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Abstract
Variations on Quantum Geometry
by
Shannon Ries McCurdy
Doctor of Philosophy in Physics
University of California, Berkeley

Professor Bruno Zumino, Chair

This dissertation explores various aspects of quantization and geometry. In particular,
we analyze the ground states of a two-dimensional sigma-model whose target space
is an elliptically fibered K3, with the sigma-model compactified on S with boundary
conditions twisted by a duality symmetry. We show that the Witten index receives
contributions from two kinds of states: (i) those that can be mapped to cohomology
with coefficients in a certain line bundle over the target space, and (ii) states whose
wave-functions are localized at singular fibers. We also discuss the orbifold limit and
possible connections with geometric quantization of the target space. We also provide
a deformation quantization approach for differential forms on symplectic manifolds.
After a description of the Z-graded differential Poisson algebra, we introduce a covari-
ant star product for exterior differential forms and give an explicit expression for it up
to second order in the deformation parameter A, in the case of symplectic manifolds.
The graded differential Poisson algebra endows the manifold with a connection, not
necessarily torsion-free, and places upon the connection various constraints.
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Part 1

Introduction



String theory is the branch of theoretical physics that explores the highest energy
scales that can be contemplated. At these high energies, we believe that all of the
fundamental forces of nature are united. The two greatest achievements of 20th
century physics, quantum field theory and general relativity, offer descriptions of
sub-atomic distances and cosmological distances, respectively. However, for all their
experimental successes, the two theories are not compatible, and a new theory is
needed: a theory of quantum gravity. Physicists struggled for decades to find a
unifying theory, most famously including Albert Einstein, but it was not until the
development of string theory that physicists met with success, and the success of
string theory far exceeded expectations. String theory postulates that at very short
distances everything we think of as a particle is not actually point-like, but instead
extended along a very small loop: a string. This simple idea leads to a theory that
describes the fundamental interactions of nature, and in particular, automatically
addresses the problem of quantum gravity.

General relativity describes the gravitational interactions among matter in terms
of their effects on the geometry of spacetime. The familiar arc of a baseball’s flight
is actually a straight line through a spacetime curved by the mass of the Earth.
Quantum field theory describes the behavior of the microscopic, with the quantum
mechanical observables of the theory living at points in spacetime without interact-
ing with the geometry of spacetime. Quantum field theory reveals that an electron
does not move along a straight line from one place to another, but instead explores
every possible path with a different probability. This non-deterministic nature and
the associated wave-particle duality, makes quantum field theory so extraordinary,
especially when compared to our everyday, classical intuition about how the world
works.

The challenge of quantum gravity is to find a way to combine the non-deterministic
nature of quantum field theory with the geometry of general relativity so that we can
understand quantum geometry. However, simply combining general relativity and
quantum field theory is an unsuccessful approach; the resulting theory’s corrections
diverge as one looks at smaller and smaller length scales. String theory spreads out
interactions from points, zero dimensional plus time, to strings, one-dimensional plus
time, and higher-dimensional membranes, softening the divergences in a consistent
way. Not only does string theory provide a fascinating and consistent framework of
quantum gravity, it also leads to a plethora of unexpected mathematical and physical
features. It predicts extra dimensions of spacetime, supersymmetry, and new phys-
ical structures such as exotic states and branes which are only possible in quantum
geometry. In this thesis, I explore several effects that arise in quantum gravity.

Quantization describes the process of extending a classical theory to a quantum
theory. The starting point is the data of the classical theory, comprising of the
classical phase space with canonical coordinates of position and momentum and the
classical observables of real functions of the canonical coordinates. The ending point is



the quantum formulation of the theory, where the quantum data comprises quantum
analogs of the classical data. The quantum phase space is the complex Hilbert space
and the quantum observables are Hermitian operators acting on the Hilbert space.

There are several approaches to quantization, and the most familiar is canoni-
cal quantization, introduced by Dirac [2§]. For a pedagogical review of approaches
to quantization, see [2]. In the simple case of flat classical phase space, canonical
quantization takes the space of square integrable complex functions of the position
coordinates as the Hilbert space and the quantum operators z,p = —ihd, as the
quantum observables. The quantum operators satisfy the canonical commutation
relation,

&, 5] = &p — pi = ih. (0.1)

However, there are ambiguities in how to assign quantum operators to classical func-
tions of higher order polynomials of the canonical coordinates.

Deformation quantization was originally introduced by Weyl [84], and later for-
malized by others [9] [10], as an attempt to provide an alternate theory of quantization
for quantum mechanics. For a pedagogical review of deformation quantization, see
[29, 2]. Deformation quantization approaches the question of quantization by deform-
ing a commutative algebra of classical observables into a noncommutative, but still
associative, algebra of quantum observables. In deformation quantization, classical
functions on phase space are reached by the A — 0 limit of quantum operators. The
noncommutative but associative products that appear in deformation quantization
are called star products. Deformation quantization is relevant to string theory, as we
will see below, and it is also a rich mathematical field in its own right.

The first star product discovered was the Weyl-Moyal star product for flat space
[84], 48, [68]. It can be written in a compact form to all orders:

(Frug)(z) = €27 55007 £(2)g(y)]yms- (0.2)

Here, f and ¢ are functions of the coordinates ¢ on flat space and 6% is an anti-
symmetric Poisson structure, in this case constant in the coordinates. The Poisson
bracket, a bilinear map on functions, is given in terms of the Poisson structure in
local coordinates by,

and it obeys the following properties,

{f {9, n}} +{g.{h, [}} +{h.{f.g}} =0. (0.4)

The expansion to O(h?) of the Weyl-Moyal star product is,

(o) = fo+Go0asog g (g

2
5| 3 ) 070" 0,0, f0;0ng + O(R®).



The associativity property of the Weyl-Moyal star product follows easily from (0.2]),

((F*m 9) % B)(2) = =737 (f xap 9) (2)h(2)|oms
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Lﬁeij( 9 o, 8 9 , 8 a_)
— 62 ozt 32]+(’9y7' 32]+8937' oyJ
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o oo (2)g(y) 7 (2)]2=y=-
= A GEE) A ) g emys
= (f*u (g% h))(2).

On symplectic manifolds, where the Poisson bivector is invertible, it also has an
equivalent integral form [84] [85] [13]:
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Here, w;; = (6)~'. The argument of the exponential is (3) times the symplectic
area of a triangle with vertices (z1, x2, ) when n = 2.

From the work of [61], 18] and many others, the star product of functions on a
general Poisson manifold is well known to all orders in the deformation parameter.
The diagramatic formula for the star product is [61],

frg=fg+Y I Y wrBr(f.g). (0.6)

n=1 FEGnyz

The Br(f, g) are bidifferential operators, homogeneous of degree n in the components
of the Poisson structure, which here we denote by 7 because it can depend on the
coordinates . The wr are weight coefficients. The I' are admissible graphs, a subset
of Gy, 2, which is the set of graphs on (n + 2) vertices (see [61] for more details).

The result was subsequently elucidated by [I8], who used a non-linear o-model
action and two real bosonic fields on a disk world sheet with a Poisson manifold target
space to provide physical intuition for (0.6]):

(f *x 9)(x) = /X L DX DAJX )X (0)eh

) 1 ..
SIX,A] = / (Az(u) NdX"(u) + 3 77 (X (u))A;(u) A Aj(u)>. (0.7)
D
The bosonic field X provides a map from the disk D with coordinates u to M, the
Poisson manifold, and 0, 1 and oo are three cyclically ordered points on the boundary
of the disk. The bosonic field A is a one-form on D that takes values in the pull-back
by X of the cotangent bundle of M.



In the symplectic case, when the Poisson structure is invertible, one can formally
integrate over the one-form auxiliary field A;(u):

(f *K,s 9)(@) = / DX F(X(1))g(X (0))e3r Jowi (X @)X @ndx’ ()

X (o0)=x

This can be further written as:
(Frmao)e)= [ DGO
vy(Foo)=z

The functional integral is over trajectories v that map the boundary of the disk to
the Poisson manifold M [I§].

Star products were subsequently found to apply in many areas of physics, including
string theory. In string theory, star products and noncommutative spacetime emerge
naturally in the description of the quantization of open strings in the presence of
non-zero but constant B-field. The noncommutivity emerges because the products of
vertex operators of open strings often depends on the ordering along the boundary
of the worldsheet [74].

As an example of a star product in string theory [78], take the open string in
flat space with metric g, and with a constant background Neveu-Schwarz B-field, and
Dp-branes. The action is a o-model with constant background fields and a flat target
space,

?

1 ) ) ) ,
S = / 9ijOu'0%x) — / Bijx' 0y’ (0.8)
= 2 Jos

4o

For the world sheet ¥ = D, a disk, the propagator on the boundary of the disk is,
(! (7)) () = —a'GH log(r — ) + Z6%e(r — 7',

where,

. 1 1 “
GY = 0.9
(g+27ra’ng—27ra’B) ’ (0.9)

- 1 1 K
07 = —(2ra)? B . 0.10
(2ma’) (g—|—27ro/B g—27ro/B) (0.10)

The time-ordered commutator of the field z on the boundary is:
(), ()] = T (& () (r7) = () () = i

One can think of the z’(7) as the coordinates of a noncommutative space with non-
commutativity parameter of . We see that noncommutative geometry has emerged,
in this context from a worldsheet with boundary.



Furthermore, in the limit that o’ — 0, the worldsheet action reduces to a
0+1D action of the form,
S = —%/ Bya' 0,1t (0.11)
%

on the boundary of the world sheet. The propagator reduces to,
. , i -~ 1\¥
(@ (r)ad (7)) = 200e(r —7), 69 =~ <§) .

The leading singularity in the product of two vertex operators e¢?®(7) and e?(7'),
with 7 > 7/ is,
2 ePE(T) () i € ke €T () 1

This xps is the Weyl-Moyal star product from equation (0.2)). Because %, is deter-
mined by associativity, translation invariance, and noncommutivity, it is the natural
candidate for the leading terms of dimension-zero operator products [78§].

Geometric quantization emerged from an attempt to systematize deformation
quantization [62]. For a pedagogical review of geometric quantization, see [89] [34] [2].
In geometric quantization, one considers phase spaces with the additional structure
of a Lie group. The geometric quantization procedure attempts to establish a cor-
respondence between the Lie group acting on the classical phase space and classical
observables and a group of unitary operators acting on the Hilbert space and quan-
tum observables. The program of geometric quantization is as follows. First, one pre-
quantizes the phase space by constructing the Hilbert space of the entire phase space.
In the simple case of the one-dimensional harmonic oscillator, the pre-quantized dy-
namics coincide with the classical dynamics. Because the pre-quantum Hilbert space
is too big, the pre-quantization procedure has failed to quantize the system. Next one
tries to separate the degrees of freedom of the phase space into two groups using a
polarization; for the harmonic oscillator, one can take a Kahler polarization. Now the
system is quantizable, however, the energy spectrum of the theory is still not yet cor-
rect; for example, the energy spectrum of the harmonic oscillator requires a shift by g
to match the known energy spectrum. More generally, this a metaplectic correction,
and after this correction one finally arrives at the true Hilbert space of the quantum
theory. In Part [[I| we conjecture a relationship between geometric quantization and
the ground states of a compactification with a mirror-symmetry twist, our model.

Mirror symmetry is a duality between two different geometries that is only possible
at the quantum level. The discovery of the importance of quantum dualities such
as mirror symmetry is one of the recent transformative discoveries in string theory.
Seminal early works on mirror symmetry include [31], 64, [45]. Mirror symmetry was
originally formulated as a map between two Calabi-Yau manifolds. A Calabi-Yau
manifold of complex dimension d is a symplectic manifolds with an integrable almost-
complex structure that is compatible with the symplectic form (a Ké&hler manifold)



with SU(d) holonomy. Mirror symmetry is a map between two Calabi-Yau manifolds,

M and M, of complex dimension d such that their Hodge numbers are related by
hPA(M) = heP9(M). (0.12)

A more general form of the symmetry, which does not require the mirror manifold
to be Calabi-Yau, establishes an equivalence between a gauged linear o-model and a
Landau-Ginzburg theory. For certain cases, this map is an equivalence between two
Calabi-Yau o-models with the relation above [56].

At the most intuitive level, one can understand mirror symmetry as an application
of T-duality [79]. The simplest example of mirror symmetry occurs for the bosonic
string compactified on the circle with radius R, and the mirror map is T-duality. One
way to see that T-duality is a symmetry of the bosonic string compactified on the
circle is to look at the spectrum of string excitations:

o S (M2 wR\>
oM = a((E) +<a,) >+2<NR+NL>—4,

nw = Np-— Ng, n,w € Z. (0.13)

Here Ng 1 are the left and right number operators, and n, w are integers that charac-
terize the Kaluza-Klein momentum and winding number, respectively. By inspection,
the spectrum is invariant under the interchange of n < w, as long as the interchanged
circle has a new radius R = %. This is the simplest example of T-duality and mirror
symmetry. At the level of the bosonic fields zg 1, the map is:

/

j’R:—IR, jL:I'L, ]%ZE (014)

e

While this argument only shows the equivalence at the level of the spectrum, the
equivalence also holds perturbatively for the full interacting string theory [11].

We would like to explore the consequences of a mirror-symmetry twist in our
model. Twisted boundary conditions have been used variously for supersymmetry
[73], gauge symmetries [17], Lorentz symmetries [81], and orbifolds [30]. Generic
twisted boundary conditions on the world sheet with the identification o' + 27 ~ o
take the form:

z(ot +27) = gx(oh), (0.15)

where ¢ is the twisting element of the symmetry in question. The case where the
twisting element ¢ is a duality of the theory has also been explored in various contexts
(see, for example, [63] [65] 24 39] 52], 25] B35, 58, 23, [60]). The mirror-symmetry twist
we will consider in our model connects the fields just left of the cut at o' = 0 (for all
times ) on the world sheet to the fields just right of the cut via the mirror-symmetry
transformation.



The mirror-symmetry twist promotes mirror symmetry from a duality to a full
symmetry of the theory. By this we mean the mirror M of M is M itself: the
same manifold and at the same point in moduli-space. Since generically the mirror
manifolds M and M do not have the same classical geometry, for example, in d = 3,
the Fuler characteristic changes sign,

X(My—s) = —x(Ma=s), (0.16)

we are restricted to a rather special class of Calabi-Yau manifolds. In d = 2, there
are two compact Calabi-Yau manifolds, K3 and T*. K5 manifolds have the follow-
ing Hodge diamond, where h?9(X) are the respective dimensions of the Dolbeault
cohomology groups,

h00 1
h10 RO 0 0
h20 At 2 =1 20 1 (0.17)
h2’1 h1,2 0 0
h>? 1

K3 manifolds have many nice properties, such as the fact that any two K3 manifolds
are diffeomorphic to each other, though they may have differing complex structure.
From the definition of mirror symmetry and the Hodge diamond (0.17)), we see
that the mirror of a K3 manifold is also a K3 manifold. This makes K3 a natural
setting for the exploration of mirror-symmetry twists. In particular, we will focus
on K3 manifolds that can be represented as an elliptic fibration. Such spaces are
described by fibering a torus over some base manifold, and the complex structure of
the torus varies over the base.

