1

the linear form corresponding to the m'™ row of A. Shintani defines [Shi76a] a zeta

function associated to this data by

(s, A x) = Z H (L (2) + 2m) "%, (3.1.1)

z m=1
where summation over z is taken over all r-tuples of nonnegative integers. Shintani
shows this function is absolutely convergent if R(s) > r/n and that it extends to a
meromorphic function on C (Proposition 1. [Shi76a]).

Let J:k — R xC2, zw— (M, . 20) where 2V, ... (™ are the n
conjugates of x, be the natural embedding of &k into its Minkowski space R x C"2,
By componentwise multiplication, the group of totally positive units F(k) acts on
(Rs0)™ x (C*)™. Our main result from Chapter 2, Theorem 2.3.2, applied to E (k)4
shows that a fundamental domain for the action of F (k)4 on (Rsg)™ x (C*)™ can be
realized as a signed union of a finite number of simplicial cones with generators in a
finite extension k'/k containing the absolute values of a generating set of F (k)4 and
e?™/4 for some d > 2. In detail, let {u1,...,u 1r,_1} be a set of generators for E (k)
and let k' be an extension of k containing e2"/¢ for some d > 2 and all of the absolute
values of {u1,..., Up 4ry—1}-

Recall that for r linearly independent vectors vy, . .., v, we call all C(vy,...,v,) =
{a1v1 + -+ a;v, : a; > 0} the r-dimensional open simplicial cone with generators

v1,...,0-. With ¥’ and k given as above

Theorem 3.1.1. There exist a finite set of open simplicial cones {C; : i € I} with
generators in Or N (Rsg)™ x (C*)™2 such that for all x € (Rsg)™ x (C*)" we have

YooY silawla)=1,

i€l uEE(k)+ xUyg

where s; = +1 and Uy is a finite group of order d".
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Proof. This follows directly from Theorem 2.3.2, the group Uy is generated by elements
{&,...,&,} as given in the proof. We note only that the @Q-purturbed indicator
function cg(v1,...,v,) can be decomposed into a finite union of indicator functions on
open simplicial cones of varying dimension, in this setting it is preferable to consider a

decomposition into open simplicial cones. ]

For each i € I, denote by (i) the dimension of Cj, fix a system of generators
Vids -5 Vi) € O for Gy, then for each x € C; we set

7 ()
x = Z 2(2) Vi -

a=1
For x € C; Nk, if k' = k then the coefficients z(x)1, ..., 2(x),(; are all rational.
Fix a complete set of representatives ay, ..., ap, for narrow ideal classes of k.
For each ¢ € H(f), there is a unique representative a; such that ¢ and a;f are in the

same narrow ideal class of k. For each i € I, set
R(c,C)) ={x e Cin(af) ' +1; 0< 2(z)a <1 (a=1,...,7(i)}. (3.1.2)

Where (a;f) ! +1 is the set of all elements y such that i —1 € (a;f)~!. The set R(c, C;)
is always finite. Let A; be the n x (i) matrix whose («, §)-entry is given by vgoé). Then
we get that

1

Cu(s,c) = .
K %Nh
1
=N (f)~*
(aif) Ny

where y is taken over all totally positive numbers u € k satisfying p — 1 € (a;f) 7!
and are not associated with each other by the action of the group FE (k). Applying
Theorem 3.1.1 we get

Ck(s,c) = N(a;f)~ Z Si Z

1
il peCin(a;f)=1+1 Ny

1

Each p € C; N (a;f)~! + 1 has a unique expression:
r(7)

pw="> (T + 2k)Vik,
k=1
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for an appropriate r = (v1,...,2,;)) € R(c,C;) and r(j)-tuple z = (21,..., 2,(;)) of

non-negative integers. Hence,

Z N = Z C(S,Ai,%),

—s
neC;N(a;f) 141 K z€R(c,C;)

and we get the following formula for (;(s, c) in terms of Shintani zeta functions

Ck(s,¢) = N(a;f)~° Zsi Z C(s, Aj, x). (3.1.3)

€l zeR(c,Cy)

So the evaluation of (i (s, c) is reduced to the evaluation of ((s, 4;,z). At
non-positive integers, Shintani showed that one can evaluate ((s, A;, x) in the following
way.

