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ABSTRACT OF THE DISSERTATION

Interactive Schemes in Information Theory and Statistics

by

Yu Xiang

Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)

University of California, San Diego, 2015

Professor Young-Han Kim, Chair

The ever-growing Internet, among other things, provides abundant evidence
that we are living in a world of interaction. It is thus of great importance to un-
derstand the benefits of interaction in our lives. In this thesis, we investigate the
role of interaction in information theory and statistics via three concrete problems:
distributed inference, point-to-point channel communication, and communication
over networks. First, we consider a classical hypothesis testing problem in a dis-
tributed setting, where communication constraints are present. More specifically,
two distributed agents, having only partial access to some random data set, are
required to perform a hypothesis test regarding the joint data distribution by

communicating their observations with each other. The goal is to characterize the
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optimal tradeoff between the testing performance and the communication budget.
We formulate an interactive version of this problem, where the two agents are al-
lowed to communicate in multiple rounds before making a decision. Interestingly,
the testing performance can be strictly improved given the same communication
budget. Moreover, we study a sequential version of the interactive hypothesis
problem which further improves the testing performance. Second, we investigate
the role of interaction in the reliability of communication by studying the opti-
mal coding over the Gaussian channel with noisy Gaussian feedback. While it is
well known that the reliability of communication can be strictly improved through
noiseless feedback, the theoretical understanding of the benefits of noisy feedback
is yet far from being complete. We propose two coding schemes that enable strict
improvement of the reliability of communication when the noise power in feedback
channel is smaller than a certain threshold. Finally, we study the impact of in-
teraction on relay networks. In particular, we focus on a network communication
problem, in which one nodes wishes to broadcast a common message to all the
other nodes in the network. Typically, relaying schemes are non-interactive, which
can be improved by two-round interaction schemes. We investigate this problem
beyond the two-round case and demonstrate via a simple example that infinite

rounds of interaction can further improve upon finite rounds interactive schemes.
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Chapter 1
Introduction

With the rapid advances of technologies, ranging from wireless communi-
cation and embedded systems to the Internet and microelectromechanical systems
(MEMS), a vast majority of humans and devices are being connected with each
other. This “Internet of things (IoT)”, not only enables information being col-
lected at a speed and scale unimaginable before, but more importantly, creates
unprecedented opportunities for interaction among all the participants. Consid-
ering the fact that billions of people interact through social media like Youtube
and Facebook everyday and the number of mobile-connected devices exceeded the
world’s population, we are indeed living in a world of interaction. It is thus of
great importance to explore the impact of interaction so that we can leverage it to
facilitate our understanding of the world.

Even though interactive models are more relevant and natural to real world
problems than non-interactive models, they have not been the main focus in both
information theory and statistics for different reasons. In information theory, the
main focus has been traditionally on one-way setups starting from Shannon’s sem-
inal work on the point-to-point channel to many classical network information
theory problems. The lack of investigation is also partly due to the technical diffi-
culties arising from the interactive models. In statistics, one of the key assumptions
of most classical problems is that one has access to all available data, which leaves
little room for interaction between multiple parties. However, interaction comes

into play for distributed statistical problems, which are becoming more and more



common in the real world.

In this thesis, we investigate the role of interaction in both information
theory and statistics through three setups: distributed inference, point-to-point
channel communication, and communication over networks.

In Chapter 3, we consider the impact of interaction on distributed hypoth-
esis testing. With advances in technology, a massive amount of data are collected
and stored daily. However, the sheer amount of data stored at each data center
makes collaborative data processing and analysis across distributed data centers a
challenging task. These new challenges motivates us to revisit the classical prob-
lem of (one-way) distributed hypothesis testing with communication constraints,
where the goal is to characterize the optimal tradeoff between the testing perfor-
mance (type-II error exponent) and the communication budget (rate). In the hope
of improving the testing performance given the same communication budget, we
formulate the interactive version of this problem, in which the distributed agents
are allowed to communicate with each other in multiple rounds to perform the
hypothesis test. For testing whether the observed data at the distributed agents
are generated independently or not, we establish a computable characterization
of the optimal tradeoff, which generalizes the one-way case. It turns out that,
given the communication budget, interaction enables strictly improvement of the
testing performance over the one-way case. Moreover, based on the results of our
interactive hypothesis testing problem, we show that when the distributed agents
are allowed to stop early and make their decisions, the testing performance can be
further improved.

In Chapter 4, we study the impact of interaction on the reliability of com-
munication. In particular, we focus on a point-to-point Gaussian channel with
feedback. Instead of assuming that the sender has full access to what the receiver
observed through a noiseless feedback channel, we consider that the feedback chan-
nel is corrupted by Gaussian noise. Unlike the noiseless feedback case, the noise in
the feedback channel prevents the sender and the receiver from fully cooperating
with each other. The goal is to leverage the noisy feedback channel to improve the

reliability of communication. Our main contributions are two coding schemes that



enable strict improvement of the reliability when the noise power in the feedback
channel is less than a certain threshold. Both schemes have their own strengths
and outperform each other for different ranges of system parameters.

In Chapter 5, we investigate the role of interaction in relay networks. In
particular, we study a broadcasting network model, in which one node broad-
casts a common message to all the other nodes in the network. Existing re-
laying schemes including decode—forward, partial decode-forward, hash—forward,
compute-forward, and compress—forward are all non-interactive. It is known that
two-round interactive relaying can outperform all the non-interactive *—forward
schemes. We investigate the benefits of interaction beyond the two-round case.
Based on recent results on interactive computing, we demonstrate via a simple
example that infinite rounds of interaction can further improve upon the existing

finite round schemes.



Chapter 2

Preliminaries

2.1 Notation

We closely follow the notation in [EGK11].
Sets, Scalars, and Vectors

We use lower case letters z, v, ... to denote constants and values of random
variables. We use 2/ = (z1,22,...,xj) to denote a j-sequence/vector. Sometimes
we write x,y, ... for constant (column) vectors with specified dimension and z;
for the j-th component of x. Let x(i) be a vector indexed by time i and z;(i) be
the j-th component of z(i). The sequence of these vectors will be then written
as " = (x(1),x(2),...,z(n)). Calligraphic letters X,}, ... will be used for finite
sets, and |X| denotes the cardinality of the finite set X . The following notation
for common sets will be used: R? is the d-dimensional real Euclidean space and
C? is the d-dimensional complex Euclidean space. For a pair of integers i < j, we
define [i : j] = 4,9+ 1,...,j. For a pair of real numbers b > a, [a,b] denotes a
continuous interval.
Random Variables and Vectors

We use upper case letters X, Y, ... to denote random variables. The random
variables may take values from finite sets X,Y,... or from the real line R, or
from the complex plane C. The probability of the event {X € A} is denoted
by P{X € A}. In accordance with the notation for constant vectors, we use the

notation X; = (X, Xo, ..., X;) to denote a j-sequence/vector of random variables.



The subset of random variables with indices from J C [1 : n] is denoted by
X(J) = (X; : j € J). Similarly, given k random vectors (X7, X%, ..., XF)
XM(T) = (X0 j€T) = (Xi(T), Xa(T), . XulT)).
Information Measures

We use H(X) to denote the entropy of a discrete random variable X, and
h(X) to denote the differential entropy if X is continuous. The mutual information
between two random variables X and Y is denoted by [(X;Y). The relative
entropy (KullbackLeibler divergence) between two probability distributions P and
Q is denoted by D(P||Q).

In particular, for X ~ p(x) and e € (0,1), we define the set of e-typical
n-sequences z" (or the typical set in short) [OR01] as

TIN(X) = {2 : |#{i: 2, = 2} /n — p(x)| < ep(z) for all x € X}

We say that X — Y — Z form a Markov chain if p(z,y, 2) = p(z)p(y|x)p(z|y),
that is, X and Z are conditionally independent of each other given Y.

2.2 Hypothesis Testing

In this section, we briefly review some basic results on the hypothesis testing
problem. In particular, we focus on the simple vs. simple hypothesis testing
problem.

Suppose that one observes a sequence of n random variables X"=(Xj,
Xo,..., X,,) that are independently and identically distributed (i.i.d.) according

to some unknown distribution, which has two possibilities

Hy: X ~ P(x)
Hl . X ~ Q(ZIZ’),

where Hj denotes the null hypothesis and H; denotes the alternative hypothesis.
Based on X", one can make a decision iL(X") € {0, 1}, where 0 correspond to Hy
is true and 1 to H; is true. Let A, = {z" : h(2") = 0} denote the set of z™ that

Hj is accepted. We call A,, as acceptance region and .A¢ as rejection region.



The two hypotheses incur two types of errors as follows. The type-I error,
denoted a,, = Po(.AS), which is the probability that the H; is declared to be true
when Hj is true. Similarly, we have the type-1I error, denoted 3, = P;(A,), which
is the probability that the H is declared to be true when H; is true.

In the Neyman—Pearson framework, one tries to minimize the type-II error
given that the type-I error is smaller than some small constant e. The famous
Neyman—Pearson lemma says that the optimal test is the likelihood ratio test.
Instead of minimizing the type-II error for any finite n, we consider maximizing

the type-II error exponent when the n grows to infinity.

Lemma 2.1 (Stein’s lemma). For some 0 < e < 1, let

Then we have
) 1 .
lim —glogﬁn(@ = D(P||Q).

n—oo
In the following, we provide an alternative proof of Stein’s lemma using the
(strong) typical set instead of using the relative entropy typical set as in [CT06].

When it is clear from the context, we will use 72" instead of 72(")(X ).

Lemma 2.2. Let P(z") = [[_, P(xz;). Then for each z" € T and any other
distribution @ on X,
1. P(z")
D(P||Q) = 6(e) < =10
(PI@) ~3(6) < S log 1

for some 0(€) such that 6(¢) — 0 as e — 0.

< D(P||Q) + 4(e),

Proof. If 2 € T, we have by definition of 7. that
(1—¢€)P(z) <m(z|z") < (14 €)P(x).
Let g(x) be any function on X, define the following two sets:
Xt :={x:g(x) >0} and X~ :={z: g(z) < 0}.
Thus we have,

Y (A =oP@)g(@) < Y wlzla")g(z) < Y (1+)P(a)g() (2.1)

zeXt zeXt reXt



and
Y (+eP@)gle) < Y wala™)g(x) < > (1—e)Pla)g(x).

Summing up (2.1) and (2.2), we have

n

E(9(X)) — 8(6) < 3" () < E(g(X) +5(e)

where §(e) = (D, cp+ P(x)g(x) =Y c- P(2)g(2)). Choose
g(x) = log(P(z)/Q(x))
and since P(z") =[], P(z;) and Q(2") = [[;—, Q(z;), we have

s < Lo P
DIPNQ) = ole) = T log 3y

< D(P||Q) + d(e).

Based on Lemma 2.2, we show the following properties of the 7.

e Let P(z") =[[;—, P(x;). Then for each 2" € 7™
P2 PPIQH©) < O(3m) < P(zm)2-"(PIPI-5),
o P(TA™) > 1 — ¢ for n sufficiently large.
o Q(TIMY < 9-n(DPIQ+5(E).
o QT™) > (1 — )2~ PR for p sufficiently large.

The first two properties are trivial. The third one follows from

:E"GT(n)

< 3 P2 P@l-s)
x"ET(n)

— 9—n(D(P[|Q)=4 (72 )

< 9=n(D(PIIQ)=-5(e)),

(2.2)



The fourth one follows from

:E”GT(n)
> Z ") 9—n(D(Pl|Q)—=d(e))

w7L€7;(n)
_ 9-n(D(PIQ)=8(e) p(7(m)
> (1 — €)2-"D(PIR)=5(e)

for n sufficiently large.

Lemma 2.3. Let B, C X™ such that P(B,) > 1 —¢. Then for any other distri-
bution Q on X such that D(P||Q) < oo, we have Q(B,) > (1 — 2¢)27 P FlIQ)+3(e))
for n sufficiently large.

Proof. Since P (72(")) > 1— ¢ for n sufficiently large and P(B,,) > 1 —¢€ by assump-
tion, we have P(B, N 72(")) > 1 — 2¢ for n sufficiently large. Now

Q(Ba) > Q(B,NT™)

= ) QLM

€ BT

> Y Py IO
BN 7™

IR S ply

Bp,NT™
> (1 _ 26)2—N(D(PHQ)+5(6))'

O

Now we prove Stein’s lemma using the (strong) typical set instead of the

relative entropy typical set.

Proof. For achievability, we choose A, as 7™ As proved before that P(AS) < e
for n sufficiently large. Also

lim ——10gQ( ") = D(PJ|Q) — b(e).

n—o0



To show the converse, consider any set B,, C X™ such that P(B,) > 1 —¢, we have
Q(B,) > (1 — 2¢)27MPPlRI+) from lemma 2.3, and therefore

lim — > log Q(B,) < D(P||Q) + 5(¢).

n—oo M

2.3 Technical Lemmas

In this section, we introduce three technical lemmas without proof.

2.3.1 Covering Lemma

Lemma 2.4 ([EGK11]). Let (U, X, X) ~ p(u,z,&) and € < e and (U™, X™) ~
p(u™, x™) be arbitrarily distributed such that

lim P{(U", X") € T (U, X)} =1,

n—o0

and let X™(m) ~ H?zl,pX|U(i'i|ui),m € A, where |A| > 2% be conditionally
independent of each other and of X™ given U™. Then, there exists (¢) — 0 as

e — 0 such that

lim P{(U", X", X"(m)) & T.™ for allm € A} =0,

n—oo

if R>I(X; X|U) 4 d(e).

2.3.2 Markov Lemma

We present a version of Markov lemma.

Lemma 2.5 ([Tun78] and [EGK11]). Suppose that X —Y — Z from a Markov
chain. Let (2", y") € 7?") (X,Y) and Z™ ~ p(z"|y"), where the conditional pmf
p(2"|y") satifies the following conditions:

lim P{(y",Z2") € T\ (Y, Z)} = 1

n—oo
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and for every 2" € 7;5")(Z|y”) and n sufficiently large

2—n(H(Z|Y)+5(E’)) < p(zn|yn) < 2—n(H(Z|Y)—6(E’))

for some 6(€') that tends to zero as € — 0. Then for some sufficiently small € < e,

lim P{(2",y", Z") € T"(X,Y, Z)} = 1.

n—oo

2.3.3 Blowing-up Lemma

Let 2", y" € X™ and d(z",y") be their Hamming distance. For A C X"
define the [-neighborhood of A as

[(A) = {z" : min d(z",y") < 1}.

yneA

Lemma 2.6. Let X" ~ Pxn = [[;_, Px, and ¢, — 0 as n — oo. There exist 0y,
and n, (both go to 0 as n — o0o) such that if Pxn(A) > 27" then

Pxn(Tps, (A) > 1 —n,.



Chapter 3

Interactive Hypothesis Testing

with Communication Constraints

In this chapter, a hypothesis testing problem with communication con-
straints is studied, in which two nodes separately observe one of two correlated
sources and interactly communicate with each other in ¢ rounds to decide between
two hypotheses on the joint distribution of the sources. The optimal tradeoff be-
tween the communication rates in ¢ rounds interaction and the testing performance
is measured by the type II error exponent such that the type I error probability
asymptotically vanishes. When testing against independence, that is, the joint
distribution of the sources under the alternative hypothesis is the product of the
marginal distributions under the null hypothesis, a computable characterization of
the optimal tradeoff is obtained. An example is provided that shows that a two-
way test strictly outperforms the optimal one-way test and thus that interaction

helps for hypothesis testing.

