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Abstract

Variations on Quantum Geometry

by

Shannon Ries McCurdy

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Bruno Zumino, Chair

This dissertation explores various aspects of quantization and geometry. In particular,
we analyze the ground states of a two-dimensional sigma-model whose target space
is an elliptically fibered K3, with the sigma-model compactified on S1 with boundary
conditions twisted by a duality symmetry. We show that the Witten index receives
contributions from two kinds of states: (i) those that can be mapped to cohomology
with coefficients in a certain line bundle over the target space, and (ii) states whose
wave-functions are localized at singular fibers. We also discuss the orbifold limit and
possible connections with geometric quantization of the target space. We also provide
a deformation quantization approach for differential forms on symplectic manifolds.
After a description of the Z-graded differential Poisson algebra, we introduce a covari-
ant star product for exterior differential forms and give an explicit expression for it up
to second order in the deformation parameter ~, in the case of symplectic manifolds.
The graded differential Poisson algebra endows the manifold with a connection, not
necessarily torsion-free, and places upon the connection various constraints.
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String theory is the branch of theoretical physics that explores the highest energy
scales that can be contemplated. At these high energies, we believe that all of the
fundamental forces of nature are united. The two greatest achievements of 20th
century physics, quantum field theory and general relativity, offer descriptions of
sub-atomic distances and cosmological distances, respectively. However, for all their
experimental successes, the two theories are not compatible, and a new theory is
needed: a theory of quantum gravity. Physicists struggled for decades to find a
unifying theory, most famously including Albert Einstein, but it was not until the
development of string theory that physicists met with success, and the success of
string theory far exceeded expectations. String theory postulates that at very short
distances everything we think of as a particle is not actually point-like, but instead
extended along a very small loop: a string. This simple idea leads to a theory that
describes the fundamental interactions of nature, and in particular, automatically
addresses the problem of quantum gravity.

General relativity describes the gravitational interactions among matter in terms
of their effects on the geometry of spacetime. The familiar arc of a baseball’s flight
is actually a straight line through a spacetime curved by the mass of the Earth.
Quantum field theory describes the behavior of the microscopic, with the quantum
mechanical observables of the theory living at points in spacetime without interact-
ing with the geometry of spacetime. Quantum field theory reveals that an electron
does not move along a straight line from one place to another, but instead explores
every possible path with a different probability. This non-deterministic nature and
the associated wave-particle duality, makes quantum field theory so extraordinary,
especially when compared to our everyday, classical intuition about how the world
works.

The challenge of quantum gravity is to find a way to combine the non-deterministic
nature of quantum field theory with the geometry of general relativity so that we can
understand quantum geometry. However, simply combining general relativity and
quantum field theory is an unsuccessful approach; the resulting theory’s corrections
diverge as one looks at smaller and smaller length scales. String theory spreads out
interactions from points, zero dimensional plus time, to strings, one-dimensional plus
time, and higher-dimensional membranes, softening the divergences in a consistent
way. Not only does string theory provide a fascinating and consistent framework of
quantum gravity, it also leads to a plethora of unexpected mathematical and physical
features. It predicts extra dimensions of spacetime, supersymmetry, and new phys-
ical structures such as exotic states and branes which are only possible in quantum
geometry. In this thesis, I explore several effects that arise in quantum gravity.

Quantization describes the process of extending a classical theory to a quantum
theory. The starting point is the data of the classical theory, comprising of the
classical phase space with canonical coordinates of position and momentum and the
classical observables of real functions of the canonical coordinates. The ending point is
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the quantum formulation of the theory, where the quantum data comprises quantum
analogs of the classical data. The quantum phase space is the complex Hilbert space
and the quantum observables are Hermitian operators acting on the Hilbert space.

There are several approaches to quantization, and the most familiar is canoni-
cal quantization, introduced by Dirac [28]. For a pedagogical review of approaches
to quantization, see [2]. In the simple case of flat classical phase space, canonical
quantization takes the space of square integrable complex functions of the position
coordinates as the Hilbert space and the quantum operators x̂, p̂ = −i~∂x as the
quantum observables. The quantum operators satisfy the canonical commutation
relation,

[x̂, p̂] = x̂p̂− p̂x̂ = i~. (0.1)

However, there are ambiguities in how to assign quantum operators to classical func-
tions of higher order polynomials of the canonical coordinates.

Deformation quantization was originally introduced by Weyl [84], and later for-
malized by others [9, 10], as an attempt to provide an alternate theory of quantization
for quantum mechanics. For a pedagogical review of deformation quantization, see
[29, 2]. Deformation quantization approaches the question of quantization by deform-
ing a commutative algebra of classical observables into a noncommutative, but still
associative, algebra of quantum observables. In deformation quantization, classical
functions on phase space are reached by the ~→ 0 limit of quantum operators. The
noncommutative but associative products that appear in deformation quantization
are called star products. Deformation quantization is relevant to string theory, as we
will see below, and it is also a rich mathematical field in its own right.

The first star product discovered was the Weyl-Moyal star product for flat space
[84, 48, 68]. It can be written in a compact form to all orders:

(f ?M g)(x) = e
i~
2
θij ∂

∂xi
∂

∂yj f(x)g(y)|y=x. (0.2)

Here, f and g are functions of the coordinates xi on flat space and θij is an anti-
symmetric Poisson structure, in this case constant in the coordinates. The Poisson
bracket, a bilinear map on functions, is given in terms of the Poisson structure in
local coordinates by,

{f, g} = θij∂if∂jg, (0.3)

and it obeys the following properties,

{f, g} = −{g, f}, {f, gh} = {f, g}h+ g{f, h},
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0. (0.4)

The expansion to O(~2) of the Weyl-Moyal star product is,

(f ?M g)(x) = fg +
i~
2
θij∂if∂jg +

1

2

(
i~
2

)2

θijθmn∂i∂mf∂j∂ng +O(~3).
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The associativity property of the Weyl-Moyal star product follows easily from (0.2),

((f ?M g) ?M h)(z) = e
i~
2
θij ∂

∂xi
∂

∂zj (f ?M g)(x)h(z)|x=z

= e
i~
2
θij
“

∂

∂xi
+ ∂

∂yi

”
∂

∂zj e
i~
2
θkl ∂

∂xk
∂

∂yl f(x)g(y)h(z)|x=y=z

= e
i~
2
θij
“

∂

∂xi
∂

∂zj
+ ∂

∂yi
∂

∂zj
+ ∂

∂xi
∂

∂yj

”
f(x)g(y)h(z)|x=y=z

= e
i~
2
θij ∂

∂xi

“
∂

∂yi
+ ∂

∂zj

”
e
i~
2
θkl ∂

∂yk
∂

∂zl f(x)g(y)h(z)|x=y=z

= (f ?M (g ?M h))(z).

On symplectic manifolds, where the Poisson bivector is invertible, it also has an
equivalent integral form [84, 85, 13]:

(f ?M,s g)(x) =

∫
W (x1, x2, x)f(x1)g(x2)dnx1d

nx2,

W (x1, x2, x) =
1

det(|θ|)(π~)n
e

2i
~ (x−x1)iωij(x−x2)j . (0.5)

Here, ωij = (θij)−1. The argument of the exponential is
(

4i
~

)
times the symplectic

area of a triangle with vertices (x1, x2, x) when n = 2.
From the work of [61, 18] and many others, the star product of functions on a

general Poisson manifold is well known to all orders in the deformation parameter.
The diagramatic formula for the star product is [61],

f ?K g = fg +
∞∑
n=1

~n
∑

Γ∈Gn,2

ωΓBΓ(f, g). (0.6)

The BΓ(f, g) are bidifferential operators, homogeneous of degree n in the components
of the Poisson structure, which here we denote by πij because it can depend on the
coordinates xi. The ωΓ are weight coefficients. The Γ are admissible graphs, a subset
of Gn,2, which is the set of graphs on (n+ 2) vertices (see [61] for more details).

The result was subsequently elucidated by [18], who used a non-linear σ-model
action and two real bosonic fields on a disk world sheet with a Poisson manifold target
space to provide physical intuition for (0.6):

(f ?K g)(x) =

∫
X(∞)=x

DX DAf(X(1))g(X(0))e
i
~S[X,A],

S[X,A] =

∫
D

(
Ai(u) ∧ dX i(u) +

1

2
πij(X(u))Ai(u) ∧ Aj(u)

)
. (0.7)

The bosonic field X provides a map from the disk D with coordinates u to M , the
Poisson manifold, and 0, 1 and∞ are three cyclically ordered points on the boundary
of the disk. The bosonic field A is a one-form on D that takes values in the pull-back
by X of the cotangent bundle of M .
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In the symplectic case, when the Poisson structure is invertible, one can formally
integrate over the one-form auxiliary field Ai(u):

(f ?K,s g)(x) =

∫
X(∞)=x

DX f(X(1))g(X(0))e
i

2~
R
D ωij(X(u))dXi(u)∧dXj(u) .

This can be further written as:

(f ?K,s g)(x) =

∫
γ(±∞)=x

Dγf(γ(1))g(γ(0))e
i
~
R
γ d
−1ω .

The functional integral is over trajectories γ that map the boundary of the disk to
the Poisson manifold M [18].

Star products were subsequently found to apply in many areas of physics, including
string theory. In string theory, star products and noncommutative spacetime emerge
naturally in the description of the quantization of open strings in the presence of
non-zero but constant B-field. The noncommutivity emerges because the products of
vertex operators of open strings often depends on the ordering along the boundary
of the worldsheet [74].

As an example of a star product in string theory [78], take the open string in
flat space with metric g, and with a constant background Neveu-Schwarz B-field, and
Dp-branes. The action is a σ-model with constant background fields and a flat target
space,

S =
1

4πα′

∫
Σ

gij∂ax
i∂axj − i

2

∫
∂Σ

Bijx
i∂tx

j. (0.8)

For the world sheet Σ = D, a disk, the propagator on the boundary of the disk is,

〈xi(τ)xj(τ ′)〉 = −α′Gij log(τ − τ ′)2 +
i

2
θijε(τ − τ ′),

where,

Gij =

(
1

g + 2πα′B
g

1

g − 2πα′B

)ij
, (0.9)

θij = −(2πα′)2

(
1

g + 2πα′B
B

1

g − 2πα′B

)ij
. (0.10)

The time-ordered commutator of the field x on the boundary is:

[xi(τ), xj(τ)] = T
(
xi(τ)xj(τ−)− xi(τ)xj(τ+)

)
= iθij.

One can think of the xi(τ) as the coordinates of a noncommutative space with non-
commutativity parameter of θij. We see that noncommutative geometry has emerged,
in this context from a worldsheet with boundary.
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Furthermore, in the limit that α′ → 0, the worldsheet action (0.8) reduces to a
0+1D action of the form,

S = − i
2

∫
∂Σ

Bijx
i∂tx

j, (0.11)

on the boundary of the world sheet. The propagator reduces to,

〈xi(τ)xj(τ ′)〉 =
i

2
θijε(τ − τ ′), θij = −

(
1

B

)ij
.

The leading singularity in the product of two vertex operators eip·x(τ) and eiq·x(τ ′),
with τ > τ ′ is,

: eip·x(τ) :: eiq·x(τ ′) :∼: eip·x ?M eiq·x(τ ′) : .

This ?M is the Weyl-Moyal star product from equation (0.2). Because ?M is deter-
mined by associativity, translation invariance, and noncommutivity, it is the natural
candidate for the leading terms of dimension-zero operator products [78].

Geometric quantization emerged from an attempt to systematize deformation
quantization [62]. For a pedagogical review of geometric quantization, see [89, 34, 2].
In geometric quantization, one considers phase spaces with the additional structure
of a Lie group. The geometric quantization procedure attempts to establish a cor-
respondence between the Lie group acting on the classical phase space and classical
observables and a group of unitary operators acting on the Hilbert space and quan-
tum observables. The program of geometric quantization is as follows. First, one pre-
quantizes the phase space by constructing the Hilbert space of the entire phase space.
In the simple case of the one-dimensional harmonic oscillator, the pre-quantized dy-
namics coincide with the classical dynamics. Because the pre-quantum Hilbert space
is too big, the pre-quantization procedure has failed to quantize the system. Next one
tries to separate the degrees of freedom of the phase space into two groups using a
polarization; for the harmonic oscillator, one can take a Kähler polarization. Now the
system is quantizable, however, the energy spectrum of the theory is still not yet cor-
rect; for example, the energy spectrum of the harmonic oscillator requires a shift by ~

2

to match the known energy spectrum. More generally, this a metaplectic correction,
and after this correction one finally arrives at the true Hilbert space of the quantum
theory. In Part II, we conjecture a relationship between geometric quantization and
the ground states of a compactification with a mirror-symmetry twist, our model.

Mirror symmetry is a duality between two different geometries that is only possible
at the quantum level. The discovery of the importance of quantum dualities such
as mirror symmetry is one of the recent transformative discoveries in string theory.
Seminal early works on mirror symmetry include [31, 64, 45]. Mirror symmetry was
originally formulated as a map between two Calabi-Yau manifolds. A Calabi-Yau
manifold of complex dimension d is a symplectic manifolds with an integrable almost-
complex structure that is compatible with the symplectic form (a Kähler manifold)
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with SU(d) holonomy. Mirror symmetry is a map between two Calabi-Yau manifolds,
M and M̃ , of complex dimension d such that their Hodge numbers are related by

hp,q(M) = hd−p,q(M̃). (0.12)

A more general form of the symmetry, which does not require the mirror manifold
to be Calabi-Yau, establishes an equivalence between a gauged linear σ-model and a
Landau-Ginzburg theory. For certain cases, this map is an equivalence between two
Calabi-Yau σ-models with the relation (0.12) above [56].

At the most intuitive level, one can understand mirror symmetry as an application
of T -duality [79]. The simplest example of mirror symmetry occurs for the bosonic
string compactified on the circle with radius R, and the mirror map is T -duality. One
way to see that T -duality is a symmetry of the bosonic string compactified on the
circle is to look at the spectrum of string excitations:

α′M2 = α′
(( n

R

)2

+

(
wR

α′

)2 )
+ 2
(
NR +NL

)
− 4,

nw = NR −NL, n, w ∈ Z. (0.13)

Here NR,L are the left and right number operators, and n,w are integers that charac-
terize the Kaluza-Klein momentum and winding number, respectively. By inspection,
the spectrum is invariant under the interchange of n↔ w, as long as the interchanged
circle has a new radius R̃ = α′

R
. This is the simplest example of T -duality and mirror

symmetry. At the level of the bosonic fields xR,L, the map is:

x̃R = −xR, x̃L = xL, R̃ =
α′

R
. (0.14)

While this argument only shows the equivalence at the level of the spectrum, the
equivalence also holds perturbatively for the full interacting string theory [11].

We would like to explore the consequences of a mirror-symmetry twist in our
model. Twisted boundary conditions have been used variously for supersymmetry
[73], gauge symmetries [17], Lorentz symmetries [81], and orbifolds [30]. Generic
twisted boundary conditions on the world sheet with the identification σ1 + 2π ∼ σ1

take the form:

x(σ1 + 2π) = gx(σ1), (0.15)

where g is the twisting element of the symmetry in question. The case where the
twisting element g is a duality of the theory has also been explored in various contexts
(see, for example, [63, 65, 24, 39, 52, 25, 35, 58, 23, 60]). The mirror-symmetry twist
we will consider in our model connects the fields just left of the cut at σ1 = 0 (for all
times σ0) on the world sheet to the fields just right of the cut via the mirror-symmetry
transformation.
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The mirror-symmetry twist promotes mirror symmetry from a duality to a full
symmetry of the theory. By this we mean the mirror M̃ of M is M itself: the
same manifold and at the same point in moduli-space. Since generically the mirror
manifolds M̃ and M do not have the same classical geometry, for example, in d = 3,
the Euler characteristic changes sign,

χ(M̃d=3) = −χ(Md=3), (0.16)

we are restricted to a rather special class of Calabi-Yau manifolds. In d = 2, there
are two compact Calabi-Yau manifolds, K3 and T 4. K3 manifolds have the follow-
ing Hodge diamond, where hp,q(X) are the respective dimensions of the Dolbeault
cohomology groups,

h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h2,1 h1,2

h2,2

=

1
0 0

1 20 1
0 0

1

(0.17)

K3 manifolds have many nice properties, such as the fact that any two K3 manifolds
are diffeomorphic to each other, though they may have differing complex structure.
From the definition of mirror symmetry (0.12) and the Hodge diamond (0.17), we see
that the mirror of a K3 manifold is also a K3 manifold. This makes K3 a natural
setting for the exploration of mirror-symmetry twists. In particular, we will focus
on K3 manifolds that can be represented as an elliptic fibration. Such spaces are
described by fibering a torus over some base manifold, and the complex structure of
the torus varies over the base.

In Part II, we consider a supersymmetric 1+1D σ-model with an elliptically fibered
K3 target space that is invariant under a suitable duality-symmetry transformation
[43]. In this model, the duality-symmetry is a discrete nonperturbative symmetry: in
some cases it is mirror symmetry realized through fiber-wise T -duality. We look at
a compactification of this σ-model on S1 with supersymmetric boundary conditions
that include these mirror-symmetry twists. Our goal in Part II is to understand the
low-energy description of this system. In particular, we study the ground states of
this system and their connection to geometric quantization. The Witten index of the
theory with the mirror-symmetry twist is given by,

I(M̂) = tr{(−1)FM̂}, (0.18)

where M̂ is the mirror twist operator. The Witten index counts the difference between
the number of zero-energy bosonic and fermonic states in the space with the mirror
twist insertion. We show that the Witten index receives contributions from states that
can be mapped to cohomology and states localized at singular fibers. We also discuss
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the orbifold limit of K3 and possible connections with geometric quantization of the
target space. Through a doubling of the target space coordinates, we find evidence
that the Hilbert space of ground states of a compactification of the duality-twisted
theory and the Hilbert space of geometric quantization of the singular fiber are the
same, and we give the operators in the IR limit. In this context, noncommutative
geometry has also arisen, but this time on a closed worldsheet with modified boundary
conditions.