Let LI (t) = Y. h_ Gq,ita be the linear form in n variables corresponding to
the i*" column of A and let B,(A,z)®) /(m!)" be the coefficient of
yn(m=1) (t1---tg_1tgyr - -tn)m_l in the Laurent expansion at the origin of the following
function in t and u:

n r
[exp <—u Z taa:a> H (1 — exp(—uLi(t)) ™
a=1 i=1 tg=1
Further, setting B (A,z) = 375, B (A, 2)®) /n, Shintani regarded B,,(A,z) as a
generalized Bernoulli polynomial. In Proposition 1 of [Shi76a], he showed that

C(1=m,Az) = ()" VB (Az)  (form=1,2,..). (3.1.4)
Combining 3.1.3 and 3.1.4, one obtains

G(l-m,¢) = N@f)™ " Ss; S (1" Dm "B (4iz) (form=1,2,...).
i€l  zeR(c,C;)

In the case k is a totally real field, this implies a classic theorem of Klingen-Siegel [K1i62]
on the rationality of zeta values at non-positive integers. When k is not totally real,
these values are known to be zero.

Additionally, Shintani derived the following formula for the derivative of

((s,A,x) at s = 0 (Proposition 1’ [Shi76a])

%C(s, A, x)|s=0 = (ny — (2n — 1)7i)¢(0, A, x) + i i[kl(A,x), (3.1.5)
k=11=1
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where « is the Euler constant and Iy (A, x) is given by the following formula:

exp(l — zj)a;it logtd
t
T = 2mi /1 (00) j- H exp(ajpt) —1 t ’

if 14k,

e G &[] TR b i b,
(2mi)°n J1.(400) t 1) ; eXP{t ajiu+ ajg)} —1 u

The paths of integration I.(1) and IE(—l—oo) are defined as follows. For a positive number
€ > 0, denoted by I.(1) (resp. I.(+00)) is the integral path in C consisting of the
interval [1, €] (resp. [+00, €]), counterclockwise circle of radius € around the origin and
the interval [, 1] (resp. [e,4+o0]).

This allows the following formula for the derivative of (j(s,c) at s =0

Theorem 3.1.2.

%C(s, c)|s=0 = Z&( > (ny—(2n — 1)mi —log N(a;f)) B1(A;, z)

el z€R(c,C;)

k=11=1
3.2 Abelian Stark’s Conjecture

Take k, f and H(f) be as in the previous section and let K¢ be the class field
over k corresponding to the subgroup G of Hy(f).

Let x € G be a character of G, we define the L-function associated to the
extension K¢ /k, x and f as

Lice/ii(s:x) = Y x(€)Ck(s, 0).
ceG
Applying the previous formulas to the above equation gives us the following formula
for L-values, for m =1,2,...
Lk i(1—m,X) Z x(¢)N(a;f)™ ! Zsi Z (=)D B (A, @), (3.2.1)
ceG i€l 2€R(c,C)

Let S(f) be the set containing all infinite primes of k and all finite primes

dividing §. We state the following classic results [Lan00] [Das99]

Cke(s) = 1 Lrg/mi(s, x)-
xEG
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{veSH) : x(Gu) =1} ifx#1

ords—o L §(s,X) = { IS(H)| -1 ity=1

Assume the following
e S(f) contains all non-archimedean primes which ramify in Kg
e S(f) contains at least one place which splits completely in K.
o [S(HI = 3.
Under these assumptions, the rank one abelian Stark’s conjecture says that

Conjecture 3.2.1 (Stark). With the notation as above, there exists an S(f)-unit
ec{ue K} : |uly =1forall w'| v} such that

log |€%]w = —ex (0, ) for all c € G,
or equivalently

| ) )
Lo ij(0:x) = =——— > x(¢)log e}, forall x € G.
€K, ceG

Additionally, it is asserted that Ka(e"/°5c)/k is abelian.

Note: € denotes the conjugate of € associated to ¢ via the reciprocity map.

Combining this with 3.1.2 gives the following formula for |€¢|,,

Theorem 3.2.1 (Stark unit). With notation as above, under the assumption of Stark’s
conjecture in the rank one abelian case, the following is a formula for the absolute value

of a Stark unit

|€€|w = exp [—eKG Z si< Z (ny — (2n — 1)mi — log N(a;f)) B1(A;, x)
iel z€R(c,Cy)

n o n
s ka,(A,@)].
k=11=1
In the case that k is totally real, this completely determines the Stark unit.
This was known to Shintani and has since been used to construct class fields. In the
case when k has complex embeddings, it would be of great interest if one could discover

a formula for the argument of these units. [Das99]
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