3.1 Introduction

Berger [Ber79], in an inspiring attempt at combining information theory and
statistical inference, formulated the problem of hypothesis testing with communi-
cation constraints as depicted in Fig. 3.1. Let (X7, X3) ~ [, px1.x, (215, To;)

be a pair of independent and identically distributed (i.i.d.) n-sequences generated

11
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by a two-component discrete memoryless source (2-DMS) (X, X3). Suppose that
there are two hypotheses on the joint distribution of (X, X5), namely,

Hy : (X1,X2) Npo(thb’z)a
H (X1,X2) Npl(thb’z)-

In order to decide which hypothesis is true, nodes 1 and 2 that observe X{' and
X7, respectively, compress their observed sequences into indices of rates R; and
Ry, and communicate them over noiseless links to node 3, which then makes a
decision H € {Hy, H,} based on the received compression indices. What is the
impact of communication constraints on the performance of hypothesis testing?
To answer this question, Berger [Ber79] studied the optimal tradeoff between the
communication rates and the testing performance that is measured by the exponent
of the type II error probability such that the type I error probability is upper
bounded by a given € < 1. Despite many natural applications, however, theoretical
understanding of this problem is far from complete and a simple characterization

of this rate-exponent tradeoff remains open in general.

R
X{'— Node 1 ! >

Node 3 ——=H

R
X3 — Node 2 2 >

Figure 3.1: Multiterminal hypothesis testing with communication constraints.

In their celebrated paper [AC86], Ahlswede and Csiszar studied the special
case in which the sequence X7} is fully available at the destination node, i.e.,
Ry = oo. They established single-letter inner and outer bounds on the optimal
tradeoff and showed that these bounds are tight for testing against independence,
i.e., the alternative hypothesis H; is p;(z1,x2) = po(z1)po(z2). Later, Han [Han87]
and Shimokawa, Han, and Amari [SHA94| provided a new coding scheme that
improves upon the Ahlswede and Csiszar inner bound for the general hypothesis
testing problem. The Shimokawa—Han—Amari scheme is similar to the Berger—

Tung scheme [Tun78], [Ber78] for the distributed lossy source coding problem,
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where node 1 and node 2 perform joint typicality encoding followed by binning.
A more comprehensive survey on the earlier literature can be found in [HA9S].
Several variations of this setup have been studied, including successive refinement
hypothesis testing [TCO08| and testing against conditional independence [RW12].

This chapter studies an interactive version of hypothesis testing with com-
munication constraints. Two nodes communicate with each other in ¢ rounds
through noiseless links and one of the nodes is to perform hypothesis testing at
the end of interactive communication. For the special case of hypothesis testing
against independence, we establish a single-letter characterization of the optimal
tradeoff between the communication rates and the type II error probability when
the type I error probability is arbitrarily small. Part of this chapter has been
reported in [XK12] and [XK13b].

The rest of the chapter is organized as follows. In Section II, we review
the problem of one-way hypothesis testing with communication constraints. In
Section III, we formulate the problem of interactive hypothesis testing with com-
munication constraints and present our main theorem. In Section IV, we compare
the interactive hypothesis testing problem with the interactive lossy source coding

problem by Kaspi [Kas85].

3.2 Omne-way Case

As before, let (X7, X5) ~ [T, pxy.x, (215, T2;) be a pair of i.i.d. sequences
generated by a 2-DMS (X7, X3) and consider hypothesis testing against indepen-

dence

Hy : (X1, X3) ~ po(x1, 72),

Hy @ (X1, Xa) ~ pi(21, 72) = po(21)po(r2).

Here pg(x1) and pg(x2) are marginal distributions of py(z1,x2). We consider the
special case of the problem depicted in Fig. 3.1, in which Ry = o0o; see Fig. 3.2.
A (2" n) hypothesis test consists of

e an encoder that assigns an index my(z7) € [1 : 2"%] to each sequence z7 €
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R, -« X7

X['— Node 1 Node 2

\

_pﬁ

Figure 3.2: One-way hypothesis testing with communication constraint.

AT, and
e a tester that assigns h(my,2}) € {Hy, Hy} to each (my, x}) € [1: 28] x A2
The acceptance region is defined as
Ap = {(my,28) € [1: 2] x X2 2 h(my,2) = Hy}.
Then the type I error probability is

Po(A7) = > po(zy, 23)

(z,25):(m1(2) 28 )eAg

and the type II error probability is

Pi(A,) = Z pi(zy, xy).

(x’il 7:1:3):(7”1 (CE{L) 71:3)6"4”

For e € (0,1), define the optimal type II error probability as
5Z(R1, E) = min Pl(An),

where the minimum is over all (271 n) tests such that Po(A¢) < €. Further define

the optimal type II error exponent as

1
Hl(Rl,e) = lim —EIOgB:L(Rl,E)

Theorem 3.1 (Ahlswede and Csiszar [AC86]). For every e € (0,1),
01(R1,€) = I(Uy; Xo), 3.1
1B, 6) p(ul\wl)ir}rzl?ZXI(Ul;Xl) (U35 X2) (3:1)

where the cardinality bound for Uy is [Uy| < | Xy + 1.

We illustrate the theorem with the following.
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1/2 0 03/4 3/40 0 1/2
X, 1/2 Xs X, 2/3 X,
1/2 1 11/4  1/4 1 1 1/2

(a) (b)

Figure 3.3: (a) Forward Z binary sources and (b) backward Z binary sources.

Example 3.1. Consider the following forward Z binary sources (X, X3) depicted
in Fig. 4.4(a), where Xy is the output of Xy through a Z channel and

Px,Xx, (Oa O) = 1/2a Pxy,x, (Oa ]-) = Oa
pXLXz(la O) = 1/4’ pXLXz(la 1) = 1/4'
We now apply Theorem 3.1 and evaluate the optimal type II error exponent

in (3.1). Since [Uy| < |X1| + 1 = 3, we can optimize over all conditional pmfs

p(ui|zy) of the form in Fig. 3.4.

Figure 3.4: Conditional pmf p(u;|x).

Then we have

1
Gl(Rl,e) = max<H1 - 6H2 — ZHg),

where the mazimum is over all (a,b, c,d) such that

1 1
Ry, > H, —§H4—§H2
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and Hy through H, are defined as

i, ::H<a+c b+d Q—a—b—c—al>7

2 7 27 2
Hy = H(c,d,1 —c—d),
a+2c b+ 2d 3—a—b—20—2d)
3 7 37 3 ’
Hy:= H(a,b,1 —a—0).

H312H<

For example, when Ry = 1/2, we have 61(Ry,€) ~ 0.1878. The entire curve of the
optimal type II error exponent, denoted by 607" (Ry,¢€), is plotted in Fig. 4.4(b).

Example 3.2. Now consider the following backward Z binary sources (X1, X5)
depicted in Fig. 8.3(b), where Xy is the output of Xy through an inverted Z channel.
Since |[Us| < 3, we can again optimize over all conditional pmfs p(us|zs) of the form
in Fig. 3.5, which yields

Figure 3.5: Conditional pmf p(us|zs).

1 1
Gl(Rl,e) = max<H1 — §H2 — §H3),

where the mazximum is over all (a,b,c,d) such that

3 1
Ry ZH1—1H2—1H4
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and

4 7 4 7 4
Hy := H(a,b,1 —a—0),
— a+c’b+d’2—a—b—c—d |
2 2 2
Hy:= H(c,d,1—c—d).

::H<3a—|—c 3b+d 4—3&—3b—c—d>’

The entire curve of the optimal type II error exponent, denoted by 07 (R, €)
this time, is plotted in Fig. 4.4(b). Observe that for every Ry € (0,1),

— —
07 (R, ¢) > 07 (Ry, ). (3.2)
035
03} o
0.25¢ s
’/
02t .o
,/
90.15— /’, --- 07
o /o — 07
,,
0.05} ,/
0 ‘ ‘ ‘ ‘
0 0.2 04 06 08 1
Ry

Figure 3.6: The solid black curve corresponds to i (Ry,€) and the dotted red

curve corresponds to 6,7 (R, €).

3.3 Interactive Case

Suppose now that instead of making an immediate decision based on one
round of communication, the two nodes can interactively communicate over a
noiseless bidirectional link before one of the nodes performs hypothesis testing.
We wish to characterize the optimal tradeoff between the communication rates

and the performance of hypothesis testing.
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Ml(X{L’Mlil)
X — >
Node 1 My (X3, MY Node 2 [«—— X7’

H <+— -

Figure 3.7: Interactive hypothesis testing with communication constraints.

As before, we consider testing against independence. Assume without loss
of generality that node 1 sends the first index and that the number of rounds of

communication ¢ is even. A (2"%1 ... 2" n) hypothesis test consists of

e two encoders, one for each node, where in round [; € {j,j+2,...,¢—2+j},
encoder j € {1,2} sends an index my, (z},m5~") € [1 : 2], that is, a

function of its sequence and all previously transmitted indices, and

e a tester that assigns h(m9,z") € {Hy, Hy} to each (m?, z7) € [1 : 201 x
coex [1:2nBa] o x.

The type I and II error probabilities are defined similarly as in the one-way case.

In particular, the optimal type II error exponent is
1
0,(R1,..., Ry €) == lim ——log B; (R, ..., Ry, €).
n—oo N

We establish the optimal tradeoff between the rate constraints and the

testing performance by characterizing 6,(Ry, ..., Ry, €) in the limit.
Theorem 3.2.

q
lim 6, (R, ..., Ry, €) = max ; (U X5, |U'Y), (3.3)

where the mazimum is over all [}_, p(w|u'=*, z;,) with U] < |X;,] - Hé;ll ;| +1
such that
Ry > I(U; X;,|UY

forl e [l:q] and jy =1 ifl is odd and j; = 2 if | is even.

Remark 3.1. By setting Uy = 0 and Ry =0 forl =2,...,q, Theorem 3.2 recovers

the optimal one-way type II error exponent in Theorem 3.1.
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Remark 3.2. When ¢ = 2 we have the following,
lim 0(Ry, By, €) = max(I(Uy; Xz) + 1(Us; X3|Uh)),

where the mazimum is over all p(uy|zy)p(us|ur, z2) with [Uy| < |X1|+1 and |Us| <
| X U] + 1 such that

Ry > I(Uy; X4),
Ry > I(Uy; Xs|Uh).

Remark 3.3. Let 0, := 0,(Ry,. .., Ry, 0+) for simplicity, we can express the opti-
mal tradeoff between communication constraints and the type Il error exponent by
the rate—exponent region that consists of all rate—exponent tuples (Ry, ..., Ry, 0)

such that
Ry > I(U; X, |UY, 1e[l:q],
q

6, < D 1(U; XU
=1

for some pmfs T[], p(w|u!=1, z;,).

1/2 0 0 3/4
X, 1/2 Xo
1/2 1 1 1/4
3/4 0 0 1/2
Y1 2/3 Y,
1/4 1 11/2

Figure 3.8: Double Z binary sources.

Example 3.3 (Interaction helps). This ezample is motivated by [GA10]. We re-
visit the Z binary sources in Examples 1 and 2. Recall that 077 (Ry, €) and 07 (R, €)

denote the optimal type II error exponents for the forward and backward Z binary
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sources, respectively. Now consider the following double Z binary sources as de-

picted in Fig. 3.8, where (X1, Xs) is independent of (Y1,Y3). Let

O2(R, €) = X O2( Ry, R, €).

It can be easily verified that if R € (R*,2R*), where R* = min{R : 0 (R,¢) =

Os(R,€) > 207 (R/2,¢),
while

01(R,€) = 0 (R*,€) + 0~ (R — R, )
(R ) + 07 (R— R, o)
(b)
< 207 (R/2,¢).

where (a) follows by (3.2) and (b) follows by the concavity of 65 (R) over [0, R*] (see,
for example, [AC86, Lemma 1]). For ezample, when R = 3/2, we have 0,(3/2,€) ~
0.5548 and 05(3/2,¢) > 0.5934. Thus there is strict improvement by using interac-

tion.

In the following two subsections, we prove Theorem 2 by establishing achiev-

ability and the weak converse.

3.3.1 Proof of Achievability

Codebook generation. Fix a conditional pmf []{_, p(w/|u'~!, z;) that attains

the maximum in (3.3). Let and po(w|u'=") =Y, po(z;,)p(w|u'~t, z;,). Randomly

Zle
and independently generate 2"% sequences ul'(my|m!=1), m; € [1 : 2"%] each
according to [, po(uu|ui™). These sequences constitute the codebook C, which

is revealed to both nodes.

Encoding for round 1. Given a sequence z} , node j; finds an index m; such that

(uf(ma), uy(malmy), . .. ,ul"(ml|ml_1), x;‘l) € 7:75")
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If there is more than one such index, it sends the smallest one among them. If

there is no such index, it selects an index from [1 : 2"f] uniformly at random.

Testing. Upon receiving m?, node 1 sets the acceptance region A, for Hy to
A = {(m?, ay) « (ui(m), ug (mo|ma), . .. ug (mg|m?™), 2f) € TV},

where 7, = T.0(U9, X,) is defined with respect to po(zy, z2), p(uul=!, ;) for
all [.

Analysis of two types of error. Let M; denote the chosen indices at node j
and 73 < my < --- <1y < 1. Node 1 chooses H # Hy iff one or more of the

following events occur: For [ € [1: ¢],

& = {(UF(My), Ug (M| My), ..., Up (M| M), X7 ¢ T
for all m; € [1: Q"Rl)},
& = {(UF (M), UF(Ma| My), ..., UP(M,| Mo=Y), XT) ¢ T}

For the type I error probability, assume that Hy is true. Then
ap = P(ULEUE) <PE)+PENE) +---+P(NL.ENE).

We now bound each term. By the covering lemma [EGK11, Section 3.7], P(&;)
tends to zero as n — oo if Ry > I(Uy; X1) + d(m1). Now we bound the sec-
ond term. Since 1y > mi, £ = {(UP(My), XT) € T} and XP{UMM) =
uft, X7 =t} ~ T, po(wailus, x1:) = [, po(@ai|x1;), by the conditional typical-
ity lemma [EGK11, Section 2.5], then P{(UT"(M,), X7, X3) € 7772”)} tends to zero
as n — oo. Therefore, again by the covering lemma, P(Ef N &) tends to zero as
n — oo if Ry > I(Uy; X3|Uy) + 6(n2). Similarly, we have P(EfN---&F ;N &) tends
to zero as n — oo if By > I(Up; X;,|U™1) + 6(ny) for 1 € [1: q].

To bound the last term, we use a version of the Markov lemma [Tun7§]
in [EGK11, Section 12.1]. Let

(x?,xg‘,u'f,--- Uy ) € 7;”)
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and consider

PLUG (M| M*™Y) = ug | X7 = o, Ugy (M [ M%) = gy, U (M) =
Xy =5}
= P{UJ (M| M) = ug | Up_y (Mg [M*™?) = wy_y, ... U (M:) =, X3 = a3}

= pluglug 1, ..., uy, ry).

First note that by the covering lemma,

PLUG (M| M*Y) € T (U gy, .. a) |
Ut (Mg [ M%) = gy, U (M) = o, X3 = ah}

tends to one as n — oo, that is, p(ug|uy_,, ..., uf, zh) satisfies the first condition
in the Markov lemma. For the second condition, the following is proved in the

Section 3.6.1.

Lemma 3.1. For every uy € ﬁﬁ")(UQIuZ—l, ul, xB) and n sufficiently large,
pluglug_q, . uy, z5) = 9—nH(Ug|UT™,X3).