Motivated by the appearance of noncommutative gauge theories in string the-
ory, we also investigate a generalization of the star product for differential forms. A
differential form of degree |α| is a covariant tensor field of degree |α| that is totally an-
tisymmetric. In a local coordinate system {xi, . . . , xn}, a |α|-form α can be uniquely
expressed as α = 1

|α|!αi1...i|α|dx
i1∧· · ·∧dxi|α| where the coefficient αi1...i|α| is completely

antisymmetric. In Part III, we construct, to second order in the deformation param-
eter, a covariant star product for exterior differential forms on symplectic manifolds
[66]. Since the O(~) term of the star product on functions is the Poisson bracket, we
use the differential Poisson algebra discussed in [21, 55, 12] as the O(~) term of the
star product on differentials. Noncommutative Poisson algebras are also discussed
in [90]. As found in [21, 55, 12], endowing a symplectic manifold with a differential
Poisson calculus is equivalent to endowing a symplectic manifold with a connection
that has certain important restrictions. Modulo these restrictions, we find that it is
possible to define a covariant star product to O(~2) on the space of differential forms
on symplectic manifolds endowed with a differential Poisson calculus, and we give the
explicit form. Our work was later extended and applied in [20, 83], for example.
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Part II

Ground States of Duality-twisted
Sigma-Models with K3 Target

Space
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Chapter 1

Introduction

Consider a supersymmetric 1+1D σ-model with target space X (a Kähler manifold
with metric G and 2-form field B) that is invariant under a suitable mirror-symmetry
transformation, so that in this model mirror-symmetry is a discrete nonperturba-
tive symmetry. We wish to study the Hilbert space H of ground states of a com-
pactification of this σ-model on S1 with supersymmetric boundary conditions that
include a mirror-symmetry twist. The mirror-symmetry twist is constructed as fol-
lows. Let (σ0, σ1) be the spacetime coordinates with 0 ≤ σ1 < 2π parameterizing
S1, and −∞ < σ0 < ∞ parameterizing time. To insert a mirror-symmetry twist
at, say, σ1 = 0, we first Wick rotate by setting σ0 = iσ2, then consider σ1 as the
(Euclidean) time direction and insert the operator M̂ that realizes mirror-symmetry
at σ1 = 0. Correlators of operators Ô1, . . . , Ôn in this theory can be defined as
tr{M̂(−1)F e−2πĤÔn · · · Ô1}, where Ĥ is the Hamiltonian of the field theory, F is the
fermion number, tr is the trace over the Hilbert space of the (untwisted) σ-model
compactified on S1 (which now corresponds to the space direction σ2), and the oper-
ators are assumed to be in the Heisenberg picture and ordered according to increasing
σ1.

Duality twists (sometimes referred to as “monodrofolds” or, in our context, as
“mirrorfolds”) have been extensively studied in a variety of contexts (see for example
[63, 65, 24, 39, 52, 25, 35, 58, 23, 60] for a sampling of the literature), and several
interesting approaches have been developed to understand such backgrounds. For T 2d

target spaces and their orbifolds the mirror-twist reduces to a T-duality twist, and
the compactification is a sector of an asymmetric orbifold. For a K3 target space, the
spectrum of the theory at special limit points in moduli space (Gepner points) was
computed in [60].

Our goal in this paper is relatively modest – to learn about the ground states of the
theory, describe their wave-functions in more detail, and explore possible connections
with geometric quantization of the target space. One of the motivations for this work
is to develop tools to study compactifications with duality twists in gauge theory.
For example, a compactification of 3+1D N = 4 Super-Yang-Mills theory on S1 with
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an S-duality twist was studied in [40, 42, 80, 41], where a possible connection with
Chern-Simons theory was also explored. This hints at a relation between our present
σ-model problem and geometric quantization as follows. S-duality can be related
to mirror-symmetry of a certain 1+1D σ-model by compactifying the 3+1D gauge
theory on a Riemann surface [49, 15]. The σ-model’s target space is the Hitchin space
associated with the gauge group and the Riemann surface (see [59] for more details).
On the other hand, the Hilbert space of Chern-Simons theory on a Riemann surface
can be obtained by geometric quantization of the moduli space of flat connections
on the surface [86], and the latter can naturally be embedded in the Hitchin space
as the fixed locus of a certain global symmetry. Thus, the question arises whether
the Hilbert space of the mirror-symmetry twisted σ-model compactification is related
to the Hilbert space obtained by geometric quantization of the target space (or a
suitable subspace of it).

Another motivation is to learn about the operator M̂ that realizes mirror-symmetry.
Mirror-symmetry is a nonperturbative phenomenon of 1+1D σ-models, and the Hilbert
space of the mirror-twisted compactification carries information about the operator
M̂. Restricting to ground states is equivalent to taking the low-energy limit, where
roughly speaking, correlators reduce to tr{M̂(−1)F Ôn · · · Ô1}. Thus, understanding
the Hilbert space of ground states (and the operators that act on it) is a way to probe
the mirror symmetry operator M̂.

The main focus of this paper is one particular case (with potential generaliza-
tions) — an elliptically fibered K3 target space, with the mirror-symmetry that can
be realized as T-duality on the fiber. While a lot of progress has been made in un-
derstanding mirror-symmetry (see e.g., [57, 56] and references therein) and certainly
a lot is known about mirror-symmetry of K3, we are unaware of any explicit study
of the ground states of the particular compactification that we are investigating in
this paper. For the present analysis we begin with a careful study of a σ-model with
T 2 target space, compactified with a T-duality twist. The Hilbert space of ground
states naturally maps to the Hilbert space obtained by deformation quantization of
T 2 at level 2. We then fiber this Hilbert space over the base of the elliptic fibra-
tion to construct ground states of the K3 compactification. We then calculate the
contribution of these states to the Witten index (which can be calculated by other
means), and we find a discrepancy. We interpret this discrepancy as the contribution
of ground states with wave-functions localized at singular fibers. We show that the
two calculations of the Witten index are consistent if one ground state is associated
with each singular fiber, and we bring supporting evidence for this conjecture from
nonperturbative string theory.

The paper is organized as follows. In §2 we review some basic facts about super-
symmetric nonlinear σ-models and define the mirror-twist. In §3 we discuss the simple
case of a T 2 target space. In §4 we discuss the case of elliptically fibered K3 surfaces
with a mirror-symmetry twist that can be understood as local T-duality of the fiber.
This section contains our main results for the ground states. In §5 we discuss duality
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twists in the orbifold limit of the K3 σ-model, and in §6 we further explore possible
connections with geometric quantization. We conclude with a discussion in §7.
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Chapter 2

The σ-model and the
mirror-symmetry twist

Our spacetime is two-dimensional, and we work either in Minkowski signature with
spacetime coordinates (σ0, σ1) or in Euclidean signature with complex (worldsheet)
coordinate z ≡ σ1 + iσ2. The supersymmetric σ-models have an action of the form
[91] (and we follow the conventions of [87]):

I0 = 1
π

∫ (
1
2
(GIJ + iBIJ)∂φI ∂φJ + i

2
GIJψ

I∂ψJ + i
2
GIJψ

I
∂ ψ

J

+ i
2
GIJψ

I∂φLΓJLKψ
K + i

2
GIJψ

I
∂φLΓJLKψ

K
+ 1

4
RIJKLψ

IψJψ
K
ψ
L)
d2z ,(2.1)

where ∂ ≡ ∂z, ∂ ≡ ∂z, φ
I (I = 1, . . . , d) are scalars, ψI and ψ

I
are fermions, GIJ(φ)

are the components of the metric on target space X, ΓJLK are the Christoffel sym-
bols derived from GIJ , RIJKL are the components of curvature, and BIJ(φ) are the
components of an antisymmetric B-field, assumed to be a closed 2-form. We will
take X to be a Calabi-Yau manifold and label the complex coordinates by i, j, k, . . .
and their complex conjugates by i, j, k, . . .. The Kähler condition is equivalent to
requiring that the metric GIJ is of type (1, 1) (i.e., Gii = Gii are the only possible
nonzero components) and further, the only allowed nonzero Christoffel symbols are
Γijk and Γi

jk
. The Calabi-Yau condition is equivalent to having a coordinate system

where
√
G = detGii = 1. We also assume that the 2-form B-field is of type (1, 1)

(i.e., only Bii = −Bii can be nonzero).
Next, we introduce the mirror-symmetry-twist. We assume that X and the metric

G and B-field are special so that “mirror-symmetry” is not only a duality but an
actual symmetry. In other words, the mirror of X is the same manifold and at the
same point in moduli-space. We then introduce a cut at σ1 = 0 (for all times σ0) and
connect the fields just left of the cut to the fields just right of the cut via a mirror-
symmetry transformation (which, of course, is not algebraic in the fields). Our goal
is to understand the low-energy description of this system, i.e., the ground states.
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The Lagrangian (2.1) is invariant under the supersymmetry transformations:

δφI = iηψI + iηψ
I
,

δψI = −η∂φI − iηψKΓIKMψ
M , (2.2)

δψ
I

= −η∂φI − iηψKΓIKMψ
M
,

where η and η are left and right SUSY generators. Mirror-symmetry commutes with
these transformations.

For a Kähler target space, we split the coordinates into holomorphic (labeled
by i, j, k, . . . ) and anti-holomorphic (i, j, k, . . . ). The nonzero metric components
are of (1, 1)-type (i.e., Gij) and satisfy the Kähler condition (∂[igj]k = 0). Defining

ψi ≡ Gijψ
j

and ψi ≡ Gjiψ
j, we can write the action as

I0 = 1
π

∫ (
Gij∂φ

i ∂φj + iψj∂ψ
j + iψi∂ ψ

i

+i∂φiΓj
ik
ψjψ

k + i∂φlΓilkψiψ
k

+Rk
j

i

j
ψiψ

j
ψkψ

j
)
d2z (2.3)

For every complex structure under which the target space is Kähler there are
additional SUSY transformations:

δφi = 0 , δφi = iηψi + iηψ
i
,

δψi = −η∂φi , δψi = −iηψjΓi
jk
ψk , (2.4)

δψ
i

= −η∂φi , δψ
i

= −iηψjΓi
jk
ψ
k
.

Mirror-symmetry does not necessarily commute with these transformations. We will
return to the question of how much SUSY is preserved in §4.1.

Later on, it will be convenient to have explicit expressions for the canonical duals
of φi and φi. They are:

Πi = 1
4
Gij∂0φ

j + 1
2
iΓkijψkψ

j
, Πi = 1

4
Gji∂0φ

j + 1
2
iΓk

ij
ψkψ

j .

and we have

[Πi(σ1), φj(σ′1)] = −iδji δ(σ1 − σ′1) , [Πi(σ1), φj(σ′1)] = −iδj
i
δ(σ1 − σ′1) .

and the fermions’ commutation relations are

{ψi(σ1), ψj(σ
′
1)} = 4πδi

j
δ(σ1 − σ′1) , {ψi(σ1), ψj(σ

′
1)} = 4πδijδ(σ1 − σ′1) .

The supersymmetry generators are

Q =

∫
ψi
(
Πi +Gii∂1φ

i
)
dσ1 , Q =

∫
ψi
(
GiiΠi + ∂1φ

i + · · ·
)
dσ1 (2.5)
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[where (· · · ) denotes higher order terms that are not important here], so that

δ(· · · ) = i[ηQ+ ηQ, (· · · )].

Note that the definition of Q does not suffer from any normal ordering ambiguity,
while the definition of Q does require a normal ordering prescription (for Gij(φ) and
Πi). We take this opportunity to recall that the sigma-model can be topologically
twisted [87], and for our flat worldsheet (S1 × R) the twisting has no effect on the
spectrum. With ordinary supersymmetric (Ramond-Ramond) boundary conditions
on S1 the ground states correspond to Dolbeault cohomology, and Q is identified with
∂ [87]. In the rest of this paper we will look for a geometric interpretation for the
ground states of the model with boundary conditions that include a mirror-symmetry
twist.
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Chapter 3

T 2 target space

The simplest target space we can consider is X = T 2. We parameterize the metric
and B-field in terms of two complex coordinates ρ ≡ ρ1 + iρ2 and τ ≡ τ1 + iτ2 as

ds2 ≡ GIJdx
IdxJ =

ρ2

τ2

|dx1 + τdx2|2 , BIJdx
I ∧ dxJ = 2ρ1dx

1 ∧ dx2 ,

where 0 ≤ x1, x2 < 2π are periodic coordinates. The action is (and we now switch
from coordinates xI to fields φI):

I0 = 1
2π

∫ (
(GIJ + iBIJ)∂φI∂φJ + iGIJψ

I∂ψJ + iGIJψ
I
∂ ψ

J)
d2z . (3.1)

T-duality acts as ρ → −1/ρ, keeping τ fixed, and is a symmetry for ρ = i. From
now on we assume that we are at the self-dual point ρ = i of moduli space. Now,
let us compactify direction σ1 on S1 so that 0 ≤ σ1 < 2π. Usual (Ramond-Ramond)
periodic boundary conditions require that the value of every fermionic field at σ1 = 0
be equal to its value at σ1 = 2π, and for bosonic fields both field and first derivative
should be equal. In order to introduce a T-duality twist we first relax the condition
of continuity and allow the fields at σ1 = 0 to be independent of the fields at σ1 = 2π.
We denote by a subscript (>) or (<) the limiting values of the various fields as σ1 → 0
or σ1 → 2π:

φI(>) ≡ φI(0, σ2) , φI(<) ≡ φI(2π, σ2) ,

ψI(>) ≡ ψI(0, σ2) , ψI(<) ≡ ψI(2π, σ2) ,

ψ
I

(>) ≡ ψ
I
(0, σ2) , ψ

I

(<) ≡ ψ
I
(2π, σ2) .

 (3.2)

The T-duality twist is then accomplished by adding the following term to the action
I0 of (3.1):

I1 =
i

2π

∫ √
GεIJ

[
φI(<)∂2φ

J
(>) + 2ψI(<)ψ

J
(>) + 2ψ

I

(<)ψ
J

(>)

]
dσ2 , (3.3)
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where ∂2 ≡ ∂/∂σ2. The classical equations of motion that one gets by varying the
action I0+I1, where I0 is given in (3.1) and I1 in (3.3), are the free field equations away
from the twist point σ1 = 0, and at the twist point we get the boundary conditions:

εIJ∂2φ
J
(>) = i∂1φ

I
(<) , εIJ∂1φ

J
(>) = −i∂2φ

I
(<) ,

εIJψ
J
(>) = −ψI(<) , εIJψ

J

(>) = −ψI(<) . (3.4)

These equations indeed realize T-duality. The term I1 is also invariant under N =
(2, 2) supersymmetry with parameters η, η (using the bulk Dirac equation):

δφI = iηψI + iηψ
I

+ iη′εIJψ
J + iη′εIJψ

J
,

δψI = −η∂zφI − η′εIJ∂zφJ ,
δψ

I
= −η∂zφI − η′εIJ∂zφJ .

Beyond the classical level, the identification of (3.3) with the T-duality twist can be
argued by taking direction σ1 to be (Euclidean) time and realizing the operator of T-
duality on wave-functionals of the fields at σ1 = 0. The result is that a wave-functional
of the field φI(<)(σ

1) can be converted to the dual wave-functional by multiplying the

wave-functional by the bosonic part of e−I1 and path-integrating over [DφI(<)]. (See

[40] for more details.)

3.1 Discrete symmetries

Target space momentum and winding number are not conserved by I1 [defined
in (3.3)] but there is a combination of them that is conserved and gives rise to a
useful discrete symmetry. To find this combination, consider first the theory without
the T-duality twist. The momentum (p1, p2) and winding (w1, w2) quantum numbers
(which take integer values) are conserved, but they do not commute with T-duality,
which acts on them as: 

p1

p2

w1

w2

→

w2

−w1

p2

−p1

 .

However, the combinations

U1 ≡ (−1)p1+w2

, U2 ≡ (−1)p2+w1

,

which take values in Z2, are conserved. We will argue below in §3.3 that when we
insert the T-duality twist, U1 and U2 give rise to good Z2-valued quantum numbers,
but they acquire a nontrivial commutation relation:

U1U2 = −U2U1 . (3.5)
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3.2 Mode expansion

T-duality acts as

∂φI → GIJεJK∂φ
K , ∂φI → −GIJεJK∂φ

K ,

or explicitly,

∂φ1 + τ∂φ2 → i(∂φ1 + τ∂φ2) , ∂φ1 + τ∂φ2 → −i(∂φ1 + τ∂φ2)

and similarly

∂φ1 + τ∂φ2 → −i(∂φ1 + τ∂φ2) , ∂φ1 + τ∂φ2 → i(∂φ1 + τ∂φ2) .

With the T-duality twist, the mode expansion is:

ψ1 + (τ1 ± iτ2)ψ2 =
∑
n∈Z

b±
n± 1

4

ei(n±
1
4

)(σ1+iσ2) ,

ψ
1

+ (τ1 ± iτ2)ψ
2

=
∑
n∈Z

b
±
n∓ 1

4
ei(n∓

1
4

)(−σ1+iσ2) ,

(3.6)

and,

∂φ1 + (τ1 ± iτ2)∂φ2 =
∑
n∈Z

α±
n±1

4

ei(n±
1
4

)(σ1+iσ2) ,

∂φ1 + (τ1 ± iτ2)∂φ2 =
∑
n∈Z

α̃±
n∓1

4

ei(n∓
1
4

)(−σ1+iσ2) .

(3.7)

Thus, the boundary conditions (3.4) create a spectral flow in the free field mode
expansion and the modes are shifted to values in Z± 1

4
.