In Part[II, we consider a supersymmetric 141D o-model with an elliptically fibered
K3 target space that is invariant under a suitable duality-symmetry transformation
[43]. In this model, the duality-symmetry is a discrete nonperturbative symmetry: in
some cases it is mirror symmetry realized through fiber-wise T-duality. We look at
a compactification of this o-model on S' with supersymmetric boundary conditions
that include these mirror-symmetry twists. Our goal in Part [ is to understand the
low-energy description of this system. In particular, we study the ground states of
this system and their connection to geometric quantization. The Witten index of the
theory with the mirror-symmetry twist is given by,

(M) = tr{(—1)"m}, (0.18)

where 91 is the mirror twist operator. The Witten index counts the difference between
the number of zero-energy bosonic and fermonic states in the space with the mirror
twist insertion. We show that the Witten index receives contributions from states that
can be mapped to cohomology and states localized at singular fibers. We also discuss



the orbifold limit of K3 and possible connections with geometric quantization of the
target space. Through a doubling of the target space coordinates, we find evidence
that the Hilbert space of ground states of a compactification of the duality-twisted
theory and the Hilbert space of geometric quantization of the singular fiber are the
same, and we give the operators in the IR limit. In this context, noncommutative
geometry has also arisen, but this time on a closed worldsheet with modified boundary
conditions.

Motivated by the appearance of noncommutative gauge theories in string the-
ory, we also investigate a generalization of the star product for differential forms. A
differential form of degree |a| is a covariant tensor field of degree |a| that is totally an-
tisymmetric. In a local coordinate system {z‘,..., 2"}, a |a|-form a can be uniquely
expressed as a = |;—“ozi1_”,-‘a|dx“ A---Adz'el where the coefficient iy iy is completely
antisymmetric. In Part [[II}, we construct, to second order in the deformation param-
eter, a covariant star product for exterior differential forms on symplectic manifolds
[66]. Since the O(h) term of the star product on functions is the Poisson bracket, we
use the differential Poisson algebra discussed in |21, 55, 12] as the O(h) term of the
star product on differentials. Noncommutative Poisson algebras are also discussed
n [90]. As found in [21], 55, 12], endowing a symplectic manifold with a differential
Poisson calculus is equivalent to endowing a symplectic manifold with a connection
that has certain important restrictions. Modulo these restrictions, we find that it is
possible to define a covariant star product to O(h?) on the space of differential forms
on symplectic manifolds endowed with a differential Poisson calculus, and we give the
explicit form. Our work was later extended and applied in [20, [83], for example.
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Chapter 1

Introduction

Consider a supersymmetric 141D o-model with target space X (a Kéhler manifold
with metric G and 2-form field B) that is invariant under a suitable mirror-symmetry
transformation, so that in this model mirror-symmetry is a discrete nonperturba-
tive symmetry. We wish to study the Hilbert space 'H of ground states of a com-
pactification of this o-model on S' with supersymmetric boundary conditions that
include a mirror-symmetry twist. The mirror-symmetry twist is constructed as fol-
lows. Let (0 0') be the spacetime coordinates with 0 < o! < 27 parameterizing
St and —oco < 0” < oo parameterizing time. To insert a mirror-symmetry twist
at, say, ol = 0, we first Wick rotate by setting o = i0?, then consider ¢! as the
(Euclidean) time direction and insert the operator M that realizes mirror-symmetry
at o' = 0. Correlators of operators @1, .. .,@n in this theory can be defined as
tr{M(—1)Fe 2O, ... O}, where H is the Hamiltonian of the field theory, F is the
fermion number, tr is the trace over the Hilbert space of the (untwisted) o-model
compactified on S' (which now corresponds to the space direction %), and the oper-
ators are assumed to be in the Heisenberg picture and ordered according to increasing
ot

Duality twists (sometimes referred to as “monodrofolds” or, in our context, as
“mirrorfolds”) have been extensively studied in a variety of contexts (see for example
[63, 65, 241, 39], (2], 25 35 58, 23, ©60] for a sampling of the literature), and several
interesting approaches have been developed to understand such backgrounds. For 72¢
target spaces and their orbifolds the mirror-twist reduces to a T-duality twist, and
the compactification is a sector of an asymmetric orbifold. For a K3 target space, the
spectrum of the theory at special limit points in moduli space (Gepner points) was
computed in [60].

Our goal in this paper is relatively modest — to learn about the ground states of the
theory, describe their wave-functions in more detail, and explore possible connections
with geometric quantization of the target space. One of the motivations for this work
is to develop tools to study compactifications with duality twists in gauge theory.
For example, a compactification of 341D N = 4 Super-Yang-Mills theory on S! with
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an S-duality twist was studied in [40] [42] 80, 41], where a possible connection with
Chern-Simons theory was also explored. This hints at a relation between our present
o-model problem and geometric quantization as follows. S-duality can be related
to mirror-symmetry of a certain 1+1D o-model by compactifying the 3+1D gauge
theory on a Riemann surface [49, [I5]. The o-model’s target space is the Hitchin space
associated with the gauge group and the Riemann surface (see [59] for more details).
On the other hand, the Hilbert space of Chern-Simons theory on a Riemann surface
can be obtained by geometric quantization of the moduli space of flat connections
on the surface [86], and the latter can naturally be embedded in the Hitchin space
as the fixed locus of a certain global symmetry. Thus, the question arises whether
the Hilbert space of the mirror-symmetry twisted o-model compactification is related
to the Hilbert space obtained by geometric quantization of the target space (or a
suitable subspace of it).

Another motivation is to learn about the operator M that realizes mirror-symmetry.
Mirror-symmetry is a nonperturbative phenomenon of 1+1D o-models, and the Hilbert
space of the mirror-twisted compactification carries information about the operator
M. Restricting to ground states is equivalent to taking the low-energy limit, where
roughly speaking, correlators reduce to tr{9(—1)¥O, --- O;}. Thus, understanding
the Hilbert space of ground states (and the operators that act on it) is a way to probe
the mirror symmetry operator M.

The main focus of this paper is one particular case (with potential generaliza-
tions) — an elliptically fibered K3 target space, with the mirror-symmetry that can
be realized as T-duality on the fiber. While a lot of progress has been made in un-
derstanding mirror-symmetry (see e.g., [57, 50] and references therein) and certainly
a lot is known about mirror-symmetry of K3, we are unaware of any explicit study
of the ground states of the particular compactification that we are investigating in
this paper. For the present analysis we begin with a careful study of a o-model with
T? target space, compactified with a T-duality twist. The Hilbert space of ground
states naturally maps to the Hilbert space obtained by deformation quantization of
T? at level 2. We then fiber this Hilbert space over the base of the elliptic fibra-
tion to construct ground states of the K3 compactification. We then calculate the
contribution of these states to the Witten index (which can be calculated by other
means), and we find a discrepancy. We interpret this discrepancy as the contribution
of ground states with wave-functions localized at singular fibers. We show that the
two calculations of the Witten index are consistent if one ground state is associated
with each singular fiber, and we bring supporting evidence for this conjecture from
nonperturbative string theory.

The paper is organized as follows. In §2| we review some basic facts about super-
symmetric nonlinear o-models and define the mirror-twist. In §3|we discuss the simple
case of a T? target space. In §4] we discuss the case of elliptically fibered K3 surfaces
with a mirror-symmetry twist that can be understood as local T-duality of the fiber.
This section contains our main results for the ground states. In §5| we discuss duality
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twists in the orbifold limit of the K35 o-model, and in §6| we further explore possible
connections with geometric quantization. We conclude with a discussion in §7]
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Chapter 2

The o-model and the
mirror-symmetry twist

Our spacetime is two-dimensional, and we work either in Minkowski signature with
spacetime coordinates (0°,0') or in Euclidean signature with complex (worldsheet)
coordinate z = o' + io?. The supersymmetric o-models have an action of the form
[91] (and we follow the conventions of [87]):

b= /(%<GU +iB1,)0¢" 0¢7 + LG 07 + %GUEIEEJ
HGLV 06 T + 4010 DT LT + LRy 00" ) 2 (21)

where 0 = 0,, 0 = 05, ¢' (I =1,...,d) are scalars, 1! and @I are fermions, G;(¢)
are the components of the metric on target space X, I'{ ;- are the Christoffel sym-
bols derived from Gy, Ryjky are the components of curvature, and By;(¢) are the
components of an antisymmetric B-field, assumed to be a closed 2-form. We will
take X to be a Calabi-Yau manifold and label the complex coordinates by i, j, k, . ..
and their complex conjugates by 1,7, k,.... The Kahler condition is equivalent to
requiring that the metric G; is of type (1,1) (i.e., G; = G are the only possible
nonzero components) and further, the only allowed nonzero Christoffel symbols are
F;'-k and szk The Calabi-Yau condition is equivalent to having a coordinate system

where VG = det G; = 1. We also assume that the 2-form B-field is of type (1,1)
(i.e., only B;; = —B; can be nonzero).

Next, we introduce the mirror-symmetry-twist. We assume that X and the metric
G and B-field are special so that “mirror-symmetry” is not only a duality but an
actual symmetry. In other words, the mirror of X is the same manifold and at the
same point in moduli-space. We then introduce a cut at o' = 0 (for all times ¢°) and
connect the fields just left of the cut to the fields just right of the cut via a mirror-
symmetry transformation (which, of course, is not algebraic in the fields). Our goal
is to understand the low-energy description of this system, i.e., the ground states.
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The Lagrangian ([2.1)) is invariant under the supersymmetry transformations:

5¢' = iny! +imy
60T = —nde! — " T, (2.2)
—I _= . —M
00 = oYt —inp Ty
where n and 7 are left and right SUSY generators. Mirror-symmetry commutes with
these transformations.
For a Kahler target space, we split the coordinates into holomorphic (labeled
by i,7,k,...) and anti-holomorphic (7,7,k,...). The nonzero metric components
are of (1,1)-type (i.e., G;5) and satisfy the Kéhler condition (99,5 = 0). Defining

- =3 B , . .
V; = Gz¢7 and ¢; = G397, we can write the action as
I = 1 / (G00' DY + ;007 + i, 00"

HDSTLYF + 08 Ty 0" + R T8 vpt?) = (2.3)

For every complex structure under which the target space is Kahler there are
additional SUSY transformations:

6 = 0, 60 =iy + i
o= —nde', oY=~ Tyt (2.4)
50 = i, 67 =~
Mirror-symmetry does not necessarily commute with these transformations. We will
return to the question of how much SUSY is preserved in

Later on, it will be convenient to have explicit expressions for the canonical duals
of ¢ and ¢'. They are:

I = 1G500¢" + 5500, 1 = 3G ;0007 + SilEa? .
and we have
[Li(01), ¢ (01)] = —i6/6(01 — 07) [5(01), ¢/ (0})] = —i826(01 — 1)
and the fermions’ commutation relations are

{7(01). U5(0)} = 4ni8(r — 1), {F(00),0,(01)} = 4m6i0(0r — ).

The supersymmetry generators are

Q- / V(L + Godd')doy, Q= / GG+ 0,6 +---Ydoy  (2.5)
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[where (---) denotes higher order terms that are not important here|, so that
0(-++) =inQ +nQ, (- )I.

Note that the definition of @) does not suffer from any normal ordering ambiguity,
while the definition of @ does require a normal ordering prescription (for G;;(¢) and
IT;). We take this opportunity to recall that the sigma-model can be topologically
twisted [87], and for our flat worldsheet (S* x R) the twisting has no effect on the
spectrum. With ordinary supersymmetric (Ramond-Ramond) boundary conditions
on S! the ground states correspond to Dolbeault cohomology, and @ is identified with
0 [87]. In the rest of this paper we will look for a geometric interpretation for the
ground states of the model with boundary conditions that include a mirror-symmetry

twist.
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Chapter 3

T2 target space

The simplest target space we can consider is X = T?. We parameterize the metric
and B-field in terms of two complex coordinates p = p; + ips and 7 = 7 + i3 as

ds? = Gpydelde’ = @]d:vl + rd2?|?, Brjdz! A da! = 2pidat A da?
T2

where 0 < z', 2% < 27 are periodic coordinates. The action is (and we now switch
from coordinates z’ to fields ¢!):

Iy = & [ ((Grs+iB1;)0¢'9¢” + iG s o’ + iGUﬁlgaJ)dQZ - (31

T-duality acts as p — —1/p, keeping 7 fixed, and is a symmetry for p = i. From
now on we assume that we are at the self-dual point p = ¢ of moduli space. Now,
let us compactify direction o on S* so that 0 < ¢! < 27. Usual (Ramond-Ramond)
periodic boundary conditions require that the value of every fermionic field at ! = 0
be equal to its value at o' = 27, and for bosonic fields both field and first derivative
should be equal. In order to introduce a T-duality twist we first relax the condition
of continuity and allow the fields at o' = 0 to be independent of the fields at o = 2.
We denote by a subscript (>) or (<) the limiting values of the various fields as o' — 0

or ot — 2m:
¢I =¢'(0,0%), &, =¢'(2m,0%),
S>) @bl 0,0%), ¢S<) ¢I(27T o?), (3.2)
¢(> —w (00)7 ¢(<) w (27TU)
The T-duality twist is then accomplished by adding the following term to the action

IO Of "
I = —Z V G (161 8 (bJ + 2 I 7 + 2 ! / d()2 3.3
1 2 €rJ (<) 2 (>) ¢(<)77Z)(>) ¢(<)¢(>) ) ( . )
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where 0, = 0/00%. The classical equations of motion that one gets by varying the
action Iy+1;, where I is given in (3.1)) and [ in (3.3)), are the free field equations away

from the twist point ¢! = 0, and at the twist point we get the boundary conditions:

e ;o) = 1019, e jO19L) = —iho(.
—J —I
61J¢{>) = —¢{<) ) 61J¢(>) = —¢(<) : (3.4)

These equations indeed realize T-duality. The term I; is also invariant under N =
(2,2) supersymmetry with parameters 1,7 (using the bulk Dirac equation):

5o = ! + i’ i ! +ine

ot = —mo.¢" -7 ;0.¢7

60 = —ndso! — /el 0s07
Beyond the classical level, the identification of (3.3]) with the T-duality twist can be
argued by taking direction o! to be (Euclidean) time and realizing the operator of T-
duality on wave-functionals of the fields at o! = 0. The result is that a wave-functional
of the field ¢{ <)(01) can be converted to the dual wave-functional by multiplying the

wave-functional by the bosonic part of e™* and path-integrating over [D¢f o)+ (See
[40] for more details.)

3.1 Discrete symmetries

Target space momentum and winding number are not conserved by I; [defined
in (3.3)] but there is a combination of them that is conserved and gives rise to a
useful discrete symmetry. To find this combination, consider first the theory without
the T-duality twist. The momentum (p;,ps) and winding (w', w?) quantum numbers
(which take integer values) are conserved, but they do not commute with T-duality,

which acts on them as: )

y41 w
1
D2 —w
1 —
w D2
2
w —P

However, the combinations
o= (1)t gy = (=1t

which take values in Zs, are conserved. We will argue below in that when we
insert the T-duality twist, ; and s give rise to good Zs-valued quantum numbers,
but they acquire a nontrivial commutation relation:

S8y = Lol . (3.5)
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3.2 Mode expansion
T-duality acts as
5¢I - GIJEJK3¢K ) 5¢I - —GUEJK5¢K

or explicitly,

06 + 700 — i(06* +70¢%), Ot +TO* — —i(0¢ +7TIP?)
and similarly

00" + 10> — —i(Dp* + 709*), 0"+ TOP* — i(DP* + TIP*) .
With the T-duality twist, the mode expansion is:

Y+ (m £im)Yt = Z bni* 1 (nE1)( ‘71+WQ)

ne”L

P ) I % i(nFi)(—o1+ic
77Z”L—|—(71:|:Z7-2)¢}2 _ Z[-,MF%@({I)( 1+ 2)7

ne”L

and,

1 +4 2 z n:t 01+z¢72)
0P + (11 £ 112)0¢ Zani_

nez

— — . 1
00" + (r £im)d¢* = > a* Tl
(3.7)

Thus, the boundary conditions create a spectral flow in the free field mode
expansion and the modes are shifted to values in Z + %.