Hence, by the Markov lemma,

lim P{(2}, 25, uf, ... uly, UMM, | M1)€ T, |

n—o00 q-1 n

X{L = I?’ Xgl = ZL’S, Uln(Ml) = u?? SR U;—I(Mq—1|Mq_2) = u2—1} =0,

if (uf,...,ul_y,a7,23) € TN, .. Uy, X1, X5) and 5, < n is sufficiently

small. Therefore we have,

lim P(N_,&FNE)=0.

n—oo
For the type II error probability, assume in this case that H; is true. Then
B = P(NL,E NE) = P(E)) P(EIED) - P& NI ENPENL, &) (34)

We now bound each factor. By the covering lemma, P(Ef) tends to one as n — oo

if Rl Z I(Ul;Xl) +5(771) Let

E = {(UF(My), ..., U (M |M'72), X5) ¢ T}, for L € [2: g,
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We have for [ € [2: ¢] that

P(EFI My €)= P(EF N & ik &) + P(EF N &M &)
P(EFNE M &)
P

(EF1&° N ML ER) - PETT M 6. (3.5)

By the covering lemma, the first term in (3.5) tends to one as n — oo if R, >
I(Uy; X;,|UY) + 8(m). To bound the second term, we first make the following

observation and the proof can be found in Section 3.6.2.

Lemma 3.2. If Hy is true, we have

pl(u?—l’ $Z|U7fa ug’ cee >uln—2) = pl(u?—lm?’ uga s >u?—2)pl(xz |u?> US, s au?—2)'

The second term in (3.5) can be upper bounded as follows,

P(élc‘ mi;_zll &) = Z prlu g [ut, o w o) pr(ul,s . gy, xZ)
(W] sty 23 €T

< gn(HU X;)+5(m) | 9=n(HU|U'2)=3(n1) , 9=n(HU'2,X;)=6(m-1))

— Q—H(I(Ulq;le\Ul*z)—(S(m))‘
The last factor in (3.4) can be upper bounded similarly and we have
P(EC| ML, &) < 27U WaXalUH)=d(ma))

In summary, the type I error probability averaged over all codebooks is
upper bounded by n if B, > I(Uy; X;,|U'™) for I € [1 : ¢], while the type II error
probability averaged over all codebooks is upper bounded by

9= (i LU, U 1) =6(nq))
Therefore, there exists a codebook such that

q
O(Ry,... Rye) =Y (Ui X, [UY).

=1

This completes the achievability proof.
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3.3.2 Proof of the Converse

Consider ¢ is odd and let j, = 1 if [ is odd and j; = 2 if [ is even. Given
a (2" .. 2784 pn) test characterized by the encoding functions my, [ = 1,...,q¢,
and the acceptance region A,,, we have by the data processing inequality for relative

entropy that

l—«
D (po(xy, m?)||ps (2}, m?)) > (1 — a)log + alog

B

_e
1-75’
where a := Po(AS), 5 :=P1(A,),

<

xlvmq : Zpo .C(}l,l’2 Hp(ml|ml_1,x§‘-l)

=1

and

Let M;, = my, (2}, MY5~") inround I; € {j,j+2,...,q—24j} for j € {1,2}. Then
by the definition of 8% (Ry,..., Ry, €), we must have
H(M;) <nR, forlell:q|,

a < e,

B<Br(Ry,..., Ry ).

Then,
(1—a)log1_a+ozlog c :(1—a)logl+ozlog ! — H(a)
B 1-p B 1-p
2(1—a)log%—H(oz)

> (1—e)log%—H(a).
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Thus we have the following multiletter expression upper bound as
1
imé(Ry, ..., Ry €) < lim —D(po(z}, m?)||p1(z}, m9)).
e—0 n—oo N

It is easy to verify that

=1 xy =1
[ even | even
q
=) = 5 (e T sl a3))
=1 xy =1
[ even | even

We now prove that

D (po(art, m?)||pr (2, m?) <Y I(My; X, [M'H). (3.6)

Ji41
=1
To show this, we expand the relative entropy term in (3.6) as follows.

D(po(ay, m?)||ps(ay, m?))

-1 n -3 ,.n n
= Z po(z, m?) logpo(mq|mq ,xl)foo(mq_2|mq ’fl)...po(m”xl)
Pl(mq|mq— )pl(mq_2|mq_ ) .. 'pl(m1)

n
x},md

mg|ma=t, ™) po(mg|ma=1) po(mg_s|mi=3, 2"
_ Z pola™, m9) 10g<p0( gl . 1) po(my] _1)]30( =] ik v)
po(mg|ma=t)  pi(me|ma=t)  po(my_o|mi=3)

n
x7,md

po(mgo|m?) po(m1|$’f)Po(m1))

p1(mg—a|mi=3) po(m1) pi(ma)
4q -1
= _[ M 7 Xn Ml_l _|_ ml 10 ZM7 37
; ( l 1| ) % pO( ) gpl(ml|ml_1) ( )
[ even | even

The second term in (3.7) can be upper bounded as

Po ml|m )
ZPO logill
p1(my|mi=1)

m ml—l
=Y po(m'™) D" polmu,mu_g|m'?) logM

pi(my|m!=t)

ml—2 my,my—1
= > po(m!=2)D (po(malm' = )po(m|m'=)|[p (rmulm!=)po(m 1 [m'2))
ml—2

=Y po(m') D (po(my—1|m'~> ZPO (mulm'=*, 25)po(f [m'=")| [po (my—r [m'~?)

mi—2
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=D polmu|m'™ a3)po (x5 |m! )
7

< > po(m! =)D (po(rmu— [m'=*)po(rmulm! =", 2 ypo (a |m' =) [po (my— [m'~2)

ml—2
- po(mulm! ™!, 23 )po(23]m'~?))

= I(M_y; XJ7|M"™2). (3.8)

Thus we have established (3.6). To complete the proof, we single-letterize the
upper bound in (3.6) as

I(My; XPIMY =" I(My; Xq| M, XY
=1

= I(My; Xyl M X X

=1

+ (M X3 M XY — (M X5 M X)
(@) ; j
< ST I(My Xy | ML XL X,

=1

where (a) follows from

I(My; X5~ M X0 — T(My; X5 M XG)
= H(X; M X{) — H(X MY X
— H(X5 ' M"Y XT) + H(X, M, XT)
= [(X57h Xy | M1 X7 — 1(X57H X MY, X
<0.

To bound the rate constraints, consider for [ even,

nR > H(M,)
> I(My; X7, X3 |M'™)
= ZI(MI;X1i7X2i|Ml_17Xi_17X§_l>
=1

> (M Xof| M X XY,

i=1
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When [ > 1 is odd, the rate constraints and the terms in (3.6) can be bounded
similarly. The case of [ = 1 needs to be considered separately and it can be easily

verified that

nR; > Z I(My, X771 X5h Xo)

i=1

I(My; X7) <> I(My, X5 X175 Xu).
i=1
Identify Uy; = (My, Xi7', XY and U, = M, for [ > 2. Define the time-
sharing random variable @ to be uniformly distributed over [1 : n] and independent
of (M?, X}, X7), and let U, = (Q,U), X1 = Xig, and Xy = Xyg. Clearly,
U, — (U7, X;) = X;

jis, form Markov chains. Finally, the cardinality bounds

on U, follow the standard technique, in particular, the one used in the 2-round

interactive lossy source coding problem [Kas85]. This completes the converse proof.

3.4 An Equivalent Characterization of the Opti-

mal Rate—exponent Tradeoff

In this section, we give an alternative characterization of the rate-exponent
region, which reveals an interesting connection between the interactive hypothe-
sis testing problem and the interactive lossy source coding problem described in
Section 3.4.1.

First denote the rate-exponent region in remark 3.3 as R;, which consists

of rate—exponent tuples (Ry,..., R, 0,) such that
Ry > I(Ui; X,;,[UTY), 1e[1:q],
q

Oy <D I(Us X, U
=1

for some pmfs []i_; p(u|u'™*, z;), where j; = 1 if [ is odd and j; = 2 if [ is

even. Define a rate—exponent region R, that consists of rate—exponent triples
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(Ri,..., Ry, 0,) such that

q
9‘1 < Z ](Ul; XjL|Ul_1)>
=1

Ry > I(U; X, |UY — 1(U; X

Ji+1

U, lel:d],

Q

q
S OR—0,>> (I({U; X, |U) = I(U; X;,[U))
=1 =1

for some [, p(w|u'=', z;,), where j; = 1if [ is odd and j; = 2 if | is even. We

can show the following, the proof of which can be found in Section 3.6.3.

Proposition 3.1. The two regions are equivalent, i.e.,

Rl = RQ.

3.4.1 Relationship to Interactive Lossy Compression

In this section, we compare the two-round interactive hypothesis testing
problem with the two-round interactive lossy source coding problem. Consider the
interactive lossy source coding problem depicted in Fig. 3.9. Here two nodes inter-
actively communicate with each other so that each node can reconstruct the source
observed by the other node with prescribed distortions. Kaspi [Kas85] established
the optimal tradeoff between communication constraints and the distortion pair
(Dy, Ds). (See also Ma and Ishwar [MI11] for an ingenious example demonstrating
that interactive lossy compression can strictly outperforms one-way lossy compres-
sion.)

The optimal tradeoff between communication and distortion is character-
ized by the rate—distortion region, the formal definition of which can be found in

[Kas85] or [EGK11, Section 20.3].

Ml(X{L’Ml_l)
Xp—] > X7
Node 1 My (X3, MY Node 2
N - —
(X3, D2) (X7, D1)

Figure 3.9: Interactive lossy compression.
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Theorem 3.3 (Kaspi [Kas85]). The two-round rate-distortion region is the set of
all rate pairs (Ry, Ry) such that

R1 Z ](Xl,Uq‘Xg),
Ry > I(X5; U X,)

for some conditional pmf [}, p(u|u!=t, x;) with U] < | X, - (H;Zl U;|) +1 and
functions 1 (u?, x5) and &1 (u?, x1) that satisfy E(d;(X;, X;)) < D;, j = 1,2, where
J1=114fl is odd and j; = 2 if | is even.

Achievability is established by performing Wyner-Ziv coding [WZ76] in
each round, i.e., joint typicality encoding followed by binning. By contrast, the
scheme we used for the interactive hypothesis testing problem is joint typicality
encoding in each round (without binning). It turns out, however, that this dis-
tinction between binning and no binning is not fundamental. In fact, by using
Wyner—Ziv coding in the interactive hypothesis testing problem, we can estab-
lish that R, characterizes the tradeoff between communication constraints and the
testing performance. The proof for the two-round case (¢ = 2) can be found in
Section 3.4.2 and the general case follows straightforwardly. Therefore, the coding
scheme for ¢g-round interactive lossy source coding leads to an essentially identical
scheme for ¢g-round interactive hypothesis testing. It is refreshing to note that the

same scheme is optimal for both problems.

Remark 3.4. For the one-way case, Shimokawa, Han, and Amari [SHA94] showed
that, by using binning, the the testing performance can be strictly improved given
the same rate. The necessity of binning is also investigated by Rahman and Wag-
ner [RW12] in a slightly different setup, where the test is testing against conditional
independence (the distributed nodes share a common random variable) and they

showed that binning is necessary to achieve the optimal rate—exponent tradeoff.

3.4.2 Proof of Achievability

Codebook generation. Fix the conditional pmf p(u;|z) and let p(uy) = >

xT

p(z)p(us|z). Randomly and independently generate 2% sequences u?(l;), I, €
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[1: 27R1], each according to [T, pu, (u1;). Partition the set of indices 1 € [1 :
2”R1] into equal-size subsets referred to as bins B(my) = [(m; — 1)2”(R1‘R1) +1:
my20E=R)] e [1: 277, Fix the conditional pmf p(ug|uy,y) and let p(ug) =
Zuw p(u1, y)p(us|uy, y). Randomly and independently generate onhe sequences
uy(lo|lh), lo € [1 = 2], each according to []\, puyju, (u2i|us;). Partition the
set of indices Iy € [1 : 2"] into equal-size subsets referred to as bins B(my) =
[(my — 1)20F2=R2) 41 pyon(Ba=R2)] e [1: 27B2]. The codebook C is revealed
to both the encoder and decoder.

Encoding. We use joint typicality encoding. Given a sequence z", find an index
[y such that (2™, u}(ly)) € 7.™) . If there is more than one such index, it sends the
smallest one among them. If there is no such index, it selects an index from [1 :
2”R1] uniformly at random. Node 1 sends the bin index m; such that l; € B(my).
Given a sequence y", find an index I, such that (y", u?(l1),u2(ls)) € T™. If there
is more than one such index, it sends the smallest one among them. If there is no
such index, it selects an index from [1 : 2“R2] uniformly at random. Node 2 sends
the bin index my such that Iy € B(ms).

Decoding. Let ¢ > ¢. The decoder first compute the 72(")(U1,Y) with respect
to Pxy(z,y) and p(u;|z) and 72(")(U2,X, Y') with respect to Pxy(z,y), p(ui|z)
and p(us|uy,y). Then set H = Hy if there is a unique l, € B(my) such that
(ur(lh), u(ly), z") € T, otherwise set H = Hj.

Analysis of two types of error. Let (L, Ly, My, Ms) denote the chosen indices.

The decoder choose H # Hy iff one or more of the following events occur:
& ={(U(L), X™) ¢ T\ for all I € [1: 270},
E = {1, € B(My) st. (UM1ly),Y™) e T,
& = {(UZ(), UL (L), Y™) ¢ TS for all Iy € [1 : 27F2)},
Ev= {1y € B(M,) s.t. (Us(ly), U(Ly), X™) € T.™}.

For the type I error, in this case, Hj is true. Following similar steps from
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the proof of the Wyner-Ziv coding scheme, we have a,, — 0 if

Ry > I(X;Uh) +6(€),
Ry — R, < I(Y;Uy) — d(e),

Ry > I(Uy, Y|Uy) + 6(€),
Ry — Ry < I(Us; X|UL) — d(e)

For the type II error, in this case, H; is true.
Bn=P(ETNENESNES)
= P(&7) P(&51€7) P(&5]E5 N &) P(E(|E5 N EF N EY).

By the covering lemma, P(E¢) tends to one as n — oo if Ry > I(Uy; X) + 0(¢).
Let

(D) ={(Ur,Y") € T},

we have

PEIEN < D PEW) N[ ER))

lleB(Ml) k#ly
= Y PEW) [T -PE®))
lleB Ml) k#l

S 2n(R1—R1)2—n(I(U1, )—(5(5))(1 _ 2—n(I(U1;Y)+6(e)))2”(1%1*31)

a ~ ~
(S) Q—n(I(Ul;Y)+R1—R1—6(5))6—2"<R1*er(Ul%Y)*é(f))

@ 2—TL(I(U1 ;Y)+R1—R1—5’(e))

Y

k2 and

where (a) follows by the joint typical lemma and the inequality (1—x)*F < e~
(b) follows since Ry — Ry — I(Uy;Y) < 0. By the covering lemma, P(E5|E¢, E5) =

P(&S) tends to one as n — oo if Ry > I(Uy:; Y |Uy) 4 6(€'). Let

E"(l) = {(Up(1), Uy (Ly), X™) € T\™},
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we have

PEIETNESNE) < > PE ()N () (k)

loeB(M2) k#l2
= Y PE"(L) ] -PE" k)
loeB(M2) k#l2

2 2”(R2—R2)2—n(I(U2;X‘U1)_5(€))
. (1 — 2—"(1(U2;X|U1)+5(e)))2"(1§2*R2)

< 2—n(I(U2;X\U1)+R2—R2—5(e)) 6_2”(R27R2*I(U2%X‘U1)*5(€))

(2 2—n(I(U2;X\U1)+R2_R2_6/(E))

where (a) follows since Uy — U; — X forms a Markov chain when H; is true,
(b) follows by the joint typical lemma and the inequality (1 — z)* < e7** and (c)
follows since Ry — Ry < T (Uy; X|Uy). Thus the following type-1I error is achievable,

2—n([(U2;X|U1)+R2—R2—5’(e))2—n(I(U1;Y)+R1—R1—5’(e)) '

Therefore, we have the following conditions

I(U;X)< Ry < I(Uy;Y) + Ry,
I(Uy: Y|Uy) < Ry < I(Us; X|Uy) + Ro,
Rl—l—RQ R Rg<[(U1,Y)—|—I(U2;X|U1)—92+R1+R2,

Eliminating Ry and R, by the Fourier-Motzkin procedure yields the following char-

acterization

RQ = U {(Rl,RQ,eg) .
(u

p(ui|z),p(uzlul,y)

< I(Uy;Y) + 1(Uy; X|U),

> I[(U; X) — I(Uy,Y),

> [(Us; Y|UL) — I(Us; X|Uh),
I(

[(Ul,X) —l— I(U27Y|U1) S U17Y) + [(UQ,X|U1) - 92 ‘l‘ Rl ‘l‘ RQ}
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3.5 Discussions

In this section, we first present one interesting variant of the interactive

hypothesis testing problem and then a few open questions.