As we shall see in §3.3, there are two ground states. We denote them by |j〉, with
j = 0, 1. They satisfy

0 = α+
n− 1

4

|j〉 = α̃−
n− 3

4

|j〉 = α−
n− 3

4

|j〉 = α̃+
n− 1

4

|j〉 , n = 1, 2, 3, . . .

and
0 = b+

n− 1
4

|j〉 = b
−
n− 3

4
|j〉 = b−

n− 3
4

|j〉 = b
+

n− 1
4
|j〉 , n = 1, 2, 3, . . .
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3.3 Ground states

The mode expansions (3.6)-(3.7) show that after the T-duality twist the worldsheet
fields no longer have any zero modes. Nevertheless, we will now argue that the ground
state is a doublet. One way to see this is by performing T-duality on direction x1.
This duality interchanges the moduli ρ and τ and replaces the T-duality twist (which
corresponded to ρ → −1/ρ) with an ordinary geometrical twist (τ → −1/τ) which
for τ = i corresponds to a rotation by π/2 of the T 2 (around some fixed point, say

the origin). We denote the scalar fields of this dual worldsheet theory by Φ̃1 and

Φ2, so that Φ̃1 + iΦ2 is a coordinate on the dual torus. In this T-dual description
the ground states correspond to fixed points of the rotation. These are the two
allowed discrete values of the zero mode of the (dual) scalar worldsheet field, and

there are two such fixed points: either the origin (Φ̃1 = Φ2 = 0) or the center of the

torus (Φ̃1 = Φ2 = π). Furthermore, the operators U1 and U2 acquire a geometrical
interpretation. U1 is mapped to a translation (which commutes with the twist):

U1 : Φ̃1 + iΦ2 7→ (Φ̃1 + π) + i(Φ2 + π) .

The operator U2 is mapped to a topological charge which can be defined as follows (see
[42] for a related discussion). Consider the 3-dimensional space M that we construct
as a T 2 fibration over S1 with the fiber being the target space and the base being the
σ1 circle. The homology of this space is H1(M,Z) = Z ⊕ Z2 where the Z factor is
generated by the homology class of a loop that wraps around the S1 base at constant
T 2 position Φ̃1 = Φ2 = 0, and the Z2 factor is generated by the homology class of
a loop that wraps one of the short nontrivial cycles of the fiber T 2 at a constant σ1

(which becomes a torsion class because of the identification induced by the twist).

Now let (Φ̃1(σ1),Φ2(σ1)) be any smooth field configuration that respects the twist.
We can associate a topological Z2 charge with it by interpreting it as a loop in M .
The Z2 charge (with values ±1) is then determined from the homology of the loop.
This ±1 charge is then identified with the eigenvalue of the operator U2. It is also
not hard to check (see [42]) that the loop at the origin (Φ̃1 = Φ2 = 0) and the loop

at the center (Φ̃1 = Φ2 = π) have opposite U2 charge. If we denote by |0〉 the ground

state that corresponds to the mode expansion around Φ̃1 = Φ2 = 0, and by |1〉 the

ground state that corresponds to the mode expansion around Φ̃1 = Φ2 = π then we
can summarize the above observations as

U1|0〉 = |1〉 , U1|1〉 = |0〉 , U2|0〉 = |0〉 , U2|1〉 = −|1〉 ,

where we have arbitrarily assigned to |0〉 the Z2 charge +1. In particular, the com-
mutation relation (3.5) follows. In section §3.6 we will present another way to verify
that there are two ground states, in terms of deformation quantization of the target
space.
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3.4 Fermion number

The fermions have modes labeled by n ± 1
4
, and all the zero modes have been

eliminated by the T-duality twist. However, the ground states |j〉 have odd fermion
number (−1)F = −1, as we will now argue. To see this, we compactify the worldsheet
on T 2 and calculate the Witten index in two ways. From the discussion above, the
Witten index is 2(−1)F . On the other hand, by modular invariance, the Witten index
is also

I = trH0

[
(−1)FS

]
,

where the trace is taken over the Hilbert space of ground states of the 1+1D σ-model
compactified on S1 without a T-duality twist, and S is the T-duality operator on that
Hilbert space. The T-duality operator is part of the SL(2,Z)ρ × SL(2,Z)τ group of
dualities that act on the Hilbert space of ground states. Here SL(2,Z)ρ acts on the
complexified area of T 2, while SL(2,Z)τ is the mapping class group which acts on
the complex structure τ . The ground states of H0 correspond to the cohomology of
T 2 and are in the (2, 1) ⊕ (1, 2) representation of the duality group. The two states
corresponding to H1(T 2,Z) have odd fermion number and are singlets of SL(2,Z)ρ
while the two states of H0(T 2,Z)⊕H2(T 2,Z) are a doublet of SL(2,Z)ρ and a singlet
of SL(2,Z)τ . The operator S acts as the identity on H1(T 2,Z) and as the matrix(

0 1
−1 0

)
on H0(T 2,Z)⊕H2(T 2,Z). The Witten index is therefore −2 and the states

|j〉 therefore have odd fermion number, as stated.

3.5 Other elements of SL(2,Z)

We can also consider twisting the boundary conditions by the SL(2,Z) transfor-
mations

±
(

1 −1
1 0

)
which keep the ρ = eπi/3 value fixed and generate an abelian group of order r = 6
(for the + sign) and r = 3 (for the − sign). In addition, it is also useful to consider
as a test case the twist by the central element −1 ∈ SL(2,Z). This is equivalent to
a geometrical rotation by π and keeps every value of ρ fixed. It has order r = 2.
The modified mode expansions have modes with values in Z± 1

r
. There are k ground

states |j〉 (j = 0, . . . ,k − 1) with k = 1 for r = 6, k = 3 for r = 3 and k = 4 for
r = 2. Further explanation of the meaning of k follows in section §3.6 and §6.
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3.6 Relation to the noncommutative torus and the

Landau problem

We are interested in the ground states of the theory described by the action I0 +I1

[see (3.1) and (3.3)]. The ground states of this system can also be established by a
standard analysis of the relevant terms at low-energy. We have compactified the
1+1D theory on S1, and below the Kaluza-Klein scale (the inverse of the radius L1

of the σ1 circle) we can neglect the dependence of the fields on σ1. More precisely,
the boundary conditions (3.4) imply that excited states have energy of the order of
the σ1-compactification scale (at least 1/4L1). The only terms that survive the low-
energy limit are those coming from I1, and since there is no longer any σ1 dependence,
we can set φI(>) = φI(<) ≡ φI(σ2) , and similarly for the fermionic fields. The fermionic
fields become massive and irrelevant at low-energy, and we are left with the 0+1D
action

I = − i

2π

∫
εIJφ

I∂2φ
Jdσ2 = − i

2π

∫
εIJφ

IdφJ . (3.8)

Note that we have dropped the kinetic terms proportional to (∂2φ
I)2 since they are

IR irrelevant, as can be verified by simple dimensional analysis. It is nevertheless
convenient to add the kinetic term again so as to get the Lagrangian of a Landau
problem (a particle in a uniform magnetic field) on T 2:

IL =
1

2π

∫ (
1
2
mGIJ ẋ

I ẋJ − ik

2
εIJx

I ẋJ
)
dt , (3.9)

where we set t ≡ σ2, and m = 2πL1 is the mass parameter (which is the circumference
of the σ1 direction). We have also introduced k ≡ 2 in (3.9). Other values of k appear
in connection with the other elements of the SL(2,Z) duality group discussed in §3.5.
The ground states of (3.9) are Landau wave-functions (independent of m and the
area of the T 2):

ϕj,k(x1,x2) =
1

2π
(2kτ2)

1
4 e

ikx1x2
4π

∞∑
n=−∞

ei(kn+j)x1+πikτ(
x2
2π

+n+ j
k

)2

=
1

2π
(2kτ2)

1
4 e

ikx1x2
4π eπiτk(x2

2π )
2

Θj,k(x1+τx2

2π
; τ) (3.10)

where the Θ-function is defined as

Θj,k(u, τ) ≡
∞∑

n=−∞

eπikτ(n+ j
k

)2+2πik(n+ j
k

)u (3.11)

and is holomorphic in u and τ .
In the low-energy limit the kinetic term in (3.9) can be dropped, and as is well-

known, we are left with the Lagrangian that describes a noncommutative T 2 with
symplectic form k

4π2dx
1 ∧ dx2. Thus, k has the interpretation of the level of the

deformation quantization problem of T 2. We will return to this point in §6.
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Chapter 4

Elliptically fibered K3 target spaces

The analysis of §3 can be extended to curved target spaces X that can be rep-
resented as an elliptic fibration. Such spaces are described by fibering a torus with
a complex structure that varies over some base B. More precisely, there exists a
surjective holomorphic map π from the d dimensional space X to a complex space B

of (complex) dimension d − 1 such that the inverse image π−1(p) of a generic point
p ∈ B is a torus. The complex structure τ of the fiber π−1(p) is allowed to vary (holo-
morphically) with the point p along the base B. An important example is X = K3

with B = CP1. This construction was developed in detail in [46] and is central to
F-theory [82]. The complex structure τ is allowed to become ∞ (possibly after an
SL(2,Z) transformation) at a codimension-1 submanifold of B, which for a generic
elliptically fibered K3 turns out to be 24 isolated points z1, z2, . . . , z24. We will assume
that sufficiently far from these points τ varies very slowly over distances of order 1
(the string-scale). The metric then takes the approximate form

ds2 =
ρ2

τ2

|dx1 + τdx2|2 + gzz|dz|2 , (4.1)

where z is a complex coordinate on B, 0 ≤ x1,x2 < 2π are periodic coordinates on
the fiber, ρ2 is the constant area of the fiber, τ(z) is a locally defined holomorphic
function of the base, and τ2 is the imaginary part of τ. The behavior of the complex
structure τ as a function of z is conveniently encoded by the equation [46]:

y2 = x3 − f(z)x− g(z) , (4.2)

where f and g are holomorphic functions of z, which for a K3 are polynomials of
degrees 8 and 12, respectively. The complex structure is given in terms of the j-
function

j(τ) =
64f 3

f3

27
− g2

4

.

The hyper-Kähler metric gzz is determined as follows. In the notation of [75], one
defines a holomorphic function a(z) by solving da

dz
=
∮
α
dx
y

, where α is a basic 1-cycle
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of the T 2 fiber at z (the cycle that corresponds to a constant x2, with x1 running

from 0 to 2π). We then have gzz = τ2

∣∣∣dadz ∣∣∣2 . The form of the metric (4.1), where the

components are independent of x1 and x2, is approximate, with corrections that are
exponentially small sufficiently far away from the points zi of the singular fibers.1

Now we take a sigma-model with a metric of the approximate form (4.1). We set
ρ = i (ρ is part of the Kähler moduli of the sigma-model). T-duality of the fibers
now extends to mirror-symmetry of the whole space [79, 57]. We can then compactify
on S1 with a mirror-symmetry twist. The goal of this section is to understand the
ground states of the twisted compactification in terms of a semi-classical description
involving B alone. We specialize to the K3 case for which, as mentioned above, there
are 24 points z1, . . . , z24 where the fiber degenerates. We will refer to them as special
points. We have chosen a metric on the base that is large enough so that (sufficiently
far away from the special points) the complex structure τ(z) varies sufficiently slowly,
and we can then study the problem in a Born-Oppenheimer approximation whereby
we treat the fields along the fiber as the “fast modes” and the fields along the base
as the “slow-modes.” As we will describe below, we can then reduce the problem to
what is essentially a quantum mechanical problem with B as the configuration space.
We will develop this quantum mechanical description along the following lines:

1. Sufficiently far away from the special points zi, we can derive a simple wave-
equation for the wave-function.

2. The wave-functions have nontrivial monodromies around special points. In
general when passing through a cut that emanates from a special point, the T 2

fiber undergoes a certain SL(2,Z) (mapping class group) transformation, which
acts nontrivially on the wave-function [46, 82]. These nontrivial monodromies
around the zi’s can be eliminated by encoding the wave-functions in terms of
sections of certain holomorphic line bundles on the total space. The boundary
conditions at the special points are determined by normalizability of the wave-
function.

3. There are additional “bound states” whose wave-functions are localized at the
special points and are out of reach of the classical analysis above. However, the
Witten index allows us to glean some information about these bound states.

We now proceed to describe each part in detail.

1 In Seiberg-Witten theory such spaces appear as moduli spaces of 3+1D SU(2) gauge theories
compactified on S1 [77]. We are here considering the limit that the Kaluza-Klein energy scale is
much smaller than the QCD scale, and the exponentially small corrections arise from BPS particles
with Euclidean worldline along the circle.
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4.1 Supersymmetry

The moduli space of the σ-model with K3 target space is [76, 6]:

O(20, 4,Z)\O(20, 4,R)/(O(20)×O(4)) = O+(20, 4,Z)\O+(20, 4,R)/(O(20)×SO(4)),
(4.3)

where O+(20, 4,R) denotes an index-2 subgroup of O(20, 4,R). The amount of world-
sheet supersymmetry in the mirror-twisted setting is determined as follows. The
σ-model has N = (4, 4) supersymmetry with an SU(2)L⊗SU(2)R R-symmetry (with
SU(2)L acting on the left-moving sector of the CFT and SU(2)R acting on the right-
moving sector). The supercharges are in the spinor representation (2, 1)⊕ (1, 2). The
R-symmetry SU(2)L ⊗ SU(2)R can be identified with a double-cover of the SO(4)
factor in (4.3) in the following sense [76, 6]. Set

K ≡ O(20)× SO(4) , G ≡ O+(20, 4,R) , Γ ≡ O+(20, 4,Z) .

Then, the supercharges of the theory live in a vector bundle over the moduli space
Γ\G/K whose structure group is SU(2)L×SU(2)R which is a double cover of SO(4).
The principal bundle [i.e., the bundle one gets upon replacing the fiber of the vector
bundle with the structure group SO(4)] is Γ\G/SO(20) (which is an SO(4) bundle
over the base Γ\G/K). Now let gK ∈ G/K be the point in moduli space, represented
as a coset of groups. If M̂ ∈ O+(20, 4,Z) preserves gK then g−1M̂g ∈ K. Let
ρ ∈ SO(4) be the projection of g−1M̂g to the SO(4) factor of K. We will now argue
that the left-moving supercharges transform as (1, 1) ⊕ (3, 1) under ρ ∈ SO(4) and
the right-moving supercharges transform as (1, 1) ⊕ (1, 3) [where representations of
SO(4) are written as representations of SU(2)L⊗SU(2)R]. The singlets correspond to
the preserved supersymmetries (2.2), while the triplets can be understood as follows.
Schematically, the left-moving supercurrents are of the form ψ∂φ. The R-symmetries
act on the ψ’s but not the φ’s, but ρ needs to act on ∂φ in a dual way to ψ in order to
commute with the supersymmetries of (2.2). Assuming that ψ transforms in (2, 1),
we find that the SUSY generators are in (2, 1)⊗(2, 1) = (1, 1)⊕(3, 1) as stated above.

As a special case, consider a point in moduli space that is invariant under an
isometry. The isometry corresponds to an element M̂′ ∈ O+(19, 3,Z) ⊂ O+(20, 4,Z)
and the projection ρ′ of g−1M̂′g to the SO(3) ⊂ SO(4) factor of K determines the
amount of preserved supersymmetry as follows. The isometry always preserves the
supersymmetries of (2.2), and for every complex structure that the isometry preserves
we get an extra supersymmetry of the type (2.4). By construction [6], the complex
structures are in a triplet of SO(3) (the group of which ρ′ is an element), and so the
number of (left and right) preserved supersymmetries of type (2.4) is the number of
eigenvalues of 1 of ρ′. As an element of SO(4), ρ′ has an extra eigenvalue of 1, which
corresponds to the preserved supersymmetry of type (2.2).
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4.2 Perturbative analysis

We will now construct the wave equation that the ground-state wave-functions
satisfy for a target space constructed by fibering a T 2 (of complex structure τ) over
an open neighborhood of C (parameterized by z), with a slowly varying τ(z). We take
the metric as in (4.1) and choose the fields that correspond to the complex coordinates
as follows:

z→ φz , z→ φz , w ≡ 1
2π

(x1+τ(z)x2)→ φw , w ≡ 1
2π

(x1+τ(z)x2)→ φw . (4.4)

The periodicity of the holomorphic coordinate w is w ∼ w + 1 ∼ w + τ , but the de-
pendence of τ on z is inconvenient here. We will therefore work in a mixed convention
where the fundamental fields are

φz , φz , φ1 , φ2 , ψz , ψz , ψz , ψ
z
, ψ1 , ψ2 , ψ

1
, ψ

2
.

We denote the canonical dual momenta of the bosons in this formalism by

Π′z , Π′z , Π′1 , Π′2 .

They are related to the canonical momenta of φw and φz by2

Πw =
i

2τ2

(τΠ′1 − Π′2) , Πz = Π′z +
iτ ′φ2

2τ2

(Π′2 − τΠ′1) ,

and ψ1 and ψ2 are related to ψw and ψz by:

ψw = ψ1 + τψ2 + τ ′φ2ψz .

We rewrite the left equation in (2.5) as

Q =

∫ [
ψz
(
Π′z +Giz∂1φ

i
)

+
i

2τ2

(ψ1 + τψ2)
(
Π′2 − τΠ′1 +G2I∂1φ

I − τG1I∂1φ
I
)]
dσ1 ,

(4.5)
Now, we put the theory on S1 with a mirror-symmetry twist. This is achieved by
adding a term similar to (3.3) to the action. The mirror-symmetry operation acts as

(ψ1 + τψ2)→ i(ψ1 + τψ2) ,

and in order to preserve Q it must also act as,(
Π′2 − τΠ′1 +G2I∂1φ

I − τG1I∂1φ
I
)
→ −i

(
Π′2 − τΠ′1 +G2I∂1φ

I − τG1I∂1φ
I
)
.