As we shall see in , there are two ground states. We denote them by |j), with
j =0,1. They satisfy

and
O:b+ |.]>_bn77’j>_b_ 4|j>:bn7i|j>7 n:172737”'
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3.3 Ground states

The mode expansions - show that after the T-duality twist the worldsheet
fields no longer have any zero modes. Nevertheless, we will now argue that the ground
state is a doublet. One way to see this is by performing T-duality on direction z'.
This duality interchanges the moduli p and 7 and replaces the T-duality twist (which
corresponded to p — —1/p) with an ordinary geometrical twist (7 — —1/7) which
for 7 = i corresponds to a rotation by 7/2 of the T? (around some fixed point, say
the origin). We denote the scalar fields of this dual worldsheet theory by ®! and
®2, so that ®! 4+ i®? is a coordinate on the dual torus. In this T-dual description
the ground states correspond to fixed points of the rotation. These are the two
allowed discrete values of the zero mode of the (dual) scalar worldsheet field, and
there are two such fixed points: either the origin (&)1 = ®% = () or the center of the
torus (ZIVJI = &2 = 7). Furthermore, the operators {; and i, acquire a geometrical
interpretation. 4; is mapped to a translation (which commutes with the twist):

B B 4i®? e (B 4 m) (P + 7).

The operator 4y is mapped to a topological charge which can be defined as follows (see
[42] for a related discussion). Consider the 3-dimensional space M that we construct
as a T? fibration over S! with the fiber being the target space and the base being the
o! circle. The homology of this space is H,(M,Z) = Z & Zy where the Z factor is
generated by the homology class of a loop that wraps around the S ! base at constant
T? position &' = ®% = 0, and the Z, factor is generated by the homology class of
a loop that wraps one of the short nontrivial cycles of the fiber T2 at a constant o'
(which becomes a torsion class because of the identification induced by the twist).
Now let (®!(a!), ®2%(c)) be any smooth field configuration that respects the twist.
We can associate a topological Z, charge with it by interpreting it as a loop in M.
The Zy charge (with values £1) is then determined from the homology of the loop.
This +1 charge is then identified with the eigenvalue of the operator {y. It is also
not hard to check (see [42]) that the loop at the origin (®! = ®* = () and the loop
at the center (®! = ®2 = ) have opposite i, charge. If we denote by |0) the ground
state that corresponds to the mode expansion around ®' = ®2 = 0, and by |1) the
ground state that corresponds to the mode expansion around ®! = ®2 = 7 then we
can summarize the above observations as

00y =11), (1) =10),  £h[0)=]0),  hll)=—[1),

where we have arbitrarily assigned to |0) the Z, charge +1. In particular, the com-
mutation relation (3.5)) follows. In section we will present another way to verify
that there are two ground states, in terms of deformation quantization of the target
space.
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3.4 Fermion number

The fermions have modes labeled by n + i, and all the zero modes have been
eliminated by the T-duality twist. However, the ground states |j) have odd fermion
number (—1)F = —1, as we will now argue. To see this, we compactify the worldsheet
on T2 and calculate the Witten index in two ways. From the discussion above, the
Witten index is 2(—1)¥". On the other hand, by modular invariance, the Witten index
is also

I =try, [(-1)7S],

where the trace is taken over the Hilbert space of ground states of the 141D o-model
compactified on S without a T-duality twist, and S is the T-duality operator on that
Hilbert space. The T-duality operator is part of the SL(2,Z), x SL(2,Z), group of
dualities that act on the Hilbert space of ground states. Here SL(2,Z), acts on the
complexified area of T2, while SL(2,7Z), is the mapping class group which acts on
the complex structure 7. The ground states of Hy correspond to the cohomology of
T? and are in the (2,1) @ (1,2) representation of the duality group. The two states
corresponding to H'(T?,7Z) have odd fermion number and are singlets of SL(2,7),
while the two states of H°(T? Z)@® H*(T?,7Z) are a doublet of SL(2,Z), and a singlet
of SL(2,Z),. The operator S acts as the identity on H'(T? Z) and as the matrix

_01 (1) on H(T?* Z)® H*(T?,Z). The Witten index is therefore —2 and the states
|7) therefore have odd fermion number, as stated.

3.5 Other elements of SL(2,7)

We can also consider twisting the boundary conditions by the SL(2,Z) transfor-

mations
1 -1
<1 0)

which keep the p = e value fixed and generate an abelian group of order r = 6
(for the + sign) and r = 3 (for the — sign). In addition, it is also useful to consider
as a test case the twist by the central element —1 € SL(2,7Z). This is equivalent to
a geometrical rotation by 7 and keeps every value of p fixed. It has order r = 2.
The modified mode expansions have modes with values in Z + % There are k ground
states |7) (j =0,...,k—1) withk =1forr =6, k =3 forr = 3 and k = 4 for
r = 2. Further explanation of the meaning of k follows in section and

mi/3
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3.6 Relation to the noncommutative torus and the
Landau problem

We are interested in the ground states of the theory described by the action Iy+ I3
[see and (3.3)]. The ground states of this system can also be established by a
standard analysis of the relevant terms at low-energy. We have compactified the
1+1D theory on S, and below the Kaluza-Klein scale (the inverse of the radius L;
of the o! circle) we can neglect the dependence of the fields on o;. More precisely,
the boundary conditions imply that excited states have energy of the order of
the o'-compactification scale (at least 1/4L;). The only terms that survive the low-
energy limit are those coming from I;, and since there is no longer any o' dependence,
we can set ¢{>) = (b(I o = ¢'(0?) , and similarly for the fermionic fields. The fermionic
fields become massive and irrelevant at low-energy, and we are left with the 041D
action

= —% / €10 0y do? = —% / ey dlde” (3.8)

Note that we have dropped the kinetic terms proportional to (92¢7)? since they are
IR irrelevant, as can be verified by simple dimensional analysis. It is nevertheless
convenient to add the kinetic term again so as to get the Lagrangian of a Landau
problem (a particle in a uniform magnetic field) on 7%

1

" or

where we set t = 0%, and m = 27 L, is the mass parameter (which is the circumference
of the o! direction). We have also introduced k = 2 in . Other values of k appear
in connection with the other elements of the SL(2, Z) duality group discussed in §3.5|
The ground states of are Landau wave-functions (independent of m and the
area of the T?):

k
I (%mGUxfo - %e,foxJ) dt (3.9)

kX1, X2) = %(Qk@)ie“";i’” i ei(kn+j)X1+ka(’2%+n+%)2
- kT)ieik’ZiXQ:”T_:E;g)QQ (2Lt
o 7 ™) O (F5ET) (3.10)
where the ©-function is defined as

and is holomorphic in v and 7.

In the low-energy limit the kinetic term in can be dropped, and as is well-
known, we are left with the Lagrangian that describes a noncommutative 72 with
symplectic form 25dx' A dx?. Thus, k has the interpretation of the level of the
deformation quantization problem of T?. We will return to this point in g6}
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Chapter 4

Elliptically fibered K5 target spaces

The analysis of §3| can be extended to curved target spaces X that can be rep-
resented as an elliptic fibration. Such spaces are described by fibering a torus with
a complex structure that varies over some base B. More precisely, there exists a
surjective holomorphic map 7 from the d dimensional space X to a complex space B
of (complex) dimension d — 1 such that the inverse image 7~ *(p) of a generic point
p € B is a torus. The complex structure 7 of the fiber 77! (p) is allowed to vary (holo-
morphically) with the point p along the base 8. An important example is X = K3
with 8 = CP'. This construction was developed in detail in [46] and is central to
F-theory [82]. The complex structure 7 is allowed to become oo (possibly after an
SL(2,7Z) transformation) at a codimension-1 submanifold of 9B, which for a generic
elliptically fibered K3 turns out to be 24 isolated points 31, 3o, - - ., 324. We will assume
that sufficiently far from these points 7 varies very slowly over distances of order 1
(the string-scale). The metric then takes the approximate form

d82 = f_—z|dxl + TdX2|2 + gg§|d3|2a (41)

where 3 is a complex coordinate on B, 0 < x1,X, < 27 are periodic coordinates on
the fiber, py is the constant area of the fiber, 7(3) is a locally defined holomorphic
function of the base, and 7 is the imaginary part of 7. The behavior of the complex
structure 7 as a function of 3 is conveniently encoded by the equation [46]:

y' =" — () —9(3), (4.2)

where f and ¢ are holomorphic functions of 3, which for a K3 are polynomials of
degrees 8 and 12, respectively. The complex structure is given in terms of the j-
function

3
) = s

g2

7
The hyper-Kéhler metric g;; is determined as follows. In the notation of [75], one

defines a holomorphic function a(3) by solving Z—‘; =9, dj”’, where « is a basic 1-cycle
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of the T? fiber at 3 (the cycle that corresponds to a constant x,, with x; running
2
Z—Z . The form of the metric (4.1]), where the

components are independent of x; and x5, is approximate, with corrections that are
exponentially small sufficiently far away from the points 3; of the singular ﬁbersﬂ

Now we take a sigma-model with a metric of the approximate form . We set
p =1 (p is part of the Kéhler moduli of the sigma-model). T-duality of the fibers
now extends to mirror-symmetry of the whole space [79, 57]. We can then compactify
on St with a mirror-symmetry twist. The goal of this section is to understand the
ground states of the twisted compactification in terms of a semi-classical description
involving B alone. We specialize to the K3 case for which, as mentioned above, there
are 24 points 31, ..., 324 where the fiber degenerates. We will refer to them as special
points. We have chosen a metric on the base that is large enough so that (sufficiently
far away from the special points) the complex structure 7(3) varies sufficiently slowly,
and we can then study the problem in a Born-Oppenheimer approximation whereby
we treat the fields along the fiber as the “fast modes” and the fields along the base
as the “slow-modes.” As we will describe below, we can then reduce the problem to
what is essentially a quantum mechanical problem with 28 as the configuration space.
We will develop this quantum mechanical description along the following lines:

from 0 to 27w). We then have gz = 7

1. Sufficiently far away from the special points 3;, we can derive a simple wave-
equation for the wave-function.

2. The wave-functions have nontrivial monodromies around special points. In
general when passing through a cut that emanates from a special point, the 72
fiber undergoes a certain SL(2,7Z) (mapping class group) transformation, which
acts nontrivially on the wave-function [46], [82]. These nontrivial monodromies
around the 3;’s can be eliminated by encoding the wave-functions in terms of
sections of certain holomorphic line bundles on the total space. The boundary
conditions at the special points are determined by normalizability of the wave-
function.

3. There are additional “bound states” whose wave-functions are localized at the
special points and are out of reach of the classical analysis above. However, the
Witten index allows us to glean some information about these bound states.

We now proceed to describe each part in detail.

! In Seiberg-Witten theory such spaces appear as moduli spaces of 3+1D SU(2) gauge theories
compactified on S* [77]. We are here considering the limit that the Kaluza-Klein energy scale is
much smaller than the QCD scale, and the exponentially small corrections arise from BPS particles
with Euclidean worldline along the circle.
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4.1 Supersymmetry
The moduli space of the o-model with K3 target space is [76), [6]:

0(20,4,Z)\0(20,4,R)/(0(20) x O(4)) = OT(20,4,Z)\O*(20,4,R)/(0O(20) x SO(4)),

(4.3)
where O7(20,4,R) denotes an index-2 subgroup of O(20,4,R). The amount of world-
sheet supersymmetry in the mirror-twisted setting is determined as follows. The
o-model has N = (4,4) supersymmetry with an SU(2); ® SU(2)g R-symmetry (with
SU(2), acting on the left-moving sector of the CFT and SU(2)y acting on the right-
moving sector). The supercharges are in the spinor representation (2,1) @ (1,2). The
R-symmetry SU(2);, ® SU(2)g can be identified with a double-cover of the SO(4)
factor in in the following sense [76] 6]. Set

K=0(20)x SO(4), G=0%(20,4,R), T =0%(20,4,7).

Then, the supercharges of the theory live in a vector bundle over the moduli space
I'\G/K whose structure group is SU(2), x SU(2)r which is a double cover of SO(4).
The principal bundle [i.e., the bundle one gets upon replacing the fiber of the vector
bundle with the structure group SO(4)] is ['\G/SO(20) (which is an SO(4) bundle
over the base I'\G//K). Now let gK € G/K be the point in moduli space, represented
as a coset of groups. If M € O7(20,4,Z) preserves gK then g Mg € K. Let
p € SO(4) be the projection of g~ 90y to the SO(4) factor of K. We will now argue
that the left-moving supercharges transform as (1,1) @ (3,1) under p € SO(4) and
the right-moving supercharges transform as (1,1) & (1,3) [where representations of
SO(4) are written as representations of SU(2),®SU(2)g]. The singlets correspond to
the preserved supersymmetries , while the triplets can be understood as follows.
Schematically, the left-moving supercurrents are of the form ¢¥0¢. The R-symmetries
act on the 1’s but not the ¢’s, but p needs to act on d¢ in a dual way to ¢ in order to
commute with the supersymmetries of . Assuming that ¢ transforms in (2, 1),
we find that the SUSY generators are in (2,1)®(2,1) = (1,1)$ (3, 1) as stated above.

As a special case, consider a point in moduli space that is invariant under an
isometry. The isometry corresponds to an element M € O (19,3,Z) C O(20,4, Z)
and the projection o/ of ¢~'9g to the SO(3) C SO(4) factor of K determines the
amount of preserved supersymmetry as follows. The isometry always preserves the
supersymmetries of , and for every complex structure that the isometry preserves
we get an extra supersymmetry of the type (2.4). By construction [6], the complex
structures are in a triplet of SO(3) (the group of which p’ is an element), and so the
number of (left and right) preserved supersymmetries of type is the number of
eigenvalues of 1 of p’. As an element of SO(4), p’ has an extra eigenvalue of 1, which
corresponds to the preserved supersymmetry of type (12.2)).
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4.2 Perturbative analysis

We will now construct the wave equation that the ground-state wave-functions
satisfy for a target space constructed by fibering a T2 (of complex structure 7) over
an open neighborhood of C (parameterized by 3), with a slowly varying 7(3). We take
the metric as in and choose the fields that correspond to the complex coordinates
as follows:

3=, 3P, =L (x1+7(3)%x2) = 97, W= (x+7(G)x2) — 7. (4.4)

The periodicity of the holomorphic coordinate tv is to ~ v + 1 ~ to + 7, but the de-
pendence of 7 on 3 is inconvenient here. We will therefore work in a mixed convention
where the fundamental fields are

1 —2

R T T S S
We denote the canonical dual momenta of the bosons in this formalism by
I, 1, 1IIp, 155,
They are related to the canonical momenta of ¢™ and ¢? byE|
it ¢?

(71T} —115) I, = 1T} + 2—7_2(1_[/2 —7IY),

1
I,=—
v 27’2

and ¢! and 9? are related to 1™ and 3 by:
Y = Pt TY? T P23
We rewrite the left equation in (2.5)) as

Q= / [W(H; + G01¢') + Q%(zpl +7?) (I — 711 + Gor0i¢' — TGHal(ﬁI)] doy

(4.5)
Now, we put the theory on S' with a mirror-symmetry twist. This is achieved by
adding a term similar to (3.3]) to the action. The mirror-symmetry operation acts as

(" +79%) —i(w' + 797,
and in order to preserve () it must also act as,

(T = 710} + Go101¢" — 7G11019") — —i(Ily — 711 + G019 — 7G11016") .