3.5.1 Variable-length Setting

In this section, we discuss a variant of the interactive hypothesis testing
problem. We still focus on the testing against independence case. A (270 20 p)
test consists of two testers, one for each node. In each round, tester can either
declare that Hy or H; is true and terminate the communication or continue the
communication.

More precisely, in round I; € {j,j + 2,7+ 4,...}, tester j € {1,2} assigns

fL(:B?, mb) € {Hy, Hy,C} to its sequence and all previously transmitted indices,

e if h(a)},ml) = C, communication continues and tester assigns my, (7}, m'~")

e [1:2"],
o if iz(:cg‘,mlﬂ') € {Hy, H,}, communication terminates.

The stopping time 7, is defined as the first time that Hy or H; is declared, i.e.,
Tp 1= min{l : ﬁ(xﬁ, m') € {HO,Hl}},

where [, :== (I mod 2) + 1. We focus on the tests that terminate in 7" < oo rounds

under both hypotheses, i.e.,
Po(tn, <T)=1 and Py(7, <T)=1, forallmn,

where Py and P; denote the probability measure under Hy and H;, respectively.

The expected sum rate constraints under both hypotheses are

lim Eq [Z rl] < Ry when H, is true ,

n—00
=1

lim E; [Z rl] < Ry when H is true ,

n—00
=1
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where Eg and E; denote the expectation under Hy and Hy, respectively. Let Ay (1),
k € {0,1}, be defined as

A= { et o) = 1, ke (01)
and A, (1) :== Ay (1) U.Ay,(1). Then the type I error probability is
PO(Al,n) = Z pO(x?7 xg)u
(2 ,x8): (27,28 {m})eA1 n

where {m} := {my,mo, ...} and {(27,2%) : (27,25, {m}) € Ay, } is defined as the

set of (z7,x%) such that

\/{ /\{(Iiz,m”) € An(l’)c} N {(:c;;,ml) € Al,n(l)} }

>1 % U<l

The type II error probability is defined similarly as

P1(Aon) = > pi(af, x3).
(21 ,23): (21 23, {m})€Ao,n
A tuple (Ro(6), R1(6), 0) is said to be achievable if there exists a (270 2nfi(0) p)
test such that
lg%nll—)nolo —% log (min Pl(Aom)) >0,

where the minimum is over all tests such that Py(A;,) < e. The rate exponent
region is defined as the closure of all achievable tuples.

Consider the fixed-length setting for some error exponent # > 0 with ¢
rounds communication and denote the sum rate as Rgum (), then the theorem 2

can be rewritten as follows.

Corollary 3.1.

q
Riumq(0) = min Y I(Uy; X;|U'™),
=1

where the minimum is over all [T, p(u|zj, u'™1), s.t.

q
> I(U; XU > 0.
=1
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From the formulation of our variable-length setting, we are bound to have
Ry(0) < Rsum ¢(0) and Ry (0) < Rsum ¢(6). The benefit of the variable-length setting
can be reflected by the following result.

Theorem 3.4. For any fixed error exponent 6 > 0,

Ry(0) < Ryymq(0) and 0= Ry(0) < Rsumq(0).

Proof. Fix a fixed-length ¢-round test .7 for 0, i.e., fix an acceptance region A,
such that
1
Po(A) =0 and — —logP(A)) — 6.
n
Fix a p(uy|zy) such that I(Uy; X1) < € for ¢ arbitrarily small. Generate uf(m;),
my € [1:2"1], each according to [}, pu, (u1;).

Testing for round 1. Encoder 1 looks for u}(my) such that (u}(my),2}) € T,

€

If there exists one, it sends m; to node 2. Otherwise, set m; =0
Testing for round 2. Let € > €. Upon receiving u}(my), if (u}(my),xh) ¢ 7.,

it declares H; is true. Otherwise, send 1-bit notification msy to node 1. Thus
Aon(1) =0 and Ay ,(1) = {(25,m1) : (uf(ma), ) & T},

Testing for round 3 until round (g+2). If it receives the 1-bit notification
mao, it applies the fixed test 7 in the following ¢ rounds. Thus

Aon(g+2)=A, and A;,(¢+2)=AF
Analysis. Let

& = {(UM(mq), XI) ¢ T for all my € [1:2"1]},

If Hy is true, the sum rate is

lim E {Z rl] =11+ Ryung(0) - lim P{(U}' (m1), X3) € T}

n—00
=1
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By the covering lemma [EGK11, Section 3.7], we have P(&;) tends to zero as
n — oo, if 11 > I(Uy; X1) 4+ 6(€/). Since € > ¢, by the conditional typicality
lemma [EGK11, Section 2.5], we have that P(E5) tends to one as n — oo and thus
P{(U}(my), XY) € 72(")} tends to one as n — co. Thus Ry(0) = 11 + Rsum,q ().
Type I error is

Po(Ain) = Po (Al,n(l) U (Al,n(l)c NA (g + 2)))

< PO(ALn(l)) + Py <A17n(1)c N .A1,n(q + 2))
< Po(Arn(1)) + Po(Arn(g +2)) = P{(UT(ma), X3) & T} + Po(AY).

Thus by the assumption of the 7" and the covering lemma, we have that Py(A; )
tends to zero if ry > I(Uy; X1) + d(€).

If H; is true, the sum rate is

71 + Reumg(0) - lim P{(UM(my), X2) € T} (@) r,

n—o0

where (a) follows since P{(U(my), X7) € T} < 2-n1(WniX2) by the jointly typi-
cality lemma [EGK11, Section 2.5]. Type II error is P1(Ag,) = P1(Aon(q+2)) =
P1(A],). Since ¢ can be arbitrarily small, thus we have shown that (Rsum,4(f),0,6)

is achievable in the variable-length setting. O

Remark 3.5. [t is easy to see that the above result holds for general hypothesis

testing problem.
Proposition 3.2. For two hypotheses on the joint distribution of (X, X3):

Hy :po(z1,22) and  Hy:pi(xg, xe),

and any fized error exponent 8 > 0, we have Ry(0) < Rsymq(0) and 0 = Ry(0) <
Rum,q(0).

It is still unknown whether there is a strict separation between the fixed-

length scheme and the variable-length scheme.



37

3.5.2 Guassian Source

In this section, we discuss the Gaussian source case. It is unknown whether
in this case, the interaction is strictly helpful or not. Let X = Y + Z, where
Y ~ N(0, P) and Z ~ N(0,N) is independent of Y. For the one-round case, the

rate-exponent function is

R(9) = min I(U;Y).
p(uly):1(U;X)>0

It is easy to see that R(#) is equivalent to the following function

r(a) = max hY|U),

p(uly):h(X|U)<a

where v = h(X) — 0 and r(a) = h(Y) — R(#). Applying the entropy power

inequality, we have

22h(Y‘U) S 22h(X‘U) - 22h(Z|U) S 22a - 22h(Z) — 22a — 9271eN.

Thus we have

WY |U) < % log(2me(P + N)2°% — 27eN)
and
1 P
> 1 . .
RO = 5ls Gz —w (3.9)

Now we show that the lower bound of R(f) in (3.9) can be achieved. Let
U=Y +V with V.~ N(0,Q). It is easy to obtain the following

1 (P+ N)(P+Q)

I(X;U):§IOgPQ+PN+NQ’ (3.10)
1 P
I(Y;U) = 5log<1 + é) (3.11)
With I(Y;U) = R, we have
P

Plugging (3.12) into the right hand side of (3.10), we have

P
(P+N)22 - N’

R(0) < %log
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For the two-round case, the rate-exponent function is
R(0) = max I(Uy; X) + I(Uy; Y|Uy),
where the maximum is over all p(u;|x) and p(us|ui, y) such that
I(U;Y)+ I(Uy; X|UY) > 6.
It is equivalent to

r(a) = max h(X|Uy) — h(Y|Ur) + (Y |Uy, Us),
where the maximum is over all p(u;|z) and p(us|ui, y) such that

hY|Uy) — h(X|Uy) + h(X|Up,Us) < o

with o = h(Y) — 0 and r(a) = h(X) — R(d). However, it is no known how to
provide a closed form expression for the two-round case.

As a comparison, in the following, we consider the interactive lossy source
coding problem as a comparison with the interactive hypothesis testing problem.
More specifically, we consider the same quadratic Gaussian source described at the
beginning of this section.

Let X =Y + Z, where Y ~ N(0, P) and Z ~ N(0, N) is independent of Y.
For the one-way case, the rate distortion function is

Ry(D) = min 1(Y:U|X).

§(u,@),p(uly):E[d(Y,Y)]<D

Similar to the converse proof of the quadratic Gaussian lossy source coding prob-

lem, we have

I(Y;UIX) = h(Y|X) = h(Y|U, X)
- %log(27re Var(Y|X)) = h(Y — V|U, X, V)

> %log(%re Var(Y|X)) — = log(2meD) (3.13)
1. Var(Y|X)
R

N —
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where (3.13) follows since Y is a function of (U, X). Thus we have

1, Var(Y|X)
> _ - 7
Ri(D) 2 5 log ——"~=.

The achievability can be shown as in [EGK11, Example 11.2] by choosing U = X +
V', where V' ~ N(0, @) in independent of (X, Y) and Q = Var(Y|X)D/(Var(Y|X)—
D). For the two-round case, the rate distortion function is
Ro(D) = min ICGULY) + LY Ua|Uy, X).
p(u1]z),p(uzlur,y),§(z,u1,u2):E[d(Y,Y)]<D

Now we show that Ry(D) > R;(D), which implies that Ry(D) = Ry (D).

[(X: UL Y) + 1(Y: Us|Uy, X)

(X|Y) WX|ULY) + h(Y|UL, X) — h(Y|U1, Us, X)

WY |X) = h(Y = V|Uh, U, X) (3.14)
> W(Y|X) = h(Y =)
> Ri(D),

where (3.14) follows since
I(X; YY) =2 I(Y; U] X) =0
implies
BXIY) = B(X|UL,Y) + h(Y[Us, X) > h(Y|X)

and Y is a function of (Uy, Us, X).

3.5.3 Strong Converse

The strong converse of the interactive hypothesis problem is still open. The
strong converse proof of the one-way case is due to Ahlswede and Csiszar [ACS86].
In this section, we provide a streamlined proof of their result. We need to introduce

the following notation:

e P..: type of a sequence x", i.e.,

Pon(z) = @ e
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e P,: the set of all possible types of ™ € X™.

o T2 the set of sequences of type P, i.e.,

p={a2": P = P}.

e (X, n)-essentail type: given a random variable X and n > 0, we call P € P,
an (X, n)-essentail type if

max |P(z) — Px(x)| <n.

o 7'(X): (X,n)-typical sequences, i.e.,

TH(X) = U TP

(X,n)-essentail type P

Theorem 3.5 ([AC86]). For any0 <A <e<1,a>0, and R > R+ a,
O(R,e) <O(R',\) + .
Note that from the theorem, we have

O(R, ) < lim lim (6(R', \) + o)

= lim (R, \)
A—=0

< max I(U;Y).
p(ulz):R>1(U;X)

Combined with the achievability proof, we have

O(R,€) = max  I(U;Y), Vee (0,1).

p(u|z):R>I(U;X)

Outline of the proof of Theorem 3.5:

e Based on the type I error constraint and rate constraint, construct sets £ C

{z" :m(2") = ip} C X" and F € Y" such that for any 2" € E,

Po(Y" € FIX"=2")>§>0
P, (Y" € FIX" = 2") < B,(R, €)2™.
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e Blow up E to C := T*"E N T,"(X) since the size of E is not big enough to

cover the typical sequences
{2" € T,"(X) : m(z") = io}.
e Blow up F to D := I'**F 5o that Po(Y"™ € TFHF| X" = 2™) ~ 1.
e Construct a test from C' and D to construct a (2%, n) test with R’ > R to
upper bound 0(R,€).
Proof of Theorem 3.5. e Step 1: construct sets £ € X" and F € Y".
Consider any m : X™ — [1: 2"%] and set A C [1 : 2"%] x Y™ such that
Po(A) > 1 — ¢, (3.15)
P1(A) = Bu(R,€). (3.16)
The acceptance region can be written as

onR

A=JixG, G cyandi=12 .. 2"

i=1
Then (3.15) and (3.16) imply
Po(Y" € Grn(xn)) > 1=,
Pl(Yn c Gm(xn)) = Bn(R, 6).

Fix § and 1 which will be decided later. For 2™ € T7,"(X), let

s(a") = Po(Y"™ & Gppxmy| X™ = 2"),
t(:l?n) : Pl(Yn € Gm(Xn)|Xn = :l?n),

and
Bi={z" e T/(X):s(z") <1—=0t(z") < Bu(R, €)2"}.
> Po(X™ =a")s(z") = Po(X" € T/N(X),Y" & Grxn) < €,

> PX" =aMt(a") = Py(X" € THX),Y" ¢ Groxeny) < BulR,€).
€T (X)
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By the Markov inequality and the union bound, for n sufficiently large , we
have

€

_2—n5
1-9

Po(X™ € B) > Po(X" € T,'(X)) —
@1—e¢
> )
- 2
where (a) follows by choosing § € (0, (1 —¢€)/2).

Let
ip = argmin Po(X" € B,m(X") = i),

and choose

E = Bnm (i),
F .= Gio'

The sets E and F have the following properties, for every z" € F,
1—e€

Po(X" € B) > oy (3.17)
Po(Y" € F|X" =2") =1 — s(z™) > 6, (3.18)
Pu(Y™ € FIX™ = 2") = t(2") < (R, €)2"™. (3.19)

Step 2: blow up E and F to get C' and D.

Now we blow up E and F' as follows,

._ Tk 0
C=T'ENT"X),
D :=THFp

where k and [ will be specified later.

Note that (3.17) implies that there exists a (X, n)-essential type P € P, such

that
1—c¢

\Em7}“|2w

|75l
Let P € P, be any other (X, n)-essentail type. Then

max |P(x) — P(z)| < 2n.

T
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Then 7 and k are chosen such that for every (X, n)-essential P € P,

n 1 n -
AT = IPENTE| 2 2072,

For any 2" € C' and 2" € F,
Po(Y" € TFEF|X™ = 2") > |V|7# Po(Y" € F|X™ = 2"
(@)
> V|7,

where (a) follows from (3.18).