2The following relations are obtained by applying the change of variables from (x1,x2, z, z) to
(w,w, z, z) of (4.4). For example, Πw transforms as a component of a 1-form, and ψw as a component
of a vector.
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The mirror-symmetry twist eliminates the zero-modes of (ψ1 + τψ2) and of the term
it multiplies in (4.5), and their modes become nonintegral (in Z ± 1

4
). Since we are

interested in the ground states, in the limit of slowly varying τ(z) we can ignore the
terms that contain these fields in (4.5). We are therefore left with

Q→
∫
ψz
(
Π′z +Giz∂1φ

i
)
dσ1 →

∫
ψzΠ′zdσ1 . (4.6)

We also dropped the term proportional to ∂1φ
i because we are only interested in

modes with zero momentum along S1. The ground states can now be constructed
as follows. Let b

z

0 and bz
0 be the zero modes in the mode expansion of ψ

z
and ψz,

respectively. For constant τ(z) (i.e., for C×T 2) we build a basis of ground state wave-
functions by combining a ground state of the T 2 compactification with a ground state
of the C compactification. The ground states of the T 2 compactification are labeled by
j = 0, . . . ,k− 1 = 1, as in §3.3 (and we keep track of k for possible generalizations as
in §3.5). The ground states of the C problem correspond to Dolbeault ∂-cohomology
on C (which are not normalizable, but that is not going to be a problem since we are
not going to use all of C but rather we are going to patch open subsets of C to form a
CP1). We denote by |j〉 the state that satisfies bz 0|j〉 = bz 0|j〉 = 0 and corresponds to
the jth ground state of the T 2 problem. A generic ground state can then be written
as

ωj(z, z)|j〉+ ωj,z(z, z)b
z

0|j〉+ ωj,z(z, z)b
z
0|j〉+ ωj,zz(z, z)b

z

0b
z
0|j〉

where (z, z) are the “center-of-mass” coordinates in the z (and z) directions. To be
annihilated by Q requires

χj ≡ ωj + ωj,zdz + ωj,zdz + ωj,zzdz ∧ dz

to be a sum of dz∂z-closed forms, and in the topologically twisted theory (the A-model
as in [87]) we also impose an equivalence up to dz∂z-exact forms. Since the theory is
on a flat worldsheet, the topologically twisted theory is equivalent to the untwisted
one, and so χj is in the dz∂z-cohomology. In particular, ωj is a holomorphic 0-form
and ωj,zdz is a holomorphic 1-form. Given the structure of Q and the approximation
(4.6), this statement is also true when τ(z) varies slowly.

Next, we need to glue the {χj}k−1
j=0 across cuts where the T 2 fiber undergoes an

SL(2,Z) transformation. We construct the expression

χ ≡
k−1∑
j=0

χj(z, z)Θj,k(w, τ(z)),

where the theta function Θj,k(u, τ) was defined in (3.11), and naturally corresponds
to the ground state |j〉. We require the form χ to be single-valued across cuts, which
follows from the fact that the collection of Θ-functions transforms in a dual way to χj,
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since the Θ-functions transform like the states |j〉. The Θ-functions are holomorphic
and so χ is in the dz∂z-cohomology. The (0, 0)-form and (1, 0)-form in χ are

χ(0,0) + χ(1,0) ≡
k−1∑
j=0

ωjΘj,k(w, τ(z)) +
k−1∑
j=0

ωj,zΘj,k(w, τ(z))dz,

which is a formal sum of a holomorphic section χ(0,0) of a certain line-bundle L (to be
described in more detail below) and a holomorphic differential χ(1,0) with coefficients
in L. The (0, 1) and (1, 1) components

χ(0,1) + χ(1,1) ≡
k−1∑
j=0

ωj,zΘj,k(w, τ(z))dz +
k−1∑
j=0

ωj,zzΘj,k(w, τ(z))dz ∧ dz

are of course not holomorphic. They are required to be in the dz∂z cohomology, but
this cohomology is not so convenient to work with. We will now show that it can be
converted to the ordinary ∂ cohomology. Consider for example the (0, 1) Dolbeault
cohomology with coefficients in some line-bundle L over K3. Since ∂ = dz∂z + dw∂w,
we only need to show that every ∂-cohomology class has a representative that has no
terms in it of the form (· · · )dw — in other words, its restriction to any elliptic fiber
vanishes. Let ϕ be a ∂-closed (0, 1) form with coefficients in L over K3. Let c1(L)
be the first Chern class. The restriction of c1(L) to any elliptic fiber is k times the
generator of H(1,1)(T 2,Z), and since k is a positive integer, Serre duality implies that
H1(T 2,L|T 2) = 0. Now cover the base B with contractible open sets, such that each
contains at most one special point zj. We thus have B =

⋃
α Uα written as a union

of open patches. Let π−1Uα be the pre-image of the patch Uα under the projection
map π : K3 → B (of the elliptic fibration). We have H1(π−1Uα,L) = 0 and so the
restriction of ϕ to π−1Uα can be written as ∂ψα for some local function ψα. (This is
also true if Uα contains a zj, by an explicit computation.) On Uαβ ≡ Uα

⋂
Uβ we find

that ψαβ ≡ ψα − ψβ is holomorphic. Let {ρα}α be a partition of unity for the base
CP1 ' B (i.e., ρα(z, z) is a function with support on Uα and

∑
α ρα = 1 everywhere).

Define gα ≡
∑

β ρβψαβ. Then the functions fα ≡ ψα − gα patch together to a global
function on K3 which we denote by f. (The last statement follows because, as is easy
to see, fα = fβ on Uαβ.) It is then easy to check that the restriction of ϕ− ∂f to any
elliptic fiber is zero. This completes the proof and demonstrates that we can work
with the standard ∂ differential operator instead of the cumbersome dz∂z.

Let KB be the canonical bundle of the base B ' CP1 (whose transition functions
are the Jacobians dzα/dzβ) and let K′ ≡ π∗KB be the pullback of KB under the
projection map π : K3 → B. We can now summarize:

• Ground states of the form ωj(z, z)|j〉 correspond to elements of H0(K3,L);

• Ground states of the form ωj,z(z, z)b
z

0|j〉 correspond to elements of H0(K3,L ⊗
K′);
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• Ground states of the form ωj,z(z, z)b
z
0|j〉 correspond to elements of H1(K3,L);

• Ground states of the form ωj,zz(z, z)b
z

0b
z
0|j〉 correspond to elements of H1(K3,L⊗

K′);

Let us now be more specific about L. Let ωB be the (1, 1)-cohomology class that is
Poincaré dual to the zero section B0 (x = y = ∞) of the elliptic fibration, whose
homology class we denote by [B0]. Let [F] denote the homology class of the fiber and
let ωF be the (1, 1)-cohomology class that is Poincaré dual to [F]. The intersection
numbers are

[F] · [F] = 0 , [B0] · [B0] = −2 , [B0] · [F] = 1 . (4.7)

We have
c1(K′) = −2ωF , c1(L) = kωB + nωF , (4.8)

where n ∈ Z still needs to be determined. We determined the coefficient k of ωB by
the requirement that, when restricted to a fiber, c1(L) should be k times the generator
of the second cohomology of the fiber.

To proceed, we note that the Hirzebruch-Riemann-Roch theorem for K3-surfaces
states that

h0(K3,L)−h1(K3,L) = h0(K3,L)−h1(K3,L)+h2(K3,L) = 2+ 1
2
c1(L)2 = 2+kn−k2 ,

(4.9)
where we used the vanishing of h2(K3,L), which follows from Serre duality [h2(K3,L) =
h0(K3,L−1)] and the fact that L−1 has no holomorphic sections since it restricts to a
line bundle with a negative first Chern class on an elliptic fiber. Similarly,

h0(K3,L ⊗K′)− h1(K3,L ⊗K′) = 2 + 1
2
c1(L ⊗K′)2 = 2 + k(n− 2)− k2 , (4.10)

We can now calculate the total contribution of these “perturbative states” to the
Witten index:

Ipert = −
[
h0(K3,L)− h1(K3,L)− h0(K3,L ⊗K′) + h1(K3,L ⊗K′)

]
= −2k = −4.

(4.11)
The overall (−) sign comes because, as we have seen in §3.4, the ground state |j〉 has
odd fermion number (−)F = −1.

The result (4.11) is not sensitive to the value of n, but for completeness let us deter-
mine n and the individual dimensions of the cohomologies. The dimension h0(K3,L)
of the space of holomorphic sections of a line bundle L over K3 can be determined as
follows (see [37] for the relevant mathematical background). The question is equiva-
lent to asking for the dimension of the space of meromorphic functions whose divisor
of poles is no bigger than nF + kB0 (i.e., it has a pole of order no bigger than k on
B0 and of order no bigger than n on F). For k = 2, the general function with this
property is

f(z, x) = Pn(z) +Qn−4(z)x,
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where Pn is a polynomial of degree n in z and Qn−4 is a polynomial of degree (n− 4).
This is because in terms of w, x is proportional to the Weierstrass function ℘(w; τ),
which has a pole of order 2 at w = 0. Moreover, near z = ∞ the elliptic fibration
equation (4.2) makes sense in coordinates z′ = 1/z with x′ = x/z4 and y′ = y/z6.
Therefore, near z′ = 0 we find that f(1/z′, x′/z′4) has a pole of order n in z′. We
can therefore calculate the dimension of h0(K3,L) as the number of independent
coefficients in f(z, x) and find:

(k = 2) h0(K3,L) =


2n− 2 for n ≥ 3

n+ 1 for 0 ≤ n ≤ 2

0 for n < 0

(4.12)

For k = 3 a similar argument shows that

Pn(z) +Qn−4(z)x+Rn−6(z)y

is the general solution, so that

(k = 3) h0(K3,L) =


3n− 7 for n ≥ 5

2n− 2 for 3 ≤ n ≤ 4

n+ 1 for 0 ≤ n ≤ 2

0 for n < 0

(4.13)

while for k = 1 we are left with only a polynomial Pn(z) with

(k = 1) h0(K3,L) =

{
n+ 1 for 0 ≤ n

0 for n < 0
(4.14)

We can now calculate h1(K3,L) from (4.9), and in particular we find that

h1(K3,L) = 0 for


n ≥ 0, k = 1

n ≥ 3, k = 2

n ≥ 5, k = 3

(4.15)

For h0(K3,L⊗K′) and h1(K3,L⊗K′) we get similar results after replacing n→ n−2
in (4.12)-(4.15).

Now let us determine n. The first Chern class of a line bundle can be calculated
if a norm on the C-fibers of the line bundle is given (with the assumption that the
norm is independent of the patch used to calculate it). Thus, if s is a local section of
L then (see for instance [47] p148):

c1(L) = − i

2π
[∂∂ log(‖s‖2)] ,
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where ‖s‖ is the norm of s (as a function of the point on K3) and [(· · · )] is the
cohomology class of the 2-form (· · · ). In our case a natural norm is given as follows.
Consider for example the 0-forms

χ(0,0) ≡
k−1∑
j=0

χ
(0,0)
j (z, z)Θj,k(w, τ(z)).

Since, we can write the normalized wave-function on T 2 as (3.10) with ϕj,k normalized
so that

∫
|ϕj,k|2dx1dx2 = 1, we find the total norm

‖χ(0,0)‖2 =
1

4π2

∫
(2kτ2)1/2e−

kτ2x2
2

2π |χ(0,0)|2|gzz|d2zdx1dx2

and we can set

‖s‖2 → 1

4π2
(2kτ2)1/2e−

kτ2x2
2

2π |χ(0,0)|2 .

Since χ(0,0) is holomorphic, and setting x2 = 2π(w−w)/(τ − τ), we find

c1(L) = − i

2π

[
∂∂
(−kτ2x

2
2

2π

)]
− i

4π

[
∂∂ log τ2

]
=

1

4π2
kdx1∧dx2 +

i

16πτ 2
2

dτ ∧dτ (4.16)

The integral of the second term over a fundamental domain F of the SL(2,Z) action
on the upper-half τ -plane gives

i

2π

∫
F

dτ ∧ dτ
8τ 2

2

=
1

24
.

Since the elliptic fibration equation (4.2) describes the base B (given by the locus
of x1 = x2 = 0) as a 24-fold cover of the fundamental domain F , we find that the
pullback of c1(L) to B is 24× ( 1

24
) = 1. Thus

c1(L) = kωB + (1 + 2k)ωF .

[Note that
∫

B0
ωB = [B0] · [B0] = −2, so

∫
B0
c1(L) = (1 + 2k − 2k).] In particular,

(4.15) implies that

h1(K3,L) = h1(K3,L ⊗K′) = 0 , k = 1, 2, 3,

and all the states can be described by holomorphic sections of either L or L⊗K′. For
k = 2, for example, we find

h0(K3,L) = 8 , h0(K3,L ⊗K′) = 4 .
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4.3 The Witten Index

Mirror-symmetry of K3 can formally be described [67, 8] by its action on what
is known as a Fourier-Mukai vector. This is an element v ≡ v0 + v2 + v4 in the
lattice H0(K3,Z)⊕H2(K3,Z)⊕H4(K3,Z), and we define v2 ≡ 2v0 · v4 + v2

2 via the
standard intersection form on cohomology. A mirror-symmetry element is described
by a linear transformation on this vector v that preserves the lattice H0(K3,Z) ⊕
H2(K3,Z)⊕H4(K3,Z) and preserves v2. Physically, in the context of type-IIA string
theory compactification on K3×R5,1, we understand v as a vector of D-brane charges
(D0, D2, and D4). Mirror symmetry converts a combination of pointlike D0’s, D2’s
that wrap (real) surfaces in K3, and D4’s that wrap the entire K3 into a similar
combination but with different charges. The advantage of describing a duality in terms
of a Fourier-Mukai vector is that the duality naturally corresponds to an O(20, 4,Z)
matrix.

We can now calculate the Witten index of the theory with the mirror-symmetry
twist by requiring modular invariance of the torus partition function. Explicitly, we
insert the mirror-symmetry operator M̂ at σ1 = 0, and we compactify (Euclidean)
time σ0 on S1 with periodic boundary conditions for the fermions. We need to
calculate the partition function, which we do by interchanging the roles of σ0 and σ1.
If σ0 plays the role of “space”, the Hilbert space is the space of Ramond-Ramond
ground states, which is naturally mapped to the Fourier-Mukai vector space.3 Letting
M̂ denote the O(20, 4,Z) matrix that describes the action of M̂ on the Fourier-Mukai
vector, we calculate the Witten index as

I(M̂) = tr{(−1)FM̂} = tr M̂. (4.17)

We have set (−)F = 1, since we only have even-dimensional cohomology.
In the complex structure that is compatible with the elliptic fibration (i.e., π :

K3 → B is holomorphic), the nonzero Hodge numbers are h0,0 = h2,2 = h2,0 =
h0,2 = 1 and h1,1 = 20. Let us now review some facts about the cohomology group
H2(K3,Z). We can construct a basis of the Poincaré dual homology group H2(K3,Z)
as follows. First, let [F] and [B0] be the homology classes defined above equation
(4.7), which correspond to the holomorphic submanifolds given by {z = 0} and {x =
y =∞}, respectively. The remaining 18 independent generators of H2(K3,Z) cannot
be represented by analytic submanifolds but can be constructed as follows. Let γ be
a smooth path on B from one of the special points zi to another zj (i 6= j), avoiding
all other special points. While τ(z) is a multivalued function, undergoing SL(2,Z)
transformations along cuts, we can find a small neighborhood of γ \ {zi, zj} on which
τ(z) is represented by an analytic function without cuts. If in that representation

3In the string theory context each D-brane charge can be mapped to a (possibly fractional) set
of Ramond-Ramond fluxes, as measured at infinity. The operators that correspond (under the CFT
state-operator correspondence) to the Ramond-Ramond ground states of the σ-model are factors in
the vertex operators that correspond to the type-II Ramond-Ramond fluxes.
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τ(zi) = τ(zj) = ∞ (in general, the limits τ(zi) and τ(zj) are only guaranteed to be
SL(2,Z) equivalent) then we can construct a 2-cycle in K3 by taking the basic α
1-cycle of F (from x1 = 0 to x1 = 2π at a fixed x2), and dragging it along γ. This
cycle will shrink to a point at both ends of γ and hence form a closed 2-cycle. It can
be shown that in homology there are 18 linearly independent 2-cycles of this type,
with intersection form that is equivalent to the E8 ⊕ E8 ⊕ H lattice, where H is the
2-dimensional lattice Z2 with intersection form (n1, n2)2 = 2n1n2 [for (n1, n2) ∈ Z2].

Let ωF, ωB be the Poincaré dual (1, 1) cohomology classes such that∫
[F]

ωF = 0 ,

∫
[B]

ωF =

∫
[F]

ωB = 1 ,

∫
[B]

ωB = −2 .

For generic f8 and g12, all the integral (1, 1) forms are linear combinations of ωF and
ωB with integer coefficients. Let Υ ⊂ H2(K3,Z) be the sublattice of elements that are
orthogonal (in terms of the intersection pairing) to both ωF and ωB. It is generated
by the cohomology classes of 2-cycles constructed from the paths between zi and zj as

described above. We can now describe M̂. Let x0 and x4 be generators of H0(K3,Z)
and H4(K3,Z) so that x0 · x4 = 1. Then M̂ acts as (+1) on Υ and acts as follows on
the remaining generators:

M̂(x0) = ωF , M̂(x4) = ωB + ωF , M̂(ωF) = −x0 , M̂(ωB) = x0 − x4 .