2The following relations are obtained by applying the change of variables from (x1,X2,3,3) to
(to,10,3,3) of (4.4). For example, I, transforms as a component of a 1-form, and ™ as a component
of a vector.
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The mirror-symmetry twist eliminates the zero-modes of (¢! +7¢?) and of the term
it multiplies in (4.5), and their modes become nonintegral (in Z =+ 7). Since we are
interested in the ground states, in the limit of slowly varying 7(3) we can ignore the
terms that contain these fields in (4.5). We are therefore left with

Q — / P (I 4 G019 ) doy — / illido . (4.6)

We also dropped the term proportional to d;¢° because we are only interested in
modes with zero momentum along S*. The ground states can now be constructed
as follows. Let Eg and b} be the zero modes in the mode expansion of E?’ and 13,
respectively. For constant 7(3) (i.e., for C x T?) we build a basis of ground state wave-
functions by combining a ground state of the 72 compactification with a ground state
of the C compactification. The ground states of the T? compactification are labeled by
7=0,....k—1=1,asin (and we keep track of k for possible generalizations as
in §3.5). The ground states of the C problem correspond to Dolbeault d-cohomology
on C (which are not normalizable, but that is not going to be a problem since we are
not going to use all of C but rather we are going to patch open subsets of C to form a
CP'). We denote by |j) the state that satisfies b;o|j) = b;0j) = 0 and corresponds to
the j* ground state of the 72 problem. A generic ground state can then be written
as
@i (3:3)15) +w;a(5,3)0017) + w;3(3,3)0017) + ws5(5.3)bob5 1)

where (3,3) are the “center-of-mass” coordinates in the 3 (and 3) directions. To be
annihilated by () requires

Xj = wj + wjzdy + wjzd3 + wjdy A dj

to be a sum of djgg-closed forms, and in the topologically twisted theory (the A-model
as in [87]) we also impose an equivalence up to dggg—exact forms. Since the theory is
on a flat worldsheet, the topologically twisted theory is equivalent to the untwisted
one, and so ; is in the dzgg—cohomology. In particular, w; is a holomorphic 0-form
and wj ,d3 is a holomorphic 1-form. Given the structure of () and the approximation
(4.6)), this statement is also true when 7(3) varies slowly.

Next, we need to glue the {y; }‘;& across cuts where the 72 fiber undergoes an
SL(2,Z) transformation. We construct the expression

k-1

X = Z X;(3:3)0;k(10,7(3)),

=0

where the theta function ©;yx(u, ) was defined in (3.11)), and naturally corresponds
to the ground state |j). We require the form y to be single-valued across cuts, which
follows from the fact that the collection of ©-functions transforms in a dual way to x;,
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since the ©-functions transform like the states |j). The ©-functions are holomorphic
and so x is in the d30;-cohomology. The (0, 0)-form and (1,0)-form in yx are

k—1
X(O:O) + X(LO) = Zw @_]k to, 7' + Zw];, jk o, T 3>>d37
=0

which is a formal sum of a holomorphic section x(*%) of a certain line-bundle £ (to be
described in more detail below) and a holomorphic differential x?) with coefficients
in £. The (0,1) and (1,1) components

k-1 k-1
XOV X =N w504, 7(3))d5 + > w;50;k(w0,7(3))d3 A d3
=0 =0

are of course not holomorphic. They are required to be in the dgég cohomology, but
this cohomology is not so convenient to work with. We will now show that it can be
converted to the ordinary 0 cohomology. Consider for example the (0,1) Dolbeault
cohomology with coefficients in some line-bundle £ over Kj. Since 0 = djgg—k dro O,
we only need to show that every d-cohomology class has a representative that has no
terms in it of the form (- --)dw — in other words, its restriction to any elliptic fiber
vanishes. Let ¢ be a O-closed (0,1) form with coefficients in £ over Ks. Let ¢(L£)
be the first Chern class. The restriction of ¢1(£) to any elliptic fiber is k times the
generator of H"V(T?,7Z), and since k is a positive integer, Serre duality implies that
HY(T? L|72) = 0. Now cover the base 8 with contractible open sets, such that each
contains at most one special point 3;. We thus have 8 = (U, written as a union
of open patches. Let 7~ 'U, be the pre-image of the patch U, under the projection
map 7 : K3 — B (of the elliptic fibration). We have H'(7~'U,, L) = 0 and so the
restriction of ¢ to 77!, can be written as 0v, for some local function v,. (This is
also true if U, contains a 3;, by an explicit computation.) On U,z = U, [ Uz we find
that ¢,3 = 19, — g is holomorphic. Let {p,} be a partition of unity for the base
CP' ~ B (i.e., pa(3,3) is a function with support on U, and >__ p, = 1 everywhere).
Define g, = > 5 Pp%ap- Then the functions f, = o — g patch together to a global
function on K3 which we denote by f. (The last statement follows because, as is easy
to see, fo = fz on Uyg.) It is then easy to check that the restriction of ¢ — Of to any
elliptic fiber is zero. This completes the proof and demonstrates that we can work
with the standard 0 differential operator instead of the cumbersome d3 87

Let g be the canonical bundle of the base B ~ CP' (whose transition functions
are the Jacobians dj,/d3s) and let K' = 7"y be the pullback of g under the
projection map 7 : K3 — B. We can now summarize:

e Ground states of the form w;(3,3)|j) correspond to elements of HY(K3, £);

e Ground states of the form wj73(5,§)ﬁé|j> correspond to elements of H°(K3, £ ®
K');
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e Ground states of the form w;3(3,3)b3|j) correspond to elements of H' (K3, L);

e Ground states of the form w; ;5(3, 5)6363|4) correspond to elements of H' (K3, L&
K');

Let us now be more specific about £. Let wg be the (1, 1)-cohomology class that is

Poincaré dual to the zero section By (r = y = 00) of the elliptic fibration, whose

homology class we denote by [%B]. Let [§] denote the homology class of the fiber and

let wz be the (1, 1)-cohomology class that is Poincaré dual to [§]. The intersection
numbers are

-3 =0,  [Bo]-[Bol =-2, [Bo]-[F]=1. (4.7)

We have
(K = —2wsg, c1(L) = kwsy + nws, (4.8)

where n € Z still needs to be determined. We determined the coefficient k of wy by
the requirement that, when restricted to a fiber, ¢;(£) should be k times the generator
of the second cohomology of the fiber.

To proceed, we note that the Hirzebruch-Riemann-Roch theorem for Kjs-surfaces
states that

hO(Kg, ﬁ)—hl(Kg, £) - hO(Kg, E)-hl(Kg, £>+h2(K3, £> - 2+%C1(£)2 - 2—|—k?7,—k2 y

(4.9)
where we used the vanishing of h?( K3, £), which follows from Serre duality [h*(K3, £) =
hY(K3, £71)] and the fact that £7! has no holomorphic sections since it restricts to a
line bundle with a negative first Chern class on an elliptic fiber. Similarly,

W(K;, LK) —h' (K3, LOK) =2+ 1c1(L®K')* =2+k(n—2)—k*, (4.10)

We can now calculate the total contribution of these “perturbative states” to the
Witten index:

Lot = — [h°(K3, L) — W' (K3, L) — B (K3, L@ K') + b (K3, L® K')] = =2k = —4.
(4.11)
The overall (—) sign comes because, as we have seen in §3.4] the ground state |j) has
odd fermion number (=) = —1.

The result is not sensitive to the value of n, but for completeness let us deter-
mine n and the individual dimensions of the cohomologies. The dimension h°(K3, £)
of the space of holomorphic sections of a line bundle £ over K3 can be determined as
follows (see [37] for the relevant mathematical background). The question is equiva-
lent to asking for the dimension of the space of meromorphic functions whose divisor
of poles is no bigger than n§ + kB, (i.e., it has a pole of order no bigger than k on
By and of order no bigger than n on §). For k = 2, the general function with this
property is

f(z,2) = Po(2) + Qu-a(2),
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where P, is a polynomial of degree n in z and @Q,,_4 is a polynomial of degree (n —4).
This is because in terms of to, z is proportional to the Weierstrass function p(to;7),
which has a pole of order 2 at tv = 0. Moreover, near z = oo the elliptic fibration
equation (4.2)) makes sense in coordinates 2’ = 1/z with 2’ = z/2* and 3 = y/25.
Therefore, near 2’ = 0 we find that f(1/2,2'/2'*) has a pole of order n in 2. We
can therefore calculate the dimension of h%(Kj3, L) as the number of independent
coefficients in f(z,z) and find:

2n—2 forn>3
k=2) RrY(K3,L)=<n+1 for0<n<2 (4.12)
0 forn <0

For k = 3 a similar argument shows that
Pn(z) + Qn_4(2)l' + Rn—ﬁ(z)y
is the general solution, so that

3n—7 forn>5
2n—2 for3<n<4

k=3 hY(Ks, L) = 4.13
( ) (K, £) n+1 for0<n<2 ( )
0 forn <0
while for k = 1 we are left with only a polynomial P,(z) with
n+1 for0<n
k=1 (K3, L) = - 4.14
( ) (K, £) {0 forn <0 ( )
We can now calculate h' (K3, £) from (4.9), and in particular we find that
n >0, k=1
hY K3, L) =0 for {n>3, k=2 (4.15)
n > b, k=3

For h°(K3, L&K') and h' (K3, L& K') we get similar results after replacing n — n—2
in (L12-(L19).

Now let us determine n. The first Chern class of a line bundle can be calculated
if a norm on the C-fibers of the line bundle is given (with the assumption that the
norm is independent of the patch used to calculate it). Thus, if s is a local section of
L then (see for instance [47] p148):

(€)= —5- (00 ogsI1)],
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where |[|s]| is the norm of s (as a function of the point on Kj3) and [(---)] is the
cohomology class of the 2-form (---). In our case a natural norm is given as follows.
Consider for example the 0-forms

k-1
100 = 37095 5)0;(, 7))
=0

Since, we can write the normalized wave-function on 7% as ([3.10) with ¢, normalized
so that [ |p;k|*dx1dxs = 1, we find the total norm

1 k‘r2x2
XN = / (2krz)'2e 2 [ OO gld°5dx dxs

and we can set | ,
7k7'2x2
s> — @(21{72)1/26 > |x

(0,0) ‘2 )

Since x(®% is holomorphic, and setting x, = 27 (tv — ) /(7 — 7), we find

> i [99 1 {
)] =25 [001og 7] = gk Adxa + emdr AdT (4.16)

The integral of the second term over a fundamental domain F of the SL(2,7Z) action
on the upper-half 7-plane gives
0 drNdT 1

Since the elliptic fibration equation (4.2]) describes the base B (given by the locus
of x; = x93 = 0) as a 24-fold cover of the fundamental domain F, we find that the
pullback of ¢;(£) to B is 24 x (5;) = 1. Thus

Cl<£) = kw% —+ (1 + 2k)w3 .

[Note that [y, we = [Bo] - [Bo] = —2, 50 [y c1(£) = (1 + 2k — 2k).] In particular,
(4.15) implies that

Y (K3, L) =h' (K3, LK) =0, k=1,23,

and all the states can be described by holomorphic sections of either £ or L& K'. For
k = 2, for example, we find

R(Ks3, L) =8, RO(K3, LK) =4.
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4.3 The Witten Index

Mirror-symmetry of K3 can formally be described [67) §] by its action on what
is known as a Fourier-Mukai vector. This is an element v = vy + vy + v4 in the
lattice H(K3,Z) ® H*(K3,Z) ® H*(K3,Z), and we define v? = 2vg - v4 + v3 via the
standard intersection form on cohomology. A mirror-symmetry element is described
by a linear transformation on this vector v that preserves the lattice H°(K3,Z) @
H?(K3,7)® H*(Ks3,7Z) and preserves v2. Physically, in the context of type-IIA string
theory compactification on K3 x R>!, we understand v as a vector of D-brane charges
(DO, D2, and D4). Mirror symmetry converts a combination of pointlike D0’s, D2’s
that wrap (real) surfaces in K3, and D4’s that wrap the entire K3 into a similar
combination but with different charges. The advantage of describing a duality in terms
of a Fourier-Mukai vector is that the duality naturally corresponds to an O(20,4,7Z)
matrix.

We can now calculate the Witten index of the theory with the mirror-symmetry
twist by requiring modular invariance of the torus partition function. Explicitly, we
insert the mirror-symmetry operator 9 at o = 0, and we compactify (Euclidean)
time ¢ on S! with periodic boundary conditions for the fermions. We need to
calculate the partition function, which we do by interchanging the roles of ¢ and o.
If 0% plays the role of “space”, the Hilbert space is the space of Ramond-Ramond
ground states, which is naturally mapped to the Fourier-Mukai vector spaceﬂ Letting
M denote the O(20,4, Z) matrix that describes the action of 9 on the Fourier-Mukai
vector, we calculate the Witten index as

I1(9M) = tr{(=1)F M} = tro. (4.17)

We have set (—) = 1, since we only have even-dimensional cohomology.

In the complex structure that is compatible with the elliptic fibration (i.e., 7 :
K3 — B is holomorphic), the nonzero Hodge numbers are h%° = h2? = p20 =
h%% =1 and h'! = 20. Let us now review some facts about the cohomology group
H?(K3,7). We can construct a basis of the Poincaré dual homology group Hy(K3,7Z)
as follows. First, let [§] and [By] be the homology classes defined above equation
(4.7)), which correspond to the holomorphic submanifolds given by {3 = 0} and {z =
y = oo}, respectively. The remaining 18 independent generators of H?(K3,Z) cannot
be represented by analytic submanifolds but can be constructed as follows. Let v be
a smooth path on 9B from one of the special points 3; to another 3, (i # j), avoiding
all other special points. While 7(3) is a multivalued function, undergoing SL(2,7Z)
transformations along cuts, we can find a small neighborhood of v\ {3;,3,} on which
7(3) is represented by an analytic function without cuts. If in that representation

3In the string theory context each D-brane charge can be mapped to a (possibly fractional) set
of Ramond-Ramond fluxes, as measured at infinity. The operators that correspond (under the CFT
state-operator correspondence) to the Ramond-Ramond ground states of the o-model are factors in
the vertex operators that correspond to the type-II Ramond-Ramond fluxes.
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7(3;) = 7(3;) = oo (in general, the limits 7(3,) and 7(3;) are only guaranteed to be
SL(2,Z) equivalent) then we can construct a 2-cycle in K3 by taking the basic «
I-cycle of § (from x; = 0 to x; = 27 at a fixed x3), and dragging it along . This
cycle will shrink to a point at both ends of v and hence form a closed 2-cycle. It can
be shown that in homology there are 18 linearly independent 2-cycles of this type,
with intersection form that is equivalent to the Ey @ Eg @ H lattice, where H is the
2-dimensional lattice Z? with intersection form (ny,ns)? = 2nyny [for (ny,ny) € Z?].
Let wg, wy be the Poincaré dual (1,1) cohomology classes such that

/wg:(), / wgz/w%zl, / wyp = —2.
3] (8] (3] (]

For generic fg and g1, all the integral (1,1) forms are linear combinations of wg and
wg with integer coefficients. Let Y C H?(K3,Z) be the sublattice of elements that are
orthogonal (in terms of the intersection pairing) to both wz and we. It is generated
by the cohomology classes of 2-cycles constructed from the paths between 3; and 3; as
described above. We can now describe 9. Let 2 and 4 be generators of H "(K3,2)
and H*(K3,7) so that - x4 = 1. Then 9 acts as (+1) on T and acts as follows on
the remaining generators:

~ ~ ~ ~

M(z9) = wyg, M(z4) = W + w3, M(wz) = =20, M(ws) = 10 — T4

According to the prescription of §4.1] this transformation preserves two pairs of left
and right moving supersymmetries. We note that for (2,2) models, mirror symmetry
always preserves all the left-moving supercharges and only one combination of the
right-moving supercharges (see, e.g., [57]). Since we are dealing with a (4,4) model,
there are two additional left and right moving supercharges that are not part of the
(2, 2) superconformal algebra, and one combination of the two additional right-moving
supercharges is also preserved by M. Calculation of the Witten index now gives:

1) = tr{(=1)Fo} = 20. (4.18)

In we calculated the contribution of I,e = —4 to the Witten index from states
with extended wave-functions along 8. Comparing (4.11) to (4.18), we see that
we need to account for an additional contribution of 24. Since there are exactly 24
special points of 28 with singular fibers, it stands to reason that there are extra “bound
states” localized near these special points. We assume that the elliptic fibration is
generic, so that the SL(2,Z) monodromies (in 7) around the special points are all
conjugate to 7 — 7+ 1, and the behaviors of the fibration near all the special points
are equivalent. Thus, if there is a contribution to the Witten index from localized
ground states, it should be a multiple of 24. It is indeed pleasing that our analysis
yielded a discrepancy of exactly 24. In the next subsection we will bring supporting
evidence for the conjecture that each special point contributes one bound state.
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This result can be extended to other values of k (namely k = 1 or k = 3) as
follows. We work at the value p = ¢”/® (where p is the complexified area of the
fiber). This value is fixed by 0(20,4,7Z) transformations that act as in §3.5 on the
fiber. We can construct them by compounding M with an operator 7 that acts as
(+1) on T and acts as follows on the remaining generators:

T (x0) = z9, T (x4) = vatws+a0, 7T (wz) = wzg—10, T (wp) = ws+2x0 .
This is the transformation that shifts the B-field by wyg. We find,
IONT) = te{(-1)FMTY =18,  I(MT ) = tr{(—1)"MT 1} = 22.