Then by the blowing up lemma, there exists [ such that for any z" € C,

A
Po(Y" e TP R|IX™ =72") > 1 — X

Finally, for any z" € C,

P.(Y" € D|X" = 7")

P (Y™ e TFR|X™ = z7)
Pi(Y" € FIX"™ = 2™m)2%

IA

INE

Bu(R, €)2%

where (a) follows from (3.19).

Thus, the sets C' and D satisfies the following properties, for any 2" € C,

1
ICNTE| > %—RQ("(H(X)_%)), V(X, n)-essential type P € P,,

(3.20)

A
Po(Y" € DIX" =2") 21~ 7, (3.21)
P (Y" € D|X™ = 2") < Bu(R, €)2"™. (3.22)

e Step 3: construct a (2", n) test based on C' and D, where R > R + 36.

Because of (3.20), by the covering lemma, for any (X, n)-essential type P €

Py, there exists permutations 7 p, ..., 7y p such that

N
Tp c|Jmp(C), N<20FZ02),
=1
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Let mq,...,my be all permutations selected as P runs over all the (X, n)-

essential types. Then

M
THX) | Jm(C), M < (n+1)¥2nt=0r),

i=1
Define an encoder m’ : X" — [1: M| as
0, if 2 ¢ T,(X),
smallest i with 2" € m;(C), if 2" € T, (X).

Note that the rate constraint is satisfied, we want to find A" € [1 : M] x V"
such that

Po(A") > 1 -, (3.23)
Pi(A) < Bu(R,n)22m. (3.24)

We now show that .
A= | J{i} x m(D)
i=1

satisfies both (3.23) and (3.24).
For (3.23),

Po(A) =P

o

(m(X™),Y™) e A')

Po(Y" € Tm(xmy (D), m(X") = i)

e

s
I
—_

NP (Y™ € m(D),m(X") = i| X" = 2") Po(X" = a")

(2

:Z Z Po(Y" € m(D)| X" = a") Po(X" = a").

i=1 gnem—1 (2)

I
SANE

Since (X™,Y™) is a pair of i.i.d. sequence,

Py(Y™ € m(D)|X" = ") = Py(¥" € D|X" = 1 (a")
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and by the definition of m’, we have ;' (2") € C. Thus

Po(A') > PO(X" S Um )(1—)\/2)

=Po(X" € T,(X))(1 = \/2)
>1-=A\

Similarly, we have

P A)=>" Y  P(Y"eD|X"=m"(a")Py (X" =2")

=1 znem=—1(i)
< Py (X" € TP(X)) Bul R, )20
S Bn(Rg 6)24n62n5.

Therefore
Bu(R,N) < Ba(R,€)2°"°

for n sufficiently large and R’ > R + 30.

3.6 Technical Proofs

3.6.1 Proof of Lemma 3.1

To simplify the notation, let T(") = (U"|uq 1e-ul,l) and Ul =
UM (M| M'=1). Then for every u? € T,

P{U} =uy | U} =y y, ..., U = uf, X3 = a3}
=P{U} =g, U} € TS| UP{(My_y| M%) =y, U = uf, X3 = ah}
=P{U} e T U, =up ... Ul = uf, X' = 23}

P{U =g U =y, U =, Xy = a3, U € T}
<SP{UP =) Uy =)y, U =uf, X3 =25, Ur € T}
:ZP{U;‘:uq,M" m? | Uy =uy 4,..., U = uf,



46

n_ e T

Xy =13,U, 67;7(1 }

=S OP{MT =t | Uy =y, U =l XG = 2, U7 € T}
md

-P{U} =ug |U) ) = uy

qg—1r- -

Xy =5, Uy € T, M* = m?}

2y Yq

(0«) n n n n n n n n
:ZP{Mq:mq|Uq_l:uq—l""?Ul:u1?X2:x 67:7((1)}
md

PG =g | U7 € Ti)

(0)
< ZP{Mq =m?| U;—l = “Z—p LU =, Xy = o, U; € 7:7(;)}
ma

. 9= n(H(Ug|UI™",X2)~6(ng))

_ 2—7L(H(Uq\U‘1717X2)—5(77q))7

where (a) follows since UJ'(mg|m?') is independent of X3 and Uy (m/|m?")
for m; # m, and is conditionally independent of MY given (X%, Uy(my),. ..,
Uy—1(mg—1|m??)) and the indicator variables of the event U (mg|lmi~!) € 7772"),
mg € [1: 274, which implies that the event {U}'(mg|m?™") = uj} is conditionally
independent of { X%, Uy(my), ..., Up1(mg—1|m??), M? = m?} given U (mg|m?)
€ 7772") Step (b) follows from the properties of typical sequences. Similarly, for

every for every uy € 7772") and n sufficiently large,

P{UG (M| M) = ug | Uy (Mya M%) = u_y, ..., Ur (M) = u, X3 = a3}
> (1 - nq)Q—N(H(Uq\Uqfl7X2)+5(77q))'

This completes the proof of Lemma 1.
3.6.2 Proof of Lemma 3.2
We have

pl(uln—b $Z|u?> ug> st ’u?—2)

_ n n .n n .n n
= E pr(w g, L L Uy, uy,s . up )
:B’!L

Ji—1



(@)
= Z pl(x?p xz,l‘urllv ugv s 7uln—2>p1(uln—1|u?v ugv s 7“?—27 xz,l)
T
®) n|,.n n ,n n n n o, n n
— Z pl(le |le71’ ul’U2’ e 7Ul_2>p1(le71‘ul 9 U2’ e 7Ul_2>
"
Ji—1
'pl(uln—1|u?’ ug> cet >uln—2’ I;'szl)
= Z p1($?l|u?> ug’ SR u?—2)p1(u?—la xz,1|urlla Ug, s >uln—2)
T
= pl(I;”u?, ugv ce 7uln—2>p1(uln—1|u?v ug, R u?—2)7

where (a) follows since U} ; is conditionally independent of X7 given

(U Uy, ULy, X )

Ji—1

and (b) follows since X7 and X7 are independent under H;.

3.6.3 Proof of Proposition 3.1
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In this section, we focus on the two-round case and the g-round case follows

straightforwardly. Define the two regions as

Ri= U {(R1,Ry,0) : Ry > 11, Ry > 15,0 < I3 + 14},
p(ui|z),p(uzlu,y)
Ro = U {(R1, Rp,0) : Ry > 1) — I3, Ry > I — Iy,

p(uz|r),p(uz|ul,y)

9§13+I4,R1—|—R2—92[1+[2—13—I4},

where for fixed p(u;|x) and p(us|ui,y), let

I == I(Uy; X)),
I o= I(Uy; Y|UY),
I o= I(Uy;Y),
Iy = [(Uy; X|UY)

We now show that R; = Ry as follows. The corner points of R are

¢ = (I1,15,0) and ¢o == (14, I5, I3 + 1y).



48

The corner points of R, are
d1 = ([1 - [3,]2 - I4,0) and d2 = ([1,[2,]3 + I4)

It is easy to see that Ry € R,. Since d; € R; by choosing U = () and
dy € Ry by choosing the fixed p(uq]z) and p(us|uq,y), thus Ry C R;.

Chapter 3, in part, includes the material in Yu Xiang and Young-Han Kim,
“Interactive hypothesis testing with communication constraints,” Annual Aller-
ton Conference on Communication, Control, and Computing, Monticello, IL, pp.
1065-1072, Monticello, IL, October 2012, and Yu Xiang and Young-Han Kim,
“Interactive hypothesis testing against independence,” IEEFE International Sym-
posium on Information Theory, pp. 2840-2844, Istanbul, Turkey, July 2013. The

dissertation author was the primary investigator and author of this paper.



Chapter 4

Gaussian Channel with Noisy

Feedback

In this chapter, the optimal coding over the additive white Gaussian noise
channel under the peak energy constraint is studied when there is noisy feedback
over an orthogonal additive white Gaussian noise channel. As shown by Pinsker,
under the peak energy constraint, the best error exponent for communicating an
M-ary message, M > 3, with noise-free feedback is strictly larger than the one
without feedback. In this chapter, we extend Pinsker’s result and show that if
the noise power in the feedback link is sufficiently small, the best error exponent
for communicating an M-ary message can be strictly larger than the one without
feedback. The proof involves two feedback coding schemes. One is motivated by
a two-stage noisy feedback coding scheme of Burnashev and Yamamoto for binary
symmetric channels, while the other is a linear noisy feedback coding scheme that
extends Pinsker’s noise-free feedback coding scheme. When the feedback noise
power « is sufficiently small, the linear coding scheme outperforms the two-stage
(nonlinear) coding scheme, and is asymptotically optimal as « tends to zero. By

contrast, when « is relatively larger, the two-stage coding scheme performs better.

49
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W X /L Y; W
— 1 Encoder ®) Decoder —+

Z;i ~ N(0, )

Figure 4.1: Gaussian channel with noisy feedback.

4.1 Introduction

We consider a communication problem for an additive white Gaussian noise
(AWGN) forward channel with feedback over an orthogonal additive white Gaus-
sian noise backward channel as depicted in Fig. 1. Suppose that the sender wishes
to communicate a message W € [1: M| :={1,2,..., M} over the (forward) addi-

tive white Gaussian noise channel

where X;, Y;, and Z; respectively denote the channel input, channel output, and
additive Gaussian noise. The sender has a causal access to a noisy version }72 of Y;

over the feedback (backward) additive white Gaussian noise channel

where Z~Z- is the Gaussian noise in the backward link. We assume that the forward
noise process {Z;}2, and the backward noise process {Z;}%, are independent of
each other, and respectively white Gaussian N(0, 1) and N(0, «).

We define an (M, n) code with the encoding functions z;(w, g* 1), i € [1 : n],

and the decoding function w(y™). We assume a peak energy constraint

P{Z 22 (w, Y < nP} =1 for all w. (4.1)

i=1
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The probability of error of the code is defined as
P = PLW £ TW(Y")}

= LS TPOW £ W(YW = w),

w=1

where W is distributed uniformly over {1,2, ..., M} and is independent of (Z", Z").

As is well known, the capacity of the channel (the supremum of (log M)/n
such that there exists a sequence of (M,n) codes with lim, P 0) stays
the same with or without feedback. Hence, our main focus is the reliability of

communication, which is captured by the error exponent

lim —llnP

n—oo

of the given code. The error exponent is sensitive to the presence of noise in the
feedback link. Schalkwijk and Kailath showed in their celebrated work [SK66]
that noise-free feedback can improve the error exponent dramatically under the

expected energy constraint

ZE (w, Y] < nP for all w, (4.2)

(in fact, pm decays much faster than exponentially in n). Kim, Lapidoth, and
Weissman [KLWO07] studied the optimal error exponent under the expected energy
constraint and noisy feedback, and showed that the error exponent is inversely
proportional to « for small a.

Another important factor that affects the error exponent is the energy con-
straint on the channel inputs—the peak energy constraint in (4.1) vs. the expected
energy constraint in (4.2). Wyner [Wyn68] showed that the error probability of
the Schalkwijk—Kailath coding scheme [SK66] degrades to an exponential form un-
der the peak energy constraint. In fact, Shepp, Wolf, Wyner, and Ziv [SWWZ69]
showed that for the binary-message case (M = 2), the best error exponent under
the peak energy constraint is achieved by simple nonfeedback antipodal signaling,
regardless of the presence of feedback. This negative result might lead to an im-

pression that under the peak energy constraint, even noise-free feedback does not
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improve the reliability of communication. Pinsker [Pin68] proved the contrary by
showing that the best error exponent for sending an M-ary message does not de-
pend on M and, hence can be strictly larger than the best error exponent without
feedback for M > 3.

In this chapter, we show that noisy feedback can improve the reliability of
communication under the peak energy constraint, provided that the feedback noise
power « is sufficiently small. Let

1
Ey(a) := limsup - In PY(M,n),

n— oo

where PF(M,n) denotes the best error probability over all (M, n) codes for the
AWGN channel with the noisy feedback. Thus, Ej/(co) denotes the best error

exponent for communicating an M-ary message over the AWGN channel without
feedback. Shannon [Shab9] showed that

En(oo) = %p (4.3)

This follows by first upper bounding the error exponent with the sphere packing
bound and then achieving this upper bound by using a regular simplex code on
the sphere of radius v/nP, that is, each codeword 2™ (w) satisfies >, 2%(w) = nP

and is at the same Euclidean distance from every other codeword. In particular,
for M = 3,

(1) =vnP-( 0, 1,0,...,0),
2"(2) = VnP - (—1/2,—V/3/2,0,...,0),
2"(3) = vVnP - ( 1/2,—V3/2,0,...,0),

and
At the other extreme, F);(0) denotes the best error exponent for communicating an

M-ary message over the AWGN channel with noise-free feedback. Pinsker [Pin68]
showed that
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for all M. In particular,
P

Clearly, E)y(«) is decreasing in o and
Ey(o0) < Em(a) < Em(0)

for every o and M.

Is Ey(«) strictly larger than Ejys(oo) (i.e., is noisy feedback better than
no feedback)? Does Ejy(a) tend to Ey(0) as o — 0 (i.e., does the performance
degrade gracefully with small noise in the feedback link)? What is the optimal
feedback coding scheme that achieves Ej(a)? To answer these questions, we

establish the following results.

Theorem 4.1. For 0 <s <1,

. P 3(M —2)
En(a™(s)) 2 5(1 C M(s2—2s+4) +3(M—2))’

where
3s2

RS T vy
By comparing the lower bound with (4.3) and identifying the critical point
a = a*(1) = 1/4, we obtain the following.

Corollary 4.1.

Ey(a) > Epy(oo)  fora < i

Thus, if the noise power in the feedback link is sufficiently small, then
the noisy feedback improves the reliability of communication even under the peak
energy constraint. The proof of Theorem 1 is motivated by recent results of Burna-
shev and Yamamoto in a series of papers [BY08al, [BYO08b], where they considered
a communication model with a forward BSC(p) and a backward BSC(ap), and
showed that when « is sufficiently small, the best error exponent is strictly larger
than the one without feedback.

The lower bound in Theorem 1 shows that lim inf, o Fy () > 2PM/(7TM—
6), which is strictly less than Ej,(0) = P/2. To obtain a better asymptotic behavior

for a — 0, we establish the following.
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Theorem 4.2.
Ey(a) > L !
T2 b a +4(M/2))20 + 4(|M/2)) /ol T a)
P 1
= 2 (VaM +V1+a)?

This theorem leads to the following.

Corollary 4.2.

a—0

Thus, the lower bound in Theorem 2 is tight for @ — 0. The proof of
Theorem 2 extends Pinsker’s linear noise-free feedback coding scheme [Pin68] to
the noisy case.

Fig. 4.2 compares the two bounds for the M = 3 case. The linear noisy
feedback coding scheme performs better when « is sufficiently small, while the two-

stage noisy feedback coding scheme performs better when « is relatively larger.

052
05 F3(0)
EY(0)
0461
3 0441
S o4z
0a E3(a)
0.38] E(o0)
0ae 56 x 1073 0 2&
10"6 10" eu‘)’2 * 10°
o}

Figure 4.2: Comparison of the two noisy feedback coding scheme for M = 3.

The rest of the chapter is organized as follows. In Section II, we study a two-
stage noisy feedback coding scheme motivated by recent results of Burnashev and
Yamamoto and establish Theorem 1. In Section III, we extend Pinsker’s noise-free
linear feedback coding scheme to the noisy feedback case and establish Theorem 2.