According to the prescription of §4.1, this transformation preserves two pairs of left
and right moving supersymmetries. We note that for (2, 2) models, mirror symmetry
always preserves all the left-moving supercharges and only one combination of the
right-moving supercharges (see, e.g., [57]). Since we are dealing with a (4, 4) model,
there are two additional left and right moving supercharges that are not part of the
(2, 2) superconformal algebra, and one combination of the two additional right-moving
supercharges is also preserved by M̂. Calculation of the Witten index now gives:

I(M̂) = tr{(−1)FM̂} = 20. (4.18)

In §4.2 we calculated the contribution of Ipert = −4 to the Witten index from states
with extended wave-functions along B. Comparing (4.11) to (4.18), we see that
we need to account for an additional contribution of 24. Since there are exactly 24
special points of B with singular fibers, it stands to reason that there are extra “bound
states” localized near these special points. We assume that the elliptic fibration is
generic, so that the SL(2,Z) monodromies (in τ) around the special points are all
conjugate to τ → τ + 1, and the behaviors of the fibration near all the special points
are equivalent. Thus, if there is a contribution to the Witten index from localized
ground states, it should be a multiple of 24. It is indeed pleasing that our analysis
yielded a discrepancy of exactly 24. In the next subsection we will bring supporting
evidence for the conjecture that each special point contributes one bound state.
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This result can be extended to other values of k (namely k = 1 or k = 3) as
follows. We work at the value ρ = eiπ/3 (where ρ is the complexified area of the
fiber). This value is fixed by O(20, 4,Z) transformations that act as in §3.5 on the
fiber. We can construct them by compounding M̂ with an operator T that acts as
(+1) on Υ and acts as follows on the remaining generators:

T (x0) = x0 , T (x4) = x4+ωB+x0 , T (ωF) = ωF−x0 , T (ωB) = ωB+2x0 .

This is the transformation that shifts the B-field by ωB. We find,

I(M̂T ) = tr{(−1)FM̂T } = 18 , I(M̂T −1) = tr{(−1)FM̂T −1} = 22 .

Locally on the base, M̂T and M̂T −1 act as SL(2,Z) duality transformations of the
fiber with k = 3 and k = 1 respectively. The index can therefore be written generally
as I = 24− 2k (for k = 1, 2, 3) and the contribution of −2k is explained as in (4.11).

4.4 The singular fibers

We can gain more insight about the behavior near a singular fiber by embedding
our problem into string theory. A natural string theory setting is a compactification
of type-IIA string theory (it is more convenient to use type-IIA for reasons to become
clear shortly) on a K3 at a point in moduli space that is invariant under the mirror-
symmetry element M̂ considered in §4.3. We then compactify one of the remaining
directions, say x5, on S1 of radius R and insert an M̂-twist at x5 = 0. In order to
preserve some amount of target-space supersymmetry, we also insert at that point a
suitable rotation γ ∈ Spin(4) in directions 6, . . . , 9.4 We then look for the ground
states of a string state with winding number w = 1 along direction x5. The twist γ
can be chosen so as to ensure that the ground states are normalizable and localized
at x6 = x7 = x8 = x9 = 0. The worldsheet theory that solves this problem (at string
coupling constant zero) is an asymmetric Z4 orbifold of an S1 ×K3 compactification
with S1 of radius 4R. Since directions 5, . . . , 9 are described by a flat target space
their contribution is easy to analyze and we find that the Ramond-Ramond ground

4The amount of target space supersymmetry is determined as follows. Similarly to §4.1, set
K ≡ O(20) × SO(4) and let gK ∈ O+(20, 4,R)/K be the point in moduli space, represented as a
coset of groups. If M̂ ∈ O+(20, 4,Z) preserves gK then g−1M̂g ∈ K. Let ρ ∈ SO(4) be the projection
of g−1M̂g to the SO(4) factor of K. To construct the background we have to specify the action of
M̂ on target-space fermions, which requires a lift of ρ to the spin group. Let e±iϕ1 and e±iϕ2 be
the eigenvalues of (the lift of) ρ in the spinor representation (2, 1) ⊕ (1, 2). Then the action of M̂
on the supercharges has eigenvalues e±iϕj (j = 1, 2), and the number of preserved SUSY generators
is the number of eigenvalues that γ has from the set {e∓iϕj}2j=1, when γ is expressed in the spinor
representation (2, 1) ⊕ (1, 2). This can be contrasted with the worldsheet SUSY discussed in §4.1,
where the scalar and tensor representations 2(1, 1)⊕ (3, 1)⊕ (1, 3) of SO(4) were used instead of the
spinor.
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states of the string are in one-to-one correspondence with the states of the K3 CFT
compactified on S1 with an M̂-twist.

Now let us focus on the vicinity of a special point zj. From the point zj there
emanates a cut that is accompanied by the SL(2,Z) transformation τ → τ + 1. We
will now perform a series of dualities to relate our problem to a problem of quantizing
an Ω-deformed [71, 70] instanton moduli space. Let x1,x2 be coordinates on the fiber
F over a certain point z of the base such that direction x1 corresponds to the cycle
that shrinks to zero at zj. Now perform a fiberwise T-duality on direction x1. This
converts the fiber to a T 2 with complex structure τ̃ = i and area τ2 that becomes
infinite at zj. The monodromy τ → τ + 1 around the cut shows that in this T-dual
type-IIB background we have an NS5-brane at zj that extends in directions 5, . . . , 9,
and is localized at the dual fiber location (x̃1,x2) = (0, 0). The mirror-symmetry
twist becomes a geometrical twist that acts as a rotation by π/2 in directions x̃1,x2.
There are two fixed points

(x̃1,x2) = (0, 0) or (π, π). (4.19)

The (π, π) fixed point is far from the NS5-brane and so is not expected to have any
additional bound states. Let us now analyze the (0, 0) point by replacing the dual
fiber with an R2. We now have a fundamental string wrapped around direction x5

with a geometrical twist in directions x̃1,x2, x6, x7, x8, x9 and in the vicinity of an
NS5-brane spanning directions x5, . . . , x9 and localized at z = zj and x̃1 = x2 = 0.
The question is whether we get additional states localized at z = zj. Such states will
be related to the existence of bound states of the string with the NS5-brane. We
can generalize the question to one about bound states of a string with n NS5-branes,
which corresponds to a monodromy of τ → τ + n in the elliptic fibration as would
appear when n special points coincide (forming a singular fiber of type An−1). We
can solve the question by performing S-duality, converting the string and NS5-branes
into a D1 and n D5-branes. (The geometrical twists are similar to those used in the
Ω-deformation context to regularize the moduli space of instantons [71, 70].) We can
also regularize the moduli space by adding NSNS B-field components B67 and B89

to turn the moduli space of instantons into instantons on a noncommutative space
[69, 14]. Let us now be more specific about the rotation γ that was introduced in order
to preserve SUSY and eliminate zero modes. We can pick it to be a simultaneous
rotation by −π/4 in two planes, the plane x6 − x7 and the plane x8 − x9, so that
combined with the π/2 rotation in the plane of x̃1 − x2 the background will preserve
1/8 (target space) supersymmetry. At weak string coupling-constant and large R, the
D1-D5 dynamics is described locally [88, 32] by a point on the moduli space of U(n)
instantons (on a noncommutative R4 in directions 6, . . . , 9) that varies as a function
of x5, and with a twist at x5 = 0 that corresponds to a rotation by (−π/4,−π/4) in
the planes 6− 7 and 8− 9, and a rotation by π/2 in the plane 1− 2 (which acts only
on the fermionic degrees of freedom). The ground states are found by counting the
number of instanton solutions that are invariant under the (−π/4,−π/4) rotation.
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Consider, for example, the case of an SU(2) instanton and start with a commutative
R4. A rotation in R4 can be compensated by a global SU(2) gauge transformation as
long as the center of the instanton is at the origin. However, we are forbidding such
transformations that modify the behavior at infinity (in directions 6, . . . , 9) and so we
are left with only the zero-size instantons as a solution. These need to be regularized
by turning R4 into a noncommutative R4, as mentioned above.

Thus, in order to proceed we recall the extension [69, 14] of the ADHM construc-
tion for U(n) instantons at level m (for us m = 1) on a noncommutative R4. We take
complex coordinates (z0, z1) on R4 ' C2 with noncommutativity given by

[z0, z
†
0] = [z1, z

†
1] = − ζ̃

2
,

where ζ̃ is a positive constant. One then picks n×n matrices B0, B1, an n×m matrix
X, and an m× n matrix Y (all matrices have constant complex entries) that satisfy
the quadratic algebraic relations:

[B0, B1] +XY = 0, [B0, B
†
0] + [B1, B

†
1] +XX† − Y †Y = ζ̃In×n , (4.20)

where In×n is the identity matrix. The moduli space of solutions is then the solution
to (4.20) subject to a U(m) gauge equivalence defined to act on X and Y as

X → XΛ−1 , Y → ΛY , Λ ∈ U(m). (4.21)

One then looks for a (2n+m)× n matrix solution ψ(z0, z1) for the linear equations(
B0 − z0 z1 −B1 X

B†1 − z
†
1 B†0 − z

†
0 Y †

)
ψ = 0

where z0, z1 are short for z0In×n, z1In×n. One then constructs the gauge field as
Aµ = ψ†∂µψ. We need an instanton solution that is invariant under the rotation

(z0, z1) 7→ (eiπ/4z0, e
iπ/4z1).

This rotation acts on the ADHM fields as

B0 → e
iπ
4 B0 , B1 → e

iπ
4 B1 , X → e

iπ
4 X , Y → e

iπ
4 Y .

and it is easy to see that the only points in moduli space that are invariant under this
rotation [up to a gauge transformation (4.21)] are those with B0 = B1 = 0 and Y = 0.
For m = 1, it is easy to see that the surviving moduli space is CPn−1. The Hilbert
space of localized states coming from an An−1 singular fiber is therefore equivalent
to the cohomology of CPn−1. In particular, a generic singular fiber (A0 type) carries
one extra state.
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Chapter 5

Other examples of mirror twists in
the orbifold limit

In the second part of this paper we will explore the ground states of theories with
twists by other elements of the duality group SO(20, 4,Z) and their possible relation
to geometric quantization of K3. We will perform the computations in the orbifold
limit T 4/Z2. We start by reviewing some known properties of these orbifolds (see [5]
for a comprehensive review).

5.1 K3 as a T 4/Z2 orbifold

We take (x1,x2,x3,x4) as coordinates on T 4, where each xi (i = 1, . . . , 4) has
periodicity 2π. We also define the complex structure by

z =
1

2π
(x1 + τx2) , z′ =

1

2π
(x3 + τ ′x4) .

The Z2 orbifold is defined as

(z, z′) ' (−z,−z′) . (5.1)

This orbifold has 16 fixed points

(x1,x2,x3,x4) = (ε1π, ε2π, ε3π, ε4π); (ε1, . . . , ε4 ∈ {0, 1}) ,

which we denote by P (ε1, . . . , ε4). A smooth complex manifold can be constructed
from this orbifold by “blowing-up” these fixed points and replacing each P (ε1, . . . , ε4)
with a CP1 that we denote by E(ε1, . . . , ε4). We recall that blowing up the origin of
C2/Z2 is done by replacing the singular orbifold (z, z′) ' (−z,−z′) with the subspace
of C2×CP1 described by coordinates (z, z′, [s, t]) (where we use (z, z′) as coordinates
on C2 and [s, t] ' [λs, λt] as homogeneous coordinates on CP1) that satisfy zt = z′s,
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so that for (z, z′) 6= (0, 0) there is a unique solution [s, t] = [z, z′] but for z = z′ = 0
the entire CP1 survives. Blowing up an orbifold point in T 4/Z2 is done by replacing
a small neighborhood of that point with a neighborhood of the blown-up origin of
C2/Z2. So far we only discussed the complex structure. The σ-model requires also
a complexified Kähler metric which is given by a Kähler 2-form k and NSNS B-field
B. It was shown in [4] that the orbifold limit of the σ-model corresponds to the limit
where the area of each E(ε1, . . . , ε4) vanishes, while the flux of B on each E(ε1, . . . , ε4)
remains π. This orbifold has a Z4

2 group of isometries. The element Υ($1, . . . , $4)
that is labeled by $1, . . . , $4 ∈ Z2 (which we treat as numbers modulo 2) acts as

Υ($1, . . . , $4) : (x1,x2,x3,x4) 7→ (x1 + π$1,x2 + π$2,x3 + π$3,x4 + π$4) ,
$1, . . . , $4 ∈ {0, 1}. (5.2)

Each of these isometries has fixed points. For example Υ(1, 1, 1, 1) has fixed points
when each coordinate x1, . . . ,x4 is ±π/4, and with the identification (5.1), this gives
8 fixed points. Other than the identity, these isometries act nontrivially on the cycles
E(ε1, . . . , ε4):

E(ε1, . . . , ε4)
Υ(a1,...,a4)−−−−−−→ E(ε1 + a1, . . . , ε4 + a4) ,

where (εi + ai) is understood modulo 2.
We will need a convenient basis for the cohomology H2(K3,Z). Let us start by

defining the following elements of H2(K3,Z):

• [E(ε1, . . . , ε4)] (with εi ∈ {0, 1}) denotes the Poincaré dual of one of the 16
CP1 submanifolds E(ε1, . . . , ε4) at the intersection of z = 1

2
(ε1 + τε2) and z′ =

1
2
(ε3 + τ ′ε4);

• [M(i, j)] = −[M(j, i)] (with 1 ≤ i < j ≤ 4) corresponds to the Poincaré dual
of the submanifold given by the two equations xi = ±ci and xj = ±cj (with
the ± signs correlated), for some generic constants ci, cj (not equal to 0 or π).
We take the orientation so that the dual class is represented by δ(xi− ci)δ(xj−
cj)dxi ∧ dxj;

The intersection numbers are:

[E(ε1, . . . , ε4)] · [E(ε′1, . . . , ε
′
4)] = −2δε1ε′1δε2ε′2δε3ε′3δε4ε′4 ,

[E(ε1, . . . , ε4)] · [M(i, j)] = 0 , [M(i, j)] · [M(k, l)] = 2εijkl ,
(5.3)

where εijkl is the anti-symmetric Levi-Civita symbol. In addition to these cohomology
classes, H2(K3,Z) also contains some classes that are linear combinations of the
[E(ε1, . . . , ε4)]’s and [M(i, j)]’s with fractional coefficients. We define

[W (i, j, εi, εj)] ≡ 1
2
[M(i, j)]− 1

2

1∑
ε′1=0

· · ·
1∑

ε′4=0

δεiε′iδεjε′j [E(ε′1, . . . , ε
′
4)].
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Then, one can show that [W (i, j, εi, εj)] ∈ H2(K3,Z), and H2(K3,Z) is spanned by
the [W (i, j, εi, εj)]’s and the [E(ε1, . . . , ε4)]’s (which is an over-complete system). The
[W (i, j, εi, εj)]’s are Poincaré dual to homology classes of submanifolds (not necessarily
analytic) that can be constructed by setting ci and cj, in the definition of [M(i, j)]
above, to 0 or π. For example, [W (3, 4, ε3, ε4)] is the Poincaré dual of the smooth
analytic manifold defined by the holomorphic equation,

W (3, 4, ε3, ε4) = {z′ = 1
2
(ε3 + ε4τ

′)}. (5.4)

which has genus 0. As another example, [W (1, 3, ε1, ε3)] can be constructed by start-
ing with the equations x1 = ε1 and x3 = ε3 for ε1, ε3 ∈ {0, 1}. This manifold is not
analytic, of course, and it has a boundary. It intersects E(ε1, ε

′
2, ε3, ε

′
4) along a circle

which divides E(ε1, ε
′
2, ε3, ε

′
4) into two hemispheres. If we attach one of these hemi-

spheres to the manifold, for each of the four possible combinations of ε′2 and ε′4, we
can get a closed manifold whose Poincaré dual is given by [W (1, 3, ε1, ε3)].

The equation z = ±z0, with generic z0, describes a T 2 ⊂ T 4/Z2. The cohomology
class of this T 2 is given by

[F] ≡ [M(1, 2)],

and we can view it as the fiber of an elliptic fibration that becomes singular at the
4 points z0 = 0, 1

2
, 1

2
τ, 1

2
+ 1

2
τ. As we take the limit z0 → 1

2
(ε1 + ε2τ), for example,

the fiber T 2 turns into a union of the four exceptional divisors
⋃
ε3,ε4

E(ε1, ε2, ε3, ε4)

(ε3, ε4 = 0, 1) together with the sphere W (1, 2, ε1, ε2) counted with multiplicity 2, so
that the cohomology agrees:

2[M(1, 2)] = 2[W (1, 2, ε1, ε2)] +
∑
ε3,ε4

[E(ε1, ε2, ε3, ε4)] .

The fibration has a section which we take to be W (3, 4, ε3 = 0, ε4 = 0). We define the
cohomology class

[B] ≡ [W (3, 4, ε3 = 0, ε4 = 0)] = 1
2
[M(3, 4)]− 1

2

∑
ε′1,ε
′
2

[E(ε′1, ε
′
2, 0, 0)].

5.2 Mirror symmetry

In the orbifold limit the CFT is a free theory. Consider the space of states of the
CFT on S1 with coordinate 0 ≤ σ1 ≤ 2π. The Minkowski time coordinate is σ0. In the
untwisted sector there are 4 scalar fields Xµ (µ = 1, . . . , 4) with oscillator expansions
[44, 72]:

Xµ(σ0, σ1) = xµ + pµσ0 +
i√
2

∑
m∈Z
m6=0

1
m

(
αµme

−im(σ0−σ1) + α̃µme
−im(σ0+σ1)

)
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as well as four left-moving fermionic ψµ fields and right-moving ψ̃µ fields:

ψµ(σ0, σ1) =
∑
m∈Z

ψµme
−im(σ0−σ1) , ψ̃µ(σ0, σ1) =

∑
m∈Z

ψ̃µme
−im(σ0+σ1) .

The twisted sector has similar expansions with m ∈ Z+ 1
2

and with (x1, . . . , x4) taking
values in one of the 16 fixed points of the Z2 action:

(x1, . . . , x4) = (ε1π, . . . , ε4π).