Locally on the base, 97 and M7 ! act as SL(2,7Z) duality transformations of the
fiber with k = 3 and k = 1 respectively. The index can therefore be written generally
as I = 24 — 2k (for k = 1,2,3) and the contribution of —2k is explained as in (4.11)).

4.4 The singular fibers

We can gain more insight about the behavior near a singular fiber by embedding
our problem into string theory. A natural string theory setting is a compactification
of type-IIA string theory (it is more convenient to use type-IIA for reasons to become
clear shortly) on a K3 at a point in moduh space that is invariant under the mirror-
symmetry element M considered in We then compactify one of the remaining
directions, say x5, on S! of radius R and insert an 9M-twist at 25 = 0. In order to
preserve some amount of target-space supersymmetry, we also insert at that point a
suitable rotation v € Spin(4) in directions 6, ... ,9E| We then look for the ground
states of a string state with winding number w = 1 along direction x5. The twist ~
can be chosen so as to ensure that the ground states are normalizable and localized
at x¢ = x7 = xg = 9 = 0. The worldsheet theory that solves this problem (at string
coupling constant zero) is an asymmetric Z, orbifold of an S' x K3 compactification
with S! of radius 4R. Since directions 5,...,9 are described by a flat target space
their contribution is easy to analyze and we find that the Ramond-Ramond ground

4The amount of target space supersymmetry is determined as follows. Similarly to § set
K = 0(20) x SO(4) and let gK € O(20,4,R)/K be the point in moduli space, reprebented as a
coset of groups. If M € O (20,4, Z) preserves gK then g~ '90g € K. Let p € SO(4) be the projection
of g_lﬁjTg to the SO(4) factor of K. To construct the background we have to specify the action of
M on target-space fermions, which requires a lift of p to the spin group. Let e™#' and e*¥2 be
the eigenvalues of (the lift of) p in the spinor representation (2,1) @ (1,2). Then the action of 90t
on the supercharges has eigenvalues e*i#s (j = 1,2), and the number of preserved SUSY generators
is the number of eigenvalues that v has from the set {eT¥s }?Zl, when + is expressed in the spinor
representation (2,1) @ (1,2). This can be contrasted with the worldsheet SUSY discussed in
where the scalar and tensor representations 2(1,1) & (3,1) @ (1,3) of SO(4) were used instead of the
spinor.
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states of the string are in one-to-one correspondence with the states of the K3 CFT
compactified on S! with an 9M-twist.

Now let us focus on the vicinity of a special point 3;. From the point 3; there
emanates a cut that is accompanied by the SL(2,Z) transformation 7 — 7 + 1. We
will now perform a series of dualities to relate our problem to a problem of quantizing
an Q-deformed [71], [70] instanton moduli space. Let x;, x5 be coordinates on the fiber
$ over a certain point 3 of the base such that direction x; corresponds to the cycle
that shrinks to zero at 3;. Now perform a fiberwise T-duality on direction x;. This
converts the fiber to a 7?2 with complex structure 7 = i and area 7» that becomes
infinite at 3;. The monodromy 7 — 7 4 1 around the cut shows that in this T-dual
type-1IB background we have an NS5-brane at 3; that extends in directions 5, ...,9,
and is localized at the dual fiber location (X1,x2) = (0,0). The mirror-symmetry
twist becomes a geometrical twist that acts as a rotation by 7/2 in directions Xp, Xs.
There are two fixed points

(X1,x%2) = (0,0) or (m,m). (4.19)

The (m, ) fixed point is far from the NS5-brane and so is not expected to have any
additional bound states. Let us now analyze the (0,0) point by replacing the dual
fiber with an R?. We now have a fundamental string wrapped around direction xs
with a geometrical twist in directions Xi,Xs, Tg, 27, s, 9 and in the vicinity of an
NS5-brane spanning directions s, ...,x9 and localized at 3 = 3; and X; = x5 = 0.
The question is whether we get additional states localized at 3 = 3;. Such states will
be related to the existence of bound states of the string with the NS5-brane. We
can generalize the question to one about bound states of a string with n NS5-branes,
which corresponds to a monodromy of 7 — 7 4 n in the elliptic fibration as would
appear when n special points coincide (forming a singular fiber of type A,_;). We
can solve the question by performing S-duality, converting the string and NS5-branes
into a D1 and n D5-branes. (The geometrical twists are similar to those used in the
2-deformation context to regularize the moduli space of instantons [71], [70].) We can
also regularize the moduli space by adding NSNS B-field components Bg; and Bgg
to turn the moduli space of instantons into instantons on a noncommutative space
[69,14]. Let us now be more specific about the rotation -y that was introduced in order
to preserve SUSY and eliminate zero modes. We can pick it to be a simultaneous
rotation by —m/4 in two planes, the plane x¢ — z7 and the plane xg — g, so that
combined with the 7/2 rotation in the plane of X; — xs the background will preserve
1/8 (target space) supersymmetry. At weak string coupling-constant and large R, the
D1-D5 dynamics is described locally [88, [32] by a point on the moduli space of U(n)
instantons (on a noncommutative R* in directions 6, ...,9) that varies as a function
of x5, and with a twist at x5 = 0 that corresponds to a rotation by (—m/4, —7/4) in
the planes 6 — 7 and 8 — 9, and a rotation by 7/2 in the plane 1 — 2 (which acts only
on the fermionic degrees of freedom). The ground states are found by counting the
number of instanton solutions that are invariant under the (—m/4, —7/4) rotation.



36

Consider, for example, the case of an SU(2) instanton and start with a commutative
R*. A rotation in R* can be compensated by a global SU(2) gauge transformation as
long as the center of the instanton is at the origin. However, we are forbidding such
transformations that modify the behavior at infinity (in directions 6, ...,9) and so we
are left with only the zero-size instantons as a solution. These need to be regularized
by turning R* into a noncommutative R*, as mentioned above.

Thus, in order to proceed we recall the extension [69, 14] of the ADHM construc-
tion for U(n) instantons at level m (for us m = 1) on a noncommutative R*. We take
complex coordinates (zg, z;) on R* ~ C? with noncommutativity given by

[20, 28] = [21, 2] = —

¢
2

Y

where Z is a positive constant. One then picks n x n matrices By, By, an n X m matrix
X, and an m x n matrix Y (all matrices have constant complex entries) that satisfy
the quadratic algebraic relations:

[Bo, Bi] + XY =0,  [By, Bl] + By, Bi] + XX =YY = (lun, (4.20)

where I,,«,, is the identity matrix. The moduli space of solutions is then the solution
to (4.20) subject to a U(m) gauge equivalence defined to act on X and Y as

X - XA, Y — AY, A € U(m). (4.21)

One then looks for a (2n +m) x n matrix solution (2, z1) for the linear equations

Bo — 20 21 — Bl X w —0

Bl — 2 By — 2 yi) "o
where zg, 27 are short for zol,x,, 21l,xn. One then constructs the gauge field as
A, = ¢'9,1. We need an instanton solution that is invariant under the rotation

(20,21) — (ei“/4zo, 6”/421).
This rotation acts on the ADHM fields as
By —eiBy, Bi—eiB, X—eiX, Y oeiy.

and it is easy to see that the only points in moduli space that are invariant under this
rotation [up to a gauge transformation (4.21))] are those with By = By =0 and Y = 0.
For m = 1, it is easy to see that the surviving moduli space is CP"'. The Hilbert
space of localized states coming from an A,,_; singular fiber is therefore equivalent
to the cohomology of CP"!. In particular, a generic singular fiber (A4y type) carries
one extra state.
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Chapter 5

Other examples of mirror twists in
the orbifold limit

In the second part of this paper we will explore the ground states of theories with
twists by other elements of the duality group SO(20,4,7Z) and their possible relation
to geometric quantization of K3. We will perform the computations in the orbifold
limit 7% /Z,. We start by reviewing some known properties of these orbifolds (see [5]
for a comprehensive review).

5.1 K3 as a T"/Z, orbifold

We take (x1,Xs,X3,%4) as coordinates on T, where each x; (i = 1,...,4) has
periodicity 27. We also define the complex structure by
1 1

zzg(xl—kﬂq), z :%(X3+T/X4).

The Z, orbifold is defined as
(2,2') =~ (—2,—2'). (5.1)
This orbifold has 16 fixed points
(x1,X9,X3,Xy) = (€17, €T, €37, €4T); (€1,...,e4 €{0,1}),

which we denote by P(ey,...,€4). A smooth complex manifold can be constructed
from this orbifold by “blowing-up” these fixed points and replacing each P(eq, ..., €,)
with a CP' that we denote by E(ey,...,e;). We recall that blowing up the origin of
C?/Z, is done by replacing the singular orbifold (z, 2’) ~ (—z, —2') with the subspace
of C? x CP' described by coordinates (z, 2', [s,1]) (where we use (2, ) as coordinates
on C? and [s, ] ~ [As, M] as homogeneous coordinates on CP') that satisfy zt = 2's,
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so that for (z,2’) # (0,0) there is a unique solution [s,t] = [z, 2] but for z = 2/ =0
the entire CP' survives. Blowing up an orbifold point in T*/Z; is done by replacing
a small neighborhood of that point with a neighborhood of the blown-up origin of
C?/Z,y. So far we only discussed the complex structure. The o-model requires also
a complexified Kahler metric which is given by a Kahler 2-form k& and NSNS B-field
B. It was shown in [4] that the orbifold limit of the o-model corresponds to the limit

where the area of each E(ey, ..., €4) vanishes, while the flux of B on each E(eq, ..., ¢€4)

remains 7. This orbifold has a Zj3 group of isometries. The element Y (w1, ..., @)

that is labeled by @y, ..., ws € Zy (which we treat as numbers modulo 2) acts as
Y(wy,...,m4) : (X1, Xe,X3,X4) — (X1 + 7wy, Xg + Ty, X3 + Tw3, X4 + TWy) ,

wi,...,ws € {0,1}. (5.2)

Each of these isometries has fixed points. For example Y(1,1,1,1) has fixed points
when each coordinate x, ..., x4 is 7 /4, and with the identification (5.1]), this gives
8 fixed points. Other than the identity, these isometries act nontrivially on the cycles
E(eq, ... €):

E(El,...,€4)% <€1+CL1,...,64+CL4),
where (¢; + a;) is understood modulo 2.

We will need a convenient basis for the cohomology H?(K3,7Z). Let us start by
defining the following elements of H?(K3,Z):

o [E(er,...,€e4)] (with ¢; € {0,1}) denotes the Poincaré dual of one of the 16
CP' submanifolds E(ey, ..., €) at the intersection of z = (¢ + 7€) and 2/ =
%(63 + 7'eq);

o [M(i,j)] = —[M(j,7)] (with 1 <7 < j < 4) corresponds to the Poincaré dual
of the submanifold given by the two equations x; = £¢; and x; = £¢; (with
the =+ signs correlated), for some generic constants ¢;, ¢; (not equal to 0 or ).

We take the orientation so that the dual class is represented by d(x; —¢;)d(x; —
¢j)dx; A dx;;

The intersection numbers are:

[E(er,... )] [E(e],....e))] = —20¢,¢, 0cyet, Ocse Ocye, »
[E(Elv SE) 64)] ) [M@?])} =0, [M(Za])] ’ [ (, l)] = 2€5m1
where € is the anti-symmetric Levi-Civita symbol. In addition to these cohomology

classes, H?(K3,Z) also contains some classes that are linear combinations of the
[E(e1,...,€4)]’s and [M (3, 7)]’s with fractional coefficients. We define

(5.3)

1

[W(i,j,ﬁi,ﬁj)]zé _%Z 2566,566 61’“" 21)]

1
€/ =0 €,=0
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Then, one can show that [W (i, j, €, ¢;)] € H*(K3,Z), and H*(K3,Z) is spanned by
the [W (i, , €, €j)]’s and the [E(eq, . .., €4)]’s (which is an over-complete system). The
(W (i, j, €, €;)]’s are Poincaré dual to homology classes of submanifolds (not necessarily
analytic) that can be constructed by setting ¢; and ¢;, in the definition of [M (4, j)]
above, to 0 or 7. For example, [W (3,4, €3, €4)] is the Poincaré dual of the smooth
analytic manifold defined by the holomorphic equation,

W (3,4,€3,€1) = {2' = 1(es + eat’)}. (5.4)

which has genus 0. As another example, [WW (1,3, €1, €3)] can be constructed by start-
ing with the equations x; = € and x3 = €3 for €1,€e3 € {0,1}. This manifold is not
analytic, of course, and it has a boundary. It intersects F(ey, €}, €3, €,) along a circle
which divides E(ey, €}, €3, €}) into two hemispheres. If we attach one of these hemi-
spheres to the manifold, for each of the four possible combinations of €, and €, we
can get a closed manifold whose Poincaré dual is given by [W(1, 3, €1, €3)].

The equation z = =z, with generic z, describes a T? C T*/Z,. The cohomology
class of this T2 is given by

3 = [M(1,2)],

and we can view it as the fiber of an elliptic fibration that becomes singular at the

4 points zop = 0, %, %T,% + %7’. As we take the limit zy — (e + €7), for example,

2
the fiber T2 turns into a union of the four exceptional divisors |J E(ey, €9, €3, €4)
€3,€4

(€3,€4 = 0,1) together with the sphere W (1,2, €, €2) counted with multiplicity 2, so
that the cohomology agrees:

2[M(1,2)] =2[W(1,2,e1,e2)] + > _[Eler, €2, €5,€4)].

€3,€4

The fibration has a section which we take to be W (3,4, ¢e3 = 0,¢4 = 0). We define the
cohomology class

[B] = [W(3,4,65=0,e4 = 0)] = 5[M(3,4)] — 5 ) [E(€},€,0,0)].

/ /
€1,€5

5.2 Mirror symmetry

In the orbifold limit the CF'T is a free theory. Consider the space of states of the
CFT on S* with coordinate 0 < ¢! < 2. The Minkowski time coordinate is ¢°. In the

untwisted sector there are 4 scalar fields X* (u = 1,...,4) with oscillator expansions
[441, 172):

7; : 0 1 ; 0 1
XP(00,01) = b o 4 ST L (au im(e oY) | g pmim(e+o ))

meEZ
m7#0
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as well as four left-moving fermionic ¢* fields and right-moving ¢* fields:

¢H(O.O, 0.1) _ Z w%efim(agfal) : 2Lu(o,[)’ 0'1) _ Z &ﬁle*im(O’Oﬁ*O’l) '

meZ meZ

The twisted sector has similar expansions with m &€ Z—I—% and with (z!, ..., %) taking
values in one of the 16 fixed points of the Z, action:

(zh,...,2") = (a7, ..., en).