Section IV concludes this chapter.
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4.2 Two-stage Noisy Feedback Scheme

4.2.1 Background

It is instructive to first consider a two-stage noise-free feedback coding
scheme for M = 3. This two-stage scheme has been studied by Schalkwijk and
Barron [SB71] and Yamamoto and Itoh [YI79] for a general M.

Encoding. Fix some A € (0,1). For simplicity of notation, assume throughout
that An is an integer. To send message w € [1 : 3|, during the transmission time

interval [1 : An] (namely, stage 1), the encoder uses the simplex signaling:

anP- (0, 1,0,...,0) forw =1,
2 (w) = ¢ VP - (=1/2,—/3/2,0,...,0) for w =2, (4.4)
VanP - ( 1/2,—/3/2,0,...,0) forw = 3.

Based on the feedback y**, the encoder then chooses the two most probable

message estimates w; and wy, where

plin]y™) = plialy™) > plisly™) (4.5)

and in case of a tie the one with the smaller index is chosen. Since the channel is

Gaussian and W is uniform, (4.5) can be written as
122" (1) — y™"[| < (o™ (d2) — y™|] < []2™" (03) — ™I,

where || - || denotes the Euclidean distance. During the transmission time interval
[An 4+ 1 : n| (stage 2), the encoder uses antipodal signaling for w if w € {wy, w9}

and transmits all-zero sequence otherwise:

Ly pr (W)
(1—=X)nP-(1,0,0,...,0) if w = min{wy, ws},
= (1—=MnP-(—1,0,0,...,0) if w = max{wy, s},
(0,0,0,...,0) otherwise.
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Decoding. At the end of stage 1, the decoder chooses the two most probable
message estimates W, and 1, based on Y as the encoder does. At the end of

stage 2, the decoder declares that w is sent if

“ll

w=arg min ||z"(w)—y
we{ﬁ)l,wz}

3 n n n n 1/2
=arg min (|2 () = I + a5 () = g )

Analysis of the probability of error. Let Wi and W, denote the two most
probable message estimates at the end of stage 1. The decoder makes an error if

and only if one of the following events occurs:

Ei={W £ W, and W # Wy},
82 = {W S {Wl,Wg} and W # W}

Thus, the probability of error is

P =P(&) + P(&).

e

By symmetry, we assume without loss of generality that W = 1 is sent. For brevity,
we do not explicitly condition on the event {I/W = 1} in probability expressions in

the following, whenever it is clear from the context. Referring to Fig. 4.3, let

Agg = {y™ [l (1) =y = [Ja™(2) — ™|
and |[2*"(1) — ™[ > []a™"(3) — ™|},

we have

P(&) = P{Y € Ay}

< Q(dv)
02 1 nP
= P A

where (a) follows since Q(z) < (1/2) exp(—2?/2) for z > 0 (see [WJ65, Problem
2.26)).
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Figure 4.3: The error event & when W = 1. Here dy = VAnP and 1, 2, and 3
denote z*"(1), 2*"(2), and 2**(3), respectively.

1

do

Figure 4.4: The error event &. Here dy = V3AnP and ds = 1/4(1 — \)nP.

On the other hand, P(&;) is determined by the distance between the simplex
signaling in stage 1 and the distance between the antipodal signaling in stage 2

(see Fig. 4.4). In particular,

X" (W1) = X" (Wa)l| = \/d3 + d3 = /(& — NnP.

Thus,

X" (W) X”(Wz)ll)

=
“((-5)7)
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Therefore, the error exponent of the two-stage feedback coding scheme is lower

bounded as

1
E}(0) = limsup —— In P™

n—o0 n
1

= limsup —— max{In P(&;),InP(&)}
n—oo n

smind 22 P 2
> min 53 1 )

Now let A = 4/5. Then it can be readily verified that both terms in the
minimum are the same and we have
2P
Fy(0) > By(0) > .
Remark 4.1. Since E3(0) = P/2, this two-stage noise-free feedback coding scheme

15 strictly suboptimal.

Remark 4.2. We need only three transmissions: two for stage 1 and one for

stage 2. Thus X actually divides only the total energy nP, not the block length n.

4.2.2 Coding Scheme and Performance Analysis

Based on the two-stage noise-free feedback coding scheme in the previous
subsection and a new idea of signal protection introduced by Burnashev and Ya-
mamoto [BY08a], [BY08b], we present a two-stage noisy feedback coding scheme
for M = 3. The coding scheme for an arbitrary M is given in the Appendix.

In the two-stage noise-free feedback coding scheme, the encoder and decoder
agree on the same set of message estimates w; and w, at the end of stage 1. When
there is noise in the feedback link, however, this coordination is not always possible.
To solve this problem, we assign a signal protection region B,,, w € [1 : 3], to each
signal 2" (w) as depicted in Fig. 4.5. Let 2" and y* denote the transmitted

and received signals, respectively, and 7™ denote the feedback sequence at the
encoder. Let d' = [[#*(1) — 2*(2)|] = V/3AnP and the signal protection region
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B, for 2’"(w), w € [1 : 3], is defined as

By, = {y*": [ (w) =y < ||l (w') — ]

for w' # w,
[z (w') = || = ([ (w") = y™||] < td
for w', w"” # w} (4.6)

which means that message w is the most probable and the other messages w’ and
w” are of approximately equal posterior probabilities. Here ¢ € [0, (v/3 —1)/2] is a

fixed parameter which will be optimized later in the analysis.

Encoding. In stage 1, the encoder uses the same simplex signaling as in the
noise-free feedback case (see (4.4)). Then based on the noisy feedback 7", the

encoder chooses w; and w9 such that
22" (dy) — g"|] < (2 (o) — G| < (|2 (as) — 971,

In stage 2, the encoder uses antipodal signaling for w if w € {w;, ws} and transmits

all-zero sequence otherwise.

Decoding. The decoder makes a decision immediately at the end of stage 1 if
the received signal lies in one of the signal protection regions, i.e., y** € B,, for
w € [1:3]. Otherwise, it chooses the two most probable message estimates w; and
w9 and wait for the transmission in stage 2. At the end of stage 2, the decoder

declares that w is sent if

W =arg min_|[lz"(w) —y"|]
we{w,wa}

: n n n n 1/2
=arg min_ (||z""(w) = y*|]* + |25 (W) = yRapal?)
we{w,Wa}
Remark 4.3. The signal protection region corresponds to the case in which the

two least probable messages are of approximately equal posterior probabilities, i.e.,

|22 (w) — ]| < [Jl2*"(w') — ™| = [|22" (") =y

Analysis of the probability of error. Let (W, W,) and (W;, W) denote the

pairs of the two most probable message estimates at the encoder and the decoder,
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Figure 4.5: Signal protection regions. The shaded areas B, for w = 1,2, 3 are
the signal protection regions for z*"(1), 22" (2), and 2*"(3), respectively. Here
dy = sdy/2 = (s/2)V/AnP for some parameter s = s(t) € [0, 1] to be optimized

later.

respectively. As before, we assume that W =1 is sent. Referring to Fig. 4.5, let

A/ww’ = Aww/\(uw//Bw//>’ w’w/ - [1 : 3]

where
A = {y™: max{|Jy™" — 2 (w)||, [|[y*" — 2™ ()]}
< Iy =2 ("), " # w,w'}.
The decoder makes an error only if one or more of the following events
occur:

e decoding error at the end of stage 1

& = {YATL € By U B3 U Aég},

e miscoordination due to the feedback noise

512 = {Y)\n c A/12,}7)\n c Alg U Agg},
513 = {Y)\n S Allg,}})\n € Ap U Agg},
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e decoding error at the end of stage 2
E = {W € {Wl,Wg} = {Wl,WQ} and W 7& W}
Thus, the probability of error is upper bounded as

P < P(&) +P(Ez) + P(E13) + P(&)
P(&1) +2P(E12) + P(&s).

To simplify the analysis, we introduce a new parameter s € [0, 1] such that dy =
sdi1/2 = (s/2)VAnP. It can be easily checked that s € [0,1] corresponds to
t € [0, (/3 —1)/2] and that this constraint guarantees that

ds = min [z (1) — || (see Fig. 4.6(a)).

y’\" GA,QSUBQUBS

Hence, for the first term
P(gl) =P {Y)\n € A/23 U By U Bg}
< 2Q(ds) (4.7)

< exp(— AHP(SQ —25—1—4)).

8
The second term P(£}5) can be upper bounded (see Fig. 4.6(b)) as
P(£12) = P{Y™ € Al,, Y™ € A3 U Az}
<PV € AU AyY € AL}

< 2@(%) (45)

35’ \nP
sexp | - P2a )

Finally, the third term P(&;) can be upper bounded in the exactly same manner

as in the noise-free feedback case:

P(&y) < %exp(— %(1 - %)nP).

Therefore, the error exponent of the two-stage noisy feedback coding scheme is

lower bounded as

1
E}(a) = limsup —— In P
n

n—o0



> lim sup —+ max{In P(&,), In P(&1), In P(£))

n—00 n

P2a 2

2p P/
Zmin{%(sz—%—i—ll), AP —(1—Z>\)}.

By

1

/
A12

Bg B3

(b)

Figure 4.6: (a) The error event & when W = 1. Since 0 < s < 1, we have
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ds = /& + d? — dydy = \/(OnP/4)(s2 — 25 + 4). (b) The error event &5 when
1+ ay

W =1 and {Wy, Wo} = {1,3}. Here dg = (v/3/2)ds = 5/(3\nP/16).
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Now let
_ or(s) = 352
TN T (225 + 4)
and
. 4
A=NG) = T 1

Then it can be readily verified that all the three terms in the minimum are the

same and we have

Ps?—2s4+4
El(a* > - = . 4.
o (5)) 2 3 = 0 (19)
Note that if s < 1,
3
8(s) > 2P = By(o0),

and a*(s) is monotonically increasing over s € [0,1]. Thus

Es(a) > E3(c0) for a < a’(1) = i

This completes the proof of Theorem 1 for the M = 3 case.

Remark 4.4. It can be easily checked that the lower bound in (4.9) is tight and
characterizes the exact error exponent Ef4(«) of the two-stage noisy feedback coding

scheme.

4.3 Linear Noisy Feedback Coding Scheme

4.3.1 Background

It is instructive to revisit (a slightly simplified version of) the linear noise-
free feedback coding scheme by Pinsker [Pin68], which shows that Ey;(0) > Es(c0)
= P/2 for all M > 2. This lower bound is tight since F5(0) = Ey(c0) [SWWZ69]

and Fj/(0) is nonincreasing in M.

Encoding. To send message w € [1 : M], the encoder transmits

Ltlw/p  if M =2L 41,
Xi(w)=4¢ * (4.10)

LHRw /P if M = 2L.
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Because of the feedback Y7, the encoder can learn the noise Z; = Y; — X;. Subse-

quently it transmits
Xz:(1+5)Zz—17 1 E [27]],

and X; = 0 afterwards, where 0 > 0 will be optimized later and the random time

n =n(w,Z") is the largest k < n = y/n such that

k
> X7 <nP.
i=1

Decoding. Upon receiving Y, the decoder estimates X; by

o - i1 Y
X, = Z(—l) EhE

i=1
and declares that w is sent if

W= arg min |X;(w) — X|.
we[l:M]

Remark 4.5. It can be easily checked that each time i € [2 : n], the encoder

transmits the error

j-1 Y; — (_1)2 Zio
D e N (R

in the decoder’s current estimate of the initial transmission (up to scaling). Thus,
Pinsker’s coding scheme is another instance of iterative refinement used in the
Schalkwijk-Kailath coding scheme [SK66] for the Gaussian channel and the Horstein

coding scheme [Hor63] for the binary symmetric channel.

Analysis of the probability of error. For simplicity of notation, assume
throughout that n = y/n is an integer. We use ¢, to denote a generic sequence of

nonnegative numbers that tends to zero as n — co. When there are multiple such

functions eg), eg), e ,e%k), we denote them all by ¢, with the understanding that

511) (2)

€, = max{en’, €y - ,eslk)}. It is easy to see that decoding error occurs only if

| X1 (w) — X1| > v/P/(2L). The probability of error is thus upper bounded as
VP

PM =P{W £W} < P{|X1 —Xy| > i}
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The key idea in the analysis is to introduce a “virtual” transmission

X1 lf’L == 1,
Xi=3Q+8Z_, ifiel2:q)] (4.11)
0 otherwise.
Let
Y = X+ Z; (4.12)

and define the estimate X/ of X/ as

. n . v/
i—1 7
i=1
Then, it can be easily shown that
N _ 7
X' =X —p)ynt—=___
1 1+ ( ) (1 + 5)n—1
Thus we have
. VP
P{|X1 - Xi| > i}
N N N P
<P ‘Xl—Xﬂ—l—‘X{—Xﬂ > £
2L
~ P ~ ~
<p{px- 511> L)+ it -l > o)

:ZP1+P2.

Now we upper bound the two terms. For the first term, we have

Pl:P{'(l ik f}

_ 2Q<\/ﬁ(12z5)ﬁ_1>

P(1 4 §)%m=1
§exp<—%).
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For the second term, note that X; = X/ for all 4 € [1 : n] if and only if >, X? <
nP (ie., i =n), and thus that X/ # X, only if S X2 > nP. Therefore,

P, < P{fo > nP}

i=1

—~

< P{i(l 46222, > (n— 1)p}

SR}

where (a) follows since X7 < P (recall (4.10)) and x%_; denotes a chi-square ran-

=

dom variable with n—1 degrees of freedom. By upper bounding the tail probability

of the chi-square random variable [IL06] as

P{xi >z} <exp (— g +§log %) for any k > 1 and = > k, (4.14)

we have

(1+0)?
ln—1)P n—1 eln - )P
Sexp<—§ (1+0) 2 log (ﬁ—l)(1+5)2)
Ln—DP n—1, en-1)P
<exp< AR 2 log (n—1)

where €, tends to zero as n — oo. Therefore, the error exponent of the linear
feedback coding scheme is lower bounded as
" : 1 (n)
E(0) > limsup —— In P,
n—oo n

1
= lim sup —— max{In P;,In P}
n—00 n

o [ P(1+6)*m=Y P
2 i s B
for any 0 > 0. Now let
In(4nL?)

o=
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which tends to zero as n — co. Then the limits of both terms in the minimum are

the same. Therefore,

EZ,(0) > limsup —————— = -
u(0) 2 limsup 57— = 5

which completes the proof of achievability.

4.3.2 Coding Scheme and Performance Analysis

Now we formally describe and analyze a linear noisy feedback coding scheme

based on Pinsker’s noise-free feedback coding scheme.

Encoding. Fix some A € (0,1). To send message w € [1 : M], the encoder

transmits

Xy(w) Lt=w/AnP  if M =2L+1, (4.15)
1\w) = .
LHEZw. /\nP  if M =2L.

Because of the noisy feedback Y;, the encoder can learn Z; + Z; = Y; — X.

Subsequently it transmits
Xi=(1+8)(Zii+ Ziy), i€[2:7),

where § > 0 will be optimized later and the random time 7 = n(w, Z", Z") is the
largest k < n = /n such that

k
> X?<nP.
=1

Decoding. Upon receiving Y, the decoder estimates X; by

Xl = Z(—l)i_l( Yi

i—1
— 1+9)

and declares that w is sent if

b= in_ [ X;(w) — X
w argwg{l};%ﬁ 1(w) 1]
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Remark 4.6. The main difference between this noisy feedback coding scheme and
Pinsker’s noise-free feedback coding scheme in the previous subsection is that we let
the power of the initial transmission grow linearly with the block length n (exploiting
the peak energy constraint in (4.1)) and thus that the initial transmission contains
much more information about the message than in Pinsker’s scheme. This makes

the coding scheme more robust to combat the noise in the feedback link.