In what follows we will only be interested in the ground states. Thus we let all the
oscillators with m > 0 be in their ground states and we set pµ = 0. For the untwisted
sector this means that we only have to consider the fermionic zero modes. The ground
states |ab〉 are labeled by two (Dirac) spinor indices a = 1, . . . , 4 and b = 1, . . . 4 on
which the zero modes act as:

ψµ0 |ab〉 = (γµ)a
a′ |a′b〉 , ψ̃µ0 |ab〉 = (γµ)b

b′|ab′〉 ,

where γµ are the Dirac matrices (in some arbitrary basis). The Z2 orbifold generator
acts as ψ1

0 · · ·ψ4
0ψ̃

1
0 · · · ψ̃4

0 and the surviving Z2-even states can be written in the form

|ab〉 = (γ0)ab|1234〉+
1

4
εµνστ (γ

0γµν)ab|στ〉+ (γ0γ1234)ab|∅〉 , (5.5)

where we have defined a basis of 1 + 6 + 1 Z2-invariant states |∅〉, |µν〉 = −|νµ〉, and
|1234〉. The twisted sector has no fermionic zero modes, and so the ground states are
only labeled by the (x1, . . . , x4) fixed point as |ε1, . . . , ε4〉.

In string theory these states appear as factors in the worldsheet description of
Ramond-Ramond states for type-II compactification on K3 × R5,1. In type-IIA, for
example, the states that correspond to modes of the RR 0-form, 2-form, and 4-
form fields that are massless plane waves in the R5,1 directions and proportional to
harmonic 0-forms, 2-forms, or 4-forms along K3 contain |ab〉 as a factor. The states
of the untwisted sector correspond to harmonic forms whose cohomology class is
Poincaré dual to a Z2 invariant form on T 4, and the twisted sector states correspond
to harmonic forms that are Poincaré dual to E(ε1, . . . , ε4).

From this description it is easy to derive the action of several dualities. We will
consider several combinations of the basic operators defined as follows. We define
S1 as the symmetry induced by T-duality on directions x3,x4 followed by a rotation
x3 → x4. It acts as

S1|∅〉 = |12〉 , S1|12〉 = −|∅〉 , S1|34〉 = 2|∅〉 − 2|1234〉 , S1|1234〉 = |12〉+ 1
2
|34〉 ,

S1|ε1, ε2, ε3, ε4〉 = 1
2

∑
ε′3,ε
′
4

(−1)ε3ε
′
4+ε4ε′3|ε1, ε2, ε′3, ε′4〉 , S1|ij〉 = |ij〉 , (i = 1, 2, j = 3, 4) .

(5.6)
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We can understand the action of S1 on the twisted sector states as follows. First note
that the orbifold CFT has a Z4

2 symmetry with elements that act as

Ω($1, $2, $3, $4)|ε1, ε2, ε3, ε4〉 = (−1)
P4
i=1$iεi |ε1, ε2, ε3, ε4〉 .

The CFT also has another Z4
2 symmetry corresponding to the discrete isometries (5.2).

The ground states of the untwisted sector are invariant under these symmetries, but
the ground states of the twisted sector are not:

Υ($1, $2, $3, $4)|ε1, ε2, ε3, ε4〉 = |ε1 +$1, ε2 +$2, ε3 +$3, ε4 +$4〉.

The operator S1 must convert discrete Z2 winding number in directions 3, 4 to dis-
crete Z2 momentum in directions 4, 3, respectively, because S1 corresponds to T-
duality. The symmetries Υ($1, . . . , $4) play the role of discrete momentum while
Ω($1, . . . , $4) play the role of discrete winding number, thus

S−1
1 Υ(0, 0, $3, $4)S1 = Ω(0, 0, $4, $3).

This explains the expression for S1|ε1, . . . , ε4〉 in (5.6). It is an eigenstate of the four
Υ(0, 0, $3, $4)’s with eigenvalues (−1)$3ε4+$4ε3 .

The transformation S1 corresponds to the T-duality element

(
0 1
−1 0

)
∈ SL(2,Z)

for the T 2 in directions x3,x4, and we can also define T1 which corresponds to the

element

(
1 1
0 1

)
∈ SL(2,Z).

T1|∅〉 = |∅〉 , T1|12〉 = |12〉+ |∅〉 , T1|34〉 = |34〉 , T1|1234〉 = |1234〉 − 1
2
|34〉 ,

T1|ε1, ε2, ε3, ε4〉 = (−1)ε3ε4|ε1, ε2, ε3, ε4〉 , T1|ij〉 = |ij〉 , (i = 1, 2, j = 3, 4).

(5.7)

Similarly to S1, T1 we define S2, T2 which act as T-duality on the T 2 in directions
x1,x2. Thus,

S2|∅〉 = |34〉 , S2|34〉 = −|∅〉 , S2|12〉 = 2|∅〉 − 2|1234〉 , S2|1234〉 = |34〉+ 1
2
|12〉 ,

S2|ε1, ε2, ε3, ε4〉 = 1
2

∑
ε′1,ε
′
2

(−1)ε1ε
′
2+ε2ε′1 |ε′1, ε′2, ε3, ε4〉 , S2|ij〉 = |ij〉 , (i = 1, 2, j = 3, 4).

(5.8)

and

T2|∅〉 = |∅〉 , T2|34〉 = |34〉+ |∅〉 , T2|12〉 = |12〉 , T2|1234〉 = |1234〉 − 1
2
|12〉 ,

T2|ε1, ε2, ε3, ε4〉 = (−1)ε1ε2|ε1, ε2, ε3, ε4〉 , T2|ij〉 = |ij〉 , (i = 1, 2, j = 3, 4).

(5.9)
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There is a map between the Fourier-Mukai vector space discussed in §4.3 and the
vector space of ground states defined in (5.5),

x0 7→ |∅〉 , x4 7→ |1234〉 − 1
4

∑
ε1,...,ε4

|ε1, ε2, ε3, ε4〉 ,

[E(ε1, . . . , ε4)] 7→ |ε1, ε2, ε3, ε4〉 − 1
2
|∅〉 , [M(µ, ν)] 7→ |µν〉 , (1 ≤ µ < ν ≤ 4) ,

(5.10)

We recall that (5.10) can be interpreted in terms of the phenomenon of “fractional
branes” [26, 27]. the Fourier-Mukai vector can be thought of as a vector of Ramond-
Ramond charges carried by some D-brane configuration. Due to the coupling, for
example, between the NSNS 2-form field and the 1-form RR-field on the world volume
of a D2-brane, a D2-brane that wraps an exceptional divisor also carries the charge
equivalent of half a D0-brane.

Combining (5.6) and (5.10) we get the action of S1 on the Fourier-Mukai vector
v via its action on the basis:

S1(x0) = [M(1, 2)] , S1([M(1, 2)]) = −x0 ,

S1([M(i, j)]) = [M(i, j)] , (i = 1, 2, j = 3, 4) ,

S1([M(3, 4)]) = −2x4 − 1
2

∑
ε1,...,ε4

[E(ε1, ε2, ε3, ε4)]− 2x0 ,

S1([E(ε1, ε2, ε3, ε4)]) = −1
2
[M(1, 2)] + 1

2

∑
ε′3,ε
′
4

(−1)ε3ε
′
4+ε4ε′3 [E(ε1, ε2, ε

′
3, ε
′
4)] + δε30δε40x0 ,

S1(x4) = 1
2
[M(3, 4)] + [M(1, 2)]− 1

2

∑
ε1,ε2

[E(ε1, ε2, 0, 0)]− x0 .

(5.11)

The operation S1 is intuitively understood as T-duality on the x3,x4 directions.
For the special complex structure τ = i there is an additional Z4 symmetry gen-

erated by a (π/2)-rotation of the x1 − x2 torus around the origin. It acts as

R2|∅〉 = |∅〉 , R2|34〉 = |34〉 , R2|12〉 = |12〉 , R2|1234〉 = |1234〉 ,
R2|ε1, ε2, ε3, ε4〉 = |ε2, ε1, ε3, ε4〉 , R2|1j〉 = |2j〉 , R2|2j〉 = −|1j〉 , (j = 3, 4).

(5.12)

We now compactify σ1 on S1 and insert a duality twist M̂. We will start with
the two cases with M̂ = S1 or M̂ = S1S2. We wish to find the Hilbert space of
ground states. Using (4.17) and the explicit expressions (5.6)-(5.7) and (5.8)-(5.9) we
calculate the Witten indices:

I(S1) = 12, I(S1S2) = 8 . (5.13)
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In §5.2-§5.2, we will describe the ground states directly by orbifolding the construction
of §3. We can also consider other duality twists. Take for example the twists by S1T1

and S1T1S2T2 with calculated Witten indices:

I(S1T1) = 10, I(S1T1S2T2) = 6. (5.14)

These will be discussed in §5.2-§5.2. Lastly, in §5.2 we will study a combination of
rotation on the base B and duality on the fiber F with the relevant Witten index

I(S1R2) = 4. (5.15)

The S1 twist

We need to account for a Witten index of 12. The twist S1 acts as T-duality on
directions x3,x4. Thus, we begin by adding

1

2π

∫
(x′3dx4 − x′4dx3) , with x′I ≡ xI(σ

1 = 2π) , xI ≡ xI(σ
1 = 0) ,

to the action of the CFT. The x1,x2 CFT is unchanged. In the untwisted sector we
set x′I = xI for I = 1, 2, 3, 4. At low-energy the x3 − x4 sector of the CFT reduces
to geometric quantization of T 2 with symplectic form 2dx3 ∧ dx4, resulting in a 2-
dimensional Hilbert space that corresponds to the space of level-2 Θ-functions on T 2.
All states of this sector are bosonic. The x1 − x2 CFT reduces to supersymmetric
quantum mechanics on T 2 with states corresponding to the cohomology H∗(T 2,R).
We need to keep only the states that are invariant under the orbifold action xI → −xI .
This acts on level-k Θ-functions as Θk,j → Θk,k−j and so for k = 2 all Θ-functions are
invariant. On the base B, the Z2-invariant states are those corresponding to the even
cohomology, i.e., 1 and dx1 ∧ dx2, and the Z2-odd states are those that correspond
to the odd cohomology, i.e., dx1 and dx2. Now, the missing piece of information that
we need in order to combine the states of the x3 − x4 CFT with the states of the
x1 − x2 CFT, to form Z2-invariant states, is whether the single ground state of the
fermionic sector of the x3−x4 directions is Z2-even or Z2-odd. If this ground state is
Z2-even then we combine the 2 states of the x3−x4 sector with the even dimensional
cohomology states 1 and dx1 ∧ dx2. On the other hand, if the ground state is Z2-
odd then we combine the 2 states of the x3 − x4 sector with the odd dimensional
cohomology states dx1 and dx2. In any case, the untwisted sector produces 2× 2 = 4
states, but we need to know whether they contribute +4 or −4 to the Witten index.

An argument as in §3.4 implies that the ground state of the fermionic ψ3, ψ4, ψ
3
, ψ

4

system is actually Z2-odd and has an odd fermion number. Altogether, combining it
with the Z2-odd and fermionic states dx3 and dx4 shows that the untwisted sector
has 2× 2 = 4 states that contribute +4 to the Witten index.

In the twisted sector we have to set x′I = −xI for I = 1, 2, 3, 4. At low-energy
the x3 − x4 sector reduces to geometric quantization of T 2 with symplectic form
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−2dx3 ∧ dx4, again resulting in a 2-dimensional Hilbert space. These states can still
be identified with level-2 Θ-functions provided we take the opposite complex structure
where the holomorphic variable is z′ ≡ x3 + x4τ

′ instead of z′ ≡ x3 + x4τ . For the
x1 − x2 CFT the twisted boundary conditions leave us with only 4 states that are
localized at the fixed points of Z2, i.e., at

(x1,x2) = one of (0, 0), (0, π), (π, 0), (π, π). (5.16)

They are all invariant under Z2 and the twisted sector therefore has 4× 2 = 8 states.
They must have even fermion number so as to contribute +8 to the Witten index, so
that altogether we get a total of 12 bosonic states, in accordance with the Witten index
calculated in (5.13). Note that the 4 wave-functions of the states of the untwisted
sector are spread across the base B, while the 8 wave-functions of the twisted sector
are localized at the 4 singular fibers, with 2 states for each singular fiber.

The S1S2 twist

The S1S2 twist acts as T-duality on both fiber and base. The untwisted sector has
2× 2 = 4 states corresponding to geometric quantization of T 2 × T 2 with symplectic
form

ω = 2dx1 ∧ dx2 + 2dx3 ∧ dx4.

This sector gives rise to 4 states which can be identified with states of geometric
quantization of (T 2 × T 2)/Z2 with symplectic form given by the same ω as above,
which is Poincaré dual to [M(1, 2)] + [M(3, 4)].

The twisted sector similarly has 2 × 2 = 4 states corresponding to geometric
quantization of (T 2 × T 2)/Z2 with symplectic form

ω′ = −2dx1 ∧ dx2 − 2dx3 ∧ dx4.

This sector gives rise to 4 states which can be identified with states of geometric
quantization of (T 2 × T 2)/Z2 with symplectic form given by the same ω as above,
which is Poincaré dual to −[M(1, 2)]− [M(3, 4)]. Altogether in both sectors we get 8
bosonic states, in accordance with the Witten index calculated in (5.13).

The S1T1 twist

The twist S1 acts as T-duality on directions x3,x4 and the twist T1 acts as spectral
flow on the B-field. Thus, we add

1

2π

∫
(x′3dx4 − x′4dx3 − x3dx4) , with x′I ≡ xI(σ

1 = 2π) , xI ≡ xI(σ
1 = 0) ,

to the action of the CFT. The x1,x2 CFT is unchanged. As before, we set x′I = xI
for I = 1, 2, 3, 4 in the untwisted sector. Now at low-energy the x3 − x4 sector of
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the CFT reduces to geometric quantization of T 2 with symplectic form dx3 ∧ dx4,
with a 1-dimensional Hilbert space that corresponds to the level-1 Θ-function on T 2,
which is invariant under the orbifold action xI → −xI . This state is bosonic. The
x1− x2 CFT is unchanged from 5.2, and since the ground state in the x3− x4 sector
is again Z2-odd, we combine it with the odd cohomology states dx1 and dx2, and this
contributes +2 to the Witten index.

In the twisted sector we have to set x′I = −xI for I = 1, 2, 3, 4. At low-energy
the x3 − x4 sector reduces to geometric quantization of T 2 with symplectic form
−3dx3∧dx4, with a 3-dimensional Hilbert space. However, the Hilbert space of level-
3 Θ-functions that are invariant under the orbifold action xI → −xI is 2-dimensional;
Θ3,0 and the linear combination Θ3,1 + Θ3,2 are invariant. These states are bosonic.

The twisted sector of the x1 − x2 CFT is again the same as in 5.2, with 4 states
corresponding to the fixed points (5.16), so altogether the twisted sector has 4×2 = 8
states. They must have even fermion number so as to contribute +8 to the Witten
index, so that altogether we get a total of 10 bosonic states, in accordance with the
Witten index calculated in (5.14).

The S1T1S2T2 twist

The S1T1S2T2 twist acts as T-duality and spectral flow on both fiber and base.
The untwisted sector has 1× 1 = 1 state corresponding to geometric quantization of
T 2 × T 2 with symplectic form

ω = dx1 ∧ dx2 + dx3 ∧ dx4.

This state is Z2 even, and hence survives the orbifold projection of (T 2×T 2)/Z2. The
twisted sector similarly has 2 × 2 + 1× 1 = 5 states which are the Z2-even states of
the Hilbert space that we get by geometric quantization of T 2 × T 2 with symplectic
form

ω′ = −3dx1 ∧ dx2 − 3dx3 ∧ dx4.

The 2 × 2 = 4 states come from the combination of Z2 invariant subspaces of the
level-3 Θ-functions on each T 2 (given by Θ3,0 and Θ3,1 + Θ3,2 on each T 2). The
1 × 1 = 1 state comes from the combination of 1-dimensional Z2 odd subspaces on
each T 2 (given by Θ3,1 − Θ3,2 on each T 2). Altogether, combining both sectors we
get 6 bosonic states, which is in accordance with the Witten index that we calculated
in (5.14).

The S1R2 twist

The S1 twist acts on directions x3− x4 as in (5.2), while R2 acts as a rotation by
π/2 of the x1 − x2 torus, which is assumed to have complex structure τ = i. In the
untwisted sector there are two ground states for the x3 − x4 system, corresponding
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to Θk,j for k = 2 (j = 0, 1), and there are two ground states of the x1 − x2 system
corresponding to the two R2 fixed points (x1,x2) = (0, 0) and (π, π). In the twisted
sector, we effectively add another Z2 twist, which is equivalent to changing the sym-
plectic form from 2x3 ∧ x4 to −2x3 ∧ x4 and at the same time replacing R2 with
R−1

2 . The generator of the Z2 action acts trivially on the bosonic parts of the ground
states of both the untwisted and twisted sectors, but the fermionic part of the twisted
ground state has opposite Z2 charge relative to its untwisted counterpart. (This can
be seen, for example, using the state-operator correspondence after bosonization of
the fermions.) Thus, only one sector, say the untwisted one, survives the orbifold
projection on Z2-invariant states. Altogether, we end up with four ground states, two
for each fixed point (x1,x2) = (0, 0) and (π, π).
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Chapter 6

Connection with geometric
quantization

So far we have seen hints of a connection with geometric quantization of the target
space. In particular, for the simple case of a T 2 target space, the relevant low-energy
terms in the action reduce to the action of geometric quantization of T 2 at level k = 2
[see (3.3)], and thus we have identified the Hilbert space of ground states with the
Hilbert space Hgq(T 2,k) obtained by geometric quantization of T 2 with symplectic
form k

2π
dx1 ∧ dx2. Geometric quantization defines a noncommutative geometry on

T 2, and the latter made a well-known appearance in string theory in [22, 33, 78].
As explained in [78], it appears when we take the limit of large B field for a sigma-
model with T 2 target space formulated on a worldsheet with boundary. In this limit
the worldsheet action reduces to a 0+1D action of the form (3.8) on the boundary
(see also [18]). Noncommutative geometry also makes an appearance on D-branes
probing asymmetric orbifolds [16]. In our context, noncommutative geometry arises
on a closed worldsheet, but with modified boundary conditions along a nontrivial
cycle (i.e., the T-duality twist along the S1). It would be interesting to understand
whether there is a more general connection between duality-twists and geometric
quantization, and we will explore this a little bit further in this section.