In what follows we will only be interested in the ground states. Thus we let all the
oscillators with m > 0 be in their ground states and we set p* = 0. For the untwisted
sector this means that we only have to consider the fermionic zero modes. The ground
states |ab) are labeled by two (Dirac) spinor indices ¢ = 1,...,4and b=1,...4 on
which the zero modes act as:

vhlab) = (v)a"la'b),  dglab) = (4" [ad'),

where 7# are the Dirac matrices (in some arbitrary basis). The Z, orbifold generator
acts as g - - - i - - b5 and the surviving Zs-even states can be written in the form

1
jab) = (v")abl1234) + Z€wor (Y'Y )wrloT) + (17| @) (5:5)
where we have defined a basis of 1 + 6 + 1 Zy-invariant states |@), |uv) = —|vu), and

|1234). The twisted sector has no fermionic zero modes, and so the ground states are
only labeled by the (z!, ..., z%) fixed point as |ey, ..., €4).

In string theory these states appear as factors in the worldsheet description of
Ramond-Ramond states for type-II compactification on K3 x R>!. In type-IIA, for
example, the states that correspond to modes of the RR 0-form, 2-form, and 4-
form fields that are massless plane waves in the R>! directions and proportional to
harmonic 0-forms, 2-forms, or 4-forms along K3 contain |ab) as a factor. The states
of the untwisted sector correspond to harmonic forms whose cohomology class is
Poincaré dual to a Z, invariant form on 7%, and the twisted sector states correspond
to harmonic forms that are Poincaré dual to E(eq, ..., €4).

From this description it is easy to derive the action of several dualities. We will
consider several combinations of the basic operators defined as follows. We define
S1 as the symmetry induced by T-duality on directions x3, x4 followed by a rotation
X3 — X4. It acts as

Si12) = 112), Si12) = —|2), Si[34) = 2|o) — 21234), §[1234) = [12) + L|34)
Sl|61762763a€4> = %Z(_l)qeg—‘r&lgélel)627637620 ) 81|Z.]> = |7’j>7 (Z = 1727 ] = 3a4) .

! !
€3,€4

(5.6)
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We can understand the action of S; on the twisted sector states as follows. First note
that the orbifold CFT has a Zj; symmetry with elements that act as

4
i=1 Wit

Q(wlanaw37w4)|€1a 627637€4> - (_1)2 |€17 €2, 637€4> .

The CFT also has another Z3 symmetry corresponding to the discrete isometries (5.2)).
The ground states of the untwisted sector are invariant under these symmetries, but
the ground states of the twisted sector are not:

T(w17w27w37 w4>|617 €9, €3, 64) = |€1 + Wi, €2 + W2, €3 + W3, €4 + w4>-

The operator S; must convert discrete Zs winding number in directions 3,4 to dis-
crete Zo momentum in directions 4,3, respectively, because S; corresponds to T-
duality. The symmetries Y(wy,...,w,) play the role of discrete momentum while
Q(wy, ..., wy) play the role of discrete winding number, thus

SflT(O, O, w3, W4)81 = Q(O, O, Wy, W3).

This explains the expression for Syleg, ..., €4) in . It is an eigenstate of the four
(0,0, w3, w,)’s with eigenvalues (—1)@scat@acs,

0 1
-1 0
for the T? in directions x3, %4, and we can also define 7; which corresponds to the

element ((1) 1) € SL(2,Z).

The transformation S; corresponds to the T-duality element ) € SL(2,Z)

Tio) = o), T2 =12)+|2), T34 = e, T2 = [1234) - L34).
,]1|€17€27€3764> == (_1)6364|€17€2a63a64>a 71|Z]> - |Zj>’ (Z = 1a27 j = 3a4)
(5.7)

Similarly to S;,7; we define Sy, 75 which act as T-duality on the 72 in directions
X1,Xo. Thus,

S:|) = [34), S:[34) = —|@), Sal12) =2|o) — 2[1234), S,[1234) = [34) + 1[12),
Soler,ea e5,60) = 2> (—1)42T ] €y es,e0), Salif) = lij), (i=1,2, j=3,4).

€71,€9

(5.8)

and

Tio) = |0), T34 = [34) 1 |2), T2) = [12), To1234) = [1234) — 112).
7'2’61762763764> = (_1>€162|€1762763764>7 7;|Zj> = |Z]>, (Z = 1727 j = 374>
(5.9)
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There is a map between the Fourier-Mukai vector space discussed in and the
vector space of ground states defined in ([5.5),

2o = D), w4 [1234) — 5 Z |€1, €2, €3, €4)

[E(617"'7€4)]'_>|€17627€3764>_%|®>7 [M<:U'7V)]'_>|MV>7 <1§:U'<V§4)7
(5.10)

We recall that can be interpreted in terms of the phenomenon of “fractional
branes” [26], 27]. the Fourier-Mukai vector can be thought of as a vector of Ramond-
Ramond charges carried by some D-brane configuration. Due to the coupling, for
example, between the NSNS 2-form field and the 1-form RR-field on the world volume
of a D2-brane, a D2-brane that wraps an exceptional divisor also carries the charge
equivalent of half a DO-brane.

Combining (5.6) and (5.10) we get the action of S; on the Fourier-Mukai vector

v via its action on the basis:
Si(wo) = [M(1,2)], Si([M(1,2)]) = —0,
Si([M(3,4)]) = —2x4 — 5 > [E(er, €2, €3,€4)] — 219,

Si([E(e1, €2, €3, €4)]) = —%[M(L 2)] + Z(—l)wﬁwé [E(e1, €2, €3, €4)] + 0ez00e,0%0
€3:€

Si(wa) =AM (3,9 + [M(1,2)] — £ S [E(er, ,0,0)] — o .

€1,€2

N | #—=

(5.11)

The operation §; is intuitively understood as T-duality on the x3,x, directions.
For the special complex structure 7 = ¢ there is an additional Z, symmetry gen-
erated by a (7/2)-rotation of the x; — x5 torus around the origin. It acts as

Ro|@) =12), Ral34) =1(34), R|12) =|12), R,|1234) =|1234),
Roler, €2, €3,€4) = |€a,€1,€3,€4),  Rallj) = [27), Ral2j) = —[1j), (j=3,4).
(5.12)

We now compactify o' on S* and insert a duality twist M. We will start with
the two cases with 9 = &; or M = 51S,. We wish to find the Hilbert space of

ground states. Using (4.17)) and the explicit expressions ((5.6))-(5.7)) and (5.8)-(5.9) we

calculate the Witten indices:

I[(S) =12,  I(58,) =8. (5.13)



43

In §5.2}45.2] we will describe the ground states directly by orbifolding the construction
of 3l We can also consider other duality twists. Take for example the twists by $17;
and S;7,S,7, with calculated Witten indices:

These will be discussed in Lastly, in §5.2] we will study a combination of
rotation on the base B and duality on the fiber § with the relevant Witten index

I(S1Rs) = 4. (5.15)

The S; twist

We need to account for a Witten index of 12. The twist S acts as T-duality on
directions x3,x4. Thus, we begin by adding

1
m

to the action of the CFT. The x;,x5 CFT is unchanged. In the untwisted sector we
set x7 = xy for I = 1,2,3,4. At low-energy the x3 — x4 sector of the CFT reduces
to geometric quantization of T2 with symplectic form 2dxs A dxy4, resulting in a 2-
dimensional Hilbert space that corresponds to the space of level-2 O-functions on T°2.
All states of this sector are bosonic. The x; — x5 CFT reduces to supersymmetric
quantum mechanics on T2 with states corresponding to the cohomology H*(T? R).
We need to keep only the states that are invariant under the orbifold action x; — —x;.
This acts on level-k ©-functions as Oy j — Ok k_; and so for k = 2 all ©-functions are
invariant. On the base 8, the Zs-invariant states are those corresponding to the even
cohomology, i.e., 1 and dx; A dxs, and the Zs-odd states are those that correspond
to the odd cohomology, i.e., dx; and dx,. Now, the missing piece of information that
we need in order to combine the states of the x3 — x4 CFT with the states of the
x1; — X9 CFT, to form Zs-invariant states, is whether the single ground state of the
fermionic sector of the x3 — x4 directions is Zs-even or Zs-odd. If this ground state is
Zo-even then we combine the 2 states of the x3 — x4 sector with the even dimensional
cohomology states 1 and dx; A dx,. On the other hand, if the ground state is Zo-
odd then we combine the 2 states of the x3 — x4 sector with the odd dimensional
cohomology states dx; and dxs. In any case, the untwisted sector produces 2 x 2 = 4
states, but we need to know whether they contribute +4 or —4 to the Witten index.
An argument as in §3.4| implies that the ground state of the fermionic 13, wﬁ@sﬂl
system is actually Zs-odd and has an odd fermion number. Altogether, combining it
with the Zs-odd and fermionic states dxs; and dx, shows that the untwisted sector
has 2 x 2 = 4 states that contribute +4 to the Witten index.

In the twisted sector we have to set x; = —x; for I = 1,2,3,4. At low-energy
the x5 — x4 sector reduces to geometric quantization of 7?2 with symplectic form
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—2dx3 N dx4, again resulting in a 2-dimensional Hilbert space. These states can still
be identified with level-2 ©-functions provided we take the opposite complex structure
where the holomorphic variable is 277 = x3 + x47 instead of 2’ = x3 + x47. For the
x; — x5 CFT the twisted boundary conditions leave us with only 4 states that are
localized at the fixed points of Z,, i.e., at

(x1,x2) = one of (0,0), (0,7), (m,0), (m, ). (5.16)

They are all invariant under Zy and the twisted sector therefore has 4 x 2 = 8 states.
They must have even fermion number so as to contribute +8 to the Witten index, so
that altogether we get a total of 12 bosonic states, in accordance with the Witten index
calculated in (5.13]). Note that the 4 wave-functions of the states of the untwisted
sector are spread across the base B, while the 8 wave-functions of the twisted sector
are localized at the 4 singular fibers, with 2 states for each singular fiber.

The 5,85, twist

The §:8; twist acts as T-duality on both fiber and base. The untwisted sector has
2 x 2 = 4 states corresponding to geometric quantization of T2 x T2 with symplectic
form
w = 2dx; N dxg + 2dx3 N dx4.

This sector gives rise to 4 states which can be identified with states of geometric
quantization of (7% x T?)/Z, with symplectic form given by the same w as above,
which is Poincaré dual to [M(1,2)] + [M(3,4)].

The twisted sector similarly has 2 x 2 = 4 states corresponding to geometric
quantization of (T2 x T?)/Z, with symplectic form

W = =2dx; N dxy — 2dx3 A dxy.

This sector gives rise to 4 states which can be identified with states of geometric
quantization of (T? x T?)/Zy with symplectic form given by the same w as above,
which is Poincaré dual to —[M(1,2)] — [M(3,4)]. Altogether in both sectors we get 8
bosonic states, in accordance with the Witten index calculated in .

The S§,7; twist

The twist S; acts as T-duality on directions x3, x4 and the twist 77 acts as spectral
flow on the B-field. Thus, we add

1
o /(ngx4 — Xjdx3 — x3dx,), with x; =x;(c' =27), x;=x;(0' =0),
m

to the action of the CFT. The x;,xo CFT is unchanged. As before, we set X, = x;
for I = 1,2,3,4 in the untwisted sector. Now at low-energy the x3 — x4 sector of
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the CFT reduces to geometric quantization of T? with symplectic form dxs A dx,
with a 1-dimensional Hilbert space that corresponds to the level-1 ©-function on 772,
which is invariant under the orbifold action x; — —x;. This state is bosonic. The
x; — X CFT is unchanged from and since the ground state in the x3 — x4 sector
is again Zs-odd, we combine it with the odd cohomology states dx; and dxs, and this
contributes +2 to the Witten index.

In the twisted sector we have to set x; = —x; for I = 1,2,3,4. At low-energy
the x3 — x4 sector reduces to geometric quantization of 72 with symplectic form
—3dx3 N\ dx,, with a 3-dimensional Hilbert space. However, the Hilbert space of level-
3 O©-functions that are invariant under the orbifold action x; — —x; is 2-dimensional;
O30 and the linear combination O3, 4+ Oz 2 are invariant. These states are bosonic.

The twisted sector of the x; — x, CFT is again the same as in [5.2] with 4 states
corresponding to the fixed points , so altogether the twisted sector has 4 x2 =8
states. They must have even fermion number so as to contribute +8 to the Witten
index, so that altogether we get a total of 10 bosonic states, in accordance with the
Witten index calculated in ((5.14]).

The Sl 71827-2 twist

The §17:85,7; twist acts as T-duality and spectral flow on both fiber and base.
The untwisted sector has 1 x 1 =1 state corresponding to geometric quantization of
T? x T? with symplectic form

w = dxy A dxg + dxz A dX4.

This state is Z, even, and hence survives the orbifold projection of (T? x T?)/Z,. The
twisted sector similarly has 2 x 24+ 1 x 1 = 5 states which are the Zs-even states of
the Hilbert space that we get by geometric quantization of 72 x T2 with symplectic
form

W' = —=3dx; N dxy — 3dxs A dxy.

The 2 x 2 = 4 states come from the combination of Zs invariant subspaces of the
level-3 ©-functions on each T2 (given by O34 and Oz + O3, on each T?). The
1 x 1 =1 state comes from the combination of 1-dimensional Zy odd subspaces on
each T? (given by O3 — O34 on each T?). Altogether, combining both sectors we
get 6 bosonic states, which is in accordance with the Witten index that we calculated

in (519,

The 81 RQ twist

The &; twist acts on directions x3 — x4 as in (5.2)), while R, acts as a rotation by
/2 of the x; — X5 torus, which is assumed to have complex structure 7 = 4. In the
untwisted sector there are two ground states for the x3 — x4 system, corresponding



46

to Oy, for k =2 (j = 0,1), and there are two ground states of the x; — x, system
corresponding to the two R, fixed points (x;,x2) = (0,0) and (7, 7). In the twisted
sector, we effectively add another Z, twist, which is equivalent to changing the sym-
plectic form from 2x3 A x4 to —2x3 A x4 and at the same time replacing R, with
R5'. The generator of the Z, action acts trivially on the bosonic parts of the ground
states of both the untwisted and twisted sectors, but the fermionic part of the twisted
ground state has opposite Zy charge relative to its untwisted counterpart. (This can
be seen, for example, using the state-operator correspondence after bosonization of
the fermions.) Thus, only one sector, say the untwisted one, survives the orbifold
projection on Zs-invariant states. Altogether, we end up with four ground states, two
for each fixed point (x1,x2) = (0,0) and (7, 7).
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Chapter 6

Connection with geometric
quantization

So far we have seen hints of a connection with geometric quantization of the target
space. In particular, for the simple case of a T2 target space, the relevant low-energy
terms in the action reduce to the action of geometric quantization of 72 at level k = 2
[see (3.3))], and thus we have identified the Hilbert space of ground states with the
Hilbert space Hgq(T?, k) obtained by geometric quantization of 7% with symplectic
form %dxl A dxy. Geometric quantization defines a noncommutative geometry on
T? and the latter made a well-known appearance in string theory in [22, 133] [78].
As explained in [7§], it appears when we take the limit of large B field for a sigma-
model with T? target space formulated on a worldsheet with boundary. In this limit
the worldsheet action reduces to a 0+1D action of the form on the boundary
(see also [I8]). Noncommutative geometry also makes an appearance on D-branes
probing asymmetric orbifolds [16]. In our context, noncommutative geometry arises
on a closed worldsheet, but with modified boundary conditions along a nontrivial
cycle (i.e., the T-duality twist along the S1). It would be interesting to understand
whether there is a more general connection between duality-twists and geometric
quantization, and we will explore this a little bit further in this section.