Analysis of the probability of error. As before we assume that n = /n is an

integer. Let

X, ifi=1,
Xi= (148 (Zi_1+ Z;i_1) ifie[2:q) (4.16)
0 otherwise,

and let Y/ and X/ be defined as in (4.12) and (4.13). Then, it can be easily shown

that . .
A _ 7 _ ) 7.
A—1 n i ?

X=X+ (-1) Aot +Z§1( 1) S

Thus we have

P = P(W £ 17}

- VAnP
_P{|X1—X1|> = }

N N - v nP
_P{|X1—X{|+|X{—X1|> 2; }

N VInP N N
< P{|X1 - X1 > QZ }+P{|X{ — X1| > 0}
= Pl—l—Pg.

Now we upper bound the two terms. For the first term we have

+
M

_ AnP
o _1\n—1
Pl_P{‘( 2 1+5n1 2L }

:2Q<¢m)

221 1—|—5

2L

AnP
Sexp\ T gN )
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where
i—1
«a 1
N = — —
— (1+0)20=1 © (1 +0)2=D
1
= 1 1 + 14+ 5)20a-1)
~ T (1+9)
a(l+6)?
~(1+46)2-1
where ¢, tends to zero as n — oo. Thus
AnP ( a(l+96)? -
P < — n ) 4.1
1—exp< 8L2<(1+5)2—1+€) (4.17)

For the second term, we have

P, < P{ZXE > nP}

g P{i(l OV (Zia+ Zia)2 > (1— )\)nP}

i=2

9 (1= X)nP

N P{Xﬁ—l T W01+ a) }
where (a) follows since X; < AnP (recall (4.15)). By (4.14), we have
(1 —=X)nP

(146)%(1+ «) }
<exp<—1 (1—X\)nP
- 2(140)(1+ )
n—1 e(l1 = A\)nP )

T e G T T o)

1 (1=XnP
§exp<—§(1+5)2(1+a)+nen), (4.18)

where €, tends to zero as n — oo. Therefore, the error exponent of the linear noisy

feedback coding scheme is lower bounded as

1
E}(«) = limsup - In P

n—o0

1
= limsup —— max{In P, In P}
n

AP (40P —1 (1-NP
>m1n{8L2a (1+0)2 ’2(1+5)2(1+Oé)}.
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Now let

and

T+a)*

Then it can be readily verified that both terms in the minimum are the same and

we have

(o) > 5 : ,
214+ a+4(|M/2])2a+4(|M/2])/a(l+ )

which completes the proof of Theorem 2.

4.4 Discussion

When « is very small, the linear feedback coding scheme (which is opti-
mal for noise-free feedback) outperforms the two-stage (nonlinear) feedback cod-
ing scheme. When « is relatively large, however, linear feedback coding scheme
amplifies the feedback noise, while the two-stage scheme achieves a more robust
performance via signal protection. While this dichotomy agrees with the usual
engineering intuition, it would be aesthetically more pleasing if a single feedback
coding scheme performs uniformly better over all ranges of «, and the search for
such a coding scheme invites further investigation. We finally note that o* = 1/4
is the threshold for all M in the two-stage noisy feedback coding scheme (see the
Appendix). In both schemes, the error exponents are strictly larger than those
for the no feedback case only when « is sufficiently small. Thus it is natural to
ask whether the noisy feedback is useful for all o or there exists a fundamental
threshold beyond which noisy feedback becomes useless.

Following Yamamoto and Burnashev’s work [BY10] on noisy feedback com-
munication over the binary symmetric channel at positive rates, we can extend
our result to a positive rate, i.e., M = ™ with R > 0. Let F(R;«a) denote the

maximum error exponent, namely, the reliability function. Although the E(R;o0)
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is not known for all R € [0, C] (see, e.g., [ABL00]), Shannon [Sha59] showed that

P
E(0+;00) == Il%iir}0 E(R; ) = T

We can easily adapt the analysis of our two-stage noisy feedback coding scheme in

the Appendix to show that
2

lim E(0+;a) = =P > E(0+; 00).

a—0 7
Moreover, we have the following.
Proposition 4.1.

P
E(R;a) > E(R;00) for R < Y and a < afs),

where s € [0,1] is the oot of (s — 1)> = 24R/P.

Thus, the best error exponent can be strictly larger than the one without
feedback if the rate and the feedback noise power are sufficiently small.

Finally, we note that our discussion has been limited to the peak energy
constraint (4.1). In some practical systems, however, it would be more relevant to

consider peak power constraints
P{x?(w,f/i_l) <P} =1 forall wand i,

or

Elz?(w, Y™ < P for all w and i.

It remains to be seen whether noisy feedback still improves the reliability under

these more stringent conditions.

4.5 Technical Proofs

4.5.1 Proof of Theorem 1 for the General Case

Encoding. In stage 1, the encoder uses the simplex signaling for an M-ary mes-
sage:
M
2 (w) = A(ew ~ Zew) for w e [1: M],

w=1
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where A = \/MMnP/(M — 1) and

Then based on the noisy feedback 7", the encoder chooses the two most probable
message estimates w; and wy among M candidates. In stage 2, the encoder uses

antipodal signaling for w if w € {wy, Wy} and transmits all-zero sequence otherwise.

Decoding. The signal protection region for the M-ary message is defined as in
(4.6) (with w, w’, w”€ [1: M]). The decoder makes a decision immediately at the
end of stage 1 if the received signal y*" lies in one of the signal protection regions.
Otherwise, it chooses the two most probable message estimates w; and ws, and
wait for the transmission in stage 2. At the end of stage 2, the decoder declares

that w is sent if

~ : n n n n 1/2
i=arg min ([0 (w) =+ [ 0) = Bl

Analysis of the probability of error. Let (W, W,) and (W;, W) denote the
pairs of the two most probable message estimates at the encoder and the decoder,
respectively. The decoder makes an error only if one or more of the following events

occur:

e decoding error at the end of stage 1

& = {Y" € Up1 Buy U (Ui AL b
e miscoordination due to the feedback noise
Erw = {Y M € A}, and Y € Up it} Awror b
e decoding error at the end of stage 2

82 = {W c {WI,WQ} = {WI,WQ} and W 7A W}

Thus, the probability of error is upper bounded as

P < P(&) + MP(Ery) + P(E).
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As before, we assume that W = 1 was sent. For the first term, by the union

of events bound,

P(gl =P {Y)‘n € Uw;élB U (Uw w’;ﬁlA/ww’)}
< MPP{Y™ € ByU Ay}

For P(€,,), again by the union of events bound,

P(glw) =P {Y)m c Allw and }N/)\n c U{w’,w”};ﬁ{l,w}Aw’w”
< MPP{Y* € A, and Y € Ay}
We use d}, j € [1: 6], to denote the distances corresponding to d; in the M = 3

case (see Fig. 4.6). It can be easily checked that d = d;+/3(M —1)/(2M). Thus
by replacing ds by df in (4.7) and dg by di in (4.8), we have

P(&) < M2Q(dY)

< — exp( )an(s — 25+ 4))
and )
M
P(&12) < M? 22 wP).
o) <0 ) < exp( ")

The third term P(&;) can be upper bounded in the same manner as for the M = 3
case,

= )\) nP)

\/ )
1 -2

< - —A

“3e0( ( 1))
Therefore,

1
E}/(a) = limsup - In P

n—oo

> lim sup —% max{In P(&),In(M P(fjlg)) ,InP(&)}

n—o0

{ AM P s2AM P
> min

12(M — 1) (5° =25 +4), 16(M — Do’

e
=y
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Now let

“(s) 352
4(s2 — 25+ 4)

and
M

* 2 M -2 !

Then it can be readily verified that all the three terms in the minimum are the

same and we have

Ely(a’(s)) > 5(1 - 3(M —2) )

2 s2 —2s+4)+3(M — 2)
=: ¢(s).
Note that if s < 1,
M B0
¢(S) > 4(M— 1) — M )

and a*(s) is monotonically increasing over s € [0,1]. Thus

Ey (o) > Ep(o0) for a < a*(1) =

This completes the proof of Theorem 1 for the general case.

Remark 4.7. Note that E};(«) is decreasing in M, while o*(s) is still independent
of M.

4.5.2 Proof of Proposition 4.1

Following the analysis in the Appendix from the chapter and replacing M
with e"®, the error exponent of the two-stage feedback coding scheme is lower

bounded as

AP I\P P A
FE'(R;a) > min{—QR—l— —_(s*—-2s+4), -3R+ S—, — (1 — —) }

12 160 = 2 2
Now let 2( )
3s%(P + 4R
o =a(s R) 4((s* =25 +4)P + 6(s* — 25 + 5)R)
and
6(P+4R
A= \(s,R) = P+ 4R)

P(s?—2s+7)
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Then it can be readily verified that all the three terms in the minimum are the

same and we have

s?—2s+4 6R
2(s2—2s+7) §2—2s4+ T

E(R';a*(s,R)) >

Thus

2 1
E'(04:0) = 2P > 7P = E(0+;00).

Moreover, we have

(s—17 2
R P’

E(R';a) > E(0+;00) > E(R;00) for
Note that a*(s, R) is monotonically increasing over s € [0, 1] for fixed R. We have,
, P
E(R';a) > E(R; ) for R < Y and a < a(sg),

where sq € [0, 1] is the root of (s — 1)> = 24R/P.

Chapter 4, in part, includes the material in Yu Xiang and Young-Han Kim,
“On the AWGN channel with noisy feedback and peak energy constraint,” IEFEE
International Symposium on Information Theory, pp. 256-259, Austin, TX, June
2010, and Yu Xiang and Young-Han Kim, “Gaussian channel with noisy feedback
and peak energy constraint,” IEFEE Transaction on Information Theory, vol.59,
n0.8, pp.4746-4756, August 2013. The dissertation author was the primary inves-
tigator and author of this paper.



Chapter 5

Interactive Relaying over

Networks

In this chapter, we studies the problem of broadcasting a common mes-
sage over a relay network as the canonical platform to investigate the utilities
and limitations of traditional relay coding schemes. For a few special classes of
networks, such as the 3-node relay channel and the 4-node diamond network, the
decode—forward coding scheme by Cover and El Gamal, and its generalization
to networks by Xie and Kumar, and Kramer, Gastpar, and Gupta achieve the
cutset bound, establishing the capacity. When the network has cycles, however,
decode—forward is suboptimal in general and is outperformed by partial decode—
forward, compress—forward, or more generally, interactive relaying built upon these
sx—forward coding schemes. In particular, it is demonstrated via a simple example
that a coding scheme based on interactive computing by Orlitsky and Roche, and
its infinite-round generalization by Ma and Ishwar can strictly outperform existing
noninteractive or finite-round interactive coding schemes. Roughly speaking, when
the network is to be flooded with information, it is more efficient for the relays to
spray tiny droplets of the information back and forth than to splash a huge amount

at a time.

76
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5.1 Introduction

Consider the discrete memoryless network (DMN) model (X} x Xy x - - - X Xy,
pyN|aN), Y1 x Vo x -+ x Yy) that consists of N sender-receiver alphabet pairs
(X, Vi), k€ [1: N]:={1,2..., N}, and a collection of channel conditional pmfs
(probability mass functions) p(y™|2Y) := p(y1, ¥a, - . ., yn|T1, T2, . .., Tn). Suppose
that source node 1 wishes to communicate a common message M to the rest
of the network, as depicted in Figure 5.1. Compared to the unicast (one node
wishes to recover M) or multicast (some nodes wishes to recover M), this problem
is relatively simpler since every node in the network has the symmetric goal of

recovering the same message.

Figure 5.1: Common message broadcasting over a noisy network.

When the nodes in the network cannot adapt their transmissions based
on its received sequence (that is, no relaying or feedback is allowed), then the
problem reduces to common message communication over a broadcast channel
and the capacity is

Cgc = max min 1(X7;Yy).

p(21),22,....xN kE[2:N]

Now suppose that each node in the network can adapt its transmission
based on the received sequence (that is, relaying is allowed) and thus help other
nodes recover the message as well. Despite its relative simplicity, this problem still
captures the essential richness of relaying over networks. This chapter attempts to

demonstrate the inherent complexity in relaying by studying the information flow
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questions on broadcasting:
e What is the capacity?
e What is the optimal relaying coding scheme that achieves the capacity?

We are now ready to define the common-message broadcasting problem

formally. A (2"%,n) broadcast code for the DMN p(y™ |2") consists of
e a message set [1 : 2",

e a source encoder that assigns a symbol x1;(m, 5.~ ") to each message m € [1 :

2" and received sequence yi ! for i € [1: n,

e a set of relay encoders, where encoder k € [2 : N] assigns a symbol z,(y5 ")

to every received sequence yj ' for i € [1:n], and
e a set of decoders, where decoder k € [2 : N]| assigns 1y, to each y}.

We assume that the message M is uniformly distributed over the message
set. The average probability of error is defined as P = P{Mk # M for some k €
[2: N]}. A rate R is said to be achievable if there exists a sequence of (2" n)
broadcast codes such that lim,,_, Pe(") = 0. The broadcast capacity of the DMN
is the supremum of all achievable rates.

El Gamal [EG81] established the cutset upper bound on the capacity:

C< Z{g%kgggv]&lg}gescl()((‘?),Y(S ) | X(89) (5.1)

Xie and Kumar [XK05] and Kramer, Gastpar, and Gupta [KGGO05] generalized the
decode-forward coding scheme by Cover and El Gamal [CEG79] and established

the network decode—forward lower bound on the capacity:

C >max min I(X¥ VXN )). (5.2)

p(zN) ke[1:N—1]
These two bounds coincide and establish the broadcast capacity when the network
is degraded, i.e.,

PWal™ ¥ = DY ol Th s Ykt (5.3)
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for k € [1: N — 2] (up to relabeling of nodes).

In the following section, we discuss two other special cases—3-node relay
channels and layered networks—for which the decode—forward lower bound is tight.
Decode—forward, however, is suboptimal for general networks. We demonstrate
gradually through simple examples that optimal relaying can be more sophisti-
cated than simple decode—forward and require partial decode—forward, compress—
forward, or interactive relaying built upon these x—forward coding schemes. Our
discussion will culminate with the binary broadcast relay channel example for
which not only interactive communication between relays strictly outperforms the
existing noninteractive coding schemes, but also the number of communication

rounds needs to go to infinity to fully enjoy the benefit of interaction.

5.2 Formulation and Existing Schemes

5.2.1 Decode—Forward

It is already mentioned that the decode—forward coding scheme is optimal
when the network is degraded; see (5.3). Another case in which decode—forward is

natural is when the network is acyclic, i.e.,

N

pN ™) = [ p(ul=® o)
k=1

(up to relabeling of nodes). For this case, node k does not receive any signal from
its downstream (nodes j € [k + 1 : N]). Thus it is natural to decode its received
signal at once and forward the recovered message downstream. In the following,
we revisit a few special classes of acyclic networks for which this decode—forward
coding scheme is optimal.