A connection with geometric quantization would imply that there is a natural
way to construct operators that act on Hgq(T 2,k). The ring of operators can be
constructed from the generators exp(ix1) and exp(ix2), and therefore we would like
to understand how to construct matrix elements of these operators naturally from the
σ-model. Inserting exp(iφj(σ1)) at some position σ1 is not the right answer, because
exp(ixj) should be dimensionless, whereas the normal ordered operators : exp(iφj) :
have positive dimensions (which depend on the target space metric). As a matter
of fact, even the operators exp(ixj) in the 0+1D Landau problem [given by the
Lagrangian IL of (3.9)] at low-energy do not flow directly to exp(ixj) of the geometric
quantization system — there is a finite normalization constant in front.

A possible solution to this problem can be achieved as follows. Let us complexify
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xj (j = 1, 2) by adding an imaginary part to define zj ≡ xj + iyj with yj ∈ R.
We promote yj to 1+1D free bosonic fields and add fermionic superpartners. We
now compactify as before with a T-duality twist on the (x1,x2)-directions, and insert
a geometrical twist corresponding to a rotation by (π/2) on the (y1,y2)-variables,
namely:

y1(σ1 = 0) = y2(σ1 = 2π) , y2(σ1 = 0) = −y1(σ1 = 2π) ,

and similarly for the fermions, so as to preserve supersymmetry. This twist eliminates
all zero modes, and leaves only one ground state in the (y1,y2) system. In the
combined (x1,x2,y1,y2) system, a matrix element of products of operators exp(izj)
between ground states is independent of the insertion points σ1 and reduces to the
matrix element of the corresponding product of exp(ixj) operators in Hgq. The
contribution of the higher modes of the yj’s cancels out the contribution of the higher
modes of the xj’s. So we arrive at the identification of the low-energy limit (ground
states) of a compactification of a σ-model with target space T 2 × R2 on S1, with a
combination of T-duality and geometrical twists, and geometric quantization of the
T 2, which is the fixed point set of the geometrical component of the twist.

Let us now extend these observations to geometric quantization on S2. We start
with the orbifold (T 2×R2)/Z2 and add a twisted boundary condition that acts as T-
duality on T 2 and as rotation by π/2 on R2. The wave-functions of the ground states
fall off fast far away from the origin of R2. To count the number of ground states we
recall the model of §5.2 which contained a similar twist, but with R2 replaced by T 2.
The π/2 rotation in that model had two fixed points, but the behavior near each fixed
point is the same as for the (T 2 ×R2)/Z2 model. Thus, the number of ground states
of the (T 2 × R2)/Z2 model is half that found in §5.2, which is two ground states.
These ground states should correspond to geometric quantization of T 2/Z2, which
is the space at the origin of R2. The symplectic form is k

4π2dx1 ∧ dx2 (for k = 2)
whose integral over T 2/Z2 is 1. The space T 2/Z2 is equivalent as a complex manifold
to CP1, and so we expect that our system is equivalent to geometric quantization of
CP1 ' S2 at level 1. Indeed, the states of geometric quantization of CP1 at level 1 are
constructed as sections of the line bundle O(1), and the Hilbert space is indeed two-
dimensional. We can construct operators from Z2-invariant operators on T 2. Thus,
we consider

Ôn1,n2 ≡ cos(2π(n1z1 + n2z2)) . (6.1)

Let us now describe how these operators flow in the IR to operators that arise by
geometric quantization of T 2/Z2 ' CP1. [That is to say, when projected to the
Hilbert space of ground states the operators (6.1) can be identified with operators
acting on the Hilbert space of geometrically quantized CP1 at level 1.] First let us
describe how to get sections of O(1) by Z2 projection of sections of a line bundle of
degree 2 on T 2. We start with the Θ-functions defined in (3.11). These functions
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satisfy

Θj,k(u+ 1, τ) = Θj,k(u, τ) , Θj,k(u+ τ, τ) = e−2πik(u+ 1
2
τ)Θj,k(u, τ) ,

which makes them sections of a rank-k line-bundle over T 2. This line-bundle is
invariant under Z2, in the sense that if f(u) is a section, i.e., satisfies

f(u+ 1) = f(u) , f(u+ τ) = e−2πik(u+ 1
2
τ)f(u) , (6.2)

then g(u) ≡ f(−u) is also a section of the same bundle. In particular, we have the
relations

Θj,k(−u, τ) = Θj,k−j(u, τ) .

Since f(u) and f(−u) are sections of the same bundle, we can mod out by Z2 by
imposing the condition f(u) = f(−u). For even k, an even holomorphic function f
that satisfies the boundary conditions (6.2) projects to a holomorphic section of the
line bundle O(k/2) on T 2/Z2 ' CP1. [For odd k there is a problem at the point
u = 1

2
(1 + τ), since as can be easily seen from (6.2), the would-be section f(±u) on

T 2/Z2 would pick up a (−) sign after traversing a small loop around ±1
2
(1 + τ).] For

k = 2 we have the stronger statement that all holomorphic sections are Z2-invariant.
Thus, there is a natural map from the (Z2-invariant) Hilbert space of ground states
of geometric quantization of T 2 at level k = 2 to the Hilbert space of ground states
of geometric quantization of T 2/Z2 ' CP1 at level k = 1. The Hilbert space of
ground states of a compactification of the (T 2 ×R2)/Z2 theory with a T-duality and
geometric rotation twist reduces to the Hilbert space of geometric quantization of the
singular fiber T 2/Z2 at the origin of R2. The Z2 invariant operators (6.1) reduce to
the corresponding operators on the Hilbert space obtained by geometric quantization
of T 2/Z2. Explicitly, if we denote by |j〉 the state that corresponds to Θj,k then the
projection on the ground states is calculated by geometric quantization and we have
the “clock and shift” matrices

e2πix1 →
(

1 0
0 −1

)
, e2πix2 →

(
0 1
1 0

)
,

from which the general Ôn1,n2 can easily be calculated and we find

cos(2π(n1z1 + n2z2))→


in1n2

(
1 0

0 (−1)n1

)
for even n2 ,

in1n2

(
0 1

(−1)n1 0

)
for odd n2 .
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Chapter 7

Discussion

This paper was devoted to a few case-studies of the low-energy limit of a com-
pactification of a quantum field theory on S1 with boundary conditions twisted by
a nonperturbative symmetry. The field theory was a 1+1D supersymmetric σ-model
with K3 target space, and the nonperturbative symmetry was an element of the dual-
ity group O(20, 4,Z). The “low-energy limit” problem becomes the question of iden-
tifying the ground states. We discussed several inequivalent elements of the duality
group. Our main results refer to the element that can be interpreted as T-duality on
the fiber, for an elliptically fibered K3, where the Kähler modulus of the fiber is set to
the self-dual value. We found that there must exist ground states with wave-functions
that are localized at the points of the base (of the elliptic fibration) where the T 2

fiber degenerates. In addition to these, there are also states that have a spread-out
wave-function. We showed that these states are in one-to-one correspondence with
sections of certain holomorphic line-bundles over the K3. We also supplemented the
discussion with the analysis of other elements of O(20, 4,Z) that we studied in the
T 4/Z2 orbifold limit.

The association of a part of the Hilbert space of ground states with sections
of a holomorphic line bundle L over the K3 target space suggests a relation with
geometric quantization. As was explained in [7], the wave-functions of the Hilbert
space obtained by geometric quantization of a Kähler manifold correspond to sections
of a holomorphic line-bundle whose first Chern class is the class of the symplectic form
(which is taken to be the Kähler class). It would be interesting to formulate a more
precise connection between the ground states of a compactification with a mirror-
symmetry twist and geometric quantization. Such a connection should also contain a
dictionary for mapping operators on the σ-model side to operators on the geometric
quantization side. We have begun to explore such a connection in §6, and we suggested
that it might come about as follows. In a σ-model with a target space that is a T 2n

fibration over a 2n-dimensional base, consider compactification on S1 with a mirror-
symmetry twist (realized locally as T-duality on the fiber) augmented by a suitable
geometrical twist that is induced by an isometry of the base with isolated fixed points.



51

For a suitably chosen geometrical twist, the Hilbert space of ground states might
be identified with the states of geometric quantization of the fibers (which can be
singular) over the fixed points of the geometrical twist. We hope to explore this idea
further in upcoming work.

Our results could have applications to the study of S-duality of 3+1D N = 4
Super-Yang-Mills (SYM) theory. In [40, 42, 41] a compactification of N = 4 SYM on
S1 with boundary conditions given by a combination of S-duality and R-symmetry
twists was studied, and a possible connection between the low-energy limit and Chern-
Simons theory was suggested, but is not very well understood or established. (See
also [80] for another interesting approach.) The connection with our present setting
appears if we compactify the 3+1D theory on a Riemann surface Σg (of genus g),
together with a suitable topological twist. If Σg shrinks first, the SYM theory reduces
to a certain 1+1D supersymmetric σ-model [49, 15] (and see [59] for a thorough
review and new perspective). The target space is the Hitchin moduli space MH [54]
associated with the gauge group G and Riemann surface Σg, and S-duality reduces to
mirror-symmetry ofMH . For g > 1 the Hitchin space has (complex) dimension 2(g−
1) dimG (where dimG is the dimension of the gauge group) and can be represented
as a fibration [54] of T 2(g−1) dimG over a (g − 1) dimG (complex) dimensional base B

(and the fibers are allowed to degenerate over codimension-1 submanifolds of B). It is
therefore interesting to study the ground states of a compactification of this σ-model
on S1 with a mirror-symmetry twist. We expect that there are two kinds of ground
states: (i) those with wave-functions that can be expanded in terms of (holomorphic)
Θ-functions of the fibers, with coefficients that are forms on the base (and it should
be possible to map these to the cohomology with coefficients in a suitable line-bundle
over MH); and (ii) states with wave-functions that are localized at the degenerate
fibers. We hope to explore this subject and its connection to S-duality of SYM in
more detail in future work.
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Part III

Covariant Star Product for
Exterior Differential Forms on

Symplectic Manifolds
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Chapter 8

Introduction

A star product is a deformation of an associative, commutative product of func-
tions into a product that is still associative but no longer commutative. The original
motivation behind star products was an alternative theory of quantization; Ref. [9]
and Ref. [10] equated quantization with a deformation of the algebra of classical ob-
servables of functions on phase space, where the O(~) term in the deformation can be
taken to be the classical Poisson bracket (see Ref. [29] for a historical overview and
references therein). Star products were subsequently found to apply in many areas
of physics, including string theory.

From the work of Kontsevich [61], Cattaneo and Felder [18], and many others,
the star product of functions on general Poisson manifolds is well known, in standard
coordinates on Rd, to all orders in the deformation parameter. Recently, Ref. [3]
wrote the explicit form (to O(~3)) of a covariant star product of functions on Poisson
manifolds with torsion-free linear connections.

Motivated by the study of noncommutative gauge theories in string theory, we
investigate the deformation of the Z-graded exterior algebra of differential forms1.
Since the O(~) term of the star product on functions is the Poisson bracket, we need
a generalization of the Poisson bracket to differential forms. We use the differential
Poisson algebra discussed in Ref. [21], Ref. [55] and, more recently, Ref. [12], Ref.
[51], and Ref. [50] discusses similar material from the perspective of contravariant
connections; the approach we use is more general (see Ref. [12]). As found in Ref.
[21], Ref. [55], and Ref. [12], endowing a symplectic manifold with a differential
Poisson calculus is equivalent to endowing a symplectic manifold with a connection
Γ that has certain important restrictions, Equations (8.18)-(8.20). Although these
results are already in the literature, we include a brief treatment of the differential
Poisson calculus for completeness.

Modulo the important restrictions due to the differential Poisson calculus, we find
that it is possible to define a covariant star product toO(~2) on the space of differential

1The case of superspace is considered in Ref. [19].
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forms on symplectic manifolds endowed with a differential Poisson calculus, and we
give the explicit form in this note in Equations (8.14) and (9.5).

8.1 The Differential Poisson Calculus

For all exterior differential forms2 α, β, and γ, a graded differential Poisson algebra
on a Poisson manifold must satisfy the following axioms:

|{α, β}| = |α|+ |β| (8.1)

{α, β} = (−1)|α||β|+1{β, α} (8.2)

{α, β + γ} = {α, β}+ {α, γ} (8.3)

{α, β ∧ γ} = {α, β} ∧ γ + (−1)|α||β|β ∧ {α, γ} (8.4)

{α, {β, γ}}+ (−1)|α|(|β|+|γ|){β, {γ, α}}+ (−1)|γ|(|α|+|β|){γ, {α, β}} = 0 (8.5)

d{α, β} = {dα, β}+ (−1)|α|{α, dβ}. (8.6)

Note that d2 = 0, and we take d to be undeformed. Axioms (8.1)-(8.5) give a Z-
graded Poisson bracket. The graded Jacobi identity (8.5) and the Leibniz rule (8.6)
constrain the Poisson bracket on differential forms. In particular, on a symplectic
manifold, the differential Poisson bracket between a function f and a 1-form α has
all of the properties of a covariant differential operator in each argument, and thus
defines a connection on the symplectic manifold,

∇Xfα ≡ {f, α},

where Xf is the Hamiltonian vector field associated with f . The Leibniz rule (8.6)
relates the coordinate variation of the Poisson bivector to the connection coefficients.
Consider

d{f, g} = {df, g}+ {f, dg}, (8.7)

where f, g are both functions. Since this must be true for all functions f, g, the
Leibniz rule (8.7) becomes, in local coordinates,

∂kπ
ij = −πmjΓimk − πimΓjmk, (8.8)

where πij is the Poisson bivector (with inverse ωij on symplectic manifolds), and Γimk
are the connection coefficients. In terms of the covariant derivative and the torsion,
(8.8) can also be rewritten as ∇kπ

ij = −πirT jrk − πrjT irk. From the same connection

coefficients Γimk, one can define two connections∇, ∇̃ with respective curvatures R, R̃.
For example,

∇idx
k = −Γkijdx

j ∇̃idx
k = −Γkjidx

j. (8.9)

2A differential form of degree |α| is a covariant tensor field of degree |α| that is totally anti-
symmetric. In a local coordinate system {xi, . . . , xn}, a |α|-form α can be uniquely expressed as
α = 1

|α|!αi1...i|α|dx
i1 ∧ · · · ∧ dxi|α| where the coefficient αi1...i|α| is completely antisymmetric.
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These connections and curvatures differ when the torsion is non-zero. In this conve-
nient notation, discussed further in the Appendix, the Leibniz rule (8.8) becomes

∇̃kπ
ij = 0. (8.10)

Thus πij is covariantly constant under ∇̃, and ∇̃ is an almost symplectic connection3.
One can use the Leibniz condition (8.8) together with the Jacobi identity for the

Poisson bivector to arrive at a cyclic relation for the torsion:∑
(i,j,k)

πi`πjmT k`m = 0. (8.11)

Note that a torsion-free connection is sufficient but not necessary to satisfy (8.11).
Also note that (8.8) and the Jacobi identity for the Poisson bivector can also be
combined to obtain the following cyclic relation:∑

(i,j,k)

πi`∇`π
jk = 0. (8.12)

As before, note that a symplectic connection is sufficient but not necessary to satisfy
(8.12). If, in addition to ∇̃kπ

ij = 0, one imposes ∇kπ
ij = 0, then T kij = 0 and there

is only one covariant derivative ∇ = ∇̃. Ref. [12] has a nice proof.
In this note, we do not require ∇kπ

ij = 0.
To find the local coordinate expression for Poisson bracket between two 1-forms,

consider the Leibniz rule again:

{df, dg} = d{f, dg} = d
(
πij∂if∇jdg

)
= πij∇idf ∧∇jdg − R̃ij ∧ iidf ∧ ijdg, (8.13)

where, to get the right-most equality of (8.13), we have introduced a contraction

operator4 ik and defined R̃ij ≡ 1
2
πikR̃j

kabdx
a ∧ dxb, where R̃j

kab are the components

of the curvature of ∇̃. An important property R̃ij is its symmetry in the upper two
indices, R̃ij = R̃ji. This is easily shown from [∇̃m, ∇̃n]πij = 0.

Using the graded product rule, one arrives at the general form of the Poisson
bracket between differential forms:

{α, β} = πij∇iα ∧∇jβ + (−1)|α|R̃ij ∧ iiα ∧ ijβ. (8.14)

However, (8.14) does not satisfy the graded Jacobi identity a priori. Using (8.14) and

the identities R̃ij = R̃ji, (A.2), and (A.4), as well as the following two identities5

∇i∇mα = 1
2
{∇i,∇m}α + 1

2
[∇i,∇m]α (8.15)

[∇i,∇m]α = −Rp
aimdx

a ∧ ipα− T pim∇pα, (8.16)

3In the literature, symplectic connections are additionally taken to be torsionless, but the con-
nection defined here may have torsion.

4The contraction operator ik is discussed fully in the Appendix. The interior product of a form
α with a vector X has the following relation to the contraction operator: iXα = Xkikα.

5The brackets {, } in (8.15) are anticommutators.
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we find:

{α, {β, γ}}+ (−1)|α|(|β|+|γ|){β, {γ, α}} − {{α, β}, γ} = (8.17)(
πmn∂nπ

ij + πin∂nπ
jm + πjn∂nπ

mi
)
∇iα ∧∇jβ ∧∇mγ

−πijπmnRp
aimdx

a ∧
(
ipα ∧∇jβ ∧∇nγ +∇nα ∧ ipβ ∧∇jγ +∇jα ∧∇nβ ∧ ipγ

)
+πmn∇nR̃

ij ∧
(
(−1)|α|iiα ∧ ijβ ∧∇mγ + (−1)|β|∇mα ∧ iiβ ∧ ijγ

−(−1)|α|+|β|ijα ∧∇mβ ∧ iiγ
)

−(−1)|β|
(
R̃ij ∧ iiR̃mn + R̃im ∧ iiR̃nj + R̃in ∧ iiR̃jm

)
∧ imα ∧ inβ ∧ ijγ.