A connection with geometric quantization would imply that there is a natural
way to construct operators that act on Hg, (72 k). The ring of operators can be
constructed from the generators exp(ix;) and exp(ixz), and therefore we would like
to understand how to construct matrix elements of these operators naturally from the
o-model. Inserting exp(i¢;(o1)) at some position oy is not the right answer, because
exp(ix;) should be dimensionless, whereas the normal ordered operators : exp(i¢;) :
have positive dimensions (which depend on the target space metric). As a matter
of fact, even the operators exp(ix;) in the 0+1D Landau problem [given by the
Lagrangian I, of (3.9)] at low-energy do not flow directly to exp(ix;) of the geometric
quantization system — there is a finite normalization constant in front.

A possible solution to this problem can be achieved as follows. Let us complexify
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x; (j = 1,2) by adding an imaginary part to define z; = x; + iy; with y; € R.
We promote y; to 1+1D free bosonic fields and add fermionic superpartners. We
now compactify as before with a T-duality twist on the (x;,x3)-directions, and insert
a geometrical twist corresponding to a rotation by (7/2) on the (yi,y2)-variables,
namely:

yi(or =0) = yy(c' = 27), yao(o! =0) = —y (0! = 27),

and similarly for the fermions, so as to preserve supersymmetry. This twist eliminates
all zero modes, and leaves only one ground state in the (yi,y2) system. In the
combined (x1,X2,y1,¥y2) system, a matrix element of products of operators exp(iz;)
between ground states is independent of the insertion points o' and reduces to the
matrix element of the corresponding product of exp(ix;) operators in H,,. The
contribution of the higher modes of the y;’s cancels out the contribution of the higher
modes of the x;’s. So we arrive at the identification of the low-energy limit (ground
states) of a compactification of a o-model with target space T2 x R? on S!, with a
combination of T-duality and geometrical twists, and geometric quantization of the
T2, which is the fixed point set of the geometrical component of the twist.

Let us now extend these observations to geometric quantization on S?. We start
with the orbifold (T? x R?)/Z, and add a twisted boundary condition that acts as T-
duality on 77 and as rotation by 7/2 on R% The wave-functions of the ground states
fall off fast far away from the origin of R%2. To count the number of ground states we
recall the model of which contained a similar twist, but with R? replaced by T2
The 7 /2 rotation in that model had two fixed points, but the behavior near each fixed
point is the same as for the (7% x R?)/Z, model. Thus, the number of ground states
of the (T? x R?)/Zy model is half that found in §5.2] which is two ground states.
These ground states should correspond to geometric quantization of 7?/Z,, which
is the space at the origin of R?. The symplectic form is ﬁdxl A dxg (for k = 2)
whose integral over T?/Z, is 1. The space T?/Z, is equivalent as a complex manifold
to CP', and so we expect that our system is equivalent to geometric quantization of
CP! ~ S? at level 1. Indeed, the states of geometric quantization of CP' at level 1 are
constructed as sections of the line bundle O(1), and the Hilbert space is indeed two-
dimensional. We can construct operators from Zs-invariant operators on 7. Thus,
we consider X

On,ny = €0s(2m(n121 + na2zs)) - (6.1)
Let us now describe how these operators flow in the IR to operators that arise by
geometric quantization of T2/Z, ~ CP'. [That is to say, when projected to the
Hilbert space of ground states the operators can be identified with operators
acting on the Hilbert space of geometrically quantized CP' at level 1.] First let us
describe how to get sections of O(1) by Zs projection of sections of a line bundle of
degree 2 on T?. We start with the ©-functions defined in . These functions
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satisfy
O;x(u+1,7)=0,x(u,7), Ox(u+T7,71)= e’2ﬂik(u+%7)@j7k(u, 7),

which makes them sections of a rank-k line-bundle over 72%. This line-bundle is
invariant under Zs, in the sense that if f(u) is a section, i.e., satisfies

Flu+1) = fu),  flutr7)=e 2kErm gy, (6.2)

then g(u) = f(—u) is also a section of the same bundle. In particular, we have the
relations

O;x(—u,7) = O;x_j(u, 7).

Since f(u) and f(—u) are sections of the same bundle, we can mod out by Z, by
imposing the condition f(u) = f(—u). For even k, an even holomorphic function f
that satisfies the boundary conditions projects to a holomorphic section of the
line bundle O(k/2) on T?/Zy ~ CP'. [For odd k there is a problem at the point
u = 3(1+ 7), since as can be easily seen from (6.2)), the would-be section f(4u) on
T?/Zy would pick up a (—) sign after traversing a small loop around +1(1+ 7).] For
k = 2 we have the stronger statement that all holomorphic sections are Zs-invariant.
Thus, there is a natural map from the (Zs-invariant) Hilbert space of ground states
of geometric quantization of T? at level k = 2 to the Hilbert space of ground states
of geometric quantization of 72/Z, ~ CP' at level k = 1. The Hilbert space of
ground states of a compactification of the (T? x R?)/Z, theory with a T-duality and
geometric rotation twist reduces to the Hilbert space of geometric quantization of the
singular fiber T?/Z; at the origin of R?. The Z, invariant operators reduce to
the corresponding operators on the Hilbert space obtained by geometric quantization
of T?/Z,. Explicitly, if we denote by |j) the state that corresponds to ©;y then the
projection on the ground states is calculated by geometric quantization and we have
the “clock and shift” matrices

; 1 0 ; 01
2mTIX1 2TiXo
o h) e (1)

from which the general (’jmm, can easily be calculated and we find

gmn2 for even nsy ,
cos(2m(ny1zy + nazy)) —

for odd ns .
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Chapter 7

Discussion

This paper was devoted to a few case-studies of the low-energy limit of a com-
pactification of a quantum field theory on S* with boundary conditions twisted by
a nonperturbative symmetry. The field theory was a 141D supersymmetric o-model
with K3 target space, and the nonperturbative symmetry was an element of the dual-
ity group O(20,4,7Z). The “low-energy limit” problem becomes the question of iden-
tifying the ground states. We discussed several inequivalent elements of the duality
group. Our main results refer to the element that can be interpreted as T-duality on
the fiber, for an elliptically fibered K3, where the Kahler modulus of the fiber is set to
the self-dual value. We found that there must exist ground states with wave-functions
that are localized at the points of the base (of the elliptic fibration) where the T
fiber degenerates. In addition to these, there are also states that have a spread-out
wave-function. We showed that these states are in one-to-one correspondence with
sections of certain holomorphic line-bundles over the K3. We also supplemented the
discussion with the analysis of other elements of 0(20,4,Z) that we studied in the
T*/Z orbifold limit.

The association of a part of the Hilbert space of ground states with sections
of a holomorphic line bundle £ over the K3 target space suggests a relation with
geometric quantization. As was explained in [7], the wave-functions of the Hilbert
space obtained by geometric quantization of a Kahler manifold correspond to sections
of a holomorphic line-bundle whose first Chern class is the class of the symplectic form
(which is taken to be the Kahler class). It would be interesting to formulate a more
precise connection between the ground states of a compactification with a mirror-
symmetry twist and geometric quantization. Such a connection should also contain a
dictionary for mapping operators on the o-model side to operators on the geometric
quantization side. We have begun to explore such a connection in §6, and we suggested
that it might come about as follows. In a o-model with a target space that is a 7"
fibration over a 2n-dimensional base, consider compactification on S* with a mirror-
symmetry twist (realized locally as T-duality on the fiber) augmented by a suitable
geometrical twist that is induced by an isometry of the base with isolated fixed points.
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For a suitably chosen geometrical twist, the Hilbert space of ground states might
be identified with the states of geometric quantization of the fibers (which can be
singular) over the fixed points of the geometrical twist. We hope to explore this idea
further in upcoming work.

Our results could have applications to the study of S-duality of 3+1D N = 4
Super-Yang-Mills (SYM) theory. In [40, 42} 41] a compactification of N'=4 SYM on
St with boundary conditions given by a combination of S-duality and R-symmetry
twists was studied, and a possible connection between the low-energy limit and Chern-
Simons theory was suggested, but is not very well understood or established. (See
also [80] for another interesting approach.) The connection with our present setting
appears if we compactify the 3+1D theory on a Riemann surface X, (of genus g),
together with a suitable topological twist. If 3, shrinks first, the SYM theory reduces
to a certain 141D supersymmetric o-model [49, [I5] (and see [59] for a thorough
review and new perspective). The target space is the Hitchin moduli space My [54]
associated with the gauge group G and Riemann surface X, and S-duality reduces to
mirror-symmetry of My. For g > 1 the Hitchin space has (complex) dimension 2(g—
1)dim G (where dim G is the dimension of the gauge group) and can be represented
as a fibration [54] of T2~V dm& gyer a (g — 1) dim G (complex) dimensional base B
(and the fibers are allowed to degenerate over codimension-1 submanifolds of B). It is
therefore interesting to study the ground states of a compactification of this o-model
on S with a mirror-symmetry twist. We expect that there are two kinds of ground
states: (i) those with wave-functions that can be expanded in terms of (holomorphic)
O©-functions of the fibers, with coefficients that are forms on the base (and it should
be possible to map these to the cohomology with coefficients in a suitable line-bundle
over Mpy); and (ii) states with wave-functions that are localized at the degenerate
fibers. We hope to explore this subject and its connection to S-duality of SYM in
more detail in future work.
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Chapter 8

Introduction

A star product is a deformation of an associative, commutative product of func-
tions into a product that is still associative but no longer commutative. The original
motivation behind star products was an alternative theory of quantization; Ref. [9]
and Ref. [10] equated quantization with a deformation of the algebra of classical ob-
servables of functions on phase space, where the O(h) term in the deformation can be
taken to be the classical Poisson bracket (see Ref. [29] for a historical overview and
references therein). Star products were subsequently found to apply in many areas
of physics, including string theory.

From the work of Kontsevich [61], Cattaneo and Felder [18], and many others,
the star product of functions on general Poisson manifolds is well known, in standard
coordinates on R%, to all orders in the deformation parameter. Recently, Ref. [3]
wrote the explicit form (to O(h?)) of a covariant star product of functions on Poisson
manifolds with torsion-free linear connections.

Motivated by the study of noncommutative gauge theories in string theory, we
investigate the deformation of the Z-graded exterior algebra of differential formd'}
Since the O(h) term of the star product on functions is the Poisson bracket, we need
a generalization of the Poisson bracket to differential forms. We use the differential
Poisson algebra discussed in Ref. [21], Ref. [55] and, more recently, Ref. [12], Ref.
[51], and Ref. [50] discusses similar material from the perspective of contravariant
connections; the approach we use is more general (see Ref. [12]). As found in Ref.
[21], Ref. [55], and Ref. [12], endowing a symplectic manifold with a differential
Poisson calculus is equivalent to endowing a symplectic manifold with a connection
I’ that has certain important restrictions, Equations (8.18)-(8.20). Although these
results are already in the literature, we include a brief treatment of the differential
Poisson calculus for completeness.

Modulo the important restrictions due to the differential Poisson calculus, we find
that it is possible to define a covariant star product to O(h?) on the space of differential

!The case of superspace is considered in Ref. [19].
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forms on symplectic manifolds endowed with a differential Poisson calculus, and we
give the explicit form in this note in Equations (8.14]) and (9.5)).

8.1 The Differential Poisson Calculus

For all exterior differential formsﬂ a, 3, and v, a graded differential Poisson algebra
on a Poisson manifold must satisfy the following axioms:

{o, 5} = la] + 15| (8.1)

{a, B} = (=1)*1FH{3, 0} (8:2)

{a, 47} ={a, 0} +{a,7} (8.3)

{a. B Ay} ={a, B} Ay + (=D)PIB A {a, 7} (8:4)

{o 8.7} + (=)L, {y, at} + ()N {a, B3} =0 (8.5)
d{a, B} = {da, 8} + (=1)*{a, dB}. (8.6)

Note that d?> = 0, and we take d to be undeformed. Axioms — give a Z-
graded Poisson bracket. The graded Jacobi identity and the Leibniz rule
constrain the Poisson bracket on differential forms. In particular, on a symplectic
manifold, the differential Poisson bracket between a function f and a 1-form « has
all of the properties of a covariant differential operator in each argument, and thus
defines a connection on the symplectic manifold,

Vx,a={f a},

where X; is the Hamiltonian vector field associated with f. The Leibniz rule (8.6
relates the coordinate variation of the Poisson bivector to the connection coeflicients.
Consider

d{f,g} = {df,g} +{f.dg}, (8.7)

where f,g are both functions. Since this must be true for all functions f, g, the
Leibniz rule (8.7) becomes, in local coordinates,

iy .mjmi _ _imTJ
O = =™ — 7"

(8.8)

where 7% is the Poisson bivector (with inverse w;; on symplectic manifolds), and I'

are the connection coefficients. In terms of the covariant derivative and the torsion,

(8.8) can also be rewritten as Vin¥ = —77 T, 7 — T . From the same connection
. -

'k, one can define two connections V, V with respective curvatures R, R.

coefficients I

For example, . B ’
Vda" = —Ffjdxj Vda® = —F;‘?idxj. (8.9)

2A differential form of degree |a| is a covariant tensor field of degree |a| that is totally anti-
symmetric. In a local coordinate system {z’,...,2"}, a |a|-form « can be uniquely expressed as
o= ﬁailmi‘a‘dx“ A -+ Adzx'lel where the coefficient Qi iy 18 completely antisymmetric.

al
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These connections and curvatures differ when the torsion is non-zero. In this conve-
nient notation, discussed further in the Appendix, the Leibniz rule (8.8) becomes

Vi = 0. (8.10)

Thus 7% is covariantly constant under %, and V is an almost symplectic connectio.
One can use the Leibniz condition (8.8) together with the Jacobi identity for the
Poisson bivector to arrive at a cyclic relation for the torsion:

Y ataimT, = 0. (8.11)
(1/7j7k)
Note that a torsion-free connection is sufficient but not necessary to satisfy (8.11]).

Also note that (8.8) and the Jacobi identity for the Poisson bivector can also be
combined to obtain the following cyclic relation:

vt =0 (8.12)
(4.3,k)
As before, note that a symplectic connection is sufficient but not necessary to satisfy
8.12). If, in addition to V7 = 0, one imposes V' = 0, then T} = 0 and there
is only one covariant derivative V = V. Ref. [12] has a nice proof.
In this note, we do not require V7% = 0.
To find the local coordinate expression for Poisson bracket between two 1-forms,
consider the Leibniz rule again:

{df,dg} = d{f,dg} = d (798 fV;dg) = 79V ,df A V;dg — RY Ad;df Aijdg, (8.13)
where, to get the right-most equality of (8.13), we have introduced a contraction

operato 1 and defined R = 1 Z’“R pdx® A dz®, where }N% wap are the components

of the curvature of V. An 1mportant property R is its symmetry in the upper two
indices, RY = R7*. This is easily shown from [V,,, V,,]7% = 0.

Using the graded product rule, one arrives at the general form of the Poisson
bracket between differential forms:

{a,8} = 19V,a AV, + (1) RY A Ai 3. (8.14)

However, (8.14)) does not satisfy the graded Jacobi identity a priori. Using (8.14]) and
the 1dent1tles R” — Rit, 1’ and , as well as the following two identitie

ViV,a = 2{VZ, Vimta+ 5[V, V] (8.15)

Vi, Vo = —RP.dx® Niya —T) V,a, (8.16)

arm

3In the literature, symplectic connections are additionally taken to be torsionless, but the con-
nection defined here may have torsion.

4The contraction operator 4, is discussed fully in the Appendix. The interior product of a form
a with a vector X has the following relation to the contraction operator: ixa = X¥i,o.