We first consider the relay channel p(ya, ys|z1, 2) [vdM 71, CEGT9] depicted
in Figure 5.2. It is well known that decode—forward is optimal and the capacity is

C = max mln{I(Xl,)/é|X2), I(Xl,X27YE),)}

p(z1,22)
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N

3 N
=O—> M3
Figure 5.2: Relay channel.

Consider the diamond network p(ya, ys|z1)p(ya|z2, z3) [SGO0] depicted in

Figure 5.3. Again, decode—forward is optimal and the capacity is

C=  max min{l(Xy;Ys),1(X;,Y3), [(Xa, X35;Ya)}.

p(z1)p(w2,23)

To prove the converse, simplify the cutset bound in (5.1) as

€ < mamin{1(X, X Y| X), (X, X35/ Xs),
p(x
[(X1, Xy, X3;Y3) }

—~

< maxmin{(Xy; Ya), 1(X1;Ys), [(Xa, X Y2)}

p(x3)

= max min{[(Xl;Yg), I(X1;Y3), I(XQ,X3;§/4)},

p(z1)p(x2,23)

=

—~
=

where (a) follows since (X5, X3) — X7 — Y, (X5, X3) — X7 — Y3, and X; —
(Xo, X3) — Yy, respectively, form Markov chains, and (b) follows since the mutual
information terms I(X71;Y3), I(X5;Y3), and (X3, X3;Y,) depend on the channel
input pmf p(z1, z2, x3) only through the marginals p(z;) and p(z2, x3). The achiev-

M

&

1 \4 -
M My

CSD\MB

Figure 5.3: Diamond network.
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ability follows by simplifying the decode-forward lower bound in (5.2) as

C > maxmin{I(Xy; V5| Xs, X3), I(X;, Xo; Y5 X3),

p(x3)

(X1, X5, X5, Ys) }

IVE

max min{/(Xy; Y| Xy, X3), [(X1; Y3/ X3),

p(z1)p(w2,z3)

[(Xz, X3; Y4)}

V=

max min{/(Xy;Ys), I(X1;V3), [(Xs, X3;Y)) },

p(z1)p(x2,23)

where (a) follows since the maximum is over a smaller set and (b) follows since X;
is independent of (X5, X3).
This result can be easily generalized to layered network

A

p(yMe) = [ [ oy (Lo)l(Li-1))

=1

depicted in Figure 5.4, where the layers of nodes £y = {1} and £;, j € [1 : )]

partition the network, i.e.,
ﬁoH‘JﬁlLﬂ"'H‘Jﬁ)\: [lN]
The capacity of the layered network is

C = max min min I (X (£;_1);Y;).
[T p(a(Li-1)) LE[LA TEL ( ( : 1) J)

NAL
SN

Figure 5.4: Layered network.

Lo
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Figure 5.5: Diamond network with direct link.

Now we consider the variant of the diamond network depicted in Figure 5.5,

which is defined as

P(Y2, Y3, Yalz1, w2, 23) = p(Y2, Ysl@1)p(yal®1, 22, 73).
For this case, the cutset bound simplifies to
C< g(lj;)(min{l(Xl;YﬂXz), 1(X1;Y3]X5),
I<X1,X2,X3;Y21)a I(X1§Y27Y3|X27X3>}7
while the decode—forward lower bound simplifies to

C > r?zgﬁmin{](Xl;YﬂXg,Xg), I1(X1; Y3 X3),
p(z
I(Xl,XQ,Xg;n)}.

Thus, it is not known whether decode—forward is optimal for acyclic networks in
general, even though it seems to be the only reasonable coding scheme when there

is no cycle in the information flow.

5.2.2 Partial Decode—Forward

In general, when the network has cycles, it is more advantageous to re-
cover only part of the message at the beginning and recover the rest with the
help of other nodes. This idea is best explained by a 3-node cyclic graphical

network example depicted in Figure 5.6. Here the network is modeled by a
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weighted directed cyclic graph G = (N, £), where N = {1, 2, 3} is the set of nodes,
& =1{(1,2), (1,3), (2,3), (3,2)} is the set of edges, each of which models an or-
thogonal communication link that can carry 1 bit per transmission. Note that the
corresponding conditional pmf p(y3|23) is given by X; = (X12, X13), Y2 = (X192, X3)
and Y3 = (Xi3, X3), where X2, X13, X2, and X3 are binary.

It can be easily verified that the cutset bound simplifies to C' < 2 and the
decode-forward lower bound simplifies to C' > 1. But by simply routing one bit
along the path 1 — 2 — 3 and another bit along the path 1 — 3 — 2, we can
easily achieve 2 bits per transmission.

This observation can be readily generalized to any graphical networks, for
which the capacity is achieved by routing as in the unicast case [FF56, EFS56].
Note that unlike the multicast case, network coding [ACLY00] is unnecessary for
broadcasting. When the network suffers noise, the partial decode—forward cod-
ing scheme by Cover and El Gamal [CEGT79] and its extension to networks by
Aref [Are80] provide a means of splitting the message into independent parts and

forwarding them along multiple paths.

%/MQ

Figure 5.6: Cyclic graphical network.

5.2.3 Compress—Forward

In some cases, decoding is actually impossible at the beginning and more
sophisticated coding schemes are necessary. To illustrate the depth of this problem,
throughout the rest of the chapter we focus on a simple 3-node cyclic network
model depicted in Figure 5.7, which is commonly referred to as the broadcast

relay channel. Here the message is sent over a broadcast channel p(ys, ys|z1). In
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addition, nodes 2 and 3 are connected via two noiseless links of rates Ry and Rs,
respectively, that are orthogonal to the main broadcast channel. Let C'(R) be the
broadcast capacity as a function of the sum R = R, + Rj3 of the link capacities

between nodes 2 and 3.

Yz Decoder 2 M,
. S i) | m| |
Ys Decoder 3 Ms

Figure 5.7: Broadcast relay channel.

To be more specific, we consider the Gaussian broadcast relay channel de-

picted in Figure 5.8. The channel outputs corresponding to the input X; are

Zs ~ N(0,1)
|
Y>
X, Ro Rs
Y3
T
Zy ~N(0,1)

Figure 5.8: Gaussian broadcast relay channel.

B:X1+Z27
}%:X1+Z37

(5.4)

where Zy are Z3 are jointly Gaussian with zero mean, equal variance E(Z2) =

E(Z2) = 1, and correlation coefficient p = E(Z,Z3). Note that the capacity without
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the two noiseless links between the two receivers is

C(0) = %log(l + P).

In the following, we focus on the case of p = 0.

By the cutset bound, the capacity is upper bounded as

C(R) < C(0) + g, (5.5)

where the optimal Ry = R3 = R/2 by symmetry. In comparison, since both re-
ceivers are symmetric, i.e., Fy, x, (y|z) = Fyyx,(y|z), one recovers exactly what
the other can recover about the message. Thus, any decoding-based relaying
scheme (decode—forward, partial decode-forward, or compute-forward [NGO07])
cannot achieve more than C(0), which tends to zero as P — 0.

Now we consider the compress—forward coding scheme for the relay channel
by Cover and El Gamal [CEGT79], which can be readily extended to the current
setup. It can be easily shown [Kim07] that the corresponding lower bound (with

the optimal rate splitting Ry = R3 = R/2) simplifies to

C(R) > F(II)F(E‘%F(M%) min{ly, Iy, I3, I}, (5.6)
where
I = I1(X1; Y2, Y3),
Iy = I(X1; Ya, Ya),
I3 = I(X13Y2) = 1(Ya; 3| X1, Y2) + R/2,
I = I(X1;Y3) — I(Ya; Ya| X1, Y3) + R/2.

Evaluated with the Gaussian input distribution and test channels, this lower bound

simplifies to

1
C(R) > §log<1 + (P+1)(2E—1)+ (2P +1)

which is strictly larger than C(0) for every R > 0. Thus, compress—forward strictly

2P(P+1)(2F - 1)+ P(2P + 1))

improves upon decoding-based relaying schemes. Note that when p = —1, the
corresponding compress—forward lower bound coincides with the cutset bound
in (5.5). This lower bound can be also achieved by the hash—forward coding
scheme [CK07, Kim08].
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5.3 Interactive Relaying

In the relay coding schemes we have discussed so far—(partial) decode—
forward, compress—forward, compute-forward, hash—forward, each node summa-
rizes its received signal and forwards it to other nodes. It turns out, however,
that interactive cooperation between nodes can achieve higher rates, as demon-
strated by Draper, Frey, and Kschschang [DFKO03] for the broadcast relay channel
consisting of two binary erasure channels.

In this section, we adapt their interactive relaying scheme to the Gaussian
broadcast relay channel in (5.4) studied in the previous section. Suppose that
node 2 first uses compress—forward to help node 3 recover the message and node 3
then uses decode—forward to help node 2 recover the message. It can be easily
shown that this “compress—forward-followed-by-decode—forward” coding scheme
yields the following lower bound on the capacity:

C(R) > F(xlr)rﬁélm)min{lm I}, (5.7)

where

I, = I(X1; Y, Ys),
I = 1(X1;Ya) — 1(Ya; Ya|Y3) + R.

By symmetry, it can be shown that this lower bound strictly improves upon the
compress—forward lower bound in (5.6). Thus, two-round interactive relaying is
sometimes better than noninteractive relaying. When evaluated with the Gaussian

input distribution and test channels, the lower bound in (5.7) simplifies to

1 2P + Po?
C(R) > max min{§ log(l + %),
1 1 2P +1
—log(14+ P)— =1 1+—— ).
R+20g( + P) 2og( +(P+1)02)}

Figure 5.9 compares the cutset bound and the (partial) decode—forward, compress—
forward, and compress—forward decode-forward lower bounds.
As shown in the previous section, interactive relaying can outperform non-

interactive x—forward coding schemes. It is natural to ask the following:
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3.5

Cutset

CF-DF Compress—forward

25

(Partial) decode—forward

15 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 3.5 4 4.5

R

Figure 5.9: Comparison of the capacity bounds for the Gaussian broadcast

relay channel when P = 10.

e Would more than two rounds of interactive relaying further outperform two

rounds of interactive relaying?
e If so, how many rounds would be necessary?

In this section, we study a simple binary broadcast relay channel that consists of
two correlated Z channels as depicted in Figure 5.10, and show that infinite rounds
of interactive relaying can strictly outperform known finite-round coding schemes.
As before, we focus on the capacity C(R) as a function of the sum-rate R of
communication between two receivers. In particular, we will focus on the optimal
rate of interaction
R* =min{R: C(R) = 1}.

It is easy to see that C'(0) = 0.3941, which is the capacity of the Z channel, while
C(R) = 1 for R > 2, which is the capacity of the DMC from X; to (Ys,Y3). In
other words, R* < 2. Note further that X; = Y5-Y3 and that when X ~ Bern(1/2),
Y, and Y3 are independent and identically distributed Bern(1/+/2).
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5 oy 0 0
0 V21 0 1

X1X\10

(a) p(y2,yslz1)

X, V2-1 Y,

(b) p(yk|$1)7 k=23

Figure 5.10: Two correlated Z channels.

We now compare the existing bounds on the capacity. First, the cutset
bound simplifies (under the optimal choice Ry = R3 = R/2) to
C(R) < Ir(la))<min{I(X1; Ys) + R/2, [(X1;Y2,Y3)}
p(z1

= max min{ H((2 — v2)a) — aH(V2 — 1) + R/2, H(a)}.

a€l0:1]
In particular, C'(R) < 1 for R < 1.2338; in other words, R* > 1.2338.
Since the channel is symmetric as in the Gaussian case, decoding-based

coding schemes are useless and the (partial) decode—forward lower bound simplifies

as

C(R) > C(0) = 0.3941.

The capacity C(R) lies between two simple bounds as plotted in Figure 5.11.

While the compress—forward lower bound in (5.6) can be evaluated only
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Cutset,” .. 2

ecode—forward

0.3941

1.2338 2

Figure 5.11: Optimal C(R) curve.

numerically, one extreme point can be calculated analytically. Let Ry be the
minimum R such that the compress—forward lower bound Ccp(R) = 1. Then, the
inverse problem of finding R{y is equivalent to finding the minimum sum-rate of
noninteractive communication between nodes 2 and 3 so that each of the nodes
can losslessly compute X; = Y- Y3 ~ Bern(1/2). Thus, we can apply Orlitsky and
Roche’s result on coding for computing [OR01] and conclude that

Rop = Hg(Ya|Ys) + Hg(Ys]Y2)
= H(Yz) + H(Y3)

1
=2H | —
(ﬂ)
= 1.7449,

where Hg(Y5|Y3) and Hg(Y3]Y;) denote the conditional graph entropies that char-
acterize the minimum rates to compute X; at node 3 and node 2, respectively.
In other words, C(R) = 1 for R > 1.7449. Note that noninteractive extensions
of compress—forward including hash—forward [CKO07, Kim08|, noisy network cod-
ing [LKEGC11], and hybrid coding [KLM11] do not perform better than compress—
forward.

Compress—forward can be improved instead by making communication be-
tween nodes 2 and 3 interactive. Suppose that node 2 first uses the regular

compress—forward to help node 3 recover the message and then node 3 uses a
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modified version of compress—forward that incorporates the signal from node 2 as
side information to help node 2 recover the message; see Kaspi [Kas85] for the
origin of this idea in two-way lossy source coding. While this modification does
not improve upon the noninteractive compress—forward lower bound in (5.6) for
the Gaussian case (since the quadratic Gaussian rate-distortion function is the
same with or without side information at the encoder [WZ76)), it provides strict
improvements in general, for example, in the current setup of the binary broadcast
relay channel. As before, the inverse problem of finding the corresponding mini-
mum sum-rate R, of this coding scheme can be recast into the problem of finding
the minimum sum-rate for computing X; at nodes 2 and 3 via two-round commu-
nication. Following the results on interactive coding for computing by Orlitsky

and Roche [ORO01], and Ma and Ishwar [MIO8], it can be shown that

cpz = H(Y2) + H(X4|Y3)

() ()
= 1.4893.

In other words, C(R) = 1 for R > 1.4893.

As for the Gaussian case in Section 5.3, we can adapt the coding scheme
by Draper, Frey, and Kschischan [DFKO03], in which compress—forward is followed
by decode—forward. This interactive relaying scheme in general yields a tighter
lower bound than the two-round interactive compress—forward lower bound, since
it is more efficient to use full knowledge of the message (decode—forward) for the
second-round communication. At the extreme point of the 1-bit message, however,
there is no gain since computing X; is equivalent to decoding the message itself.
Hence, compress—forward followed by decode—forward yields the same upper bound

on the minimum sum-rate R* as
R <1— (X1 Ya) + Hg(Y|V3)

= H(Y2) + H(X;|Y3)
= 1.4893.
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Now we further generalize the idea of interactive relaying to g-round inter-
active compress—forward. Again at the extreme point of the 1-bit message, the
inverse problem of finding the minimum sum-rate R{pq is equivalent to g-round
interactive coding for computing, in which nodes 2 and 3 exchange messages in
g rounds of communication to losslessly recover X;. While the exact characteri-
zation of this minimum sum-rate for ¢g-round computing seems to be intractable,
using ingenious techniques Ma and Ishwar [MI08], [MI09] characterized its limiting
behavior as

lim Repo = (1+p)H(p) +plog(pe' ) |,_ o

= 1.4346.

They further showed that for the natural coding scheme that achieves this lim-
iting behavior, the corresponding sum-rate Rcpq is strictly larger than Ripe =
lim, oo REpe. Thus, C(R) = 1 for R > 1.4346, and among all known relay cod-
ing schemes this can be achieved only by infinite rounds of interactive relaying!
Therefore, roughly speaking, when the network is to be flooded with information,
it is more efficient for the relays to spray tiny droplets of the information back and
forth than to splash a huge amount at a time.

Chapter 5, in part, includes the material in Yu Xiang, Lele Wang, and
Young-Han Kim, “Information flooding,” Annual Allerton Conference on Com-
munication, Control, and Computing, pp. 45-51, Monticello, IL, September 2011.

The dissertation author was the primary investigator and author of this paper.
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