For this to vanish for all α, β, γ, the connection coefficients Γijk must satisfy several
additional conditions6:

Ri
jk` = 0 (8.18)

∇aR̃
mn
cd = 0 (8.19)

R̃ab ∧ ibR̃mn + R̃mb ∧ ibR̃na + R̃nb ∧ ibR̃am = 0. (8.20)

Due to the Leibniz rule, these conditions are not independent. For example, consider
three functions, f, g, and h. Following the argument in Ref. [12], let us define four
functions:

J0(f, g, h) = {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}}
J1(f, g, h) = {f, {g, dh}}+ {g, {dh, f}}+ {dh, {f, g}}
J2(f, g, h) = {f, {dg, dh}}+ {dg, {dh, f}} − {dh, {f, dg}}
J3(f, g, h) = {df, {dg, dh}}+ {dg, {dh, df}}+ {dh, {df, dg}}.

These functions Ji(f, g, h) are obstructions to the graded Jacobi identity. J0(f, g, h) =
0 gives the Jacobi identity for the Poisson bivector. Note that because the Leibniz
rule holds,

dJ0(f, g, h) = J1(f, g, h) + J1(g, h, f) + J1(h, f, g).

So, J0(f, g, h) = 0 implies that the cyclic permutation of J1(f, g, h) is identically zero.
Similarly,

dJ1(f, g, h) = J2(f, g, h)− J2(g, h, f),

and, due to the definition, J2(f, g, h) = J2(f, h, g), we have,

dJ1(f, g, h) = J2(f, g, h)− J2(g, f, h).

6The classical Yang-Baxter equation (CYBE) is given by [r12, r13] + [r12, r23] + [r13, r23] = 0 in
tensor product notation, where [, ] is the matrix commutator Ref. [38]. Using R̃ijab = R̃jiab = −R̃ijba,
one can verify that (8.20) implies that R̃ijab satisfies the CYBE.
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When J1(f, g, h) = 0, this implies that J2(f, g, h) must be completely symmetric in
its arguments. Finally,

dJ2(f, g, h) = J3(f, g, h),

so if J2(f, g, h) = 0, then J3(f, g, h) = 0. Therefore, (8.20) contains no new con-
straints; (8.20) is implied by the Leibniz rule, the Jacobi identity for the Poisson

bivector, the vanishing of R, and the covariant constancy of R̃ij.
If, in addition to obeying the Leibniz condition and (8.18)-(8.20), the connection

happens to be torsionless, then R̃ is identically zero. This is obvious from Equation
(A.7) in the Appendix. In the torsionless case, the Poisson bracket reduces to

{α, β}|T=0 = πmn∇mα ∧∇nβ.
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Chapter 9

A Covariant Star Product for
Exterior Differential Forms

On symplectic manifoldsM , we deform Ω∗(M) to Ω∗(M)[[~]]. Elements of Ω∗(M)[[~]]
are formal power series in ~ with coefficients in Ω∗(M): α = α0 +

∑∞
n=1 ~nαn. A prod-

uct of differential forms in Ω∗(M)[[~]] is a “covariant star product of differential forms”
if it satisfies the following properties for α, β, γ ∈ Ω∗(M)[[~]]:

1. The product takes the form: α?β = α∧β+
∑∞

n=1 ~nCn(α, β) where the Cn are
covariant bilinear differential operators of at most order n in each argument.
The Cn are polynomials of order n in the Poisson bivector.

2. The product is associative: (α ? β) ? γ = α ? (β ? γ)

3. The order ~ term is the differential Poisson bracket for forms (8.14).

4. The constant function, 1, is the identity: 1 ? α = α ? 1 = α

5. The Cn have degree zero: |Cn(α, β)| = |α|+ |β|.

Condition 3 means that the symplectic manifold M is endowed with a connection,
Γ, that obeys the requisite restrictions (8.10) and (8.18)-(8.20). Note that we require
the Leibniz rule only at O(~) of the star product.

9.1 Hochschild Cohomology and Associativity

The associativity condition at O(~n) can be expressed as a condition on the
Hochschild coboundary of Cn; this is well-known in the literature, but we review it
briefly for completeness. For a Z-graded associative algebra A = ⊕j∈ZA

j, where Aj is
homogeneous of degree j, let αi ∈ A|αi|. If C is a Hochschild p-cochain, it is p-linear in
α1, . . . , αp and homogeneous of degree |C| such that C(α1, . . . , αp) ∈ A|C|+|α1|+···+|αp|.
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The Hochschild coboundary of C, δHC, is a (p + 1)-cochain. For a p-cochain C of
degree |C|, δHC is given by:

(δHC)(α0, ..., αp) ≡ (−1)|C||α0|α0C(α1, ..., αp) +

p−1∑
j=0

(−1)j+1C(α0, . . . , αjαj+1, . . . , αp)

+(−1)p+1C(α0, ..., α(p−1))αp

A Hochschild p-cochain C is called a Hochschild p-cocycle if (δHC) = 0. Like all
coboundary operators, δ2

H = 0. For Zp
H(A,A) the space of p-cocycles, and Bp

H(A,A)
the space of p-cocycles that are coboundaries of (p − 1)-cochains, the Hochschild
cohomology space is Hp

H(A,A) = Zp
H(A,A)/Bp

H(A,A).
The Cn in the star product are Hochschild 2-cochains of degree zero. The cobound-

ary of a Hochschild 2-cochain of degree zero is:

(δHCn)(α, β, γ) = α ∧ Cn(β, γ)− Cn(α ∧ β, γ) + Cn(α, β ∧ γ)− Cn(α, β) ∧ γ.

The associativity condition at O(~n) can be written as:

(δHCn)(α, β, γ) =
∑

r+s=n;r,s>0

(Cr(Cs(α, β), γ)− Cr(α,Cs(β, γ))) ∀n ≥ 1. (9.1)

Note that the right-hand side of (9.1) is a 3-cocycle, since δ2
HCn = 0. Obstructions

to extending the deformation are in H3
H(Ω∗(M),Ω∗(M)), the space of Hochschild

3-cocycles that are not coboundaries.

9.2 Chevalley Cohomology and Associativity

Chevalley cohomology has implications for both associativity and equivalence;
this is well-known in the literature, but we review it briefly for completeness. For
a Z-graded associative algebra A = ⊕j∈ZA

j, where Aj is homogeneous of degree j,
let αi ∈ A|αi|. Let σ denote a permutation of {1, . . . , p}, let ε(σ) denote the sign of
the permutation, and let ε|α|(σ) denote the sign of σ acting on {α1, . . . , αp} in the
graded sense. If C is p-linear in α1, . . . , αp, one says that C is symmetric (respectively
antisymmetric) in α1, . . . , αp if,

C(ασ(1), . . . , ασ(p)) = ε|α|(σ)C(α1, . . . , αp)(
respectively C(ασ(1), . . . , ασ(p)) = ε(σ)ε|α|(σ)C(α1, . . . , αp)

)
.

This is equivalent to, for all i,

C(α1, . . . , αi+1, αi, . . . , αp) = (−1)|αi||αi+1|C(α1, . . . , αp)(
respectively C(α1, . . . , αi+1, αi, . . . , αp) = −(−1)|αi||αi+1|C(α1, . . . , αp)

)
.
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Let the Z-graded associative algebra A be equipped with a Z-graded Poisson
bracket {, }. If C is a Chevalley p-cochain, it is p-linear, antisymmetric, and ho-
mogeneous of degree |C| such that C(α1, . . . , αp) ∈ A|C|+|α1|+···+|αp|. The Chevalley
coboundary δCC of C is (p+ 1)-linear and antisymmetric:

(δCC)(α0, . . . , αp) =
p∑
i=0

(−1)iε|α|(i, 0 . . . î . . . p)(−1)|C||αi|{αi, C(α0, . . . α̂i . . . , αp)}

+
∑

0≤i<j≤p

ε|α|(i, j, 0, . . . î . . . ĵ . . . p)(−1)i+jC ({αi, αj}, α0, . . . α̂i . . . α̂j . . . , αp) ,

and δ2
C = 0. A Chevalley p-cochain is called a Chevalley p-cocycle if (δCC) = 0.

For Zp
C(A,A) the space of p-cocycles, and Bp

C(A,A) the space of p-cocycles that are
coboundaries of (p − 1)-cochains, the Chevalley cohomology space is Hp

C(A,A) =
Zp
C(A,A)/Bp

C(A,A).
The antisymmetric part of the associativity relation (9.1) at O(~3) requires that

the antisymmetric part of C2(α, β), C−2 (α, β), be a Chevalley cocycle:

0 = Skew((δHC3)(α, β, γ)) = −4(δCC
−
2 )(α, β, γ). (9.2)

Note that this argument could be extended to O(~k).

9.3 Star Product Equivalence

Two star products, ∗ and ∗ with Ci(α, β) and Ci(α, β) respectively, are formally
equivalent if there exists a differential operator T of degree |T | = 0 of the form
T = id+

∑∞
n=1 ~nTn such that

T (α∗β) = T (α) ∗ T (β) .

The equivalence condition at O(~n) is:

(δHTn)(α, β) =
∑

r+s=n;s<n

Ts(Cr(α, β))−
∑

r+s+t=n;s,t<n

Cr(Ts(α), Tt(β)). (9.3)

If two star products are equivalent to O(~n), then the condition for extending the
equivalence is that a Hochschild 2-cocyle constructed from the Tk, k ≤ n must be a
Hochschild coboundary of Tn+1. Note that the right-hand side of (9.3) is a Hochschild
2-cocycle. Obstructions to equivalence are in H2

H(Ω∗(M),Ω∗(M)).
If two star products, Ci(α, β) and Ci(α, β), are the same at O(~) and equivalent

to O(~2), then the associativity relation (9.1) at O(~2) requires that

(δHC2)(α, β, γ) = (δHC2)(α, β, γ). (9.4)
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The difference between C2(α, β) and C2(α, β) must be a Hochschild cocycle, which
can be parameterized the following way:

C2(α, β) = C2(α, β) + C−2 (α, β) + C+
2 (α, β) + (δHT2)(α, β),

where C−2 (α, β) is an antisymmetric Hochschild 2-cocycle that is an derivation in each
argument and C+

2 (α, β) is a symmetric Hochschild 2-cocycle that is not a Hochschild
coboundary. The symmetric Hochschild coboundary part is given by (δHT2)(α, β).
Also, C−2 (α, β) must also be a Chevalley cocycle, due to (9.2).

If C2(α, β) and C2(α, β) are to be equivalent star products at O(~2) , then (9.3)
requires that, for

T (α) = α + ~T1(α) + ~2

(
−T2(α) +

1

2
T1(T1(α))

)
+ . . . ,

T1(α) must be a Hochschild cocycle, C+
2 (α, β) = 0 , and C−2 (α, β) must be a Chevalley

coboundary of T1:
C−2 (α, β) = −(δCT1)(α, β).

Note that this argument can be extended to O(~k).
Thus, antisymmetric obstructions to equivalence atO(~2) are given byH2

C(Ω∗(M),Ω∗(M)),
and symmetric obstructions are given by symmetric terms in H2

H(Ω∗(M),Ω∗(M)).

9.4 Explicit Form of α ? β to O
(
~2
)

A star product which satisifies Properties 1-5 to O (~2) for two arbitrary forms
α, β has the following C2(α, β)):

C2(α, β) ≡ 1
2
πijπmn∇i∇mα ∧∇j∇nβ + 1

3
(πmn∇nπ

ij (9.5)

+1
2
πinπjpTmnp)

(
∇m∇iα ∧∇jβ −∇iα ∧∇m∇jβ

)
+ (−1)|α|πijR̃mn ∧∇iimα ∧∇jinβ

−1
2
R̃ij ∧ R̃mn ∧ iiimα ∧ ijinβ − 1

3
R̃i` ∧ i`R̃mn ∧

(
(−1)|α|iiimα ∧ inβ + imα ∧ iiinβ

)
.

Properties 1 and 3-5 are manifestly satisfied by (8.14) and (9.5); a lengthy calculation
verifies (8.14) and (9.5) also satisfy Property 2, given by Equation (9.1):

(δC2)(α, β, γ) = C1(C1(α, β), γ)− C1(α,C1(β, γ)) (9.6)

= +1
2
πijπmn

(
{∇i,∇m}α ∧∇nβ ∧∇jγ −∇mα ∧∇iβ ∧ {∇n,∇j}γ

)
−(πmn∇nπ

ij + 1
2
πinπjpTmnp)∇iα ∧∇mβ ∧∇jγ

+πmnR̃ij
(
(−1)|α|∇miiα ∧ ijβ ∧∇nγ + (−1)|α|+|β|ii∇mα ∧∇nβ ∧ ijγ

−(−1)|β|∇mα ∧ iiβ ∧∇nijγ − (−1)|α|+|β|iiα ∧∇mβ ∧ ij∇nγ
)

−(−1)|β|R̃ij ∧ iiR̃mn ∧ inα ∧ ijβ ∧ imγ
+R̃ij ∧ R̃mn ∧

(
(−1)|β|iiimα ∧ inβ ∧ ijγ − (−1)|α|+1imα ∧ iiβ ∧ inijγ

)
,
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where the brackets {, } in (9.6) are anticommutators. To arrive at this result, we have

used Equations (8.11), (8.12), R̃ij = R̃ji, (8.18), (8.19) and (8.20), and the identities
(A.2), (A.4), (8.15), and (8.16). Indeed, (9.5) was constructed by ansatz to satisfy
(9.6).

Note that if the connection on M is torsionless, then the connection ∇ is a flat
symplectic connection, and the star product reduces to

α ? β|T=0 = αβ + ~πmn∇mα ∧∇nβ + ~2 1
2
πijπmn∇i∇mα ∧∇j∇nβ +O

(
~3
)
.

In flat space with α, β restricted to functions, this reduces to the first three terms
of the case considered in Theorem 5 of Ref. [9]. Indeed, if the connection is a flat
symplectic connection, then the following product between differential forms will be
associative to all orders:

α ? β|T=0 =
∞∑
r=0

~r
r!
πi1j1 . . . πirjr∇i1 . . .∇irα ∧∇j1 . . .∇jrβ.



63

Chapter 10

Conclusion

In this note, we present a noncommutative deformation (the star product) of the
graded algebra of exterior differential forms to O (~2). We review and then use the
graded differential Poisson bracket (8.14) at O (~), and at O (~2) we give (9.5). We
verify that this star product satisifes all the necessary properties, such as associativity,
to O (~2).

The results of this paper may be generalized in at least four directions. One could
examine the Chevalley and Hochschild cohomologies and determine if this star prod-
uct is unique up to equivalence at O (~2) and if there are obstructions to extending
the star product to O (~3). Barring possible obstructions, it should be possible (albeit
laborous) to find the explicit star product for differential forms to O(~3) using the
associativity relation (9.1). These calculations are in progress. Thirdly, one could
look for a proof that this formal star product exists to all orders. Finally, one could
apply this star product between differential forms to physics, such as gauge theories
on noncommutative spaces, or generalizing the Seiberg-Witten map [78].
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Appendix A

Appendix to Chapter III

A.1 The Contraction Operator

The operation ijmα, for α an |α|-form, denotes:

ijmα ≡ 1
|α|!

|α|∑
m=1

(−1)m+1αj1...jm...j|α|dx
j1 ∧ · · · ∧ d̂xjm ∧ · · · ∧ dxj|α| , (A.1)

where d̂xjm means to omit dxjm . Note that the interior product of a vector X and
α an |α|-form can be denoted in coordinates using this contraction operator: iXα =
Xmimα. Similarly, inimα, for α an |α|-form, denotes:

inimα = 1
(|α|−2)!

αmnj3...j|α|dx
j3 ∧ · · · ∧ dxj|α| = −iminα. (A.2)

And, applying (A.1) to a wedge product, we see that the contraction operator is an
anti-derivation:

im(α ∧ β) ≡ imα∧β + (−1)|α|α ∧ imβ. (A.3)

Furthermore,

∇minα ≡ 1
(|α|−1)!

∇mαnj2...j|α|dx
j2 ∧ · · · ∧ dxj|α| = in∇mα. (A.4)

Note also that we take the wedge product to act on objects that are not strictly
differential forms, like ∇mα and imα. Objects such as ∇mα ∧∇nβ mean:

∇mα ∧∇nβ = 1
|α|!|β|!(∇mα)i1...i|α|(∇nβ)j1...j|β|dx

i1 ∧ ... ∧ dxi|α| ∧ dxj1 ∧ ... ∧ dxj|β|

where the m,n indices are not antisymmetrized with the i, j indices.
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A.2 The connections ∇, ∇̃
We define two connections from the same connection coefficients Γkij, as in (8.9).

The curvature for these two connections are:

Ri
mab = ∂aΓ

i
bm − ∂bΓiam + Γia`Γ

`
bm − Γib`Γ

`
am

R̃i
mab = ∂aΓ

i
mb − ∂bΓima + Γi`aΓ

`
mb − Γi`bΓ

`
ma.

The torsion T aij = Γaij − Γaji.
As noted in Ref. [21], [55], the difference between these two curvatures can be

written as:

R̃a
kij −Ra

kij = −∇iT
a
jk −∇jT

a
ki + T akbT

b
ij + T aibT

b
jk + T ajbT

b
ki. (A.5)

This makes it easy to see that with a torsion-free connection, R and R̃ are equal, but
when the torsion is non-zero, R and R̃ can differ.

The first Bianchi identity is:∑
(i,j,k)

Ra
kij =

∑
(i,j,k)

(
T abkT

b
ij +∇iT

a
jk

)
. (A.6)

Since in our case the curvature R is zero, (A.5) and (A.6) give a nice relation between

the curvature R̃ and the torsion:

R̃a
kij = ∇kT

a
ij (Ra

kij = 0). (A.7)
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