°The brackets {, } in (8.15) are anticommutators.
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we find:

{Oé, {57 7}} + (_1>|a|(|ﬁ|+|7|){ﬁ7 {77 Oé}} - {{Oé, ﬁ}? ’Y} = (817>
(7rm” L, + "0, ™™ + ananﬂm’)via ANV;B ANV oy

—m ™ RE. dx® A (i, AVBA VLY + Vaa AipB ANy + Via AV, A dy7)
VLRI A ((—1)0 AiiB A Voy + (DI A B A iy
_(_1)\a|+|ﬁ\ija AVmB A im)
—(=1)PH(RYT A4 R™ + R™ N ;R™ 4 R™ N i, RI™) N it A B Ay

For this to vanish for all «, 3,7, the connection coefficients F;k must satisfy several

additional conditiond®

R, =0 (8.18)
V.R7 =0 (8.19)
R AiyR™ 4+ R™ A i, R + R™ A i, R*™ = 0, (8.20)

Due to the Leibniz rule, these conditions are not independent. For example, consider
three functions, f, g, and h. Following the argument in Ref. [12], let us define four
functions:

Jo(fr9,0) = {f:{g.h}} +{g. {h. f}}+{h.{f. g}}
Ji(f.g9,0) = {f.{g,dh}} +{g.{dh, f}} +{dh.{f. g}}
Jo(fr9,h) = {f.{dg,dh}} +{dg,{dh, f}} —{dh,{f dg}}
J3(f.g.h) = {df,{dg,dh}} + {dg,{dh,df }} + {dh,{df,dg}}.

These functions J;( f, g, h) are obstructions to the graded Jacobi identity. Jo(f, g, h) =
0 gives the Jacobi identity for the Poisson bivector. Note that because the Leibniz
rule holds,

dJO(faga h) = Jl(faga h) + Jl(g7 h7 f) + Jl(h7 fag)

So, Jo(f,g,h) = 0 implies that the cyclic permutation of J;(f, g, h) is identically zero.
Similarly,

dJl(fagah) = JQ(f7g7 h) - JQ(ga ha f)v
and, due to the definition, Jy(f, g, h) = Jo(f, h,g), we have,

dJl(faga h) = JQ(fvgv h) - JQ(gaf’ h)

6The classical Yang-Baxter equation (CYBE) is given by [ria,713] + [r12,723] + [r13,723] = 0 in
tensor product notation, where [,] is the matrix commutator Ref. [38]. Using R}, = R)} = —R;’
one can verify that 1} implies that R’ satisfies the CYBE.
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When Ji(f, g,h) = 0, this implies that J5(f, g, h) must be completely symmetric in
its arguments. Finally,

d‘]Q(f7 g, h) = J3(f7 g, h)7
so if Jo(f,g,h) = 0, then J3(f,g,h) = 0. Therefore, (8.20) contains no new con-
straints; (8.20]) is implied by the Leibniz rule, the Jacobi identity for the Poisson
bivector, the vanishing of R, and the covariant constancy of R¥.
If, in addition to obeying the Leibniz condition and (8.18)-(]8.20)), the connection

happens to be torsionless, then Ris identically zero. This is obvious from Equation
(A.7) in the Appendix. In the torsionless case, the Poisson bracket reduces to

{a, B} =0 = """V AV, 5.
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Chapter 9

A Covariant Star Product for
Exterior Differential Forms

On symplectic manifolds M, we deform Q*(M) to Q*(M)][[h]]. Elements of Q*(M)][[A]]
are formal power series in i with coefficients in Q*(M): o = ag+>_ -, F"a,. A prod-
uct of differential forms in Q*(M)[[A]] is a “covariant star product of differential forms”
if it satisfies the following properties for «, 3,y € Q*(M)][A]]:

1. The product takes the form: ax3 =aAfB+> - h"Cy(a, 3) where the C,, are
covariant bilinear differential operators of at most order n in each argument.
The C), are polynomials of order n in the Poisson bivector.

2. The product is associative: (ax ) xv = a* (f*7)

3. The order A term is the differential Poisson bracket for forms ([8.14]).
4. The constant function, 1, is the identity: 1xa=ax1 =«

5. The C,, have degree zero: |Cy(a, )| = |a| + |3

Condition [3| means that the symplectic manifold M is endowed with a connection,

I, that obeys the requisite restrictions (8.10]) and ({8.18)-(8.20]). Note that we require
the Leibniz rule only at O(h) of the star product.

9.1 Hochschild Cohomology and Associativity

The associativity condition at O(h") can be expressed as a condition on the
Hochschild coboundary of C,,; this is well-known in the literature, but we review it
briefly for completeness. For a Z-graded associative algebra A = ®,czA7, where A7 is
homogeneous of degree j, let a; € Al*l. If C is a Hochschild p-cochain, it is p-linear in
i, . .., a, and homogeneous of degree |C| such that C(ay, ..., q,) € AlC¢HFlalt+lasl,
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The Hochschild coboundary of C, §5C, is a (p + 1)-cochain. For a p-cochain C' of
degree |C|, 0y C is given by:

[y

p—

(65C) (g, ...y a) = (=Dl Clay, .. a,) +Y (1) Clag, . .., ajayir, .. op)

<
I
o

+(—1)p+10(a0, ey Oz(pfl))ozp

A Hochschild p-cochain C' is called a Hochschild p-cocycle if (65C) = 0. Like all
coboundary operators, §% = 0. For Z% (A, A) the space of p-cocycles, and BY, (A, A)
the space of p-cocycles that are coboundaries of (p — 1)-cochains, the Hochschild
cohomology space is Hi (A, A) = Z¥ (A, A)/ B (A, A).

The C,, in the star product are Hochschild 2-cochains of degree zero. The cobound-
ary of a Hochschild 2-cochain of degree zero is:

(0rCh)(a, B,7) = a A Cu(B,7) = Cula A B,7) + Cola, BAY) — Cula, B) Ay

The associativity condition at O(h™) can be written as:

GuC)(, B,7) = > (Co(Ci(a,B),7) = Col(a, Cs(B,7)))  Yn=1. (9.1)

r4+s=n;r,s>0

Note that the right-hand side of (9.1)) is a 3-cocycle, since §%C,, = 0. Obstructions
to extending the deformation are in Hy (Q*(M),Q*(M)), the space of Hochschild
3-cocycles that are not coboundaries.

9.2 Chevalley Cohomology and Associativity

Chevalley cohomology has implications for both associativity and equivalence;
this is well-known in the literature, but we review it briefly for completeness. For
a Z-graded associative algebra A = @®;cz A7, where A7 is homogeneous of degree j,
let o € A%l Let o denote a permutation of {1,...,p}, let (o) denote the sign of

the permutation, and let €,((0) denote the sign of o acting on {ay,...,a;} in the
graded sense. If C'is p-linear in ay, . . ., o, one says that C' is symmetric (respectively
antisymmetric) in oy, ..., q, if,

C(Ozg(l), ce ,Ozo(p)) = €|a|(0)0(041, ce ,Oép)
(respectively Clas), - 0op) = €(0)ep)(0)C(ay,. .. ,ozp)>.

This is equivalent to, for all 4,

Clo, .oy g1, Qo) = (—1)'“”“”“'0(041,...,ap)
(respectively Clog, .oy Qig1, Qo) = —(—1)'“”‘0‘”1‘0(@1,...,ap)).
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Let the Z-graded associative algebra A be equipped with a Z-graded Poisson
bracket {,}. If C' is a Chevalley p-cochain, it is p-linear, antisymmetric, and ho-
mogeneous of degree |C| such that C(ay,...,q,) € AlCHalt-+lal The Chevalley
coboundary dcC' of C'is (p + 1)-linear and antisymmetric:

(6cC) (g, - - -y p) =

Z(—l)"qcu(z} 0...0...p)(=1)la; Clag,...a...,a,)}

=0
+ > (4,0, i p)(—1)C (o gt a0, G G y)
0<i<j<p

and 02 = 0. A Chevalley p-cochain is called a Chevalley p-cocycle if (6cC) = 0.
For Z%.(A, A) the space of p-cocycles, and Bf(A, A) the space of p-cocycles that are
coboundaries of (p — 1)-cochains, the Chevalley cohomology space is HA(A, A) =
Z8(A, A)/BL(A, A).

The antisymmetric part of the associativity relation (9.1)) at O(h?) requires that
the antisymmetric part of Cy(«, 3), C5 («, 3), be a Chevalley cocycle:

0 = Skew((6rCs)(e, 5,7)) = =4(0cCy ) (a, 5, 7). (9.2)

Note that this argument could be extended to O(h¥).

9.3 Star Product Equivalence

Two star products, * and ¥ with C;(a, 3) and C;(a, 3) respectively, are formally
equivalent if there exists a differential operator 7' of degree |T| = 0 of the form
T =id+ Y 7 h"T, such that

T (0%6) = T (a) * T (5).

The equivalence condition at O(h") is:

<5HTH)(0576> - Z Ts(ar(a7ﬁ))_ Z Cr(Ts(a>7ﬂ<ﬂ)) (93>

r4+s=n;s<n r4+s+t=n;s,t<n

If two star products are equivalent to O(A™), then the condition for extending the
equivalence is that a Hochschild 2-cocyle constructed from the T}, £ < n must be a
Hochschild coboundary of 7},.1. Note that the right-hand side of is a Hochschild
2-cocycle. Obstructions to equivalence are in Hz(Q*(M), Q*(M)).

If two star products, Cj(a, ) and Cy(a, 3), are the same at O(h) and equivalent
to O(h?), then the associativity relation at O(h?) requires that

(05 C2) (e, B,7) = (6uCa) (e, B,7). (9.4)
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The difference between Cy(a, 3) and Cy(a, 3) must be a Hochschild cocycle, which
can be parameterized the following way:

62(06,ﬁ) = 02(057ﬁ> + C;(Oéaﬁ) + C;(@aﬁ> + (6HT2)(a7ﬁ>7

where C5 (o, 3) is an antisymmetric Hochschild 2-cocycle that is an derivation in each
argument and C3 (a, 3) is a symmetric Hochschild 2-cocycle that is not a Hochschild
coboundary. The symmetric Hochschild coboundary part is given by (d573)(a, 3).
Also, C5 (o, ) must also be a Chevalley cocycle, due to .

If Cy(cr, 3) and Cs(a, B) are to be equivalent star products at O(h?) , then (9.3)
requires that, for

T(a) = a+ KTy (a) + B2 (—Tg(oz) + %Tl(Tl(oz))) +o

Ty () must be a Hochschild cocycle, Cf (o, 3) = 0, and C; (c, ) must be a Chevalley
coboundary of T;:

02_(()‘76) = _(5CTI)<O‘=5)'
Note that this argument can be extended to O(h*).

Thus, antisymmetric obstructions to equivalence at O(h?) are given by HZ(Q*(M), Q*(M)),
and symmetric obstructions are given by symmetric terms in Hz (Q*(M), Q*(M)).

9.4 Explicit Form of ax 3 to O (hZ)

A star product which satisifies Properties to O (h?) for two arbitrary forms
a, f has the following Csy(a, )):

Cs(a, B) = tn7™" Vi Ve AV, VL6 + 3 (7Y 7 (9.5)
H3rm P TIN (V,,Via A V8 = Via AV, V;8) + (1) ™™ A Vi A Vi 8
LRI A R™ Nijiger Nijin — LR A i R™™ A (1) igia A i 4 imar Adiin3) .

Properties |1/ and are manifestly satisfied by (8.14)) and (9.5)); a lengthy calculation

verifies (8.14]) and (9.5)) also satisfy Property , given by Equation (9.1):

(0C2)(a, B,7) = CL(Ci(e, B),7) — Ci(e, C1 (B, 7)) (9.6)
= 3797 ({Vi, Vi ba AVLB AV = Via AVBA{V,, V;}17)
— (""", %wmwjpng)Via ANVuBANVjy
+r R (=) o A i B A Vioy + (=15, 0 AV, B A iy
—(=D)IPIV,a A B A Viy — (=1 P00 AV, B AV,
—(=DPIRY A4 R™ Ao N8 Ay
+RTAR™ A (1) Plisima A A iy — (=D a0 A B Adigy),
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where the brackets {, } in (9.6) are antlcommutators To arrlve at this result, we have
used Equations 8.11b, (|8.12 R = R, - and } and the identities
A.2), (A.4), (8.15)), and (8.16]). Indeed, (9.5) was constructed by ansatz to satisfy
9.6).

Note that if the connection on M is torsionless, then the connection V is a flat
symplectic connection, and the star product reduces to

ax flr—o = af + ™" Vo AV, 8+ BAr77™"V,V,,a AV,;V, 6+ O (1) .

In flat space with a, 3 restricted to functions, this reduces to the first three terms
of the case considered in Theorem 5 of Ref. [9]. Indeed, if the connection is a flat
symplectic connection, then the following product between differential forms will be
associative to all orders:

Oz*mTO—ZT,ﬂ'“jl.. TNV a AV, LY
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Chapter 10

Conclusion

In this note, we present a noncommutative deformation (the star product) of the
graded algebra of exterior differential forms to O (h?). We review and then use the
graded differential Poisson bracket at O (h), and at O (h*) we give (9.5). We
verify that this star product satisifes all the necessary properties, such as associativity,
to O (h?).

The results of this paper may be generalized in at least four directions. One could
examine the Chevalley and Hochschild cohomologies and determine if this star prod-
uct is unique up to equivalence at O (h?) and if there are obstructions to extending
the star product to O (h?). Barring possible obstructions, it should be possible (albeit
laborous) to find the explicit star product for differential forms to O(h?) using the
associativity relation . These calculations are in progress. Thirdly, one could
look for a proof that this formal star product exists to all orders. Finally, one could
apply this star product between differential forms to physics, such as gauge theories
on noncommutative spaces, or generalizing the Seiberg-Witten map [78].
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Appendix A

Appendix to Chapter [11

A.1 The Contraction Operator

The operation i;, o, for a an |a|-form, denotes:

|o]
Z'ij[ = ﬁ Z(_1)m+1aj1...jm...j|a‘dle Ao Adaim Ao A dxj\al, (A]_)
m=1

—

where dxim means to omit dz’m. Note that the interior product of a vector X and
a an |a|-form can be denoted in coordinates using this contraction operator: ixa =
XM Similarly, i,i,«, for o an |a|-form, denotes:

InlmQ = mamnﬁmwdﬂs A Adadlel = —iina. (A.2)

And, applying (A.1)) to a wedge product, we see that the contraction operator is an
anti-derivation:

im(aAB) = imanB + (=) Ady,B. (A.3)

Furthermore,

Vine = (

|a‘1_1)lvm04nj2.,.j\a|d.’lf‘j2 FANKIRIIVAN dl'j‘a‘ - vaka (A4)

Note also that we take the wedge product to act on objects that are not strictly
differential forms, like V,,a and i,,a. Objects such as V,,a A V,, mean:

Vi AVaf = iz (Vin@)i i, (VB .oy dz™ A oo Ad'l el Ada? A A da?1?)

where the m,n indices are not antisymmetrized with the ¢, 7 indices.
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A.2 The connections V, v

We define two connections from the same connection coefficients T'¥,
The curvature for these two connections are:

ij» as In .

Ly = O —ort 4T T T T
:nab - @arinb_abrma+F€aFmb_szana

The torsion T, = I'}; — I'j;.
As noted in Ref. [21], [55], the difference between these two curvatures can be
written as:
wij — By = =Vl — V;Tg + Tk:bTb + Ty, Tgbk; + Tﬁ)Tm (A.5)
This makes it easy to see that with a torsion-free connection, R and R are equal, but

when the torsion is non-zero, R and R can differ.
The first Bianchi identity is:

> O Ri= > (TuTh+ViTs) . (A.6)

(1,5,k) (1,5,k)

Since in our case the curvature R is zero, (A.5) and ([A.6) give a nice relation between
the curvature R and the torsion:
= Vi T} (Ry;; =0). (A7)

a
kij kij
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